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Abstract: Metamaterials have been extensively investigated owing to their unusual properties. However, 
the design of multifunctional metamaterials requires further investigation. This study focused on the design 
of three-dimensional (3D) metamaterials to achieve tunable negative thermal expansion and phononic 
bandgap properties. First, the independent continuous mapping (ICM) topology optimisation method was 
applied to create metamaterial microstructures with negative thermal expansion properties based on the 
multi-scale asymptotic homogenisation theory. Secondly, the conceptual structure from the topology 
optimisation was reconstructed and parameterized to achieve the desired phononic bandgap widths under 
negative thermal expansion, using a surrogate model-based optimisation method. Both the negative 
coefficient of thermal expansion and phononic bandgaps were verified through numerical simulations. The 
results reveal that, by selecting appropriate parameters, the designed metamaterials can have both a negative 
coefficient of thermal expansion and a maximum bandgap width ratio. The proposed method provides an 
important reference for the rational design of multifunctional metamaterials.
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Negative thermal expansion; Phononic bandgaps
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1. Introduction

Metamaterials are artificially engineered cellular composite materials that are structured to have 
extraordinary properties beyond those of most naturally occurring materials. The properties of 
metamaterials are determined by their rationally designed and periodically arranged microstructures, 
instead of the chemical composition of their base materials [1]. Research on metamaterials has recently 
attracted extensive interest, and such materials can be customized to provide a range of tunable 
multifunctionalities, which has unlimited potential for the development of various applications. For 
example, two ordinary solid materials with different positive coefficients of thermal expansion (CTE) can 
be used to generate new metamaterials that exhibit both effective negative thermal expansion (NTE) 
coefficients and phononic bandgap properties [2]. The negative thermal expansion property can be used for 
the thermal compensation of machine tools, which reduces the dependence on electronic control systems 
[3, 4]. Metamaterials with bandgap functions also play an important role in the design of vehicles [5] and 
large astronomical telescopes [6]. Therefore, this study focused on the systematic design of multifunctional 
metamaterials to achieve negative thermal expansion using topology optimization, and phononic bandgaps 
using surrogate model-based optimization, which are novel contributions. The design of multifunctional 
metamaterials provides a reference for maintaining device stability in environments wherein vibration is 
coupled with thermal loads, such as in hypersonic vehicles [7].

There are three design methods for obtaining metamaterials with negative thermal expansion according to 
the principle of deformation: coordinate deformation of double-layer beam structures, combined 
deformation of multi-link structures, and topology optimisation. The deformation principle of the double-
layer beam structure is that the two-layer beams of different CTE materials undergo coordinated 
deformation and shrink in a certain direction when the temperature rises [8–13]. Extreme thermal expansion 
deformation can be achieved by combining double-layer beam structures with chiral structures [14, 15]. 
The deformation principle of the multi-link structures is that the triangular link unit shrinks in the vertical 
direction and is driven by a high thermal expansion rod [16–21]. Concave multi-link structures have the 
characteristics of low weight and high strength. The two above-mentioned types of structures can be easily 
designed based on experience, owing to their simple deformation principle. The topology optimisation 
method can be applied to generate various novel geometric architectures and create different thermoelastic 
materials and structures [22–26].

Topology optimisation provides a high degree of freedom in the design of structural elements by optimising 
the elements’ effective properties. This method has the unique advantage of considering the periodic effect 
of a set of microstructures on the performance of the composite structure at the beginning of design. Thus 
far, the typical methods for topology optimisation mainly include the homogenisation method [27], solid 
isotropic material with penalisation (SIMP) method [28–31], level set method [32–34], phase field method 
[35], moving morphable components (MMC) method [36], and independent continuous mapping (ICM) 
method [37–39]. Among these methods, ICM facilitates multi-material modelling because the independent 
continuous variable unifies various types of variables. Element behaviour is associated with an independent 
continuous variable that is independent of any property of the material. The relationship between the 
material properties and topological variables was established using the filter function. Additionally, there 
are many types of ICM methods that provide flexible choices for designs subjected to different conditions 
[40].

The design of multifunctional metamaterials, such as the combination of negative/zero thermal expansion 
with a negative Poisson’s ratio [41–43], multi-steady-state structures [44, 45], or variable-stiffness 
metamaterials with origami [46], has gradually become a development trend. However, there are few 



studies on combining phonon bandgaps and negative thermal expansion to achieve multifunctional 
metamaterials. The propagation of waves at specific frequencies can be significantly suppressed by 
periodically arranging the metamaterial units, and the bandgap can be regulated by changing the shape of 
the unit. Metamaterials with bandgaps mainly have one-dimensional [47, 48], two-dimensional [49–53], 
and three-dimensional morphologies [54–56] according to the periodic conditions. Most existing studies 
focus on the absolute bandgaps of two-dimensional and three-dimensional metamaterials. In early studies, 
solid columns were inserted into the metamaterial matrix to absorb the elastic waves. The principle can also 
be applied to structures with cavities; therefore, negative thermal expansion metamaterials obtained by 
topology optimisation also have good potential for use in bandgap regulation. Presently, there are many 
ways toward optimising the bandgap design of metamaterials, such as parameter optimisation [57], 
topology optimisation [58–60], and machine learning [61]. In this study, both topology optimisation and 
parameter optimisation methods were integrated as a hierarchical architecture to implement multifunctional 
metamaterials.

This paper proposes a new design optimisation method for creating three-dimensional metamaterials with 
both negative thermal expansion and phononic bandgaps. First, the ICM topology optimisation method is 
proposed to generate a structure with negative thermal expansion. Through parametric modelling, the 
topological conceptual structure was further designed to have a bandgap function. The low-frequency 
characteristics of the metamaterials were investigated based on the Bloch theorem. Then, the final structures 
were obtained using surrogate-model optimisation to broaden the bandgap width under a specified negative 
thermal expansion characteristic. The results obtained by the proposed method provide an important 
reference for the design of multifunctional metamaterials to control the temperature and mechanical 
vibration.

2. Theory and principle

2.1. Homogenization theory

In this study, the homogenisation theory was introduced to investigate the thermoelastic behaviour of 
metamaterials. In theory, the mechanical properties of a material are assumed to follow a linear relationship. 
The metamaterials were assumed to be arrayed with infinite periodic units. The asymptotic expansion of 
the thermoelastic equation is carried out using perturbation theory to obtain the relationship between the 
effective properties and the local strain caused by thermal expansion, which is expressed as follows:
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2.2. ICM model for topology optimization 

To achieve a negative thermal expansion property, the metamaterials consist of at least three phases: void 
phase, low thermal expansion phase, and high thermal expansion phase. In the ICM method, the properties 



of the three-phase material elements are determined by two independent continuous topological variables, 
namely,  and . The element material properties were identified using the filter function, as follows:r s
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Superscripts (1) and (2) represent the number of materials. The element is void when . The element ri = 0
is solid when . When ,  or  indicates that the element  is material described by ri = 1 ri = 1 si = 0 si = 1 i
Eq. (1) or Eq. (2), respectively. The filter functions are expressed in the form of a power function, as follows:
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Then, the optimisation model can be established with the minimum effective thermal stress tensor as the 
objective function, subject to the effective elastic modulus and weight fraction. To avoid numerical 
instability phenomena, such as node connections, the effective elastic modulus of the structure must have 
a lower limit. According to Eq. (3), the effective CTE of the metamaterial unit is linearly related to the 
thermal stress tensor. The thermal stress, which is considered as the objective function, can achieve a 
negative CTE and avoid an extremely low effective elastic modulus. To ensure the lightweight design space 
of the metamaterial, unnecessary material should be removed. Then, the optimisation model can be 
expressed as follows:
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where r and s denote the topological variable vectors and N denotes the number of elements; β is a function 
of the effective thermal stress tensor;  is the effective elastic modulus of the metamaterial unit;  is CH

ijkl C
the lower limit of the effective elastic modulus;  is the weight fraction, and  is its upper limit.W W

2.3 Energy level theory

In a phonon metamaterial, the scattering object is removed or changed to form a void, which affects the 
wave propagation. Owing to the destructive interference of scattered waves in the particular structure, the 
propagation is blocked and a bandgap is generated. In engineering, the study of phonon properties focuses 
on the width of the absolute bandgap. The elastic wave at any incident angle cannot propagate at a frequency 
in the absolute bandgap. The propagation of waves in solids can be expressed using Bloch’s theorem. The 
governing equation of elastic wave motion is expressed as follows:
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where q = (x, y, z) is the position vector, ui is the displacement component, and ρ is the mass density. Based 



on periodic boundary conditions, the displacement field of the angular frequency ω can be written as follows:
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where k is the Bloch wave vector in the reduced Brillouin zone, and R is the translation periodicity of the 
metamaterial unit. For models without external forces, the discrete eigenvalue equation can be expressed 
as follows:

(13)2( ) 0iK M u 

where K and M are the stiffness and mass matrix, respectively. According to Eq. (10), the energy level 
diagram of the metamaterial can be obtained by sweeping the entire reduced Brillouin zone with the wave 
vector k; thus, it can be assessed whether an absolute bandgap exists. The modal exchange caused by the 
structural parameters will lead to an absolute bandgap width between the fixed energy bands, which cannot 
reflect the phonon performance. Therefore, the ratio of the bandgap width (RBW) Q is defined as the value 
of the total absolute bandgap width divided by the maximum frequency in the previous 15th order energy 
band, which is used to evaluate the phonon properties of metamaterials.

3. Topology optimization of metamaterials

3.1. Conceptual design of metamaterial unit

In the NTE optimisation model, the elastic modulus constraint is CH
ijkl ≥ 0.1 MPa (ijkl

. The weight fraction constraint is , which is half the weight of the design = 1111,2222,3333) W ≤ 0.465
domain filled by the low thermal expansion material. To ensure the accuracy of the solution, the step size 
of each iteration was considered as . To improve the calculation efficiency, the conjugate Δri = Δsi = 0.01
gradient iteration method was adopted in the finite element analysis routines. Therefore, the lower limit of 
the topological variable could be set to zero without considering the numerical singularity. The elastic 
modulus, Poisson’s ratio, density, and coefficient of thermal expansion are listed in Table 1.

Table 1. Material properties.
Material properties Resin Rubber
Elastic Modulus (MPa) 290 5
Poisson’s ratio 0.3 0.47
Density (kg/m3) 930 1117
CTE (/℃) 5×10-5 1.5×10-4

An optimization strategy is proposed to solve the design problem in the case wherein metamaterials are 
designed by two base materials whose elastic moduli are largely different. In the design of negative thermal 
expansion metamaterials, the large difference of the elastic modulus will make it difficult for the high CTE 
material to drive the structural deformation. Therefore, two virtual materials with similar elastic moduli 
were used to complete the initial optimization of the material distribution. The initial elastic modulus E(1) 
of the first material was set to 5 MPa. Then, in the optimization process, the elastic modulus was constantly 
updated in the order of [5, 25, 100, 290] MPa. Whenever the CTE was negative, E(1) was updated to the 
next elastic modulus until the material reached the actual elastic modulus. The topology optimization 
process with the iteration of the material properties is shown in Fig. 1. This strategy alleviates the 
phenomenon of the topological variables decaying too fast in the early stage of optimization and, to some 
extent, reduces the discontinuous structure in the results.
The design domain of metamaterials was limited for the convenience of observation and manufacturing. 
The design domain is shown in Fig. 2(a). To prevent the local optimal solution, a three-dimensional initial 



configuration was obtained based on the combination of topological features and the rotation of the two-
dimensional initial configuration, as shown in Appendix A1. The feasibility of the two-dimensional 
configuration was verified [62]. The initial configuration was symmetric in three directions and consisted 
of a material with low thermal expansion. The optimisation was realised through the ICM-mothed [37, 39] 
and numerical homogenisation method [63, 64] in MATLAB.

Fig. 1. Flow chart of topology optimization for material attribute iteration.

Fig. 2. (a) The transparent red areas are the non-design domain, and the sky-blue area is the design 
domain; (b) topology optimization configuration; (c) cross-section of topology optimization 

configuration; (d) parameterized cross-sections; (e) metamaterial unit; (f) metamaterials.

The optimisation results and process of feature extraction are shown in Fig. 2. The topological configuration 
in Fig. 2(b) was captured to obtain the two-dimensional feature cross-section shown in Fig. 2(c). The red 



part indicates the material with high CTE, and the blue part indicates the material with low CTE. The 
common features of the topological cross sections were extracted to establish the parameterized structure, 
as shown in Fig. 2(d). There are five parameters, namely, A, H, P, L, and θ, with the greatest impact on 
geometry. Here, A is the ratio of the red beam thickness A1 to the outer radius A2; H is the ratio of the high 
CTE beam thickness H1 to the low CTE beam thickness H2 at the double-layer beam; P denotes the 
curvature of the double beam; L is the rod length, and the sum of L and L’ is set to 5 mm to avoid an aberrant 
structure; θ is the opening angle. The engineering drawings of all parameters in the structure are presented 
in Appendix A2. The metamaterial unit shown in Fig. 2(e) was obtained by rotating the two-dimensional 
cross-section. Finally, the metamaterials shown in Fig. 2(f) were obtained by arraying the units. As can be 
seen, the unit mainly consists of a bimaterial frame outside of the metamaterial and a central solid sphere. 
The thermal expansion deformation effect was mainly driven by the material in the outer red area. The 
internal sphere exerts significant influence on the dynamic performance and minor influence on the thermal 
expansion performance of the metamaterial.

3.2 Numerical simulation analysis

The negative thermal expansion properties of the metamaterial were verified by conducting a finite element 
simulation. The size of each unit was 10 mm×10 mm×10 mm. The array metamaterial contained 16 units. 
The thermal expansion behaviour was observed under the temperature of 100 °C. The negative expansion 
deformation of the metamaterials and three-dimensional unit deformation that occurred when the 
temperature increased are shown in Fig. 3(a) and (b). The displacement nephogram is shown in Fig. 3(c).



Fig. 3. Numerical simulation: (a) schematic diagram of metamaterial deformation under heat; (b) 
displacement nephogram; (c) simplified triangular Brillouin region; (d) dispersion curve and bandgap.

As can be seen, the structure contracted inward when the temperature increased, and the effective CTE of 
the metamaterial was -9.0875×10-6/ °C. The results reveal that the proposed method is effective in the 
design of NTE metamaterials. Because the design of anisotropic NTE metamaterials is easier compared 
with that of isotropic NTE metamaterials, this method can be effectively used to design both isotropic and 
anisotropic metamaterials.

In accordance with the symmetry of the structure, the wave vector k swept the reduced Brillouin region, as 
shown in Fig. 3(d). Because the structure is designed to regulate low-frequency mechanical waves, the first 
15 order energy bands were selected for analysis. The characteristic frequency of the structure was 
calculated using COMSOL, and the dispersion curve is shown in Fig. 3(e). The energy level diagram shows 
that the structure has two narrow absolute bandgaps. To achieve better thermal expansion performance and 
a larger bandgap width, a parameter optimisation method was used to carry out detailed optimisation.

4. Surrogate model-based optimization



4.1. Parametric analysis

The influences of the above-mentioned parameters on the CTE and RBW were investigated by changing 
every single parameter while keeping the other parameters unchanged. To prevent the interference of the 
structure, the ranges of the geometrical parameters were set to , , , [0.2,0.8]A [0.5, 2.5]H  [0,0.3]P 

, and . A reference structure was designed with A=0.5, H=1.2, P=0.15, L=2.5 mm, [1, 4]mmL  [25,55]  

and θ=40°. To illustrate the influence of the geometrical parameters on the structural performance, seven 
sample points were taken for each parameter. The variables were compared by normalising the parameters, 
with 0 to 1 as the abscissa. The sample point data are presented in Appendix A3.
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Fig. 4. (a) Variation curves of CTE for different parameters; (b) variation curves of RBW for different 
parameters.

Figure.4(a) shows that the CTE is positively correlated with A and θ, while the CTE is negatively correlated 
with parameters L, P, and H. The CTE obeys the rule of the cubic function with the change of parameter L. 
Additionally, the NTE structure with the minimum CTE of -4.54×10-6/℃ can be obtained when L=0.35 
mm. The effect of A on the structure resembles a sinusoidal function. The relationship between CTE and 
other parameters is approximately linear. In the above-mentioned structure, the NTE performance can be 
realized only by adjusting parameters L and θ. Figure 4(b) shows the value of RBW with different A, H, P, 
L, and θ. The RBW is positively correlated with parameters A, P, and L, while the RBW is negatively 
correlated with parameters H and θ. Parameter L plays a decisive role in bandgap formation. When L was 
close to 1 mm, a bandgap did not exist. When L=4 mm, the RBW reached 42.7% and the bandgap width 
was 2342 Hz. Regardless of how P and H change, there are always bandgaps and the bandgap width slightly 
changes. 

The geometric parameters L and θ influenced the contributions of other parameters to the mechanical 
properties. The arc length of the double-layer beam increased when the length L increased, and this 
improved the influence of parameters P and H. However, when the length L decreased, the influence of P 
and H on the mechanical properties was reduced. Additionally, parameter θ affected other parameters. 
When θ decreased, the arc length of the double-layer beam increased, which improved the influence of P 
and H on the structure. However, when this angle increased, the influence of P and H on the structure was 
reduced. These analyses suggest that L and P are the two dominant parameters of both CTE and RBW, 
while the influence of parameter H is minor. Therefore, it is necessary to increase the range of parameter 
H while avoiding excessive structural deformities.

4.2. Response surface methodology



The response surface methodology (RSM) [65–67] was used to optimise the geometrical parameters, and 
the influence of the geometrical parameters on the structural properties was investigated. The magnitude of 
the regression coefficient Pj was used to quantify the importance of each parameter. The magnitude order 
influence of the parameters on the regression coefficient was avoided by normalising the partial regression 
coefficient. The two endpoint values of each parameter were selected for fitting calculation, and the sample 
point data are presented in Appendix A4. The normalised regression coefficients are shown in Fig. 5.

  

CTE A H P L θ

A 0.003 0.104 0.052 0.332 0.030

H 0.104 0.676 0.084 0.328 0.017

P 0.052 0.084 0.550 0.030 0.032

L 0.332 0.328 0.030 1.000 0.419

θ 0.030 0.017 0.032 0.419 0.981

RBW A H P L θ

A 0.001 0.000 0.008 0.028 0.015

H 0.000 0.042 0.001 0.006 0.003

P 0.008 0.001 0.030 0.042 0.007

L 0.028 0.006 0.042 1.000 0.017

θ 0.015 0.003 0.007 0.017 0.021

Fig. 5. Normalized regression coefficient. On the main diagonal, red indicates that the parameter exerts 
stronger influence on the metamaterial properties, while the blue square indicates that the parameter has 
weaker influence. On the non-diagonal, the red square indicates that the corresponding two parameters 

have higher correlation, while the blue square indicates lower correlation.

Table 2. Linear regression coefficient and ranking.
Parameters Pj (CTE) Ranking (CTE) Pj (RBW) Ranking (RBW)
A 8.58% 5 3.85% 4
H 19.94% 3 3.85% 5
P 12.32% 4 6.52% 2
L 34.77% 1 81.10% 1
θ 24.38% 2 4.68% 3

Table 2 presents the linear regression coefficient and ranking of A, H, P, L, and θ to the structure’s CTE 
and RBW. The influence of the parameters on CTE is L, θ, H, P, and A in descending order. The influence 
of the parameters on RBW is L, P, θ, A, and H in descending order. 

Considering the importance ranking and correlation, two parameters L and θ were first selected as the 
optimisation parameters. The 25 groups of the sample points were used to fit the quartic function. The 
sample points and the response surface fitting formulas are presented in Appendix A5. It was found that 
the optimised parameters L are all taken on the boundary, which means that an increase in L can 
simultaneously minimise the thermal expansion coefficient and maximise the bandgap. This means that the 
parameter L takes 4 mm as the optimal solution, and is not a suitable variable for optimisation. Therefore, 
two optimisation models were established to obtain a more extreme CTE with variables P and θ, and obtain 
more wideband gaps with variables H and P. The sample points and response surface fitting formulas are 
presented in Appendices A6 and A7, respectively.

4.3. Optimization results and discussion

Different constraint-solving models were adopted to investigate the various obtained results. In the 
optimisation model with variables P and θ, the obtained parameters were P=0.237 and θ=50.00. A unit with 
a CTE of -1.29×10-5/ °C and RBW of 0.179 was obtained. In the optimisation model with variables H and 



P, the obtained parameters were H=0.5 and P=0.0765. A unit with a CTE of -3.41×10-5/ °C and RBW of 
0.457686 was obtained.

Figure 6(a) shows that the optimised metamaterial with variables P and θ has a wide bandgap between the 
10th and 11th energy bands. The CTE reached the highest value of -1.29×10-5/ °C. The total bandgap width 
of the metamaterial reached 928 Hz from 3027 Hz to 3955 Hz. The frequency response functions (FRF) of 
the metamaterials were obtained by arraying six units and applying excitation, as shown in Fig. 6(b). The 
vibration waves with frequencies close to the absolute bandgap were blocked. Additionally, because the 
excitation wave was unidirectional, the vibrations of the frequencies in the vicinity of 1500 Hz to 2200 Hz 
were also blocked. This phenomenon is also reflected in the energy level diagram. Figure 6(c) shows that 
the optimised metamaterial with variables H and P has many bandgaps. The CTE is -3.41×10-6/℃. The 
widest bandgap width of the metamaterial reached 1855 Hz from 2469 Hz to 4324 Hz. The FRF of the 
metamaterials was obtained as shown in Fig. 6(d). The blocked frequencies in Fig. 6(d) are the same as 
those in the energy-level diagram. The two above-mentioned FRFs verify the accuracy of the simulation of 
the energy level diagrams in this study.



Fig. 6. Optimized bandgap diagram and frequency response functions: (a) band diagram of structures 
with extremely negative CTE; (b) frequency response function corresponding to the metamaterial in (a); 

(c) band diagram of structures with wide bandgap; (d) frequency response function corresponding to 
metamaterial in (c).

Based on the above-mentioned results, both the CTE and RBW ranges can be obtained for the considered 
structure. By changing the parameters, the CTE can be adjusted from -1×10-5/℃ to 2.5×10-5/℃, and the 
RBW can also be changed from 0 to 0.5. When negative thermal expansion is required, the metamaterial 
without a bandgap shown in Fig. 7(c) can be optimised to have a wide bandgap, as shown in Fig. 7(a). 
When the thermal expansion property was not considered, the structure could achieve an extremely wide 
bandgap, as shown in Fig. 7(b). From the statistics of the above-mentioned simulation results, the CTE and 
RBW ranges of the considered structure can be obtained as shown in Fig. 7(d).
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Fig. 7. Energy level diagram of different structural parameters: (a) energy level diagram of structure with 
negative thermal expansion property and bandgap; (b) energy level diagram of wide bandgap structure 
without negative thermal expansion property; (c) energy level diagram of structure without negative 

thermal expansion property and few bandgaps; (d) range of CTE and RBW. The blue points indicate the 
sample points discussed in Section 4.2; the red points indicate the two optimized points; the orange part is 

the range of RBW and CTE corresponding to this structure type.

5. Conclusion

This study developed a new design optimisation methodology for creating three-dimensional 
microstructured metamaterials and achieved both negative thermal expansion and phononic bandgaps by 
integrating the ICM topology optimisation method with a surrogate model-based optimisation approach. 
First, a three-dimensional metamaterial microstructure was designed to exhibit negative thermal expansion 
using the ICM-based topology optimisation method. Secondly, the conceptual structure from the topology 
optimisation was reconstructed, and a response surface methodology was applied to further optimise the 



parameters of the topological design and achieve phononic bandgaps subject to negative thermal expansion. 
The negative thermal expansion and phonon bandgap properties of the designed metamaterials were 
demonstrated using the finite element method, and the influence of the geometric parameters on the 
properties was discussed. Two metamaterials with different thermal expansion coefficients and phonon 
bandgaps were designed. The boundary between the coefficient of thermal expansion and the phonon 
bandgap of the metamaterial was predicted through the statistical analysis of numerical examples. Thus, it 
was proven that optimised metamaterials have great potential for use in the control of thermal deformation 
and phonons. Topology optimisation has been shown to have unique advantages in the investigation of 
novel geometries for various structures and materials, and surrogate model-based optimisation can further 
improve the local properties of topologically optimised design. By combining the two different optimisation 
methods into a new design system, new materials with enhanced manufacturability and performance can 
be obtained. This study provides a general design methodology for the systematic development of a broad 
range of multifunctional metamaterials.
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