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ABSTRACT

Learning with Limited Labeled Data

by

Yanbin Liu

The recent success of convolutional neural networks (CNNs) relies on a large

amount of annotated training data. However, many research problems suffer from

the scarcity of labeled data, since annotating a large number of data is time-

consuming or infeasible. This dissertation focuses on learning with limited labeled

data and addresses two problems: few-shot classification and object matching.

For few-shot classification, a transductive propagation network (TPN) is first

proposed to deal with the low-data issue. The idea is learning to propagate labels

from labeled instances to unlabeled ones by exploiting the manifold structure of the

data. Then, online feature selection with imbalanced streaming data, as a special

few-shot problem, is tackled by the proposed adaptive sparse confidence-weighted

(ASCW) algorithm. This algorithm utilizes the confidence-weighted (CW) learn-

ing to explore the feature correlation and maintains multiple confidence-weighted

learners with different costs to address the imbalanced issue.

For object matching, since the labeled matching pairs are usually scarce, find-

ing the potential matching among unpaired objects is important. Based on this

idea, two models are proposed to solve object matching with limited labeled data.

First, a squared-loss mutual information (SMI) estimator is proposed to utilize a

small number of paired samples and the available unpaired ones. The estimator is

formulated with optimal transport and quadratic programming in an iterative way.

Second, the specific object matching problem, namely semantic correspondence, can

be solved in a unified optimal transport framework. The many to one matching and

background matching issues are well addressed in the proposed framework.



To evaluate the effectiveness of the aforementioned algorithms with limited la-

beled data, extensive experiments are conducted on various benchmark datasets,

ranging from the UCI machine learning repository, few-shot image classification

datasets, semantic correspondence datasets, etc.

Dissertation directed by Professor Yi Yang
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Chapter 1

Introduction

1.1 Background and Research Problem

Convolutional neural networks (CNNs) have achieved great success in a wide

range of machine learning and computer vision problems, such as mutual informa-

tion estimation [4], image classification [5, 6, 7], semantic correspondence [1, 8, 9],

or semantic segmentation [10, 11]. The recent success of CNNs mainly relies on:

1) the vast computation power provided by modern GPU [12] and TPU [13], and

2) the large amount of labeled data to train the network parameters. The com-

putation power is steadily increasing with newly designed GPU or TPU devices.

However, collecting and annotating a large amount of labeled data is often labori-

ous (e.g., pixel-wise annotation in segmentation) or even infeasible (e.g., rare-species

classification), making labeled data insufficient or scare. Therefore, the scarcity of

labeled data has become a bottleneck that hinders CNNs from being applied to

many real-world applications, such as medical image segmentation [14], and image

matching [15].

A natural way to address this limited labeled data issue is to learn transfer-

able model using abundant external data. This idea is implemented from differ-

ent perspectives, including unsupervised learning [16, 17, 18], self-supervised learn-

ing [19, 20, 21], semi-supervised learning [22], and meta-learning [23, 24, 25]. Re-

cent unsupervised learning algorithms utilize a clustering step to generate pseudo-

labels to serve as supervision signal. Clustering algorithms such as k -means [16]

or Sinkhorn-Knopp [17] are employed. Self-supervised learning constructs pretext
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tasks from the structure or context of unlabeled data. These pretext tasks pro-

vide surrogate supervision signal for feature learning. Typical pretext tasks include

jigsaw puzzle [19], rotation prediction [20], contrastive learning [21, 26, 27]. Semi-

supervised learning explores the potential relationship between few labeled examples

and abundant unlabeled examples. The relationship can be established by either

graph-based methods such as label propagation [28, 29] (i.e., to propagate label

information between labeled and unlabeled examples) or augmentation-based meth-

ods such as MixMatch [30] (i.e., to infer low-entropy labels for data-augmented

unlabeled examples). The augmentation-based methods generally originates from

mixup [31] and yield a series of variants such as MixMatch [30], ReMixMatch [32],

FixMatch [33] and so on. Finally, meta-learning introduces a new learning paradigm:

instead of sampling a mini-batch of examples from the training classes, one can cre-

ate a series of learning tasks (i.e., episodes) with each task composed of few labeled

examples called a support set and several unlabeled examples called a query set.

Most meta-learning algorithms can be divided into metric-based methods that learn

a transferable metric-space and optimization-based methods that learn a general

updating rule with few examples.

In parallel with the aforementioned algorithms, this dissertation solves the lim-

ited labeled data issue and focuses on two specific problems: few-shot classification

and object matching.

This thesis addresses few-shot classification in two different but related settings.

First, for few-shot image classification, I propose Transductive Propagation Network

(TPN), a novel meta-learning framework for transductive inference that classifies

the entire test set to alleviate the low-data problem. TPN introduces the concept of

learning to propagate labels by message passing from labeled instances to unlabeled

test instances. Second, online learning with imbalanced streaming data can be seen

as a special few-shot problem, since each time the algorithm receives one or few ex-
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amples. I propose an adaptive sparse confidence-weighted (ASCW) algorithm to deal

with this problem. This algorithm utilizes the confidence-weighted (CW) learning

to explore the feature correlation and maintains multiple confidence-weighted learn-

ers with different costs to address the imbalanced issue. These two methods are

highly related in the sense that both of them contain a closed-form algorithm∗ as

the basic block. In TPN, the closed-form algorithm is label propagation [34], while

in ASCW, it is confidence-weighted (CW) learning. The utilization of closed-form

algorithms in few-shot classification has two advantages: (1) the closed-form algo-

rithm is parameter-efficient and easy to solve, thus preventing the learned model

from overfitting to the few-shot examples; (2) back-propagating through the closed-

form algorithm can be explicitly implemented, making it easy to be incorporated

into the powerful models such as deep neural networks.

For object matching, the labeled matching pairs are usually limited since the

potential matching pairs of two object lists are quadratic with respect to the list

size. In this situation, automatically finding high-confident matching pairs from

unlabeled objects is an efficient strategy. Based on this, I propose two methods to

solve object matching with limited labeled data. First, a squared-loss mutual infor-

mation (SMI) estimator is proposed to utilize a small number of paired samples and

the available unpaired ones. The estimator is formulated with optimal transport

and quadratic programming in an iterative way. Second, a specific object matching

problem, namely semantic correspondence, is solved in the unified optimal transport

framework. The many to one matching and background matching issues are well

addressed in the proposed framework. In both methods, the matching problem is

modeled as an optimal transport problem, which is solved by the efficient Sinkhorn

algorithm. Sinkhorn algorithm has a quadratic complexity and only involves simple

∗Closed-form algorithm means that the problem is solved with a direct equation rather than

complex optimization procedures.
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matrix operations. Therefore, the back-propagation through Sinkhorn can be ex-

plicitly implemented in an parameter-efficient way, leading to natural combination

with deep neural networks.

Considering both the few-shot classification and object matching problems, we

summarize that the expected model for learning with limited labeled data should

meet several criterions: (1) it should be parameter-efficient, which is less probable

to overfit to few training examples; (2) it should induce simple and explicit gradient

computation, which make it easily incorporated into powerful models such as deep

neural networks. In this thesis, all the four proposed methods satisfy these criterions,

either by closed-form solution or by efficient Sinkhorn iteration.

1.2 Thesis Organization

This thesis is organised as follows:

• Chapter 2: This chapter presents a literature survey of various research top-

ics related to few-shot classification and object matching, including few-shot

image classification, online learning, mutual information estimation, and se-

mantic correspondence.

• Chapter 3: This chapter proposes a Transductive Propagation Network (TPN)

to model transductive inference explicitly in few-shot image classification. This

is realized by learning to propagate labels among data instances from unseen

classes via episodic meta-learning. The contents in this chapter is published

in ICLR 2019 (C-1 in the list of publications section).

• Chapter 4: This chapter copes with the online learning problem under im-

balanced streaming data. An adaptive sparse confidence-weighted (ASCW)

algorithm is proposed to model the feature correlations and alleviate the im-



5

balanced data issue. The contents in this chapter is published in AAAI 2019

(C-2 in the list of publications section).

• Chapter 5: This chapter formulates the squared-loss mutual information (SMI)

estimator with optimal transport and quadratic programming in an iterative

way. This estimator can be applied to many object matching applications,

including deep image matching and photo album summarization. The contents

in this chapter is released on arxiv preprints (P-1 in the list of publications

section).

• Chapter 6: This chapter solves the many to one matching and background

matching issues in semantic correspondence. These issues are well addressed

in the proposed optimal transport framework. The contents in this chapter is

published in CVPR 2020 (C-3 in the list of publications section).

• Chapter 7: I summarize the contents and contributions of this thesis. Potential

directions for future work is also given.

Among all the above Chapters, Chapter 3, 4, 5, 6 describe four main methods

that show high correspondences. All four Chapters employ the parameter-efficient

and computation-efficient algorithms to handle the limited labeled data in order to

prevent the overfitting issue. Concretely, Chapter 3 and Chapter 4 utilize closed-

form algorithms, i.e., label propagation and CW. Chapter 5 and Chapter 6 make

use of the efficient Sinkhorn iteration. Due to their efficiency, these algorithm can be

easily combined with powerful models such as deep neural networks. More detailed

descriptions are included in each Chapter.
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Chapter 2

Literature Survey

Learning with limited labeled data involves many research areas, such as unsu-

pervised learning, semi-supervised learning, self-supervised learning, and few-shot

learning. This thesis focuses on two problems: few-shot classification and object

matching. The two problems are closely related to few-shot learning (cf. Section 2.1),

online learning (cf. Section 2.2), mutual information estimation (cf. Section 2.3),

and semantic correspondence (cf. Section 2.4), which will be elaborated sequentially.

2.1 Few-shot Learning

Meta-learning. In recent works, few-shot learning often follows the idea of meta-

learning [35, 36]. Meta-learning tries to optimize over batches of tasks rather than

batches of data points. Each task relates to a learning problem, obtaining good

performance on these tasks helps to learn quickly and generalize well to the tar-

get few-shot problem without suffering from overfitting. The well-known MAML

approach [24] aims to find more transferable representations with sensitive parame-

ters. Reptile [37] is proposed as a first-order∗ meta-learning approach. It is closely

related to first-order MAML but does not need a training-test split for each task.

Compared with the above methods, the proposed Transductive Propagation Net-

works (TPN) in this thesis has a closed-form solution for label propagation on the

query points. Closed-form solution means that the problem can be solved with ex-

plicit equation form rather than complex optimization procedure. The closed-form

∗First-order here means only utilize first-order derivatives rather than higher orders such as

Hessian matrix.
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solutions are much simpler and more efficient to compute, thus avoiding gradient

computation through a complex optimization process (e.g., SGD in [24, 25, 37],

SVM optimization in [38]) in the inner update† and usually performs faster.

Embedding and metric learning approaches. Another category of few-shot

learning approach aims to optimize the transferable embedding using metric learning

approaches. Matching networks [39] produce a weighted nearest neighbor classifier

given the support set and adjust feature embedding according to the performance

on the query set. Prototypical networks [23] first calculate the mean of all support

set embedding from a given class as the class prototype. Then the transferability of

feature embedding is evaluated by finding the nearest class prototype for embedded

query points. An extension of prototypical networks is proposed in [28] to deal with

semi-supervised few-shot learning. Relation Network [40] learns to learn a deep

distance metric to compare a small number of images within episodes. The proposed

Transductive Propagation Networks (TPN) is similar to these approaches in the sense

that they all focus on learning deep embedding with strong generalization ability.

However, the proposed algorithm assumes a transductive setting, in which it utilize

the union of support set and query set to exploit the manifold structure of novel

class space by using episodic-wise parameters.

Transduction. The setting of transductive inference was first introduced by Vap-

nik [41]. Transductive Support Vector Machines (TSVMs) [42] is a margin-based

classification method that minimizes errors of a particular test set. It shows sub-

stantial improvements over inductive methods, especially for small training sets.

†Many meta-learning methods follow the inner-outer parameter update structure, which is

similar to bi-level optimization. The inner-update perform adaptation to a specific task while the

outer seeks for a good shared parameter initialization.



8

Graph-based methods [34, 43, 44, 45] are another category of transduction methods.

Label propagation is proposed by [34] to transfer labels from labeled to unlabeled

data instances guided by the weighted graph. Label propagation is sensitive to vari-

ance σ of the features (as shown in Eqn. 3.1), so Linear Neighborhood Propagation

(LNP) [43] constructs approximated Laplacian matrix to avoid this issue. In [46],

minimum spanning tree heuristic and entropy minimization are used to learn the

parameter σ. In all these prior work, the graph construction is done on a pre-defined

feature space using manually selected hyperparamters since it is not possible to learn

them at test time. Our approach, on the other hand, is able to learn the graph con-

struction network since it is a meta-learning framework with episodic training, where

at each episode we simulate the test set with a subset of the training set.

In few-shot learning, [37] experiments with a transductive setting and shows

improvements. However, they only share information between test examples via

batch normalization [47] rather than explicitly model the transductive setting as in

our algorithm.

2.2 Online Learning

Online learning has been extensively studied in machine learning community [48,

49, 50, 51, 52, 53]. First-order algorithms [48, 54] usually ignore the direction and

scale of parameter updates. Confidence-weighted (CW) learning [49] addresses this

issue by assuming a Gaussian distribution over weights with mean μ ∈ R
d and

covariance Σ ∈ R
d×d and solves it with closed-form solution by the KKT condition.

Specifically, parameters with less confidence are updated more aggressively than

more confident ones, which ensures the probability of correct classification for new

instances exceeds a specified confidence. However, the aggressive update rules based

on separable data assumption (i.e., there exists a linear hyperplane to separate the

training classes) may cause over-fitting for noisy data. Adaptive Regularization of



9

Weights (AROW) [51] relaxes such a separable assumption by employing a soft-

margin squared hinge loss plus a confidence penalty. As another solution, Soft

Confidence-weighted (SCW) [50] assigns adaptive margins for different instances.

Cost-sensitive approaches have been proposed to deal with imbalanced online

learning problem, such as CSOGD [55], CSOAL [56], and MBPA [57]. They either

utilize PA [48] or OGD [54] updating rules, which only considers the first-order

information and ignore covariance structure. ACOG [58] adopts the idea of adaptive

regularization to incorporate the second-order information, which is similar to the

proposed Adaptive Sparse Confidence-Weighted (ASCW) algorithm in Chapter 4.

However, they use ad-hoc cost values computed from the training instances while

ASCW dynamically chooses the optimal cost from a set of candidates.

Many online feature selection methods have been proposed recently [59, 60, 61,

62, 57, 63, 64], most of which are first-order methods. For example, OFS [62] adopts

the first-order Perceptron updating rule [65] and MBPA [57] utilizes the first-order

PA [48] updating rule. Based on CW learning, [63] tries to incorporate the diagonal

elements of the covariance matrix for online feature selection. However, the feature

correlations are not fully explored by only using diagonal information. Compared

with the above methods, the proposed ASCW algorithm not only explores feature

correlations by incorporating second-order covariance structure but also selects fea-

tures that can better fit the imbalanced evaluation metrics (such as F-measure,

AUROC, and AUPR). Different from the regular balanced metrics such as average

accuracy, the imbalanced evaluation metrics pay different attention to the exam-

ples of the majority classes and minority classes. Due to this property, our adaptive

cost-selection strategy is well-devised to re-weight the majority and minority classes.
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2.3 Mutual Information Estimation

The squared-loss mutual information estimator proposed in Chapter 5 is related

to the general mutual information estimation, Gromov-Wasserstein, and kernelized

sorting methods.

General mutual information estimation. The simplest approach to estimate

the MI is estimating the probability densities p(x,y) from the paired samples

{(xi,yi)}ni=1, p(x) from {xi}ni=1, and p(y) from {yi}ni=1, respectively. However, be-

cause the estimation of the probability density is also a difficult problem, the naive

approach does not tend to work well. To handle this, a density-ratio based approach

is more suitable [66, 67]. More recently, a deep learning based mutual information

estimation algorithm has been proposed [4]. However, these approaches still require

a large number of paired samples to estimate the models. Thus, if only a limited

number of paired samples are available, existing approaches are not efficient.

Most recently, the Wasserstein Dependency Measure (WDM), which measures

the discrepancy between the joint probability p(x,y) and its marginals p(x) and

p(y), has been proposed and used for representation learning [68]. Formally, WDM

is defined as follows

IW(x; y)
def
= W(p(x, y), p(x)p(y)) ,

where W is the Wasserstein distance. Since WDM can be used as an independence

measure, it is highly related to the proposed LSMI-Sinkhorn algorithm in Chapter 5.

The differences are that [68] focuses on finding a discriminative representation by

maximizing WDM (i.e., maximize the mutual information), while LSMI-Sinkhorn

focuses on estimating SMI itself.
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Gromov-Wasserstein Given two set of vectors in different spaces, the Gromov-

Wasserstein distance [69] can be used to find the optimal alignment between them.

This method considers the pair-wise distance D(·, ·) between samples in the same set

({xi}nx
i=1 or {yj}ny

j=1) to build the distance matrix, then it finds a matching matrix

Π (πij ∈ Π) by minimizing the difference between the pair-wise distance matrices:

min
Π

nx∑
i=1

ny∑
j=1

nx∑
i′=1

ny∑
i′=1

πijπi′j′(D(xi,xi′)−D(yj,yj′))
2,

s.t. Π1ny = a,Π�1nx = b, πij ≥ 0,

where a ∈ Σnx , b ∈ Σny and Σn = {p ∈ R
+
n ;

∑
i pi = 1} is the probability simplex.

Therefore, in order to use Gromove-Wasserstein for mutual information estimation,

the alignment needs to be estimated first, and then the SMI can be estimated with

the aligned samples.

Computing Gromov-Wasserstein distance requires solving the quadratic assign-

ment problem (QAP), and it is generally NP-hard for arbitrary inputs [70, 71]. In

this thesis, I estimate the SMI by simultaneously solving the alignment and fit-

ting the distribution ratio by efficiently leveraging the Sinkhorn algorithm [72] and

properties of the squared-loss. I show that my approach can be considered as an

example of the Gromov-Wasserstein by properly setting the cost function. Recently,

semi-supervised Gromov-Wasserstein-based Optimal transport has been proposed

and applied to the heterogeneous domain adaptation problems [73]. Their approach

can handle tasks similar to those mentioned in this thesis. However, their method

cannot be used to measure the independence.

Kernelized Sorting. The kernelized sorting [74, 75] is highly related to the

Gromov-Wasserstein. Specifically, the kernelized sorting determines a set of paired

samples by maximizing the Hilbert-Schmidt independence criterion (HSIC) between

samples [76]. One of the constraints in kernelized sorting is to enforce the number



12

of samples in different domains (i.e., {x′
i}n′

i=1 and {y′
i}n′

j=1) to be the same, while the

proposed approach does not require such a constraint.

2.4 Semantic Correspondence

From a task perspective, the semantic correspondence problem in Chapter 6 is

solved with hand-crafted features and CNN features . From a methodology

perspective, the proposed SCOT algorithm in Chapter 6 is related to the class

activation map (CAM) and optimal transport techniques. These related works

are detailed in the following.

Hand-crafted features. Early works on semantic correspondence employ hand-

crafted descriptors like SIFT [77] or HOG [78] together with geometric models [79,

80]. Cho et al. [81] use region proposals and HOG features in Probablistic Hough

Matching (PHM) algorithm for semantic matching. Ham et al. [82] propose a

local-offset matching algorithm and introduce the PF-PASCAL benchmark.

CNN features. Recent methods employ image features from convolutional neural

networks. Many of them [83, 84, 9, 85, 1, 2] are semantic flow approaches that at-

tempts to find correspondence for individual pixel or patches. Han et al. [84] develop

a dynamic fusion strategy based on attention mechanism to obtain a context-aware

semantic representation. Lee et al. [9] train a CNN for semantic correspondence

by using images annotated with binary foreground masks. Min et al. [1] use beam

search algorithm on validation split of the specific dataset to find the optimal subset

of deep convolutional layers.

In other methods [86, 87, 88, 3], semantic correspondence is solved as a geometric

alignment problem trained with different levels of supervision. Rocco et al. [88]

propose a two-stage regression model that utilizes self-supervision from synthetically
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generated images. Rocco et al. [3] then develop a semantic alignment model that is

end-to-end trainable from weakly supervised data. Laskar et al. [89] cast semantic

correspondence as solving a 2D point set registration problem by using keypoint-level

supervision. Different from these methods, the proposed algorithm does not rely on

specific kind of supervision and is flexible to use either pre-trained or finetuned

models.

The comparison and visualization of several state-of-the-art semantic correspon-

dence methods are shown in Figure 6.4. Our method only makes use of a pre-trained

step on ImageNet classification task, while others either utilize a self-supervised or a

weakly-supervised training step. Free from the task-specific supervision, our method

is general applicable to a wider range of scenarios.

Class activation map. The idea of generating class activation map (CAM) from

a classification CNN model is first introduced by Zhou et al. [90]. They compute

a weighted sum of the feature maps of the last convolutional layer to obtain the

class activation maps. Zhang et al. [91] then provide a simple way by directly

selecting the class-specific feature maps of the last convolutional layer and prove the

equivalence to [90]. Gradient-weighted Class Activation Mapping (Grad-CAM) is

proposed by Selvaraju et al. [92]. They utilize the gradients of any target concept to

produce a coarse localization map highlighting the important regions in the image

for predicting the concept.

Optimal transport. Optimal transport provides a way to infer the correspon-

dence between two distributions. Recently, it has received great attention in various

computer vision tasks. Courty et al. [93] solve domain adaptation problem by

learning a transportation plan from source domain to target domain. Su et al. [94]

employ optimal transport to deal with the 3D shape matching and surface registra-
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tion problem. Other applications include generative model [95, 96, 97, 98], graph

matching [99, 100], etc. To the best of my knowledge, this is the first to model the

semantic correspondence problem in the optimal transport framework.
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Chapter 3

Learning to Propagate Labels: Transductive
Propagation Network for Few-shot Learning

3.1 Introduction

Recent breakthroughs in deep learning [5, 6, 7] highly rely on the availability

of large amounts of labeled data. However, this reliance on large data increases

the burden of data collection, which hinders its potential applications to the low-

data regime where the labeled data is rare and difficult to gather. On the contrary,

humans have the ability to recognize new objects after observing only one or few

instances [101]. For example, children can generalize the concept of “apple” after

given a single instance of it. This significant gap between human and deep learning

has reawakened the research interest on few-shot learning [39, 23, 24, 25, 102, 103,

104].

Few-shot learning aims to learn a classifier that generalizes well with a few ex-

amples of each of these classes. Traditional techniques such as fine-tuning [105] that

work well with deep learning models would severely overfit on this task [39, 24], since

a single or only a few labeled instances would not accurately represent the true data

distribution and will result in the high variance classifiers. The high-variance clas-

sifiers are sensitive to the choice of training examples, which cannot generalize well

to new data.

In order to solve this overfitting problem, [39] proposed a meta-learning strategy

which learns over diverse classification tasks over large number of episodes rather

than only on the target classification task. In each episode, the algorithm learns
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the embedding of the few labeled examples (the support set), which can be used to

predict classes for the unlabeled points (the query set) by distance in the embed-

ding space. The purpose of episodic training is to mimic the real test environment

containing few-shot support set and unlabeled query set. The consistency between

training and test environment alleviates the distribution gap and improves general-

ization. This episodic meta-learning strategy, due to its generalization performance,

has been adapted by many follow-up work on few-shot learning. [24] learned a good

initialization that can adapt quickly to the target tasks. [23] used episodes to train

a good representation and predict classes by computing Euclidean distance with

respect to class prototypes.

Although episodic strategy is an effective approach for few-shot learning as it

aims at generalizing to unseen classification tasks, the fundamental difficulty with

learning with scarce data remains for a novel classification task. One way to achieve

larger improvements with limited amount of training data is to consider relationships

between instances in the test set and thus predicting them as a whole, which is

referred to as transduction, or transductive inference. In previous work [42, 34, 41],

transductive inference has shown to outperform inductive methods which predict

test examples one by one, especially in small training sets. One popular approach

for transduction is to construct a network on both the labeled and unlabeled data,

and propagate labels between them for joint prediction. However, the main challenge

with such label propagation (and transduction) is that the label propagation network

is often obtained without consideration of the main task (i.e., the target evaluation

task), since it is not possible to learn them at the test time.

Yet, with the meta-learning by episodic training, we can learn the label propa-

gation network as the query examples sampled from the training set can be used to

simulate the real test set for transductive inference. Motivated by this finding, we

propose Transductive Propagation Network (TPN) to deal with the low-data prob-
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Transductive Propagation Network

Task 1 Task 2 Test Task

unlabeled
labeledMeta-train Meta-test

Figure 3.1 : A conceptual illustration of our transductive meta-learning framework, where

lines between nodes represent graph connections and their colors represent the potential

direction of label propagation. The neighborhood graph is episodic-wisely trained for

transductive inference.

lem. Instead of applying the inductive inference, we utilize the entire query set for

transductive inference (see Figure 3.1). Specifically, we first map the input to an

embedding space using a deep neural network. Then a graph construction mod-

ule is proposed to exploit the manifold structure of the novel class space using the

union of support set and query set. According to the graph structure, iterative label

propagation is applied to propagate labels from the support set to the query set

and finally leads to a closed-form solution. With the propagated scores and ground

truth labels of the query set, we compute the cross-entropy loss with respect to the

feature embedding and graph construction parameters. Finally, all parameters can

be updated end-to-end using backpropagation.

The main contribution of this work is threefold.

• To the best of our knowledge, we are the first to model transductive infer-

ence explicitly in few-shot learning. Although [37] experimented with a trans-
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ductive setting, they only share information between test examples by batch

normalization rather than directly proposing a transductive model.

• In transductive inference, we propose to learn to propagate labels between data

instances for unseen classes via episodic meta-learning. This learned label

propagation graph is shown to significantly outperform naive heuristic-based

label propagation methods [34].

• We evaluate our approach on two benchmark datasets for few-shot learning,

namely miniImageNet and tieredImageNet. The experimental results show

that our Transductive Propagation Network outperforms the state-of-the-art

methods on both datasets. Also, with semi-supervised learning, our algorithm

achieves even higher performance, outperforming all semi-supervised few-shot

learning baselines.

3.2 Main approach

In this section, we introduce the proposed algorithm that utilizes the manifold

structure of the given few-shot classification task to improve the performance.

3.2.1 Problem definition

We follow the episodic paradigm [39] that effectively trains a meta-learner for

few-shot classification tasks, which is commonly employed in various literature [23,

24, 37, 40, 106]. Given a relatively large labeled dataset with a set of classes Ctrain,
the objective of this setting is to train classifiers for an unseen set of novel classes

Ctest, for which only a few labeled examples are available.

In each episode, a small subset of N classes are sampled from Ctrain to construct a

support set and a query set. The support set contains K examples from each of the N

classes (N -way K-shot setting) denoted as S = {(x1, y1), (x2, y2), . . . , (xNK , yNK)},
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Figure 3.2 : The overall framework of our algorithm in which the manifold structure of

the entire query set helps to learn better decision boundary. The proposed algorithm is

composed of four components: feature embedding, graph construction, label propagation,

and loss generation.

while the query set Q = {(x∗
1, y

∗
1), (x

∗
2, y

∗
2), . . . , (x

∗
T , y

∗
T )} includes different examples

from the same N classes. Here, the support set S in each episode serves as the labeled

training set on which the model is trained to minimize the loss of its predictions for

the query set Q. This procedure mimics training classifiers for Ctest and goes episode

by episode until convergence.

Meta-learning implemented by the episodic training reasonably performs well

to few-shot classification tasks. Yet, due to the lack of labeled instances (K is

usually very small) in the support set, we observe that a reliable classifier is still

difficult to be obtained. This motivates us to consider a transductive setting that

utilizes the whole query set for the prediction rather than predicting each example

independently. Taking the entire query set into account, we can alleviate the low-

data problem and provide more reliable generalization property.
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3.2.2 Transductive Propagation Network (TPN)

We introduce Transductive Propagation Network (TPN) illustrated in Figure 3.2,

which consists of four components: feature embedding with a convolutional neural

network; graph construction that produces example-wise parameters to exploit the

manifold structure; label propagation that spreads labels from the support set S to

the query set Q; a loss generation step that computes a cross-entropy loss between

propagated labels and the ground-truths on Q to jointly train all parameters in the

framework.

Feature embedding

We employ a convolutional neural network fϕ to extract features of an input

xi, where fϕ(xi;ϕ) refers to the feature map and ϕ indicates the parameters of the

network. Despite the generality, we adopt the same architecture used in several

recent works [23, 40, 39]. By doing so, we can provide more fair comparisons in the

experiments, highlighting the effects of transductive approach. The network is made

up of four convolutional blocks where each block begins with a 2D convolutional layer

with a 3 × 3 kernel and filter size of 64. Each convolutional layer is followed by a

batch normalization layer [47], a ReLU nonlinearity and a 2× 2 max-pooling layer.

We use the same embedding function fϕ for both the support set S and the query

set Q.

Graph construction

Manifold learning [107, 34, 108] discovers the embedded low-dimensional sub-

space in the data, where it is critical to choose an appropriate neighborhood graph.

A common choice is Gaussian similarity function:

Wij = exp

(
−d(xi,xj)

2σ2

)
, (3.1)
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where d(·, ·) is a distance measure (e.g., Euclidean distance) and σ is the length

scale parameter. The neighborhood structure behaves differently with respect to

various σ, which means that it needs to carefully select the optimal σ for the best

performance of label propagation [43, 46]. In addition, we observe that there is

no principled way to tune the scale parameter in meta-learning framework, though

there exist some heuristics for dimensionalty reduction methods [109, 110].

Example-wise length-scale parameter To obtain a proper neighborhood graph

in meta-learning, we propose a graph construction module built on the union set

of support set and query set: S ∪ Q. This module is composed of a convolutional

neural network gφ which takes the feature map fϕ(xi) for xi ∈ S ∪Q to produce an

example-wise length-scale parameter σi = gφ(fϕ(xi)). Note that the scale parameter

is determined example-wisely and learned in an episodic training procedure, which

adapts well to different tasks and makes it suitable for few-shot learning. With the

example-wise σi, our similarity function is then defined as follows:

Wij = exp

(
−1

2
d
(fϕ(xi)

σi

,
fϕ(xj)

σj

))
(3.2)

where W ∈ R(NK+T )×(NK+T ) for all instances in S ∪ Q. We only keep the k-max

values in each row of W to construct a k-nearest neighbour graph. Then we apply

the normalized graph Laplacians [107] on W , that is, S = D−1/2WD−1/2, where D

is a diagonal matrix with its (i, i)-value to be the sum of the i-th row of W .

fϕ(xi)

fϕ(xj)

σi

σj

Wij = exp

(
−1

2
d(

fϕ(xi)

σi
,
fϕ(xj)

σj
)

)3× 3 conv
BatchNorm

ReLU
2× 2 max-pool

3× 3 conv
BatchNorm

ReLU
2× 2 max-pool

gφ

FC layer 1
FC layer 2

Figure 3.3 : Detailed architecture of the graph construction module, in which the length-

scale parameter is example-wisely determined.
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Graph construction structure The structure of the proposed graph construc-

tion module is shown in Figure 3.3. It is composed of two convolutional blocks and

two fully-connected layers, where each block contains a 3×3 convolution, batch nor-

malization, ReLU activation, followed by 2× 2 max pooling. The number of filters

in each convolutional block is 64 and 1, respectively. To provide an example-wise

scaling parameter, the activation map from the second convolutional block is trans-

formed into a scalar by two fully-connected layers in which the number of neurons

is 8 and 1, respectively.

Graph construction in each episode We follow the episodic paradigm for few-

shot meta-learner training. This means that the graph is individually constructed

for each task in each episode, as shown in Figure 3.1. Typically, in 5-way 5-shot

training, N = 5, K = 5, T = 75, the dimension of W is only 100 × 100, which is

quite efficient.

Label propagation

We now describe how to get predictions for the query set Q using label propaga-

tion, before the last cross-entropy loss step. Let F denote the set of (NK + T )×N

matrix with nonnegative entries. We define a label matrix Y ∈ F with Yij = 1 if

xi is from the support set and labeled as yi = j, otherwise Yij = 0. Starting from

Y , label propagation iteratively determines the unknown labels of instances in the

union set S ∪ Q according to the graph structure using the following formulation:

Ft+1 = αSFt + (1− α)Y , (3.3)

where Ft ∈ F denotes the predicted labels at the timestamp t, S denotes the nor-

malized weight, and α ∈ (0, 1) controls the amount of propagated information. It is

well known that the sequence {Ft} has a closed-form solution as follows:

F ∗ = (I − αS)−1Y , (3.4)
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where I is the identity matrix [34]. We directly utilize this result for the label

propagation, making a whole episodic meta-learning procedure more efficient in

practice.

Time complexity Matrix inversion originally takes O(n3) time complexity, which

is inefficient for large n. However, in our setting, n = NK+T (80 for 1-shot and 100

for 5-shot) is very small. Moreover, there is plenty of prior work on the scalability

and efficiency of label propagation, such as [111, 112], which can extend our work

to large-scale data.

Classification loss generation

The objective of this step is to compute the classification loss between the pre-

dictions of the union of support and query set via label propagation and the ground-

truths. We compute the cross-entropy loss between predicted scores F ∗ and ground-

truth labels from S ∪Q to learn all parameters in an end-to-end fashion, where F ∗

is converted to probabilistic score using softmax:

P (ỹi = j|xi) =
exp(F ∗

ij)∑N
j=1 exp(F

∗
ij)

. (3.5)

Here, ỹi denotes the final predicted label for ith instance in the union of support

and query set and F ∗
ij denotes the jth component of predicted label from label

propagation. Then the loss function is computed as:

J(ϕ, φ) =
NK+T∑
i=1

N∑
j=1

−I(yi == j) log(P (ỹi = j|xi)) , (3.6)

where yi means the ground-truth label of xi and I(b) is an indicator function, I(b) = 1

if b is true and 0 otherwise.

Note that in Equation (3.6), the loss is dependent on two set of parameters ϕ,

φ (even though the dependency is implicit through F ∗
ij). All these parameters are

jointly updated by the episodic training in an end-to-end manner.
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3.3 Experiments

We evaluate and compare our TPN with state-of-the-art approaches on two

datasets, i.e., miniImageNet [25] and tieredImageNet [28]. The former is the most

popular few-shot learning benchmark and the latter is a much larger dataset released

recently for few-shot learning.

3.3.1 Datasets

miniImageNet. The miniImageNet dataset is a collection of Imagenet [5] for

few-shot image recognition. It is composed of 100 classes randomly selected from

Imagenet with each class containing 600 examples. In order to directly compare with

state-of-the-art algorithms for few-shot learning, we rely on the class splits used by

[25], which includes 64 classes for training, 16 for validation, and 20 for test. All

images are resized to 84× 84 pixels.

tieredImageNet. Similar to miniImageNet , tieredImageNet [28] is also a sub-

set of Imagenet [5], but it has a larger number of classes from ILSVRC-12 (608

classes rather than 100 for miniImageNet). Different from miniImageNet, it has a

hierarchical structure of broader categories corresponding to high-level nodes in Im-

agenet. The top hierarchy has 34 categories, which are divided into 20 training (351

classes), 6 validation (97 classes) and 8 test (160 classes) categories. The average

number of examples in each class is 1281. This high-level split strategy ensures that

the training classes are distinct from the test classes semantically. This is a more

challenging and realistic few-shot setting since there is no assumption that training

classes should be similar to test classes. Similarly, all images are resized to 84× 84

pixels.
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3.3.2 Experimental Setup

For fair comparison with other methods, we adopt a widely-used ConvNet [24, 23]

as the feature embedding function fϕ (Section 3.2.2). To push the limit of our

method, we further utilize the 12-layer ResNet, following the same architecture as

TADAM [113] and SNAIL [106]. The hyper-parameter k of k-nearest neighbour

graph (Section 3.2.2) is set to 20 and α of label propagation is set to 0.99, as

suggested in [34].

Following [23], we adopt the episodic training procedure, i.e, we sample a set of

N -way K-shot training tasks to mimic the N -way K-shot test problems. Moreover,

[23] proposed a “Higher Way ” training strategy which used more training classes in

each episode than test case. However, we find that it is beneficial to train with more

examples than test phase. This is denoted as “Higher Shot” in our experiments. For

1-shot and 5-shot test problem, we adopt 5-shot and 10-shot training respectively.

In all settings, the query number is set to 15 and the performance are averaged over

600 randomly generated episodes from the test set.

All our models were trained with Adam [114] and an initial learning rate of 10−3.

For miniImageNet, we cut the learning rate in half every 10, 000 episodes and for

tieredImageNet, we cut the learning rate every 25, 000 episodes. The reason for

larger decay step is that tieredImageNet has more classes and more examples in

each class which needs larger training iterations. We ran the training process until

the validation loss reached a plateau.

3.3.3 Few-shot Learning Results

We compare our method with several state-of-the-art approaches in various set-

tings. Even though the transductive method has never been used explicitly, batch

normalization layer was used transductively to share information between test exam-

ples. For example, in [24, 37], they use the query batch statistics rather than global
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Table 3.1 : Few-shot classification accuracies on miniImageNet. All results are averaged

over 600 test episodes. Top results are highlighted.

5-way Acc 10-way Acc

Model Transduction 1-shot 5-shot 1-shot 5-shot

MAML [24] BN 48.70 63.11 31.27 46.92

MAML+Transduction Yes 50.83 66.19 31.83 48.23

Reptile [37] No 47.07 62.74 31.10 44.66

Reptile + BN [37] BN 49.97 65.99 32.00 47.60

PROTO NET [23] No 46.14 65.77 32.88 49.29

PROTO NET (Higher Way) [23] No 49.42 68.20 34.61 50.09

RELATION NET [40] BN 51.38 67.07 34.86 47.94

Label Propagation Yes 52.31 68.18 35.23 51.24

TPN Yes 53.75 69.43 36.62 52.32

TPN (Higher Shot) Yes 55.51 69.86 38.44 52.77

* “Higher Way” means using more classes in training episodes. “Higher Shot” means

using more shots in training episodes. “BN” means information is shared among test

examples using batch normalization.

BN parameters for the prediction, which leads to performance gain in the query set.

Besides, we propose two simple transductive methods as baselines that explicitly

utilize the query set. First, we propose the MAML+Transduction with slight mod-

ification of loss function to: J (θ) =
∑T

i=1 yi logP(ŷi|xi) +
∑NK+T

i,j=1 Wij‖ŷi − ŷj‖22
for transductive inference. The additional term serves as transductive regulariza-

tion. Second, the naive heuristic-based label propagation methods [34] is proposed

to explicitly model the transductive inference.

Experimental results on ConvNet are shown in Table 3.1 and Table3.2. Trans-

ductive batch normalization methods tend to perform better than pure inductive

methods except for the “Higher Way” PROTO NET. Label propagation without
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Table 3.2 : Few-shot classification accuracies on tieredImageNet. All results are averaged

over 600 test episodes. Top results are highlighted.

5-way Acc 10-way Acc

Model Transduction 1-shot 5-shot 1-shot 5-shot

MAML [24] BN 51.67 70.30 34.44 53.32

MAML + Transduction Yes 53.23 70.83 34.78 54.67

Reptile [37] No 48.97 66.47 33.67 48.04

Reptile + BN [37] BN 52.36 71.03 35.32 51.98

PROTO NET [23] No 48.58 69.57 37.35 57.83

PROTO NET (Higher Way) [23] No 53.31 72.69 38.62 58.32

RELATION NET [40] BN 54.48 71.31 36.32 58.05

Label Propagation Yes 55.23 70.43 39.39 57.89

TPN Yes 57.53 72.85 40.93 59.17

TPN (Higher Shot) Yes 59.91 73.30 44.80 59.44

* “Higher Way” means using more classes in training episodes. “Higher Shot” means

using more shots in training episodes. “BN” means information is shared among test

examples using batch normalization.

learning to propagate outperforms other baseline methods in most cases, which ver-

ifies the necessity of transduction. The proposed TPN achieves the state-of-the-art

results and surpasses all the others with a large margin even when the model is

trained with regular shots. When “Higher Shot” is applied, the performance of TPN

continues to improve especially for 1-shot case. This confirms that our model effec-

tively finds the episodic-wise manifold structure of test examples through learning

to construct the graph for label propagation. Experimental results on ResNet12

are shown in Table 3.3. The proposed TPN outperforms all methods except for

TADAM [113] which utilizes complex architecture design and extra feature adapta-

tion.
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Table 3.3 : ResNet results on miniImageNet

Method 1-shot 5-shot

SNAIL [106] 55.71 68.88

adaResNet [115] 56.88 71.94

Discriminative k-shot [116] 56.30 73.90

TADAM [113] 58.50 76.70

TPN 59.46 75.65

Another observation is that the advantages of 5-shot classification is less signifi-

cant than that of 1-shot case. For example, in 5-way miniImageNet , the absolute im-

provement of TPN over published state-of-the-art is 4.13% for 1-shot and 1.66% for

5-shot. To further investigate this, we experimented 5-way k-shot (k = 1, 2, · · · , 10)
experiments. The results are shown in Figure 3.4. Our TPN performs consistently

better than other methods with varying shots. Moreover, it can be seen that TPN

outperforms other methods with a large margin in lower shots. With the shot in-

crease, the advantage of transduction narrows since more labelled data are used.

This finding agrees with the results in TSVM [42]: when more training data are

available, the bonus of transductive inference will be decreased.

Potential limitation. Taking both Table 3.3 and Figure 3.4 into account, we

can see that the benefits of our method start to diminish when the model capacity or

the training examples get saturated. This is reasonable since TPN is devised to deal

with classification in low-data setting. Also, when training data is quite limited, we

prefer to employ smaller models to avoid overfitting issues.

Large-scale applications. The experiments in this Chapter mainly focus on

relatively small-scale images (i.e., 84 × 84) for a fair comparison with the baseline

methods. However, the proposed TPN and label propagation algorithm is general
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Figure 3.4 : 5-way performance with various training/test shots.

applicable to both larger networks (as shown in Table 3.3) and larger image resolu-

tions. Recently, label propagation has been successfully combined into deep neural

networks to deal with various real-world applications such as semi-supervised learn-

ing [117, 118, 119].

3.3.4 Comparison with semi-supervised few-shot learning

The main difference of traditional semi-supervised learning and transduction is

the source of unlabeled data. Transductive methods directly use test set as unlabeled

data while semi-supervised learning usually has an extra unlabeled set. In order to

compare with semi-supervised methods, we propose a semi-supervised version of

TPN, named TPN-semi, which classifies one test example each time by propagating

labels from the labeled set and extra unlabeled set.

We use miniImageNet and tieredImageNet with the labeled/unlabeled data split

proposed by [28]. Specifically, they split the images of each class into disjoint labeled

and unlabeled sets. For miniImageNet, the ratio of labeled/unlabeled data is 40%
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Table 3.4 : Semi-supervised comparison on miniImageNet.

Model 1-shot 5-shot 1-shot w/D 5-shot w/D

Soft k-Means [28] 50.09 64.59 48.70 63.55

Soft k-Means+Cluster [28] 49.03 63.08 48.86 61.27

Masked Soft k-Means [28] 50.41 64.39 49.04 62.96

TPN-semi 52.78 66.42 50.43 64.95

* “w/D” means with distraction. In this setting, many of the unlabelled

data are from the so-called distraction classes, which is different from the

classes of labelled data.

Table 3.5 : Semi-supervised comparison on tieredImageNet.

Model 1-shot 5-shot 1-shot w/D 5-shot w/D

Soft k-Means [28] 51.52 70.25 49.88 68.32

Soft k-Means+Cluster [28] 51.85 69.42 51.36 67.56

Masked Soft k-Means [28] 52.39 69.88 51.38 69.08

TPN-semi 55.74 71.01 53.45 69.93

* “w/D” means with distraction. In this setting, many of the unlabelled

data are from the so-called distraction classes, which is different from the

classes of labelled data.

and 60% in each class. Likewise, the ratio is 10% and 90% for tieredImageNet. All

semi-supervised methods (including TPN-semi) sample support/query data from

the labeled set (e.g, 40% from miniImageNet) and sample unlabeled data from

the unlabeled sets (e.g, 60% from miniImageNet). In addition, there is a more

challenging situation where many unlabelled examples from other distractor classes

(different from labelled classes).

Following [28], we report the average accuracy over 10 random labeled/unlabeled
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splits and the uncertainty computed in standard error. Results are shown in Ta-

ble 3.4 and Table 3.5. It can be seen that TPN-semi outperforms all other algorithms

with a large margin, especially for 1-shot case. Although TPN is originally designed

to perform transductive inference, we show that it can be successfully adapted to

semi-supervised learning tasks with little modification. In certain cases where we

can not get all test data, the TPN-semi can be used as an effective alternative

algorithm.

3.4 Conclusion

In this chapter, we proposed the transductive setting for few-shot learning. Our

proposed approach, namely Transductive Propagation Network (TPN), utilizes the

entire test set for transductive inference. Specifically, our approach is composed of

four steps: feature embedding, graph construction, label propagation, and loss com-

putation. Graph construction is a key step that produces example-wise parameters

to exploit the manifold structure in each episode. In our method, all parameters are

learned end-to-end using cross-entropy loss with respect to the ground truth labels

and the prediction scores in the query set. We obtained the state-of-the-art results

on miniImageNet and tieredImageNet. Also, the semi-supervised adaptation of our

algorithm achieved higher results than other semi-supervised methods. In future

work, we are going to explore the episodic-wise distance metric rather than only

using example-wise parameters for the Euclidean distance.
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Chapter 4

Adaptive Sparse Confidence-Weighted Learning for
Online Feature Selection

4.1 Introduction

Online learning typically receives and processes a single instance at a time. It has

become extremely popular and been employed in many applications such as video-ad

allocation [120]. In order to deal with high dimensional data streams, online feature

selection (OFS) has been proposed to select a fixed number of features for prediction

by an online learning fashion.

Existing online feature selection algorithms usually apply the first-order∗ updat-

ing rule [62, 57]. For example, OFS [62] modified the first-order Perceptron [65]

algorithm by applying truncation. However, feature interactions are ignored by

these algorithms. Prior studies in online learning have attested the effectiveness of

second-order algorithms, such as confidence-weighted (CW) learning [49], with a co-

variance structure exploring the feature correlations. Due to the high computation

cost of covariance matrix, very few methods [64] have been advanced for second-

order online feature selection. The main implementation difference between recent

first-order and second-order methods is whether to introduce a covariance structure

to model the feature correlations.

While class imbalance is prevalent in real-world applications, it remains to be

∗These rules are called first-order since each feature dimension is modeled independently without

considering their correlations. This is in contrast to the second-order rules that takes feature

correlation into account to model both the mean and covariance of the classifier weights.
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under-studied in the context of online feature selection. Current online learning

methods usually combine first-order updating rules with cost-sensitive† learning to

deal with class imbalance [55, 56, 121]. In this sense, how to decide appropriate cost

values is the key challenge in these methods. While most algorithms adopt fixed

or ad-hoc schemes to compute costs from the given data, OMCSL [121] trains a

number of classifiers with various costs and achieves improved performance.

To the best of our knowledge, no previous work has uncovered the problem of

online feature selection with the presence of class imbalance. Motivated by this, we

propose an Adaptive Sparse CW algorithm (ASCW) for imbalanced online-batch

feature selection. Specifically, our method simultaneously maintains multiple sparse

CW learners. For each learner, we assign a unique cost vector to its objective func-

tion. As the online training proceeds, we incrementally update the target measure

for each learner in an online manner. For each online-batch, we choose the best

performer according to their imbalanced measures in the fly for prediction. The

main contributions of this chapter are summarized as follows:

• We propose an adaptive sparse CW method for feature selection on imbalanced

online-batch data. Unlike previous approaches that use a fixed or ad-hoc cost

vector, our method dynamically chooses the best cost from a set of candidates

by incrementally updating the target performance for each learner.

• We enhance the theory of the existing sparse CW feature selection algorithm

and analyze the performance behavior for F-measure.

• Empirical studies demonstrate the efficacy of the proposed algorithm. Further

results show that our algorithm is capable to automatically choose a cost that

†Here, cost means the weights applied to different classes. Cost-sensitive means applying dif-

ferent weights to the majority and minority classes to ensure that the resulting classifier performs

equally good on all classes.
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is sufficiently close to the best one.

The remainder of the chapter is organized as follows. We first present the prob-

lem formulation and the cost-sensitive sparse CW algorithm for imbalanced feature

selection. Next, we show how the adaptive strategy chooses a cost from candidates

and provide theoretical analysis. We further discuss our experimental results and

finally, conclude this chapter.

4.2 Imbalanced Online-Batch CW Learning

4.2.1 Notations

Table 4.1 : Notations (subindex h refers to the h-th iteration in online-batch learning).

Notations Meaning Notations Meaning

Xh mini-batch feature ‖ · ‖p lp-norm

yh ∈ {−1, 1}Nh class label � element-wise product

fh = fh(Xh) prediction [n] {1, . . . , n}
I(b) indicator function diag(·) diagonal matrix

μ,Σ mean and covariance �(μ; (xi, yi)) loss function

We first present some notations. Let superscript T represent transpose, 0 be

a vector/matrix with all zeros, ‖ · ‖p denote the lp-norm of a vector, diag(·) be

the diagonal matrix, A � B stand for the element-wise product of A and B, and

I(b) be an indicator function, where I(b) = 1 if b is true and 0 otherwise. Let

[n] = {1, . . . , n}. {Xh,yh} denote examples received at the h-th iteration, where

Xh ∈ R
d×Nh and yh ∈ {−1, 1}Nh . μh and Σh respectively represent model weights

and covariance at the h-th iteration. We denote fh(Xh) : Rd×Nh → R
Nh as the

prediction function at the h-th iteration and fh = fh(Xh) as the predictions. The

commonly-used notations are summarized in Table 4.1 for an easy understanding.
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4.2.2 Cost-Sensitive Learning for Imbalanced Data

For traditional confidence-weighted learning [49, 50] and high-dimensional online

feature selection such as [64], the cumulative mistake is optimized by the hinge loss

as: �(μ; (xi, yi)) = max(0, 1 − yiμ
Txi). However, for imbalanced feature selection,

this loss function ignores cost asymmetry between the majority classes and the mi-

nority ones. Thus, we propose the cost-sensitive loss function to deal with the imbal-

anced problem: �c(μ; (xi, yi)) = c+I(yi = 1)�(μ; (xi, yi))+ c−I(yi = −1)�(μ; (xi, yi)).

Let Di = c+I(yi = 1) + c−I(yi = −1). Then, �c(μ; (xi, yi)) = Di�(μ; (xi, yi)). More-

over, we also propose �2c(μ; (xi, yi)) = Di�(μ; (xi, yi))
2 as the cost-sensitive squared

hinge loss.

Thus, how to choose c+ and c− is the key issue for imbalanced learning. We will

describe the choice strategy in section 4.4, together with a theoretical analysis in

detail.

4.2.3 Online-Batch CW Learning

Inspired by AROW [51] and cost-sensitive learning [55], we propose an algorithm

to estimate μ,Σ at the h-th iteration for online-batch data.

Fix μ and update Σ. We learn Σ for the following problem:

min
Σ

DKL(N (μ,Σ)‖N (μh−1,Σh−1)) +
C

2

Nh∑
i=1

xT
i Σxi , (4.1)

where DKL := 1
2
log(detΣh−1

detΣ
) + 1

2
Tr(Σ−1

h−1Σ) + 1
2
(μh−1 − μ)TΣ−1

h−1(μh−1 − μ) − d
2
.

Using KKT condition, we have

Σ−1 = Σ−1
h−1 + CXhX

T
h . (4.2)

Fix Σ and update μ. Once we get Σ, we can learn μ by the following problem:

min
μ

1

2
(μ− μh−1)

TΣ−1
h (μ− μh−1) +

C

q

Nh∑
i=1

Di�(μ; (xi, yi))
q , (4.3)



36

where q = 1 or 2.

Since Σ is positive semidefinite (PSD), it can be rewritten as Σ = γ2. We

introduce w := γ−1μ, wh−1 := γ−1μh−1 and x̂i := γxi, then problem (4.3) can be

reformulated:

min
w

1

2
‖w −wh−1‖22 +

C

q

Nh∑
i=1

Di�(w; (x̂i, yi))
q . (4.4)

In order to solve problem (4.4), we assume an online setting, i.e., each example

comes sequentially from i = 1 to Nh. This setting is similar to PA [48]. Thus we

can come up with the solution as follows:

w = wh−1 + τiyixi , (4.5)

τi = min(�(w; (x̂i, yi))/‖x̂i‖22, CDi) , for q = 1 ; (4.6)

τi = �(w; (x̂i, yi))/(‖x̂i‖22 + 1/(2CDi)) , for q = 2 . (4.7)

4.3 Sparse CW for Feature Selection

4.3.1 Feature Selection by Sparsity Index η

The proposed online-batch CW learning algorithm maintains the full covariance

matrix Σ. It is thus not appropriate for very high-dimensional data. In practice,

high-dimensional data often exhibits the property of having many zero values and

only a small number of features are relevant [122]. Usually, only the relevant fea-

tures and their interactions are significant for specific applications. Based on these

observations, we propose the sparse feature selection algorithm in this section.

In order to find the most relevant features, we introduce an index vector η =

{0, 1}d and apply it to the feature vector x as (η � x). Here ηj = 1 if feature j is

selected and ηj = 0 otherwise. In this situation, hinge loss is expressed as:

�(μ,η; (xi, yi)) = max(0, 1− yiμ
T (η � xi)) . (4.8)

Thus �c(μ,η; (xi, yi)) = Di�(μ,η; (xi, yi)).
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Considering our aim for feature selection, we impose an �0-norm constraint on

η to induce the sparsity property, i.e., ‖η‖0 ≤ r (where r 	 d). In convenience,

let Λ := {η|η ∈ {0, 1}d, ‖η‖0 ≤ r} be the set of all candidate η. So there are

|Λ| = ∑r
i=0(

d
i ) feasible η in total, which is exponential. In the following, we will

incorporate η into the online-batch CW learning and solve it gradually.

At first, as in Section 4.2.3, we assume μ and η are given, and solve for Σ.

Accordingly, we incorporate η into equation (4.1):

min
Σ

DKL(N (μ,Σ)‖N (μh−1,Σh−1)) +
C

2

Nh∑
i=1

(η � xi)
TΣ(η � xi) . (4.9)

Let Xr
h = diag(η)Xh. Applying the KKT condition on Σ, the closed form solution

is:

Σ(η)−1 = Σ−1
h−1 + C(Xr

h)(X
r
h)

T . (4.10)

Once we have Σ(η), we incorporate η into formulation (4.3) and obtain the following

problem:

min
η∈Λ

min
μ

1

2
(μ− μh−1)

TΣh(η)
−1(μ− μh−1) +

C

q

Nh∑
i=1

Di�(μ,η; (xi, yi))
q , (4.11)

where q = 1 or 2.

Problem (4.11) is a mixed integer problem including η and μ, which is hard to

solve. Here, we employ the convex relaxation proposed in [123] and apply the KKT

condition to transform it into the dual form as a standard convex problem:

max
θ∈R,α∈A

θ , s.t. θ ≤ f(α,η) , ∀η ∈ Λ . (4.12)

Here, f(α,η) is defined as: f(α,η) = −1
2
g(α,η)TΣh(η)g(α,η) − (q − 1) α̃

T α̃
2C

+∑Nh

i=1 αi − μT
h−1g(α,η) where g(α,η) :=

∑Nh

i=1 αiyi(η � xi), α ∈ R
Nh is the dual

variable with regard to equation (4.8), ∀i ∈ [Nh] and A := {α ∈ R
Nh |0 ≤ αi ≤ U}

is the domain of α (here, U = CDi for q = 1 and U = ∞ for q = 2). At last,

α̃ = [α1/D
1/2
1 , . . . , αNh

/D
1/2
Nh

].
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4.3.2 Optimization

Problem (4.12) has exponential number of constraints as
∑r

i=0(
d
i ), making it

difficult to directly solve. Fortunately, not all constraints in (4.12) are active at

optimality. Alternatively, we can efficiently solve this problem by cutting plane

algorithm [124], which iteratively generate a pool of sparse feature subsets to con-

stitute the constraints in (4.12).

Instead of considering all T =
∑r

i=1(
d
i ) constraints, we iteratively seek an active

constraint until some stopping conditions are encountered. Given the previously

estimated α, the most-violated constraint can be found by solving the following

problem:

ηt = argmin
η∈Λ

f(α,η)

= argmax
η∈Λ

g(α,η)TΣh(η)g(α,η) + 2μT
h−1g(α,η) .

(4.13)

Let s =
∑Nh

i=1 αiyixi, then g(α,η) = η � s. Problem (4.13) can be reformulated:

ηt = argmax
η∈Λ

(sTΣh(η) + 2μT
h−1)(η � s) . (4.14)

Let m = (sTΣh(η) + 2μT
h−1)� s, then this problem can be solved by finding the r

features with the largest score (e.g. mj), and setting the corresponding ηj to 1 and

the rest to 0. In other words, mj measures the importance of the j-th feature and

acts as the feature score.

After we obtained an active constraint ηt, it can be added to the active set

Λt = Λt−1 ∪ {ηt}, then we can solve the following subproblem w.r.t constraints

defined by Λt:

max
θ∈R,α∈A

θ, s.t. θ ≤ f(α,η), ∀η ∈ Λt . (4.15)

Problem (4.14) and (4.15) are solved alternatively and stop when: (1) |θt−θt−1|/|θt| ≤
ε, where ε is small tolerance value; (2) after m = �p/r
 iterations in order to choose

p features.
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4.3.3 Proximal Dual Coordinate Ascent for Subproblem (4.15)

Subproblem (4.15) regarding dual variable α is hard and expensive to directly

optimize. So in the following, we give a proximal-dual coordinate ascent based

method to efficiently solve it. Let K = |Λt| be the number of active constraints.

For each constraint ηk ∈ Λt, we take out the corresponding data, previous model

parameter, model parameter and covariance matrix w.r.t ηk as: xk
i ∈ R

r, μh−1
k ∈

R
r,μk ∈ R

r and Σk ∈ R
r×r. Furthermore, let γk be the square root of Σk, wk :=

γ−1
k μk,w

h−1
k = γ−1

k μh−1
k , x̂k

i = γT
k x

k
i . If we denote w = [wk]

K
k=1,wh−1 = [wh−1

k ]Kk=1

and x̂i = [x̂k
i ]

K
k=1. The loss function �(w,η; (x̂i, yi)) = max(0, 1 −∑K

k=1 yiw
T
k x̂

k
i ) =

max(0, 1− yiw
T x̂i).

The formulation of subproblem (4.15) is formally similar to the dual format

of some problems. By using KKT condition, we can obtain the primal form of

subproblem (4.15):

min
w

1

2
(

K∑
k=1

‖wk −wh−1
k ‖)2 + C

q

Nh∑
i=1

Di�(w,η; (x̂i, yi))
q . (4.16)

Problem (4.16) is non-smooth due to the �22,1-norm regularizer. To make this problem

tractable, we make some modifications and apply a proximal-dual coordinate ascent

method [125] to find a nearly accurate solution of (4.16) effectively. At first, we

introduce a small regularization term σ
2
‖w −wh−1‖2 (i.e., σ 	 1) and address the

following optimization problem:

min
w

σ

2
‖w − wh−1‖2 + 1

2
(

K∑
k=1

‖wk − wh−1
k ‖)2 + C

q

Nh∑
i=1

Di�(w,η; (x̂i, yi))
q . (4.17)

Remark 1. If w∗ is an ε
2
-accurate minimizer of (4.17) and the σ we are choosing is

sufficiently small, then w∗ is also an ε-accurate solution of (4.16) [125]. Therefore,

the optimal values of problems (4.16) and (4.17) are very close.

To solve problem (4.17), we then split the terms and define the following

Ω(w) :=
σ

2
‖w −wh−1‖2 + 1

2
(

K∑
k=1

‖wk −wh−1
k ‖)2 ,
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Li(w
T x̂i) :=

1

q
Di�(w,η; (x̂i, yi))

q .

Note here Ω is strongly convex and Li is γ-Lipschitz for some γ > 0. Let Ω∗(z) =

maxw wTz− Ω(w) be the conjugate of Ω(w), and L∗
i be the conjugate of Li. Then

we can come up with the conjugate dual of problem (4.17):

max
α≥0

H(α) , (4.18)

where H(α) = −Ω∗(C
∑Nh

i=1 αix̂i)− C
∑Nh

i=1 L
∗
i (−αi).

Following [125], we define z(α) = C
∑Nh

i=1 αix̂i, then w(α) = ∇∗Ω(z(α)). Here,

∇∗Ω(z(α)) denotes the gradient of the conjugate of Ω. According to the property

of conjugate, it is also the solution of Ω∗(z) = maxw wTz − Ω(w).‡ Similarly, we

assume an online setting as for problem (4.4). Finally, we give the full algorithm for

solving the imbalanced feature selection problem in Algorithm 1.

4.3.4 Discussions

We emphasize that the proposed algorithm enhances the theory of existing sparse

CW [64, 63] methods. First, with the introduction of cost-sensitive loss function in

section 4.2.2, we can select features that better fit the imbalanced measures. More-

over, instead of fixing the cost, we adaptively choose the best cost from candidates

and theoretically validate the optimality of our selection method in section 4.4.

Second, in Equation (4.3) and (4.11), we employ μh−1 as the initialization when

updating μ, while [64] uses 0. Thus μh−1 acts as the warm-start initialization and

further influences on Equation (4.13) and (4.14) for solving ηt. [64] assumes Σh(η)

to be an identity matrix when solving for ηt. In fact, it is unclear if this assumption

holds in practice. In contrast, we relax such assumption in Eq (4.13) and (4.14).

Particularly, computing ηt reduces to a simple sorting problem in Eq (4.14). In-

‡This problem can be efficiently solved using Algorithm2 of [126].
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Algorithm 1 Imbalanced sparse CW in online-batch manner
Require: Parameters C > 0, H, r

Initialize α = 1
Nh

1,μ0 = 0,Σ0 = I.

for h = 1 : H do

Get a batch of data {Xh,yh},where Xh ∈ R
d×Nh

Compute Σh by (4.10) and γ by eigen-decomposition.

Initialize Λ0 = ∅ and t = 1

while stopping conditions not meet do

Find ηt by solving (4.14). Let Λt = Λt−1 ∪ ηt.

Compute wh−1
k ,wh−1 according to Λt.

Initialize z = 0,w = wh−1.

for i = 1 : Nh do

Compute Di, x̂
k
i .

Compute loss � = max(0, 1−∑K
k=1 yiw

T
k x̂

k
i ).

if � > 0 then

Compute αi = min(�/(C‖x̂i‖22), Di) for q = 1 or αi = �/(C‖x̂i‖22 +

0.5/Di) for q = 2.

Compute z = z+ Cαix̂i.

Compute w = w +∇∗Ω(z).

end if

end for

Update wh = w, t = t+ 1.

end while

Update μh = γwh.

end for
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tuitively, our method takes more advantages of the information from the previous

online-batch through μh−1 and Σh(η).

4.4 Multiple Cost-Sensitive Learning

In section 4.2 and section 4.3, we propose the cost-sensitive sparse CW algorithm.

However, how to decide the value of c+ and c− remains an issue. Some previous

works use ad-hoc approaches to set up the values [55, 127, 56]. However, there is

no guarantee that these approaches can achieve optimal performance for various

imbalanced measures such as F-measure, AUPRC, and AUROC.

To solve this problem, we propose a strategy which maintains multiple cost-

sensitive vectors. The motivation is that if multiple cost vectors c = (c+, c−) is

tracked and maintained simultaneously, there must exist one setting that can best

fit the data. For convenience, we assume c+ + c− = 1 to eliminate one parameter

and thus c+ ∈ (0, 1). In order to maintain the multiple c+, we divide (0, 1) into K

evenly distributed values θ1, . . . , θK , i.e., θj = j/(K+1) and set cj+ = 1− θj/2, then

the cost-sensitive loss is denoted as:

�jc(μj; (xi, yi)) = (1− θj/2)I(yi = 1)�(μj; (xi, yi)) + (θj/2)I(yi = −1)�(μj; (xi, yi)) .

With this strategy, we can maintain and track K learners with the corresponding

costs simultaneously: (θ1,μ1), . . . , (θK ,μK). At the h-th online-batch, we update

the current target measure of the j-th learner, denoted by M j
h. Different from [121],

we apply the greedy criterion to select the best performer according to {M1
h , ...,M

K
h }

from K candidates for prediction at the h-th online-batch. With this criterion, we do

not need to introduce extra hyper-parameter, and we can analyze the performance

guarantee in a different way.

We update the target measures (e.g., F-measure, AUROC, and AUPRC) only

using the current measure M j
h, current predictions fh, and labels yh, which is efficient
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Algorithm 2 Multiple Cost-Sensitive Learning.
Require: the number of models K

Initialize M j
1 = 0,μj

1 = 0,Σj
1 = I, ∀j ∈ [K].

for h = 1 : H do

Get a batch of data {Xh,yh},where Xh ∈ R
d×Nh

Let k = argmaxj=1,...,K M j
h.

Sample a model μ∗
h = μk

h.

Predict for a batch of data fh = sign((μ∗
h)

TXh)

for j = 1, . . . , K do

Update model μj
h and Σj

h by running Algorithm 1.

Compute M j
h+1 according to M j

h,fh, and yh.

end for

end for

without storing all fh and yh. We summarize the multiple cost-sensitive algorithm

in Algorithm 2.

4.4.1 Theoretical Analysis in F-measure

we define the following notations for binary classification:

a(θ) = [1− θ

2
,
θ

2
] and Δ =

θj − θj+1

2
=

1

2K
,

P1 : the marginal probability of the positive instances ,

E(h) = [fn, fp] : false negative and false positive ,

F ∗ = max
e

F (e) : the maximum F-measure ,

F (μ) : the F-measure achieved by μ .

Proposition 1. Assume that {μ1
h, ...,μ

K
h } minimizes the cost-sensitive loss to a cer-

tain degree, then the F-measure achieved by Algorithm 2 has the following lower
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bound as long as h increases:

max
j=1,...,K

F (μj
h) ≥ F ∗ −Δ− ε0

P1

,

where k = argmaxj=1,...,K F (μj
h) and 〈a(θk),E(μk

h)〉 ≤ minμ〈a(θk),E(μ)〉+ ε0.

Proof.

F ∗ − F (μj
h)

=F ∗ − 2(P1 −E(μj
h))

2P1 −E1(μ
j
h) +E2(μ

j
h)

=
2P1(F

∗ − 1) + 〈a(θ∗),E(μj
h)〉

2P1 −E1(μ
j
h) +E2(μ

j
h)

=
〈a(θ∗)− a(θj),E(μj

h)〉+ 〈a(θj),E(μj
h) + 2P1(θ

∗ − 1)〉
2P1 −E1(μ

j
h) +E2(μ

j
h)

=
(θ∗ − θj) + 〈a(θj),E(μj

h)〉+ 2P1(θ
∗ − 1)

2P1 −E1(μ
j
h) +E2(μ

j
h)

≤(θ∗ − θj) + 〈a(θj), e(θj)〉+ ε0 + 2P1(θ
∗ − 1)

2P1 −E1(μ
j
h) +E2(μ

j
h)

=θ∗ − θj +
ε0

2P1 −E1(μ
j
h) +E2(μ

j
h)

≤Δ+
ε0
P1

. (4.19)

4.5 Experiments

In this section, we evaluate the proposed ASCW algorithm on three imbalanced

measures, i.e., F-measure, AUROC, and AUPRC and compare with various online

learning and feature selection methods.

4.5.1 Experimental Testbed

We conduct experiments on three widely-used high-dimensional benchmarks and

sample with different ratios to construct nine imbalance configurations, as shown in
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Table 4.2 : Datasets Statistics

Datasets d Ntrain

# nonzeros

per example
#Pos:#Neg

real-sim 20,958 32,309 52 1:5, 1:10, 1:20

rcv1 47,236 20,242 74 1:5, 1:10, 1:20

news20 62,061 15,935 80 1:5, 1:10, 1:19

Table 4.2. In order to construct imbalanced configurations from the original datasets,

we adopt two strategies. Firstly, for binary datasets (real-sim and rcv1), we fix the

negative class and sample from the positive class to satisfy specific ratios (1:5, 1:10

and 1:20). Secondly, for the multi-class dataset (news20), we set class1 as positive

class and select class2-6, class2-11 and class2-20 as negative class respectively.

4.5.2 Comparison Algorithms

We compare the following algorithms:

• OFS [62]: The state-of-the-art first-order online feature selection via sparse

projection.

• MBPA [57]: Margin-based passive aggressive method for online feature selec-

tion.

• CSOAL [56]: A cost-sensitive online active learning method.

• SBCW1 and SBCW2 [64]: Two variations of the sparse online-batch feature

selection method.

• FGM [128]: The full-batch high-dimensional feature selection method which

generates a pool of violated sparse feature subsets and combines them via

efficient Multiple Kernel Learning (MKL) algorithm.
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• L1SVM [129]: �1-norm SVM by Liblinear.

• ASCW1 and ASCW2: The proposed algorithm with hinge (q = 1) and squared

hinge (q = 2) loss.

SBCW and ASCW consider second-order structure while others only optimize first-

order information.

4.5.3 Experimental Results

As shown in Table 4.2, the number of nonzeros per example varies from 52 to 80

in different datasets, so in the experiments we set the selected feature dimension to

50 for all algorithms except that for CSOAL we set query ratio to be 1%.§ Following

[130], we repeat all online learning experiments 20 times with random permutation

of training data. For full batch methods (FGM, L1SVM), we follow the default

settings.

Batch Size. In Algorithm 1, μ is updated in a pure online manner and Σ is

updated in an online-batch manner. To explain the necessity of the online-batch

update and explore proper batch size, we perform experiments on news20 with

various batch sizes, as shown in Table 4.3. The best performance is achieved with

batch size=1 (the strict online case). However, the time cost is unbearable. The

performance of batch size=256 is close to that of 64, but 256 is 3∼4 times faster.

We thus set batch size=256 in remaining experiments.

Online Performance. To compare the online performances, we evaluate three

measures on all datasets. The results of ratio 1:10 are shown in Figure 4.1. It can

be seen that ASCW outperforms all other methods when the number of samples

§Actually, 1% of all examples contain more information than 50 features of entire features for

all datasets.
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Table 4.3 : Test performance on news20 with various batch sizes

Ratio Batch
news20

F AUROC AUPRC Time (s)

1:5

256 0.5614 0.8474 0.6011 0.71

64 0.5640 0.8536 0.6163 2.40

1 0.9125 0.9922 0.9769 913.86

1:10

256 0.4239 0.8114 0.4306 1.39

64 0.4275 0.8096 0.4309 4.53

1 0.8549 0.9872 0.9479 3034.95

1:19

256 0.3349 0.8223 0.3126 2.86

64 0.3031 0.7952 0.2867 9.63

1 0.8080 0.9796 0.9068 13950.78

increases. Moreover, the F-measure of ASCW outperforms all other methods with

a large margin.

Test Performance. We report the test performances of all algorithms under

different imbalance ratios in Table 4.4. It is observed that ASCW outperforms

all other algorithms on most settings for the three performance measures. Also,

the improvements of ASCW on F-measure are higher than that on AUROC and

AUPRC.

We attribute the good online and test performance of ASCW to two main rea-

sons. First, our algorithm is capable of selecting a close-to-optimal cost vector

[c+, c−], which makes it perform better on imbalanced measures. Moreover, there

is a theoretical guarantee on the lower bound of F-measure. It explains the higher

improvements of F-measure compared with AURROC and AUPRC. Second, our al-

gorithm employs covariance structure that can better capture the interplays among

features to find more effective features.



48

Table 4.4 : Average test performance over models trained on 20 random data permutations.

Ratio Methods
real-sim rcv1 news20

F-measure AUROC AUPRC F-measure AUROC AUPRC F-measure AUROC AUPRC

1:5

OFS 0.0279 0.8943 0.5707 0.0215 0.8207 0.5212 0.3744 0.7706 0.4919

MBPA 0.3742 0.8435 0.6886 0.3404 0.8365 0.6646 0.3193 0.7239 0.3930

CSOAL 0.6248 0.9163 0.6868 0.6366 0.9183 0.7203 0.3579 0.5915 0.3597

FGM 0.5334 0.9103 0.7366 0.4115 0.7235 0.4381 0.2754 0.5930 0.2411

L1SVM 0.4501 0.9127 0.6892 0.5552 0.8906 0.7308 0.4135 0.8028 0.5664

SBCW1 0.3778 0.9295 0.7161 0.4156 0.8913 0.7083 0.4115 0.7934 0.5298

SBCW2 0.4363 0.9390 0.7357 0.4078 0.9056 0.7255 0.4703 0.8122 0.5474

ASCW1 0.7036 0.9434 0.7395 0.6409 0.9185 0.7398 0.5614 0.8474 0.6011

ASCW2 0.6948 0.9464 0.7521 0.6355 0.9312 0.7887 0.5698 0.8529 0.6095

1:10

OFS 0.0021 0.8537 0.2964 0.0001 0.7794 0.2480 0.2237 0.7139 0.2928

MBPA 0.2394 0.8203 0.5564 0.2085 0.7505 0.4509 0.2096 0.7203 0.2618

CSOAL 0.3931 0.8801 0.4528 0.4342 0.8869 0.5051 0.2526 0.6013 0.2567

FGM 0.3580 0.9071 0.6279 0.2968 0.7565 0.3432 0.1942 0.6078 0.1450

L1SVM 0.0816 0.8655 0.3473 0.2830 0.8485 0.4968 0.3986 0.7636 0.4056

SBCW1 0.0710 0.8994 0.3778 0.3510 0.8767 0.5557 0.3193 0.7198 0.2895

SBCW2 0.1241 0.9173 0.4273 0.3906 0.8990 0.6016 0.3063 0.7235 0.2821

ASCW1 0.5621 0.9422 0.5914 0.5649 0.9060 0.5880 0.4239 0.8114 0.4306

ASCW2 0.5662 0.9457 0.6073 0.6005 0.9190 0.6252 0.4312 0.8188 0.4341

1:20 (1:19)

OFS 0.0041 0.8295 0.1559 0.0000 0.7623 0.1191 0.1525 0.7160 0.1969

MBPA 0.1144 0.7578 0.3941 0.1231 0.7129 0.3170 0.1283 0.7419 0.2017

CSOAL 0.2128 0.8156 0.1776 0.2386 0.8512 0.2856 0.2570 0.6519 0.2358

FGM 0.1827 0.8660 0.4540 0.1761 0.7224 0.2055 0.1622 0.6981 0.1282

L1SVM 0.0000 0.8223 0.1264 0.0000 0.8310 0.2264 0.3154 0.7499 0.2991

SBCW1 0.0554 0.8678 0.1947 0.2422 0.8508 0.3668 0.2538 0.7328 0.2161

SBCW2 0.0802 0.9069 0.2466 0.2857 0.8726 0.4404 0.2455 0.7427 0.1964

ASCW1 0.3893 0.9178 0.4803 0.4565 0.9042 0.5189 0.3349 0.8223 0.3126

ASCW2 0.4236 0.9372 0.4582 0.5081 0.9078 0.5073 0.3245 0.8173 0.2937
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Figure 4.1 : Online performance with imbalance ration 1:10 for different performance

measures

4.5.4 Optimal Cost Vector

In preposition 1, we theoretically analyze the lower-bound of the F-measure

achieved by Algorithm 2. In order to quantitatively verify that our algorithm can

choose near to optimal cost vector [c+, c−], we perform cost-sensitive feature selection

by Algorithm 1 with costs vary among c+ = {0.55, 0.60, . . . , 0.95} and choose the

best cost according to overall online performance, denoted by c∗+. To compare our

selected cost with the best performance cost, we average c+ sampled in Algorithm 2

in the last 20 iterations (>5000 examples) as an estimation of the best cost, denoted
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Table 4.5 : Average estimated error of cost ĉ+ by Algorithm 2 and optimal cost c∗+.

Ratio Methods
real-sim rcv1 news20

F-measure AUROC AUPRC F-measure AUROC AUPRC F-measure AUROC AUPRC

1:5
ASCW1 0.0008 0.0000 0.0000 0.0090 0.0032 0.0021 0.0073 0.0058 0.0140

ASCW2 0.0056 0.0031 0.0078 0.0082 0.0208 0.0345 0.0198 0.0020 0.0103

1:10
ASCW1 0.0000 0.0006 0.0014 0.0014 0.0084 0.0201 0.0006 0.0017 0.0119

ASCW2 0.0071 0.0006 0.0040 0.0111 0.0235 0.0117 0.0033 0.0069 0.0233

1:20 (1:19)
ASCW1 0.0000 0.0000 0.0000 0.0542 0.0076 0.0354 0.0069 0.0024 0.0089

ASCW2 0.0000 0.0023 0.0011 0.0357 0.0345 0.0501 0.0107 0.0019 0.0148

as ĉ+. Then we compute the estimated errors as: |c∗+ − ĉ+| and present the results

on Table 4.5. We can observe that the estimated errors of our algorithm and the

optimal one is very close with the search length of 0.05, thus verifying the accurate

estimation of our algorithm for the optimal cost.

4.6 Conclusion

Many real-world applications process data in an online-batch manner and suffer

from the skewed distribution. In this chapter, we propose an adaptive sparse CW

algorithm to deal with the feature selection problem on imbalanced online-batch

data. Our algorithm simultaneously learns multiple base classifiers with their own

costs. With the data comes sequentially in each online-batch, the aimed measure is

updated incrementally for each classifier in an online-batch manner. Among all the

classifiers, we choose the one with the best performance for prediction. We theoret-

ically enhance the theory of the existing sparse CW feature selection algorithm and

analyze the performance behavior regarding F-measure. Experimental results show

the superior performance of ASCW and its ability for selecting the satisfactory cost

vector.
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Chapter 5

LSMI-Sinkhorn: Semi-supervised Squared-Loss
Mutual Information Estimation with Optimal

Transport

5.1 Introduction

Mutual information (MI) represents the statistical independence between two

random variables [131], and it is widely used in various types of machine learning

applications including feature selection [67, 66], dimensionality reduction [132], and

causal inference [133]. More recently, deep neural network (DNN) models have

started using MI as a regularizer for obtaining better representations from data

such as infoVAE [134] and deep infoMax [135]. Another application is improving

the generative adversarial networks (GANs) [136]. For instance, Mutual Information

Neural Estimation (MINE) [4] was proposed to maximize or minimize the MI in deep

networks and alleviate the mode-dropping issues in GANS. In all these examples,

MI estimation is the core of all these applications.

In various MI estimation approaches, the probability density ratio function r(x,y)is

considered to be one of the most important components:

MI(x,y) =
∫ ∫

p(x,y) log
p(x,y)

p(x)p(y)
, r(x,y) =

p(x,y)

p(x)p(y)
.

A straightforward method to estimate this ratio is the estimation of the probability

densities (i.e., p(x,y), p(x), and p(y)), followed by calculating their ratio. However,

directly estimating the probability density is difficult, thereby making this two-step

approach inefficient. To address the issue, Suzuki et al. [66] proposed to directly

estimate the density ratio by avoiding the density estimation [67, 66]. Nonetheless,
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the abovementioned methods requires a large number of paired data when estimating

the MI.

Under practical setting, we can only obtain a small number of paired samples.

For example, it requires a massive amount of human labor to obtain one-to-one cor-

respondences from one language to another. Thus, it prevents us to easily measure

the MI across languages. Hence, a research question arises:

Can we perform mutual information estimation using unpaired sam-

ples and a small number of data pairs?

To answer the above question, in this chapter, we propose a semi-supervised

MI estimation algorithm, particularly designed for the squared-loss mutual infor-

mation (SMI) (a.k.a., χ2-divergence between p(x,y) and p(x)p(y)) [67]. We first

formulate the SMI estimation as the optimal transport problem with density-ratio

estimation. Then, we propose the least-squares mutual information with Sinkhorn

(LSMI-Sinkhorn) algorithm to solve the problem. The algorithm has the compu-

tational complexity of O(nxny); hence, it is computationally efficient. Through

experiments, we first demonstrate that the proposed method can estimate the SMI

without a large number of paired samples. Finally, for image matching and photo

album summarization, we show the effectiveness of our proposed method.

We summarize the contributions of this chapter as follows:

• We proposed a semi-supervised mutual information estimation approach that

does not require a large number of paired samples.

• We formulated the MI estimation as a combination of density-ratio fitting and

optimal transport.

• We proposed the LSMI-Sinkhorn algorithm, which can be efficiently computed

and the loss is guaranteed to be monotonically decreasing.
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5.2 Problem Formulation

In this section, we formulate the problem of squared-loss mutual information

(SMI) estimation using a small number of paired samples and a large number of

unpaired samples.

Let X ⊂ R
dx be the domain of random variable x and Y ⊂ R

dy be the domain

of another random variable y. Suppose we are given n independent and identically

distributed (i.i.d.) paired samples:

{(xi,yi)}ni=1,

where we consider the number of paired samples n is small. In addition to the

paired samples, we also have access to nx and ny i.i.d. samples from the marginal

distributions:

{xi}n+nx
i=n+1

i.i.d.∼ p(x) and {yj}n+ny

j=n+1
i.i.d.∼ p(y),

where the number of unpaired samples nx and ny is much larger than that of the

paired samples n. For instance, n = 10 and nx = ny = 1000.

We also denote x′
i = xi−n, i ∈ {n + 1, n + 2, . . . , n + nx} and y′

j = yj−n, j ∈
{n + 1, n + 2, . . . , n + ny}, respectively. Note that the input dimensions dx, dy and

the number of samples nx, ny may be different.

This chapter aims to estimate the SMI (a.k.a., χ2-divergence between p(x,y)

and p(x)p(y)) [67] from {(xi,yi)}ni=1 by leveraging the use of the unpaired samples

{xi}n+nx
i=n+1 and {yj}n+ny

j=n+1, respectively.

The SMI between random variables X and Y is defined as

SMI(X, Y )=
1

2

∫∫
(r(x,y)−1)2p(x)p(y)dxdy, (5.1)

where r(x,y) = p(x,y)
p(x)p(y)

is the density-ratio function. SMI takes 0 if and only if X

and Y are independent (i.e., p(x,y) = p(x)p(y)), and takes a positive value if they

are not independent.
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If we know the estimation of the density-ratio function, we can approximate the

SMI as

ŜMI(X, Y )=
1

2(n+nx)(n+ny)

n+nx∑
i=1

n+ny∑
j=1

(rα(xi,yj)−1)2 ,

where rα(x,y) is an estimation of the true density ratio function (i.e., r(x,y))

parameterized by α. More details will be discussed in §5.3.1.

However, since we consider the setting that we lack enough paired samples to

estimate the density ratio, which may result in high variance and bias when com-

puting the SMI. The key idea is to align the unpaired samples when observing the

limited number of paired samples, and we use these aligned samples to improve the

SMI estimation accuracy.

5.3 Proposed Method

In this section, we propose the SMI estimation algorithm with limited number

of paired samples and large number of unpaired samples.

5.3.1 Least-Squares Mutual Information with Sinkhorn (LSMI-Sinkhorn)

We employ the following density-ratio model, which we first sample two sets

basis vectors {x̃i}bi=1 and {ỹi}bi=1 from {xi}n+nx
i=1 and {yj}n+ny

j=1 , respectively:

rα(x,y) =
b∑

�=1

α�K(x̃�,x)L(ỹ�,y) = α�ϕ(x,y), (5.2)

where α ∈ R
b, K(x,x′) and L(y,y′) are the kernel functions. ϕ(x,y) = k(x)◦ l(y)

with k(x) = (K(x̃1,x), . . . , K(x̃b,x))
� ∈ R

b and l(y) = (L(ỹ1,y), . . . , L(ỹb,y))
� ∈

R
b.

In this chapter, we optimize α by minimizing the difference between the true

density-ratio function and its ratio model:

1

2

∫∫ (
p(x,y)

p(x)p(y)
− rα(x,y)

)2

p(x)p(y)dxdy
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= Const. +
1

2

∫∫
rα(x,y)

2p(x)p(y)dxdy.

−
∫∫

rα(x,y)p(x,y)dxdy. (5.3)

For the second term of Eq. (5.3), we can approximate it by using a large number

of unpaired samples. However, to approximate the third term, paired samples from

the joint distribution are required. Since we only have a limited number of paired

samples in our setting, the approximation of the third term may be poor.

To deal with this issue, we propose the utilization of unpaired samples for the ap-

proximation of the expectation of the third term. Since we have no access to the true

pair information for these unpaired samples, we approximate the pair information of

them. Specifically, we first introduce a matrix Π with πij ≥ 0 (
∑nx

i=1

∑ny

j=1 πi,j = 1)

that can be regarded as a parameterized variant of the joint density function p(x,y),

and we represent the third term of Eq. (5.3) as

∫∫
rα(x,y)p(x,y)dxdy

≈ β

n

n∑
i=1

rα(xi,yi) + (1− β)
nx∑
i=1

ny∑
j=1

πijrα(x
′
i,y

′
j),

where 0 ≤ β ≤ 1 is a tuning parameter between the terms of paired and unpaired

samples. Note that if we set πij = δ(x′
i,y

′
j)/n

′ where δ(x′
i,y

′
j) is one if x′

i and y′
j

are paired and 0 otherwise, and n′ is the total number of pairs, then we can recover

the original empirical estimation (with no approximation for pair information of

unpaired samples).

Combining the estimation for the density-ratio model (Eq. (5.2)) and the ap-

proximated pairing matrix (Π), the loss function in Eq. (5.3) can be reformulated

as

J(Π,α) =
1

2
α�Hα−α�hΠ,β,
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where

H=
1

(n+ nx)(n+ ny)

n+nx∑
i=1

n+ny∑
j=1

ϕ(xi,yj)ϕ(xi,yj)
�,

hΠ,β =
β

n

n∑
i=1

ϕ(xi,yi) + (1− β)
nx∑
i=1

ny∑
j=1

πijϕ(x
′
i,y

′
j).

Since we want to estimate the density-ratio function by minimizing Eq. (5.3), the

optimization problem is then given as

min
Π,α

J(Π,α)=
1

2
α�Hα−α�hΠ,β+εH(Π)+

λ

2
‖α‖22

s.t. Π1ny = n−1
x 1nx and Π�1nx = n−1

y 1ny . (5.4)

where we add several regularization terms. H(Π) =
∑nx

i=1

∑ny

j=1 πij(log πij − 1) is

the negative entropic regularization to ensure Π non-negative with ε > 0 being its

regularization parameter. ‖α‖22 is the regularization on α with λ ≥ 0 being its

regularization parameter.

5.3.2 Optimization

The objective function J(Π,α) is not jointly convex. However, if we fix one

variable, it becomes a convex function for the other. Thus, we employ the alternating

optimization approach (see Algorithm 3) on Π and α, respectively.

Optimizing Π using the Sinkhorn algorithm: When fixing α, the term in our

objective relating to Π is

nx∑
i=1

ny∑
j=1

πijα
�ϕ(x′

i,y
′
j) =

nx∑
i=1

ny∑
j=1

πij[Cα]ij,

where Cα = K�diag(α)L ∈ R
nx×ny , K = (k(x′

1),k(x
′
2), . . . ,k(x

′
nx
)) ∈ R

b×nx , and

L = (l(y′
1), l(y

′
2), . . . , l(y

′
ny
)) ∈ R

b×ny . This formulation can be considered as an

optimal transport problem if we maximize it with respect to Π [72]. It is worth

noting that the rank of Cα is at most b 	 min(nx, ny) with b being a constant (e.g.,
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Algorithm 3 LSMI-Sinkhorn algorithm.

Initialize Π(0) and Π(1) such that ‖Π(1) −Π(0)‖F > η (η is the stopping param-

eter), and α(0), the regularization parameters ε and λ, the number of maximum

iterations T , and the iteration index t = 1.

while t ≤ T and ‖Π(t) −Π(t−1)‖F > η do

α(t+1) = argminα J(Π(t),α).

Π(t+1) = argminΠ J(Π,α(t+1)).

t = t+ 1.

end while

return Π(t−1) and α(t−1).

b = 100), and the computational complexity of the cost matrix Cα is O(nxny). The

optimization problem becomes

min
Π

−
nx∑
i=1

ny∑
j=1

πij(1− β)[Cα]ij + εH(Π)

s.t. Π1ny = n−1
x 1nx and Π�1nx = n−1

y 1ny ,

which can be efficiently solved using the Sinkhorn algorithm [72, 137]. In this chap-

ter, we use the log-stabilized Sinkhorn [138]. Note that this optimization problem

is convex with fixed α.

Optimizing α: Next, we fix Π and update α. The optimization problem becomes

min
α

1

2
α�Hα−α�hΠ,β +

λ

2
‖α‖22, (5.5)

which is a quadratic programming and convex. An analytical solution is given as

α̂ = (H + λIb)
−1hΠ,β, (5.6)

where Ib ∈ R
b×b is an identity matrix. Note that the H matrix does not depend on

either Π or α, and it is a positive definite matrix.
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Convergence Analysis: To optimize J(Π,α), we simply need to alternatively

solve the two convex optimization problems. Thus, the following property holds

true.

Proposition 2. Algorithm 3 will monotonically decrease the objective function J(Π,α)

in each iteration.

Proof. We show that J(Π(t+1),α(t+1)) ≤ J(Π(t),α(t)). First, because α(t+1) =

argminα J(Π(t),α) and α(t+1) is the globally optimum solution, we have

J(Π(t),α(t+1)) ≤ J(Π(t),α(t)).

Moreover, because Π(t+1) = argminΠ J(Π,α(t+1)) and Π(t+1) is the globally opti-

mum solution, we have

J(Π(t+1),α(t+1)) ≤ J(Π(t),α(t+1)).

Therefore,

J(Π(t+1),α(t+1)) ≤ J(Π(t),α(t)).

Model Selection: We name Algorithm 3 as LSMI-Sinkhorn algorithm since it uti-

lizes Sinkhorn algorithm for LSMI estimation. It includes several tuning parameters

(i.e., λ and β) and determining the model parameters is critical to obtain a good

estimate of SMI. Accordingly, we use the cross validation with the hold-out set to

select the model parameters.

First, the paired samples {(xi,yi)}ni=1 are divided into two subsets Dtr and

Dte. Then, we train the density-ratio rα(x,y) using Dtr and the unpaired samples:

{xi}n+nx
i=n+1 and {yj}n+ny

j=n+1. The hold-out error can be calculated by approximating

Eq. (5.3) using the hold-out samples Dte as

Ĵte =
1

2|Dte|2
∑

x,y∈Dte

rα̂(x,y)
2 − 1

|Dte|
∑

(x,y)∈Dte

rα̂(x,y),
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where |D| denotes the number of samples in the set D,
∑

x,y∈Dte
denotes the summa-

tion over all combinations of x and y in Dte, and
∑

(x,y)∈Dte
denotes the summation

over all pairs for x and y in Dte. We select the parameters that result in the smallest

Ĵte.

5.3.3 Discussion

Relation to Least-Squares Object Matching (LSOM): In this section, we

show that the LSOM algorithm [139, 140] can be considered as a special case of the

proposed framework.

If Π is a permutation matrix and n′ = nx = ny,

Π = {0, 1}n′×n′
, Π1n′ = 1n′ , and Π�1n′ = 1n′ ,

where Π�Π = ΠΠ� = In′ .

Then, the estimation of SMI using the permutation matrix can be written as

ŜMI(X, Y )

=
β

2n

n∑
i=1

rα(xi,yi) +
1

2n′

n′∑
i=1

(1− β)rα(x
′
i,y

′
π(i)

)− 1

2
,

where π(i) is the permutation function. The optimization problem is written as

min
Π,α

1

2
α�Hα−α�hΠ,β +

λ

2
‖α‖22

s.t. Π1n′ = 1n′ , Π�1n′ = 1n′ , Π ∈ {0, 1}n′×n′
.

To solve this problem, we can use the Hungarian algorithm [141] instead of the

Sinkhorn algorithm [72] for optimizing Π. It is noteworthy that in the original

LSOM algorithm, the permutation matrix is introduced to permute the Gram matrix

(i.e., ΠLΠ�) and Π is also included within the H computation. However, in our

formulation, the permutation matrix depends only on hΠ,β. This difference enables

us to show a monotonic decrease in the loss function of the proposed algorithm.
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Since LSOM aims to find the alignment, it is more suited to find the exact

matching among samples. In contrast, the proposed formulation is more suited

when there are no exact matches. Moreover, the LSOM formulation assumes the

same number of samples (i.e., nx = ny), while our approach does not have this

constraint. For computational complexity, the Hungarian algorithm requires O(n′3)

while the Sinkhorn requires O(n′2).

Computational Complexity: The computational complexity of estimating Π

is based on the computation of the cost matrix Cα and the Sinkhorn iterations.

The computational complexity of Cα is O(nxny) and that of Sinkhorn algorithm

is O(nxny). Therefore, the computational complexity of the Sinkhorn iteration is

O(nxny). For the α computation, the complexity to compute H is O((n + nx)
2 +

(n + ny)
2) and that for hΠ,β is O(nxny). Although estimating α has complexity

O(b3), the small-valued constant b makes it negligible. To conclude, the total com-

putational complexity of the initialization needs O((n + nx)
2 + (n + ny)

2) and the

iterations requires O(nxny). In particular, for small n and nx = ny, the computa-

tional complexity is O(n2
x).

In contrast, the complexity of computing the objective function of Gromov-

Wasserstein is O(n4
x) for general cases and O(n3

x) for some specific losses (e.g. L2

loss, or Kullback-Leibler loss) [70]. Moreover, Gromov-Wasserstein is generally NP-

hard for arbitrary inputs [70, 71].

5.4 Experiments

In this section, we evaluate the proposed algorithm using the synthetic data and

benchmark datasets.
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Figure 5.1 : Convergence curves of the loss and SMI values.

5.4.1 Setup

For all methods, we use the Gaussian kernels: K(x,x′)=exp
(
−‖x−x′‖22

2σ2
x

)
, L(y,y′)=

exp
(
−‖y−y′‖22

2σ2
y

)
, where σx and σy denote the widths of the kernel that are set using the

median heuristic [142]. σx = 2−1/2median({‖xi−xj‖2}nx
i,j=1), σy = 2−1/2median({‖yi−

yj‖2}ny

i,j=1). We set the number of basis b = 200, ε = 0.3, the maximum number of

iterations T = 20, and the stopping parameter η = 10−9. The parameters β and λ

are chosen by cross-validation.

Figure 5.2 : Runtime of LSMI-Sinkhorn and Gromov-Wasserstein. A base-10 log scale is

used for the Y axis.
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Figure 5.3 : SMI estimation on synthetic data (nx = ny = 500).

5.4.2 Convergence and Runtime

We first demonstrate the convergence of the loss function and the estimated

SMI value. Here, we generate synthetic data from y = 0.5x + N (0, 0.01) and

randomly choose n = 50 paired samples and nx = ny = 500 unpaired samples.

The convergence curve is shown in Figure 5.1. The values of loss and SMI converge

quickly (<5 iterations). This is consistent with Proposition 2.

Then, we perform a comparison between the runtimes of the proposed LSMI-

Sinkhorn and Gromov-Wasserstein for CPU and GPU implementation. The data are

sampled from two 2D random measures, where nx = ny ∈ {100, 200, . . . , 9000, 10000}
is the number of unpaired data and n = 100 is the number of paired data (only for

LSMI-Sinkhorn). For Gromov-Wasserstein, we use the CPU implementation from

Python Optimal Transport toolbox [143] and the Pytorch GPU implementation

from [96]. We use the squared loss function and set the entropic regularization ε to

0.005 according to the original code. For LSMI-Sinkhorn, we implement the CPU
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Figure 5.4 : Visualization of the matrix Π.

and GPU versions using numpy and Pytorch, respectively. For fair comparison, we

use the log-stabilized Sinkhorn algorithm and the same early stopping criteria and

the same maximum iterations as in Gromov-Wasserstein. As shown in Figure 5.2,

in comparison to the Gromov-Wasserstein, LSMI-Sinkhorn is more than one order

of magnitude faster for the CPU version and several times faster for the GPU ver-

sion. This is consistent with our computational complexity analysis. Moreover, the

GPU version of our algorithm costs only 3.47s to compute 10, 000 unpaired samples,

indicating that it is suitable for large-scale applications.

5.4.3 SMI Estimation

For SMI estimation, we set up four baselines:

• LSMI (full): 10, 000 paired samples are used for cross-validation and SMI

estimation. It is considered as the ground truth value.

• LSMI: Only n (usually small) paired samples are used for cross-validation and
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SMI estimation.

• LSMI (opt): n paired samples are used for SMI estimation. However, we

use the optimal parameters from LSMI (full) here. This can be seen as the

upper bound of SMI estimation with limited number of paired data because

the optimal parameters are usually unavailable.

• Gromov-SMI: The Gromov-Wasserstein distance is applied on unpaired sam-

ples to find potential matching (n̂ = min(nx, ny)). Then, the n̂ matched pairs

and existing n paired samples are combined to perform cross-validation and

SMI estimation.

Synthetic Data: In this experiment, we manually generate four types of paired

samples: random normal, y = 0.5x +N (0, 0.01) (Linear), y = sin(x) (Nonlinear),

and y = PCA(x). We change the number of paired samples n ∈ {10, 20, . . . , 100}
while fixing nx = 500 and ny = 500 for Gromov-SMI and the proposed LSMI-

Sinkhorn, respectively. The model parameters λ and β are selected by cross-validation

using the paired examples with λ ∈ {0.1, 0.01, 0.001, 0.0001} and β ∈ {0.2, 0.4, 0.6, 0.8,
1.0}. The results are shown in Figure 5.3. In the random case, the data are nearly

independent and our algorithm achieves a small SMI value. In other cases, LSMI-

Sinkhorn yields a better estimation of the SMI value and it lies near the ground truth

when n increases. In contrast, Gromov-SMI has a small estimation value, which may

be due to the incorrect potential matching. We further show the heatmaps of the

matrix Π in Figure 5.4. For the random case, Π distributes uniformly as expected.

For all other cases, Π concentrate on the diagonal, indicating good estimation for

the unpaired samples.

To show the flexibility of the proposed LSMI-Sinkhorn algorithm, we set nx =

1000, ny = 500 and fix all other settings. The results are shown in Figure 5.5.

Similarly, LSMI-Sinkhorn achieves the best performance among all methods. We
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Figure 5.5 : SMI estimation on synthetic data (nx = 1000, ny = 500).

also notice that Gromov-SMI achieves even worse estimation than nx = ny case,

which means it is not as stable as our algorithm to handle sophisticated situations

(nx �= ny).

UCI Datasets: We selected four benchmark datasets from the UCI machine learn-

ing repository. For each dataset, we split the features into two sets as paired samples.

To ensure high dependence between these two subsets of features, we utilized the

same splitting strategy as [74] according to the correlation matrix. The experimental

setting is the same as the synthetic data experiment. We show the SMI estimation

results in Figure 5.6. Similarly, LSMI-Sinkhorn obtains better estimation values in

all four datasets. Gromov-SMI tends to overestimate the value by a large margin,

while other baselines underestimate the value.

5.4.4 Deep Image Matching

Next, we consider an image matching task with deep convolution features. We

use two commonly-used image classification benchmarks: CIFAR10 [144] and STL10
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Figure 5.6 : SMI estimation on UCI datasets.

Figure 5.7 : Deep image matching.

[145].We extracted 64-dim features from the last layer (after pooling) of ResNet20

[7] pretrained on the training set of CIFAR10. The features are divided into two 32-

dim parts denoted by {xi}Ni=1 and {yi}Ni=1. We shuffle the samples of y and attempt

to match x and y with limited pair samples (n ∈ {10, 20, . . . , 100}) and unpaired

samples (nx = ny = 500). Other settings are the same as the above experiments.

To evaluate the matching performance, we used top-1 accuracy, top-2 accu-

racy (correct matching is achieved in the top-2 highest scores), and class accuracy

(matched samples are in the same class). As shown in Figure 5.7, LSMI-Sinkhorn

obtains high accuracy with only a few tens of supervised pairs. Additionally, the
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high class matching performance implies that our algorithm can be applied to further

applications such as semi-supervised image classification.

5.4.5 Photo Album Summarization

Finally, we apply the proposed LSMI-Sinkhorn to the photo album summariza-

tion problem, where images are matched to a predefined structure according to the

Cartesian coordinate system.

Color Feature. We first used 320 images collected from Flickr [74] and extracted

the original RGB pixels as color feature. Figure 5.8a and 5.8b depict the semi-

supervised summarization to the triangle and 16× 20 grids with the corners of the

grids fixed to green, orange, black (triangle), and blue (rectangle) images. Similarly,

we show the summarization results on an “LSMI SINK" grid with the center of each

character fixed. It can be seen that these layouts show good color topology according

to the fixed color images.

Semantic Feature. We then used CIFAR10 with the ResNet20 feature to illustrate

the semantic album summarization. Figure 5.9 shows the layout of 1000 images into

the same triangle, 16 × 20, and “LSMI SINK" grids. For Figure 5.9a and 5.9b, we

fixed corners of the grid to automobile, airplane, horse (triangle) and dog (rectangle)

images. For Figure 5.9c, we fixed the corresponding character centers. It can be

seen that similar objects are aligned together by their semantic meanings rather

than colors of the fixed images.

In comparison to previous summarization algorithms, LSMI-Sinkhorn has two

advantages. First, the semi-supervised property enables interactive album summa-

rization, while kernelized sorting [74, 75] and object matching [139] cannot. Second,

we obtained a solution for general rectangular matching (nx �= ny), e.g., 320 images

to a triangle grid, 1000 images to a 16×20 grid, while most previous methods [74, 139]

relied on the Hungarian algorithm [141] to obtain square matching (nx = ny).
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(a) Triangle (b) 16× 20 (c) “LSMI SINK"

Figure 5.8 : Photo album summarization on Flickr dataset. For (a) and (b), we fixed the

corners with green, orange, black (triangle), and blue (rectangle) images. For (c), we fixed

the center of each character with different images.

(a) Triangle (b) 16× 20 (c) “LSMI SINK"

Figure 5.9 : Photo album summarization on CIFAR10 dataset. For (a) and (b), we fixed

the corners with automobile, airplane, horse (triangle), and dog (rectangle) images. For

(c), we fixed the center of each character with different images.

5.5 Conclusion

In this chapter, we proposed the LSMI-Sinkhorn algorithm to estimate the SMI

from a limited number of paired samples. To the best of our knowledge, this is the

first semi-supervised SMI estimation algorithm. Experiments on synthetic and real

data showed that the proposed algorithm can successfully estimate SMI with a small

number of paired samples. Moreover, we demonstrated that the proposed algorithm

can be used for image matching and photo album summarization.
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Chapter 6

Semantic Correspondence as an Optimal Transport
Problem

6.1 Introduction

Establishing dense correspondences across semantically similar images is one of

the fundamental tasks in computer vision that has potential applications such as

semantic segmentation [146, 147], image registration [89], and image editing [148,

149]. This is a challenging task due to the large intra-class variation, viewpoint

changes and background clutter.

Recent methods employ powerful image features from convolutional neural net-

works. Semantic flow approaches attempt to establish a flow field between im-

ages based on single [83, 3, 2] or multiple layers [1] feature maps. Semantic align-

ment methods cast semantic correspondence as a geometric alignment problem to

regress the global transformation parameters using self-supervised [87, 88], weakly-

supervised [150, 3] or keypoints [89] supervision. However, many to one matching

problem and background matching problem hinder the development of semantic cor-

respondence.

First, many to one matching occurs when many pixels in a source image are

assigned to one target pixel. We solve this problem by global feature matching,

which maximizes the total matching correlations between images. Most existing ap-

proaches [83, 84, 1, 3] for semantic correspondence rely on the correlation map which

is computed by individual feature matching∗. The individual matching scheme does

∗Each source feature finds its nearest neighbor from all target features independently.
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(a) Many to one matching.

(b) Background matching.

Figure 6.1 : We solve two problems caused by current approaches, such as HPF [1]. (a)

Many pixels in a source image are assigned to one target pixel. (b) Some object pixels are

assigned to the background pixels. Note that the two different results are only part of the

whole results which reflect the many to one matching and background matching.

not care about the mutual relation between features within the same image. There-

fore, it is sensitive to large intra-class variations and repetitive patterns (i.e., similar

patterns for different parts of an object.). For example, in Figure 6.1a (Left), due to

repetitive pattern in left bottle, the individual matching assigns many source pixels

to one target pixel. Although, semantic alignment methods [150, 89, 88] try to sup-

press many to one matching by estimating the global transformation parameters,

they are easily distracted by occlusion and non-rigid deformations. In our method,

maximizing the total matching correlations leads to a global optimal matching ma-

trix, which is insensitive to repetitive patterns (e.g., Figure 6.1a (Right)). For the

matching matrix, each row represents matching scores from a source pixel to all

target pixels and each column represents scores from all source pixels to a target

pixel. We enforce each row sum and column sum to be a fixed value according to
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the prior distributions of pixels. This avoids large values in a whole row or column,

thus reducing the many to one matching.

Second, background matching happens when some object pixels are assigned

to background pixels due to the intra-class appearance variation and background

clutter, as shown in Figure 6.1b (Left). Recent methods deal with this by soft-inlier

score [3] or attention [87], whereas they need special network design and rely on

large amount of training data. In this chapter, we reuse feature extraction network

with neglected cost to obtain the class activation map (CAM), which is a good

indicator for the foreground and background areas. However, the original CAM is

not well calibrated for source and target images, e.g., same part of an object from

two images may have different values. Therefore, we propose a staircase function to

re-weight pixels of an activation map into four levels: hot spots, object, context and

background with decreasing values. With staircase re-weighting, background pixels

are unlikely assigned to foreground, thus reducing the background matching.

We combine all proposed modules in a unified optimal transport framework. This

is implemented by converting the correlation maximization to optimal transport

formulation and incorporating the staircase weights to act as empirical distributions

in optimal transport. We summarize the main contributions as follows:

• We model semantic correspondence as an optimal transport problem (SCOT)

in a unified framework. The row sum and column sum constraints can be

naturally incorporated to suppress many to one matching.

• We propose a staircase function applied on the class activation maps with

neglected cost to suppress the background matching.

• The proposed algorithm achieves state-of-the-art performance on four bench-

mark datasets, especially a 26% relative improvement on the large-scale SPair-

71k dataset.
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6.2 Proposed Algorithm

In this section, we first introduce preliminary knowledge about optimal transport

theory, then we describe how the semantic correspondence problem can be modeled

in optimal transport framework, at last, we describe the implementation details

about pre- and post-processing.

6.2.1 Preliminary

Optimal transport aims at computing a minimal cost transportation between

a source distribution μs, and a target distribution μt. μs and μt are defined on

probability space X, Y ∈ Ω, respectively. When a meaningful cost function c :

X ×Y �→ R
+ is defined, the Kantorovich formulation [151] solves optimal transport

by seeking for a probabilistic coupling π ∈ P(X × Y ):

π∗ = argmin
π∈Π(μs,μt)

∫
X×Y

c(x,y)π(x,y)dxdy , (6.1)

where Π(μs, μt) = {∫
Y
π(x, y)dy = μs,

∫
X
π(x, y)dx = μt,π ≥ 0}, i.e., π is the joint

probability measure with marginals μs and μt.

Here we consider the case when those distributions are discrete empirical distri-

butions, and can be written as

μs =
ns∑
i=1

psiδ(xi) , μt =
nt∑
i=1

ptiδ(yi) , (6.2)

where δ(·) denotes the Dirac function, ns and nt are the number of samples, psi and

pti are the probability mass to the i-th sample, belonging to the probability simplex,

i.e.,
∑ns

i=1 p
s
i =

∑nt

i=1 p
t
i = 1. We define a cost matrix M with Mij representing the

distance between xi and yj. The optimal transport problem is:

T ∗ = argmin
T∈Rns×nt

+

∑
ij

TijMij

s.t. T1nt = μs , T
�1ns = μt . (6.3)
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Figure 6.2 : The proposed framework. A pair of images are input to the pre-trained CNN

to get the multi-layer feature maps (fs,ft) and the class activation maps in a single forward

pass. fs and ft are used to compute a cost matrix M representing the matching difference.

Activation maps undergo a staircase function and are then normalized as the empirical

probability distributions μs and μt. We deal with semantic correspondence by solving

optimal transport problem to get the optimal match T ∗, which is further post-processed

to ensure geometric consistency.

T ∗ is called the optimal transport plan or transport matrix. Tij denotes the the

optimal amount of mass to move from xi to yj in order to obtain an overall minimum

cost.

6.2.2 Semantic correspondence as an OT problem

Given an input image pair (Is, It) containing the same object, the goal of se-

mantic correspondence is to estimate a matrix (e.g., T ∗ in Figure 6.2) representing

the dense matching scores between pixels in two images. A key step in semantic

correspondence is to compute the correlation map, which describes the matching

similarities between any two locations from different images.
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Correlation map A common strategy for computing correlation map is based

on matching individual image features using cosine similarity. Given dense feature

maps fs ∈ R
hs×ws×D and ft ∈ R

ht×wt×D of source and target images extracted from

CNNs, the correlation map is computed as:

C =
fs · f�t
‖fs‖‖ft‖ ∈ R

hs×ws×ht×wt . (6.4)

Cijkl denotes the matching score between the (i, j)-th position in source feature map

and (k, l)-th position in target feature map. The best match for (i, j) is computed

as argmax kl Cijkl.

In this process, each of the pairwise matching scores in position (i, j, k, l) is

computed individually, without considering any mutual relation or additional con-

straints. However, since the large intra-class variation and background clutter are

ubiquitous in semantic correspondence, this individual strategy often leads to two

problems in matching (see Figure 6.1). Firstly, many source positions can be as-

signed to the same target position due to the individual argmax assignment. This

is an undesired property because for the same object it is more reasonable to match

each part in source image to the corresponding part in target image, e.g., one-to-one

matching. Secondly, foreground object may be assigned to the background due to

high feature variation or illumination changes.

Optimal transport problem In this chapter, instead of individual matching

strategy, we model this problem from a global perspective. We first introduce a

matrix T ∈ R
hsws×htwt as the pairwise matching probability from source to target

image. Then we resize correlation map C to the same shape as T and define the

total correlation as
∑

ij TijCij. Our goal is to maximize the total correlation to

get a global optimal matching probability T ∗. In order to avoid trivial solutions, we

introduce the empirical distribution μs and μt as the probability of each point in

source or target feature map. The values of μs and μt represent the importance of
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column sum

row sum

without constraints row & column constraints

source

target

Figure 6.3 : Left: Many source pixels are assigned to one target pixel. Right: The row sum

and column sum constraints of the matching matrix suppress the many to one matching.

each point in feature map. Then the marginals of T are constrained to be μs and μt

(i.e., the row sum of T is μs and column sum is μt). The problem is formulated as:

T ∗ = argmax
T∈Rhsws×htwt

+

∑
ij

TijCij

s.t. T1htwt = μs , T
�1hsws = μt . (6.5)

If we define M = 1 −C as the cost matrix denoting the matching difference, then

Eq. 6.5 is equivalent to minimize the total matching difference:

T ∗ = argmin
T∈Rhsws×htwt

+

∑
ij

TijMij

s.t. T1htwt = μs , T
�1hsws = μt , (6.6)

which is a standard optimal transport problem as in Eq. 6.3.

The intuition of modeling semantic correspondence as optimal transport is shown

in Figure 6.3. Since the row sum and column sum of matching probability matrix is

constrained to be μs and μt, the many to one matching problem occurring in other

cosine similarity based methods [87, 1, 2], are significantly suppressed.
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Computation of μs and μt with staircase re-weighting If we do not have

any prior knowledge, then μs and μt can be set to uniform distributions, indicating

same importance of each point in source and target feature maps. Since semantic

correspondence suffers from background clutter issue, it is natural to recognize that

the foreground object and background should be assigned different importance. Al-

though some previous work [87, 3] showed similar idea, our method is flexible enough

to incorporate any kind of prior into the unified optimal transport framework.

We generate the class activation maps [90] for source and target image as the

prior information. Since we already have the feature extraction CNNs (detailed

in next section), these maps are nearly zero cost due to the same forward pass

with feature extraction. Let fL ∈ R
hL×wL×dL denote the feature map of the last

convolutional layer. It is fed into a Global Average Pooling layer (GAP) followed by

a fully connected layer and a softmax layer for classification. The average value of

the kth feature map is sk =
∑

i,j fL(i,j,k)

hL×wL
. W fc ∈ R

dL×C denotes the fully connected

layer weights, where C is the number of classes. Ignoring the bias term, the input to

cth softmax node can be defined as yfcc =
∑dL−1

k=0 skW
fc
k,c. The class activation map

(CAM) of class c is obtained as follows,

Ac =

dL−1∑
k=0

fL(·, ·, k) ·W fc
k,c . (6.7)

We choose the class with the highest classification probability and normalize Ac to

the range of [0, 1].

The original CAM is not well calibrated for source and target images, e.g., same

part of an object from two images may have different values. Therefore, we propose

a staircase function to categorize the activation map into four levels according to

their values: hot spots, object, context and background. Values of each category are

adjusted as:

Ac(x, y) =
L∑
i=1

γiI(Ac(x, y) > βi) , (6.8)
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Algorithm 4 Optimal transport with sinkhorn algorithm.
Input: μs, μt,M, ε, tmax

Initialize K = e−M/ε ,b ← 1 , t ← 0

while t ≤ tmax and not converge do

a = μs/(Kb)

b = μt/(K
�a)

end while

Output: T = diag(a)Kdiag(b)

where L = 4 is the number of levels, βi is the stair height denoting the threshold of

i-th level, I(·) is an indicator function whose value equals 1 only when the condition

satisfies, γi is the stair width denoting the increased weight from previous level. γi

and βi are selected according to the validation set. Now, μs and μt can be computed

as: μs(x, y) = As
c(x, y)/

∑
As

c(x, y), μt(x, y) = At
c(x, y)/

∑
At

c(x, y) and are then

flattened to vectors. We call this strategy the staircase re-weighting.

Solving OT with Sinkhorn algorithm. Exactly solving Eq. 6.6 with Network

Flow solver requires the complexity of O(n3) (n proportional to hsws and htwt).

Following [72], we resort to the entropy-regularized optimal transport problem:

T ∗ = argmin
T∈Rhsws×htwt

+

∑
ij

TijMij + εH(T )

s.t. T1htwt = μs , T
�1hsws = μt , (6.9)

where H(T ) =
∑

ij Tij(log Tij − 1) is the negative entropic regularization and ε > 0

is the regularization parameter. Eq. 6.9 is a convex problem and can be solved using

Sinkhorn-Knopp algorithm [137] with the complexity of O(hsws × htwt). Detailed

solution is presented in Algorithm 4. Note that as Algorithm 4 only contains matrix

multiplication and exponential operations, it is differentiable and can be computed
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efficiently. †

6.2.3 Pre- and post-processing

Input feature extraction Previous work [88, 3] usually extract feature from the

last convolutional layer of deep neural network as matching primitives for semantic

correspondence. However, this single layer feature cannot make full use of multi-

level representations and fails to deal with ambiguous matching caused by intra-class

variations. We follow the good practice of [1] to search and select multi-layer features

from all candidate layers of a pre-trained CNN model.

A typical CNN takes an input image and produces a consecutive list of feature

maps: [f1, f2, . . . , fL] with fi ∈ R
hi×wi×di . We use the percentage of correct keypoints

(PCK) on validation set as a evaluation metric to compare different feature subsets.

In order to search the optimal subset of feature maps, we run a variant of beam-

search with a limited memory [1]. We maintain a memory containing at most N

(beam size) subsets of layers. At each search step, we form the new subsets by

adding the candidate layer to each of the current subsets in memory. With all old

and new subsets, only the N top performing ones are kept in memory. This process

goes on until we reach the maximum number of layers allowed.

After layer search, each image can be represented by a dense spatial feature grid

f = [fl1 ,Φ(fl2), . . . ,Φ(flk)] ∈ R
h×w×D, where li is the selected layer index and Φ

denotes an upsample function. We denote the features of source and target images

as fs and ft respectively.

Post-processing In order to get the geometrically consistent matching, we employ

the regularized Hough matching (RHM) [1] as the post-processing step.

†In this work, we only use pre-trained CNN model. We implement a GPU version of Algorithm

4 for fast computation.
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Let us assume ps and pt the position grids of feature maps fs and ft. Rs =

(fs,ps) and Rt = (ft,pt) are the coupled feature-position sets with r,r′ being their

elements. For the sake of simplicity, we denote D for two sets and m for a match:

D = (Rs, Rt),m = (r, r′) in Rs × Rt. The matching confidence for m is denoted as

p(m|D). Since the source and target images contain the same object, we assume

the common object can be located with offset x lying in a Hough space X . The

matching confidence can be calculated as follows:

p(m|D) = p(ma)
∑
x∈X

p(mg|x)p(x|D) , (6.10)

p(x|D) ∝
∑
m

p(ma)p(mg|x) . (6.11)

Here p(ma) is the appearance score, p(mg|x) is the geometric score given an offset

x, p(x|D) is the geometry prior computed by aggregating individual votes into the

Hough space scores.

In this work, we set p(ma) = T ∗. For p(mg|x), we estimate it by comparing

ps(i, j)−pt(i, j) to the given offset x. The two-dimensional offset bins is constructed

and a Gaussian mask is centered on offset x to re-weight the values.

After we obtain the matching confidence p(m|D), it is easy to transfer any key-

point from a source image to the target image. Given a keypoint xp in a source

image, we first compute the neighborhood pixels N (xp) covered within the recep-

tive fields of the feature map, and we compute the displacement between xp and

middle of the receptive fields, i.e., {d(xq)}xq∈N (xp). Let yq denotes the target point

for xq computed from p(m|D) by nearest neighbor assignment. The corresponding

keypoint for xp is the average of {yq + d(xq)}xq∈N (xp).

6.3 Experiments

In this section we describe our benchmarks and evaluation metric, give imple-

mentation details, and compare our method to baselines and the state-of-the-art.
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6.3.1 Benchmarks and evaluation metric

SPair-71k [152]. Because of the annotation cost, previous datasets are relatively

small and do not show much variability. The newly-released SPair-71k dataset

includes 70,958 image pairs with various viewpoint and scale changes, which is a

reliable testbed for studying real problems of semantic correspondence.

TSS [147], PF-PASCAL [153], and PF-WILLOW [82]. TSS contains 400

image pairs divided into three groups: FG3DCar [154], JODS [146], and PASCAL

[155]. PF-PASCAL contains 1,351 image pairs from the 20 object categories of the

PASCAL VOC [156] dataset. PF-WILLOW contains 900 image pairs of 4 object

categories. For a fair comparison, we follow the settings of previous work [86, 84, 9,

1, 3] to evaluate our model.

Evaluation metric. We employ the commonly-used metric of percentage of

correct keypoints (PCK). It calculates the number of predicted keypoints that is

correct under a fixed threshold. Once we have the predicted keypoint kpr and the

ground-truth keypoint kgt, if the following condition satisfies:

d(kpr,kgt) ≤ ατ ·max(wτ , hτ ), (6.12)

then the prediction is correct. Here, d(·, ·) is the Euclidean distance, wτ and hτ

represent the width and height (image level or bounding box level ) which are deter-

mined according to the criterion τ ∈ {img, bbox}, where ατ is a fixed threshold (e.g.,

ατ = 0.1). PCKs of all image pairs are averaged to get the final PCK. Following

[1], we evaluate PF-PASCAL with αimg, PF-WILLOW and SPair-71k with the more

stringent criterion αbbox. For TSS, we follow [147, 84] to compute the PCK over a

dense set of keypoints.
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6.3.2 Implementation details

In this section, two network structures are utilized as the backbone for feature

and activation map extraction: ResNet50 and ResNet101 [7] pre-trained on Ima-

geNet [157]. No fine-tuning is performed in any manner in our algorithm.

To select multiple-layer features, we run the search algorithm proposed in [1]

with the proposed optimal transport matching on validation set. For SPair-71k,

the best layer subsets are (0, 11, 12, 13) with ResNet-50 and (0, 19, 27, 28, 29, 30)

with ResNet-101. For PF-PASCAL and PF-WILLOW, the best layer subsets are

(2, 22, 24, 25, 27, 28, 29) with ResNet-101. The optimal layers are different from [1]

since we consider the total correlations rather than individual feature matching.

In Eq. 6.8, we set γ = [0.5, 0.3, 0.1, 0.1] and β = [0.0, 0.4, 0.5, 0.6] according to

the PCK of the validation set. In Algorithm 4, we set ε = 0.05 and tmax = 50.

6.3.3 Evaluation results on SPair-71k

Comparisons to state-of-the-art First, we compare per-class PCK on the SPair-

71k dataset with state-of-the-art methods in Table 6.1. The overall PCK of the

proposed algorithm outperforms the state-of-the-art [1] by 7.4 (relative 26%), which

is a huge improvement. And for all classes, our algorithm surpasses [1] by a large

margin. Among all candidate algorithms, our algorithm achieves the best PCK on

16 out of 18 classes. This proves the effectiveness and robustness of our optimal

transport algorithm in finding global optimal matching.

To better understand the performance of our algorithm under complex condi-

tions, we report the results according to different variation factors with various diffi-

culty levels in Table 6.2. SPair-71k dataset contains diverse variations in view-point,

scale, truncation and occlusion, which is a reliable testbed to study the problem of

semantic correspondence. The results clearly show that the proposed algorithm out-
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Table 6.1 : Results on SPair-71k (αbbox=0.1). All models in this table use ResNet101

as the backbone. For the authors’ original models, [88, 87] were trained on PASCAL-

VOC with self-supervision, [3, 2] were trained on PF-PASCAL with weal-supervision. For

SPair-71k-finetuned models, we follow HPF [1] to further finetune the original models on

SPair-71k dataset. For SPair-71k validation models, [1] and our method only utilize the

validation split for hyperparameter tuning. The best performances are shown in bold.

Methods aero bike bird boat bottle bus car cat chair cow dog horse moto person plant sheep train tv all

Authors’

original

models

CNNGeo [88] 21.3 15.1 34.6 12.8 31.2 26.3 24.0 30.6 11.6 24.3 20.4 12.2 19.7 15.6 14.3 9.6 28.5 28.8 18.1

A2Net [87] 20.8 17.1 37.4 13.9 33.6 29.4 26.5 34.9 12.0 26.5 22.5 13.3 21.3 20.0 16.9 11.5 28.9 31.6 20.1

WeakAlign [3] 23.4 17.0 41.6 14.6 37.6 28.1 26.6 32.6 12.6 27.9 23.0 13.6 21.3 22.2 17.9 10.9 31.5 34.8 21.1

NC-Net [2] 24.0 16.0 45.0 13.7 35.7 25.9 19.0 50.4 14.3 32.6 27.4 19.2 21.7 20.3 20.4 13.6 33.6 40.4 26.4

SPair-71k

finetuned

models

CNNGeo [88] 23.4 16.7 40.2 14.3 36.4 27.7 26.0 32.7 12.7 27.4 22.8 13.7 20.9 21.0 17.5 10.2 30.8 34.1 20.6

A2Net [87] 22.6 18.5 42.0 16.4 37.9 30.8 26.5 35.6 13.3 29.6 24.3 16.0 21.6 22.8 20.5 13.5 31.4 36.5 22.3

WeakAlign [3] 22.2 17.6 41.9 15.1 38.1 27.4 27.2 31.8 12.8 26.8 22.6 14.2 20.0 22.2 17.9 10.4 32.2 35.1 20.9

NC-Net [2] 17.9 12.2 32.1 11.7 29.0 19.9 16.1 39.2 9.9 23.9 18.8 15.7 17.4 15.9 14.8 9.6 24.2 31.1 20.1

SPair-71k

validation

HPF [1] 25.2 18.9 52.1 15.7 38.0 22.8 19.1 52.9 17.9 33.0 32.8 20.6 24.4 27.9 21.1 15.9 31.5 35.6 28.2

Ours 34.9 20.7 63.8 21.1 43.5 27.3 21.3 63.1 20.0 42.9 42.5 31.1 29.8 35.0 27.7 24.4 48.4 40.8 35.6

Table 6.2 : PCK analysis by variation factors on SPair-71k (αbbox = 0.1). The variation

factors include view-point, scale, truncation, and occlusion with various difficulty levels.

All models in this table use ResNet101 as the backbone.

Methods
View-point Scale Truncation Occlusion

All
easy medi hard easy medi hard none src tgt both none src tgt both

Identity mapping 7.3 3.7 2.6 7.0 4.3 3.3 6.5 4.8 3.5 5.0 6.1 4.0 5.1 4.6 5.6

Authors’

original

models

CNNGeo [88] 25.2 10.7 5.9 22.3 16.1 8.5 21.1 12.7 15.6 13.9 20.0 14.9 14.3 12.4 18.1

A2Net [87] 27.5 12.4 6.9 24.1 18.5 10.3 22.9 15.2 17.6 15.7 22.3 16.5 15.2 14.5 20.1

WeakAlign [3] 29.4 12.2 6.9 25.4 19.4 10.3 24.1 16.0 18.5 15.7 23.4 16.7 16.7 14.8 21.1

NC-Net [2] 34.0 18.6 12.8 31.7 23.8 14.2 29.1 22.9 23.4 21.0 29.0 21.1 21.8 19.6 26.4

SPair-71k

finetuned

models

CNNGeo [88] 28.8 12.0 6.4 24.8 18.7 10.6 23.7 15.5 17.9 15.3 22.9 16.1 16.4 14.4 20.6

A2Net [87] 30.9 13.3 7.4 26.1 21.1 12.4 25.0 17.4 20.5 17.6 24.6 18.6 17.2 16.4 22.3

WeakAlign [3] 29.3 11.9 7.0 25.1 19.1 11.0 24.0 15.8 18.4 15.6 23.3 16.1 16.4 15.7 20.9

NC-Net [2] 26.1 13.5 10.1 24.7 17.5 9.9 22.2 17.1 17.5 16.8 22.0 16.3 16.3 15.2 20.1

SPair-71k

validation

HPF [1] 35.6 20.3 15.5 33.0 26.1 15.8 31.0 24.6 24.0 23.7 30.8 23.5 22.8 21.8 28.2

Ours 42.7 28.0 23.9 41.1 33.7 21.4 39.0 32.4 30.0 30.0 39.0 30.3 28.1 26.0 35.6
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performs all other methods by a large margin in all conditions, which demonstrates

the high stability of the proposed algorithm.

Ablation studies on feature matching To verify the effect of global feature

matching in optimal transport, we compare optimal transport with individual fea-

ture matching (i.e, cosine) on SPair-71k. We first introduce the baselines. Here,

“Cos-NN" denotes the cosine matching scores (Eq. 6.4) followed by nearest neigh-

bor assignment (NN). “Cos-RHM" denotes the cosine matching scores followed by

regularized Hough matching (RHM), which is equivalent to the HPF algorithm in

[1] ‡. Similarly, “OT-NN" and “OT-RHM" denote matching scores computed by

optimal transport (Eq. 6.9) without class activation maps (i.e., μs and μt are set

to uniform distribution) followed by corresponding post-processing. Finally, “OT-

RHM-CAM" denotes the baseline using the original class activation maps, while

“OT-RHM-Stair" denotes our model with staircase re-weighting on class activa-

tion maps, which is our ultimate model.

The results are shown in Table 6.3. It can be seen that in all settings (various

backbones and geometric post-processing), the proposed optimal transport solution

beats the corresponding baseline by a large margin. In order to study the many

to one matching issue shown in Figure 6.1a, we calculated the average number of

unique points on target maps assigned to source. As shown in Table 6.3, optimal

transport has about twice individual matches as many as cosine methods, this agrees

with our motivation that global feature matching can significantly suppress the many

to one matching. We further observe that RHM can increase the number of target

matches for both cosine and optimal transport. However, the PCK of Cos-RHM even

drops compared with Cos-NN, while OT-RHM continues to increase over OT-NN.

We conjecture that too many duplicated assignments of cosine matching hinders

‡For fair comparison, we use multiple-layer features selected in Sec 6.3.2 instead of [1].
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Table 6.3 : PCK results (αbbox = 0.1) on SPair-71k dataset with feature matching com-

puted by cosine (Cos) and optimal transport (OT). “src pts" denotes the average number

of points from source feature maps. “trg matches" denotes the average number of unique

points on target maps assigned to the source points.

Backbone Methods src pts trg matches PCK

ResNet50

Cos-NN 4099 558 28.0

OT-NN 4099 1184 29.4

Cos-RHM 4099 783 26.6

OT-RHM 4099 1322 31.3

ResNet101

Cos-NN 4099 445 30.6

OT-NN 4099 1062 33.7

Cos-RHM 4099 701 27.8

OT-RHM 4099 1261 34.8

Table 6.4 : Ablation study of staircase re-weighting on SPair-71k dataset. PCK results

with αbbox = 0.1 are reported.

Methods ResNet50 ResNet101

OT-NN 29.4 33.2

OT-NN-CAM 29.6 32.6

OT-NN-Stair 30.2 34.2

OT-RHM 31.3 34.8

OT-RHM-CAM 31.4 34.5

OT-RHM-Stair 32.1 35.6

the effectiveness of RHM for better geometric adjustment. We also notice that

ResNet101 has a smaller number of target matches than ResNet50. The reason is

that the deeper network has a larger receptive field in deeper layers that makes

features of these layers less distinguishable.
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Ablation studies on staircase re-weighting. We then investigate the effect

of staircase re-weighting under different backbones and geometric post-processing.

From Table 6.4, we can see that original CAM has little or no improvement com-

pared to the baselines while our staircase re-weighting enjoys at least 0.8% PCK

increase. Considering the staircase re-weighting strategy shares the same CNN for-

ward pass with feature extraction and the extra cost is nearly free, this is a promising

improvement. We believe this strategy can perform better with more accurate class

activation maps. We leave this for future study.

Visualization. We show the qualitative results in Figure 6.4. We warp the source

images to align with the corresponding target images. For HPF [1], NC-net [2], and

our method, we first use the source keypoints and the predicted target keypoints

to estimate the thin-plate spline (TPS) parameters, then apply TPS transformation

on the source image. For A2Net [1] and WeakAlign [3], they are global alignment

methods that directly predict the global transformation parameters from the CNN

models. We show the results of image pairs with large intra-class, scale, and view-

point changes. Our method performs better in complex conditions due to our global

matching and background suppressing strategies.

6.3.4 TSS, PF-PASCAL, and PF-WILLOW

Table 6.5 shows the evaluation results on TSS dataset. The proposed method

outperforms previous methods on one of the three groups of the TSS dataset and

the average performance over three groups on the TSS dataset sets up a new state

of the art.

Table 6.6 summarizes comparisons to state-of-the-art methods on PF-PASCAL

and PF-WILLOW. Following [1], we use the backbone of FCN [10] pre-trained with
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(a) Source (b) Target (c) Ours (d) HPF (e) A2Net (f) WeakAlign (g) NC-Net

Figure 6.4 : Qualitative results on SPari-71k. The source images are warped to align with

target images using correspondences. For HPF [1], NC-net [2], and our method, we first

use the source keypoints and the predicted target keypoitns to estimate the thin-plate

spline (TPS) parameters, then apply TPS transformation on the source image. For A2Net

[1] and WeakAlign [3], they are global alignment methods that directly predict the global

transformation parameters from the CNN models. We show image pairs with large intra-

class, scale, and view-point changes. Our method performs better in complex conditions

due to our global matching and background suppressing strategies.
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Table 6.5 : Evaluation results on TSS dataset. Subscripts of the method names indicate

backbone networks used. We report the PCK scores with α = 0.05 and the best results

are in bold.

Methods FG3D. JODS PASC. Avg.

CNNGeores101 [88] 90.1 76.4 56.3 74.3

DCTMCAT-FCSS [158] 89.1 72.1 61.0 74.0

Weakalignres101 [3] 90.3 76.4 56.5 74.4

RTNsres101 [150] 90.1 78.2 63.3 77.2

NC-Netres101 [2] 94.5 81.4 57.1 77.7

DCCNetres101 [84] 93.5 82.6 57.6 77.9

HPFres101 [1] 93.6 79.7 57.3 76.9

Oursres101 95.3 81.3 57.7 78.1

PASCAL VOC 2012 [156] §. Different levels of supervisory signals are used in the

deep network models, such as self-supervision [88, 87], weak-supervision [158, 3, 2,

84, 150], keypoints [86, 89] and masks [9]. In the contrary, HPF [1] and our method

only use the pre-trained ImageNet models and the validation set. Table 6.6 shows

that the proposed method achieves the state-of-the-art results on both benchmarks

with various thresholds α. It need to be further noticed that when α becomes smaller

(stricter criterion), our method gains larger advantage over others. This indicates

that our method generates more accurate keypoint predictions, so it can perform

better with small threshold.

6.4 Conclusion

We propose to model semantic correspondence as an optimal transport problem

(SCOT). We solve semantic correspondence by maximizing the total correlations

§For this network, we directly extract the max-aggregated class masks as class activation map.

Image-level annotations are not used.
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Table 6.6 : Evaluation results on PF-PASCAL and PF-WILLOW. Subscripts of the method

names indicate backbone networks used. Different levels of supervision are used, such as

self-supervision [88, 87], weak-supervision [158, 3, 2, 84, 150], keypoints [86, 89] and masks

[9]. HPF [1] and our method only use pre-trained models and the validation set. The best

performances are shown in bold. We borrow the results of [86, 82, 158, 88, 3] from [150].

Methods
PF-PASCAL (αimg) PF-WILLOW (αbbox)

0.05 0.1 0.15 0.05 0.1 0.15

PFHOG [82] 31.4 62.5 79.5 28.4 56.8 68.2

CNNGeores101 [88] 41.0 69.5 80.4 36.9 69.2 77.8

A2Netres101 [87] 42.8 70.8 83.3 36.3 68.8 84.4

DCTMCAT-FCSS [158] 34.2 69.6 80.2 38.1 61.0 72.1

Weakalignres101 [3] 49.0 74.8 84.0 37.0 70.2 79.9

NC-Netres101 [2] 54.3 78.9 86.0 33.8 67.0 83.7

DCCNetres101 [84] - 82.3 - 43.6 73.8 86.5

RTNsres101 [150] 55.2 75.9 85.2 41.3 71.9 86.2

SCNetVGG16 [86] 36.2 72.2 82.0 38.6 70.4 85.3

NN-Cycres101 [89] 55.1 85.7 94.7 40.5 72.5 86.9

SFNetres101 [9] - 78.7 - - 74.0 -

HPFres101 [1] 60.1 84.8 92.7 45.9 74.4 85.6

HPFres101-FCN [1] 63.5 88.3 95.4 48.6 76.3 88.2

Oursres101 63.1 85.4 92.7 47.8 76.0 87.1

Oursres101-FCN 67.3 88.8 95.4 50.7 78.1 89.1

between pixels in two images, which is equivalent to the standard optimal transport

problem. We then apply a staircase function on the class activation maps generated

from feature extraction CNNs with neglected extra cost to re-weight the importance

of foreground and background pixels. These re-weighted maps are normalized to

serve as prior information for empirical distributions in optimal transport. The ab-

lation studies clearly demonstrate the effectiveness of each component. And SCOT
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outperforms state-of-the-art on standard benchmarks by a large margin.
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Chapter 7

Conclusion and Future Work

This thesis focuses on the learning algorithms with limited labeled data and applies

them to solve two problems: few-shot learning and object matching.

For few-shot learning, I focus on two settings: few-shot image classification and

online learning with imbalanced streaming data. In the formal setting, a Trans-

ductive Propagation Network (TPN) is proposed to learn to propagate labels from

labeled instances to unlabeled test instances, thus alleviating the low-data issue.

In the latter setting, an adaptive sparse confidence-weighted (ASCW) algorithm

is proposed to explore the feature correlation and maintain multiple learners with

different costs to address the imbalanced issue. For object matching, due to the an-

notation difficulty, a good strategy is to explore high-confidence matching pairs from

unlabeled objects. Based on this strategy, two algorithms are proposed. First, a

squared-loss mutual information (SMI) is applied to utilize a small number of paired

samples and the abundant unpaired ones. Second, the specific object matching prob-

lem, semantic correspondence, is solved in a unified optimal transport framework to

address the many to one matching and background matching issues.

From the above solutions for limited labeled data, some good practice can be

summarized: (1) an expected model should be parameter-efficient to cope with the

overfitting issue caused by the limited labeled data. (2) in order to combine with

powerful models such as deep neural networks, the expected model should induce

simple and explicit gradient computation for efficient model training. In this thesis,

closed-form algorithms and Sinkhorn algorithm are two practical instantialization
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that is consistent with these two practices.

Most of the proposed algorithms deal with limited labeled data learning and

generalization in a single domain (dataset). A promising future direction is to inves-

tigate the generalization across multiple domains for more realistic applications. For

multiple domains, the potential model should have diverse schemes to deal with the

heterogeneous tasks from multiple domains. A challenge is how to encourage posi-

tive transfer across similar domains and prevent negative interference across different

domains. However, the proposed algorithms can be a good starting point to deal

with multi-domain problems, e.g., maintaining several TPN network or multi-graph

matching using Sinkhorn algorithm.
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