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Abstract 

Rigid inclusions, generally made of structural concrete, are widely employed to reduce 

the settlement and enhance the bearing capacity of the ground by transferring loads from 

superstructures through weak soil layers to a firm underlying stratum. However, the 

installations of rigid inclusions such as driven piles and controlled modulus columns can 

induce irreversible changes of the soil stress - strain state, and lead to excessive lateral 

soil movements during the auger penetration or pile driving/hammering process.  

This thesis proposes a rigorous numerical modelling to investigate the installation effects 

of rigid inclusions on surrounding ground via cavity expansion simulation adopting 

discrete element method. The benefits of adopting the discrete element method is 

attributed to its capability in simulating large displacements and distortions, as well as 

incorporating the discontinuous nature of granular materials and providing a microscopic 

insight into the problem. True scale three-dimensional discrete element models 

simulating the creation of cylindrical cavities from zero initial cavity radius in dry clean 

and lightly cemented sands are developed. Contact constitutive models mimicking the 

behaviour of dry clean granular materials and lightly cemented sands are calibrated 

against existing laboratory experimental results. The numerical models proposed contain 

up to 500,000 particles with boundary conditions carefully selected to reproduce realistic 

scenarios. Embedded scripting is adopted to precisely record both the local and global 

stress and strain variations, as well as the cementation bond breakage during the cavity 

expansion process. 
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The results confirm that the selection of arbitrary initial cavity radius could significantly 

influence the soil response at the earlier stages of the cavity expansion. For a given 

expansion volume, creating a cylindrical cavity from zero initial radius induces larger 

stresses in the soil compared to expanding existing cavities in the same soil medium from 

a nonzero given initial radius. This implicates that the estimation of the pile driving force 

may be largely underestimated adopting the approximation method based on the existing 

cavity expansion theories, requiring an assumptive initial cavity radius. In addition, the 

soil lateral displacements, depending on the gradation and the relative density, can reach 

up to 30  (  is the radius of the pile) during the installation, and the loose sand in a 

plane strain condition can even exhibit dilation during the early stages of the cavity 

expansion.  In the lightly cemented sands, the installation of rigid inclusions or cavity 

expansion can lead to significant cementation degradations. The influence zone of 

cementation degradation observed in cemented sand with various cement content can 

extend to approximately 4 , in which the shear strength of the soil is significantly 

reduced due to the cementation bond breakage, which may lead to the reduction in axial 

capacity, adversely influencing the pile toe stability. Within this influence zone, the 

displacement induced by the installation is not sensitive to the level of cementations, 

while soils with higher cement content are expected to experience larger radial 

displacements beyond this influence zone. Hence, extra care must be taken by practicing 

engineers when assessing the required pile driving pressure and the installation effects of 

ground inclusions in the vicinity of existing structures such as pipelines and bridge 

abutments in both granular materials and lightly cemented sand. 
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Chapter 1 – Introduction 

1.1 General  

The rapid increase in population has been triggering intensive construction activities, 

particularly in constructing new infrastructures such as highways, railways, retaining 

walls, wastewater treatment plants, and tunnels, which leads to the scarcity of good land.  

Hence, there has been a massive surge in demand for development of infrastructure on 

contaminated sites, mining sites and landfill sites, mainly alluviums containing soft soils 

and loose sands. However, the design, construction and maintenance of infrastructures 

constructed on these sites present numerous challenges for contractors and geotechnical 

engineers. Owing to the low strength and modulus, high compressibility, and expansive 

characteristics, foundations constructed on such soils can experience excessively large 

settlement in a long period of time (Arora 1992; Budhu 2008). Moreover, differential 

settlement can take place due to spatially varying loads and ground conditions, which can 

contribute to the foundation failure and even the collapse of the structure.  

Since the excessive ground settlement and differential settlement cause adverse effects 

on the working conditions of the structures, ground improvement techniques are often 

employed to enhance the ground properties.  There is a plethora of ground improvement 

techniques available to improve the mechanical properties of soils, such as preloading 

with or without vertical  drains (PVD), deep soil mixing, piled foundations and controlled 

modulus columns (CMC).   
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In a driven pile installation, for instance, piles are penetrated into the ground by means of 

hammering or vibration. The design capacity is achieved by displacing the soil around 

the shaft and compacting the soils at the pile toe.  In the installation of a controlled 

modulus column, however, an auger, powered by equipment with  high static down thrust, 

displaces the soil laterally. The auger is penetrated into the ground to the required depth 

that induces changes in the density of the surrounding soils (Plomteux et al. 2004; Nguyen 

et al. 2019). During driven pile or CMC installations, the penetration can lead to 

irreversible changes of the soil stress - strain state, and one of the greatest challenges is 

piling adjacent to existing utilities (e.g. buried pipelines) and structures (e.g. bridge 

abutments), in which predicting and controlling the lateral soil deformations due to 

installation are essential design considerations (Budhu 2008). Indeed, many findings 

claimed that previously installed piles can also exhibit a certain degree of lateral 

movement during new pile installation, posing risks to the pile integrity and hence its 

lateral and axial capacities (Chow et al. 1990; Klotz et al. 2001; Lehane et al. 2005; Yang 

et al. 2006). Besides this, when reinforcing weakly cemented soils in supporting heavy 

structures (e.g. oil tanks), the installation of piles or inclusions can induce cementation 

degradations. This may lead to the reduction of the soil shear strength, impacting the skin 

friction of the inclusion and settlement of the soil between inclusions, which may 

contribute to catastrophic foundation failure or serviceability issues, particularly when 

the bearing stratum is deep and floating piles are adopted (McClelland 1974; Saxena et 

al. 1978; Clough et al. 1981; Acar et al. 1986; Murff 1987; Ismael 1990, 2001; Consoli 

et al. 2012). These issues associated with the installation of inclusions have been well 
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recognised since a few decades ago and there were extensive studies carried out directly 

and indirectly that may be adopted in assessing the installation effects of rigid inclusions 

in soils. These studies were mainly focusing on deriving closed form solutions or 

developing a rigorous modelling technique for assessing the behaviour of driven piles, 

studying the changes in stresses, pore water pressure and displacement fields (e.g. cavity 

expansion theories). Laboratory model tests and large-scale field testings, and continuum 

based numerical simulations were also widely conducted to investigate such installation 

effects (Robinsky et al. 1964; Carter et al. 1979a; Carter et al. 1979b; Poulos et al. 1980; 

Baligh 1985; Carter et al. 1986; Collins et al. 1992; Yu 1992; Yu 1993; Poulos 1994; 

Collins et al. 1996a; Sheng et al. 2005; Henke 2010; Pucker et al. 2012; Phuong et al. 

2016). 

1.2 Statement of Problem 

Despite the fact that there were numerous methods developed in the past in assessing the 

installation effects of rigid inclusions in soils, the behaviour of piles and associated 

installation effects still remain main sources of design and construction uncertainties due 

to the lack of fundamental understanding of physical mechanisms involved (Sheng et al. 

2005). The issues associated with widely adopted methods to simulate the installation 

effects can be generally summarised as follows: 

 Analytical cavity expansion solutions can be only derived for the special cases 

considering simplified geometries and idealised materials based on simple constitutive 
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models (Carter et al. 1979b). Hence, the solutions may not well reproduce the complex 

yet realistic soil behaviours in practice. 

 Despite numerical techniques may be adopted for solving the cavity expansion problems 

with more realistic soil models, the expansion generally must commence from a finite 

cavity radius to avoid infinite strains in circumferential direction. Due to this issue, there 

is lack of studies in the current literature investigating the cavity expansion from a zero-

initial radius. Even if the constant volume theory may be adopted, the solution provided 

is largely based on the approximation, and the state of stresses and strains of the soil 

within the annular region remain inaccessible. Hence, a complete stress - strain response 

and soil displacement variations during the cavity creation process remain unknown 

(Carter et al. 1979b).  

 Large scale field testings to assess the installation effects may not always be cost effective, 

since the required field instrumentations and monitoring schemes are often expensive, 

and the equipment may be damaged during the execution process (Nguyen et al. 2019). 

In addition, the results obtained may be difficult to be applied to other projects since the 

ground conditions may not be the same. 

 Continuum based numerical studies may encounter convergence issues due to the 

excessively large distortion induced when simulating the installation process. Moreover, 

the continuum mechanics–based simulations are not capable of providing insights into 

the fundamentals of granular material behaviours, such as the dilatancy, particle crushing 

and cementation degradation (Wang et al. 2008a; Wang et al. 2008c; de Bono et al. 2015; 

Feng et al. 2017). 
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 Furthermore, there is lack of studies investigating the installation effects in lightly 

cemented sands. This is attributed to the fact that many existing studies on cemented sand 

focused on extending the understanding of static and dynamic responses based on small 

scale laboratory testing, even so, fundamental and inherent mechanisms such as 

cementation degradation, are not well understood (Yu et al. 2007; Jiang et al. 2013) 

1.3 Research Significance 

According to infrastructure Australia (2016), the population of Australia, , will increase 

significantly over the next 15 years. By 2031, the population is projected to reach 30 

million and most of dwellers will live in the metroplex such as Sydney, which will 

experience about 50 percent population increase in the next 15 years. The Australian 

Government has been investing in land transport infrastructure in terms of duplication, 

upgrade or maintenance to support the rapid population growth. For instance, the  155 

kilometres Pacific highway upgrade project, from Woolgoolga to Ballina, has an 

estimated budget of $4.9 billion.  This cost only covers the construction phase of the 

project, the maintenance and associated rehabilitation costs can be another huge 

expenditure, and most importantly, there are many similar size projects (e.g. Sydney 

gateway connecting west and south-west Sydney to the airport) taking place in Australia 

needing intensive ground improvements.  

However, there have been widespread concerns  among design engineers, contractors and 

asset owners on the possibility of existing piles or underground structure (e.g. buried 

pipelines) being damaged or deteriorated during installation of subsequent rigid inclusion 
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installation in the vicinity.  In addition, the current Australian Standards related to piling 

(e.g. AS2159 Clause 3.3) do not provide any guidelines in assessing the installation 

effects, and therefore the design and construction may solely rely on the limited available 

experience. This may lead to an uneconomical design and  pose risks to the construction.  

Hence, there is a fundamental necessity to decrease the cost of infrastructures by 

enhancing the quality assurance of rigid inclusion-based ground improvement techniques 

and propose practical guidelines in assisting both design and constriction engineers in 

assessing the installation effects and predicting potential risks.  

Clearly, there is a need to establish a simple prediction method as well as a comprehensive 

numerical simulations investigating the pile installation effects, which can consider the 

realistic constitutive behaviour of soil as well as obtaining complete sets of stress- strain 

fields, deformations, void ratio distribution and soil displacements in a microscopic level. 

Considering the capabilities in investigating the problem in microscopic level (e.g. 

cementation degradation), discrete element method (DEM) can be adopted as an effective 

tool to study the installation effect of the rigid inclusions in clean and cemented sands 

(Cundall et al. 1979; Potyondy et al. 2004). 

1.4 Research Scope and Objectives 

This study proposes a realistic 3D numerical model based on discrete element method in 

investigating the soil response during cavity expansion subjected to rigid inclusion 

installations. A typical cylindrical cavity expansion model proposed to study the 

installation effects subjected to driven pile installation is illustrated in Figure 1.1. 
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Figure 1.1 A cylindrical cavity expansion model proposed to study the installation effects subjected to 

driven pile installation 

The selection of the cavity expansion was attributed to its widespread applications in 

analysing many real-life geotechnical problems, including simulation of installation of 

driven pile, controlled modulus column and vertical drains, and in-situ soil tests such as 

pressuremeter and cone penetration test (CPT) and so forth. Indeed, the response of the 

surrounding soil during the pile installation and the cone penetration process is analogous 

to the creation and expansion of cylindrical cavities (Carter et al. 1979b; Randolph et al. 

1979; Salgado et al. 1997; Yu 2013). In this study, two installation processes are explicitly 

considered, including an expansion of a pre-existing cavity with a finite initial cavity 

radius, or a creation of a cavity with zero initial radius. The former analysis is to model 

the pressuremeter and driven pile installation process equivalent to the cases considered 
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in the classical cavity expansion theory, while the latter simulates the realistic installation 

process which cannot be easily implemented in continuum based numerical simulations 

due to convergence issues when dealing with problems involving large displacements or 

deformations. To achieve this goal, PFC3D software, a three-dimensional explicit discrete 

element modelling framework, is employed to carry out the numerical simulation. To 

reproduce the realistic soil behaviour and their interactions at the contacting interfaces, 

the microscopic contact constitutive models are calibrated against existing experimental 

results for both clean granular materials and lightly cemented soils.  The outcomes of this 

study provide design and construction engineers with guidelines and suggestions to 

eliminate the adverse effects induced by the installation of displacement-based inclusions 

and raise awareness of cementation degradation effects when designing and applying 

such ground improvement techniques in lightly cemented soils. 

In particular, there are five specific objectives formulated in this study as below: 

1. Identifying research gap through works carried out previously and literature review to 

develop specific, measurable, novel and achievable goals and establish a suitable research 

methodology.  

2. Selecting appropriate contact constitutive models and conducting investigations proving 

the feasibility, capability and effectiveness of adopted discrete element method in 

studying the cavity expansion problems. 
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3. Investigating the soil response in three-dimensional cylindrical cavity expansion starting 

from zero initial cavity radius and assessing the impacts of the choice of arbitrary initial 

cavity radius. 

4. Studying the cavity expansion effects in lightly cemented soils and the impacts of the 

level of cementation on the soil response while considering the cementation degradation. 

5. Investigating the influence of particle upscaling factor and the initial stress field on the 

soil response during cylindrical cavity expansions. 

1.5 Organisation of the Thesis 

This thesis is organised and structured into seven chapters, with the introduction, 

statement of problem, research significance, and research scope and objectives presented 

in the current chapter. The preview of the other six chapters is introduced below: 

 Chapter 2 presents a comprehensive yet concise review of literature on common 

techniques adopted in studying the installation effects, surveying the existing research 

studies carried out on the cavity expansion theory, laboratory and field tests, as well as 

the numerical methods. 

 Chapter 3 assesses the effectiveness of microscopic contact models commonly adopted  

in discrete element method and their impacts on the soil response during the expansion 

of a pre-existing cylindrical cavity in sandy soil,  in which three contact models namely 

linear contact model, rolling resistance contact model and Hertz contact model are 

compared, and advices in selecting these models are presented and discussed.  
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 Chapter 4 investigates the influence of choice of initial cavity radius on the soil response 

during cavity expansion in sandy soil adopting three-dimensional discrete element 

simulations and obtaining the size of the influence zone when the expansion starts from 

zero initial radius. The obtained results are compared with analytical solutions and 

recommendations to practicing engineers are highlighted in this chapter.  

 Chapter 5 studies the influence of cementation levels on the stress-strain and strength 

characteristics of soil during cavity expansion in lightly cemented sand deposits, with the 

cementation effects between adjacent sand particles being attained adopting the calibrated  

linear parallel bond model that mimics the cementation at the contacting interfaces. The 

results characterise the cementation degradation occurring during the installation process 

and the potential causes and consequences are also discussed and elaborated.  

 Chapter 6 evaluates the particle upscaling technique which is widely adopted in discrete 

element simulation to reduce the computational effort, and also reports the impacts of  the 

initial stress field on cavity pressure and local stress - strain variations in the vicinity of 

internal cavity. The outcomes may provide suggestions to future research on selecting 

appropriate modelling parameters.  

 Chapter 7 presents the key conclusions of this study and makes recommendations for 

researcher to further expand this research field. 
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Chapter 2 - Literature Review 

2.1 General  

The installation of rigid inclusions (e.g. driven piles, Controlled modulus columns) as a 

ground improvement approach can displaces soil radially and vertically, leading to 

excessive soil movement and heave, that may pose risks to piles installed previously in 

the vicinity and also the foundations of the existing structures (Hagerty et al. 1971; Poulos 

et al. 1980; Chow et al. 1990). In addition, the pile installation process can cause soil 

compaction, dilation and stress and strain redistribution within the influence zone, which 

may reduce the skin friction and hence leads a over prediction of the pile axial and lateral 

capacities (Cooke et al. 1979; Yi et al. 2013). Moreover, the pile penetration in cemented 

soils can jeopardize the structure of the soil, which reduces the shear strength and 

adversely affect the safety and reliability of the design.  

Assessing the installation effects of rigid inclusions on the surrounding soils and nearby 

structures remains a challenging task in geotechnical engineering. This is partially 

attributed to the fact that the analysis of pile installation in soil is a large displacement 

and deformation problem, involving geometric complexity and nonlinearities. However, 

there were research works carried out in the past successfully capturing the essential 

characteristics of the installation effects.  

In this chapter, common techniques adopted in studying the installation effects are 

presented, concentrating on the cavity expansion theory, laboratory and field tests, as well 
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as the numerical methods, surveying the existing works carried out in investigating the 

installation effects of rigid inclusions and in-situ tests, including the driven piles, 

Controlled modulus Columns (CMCs) or drilled displacement columns, pressuremeter 

tests, cone penetration tests and so forth.  

Section 2.2 provides a brief introduction on the cavity expansion analytical solutions and 

strain path method. Section 2.3 and 2.4 present a selective practical applications of cavity 

expansion theory and strain path method, and well recognised laboratory model tests and 

field investigations carried out in the past. Section 2.5 lists the numerical simulations 

based on the continuum method in modelling the installations of driven piles or cone 

penetrations. Section 2.6 introduces the basics of discrete element method, the contact 

models developed mimicking the behaviour of granular materials, the numerical 

simulations investigating the installation effects, and the techniques developed simulating 

the cemented sand. Section 2.7 summaries the gap and limitations in the existing 

literatures. 

2.2 Cavity Expansion Theory and Strain Path Method 

Cavity expansion theory is the study of the changes in stresses, pore water pressures and 

displacement fields around spherical or cylindrical cavities in linear or nonlinear soil 

media. Due to its analogy to many real-life geotechnical engineering applications, for 

each theoretical solution derived, there is a corresponding geotechnical problem in 

practice that can be analysed adopting the cavity expansion theory. Like many other 
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theories in geotechnical engineering, the mathematical modelling in the cavity expansion 

theory contains simplification in geometry, idealisation of soil properties, describing only 

the essential features of a problem and neglecting those which are of minor importance. 

However, it is widely acknowledged that the cavity expansion theory provides a versatile 

and simple tool for modelling and reflecting many complex field behaviours of many 

geotechnical problems, such as interpreting the pressuremeter and cone penetration tests, 

as well as estimating the pile installation effects (Palmer 1971; Carter et al. 1979c; Baligh 

1985; Yu 2013). 

 

Figure 2.1 Cavity expansion from (a) a non-zero initial radius and (b) a zero-initial radius 

In general, in cavity expansion problems, there are two cases, as illustrated in Figure 2.1, 

to be considered (1) cavity expansion from an initial finite cavity radius (i.e. expansion 

of a pre-existing cavity) and (2) cavity expansion from zero initial cavity radius (i.e. 
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creation of an cavity with zero initial radius). The former is often used to model the 

installation of driven piles or the cone penetration into soils (Randolph et al. 1979; 

Salgado et al. 1997), while the latter is to analyse the expansion of a cylindrical 

pressuremeter (Gibson 1961; Wroth et al. 1975; Ladanyi et al. 1998). The solution of the 

problem is based on the conditions of equilibrium, stress boundary conditions, 

compatibility and the continuum mechanics. Beside this, a constitutive model describing 

the soil stress and strain behaviour is also required in solving the boundary value problem 

associated with an expanding cavity. Therefore, a tremendous amount of effort has been 

put in developing advanced, realistic constitutive models in the past decades, and the 

developed models, based on the property, can be generally divided into elastic models 

and elastic-plastic models (Yu 1990). 

The simplest cavity expansion problem was studied with the elastic soil medium obeying 

Hooke’s law, which can usually yield to closed form solutions. The solution includes the 

radial stress, circumferential stress and radial displacement of a soil element in an infinite 

or finite medium as the results of the cylindrical and spherical cavity expansion, as shown 

in Figure 2.2. 
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Figure 2.2 Schematic diagram showing the cylindrical cavity expansion in an elastic soil medium 

The solution of cavity expansion in an elastic medium is achieved based on the 

equilibrium of the radial and circumferential stresses acting on a soil element, with the 

external boundary pressure being constant. In addition to the stresses, the strains in the 

radial and tangential directions can be also expressed as in terms of the radial 

displacement. Hence, based on the theory of elasticity, the radial and tangential stress 

variations can be readily derived, as follows: 

        (2-1) 

       (2-2) 

          (2-3) 

Note:
is the internal radial stress /cavity pressure
is the external radial stress/initial stress field

is the internal radius of the cavity
is the external radius of the cavity
is the radial stress and is the 

hoop/circumferential stress
is the radial displacement induced by the expansion

Elastic soil medium
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where,  is current radius of the cavity,  is the shear modulus of the soil medium which 

can be calculated based on the Poisson’s ratio ( )  and the Young’s modulus ( ) of the 

material adopting .  

Detailed derivation procedures of the above can be found in Timoshenko et al. (1970).    

2.2.1 Cavity Expansion Solutions in Sand 

2.2.1.1 Analytical Solutions in Sand 

Following the initial attempts mentioned above, the cavity expansion problem was solved 

for more complex soil constitutive models considering plasticity theories. A simple model 

of this type is the elastic-perfectly plastic solution. Most of the cavity expansion solutions 

assumed undrained and drained conditions for simplicity. For sand, the drained behaviour 

can be analysed using effective stress analysis adopting Mohr Coulomb yield criteria, 

which assumes that soil behaves elastically until the onset of yielding, determined by the 

Mohr-Coulomb yield criterion, follow by perfectly plastic behaviour. The material 

properties that define the stress behaviour include the shear modulus , cohesion , 

Poisson’s ratio , friction angle  and the dilation angle . There were extensive 

studies of the cavity expansions carried out in such a material, with the yielding condition 

and flow rule presented by Carter et al. (1986), Collins et al. (1990) and Yu (1993). 

Referring to Yu (1993), as the cavity pressure increases, the response is initially elastic 

with small strains. Before the initial yielding occurs at the internal wall of the cylindrical 
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cavity, the behaviour of the soil medium is considered to be elastic. However, with the 

further increase in the cavity pressure resulting the initial yielding occurring at the cavity 

wall, a plastic zone, shown in  Figure 2.3, is formed around the internal cavity. Therefore, 

determining the occurrence of the yielding becomes the first procedure in any elastic - 

plastic stress analysis. According to Yu (1992), the cavity pressure leading to the yielding 

of the surrounding soil in an expanding cylindrical cavity in an finite medium can be 

represented adopting the following equation:  

        (2-4) 

Where,  is the limiting pressure;  and  are the cohesion and the friction angle 

of the material. 
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Figure 2.3 A transition from an elastic region to plastic region formed around the cavity when the cavity 

pressure reaches the yielding stress 

Once the yielding stress (i.e. ) has been calculated, the stress-strain and 

displacement variations can be readily computed based on the elastic solution, as 

mentioned in the previous section, given that the cavity pressure is less than the 

determined yielding stress. Hence, it is of paramount importance to determine the radius 

of the plastic and elastic interface (i.e.  illustrated in Figure 2.3).  Based on the 

equilibrium and the yield condition, the radius of the elastic - plastic boundary can be 

obtained based on the following equation: 

          (2-5) 

p

Plastic Zone

Elastic Zone

a

c

p is the cavity pressure
a is the radius of the internal cavity
b is the radius of the external boundary
c is the radius of the plastic zone
σr is the radial stress acting the soil element
σθ is the hoop stress acting on the soil element
Superscripts e and p represent elastic and plastic zones, respectively

p

Elastic Zone

a

b

b
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With the determined interface between the elastic and plastic regions induced by the 

cavity expansion (i.e. ), the variations of radial and hoop stresses in these two regions 

can be expressed adopting the elastic stress and strain relationship as well as the yield 

condition adopting the formulations below, where, the subscripts  and  represent 

stresses and strains in elastic and plastic regions, respectively.  

        (2-6) 

            (2-7) 

   (2-8) 

            (2-9) 

Detailed formulations and derivation procedures regarding the elastic - perfectly plastic 

solutions for Mohr coulomb criterion can refer to Yu (2013). 

In addition to the large strain analysis of the cylindrical cavity expansion, Yu (1992) 

developed a rigorous small strain solution concerning the cavity expansion of dilatant 

materials. Unlike the large strain approach, small strain analysis neglects the changes in 

geometry during the analysis and hence is only applicable when the deformation is 

relatively small. In addition, according to Yu (1992), the small strain displacement (i.e. 
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)  can be expressed in terms of the initial cavity radius (i.e. ) adopting the following 

formulations: 

  (2-10) 

where,  

       (2-11) 

 is the radius of the plastic region,  is the initial radius of the outer boundary,  and  

are the friction and dilation angles, respectively, and  is the Poisson’s ratio. 

Given the initial cavity radius  as the denominator, the equation presented by Yu (1992) 

above clearly implicates that a cavity expansion problem must commence from an 

arbitrary finite initial cavity radius for the solution, and this explains that a non-zero 

radius is a prerequisite in the numerical modelling of  a cavity expansion problem.  
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2.2.1.2 Semi Analytical and Numerical Solutions in Sand 

The solutions derived previously are based on the elastic - perfectly plastic model 

considering the strength of the material remains constant after the yielding, which is not 

true considering the fact that the strength of the materials can vary significantly depending 

on the deformation history. Hence, to account for this dependency,  strain hardening or 

softening must be considered. Collins et al. (1992) presented a semi-analytical solution 

adopting the critical state model for both cylindrical and spherical cavity expansions in 

sands under drained loading condition. The primary difference of the model adopted in 

Collins et al. (1992) from the elastic - perfectly plastic model with constant material 

parameters, is that the internal friction and dilation angles depend on the current specific 

volume and mean stress. One of the basic assumptions made in the model is that the 

material is in its critical state, deforming with no plastic volume variations, and therefore 

the dilation angle is considered to be zero. Moreover, the material behaviour and 

properties before reaching the critical state is determined by a composite state parameter 

 defined as a function of the specific volume and the mean effective stress, as follows:  

                   (2-12) 

where,  denotes the specific volume,  is the mean effective stress and  is the 

reference mean stress,  is the slope if the critical state line, and  is the intercept on the 

specific volume axis when the , as illustrated in Figure 2.4.  
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Figure 2.4 Critical state line and state parameter in -  plane, after Collins et al. (1992) 

In Collins et al. (1992), the yield criterion based on Mohr-coulomb was deployed 

describing the behaviour of sand specimen, and the relationship between the major and 

minor principal stresses (i.e. radial  and hoop stresses ) at the yielding is defined as: 

                    (2-13) 

Additionally, Collins et al. (1992) adopted the correlation established by Been et al. 

(1985) between the internal friction angle at a given state and the critical state friction 

angle plotted against the state parameter, which can be expressed as: 

‘Dense’

‘Loose’

Critical State Line (CSL)
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]                 (2-14) 

where,  is the mobilised friction angle and  is the internal friction angle at critical 

state;  is a curve fitting parameter in the range of 0.6 - 0.95 depending on the material 

type. 

In addition, the stress dilatancy relationship calculating the dilation and friction angles 

developed by Rowe (1962) and simplified by Bolton (1986) was also considered by 

Collins et al. (1992) in linking the plastic potential and the state parameters, as follows: 

]                 (2-15) 

where,  is the mobilised dilation angle. 

Given the aforementioned yield condition and flow rate, and combining the formulations 

presented by Carter et al. (1986) and Collins et al. (1990), the solutions of the cylindrical 

cavity expansion in the elastic region, as shown in Figure 2.3, were derived for both 

stresses and displacements: 

                  (2-16) 

                  (2-17) 

                          (2-18) 
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The derivation of the solutions in the plastic region contains material time derivative and 

hence detailed formulations regarding the solutions can be found in Collins et al. (1990) 

and Yu (2013). 

In addition to the analytical solutions and semi analytical solution presented in earlier, 

there are also numerical techniques developed to considered more realistic and 

sophisticated soil constitutive models in cohesive and cohesionless soils under fully 

drained or undrained conditions, such as those presented by  (Yu 1990). 

2.2.2 Cavity Expansion Solutions in Clay 

2.2.2.1 Analytical Solutions in Clay 

Beside the analytical cavity expansion solutions developed for sand, there were extensive 

studies carried out in clay (Hill 1950; Gibson 1961; Palmer 1971; Vesic 1972; Carter et 

al. 1986). For the undrained condition (typically occurring in clay), the cohesive soil is 

usually modelled using the Tresca yield criteria (Hill 1950). The Tresca yield criterion 

can be expressed by major and minor principle stresses as , where  is 

the undrained shear strength of a cohesive soil. Similar to the cavity expansion problem 

presented in Figure 2.3, as the cavity pressure increases, the response of the surrounding 

soil of an expansion cavity is initially elastic with small strains. Once the yield value is 

reached, a plastic zone is formed around the cavity extending to a radius , 

referring to Hill (1950), where  is the elastic shear modulus. Combining the equation of 
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equilibrium and the yield condition in the plastic region, Hill (1950) presented the radial 

and hoop stresses in the plastic zone in a finite medium to be: 

                 (2-19) 

                (2-20) 

It is important to note that when the cavity is expanded from zero radius, the pressure in 

the cavity is constant and can be recognised as the asymptotical limit pressure reached as 

a cavity with non-zero initial radius is expanded to infinity. Hill (1950) has shown that 

the limit pressure is reached immediately before any occurrence of the displacement. 

Solutions for undrained cylindrical cavity expansion in an infinite medium from zero 

initial radius revealed that the constant internal pressure can be calculated from: 

                  (2-21) 

where,   is the initial internal pressure at the cavity wall. The limiting pressure  is 

the pressure required to cause cavity expansion and remains constant.  

In addition, a special case extending the solution presented by Hill (1950) to cylindrical 

cavity expanded from a non-zero initial radius in an infinite large soil medium, was 

established as below considering the Poisson’s ratio for undrained clays being 0.5. 

                 (2-22) 
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where,  is the initial cavity radius and  is the instant cavity radius during the cavity 

expansion. The cavity expansion relationship presented above is identical to the solution 

derived by Gibson (1961). 

Beside the closed form solutions proposed by Hill (1950) and Gibson (1961), Carter et al. 

(1986) presented an analytical solution for the expansions in an idealistic, cohesive 

frictional material, which is considered to be isotropic, elastic - perfectly plastic obeying 

Hooke’s law until yielding, in which the yielding is determined based on the Mohr-

Coulomb criterion. Referring to Carter et al. (1986), yield criterion of an ideal cohesive - 

friction material can be expressed as:   

)                 (2-23)        

where,  and  are the major and minor principle stresses, respectively;   is the soil 

cohesion.  

According to Carter et al. (1986), a steady state cavity pressure would be approached 

when the ratio between the radius of the plastic region and the current cavity radius 

reaches a certain value (i.e. when the cavity is expanded infinitely large), based on which, 

the limit pressure in a cohesive friction material can be expressed as follows:  

               (2-24) 
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                    (2-25) 

where,  is the limiting pressure,  is the dilation angle, and  is the Poisson’s ratio. 

As discussed in Carter et al. (1986), the aforementioned equation can be also adopted to 

express the limit cavity pressure for a purely cohesive soil considering the friction angle 

 being zero.  

Adopting the same Poisson’s ratio (i.e. 0.5) as in Gibson (1961), the limit pressure for the 

undrained cylindrical cavity expansion in an infinite medium can be obtained as below: 

                             (2-26) 

The above is identical to the limiting pressure reported by Hill (1950) and Gibson (1961). 

2.2.2.2 Semi Analytical and Numerical Solutions in Clay 

A realistic constitutive law capturing the soil behaviour should consider the soil strength 

changes owing to the deformation history, which must be described by a strain-hardening 
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or softening rule. The most well-known hardening/softening model is based on the critical 

state theory. The most important and relevant contributions related to pile penetration is 

the large strain cavity expansion problem in undrained clays modelled using Modified 

Cam-clay model (MCC) analysed by Collins et al. (1996b). In this model, the strength of 

the soil is a function of effective stress rather than total stress that is usually adopted for 

undrained analysis. and the soil stress history has a considerable effect on the cavity 

expansion solutions. The problem is illustrated in Figure 2.5, where  and  are the 

initial and current cavity radius, and  is the current radius of a soil element which was 

initially at . 

 

Figure 2.5 (a) Prior to cavity expansion (t = 0) and (b) when cavity radius is expanded (t > 0) 

 



29 
 

Referring to Collins et al. (1996b),  during both elastic and elastic - plastic phases of a 

cylindrical cavity expansion, the shear strain at the cavity wall ( ) is estimated from the 

equation below: 

                      (2-27) 

This implies that the shear strain at the cavity wall is infinite when the initial cavity radius 

is zero, which justifies why the cavity expansion from a finite radius is adopted for the 

numerical simulations.  

Moreover, as more complicated and realistic soil constitutive models are developed 

representing the soil medium in a cavity expansion, especially when a saturated two-

phase soil is considered, derivation of closed form solutions becomes impossible. Thus, 

the numerical technique may be the only approach to obtained a solution (Carter et al. 

1979b; Carter et al. 1985). Carter et al. (1979b) considered a volumetric hardening, 

elastoplastic material based on critical state concepts (Schofield et al. 1968) to study the 

stress and pore pressure changes during the cylindrical cavity expansion. As mentioned 

in Carter et al. (1979b), the numerical calculations must begin with a finite cavity radius 

(  to avoid the circumferential strain being infinite. Hence, Carter et al. (1979b) 

presented an equivalent approximation modelling the creation of the cavity (i.e. from 0 

to ) to an expansion of an existing cavity (i.e. from  to ), by 

assuming the constant volume of the expansion (i.e. ;  being the 

volume of the expansion), as illustrated in Figure 2.6. This implies that an arbitrary non-
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zero value may be chosen as the initial cavity radius to model the creation of the cavity 

(i.e. the installation of a driven pile) as long as the constant volume is satisfied.  

 

Figure 2.6 Finite cavity expansion for modelling pile installation, after Carter et al. (1979b) 

2.2.3 Strain Path Method 

In addition to the cavity expansion theories adopted to study the stress and strain 

variations in the soil, Baligh (1985) proposed an approximate analytical solution to 

predict soil disturbance induced by the installation of various rigid objects installed in the 

ground, called Strain Path Method (SPM). This method can be effectively used to analyse 

the cone penetration and is considered as a more realistic solution for the installation 

problem, especially at the tip of the cone and for deep penetration problems. However, it 
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does not offer a way to estimate the horizontal stress changes or the estimated stresses 

acting on the shaft, as offered by the cavity expansion theory.  

Similar to the cavity expansion method, the strain path methods are only applicable to 

homogenous soils and do not consider the presence of the stress-free ground surface. In 

other words, this method is only applicable to points in the soil where the 

cylindrical/spherical cavity expansion model is relevant. SPM cannot predict the vertical 

soil movements (Poulos 1994) and more importantly, there are serious concerns about 

disregarding the equilibrium conditions (Randolph 2003).  

Sagaseta et al. (1997) and Sagaseta et al. (2001a) modified the strain path method to 

consider the impact exerted from the stress free ground surface, and therefore the shallow 

strain path method (SSPM) was developed in predicting soil movement when the tip of 

the pile is located at a closer distance below the ground. The SSPM solution combines 

the merits of SPM for deep penetrations, and the method used to compute soil 

deformations due to near-surface ground loss (Sagaseta 1987). The closed-form small-

strain solutions for soil movement around an axisymmetric closed-ended pile with a 

rounded tip are shown in Equations (2-28). These equations can be used to reliably predict 

the ground movements due to column installation (Sagaseta et al. 2001b) 

              (2-28) 
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Where  is the radius of the pile,  is the embedded length of the pile,  is the cross 

sectional area,  refers to ‘small strain’, and  and  are the two cylindrical coordinates 

(  at the surface is 0). 

Later Ni et al. (2009) compared the results obtained from the physical modelling of pile 

penetration in transparent soils with the predictions using SSPM method. Good 

agreements were noticed although there are some disparities in terms of magnitudes of 

downward movements of the soil.  

2.3 Applications of Cavity Expansion and Strain Path Methods  

Assessing Installation Effects 

The previous section presented the theoretical aspects of the cavity expansion and strain 

path methods, while the major applications of these two methods in assessing the 

installation effects are presented in this section.  

Carter et al. (1980) adopted the cavity expansion theory to model the displacement pile 

installation numerically under plane - strain condition based on the constant volume 

theory proposed by Carter et al. (1979b). Due to the fact that the soil close to the pile will 

be disturbed by the pile installation, a remould state may be reached immediately after 

the installation, which, according to Carter et al. (1980), may be well represented based 

on critical state concepts. Hence, an effective analysis based on the Modified Cam Clay 

model considering the changes of undrained shear strength with the mean effective stress 

as consolidation proceeds was carried out by Carter et al. (1980). The results confirmed 
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that the stress changes induced by the pile driving and subsequent consolidation process 

are not related to the initial over consolidation ratio but solely determined by the initial 

undrained shear strength. Furthermore, it is also observed  that the size of the disturbed 

region in soil increases with the increase in the cross-sectional area of the pile, and due 

to an increase in the size of disturbed region, the magnitude of the excess porewater 

generated increases accordingly. However, there is no information regarding the soil 

displacement in Carter et al. (1980). 

Chow et al. (1990) investigated the displacements in the vertical and radial directions 

induced by the driven pile installations in a thick deposit of saturated clay. This analysis 

was developed based on the closed-form solutions derived by Sagaseta (1987) to obtain 

the vertical soil movement within an incompressible homogeneous, isotropic linear 

elastic half space adopting the cavity expansion theory. As mentioned in Chow et al. 

(1990), the penetration of a driven pile into the ground can lead to vertical soil movement 

(i.e. soil heave of the pile being installed), and, in the meantime, induces the heave (i.e. 

uplift) of piles that have already been installed in the vicinity.  Referring to Chow et al. 

(1990), the heave at the ground surface show an increase with the pile diameter and the 

penetration depth; given a radial distance of 2  (  being the diameter of the pile), the 

maximum ground heave predicted can reach 6% of the pile diameter (i.e. ). However, 

as the depth of penetration increases to a certain level (i.e. critical depth), the rate of 

increase in the ground heave reduces continuously, and the downward and lateral soil 

movements at the pile toe become dominant beyond this critical depth (Chow et al. 1990). 
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However, the radial displacement induced by the pile installation was not 

comprehensively studied. 

Poulos (1994) studied the installation effects of driven piles based on a modified strain 

path method, particularly focusing on the lateral and axial displacements generated in 

adjacent already installed piles. As discussed by Poulos (1994), the strain path method 

(SPM) developed by Baligh (1985) was for a deep homogenous clay soil with no presence 

of the ground surface taken into account, which was not appropriate considering the pile 

driving through soft clay to a stiffer stratum in common practice. Hence, a modification 

was applied to Baligh (1985) solution to compute the approximate vertical displacement 

around a pile. The results confirmed that the soil movement induced by the driven pile 

installation can lead to significant lateral and axial forces and movements in adjacent 

already installed piles. Referring to Poulos (1994), downward soil movement occurred at 

the early stage of the pile installation process, whereas the soil deformation became 

mainly lateral when the final penetration was approached. In addition, it was reported that 

the yield bending moment in an already installed pile may be reached or even exceeded 

due to the soil lateral movement induced by the pile installation, especially when the piles 

are closely spaced. It is therefore suggested by Poulos (1994) that the installation of 

driven piles with a spacing less than three times of the diameter should be avoided in the 

practice and pre-boring may be considered to effectively reduce the soil movements 

caused by the pile driving. 
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2.4 Laboratory Model Tests and Fields Investigations 

Owning to the simplifications and assumptions made in assessing the installation effects 

analytically and numerically, including obtaining the stresses, pore water pressures and 

displacements,  discrepancies to the site investigation data are often observed (Coop et al. 

1989). Therefore, there were studies carried out by means of small-scale laboratory tests 

(e.g. model and centrifuge tests) and large-scale field investigations in either cohesive or 

cohesionless soils.  

Robinsky et al. (1964) adopted radiography techniques to assess the displacement and 

compaction of sand around a model pile that was instrumented internally adopting strain 

gauges for the determination of load distribution to the surrounding soil. It was found that 

the compaction and the displacements induced by the pile installation showed a tendency 

to decrease the sand density in the vicinity of the pile wall, which, to some extent, 

nullified the benefits gained from the primary compaction. Moreover, as mentioned in 

Robinsky et al. (1964), the  influence zone of the soil lateral movement detected by the 

radiography technique in loose and medium dense sands were approximately 3 - 5.5 times 

of the pile diameter.  

Additionally, Hagerty et al. (1971) studied the soil heave and lateral displacements due 

to pile driving based on thirteen case histories. As concluded by Hagerty et al. (1971), it 

is more likely to induce significant soil displacements during driven pile installation in 

fine grained soils while the behaviour of the saturated insensitive clay was incompressible 
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during driving (i.e. the volume of displaced soil induced by pile installation was the same 

as the volume of the pile). Furthermore, it was reported that the observed soil heave in 

cohesionless materials may be considerably less than that occurring in insensitive clays. 

 Coop et al. (1989) conducted field studies on an instrumented cylindrical model pile 

driven into two clayey soils with different overconsolidation ratios. The site 

measurements were compared to the cavity expansion theoretical predictions, and it was 

found that the stress relief was captured immediately behind the pile tip during the pile 

installation process, which caused both the total radial stress and pore pressure 

measurements being lower than the predications based on cavity expansion theories. 

However, in terms of the radial effective stress, the cavity expansion theory may provide 

a reasonable prediction if the installations are sufficiently rapid avoiding consolidation 

effects. In addition, according to Coop et al. (1989),  the critical state , as one of the main 

assumptions in many available theories assessing the installation effect, was not reached 

in the soil adjacent to the pile during the undrained loading. 

Suleiman et al. (2015) studied the installation effect of Concrete Injected Column (CIC) 

on the surrounding soils in a field investigation. The field study consists of the installation 

of a 320 mm diameter CIC and a load test. For load testing purposes, four reinforced CICs 

with diameter of 395 mm were installed around the central CIC test unit, as reaction piles. 

The ground consisted of 1.2m thick sand over soft sandy organic soils extending to a 

depth of approximately 7.6 m, which overlay bedrock. The water table was found at 1.6 

m below ground surface. The instrumentation included four push-in pressure sensors to 
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capture the change in the soil stress and the excess pore water pressure sensor, installed 

at 2 m depth, and four shape acceleration arrays (SAA) to monitor lateral soil 

displacements throughout the column installation process and load testing. It was 

observed that the soil horizontal stress increased when the mandrel passed the depth 

(location) of the pressure sensors during the downward mandrel advancement and during 

retrieval. At the end of CIC installation, the readings from the pressure sensors indicates 

an increase in the horizontal soil stress by 85.2 kPa recorded within 1D (diameter being 

the diameter of the CIC) distance from the CIC, by 26.1 kPa within a distance of twice of 

the pile diameter, and then with descending trend with the increase in distance from the 

CIC.  

2.5 Continuum Based Numerical Simulations 

As described in the previous sections, there are three main streams in assessing the 

installation effects: the use of the cavity expansion theory, the strain path methods and 

the experimental or field tests. However, field tests require extensive instrumentation 

such as pore water pressure transducers, strain gauges, and pressure cells. Hence, 

experimental and field tests are not always the most attractive due to the high cost. 

With the rapid advancement in computational facilities, and with the development of 

more advanced and realistic constitutive models, the computer modelling using 

continuum-based method (e.g. finite element method (FEM) or the finite difference 

method (FDM)) is often adopted.  As mentioned by Carter et al. (1979b), numerical 
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calculation concerning the pile installation problem must start with an finite initial radius 

to avoid infinite circumferential strain. Indeed, the simulation of pile installation can be 

assumed as a quasi-static large deformation problem, therefore, algorithms considering 

large strain formulations must be incorporated. Common techniques adopted in 

continuum-based simulation include Arbitrary Lagrangian Eulerian (ALE) technique, the 

Couple Eulerian Lagrangian (CEL) method and material point method (MPM). All of 

these aforementioned techniques were successfully adopted to model the installation 

process (e.g. driven pile installation, cone penetration, and stand penetration).   

Susila et al. (2003) presented a large displacement FEM model simulating the cone 

penetration test in sand adopting an auto-adaptive remeshing technique to cope with large 

deformation and distortion at the vicinity of the cone tip during penetrating process. The 

approach adopted Lagrangian formulation to re-discretise the deformed boundary and 

generate a new refined mesh with all field variables defining the mechanical state 

inherited. The soil was model using Drucker-Prager constitutive model with a Coulomb 

friction and non-associative flow rule in ABAQUS. The results confirmed that the auto-

adaptive remeshing technique is able to handle the large distortion induced in the 

surrounding proximity of the cone tip. In addition, as reported in Susila et al. (2003), the 

tip resistance in dense sand was affected by the soil within the distance of 16 - 22 cone 

diameter above and below the cone tip, whereas an influence zone within 5 - 7 cone 

diameter distance was observed in loose sand, which served as a guideline for future 

numerical modellings in selecting the size of model boundaries. 
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Sheng et al. (2005) proposed a finite element simulation with the capability of simulating 

the true installation procedure of a pile adopting large-slip friction contact in adopting 

Modified Cam clay material model. The updated Lagrangian formulated was used to 

account for the large displacements during the pile penetration. As discussed in Sheng et 

al. (2005), the soil situated in the vicinity of the pile shaft underwent radial and downward 

movements during the axial pile push-in process, leading to the compaction of the soil, 

and it is reported that this compressed soil zone is approximately extended 1  (  being 

the diameter of the pile). In the vertical direction, however, evident compression was only 

observed beneath the pile tip, while the soil located near the ground surface exhibited a 

volumetric expansion (i.e. heave). In addition, the computed total resistance and shaft 

resistance based on numerical simulations were compared to the testing results obtained 

from centrifuge tests. It was concluded by Sheng et al. (2005) that the total resistance 

predicted agreed well with the experimental measurements whereas the shaft resistance 

depicted an evident discrepancy. This was attributed to the cone effects since the pile 

modelled in the simulation must contain a conic tip instead of a flat end to avoid numerical 

convergence and mesh distortion issue.  

Henke (2010) investigated the effects of pile installation on adjacent structures adopting 

a three-dimensional continuum model. In the axis of the pile penetration, a rigid thin 

cylindrical frictionless tube was modelled first in contact with the surrounding soil. The 

actual pile installation process was simulated by sliding the pile over the pre-installed 

tube and hence the contact between the pile and the soil could be set up. As discussed in 
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Henke (2010), the proposed modelling approach was not able to simulate the drifting or 

twisting behaviour of the soil profile adjacent to the pile. However, the limitation exerted 

no impact on the installation effects on adjacent structures. The results confirmed that the 

induced installation effects contain a combination effects of rotational, translational and 

bending deformations. Given a pile diameter of 30 cm and a length of 5 m, the induced 

horizontal displacement to an already installed pile was approximately 12 mm, while the 

spacing between two piles was 1 m.  In addition, it was reported by Henke (2010) that the 

horizontal stresses due to the installation of the piles could increase up to 16 times, and 

the increase in horizontal stress showed a direct correlation with the pile cross sectional 

area and the soil density. However, this increase in horizontal stress reduced significantly 

with the radial distance. 

Pucker et al. (2012) presented a numerical study on the installation process of full 

displacement piles adopting a coupled Eulerian-Lagrangian approach in cohesionless 

sand. The material behaviour was described by the hypoplastic model based on the 

combination of constitution laws proposed in Niemunis et al. (1997) and Von 

Wolffersdorff (1996) to reproduce the realistic behaviour of granular materials. The 

approach combined the merits of both the Eulerian and Lagrangian formulations to 

overcome mesh distortion problems induced by the pile installation. To precisely capture 

the installation effects, the drilling tool (i.e. auger) was considered and modelled as a 

volumetric rigid body considering the realistic size and dimensions. The model adopted 

by Pucker et al. (2012) is illustrated in Figure 2.7.  
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Figure 2.7 FEM model simulating the auguring process and the installation of full displacement piles, 

after Pucker et al. (2012) 

The results focused on the horizontal displacements and void ratio variations during the 

installation of displacement piles. Referring to Pucker et al. (2012), the horizontal soil 

displacements induced by the installation generally increased with depth, whereas an 

inverse trend was noticed with respect to the relative density of the soil medium, given 

the same radial distance. In addition, it was reported in Pucker et al. (2012) that during 

the installation of the displacement piles, soils situated in the proximity of the pile (i.e. 

1D, D being the pile diameter)  was loosened up, whereas the soil located between 1D 

and 7D was strongly densified (i.e. reduced in void ratio). However, in a great radial 

distance away from the pile (i.e. 7D to 10D), the soil was slightly densified.  
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The technique introduced in the previous sections were mainly based on the ALE and 

CEL methods that can overcome the mesh distortion during the analysis. However, as 

pointed out by Sulsky et al. (1994) and Bardenhagen et al. (2000), direct mapping the 

state variables allocated to the material in these remeshing techniques can introduce 

uncertainties into the calculation, leading to the inaccuracy of the results. This facilitates 

the development of the particle methods, particularly the material point method (MPM). 

The primary advantage of MPM is that the state variables will be assigned to the material 

points and will be independent to the computational mesh. Phuong et al. (2016) studied 

the pile installation effects in sand adopting material point method. In order to compare 

the results measured in centrifuge tests, the proposed model was 0.6 m in diameter and 

0.79 m in height. Considering the axisymmetric condition, a pie slice model 

corresponding to a central angle of  was considered, and the installation process 

was modelled as pile penetration in a constant rate. The results confirmed that the soil, 

during the pile installation, was pushed away downwards and radially from the pile, 

leading to a significant densification of the soil around the pile, and a considerably 

enhanced lateral stress at the tip of the pile. As mentioned in Phuong et al. (2016), the 

influence zone in terms of the soil densification in the radial direction extended to a radial 

distance of 8D (D being the pile diameter), while a 7D influence zone was noted for the 

soil densification occurring below the pile tip. According to Phuong et al. (2016), the 

bearing capacity predicted in a static load test, was significantly higher when taking the 

installation effects into consideration, which highlighted the importance of understanding 

the installation effects of piles in the real life practices. 
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Figure 2.8 Schematic diagram showing the cavity expansion, with the tip modelled as spherical cavity 

expansion and the shaft simulated adopting cylindrical cavity expansion 

Nguyen et al. (2019) presented a numerical investigation studying the installation 

sequence of plain concrete rigid inclusions, in which the effects on the installation of 

controlled modulus columns (CMC) were comprehensively discussed. The simulation of 

the CMC installation was performed in FLAC3D based on the finite difference method. 

The column was modelled based on Hoek-Brown material model while the Modified 

Cam Clay model was adopted to describe the behaviour of soft clay. Considering the fact 

that remeshing techniques such as ALE or CEL techniques generally required more 

computational time and were sophisticated to be implemented, the explicit simulation of 

the actual installation process was not considered in Nguyen et al. (2019). However, 

modelling of CMC installation utilising the cavity expansion method in the numerical 



44 
 

simulation was adopted, in which the installation of the column tip was considered as a 

spherical problem whereas the shaft was modelled as cylindrical cavity expansion, as it 

can be seen in Figure 2.8. It was found that the installation process induced both the lateral 

deformation and soil heave. Referring to Nguyen et al. (2019), the zone of influence in 

terms of lateral displacement, after the installation of a single CMC with a diameter of 

0.45 m, extended approximately 24 times of the its radius (i.e. ). With the installation of 

a second column located 1.8 m away from the previously installed column, this zone of 

influence was furtherly enlarged to 28 . In addition, as mentioned in Nguyen et al. (2019), 

the induced ground movement from the newly installed CMCs can lead to the uplift of 

already installed columns, and the uplifts observed at the column head and tip were 2% 

and 1% of the column diameter, respectively. However, the ground surface heave due to 

the column installation can reach three times more than the column head uplift. Hence, it 

was suggested that the structural integrity of the closely spaced columns should be 

inspected after the installation.  

2.6 Discrete Element Method Simulations  

2.6.1 Overview 

The simulations investigating the installation effects reported in previous section, 

including the driven piles, cone penetration, and CMC/CIC installations, are based on 

continuum methods. However, most of software packages based on continuum based 

methods may encounter convergence issues when simulating the actual pile installation 
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process (i.e. when there is a cavity creation process involved). This  is  attributed to that 

the numerical calculations based on continuum method must commence from an finite 

initial radius to avoid infinite circumferential strains (Carter et al. 1979b). Despite the 

fact that the expansion of a pre-existing cavity may provide an adequate approximation 

to the cavity creation based on the constant volume theory, the state of stress of the soil 

contained in the annular region remains inaccessible (Carter et al. 1979b). As mentioned 

in the previous sections, there were techniques developed such as ALE, CEL and MPM 

overcoming the large distortion involving in the pile installation process, these mesh free 

or adaptive remeshing techniques are complex to be implemented and generally require 

more computation time (Nagashima et al. 2003; Susila et al. 2003).  

In addition, the installation effects of driven piles in cemented sand has not been 

adequately examined or understood in macroscopic and microscopic scales. In the past 

decades, there were extensive experimental studies carried out on artificially cemented 

sands, which are mainly focusing on extending the fundamental understanding of the 

static and dynamic behaviour based on small scale laboratory testings, including the 

strength and dilatancy behaviours, yielding, pre-failure and post failure characteristics, 

the influence of curing environment and conditions, influence of cementation on the 

liquefaction resistance, and so forth (Sitar et al. 1980; Clough et al. 1981; Acar et al. 1986; 

Saxena et al. 1988a; Saxena et al. 1988b; Lade et al. 1989; Reddy et al. 1993; Consoli et 

al. 1998; Huang et al. 1998; Consoli et al. 2000; Ismail et al. 2000; Schnaid et al. 2001; 

Ismail et al. 2002; Haeri et al. 2005; Consoli et al. 2006; Consoli et al. 2009; Consoli et 
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al. 2010; Consoli et al. 2011; Al-Thawadi et al. 2012; Consoli et al. 2012; Cheng et al. 

2013). However, these aforementioned studies only provide the macroscopic responses 

of the cemented sand, and the fundamental and inherent mechanism (e.g. cementation 

degradation) determining the behaviour remain hypnotised. In continuum-based 

simulations, the cemented granular materials are often modelled adopting simple 

constitutive models (e.g. Mohr Coulomb model) with an enhanced cohesion and elastic 

modulus (Ismail 2005; Nasr 2014), which prevents these analyses from adequately 

describing the post failure behaviour controlled mainly by the cementation degradation .  

Considering all of these inherent issues, the simulation of the actual pile installation and 

cone penetration process may be more effectively treated adopting numerical studies 

based on the discrete element method (Cundall et al. 1979; Potyondy et al. 2004; Jiang et 

al. 2006; Wang et al. 2008c; Butlanska et al. 2013; de Bono et al. 2015; Ciantia et al. 

2016).  

2.6.2 Discrete Element Method (DEM) 

Discrete Element Method (DEM) is an approach developed by Cundall et al. (1979) that 

describes the behaviour of assemblies of granular spheres. With the advancement in 

computational technology, DEM has been gaining an increasing popularity in addressing 

engineering problems, particularly problems involving large displacements, deformations, 

distortions (e.g. driven pile, CMC and vertical drain installations; cone penetration etc.)  

in granular materials such as gravel and sand.  
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In discrete element simulation, the behaviour of granular materials is fundamentally 

determined by the adopted contact properties at the contacting interfaces following the 

Newton’s second law of motion and force-displacement law. Despite the fact that the 

particles in discrete element simulation may be rigid bodies with finite masses that move 

independently of one another, the behaviour of the contacts is characterised using a soft 

contact approach allowing particles to overlap in the vicinity of the contact points. The 

contact between particles is detected prior to the force-displacement computation based 

on the contact overlap ( ) (Cundall et al. 1979; Itasca 2016). There are numerous contact 

models, utilising linear or nonlinear formulations, developed mimicking the behaviour 

between contacting particles for different soils. A brief introduction of two most 

commonly adopted contact models describing the granular material behaviour are given 

in the following sections. 

2.6.2.1 Linear Contact Model  

The linear contact model corresponds to the model developed by Cundall & Strack 

(1979), which utilises two linear springs in normal and tangential directions to mimic the 

linear elastic and frictional behaviours between contacting particles. The rheological 

model and the operating mechanism are illustrated in Figure 2.9.  
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Figure 2.9 Linear contact model (a) rheological model and (b) schematic diagram 

The magnitudes of the normal force ( ) and the shear force ( ) are determined by the 

normal stiffness  and shear stiffness , respectively based on the following equations: 

                                                                         (2-29) 
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where,  and are the normal force and shear force, respectively,  and  are the 

normal stiffness and shear stiffness of the linear springs, respectively,  is the surface 

gap, measuring the overlap between particles (i.e. = 0 when particles contact yet not 

overlap,  < 0 when particles overlap), and  are the radius of two contacting 

particles,  is the distance between two contacting particles,  is the relative shear 

displacement increment, and is the initial shear force. 

2.6.2.2 Rolling Resistance Contact Model  

Rolling Resistance contact model, developed based on the Linear contact model, is used 

to mimic the rolling effect between particles with angular shapes (Iwashita & Oda 1998; 

Oda & Kazama 1998; Jiang et al. 2005; O'Sullivan 2011). Hence, it is considered as a 

more realistic contact constitutive model for granular materials where the rolling of 

particles is dominant in determining the strength. The formulations of the rolling 

resistance contact model are similar to the linear contact model except the incorporation 

of the rolling resistance moment ( ) acting at the contacting points of particles to 

counteract the relative motion and therefore can simulate the interlocking behaviour 

between contacting particles as explained by Ai et al. (2011). The rheological model and 

the schematic diagram of the particle interaction for this model are illustrated in Figure 

2.10. The magnitude of the rolling resistance moment ( ) is computed based on the 

following equations (Jiang et al. 2005; Iwashita & Oda 1998):  
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                                                                                    (2-30) 

where,  is the rolling resistance moment,  is the relative rotation increment 

between contacting particles,  and  are the rolling stiffness and shear stiffness of 

the linear springs, respectively,  and  are the radius of two contacting particles. 
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Figure 2.10 Rolling Resistance contact model (a) rheological model and (b) schematic diagram 

2.6.3 DEM Simulations Studying the Installation Effects 

With the introduction of contact models mimicking the behaviour of granular materials, 

discrete element studies were readily conducted to investigate the installation effects. 

Lobo-Guerrero et al. (2005) carried out an investigation on the pile installation in 

carbonate sand adopting DEM.  Referring to Lobo-Guerrero et al. (2005), a 2D numerical 

analysis adopting the linear contact model was carried out. The pile installation process 

was simulated as a model pile penetration into a virtual calibration chamber with a 

constant penetration rate. The model contained 26,000 particles, with the friction 

coefficient between the particles and pile selected to be 0.7 to simulate a rough pile 

surface. One of the innovations in Lobo-Guerrero et al. (2005) was the consideration of 
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particle crushing that many occur during the penetration process. The scheme was to 

replace the particles with equivalent smaller particles once the predefined failure criterion 

of a single particle was reached. The results confirmed that the particle crushing in the 

carbonate sand was mainly concentrated at the pile tip, and the crushed particles were 

then pushed away to the sides and moved along the pile shaft. In addition, downward and 

radial movements of the particles were observed mainly at the pile tip whereas the 

particles along the shaft were heavily rotated and followed an arbitrary path moving 

upward, causing the surface heave. However, the contact parameters adopted in Lobo-

Guerrero et al. (2005) were not calibrated against experimental data and hence the results 

could be questionable. 

Jiang et al. (2006) modelled the deep penetration in granular materials adopting 2D 

discrete element simulations to study the CPTs in centrifuge test. The penetrometer was 

modelled as rigid walls with a 60º conic pile tip. To reduce the boundary effects, a servo-

control mechanism was adopted to maintain the stress level on the external walls Jiang et 

al. (2006) observed that the soil in the vicinity of the penetrometer displaced in a complex 

path. It was indicated that the soil along the shaft initially moved downward, and then 

shifted upwards and simultaneously sideway. As mentioned in Jiang et al. (2006), the 

displacement of the soil near the penetrometer may not be well captured with the 

conventional meshing available in continuum based analysis.  

Zhou et al. (2012) proposed a coupled 3D discrete and continuum numerical model, 

studying the penetration effects of a flat ended pile in sand. The pile penetration was 
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simulated adopting discrete element method, while the soil located further away was 

model as continuum obeying linear elastic behaviour. The contact forces and 

displacements were obtained based on the discrete zones and transferred as nodal forces 

to the continuum boundaries, whereas the interface velocities in the continuum zone were 

transferred to the discrete boundaries. The information exchange between the discrete and 

continuum phases was achieved for a coupled analysis. To ensure the contact model 

adopted could describe the realistic behaviour of the granular material, the microscopic 

contact parameters were calibrated against the experimental triaxial test results. A typical 

arrangement of the triaxial test simulation in discrete element modelling is depicted in 

Figure 2.11. 

 

Figure 2.11 Typical triaxial test setup in the discrete element simulations 
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The results showed that the pile tip resistance approached a steady state with the 

penetration depth reaching 0.7 D (D being the diameter of the pile). It was also found that 

the porosity of the soil near the pile tip was decreased due to the compactions induced 

during the installation except the soils slightly above the pile tip. Due to the friction 

stemming from the contacting interfaces between sand and pile, a shear zone was formed, 

leading to the dilation of the soil and hence an increased porosity. This finding was 

contradicting the observations in the experimental test and numerical simulations 

conducted adopting continuum method, especially when the tip of the pile was considered 

to be conic. 

Geng et al. (2013) presented a three-dimensional discrete element simulation of cavity 

expansion subjected to pressuremeter test. The pressuremeter test was modelled as a 

cylindrical cavity expansion from a finite initial radius following the identical boundary 

conditions presented in the cavity expansion theory, as illustrated in Figure 2.12. The 

initial cavity radius considered in Geng et al. (2013) was 1 m and the external boundary 

had a radius of 13 m, with the external pressure servo-controlled to maintain a same 

magnitude as the initial internal cavity pressure. The simulations were carried out in sandy 

soils with arbitrary initial porosity representing various relative densities. The cavity 

pressure variations obtained on dense sands showed an evident strain softening 

behaviour, with a peak explicitly captured. The results showed that the pressure required 

to expand an existing cavity in granular material may not be well predicted by many 

existing analytical solutions assuming an elastic - perfectly plastic material behaviour, 
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especially in dense granular materials, in which the effect of dilatancy is significant. 

However, there were no calibrations conducted against the realistic experimental data and 

no displacements were reported in Geng et al. (2013). 

 

Figure 2.12 Typical cavity expansion arrangement in 3D discrete element simulations 

Duan et al. (2018) conduced a numerical analysis studying the driven pile installation 

effect in sand adopting a two-dimensional model. As pointed out by Duan et al. (2018), 

the installation of the driven pile resulted in a rearrangement and repacking of the 

surrounding particles, with the particles situating at a shallower depth loosened due to the 

disturbance induced by the installation, whereas the deep layers experienced a 

densification process due to the extrusion. In addition, it was reported that the lateral 
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stresses were also significantly altered due to the installation of the driven pile, and the 

increase in lateral pressure depended not only on the distance in radial direction measured 

from the pile but also the overburden pressure (i.e. the vertical distance from the ground). 

After the installation of the driven pile, an uplift was expected due to the rebound of soil 

below the pile tip.  

In addition to these aforementioned studies, there were also discrete element 

investigations carried out in analysing the mechanism of in-situ soils tests, such as cone 

penetration and stand penetration tests in calibration chambers (Arroyo et al. 2011; 

Butlanska et al. 2013; Zhang et al. 2019). However, the outcomes were mainly focusing 

on demonstrating the capability of DEM in simulating in-situ tests, and the tip resistance 

predictions and comparing with empirical correlations.  

2.6.4 DEM Simulations of Cemented Granular Materials 

Beside the discrete element studies in granular materials, there were also research studies 

investigating the behaviour of cemented sand. To reproduce the behaviour of cemented 

granular materials, the contact model adopted must be capable of capturing both the 

cementation and frictional effects between sand particles, before and after the breakage 

of a cemented bond. The contact model, extensively adopted mimicking the cementation 

at the contacts of adjacent particles, is the Linear Parallel Bond (LPB) model, which 

consists of two components, including a frictional contacting interface with zero tensile 

strength and a cementation bond component which acts in parallel with the first 

component (Wang et al. 2008a; de Bono et al. 2015; Feng et al. 2017). The behaviour of 
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the former component is linear elastic in normal direction with zero tension cut-off, while 

in the tangential direction, a linear elastic - perfectly plastic behaviour is utilised, with the 

maximum shear force at the contact being the Coulomb limit, determined by the , 

where  is the friction coefficient, and  is the normal component of force acting on 

the contacting interface (Cundall et al. 1979; Itasca 2016). The latter component obeys a 

brittle linear elastic constitution law that allows both the tension and moment to develop 

and transmit between contacting particles until either of these stresses exceed the bond 

strength. Once the bond strength is exceeded, the second component of the LPB model 

will be nullified, with its associated forces and moments eliminated (Potyondy et al. 2004; 

Potyondy 2015). The rheological model showing the concept of the LPB model is 

depicted in Figure 2.13.  

 

Figure 2.13 rheological model of the linear parallel bond (LPB) model 
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As illustrated in Figure 2.13, the cementation bond component of the model is activated 

once the contact gap (i.e.  ) between adjacent particles are less than or equal to the 

installation gap defined by the user. However, with the breakage of a cementation bond 

once the tensile strength (i.e. ) or shear strength (i.e. , define through the friction 

angle  and cohesion of the bond element , as shown in Figure 2.13) is exceeded, the 

grain behaviour approaches that of granular materials with frictional sliding at the 

contacting interface, referring to Figure 2.13.  In addition, the force-displacement law for 

the forces and moments is schematically demonstrated in Figure 2.14. 

 

Figure 2.14 force-displacement law for the forces and moments in a LPB bond model (modified after 

Itasca (2016)) 
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In DEM simulation of cemented sand in literature, the cementation effects were usually 

modelled as discrete sand particles bonded together adopting a contact model (e.g. linear 

parallel bond model). Hence, the cemented sand modelled utilising this technique is 

considered as a single-phase material consisting of only one type of particle (i.e. sand 

particles). The different level of cementation was modelled by adjusting one or a few of 

particular microscopic parameters, such as the reference gap and cementation radius, 

cementation bond tensile strength (Jiang et al. 2013; de Bono et al. 2014a; de Bono et al. 

2015; Feng et al. 2017). In addition, there were also techniques that considered the 

cemented sand as a material with two phases, consisting of both cemented and 

uncemented particles, and the cementation level was controlled based on the percentage 

of cemented particles involved in a specimen (Wang et al. 2008a; Wang et al. 2008c; 

Obermayr et al. 2013). These common techniques to simulate the cemented sand are 

briefly introduced in this section.  

Wang et al. (2008a) and Wang et al. (2008c) adopted 2D DEM simulations to investigate 

the behaviour of artificially cemented sand in drained triaxial tests. The cemented sand 

was modelled as a two-phase material containing both sand and cement particles, as 

illustrated in Figure 2.15. 
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Figure 2.15 Schematic diagram illustrating the simulation of the cemented sand (after Wang et al. (2008a) 

In the generation stage, the sand particles were initially generated following the given 

particle size distribution, while the cemented particles were created and randomly 

attached to sand particles. The linear parallel bond model was adopted to bind the cement 

and sand particles, while the interaction between two discrete sand particles were 

described adopting the linear model. As mentioned in Wang et al. (2008a), introducing 

the cementing particles directly at the contacts between discrete sand grains mimicked 

the realistic features of cementation in the experimental test, and the different cementation 

levels could be directly reproduced based on the number of cementing particles generated 

in the specimen.  

de Bono et al. (2014a) modelled the one-dimensional compression in cemented sand 

adopting a 2D discrete element simulation. Based on analysing the SEM photos of 

cemented sands, de Bono et al. (2014a) claimed that an increase in cement content leads 

to an reduced voids due to cementation, helping to bind the particles that would otherwise 
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not be in contact. Hence, it was argued that cemented specimens with different levels of 

cementation can be achieved by controlling the reference gap (i.e.  in Figure 2.13). By 

default, the reference gap detecting the establishment of the contact between adjacent 

particles is zero, which means that a cementation bond will be activated if the distance 

between the edges of two spherical particles is less than zero. Increasing the reference 

gap inevitably increases the bonding proximity, resulting in more contacts, and hence an 

increased cohesion and tensile strength (de Bono et al. 2014a). The technique simulating 

the cemented sand by controlling the reference gap is illustrated in Figure 2.16.  

 

Figure 2.16 Schematic diagram illustrating the simulation of the cemented sand based on the reference 

gap technique (a) when  is less than 0 and (b) when  is larger than 0 (modified after de Bono et al. 

(2014)) 
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Feng et al. (2017) explored the triaxial behaviour of bio-cemented sand adopting 3D 

discrete element simulations. The cementation between contacting particles were 

simulated adopting linear parallel bond model, as illustrated in Figure 2.17. 

 

Figure 2.17  Schematic diagram illustrating the cemented sand simulation based on the cementation bond 

radius, after Feng et al. (2017) 

Feng et al. (2017) asserted that specimens with higher cement content, observed in the 

realistic bio-cemented sand formation, generally have a larger volume of cementation at 

the contacting interface. Hence, referring to Feng et al. (2017), the different levels of 

cementation may be adequately represented adopting the cross-section area of the 

cementation bond (i.e. a higher bond radius corresponds to a larger cementation interface 

and therefore a higher cement content). 

Obermayr et al. (2013) proposed a boned-particles model for cemented sand simulation 

based on the Timoshenko’s beam theory and the extension of the linear parallel bond 

contact model. The cemented sand was modelled as a two-phase material, consisting of 
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both the cohesive particles (i.e. cemented particles) and non-cohesive particles, as 

illustrated in Figure 2.18. 

 

Figure 2.18 Simulating the cemented sand with arbitrary cement content by mixing the cemented and 

uncemented particles in a certain percentage 

 The proposed bonded model resisting tension, shear and moments (e.g. bending and 

twisting moments) was assigned at the contacting interfaces between adjacent cohesive 

particles. However, the contact model developed in Obermayr et al. (2011) based on non-

linear Hertzian law (i.e. no-tension allow at the contact) was utilised to mimic the 

interaction between contacting non-cohesive particles, and  the different levels of 

cementation was achieved by controlling the percentage of cohesive particles in the 

specimen. Referring to Obermayr et al. (2013), the triaxial tests simulation results 
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confirmed that the method proposed is adequate to simulate the behaviour of cemented 

sand with varying cement content.  

2.7 Summary 

The review of existing literature shows that the cavity expansion theory, as one of the 

most common adopted approaches, provides a simple and fast solution in assessing the 

installation effects, particularly in obtaining limiting pressures, assessing radial 

displacement, and stress and strain variations in the proximity of the cavity. However, 

analytical solutions can be only derived for the special cases considering simplified 

geometries, isotropic and homogenous materials, and simple constitutive models. Despite 

the fact that numerical techniques may be adopted for solving the cavity expansion 

problems with more realistic soil models, the expansion must commence from a finite 

cavity radius to avoid infinite circumferential strains. Although the constant volume 

theory may offer an approximate solution, the state of stresses and strains of the soil 

within the annular region remain inaccessible.  

Field tests are generally considered as the most accurate ways to investigate the 

installation effects. However, large scale field testings are not always cost effective, since 

the required field instrumentations are expensive, especially when the point of interest is 

in a deep ground, and the equipment may be prone to damage during its usage. In addition, 

results obtained may not be easily applied to other projects where the ground conditions 

are not the same. 
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Continuum based numerical simulations with a realistic soil constitutive model may be 

adopted to assess the installation effects. However, the simulation of the actual 

installation process may encounter convergence issues due to the excessively large 

distortion induced. Despite the fact that there are mesh free or adaptive remeshing 

techniques (e.g. ALE, CEL, and MPM) developed to overcome the large distortion, these 

methods are sophisticated to be implemented in commercially available software 

packages for the use by practicing engineers and generally require significant 

computational effort. In addition, the continuum simulation is not capable of providing 

insight into the fundamentals of granular material behaviours, such as the dilatancy, 

particle crushing and cementation degradation in microscopic scale. 

Discrete element simulations are gaining increasing popularities in recent years in 

studying the granular materials due to its discontinuous nature and the superior 

performance and have been proven capable in analysing problems involving large 

deformation and displacement. However, no systematic studies were carried out in 

assessing the influence of particle contact models and selecting the most appropriate 

contact model mimicking the behaviour of granular materials. In addition, an arbitrary 

finite cavity radius is required in many existing cavity expansion solutions to obtain the 

pressure expansion curve. However, there are no studies available assessing the influence 

on the choice of arbitrary initial cavity radius (including zero initial radius) in the cavity 

expansion related problems. Furthermore, there are no research studies available in the 

literature simulating cavity expansion in cemented soils helping to assess installation 
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effects of displacement based rigid inclusions on surrounding ground. Therefore, this 

research study attempts to address these issues, which can help with better understanding 

of cavity expansion from zero initial radius in granular and structured soils. 
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Chapter 3 - Influence of Particle Contact Models on Soil 

Response of Poorly Graded Sand during Cavity Expansion in 

Discrete Element Simulation 

3.1 General 

In discrete element simulations, the behaviour of geomaterials in a macro level is utterly 

determined by microscopic properties, highlighting the importance of contact models. 

Despite the fact that there are numerous contact models proposed to mimic the realistic 

behaviour of granular materials, there are lack of studies on the effects of these contact 

models on the soil response. Hence, in this chapter, a series of three-dimensional 

numerical simulations with different contact constitutive models were conducted to 

simulate the response of sandy soils during cylindrical cavity expansion. In this numerical 

investigation, three contact models namely linear contact model, rolling resistance 

contact model, and the Hertz contact model are considered. It should be noted that the 

former two models are linear based models, providing linear elastic and frictional 

plasticity behaviours, whereas the latter one consists of nonlinear formulation based on 

an approximation of the theory of Mindlin and Deresiewicz. To examine the effects of 

these contact models, several cylindrical cavities were created and expanded gradually 

from an initial radius of 0.055 m to a final radius of 0.1 m. The numerical predictions 

confirm that the calibrated contact models produced similar results regarding the 

variations of cavity pressure, radial stress, deviatoric stress, volumetric strain, as well as 
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the soil radial displacement. However, the linear contact model may result in inaccurate 

predictions when highly angular soil particles are involved. In addition, considering the 

excessive soil displacement induced by the pile installation (i.e. cavity expansion), a 

minimum distance of 11 a (a being the cavity radius) is recommend for practicing 

engineers to avoid the potential damages to the existing piles and adjacent structures. 

3.2 Introduction 

The rapid advancement in computational technology has facilitated the application of 

discrete numerical analysis for many complex geotechnical problems, especially 

investigations involving large deformations or displacements. For instance, analysing the 

installation mechanism of driven piles and vertical drains adopted for ground 

improvement requires cavity expansion theory to better interpret smear zone 

characteristics. (Huang et al. 1994; Jiang et al. 2006) have employed discrete element 

simulation to study the mechanism of the deep penetration in granular materials. (Arroyo 

et al. 2011; Ciantia et al. 2016) successfully modelled the cone penetration tests in a 

calibration chamber while taking the particle crushing behaviour into consideration. 

(Geng et al. 2013) simulated the cylindrical cavity expansion and pressuremeter test using 

discrete element analysis. All of these studies have indicated that the discrete element 

method (DEM) is capable and reliable for simulating the behaviour of the granular 

materials, while comprehending the microscopic contact properties employed by the 

discrete numerical studies is of paramount importance. In DEM simulations, particles 

interact at pair-wise contacts by means of internal forces and moments. In addition, 
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contact mechanics are embodied in particle-interaction laws that are responsible for 

recognising particle interfaces, updating the internal forces and moments, computing the 

induced displacements and rotations of all particles involved in the system (Cundall et al. 

1979; Potyondy et al. 2004). Hence, it can be explicitly concluded that only by adopting 

the most appropriate contact model, the simulation can attain the most accurate outcome. 

There are mainly three types of contact models widely used by researchers that are 

capable of simulating granular materials such as sand, namely (i) Linear, (ii) Rolling 

Resistance and (iii) Hertz contact models.  Linear contact model, developed by Cundall 

& Strack (1979), describes the constitutive behaviour in normal and tangential directions 

between particles at their contact interface adopting linear springs with normal and shear 

stiffnesses. This model has been extensively employed to investigate granular materials 

in many disciplines ranging from chemical to geotechnical engineering. Its capabilities 

in mimicking the behaviour of sandy soils under various loading conditions have been 

successfully verified by many researchers (Jenck et al. 2009; Zhao et al. 2009; Chen et al. 

2011; Zhou et al. 2012; Lai et al. 2014; Falagush et al. 2015; Tran et al. 2016). Despite 

the fact that classical theories believe that it is mainly the sliding between adjacent 

particles that plays the dominant role in controlling the strength and dilatancy, Oda & 

Kazama (1998) observed that the effect of rolling between contacting particles, is very 

significant. Therefore, the Rolling Resistance Contact Model has been developed based 

on the linear contact model by introducing a rolling resistance mechanism that 

incorporates a torque acting on the contacting pieces to counteract the rolling motion 

(Iwashita et al. 1998; Oda et al. 1998; Irazábal et al. 2017). It is indispensable that the 
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rolling resistance model is suitable to simulate granular materials particularly when most 

grains are angular, intensifying the interlocking of particles (Tordesillas et al. 2002; Jiang 

et al. 2005; Ai et al. 2011; O'Sullivan 2011). In addition to these two linear based models, 

Hertz contact model also demonstrates its competency in capturing the behaviour of 

granular materials in discrete numerical modelling. The most distinct feature 

differentiating Hertz contact model from others is that it has nonlinear formulations and 

utilises the simplified theory of Mindlin and Deresiewicz as force-displacement laws to 

compute contact forces (Mindlin 1953; Tsuji et al. 1992). As the Hertz contact model 

requires more accessible and macroscopic parameters that can be directly correlated to 

the macroscopic parameters measured in the laboratory, such as Poisson’s ratio and shear 

modulus, it is also considered as a simple yet efficient constitutive contact model by many 

researchers (Gu et al. 2013; Ng et al. 2015; Ning et al. 2015; Zeghal et al. 2015; Ciantia 

et al. 2016). Although those three contact models have already well demonstrated their 

own competency in simulating the behaviour of sandy soils, there is very limited research 

to investigate the effects of these contact models on soil response. Furthermore, the cavity 

expansion theory, an effective technique to interpret the mechanism of pile installation 

and in-situ tests, has been extensively employed by many researchers. However, 

obtaining closed-form solutions may become difficult to be obtained when more realistic 

constitutive models are incorporated, and therefore numerical approaches can offer a 

better solution (Carter et al. 1979b). Hence, there are numerous analyses available 

adopting numerical techniques and simulations based on continuum method for cavity 

expansion (Carter et al. 1979a; Carter et al. 1985; Mo et al. 2014; Li et al. 2017). However, 
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the discrete element studies may provide researchers with a microscopic level of insight 

to study the complex cavity expansion related problems. Therefore, the purpose of this 

study is to compare the results obtained from the cavity expansion simulation adopting 

different contact models and evaluate the effectiveness of each contact model in discrete 

element simulations.  

3.3 Material Contact Models  

3.3.1 General Characteristics of Adopted Contact Constitutive Models 

In this study, three contact models have been employed to mimic the interaction between 

particles at their contacting points, namely linear contact model, rolling resistance and 

Hertz contact models. It is noteworthy to state that all adopted contact models are elastic 

– perfectly plastic, in which the former two contact models are linear elastic – perfectly 

plastic whereas the latter is elastic – perfectly plastic model with non-linear formulations. 

Therefore, all three-contact models can capture both elastic and plastic behaviours. In the 

linear contact model, the behaviour is linear elastic in normal direction with zero tension 

cut-off, while in the tangential direction, a frictional behaviour using linear springs and 

plastic sliders are utilised, as illustrated in Figure 3.1. 
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Figure 3.1 Linear contact model (a) rheological model and (b) schematic diagram 
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In this contact model, slip is accommodated by imposing a Coulomb limit on the shear 

force using the friction coefficient  (i.e. slider). Both normal and shear forces are 

computed linearly using the linear force displacement law based on the linear springs, 

and the maximum shear force at the contact is the frictional force ( ), where   is the 

normal force acting at the contacting interface. 
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Figure 3.2 Rolling Resistance contact model (a) rheological model and (b) schematic diagram 

Rolling resistance contact model, as depicted in Figure 3.2, developed from linear contact 
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theoretical analysis of the deformation of elastic spheres. Figure 3.3 describes the 

rheological model for Hertz contact mode. The main difference between Hertz and Linear 

Ball C

Δφr

R1

R2
MRR

L

(b)

Note:
R1 and R2 are the radius of the Balls C and D, respectively
L is the distance between the centres of Balls C and D

is the rotation increment in a timestep
MRR is the rolling resistance moment

Ball D
(original position at time t)

Ball D́
(position at time t +Δt due to loading)



75 
 

model is that the Hertz contact model employs nonlinear formulations to compute the 

normal and shear forces at the contact. The maximum shear force at the contact is also 

determined based on the frictional force ( ), where  is the Hertz normal force. 

 

Figure 3.3 Rheological model for Hertz contact model 
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In discrete element simulations, the behaviour of granular materials is fundamentally 

determined by the adopted contact properties at the contacting interfaces following the 
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contact between particles is detected prior to the force-displacement computation based 

on the contact overlap ( ) detected (Cundall et al. 1979; Cundall et al. 1992; Itasca 2016). 

The linear contact model adopted in this study corresponds to the model developed by 

Cundall & Strack (1979), which utilises two linear springs in normal and tangential 

directions to mimic the linear elastic and frictional behaviours between contacting 

particles. The rheological model and the operating mechanism is illustrated in Figure 3.1. 

The magnitudes of the normal force ( ) and the shear force ( ) are determined by the 

normal stiffness  and shear stiffness , respectively based on the following equations: 

                                                                           (3-1) 

where,  and are the normal force and shear force, respectively;  and  are the 

normal stiffness and shear stiffness of the linear springs, respectively,  is the surface 

gap, measuring the overlap between particles (i.e. = 0 when particles contact yet not 

overlap,  < 0 when particles overlap), and  are the radius of two contacting 

particles,  is the distance between two contacting particles,  is the relative shear 

displacement increment, and is the initial shear force. 
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Figure 3.4 Illustration of particle assembly in DEM (a) particle upscaling factor = 1 (b) particle upscaling 

factor = 2 

In DEM simulations, the magnitudes of the normal stiffness   and shear stiffness   

can be specified by the users directly. In this circumstance, referring to Figure 3.4 (a) and  

(b), applying the same compressive force (F), the normal contact forces between two 

particles (e.g. A1 & B1 or A & B) will be doubled if the particles are enlarged twice. 
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Therefore, it is obvious that the magnitude of the normal contact force increases with the 

increase in the particle size. Therefore, it is evident that the normal stiffness  should be 

upscaled, according to respond to the increase in normal contact forces. However, besides 

the direct approach, the linear model deformability method can be alternatively employed 

to control the normal and shear stiffness in real time by introducing the effective Young’s 

modulus and the stiffness ratio of the normal and shear stiffness of the linear springs 

based on the following equations (Itasca 2016):     

                                                                   (3-2) 

The effective Young’s modulus  and the stiffness ratio have direct correlations to 

the material macroscopic properties, such as the Young’s modulus ( ) and the Poisson’s 

ratio ( ). In Equation (3-2), particle upscaling leads to the increase in the normal stiffness 

( ) which, at the same time, increases the shear stiffness ( ) due to the constant ratio 

adopted (i.e. ). This implicates that the upscaling adopting the linear model 

deformability method automatically takes the effect of particle upscaling into account. 

Similar techniques were also used by other researchers (Ding et al. 2014). This is 

especially advantageous when the particles are upscaled to reduce the computational 

effort so that large-scale simulation can be conducted.  

Rolling Resistance contact model, developed based on the linear contact model, is used 

to mimic the rolling effect between particles with angular shapes (Iwashita & Oda 1998; 
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Oda & Kazama 1998; Jiang et al. 2005; O'Sullivan 2011). Hence, it is considered as a 

more realistic contact constitutive model for granular materials where the rolling of 

particles is dominant in determining the strength. The formulations of the rolling 

resistance contact model are similar to the linear contact model except the incorporation 

of the rolling resistance moment ( ) acting at the contacting points of particles to 

counteract the relative motion and therefore simulate the interlocking behaviour between 

contacting particles (Ai et al. 2011; Wensrich et al. 2012). The rheological model and the 

schematic diagram of the particle interaction are illustrated in Figure 3.2. The magnitude 

of the rolling resistance moment ( ) is computed based on the following equations 

(Jiang et al. 2005; Iwashita & Oda 1998):   

                                                                                     (3-3) 

where,  is the rolling resistance moment,  is the relative rotation increment 

between contacting particles,  and  are the rolling stiffness and shear stiffness of 

the linear springs, respectively,  and  are the radius of two contacting particles. 

In addition to these two linear based contact constitutive models, Hertz contact model, as 

illustrated in Figure 3.3 is employed to simulate the behaviour of granular materials 

(Ciantia et al. 2016; Gu & Yang 2013; Ng & Meyers 2015; Zeghal & Tsigginos 2015). 

The Hertz contact model adopts the simplified Mindlin and Deresiewicz theory (Itasca 

2016; Mindlin 1953) to reproduce the non-linear force-displacement formulation to 
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calculate the normal and shear forces during analysis using the following equations (Holt 

et al. 2005; Agnolin et al. 2007): 

                 (3-4) 

where,  and  are the Hertz normal force and Hertz shear force, respectively,  is the 

effective shear modulus,  is the Poisson’s ratio, is the Hertz exponent,  is the 

effective radius,  and  are the radius of contacting particles, respectively,  is the 

surface gap (  when particles are in contact / overlapped),  is the relative shear 

displacement increment and  is the initial Hertz shear force. 

It can be clearly noted that the Hertz contact model utilises the material properties such 

as Poisson’s ratio and effective shear modulus to define the contact behaviour. The size 

of the particles ( ) is taken into account during the force-displacement computation, 

confirming that the Hertz contact model, similar to the Linear model deformability 

method, can be applicable when particles are upscaled.  

Furthermore, it is worthy to mention that the allowed overlapping at the contacts between 

particles in the normal direction is directly related to the normal stiffness of the spring 

and the normal forces acting on the contact plane for the linear and rolling resistance 

contact models. This study employs the linear model deformability method, and therefore 

the allowed overlapping is determined by the effective modulus, specified.  
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Referring to Equation (3-1), the detected overlap ( ) and the normal stiffness of the 

linear spring between two particles are used to determine the normal force ( ). Also, 

according to Equation (3-2), the allowed overlapping ) can be expressed in terms of 

the normal force (  and effective modulus (  as follows: 

                                                                           (3-5) 

Hence, it can be explicitly concluded that the overlap is determined by the magnitude of 

the normal force acting on the contact plane, and the effective modulus of particles.  

Given a constant normal force, the overlap between contacting particles decreases as the 

effective modulus increases. For the Hertz contact model, referring to the Equation (3-4), 

in a similar way, the allowed overlap can be determined as below: 

                                               (3-6) 

Hence, it can be concluded that the allowed overlapping at the contacts is determined by 

the effective shear modulus (G), Poisson’s ratio (ʋ) as well as the Hertz normal force 

( . 

In this study, PFC3D 5.0 software (Itasca 2016) has been adopted to evaluate the 

performance of these three contact models for cavity expansion simulation. Moreover, it 

is noteworthy to state that the constitutive behaviours of linear contact model, Rolling 

Resistance contact model as well as Hertz contact model discussed above contain only 
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the essential characteristics and readers can refer to existing literature for further detailed 

explanations (e.g. Itasca 2016; Cundall & Strack 1979; Mindlin 1953; Iwashita & Oda 

1998).  

It is acknowledged that disparities may exist between the microscopic parameters of these 

adopted contact models and the actual behaviour that can be investigated when laboratory 

tests are done in microscopic scale. For instance, according to micromechanical 

experiments conducted by Sandeep et al. (2018) and Sandeep et al. (2017) , with the 

increase in the normal loads, repeated shearing causes increase in friction. However, the 

frictional forces between particles for a given normal force in many existing contact 

constitutive models are constant (e.g. linear, rolling resistance, Hertz contact models). 

The advance micromechanical inter-particle loading apparatus can directly measure the 

contact properties such as and between particles, which indisputably lead to the 

new direction in the micromechanical studies. It also offers the possibility to study the 

behaviour of the contacting particles in a microscopic level, which is advantageous for 

the development of more comprehensive and realistic contact constitutive models 

adopted in the DEM analysis (O'Sullivan 2011; Senetakis et al. 2013; Senetakis et al. 

2014). 
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3.4 Numerical Modelling  

3.4.1 Calibration of Contact Parameters Adopting Triaxial Test 

Investigating the effects of contact models on the macroscopic soil response can never be 

attained if the variables are not controlled since each contact model contains multiple 

parameters that fundamentally determine the contact behaviour between particles. Hence, 

three adopted contact models were calibrated to represent realistic sandy soil by matching 

the results obtained from the numerical simulations of triaxial compression tests against 

existing laboratory results. Typically, the stress-strain relationships obtained from the 

experiments are used for calibration of the contact models, which is a common practice 

adopted by many researchers (Chareyre et al. 2002; Arroyo et al. 2011; Wang et al. 2014; 

Ciantia et al. 2016). In this study, the contact properties were calibrated by matching the 

overall (macroscopic) stress - strain and volume change – axial strain curves obtained for 

the soil sample. 

3.4.1.1 Selection of Existing Experimental Triaxial Test Results for 

Calibration Exercise 

Experiments adopted for calibration exercise was conducted by Cornforth (1964) to 

compare the drained strengths of medium to fine grained sand under the plane strain 

condition as well as the conventional triaxial condition (Cornforth 1964). Detailed 

experimental procedure and specimen information can be found in Cornforth (1964). It 

is preferred to use comprehensive test results (e.g. triaxial test with various confining 
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pressures) for calibration of the micro-mechanical properties of the soil for general 

simulation of soil under different confining pressures. However, it should be noted that 

the calibration exercise conducted in this study compared predictions and measurements 

for both axial stress and the volumetric strain variations with shear strains. In addition, 

since the test results reported by Cornforth (1964) include the required information for 

calibration of micro-mechanical properties namely particle size distribution, void ratio, 

variation of volume change with shear strain, and stress-strain results, as well as the 

experimental procedure and the loading rate, these results have been used in this study. 

Similar calibration techniques were also adopted by many other researchers (Arroyo et al. 

2011; Ciantia et al. 2015) 

3.4.1.2 Numerical Simulation of Triaxial Test 

Considering the current computational power, it is not realistic to simulate the triaxial test 

using the true particle sizes.  For instance, a laboratory scale triaxial test on a sand 

specimen with 30 mm diameter and 60 mm height would comprise approximately 4 

million particles. Directly mapping such a huge number of particles into the simulation is 

unrealistic and computationally infeasible. Hence, only by reducing the number of 

particles, the analyses can become efficient and possible (O'Sullivan 2011). Therefore, 

before the initial condition has been assigned to the particles, an upscaling factor should 

be applied to reduce the number of particles immensely so that the simulation becomes 

computationally feasible. An appropriate upscaling factor is of paramount importance to 

ensure that the soil properties will not be altered. In this case, a very small upscaling 
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factor has been initially adopted and has been gradually increased to 16.5 so that the 

porosity can steadily reach the desired value. The particle size distribution adopted by 

Cornforth (1964) and the uniformly upscaled particle size distribution employed in the 

calibration exercise are presented in Figure 3.5. 

 

Figure 3.5 Particle size distribution adopted in experimental test, calibration exercise and cavity 

expansion simulation 

Hence, the triaxial simulations comprised of 20,000 spherical particles after upscaling, 

with the maximum diameter of the particle after upscaling being 12.35 mm while the 

minimum particle has a diameter of 1.245 mm, and the setup of the triaxial test is shown 

in Figure 3.6. 
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Figure 3.6 Triaxial compressive test in plane strain condition in discrete element simulation 

As illustrated in Figure 3.6, the generated model for calibration exercise has a length of 

406 mm, while the height and width are 101.6 mm and 50.8 mm, respectively, which are 

identical to sample size adopted in the experimental test conducted by Cornforth (1964). 

The initial porosity of the generated DEM model for calibration exercise is 0.392, similar 

to the porosity measured in the laboratory, corresponding to a medium dense specimen. 

The common approaches adopted to generate a relatively dense specimen is to apply a 

small friction at grain contacts during the sample generation stage so that inter-particle 

sliding can occur in a relatively effortless manner. The boundary walls are controlled 

using a servomechanism until the target void ratio and stress state are achieved at 
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equilibrium. Once the initial conditions are satisfied, the friction can be adjusted back to 

the value determined from the calibration exercise (Thornton 2000; Chareyre et al. 2002; 

Jiang et al. 2003; O'Sullivan 2011; Tong et al. 2012). This technique is also adopted in 

this study to prepare a medium dense specimen. The lateral confining stress (Y direction) 

of 275 kPa were maintained while the facets in the intermediate direction (X direction) 

were fixed to simulate the plane strain condition, and then axial load was applied on the 

top of the specimen (Z direction) in a constant rate. During the simulation, stress and 

strain variations as well as volume changes were continuously recorded. To investigate 

the effects of different contact models on soil response, Rolling Resistance, Linear and 

Hertz contact models have been calibrated.  

3.4.1.3 Calibration Methodology  

The linear and the rolling resistance contact models are based on the linear deformability 

model, which is a method controlling the normal and shear stiffness of the linear springs 

based on the effective modulus and the normal to shear stiffness ratio , as 

denoted in Equation (3-2). The effective modulus is related to the Young’s 

modulus  of the material, and  increases as increases, confirming a direct 

correlation. In addition, the Poisson's ratio ( ) is related to the normal to shear stiffness 

ratio ; with  increasing up to a limiting positive value as  increases (Itasca, 2016). 

Therefore, it can generally be concluded that the effective modulus  controls the 

elastic part of the stress-strain curve, while the normal to shear stiffness ratio  

influences the volumetric behaviour. The selection of the values of  and  adopted 
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for the initial trial is based on the recommendations made by Plassiard et al. (2009), 

considering a comprehensive parametric study for the triaxial test simulation. Since the 

macroscopic Young’s modulus ( ) of the sand in the calibration exercise is 

approximately 70 MPa, as reported in Cornforth (1964), the corresponding magnitude of 

the effective modulus  can be estimated to be approximately 1000 MPa referring 

to Plassiard et al. (2009).  In addition, an interparticle friction coefficient of 0.5 is selected 

as the initial trial value. Considering the initial value of the effective modulus, a series of 

sensitivity analyses are conducted to investigate the effects of the interparticle friction 

coefficient and the normal to shear stiffness ratio  using control variable method, as 

illustrated in Figure 3.7and Figure 3.8. 

 

Figure 3.7 Influence of interparticle friction coefficient on the axial stress-strain relationship 
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Figure 3.8 Influence of normal to shear stiffness ratio (k ratio) on the axial stress-strain relationship 

According to the preliminary studies on the influence of the interparticle friction 

coefficient reported in Figure 3.7, increasing the friction coefficient can, by and large, 

enhance the material shear strength, especially when the friction coefficient is less than 

0.5. However, when the inter-particle friction is larger than 0.5, the increase of shear 

strength becomes rather unpronounced. Huang et al. (2014) conducted a comprehensive 

DEM investigation exploring the influence of interparticle friction on critical state 

behaviour of granular materials. The study indicated that the interparticle friction can 

affect the critical state parameter M as well as the position of the CSL in e-log p’ space, 

particularly when the friction coefficient is less than 0.5, whereas such effects are 

insignificant when the friction coefficient increases beyond 0.5. In addition, more rolling 
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was observed in comparison to the sliding occurring at the contact points when a high 

interparticle friction coefficient was adopted. In addition, Yan et al. (2009) conducted a 

series of numerical studies investigating the influence of micro-properties on the 

macroscopic stress-strain behaviour of granular material. The results confirm that the 

inter-particle friction affects both strength and the overall volumetric dilation. The peak 

of the stress-strain curve increases with the increases in the friction coefficient, and the 

volumetric dilation becomes more significant with the increase of the inter-particle 

friction. Similar findings are also presented by Yang et al. (2012) and Hosn et al. (2017) 

in studying the influence of inter-particle friction and dilatancy of granular materials. All 

of these studies carried out confirm that the interparticle friction indeed influence the soil 

behaviour significantly. 

However, referring to Figure 3.8, it is observed that in this study the normal to shear 

stiffness ratio  has insignificant effect on the stress-strain relationship compared with 

the effect induced by the interparticle friction coefficient. Hence, the normal to shear 

stiffness ratio could be fixed provisionally.  

The interparticle friction coefficient is then adjusted to match the rest of the stress – strain 

curve to obtain the best match, then the interparticle friction coefficient is fixed and then 

the effective modulus  and the normal to shear stiffness ratio  are further 

adjusted to achieve the optimum match with the experimental results. The method 

discussed above is the technique adopted for the linear model calibration. The technique 
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adopted to calibrate the rolling resistance and the Hertz contact models is similar to the 

one reported above.  In summary, the following procedure can be used for the calibration: 

(1) Estimating the initial trial values of micro-mechanical properties based on the tests and 

parametric studies carried out by other researchers,  

(2) Conducting a sensitivity analysis and then fixing the parameters influencing the 

predictions to less extent in the range of stresses applied, 

(3) Adjusting the parameters influencing the stress-strain predictions notably until a 

reasonable match is achieved, and  

(4) Optimising further by fine-tuning all parameters to achieve the best possible predictions.  

It should be noted that for further information regarding the calibration procedure 

adopting the Hertz contact model, Cheng et al. (2017) can be referred to. Despite the fact 

that each parameter exerts complex influence on the overall soil response (Chen 2017; 

Yang et al. 2018), there are existing studies which indicated that the calibrated parameters 

have unique values even in a predictive way when different confining pressures were 

imposed to the same sample (Plassiard et al. 2009).  In fact, the sensitivity analyses carried 

out in this study during the calibration exercises also confirmed that a unique set of 

parameters matches the overall macroscopic stress and strain relationship. 

3.4.1.4 Calibration Results 
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Calibrated results for stress-strain relationship as well as volumetric behaviour are plotted 

in Figure 3.9 and Figure 3.10 respectively.  

 

Figure 3.9 Comparisons of axial stress and strain relationship obtained from calibration numerical 

simulation and experimental results. 
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Figure 3.10 Comparisons of variations of volumetric strain with axial strain obtained from calibration 

numerical simulation and experimental results 

As observed, the axial stress shows a continuous rise with the increase in axial strain until 

the peak stress of 1150 kPa has been reached, while strain softening has been observed 

when the axial strain is greater than 2.2%. Additionally, the volumetric strain 

demonstrates a contraction at the initial stage (i.e. axial strain < 1%) and dilation when 

the simulation continues, confirming the medium dense state of the specimen simulated 

in DEM. 

Referring to Figure 3.7and Figure 3.8, it can be concluded that the numerical predictions 

have a good agreement with experimental data, indicating reliability of calibrated 

parameters reported in Table 3.1. 

Table 3.1 Summary of calibrated contact parameters for poorly graded sand 
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Linear Contact Model 
Parameters Descriptions Value 

 Effective Modulus 145 MPa 

 Stiffness Ratio (Normal 
Stiffness/ Shear Stiffness) 1.75 

 Interparticle friction coefficient 0.85 
Rolling Resistance Contact Model 

 Effective Modulus 150 MPa 

 Stiffness Ratio (Normal 
Stiffness/ Shear Stiffness) 4.0 

 Interparticle friction coefficient 0.50 
 Rolling Friction 0.10 

Hertz Contact Model 
 Effective Shear Modulus 1.5 GPa 
 Poisson’s Ratio 0.15 
 Interparticle friction coefficient 0.55 
 Hertz Exponent 1.50 

 

3.4.2 Cavity Expansion Simulation 

The ultimate objective of this study is to investigate the effects of different contact models 

on soil response during the cavity expansion process. To achieve this goal, a large-scale 

numerical model simulating the cylindrical cavity expansion has been proposed adopting 

PFC3D software and calibrated parameters. Considering the fact that many cavity 

expansion related problems, such as pressuremeter test and driven pile installation,  are 

in plane-strain condition (Alshibli et al. 2000), and taking the advantage of the 

axisymmetric geometry, only a quarter of the geometry with plane-strain condition has 

been simulated, as shown in Figure 3.11.   
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Figure 3.11 Cavity expansion model setup 

The discrete element model established for three different contact models contains 75,010 

spherical particles, generated using the radius expansion method, with its external 

boundary located 1 m away from the centre of the initial cavity, as shown in Figure 3.11. 

The measured soil initial porosity is approximately 0.390, similar to the porosity reported 

in the experiment used for calibration for medium dense sand. The initial friction assigned 

to particles is 0.20 at the generation stage and the internal and external boundaries as well 

as the top and bottom walls are servo-controlled (as illustrated in Figure 3.11) to satisfy 

the stress state and the void ratio. Once the target void ratio and stress state are reached 

at the equilibrium, the friction is set to the friction determined in the calibration exercise. 

The initial stress field adopted was 500 kPa (σ = σ σ = 500 kPa), and wall servo 

mechanism was enabled to ensure that the external pressure remains equal to the initial 
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stress field at all time at the outer boundary during the cavity expansion process. After 

the initial condition has been satisfied, all three groups of analyses adopting different 

contact models have the same properties, including the same initial stress field and the 

porosity equaling 500 kPa and 0.390, respectively. In addition, the average number of 

active contacts per particle (i.e. coordination number) was 5.7 for all contact models, 

confirming the specimen is in medium dense state according to the empirical equation to 

relate coordination number and porosity proposed by Mitchell et al. (2005).  

Three groups of simulations were conducted using different yet calibrated contact models 

(see Table 3.1), and the above conditions were consistently applied to all analyses. After 

the initial conditions were satisfied, the cylindrical cavities were expanded gradually from 

an initial cavity radius  = 0.055 m to a final cavity radius   = 0.1 m in a constant strain 

rate of 0.001 m/s to ensure quasi-static loading condition. Internal cavity pressure ( ) is 

measured using appropriate subroutines that can obtain the contact forces acting on the 

internal cavity wall and then divided by the corresponding contact area. On the other hand, 

there were five equally spaced gauge particles selected along angular bisector, as shown 

in Figure 3.11, and the displacements and positions of these gauge particles are 

continuously monitored during the cavity expansion. Additionally, the radial stress ( ) 

distribution at various stages of the cavity expansion are also recorded using numerous 

prediction spheres created in the radial direction. Furthermore, referring to Figure 3.11, 

the variations of the deviatoric stresses and volumetric strains with the shear strain during 

the cavity expansion are continuously recorded adopting two particular predication 
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spheres, A and B (see Figure 3.9), which are situated at  = 2.5 and = 5, 

respectively.  

In a DEM model, averaging procedure is necessary to compute the microscale stresses. 

The calculation of the average stress in a prediction sphere of volume  is based on 

Christoffersen et al. (1981) using the following formulation:  

           (3-7) 

Where,  is the number of contacts within the prediction sphere,   is the contact 

force vector,  is the branch vector joining the centroids of the two bodies in the contact, 

 denotes outer product, and compressive stress is negative by convention. 

3.5 Results and Discussion 

3.5.1 Cavity Pressure Variations during Cavity Expansion 

Variations of cavity pressure during the cavity expansion process is plotted against the 

cavity radius ratio ( ) in Figure 3.12. 
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Figure 3.12 Cavity pressure variations during cavity expansion 

Pressure variations are represented by the ratio of the measured cavity pressure ( ) over 

the initial cavity pressure ( ). It is observed that the cavity pressure variations follow 

the same pattern irrespective of the adopted contact model. The peak cavity pressure 

acquired for all three contact models is approximately 5.5 times of the initial cavity 

pressure (i.e.  = 2.75 MPa). However, it is noticed that the cavity pressure obtained 

from the simulation with Hertz contact model tends to reach the peak at slightly less 

expansion radius. This finding complies with the soil stress-strain behaviour obtained in 

the triaxial test Figure 3.9), in which, Hertz contact model resulted in the peak axial stress 

at a lower axial strain. It can be readily concluded that the soil response during the cavity 

expansion is largely dependent on the soil behaviour during the triaxial compressive test. 

Additionally, the simulation process takes approximately 40 hours for the simulations 
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adopting Linear contact model and Rolling Resistance contact model on a computer with 

an Intel i7 processor @3.4GHz and 16GB RAM, while about 50 hours are required for 

the analysis adopting Hertz contact model. This may be attributed to the fact that the 

Hertz contact model employs non-linear formulations and hence complicated and time-

consuming computational algorithms are required. It should be noted that for all adopted 

contact models, strain softening behaviour is captured, which is likely due to the dilatancy 

of granular material since the specimen generated in the simulation is defined as medium 

dense sand.  

3.5.1.1 Dilatancy of Granular Material in Microscopic View 

The dilatancy in macroscopic view is explained as the volume expansion when the 

specimen is subjected to the shear deformation. However, in discrete element modelling, 

the dilation can be fundamentally interpreted by the interactions between contacting 

particles adopting the equilibrating force system. As inspired by (Budhu 2008), the dense 

assembly of sand particles in microscopic view can be simplified to the packing shown 

in Figure 3.13.  
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Figure 3.13 Illustration of the dense sand assembly in DEM 

With continuous shearing, particles on the top layer (e.g. Particle A) tend to override the 

particles underneath (e.g. Particle B). Hence, the potential slipping plane between two 

particles can, at any stage, be idealised to an inclined surface with an angle of  to the 

horizontal plane as shown in Figure 3.14. 

 

Figure 3.14  Free-body diagram of the particles on the slipping plane 
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Referring to Figure 3.14, the angle α reduces to ′ (  =  + ; ) when the 

Particle A moves to location A′ while a new slipping plane with Particle B would be 

formed. 

If the horizontal force ( ) is applied in a slow manner and considering a constant vertical 

force ( ) during the shearing process, quasi-static condition can be satisfied. In this case, 

equilibrium of forces in both horizontal and vertical directions can be expressed as: 

∑                               (3-8) 

                                      (3-9)   

Combining Equations (3-8) and (3-9) leads to:  

                                                    (3-10)   

where,  = , and  is the friction angle. 

Assuming that the surface area of the specimen remains constant during the shearing 

process, Equation (3-10) can be expressed directly in terms of the relationship between 

the shear and normal stresses: 

                                                     (3-11)                                
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Hence,  

                                                                    (3-12) 

Referring to Equation (3-12), when the friction angle (  is assumed to be constant, the 

predicted deviatoric stress increases (  > 0) as the dilation angle increases (  > 0). On 

the contrary, a decrease in dilation angle (  < 0) would contribute to a reduction in the 

deviatoric stress (  < 0), which is known as the strain softening behaviour, which is 

observed after the peak deviatoric stress in macroscopic point of view. 

3.5.2 Radial Stress Distributions during Cavity Expansion 

A comparison for the distribution of the radial stresses measured at various distances 

( ) during the cavity expansion is presented in Figure 3.15. 
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Figure 3.15 Radial stress distributions at various stages (a)  = 1.15 and (b)  = 1.25 during cavity 

expansion 

Results have been plotted for a selection of cavity sizes. Figure 3.15 (a) and (b) present 

the results for  = 1.15 and =1.25, respectively. It can be generally concluded 

that the magnitude of the radial pressure changes significantly with the distance from the 

internal cavity. As  increases, the radial stresses ( ) reduce more significantly, while 

further away from the cavity, this reduction rate becomes less pronounced. For example, 

the normalised radial pressure decreases immensely when the normalised cavity radius 

( ) is less than 5, while insignificant radial pressure variations are observed when 

 11. It is projected that the measured radial stresses eventually reach the initial in-

situ stress (i.e.  /  = 1) at a large radial distance (i.e.  . Furthermore, 

comparisons were made for radial pressure variations with the radial distance, and it is 
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clearly noticed that there are no pronounced differences between predictions obtained 

from simulations with three different contact models (see Figure 3.15). 

3.5.3 Soil Radial Displacement during Cavity Expansion 

Figure 3.16 shows the soil movement obtained in radial direction due to the cavity 

expansion.  

 

Figure 3.16 Radial displacement of five equally spaced gauge particles during the cavity expansion 

The results are plotted based on the total displacement of five gauge particles from the 

beginning of the cavity expansion (i.e. =  = 0.055 m) till the end ( =  =0.1 m). 

These five gauge particles are equally spaced, and the locations of these particles are 

represented using the normalised distance of  (refer to Figure 3.11). As expected, 
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particles located closer to the centre of the cavity experience a larger radial displacement. 

For instance, the Gauge Particle 1 positioned 0.1 m away from the internal cavity moved 

0.03 m in the radial direction when the cavity expanded from 0.055 m to 0.1 m. However, 

the Gauge Particle 5 located 0.4 m from the internal cavity experienced a total radial 

displacement of 0.0075 m during the entire cavity expansion process. Referring to Figure 

3.16, it can be observed that the total radial displacement shows a dramatic decrease with 

radius when the normalised radius ( ) is less than 6, while the changes become almost 

insignificant when the normalised cavity radius is larger than 8. Furthermore, it can be 

concluded that the calibrated contact models express very similar results in terms of the 

distribution of the radial soil movement.  

3.5.4 Deviatoric Stress and Volumetric Variations during Cavity Expansion 

A comparison of the deviatoric stress and the volumetric strain variations with the shear 

strain during the cavity expansion is presented in Figure 3.17 and Figure 3.18 
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Figure 3.17 (a) Deviatoric stress – shear strain relationship and (b) volumetric strain-shear strain 

relationship at predication sphere A 
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Figure 3.18 (a) Deviatoric stress – shear strain relationship and (b) volumetric strain-shear strain 

relationship at predication sphere B 

Results obtained are reported based on two prediction spheres situated at a radial distance 

of  and  , as illustrated in Figure 3.11. As it can be clearly observed in Figure 3.17(a) 
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and Figure 3.18(a), the deviatoric stresses reveal a continuous increase with the increase 

of the shear strain, and the soil particles close to the internal cavity experience larger 

deviatoric stresses compared with those situated further away. Similar findings are also 

reported by (Manassero 1989) and (Silvestri 2001) when attempting to interpret the self-

boring pressuremeter test in the calibration chamber. Additionally, as depicted in Figure 

3.17(b) and Figure 3.18(b), the volumetric strain variations show a contraction during the 

initial stage of the cavity expansion and then dilation when the cavity is expanded further, 

confirming the medium dense state of the sandy soil simulated. As expected, the soil close 

to the centre of the cavity (e.g.  = 1.25) experience more evident volume changes 

while the variations of the volumetric strain predicted becomes less pronounced with the 

increase in the radial distance (e.g.  = 2.5). It is projected that the predicted 

volumetric strains would eventually approach zero when the radial distance is extremely 

large (i.e. ). Furthermore, it can be explicitly concluded that the numerical results 

obtained for three different, yet calibrated contact models are in a good agreement. 

3.5.5 Dilatancy Variations during the Cavity Expansion 

Dilation angle is the measure of the change in the volumetric strain with respect to the 

change of the shear strain (Budhu 2008). Hence, it is possible to use the current model 

and results to further investigate the dilatancy variations.  
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Figure 3.19 Variations of dilatancy during cavity expansion at (a) prediction sphere A and (b) prediction 
sphere B 

Figure 3.19 depicts the variations of dilatancy with shear strain based on the prediction 

spheres A and B (as shown in Figure 3.11).It is observed that dilatancy is negative at the 
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initial stage of the cavity expansion and then positive when the cavity expands further, 

confirming a transient contraction and subsequent continuous expansion at both 

predictions spheres. In addition, referring to Figure 3.19 (a), the dilatancy shows a 

persistent reduction after the peak, and it is projected that the dilatancy will eventually 

approach zero when the specimen reaches the critical state.  

3.5.6 Contact Forces and Displacement Contour 

Figure 3.20 shows an example of contact forces between particles and total displacement 

contours adopting rolling resistance contact model.  
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Figure 3.20 (a) Particle displacement contour and (b) particle contact force contour for Rolling Resistance 

Contact Model 

As the contours obtained from three different contact models are very similar, only one 

case is presented. As expected, the contact forces close to the internal cavity are larger 

and change more dramatically with radius. Additionally, referring to Figure 3.20(a), the 

maximum soil displacement of approximately 0.045 m is observed at the internal cavity, 

while the displacement reduces gradually with the increasing distance from the centre of 

the cavity.  It should be highlighted that Linear contact models may not be able to simulate 

the behaviour of particles that are highly angular. Instead, these angular particles may be 

more accurately simulated using Rolling Resistance contact model. Consequently, it is 

always strongly suggested that the choice of the most appropriate contact model should 

be deliberated based on the properties and characteristics of the materials to be studied. 
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3.6 Further Discussion and Limitations 

This study has presented an investigation on the influence of particle contact models on 

soil response of sandy soil during cavity expansion. According to the USCS, the specimen 

used in this study was categorised as poorly graded sand. The calibration exercise was 

conducted using the same PSD reported by Cornforth (1964) as reported in Figure 3.5. 

Hence, the calibrated contact parameters could mimic the shear behaviour and obviously 

correspond to the poorly graded sand adopted in the experiment. Obviously, the micro-

mechanical characteristics including the particle contact properties very much depend on 

the texture of the surface of particles, particle roundness and sphericity, mineralogy of 

the parent material, and geological processes involved (Horn et al. 1962; Herle et al. 1999; 

Bareither et al. 2008). For instance, Bareither et al. (2008) indicates that sand with lower 

shear strength is usually derived from weathering of underlying sandstones, and tends to 

have medium to fine and well-rounded yet poor graded particles. However, higher shear 

strength is expected from the sand particles formed as a result of recent glacial activities 

leading to coarser, more angular and well graded particles. Obviously, if the calibration 

exercise is conducted for another type of soil that is well graded, then the micro-

mechanical properties would be different, which in turn will influence the soil response 

during the cavity expansion process. For instance, the shear strength of the well graded 

sand is generally larger due to its relatively stable particle structure resisting the sliding 

and the collapse of the interlocking (Enomoto et al. 2015). In addition, Kirkpatrick (1965) 
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and Leslie (1969) pointed out that the increase in the coefficient of uniformity (Cu) can 

enhance the peak shear strength of granular material significantly. 

As mentioned earlier, this study has employed the discrete element simulations to 

investigate the influence of the particle contact models on response of poorly graded sand 

during cavity expansion. The contact models utilised contain simplifications and 

assumptions that inevitably induce disparities between the numerical predictions and the 

realistic soil responses. Hence, it is noteworthy to highlight the limitations of this study 

as summarised below: 

1. Soil particle crushing and cracking have not been captured in this study. Therefore, 

the ploughing behaviour causing permanent plastic deformation at the contact at high 

normal loads has not been captured (Senetakis et al. 2013). According to Sandeep et 

al. (2018), the ploughing behaviour, is responsible for the decrease in interparticle 

friction during shearing, and this ploughing might also trigger the increase in particle 

friction during unloading process. Hence, particle crushing can contribute to strength 

and stiffness degradation. Similar findings were also report by (Miura et al. 1984).  

Hence, it is recommended for future studies to capture particle crushing during cavity 

expansion process to assess the extent to which the particle crushing can influence 

stress and strain predictions. Indeed, the particle crushing can be considered by means 

of the user defined contact models through a pre-defined particle crushing criteria. 

When the contact forces (or stresses) between particles exceed the threshold, the 

particles will be crushed and replaced by a certain number of smaller particles. 
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Granular soils, at elevated pressures when particle crushing occurs, tend to experience 

reductions in the void ratio and the peak state strength but increase the volumetric 

strain due to the reduction in the maximum angles of dilation and shearing. Hence, at 

elevated pressures, contractive behaviour may be more pronounced compared to the 

case with no particle crushing (Bolton 1986; Lade et al. 1996; Yu 2017; Wu et al. 

2020). Therefore, the penetration resistance of driven piles may be overestimated 

based on cavity expansion theory if the particle crushing is not properly characterised. 

In addition, stress relaxation and rearrangement induced by particle crushing may also 

lead to a lower bearing capacity of the foundation. However, due to the increase in 

volumetric strain, the induced horizontal displacement during the pile installation may 

also increase accordingly.  

2. The viscous behaviours of particles and interfaces have not been included. Indeed, 

the material behaviour can be influenced by both compression and shear creep 

causing stress relaxation or further deformation (Pham Van Bang et al. 2007; Wang 

et al. 2008b). For instance, Kuwano et al. (2002) indicated that the shear creep 

deformation observed within two hours of the end of anisotropic consolidation 

contributed to 30%-80% of the “primary” deformation observed during the fully 

drained loading stages. 

3. In this study, ideal spherical particles have been used in both the calibration exercise 

and the cavity expansion simulation, while angularity of particles and sharp corners 

may influence the results (Zhao et al. 2015; Fu et al. 2017; Sandeep et al. 2018). Zhao 

et al. (2015) reported that the interlocking of the particles is more dramatic in a high 
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angular assembly, resulting in high shear strength and dilatancy. In addition, the non-

uniform distribution of normal contact forces near the shear plane is more significant 

in high angular assembly during shearing, confirming that less particles share the 

majority of the shear force. 

3.7 Summary 

The numerical predictions indicated that commonly adopted contact models in simulating  

granular materials in DEM studies (i.e. linear model, rolling resistance, and Hertz 

nonlinear contact model) produced similar results when adopted assessing the installation 

effects of rigid inclusion in sandy soils. This confirmed that the soil response during the 

cavity expansion is highly correlated to its behaviour during the triaxial test used for the 

model calibration. However, it should be highlighted that if the soil particles are highly 

angular (e.g. ballast particles), modelling adopting simplified Linear contact model may 

result in inaccurate predictions, particularly the peak stress and the volumetric dilation 

may not be well reproduced. Hence, selecting an appropriate contact model and 

performing the parameter calibration is of significant importance in DEM studies. In term 

of the particle upscaling technique often adopted to reduce the computational effort, the 

results from this study confirmed that given a constant model size, the cavity pressure 

measured on the internal cavity adopting different particle upscaling factors is highly 

correlated to the size effects between the internal cavity and the median particle size (i.e. 

/d50; is the radius of column to be installed). It can be concluded /d50 > 8 is a 

prerequisite to obtain reliable results using discrete element cavity expansion simulations.  
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Chapter 4 – Three-Dimensional Discrete Element Simulation 

of Cylindrical Cavity Expansion from Zero Initial Radius in 

Sand  

4.1 General 

This chapter presents the study seeking to assess the influence of choice of initial cavity 

radius on the soil response during cavity expansion in sandy soil adopting three-

dimensional discrete element simulations and obtaining the size of the influence zone 

when the expansion starts from zero initial radius. Sandy soil is modelled adopting rolling 

resistance contact model to capture the effects of particle interlocking, and the 

microscopic parameters are calibrated utilising linear model deformability method for 

both loose and dense sands against experimental results. Four cylindrical cavity 

expansions that commenced from different initial radii are simulated in dense and loose 

sand specimens. The large-scale three-dimensional model is proposed with more than 

500,000 particles, enabling precise volumetric dilation and contraction predictions using 

strain rate tensors. During the cavity expansion process, cavity pressure is constantly 

recorded by appropriate subroutines, while the stress-strain and void ratio variations are 

continuously monitored using an array of prediction spheres situated close to the internal 

cavities. 

The results confirm that the initial cavity radius chosen has conspicuous effects on the 

cavity pressure, the stress path, the volumetric strain and the deviatoric stress, especially 
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at the initial stage of expansion; however, these effects become less pronounced and are 

ultimately minor as the cavity reaches full expansion. The results confirmed that given 

the same expansion volume, the pressure required to create a cavity is significantly larger 

than expanding an existing cavity in the same soil medium, whereas the pressure needed 

to maintain an already expanded cavity is not sensitive to the choice of initial cavity radius. 

The results obtained were further validated adopting the variations of stress path, 

deviatoric stress and volumetric strain in the vicinity of the cavity wall. The findings from 

this study may provide practicing engineers with confidence in determining the 

appropriate size of the pilot hole in driven pile installation and horizontal directional 

drilling for trenchless piping in sandy soil. In addition, the lateral soil displacement 

induced by cavity expansion is also examined in this study. It is concluded that the radial 

displacement due to cavity expansion in loose sand can reach 25  (  representing the 

final cavity radius), while a larger influence zone must be considered by practicing 

engineers when dealing with dense sand. 

4.2 Introduction 

Cavity expansion theories study the changes in stresses, pore water pressures and 

displacements induced by the expansion or contraction of cylindrical and spherical 

cavities. The cavity expansion was initially noticed by Bishop et al. (1945) in connection 

with indentations in ductile materials by cylindrical punches with conical heads. Earlier 

studies were carried out subsequently on deformable solids, particularly on metals with 

associated flow rules (Chadwick 1959; Durban et al. 1976), and then analytical solutions 
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were presented in infinite, homogeneous, and isotropic soil media (Palmer 1971; Vesic 

1972; Carter et al. 1986). However, as more complex and realistic soil models were 

developed, analytical solutions could be considered as overly simplified, and numerical 

techniques may be the most effective way to obtain accurate solutions (Carter et al. 1979b; 

Yu 1990). Hence, numerical solutions were developed to consider more realistic and 

sophisticated soil constitutive models in cohesive and cohesionless soils under fully 

drained or undrained conditions (Carter et al. 1979b; Carter et al. 1985; Collins et al. 1994; 

Ladanyi et al. 1998; Salgado et al. 2001). Along with progress made in the development 

of fundamental solutions for cavity expansion in geomaterials, the cavity expansion 

theories have been widely adopted to analyse real-life geotechnical problems such as the 

installation of driven piles, interpreting pressuremeter and cone penetration tests and so 

forth. Indeed, the response of soil due to the pile installation, pressuremeter and cone 

penetration is analogous to the creation and expansion of cylindrical cavities. For instance, 

Randolph et al. (1979) developed a closed form analytical solution based on the cavity 

expansion theories for the radial consolidation around a driven pile. Salgado et al. (1997) 

and Salgado et al. (2007) proposed two solutions computing the cone penetration 

resistance in sand from cavity limit pressure. Zhuang et al. (2018) presented an analytical 

method based on cavity expansion theory to predict the peak uplift resistance of shallow 

horizontal strip anchors buried in sand. Marshall (2012) proposed an analytical method 

estimating the effect of tunnel construction on the response of end-bearing piles installed 

above. Beside these successful applications of cavity expansion theories in studying real-

life geotechnical problems, numerical simulations are often performed to study the 
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complex mechanism of such problems adopting advanced constitutive models 

considering more realistic boundary conditions. In conventional Finite Element Method 

(FEM) modelling, the simulation involving large displacement and deformation (e.g. 

cone penetration test or cavity expansion with an initial cavity radius of zero) may not be 

achievable easily since numerical calculations must begin with an initial finite cavity 

radius to avoid an infinite circumferential strain (Carter et al. 1979b). Despite the fact that 

the expansion of a pre-existing cavity may provide an adequate approximation to the 

creation of a cavity based on constant volume theory, the state of stress of the soil 

contained in the annular region remains inaccessible (Carter et al. 1979b). Hence, 

arbitrary Lagrangian-Eulerian (ALE) technique is developed to prevent excessive mesh 

distortion. Susila et al. (2003) and Tolooiyan et al. (2011) successfully adopted Finite 

Element Method (FEM) to model the cone penetration test in sand using ALE method to 

minimise significant mesh distortion that often lead to premature numerical termination 

in conventional continuum method (Nguyen et al. 2019). In addition to ALE method, the 

Material Point Method (MPM) and coupled Eulerian-Lagrangian method are also adopted 

as effective tools to tackle the issue related to excessive mesh deformation during the 

simulation (Dutta et al. 2014; Ceccato et al. 2016). However, those aforementioned 

methods adopting mesh free or adaptive remeshing techniques are complex to be 

implemented, and generally require more computational time (Nagashima et al. 2003; 

Susila et al. 2003). On the contrary, the Discrete Element Method (DEM) may treat 

problems like large deformation and discontinuity more effectively due to its capability 

incorporating the discontinuous nature of granular materials (Liu et al. 2015). Jiang et al. 
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(2006) simulated deep penetration in granular soils by adopting a two-dimensional DEM 

model, while Zhou et al. (2012) carried out a coupled 3D discrete - continuum numerical 

simulation to study soil - pile interactions during pile penetration in sand. Arroyo et al. 

(2011) and Butlanska et al. (2013) investigated the mechanism of cone penetration tests 

in a virtual calibration chamber, while a similar numerical model was proposed by Ciantia 

et al. (2016) to study the effects of grain crushing on the CPT tip resistance during the 

penetration process. Geng et al. (2013) modelled the actual cylindrical cavity expansion 

process to interpret the thick cylindrical test conducted by Fahey (1986) to study the 

pressuremeter testing process. However, since these studies mainly focused on the 

penetration mechanism, there is very limited information reported on the effect of choice 

of initial cavity radius on the soil response during cavity expansion. Since the DEM can 

be easily implemented to model the cavity expansion/creation from a zero initial cavity 

radius (i.e. no initial cavity present), the impact of an arbitrary initial cavity radius (simply 

assumed for the sake of numerical convergence) on the predictions can readily be 

assessed using this technique. 

This study presents a comprehensive numerical investigation using the Discrete Element 

Method to study the influence of the choice of initial cavity radius on the soil response in 

dense and loose sandy soils during cylindrical cavity expansion. The contact model that 

mimics the behaviour of sandy soil is calibrated beforehand against existing experimental 

results and is then used to analyse several large-scale three-dimensional numerical models, 

simulating cavity expansions with different initial radii.  The results are used to assess the 
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variations of cavity pressure, the stress path, the volumetric strain, the deviatoric stress, 

the void ratio and so forth during cavity expansion, considering the choice of initial cavity 

radius.  These results aim to provide some practical guidelines and suggestions for 

practising engineers on estimating the influence zone. In addition, they would be useful 

for predicting the maximum driving force required by pile drivers induced by the 

installation of displacement-based inclusions (such as driven piles and concrete injected 

columns). 

4.3 Adopted Contact Constitutive Model for Particle Interaction 

In discrete element simulation, the contact constitutive model is employed to define the 

behaviour of soil particles at their points of contact. To investigate the effects of initial 

cavity radius on sandy soil response during cavity expansion using the discrete element 

method, a contact model that is capable of mimicking the behaviour of granular material 

must be adopted. Iwashita et al. (1998) pointed out that the rolling of neighbouring 

particles is the dominant micro-deformation mechanism that controls the strength and 

dilatancy of granular materials. On this basis, the conventional DEM proposed by Cundall 

et al. (1979) has been modified by introducing an additional element at each contact 

through which the rolling mechanism is incorporated. By considering the rolling 

resistance, the development of shear bands can be captured in  the same way as natural 

granular soils (Iwashita et al. 1998). 
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In this study, Rolling Resistance contact model has been adopted, which is the contact 

model initially proposed by Iwashita et al. (1998) and modified by Ai et al. (2011) and 

Wensrich et al. (2012) to introduce an additional torque that is applied at each contact 

between neighbouring particles to resist the rolling motion. This model is suitable for 

simulating granular materials, particularly angular shaped particles, because modelling 

the precise shape of each particle is computationally impossible (Tordesillas et al. 2002; 

Jiang et al. 2005; O'Sullivan 2011; Wensrich et al. 2012; Zhu et al. 2017; Jing et al. 2018). 

The schematic diagram of the rolling resistance contact model, adopted in this study, is 

depicted in Figure 4.1. 

 

Figure 4.1 Schematic diagram of rolling resistance contact model 

It is noteworthy to state that the adopted contact model is elastic – perfectly plastic, and 

therefore the model can capture both elastic and plastic behaviour.  As illustrated in 
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Figure 4.1 the behaviour is linear elastic in normal direction with zero tension cut-off, 

whereas in the tangential direction, frictional behaviour using linear springs and plastic 

sliders is utilised. Slip in this contact model is accommodated by imposing a Coulomb 

limit on the shear force using the friction coefficient  (i.e. slider). With the normal 

stiffness (  and shear stiffness (   of the linear springs, the normal force ( ) and the 

shear force ( ) at the contact interface are computed based on the normal and shear 

displacement increments (i.e.  and ), as illustrated in Figure 4.2, by adopting the 

following formulations: 

  

= +

= +

= 

                                           (4-1) 

where,   and   are the initial normal and shear forces between two contacting 

particles, and   is the shear strength at the contact interface.  
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Figure 4.2 Rheological model of rolling resistance contact model computing the normal and shear forces 

As well as computing the normal and shear forces at the contact, the internal moment is 

incremented linearly with accumulated relative rotations of the contacting pieces at the 

contact points. The limiting torque in the contact is proportional to the normal contact 

force and acts in the opposite direction to the rolling direction.  

Figure 4.3 Rheological model of rolling resistance contact model computing the rolling resistance 

moment 
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Referring to Figure 4.3, the rolling resistance torque ( ) is introduced to resist the 

rolling motion induced by the relative rotation increment ( ) that occurs between Disks 

  and   the magnitude of this rolling resistance torque is calculated based on the 

following equations: 

  

M  

 

 

                                                                         (4-2) 

where,  is the rolling stiffness of the linear spring,   is the limiting toque, and  

is the coefficient of rolling resistance.   

Detailed formulations regarding the rolling resistance contact model can be found in 

Iwashita et al. (1998), Ai et al. (2011) and Itasca (2016). It must be highlighted that in 

this study the formulations adopted to compute the normal stiffness and the shear stiffness 

were based on the linear model deformability method. This method utilises the effective 

Young’s modulus ( ) of the particles to determine the normal stiffness of the linear 

spring, while the shear stiffness and the rolling stiffness of the springs were controlled by 

adopting the stiffness ratio (   between the linear springs acting in the normal and 

tangential directions, based on the following equations: 

+ ) 

/  

 

                                                 (4-3) 
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Referring to Equation (4-3), the linear model deformability method can automatically 

consider the effect of particle size when determining the stiffness parameters of the linear 

springs in normal, tangential, and rolling directions. Hence, this method is beneficial 

when the particles are upscaled during the numerical simulation to reduce the 

computational effort. 

4.4 Calibration of Contact Model 

4.4.1 Numerical Simulation of Triaxial Test  

To investigate the effects of initial cavity radius on the soil response, the contact model 

must be calibrated to mimic the realistic behaviour of sandy soil. The calibration exercises 

were carried out by matching the numerical simulation predictions with the existing 

experimental measurements. The experimental test adopted in this study was conducted 

by Green et al. (1975) as part of a comprehensive study on the boundary conditions and 

sample shape effects on the stress-strain behaviour of medium to fine uniform sand during 

triaxial compression tests. Detailed information and the experimental procedures can be 

found in Green et al. (1975). However, some essential details regarding the material 

information is presented here. According to Green et al. (1975), the sand adopted for the 

experimental test and the calibration exercises in this study is the Ham River sand, which 

consists of mainly rounded quartz particles with a specific gravity of 2.66. The particle 

size distribution indicates that the sand is fine to medium uniform sand with the particle 

size ranging from 0.1 mm to 0.25 mm, and the maximum porosity of dry sand by rapid 
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tilt test (Kolbuszewski 1948) was 48%. Typically, the stress-strain relationships from the 

experiments are used for calibration of contact models, which is a common practice 

adopted by many researchers (Chareyre et al. 2002; Arroyo et al. 2011; Wang et al. 2014; 

Ciantia et al. 2016). In this study, the unique characteristic contact properties have been 

calibrated by matching the overall (macroscopic) stress - strain and volume change - axial 

strain curves from the dense and loose sand specimens. 

It is not realistic, given the current computational power, to simulate a triaxial test using 

the true particle size. For instance, a laboratory scale triaxial test on a 50 mm diameter by 

100 mm height specimen of sand would consist of approximately 16 million particles, 

and therefore, directly mapping such a large number of particles into a simulation is 

unrealistic and computationally infeasible. It is only by reducing the number of particles 

that such analyses can become efficient and possible (O'Sullivan 2011). Therefore, before 

assigning the initial condition to the particles, an upscaling factor was applied to 

dramatically reduce the number of particles so that the simulation process could be 

accelerated. In this study, a rather small upscaling factor was used initially, and then 

gradually increased to 20, hence, the porosity could steadily reach the desired value. The 

triaxial test simulations have been used for the calibration exercises after upscaling 

consist of 27,500 spherical particles. The setup of the triaxial test is shown in Figure 4.4. 
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Figure 4.4 Triaxial test in plane strain condition in discrete element simulation 

As illustrated in Figure 4.4, the model generated has a length of 84 mm, while the height 

and width are 84 mm and 53 mm, respectively, which are identical to sample dimensions 

adopted in the experimental test conducted by Green et al. (1975). The initial porosities 

of the generated DEM model were 0.388 and 0.458 for the dense and loose sand 

specimens, respectively, similar to the porosities measured in the laboratory.  

Referring to the previous studies (Thornton 2000; Chareyre et al. 2002; Jiang et al. 2003; 

O'Sullivan 2011; Tong et al. 2012), a relatively dense specimen is generated using a small 

friction at the grain contacts during the generation stage, so that the inter-particle sliding 

could occur in a relatively effortless manner. After assigning this inter-particle friction to 

all particles, the boundary walls were controlled with a servomechanism until the target 
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void ratio and stress state reached the equilibrium. Once the initial conditions were 

satisfied, the friction was then adjusted back to the value determined from the calibration 

exercise. In plane strain triaxial tests reported by Green et al. (1975), the true triaxial 

apparatus was adopted and the platens in the intermediate direction maintained a fixed 

distance apart during shearing (i.e. ). To calibrate the contact parameters of the 

DEM model, identical conditions were adopted in this study to mimic the experimental 

condition. To simulate the triaxial test in the plane strain condition, the lateral confining 

pressure (X direction) of  207 kPa was maintained, while the faceted walls (i.e. platens in 

the experimental test) in the intermediate direction (Y direction) were fixed to simulate 

the plane strain condition, and then axial load was applied on the top of the specimen (Z 

direction) in a constant rate, as illustrated in Figure 4.4. During this simulation, variations 

of stress, strain, and changes in volume were continuously recorded adopting pre-defined 

subroutines, so that the variations of axial stress and volumetric strain with the axial strain 

could be obtained directly and then compared with the experimental measurements until 

a good agreement was observed.  

4.4.2 Calibration Techniques and Results 

The calibration of the contact model was based on the linear model deformability method, 

which is described by the effective modulus and the normal to shear stiffness 

ratio , as denoted in Equation (4-3). These two microscopic parameters are 

fundamentally related to the macroscopic material constants, namely Young’s modulus 

 and Poisson's ratio ( ) (Plassiard et al. 2009; Itasca 2016). It can therefore be 
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concluded that the effective modulus  controls the elastic part of the stress-strain 

curve, while the normal to shear stiffness ratio  influences the volumetric behaviour.  

The values of and  adopted for the initial calibration trial were based on 

recommendations made by Plassiard et al. (2009). Since the macroscopic Young’s 

modulus ( ) and Poisson’s ratio ( ) of the medium dense sand used in the calibration 

exercise were approximately 140 MPa and 0.20, as reported in Green et al. (1975), the 

corresponding effective modulus  and the normal to shear stiffness ratio  

were estimated to be approximately 350 MPa and 5, by referring to Plassiard et al. (2009). 

Along with the elastic parameters, the influence of the inter-particle friction coefficient 

( ) and the rolling friction coefficient ( ) were investigated. Previous studies confirmed 

that the rolling friction coefficient controls the state of stress at the peak and residual 

states, whereas the inter-particle friction coefficient affects the peak stress level and the 

dilatancy angle (Plassiard et al. 2009; Yang et al. 2012; Hosn et al. 2017). 

Hence, calibration was conducted adopting the predetermined effective modulus  

and the normal to shear stiffness ratio  to initially match the elastic part of the stress-

strain curve. The rolling friction coefficient was then adjusted to match the residual stress 

state, and the inter-particle friction coefficient was subsequently calibrated by trial and 

error until an optimum match with the experimental results observed. It is noteworthy to 

mention that the calibration process adopted for both loose and dense specimens was the 

same. However, given the same volume, the number of soil particles in a loose state is 

less than those in the dense sand in the triaxial apparatus. Therefore, the number of 
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particles simulating the triaxial test on loose sand were calculated based on the target 

porosity and the corresponding number of particles used in the dense state. 

The calibrated contact parameters are summarised in Table 4.1. 

Table 4.1 Summary of calibrated contact parameters for dense and loose Ham River sand specimens 

 

 

The calibration results for variations of axial stress and volumetric strain with axial strain 

for dense and loose sandy soils are plotted in Figure 4.5 and Figure 4.6. 

Calibrated Rolling Resistance Contact Model Adopting Linear Model Deformability 
Method 

Parameters Descriptions Value 

 Effective Modulus 350 MPa 

 Stiffness Ratio (Normal Stiffness/ Shear Stiffness) 4.50 

  Inter-particle Friction Coefficient 0.40 

 Rolling Friction 0.35 

 Wall Friction Coefficient  0.0 

 Damping Constant at the Contact 0.02 

 Increment of time step 1 10-5 s 
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Figure 4.5 Variations of normalised axial stress with axial strain and variations of volumetric strain with 

axial strain – dense sand (DEM predictions versus experimental measurements) 

 

Figure 4.6 Variations of normalised axial stress with axial strain and variations of volumetric strain with 

axial strain – loose sand (DEM predictions versus experimental measurements) 
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It is observed that the predictions obtained from the numerical simulation that used 

calibrated contact parameters, agrees well with the experimental results, confirming the 

reliability of the calibrated contact parameters mimicking the behaviour of loose and 

dense sandy soils in the experiments.  

4.5 Cavity Expansion Simulation 

This study aims to investigate the influence of initial cavity radius on soil response during 

cavity expansion using DEM. To achieve this goal, a series of large-scale three 

dimensional cavity expansion models were proposed in PFC3D (Itasca 2016). Considering 

that many problems related to cavity expansion such as pressuremeter tests and installing 

driven piles occur in the plane-strain condition (Alshibli et al. 2000; Silvestri 2001), and 

to take the advantage of the axisymmetric geometry to accelerate the simulation process, 

a quarter of the cylindrical geometry was simulated, as shown in Figure 4.7 (a).  
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Figure 4.7 (a) Large-scale 3D numerical model simulating cavity expansion, (b) illustration of different 

final cavity radii calculated based on constant volume and (c) the arrangement of prediction spheres at 

internal cavities with different initial radii 

To eliminate the boundary effect that may influence predictions near the internal cavity, 

the size of the model must be sufficiently large. Bolton et al. (1999) carried out 
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comprehensive centrifuge experiments on cone penetration tests in sand and 

recommended that a minimum container-to-cone diameter ratio of 20 must be satisfied to 

reduce the boundary effect to an insignificant level. According to the calculated final 

cavity radii presented Figure 4.7(b), the largest final cavity was chosen (i.e.  

0.1288 m) to estimate the radius of the numerical model that would eliminate the 

boundary effect.  Hence, an outer radius of 3.8 m was adopted for the model so that the 

ratio between the size of the model and the final cavity radius is 29.5, which is larger than 

the minimum ratio recommended by Bolton et al. (1999).   

Having an increase in the radius of the model, the thickness was reduced accordingly to 

control the number of particles involved to a reasonable value without compromising the 

simulation efficiency. However, the thickness of the model must be carefully determined 

to eliminate the boundary effect. According to Lackenby et al. (2007) and Marschi et al. 

(1972), as the ratio of specimen to maximum particle size approaches 6 in triaxial test, 

equipment size effects can be ignored. In addition, Geng (2010) has adopted a three 

dimensional discrete element model to investigate the effect of the model thickness on 

the cavity pressure variations during cavity expansion in plane strain condition. There 

were three numerical simulations carried out, with the ratio between the model thickness 

and maximum particle size ranging from 5 to 20. It was pointed out that the thickness of 

the sample has no effects if there is sufficient number of particles in the model. It was 

suggested that the suitable thickness of the sample can be determined based on the sample 

geometry and the number of particles that can be simulated base on the current 



136 
 

computational power. Adopting the technique suggested by Geng (2010), the thickness 

of the model in this study was determined to be 0.075 m, ensuring a minimum ratio of 6 

between the model thickness and the maximum particle size. Besides the determination 

of an appropriate model thickness, the number of particles in contact with the cavity wall 

at the initial stage must be deliberately evaluated, since the simulations proposed in this 

study contain the creation of the cavity. This size effect has been studied by many 

researchers using 3D models. For instance, Phillips et al. (1987) and Bolton et al. (1999) 

suggested that the minimum ratio between the penetrometer radius and the median 

particle size is 10. Jiang et al. (2006) adopted this ratio in modelling of deep penetration 

in granular soils and observed that there are about 13 particles always in contact with the 

cone tip. Arroyo et al. (2011) conducted a numerical simulation of cone penetration test 

in a virtual calibration chamber adopting PFC3D, and the ratio between the cone diameter 

and the median particle size was approximately 2.7. Zhang et al. (2019) studied the 

standard penetration test in a virtual calibration chamber adopting a rod to particle (i.e. 

d50) ratio of 3.06. Beside those studies carried out by others, the authors had previously 

conducted a sensitivity analysis investigating the size effect on the soil response during 

cylindrical cavity expansion. According to Dong et al. (2018), the minimum ratio of 8 

between the final cavity radius and the median particle size is a prerequisite to obtain 

reliable results for cavity pressure measurement. Given a ratio of 8, it was observed that 

there are at least 20 particles in contact with the internal cavity wall.  Therefore, the 

thickness of the model adopted in this study (i.e. 0.075 m) allows more than 25 particles 

in contact with the internal cavity wall as the cavity is being created (i.e. cavity expansion 
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with a zero initial radius). It must be clarified that this minimum number (i.e. 25 particle) 

is only at the cavity creation stage for the case with a zero initial radius. The number of 

particles contacting with the internal cavity for other cases are significantly larger than 

25, and this number continuously increases as the cavity is expanded further. In addition, 

an initial radial stress of 100 kPa (i.e. σ = 100 kPa) was adopted, and the wall servo 

mechanism was enabled to ensure that the stress acting on the external boundary remains 

equal to the initial radial stress at all time during the cavity expansion process. 

To study the effects of initial cavity radius on the soil response, four discrete element 

models with different choice of initial radii were proposed for both dense and loose 

specimens. Referring to Figure 4.7 (b), the initial radii adopted include  

(simulating the installation of a column / the creation of a cylindrical cavity from a zero 

initial radius), , , and  (representing expansions 

from existing initial cavities), where  represents the radius of the column to be installed, 

is also the final cavity radius ( ) of the case with  (i.e. , 

as illustrated in Figure 4.7 (b). With the different choice of initial radii, the corresponding 

final cavity radii were calculated based on the constant volume proposed by Carter et al. 

(1979b). In the constant volume theory, Carter et al. (1979b) gave an adequate 

approximation of modelling the  pile installation (i.e. from 0 to  ) to an 

expansion of an existing cavity (i.e. from  to 2 ) by assuming the deformation 

occurring at constant volume (i.e. ;  being the volume of the 

expansion). The schematic illustration of cavity expansion scenarios with different choice 
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of initial cavity radii and their corresponding final radii calculated based on constant 

volume theory are shown in Figure 4.7 (b). 

To reduce the computational effort of the simulations, the particle-upscaling technique 

was applied to reduce the number of particles involved. Dong et al. (2018) investigated 

the effects of particle scaling when simulating cavity expansion and found it was 

important to determine the most appropriate particle-upscaling factor to avoid impulsive 

oscillation and inaccurate numerical prediction. The studies suggested that the ratio 

between the final cavity radius ( ) and the median particle size ( ) must be larger than 

8, and a minimum ratio between the size of the prediction sphere ( ) and the median 

particle size ( ) of 6 is a prerequisite to obtain reliable results. Considering these criteria, 

the particle-upscaling factor adopted in this study was selected to be 50, which resulted 

in approximately 570,000 and 510,000 particles for the dense and loose specimens, 

respectively. 

Samples were generated using the radius expansion method, in which the size of the 

particles were gradually increased until the desired porosity was reached. Dense 

specimens were prepared by assigning an initial particle friction coefficient of 0.10, 

whereas the loose samples adopted an initial particle friction coefficient of 0.30, which 

was the same as the procedure adopted in the calibration exercises. After generating the 

specimens, the soil close to the internal cavities were then deleted and replaced by 

cylindrical walls with various radii to represent the initial cavities with non-zero radii, as 

revealed in Figure 4.7 (b). Prediction spheres were also created to continuously monitor 
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the porosity of the soil specimen and to ensure a uniform distribution of initial porosity 

when the initial condition has been established. 

After the initial conditions were established, all the dense specimens had a porosity of 

0.384 and a coordination number of 5, whereas the porosity and coordination number of 

loose sandy soils were 0.455 and 4, respectively. It should be noted that the coordination 

number, measuring the average number of active contacts, can be used as a guideline to 

determine the density of the soil (Itasca 2016; Shen et al. 2017). Once the initial condition 

was satisfied, the cylindrical cavities were expanded from their initial cavity radii to the 

predetermined final cavity radii based on constant volume theory, as shown Figure 4.7 

(b).  

To ensure an accurate measurement of the stress and strain during the cavity expansion, 

the cavities must be expanded in a strain-controlled condition at an appropriate constant 

strain rate to ensure quasi-static loading condition until the final cavity radius was reached. 

Quasi static condition refers to a sufficiently slow loading rate so that the specimen 

remains in quasi static equilibrium during the loading and therefore the inertial effects 

can be avoided. In discrete element modelling, it is the combination of the loading rate 

and the time step controlling the loading type (Zhang et al. 2014). For instance, in a 

triaxial test, an axial loading rate of 1 mm/s and a time step of 10-6 s for each calculation 

cycle is equivalent to 1 10-6 mm/step. This implies that 106 calculation steps are required 

for each millimetre movement of the loading platen. In discrete element modelling, an 

automatically calculated time step is often adopted by many researchers, and therefore 
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the loading rate becomes the only parameter to control to ensure the quasi static loading 

condition. For instance, Potyondy et al. (2004) adopted a loading rate of 0.05 m/s for 

uniaxial and biaxial test simulations. Arroyo et al. (2011) modelled a cone penetration 

test with a 0.1 m/s penetration rate, and 0.4 m/s penetration rate was adopted by Zhang et 

al. (2019) to simulate the standard penetration test. Based on these studies carried out, a 

constant strain rate of 0.001 m/s with an automatic time step determination mode was 

adopted for this study. Moreover, referring to Itasca (2016), a constant load reading after 

stopping the platens in a simulation could be an evident sign of quasi static equilibrium. 

Hence, a preliminary simulation was carried out prior to the actual simulation to ensure 

that the 0.001 m/s is sufficiently slow for a quasi-static analysis. 

The cavity pressure was then measured using predefined subroutines that can constantly 

measure the contact forces acting on the internal cavity, divided by the corresponding 

contact area.  In addition, prediction spheres were added into the model to measure the 

stress and strain variations in the vicinity of the internal cavities, as shown in Figure 4.7 

(c). Hence, the prediction spheres were categorised into three groups, namely A, B and 

C, at various distances measured from their corresponding internal cavities. For instance, 

the locations of prediction spheres A was expressed as , with 

 being the radial distances measured from the corresponding initial cavities. Since the 

initial cavity radii (i.e. ) adopted in this study were different, the radial distances (i.e. 

) measured from the corresponding internal cavities were indisputably different for 

each prediction sphere A. However, the progress of the cavity expansion ( ) 
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for those initial cavities to reach the corresponding prediction spheres were the same (e.g. 

5% for prediction spheres A). It is noteworthy to mention that the motivation of adopting 

the same cavity expansion progress (i.e. the same ) rather than the same radial 

distance (i.e. the same ) as the controlled variable is to reduce the errors induced by 

the size effect between the internal cavities and their corresponding prediction spheres.  

Prediction spheres B and C followed the same principle while being located farther away 

from the internal cavities, (e.g. equal to 10% for prediction spheres B and 15% for 

prediction spheres C), as illustrated in Figure 4.7 (c). 

Moreover, since there were four different initial cavity radii, the size of the prediction 

spheres were altered so that the ratio between the initial cavity radius and the radius of 

the prediction sphere remains constant, as suggested by Dong et al. (2018). As well as 

having these prediction spheres situated in the vicinity of the internal cavities, there were 

also prediction spheres created in radial direction along the angular bisector to investigate 

the distribution of radial stresses and hoop stresses with the radial distance, as illustrated 

in Figure 4.7 (a). These variations in stress and strain and changes in the void ratio and 

coordination number were continuously recorded using those prediction spheres. 

Furthermore, 20 gauge particles were selected along the angular bisector, as shown in 

Figure 4.7. The displacement and positions of these gauge particles were continuously 

monitored during cavity expansion to investigate the influence zone induced by the 

expansion of each cylindrical cavity.  
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4.6 Results and Discussion 

4.6.1 Cavity Pressure Variations and Validation Exercise 

Variations of cavity pressure for cavity expansions starting from different initial radii for 

loose and dense specimens during cavity expansion process were plotted against the 

cavity radius, as shown in Figure 4.8. 

 

Figure 4.8 Cavity pressure variations during cavity expansion process 

It is observed that the cavity pressure variations, predicted for dense sandy soils, as 

expected, are significantly large compared to that in loose specimens for all four different 

choices of the initial radii.  It should be noted that for all dense specimens, the strain-

softening behaviour was captured, and such phenomena became more pronounced as the 

initial cavity radius decreased. For instance, the cavity pressure measured during cavity 
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expansion at a zero initial radius reached its peak (i.e. 2600 kPa) rapidly followed by a 

continuous descending when the cavity expanded further, reaching a limiting pressure of 

1500 kPa at the end of the expansion process (a reduction of 1100 kPa due to softening). 

However, referring to Figure 4.8 ,a reduction of 250 kPa was observed in the 

corresponding internal cavity pressure, when an initial cavity radius, equal to a quarter of 

the column to be installed (i.e. = 1/4 ), was adopted. 

Figure 4.8 also shows that in loose specimens, and particularly for cavity expansions with 

relatively large initial radii (i.e. = 1/4  and = 1/8 ), the cavity pressures 

gradually increase to the limiting pressure with continuous strain hardening. However, 

strain softening behaviour is captured when the cavity is created (i.e. = 0) or expanded 

from an infinitesimal size (i.e. = 1/16 ). This may be attributed to the plane strain 

condition applied in the vertical direction, which restrained the soil from moving, and due 

to this confinement, an expanding cavity could easily densify the surrounding soil and 

lead to an increase in the cavity pressure. In cases with a larger initial radius (i.e. = 1/4 

 and = 1/8 ), the increase in cavity pressure could dissipate over a larger 

contacting area, and therefore, the strain softening response was not pronounced. 

Moreover,  Cudmani et al. (2001) asserted that the size of the calibration chamber (i.e. 

outer boundary ) can exert certain effects on the pressure-expansion curve in the studies 

evaluating the state of cohesionless soil, particularly in cone penetration and 

pressuremeter tests. Referring to results reported in their study, the cavity pressure 

showed a descending branch after reaching the maximum in loose sand, and Cudmani et 
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al. (2001) ascribed the decrease in cavity pressure to the finite outer radius. Therefore, 

similar to the above study, the strain softening behaviour captured in the current study, to 

some extent, may be attributed to the size effect. 

Referring to the results depicted in Figure 4.8, it can be concluded that the cavity pressure 

needed to create a cavity or expand an existing cavity with an infinitesimal radius would 

be larger compared to expanding an existing cavity with a larger initial radius, regardless 

of the relative density of the soil medium. However, the ultimate pressure required to 

maintain the continuous expansion of cavities already expanded would be independent of 

the initial cavity radius. 

To evaluate the reliability of the predicted cavity pressure from the numerical simulation, 

the method proposed by Carter (1978) was adopted, in which it was assumed that soil 

behaves elastically until the onset of yielding, determined by the Mohr-Coulomb yield 

criterion, followed by perfectly plastic behaviour (isotropic elastic –perfectly plastic 

material model). 

The material properties that define the pressure expansion curve and stress distributions 

include the shear modulus ( ), Poisson’s ratio ( ), cohesion ( ), the friction angle ( ), 

and the dilation angle ( ). For this comparison, the upper and lower bound analytical 

predictions were presented. The upper bound was determined utilising the peak friction 

and dilation angles while the lower bound was determined adopting the critical friction 

angle, with the corresponding values obtained from Green et al. (1975). However, in the 

cavity expansion, the mean effective stress, as illustrated in Figures 10 and 11, 



145 
 

continuously increase, which inevitably induced an increase in the shear modulus ( ) of 

the soil (Janbu 1963; Duncan et al. 1980; Puebla et al. 1997). Hence, the effect of the 

increase in the shear modulus was considered in the derivation of the pressure-expansion 

curve.  According to Puebla et al. (1997), the variation of  with the mean effective stress 

 can be represented by the following equation: 

                          (4-4) 

where,  and  are the elastic shear modulus number and modulus exponent, 

respectively. In fact   can be taken as 0.5 for clean sand (Hardin et al. 1972; Yu et al. 

1984; Byrne et al. 1987), and   is the atmospheric pressure equal to 100 kPa. 

Hardin (1978) pointed out that the elastic shear modulus exponent  is a function of the 

void ratio ( ), and it can be estimated from the following equation: 

                       (4-5) 

where,  is a particle size and shape variable and  is a void ratio function.  

Yu et al. (1984) suggested that  could be taken as 700 for clean rounded sand, and 

 can be estimated using the equation below: 

            (4-6) 

It must be highlighted that the Ham River sand adopted in Bishop et al. (1965) and Green 

et al. (1975) was categorised as clean rounded sand, and therefore  could reasonably be 
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taken as 700. In addition, knowing the void ratio of both the dense and loose sand 

specimens adopted in this study (reported in Figures 5 and 6), the elastic shear modulus 

exponent  was calculated to be 1018 and 659 for dense and loose sands, respectively. 

It is noteworthy to state that these material parameters agree well with the elastic shear 

modulus suggested by Duncan et al. (1980) for Ham River sand, and are within the range 

of the elastic shear modulus recommended by Byrne et al. (1987). 

To estimate the change in shear modulus during cavity expansion, the range of the mean 

effective stress  during the entire cavity expansion process was determined adopting 

the prediction sphere D, as indicated in Figure 4.7 (a), which is positioned at a radial 

distance ( )  where   0.125 m. The mean effective stress obtained for the loose 

and dense sand specimens at the end of cavity expansion process was 650 kPa and 1.2 

MPa, respectively. Therefore, the effective shear modulus was calculated based on the 

previously mentioned equation (i.e. Equation 4-4) to be 168 MPa and 353 MPa, 

respectively. Hence, the lower bound and upper bound of the cavity pressure using the 

method proposed by Carter (1978) were determined, as shown in Figure 4.9 where the 

DEM predictions lie in between the lower and upper bounds determined by Carter (1978), 

thus confirming the validity of the DEM predictions. 
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Figure 4.9 Comparisons between the DEM predictions and Carter’s method for cavity expansions with 

initial radii =1/4  in (a) loose sand and (b) dense sand 
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4.6.2 Stress Path at the Proximity of the Internal Cavity Wall  

To further assess the validity of the cavity pressure variations reported in the previous 

section, the stress path was plotted adopting the prediction spheres A, B, and C situated 

in the vicinity of the internal cavity walls, as illustrated in Figure 4.7 (c).  

There were more than 100 prediction spheres introduced into the model to have a 

comprehensive measurement on the stress variations, and therefore the mean and the 

deviatoric stresses of prediction spheres were computed by programming FISH 

subroutines. Due to the large number of data points and conditions, a selection of results 

is elaborated, as depicted in Figures 10 and 11, for specimens of dense and loose sand, 

respectively.  The stress path was plotted in the  plane and all the stresses were 

normalised against the initial mean effective stress. The critical state line in the  

plane can be determined adopting the following equations (Atkinson et al. 1977; Budhu 

2008). 

                                                                                                                        (4-7) 

where,  

                                                                                                                (4-8) 

where,  is the critical state friction angle. 
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The constant volume friction angle is a material constant and according to Negussey et 

al. (1988) and Bolton (1986), the postulate that the constant volume friction angle of a 

granular material is unique and a function of mineral composition was verified 

experimentally.  Hence, considering the stress-dilatancy relationship for the static 

equilibrium of an assembly of particles in contact, as presented by Rowe (1962)  and 

referring to Schanz et al. (1996), the following equation was adopted to calculate the 

critical state friction angle (i.e. ). 

                                                                                               (4-9) 

where,  and   are the ultimate values of the friction and dilation angles.  

Therefore, an approach proposed by Bolton (1986) has been used for calculating the 

maximum dilation angle for the plane strain condition applicable in this study adopting 

the following equation. 

                           (4-10)              

The ultimate friction angle of the dense sand used in Green et al. (1975) was 43.6 degrees,  

and by referring to Bolton (1986), the corresponding ultimate dilation angle was 

determined to be 14.4 degrees. Hence, from Equation (4-9), the critical state friction angle 

 was estimated to be 32 degrees, and therefore the  (i.e. the slope of the critical state 

line in Equation (4-8)) was calculated to be approximately 1.28.   
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In addition to the above calculation method adopting the ultimate friction and dilation 

angles in Equation (4-9), the mobilised friction angle at constant volume (i.e. ) may 

be computed directly using the predicted principle stresses (i.e. axial stress and lateral 

confining pressure) at critical state (i.e. in a large strain). Hence, the prediction of the 

stress - strain curves from the numerical simulation for both loose and dense specimens 

for axial strains up to 35% are plotted in Figure 4.12.  

As illustrated in Figure 4.12, the axial stresses of both loose and dense sands approached 

the same value after 32% axial strain, confirming the critical state is reached. Hence, 

Equation (4-11), from the well-known stress dilatancy theory by Rowe (1962), as 

explained by Schanz et al. (1996) was adopted to calculate the critical state friction angle 

. 

                                                                                                        (4-11) 

The calculated   is approximately 32 degrees, which is in good agreement with the 

critical state friction angle calculated using Bolton’s theory (Bolton 1986). This 

verification carried out further validates the reliability of the calibrated parameters from 

the laboratory tests.  

Referring to Figure 4.10 and Figure 4.11, it is noted that all the stress paths initially moved 

in an approximate vertical direction and then moved continuously towards the critical 

state line.  
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Figure 4.10 Stress path plotted adopting different prediction spheres for cavity expansions with different 

initial cavity radii in dense sand 
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Figure 4.11 Stress path plotted adopting different prediction spheres for cavity expansions with different 

initial cavity radii in loose sand 
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Figure 4.12 Variations of axial stresses for both loose and dense specimens up to 35% axial strains 

In the dense specimens (see Figure 4.10), the stress paths, measured adopting prediction 

spheres A, passed the critical state line, thus confirming the strain softening behaviour 
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observed when the cavity expanded further contributing to a volume expansion. Similar 

observations were reported by Silvestri (2001) and Manassero (1989) when interpreting 

the pressuremeter tests in sand. Li et al. (2017) also presented similar findings when 

studying the drained cavity expansion in sand. 

Furthermore, it is worthwhile to mention that the stress paths, especially measured by 

prediction spheres A (see Figure 4.10(a) and Figure 4.11(a)) were significantly impacted 

by the choice of initial cavity radius. Given the same percentage of expansion in both 

dense and loose sands, the initial cavity radius of zero (i.e.  results in the largest 

mean effective and deviatoric stresses, whereas cavity expansion starting from a quarter 

of the column radius (i.e.  leads to the lowest stresses. The above 

observations regarding the stress inside the soil comply well with the cavity pressure 

variations predicted directly via measured forces applied onto the internal cavity wall, as 

shown in Figure 4.8. This confirms that using prediction spheres to obtain the internal 

soil stresses in the numerical model adopted in this study is reliable. 

4.6.3 Volumetric Response of Soil during Cavity Expansion 

The variations of volumetric strain with respect to the shear strain during cavity expansion 

were plotted for simulations adopting different initial cavity radii for dense sand. The 

average volumetric strain was calculated based on the strain variations of three prediction 

spheres (i.e. prediction spheres A, B, and C, as shown in Figure 4.7. It is observed that all 

the volumetric strains reveal an overall dilative behaviour for dense sand.  
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Figure 4.13 Variations of volumetric strain with shear strain during cavity expansions with different 

initial cavity radii in dense sand 
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As can be seen in Figure 4.13, the volumetric strain variations reported for the cavity 

expansions with relatively small initial radii (i.e. = 0 and = 1/16 ) depicted a 

continuous and prompt dilation as soon as the expansion initiated. However, for those 

cavities starting from larger initial sizes (i.e. = 1/8  and = 1/4 ), a slight 

contraction at the beginning of expansion was observed followed by dilation when the 

cavities expanded further. Hence, the magnitude of the soil dilatancy (i.e. the change in 

volume of the soil when the soil is distorted by shearing) when the cavity expansion 

started from relatively smaller initial radius (i.e.  and ), in general, 

was larger than corresponding values observed in the cases with larger initial radius (i.e. 

 and ). This finding here confirms that the choice of initial 

cavity radius can impact the soil volumetric strains particularly close to the cavity wall. 

In addition, as observed in Figure 4.13, given the same progress (i.e. ) during the 

cavity expansion, the case with the initial cavity radius of zero resulted in both the largest 

shear strains and volumetric strains among all four expansion scenarios. For instance, 

when the cavity expansion progressed only 5%, the case with the initial cavity radius of 

zero experienced a shear strain of 5% and a volumetric strain of 4.5% were experienced 

at the prediction spheres A, while the corresponding strain values for the case with an 

initial radius of a quarter of the column, were 3.8% and 2.3%, respectively. Furthermore, 

referring to Figure 4.13, it can be concluded that the differences between the predicted 

volumetric strains in the soil during cavity expansion for various initial cavity radius 

scenarios gradually reduced as the observation points were positioned further away from 

the cavity wall. 
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Figure 4.14 Variations of volumetric strain with shear strain during cavity expansions with different 

initial cavity radii in loose sand 
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Similar to the dense specimen, the variations of the volumetric strain for loose sand are 

plotted in Figure 4.14 for the cavity expansions with different choices of the initial cavity 

radii. Figure 4.14 (b) and (c) show that the volumetric strains measured by prediction 

spheres B and C reveal an overall contractive response. However, it is of interest to note 

that the volumetric strains plotted based on the prediction spheres A, depicted varying 

degrees of dilative response after the initial contraction in the earlier stages of the cavity 

expansion process, as illustrated in Figure 4.14 (a). As demonstrated in Figure 4.14 (a), 

the predicted volumetric strains for the zero initial radius case showed a continuous 

dilation for shear strains beyond 1.2%, while such dilative behaviour became less 

pronounced in other cases with their initial cavity radii larger than zero, as shown in 

Figure 4.13 (a). In addition, the strain-softening phenomenon, noticed in the cavity 

pressure variations in loose sand and plotted in Figure 4.8, is well correlated to the 

volumetric strain variations i.e. Figure 4.14 (a) during the cavity expansion process. 

Indeed, it can be noticed that the loose specimen could exhibit some level of dilation near 

the internal cavity when the plane strain condition is applied.  

4.6.4 Deviatoric Stress Variations during Cavity Expansion 

Figure 4.15 and Figure 4.16describe the variations of deviatoric stress with shear strain 

during cavity expansion in dense and loose specimens, respectively. 
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Figure 4.15 Variations of normalised deviatoric stress with shear strain during cavity expansions with 

different initial cavity radii in dense sand 
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Figure 4.16 Variations of normalised deviatoric stress with shear strain during cavity expansions with 

different initial cavity radii in loose sand 
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As expected, during the cavity expansion, the induced deviatoric stresses for a given shear 

strain in loose sands were significantly less than that in dense specimens, and it could be 

noticed that the deviatoric stresses increased continuously yet in a reducing rate. 

Comparing Figure 4.15 and Figure 4.16, it is observed that in both dense and loose soils, 

cavities expanded from smaller initial radii experienced larger deviatoric stresses and 

shear strains, given the same progress of expansion.  

In addition, it is of interest to note that no obvious peak in the deviatoric stress versus 

shear strain was observed despite the fact that the maximum dilation rate was clearly 

captured in the volumetric strain variations, as shown in Figure 4.13 and Figure 4.14, and 

similar findings have been reported by other researchers. Manassero (1989) has 

developed a numerical method to obtain complete stress and strain paths during a drained 

self-boring pressuremeter test in sand in plane strain condition. The proposed method was 

verified adopting a large number of self-boring pressuremeter tests in a calibration 

chamber. The results reported include the variations of both volumetric strain and 

deviatoric stress against the shear strain. It was clearly captured that the deviatoric stress 

shows a continuous increase in a reducing rate without reaching the peak even if the 

maximum dilation is captured for the volumetric strain. Silvestri (2001) has also reported 

similar findings when interpreting the pressuremeter tests in sand, and results obtained 

were verified using the calibration chamber studies as well as the field tests.  In addition, 

it is of interest to note that the volumetric strain variations of loose sand, reported in both 

studies, show a certain degree of dilation, which bears a strong resemblance as the 
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volumetric strain behaviour measured adopting the predication sphere A presented in this 

study as shown in Figure 4.14. 

As indicated by Silvestri (2001), in a pressuremeter test, the shear resistance of the soil 

around the pressuremeter probe, develops along the vertical failure planes rather than 

across a succession of horizontal planes.  Due to the confinement as a result of plane 

strain condition, the mean stress continuously increases, and therefore the shear strength 

(i.e. measured deviatoric stress) also shows a continuous increase during the cavity 

expansion. In fact, there are well established studies confirming that the peak shear stress 

has a tendency to disappear when the normal effective stress continuously increases 

(Budhu 2008). This phenomenon may also be explained by the pull-out test of the 

geosynthetic reinforcement placed at a certain level within a densely compacted granular 

fill. According to Alfaro et al. (2005), the application of the pull-out force will lead to the 

mobilisation of shear at the vicinity of the interface between the geosynthetic 

reinforcement and the granular material and generates soil dilatancy. However, due to an 

increase in the confinement/restraining by the surrounding non-dilating soil, the tendency 

of the dilation at the interface may be suppressed. This in turn induces an increase in 

normal stress and hence enhance the shear resistance (i.e. continuous increase in 

deviatoric stress before reaching the peak).  

Indeed, the soil tests on dense sand is believed to exhibit strain softening behaviour which 

fundamentally lead to a stress reduction due to dilation. On the other hand, the increase 

in the mean stress in the soil during cavity expansion can give rise to the shear strength. 
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Therefore, it may be reasonable to deduce the fact that the rate of the mean stress increase 

outweighs the rate of the dilation in this study leading to the absence of the peak or 

limiting pressure in the deviatoric stress curves, reported in Figure 4.15 and Figure 4.16. 

However, further numerical and experimental research on various sand types and cavity 

expansion sizes are recommended to further verify the observation of this study for plane 

strain cavity expansion. 

Furthermore, Figure 4.15 and Figure 4.16 compare the predictions adopting different 

initial cavity radii. It can be concluded that smaller initial radii lead to higher deviatoric 

stresses for a given shear strain level. Moreover, predicted stresses became less sensitive 

to the initial cavity radius as the radial distance of observation point (i.e. ) increased. 

4.6.5 Void Ratio Variations during Cavity Expansion 

The results reported in the previous section (i.e Figure 4.10 to Figure 4.16) clearly 

indicate that the initial cavity radius can impact the soil response during cavity expansion, 

particularly those points near the internal cavity wall (e.g. prediction spheres A). Hence, 

further investigation into the variations of void ratio with shear strain during cavity 

expansion was carried out for prediction spheres A, as shown in Figure 4.17.  
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Figure 4.17 Variations of void ratio with shear strain measured at prediction spheres A during cavity 

expansions in (a) dense sand, and (b) loose sand 
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cases with initial larger radii experienced contractive volumetric strains, resulting in an 

overall void ratio reduction, whilst the scenarios with smaller initial radii sustained slight 

initial contraction followed by a consecutive dilation, leading to the increase in void ratio.  

Furthermore, as observed in Figure 4.17, the void ratios of both loose and dense 

specimens tend to approach a critical void ratio. The critical state would eventually be 

reached after significant cavity expansion and soil straining. It should be noted that the 

critical void ratio in Figure 4.17 was estimated based on the critical state line (CSL) in 

log  space reported in Coop (2005) adopting extensive triaxial test results 

conducted on Ham River sand and for  1000 kPa.   

4.6.6 Soil Radial Displacement and Distribution of Contact Forces 

Figure 4.18 shows the radial displacement of soil during cavity expansion in both dense 

and loose specimens. 
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Figure 4.18 Radial displacement of 20 equally spaced gauge particles during the cavity expansion in (a) 

dense sand, and (b) loose sand 
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The results were plotted based on the total radial displacement of 20 gauge particles 

during the entire cavity expansion process (i.e.  to ). These gauge particles were 

equally spaced, and their locations can be identified using the normalised radial distance 

of  (  being the radial distance measured from the internal cavity wall). It can be 

noted that the radial displacement variations during cavity expansion in both loose and 

dense soils showed a very similar trend. As expected, particles located closer to the centre 

of the cavity experienced larger radial displacements and the radial displacement 

continuously dissipated with the radial distance. Referring to Figure 4.18, it can be 

observed that the total radial displacement shows a dramatic decrease with radius when 

the normalised radius ( ) was less than 10, while the changes become almost 

insignificant when the normalised cavity radius was larger than 15. It is projected that the 

radial displacement would approach zero if the measurement could be taken at a 

considerably large radial distances away from the internal cavity. Furthermore, it is 

noteworthy to state that the radial displacement predicted in loose sand was infinitesimal 

(  when the normalised radial distance was larger than 25. It can be explicitly 

concluded that the influence zone induced by the cavity expansion in loose sand and its 

analogues activities (i.e. pile installation, pressuremeter test) is 25 . However, in dense 

sand, a larger value must be considered to eliminate the boundary effect. 
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Figure 4.19 Distribution of contact forces at a=  for cavity expansions with initial radii  =1/4  in 

(a) dense sand, and (b) loose sand 

Figure 4.19 shows the distribution of the contact force chain at the end of the cavity 

expansion process when  was adopted in both dense and loose sands. 

Contact forces between particles were plotted as branches (cylinders) whose diameters 

are proportional to their magnitude. For the purpose of comparison, the contact forces 

obtained on both samples were normalised adopting the same scale, as illustrated in 

Figure 4.19. It is noticed that the distribution of the contact force chain, in both loose and 

dense specimens, propagates radially with the maximum contact force appearing in the 

internal cavities whereas the magnitude of the contact force reduces dramatically with the 

radial distance, as seen in the circles in Figure 4.19. It can be observed that the magnitude 

of contact forces acting on the internal cavity wall in dense sand is, as expected, 

remarkably larger than the corresponding values in the loose sand, similar to the cavity 

pressure variations presented in Figure 8. In addition, the distribution of the contact force 
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chain is found to be more intensive in dense sand, confirming that the influence zone 

induced by the cavity expansion in dense soil is larger, similar to the radial soil 

displacement illustrated in Figure 4.18. 

4.6.7 Variations of Radial and Hoop Stresses during Cavity Expansion 

The distribution of the radial and hoop stresses measured at various radial distances 

(  being the radial distance measured from the internal cavity wall) during cavity 

expansion is presented in Figure 4.20 and Figure 4.21 for dense and loose soils, 

respectively.  
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Figure 4.20 (a) Radial stress, and (b) hoop stress distributions at 20% of cavity expansion in dense sand 
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Figure 4.21  (a) Radial stress, and (b) hoop stress distributions at 20% of cavity expansion in loose sand 

Results have been plotted for a particular stage of the cavity expansion when  20% 

(where  is the radius of the cavity at 20% progress during the expansion). It should be 

noted that the radial and hoop stresses are the major and minor principle stresses during 

the cavity expansion process (Carter et al. 1979b; Carter et al. 1985) and therefore 

presented here. Referring to Figure 4.20 and Figure 4.21, it can be generally concluded 

that for both loose and dense specimens, the magnitude of the radial pressure and hoop 

stress changed significantly with the distance from the internal cavity. As  increased, 

both radial pressure ( ) and hoop stress ( ) reduced significantly, while further away 

from the cavity, this reduction becomes less pronounced. For example, in both dense and 
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normalised cavity radius ( ) was less than 5, while insignificant radial pressure 

variations were observed when  5. However, Figure 4.20 (a) illustrates that the 

measured radial stress in dense sand would eventually reach the initial radial stress (i.e. 

  =  ) at a radial distance (i.e.  ) larger than 20, while a smaller value could be 

noticed in loose sand (i.e.  10), as shown in Figure 4.21 (a). In addition, the hoop 

stress variations, as illustrated in Figure 4.20 and Figure 4.21, show a very similar trend 

but with considerably diminished values, compared with the radial stress variations 

reported.  

The results obtained in this study clearly indicate that the choice of an initial cavity radius 

impacts the soil response during the cavity expansion, particularly the cavity pressure. 

Results of this study provide insight into the practical applications such as driven pile 

installation process. In the design of a pile foundation, a detailed analysis is required to 

predict the impact stresses in the piles during driving and to estimate the static soil 

resistance, from which the type and size of hammer, the required driving force could be 

determined (Smith 1962; Hirsch et al. 1970). Assessing the maximum driving force is 

essential to use a suitable hammer since an underestimation of the driving force may 

prevent the driving the pile to the required depth, whereas the excessive driving stress can 

lead to the extravagance of the diesel fuel and enhance the risk of damaging the pile 

(Rajapakse 2016). The results of this study can help practicing engineers to estimate the 

shaft friction that is the function of internal cavity pressure induced by the pile driving.  
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In addition, referring to the cavity pressure variations depicted in Figure 4.8, it is worth 

mentioning that the pressure required for creating a cylindrical cavity (i.e. the zero initial 

radius) is considerably larger than the pressure required to expand an existing cavity for 

a given expansion volume. This may explain why pilot hole is adopted in the pile driving 

practice to facilitate the driving process. Indeed, predrilled pilot hole is adopted aiding 

the driving of the pile when soil strata close to the ground surface is extremely firm, and 

with the use of the pilot hole, the thrust force can be significantly reduced (Tsao et al. 

2003; Tomlinson et al. 2014). The pilot hole is considered as an initial cylindrical cavity 

which is enlarged and therefore helps to reduce the disturbance to the surrounding soil. 

Thus, based on the findings reported in this study, it may be reasonably deduced that the 

appropriate size of the pilot hole should be considered by practicing engineers so as to 

ease the subsequent pile driving process. This will in turn reduce the assumptions of the 

diesel fuel and facilitate the project progress. 

Furthermore, the study presented here may draw some inspiration for studying the smear 

zone characteristics induced by vertical drain installation. Prefabricated vertical drains 

(PVDs) are often used to accelerate the consolidation process and to increase shear 

strength under embankments on soft soil (Parsa-Pajouh et al. 2015). However, it is well 

recognised that the installation of the prefabricated vertical drains adopting a mandrel, 

disturbs the surrounding soil significantly, resulting in a smear zone with reduced 

permeability and over consolidation ratio that adversely affects the consolidation process 

(Sharma et al. 2001; Azari et al. 2014). The numerical simulation of the cavity expansion 
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shows the potential of utilising the DEM to study the characteristics of the smear zone. 

For instance, the variations of the void ratio at the proximity of the cavity wall may be 

used to determine the reduction in permeability, while the radial stress and soil 

displacement may be adopted to correlate to the extent of the smear zone.  

4.7 Summary 

In modelling the cavity expansion subjected to driven pile installation, the initial cavity 

radius chosen had conspicuous effects on the cavity pressure, the stress path, the 

volumetric strain and the deviatoric stress, especially at the initial stage of expansion; 

however, these effects become less pronounced and are ultimately minor as the cavity 

reaches full expansion. Given a same expansion percentage, the pressure required to 

create a cavity (i.e. ,  is the initial cavity radius) is significantly larger than 

expanding an existing cavity (i.e. ) in the same soil medium, whereas the 

pressure needed to maintain an already expanded cavity is not sensitive to the choice of 

initial cavity radius. In addition, the radial soil displacement showed a significant 

decrease with the radial distance, with the influence zone induced by the cavity expansion 

in loose sand was approximately 25 , while a larger influence zone (approximately 30 

 must be considered in the dense sand to eliminate the boundary effects.  The findings 

may provide practicing engineers with criteria to eliminate the adverse effects of lateral 

soil movement to adjacent structures when installing the displacement-based inclusions 

in granular materials and determining the appropriate size of the pilot hole in driven pile 

installation and horizontal directional drilling for trenchless piping in sandy soil.  
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Chapter 5 - Discrete Element Simulation of Cavity Expansion 

in Lightly Cemented Sands Considering Cementation 

Degradation 

5.1 General 

This chapter aims to investigate the influence of cementation on the stress-strain and 

strength characteristics of soil during cavity expansion in lightly cemented sand deposit 

using three-dimensional discrete element simulations. Contact models, simulating the 

cementation effects of bonded clumps and capturing the interlocking effects between 

discrete sand particles, are incorporated to mimic the cemented sands with various cement 

contents. The microscopic parameters are calibrated and validated against existing 

experimental results. Real scale cylindrical cavity expansion models starting from zero 

initial cavity radius with different levels of cementation are developed, and each proposed 

model consists of 150,000 particles with boundary conditions carefully selected to 

reproduce the realistic scenario. The embedded scripting is utilised to precisely measure 

both the local and global stress-strain variations, and record and analyse the cementation 

bond breakage during the cavity expansion process.  

The results confirm that the cementation enhances the material strength through the 

increase in cohesion and tensile strength at the contacting interfaces, whereas the friction 

angle is not altered notably. Hence, the failure envelope of the cemented sand gradually 

merges with the critical state line due to the cementation degradation, particularly at a 
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high confining pressure. It was found that the failure mode of the lightly cemented sand 

adopted in this study, was mainly controlled by the shear rather than tensile strength at 

the contacting interfaces. Referring to the numerical predictions it is evident that the zone 

with significant cementation degradation due to the cavity expansion extends as far as 

4  for all cemented specimens (  being the final cavity radius). In addition, specimens 

with higher cement content experience a more pronounced dilation at the internal cavity 

wall, while an inverse trend is captured at a greater radial distance. Furthermore, the radial 

displacement induced by the cavity expansion reveals a larger influence zone in 

specimens with higher cement content. Therefore, the effects of excessive lateral 

displacement transferred to neighbouring structures during installation of the 

displacement-based inclusions in lightly cemented sand should be carefully assessed by 

practicing engineers. 

5.2 Introduction 

Cemented sand, in geotechnical engineering, is defined as a sand specimen with its 

particles held together by a binding agent which may be naturally present such as calcium 

carbonate, or artificially introduced such as Portland cement or microbially induced 

calcite precipitation (Clough et al. 1981; DeJong et al. 2006; Budhu 2008). Nearly all 

soils found in nature have a certain degree of cementation, and due to the wide distribution 

and the decisive effect of the cementation in controlling the mechanical behaviour of the 

cemented soils, extensive research has been carried out to study the stress-strain and 

strength characteristics of the soil over the last few decades (Shen et al. 2016). Clough et 
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al. (1981) adopted triaxial compression tests to investigate the behaviour of natural 

cemented sands found along the California coast , which is considered as one of the 

pioneering works that comprehensively studied the drained behaviour of the cemented 

sand. Airey (1993) also studied the naturally cemented carbonate soil adopting both the 

conventional and stress-path controlled triaxial tests and noticed that the presence of the 

cementation can enhance the shear modulus, while exerting less impact on the volumetric 

response. Besides, Leroueil et al. (2009) proposed the concept of “structured soils” to 

describe the cementation in natural soils, and highlighted that the effects of the structure 

on the soil behaviour are independent of the origins. In Leroueil et al. (2009), the post 

yield transition from “structured” to “unstructured” states, due to the gradual loss of 

structure with further strain, was also captured, and this transition was termed as 

“degradation” in subsequent studies (Coop et al. 1993; Lagioia et al. 1995; Cuccovillo et 

al. 1997, 1999). However, naturally cemented specimens, in general, have inherent 

variabilities in the void ratio and degree of cementation, and most importantly the 

extraction and trimming process in obtaining undisturbed samples are extremely difficult 

(Clough et al. 1981; de Bono et al. 2015). Therefore, considering the difficulties with in-

situ undisturbed sampling of lightly cemented soils, artificially cemented sand specimens, 

whose properties can be well controlled, are often adopted in characterising the behaviour 

of cemented sands. 

In the past decades, there were extensive experimental studies carried out on artificially 

cemented sand, which are mainly focusing on extending the fundamental understanding 
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of the static and dynamic behaviour based on small scale laboratory testings, including 

the studies on the stress – strain,  strength and dilatancy behaviours; yielding, pre-failure 

and post failure characteristics; the influence of curing environment and conditions; 

influence of cementation on the liquefaction resistance, and so forth (Sitar et al. 1980; 

Clough et al. 1981; Acar et al. 1986; Saxena et al. 1988a; Saxena et al. 1988b; Lade et al. 

1989; Reddy et al. 1993; Consoli et al. 1998; Huang et al. 1998; Consoli et al. 2000; 

Ismail et al. 2000; Schnaid et al. 2001; Ismail et al. 2002; Haeri et al. 2005; Consoli et al. 

2006; Consoli et al. 2009; Consoli et al. 2010; Consoli et al. 2011; Al-Thawadi et al. 2012; 

Consoli et al. 2012; Cheng et al. 2013). However, these aforementioned studies only 

provide the macroscopic responses of the cemented sand, and the fundamental and 

inherent mechanisms (e.g. cementation degradation) determining the soil response 

require further research. Although the scanning electron microscope (SEM) photos, X ray 

, neutron radiography and stereophotogrammetry may be adopted tracing individual 

particle movements, it is very challenging to quantify and characterise the cementation 

degradation during the testing process at the scale of grains (Wang et al. 2008a; Jiang et 

al. 2013; Feng et al. 2017).  

In the numerical modelling front, particularly in continuum-based simulations, the 

cemented granular materials are often modelled adopting simple constitutive models (e.g. 

Mohr Coulomb model) with an enhanced cohesion and elastic modulus (Ismail 2005; 

Nasr 2014), which cannot adequately describe the post failure behaviour controlled 

mainly by cementation degradation . On the other hand, there were constitutive models 
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developed for cemented sand considering the cementation degradation effects (Yu et al. 

2007; Gao et al. 2012; Rahimi et al. 2015) that are capable of capturing the general stress-

strain responses. However, the effects of cement content, initial mean effective stress, and 

how the cementation degradation influences the mechanical behaviour of cemented 

granular materials are not well understood (Yu et al. 2007; Jiang et al. 2013), which 

prevent the wide implementation of these constitutive models in continuum-based 

numerical simulations.  

Considering the discontinuous nature of granular materials, and the capabilities in 

investigating the problem in microscopic level (e.g. cementation degradation), discrete 

element method (DEM) can be adopted as an effective tool to study the behaviour of 

cemented sand capturing the interparticle micro-mechanics. To precisely simulate the 

behaviour of cemented sand, numerous modelling techniques have been proposed in 

DEM (Wang et al. 2008a; Wang et al. 2008c; Jiang et al. 2013; Obermayr et al. 2013; de 

Bono et al. 2015; Feng et al. 2017), mainly based on the bonded model developed by 

Potyondy et al. (2004), in which the cementation effects between two contacting pieces 

were mimicked using a virtual cementation bond that can sustain both tension and shear 

forces until either tensile or shear strength was exceeded. These techniques can be 

generally divided into two categories; the first category is simulating the cemented sand 

as a two-phase material, consisting of both cemented and uncemented particles, and the 

cementation level was controlled based on the percentage of cemented particles in the 

specimen (Wang et al. 2008a; Wang et al. 2008c; Obermayr et al. 2013);in the second 
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category, however, a cemented granular sample is simulated by adopting cemented 

particles only (i.e. cementation exists at all contacts), and the cementation level is 

controlled by adjusting a particular contact parameter in the bonded model, including the 

cementation bond strength or the radius of the cementation bond (Jiang et al. 2013; de 

Bono et al. 2015; Feng et al. 2017). With these techniques available, there have been a 

plethora of discrete element studies carried out studying the cemented sand mechanics, 

including the shear behaviour , strain localisation,  shear band formation, dilatancy, 

cementation degradation and so forth (Wang et al. 2008a; Wang et al. 2008c; Jiang et al. 

2011; Jiang et al. 2013; Obermayr et al. 2013; de Bono et al. 2015; Feng et al. 2017). The 

findings of these studies are indisputably complementary to the experimental 

observations, particularly in the comprehension of fundamental micro mechanics of 

cemented sands. However, nearly all DEM studies on cemented sands were based on the 

simulations of small scale laboratory testings such as triaxial test, and most were based 

on 2D qualitative analysis, or with no calibration of the contact parameters against 

experimental results (Wang et al. 2008a; Camusso et al. 2009; Jiang et al. 2013; de Bono 

et al. 2014a).Thus, the response of the cemented sand for realistic geotechnical 

applications (e.g. driven pile and vertical drain installations) may not be well reproduced 

if the contact properties are not calibrated against actual experimental results.  

Hence, this study is proposed adopting three-dimensional DEM model to investigate the 

effect of light cementation on the soil response during cavity expansion. Since the DEM 

can be easily implemented to model the cavity expansion/creation from a zero initial 
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cavity radius (i.e. no initial cavity present), the impact of various cement contents on the 

predictions can readily be assessed using this technique. The selection of the cavity 

expansion problem is attributed to its application in analysing many real-life geotechnical 

problems, such as pile installation, and in-situ soil tests such as pressuremeter and cone 

penetration test (CPT). Indeed, the response of the surrounding soil during the pile 

installation and the cone penetration process is analogous to the creation and expansion 

of cylindrical cavities (Carter et al. 1979b; Randolph et al. 1979; Salgado et al. 1997; Yu 

2013). Since the DEM is very effective in incorporating the discontinuous nature of 

granular materials and can be easily implemented to model the cavity creation and 

expansion, the influence of cementation on the lightly cemented sand response can be 

readily assessed.  

5.3 Adopted Contact Model 

To reproduce the behaviour of cemented granular materials, the contact model adopted 

must be capable of capturing both the cementation and frictional effects between sand 

particles, before and after the breakage of a cemented bond. The contact model adopted 

in this Chapter to mimic the cementation at the contacts of adjacent particles, is the Linear 

Parallel Bond (LPB) model, which consists of two components, including a frictional 

contacting interface with zero tensile strength and a cementation bond component which 

acts in parallel with the first component (Wang et al. 2008a; de Bono et al. 2015; Feng et 

al. 2017). The behaviour of the former component is linear elastic in normal direction 

with zero tension cut-off, while in the tangential direction, a linear elastic-perfectly plastic 
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behaviour is utilised, with the maximum shear force at the contact being the Coulomb 

limit, determined by the , where  is the friction coefficient, and  is the normal 

component of force acting on the contacting interface (Cundall et al. 1979; Itasca 2016).  

The latter component obeys a brittle linear elastic constitution law that allows both the 

tension and moment to develop and transmit between contacting particles until either of 

these stresses exceed the bond strength. Once the bond strength is exceeded, the second 

component of the LPB model (i.e. cementation effects) will be nullified, with its 

associated forces and moments removed (Potyondy et al. 2004; Potyondy 2015). The 

rheological model showing the concept of the adopted LPB model is illustrated in Figure 

5.1.  

 

Figure 5.1 Rheological model of Linear Parallel Bond (LPB) contact model computing normal and shear 

forces for linear component and bond element 
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As shown in Figure 5.1, the cementation bond component of the model is activated once 

the contact gap (i.e.  ) between adjacent particles is less than or equal to the installation 

gap defined by the user. However, with the breakage of a cementation bond once the 

tensile strength (i.e. ) or shear strength (i.e. , define through the friction angle  and 

cohesion of the bond element , as shown in Figure 5.1) is exceeded, the grain behaviour 

approaches that of clean granular materials with frictional sliding at the contacting 

interfaces, as evident in Figure 5.1. The adopted formulations to compute the forces in 

normal and shear directions in the contacts between grains are: 

= + = + +
+ = + +

                            (5-1) 

where,  and  are the total normal and shear forces between two contacting particles, 

while the superscripts  and  represent the linear frictional and parallel cementation 

bond components, respectively; the subscript  stands for the forces measured at the 

beginning of the time step (i.e. at time t);  and   are the normal stiffnesses of the 

interface between contacting surfaces and cementation bonds, respectively;  is the ratio 

between the normal and shear stiffness of the interface of contacting surfaces; and  

and  are the relative displacement increments of contacting surfaces in the normal and 

shear directions, respectively.  

For the adopted bonded interface between sand particles, the shear strengths of the 

cementation bond and linear frictional component were calculated based on the Equations 

(5-2a) and (5-2b), respectively. It should be highlighted that since the interface strength 
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composed of the cementation and the frictional resistance were not necessarily achieved 

at the same level of shear strains, these two components were separated and not subjected 

to direct additive function. 

= μ                                                                              (5-2a) 

 

                                                                                                                        (5-2b) 

where,  and  are the maximum shear strength of the linear frictional 

component and the parallel cementation bond component, respectively;  and  are 

the radii of two contacting particles;  and  are the instant normal stress and the 

tensile strength of the cementation bond correspondingly;  and  are the angle of 

friction and the cohesion of the cementation bond, respectively.  
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Figure 5.2  Schematic diagram of LPB contact model computing forces and moments 

In addition to the tensile and shear forces, the adopted cementation bond can also sustain 

the bending and twisting moments, as illustrated in Figure 5.2, based on the following 

equations

 

 

   (5-3) 

where,  is the resultant moment sustained by the cementation bond, which can be 

decomposed into a twisting (i.e. ) and a bending moment (i.e. );  and  are the 

angles of the rotations of the cementation bond due to twisting and bending, respectively. 
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In addition to the LPB model for interaction of cemented particles, the interaction at the 

contact between discrete sand particles with no cementation present at the interface, as 

indicated in Figure 5.7 (a), should also be captured. Considering the fact that the rolling 

and interlocking of neighbouring particles are the dominant micro-deformation 

mechanisms for the cohesionless materials (Iwashita et al. 1998; Oda et al. 1998; 

O'Sullivan 2011), the rolling resistance contact model (i.e. RR model) was incorporated 

along with the LPB model to simulate the cemented sand with arbitrary cement content. 

According to Jiang et al. (2005) and Tordesillas et al. (2002), RR model is suitable for 

simulating granular materials, particularly angular shaped particles, because modelling 

the precise shape of each particle is computationally impossible. The rolling resistance 

contact model includes a frictional contacting interface with zero tensile strength, and the 

behaviour is linear elastic in normal direction and linear elastic and perfectly plastic in 

tangential direction (similar to the first component in a LPB bond model). The rheological 

model of the rolling resistance contact model is illustrated in Figure 5.3. 



187 
 

 

Figure 5.3 Rheological model and schematic diagram of rolling resistance contact model 

To simulating the interlocking behaviour between angular particles, a limiting toque in 

the contact is introduced, which acts in the opposite direction to the rolling direction, as 

shown in Figure 5.3. Referring to Figure 5.3, the rolling resistance torque ( ) is 

imposed to resist the rolling motion induced by the relative rotation increment ( ) that 

occurs between particles   and   the magnitude of this rolling resistance torque is 

calculated based on the following equations: 

   
M  

 
                                   (5-4) 
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where,  is the rolling stiffness of the linear spring,   is the limiting toque, and  

is the coefficient of rolling resistance. Detailed formulations regarding the rolling 

resistance (RR) contact model can be found in Ai et al. (2011) and Wensrich et al. (2012). 

5.4 Calibration of Micromechanical Parameters for Various Cement 

Contents  

5.4.1 Proposed Calibration Technique  

To investigate the effects of the level of cementation on the soil response during the cavity 

expansion, the contact micromechanical models required in DEM simulations must be 

calibrated to mimic the realistic interaction mechanism of the cemented sand particles at 

their contacting interfaces. According to Abdulla et al. (1997), the cemented sand can be 

generally classified into two categories, including contact bonded and void bonded, which  

represent lightly and heavily cementation conditions, respectively. Park (2010) studied 

the effect of wetting on unconfined compressive strength (UCS) of cemented sand, in 

which the silica Baekma River sand was mixed with Portland cement to form cemented 

sand specimens with the cement contents ranging from 4% to 16%. The SEM images 

clearly captured the transition from contact bonded to void bonded once the cement 

content increased above a certain threshold (i.e. 6% - 8% cement content). Similar 

findings were also reported by Marri et al. (2012), Ismail et al. (2002) and Cui et al. (2017) 

in studying the cementation of the porous materials. Moreover, as evident in SEM images 

reported by Cui et al. (2017), not all particle contacts in a lightly cemented sand are 



189 
 

structurally bonded, which confirmed that a certain percentage of sand particles remained 

free of cementation. Therefore, it can be reasonably deduced that there must be a 

threshold cement content, at which the cementation exists at all contacts between 

contacting particles, whereas a certain portion of particles, depending on the level of 

cementation below this yardstick cement content, remain unbonded. Considering all of 

these characteristics of the lightly cemented sand, it is reasonable to assume that the 

mechanical behaviours of cemented sand, with any arbitrary cement contents less than 

the threshold value, can be simulated by controlling the percentage of bonded particles. 

A similar technique to simulate the cemented sand with different cement content using 

DEM was adopted by Obermayr et al. (2013). However, it must be clarified that the scope 

of this chapter is on lightly cemented sands only, where cementations only present at the 

contacts between adjacent particles. Indeed, this technique may not be appropriate to 

simulate the heavily cemented soils, where the voids can be largely occupied by the 

cementing agent (i.e. void bonded). This is attributed to the fact that the behaviour of 

heavily cemented soils is largely dependent on the increased relative density due to the 

reduction in the void ratio. It should be noted that an extremely high level of cementation 

can lead to very brittle failure, such as the mortar, which may not be accurately simulated 

adopting the LPB contact model (Potyondy 2012; Potyondy 2015).   

Hence, to investigate the effects of different cementation levels on the soil response, the 

calibration exercises were carried out by matching the numerical simulation predictions 

with existing experimental measurements.  The experimental tests adopted in this Chapter 
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were conducted by Abdulla et al. (1997) and Abdulla (1992) to study the effects of 

specimen size and slenderness on the stress-strain characteristics of cemented sand. 

Detailed information regarding the material properties can be found in Abdulla (1992), 

and therefore only the essential information is presented here. According to Abdulla 

(1992), the sand adopted in the experimental test is poorly graded, with the maximum and 

minimum void ratio being 0.93 and 0.60, respectively, and the  medium grain size  is 

0.67 mm. Detailed information and the experimental testing procedure can be found in 

Abdulla et al. (1997) and Abdulla (1992). Due to the fact that a weakly cemented sand, 

as discussed earlier, consists of both cemented and uncemented particles, the interactions 

between both the bonded particles and the unbonded particles must be calibrated adopting 

different contact models as discussed earlier.  

5.4.2 Details of Calibration Exercises 

Four calibrations exercises were carried out in this study to obtain the micromechanical 

parameters required for DEM simulations. The first two calibrations were performed on 

the uncemented sand (i.e. cement content CC = 0%) and the fully cemented sand (i.e. the 

threshold case with a CC = 6%) for deriving the contact parameters for rolling resistance 

(RR) and LPB models, respectively. The other two calibration exercises for sands with 

2% and 4% cement content were achieved by mixing the cemented and uncemented sand 

particles in a certain percentage, inspired by Obermayr et al. (2013), which could also 

serve as the verification exercise, validating the effectiveness and reliability of the 

proposed technique and calibrated parameters. 
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Figure 5.4 Triaxial test simulation setup and contact force chain for the calibration of (a) 6% cemented 

sand; (b) 2% cemented sand 
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The calibration setup for the 6% cemented sand is illustrated in Figure 5.4 (a). As shown 

in Figure 5.4 (a), the numerical model is cuboidal with a side length of 100 mm, which is 

equivalent to the experimental setup reported by Abdulla et al. (1997). Adopting identical 

sample dimensions and particle size distribution as in the laboratory experiments, the 

generated specimen consisted of 21,500 particles. For the cemented sand with 6% cement 

content, the LPB model was activated once the particles were generated, and the boundary 

walls were controlled with a servomechanism until the target void ratio (i.e. 0.66) and 

stress state reached the desired values at the equilibrium. Referring to Figure 5.4 (a), a 

confining pressure was maintained at the lateral walls in X and Y directions, while the 

axial load was applied on the top of the specimen (i.e. Z direction). During the triaxial 

testing, the axial stress and strain variations as well as the volumetric strain variations 

were continuously recorded adopting pre-defined subroutines for the comparison with the 

experimental measurements. A similar arrangement and procedures were adopted for the 

calibration of the uncemented sand (i.e. CC = 0%) except that the rolling resistance (RR) 

contact model was assigned mimicking the interlocking behaviour between clean sand 

particles. The calibrated micro-mechanical contact parameters are summarised in Table 

5.1. 
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Table 5.1 Summary of calibration contact parameters for uncemented and cemented sand specimens 

Contact 
Model 

Model 
Parameter Descriptions  Values 

Rolling 
Resistance 
(RR) model 

for 
Uncemented 

Sand 

 Linear Component Effective Modulus 360 MPa 

 Linear Component Spring Stiffness Ratio 
(Normal Stiffness/Shear Stiffness) 4.75 

 Inter-Particle Friction Coefficient 0.5 
 Rolling Friction Coefficient 0.55 
 Wall Friction Coefficient 0 

Linear 
Parallel  

Bond (LPB) 
model for 
Cemented 

Sand 

 Bond Effective Modulus 550 MPa 

 Bond Stiffness Ratio (Normal Stiffness/Shear 
Stiffness) 12 

 Bond Tensile Strength 28 MPa 
 Bond Cohesion 5 MPa 

 Friction Coefficient 1.25 
 Bond Radius Multiplier 1 

 

Once the micro-mechanical contact parameters for uncemented (i.e. CC = 0%) and fully 

cemented (i.e. CC = 6%) sand specimens were calibrated, the parameters were adopted 

for the verification exercises on the sand with 2% and 4% cement contents, adopting the 

same simulation setup, as shown in Figure 5.4 (b). Considering the characteristics of the 

LPB model reported in Potyondy et al. (2004) and Itasca (2016), an increase in cement 

content in lightly cemented soils is essentially the increase in the number of cemented 

bonds at the contacts, and therefore it is reasonable to logically assume that the number 

of cemented bonds follows an approximate linear relationship with the cement content. 

In fact, Obermayr et al. (2013) tabulated the percentages of bonded particles adopted for 

the different cement contents, which indeed exhibited an approximate linear correlation. 

Hence, the percentage of the cemented particles for 2% and 4% specimens were initially 

assumed to be linearly proportional to the fully cemented sand (i.e. CC = 6%), and 
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therefore the approximate number of cemented particles required were computed through 

interpolation. The discrete element model details in terms of proportions of bonded and 

unbonded particles for each adopted cement content are presented in Table 5.2. 

Table 5.2 Summary of calibration information for specimens with 0%, 2%, 4% and 6% cement content 

Cement 
Content 
(CC%) 

Contact 
Models 

Number of 
Cemented 
Particles 

Number of 
Uncemented 

Particles 

Number of 
Cemented 

Bonds 

Number of 
Uncemented 

Bonds 
6% LPB 21,500 0 32,924 0 

4% LPB and 
RR 15,000 6,500 17,213 8,837 

2% LPB and 
RR 13,500 8,000 13,599 11,858 

0% RR 0 21,500 0 18,006 
Note: LPB is Linear Parallel Bond Model; RR is Rolling Resistance Contact Model 

With the estimated number of cemented particles, the calibrations of the 2% and 4% 

cemented sand were carried out subsequently. Then for fine-tuning the model, the 

estimated number of cemented particles were slightly adjusted by trial and error until a 

good agreement between experimental measurements and numerical predictions was 

achieved.  
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Figure 5.5 (a) Variations of axial stress with axial strain and (b) variations of volumetric strain with axial 

strain for sand specimen with 6% cement content and 100, 200, 300 kPa lateral confining pressures 

(DEM predictions versus experimental measurements) 
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Figure 5.6 (a) Variations of axial stress with axial strain and (b) variations of volumetric strain with axial 

strain for sand specimens with 0%, 2% and 6 % of cement content (DEM predictions versus experimental 

measurements) 
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The numerical predictions versus experimental measurements for different cement 

contents are shown in Figure 5.5 and  Figure 5.6. Moreover, the calibrated parameters 

were validated adopting different lateral confining pressures to provide further assurance 

on the reliability of the calibrated parameters, as it can be seen in Figure 5.5. It can be 

observed that the predictions obtained from the numerical simulations adopting the 

calibrated contact parameters, agree well with the experimental results. This confirms the 

reliability of the calibrated parameters mimicking both the cemented and uncemented 

sand responses subjected to loading, and it also verifies the rationality of the proposed 

technique to simulate cemented sand with arbitrary cement content using discrete element 

method (DEM).  

5.5 Cavity Expansion Simulation  

To investigate the effects of the cement content on the soil response during cavity 

expansion subjected to rigid inclusion installation (e.g. driven piles or concrete injected 

columns), large-scale three-dimensional cavity expansion models were proposed in 

PFC3D program (Itasca 2016). Considering that many geotechnical field problems related 

to cavity expansion such as pressuremeter test occur in plane strain condition (Alshibli et 

al. 2000; Silvestri 2001), and due to the fact that the pressuremeter test and driven pile 

installation can be simplified as axisymmetric problems, a pie slice model corresponding 

to one-third of a quadrant (i.e. central angle ) was considered, as shown in 

Figure 5.7 (a). 
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Figure 5.7 (a) Three-dimensional numerical model simulating cavity expansion; (b) position of bond 

breakage during the cavity expansion for cemented sand specimens with 2%, 4% and 6% cement content 
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 This significantly reduces the number of particles and enhances the computation 

efficiency, while still capturing the 3D nature of aggregate arrangement. It should be 

noted that the selected central angle of the model should ensure that a sufficient number 

of particles contacting with the internal cavity wall are available to ensure the reliability 

of the measurements, particularly when the cavities are expanded from zero initial radius 

(i.e. creation of the cavities). 

In this chapter, all cavities were expanded in a constant rate from zero initial radius to a 

final radius of 0.125 m, which is corresponding to the minimum driven pile diameter of 

225 mm adopted in practice. To eliminate the boundary effects, the radius of the model 

must be sufficiently large to avoid the unexpected increase of the confining stress at the 

external boundaries. Bolton et al. (1999) carried out comprehensive centrifuge 

experiments on cone penetration tests in sand and suggested that a minimum chamber-to-

cone diameter ratio of 20 must be satisfied to reduce the boundary effects to an acceptable 

level.  Hence, the radius of the model was adopted to be 3 m so that the ratio between the 

external boundary and internal cavity is 24, larger than the minimum value recommended 

in Bolton et al. (1999).   

With the radius of the model determined, the height of the model and the size effects 

between the internal cavity wall and the mean particle size ( ) must be also deliberately 

considered to ensure a sufficient number of contacts are present between the internal 

cavity and particles during cavity expansion without compromising the simulation 

efficiency. Marschi et al. (1972) and Lackenby et al. (2007) claimed that the size effects 
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can be ignored as the ratio of specimen to maximum particle size reaches 6 in a triaxial 

test. Phillips et al. (1987) asserted that the minimum ratio required between the 

penetrometer radius and the median particle size to eliminate the size effects should be 

10. In addition, Jiang et al. (2006) pointed out that a minimum number of 13 contacts 

between the cone tip and particles is a prerequisite to obtain a reliable tip resistance in 

discrete element simulation. Considering all of these conditions, the height of the model 

was adopted to be 0.25 m, ensuring that there are more than 25 particles contacting with 

the internal cavity at the initial stage of the cavity expansion, and this number 

continuously increases as the cavity expands further, leading to an enlarged contacting 

area between the particles and the internal cavity wall. With a 30 degrees central angle 

pie slice shape, 3 m radius and 0.25 m thickness of the model, there were 150,000 particles 

generated, following the particle size distribution reported in Abdulla (1992) and adopted 

in the calibration exercises.  

The cylindrical cavity expansion was modelled by expanding the internal cavity radially 

from an initial radius (i.e. ) of zero to a final radius ( ) of 0.125 m. The initial lateral 

stress field adopted (i.e. radial stress ) was 300 kPa, the same as the lateral confining 

pressure adopted in the calibration exercises, to simulate the soil stress state at a great 

depth below the ground level where the plane strain condition is considered to be 

reasonable. The geometry and arrangements of the model setups for cavity expansions in 

cemented sand with varying cement content were identical, and therefore only the 

overview of the model with 2% cement content during cavity expansion is presented in 
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Figure 5.7. Similar to the technique adopted in the calibration exercises, cemented sand 

was generated by controlling the percentage of cemented particles, while the rest of 

particles remained uncemented. The estimation of the number and proportion of 

cemented particles were based on the calibration results reported in Table 5.2. Taking the 

2% cemented sand as an example, the ratio between the cemented and uncemented 

particles based on Table 5.2 was 1.15, and hence the number of cemented particles in the 

cavity expansion simulation was readily computed following the same ratio (i.e. 1.15) 

which was approximately 77,000, while the total number of particles in the model was 

150,000 as mentioned earlier. 

Referring to Figure 5.7, it can be observed that the contact model capturing the rolling 

and interlocking of sand particles (i.e. RR model) was assigned at the contacting 

interfaces between uncemented particles, while the LPB model mimicking the 

cementation was installed between the contacts of cemented sand particles. Samples were 

generated adopting the radius expansion method with a particle upscaling factor of 4.5, 

which is a common technique to increase the size of the particles in a controlled manner 

until the desired void ratio was reached. Once the particles have been generated, the initial 

stress field was applied through the servocontrol of the external boundary to achieve an 

initial radial stress of 300 kPa. After the initial conditions were established, all specimens 

had an average porosity of 0.40, consistent with the porosities reported in Abdulla et al. 

(1997) and adopted in the calibration exercises. In the next step, all cavities were 

expanded radially in a constant and sufficiently slow rate (i.e. 0.001m/s) to ensure a quasi-
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static loading condition so that the inertial effects leading to impulsive oscillation and 

inaccuracy could be eliminated (Zhang et al. 2014).  

The cavity pressure was measured using predefined subroutines that constantly measured 

the resultant contact forces acting on the internal cavity wall, and then divided by the 

instant corresponding contact area. To compute the stress and strain variations during the 

cavity expansion, there were three primary prediction spheres created, as illustrated in 

Figure 5.7 (a), namely PSA, PSB and PSC, situated at a radial distance of 0.5 , 1 , and 

2 (  being the final cavity radius, i.e.  = 0.125 m), respectively. Apart from these 

primary prediction spheres, there were other prediction spheres generated in the model, 

recording the void ratio variations during the cavity expansion. Moreover, to study the 

effects of cementation on the radial displacement induced by the cavity expansion 

subjected to pile installation, there were more than twenty particles selected in the radial 

direction along the angular bisector, and their positions and displacements were 

continuously monitored. Furthermore, a function containing FISH intrinsic, recording the 

breakage of the cemented bond during the cavity expansion was programmed. The 

recorded information includes the number and the position of the bond breakage event, 

as well as distinguishing between the tensile and shear failures of the cemented bonds. 

The positions of bond breakage events in the entire cemented sand specimens were 

recorded during the cavity expansion as shown in Figure 5.7 (b). The relationship between 

the cementation bond breakage, due to shear and tension, with the cavity pressure will be 

depicted and discussed in the following section. 
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5.6 Results and Discussion  

5.6.1 Variations of Cavity Pressure 

The variations of the cavity pressure with respect to the cavity radius during the expansion 

for models with different cement content are plotted in Figure 5.8.  

 

Figure 5.8 Cavity pressure variations during cavity expansion process 

It is observed that the cavity pressure, as expected, increased with the cement content. 

This is simply due to the fact that increase in cement content introduced a cohesion 

intercept and a tensile strength to the sand, leading to the increase in the soil stiffness and 

strength (Clough et al. 1981; Lade et al. 1996; Consoli et al. 1998). Referring to Figure 
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5.8, the peak cavity pressure measured reveals a direct correlation with the cement content. 

For instance, the peak pressure measured for the sample with 6% cement content is 

approximately 7500 kPa, which is more than twice of that observed in the uncemented 

sample. However, the cavity pressure measured in all soils showed a continuous reduction 

after reaching the peak, and this softening behaviour was less pronounced as the cement 

content decreased.  The strain softening behaviour in sand, in general, can be attributed 

to (a) the dilation or (b) the structural degradation of the cementation. However, since the 

calibration exercise reported in Figure 5.5 shows that dilatancy was supressed when the 

confining pressure reached 300 kPa (same as the adopted stress field in the cavity 

expansion simulation i.e.  = 300 kPa), it may be reasonably deduced that the strain 

softening behaviour was largely dominated by the degradation of cementation bonds 

during the cavity expansion. Furthermore, it is noteworthy to mention that the cavity 

pressure, for both uncemented and cemented sands, appear to converge with the increase 

in the cavity radius. This is attributed to the fact that the cementation structure formed at 

the particle contacts underwent gradual de-structuration or degradation process (i.e. 

continuous bond breakage) under loading, leading to the reduction in both the shear and 

tensile strengths. 

To assess the reliability of the numerical prediction and to validate the adopted cavity 

expansion modelling technique, the cavity pressures were compared with the results 

obtained from the computer program developed by Carter (1978), which adopts an 

elastoplastic constitutive model obeying Mohr-Coulomb failure law, requiring shear 
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modulus ( ), Poisson’s ratio ( ), friction angle ( ), dilation angle ( ), and cohesion ( ). 

However, the numerical calculations proposed by Carter (1978) must necessarily initiate 

from a finite cavity radius to avoid an infinite circumferential strain, whereas all 

simulations presented in this chapter using DEM involved the creation of a cylindrical 

cavity (i.e. ). Hence, the constant volume theory proposed by Carter et al. (1979b) 

providing an adequate approximation to the cavity creation problems based on the 

analysis of expanding pre-existing cavities was considered. As discussed in Carter et al. 

(1979b), the creation of a cylindrical cavity from , to  is equivalent to 

doubling the size of an existing cavity (i.e. from  to 2 ), assuming a constant volume 

condition (i.e. = ). Since all cavity expansions simulated in this chapter 

using DEM commenced from a zero-initial radius to a final radius of 0.125 m (  0.125 

m), the equivalent initial and final cavity radii required were determined to be to be 0.072 

and 0.144 m, respectively.  

Since the solution presented in Carter (1978) does not capture the cementation 

degradation effect, the upper and lower bounds approach was adopted. The upper bound 

captured the peak strength of the cemented sand without considering the cementation 

degradation, while the lower bound assumed no presence of the cementation, i.e. 

complete cementation degradation.  In addition, due to the increase in confining pressure, 

as depicted in Figure 5.17, the shear modulus of the material considered would also 

increase accordingly. Hence, the effect of confining pressure on the shear modulus must 

be taken into account in the upper bound determination.  
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The variation of the shear modulus ( ) with the mean effective stress ( , proposed by 

                                                                  (5-5) 

where,  is the reference pressure which is taken as atmospheric pressure of 100 kPa 

in this study,  and  are modulus number and modulus exponent, respectively.  

Since the laboratory experiments results adopted for calibration exercises were quite 

comprehensive, the shear modulus and modulus exponent could be readily computed by 

adopting the technique reported by Duncan et al. (1980). Indeed, Equation (5-5) can be 

transformed into Equation (5-6) facilitating the regression analysis to back calculate the 

shear modulus as a function of effective confining pressure: 

                                         (5-6) 

Based on triaxial test results reported by Abdulla et al. (1997) for adopted cemented sand 

subjected to various confining pressures, the modulus number and modulus exponents for 

sand with 6% cement were determined to be 501 and 0.4, respectively.  In addition, 

considering that the maximum mean effective stress for cemented sand with 6% cement 

content reached 3 MPa during the cavity expansion, the corresponding shear modulus ( ) 

was determined to be 195 MPa based Equation (5-5).   

Hence, the upper and lower bounds of the cavity pressure - radius curves were determined 

based on Carter (1978) and plotted in Figure 5.9.  
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Figure 5.9 Comparisons between the DEM predictions and Carter’s method for cavity expansions in 6% 

cemented sand 

It is evident that the cavity pressure variation predicted by DEM simulation in this study 

lies in between the upper and lower bounds determined by Carter (1978), which confirms 

the validity of the pressure expansion curve predicted by DEM in this study capturing 

gradual cementation degradation during expansion. 

5.6.2 Extent of Cementation Degradation 

To obtain a better understanding about the extent of cementation degradation during the 

cavity expansion, the history of the bond breakage is plotted in Figure 5.10, with the 

horizontal axis being the cavity radius and the vertical axis being the normalised number 

of broken bonds.  
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Figure 5.10 Normalised number of broken cemented bonds during cavity expansion 

It should be noted that the normalised number of broken bonds (i.e. = ) is 

defined as the ratio between the total number of cementation bonds (i.e. ) and the total 

number of broken cementation bonds (i.e. ), as illustrated in Figure 5.7 (b). It can be 

seen that for cemented sands with different cement contents, the number of bond breakage 

induced by shearing significantly overweighed that of due to tension. This implies that 

during the cavity expansion, the failure mode of the lightly cemented sand adopted in this 

study, was mainly controlled by the shear rather than tensile strength at the contacting 

interfaces. It must be highlighted that the failure mode of a cemented granular sample can 

be different given the same type of the test (e.g. triaxial test), which may depend on the 

particle size,  sample anisotropy, the microscopic properties calibrated and so forth 

(Potyondy et al. 2004). For instance, de Bono et al. (2014b) reported that a vast majority 
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of bonds failed in shear rather than tension during the one-dimensional compression of 

cemented sand. However, Jiang et al. (2013) conducted an biaxial compression tests on 

loose cemented granular materials, and noticed that the occurrence of strain localization 

was associated with a concentration of bonds failing in tension. Hence, it is suggested 

that the contact parameters should be calibrated against realistic experimental tests before 

implementation. In addition, referring to Figure 5.10, it is noticed that the degradation of 

the cementation bonds was more significant during cavity expansion in samples with 

lower cement content (i.e. 2%), and the normalised number of broken bonds during the 

cavity expansion increased with the reduction in cement content.  

 

Figure 5.11 Normalised number of broken cemented bonds versus normalised radial distance at the end of 

cavity expansion 
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Figure 5.11 shows the normalised number of broken cementation bonds ( ) versus the 

normalised radial distance ( ) recorded at the end of cavity expansion. It can be seen 

that the normalised number of bond breakage increased dramatically with the radial 

distance up to 4  (  being the final cavity radius = 0.125 m), less pronounced changes 

were observed for points further away from the cavity. It is interesting to note that the 

normalised number of broken cementation bonds (i.e. the portion or percentage of the 

broken cementation bonds) is larger in specimens with lower cement content (i.e. 

 > > ). Similar findings were also captured in Feng et al. 

(2017) when studying the triaxial behaviour of bio-cemented sands adopting DEM. This 

is simply attributed to the fact that the shear resistance and stiffness of specimens with 

lower cementation level are less than those of cemented sands with higher cement 

contents, and hence the cementation bonds became more fragile and easier to be broken 

under shearing. Additionally, the observed phenomenon may be also explained adopting 

the energy dissipation mechanics. Bolton et al. (2008) studied the micro- and macro-

mechanical behaviour of crushable materials adopting DEM triaxial test simulations, and 

reported that a portion of energy stemming from the work input at the test boundaries (i.e. 

loading from the internal cavity in this study) would be dissipated in the form of bond 

breakage. Similar findings were also reported by Wang et al. (2008c) in characterising 

the cemented sand behaviour through experimental and numerical investigations. Hence, 

it is reasonable to conclude that specimens with less cement content (i.e. lower stiffness) 

would have a larger portion of cementation bond breakage, given the same cavity 

expansion progress (i.e. work input at the test boundaries). Referring to the results 
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reported in Figure 5.11, however, the influence zone, in which vast majority of 

cementation bonds (i.e. more than 85%) were broken due to the induced stress and strain 

fields during cavity expansion, could be reasonably considered to extend as far as 4   

for all cemented specimens (  being the final cavity radius = 0.125 m). 

To further explore the characteristics of the cementation bond breakage and its influence 

on the soil response, the changes in volumetric strain based on the prediction sphere A 

(PSA) located at the radial distance of 0.5  from the internal cavity wall (as seen in 

Figure 5.7 (a)) is plotted in Figure 5.12 to compare with the variations in cavity pressure 

during the cavity expansion.  

 

Figure 5.12 Relationship between the variations of volumetric strain and cavity pressure versus cavity 

radius 
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The softening behaviour observed in the cavity pressure in granular materials is often 

attributed to the dilation, and it is believed that a peak in the cavity expansion corresponds 

to the maximum dilatancy (i.e. the maximum gradient in the volumetric strain response) 

(Geng 2010; Dong et al. 2020). Similar findings were reported by Silvestri (2001) and 

Manassero (1989) when studying the drained self-boring pressuremeter tests in sands. 

However, these conclusions may not be fully applicable to the cases associated with 

cemented sand. According to Cuccovillo et al. (1999), de Bono et al. (2015) and Wang et 

al. (2008c), the presence of the cementation can hinder the dilatancy effects of the 

granular material, which means that the maximum dilatancy, unlike uncemented sand, 

does not occur at the strain level corresponding to the peak stress. This distinctive 

phenomenon is observed and confirmed in this study, as evident in Figure 5.12. Referring 

to Figure 5.12, the peak cavity pressures occurred slightly before the point corresponding 

to the maximum dilation gradient. Indeed, the observed offset increased with the cement 

content. In fact, this delayed dilation effect can be explained via fundamentals of the 

dilation in microscopic view. In granular material, the dilation initiates when a particle is 

riding over its neighbouring particles due to shearing, leading to the expansion in volume. 

However, such process cannot be achieved until the particles are free from the restrictions 

stemming from the cementation bond. Therefore, as shown in Figure 5.12, in cemented 

sands the maximum dilatancy takes place after the peak of the cavity pressure is reached. 

Considering the fact that the 4% and 2% cemented sand specimens contained more 

uncemented particles, the inhibition effects on the dilatancy were not as pronounced as 

the specimen with 6% cement content. 
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Figure 5.13 Variations of the local percentage of cementation bond breakage within radial distance at the 

end of cavity expansion 

Figure 5.13 illustrates the variations of the local percentage of cementation bond breakage 

with radial distance. It is observed that the percentage of bond breakage showed a drastic 

and continuous decrease with the radial distance and approached zero when the radial 

distance exceeded 0.50 m (i.e. 4 , representing the influence zone where the cementation 

bond breakage was notable). Additionally, it is interesting to note that for each adopted 

cement content, the maximum percentage of cementation bond breakage was observed at 

approximately 0.025 m radial distance (i.e. 4 ), as illustrated in Figure 5.13. Comparing 

it with the cavity pressure variations reported in Figure 5.8, Figure 5.13 shows that the 

maximum percentage of cementation bond breakages for 6% cemented sand occurred 

when the cavity radius reached approximately 0.025 m (i.e. 4 ), at which the cavity 
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pressure was also at its peak (refer to Figure 5.8). Similar trends were observed for cases 

with 2% and 4% cement contents. Hence, it can be reasonably asserted that the peak 

cavity pressure was reached when the breakage of the cement bonds reached its maximum. 

After reaching the peak, the number of cementation bond breakage gradually increased 

as the cavity expanded further, yet in a reducing rate. Similar observations were also 

captured by de Bono et al. (2015) when studying the micro mechanics of cemented sand 

by simulating triaxial test using DEM.  

5.6.3 Variations of Volumetric Strains and Radial Displacement  

During the installation of displacement based inclusions, including the driven piles, 

concrete injected columns (CIC) and vertical drains for ground improvement, the 

surrounding ground displacements are of the key concern for the contractors due to the 

potential risks of jeopardizing the existing structures and other neighbouring inclusions 

due to excessive lateral displacement (AS 1995).  
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Figure 5.14 Radial displacement of selected gauge particles along the angular bisector at the end of cavity 

expansion 

Figure 5.14 illustrates the radial displacement history of the selected gauge particles 

situated along the angular bisector. The displacements reported in Figure 5.14 are the 

radial displacements measured when the final radius of the cavity was established. It can 

be noted that the radial displacement variations at the end of the cavity expansion when 

the final cavity radius was reached show a similar trend in both the lightly cemented and 

uncemented sands. As expected, particles located closer to the internal cavity experienced 

larger radial displacements compared to those located further away, while the predicted 

radial displacements continuously dropped with the radial distance. It can be reasonably 

projected that the radial displacement would eventually approach zero when the radial 

distance is sufficiently larger than the internal cavity radius. As evident in Figure 5.14, 
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most significant radial soil displacements occurred in the vicinity of the cavity within the 

radial distance of 4  identified as the influence zone (  being the final cavity radius) 

irrespective of the cement content. A similar influence zone size was also identified in 

Figure 5.13 when plotting the local percentage of cementation bond breakage with radial 

distance. It should be noted that soils with higher cement content experienced more 

notable displacement due to cavity expansion beyond the influence zone. For instance, 

for a given radial distance of 20 , the uncemented soil experienced 0.01 m of radial 

displacement due to cavity expansion, while a 0.04 m radial displacement was observed 

for the sand with 6% cement. This is attributed to the fact that uncemented specimens, 

due to the lack of cementation, are more discrete with less structural cementation bonds, 

thus less cable of transferring the displacements to a greater distance, compared to 

cemented materials with chain of cemented particles helping to transfer the displacements 

further away from the internal cavity.  This explanation is especially true considering that 

a majority of cemented bonds outside the influence zone (i.e.  being the radial 

distance from the internal cavity wall) had remained intact as shown in Figure 5.13.  

To further assess the rationality of the predicted radial displacements induced by cavity 

expansion reported in Figure 5.14, the variations of soil volumetric strains are presented 

in Figure 5.15.  
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Figure 5.15 Volumetric changes of the entire model during cavity expansion 

As explained earlier, the top and bottom facets of the cavity expansion model were fixed 

in position to simulate the plane strain condition, while the external boundaries were 

servo-controlled to maintain a constant radial stress as in-situ. Indeed, with an increase in 

the internal cavity radius, the external boundary will move radially to satisfy the stress 

boundary condition. Referring to Figure 5.15 it is observed that all specimens show a 

different level of dilation during the cavity expansion, among which the sand with 6% 

cement experienced the largest volumetric changes while the uncemented sand (i.e. 0% 

cement) corresponded to the least volumetric strains. This finding is consistent with the 

radial displacement variations reported in Figure 5.14, where the radial displacement 

induced by cavity expansion during the cavity expansion was mainly due to the 

volumetric changes of the soil. Furthermore, according to Figure 5.15, it can be readily 
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concluded that introducing the cementation could increase the dilatancy during shearing, 

and the changes in volumetric strains increased as degree of cementation increased. 

Moreover, since all specimens were generated with identical initial void ratio (i.e. = 

0.66), it can be reasonably deduced that the dilatancy during the cavity expansion 

simulations were mainly governed by the breakage of cementation bonds instead of 

relative density. Taking the sand with 6% cement content as an example, the cementation 

bond breakage occurring during the cavity expansion resulted in some level of 

cementation degradation (i.e. breakage of some of the cemented bonds), forming large 

particle clusters. These clusters could form a new structure with interlocking which could 

lead to an increase in soil dilation during shearing. 

 

Figure 5.16 Network of intact and broken cementation bonds for cemented sand specimens with different 

level of cementations 
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Figure 5.16 shows the network of intact and broken cementation bonds for cemented sand 

specimens with different level of cementations, which can be adopted to relate to the 

formation of clusters during the cavity expansion as cementation degradation progressing. 

Referring to Figure 5.16, the broken cementation bonds segmented the cemented sand 

into pieces, and the portion with intact cementation bonds formed particle clusters, as 

depicted in Figure 5.16, which enhanced the dilation under shearing. Since the samples 

with higher cementation level (e.g. 6%) consisted of more and larger clusters during 

shearing, as it can be seen from Figure 5.16, the dilatancy exhibited could be inevitably 

more pronounced than soils with lower cement content. It should be noted that similar 

observations were also reported by other researchers for the response of cemented sands 

during loading (Clough et al. 1981; Saxena et al. 1988a; de Bono et al. 2015). 

5.6.4 Stress Paths during Cavity Expansion 

To study the effects of cementation degradation on the soil response during the cavity 

expansion, the stress paths were plotted in the  plane based on the prediction 

spheres A, B and C (i.e. PSA, PSB and PSC), located at 0.5 , 1  and 2 (see Figure 

5.7), respectively, as illustrated in Figure 5.17. 
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Figure 5.17 Stress path plotted based on different prediction spheres for cavity expansions in sand 

specimens with different level of cementations 

Referring to Figure 5.17 for all stress paths measured at different locations during the 

cavity expansion process, the soil with higher cement content experienced larger mean 

effective and deviatoric stresses. For further understanding of the effects of cementation 

degradation on the stress path, the critical state line and the failure envelopes in  

plane were plotted in Figure 5.17. According to Negussey et al. (1988) and Bolton (1986), 

the constant volume friction angle is unique, which is a material constant and depend on 

the mineral composition. Previous experimental studies (Clough et al. 1981; Abdulla et 

al. 1997) showed that the critical state friction angle does not altered by the cement 

content, since when the critical state is reached, the cementation bonds are broken along 
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dilatancy relationship for the static equilibrium of an assembly of particles in contact; 

indeed referring to Rowe (1962)  and Schanz et al. (1996), the following equations were 

adopted in this study to determine .  

                                                                 (5-7a) 

                                                      (5-7b) 

                                                            (5-7c) 

where,  and   are the ultimate values of the friction and dilation angles, and  is 

the constant volume friction angle. 

Based on the experimental tests reported by Abdulla (1992) and adopted in the calibration 

exercise in this study, and referring to Bolton (1986), the slope of the critical state line 

(i.e. ) was calculated to be approximately 1.35. In addition, based on the experimental 

tests conducted with different confining pressures, the corresponding mean effective 

stress and the deviatoric stress in a conventional triaxial test state could be readily 

calculated adopting the following equations, 

                                                          (5-8) 

where,  is the major principle stress and  is the minor principle stress (i.e. lateral 

confining pressure) in a Mohr’s circle setting. 
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Based on the calculated stresses, the failure envelop of the cemented sand could be plotted 

in the  plane, as shown in Figure 5.17. There were a total number of three failure 

envelopes plotted for specimens with varying cement content (i.e. corresponding to 2% 

CC, 4% CC and 6% CC). It must be highlighted that these failure envelopes were parallel 

to each other with the only difference being the vertical axis intercepts that were 

calculated based on the cohesion reported in Abdulla et al. (1997). 

It can be observed that all stress paths plotted initially move upwards passing through the 

critical state line, confirming the strain softening behaviour occurring during the cavity 

expansion. In addition, with the increase in the mean effective stress (i.e. confining 

pressure), the stress path became non-linear and gradually approached its failure envelope, 

after which the stress path remained on the failure envelope and showed a slight reduction 

in its slope (i.e. the concave in the stress path) and bended towards the critical state line, 

confirming that the failure envelope of a cemented sand is nonlinear. In fact, the failure 

envelopes were plotted as straight lines in Figure 5.17 based on the simplification that the 

strength of the cemented sand remained constant. However, as discussed  earlier and also 

reported in Nguyen et al. (2017), the actual failure envelope of cemented soils is non-

linear since the cementation degradation gradually reduces the strength of the cemented 

sand.  

The slope of failure line at the initial stages of cavity expansion corresponds to the stresses 

and strains experienced by the soil which are not sufficiently large causing the 

cementation degradation, whereas the slope at the final stages is impacted by the mean 
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effective stress and shear strains experienced by the soil which would be considerably 

large inducing significant cementation degradation contributing to reduction in the shear 

strength. In between of these two stages, continuous cementation degradation occurs with 

the increase in mean effective stress, leading to a non-linear failure envelope eventually 

merging with the critical state line. 

Referring to Figure 5.17, the concave stress path after failure point is evidently observed 

for cemented specimens, in particular for the stress paths plotted based on the prediction 

spheres situated at 0.5  and 1 , while this phenomenon was not observed in 

uncemented sand as the softening due to breakage of cementation bonds was absent. This 

confirms that the stress path and failure envelope would merge with the critical state line 

(CSL), since the cementation degradation due to volumetric and shear strains experienced 

by the soil during cavity expansion occurs. As evident in Figure 5.17, the shifting between 

the critical state line and the failure envelope and subsequent merging of two as a result 

of cementation degradation are more pronounced in the soils with higher cement contents. 

Furthermore, as shown in Figure 5.17, for stress paths plotted based on the prediction 

sphere C (PSC) situated at 2  (refer to Figure 5.7 (a))the failure envelopes of cemented 

sands were not yet reached during the adopted cavity expansion and obviously expansion 

to larger cavity would have been required to see the stress path meeting the failure 

envelope. This is due to the fact that the bond breakage at the prediction sphere C, located 

farthest away from the cavity wall, was not as significant as the locations closer to the 

internal cavity (i.e. predication spheres A and B).  
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Indeed, the presence of the cementation bonds leads to the increase in cohesion intercept, 

leading to an enhanced shear and tensile strengths. In many constitutive models 

developed for cemented soils, this enhanced shear resistance due to cementation is 

captured. However, many of the developed models (e.g. structured Cam Clay model) 

consider a linear failure envelope parallel to that of reconstituted clay for the sake of 

simplicity (Liu et al. 2002; Horpibulsuk et al. 2010). However, observations in this study 

reported in Figure 5.17, confirm that the failure envelope of the cemented sand should be 

nonlinear and different from the failure envelope of the over consolidated soils since the 

cementation degradation occurring due to volumetric and shear strains would lead to the 

reduction in shear strength, and theoretically when all the cementation bonds are broken, 

the shear strength of cemented soil would be comparable with the uncemented soil. 

Therefore, the recognition of the cementation degradation during cavity expansion is 

essential when assessing the post-installation properties of the soil in the vicinity of the 

cavity.  

5.5.5 Deviatoric Stress Variations 

Figure 5.18 shows the variations of deviatoric stress during the cavity expansion based 

on the stresses and strains calculated from the prediction spheres situated at 0.5  

(prediction sphere A), 1  (prediction sphere B) and 2  (prediction sphere C).  
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Figure 5.18 Deviatoric stress variations plotted based on different prediction spheres for cavity 

expansions in sand specimens with different level of cementations 

It can be observed that during the cavity expansion, the specimen with the highest cement 

content (i.e. 6%) experienced the largest deviatoric stresses, for a given level of deviatoric 

strain. However, as evident in Figure 5.18, the addition of cement resulted in reduced 

level of deviatoric strains, with the uncemented sand experiencing the largest deviatoric 

strains during the cavity expansion. For instance, the deviatoric strain of the uncemented 

sand reaches 8% at the prediction sphere C (i.e. at 2 ), after the cavity was fully 

expanded, whereas a 3% deviatoric strain was predicted for sand with 6% cement. Indeed, 

since the sand with higher cement content had a higher shear resistance, and therefore 

expanded yield surface, the corresponding deviatoric strains experienced by the soil for a 

given size of cavity, were less.  
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It is interesting to notice that a peak in the deviatoric stress was observed during the cavity 

expansion in the sand with 6% cement, as depicted Figure 5.18 (a) and (b) in the vicinity 

of the cavity. In fact, in many laboratory experiments such as triaxial and direct shear 

tests reported by other researchers (Cornforth 1964; Green et al. 1975), a peak in 

deviatoric stress were observed in dense sand due to dilation. However, in cavity 

expansion, the peak in deviatoric stress is often suppressed due to the abrupt increase in 

mean effective stress (i.e. confining pressure) during the cavity expansion, especially in 

the plane strain condition. Due to the sharp increase in the mean effective stress during 

cavity expansion (see Figure 5.17) in uncemented sand, the shear strength of the sample 

continuously increased, and therefore the peak in the deviatoric stress did not appear; 

indeed the shear strength increase due to the increased confinement overweighed the 

corresponding decrease due to strain softening as a result of soil dilation. Similar findings 

were also reported by Manassero (1989) and Silvestri (2001) in studying the self-boring 

pressuremeter test. However, the evident peak in the deviatoric stress experienced by the 

sand with 6% cement shows that the impacts of the rate of the cementation degradation 

overweighed the rate at which the mean effective stress increased during the cavity 

expansion. In-situ tests such as CPT are often carried out in soils to derive the 

geotechnical parameters required for design of foundations such as piles and concrete 

injected columns. Authors’ experience shows that in some circumstances on site, the pre-

installation soil strength estimated from the CPT test surpass the post-installation values, 

which indicates the ground strength loss due to installation effects. The results reported 

in Figure 5.18 are in line with these field observations, which shows that structured soils 
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may experience degradation of cementation as a result of ground movements during 

installation (i.e. cavity expansion), which in turn contributes in the reduction of the soil 

strength. Hence, it is suggested that the choice of spacing between adjacent columnar 

inclusions (e.g. piles or CIC) should be deliberately considered by the design engineer to 

alleviate the adverse effects exerted due to installation in structured soils.  

5.5.6 Variations of Volumetric Strains 

The volumetric strain histories recorded during the cavity expansion were plotted in 

Figure 5.19. 
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Figure 5.19 Volumetric strain variations plotted based on different prediction spheres for cavity 

expansions in sand specimens with different level of cementations 
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It must be clarified that the volumetric strain described in this section are localised 

volumetric strain computed based on different prediction spheres (see Figure 5.7(a)), and 

therefore it must be differentiated from the average volumetric strains of soil within the 

model boundaries reported earlier in Figure 5.15. 

According to Figure 5.19, the predicted volumetric strains at radial distances of 0.5  

(prediction sphere A) and 1  (prediction sphere B) reveal an overall dilative behaviour 

for the soil, especially where the measurements were taken in the vicinity of the internal 

cavity. For instance, the volumetric strain variations reported for the cavity expansion at 

0.5  (prediction sphere A) in Figure 5.19 (a) shows a continuous and prompt dilation as 

soon as the expansion initiated. However, a slight contraction at the beginning of 

expansion was observed at the prediction sphere B located at the radial distance of 1 , 

followed by a continuous dilation as the cavity expanded further. Farther away from the 

internal cavity (e.g.  = 2 ), the dilation was only observed in uncemented sand (see 

Figure 5.19 (c)), with all cemented specimens exhibiting an overall contraction during 

the cavity expansion process.  

However, the volumetric strain variations recorded based on the prediction sphere A 

location at 0.5  (i.e. Figure 5.19 (a)), showed an inverse relationship with the cement 

content, in contrast to the predictions at other measurement spheres B and C located 

farther away at 1  and 2  (i.e. Figure 5.19 (b) and (c)), correspondingly. Referring to 

Figure 5.19 (a), when the cavity expanded halfway through, the sand with 6% cement 

content resulted in the largest volumetric strains, whereas the uncemented sand 
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experienced the least. These findings bear a strong resemblance to the average volumetric 

strains within the model boundaries reported in Figure 5.15. Indeed, many triaxial tests 

conducted on the cemented sand by other researchers had indicated that the increase in 

the level of cementation led to the increase in dilatancy (Clough et al. 1981; Wang et al. 

2008c). This is due to the fact that larger cemented clusters were formed after breakage 

of some of cementation bonds (see Figure 5.16) in the sand containing higher cement 

content, which intensified the interlocking between adjacent particle clumps and thus led 

to a higher volumetric change under shearing as observed in Figure 5.19 (a).  However, 

as illustrated in Figure 5.13, the percentage of bond breakage farther away from the cavity 

wall (i.e. 1  and 2  was considerably less, which implied that there were a larger 

number of cementation bonds remaining intact, restricting the dilation between adjacent 

particles as explained earlier.  

The findings presented in this study clearly shows that the response of lightly cemented 

sand to cavity expansion is controlled by the level of cementation. Indeed, in many 

geotechnical designs, ranging from shallow footings to deep foundations in lightly 

cemented sands, the cementation effect is often neglected and the design parameters are 

derived based on the uncemented sand characteristics (Lunne et al. 2002). Results of this 

study show that in the pile design for instance, analysis needs to be carried out to estimate 

the required force to open a cavity so the  required driving force and the type and size of 

the equipment (e.g. piling rig, hammer) can be efficiently selected. Indeed, by choosing 
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the appropriate driving force, the installation of piles and inclusions to the required depth 

can be achieved without any risk of damage.  

On the other hand, the potential effects of the cementation degradations should be 

deliberately considered by the design engineers to avoid overestimation of the shear 

strength. For instance, installation of inclusions in lightly cemented sand would inevitably 

lead to the breakage of cementation bonds in the surrounding soil, impacting the skin 

friction of the inclusion and settlement of the soil between inclusions. Indeed there are 

research studies showing that how the miscalculation of the skin friction can impact the 

axial capacity of the pile, especially when the bedrock is very deep and floating piles are 

adopted (McClelland 1974; Murff 1987; Ismael 1989, 1990). Additionally, when driven 

piles or concrete injected columns are utilised to improve the stability of slopes (Yang et 

al. 2011), the degradation of cementation in the soil induced by the installation effects 

should be accurately assessed for the sake of safety and reliability.  

Furthermore, the results of this study show that when the in-situ soil is structured, the 

installation effects of piles and inclusions can be extended farther away from the external 

wall of the expanded cavity, and the soil dilation and subsequently ground heave in the 

vicinity of the expanded cavity are also more evident. Hence, extra care must be taken 

when assessing the installation effects of ground inclusions in the vicinity of existing 

underground structures such as pipelines in lightly cemented sands.  
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5.7 Summary 

In the installation of displacement-based inclusions, the cementation level played an 

important role in determining the soil response. Increasing in cement content leads to the 

increase in the material strength through the increase in cohesion and tensile strength at 

the contacting interfaces, whereas the friction angle is not altered notably. Hence, the 

failure envelope of the cemented sand gradually merges with the critical state line due to 

the cementation degradation, particularly at a high confining pressure.  In addition, with 

an increase in cement content, the soil dilation was more pronounced at points located at 

a closer radial distance to the internal cavity. However, with the increase in radial distance 

where the structure of the cementation remains intact, the dilation was impeded since the 

cementation led to a lower degree of freedom for particles overriding each other.  

Hence, based on the studies carried out in lightly cemented sand, it is suggested that the 

softening behaviour of cemented soils during cavity expansion due to breakage of 

cementation bonds should be considered by design engineers when assessing the strength 

characteristics of the lightly cemented sands in the vicinity of an expanded cavity (e.g. 

installation piles or concrete injected columns). In addition, care must be taken by 

practicing engineers when piling in lightly cemented sand in the presence of neighbouring 

structures and facilities. 
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Chapter 6 - Impact of Initial In-Situ Stress Field on Soil 

Response During Cavity Expansion Using Discrete Element 

Simulation 

6.1 General 

The installation of rigid inclusions in soils is influenced by the initial stress field in situ, 

however there is a very limited number of investigations conducted to study such effects 

on the soil response. Also, in discrete element modelling, the particle upscaling technique 

is often adopted to reduce the number of particles involved in a simulation in order to 

reduce the computational effort. However, the potential effects of this technique are not 

well recognised and understood.  

Hence, in this chapter, a three-dimensional numerical analysis has been conducted using 

PFC3D to investigate the soil response under different initial stress conditions during 

cavity expansion. To examine the effects of the initial in-situ stresses, several cylindrical 

cavities were created and expanded gradually from an initial radius to a final radius, while 

stress and strain variations were monitored during the entire simulation. Besides the 

investigation on the impacts of initial stress field, a series of three-dimensional numerical 

models with different size scaling factors have been developed. Cavity pressure variations, 

stress-strain responses and radial displacement of gauge particles obtained from different 

simulations were discussed and compared. The results obtained confirmed that the initial 



236 
 

stress conditions have significant effects on the soil response during cavity expansion, 

and it is observed that the particle scaling factor beyond a certain limit can affect the soil 

response during cavity expansion. 

6.2 Introduction 

The recent advancement in computational technology has facilitated the application of 

discrete numerical analysis for many complex geotechnical problems. For instance, 

installation of driven pile or self-boring pressuremeter in cohesionless materials are often 

simulated using Distinct Element Method due to its merits in coping with problems 

involving large displacement (Jiang et al. 2006; Falagush et al. 2015). To interpret the 

installation mechanism of driven piles and self-boring pressuremeter, cylindrical cavity 

expansion modelling has been employed by many researchers (Gibson 1961; Carter et al. 

1979b; Fahey 1986). Extensive research has been conducted to investigate cavity 

expansion mechanism in sandy soils adopting different techniques such as analytical 

solutions and numerical analysis based on continuum method (Carter et al. 1985; Collins 

et al. 1992). However, closed form solutions and many constitutive models adopted in 

numerical simulations have been obtained from a number of idealised material models 

and therefore may not capture the realistic behaviour of soil, particularly elastoplastic 

response (Carter et al. 1979b). Thus, the discrete element method may be an alternative 

to investigate the mechanical behaviour of granular materials at the microscopic level due 

to its discontinuous nature (Cundall et al. 1979). Despite the fact that there are studies 

conducted to investigate the soil behaviour during cavity expansion using DEM, the 
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impacts of initial stress filed is not well understood since there is a very limited number 

of investigations conducted to study such effects on the soil response. Besides this issue, 

when analysing the problems in a microscopic view adopting discrete element method, 

there are inherent constraints that impede its practicality in dealing with large-scale 

problems due to the significant computing requirements (O'Sullivan 2011). For instance, 

a laboratory scale triaxial test on a sand specimen with 30 mm diameter and 60 mm height 

would comprise approximately 4 million particles. Directly mapping such a huge number 

of particles into the simulation is unrealistic and computationally infeasible. Hence, only 

by reducing the number of particles, the analyses can become efficient and possible 

(O'Sullivan 2011). As a result, there are numerous approaches proposed to accelerate the 

simulation process (e.g. periodic cell boundaries, particle refinement), yet chief among 

these is the particle upscaling technique. It is to enlarge the particle size and therefore 

reduce the number of particles by multiplying a coefficient to the particle radius whereas 

maintaining the identical model size, void ratio and coordination number. Although this 

technique has been extensively adopted by many analysts, there is a lack of studies 

conducted on the effect of particle scaling on the simulation results (Jiang et al. 2006; 

Arroyo et al. 2011). As a matter of fact, without changing the model size, reducing the 

particle numbers by means of particle upscaling may enhance the efficiency of numerical 

analysis considerably; conversely, the results obtained may be unreliable and inaccurate 

if the upscaling factor selected is inappropriate (O'Sullivan 2011). Therefore, the purpose 

of this study is to investigate the effect of initial in-situ stress conditions and the effect of 
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particle upscaling on the soil response during the cylindrical cavity expansion in sandy 

soil using discrete element simulation.  

6.3 Calibration Using Triaxial Test Results 

Investigating the effect of initial stress state and particle upscaling cannot be validated if 

the constitutive contact behaviour of the soil adopted in the simulation is not realistic. 

Hence, the contact model adopted in this study was calibrated to mimic realistic behaviour 

of sandy soil by matching the results obtained from the numerical simulations of triaxial 

compression tests to existing laboratory results. In distinct element modelling, selecting 

the most appropriate contact model is of paramount importance. Despite the fact that 

classical theories believe that it is mainly the sliding that plays the dominant role in 

controlling the strength and dilatancy of sandy soil, (Oda et al. 1998) has observed that 

the effect of rolling is more prominent.  

 

Figure 6.1 Rheological model for Rolling Resistance Contact Model 
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Therefore, The Rolling Resistance contact mode, illustrated in Figure 6.1 has been 

adopted due to its characteristics in capturing the rolling mechanism between sand 

particles, which is to incorporate a torque acting on the contacting pieces to counteract 

rolling motion (Iwashita et al. 1998). Experiment adopted for calibration was conducted 

by (Cornforth 1964) to obtain the drained strength of medium to fine grained sand under 

the plane strain condition. Considering the current computational power, it is not feasible 

to simulate the triaxial test following the true particle size distribution adopted by 

Cornforth (1964). Therefore, upscaling the grain size and hence reducing the number of 

particles becomes necessary. By trial and error, an upscaling factor of 16.5 has been 

adopted so that the same porosity as those reported in the experiment was achieved in the 

numerical simulation. Hence, the triaxial simulation comprised of 20,000 spherical 

particles, ranging from 1.25 to 24.50 mm after upscaling, and the setup of the triaxial test 

is shown in Figure 6.2. 
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Figure 6.2 Triaxial compressive test in plane strain condition setup in PFC3D 

Following the operational procedures given by (Cornforth 1964), isotropic stresses were 

applied to consolidate the sample to its desired initial stress state. Once the initial 

condition was established, the lateral stresses in X direction were maintained while the 

facets in the intermediate direction (Y direction) were fixed to simulate the plane strain 

condition, similar to the laboratory condition, and then axial load was applied on top of 

the specimen (Z direction) at a constant strain rate. Stress and strain variations as well as 

volumetric changes were continuously recorded in order to match the experimental results. 
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Calibrated results for stress-strain relationship as well as volumetric behaviour are plotted 

in Figure 6.3 and Figure 6.4 respectively. 

 

Figure 6.3 Variations of axial stress with axial strain (DEM predictions versus experimental measurement) 

 

Figure 6.4 Variations of volumetric strain with axial strain (DEM predictions versus experimental 

measurements) 
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It is noteworthy to state that the numerical predictions have a good agreement with 

experimental data. The calibrated contact properties adopting rolling resistance contact 

model include the ratio between normal and shear stiffness, friction coefficient as well as 

rolling resistance coefficient, which are 1.75, 0.40 and 0.10, respectively.  

6.4 Cavity Expansion Simulation  

To study the effect of initial stress conditions on soil response subjected to cavity 

expansion, a large scale three-dimensional numerical model simulating the cylindrical 

cavity expansion has been proposed. Considering the fact that many cavity expansions 

related problems are in plane strain condition (Alshibli et al. 2000), and considering the 

axisymmetric geometry, only a quarter of geometry with plane strain condition has been 

simulated, as shown in Figure 6.5. 

 

Figure 6.5 Cavity pressure variations during the cavity expansion 
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The model built contained 75,000 spherical particles following the particle size 

distribution adopted in the calibration and triaxial test in the laboratory. The model was 

generated using the radius expansion method, and the porosity and coordination numbers 

have been constantly monitored to ensure that the DEM sample has the identical 

properties to the soil in calibration exercise. The external boundary was located 1 m away 

from the centre of the initial cavity (Figure 6.5). The measured soil porosity was 

approximately 0.390, similar to the porosity of the medium dense sand specimen used for 

calibration and reported in Cornforth (1964). The ultimate objective of this study is to 

investigate the effect of the initial stress field on the soil response during cavity expansion. 

Hence, four different initial stress fields (σ σ σ ) 62.5 kPa, 125 kPa, 250 kPa, and 

500 kPa were adopted, respectively. In-situ stresses have been applied through the wall 

servo mechanism, ensuring that the radial stress (σ ) is uniformed applied to the soil 

medium. After the initial conditions were satisfied, the cavity was expanded gradually 

from an initial cavity radius of 50 mm to a final cavity radius of 100 mm at a constant 

rate of 0.001 m/s to ensure the quasi-static loading, during which, the boundary pressure 

remained same as the initial stress. Cavity pressure is measured using coded subroutines 

by measuring the contact forces acting on the internal cavity wall and then divided by the 

corresponding contact area. Furthermore, stress and strain variations were continuously 

recorded using measurement spheres and subroutines at different radial distances from 

the cavity. 
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On the other hand, however, to study the effect of particle scaling on soil response 

subjected to cavity expansion, a series large scale three-dimensional numerical models 

simulating the cylindrical cavity expansion has been proposed. Axisymmetric and plane 

strain conditions were utilised to reduce the computational effort so that a quarter of 

cylindrical geometry with 1 m radius and 0.1m thickness was generated as illustrated in 

Figure 6.6. 

 

Figure 6.6 (a) Cavity pressure variations during the cavity expansion (b) DEM model setup 
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100 times (as shown in Figure 6.7), based on the particle size distribution adopted in 

triaxial test reported by Cornforth (1964).  

 

Figure 6.7 Particle size in DEM models after upscaling (USF- Upscaling Factor = dDEM / dEXP
)
 

As presented in Figure 6.7, nine generated sand specimens, after upscaling, comprise a 

wide range particle numbers, changing from the minimum of 1,850 (100 times upscaling) 

to the maximum of 250,003 (20 times upscaling), respectively. The sphere particles are 

used for all groups of analyses. Although it is acknowledged that the sand specimen used 

in the experiment has a certain level of angularity, the rolling resistance contact model 

can, by and large, mimic the rolling effects between particles with angular shape. These 
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simulations were conducted using calibrated contact parameters under the identical initial 

in-situ stress conditions. Additionally, the porosity as well as coordination number have 

been constantly monitored to ensure that all DEM samples have the identical properties 

to the soil in calibration exercise. In the coarsest grain case (i.e. USF = 100, the 

coordination number measured is approximately five, which is similar to the one 

predicated in the finest case. Hence, the prediction sphere is considered to be validated. 

However, when the particle size is further unscaled (i.e. USF > 100), the coordination 

number becomes too small and therefore inconsistent. Hence, it is not considered in this 

study in investigating the effects of particle upscaling. The measured initial porosity using 

prediction spheres was approximately 0.390 for all groups of simulations, similar to the 

porosity of the medium dense sand specimen used for calibration and reported in 

Cornforth (1964). After the initial conditions were satisfied, the cavity was expanded 

gradually from an initial cavity radius of  = 50 mm to a final cavity radius of  = 100 

mm at a constant strain rate of 0.01 m/s to ensure the quasi-static loading, during which, 

the boundary pressure remained same as the initial stress (see Figure 6.6).  

Cavity pressure is measured using coded subroutines by measuring the contact forces 

acting on the internal cavity wall divided by the corresponding contact area. The stress 

variations and the displacements of selected gauge particles are continuously monitored 

during the cavity expansion process. 

Rolling Resistance contact model, developed to mimic the rolling effect between particles 

with angular shapes, has been employed for the model calibration. Hence, it is considered 
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as a more realistic contact constitutive model for granular materials where the rolling of 

particles is dominant in determining the strength. It should be noted that the contact 

parameters adopted in this study are calibrated based on the Linear Deformability Method 

available in PFC3D, which utilises the particle deformability at the contact interface 

between particles, as well as the stiffness ratio between normal and shear springs (as 

illustrated in Figure 6.8), adopting a set of equations reported in Equation (6-1). 

 

Figure 6.8 Illustration of the particle assembly in DEM 

                               (6-1) 

Where,  is the contact area,  is the deformability, is the ratio between the normal 

stiffness ( ) and the shear stiffness ( ) of the springs,  is the particle radius, and L is 

the distance between the centre of two contacting particles (i.e. ). The linear 

Particle A

Particle B

R1

R2

L

A

Contact Interface
Where & are specified to define
the constitutive contact behaviour
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model deformability method is employed in this analysis to control the normal and shear 

stiffness in real time by introducing the effective Young’s modulus and the stiffness ratio 

of the normal and shear stiffness of the linear springs based on the equation 6-1. It can be 

concluded that the changes in particle size will be automatically taken into account 

using the Linear Model Method in PFC3D, where the normal stiffness ( ) would be 

scaled-up with the increase in particle size . In this case, it is no longer necessary to 

scale-up the microscopic contact parameters in respond to the upscaling of the particles. 

Besides this, the sample porosity and coordination number measured adopting 

measurement spheres are also continuously monitored to ensure the consistency between 

all specimens. 

6.5 Results and Discussion 

Variations of internal cavity pressure (P) during the cavity expansion process has been 

plotted against the normalised cavity radius (a
a

) in Figure 6.9. 



249 
 

 

Figure 6.9 Cavity pressure variations during the cavity expansion 

The results evidently reveal that an increase in the initial in-situ stress has contributed to 

escalation of the cavity pressure. For instance, the limit pressure (P ) measured from 

the cavity expansion with σ = 125 kPa is approximately 750 kPa, while the limit 

pressure corresponding to σ  500 kPa is P  2500 kPa. In other words, the 

pressure required to expand an existing cavity in the deeper ground is larger than the 

corresponding pressure in shallower ground. Indeed, similar results were reported by 

Arroyo et al. (2011) when interpreting cone penetration test results. As indicated by 

Arroyo et al. (2011), measured cone resistance was enhanced from 0.5 to 2.0 MPa when 

the confining pressure increased from 60 kPa to 300 kPa, respectively, demonstrating that 

the cone resistance measured was highly correlated to the in-situ stress conditions. Hence, 

it can be readily confirmed that the limit pressure is largely dependent on the soil initial 
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stress state, and such correlation may be used to evaluate the pile toe resistance during 

the pile driving process. Furthermore, comparisons were made on the deviatoric stress 

and the volumetric strain variations with the shear strain during the cavity expansion 

process. Prediction spheres A & B located along angular bisector (see Figure 6.5) were 

used to continuously record the variations of deviatoric stress, shear strain as well as 

volumetric strain during the cavity expansion process. 

 

Figure 6.10 Deviatoric stress – shear strain relationship at prediction sphere A 
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Figure 6.11 Volumetric strain – shear strain relationship at prediction sphere A 

 

Figure 6.12 Deviatoric stress – shear strain relationship at prediction sphere B 
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Figure 6.13 Volumetric strain – shear strain relationship at prediction sphere B 

Figure 6.10 and Figure 6.12 present the results for  = 1.25 and  = 2.5, 

respectively (r being the radial distance from the centre of the cavity;  being the final 

cavity radius). It can be concluded that given the same deviatoric strain, the magnitude of 

the deviatoric stress q is highly dependent on the initial stress state. For example, as the 

in-situ horizontal stress increases from 250 kPa to 500 kPa, the maximum deviatoric 

stresses ( ) measured at  = 1.25 and  = 2.5 increased by 400 kPa and 150 

kPa, respectively. As shown in Figures 6.11 and 6.13, with an increase in the initial in-

situ stress, less significant volumetric strain changes are observed during the cavity 

expansion. This may explain the fact that the soil volume changes (expansion) during the 

pile installation are more evident near the ground surface, while the phenomenon 

becomes less pronounced at deeper soil layers, where initial in-situ stresses are larger. 
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Additionally, referring to Figure 6.11 and Figure 6.13 volumetric strain variations 

obtained for different initial in-situ stresses showed a slight contraction during the initial 

stage of cavity expansion and then dilation as cavity expanded further, confirming the 

medium dense state of the in-situ soil. Furthermore, referring to Figure 6.10 to Figure 

6.13 comparisons can be made for the variations of the deviatoric stresses and volumetric 

strains at two different prediction locations (i.e. prediction spheres A & B shown in Figure 

6.5). It can be evidently concluded that the soil close to the cavity (predication sphere A) 

experienced higher shear stresses and deformations compared to the soil further away 

from the cavity (prediction sphere B). Moreover, it is projected that the measured 

deviatoric stresses and volumetric strains would eventually approach zero for the points 

located far away from the cavity centre (i.e.  = ∞).  

For the investigations conducted studying the effects of particle upscaling, Variations of 

the cavity pressure during the cavity expansion process have been plotted against the 

normalised cavity radius in Figure 6.6. It should be noted that the number of particles 

contacting with the internal cavity wall during the cavity expansion reduces with the 

increase in particle upscaling factors. Hence, it is believed that the ratio between the 

internal cavity radius and contacting particle radius that govern the accuracy of cavity 

pressure measurement. Therefore, the results are categorised in terms of the adopted 

particle scaling factors for each analysis and also the corresponding ratio between the 

radius of the internal cavity and the median particle diameter after upscaling (i.e.  / ). 

Referring to Figure 6.6, it is observed that the cavity pressure variations adopting different 
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particle upscaling factors follow the same pattern irrespective of the adopted upscaling 

factors when the final cavity radius is more than 8 times of the particle median size (i.e. 

/ > 8 or particle upscaling factor < 50). However, as observed in Figure 4, the peak 

cavity pressure ( ) decreases immensely and the patterns become unascertainable 

when excessively large upscaling factor is adopted (i.e. / < 5.5 or upscaling factor > 

70). Additionally, as illustrated in Figure 6.6 with less number of particles contacting with 

the internal cavity wall during cavity expansion ( / < 8 or upscaling factor >50), the 

results obtained manifested more impulsive oscillation.  

Figure 6.14 Radial displacement of ten equally spaced gauge particles during the cavity expansion 

Figure 6.14 presents the soil movement in radial direction due to cavity expansion. The 

results depict the total displacement of ten equally spaced gauge particles from the 

beginning of the cavity expansion (i.e.  = ) till the end (  = 0.1 m). As expected, 
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particles situated closer to the internal cavity experience a larger radial movement, while 

less radial displacement is experienced by those particles located further away. 

Furthermore, it is observed that the total radial displacement reduces dramatically when 

the normalised radius ( / ) is less than 4, while the changes become less pronounced 

when the normalised cavity radius is larger than 5. Furthermore, referring to Figure 6.14, 

it can be concluded that the radial displacements obtained from different upscaling factors 

reveal a very similar trend when the upscaling factors are less than 60, whereas greater 

errors are observed with higher upscaling factors.    

 

Figure 6.15 Deviatoric stress – shear strain relationship at prediction sphere A 

Figure 6.15 illustrates the deviatoric stress variations with the shear strain obtained by the 

prediction sphere A ( /  = 2.5, r being the radial distance) during the cavity expansion. 

Since the diameter of the predication sphere ( ) adopted is constantly 0.08 m for all 
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analyses, the number of particles comprised in the predication sphere reduces with the 

increase in particle upscaling factors. In this case, investigating the effects of particle 

upscaling can be correlated to the ratio between the size of the predication sphere and the 

median particle diameter after upscaling ( / ). It can be clearly observed that the 

deviatoric stress variations obtained reveal a similar trend when there are an adequate 

number of particles in the prediction sphere (i.e. /  > 6 or particle upscaling factor 

< 50), while greater disparities are noticed when the upscaling factors adopted exceeds 

50 (i.e.  /  < 5 or particle upscaling factor > 60). In addition, severe oscillations are 

also observed, when there are fewer particles contributing to the computation of stresses 

and strains within the predication sphere. 

6.6 Summary 

In this study, the effects of initial in-situ stresses on the soil response during cylindrical 

cavity expansion have been studied using a three-dimensional discrete element simulation. 

Numerical results confirmed that the initial stress field plays a significant role in 

determining the soil response during the cavity expansion. Cavity pressures and 

deviatoric stresses showed a direct correlation with the value of the in-situ stresses, 

whereas the volumetric strain reduced as the in-situ stress increased. Furthermore, it was 

observed that soil close to the internal cavity experienced larger shear stresses and 

volumetric strains (dilation) compared to corresponding points locates further away from 

the cavity.  
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Besides this, the influence of particle upscaling technique adopted in discrete element 

simulation of cavity expansion was also studied. Given a constant model size, the cavity 

pressure measured on the internal cavity adopting different particle upscaling factors is 

highly correlated to the size effects between the internal cavity and the median particle 

size (i.e.  / ). In addition, the deviatoric stress variations obtained adopting 

prediction spheres reveal that the upscaling factor selected plays a significant role in 

affecting the accuracy of the stress and strain predictions. It should be noted that the size 

of prediction spheres has to be relatively small when measuring the variations of stresses 

and strains at a particular point of interest. Furthermore, despite the fact that the upscaling 

of particles leads to less impact on the soil radial displacement, it is firmly believed that 

the predictions will be unreliable if the particles are upscaled excessively and 

consequently leads to insufficient number particles in numerical analysis. Therefore, it 

can be concluded that the particle upscaling adopting an appropriate factor can be 

efficient to reduce the computational effort while achieving a reasonable level of accuracy.  
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Chapter 7 - Conclusions and Recommendations 

7.1 General Conclusions 

This research study has adopted discrete element method to investigate the installation 

effects of displacement based rigid inclusions in cohesionless and lightly cemented soils 

through cylindrical cavity expansion simulations. True scale three-dimensional models 

considering realistic initial stress fields and boundary conditions in-situ were carefully 

selected. The microscopic contact constitutive laws describing the behaviour between 

adjacent soil particles at their contacting interfaces were calibrated against experimental 

testing results, and the calibration was attained by matching the experimental 

macroscopic stress - strain curves with that obtained from numerical simulations.  The 

outcomes of this research study are potentially beneficial for the piling contractors, 

practicing engineers as well as future researchers by providing a better understanding of 

the soil response during the cavity expansion in a microscopic view. Discrete element 

simulations can largely offer practicing engineers and pilling contractors an alternative to 

investigate the installation effects numerically. Therefore, assessing the pile installation 

effects will no longer solely rely on the empirical correlations or relevant theoretical 

analyses. It is expected that the results obtained will encourage the use of three-

dimensional numerical models to accurately assess the installation effects rather than 

restricting its application to solely qualitative analysis. 
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7.2 Influence of Particle Contact Models on Soil Response of Poorly 

Graded Sand during Cavity Expansion in Discrete Element 

The numerical model simulating the cylindrical cavity expansion subjected to cavity 

expansion in sandy soils considering three different contact constitutive models, namely 

Linear, Rolling Resistance and Hertz contact models was proposed. The simulations with 

different contact models have been calibrated adopting the experimental results obtained 

from a triaxial test in plane stain condition on a poorly graded medium dense sand. The 

calibration process calibrating the microscopic contact parameters including the 

methodology adopted and parametric studies carried out was expounded. In addition, 

micro-mechanical formulations based on the contact forces have been developed 

explaining the soil dilation and strain softening in a microscopic point of view. 

The numerical predictions indicated that these calibrated contact models produced similar 

results in terms of cavity pressure variations, radial stress distributions, deviatoric stress 

and volumetric strain variations as well as soil radial movement, confirming that the soil 

response during the cavity expansion is highly correlated to its behaviour during the 

triaxial test used for the model calibration. Additionally, strain-softening behaviour due 

to the dilatancy of medium dense specimen has been captured during the cavity expansion, 

and the volumetric strain predicted shows an initial slight contraction followed by dilation 

at larger shear strains. However, it should be highlighted that if the soil particles are 

highly angular (e.g. ballast particles), modelling adopting simplified Linear contact model 

may result in inaccurate predictions. Furthermore, according to the results reported in this 



260 
 

study, at a radial distance beyond 11  and 8  (  being the final cavity radius), soil 

displacement and radial stress variations would be insignificant, respectively. Thus, the 

effects of soil displacement due to installation of displacement-based inclusions (such as 

driven piles and vertical drains used in ground improvement) on nearby structures should 

be considered carefully by practicing engineers when piling in similar ground conditions.  

7.3 Three-Dimensional Discrete Element Simulation of Cylindrical 

Cavity Expansion from Zero Initial Radius in Sand  

A realistic scale discrete element model was developed investigating the influence of the 

choice of the initial cavity radius on the soil response during cavity expansion for a given 

expansion volume. The results obtained confirmed that the choice of initial cavity radius 

could significantly influence the soil response at the earlier stages of the cavity expansion.  

By adopting zero or a small initial cavity size, the cavity pressure measured during 

expansion in dense sand showed a massive increase to the peak, followed by a continuous 

decrease to a constant pressure.  However, the maximum predicted cavity pressure 

changed inversely with the initial cavity radius, while the ultimate cavity pressure was 

not sensitive to the choice of the initial cavity radius. In other words, for a given expansion 

volume, creating a cylindrical cavity (i.e. 0,  is the initial cavity radius) induces 

larger stresses in the soil compared to expanding existing cavities in the same soil medium, 

while the pressure needed to maintain an already expanded cavity is not sensitive to the 

choice of the initial cavity radius. In general, the variations of the internal cavity pressure 

during the expansion process in both loose and dense sands followed the same trend, 
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while the magnitudes of the peak and ultimate pressures were significantly lower in loose 

sand. However, it is recommended that practicing engineers should consider the 

difference in cavity pressure induced by different initial radii when assessing the 

variations of stress path, volumetric strain and deviatoric stress in coarse grained soils. 

Given the same expansion percentage, creating a cavity (i.e. = 0), in general, resulted 

in the largest deviatoric stresses, mean stresses, and shear strains in the soil, whereas the 

cavity expansion with the largest initial radius considered in this study (i.e.  is the initial 

cavity radius =1/4 ,  is the radius of column), led to the lowest corresponding values. 

In addition, adopting cylindrical cavity expansion in plane strain condition, the loose sand 

experienced a dilative behaviour when the cavity expansion started from infinitesimal 

initial radii (i.e.  = 0 and ( =1/16 ). 

Furthermore, both radial and hoop stresses decreased dramatically with the radial distance, 

and the radial pressure eventually reached the initial stress field when the measurements 

were taken at large radial distances (i.e. ) for loose sand and  for dense 

sand); where,  is the radial distance measured from the centre of the cavity, and  is the 

final cavity radius determined based on the constant volume theory.  

Moreover, the radial soil displacement showed a significant decrease with the radial 

distance. The influence zone induced by the cavity expansion in loose sand was 

approximately 25 , while a larger influence zone (approximately 30 ) must be 

considered in the dense sand to eliminate the boundary effects. Hence, practicing 

engineers may use the above criteria to eliminate the adverse effects of lateral soil 
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movement to adjacent structures when installing the displacement-based inclusions in 

granular materials.  

7.4 Discrete Element Simulation of Cavity Expansion in Lightly 

Cemented Sands Considering Cementation Degradation 

A three-dimensional discrete element simulation investigating the effects of cementation 

on the response of lightly cemented sands during cavity expansion was carried out. The 

results confirmed that the cementation level played an important role in determining the 

soil response, in the installation of displacement-based inclusions. With an increase in 

cement content, the soil dilation was more pronounced at points located at a closer radial 

distance to the internal cavity. However, with the increase in radial distance where the 

structure of the cementation remains intact, the dilation was impeded since the 

cementation led to a lower degree of freedom for particles overriding each other.  In 

addition, a slight offset was observed between the maximum dilatancy and the peak cavity 

pressure, which was attributed to the hindering effects induced by the cementation 

between particles. 

Regarding the cementation degradation characteristics, the peak cavity pressure was 

reached when the breakage of the cementation bonds reached its maximum value, and the 

bond breakage slowed down as the cavity expanded further. It was found that for a given 

expansion volume, structured sand with higher cement content experienced less 

deviatoric strains due to the additional shear resistance stemming from the cementation 
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bonds between aggregates. Given the cemented sand considered in this study, the failure 

mode of the lightly cemented sand was mainly controlled by the shear rather than tensile 

strength at the contacting interfaces. The failure envelope of the cemented sand was 

nonlinear and gradually merged with the critical state line with the increase in the 

volumetric and shear strains inducing the cementation degradation. The softening 

behaviour of cemented soils during cavity expansion due to breakage of cementation 

bonds should be considered by design engineers when assessing the strength 

characteristics of the lightly cemented sands in the vicinity of an expanded cavity (e.g. 

installation piles or concrete injected columns). In addition, the influence zone in terms 

of cementation bond breakage induced by cavity expansion was found to be 

approximately 4  (  being the final cavity radius). 

The radial soil displacements induced by the cavity expansion showed inconspicuous 

difference regardless of the cement content when the radial distance from the cavity was 

less than 4 . However, as the radial distance extended beyond 4 , soils with higher 

cement content experienced a larger radial displacement, confirming that the influence 

zone in terms of lateral displacement is highly dependent on the level of cementation. 

Hence, care must be taken by practicing engineers when piling in lightly cemented sand 

in the presence of neighbouring structures and facilities. 
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7.5 Impact of Initial In-Situ Stress Field and Particle Scaling on Soil 

Response during Cavity Expansion Using Discrete Element Simulation 

The developed three-dimensional model was also adopted in studying the effects of in-

situ stress field and particle scaling on the soil response. Numerical results confirmed that 

the initial stress field plays a significant role in determining the soil response during the 

cavity expansion. Cavity pressures and deviatoric stresses showed a direct correlation 

with the value of the in-situ stresses, whereas the volumetric strain reduced as the in-situ 

stress increased. In other words, the pressure required to expand an existing cavity in the 

deeper ground is larger than the corresponding pressure in shallower ground, while the 

induced volume changes become less evident with the increase in soil depth.  

Besides the in-situ stress field, the impact of particle upscaling technique commonly 

adopted to reduce the computational effort was also studied. It was found that given a 

constant model size, the cavity pressure measured on the internal cavity adopting different 

particle upscaling factors is highly correlated to the size effects between the internal 

cavity and the median particle size (i.e. ). It can be concluded  > 8 is a 

prerequisite to obtain reliable results using discrete element cavity expansion simulations. 

In addition, the deviatoric stress variations obtained adopting prediction spheres reveal 

that the upscaling factor selected plays a significant role in affecting the accuracy of the 

stress and strain predictions. It should be noted that the size of prediction spheres has to 

be relatively small when measuring the variations of stresses and strains at a particular 

point of interest. Therefore, given a constant size of the prediction sphere ( ), it is 
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highly recommended to adopt a relatively smaller particle upscaling factor (i.e. upscaling 

factor < 50) to ensure that a sufficient number of particles are included within the 

prediction sphere (i.e.  > 6) to obtain reliable results. Furthermore, despite the 

fact that the upscaling of particles leads to less impact on the soil radial displacement, it 

is firmly believed that the predictions will be unreliable if the particles are upscaled 

excessively and consequently leads to insufficient number particles in numerical analysis. 

Therefore, it can be concluded that the particle upscaling adopting an appropriate factor 

can be efficient to reduce the computational effort while achieving a reasonable level of 

accuracy. 

7.6 Recommendations for Future Research 

The current study concentrated on developing a discrete element model to investigate the 

installation effects of rigid inclusions (e.g. driven piles, controlled modulus columns), 

particularly focusing on the stress-strain, strength, deformation and displacement 

characteristics of the surrounding soil during the installation process in both clean sand 

and lightly cemented sand. To further expand this research study, the following 

recommendations can be made: 

 The simulation of the actual auger boring or penetration process may be incorporated in 

the numerical model considering the realistic shape and dimensions such as continuous 

flight auger (CFA) or controlled modulus columns (CMC). 
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 The effects of particle crushing and angularities (i.e. shape) may be considered, and the 

model can be furtherly enlarged to account for the vertical soil movement in assessing 

such installation effects of displacement-based inclusions. 

 The installation effects can be extended to heavily cemented soils, in which a user defined 

contact model may be developed considering the cementation at the voids.  

 Moreover, the  DEM simulations considering the pore water effect through a coupling 

analysis with the computational fluid solver may be considered for cavity expansion in 

saturated soils. 
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