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Preface

To avoid repetition, the data assimilation technique used in this thesis is presented

in Chapter 1 and each application (Chapter 2-4) that follows has been prepared in

pseudo publication format with corresponding Introduction, Methods, Results and

Discussion sections. Post examination each application chapter (Chapter 2-4) will

be formatted as a manuscript for submission to a scientific peer-reviewed journal.



ABSTRACT

Data assimilation techniques for aquatic ecological processes

by

Bojana Manojlovic

Data assimilation applications for three aquatic ecological processes are explored

through the Particle Marginal Metropolis Hastings technique. Datasets collected

from five seagrass meadow sites at Port Phillip Bay, Australia are assimilated with

a seagrass growth model for state and parameter estimation and prediction. Predic-

tions are validated and assessed against their ability to accurately predict biomass

and sea-floor cover for ongoing monitoring of seagrass meadows. The second appli-

cation proposes a more flexible alternative to the conventional modelling of seagrass

detrital decay using a time-varying decay rate. The proposed approach is tested

against an in-situ field study and a laboratory experiment investigating the effects

of temperature and nutrients on seagrass in Fagans Bay, Australia. The third appli-

cation evaluates how combining high density sensor data with a data assimilating

microalgae model informs on underlying processes occurring within environmental

photo-bioreactors for the production of bio-fuels.
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Chapter 1

Introduction

1.1 Data assimilation

Conventional ocean modelling consists of solving the model equations as accu-

rately as possible, and then comparing the results with observations. While encour-

aging levels of quantitative agreement have been obtained, as a rule there is significant

quantitative disagreement owing to many sources of error: model formulation, model

inputs, computation and the data themselves. Computational errors aside, the er-

rors made both in formulating the model and in specifying its inputs usually exceed

the errors in the data. Thus it is unsatisfactory to have a model solution which is

uninfluenced by the data. Bennett (Inverse Methods in Physical Oceanography,1st

edn. Cambridge University Press, New York, p. 112, 1992)

Data assimilation quantitatively combines models with a diverse set of observa-

tions to provide a more consistent view of the physical and biological state of the

ocean. It is essentially a problem in statistical estimation i.e. combining dynami-

cal models and data to provide state or parameter estimates [43]. The application

of data assimilation separates into two types of problems: i) Parameter estimation

and ii) State estimation. The two approaches reflect different ways of fusing the

model with the observations. Both approaches use data to constrain the evolution

of the state variables, but provide different information. In parameter estimation,

the model parameters are modified to fit the constraints, while in state estimation

the state variables are modified to fit the observations [68].
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Inverse methods are typically used for estimation of parameters (a list of studies

which have used data assimilation methods to estimate model parameters of ecosys-

tem models is provided in [43]), where models are considered deterministic functions

of the parameters, a cost function is posed that measures the discrepancy between

the model and data, and optimisation procedures are used to minimise it [34]. Con-

sequently, the data are applied in a series of activities prior to integration of the

assimilation model to obtain the best set of parameter values to match the observa-

tions. The parameters are then inserted into the model and integrated forward in

time just like a free-run model. A common feature of biogeochemical (BGC) models

is the large number of model parameters that must be specified to simulate the BGC

model. Using observations to set these parameters can sometimes be applied, but

for many parameters no direct observation estimate is available. The attraction of

data assimilation is that it provides a means to generate a set of model parameters

that reflects the observations, determines the values of the poorly known parame-

ters, and provides insight into which parameters are constrained by the model [58].

A drawback, that should be kept in mind, of the parameter estimation approach

is that it is possible to estimate unrealistic parameter values if important processes

have been excluded from the model formulation.

Sequential data assimilation methods, widely used for state estimation, are re-

cursive algorithms concerned with estimation of the ecological state as the system

evolves through time [15]. In sequential data assimilation, there are no activities

occurring prior to the integration of the model, instead, the model is integrated for-

ward in time until data are available. The model results are modified by the data,

typically using statistical procedures. The model is re-initialised and integrated for-

ward in time to the next data assimilation event. These methods are used mostly

for state and flux estimation, and only rarely for parameter optimisation. The goal

is simply to provide the best state estimate by driving model outputs toward the
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data through constant confrontation with data [43].

The use of data assimilation methods has led to considerable improvements in

the predictive ability of numerical weather prediction (NWP) [8], and ocean fore-

casting [10, 74]. The aim of this project is to improve estimates and predictions of

aquatic ecological processes, which can be achieved through marine BGC modelling.

There are a number of critical differences between NWP, ocean forecasting and BGC

modelling. Firstly, the structure and governing equations of marine BGC models

are built on complex biological and physiological behaviours that are parametrised

by simple functional forms, unlike NWP and ocean forecasting. Secondly, measure-

ments of state variables and rate processes are difficult and often do not observe

exactly what is modelled. For example, temperature measurements carry tiny an-

alytical errors, while comparatively, measurements of in-situ Chlorophyll-a fluores-

cence which are loosely related to phytoplankton biomass, commonly carry errors of

up to 50%. One of the biggest challenges for marine prediction is the identification

and development of appropriate data assimilation methods to integrate the variety

of data sources with marine ecosystem models. Observations of marine ecological

state variables come from a variety of sources and sensors e.g. satellites, water sam-

ples, moored and profiling instruments. They are characterised by being sparse,

noisy and non-Gaussian in their distribution [25].

Bayesian Framework

There are a number of drivers for the fusion of models and observations; the need

for more objective and quantitative measures or metrics to evaluate model predic-

tions against observations, the desire for more accurate predictions, and increasing

demand for formal assessments of the uncertainty in model predictions (these are

frequently used to inform decision making and risk management).

Errors enter into an integrated model-data system from at least three sources.
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First, there are errors in the process of making observations, which typically provide

a fragmented view of the underlying reality. All data come bundled with error. In

particular, along with the obvious errors associated with measuring, manipulating,

and archiving, there are other errors, such as discrete spatial and temporal sampling

of naturally continuous systems. Consequently, there are always scales of variability

that are unresolvable and that will further affect the observations [23]. One con-

sequence is that we do not know the exact state of the system when we initialise

dynamic models. Second, process models make simplifying assumptions and ap-

proximations. A model is a simplification of some well-chosen aspects of a system

of interest, as it is impossible to completely capture all aspects in a model. Many

ecological and Earth system models are dynamic models, predicting the evolution of

system trajectories over time, and model errors are typically stochastic, leading to

divergence of simulated trajectories over time [23]. Errors may also arise from the

notion that observations collected may not be the same as the quantities modelled

(e.g. modelling spatial means but having only point estimates as observations),

these are known as errors of representativeness or change in support. Finally, pro-

cess models incorporate a number of parameters whose values are uncertain and can

include stochastic forcing as another source of uncertainty. Therefore, not only is

the reality of what we are trying to model uncertain, our attempts to explain this

are uncertain, and our measurements of our uncertain system are uncertain. Just as

the physical and biological sciences have the notions of mass balance and energy bal-

ance, Cressie and Wikle [23] state that statistical science has a notion of variability

balance. The total variability is modelled with variability due to measurement, vari-

ability due to using an uncertain model of how the world works, and variability due

to uncertainty on parameters that control the measurement and model variabilities

[23]. Although real-world systems may in principle be partially deterministic, our

information is incomplete at each of the stages of observation, summarisation, and
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inference, and consequently uncertainty interferes with our understanding. There-

fore, by the time the inference stage is reached, the lack of certainty will influence

how much knowledge we can gain from the data.

Hierarchical statistical modelling represents a way to express uncertainties through

well defined levels of conditional probabilities. Following Berliner’s [12] terminol-

ogy: At the top level is the data model, which expresses the distribution of the data

given a hidden process. This hidden process can be thought of as the ”true pro-

cess”, uncorrupted by any measurement of it. At the level directly underneath the

data model is the process model, which models scientific uncertainty in the hidden

(”true”) process through a probability distribution of the phenomenon of interest. It

is quite possible that the process model is itself made up of sub-models whose uncer-

tainties are also expressed at sub-levels through conditional probabilities. The result

is a hierarchical model (HM). The components of a HM are conditional probability

distributions that, when multiplied together, yield the joint probability distribution

of all quantities in the model. The quantities of interest could be as simple as ran-

dom variables and as complicated as space-time stochastic processes of random sets.

All the conditional probability distributions specified in the HM typically depend

on unknown parameters.

A HM is a Bayesian Hierarchical Model (BHM), if a lower level (underneath the

data model and the process model) is established by specifying the joint probability

distribution of all the unknown parameters. This probability model at the lowest

level, which we define as the parameter model, completes the sequence: data model

(top level) followed by process model (second level) followed by parameter model

(bottom level). An alternative approach to specifying a parameter model is to as-

sume that the parameters are fixed and to estimate them using the data, they are

then substituted into the data model and the process model as if they were known.

The result is an Empirical Hierarchical Model. It is possible to put prior distribu-
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tions on some parameters and to estimate others (the term “prior distribution” is

synonymous with “parameter model”).

The last two decades have seen increasing advocacy of Bayesian approaches to

data assimilation [13, 22, 104]. Bayesian methods typically yield posterior distri-

butions for the inferred state and parameters. These can be particularly useful in

applied contexts, where users may be interested in the probability distribution of per-

formance measures derived from model predictions. A key attraction of the Bayesian

approach is its ability to formally incorporate prior information about models and

parameters. Given that the rationale for using mechanistic, process-based models

is that they build on prior scientific knowledge about the structure and function

of system components, it makes sense to use methods that allow this knowledge to

be formally represented in model-data comparisons [82]. It is possible to use the

Bayesian formulation, while disregarding prior information, through uninformative

priors or empirical Bayes methods. In these cases, Bayesian methods can generally

be shown to be equivalent to classical methods [92].

Within the broader Bayesian tradition, BHM offers a particularly attractive

framework for the integration of mechanistic process models and observations. It

provides a consistent, formal probabilistic framework combining error or uncertainty

in model parameters, model state, model processes and observations [13, 22, 96].

This framework encourages the modeller to think carefully and systematically about

the approximations and assumptions involved in process model formulation, about

the observation process and the relationship between model state variables and ob-

servations, and about the relationship between model parameters and independent

prior knowledge. Berliner [13] describes the deep integration of mechanistic and

statistical modelling as ”physical-statistical” modelling. The last two decades have

seen an increase in research into Bayesian applications of environmental sciences,

including but not limited to population dynamics and dispersal [6, 18, 21, 65, 96],
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plant ecology and terrestrial surface fluxes [4, 84, 100], ocean circulation and climate

[13, 14], and marine ecosystem and biogeochemistry [29, 30, 37, 58, 54, 68, 69, 76].

1.2 State-space modelling in a general Bayesian hierarchical

framework

State-space models (SSM) are a special class of Bayesian Hierarchical Model

(BHM), which explicitly define three hierarchical levels of uncertainty. The first

level expresses the uncertainty coming from measurement error in observations, this

is referred to as the data model. The second level of the hierarchy expresses the

uncertainty of modelling scientific processes that are simplified or perhaps not com-

pletely understood, expressed as the process model. The third level of the hierarchy

expresses uncertainty in parameters, known as the parameter model often referred

to as the prior distribution. The general Bayesian Hierarchical modelling framework

defines the joint probability distribution [YYY ,XXX,θθθ] of observations YYY , processes XXX,

and parameters θθθ, as the likelihood times the prior,

[YYY ,XXX,θθθ] = [YYY |XXX,θθθ][XXX,θθθ] (1.1)

where [YYY ] denotes the probability distribution of YYY , and [XXX | θθθ] denotes the condi-

tional probability of XXX given θθθ. Using the laws of conditional probability, the joint

distribution can be rewritten as,

[YYY ,XXX,θθθ] = [YYY |XXX,θθθ][XXX | θθθ][θθθ] (1.2)

which represent the three levels of the hierarchy: the data model [YYY |XXX,θθθ], process

model [XXX | θθθ], and parameter model [θθθ].

We are interested in applying the BHM to modelling a dynamic system that has

been observed through time. If we impose the Markov property on the state process

XXX t, and at each time point t the observations YYY t depend only on the parameters θθθ
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and state XXX t, our model becomes a special case of the BHM known as the state-

space model. Therefore, the next state is only dependent on the current state and

XXX is a Markov-model described by [XXX t | XXX t−1, θθθ] for t=1,...,T. Observations at

time t, YYY t are conditional only on the state XXX t and assumed to be independent of

observations at other times. These conditional independences can be factored into

Equation 1.2 by splitting the prior into a parameter density, an initial state density,

and a product of transition densities, while the likelihood becomes a product of

observation densities. The joint probability distribution thus takes the following

form,

[YYY 1:T ,XXX0:T , θθθ] = [θθθ][XXX0 | θθθ](
T∏
t=1

[XXX t |XXX t−1, θθθ])(
T∏
t=1

[YYY t |XXX t, θθθ]) (1.3)

The main aim of Bayesian inference is to make inference on the process state

and parameters given a set of observations. This is known as the posterior,

[XXX0:T , θθθ | YYY 1:T ] = [θθθ | YYY 1:T ][XXX0:T | θθθ,YYY 1:T ] (1.4)

The posterior is split into two parts, the first [θθθ | YYY 1:T ], parameter estimation, and

the second [XXX0:T | θθθ,YYY 1:T ], state estimation conditioned on a particular set of pa-

rameters drawn from the first. An important distinction here is that the BHM

framework is more comprehensive than the standard state-space model solutions

which can be thought of as ‘partially-Bayesian’ in the sense that certain parameters

or hyper-parameters are fixed for convenience or otherwise estimated in the absence

of prior information. Complex models often lead to integrals that cannot be solved

analytically making the posterior in Bayesian inference generally analytically in-

tractable, and alternatively either an approximate closed form is fit or Monte Carlo

sampling performed. Modern computing has enabled advanced research into these

alternatives such as variational techniques, set of Kalman-based filters, and Markov

Chain Monte Carlo (MCMC) methods.

In the next section, I will describe an algorithm from the MCMC family called
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the Particle Marginal Metropolis Hastings (PMMH) [1] that solves the state and pa-

rameter inference problem for state-space models. It is a sampling based technique

chosen for its accuracy, ability to handle high dimensional problems and general-

isability to any state-space model. While it is computationally expensive, it was

chosen over variational techniques which are fast, approximate, optimisation based

algorithms, and Kalman filters that compute likelihoods directly, because there is no

limitation to the types of models it can handle. While state estimation techniques

like the Kalman filter work well, they are limited to particular types of SSM that

assume linear and Gaussian transition and observation densities, and a Gaussian

initial state model. A Sequential Monte Carlo (SMC) method, the particle filter

[28, 39, 60], is much more generalisable and can be used for any SSM. Sequential

Monte Carlo methods are alternative simulation-based algorithms for solving ana-

lytically intractable integrals. In these methods, a (partially) continuous probabil-

ity distribution is approximated by a discrete distribution made of weighted draws

termed particles. From one iteration of the algorithm to the next, particles are

updated to approximate one distribution after another by changing the particle’s lo-

cation on the support of the distribution and their weights. The particle filter relies

on importance sampling and has various techniques available, the original bootstrap

particle filter algorithm is described in pseudo-code in Algorithm 1 and discussed in

the next section along with the Metropolis-Hastings algorithm (Algorithm 2).

1.3 Particle Marginal Metropolis-Hastings algorithm for ob-

taining the posterior distribution

The Particle Marginal Metropolis-Hastings algorithm sequentially employs a par-

ticle filter for state estimation and the Metropolis-Hastings algorithm for parameter

estimation. The particle filter estimates the marginal likelihood [YYY | θθθ] which is

then passed to the Metropolis-Hastings algorithm to draw samples of the parame-
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ters from [θθθ | YYY ]. The particle filter is then used again to sample from the state

[XXX | θθθ,YYY ].

State estimation is the sampling of [XXX | θθθ,YYY ] conditioned on a particular set

of parameters Θ = θ. For that given θ, the particle filter initialises particles by

drawing Px number of random samples, xxxj(t0) from p(XXX(t0)|θθθ), for j = 1, . . . ,

Px, and weighting each uniformly with wj(t0) = 1
Px

. It moves sequentially through

observation times through a series of propagation, weighting and re-sampling steps

(Algorithm 1). In the propagation step each particle is advanced to the next observa-

tion time, then weighted with the likelihood of the new observation. The re-sampling

step is a key ingredient of the particle filter which restores the particle supply to

equal weights by re-sampling particles with replacement, where the probability of

each particle being drawn is proportional to its weight wj. Particles with relatively

small weights tend to be discarded, while particles with relatively large weights tend

to be replicated several times. It is this process that determines the ancestor indices

for the next time propagation. The particle filter is used to compute an unbiased

estimate of the likelihood of θθθ, marginalised over XXX(t0:T ) and to produce a sample

by tracing a single particle back through its ancestry x̂̂x̂x′(ti−1) = xxxj(ti−1) (last step

in Algorithm 1).

The likelihood estimate and state sample from an initial parameter set θθθ are

fed into the Metropolis-Hastings algorithm (Algorithm 2). A parameter jump is

proposed θθθ′ by sampling from a proposal distribution that relies on the current

parameter value q(θθθ′|θθθ). The likelihood l′ and state sample xxx′(t0:T ) are estimated

for the proposed parameter. Then the acceptance ratio l′p(θθθ′)q(θθθ|θθθ′)
lp(θθθ)q(θθθ′|θθθ) is calculated and

if it is greater than or equal to a randomly drawn value from a uniform distribution

between 0 and 1, the proposed parameter is accepted otherwise it is rejected and

the parameter remains at its current value.
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Algorithm 1 Particle Filter Algorithm (θθθ, tr:s)→ (l̂, x̂̂x̂x′(t0:s))

1: if r = 0

2: for each j ∈ {1, ..., Px}

3: Initialise particle j: xxxj(t0) ∼ p(XXX0|θθθ)

4: Initialise weight j: wj(t0) = 1
Px

5: for i = r + 1, ..., s

6: for each j ∈ {1, ..., Px}.

7: Ancestor for particle j: aj(ti) ∼ multinomial(w(ti−1))

8: Propagate particle j: xxxj(ti) ∼ p(XXX(ti)|xxxa
j(ti)(ti−1), θθθ)

9: Weight particle j: wj(ti) = p(yyy(ti)|xxxj(ti), θθθ)

10: Marginal likelihood: l̂ =
s∏
i=1

(
1

Px

Px∑
j=1

wj(ti))

11: j ∼ multinomial(www(ts))

12: x̂̂x̂x′(ts) = xxxj(ts)

13: for i = s, ..., 1

14: j = aj(ti)

15: x̂̂x̂x′(ti−1) = xxxj(ti−1)

16: return (l̂, x̂̂x̂x′(t0:s))
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Algorithm 2 Marginal Metropolis Hastings Algorithm (θθθ,xxx(t0:T ), l)→ (θθθ,xxx(t0:T ), l)

1: Initialise by setting θθθ arbitrarily and run Algorithm 1 to obtain a likelihood

estimate l and state sample xxx(t0:T )

2: Propose a parameter jump: θθθ′ ∼ q(θθθ′|θθθ)

3: Using the proposed parameter θθθ′ estimate the likelihood l′ and state sample

xxx′(t0:T ) from Algorithm 1

4: Sample α uniformly between 0 and 1: α ∼ U(0, 1)

5: if α ≤ l′p(θθθ′)q(θθθ|θθθ′)
lp(θθθ)q(θθθ′|θθθ)

6: accept θθθ′ return (θθθ′,xxx′(t0:T ), l′)

7: else

8: reject θθθ′ return (θθθ,xxx(t0:T ), l)

1.3.1 Diagnostics: Convergence, mixing, and acceptance rates of the

PMMH

PMMH theory states that if we run the PMMH sampler long enough, the samples

we obtain will be samples from the joint posterior distribution (target/stationary

distribution) and not dependent on the starting point. This raises some questions,

one is how many samples do we need to run the Markov chain for it to explore

the posterior distribution adequately. Another question is how to tell if the chain

is mixing well. Mixing of the chain will determine how quickly we obtain useful

results.

Trace-plots, marginal densities, log-likelihoods and correlation plots are all used

as diagnostic tools to evaluate the convergence and mixing of MCMC algorithms.

Trace-plots show the values a parameter took during the runtime of a chain and

indicate how well the parameter space is being explored. Choice of proposal densities

are crucial to the rapid convergence of the Metropolis-Hastings algorithm. The most

important issue is how to scale the proposal (how to choose the proposal standard
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deviation). If the proposal standard deviation is too small then the chain will move

too slowly, if it is too large then the proposals will usually be rejected and the chain

will not move enough. In either case, it will then take longer to come to equilibrium.

Marginal density plots are histograms of the values in the trace-plot, i.e. the dis-

tribution of the values of the parameter in the chain (you can also plot a smoothed

version of the histogram as the marginal density plot). Marginal densities are an

average over the values a parameter takes with all other parameters ”marginalised”,

i.e. other parameters having any values according to their posterior probabilities.

Often, marginal densities are treated as the main output of a Bayesian analysis

by reporting their mean and standard deviation or median and interquartile range

(IQR), but this practice shouldn’t be looked at alone without further analysis and

sometimes information on joint distributions may be informative. The reason is

that marginal densities hide correlations between parameters, and if there are cor-

relations, parameter uncertainties appear to be much greater in the marginals than

they actually are.

The variance of the estimated likelihood (l̂) will affect the convergence speed of

the algorithm. Specifically, if the variance is very large, then the PMMH algorithm

tends to get stuck for many consecutive iterations, not accepting any proposed

moves. The reason for this is that large variance in the estimate is often related to

a large skewness. The acceptance probability will tend to be small and the sampler

can get stuck for many iterations. For the method to work satisfactorily, we therefore

need to ensure that the variance in the likelihood (l̂) is not overly large, which in turn

implies that we need to use a sufficiently large number of particles in the underlying

particle filter. What ”sufficiently” means is problem dependent.
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1.3.2 Implementation in LibBi

Library for Bayesian inference (LibBi) [72] is the software used to implement the

PMMH for each SSM in the coming chapters. LibBi is its own modelling language,

written in Perl with a parser and compiler and consisting of a C++ template library.

LibBi is used for state-space modelling and Bayesian inference on high-performance

computer hardware, intentionally designed for parallel computing.

The reason for choosing LibBi over other current Bayesian Inference software

such as BUGS, JAGS or Stan is that it is specialised for state-space models rather

than more general Bayesian hierarchical models. Its inference methods focus on

SMC methods, and include Particle Markov Chain Monte Carlo (PMCMC), PMMH,

Kalman filters and additional parameter optimisation routines, making it the most

efficient and appropriate choice for our applications.

LibBi was run on CSIRO’s high performance computing (HPC) cluster for each

SSM application in the coming chapters. Pre (creation of forcing and observation

files) and post processing (visualising and analysing results) was completed in Mat-

lab. Python and R were also used in this thesis for targeted mathematical and

statistical analyses respectively.
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Chapter 2

Data assimilation of Port Phillip Bay seagrass

meadows for state and parameter estimation and

prediction

Abstract

In recent years, there has been increasing research interest into the modelling

and monitoring of seagrass meadows, owing to the global role they play as significant

carbon sinks, their ability to improve water quality and provide habitats for coastal

fisheries. Of particular interest are methods examining seagrass dynamics, causes

of decline and the capability to accurately predict seagrass loss for environmental

management practices. Fusing spatially and temporally sparse data due to de-

structive sampling techniques with seagrass models that encapsulate key ecosystem

relationships is the focus of this chapter. Data assimilation is used to draw eco-

logically informative state and parameter estimates from five sites in Port Phillip

Bay, Victoria for the years 2012 and 2013. A prediction and further evaluation of

seagrass biomass and proportion cover states is shown to be successful at three of

the five sites. A quantitative meta-analysis of parameter values currently in the lit-

erature is used for the construction of informative priors and complements existing

work towards evidence based priors and parameters for aquatic ecosystem modelling

through a parameter library.
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2.1 Introduction

Seagrass are marine flowering plants found in coastal waters that support impor-

tant marine ecosystems. Their ecological importance not only lies in their ability

to capture and bury carbon in the sediments below them [85, 86], but also through

their ability to improve the surrounding water quality [75], and habitat provided for

coastal fisheries [52]. Seagrass meadows have been found to be one of the most pro-

ductive plant communities on Earth [70]; however 30% have been destroyed globally

[94]. This causes concerns for the potential lost benthic communities that inhabit

seagrass meadows, diminished coastal water quality, and the disturbance of stored

carbon being released back into the atmosphere. Seagrass is a major benthic habitat

within Port Phillip Bay (38◦ 09′ S, 144◦ 52′ E), a large semi-enclosed bay located in

southern Victoria, Australia. Zostera nigricaulis (formerly Heterozostera tasmanica;

[61, 53]) is the single dominant sub-tidal, meadow-forming seagrass in Port Phillip

Bay. Zostera muelleri, Halophila australis and Amphibolis antartica are also present

in smaller quantities [16]. While Zostera nigricaulis is commonly found in the west

and south of the bay, its presence fluctuates over time and has recently declined [5].

The need to model and monitor seagrass meadows has attracted attention in re-

cent years [75, 94] resulting in studies examining seagrass dynamics and the causes

of their decline. Of particular interest are methods for predicting seagrass loss,

since these processes have numerous negative impacts, and restoration efforts have

generally proven to be difficult. While particular seagrass species have been exten-

sively studied, there are still many whose response to environmental perturbations

is uncertain. Literature shows that seagrasses exhibit species-specific physiological

responses, proving a general quantitative description of a generic seagrass response

difficult, as current mathematical models describing seagrass dynamics are sensitive

to changes in parameters and initial conditions. There are a number of mechanis-



17

tic seagrass process models currently in the literature with differing foci, and on

different scales including Zostera capensis Setchell responses to different freshwa-

ter related and river mouth-breaching scenarios [98], stochastic population model

for Zostera muelleri to identify environmental indicators for Victoria’s coastal en-

vironments [9], a bio-optical model of irradiance distribution and photosynthesis in

seagrass canopies [103], a biogeochemical seagrass growth model driven by light and

nutrient limitation [3], and a Bayesian belief network to quantify the relationship

between seagrass and environmental drivers in the Great Barrier Reef [40].

Having a rigorous quantitative description of the state of a seagrass meadow

that changes over time, requires a number of challenges to be overcome. Firstly,

seagrass observations are sparse in space and time, so they alone cannot provide a

complete representation of the state of a meadow. Furthermore, the sampling tech-

niques used to obtain observations need to be considered carefully. Non-destructive

sampling techniques such as presence/absence, percent cover and instrument probes

are useful for monitoring changes in seagrass meadow health through time. While

destructive sampling techniques such as sediment coring, elemental analyses, iso-

tope analyses, are able to provide more precise data, they are damaging to the

meadow and cannot be resolved on a dense temporal scale without disturbing and

permanently damaging the meadow. Furthermore, parameters inferred from obser-

vational or experimental data are limited to the particular species and a narrow set

of environmental conditions in question.

Data assimilation is a particularly attractive framework for combining seagrass

models and observations as it readily addresses a number of the current problems

faced during seagrass monitoring and subsequent modelling. The framework is based

on a mechanistic model driving future estimates, and every time an observation is

collected the joint state and parameter estimates are updated while conditioned on

a defined level of uncertainty. The data assimilation framework easily deals with
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missing data and unbalanced statistical experimental designs, while providing a plat-

form to combine a number of different sources of data, which could be sampled at

different times and on different scales. Another attractive feature of data assimila-

tion is the ability to quantify uncertainty at various levels: during data collection,

in model formulation, and in assigning parameters. After fusing the model and

data, the final results are in the form of probability distributions; either as posterior

estimates or posterior predictions, delivering solutions of highest probability den-

sity and uncertainty (credibility) surrounding those values. State-space models are

particularly useful for risk-informed decision making as they provide rigorous proba-

bilistic treatment of uncertainties in parameters, states and observations. There are

current applications of data assimilation in marine biogeochemistry [76, 54, 29, 30],

but none have been developed in seagrass biogeochemistry.

This chapter layout is as follows; firstly, a current seagrass growth model is

described with a particular relationship between above-ground biomass and propor-

tion cover. It attempts to capture and represent the main biogeochemical processes

driving seagrass growth. Next, a literature search is conducted on the parameters

that drive the process model to explore their values for distinct species and different

environmental conditions. This sets up the parameter space for data assimilation

of a state-space model. Then, a dataset collected to investigate different seagrass

dynamics within a bay in south-east Australia over a two year period is explored. Fi-

nally, inference is drawn across the year 2012 and 2013 for the 5 sites in Port Phillip

Bay, followed by a discussion comparing results from each year and site within the

bay. The data assimilation procedure is applied to one site at a time. The year 2012

is also used as a training set to make predictions across all sites in 2013, which are

then evaluated against the validation data and posteriors for 2013. Lastly, posterior

inference is drawn across the full dataset (2012-2013) and compared to that of the

individual years.
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2.2 Methods

In this section we will formulate the problem as a state-space model (a specific

class of Bayesian Hierarchical Model), which we introduced in Section 1. Firstly

we will describe the process model, followed by the parameter model and lastly the

data model.

2.2.1 Process Model: The seagrass growth model

The seagrass model chosen for this study is an adaptation of that used in the

biogeochemical model developed by the Commonwealth Scientific and Industrial

Research Organisation (CSIRO) for the Environmental Modelling Suite (EMS) (for

full details see [3]). While EMS is a 60 variable ecosystem model, only those pools

affecting seagrass biomass were included in this model formulation resulting in 5

state variables; above-ground biomass, below-ground biomass, detritus, dissolved

inorganic carbon and oxygen. The detrital pool, dissolved inorganic carbon and

oxygen pools were included in the model as variables solely to conserve mass and act

as states where the seagrass processes of mortality, photosynthesis and respiration

are accumulating. While dissolved inorganic carbon and oxygen are not explicitly

coupled to a biogeochemical model for the purpose of this thesis, they could be

coupled in a future iteration if needed. Consequently, these state variables have not

been discussed in the results or discussion sections.

The seagrass sub-model within the full biogeochemical model evolves over timescales

of months to years, whereas many of the other biogeochemical processes occur over

hours to days. Therefore the state estimation of the seagrass sub-model is quasi-

independent to the other biogeochemical processes, making it reasonable to look at

the seagrass model in ”quasi-isolation”. A degree of caution should be used though

when results are interpreted as feedbacks between the other ”fast” biogeochemical

process impact the ”slow” seagrass process and these fast processes have not been
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considered here.

There are two significant differences between the seagrass model in EMS and the

one described in the following sections. The first is the model currency is biomass

units of grams dry weight per metre squared (g DW m−2) instead of grams Nitro-

gen per metre squared (g N m−2) to match the biomass field observations that are

collected in g DW m−2. Next, EMS models seagrass growth as a minimum function

describing either light, nitrogen or phosphorus limitation. To avoid over parametri-

sation and many unmeasurable free parameters, nutrient limitation was not included

in the current model formulation, thus making the assumption that Zostera nigri-

caulis growth in Port Phillip Bay is only light limited. A recent study [51] found

there was only one site in Port Phillip Bay that had a pronounced response to in-situ

nutrient enrichment (indicating potential nutrient limitation) during the dates our

observations were collected. The implications of the results on this site in particular,

and this assumption in general, are discussed in Section 2.4.

Growth of above-ground seagrass biomass

To model seagrass growth, we start by describing the amount of light available at

the top of the seagrass canopy. The amount of photosynthetically active radiation

(Ec) that reaches the top of the seagrass canopy follows the Beer-Lambert equation

[59] that describes light attenuation through the water column as an exponential

decay governed by a vertical attenuation coefficient (kd) that indicates water clarity,

the light available at the water’s surface (Ewc), and the distance the light has to

travel from the top of the water column to the top of the seagrass canopy (hwc - hc),

Ec = Ewce
−kd(hwc−hc) (2.1)

The amount of light that is used for photosynthesis (kE) (mol photon m−2 d−1)

is a function of available light at the top of the seagrass canopy (Ec), proportion

cover of seagrass (Pc), and effective leaf absorbance A (A= ALsinB, where AL =
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leaf absorbance, and sinB= sine of the canopy bending angle),

kE = Ec(1− e−AΩSA) (2.2)

Respiration (kresp) (mol photon m−2 d−1) is a function of compensation scalar irra-

diance (Ecomp), proportion cover (Pc), and effective leaf absorbance (A),

kresp = EcompAΩSA (2.3)

Growth (gA) (g m−2 d−1) is then the difference between photosynthesis and respi-

ration, unless respiration exceeds photosynthesis, then growth is 0 (i.e. we cannot

have negative growth), and a conversion factor from mol photon to g DW known as

radiation use efficiency (rue),

gA = max(0,
kE − kresp

rue
) (2.4)

It is important to highlight here that this is a simplified formulation of photosynthe-

sis where fast processes such as light-driven photosynthesis (occurring minutes to

hours) are averaged over to allow for the use of daily rates (gA and rue). To ensure

a realistic growth rate is estimated, we limit the seagrass to not grow faster than a

maximum growth rate (gmaxA ),

gA = min[gmaxA SA,max(0,
kE − kresp

rue
)] (2.5)

Total above-ground seagrass growth (g m−2 d−1) is then included in the ode as,

dSA
dt

= gA − translocation−mortality (2.6)

The mass conserving dissolved inorganic carbon (DIC) pool (g C m−3) reflects pho-

tosynthesis,

dDIC

dt
= −550

30

12

14
0.0192

gA
hwc

(2.7)

while the mass conserving oxygen (O2) pool (g O m−3) reflects respiration,

dO2

dt
=

716

30

32

14
0.0192

gA
hwc

(2.8)
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where 0.0192 [32] is the conversion from g DW to g N, the ratio of C:N:P is the

Atkinson ratio 550:30:1 [2] for benthic plants, and the equation for organic matter

formation gives the stoichiometric constants:

14 g N mol N−1; 12 g C mol C−1; 31 g P mol P−1; 32 g O mol O−12

Relationship between proportion cover and above-ground biomass

The following relationship is proposed [3] between proportion cover (Pc) and

above-ground seagrass biomass (SA), governed by the dry weight specific area of

seagrass (Ω),

Pc = 1− e−ΩSA (2.9)

where Ω SA represents the leaf area index (LAI).

Translocation of biomass between seagrass tissue

Translocation of biomass can go in either direction; biomass can flow from above-

ground to below-ground, or from below-ground to above-ground depending on the

SA:SB ratio. Translocation (Υ) (g m−2 d−1) is modelled using an equilibrium fraction

of biomass below-ground (fb) that Zostera nigricaulis prefers to maintain, the current

state of above-ground (SA) and below-ground (SB) biomass, and the translocation

rate (τ),

Υ = (fb(SA + SB)− SB)τ (2.10)

An important note here is that increasing below-ground biomass only occurs through

translocation. Updating our differential equations we now have,

dSA
dt

= gA − Υ−mortality (2.11)

dSB
dt

= Υ−mortality (2.12)
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Mortality and detritus

Seagrass leaves die and leave the above-ground biomass pool at a leaf mortality

rate (ζA) (d−1),

dSA
dt

= gA − Υ− ζASA (2.13)

Similarly, seagrass roots/rhizomes die and leave the below-ground biomass pool with

a root/rhizome mortality rate (ζB) (d−1),

dSB
dt

= Υ− ζBSB (2.14)

All of the dead above-ground and dead below-ground biomass forms the detritus

pool (D) in the sediment, taking into account porosity (φ) and thickness of the top

sediment layer (hsed),

dD

dt
=
ζASA + ζBSB

hsedφ
(2.15)

A summary of the final process model is in Table 2.1.

2.2.2 Formulating the deterministic process model to incorporate stochas-

ticity

To capture the effects of approximations and errors in the process representation

described in section 2.2.1, we take our deterministic process model (Table 2.1) and

introduce stochasticity through an autoregressive process. Stochasticity could also

have been introduced through additive error, either as a continuous Weiner process

added to the ordinary differential equations or as a Gaussian error term at each time

step in a discretised application. As this approach violates conservation of mass,

we instead adopt the approach defined in [76] where a stochastic version of a de-

terministic marine biogeochemical model for Nutrient-Phytoplankton-Zooplankton-

Detritus (NPZD) was formulated. Similarly to the phytoplankton and zooplankton

communities, we introduce stochasticity by replacing select constant parameters in

the deterministic model with stochastic processes that represent within community
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variance or unresolved model error. This seems more biologically intuitive than in-

dependently drawing community properties from an underlying distribution at each

time step, as it allows for some level of persistence in seagrass community compo-

sition through time by being treated as the outcome of a first-order autoregressive

(AR(1)) stochastic process. Each stochastic process B is defined as,

B(t+∆t) = B(t).(1−∆t/St) + rB(t)∆t/St, for |1−∆t/St| < 1 (2.16)

where ∆t is the discrete time step, St is the characteristic time of the autoregressive

process, and {rB(t)} represents a sequence of independent and identically distributed

random variables with distribution [rB]. A detailed derivation can be found in

Appendix B of the supplementary material of [76].

The parameters we choose to be represented as autoregressive processes are

translocation rate (τ), leaf mortality rate (ζA), root/rhizome mortality rate (ζB), to-

tal compensation scalar irradiance (Ecomp), effective absorbance (A), canopy height

(hc), and light attenuation coefficient (kd). This moves them from the parameter

space to the state space, but keeps the means of the autoregressive processes as

unknown parameters to be estimated and prior distributions to be assigned. Prior

distributions are also assigned to initial conditions of all state variables, and it is

important to note that the introduction of stochasticity to parameters can cause

bias if the initial conditions for the state variables are not included as part of the

estimation. One important distinction to note here is that the growth rate is treated

as a static parameter with a dependence on effective absorbance, which is treated

as a dynamic parameter. This alternative to representing photosynthesis from the

usual approach of photosynthesis irradiance curves (which requires fine-time resolu-

tion) has considerable computational advantages that allow PMMH to be feasible

for this application. The parameters are interpretable as daily averages and a rate

of change, respectively, and the estimates are also ecologically informative.
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Seagrass process model equations

Ec = Ewce
−kd(hwc−hc) (2.17)

kE = Ec(1− e−AΩSA) (2.18)

kresp = EcompAΩSA (2.19)

gA = min[gmaxA SA,max(0,
kE − kresp

rue
)] (2.20)

Υ = (fb(SA + SB)− SB)τ (2.21)

dSA
dt

= gA − ζASA − Υ (2.22)

dSB
dt

= −ζBSB + Υ (2.23)

dD

dt
=
ζASA + ζBSB

hsedφ
(2.24)

dDIC

dt
= −550

30

12

14
0.0192

gA
hwc

(2.25)

dO2

dt
=

716

30

32

14
0.0192

gA
hwc

(2.26)

Table 2.1 : Table of seagrass process model equations.
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Symbol Description Units

SA Above-ground seagrass biomass g DW m−2

SB Below-ground seagrass biomass g DW m−2

D Detritus in the sediment g DW m−3

DIC Water column DIC concentration g C m−3

O2 Water column oxygen concentration g O m−3

Pc Proportion cover -

Υ Translocation rate g DW m−2 d−1

ζA Leaf mortality rate d−1

ζB Root/rhizome mortality rate d−1

Ewc Total photosynthetically active radiation at mol photon m−2 d−1

water’s surface

Ec Solar irradiance at the top of the seagrass canopy mol photon m−2 d−1

Ecomp Total compensation scalar irradiance mol photon m−2 d−1

gA Above-ground growth g DW m−2 d−1

gmaxA Maximum above-ground growth rate d−1

fb Equilibrium fraction of biomass below-ground -

Ω Dry weight specific area of seagrass (g DW m−2)−1

τ Translocation rate d−1

A Effective Absorbance -

φ Sediment porosity -

hsed Top sediment layer thickness m

rue Radiation use efficiency g DW (mol photon)−1

hwc Water column height m

hc Seagrass canopy height m

kd Light attenuation coefficient m−1

St Time-scale of community composition changes d

SDF Seagrass diversity factor -

Table 2.2 : Table of seagrass model variables and parameters.
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2.2.3 Parameter Model: Setting priors and initial conditions

In data-scarce situations, informative priors become increasingly important to

guide the model when there are no observations available. Seagrass datasets are

notoriously sparse, with weeks, months and sometimes seasons between consecu-

tive sampling time-points. Setting priors for biogeochemical model parameters can

be difficult (see [82] for a detailed justification on evidence-based priors for aquatic

ecosystem models) as often parameters take small values (close to but not below zero)

and occasionally can become large. This reasoning drives the choice to set most of

the parameter priors for our seagrass process model as log normal distributions (Ta-

ble 2.3), to allow for long right tails with low probabilities. A literature review was

conducted, and for those parameters where estimates could be found from previous

studies, priors were set by deriving prior means and coefficients of variation from

the distributions of parameter values reported from those studies. Where available,

Zostera nigricaulis data was used, otherwise a global seagrass prior for that param-

eter was set by obtaining a range of values for a range of seagrass species under

varying environmental conditions. Of the global priors, those parameters that clus-

tered around species-specific values [33] (such as fraction of below-ground biomass),

and had substantial sample sizes were identified and priors were made more infor-

mative by taking only those values of species similar to Zostera nigricaulis.

A global prior for equilibrium fraction of biomass below-ground (fb) ranged from

0.28 to 0.89 covering species Zostera capricorni, Zostera marina, Zostera noltii,

Zostera nigricaulis, Thalassia hemprichii, Thalassia testudinum, Halodule unin-

ervis, Halodule wrightii, Halophila decipiens, Halophila johnsonii, Halophila ovalis,

Halophila stipulacea, Cymodocea nodosa, Cymodocea rotundatam, Cymodocea serru-

lata, Enhalus acoroides, Phyllospadix scouleri, Phyllospadix torreyi, Posidonia an-

gustifolia, Posidonia oceanica, Syringodium filiforme, and Syringodium isoetifolium

[33, 48, 87]. The local prior based only on Zostera nigricaulis clustered values in
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Figure 2.1 : Equilibrium fraction of below-ground biomass (fb) distribution for global

seagrass and only Zostera nigricaulis used to set the prior.

the high end of fb spanning from 0.67 to 0.88 (Fig. 2.1). We fit an informative

species-specific prior to the distribution of fb as a normal distribution with mean

0.7721 and standard deviation 0.0273 (Table 2.3).

Above-ground biomass was plotted against proportion cover across all sites, in-

cluding replicates and time-points to gauge where the boundaries of the relationship

described in Equation 2.9 were. Five realisations of Equation 2.9 with Ω values

ranging from 0.001 to 0.1 were laid over the observations (Figure 2.2 (left)) as in-

dicative. A distribution of Ω values (Figure 2.2 (right)) was built by rearranging

Equation 2.9 to Ω = − ln(1−Pc)
SA

and substituting all Pc and SA observation pairs to

then fit a log normal prior distribution (Table 2.3).

Radiation use efficiency (rue) as the conversion efficiency of absorbed radiation

into dry weight biomass [41] is known to be both species-specific and dependent

upon environmental conditions [89]. Only two seagrass studies measuring rue were
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Figure 2.2 : The relationship between above-ground biomass and proportion cover

with realisations of Equation 2.9 at Ω values 0.001, 0.003, 0.005, 0.01 and 0.1 (left).

Histogram of Ω values calculated from above-ground biomass and proportion cover

observations at all Port Phillip Bay sites (right).
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found, one for Posidonia oceanica comparing effects of different depths and different

light regimes [64] and the other Amphibolis griffithii under winter and summer light

climates to describe energy flows through a canopy [19]. The prior distribution for

effective absorbance (A) was based on a combination of bending angle [3] and leaf

absorbance [77]. Compensation scalar irradiance (Ecomp) was based on [20], and

the translocation rate was loosely based on [55]. Leaf and root/rhizome mortality

rates were essentially not measured in previous studies, so the prior means follow

[20] and were assigned large standard deviations to reflect the uncertainty in these

values. Water column height (hwc) was not measured while sampling consequently

the prior distribution was set based on data made available from an unpublished

study conducted by Deakin University (Tim Smith, personal communication).

The seagrass diversity factor was assigned a prior distribution of LogN (ln(0.2),

0.35) to represent the variance scaling of marine community compositions and reflect

one dominant species at each site, instead of multiple species. This was illustrated

in the equilibrium fraction of biomass below-ground (fb) prior (Fig. 2.1) where the

variance of Zostera nigricaulis was approximately 0.2 of the global prior. This was

in line with the SDF prior in the NPZD study [76], where in marine community

compositions a single species had approximately 20% of the community variance.

The light attenuation coefficient (kd) prior was estimated from EPA measure-

ments and varied across sites, LogN (ln(0.2), 0.6) at Altona and Blairgowrie, LogN (ln(0.3),

0.6) at Point Henry and Point Richards, and LogN (ln(0.1), 0.6) at Swan Bay South.

The following parameters were assigned constant and known, gmaxA = 0.1 d−1, St =

10 d, hsed = 0.15 m, and φ = 0.5.

Initial conditions for above-ground biomass, below-ground biomass and propor-

tion cover were different at each site and for each year (appendix Table A.1) and were

constructed from the observations collected [87]. Initial conditions for translocation
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Parameter Prior Source Species

µτ LogN (ln(0.001), 0.95) [55] Zostera marina

µζA LogN (ln(0.005), 1) [20] Zostera capricorni

µζB LogN (ln(0.0001, 1) [20] Zostera capricorni

µEcomp LogN (ln(3), 0.5) [20] Zostera capricorni

µA LogN (ln(0.15), 0.5) [3, 77] Zostera muelleri

µhc LogN (ln(0.4), 0.5) [87] Zostera nigricaulis

µkd LogN (ln(0.1-0.3), 0.6) EPA data Water quality

Ω LogN (ln(0.005), 1) [87] Zostera nigricaulis

hwc LogN (ln(0.5), 0.2) (Tim Smith, Water depth

personal communication)

fb N (0.7721, 0.0273) [33, 48, 87] Zostera nigricaulis

SDF LogN (ln(0.2), 0.35)

rue LogN (ln(0.4), 0.5) [19, 64] Amphibolis griffithii,

Posidonia oceanica

Table 2.3 : Summary of the prior distributions for parameters and the source of

their values.
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rate (τ), leaf mortality rate (ζA), root/rhizome mortality rate (ζB), total compensa-

tion scalar irradiance (Ecomp), effective absorbance (A), canopy height (hc), were the

same across site and year and were sampled from the prior distributions assigned

in Table 2.3. Initial conditions for kd varied by site, but were consistently sampled

from the prior distributions assigned.

2.2.4 Data Model: Port Phillip Bay data description and collection

methods

All seagrass observations were obtained through collaboration with Tim Smith,

Deakin University [87], water quality observations in correspondence with Envi-

ronmental Protection Agency (EPA) and light measurements from the Bureau of

Meteorology (BOM) website.

Study site

Covering an area of approximately 1,950 km2 with a coastline spanning 325 km in

length, Poty Phillip Bay is densely populated with more than 4 million people living

around its coastline. Most of the population resides in Melbourne to the north of the

bay which also sees freshwater inputs from the Yarra River. The western part of the

bay is home to the Western Treatment Plant (WTP) that discharges treated sewage

causing influxes of nitrogen and toxins into those parts of the bay. Approximately

half of Port Phillip Bay is less than 8 m deep, with parts of the bay reaching a

maximum depth of 24 m.

Seagrass biomass, percent cover, canopy height

Five sites in Port Phillip Bay were sampled monthly in the flowering season

and every three months between from October 2011 to January 2014 [87]. At each

site, three replicate quadrats were randomly thrown within three permanent 10 m

× 10 m plots, that were 50-100 m apart and sampled. Plots were located at the
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Figure 2.3 : Map of five seagrass sampling sites (seagrass), nearest BOM solar

stations (sun), and EPA water quality sites (blue lines) in Port Phillip Bay, Victoria.

Aerial image sourced from the Bureau of Meteorology.
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interior of patches, and gaps in seagrass cover avoided to ensure consistency within

sites. Samples consisted of a 0.25 m × 0.25 m quadrat where canopy height (the

highest point of the canopy in m) was measured and all seagrass cut at the sediment

surface and collected. Above-ground samples were frozen prior to being processed in

the laboratory for biomass, measured in grams of dry weight. Additionally, percent

cover (the percentage of the seafloor covered by seagrass when viewed from above)

measurements were collected on 0.5 m × 0.5 m quadrats overlapping those 0.25 m ×

0.25 m quadrats used previously. Samples from Point Henry in January 2013 were

not collected due to poor weather. The five sites and their locations were Altona

(37◦87 S, 144◦84 E), Blairgowrie (38◦36 S, 144◦79 E), Point Henry (38◦14 S, 144◦42

E), Point Richards (38◦11 S, 144◦63 E) and Swan Bay South (38◦27 S, 144◦65 E).

To visualise the central tendency and spread of above-ground biomass, propor-

tion cover and canopy height observations through time and across site, box-plots

for each time-point were plotted (Fig. 2.4). Above-ground biomass observations on

average follow a seasonal trend with peaks in the October to January period. The

variability appears consistently low, except for October to January 2011 at Blair-

gowrie where there is twice as much variability in October, and January, three times

as much in December and four times as much in November than is captured other-

wise. With the exception of October to January 2011 at Blairgowrie, the data-points

are roughly symmetric and the mean and median lie at similar values. Proportion

cover observations display high variability because while the absolute range for pro-

portion cover is 0 (no seagrass) to 1 (the whole sea-floor is covered by seagrass),

there are times when almost the entire range is covered; December 2011, January

and April 2012 at Altona, January to September 2012 at Point Richards, January

July 2012 at Swan Bay South. Means are deviating from the medians and there are

skews in both the positive and negative direction. Proportion cover observations

are known to be highly variable because of the subjective nature of their data col-
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Figure 2.4 : Box-plots of above-ground biomass (g DW m−2), proportion cover, and canopy height (cm) observations for each site

through time (n=9 for each time point). The mean is indicated by a blue circle, and potential outliers by red crosses. Time is

representative of months, starting from October 2011 (O) ranging to January 2014 (J).



36

lection. There is a benchmark guide for recording proportion cover, but this varies

between species, density and data collector. Means across plots for each site at each

time-point were used as the observations assimilated (blue in Figure 2.4).

Solar data

Daily surface irradiance was determined from daily global solar exposure (GSE)

measurements made between October 2011 and January 2014. These observations

were obtained from the Australian Government Bureau of Meterology (BOM) web-

site (www.bom.gov.au/climate/data/) and are defined as the total solar energy for

a day falling on a horizontal surface, measured from midnight to midnight. To ob-

tain a representative GSE measurement, the BOM stations closest to the seagrass

biomass data sites (Fig. 2.3) were identified for each site and assumed to represent

the daily surface light dose at each seagrass sampling site. The following BOM

stations were used: Altona (City Offices) (station number: 87131, 37◦86 S, 144◦83

E) for Altona, South Channel Island (station number: 86344, 38◦31 S, 144◦80 E)

for Blairgowrie, Breakwater (Geelong Racecourse) (station number: 87184, 38◦17

S, 144◦38 E) for Point Henry, Portarlington VIC (station number: 87053, 38◦12 S,

144◦64 E) for Point Richards, and Drysdale (Brimdale) (station number: 87114,

38◦17 S, 144◦59 E) for Swan Bay South. The BOM GSE measurements (MJ m−2

d−1) were converted to surface dose of photosynthetically active radiation, Ewc (mol

photon m−2 d−1), using the conversion factor 0.5639 MJ mol−1 [45]. The photo-

synthetically active radiation at the water’s surface is similar across sites, ranging

from 1 to 20 (mol photon m−2 d−1) with similar seasonal magnitudes (Fig. 2.5).

Photosynthetically active radiation is used as the model forcing.

Water quality data

The Environmental Protection Agency (EPA) Victoria monitors the water qual-

ity of a number of fixed sites in Port Phillip Bay. They have been monitoring
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Figure 2.5 : Photosynthetically active radiation at water’s surface, Ewc (mol photon

m−2 d−1), of the 5 BOM sites representative of the seagrass sampling sites.

these sites since 1984 to understand the long-term trends of environmental condi-

tions in Victoria’s marine environments. Monthly samples of nutrients (nitrogen,

phosphorus and silicate), water clarity (total suspended solids and turbidity), dis-

solved oxygen, ammonia, salinity, chlorophyll-a, heavy metals, water temperature

and photosynthetically active radiation are collected and analysed. The EPA mon-

itoring site closest to each seagrass biomass data site (Figure 2.3) was identified

for measurements of light attenuation. The water quality sites closest to the sea-

grass sampling sites were Hobsons Bay (site number: 1991, 37◦8702 S, 144◦9338 E)

to Altona, Dromana (site number: 1282, 38◦3034 S, 144◦9913 E) to Blairgowrie,

Corio Bay (site number: 1911, 38◦1010 S, 144◦3987 E) to Point Henry, Long Reef

(site number: 369, 38◦0293 S, 144◦5928 E) to Point Richards, and Popes Eye (site

number: 2100, 38◦2750 S, 144◦6989 E) to Swan Bay South. There was not enough

EPA nutrient data to use for assimilation, as each of these sites only contained 1-3
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Figure 2.6 : Light attenuation coefficient kd (m−1) calculated from a surface bottle

sample.

data-points across 2012-2013.

Data model

In the data model, above-ground biomass and proportion cover observations were

set as log normal distributions of their states with 30% multiplicative error, SAobs

∼ LogN (ln(SA),0.3), PCobs ∼ LogN (ln(Pc),0.3). While canopy height and light

attenuation coefficient were set as log normal distributions of their states with 50%

multiplicative error, kdobs ∼ LogN (ln(kd),0.5), hcobs ∼ LogN (ln(hc),0.5). The light

attenuation coefficient was assigned a larger error because the EPA sampling sites

were not the same as the seagrass sites, but close by (Figure 2.3) and there was a

sample size of 1 at each time-point. Canopy height had a large observation error

because it was specified as an autoregressive and therefore would need to fluctuate

around a mean over time instead of following increases or decreases in observations.
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Table 2.4 : PMMH acceptance rates for 2012, 2013, and 2012-2013 posteriors.

Site 2012 2013 2012-2013

Altona 20.48% 25.80% 11.59%**

Blairgowrie 13.64% 20.09% 9.51%

Point Henry 25.92% 28.48% 15.29%**

Point Richards 18.50% 24.18% 18.10%

Swan Bay South 20.80% 29.35% 12.67%

2.3 Results

The PMMH algorithm was run using LibBi [72] for all five sites, executed one

site at a time. Firstly it was used to sample the prior and posterior for 2012, then

an ensemble prediction was generated for 2013 by doing a free-run of the dynamical

model. The PMMH algorithm was then used to sample from the prior and posterior

for 2013 for comparison against the 2013 prediction. Lastly, the algorithm was run

to sample from the prior and posterior across 2012-2013. Runge-Kutta 4(3) was the

ODE solver used (to solve equations 2.17-2.26) and PMMH proposal distributions

were assigned according to each parameter’s prior distribution (Table 2.3) with pro-

posal standard deviation calculated as 10% of the prior standard deviation. After

tuning the PMMH algorithm for convergence, each MCMC chain contained 50,000

samples with the initial 10,000 discarded as burn-in, and each set of posterior re-

sults achieved sufficient MCMC mixing (Figure A.3, Figure A.5, Figure A.7) and

likelihood convergence (Figure A.2, Figure A.4, Figure A.6) using 1,024 particles

with the exception of 2012-2013 Altona and Point Henry that saw larger variance

in the likelihood and consequently the number of particles was increased to 4,096.

Acceptance rates ranged from 9.51% to 29.35% (Table 2.4), which are in agreement

with acceptance rates for models with equivalent numbers of parameters.
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This section illustrates the results of the state variables above-ground biomass

(SA), below-ground biomass (SB), proportion cover (Pc) and the first order autore-

gressive processes (translocation rate (τ), leaf mortality rate (ζA), root/rhizome mor-

tality rate (ζB), total compensation scalar irradiance (Ecomp), effective absorbance

(A), canopy height (hc), and light attenuation coefficient (kd)). Prior and posterior

states are illustrated through heat-maps to identify areas of high probability den-

sity before and after data assimilation. Separately, observations are displayed as

box-plots and posteriors and predictions are plotted as medians and 95% credible

intervals to show the values of highest probability density and spread through time

when displayed with the data.

The parameters Ω, fb, hwc, rue, SDF, and all the long-term means of the au-

toregressive processes (translocation rate (µτ ), leaf mortality rate (µζA), root/rhi-

zome mortality rate (µζB), total compensation scalar irradiance (µEcomp), effective

absorbance (µA), canopy height (µhc), and light attenuation coefficient (µkd)) are

plotted either as histograms or kernel density estimates (kde). Parameter priors

and posteriors are plotted as overlaid histograms to visualise what updates the ob-

servations had on the priors. Kernel density estimates are used to compare posteriors

across sites and to discover where the differences in parameters lie between the 2013

predicted and posterior results. Due to the skewed nature of our parameter priors

and posteriors, the median is chosen as the measure of central tendency, and the

interquartile range (IQR) as the measure of spread.

2.3.1 Prior to posterior results for 2012

Above-ground biomass fraction of density heat-maps illustrated tightening of

posterior density after assimilating observations at each site. There was 10 times

the posterior density than the sampled prior at those points (Figure 2.7, Figure

2.8, Figure 2.9, Figure 2.10, Figure 2.11). Altona, Blairgowrie, Point Richards and
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Figure 2.7 : Above-ground biomass (g DW m−2) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Altona in 2012.

Figure 2.8 : Above-ground biomass (g DW m−2) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Blairgowrie in 2012.
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Figure 2.9 : Above-ground biomass (g DW m−2) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Point Henry in 2012.

Figure 2.10 : Above-ground biomass (g DW m−2) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Point Richards in 2012.
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Figure 2.11 : Above-ground biomass (g DW m−2) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Swan Bay South in 2012.

Figure 2.12 : Proportion cover fraction of density heatmap of priors, posteriors and

their ratio (posterior/prior) for Altona in 2012.
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Figure 2.13 : Proportion cover fraction of density heatmap of priors, posteriors and

their ratio (posterior/prior) for Blairgowrie in 2012.

Figure 2.14 : Proportion cover fraction of density heatmap of priors, posteriors and

their ratio (posterior/prior) for Point Henry in 2012.
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Figure 2.15 : Proportion cover fraction of density heatmap of priors, posteriors and

their ratio (posterior/prior) for Point Richards in 2012.

Figure 2.16 : Proportion cover fraction of density heatmap of priors, posteriors and

their ratio (posterior/prior) for Swan Bay South in 2012.
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Figure 2.17 : Canopy height (m) fraction of density heatmap of priors, posteriors

and their ratio (posterior/prior) for Altona in 2012.

Figure 2.18 : Canopy height (m) fraction of density heatmap of priors, posteriors

and their ratio (posterior/prior) for Blairgowrie in 2012.
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Figure 2.19 : Canopy height (m) fraction of density heatmap of priors, posteriors

and their ratio (posterior/prior) for Point Henry in 2012.

Figure 2.20 : Canopy height (m) fraction of density heatmap of priors, posteriors

and their ratio (posterior/prior) for Point Richards in 2012.
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Figure 2.21 : Canopy height (m) fraction of density heatmap of priors, posteriors

and their ratio (posterior/prior) for Swan Bay South in 2012.

Figure 2.22 : Light attenuation coefficient (m−1) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Altona in 2012.
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Figure 2.23 : Light attenuation coefficient (m−1) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Blairgowrie in 2012.

Figure 2.24 : Light attenuation coefficient (m−1) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Point Henry in 2012.
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Figure 2.25 : Light attenuation coefficient (m−1) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Point Richards in 2012.

Figure 2.26 : Light attenuation coefficient (m−1) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Swan Bay South in 2012.
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Figure 2.27 : Long-term means of the first order autoregressive parameter prior and posterior distributions for each Port Phillip

Bay site in 2012.
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Figure 2.28 : Parameter prior and posterior distributions for each Port Phillip Bay site in 2012.
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Swan Bay South posteriors all trend downwards over 2012. Blairgowrie had the

largest initial posterior biomass, and largest spread of posterior density of all the

sites during October 2011-February 2012 (Figure 2.8). Point Henry was the only

site not trending downwards over 2012, with a seasonal trend seeing the biomass

return to the same starting values of October 2011 (Figure 2.9).

Proportion cover fraction of density heat-maps showed the prior sampled almost

the entire space between 0 and 1, with higher densities at either complete cover

during all of 2012 or declining to zero during the second half of 2012. The heat-

maps illustrated tightening of posterior density after assimilating observations at

each site. There was 20 times the posterior density than the sampled prior at those

points (Figure 2.12, Figure 2.13, Figure 2.14, Figure 2.15, Figure 2.16). Altona,

Blairgowrie, Point Richards and Swan Bay South posteriors all trend downwards

over 2012. Blairgowrie had the largest initial proportion cover density ranging from

0.8 to 1 (Figure 2.13). Point Henry initialised at lower values than the other four

sites and exhibited a seasonal trend seeing it return to the same starting values of

October 2011, 0.6-0.8 (Figure 2.14).

Canopy height fraction of density heat-maps illustrated tightening of posterior

density after assimilating observations at each site. There was 4-5 times the poste-

rior density than the sampled prior at those points (Figure 2.17, Figure 2.18, Figure

2.19, Figure 2.20, Figure 2.21). At each site the mean canopy height posterior IQR

decreased by 2.5-5 times from the prior IQR (Table 2.5). The posterior medians

at Altona, Blairgowrie and Point Henry all shifted from the prior median 0.4000 m.

Altona shifted downwards to 0.2731 m, Blairgowrie had a more subtle shift down-

wards to 0.3707 m, while Point Henry shifted upwards to 0.4463 m. Point Richards

and Swan Bay South posterior medians (0.3137 m and 0.2579 m respectively) shifted

upwards form their prior median of 0.2000 m. Point Henry had the tallest canopy

height in 2012, followed by Blairgowrie and Point Richards, with Altona and Swan
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Bay South having the shortest canopy heights (Figure 2.27).

Light attenuation coefficient fraction of density heat-maps illustrated tightening

of posterior density after assimilating observations at each site. There was 4-5 times

the posterior density than the sampled prior at those points (Figure 2.22, Figure

2.23, Figure 2.24, Figure 2.25, Figure 2.26). Altona (Figure 2.22) and Point Richards

(Figure 2.25) had the largest spread of posterior density of all the sites, while Swan

Bay South (Figure 2.26) was the most tightly constrained. The mean light atten-

uation coefficient posterior had smaller spread than the prior, with posterior IQR

one quarter of the prior IQR (Figure 2.27). Altona and Blairgowrie saw shifts in

posterior medians to 0.3238 m−1 and 0.2149 m−1 from a prior median of 0.2000 m−1.

From a prior median of 0.3000 m−1, Point Henry’s posterior median shifted slightly

to 0.2804 m−1, while Point Richards shifted further to 0.3545 m−1. Swan Bay South

prior median 0.1000 m−1 shifted to 0.1409 m−1 which was the lowest light attenua-

tion coefficient followed by Blairgowrie, Point Henry, Altona, with Point Richards

as the highest site for 2012.

Effective absorbance, while an unobserved parameter, displayed shifts in the pos-

terior from the prior indicating that the observations had an effect on constraining

this parameter. The same prior was assigned to all sites with median 0.1500 and

IQR 0.1000 and approximately the same amount of learning occurred at each site,

with posterior medians 0.0963-0.1066 and IQR 0.0507-0.0609.

Leaf mortality rate posteriors are more concentrated from the priors at each site.

All posterior IQR decreased by 2-4 times from the prior IQR. Swan Bay South had

the highest leaf mortality rate posterior median 0.4939×10−2 d−1 and was the only

site that remained relatively unchanged from the prior median 0.5000×10−2 d−1.

Altona followed with a leaf mortality rate posterior median of 0.4412×10−2 d−1,

then Blairgowrie (0.4136×10−2 d−1), Point Richards (0.3787×10−2 d−1) and Point
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Henry (0.2695×10−2 d−1) was the lowest. There were no significant shifts from

root/rhizome mortality rate priors to posteriors at all sites.

Translocation rate posterior medians all shifted upwards from the prior medi-

ans, as well as increased posterior IQR at each site. Altona had the highest pos-

terior median (0.4599×10−2 d−1), followed by Swan Bay South (0.3647×10−2 d−1),

Blairgowrie (0.3220×10−2 d−1), Point Richards (0.2408×10−2 d−1) and Point Henry

(0.1923×10−2 d−1).

Compensation scalar irradiance priors and posteriors remained relatively un-

changed at Blairgowrie, Point Henry and Point Richards. Altona and Swan Bay

South posterior central tendency shifted from a prior of 3.0000 mol photon m−2 d−1

to 7.1438 mol photon m−2 d−1 at Altona and 6.2655 mol photon m−2 d−1 at Swan

Bay South with both sites doubling their variability.

Dry weight specific area of seagrass was constrained well by the observations

shown in the concentrated posterior distributions with lower variability (Figure

2.28). Altona had the highest posterior median (0.7494×10−2 (g DW m−2)−1), fol-

lowed by Swan Bay South (0.6739×10−2 (g DW m−2)−1), Point Richards (0.5218×10−2 (g

DW m−2)−1), Point Henry (0.4660×10−2 (g DW m−2)−1) and Blairgowrie (0.4164×10−2 (g

DW m−2)−1) had the lowest. All sites have posterior IQR 0.1175×10−2 - 0.1883×10−2 (g

DW m−2)−1 down from prior IQR 0.7300×10−2 (g DW m−2)−1 (Table 2.5). Equi-

librium fraction of biomass below-ground posteriors remain unchanged from the

priors at all sites. Water column height at Blairgowrie, Point Henry and Point

Richards remained unchanged from prior to posterior. The posterior median at Al-

tona shifted upwards to 0.5453 m, while the posterior median at Swan Bay South

shifted downwards to 0.4626 m. Radiation use efficiency posterior distributions all

shifted upwards from the prior distribution (median 0.4000 g DW (mol photon)−1,

IQR 0.2700 g DW (mol photon)−1). Altona had the largest shift in posterior me-
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dian (0.6999 g DW (mol photon)−1), but also twice the IQR (0.5124 g DW (mol

photon)−1). All other sites had a similar posterior variability to the prior. Point

Henry had the next largest shift in posterior median to 0.6393 g DW (mol photon)−1,

followed by Point Richards (0.5892 g DW (mol photon)−1), Swan Bay South (0.5892 g

DW (mol photon)−1), and Blairgowrie had the smallest (0.4864 g DW (mol photon)−1).

Seagrass diversity factor saw minimal change in spread from prior to posterior with

small shifts in central tendency priors to posteriors.
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Parameter Site Prior 2012 Posterior 2012

µhc Altona 0.4015 (0.2768) 0.2731 (0.0532)

Blairgowrie 0.3988 (0.2745) 0.3707 (0.0724)

Point Henry 0.4000 (0.2721) 0.4463 (0.0837)

Point Richards 0.2003 (0.1368) 0.3137 (0.0637)

Swan Bay South 0.2006 (0.1382) 0.2579 (0.0511)

µkd Altona 0.1995 (0.1664) 0.3238 (0.0640)

Blairgowrie 0.1992 (0.1652) 0.2149 (0.0417)

Point Henry 0.2985 (0.2470) 0.2804 (0.0597)

Point Richards 0.2989 (0.2494) 0.3545 (0.0652)

Swan Bay South 0.1010 (0.0831) 0.1409 (0.0282)

µA Altona 0.1503 (0.1028) 0.1036 (0.0563)

Blairgowrie 0.1501 (0.1026) 0.1066 (0.0507)

Point Henry 0.1484 (0.1016) 0.0963 (0.0609)

Point Richards 0.1505 (0.1022) 0.0992 (0.0571)

Swan Bay South 0.1501 (0.1029) 0.0999 (0.0592)

µζA Altona 0.4974×10−2 (0.7228×10−2) 0.4412×10−2 (0.2333×10−2)
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Blairgowrie 0.5024×10−2 (0.7195×10−2) 0.4136×10−2 (0.1964×10−2)

Point Henry 0.4972×10−2 (0.7205×10−2) 0.2695×10−2 (0.1673×10−2)

Point Richards 0.5065×10−2 (0.7374×10−2) 0.3787×10−2 (0.2057×10−2)

Swan Bay South 0.5006×10−2 (0.7183×10−2) 0.4939×10−2 (0.3165×10−2)

µζB Altona 0.0999×10−3 (0.1474×10−3) 0.0760×10−3 (0.0732×10−3)

Blairgowrie 0.0996×10−3 (0.1451×10−3) 0.0992×10−3 (0.0950×10−3)

Point Henry 0.0993×10−3 (0.1428×10−3) 0.0823×10−3 (0.1110×10−3)

Point Richards 0.0991×10−3 (0.1456×10−3) 0.1097×10−3 (0.1556×10−3)

Swan Bay South 0.1006×10−3 (0.1472×10−3) 0.0820×10−3 (0.0920×10−3)

µτ Altona 0.1007×10−2 (0.1364×10−2) 0.4599×10−2 (0.4133×10−2)

Blairgowrie 0.0992×10−2 (0.1359×10−2) 0.3220×10−2 (0.3785×10−2)

Point Henry 0.0998×10−2 (0.1368×10−2) 0.1923×10−2 (0.2587×10−2)

Point Richards 0.0995×10−2 (0.1359×10−2) 0.2408×10−2 (0.3201×10−2)

Swan Bay South 0.0986×10−2 (0.1350×10−2) 0.3647×10−2 (0.4411×10−2)

µEcomp Altona 2.9766 (2.0473) 7.1438 (5.9472)

Blairgowrie 2.9932 (2.0709) 2.9868 (2.1179)

Point Henry 3.0106 (2.0631) 2.6726 (2.0854)
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Point Richards 2.9942 (2.0466) 3.2284 (2.3697)

Swan Bay South 2.9951 (2.0602) 6.2655 (5.1140)

Ω Altona 0.5013×10−2 (0.7233×10−2) 0.7494×10−2 (0.1883×10−2)

Blairgowrie 0.5026×10−2 (0.7359×10−2) 0.4164×10−2 (0.1175×10−2)

Point Henry 0.4986×10−2 (0.7253×10−2) 0.4660×10−2 (0.1192×10−2)

Point Richards 0.4991×10−2 (0.7268×10−2) 0.5218×10−2 (0.1320×10−2)

Swan Bay South 0.4983×10−2 (0.7302×10−2) 0.6739×10−2 (0.1613×10−2)

fb Altona 0.7719 (0.0369) 0.7812 (0.0343)

Blairgowrie 0.7725 (0.0368) 0.7648 (0.0323)

Point Henry 0.7722 (0.0369) 0.7805 (0.0285)

Point Richards 0.7723 (0.0370) 0.7729 (0.0298)

Swan Bay South 0.7722 (0.0368) 0.7733 (0.0321)

hwc Altona 0.5008 (0.1342) 0.5453 (0.1086)

Blairgowrie 0.5011 (0.1357) 0.5277 (0.1767)

Point Henry 0.4999 (0.1365) 0.5039 (0.1614)

Point Richards 0.5002 (0.1351) 0.5171 (0.1355)

Swan Bay South 0.5006 (0.1359) 0.4626 (0.1218)
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rue Altona 0.4003 (0.2721) 0.6999 (0.5124)

Blairgowrie 0.3997 (0.2738) 0.4864 (0.2838)

Point Henry 0.4005 (0.2763) 0.6393 (0.3303)

Point Richards 0.3994 (0.2729) 0.5892 (0.3419)

Swan Bay South 0.4017 (0.2770) 0.5462 (0.3172)

SDF Altona 0.2003 (0.0951) 0.2138 (0.0959)

Blairgowrie 0.2001 (0.0956) 0.2028 (0.0754)

Point Henry 0.1999 (0.0945) 0.1665 (0.0737)

Point Richards 0.1995 (0.0950) 0.1804 (0.0891)

Swan Bay South 0.1990 (0.0950) 0.1720 (0.0903)

Table 2.5 : Parameter median and interquartile range (IQR) at each site for 2012 prior and posterior.
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2.3.2 Posterior results for 2012 with a prediction for 2013

The above-ground biomass posterior estimates for 2012 assimilated the trend of

the observations well (Figure 2.29). Blairgowrie has the highest initial above-ground

biomass in October 2011 followed by Point Richards, Point Henry, Swan Bay South

then Altona. All sites exhibited seasonality with above-ground biomass peaks in the

summer months. Point Henry was the only site that did not exhibit a downward

trend across 2012, the remaining four sites all exhibited seasonality with a downward

trend by December 2012. Blairgowrie and Point Henry are predicted to have the

highest above-ground biomass for 2013 followed by Point Richards, Swan Bay South

and Altona. Above-ground biomass predictions for Blairgowrie, Point Richards and

Swan Bay South line up with the validation data for 2013, while the Altona predic-

tion under-predicts the observations and the Point Henry prediction over-predicts

them (Figure 2.29). The 2013 prediction for Altona continues a downward trend in

above-ground biomass from the posterior estimate for 2012. This prediction misses

the validation data completely as it shows a clear return to biomass levels at the start

of October 2011. The combination of posterior parameter estimates for 2012 and

forcings used in the model provided no indication of an upturn in 2013. Potentially

we have not captured all forcings present at Altona and further environmental data

should be obtained and analysed to understand whether there were environmental

changes driving the difference in the two years. Similarly, the same investigation

should be undertaken at Point Henry, particularly as the proportion cover predic-

tions exhibit the same unsuccessful 2013 predictions. Similarly to above-ground

biomass, proportion cover predicts the 2013 observations well at Blairgowrie, Point

Richards and Swan Bay South while under-predicting at Altona. Point Henry has

quite volatile 2013 observations which span from 0 to 90% cover and while the pre-

diction overlaps some of the observations it also over-predicts many of them (Figure

2.30). Proportion cover posterior estimates at each site align reasonably well with
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Figure 2.29 : Above-ground biomass posterior medians (solid blue line) and 95% credible intervals (shaded blue) for the first

year of observations, and prediction medians (solid orange line) and 95% credible intervals (shaded orange) for the second year of

observations. Observations (n=9 at each sampling time-point) are shown as box-plots with potential outliers (+).
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Figure 2.30 : Proportion cover posterior medians (solid blue line) and 95% credible intervals (shaded blue) for the first year

of observations, and prediction medians (solid orange line) and 95% credible intervals (shaded orange) for the second year of

observations. Observations (n=9 at each sampling time-point) are shown as box-plots with potential outliers (+).
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Figure 2.31 : Canopy height posterior medians (solid blue line) and 95% credible intervals (shaded blue) for the first year of obser-

vations, and prediction medians (solid orange line) and 95% credible intervals (shaded orange) for the second year of observations.

Observations (n=9 at each sampling time-point) are shown as box-plots with potential outliers (+).
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Figure 2.32 : Light attenuation coefficient posterior medians (solid blue line) and 95% credible intervals (shaded blue) for the first

year of observations, and prediction medians (solid orange line) and 95% credible intervals (shaded orange) for the second year of

observations. Observations (n=1 at each sampling time-point) are shown as solid black circles.
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Figure 2.33 : Below-ground biomass posterior medians (solid blue line) and 95% credible intervals (shaded blue) for the first

year of observations, and prediction medians (solid orange line) and 95% credible intervals (shaded orange) for the second year of

observations. Observations (n=9 at each sampling time-point) are shown as box-plots with potential outliers (+).
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the observations for 2012, given the large variability at some time-points (Figure

2.30). Blairgowrie has the largest initial proportion cover followed by Swan Bay

South, Point Richards, Altona then Point Henry. Seasonality in the form of pro-

portion cover peaks during summer is present at all sites with Altona, Blairgowrie,

Point Richards and Swan Bay South trending downwards during 2012. The pre-

dicted trend for 2013 at these four sites is a continued drop in proportion cover,

while at Point Henry the predicted trend remains stable and unchanged for 2013.

Canopy height during 2012 was tallest at Point Henry, followed by Blairgowrie

and Point Richards, with Altona and Swan Bay South having the shortest seagrass

canopies. The first order autoregressive process representing the canopy height

posterior during 2012 on average fits the observations well at Blairgowrie, Point

Henry, Point Richards and Swan Bay South. The observations at Altona during

2012 look to be grouped into two stages, an initial taller height from October 2011

to January 2012 centred around 0.4-0.5 m, and a secondary lower height from April

2012 centred around 0.2000 m. The highest area of posterior probability is 0.3000 m

throughout 2012, meaning the first order autoregressive is capturing the long-term

stationary central tendency but not necessarily capturing the observed quantities of

canopy height. Blairgowrie, Pont Henry, Point Richards and Swan Bay South all

over-predicted the 2013 observations while Altona produced a more aligned 2013

prediction to the observations (Figure 2.31). An important highlight here is that

canopy height model estimates displayed almost no variability through time while

there was substantial variability in the data. The same is apparent for the light

attenuation coefficient and may suggest the autoregressive process parameters need

to be adjusted in future iterations to allow for more movement over time. Point

Richards and Altona have the highest light attenuation coefficient posteriors across

2012, followed by Point Henry, Blairgowrie and then Swan Bay South with the lowest

light attenuation. Altona, Blairgowrie and Swan Bay South posteriors capture the
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observations in 2012 well. Point Richards posterior is centred on the higher end

of the observations, but includes most of them in the 95% credible interval. Point

Henry is centred on the lower end of the observations for 2012. Light attenuation

coefficient predicts unseen 2013 observations well for Altona, Point Henry, Point

Richards, and Swan Bay South, but under-predicts for Blairgowrie (Figure 2.32).

Point Henry and Blairgowrie have the highest initial below-ground biomass pos-

teriors in October 2011, followed by Point Richards, then Altona and Swan Bay

South with the lowest of the five sites. Below-ground biomass posteriors for Altona,

Point Henry, Point Richards and Swan Bay South are all decreasing over 2012,

Blairgowrie is the only site that sees an initial increase before decreasing for the

remainder of 2012 (Figure 2.33). All predictions for 2013 see further decreases in

below-ground biomass.

2.3.3 Prior to posterior results for 2013

Heat-maps of fraction of above-ground biomass density illustrated tightening of

posterior density after assimilating observations at each site. There was 10-20 times

the posterior density than the sampled prior at those points (Figure 2.34, Figure

2.35, Figure 2.36, Figure 2.37, Figure 2.38). Altona (Figure 2.34) and Blairgowrie

(Figure 2.35) displayed an increasing posterior trend over 2013, Point Henry de-

creased (Figure 2.36), Point Richards and Swan Bay South remained stable (Figure

2.37, Figure 2.38).

Heat-maps of fraction of proportion cover density showed the prior sampled

almost the entire space between 0 and 1 with higher densities at either complete cover

during all of 2013 or declining to zero from April 2013. The heat-maps illustrated

tightening of posterior density after assimilating observations at each site. There was

20-25 times the posterior density than the sampled prior at those points (Figure 2.39,

Figure 2.40, Figure 2.41, Figure 2.42, Figure 2.43). Point Henry trended downwards
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Figure 2.34 : Above-ground biomass (g DW m−2) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Altona in 2013.

Figure 2.35 : Above-ground biomass (g DW m−2) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Blairgowrie in 2013.
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Figure 2.36 : Above-ground biomass (g DW m−2) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Point Henry in 2013.

Figure 2.37 : Above-ground biomass (g DW m−2) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Point Richards in 2013.
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Figure 2.38 : Above-ground biomass (g DW m−2) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Swan Bay South in 2013.

Figure 2.39 : Proportion cover fraction of density heatmap of priors, posteriors and

their ratio (posterior/prior) for Altona in 2013.
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Figure 2.40 : Proportion cover fraction of density heatmap of priors, posteriors and

their ratio (posterior/prior) for Blairgowrie in 2013.

Figure 2.41 : Proportion cover fraction of density heatmap of priors, posteriors and

their ratio (posterior/prior) for Point Henry in 2013.
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Figure 2.42 : Proportion cover fraction of density heatmap of priors, posteriors and

their ratio (posterior/prior) for Point Richards in 2013.

Figure 2.43 : Proportion cover fraction of density heatmap of priors, posteriors and

their ratio (posterior/prior) for Swan Bay South in 2013.
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Figure 2.44 : Canopy height (m) fraction of density heatmap of priors, posteriors

and their ratio (posterior/prior) for Altona in 2013.

Figure 2.45 : Canopy height (m) fraction of density heatmap of priors, posteriors

and their ratio (posterior/prior) for Blairgowrie in 2013.
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Figure 2.46 : Canopy height (m) fraction of density heatmap of priors, posteriors

and their ratio (posterior/prior) for Point Henry in 2013.

Figure 2.47 : Canopy height (m) fraction of density heatmap of priors, posteriors

and their ratio (posterior/prior) for Point Richards in 2013.
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Figure 2.48 : Canopy height (m) fraction of density heatmap of priors, posteriors

and their ratio (posterior/prior) for Swan Bay South in 2013.

Figure 2.49 : Light attenuation coefficient (m−1) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Altona in 2013.
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Figure 2.50 : Light attenuation coefficient (m−1) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Blairgowrie in 2013.

Figure 2.51 : Light attenuation coefficient (m−1) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Point Henry in 2013.
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Figure 2.52 : Light attenuation coefficient (m−1) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Point Richards in 2013.

Figure 2.53 : Light attenuation coefficient (m−1) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Swan Bay South in 2013.
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Figure 2.54 : Long-term means of the first order autoregressive parameter prior and posterior distributions for each Port Phillip

Bay site in 2013.
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Figure 2.55 : Parameter prior and posterior distributions for each Port Phillip Bay site in 2013.
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over 2013, Altona and Blairgowrie trended upwards, and Point Richards and Swan

Bay South remained stable.

Heat-maps of fraction of canopy height density illustrated tightening of poste-

rior density after assimilating observations at each site. There was 3-4 times the

posterior density than the sampled prior at those points (Figure 2.44, Figure 2.45,

Figure 2.46, Figure 2.47, Figure 2.48). Point Henry showed the largest spread in

canopy height posterior over 2013 (Figure 2.46). At each site the long-term mean

canopy height posterior IQR decreased to approximately a third of the prior IQR

(Table 2.6). The posterior medians at Altona, Blairgowrie and Point Henry all

shifted downwards from the prior median of 0.4000 m. Altona shifted downwards

to 0.3011 m, Blairgowrie to 0.2741 m, and Point Henry to 0.2969 m. Point Richards

posterior median 0.2023 m remained unchanged from the prior median of 0.2000 m.

Swan Bay South posterior median of 0.1808 m shifted subtly downwards from its

prior median of 0.2000 m. Altona and Point Henry had the tallest canopy height in

2013, followed by Blairgowrie, Point Richards, and Swan Bay South had the shortest

canopy height (Figure 2.54).

Heat-maps of fraction of light attenuation coefficient density illustrated tight-

ening of posterior density after assimilating observations at each site. There was

4-5 times the posterior density than the sampled prior at those points (Figure 2.49,

Figure 2.50, Figure 2.51, Figure 2.52, Figure 2.53). Point Henry (Figure 2.51) had

the largest spread of posterior density of all the sites. Point Henry had a posterior

IQR half of the prior IQR, and was the site with the largest spread in long-term

mean light attenuation coefficient over 2013. The long-term mean light attenua-

tion coefficient posterior had smaller spread than the prior, with posterior IQR one

third of the prior IQR for sites Altona, Blairgowrie, Point Richards and Swan Bay

South (Figure 2.54). Altona and Blairgowrie saw shifts in posterior medians to

0.2608 m−1 and 0.2151 m−1 from a prior median of 0.2000 m−1. From a prior median
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of 0.3000 m−1, Point Richard’s posterior median shifted slightly to 0.2865 m−1, while

Point Henry shifted further to 0.3990 m−1. Swan Bay South prior median 0.1000 m−1

shifted to 0.1417 m−1 which was the lowest light attenuation coefficient followed by

Blairgowrie, Altona, Point Richards, with Point Henry as the highest site for 2013.

The same prior was assigned to effective absorbance at all sites with median of

0.1500 and IQR of 0.1000 and approximately the same amount of learning occurred

at Altona, Point Henry, Point Richards and Swan Bay South, with posterior medians

0.1007-0.1177 and IQR 0.0603-0.0674. A subtle shift at Blairgowrie to a posterior

median of 0.1408 and an equal amount of reduction in spread with an IQR 0.0768

(Table 2.6).

All sites moved away from the leaf mortality rate prior median of 0.5000×10−2 d−1

and IQR 0.7200×10−2 d−1. Point Henry had the highest leaf mortality rate poste-

rior median of 0.9705×10−2 d−1 and the largest IQR 0.5293×10−2 d−1, followed by

Swan Bay South with a leaf mortality rate posterior median of 0.3185×10−2 d−1

and IQR 0.1875×10−2 d−1. Altona and Point Richards had the lowest medians with

0.0996×10−2 d−1 and 0.1074×10−2 d−1, and also the smallest IQR (0.0719×10−2 d−1

and 0.0927×10−2 d−1). Blairgowrie had a posterior median of 0.1455×10−2 d−1 and

IQR 0.1207×10−2 d−1. There were no significant shifts from root/rhizome mortality

rate priors to posteriors at all sites (Table 2.6).

Altona had the smallest translocation rate posterior median 0.0821×10−2 d−1

and smallest IQR 0.1076×10−2 d−1 of all the sites. Blairgowrie, Point Richards and

Swan Bay South performed similarly across 2013 with posterior medians of 0.1324-

0.1721×10−2 d−1 and IQR 0.2001-0.2758×10−2 d−1. Point Henry had the largest

translocation rate posterior median of 0.8133×10−2 d−1, the largest shift upwards

from prior median of 0.1000×10−2 d−1, and the largest IQR 0.7048×10−2 d−1, 5

times larger than the prior IQR 0.1400×10−2 d−1.
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Compensation scalar irradiance priors and posteriors remained relatively un-

changed at Point Richards. Altona and Blairgowrie posterior central tendency

shifted from a prior of 3 mol photon m−2 d−1 to 2.3197 mol photon m−2 d−1 at

Altona and 2.3721 mol photon m−2 d−1 at Blairgowrie with both sites decreasing

their variability. Point Henry and Swan Bay South posterior central tendency shifted

to 3.7530 mol photon m−2 d−1 at Point Henry and 3.6127 mol photon m−2 d−1 at

Swan Bay South with both sites increasing in variability.

Dry weight specific area of seagrass was constrained well by the observations

shown in the concentrated posterior distributions with lower variability (Figure

2.55). Swan Bay South had the highest posterior median (0.5828×10−2 (g DW

m−2)−1), followed by Point Richards (0.5018×10−2 (g DW m−2)−1), Altona (0.4709×10−2 (g

DW m−2)−1), Blairgowrie (0.4593×10−2 (g DW m−2)−1) and Point Henry (0.3725×10−2 (g

DW m−2)−1) had the lowest. All sites had posterior IQR 0.0827×10−2 - 0.1335×10−2 (g

DW m−2)−1 down from prior IQR 0.7300×10−2 (g DW m−2)−1 (Table 2.6).

Equilibrium fraction of biomass below-ground posteriors remained unchanged

from the prior at all sites. Water column height at Altona, Blairgowrie, Point Henry

and Swan Bay South remained unchanged from prior to posterior. The posterior

median at Point Richards displayed a subtle shift upwards to 0.5349 m.

Radiation use efficiency posterior distributions all shifted upwards from the

prior distribution (median 0.4000 g DW (mol photon)−1, IQR 0.2700 g DW (mol

photon)−1). Point Richards had the largest shift in posterior median (0.7376 g DW

(mol photon)−1), but also an increase in IQR (0.3652 g DW (mol photon)−1). Swan

Bay South had the next largest shift in posterior median to 0.6869 g DW (mol

photon)−1, followed by Blairgowrie (0.6292 g DW (mol photon)−1), Point Henry

(0.5136 g DW (mol photon)−1), and Altona had the smallest (0.4856 g DW (mol

photon)−1). Altona had the smallest IQR (0.2133 g DW (mol photon)−1), with Blair-
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gowrie, Point Henry and Swan Bay South all between 0.3242 g DW (mol photon)−1-

0.3553 g DW (mol photon)−1.

Seagrass diversity factor saw minimal change in central tendency and spread

from prior to posterior at Altona, Blairgowrie, Point Richards and Swan Bay South.

Point Henry posterior median doubled to 0.4250 from a prior median of 0.2002, and

saw an increase in posterior IQR to 0.1659 from a prior of 0.0956 (Table 2.6).

2.3.4 Comparing the predicted 2013 results with the posterior 2013 re-

sults

The above-ground biomass posteriors captured the observations well across all

five sites, with notable differences for Altona and Point Henry from their predictions

(Figure 2.56). The Altona posterior had an upward shift from the 2013 prediction,

while the Point Henry posterior had a downward shift from the prediction. Propor-

tion cover posteriors performed well across Blairgowrie, Point Richards and Swan

Bay South. Blairgowrie and Point Richards proportion cover posteriors started lower

than predicted and ended higher than predicted. Swan Bay South’s posterior state

consistently estimated slightly lower than predicted. Point Henry overall estimated

the proportion cover observations well apart from November 2013, with a large

downward shift in values from the predicted estimates. Proportion cover posterior

at Altona shifted upwards from the prediction, to capture many of the observations

in the 95% credible intervals (Figure 2.57).

Canopy height posteriors performed well at all sites with most observations

falling within the 95% credible intervals (Figure 2.58). They improved on the predic-

tions at each site, with respect to capturing the central tendency and spread of the

observations. Altona, Blairgowrie and Point Henry on average have higher canopy

height estimates than Point Richards and Swan Bay South. Altona was the only

site to have an increased canopy height long-term mean (Figure 2.60) from predicted



85

Figure 2.56 : Above-ground biomass predicted medians (solid orange line) and 95% credible intervals (shaded orange), posterior

medians (solid blue line) and 95% credible intervals (shaded blue) for the second year of observations. Observations (n=9 at each

sampling time-point) are shown as box-plots with potential outliers (+).
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Figure 2.57 : Proportion cover predicted medians (solid orange line) and 95% credible intervals (shaded orange), posterior medians

(solid blue line) and 95% credible intervals (shaded blue) for the second year of observations. Observations (n=9 at each sampling

time-point) are shown as box-plots with potential outliers (+).
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Figure 2.58 : Canopy height predicted medians (solid orange line) and 95% credible intervals (shaded orange), posterior medians

(solid blue line) and 95% credible intervals (shaded blue) for the second year of observations. Observations (n=9 at each sampling

time-point) are shown as box-plots with potential outliers (+).
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Figure 2.59 : Light attenuation coefficient predicted medians (solid orange line) and 95% credible intervals (shaded orange), posterior

medians (solid blue line) and 95% credible intervals (shaded blue) for the second year of observations. Observations (n=1 at each

sampling time-point) are shown as solid black circles.
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0.2731 m (0.0532 m) to posterior 0.3011 m (0.0616 m). Altona had the highest pos-

terior canopy height, along with Blairgowrie 0.2741 m (0.0619 m) and Point Henry

0.2969 m (0.0782 m) which also decreased from predicted 0.3707 m (0.0724 m) and

0.4463 m (0.0837 m), respectively. Point Richards and Swan Bay South posteriors

grouped lower at 0.2023 m (0.0488 m) and 0.1808 m (0.0403 m) (Table 2.6).

Light attenuation coefficient posterior medians at Point Henry, Point Richards,

and Swan Bay South captured the central tendency for 2013 well with the 95%

credible intervals encompassing most observations. Altona and Blairgowrie poste-

rior median estimates pulled towards the lower end of the observations, and while

Blairgowrie remained unchanged from the prediction, the Altona posterior state has

shifted downwards from the 2013 prediction and further from most of the observa-

tions (Figure 2.59). The light attenuation coefficient long-term mean posterior for

Blairgowrie 0.2151 m−1 (0.0634 m−1) and Swan Bay South 0.1417 m−1 (0.0471 m−1)

remained unchanged from the predicted 0.2149 m−1 (0.0417 m−1) and 0.1409 m−1

(0.0282 m−1) (Figure 2.61). Point Henry saw an increase in light attenuation co-

efficient from the predicted 0.2804 m−1 (0.0597 m−1) to the posterior 0.3990 m−1

(0.1376 m−1). Altona and Point Richards both saw a shift downwards from pre-

dicted 0.3238 m−1 (0.0640 m−1) and 0.3545 m−1 (0.0652 m−1) to posterior 0.2608 m−1

(0.0645 m−1) and 0.2865 m−1 (0.0817 m−1) (Table 2.6).

Effective absorbance long-term mean predictions were similar across site (Figure

2.62) with medians 0.0963-0.1066 and IQRs 0.0507-0.0609. Blairgowrie showed a

shift from predicted 0.1066 (0.0507) to posterior 0.1408 (0.0768). The remaining

four sites posteriors had no noticeable shifts from their predictions (Table 2.6).

Leaf mortality rate long-term mean posteriors for Altona 0.0996×10−2 d−1 (0.0719×10−2 d−1),

Blairgowrie 0.1455×10−2 d−1 (0.1207×10−2 d−1) and Point Richards 0.1074×10−2 d−1

(0.0927×10−2 d−1), all decreased from their predicted values 0.3787-0.4412×10−2 d−1



90

(0.1964-0.2333×10−2 d−1). Swan Bay South predicted central tendency and spread

0.4939×10−2 d−1 (0.3165×10−2 d−1) that shifted downwards to a posterior estimate

of 0.3185×10−2 d−1 (0.1875×10−2 d−1). Point Henry had the lowest predicted leaf

mortality rate of 0.2695×10−2 d−1 (0.1673×10−2 d−1), but had the highest and largest

spread of posterior distribution with median of 0.9705×10−2 d−1 and IQR 0.5293×10−2 d−1

(Figure 2.63).

Root/rhizome mortality rate long-term means remained unchanged from predic-

tion to posterior and across site (Figure 2.64) distributed with medians of 0.0865-

0.0961×10−3 d−1 and IQR 0.1051-0.1419×10−3 d−1.

Point Henry had the lowest predicted translocation rate of 0.1923×10−2 d−1

(0.2587×10−2 d−1) and the highest posterior translocation rate of 0.8133×10−2 d−1

(0.7048×10−2 d−1) (Figure 2.65). Altona was predicted to have the highest translo-

cation rate at 0.4599×10−2 d−1 (0.4133×10−2 d−1), but had the lowest posterior

translocation rate of 0.0821×10−2 d−1 (0.1076×10−2 d−1). Blairgowrie, Point Richards

and Swan Bay South had similar posterior estimates, all shifted to lower values than

predicted (Table 2.6).

Altona and Swan Bay South were predicted to have the highest compensation

scalar irradiance values and largest spread of 7.1438 mol photon m−2 d−1 (5.9472 mol

photon m−2 d−1) and 6.2655 mol photon m−2 d−1 (5.1140 mol photon m−2 d−1), both

posteriors notably shifted to lower values and smaller variability 2.3197 mol photon

m−2 d−1 (1.4803 mol photon m−2 d−1) and 3.6127 mol photon m−2 d−1 (2.9533 mol

photon m−2 d−1). Blairgowrie and Point Richards also shifted from predictions of

2.9868 mol photon m−2 d−1 (2.1179 mol photon m−2 d−1) and 3.2284 mol photon m−2

d−1 (2.3697 mol photon m−2 d−1) to slightly lower posteriors of 2.3721 mol photon

m−2 d−1 (1.7478 mol photon m−2 d−1) and 3.0427 mol photon m−2 d−1 (2.2337 mol

photon m−2 d−1). Point Henry had the only increase in central tendency, but also
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in spread from a predicted 2.6726 mol photon m−2 d−1 (2.0854 mol photon m−2 d−1)

to 3.7530 mol photon m−2 d−1 (3.5701 mol photon m−2 d−1) (Figure 2.66).

Altona predicted the highest dry weight specific area of seagrass (Figure 2.67)

with median of 0.7494×10−2 (g DW m−2)−1 and IQR (0.1883×10−2 (g DW m−2)−1),

followed by Swan Bay South 0.6739×10−2 (g DW m−2)−1 (0.1613×10−2 (g DW m−2)−1),

Point Richards 0.5218×10−2 (g DW m−2)−1 (0.1320×10−2 (g DW m−2)−1), Point

Henry 0.4660×10−2 (g DW m−2)−1 (0.1192×10−2 (g DW m−2)−1) and Blairgowrie

with the lowest 0.4164×10−2 (g DW m−2)−1 (0.1175×10−2 (g DW m−2)−1). All pos-

teriors experienced a shift downwards except for Blairgowrie which increased to

0.4593×10−2 (g DW m−2)−1 (0.1335×10−2 (g DW m−2)−1). Swan Bay South pos-

terior had the largest dry weight specific area of seagrass with 0.5828×10−2 (g DW

m−2)−1 (0.1238×10−2 (g DW m−2)−1), followed by Point Richards 0.5018×10−2 (g

DW m−2)−1 (0.1167×10−2 (g DW m−2)−1), then Altona and Blairgowrie with 0.4709×10−2 (g

DW m−2)−1 (0.1226×10−2 (g DW m−2)−1) and 0.4593×10−2 (g DW m−2)−1 (0.1335 (g

DW m−2)−1), respectively.

All sites predicted similar values of equilibrium fraction of biomass below-ground

(Figure 2.68) with medians ranging from 0.7648 to 0.7812 and IQR ranging from

0.0285 to 0.0343. There was no noticeable difference between the predictions and

posteriors that had consistent medians of 0.7625-0.7741 and marginally larger IQRs

0.0314-0.0459 (Table 2.6). Swan Bay South predicted the lowest water column

height (Figure 2.69) with 0.4626 m (0.1218 m) and Altona predicted the highest

with 0.5453 m (0.1086 m). Point Henry posterior 0.5028 m (0.1669 m), remained rel-

atively unchanged from the predicted 0.5039 m (0.1614 m). Altona and Blairgowrie

posteriors estimated slightly lower than predicted, while Point Richards and Swan

Bay South posteriors estimated slightly higher than predicted (Table 2.6).

Altona and Point Henry were predicted to have the highest measures of radi-
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ation use efficiency, 0.6999 g DW (mol photon)−1 (0.5124 g DW (mol photon)−1)

and 0.6393 g DW (mol photon)−1 (0.3303 g DW (mol photon)−1), with Blairgowrie,

Point Richards and Swan Bay South predicting lower values of 0.4864 g DW (mol

photon)−1 (0.2838 g DW (mol photon)−1), 0.5892 g DW (mol photon)−1 (0.3419 g

DW (mol photon)−1) and 0.5462 g DW (mol photon)−1 (0.3172 g DW (mol photon)−1).

In the posterior distributions, these two groups traded places with Altona and Point

Henry at the lower end with medians and IQRs of 0.4856 g DW (mol photon)−1

(0.2133 g DW (mol photon)−1) and 0.5136 g DW (mol photon)−1 (0.3242 g DW (mol

photon)−1), respectively and Blairgowrie, Point Richards and Swan Bay South on

the higher end with 0.6292 g DW (mol photon)−1 (0.3553 g DW (mol photon)−1),

0.7376 g DW (mol photon)−1 (0.3652 g DW (mol photon)−1), and 0.6869 g DW (mol

photon)−1 (0.3473 g DW (mol photon)−1) (Figure 2.70, Table 2.6). The only no-

ticeable shift from predicted to posterior values of seagrass diversity factor was at

Point Henry (Figure 2.71) where the median and IQR shifted from 0.1665 (0.0737)

to 0.4250 (0.1659) (Table 2.6).
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Figure 2.60 : Canopy height long-term mean (µhc) predicted vs posterior parameter

kernel density estimates for the five Port Phillip Bay sites.

Figure 2.61 : Light attenuation coefficient long-term mean (µkd) predicted vs pos-

terior parameter kernel density estimates for the five Port Phillip Bay sites.
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Figure 2.62 : Effective absorbance long-term mean (µA) predicted vs posterior pa-

rameter kernel density estimates for the five Port Phillip Bay sites.

Figure 2.63 : Leaf mortality rate long-term mean (µζA) predicted vs posterior pa-

rameter kernel density estimates for the five Port Phillip Bay sites.
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Figure 2.64 : Root/rhizome mortality rate long-term mean (µζB) predicted vs pos-

terior parameter kernel density estimates for the five Port Phillip Bay sites.

Figure 2.65 : Translocation rate long-term mean (µτ ) predicted vs posterior param-

eter kernel density estimates for the five Port Phillip Bay sites.
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Figure 2.66 : Compensation scalar irradiance long-term mean (µEcomp) predicted vs

posterior parameter kernel density estimates for the five Port Phillip Bay sites.

Figure 2.67 : Dry weight specific area of seagrass (Ω) predicted vs posterior param-

eter kernel density estimates for the five Port Phillip Bay sites.



97

Figure 2.68 : Equilibrium fraction of biomass below-ground (fb) predicted vs poste-

rior parameter kernel density estimates for the five Port Phillip Bay sites.

Figure 2.69 : Water column height (hwc) predicted vs posterior parameter kernel

density estimates for the five Port Phillip Bay sites.
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Figure 2.70 : Radiation use efficiency (rue) predicted vs posterior parameter kernel

density estimates for the five Port Phillip Bay sites.

Figure 2.71 : Seagrass diversity factor (SDF) predicted vs posterior parameter kernel

density estimates for the five Port Phillip Bay sites.
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Parameter Site Prior 2013 Prediction 2013 Posterior 2013

µhc Altona 0.4002 (0.2754) 0.2731 (0.0532) 0.3011 (0.0616)

Blairgowrie 0.3982 (0.2759) 0.3707 (0.0724) 0.2741 (0.0619)

Point Henry 0.4007 (0.2760) 0.4463 (0.0837) 0.2969 (0.0782)

Point Richards 0.1999 (0.1360) 0.3137 (0.0637) 0.2023 (0.0488)

Swan Bay South 0.2003 (0.1377) 0.2579 (0.0511) 0.1808 (0.0403)

µkd Altona 0.2009 (0.1662) 0.3238 (0.0640) 0.2608 (0.0645)

Blairgowrie 0.1999 (0.1653) 0.2149 (0.0417) 0.2151 (0.0634)

Point Henry 0.3000 (0.2481) 0.2804 (0.0597) 0.3990 (0.1376)

Point Richards 0.2991 (0.2489) 0.3545 (0.0652) 0.2865 (0.0817)

Swan Bay South 0.1003 (0.0832) 0.1409 (0.0282) 0.1417 (0.0471)

µA Altona 0.1500 (0.1024) 0.1036 (0.0563) 0.1116 (0.0603)

Blairgowrie 0.1509 (0.1028) 0.1066 (0.0507) 0.1408 (0.0768)

Point Henry 0.1496 (0.1026) 0.0963 (0.0609) 0.1177 (0.0622)

Point Richards 0.1507 (0.1029) 0.0992 (0.0571) 0.1007 (0.0603)

Swan Bay South 0.1493 (0.1009) 0.0999 (0.0592) 0.1073 (0.0674)

µζA Altona 0.5024×10−2 (0.7292×10−2) 0.4412×10−2 (0.2333×10−2) 0.0996×10−2 (0.0719×10−2)
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Blairgowrie 0.5036×10−2 (0.7245×10−2) 0.4136×10−2 (0.1964×10−2) 0.1455×10−2 (0.1207×10−2)

Point Henry 0.5028×10−2 (0.7237×10−2) 0.2695×10−2 (0.1673×10−2) 0.9705×10−2 (0.5293×10−2)

Point Richards 0.4973×10−2 (0.7207×10−2) 0.3787×10−2 (0.2057×10−2) 0.1074×10−2 (0.0927×10−2)

Swan Bay South 0.5001×10−2 (0.7229×10−2) 0.4939×10−2 (0.3165×10−2) 0.3185×10−2 (0.1875×10−2)

µζB Altona 0.1011×10−3 (0.1462×10−3) 0.0760×10−3 (0.0732×10−3) 0.0940×10−3 (0.1273×10−3)

Blairgowrie 0.1000×10−3 (0.1435×10−3) 0.0992×10−3 (0.0950×10−3) 0.0915×10−3 (0.1151×10−3)

Point Henry 0.0996×10−3 (0.1457×10−3) 0.0823×10−3 (0.1110×10−3) 0.0925×10−3 (0.1419×10−3)

Point Richards 0.0996×10−3 (0.1438×10−3) 0.1087×10−3 (0.1556×10−3) 0.0865×10−3 (0.1051×10−3)

Swan Bay South 0.0992×10−3 (0.1438×10−3) 0.0820×10−3 (0.0920×10−3) 0.0961×10−3 (0.1340×10−3)

µτ Altona 0.1002×10−2 (0.1371×10−2) 0.4599×10−2 (0.4133×10−2) 0.0821×10−2 (0.1076×10−2)

Blairgowrie 0.0995×10−2 (0.1366×10−2) 0.3220×10−2 (0.3785×10−2) 0.1324×10−2 (0.2001×10−2)

Point Henry 0.0999×10−2 (0.1378×10−2) 0.1923×10−2 (0.2587×10−2) 0.8133×10−2 (0.7048×10−2)

Point Richards 0.1006×10−2 (0.1382×10−2) 0.2408×10−2 (0.3201×10−2) 0.1696×10−2 (0.2758×10−2)

Swan Bay South 0.0996×10−2 (0.1379×10−2) 0.3647×10−2 (0.4411×10−2) 0.1721×10−2 (0.2624×10−2)

µEcomp Altona 2.9922 (2.0758) 7.1438 (5.9472) 2.3197 (1.4803)

Blairgowrie 3.0120 (2.0741) 2.9868 (2.1179) 2.3721 (1.7478)

Point Henry 2.9900 (2.0649) 2.6726 (2.0854) 3.7530 (3.5701)
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Point Richards 2.9958 (2.0671) 3.2284 (2.3697) 3.0427 (2.2337)

Swan Bay South 2.9888 (2.0500) 6.2655 (5.1140) 3.6127 (2.9533)

Ω Altona 0.5040×10−2 (0.7361×10−2) 0.7494×10−2 (0.1883×10−2) 0.4709×10−2 (0.1226×10−2)

Blairgowrie 0.4993×10−2 (0.7222×10−2) 0.4164×10−2 (0.1175×10−2) 0.4593×10−2 (0.1335×10−2)

Point Henry 0.4976×10−2 (0.7261×10−2) 0.4660×10−2 (0.1192×10−2) 0.3725×10−2 (0.0827×10−2)

Point Richards 0.5064×10−2 (0.7257×10−2) 0.5218×10−2 (0.1320×10−2) 0.5018×10−2 (0.1167×10−2)

Swan Bay South 0.5006×10−2 (0.7191×10−2) 0.6739×10−2 (0.1613×10−2) 0.5828×10−2 (0.1238×10−2)

fb Altona 0.7720 (0.0371) 0.7812 (0.0343) 0.7741 (0.0314)

Blairgowrie 0.7721 (0.0366) 0.7648 (0.0323) 0.7739 (0.0347)

Point Henry 0.7723 (0.0369) 0.7805 (0.0285) 0.7712 (0.0419)

Point Richards 0.7724 (0.0368) 0.7729 (0.0298) 0.7685 (0.0346)

Swan Bay South 0.7723 (0.0370) 0.7733 (0.0321) 0.7625 (0.0459)

hwc Altona 0.4989 (0.1344) 0.5453 (0.1086) 0.5191 (0.1353)

Blairgowrie 0.4993 (0.1346) 0.5277 (0.1767) 0.4941 (0.1398)

Point Henry 0.4997 (0.1350) 0.5039 (0.1614) 0.5028 (0.1669)

Point Richards 0.4998 (0.1362) 0.5171 (0.1355) 0.5349 (0.1165)

Swan Bay South 0.4991 (0.1347) 0.4626 (0.1218) 0.5178 (0.1089)
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rue Altona 0.4016 (0.2740) 0.6999 (0.5124) 0.4856 (0.2133)

Blairgowrie 0.4000 (0.2731) 0.4864 (0.2838) 0.6292 (0.3553)

Point Henry 0.3983 (0.2761) 0.6393 (0.3303) 0.5136 (0.3242)

Point Richards 0.4010 (0.2748) 0.5892 (0.3419) 0.7376 (0.3652)

Swan Bay South 0.4004 (0.2753) 0.5462 (0.3172) 0.6869 (0.3473)

SDF Altona 0.1998 (0.0957) 0.2138 (0.0959) 0.2048 (0.0778)

Blairgowrie 0.2003 (0.0954) 0.2028 (0.0754) 0.2000 (0.0858)

Point Henry 0.2002 (0.0956) 0.1665 (0.0737) 0.4250 (0.1659)

Point Richards 0.2002 (0.0954) 0.1804 (0.0891) 0.1835 (0.0885)

Swan Bay South 0.1990 (0.0952) 0.1720 (0.0903) 0.1824 (0.0861)

Table 2.6 : Parameter median and interquartile range (IQR) at each site for 2013 prior, prediction and posterior.
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2.3.5 Posterior results across 2012-2013

The above-ground biomass posterior estimates for 2012-2013 assimilated the

trend of the observations well (Figure 2.72). Blairgowrie has the highest initial

above-ground biomass in October 2011, followed by Point Richards and Point Henry,

Swan Bay South then Altona. All sites exhibited seasonality with above-ground

biomass peaks in the summer months. Altona was the only site that displayed an

upward trend across 2012-2013, the remaining four sites all exhibited seasonality

with a downward trend by January 2014. Above-ground biomass fraction of density

heat-maps illustrated tightening of posterior density after assimilating observations

at each site. There was 15-25 times the posterior density than the sampled prior

at those points (Figure 2.77, Figure 2.78, Figure 2.79, Figure 2.80, Figure 2.81).

Blairgowrie, Point Henry, Point Richards and Swan Bay South posteriors all trend

downwards over 2012-2013. Altona was the only site with above-ground biomass

trending upwards over 2012-2013 (Figure 2.77).

Proportion cover posterior estimates at each site aligned reasonably well with

the observations for 2012-2013, given the large variability at some time-points (Fig-

ure 2.73). Blairgowrie has the largest initial proportion cover followed by Point

Richards, Swan Bay South, Point Henry then Altona. Seasonality in the form of

proportion cover peaks during summer were present at all sites with Blairgowrie,

Point Henry, Point Richards and Swan Bay South trending downwards during 2012-

2013. Similarly to above-ground biomass, proportion cover at Altona is trending

upwards during 2012-2013. Proportion cover fraction of density heat-maps showed

the prior sampled almost the entire space between 0 and 1 with higher densities at

either complete cover during all of 2012-2013 or declining to zero during 2013. The

heat-maps illustrated tightening of posterior density after assimilating observations

at each site. There was 20-30 times the posterior density than the sampled prior at

those points (Figure 2.82, Figure 2.83, Figure 2.84, Figure 2.85, Figure 2.86). Blair-
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Figure 2.72 : Above-ground biomass (g DW m−2) posterior medians (solid blue line) and 95% credible intervals (shaded blue) for

the full set of observations. Observations (n=9 at each sampling time-point) are shown as box-plots with potential outliers (+).
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Figure 2.73 : Proportion cover posterior medians (solid blue line) and 95% credible intervals (shaded blue) for the full set of

observations. Observations (n=9 at each sampling time-point) are shown as box-plots with potential outliers (+).
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Figure 2.74 : Canopy height (m) posterior medians (solid blue line) and 95% credible intervals (shaded blue) for the full set of

observations. Observations (n=9 at each sampling time-point) are shown as box-plots with potential outliers (+).
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Figure 2.75 : Light attenuation coefficient (m−1) posterior medians (solid blue line) and 95% credible intervals (shaded blue) for

the full set of observations. Observations (n=1 at each sampling time-point) are shown as solid black circles.
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Figure 2.76 : Below-ground biomass (g DW m−2) posterior medians (solid blue line) and 95% credible intervals (shaded blue) for

the full 2012-2013 period.
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Figure 2.77 : Above-ground biomass (g DW m−2) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Altona in 2012-2013.

Figure 2.78 : Above-ground biomass (g DW m−2) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Blairgowrie in 2012-2013.
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Figure 2.79 : Above-ground biomass (g DW m−2) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Point Henry in 2012-2013.

Figure 2.80 : Above-ground biomass (g DW m−2) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Point Richards in 2012-2013.
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Figure 2.81 : Above-ground biomass (g DW m−2) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Swan Bay South in 2012-2013.

Figure 2.82 : Proportion cover fraction of density heatmap of priors, posteriors and

their ratio (posterior/prior) for Altona in 2012-2013.
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Figure 2.83 : Proportion cover fraction of density heatmap of priors, posteriors and

their ratio (posterior/prior) for Blairgowrie in 2012-2013.

Figure 2.84 : Proportion cover fraction of density heatmap of priors, posteriors and

their ratio (posterior/prior) for Point Henry in 2012-2013.
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Figure 2.85 : Proportion cover fraction of density heatmap of priors, posteriors and

their ratio (posterior/prior) for Point Richards in 2012-2013.

Figure 2.86 : Proportion cover fraction of density heatmap of priors, posteriors and

their ratio (posterior/prior) for Swan Bay South in 2012-2013.
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Figure 2.87 : Canopy height (m) fraction of density heatmap of priors, posteriors

and their ratio (posterior/prior) for Altona in 2012-2013.

Figure 2.88 : Canopy height (m) fraction of density heatmap of priors, posteriors

and their ratio (posterior/prior) for Blairgowrie in 2012-2013.
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Figure 2.89 : Canopy height (m) fraction of density heatmap of priors, posteriors

and their ratio (posterior/prior) for Point Henry in 2012-2013.

Figure 2.90 : Canopy height (m) fraction of density heatmap of priors, posteriors

and their ratio (posterior/prior) for Point Richards in 2012-2013.
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Figure 2.91 : Canopy height (m) fraction of density heatmap of priors, posteriors

and their ratio (posterior/prior) for Swan Bay South in 2012-2013.

Figure 2.92 : Light attenuation coefficient (m−1) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Altona in 2012-2013.
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Figure 2.93 : Light attenuation coefficient (m−1) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Blairgowrie in 2012-2013.

Figure 2.94 : Light attenuation coefficient (m−1) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Point Henry in 2012-2013.
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Figure 2.95 : Light attenuation coefficient (m−1) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Point Richards in 2012-2013.

Figure 2.96 : Light attenuation coefficient (m−1) fraction of density heatmap of

priors, posteriors and their ratio (posterior/prior) for Swan Bay South in 2012-2013.



119

Figure 2.97 : Long-term means of the first order autoregressive parameter prior and posterior distributions for each Port Phillip

Bay site in 2012-2013.
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Figure 2.98 : Parameter prior and posterior distributions for each Port Phillip Bay site in 2012-2013.
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gowrie, Point Henry, Point Richards and Swan Bay South posteriors all trended

downwards over 2012-2013. Altona was the only site with proportion cover trending

upwards over 2012-2013 (Figure 2.82).

Canopy height during 2012-2013 was tallest at Point Henry, followed by Blair-

gowrie, Point Richards and Altona, with Swan Bay South having the shortest sea-

grass canopies. The first order autoregressive process representing the canopy height

posterior during 2012-2013 on average fit the observations well at Blairgowrie, Point

Henry, Point Richards and Swan Bay South; potentially not capturing a decreasing

trend overall at these sites. The observations at Altona during 2012-2013 look to

be grouped into three stages, an initial taller height from October 2011 to January

2012 centred around 0.4000-0.5000 m, then a secondary lower height from April 2012

centred around 0.2000 m, with a third phase returning to the taller height during the

second half of 2013. The highest area of posterior probability is 0.3000 m through-

out 2012-2013, meaning the first order autoregressive is capturing the long-term

stationary central tendency, but not necessarily capturing the changes in observed

quantities of canopy height (Figure 2.74). Canopy height fraction of density heat-

maps illustrated tightening of posterior density after assimilating observations at

each site. There was 4-5 times the posterior density than the sampled prior at

those points (Figure 2.87, Figure 2.88, Figure 2.89, Figure 2.90, Figure 2.91). Point

Henry had the largest spread of canopy height posterior over 2012-2013 (Figure

2.89). At each site the long-term mean canopy height posterior IQR decreased to

0.0346-0.0580 m from the prior IQR 0.1380-0.2758 m (Table 2.7). The posterior me-

dians at Altona, Blairgowrie and Point Henry all shifted downwards from the prior

median 0.4000 m. Altona shifted to 0.2816 m, Blairgowrie shifted to 0.3145 m, and

Point Henry shifted to 0.3641 m. Point Richards and Swan Bay South posterior me-

dians (0.2630 m and 0.2181 m respectively) shifted upwards from their prior median

of 0.2000 m. Point Henry had the tallest canopy height during 2012-2013, followed
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by Blairgowrie, Altona, Point Richards, and Swan Bay South having the shortest

canopy heights (Figure 2.97).

Point Henry and Altona had the highest light attenuation coefficient posteri-

ors across 2012-2013, followed by Point Richards, Blairgowrie and then Swan Bay

South with the lowest light attenuation (Figure 2.75). Altona, Point Henry and

Point Richards posteriors captured the observations in 2012-2013 well. Light atten-

uation observations at Blairgowrie appear to be increasing over 2012-2013 which was

not well captured by a first order autoregressive (Figure 2.75). Light attenuation

coefficient fraction of density heat-maps illustrated tightening of posterior density

after assimilating observations at each site. There was 4-5 times the posterior den-

sity than the sampled prior at those points (Figure 2.92, Figure 2.93, Figure 2.94,

Figure 2.95, Figure 2.96). Altona (Figure 2.92), Point Henry (Figure 2.94) and Point

Richards (Figure 2.95) had the largest spread of posterior density of all the sites,

while Blairgowrie (Figure 2.93) and Swan Bay South (Figure 2.96) were the most

tightly constrained. The long-term mean light attenuation coefficient posterior had

smaller spread than the prior, with posterior IQR approximately one quarter of each

sites prior IQR (Figure 2.97) with Swan Bay South having the smallest spread of

0.0231 m−1. Altona saw a shift in posterior median to 0.3205 m−1 from a prior me-

dian of 0.4000 m−1. Point Richards remained unchanged, while Point Henry shifted

to a posterior median of 0.3476 m−1 from a prior of 0.3000 m−1. Blairgowrie shifted

subtly upwards to 0.2258 m−1 from a prior of 0.2000 m−1. Swan Bay South shifted

to 0.1344 m−1 from prior median 0.1000 m−1. Swan Bay South had the lowest cen-

tral tendency and spread of light attenuation coefficient while Point Henry had the

highest central tendency and spread of all the sites over 2012-2013.

Point Henry and Blairgowrie have the highest initial below-ground biomass pos-

teriors in October 2011, followed by Point Richards, then Altona and Swan Bay

South with the lowest of the five sites. Below-ground biomass posteriors for Altona,
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Point Henry, Point Richards and Swan Bay South are all decreasing over 2012-2013,

Blairgowrie is the only site that sees an initial increase during 2012 before decreasing

for the remainder of 2012 and 2013 (Figure 2.76).

Effective absorbance, while unobserved, displayed shifts in the posterior from the

prior indicating that the observations had an effect on constraining this parameter.

The same prior was assigned to all sites with a median of 0.1500 and IQR 0.1000.

Blairgowrie, Point Henry and Point Richards had the highest posterior medians

0.1014-0.1093 and largest IQR 0.0606-0.0843. Swan Bay South (posterior median of

0.0825 and IQR 0.0486) and Altona (posterior median of 0.0644 and IQR 0.0496)

had the lowest effective absorbance during 2012-2013.

Leaf mortality rate posteriors were more concentrated from the prior IQR

0.7300×10−2 d−1 at each site. Swan Bay South had the highest leaf mortality rate

posterior median of 0.4108×10−2 d−1 and was the site closest to the prior median

of 0.5000×10−2 d−1. Point Richards followed with a leaf mortality rate posterior

median of 0.2732×10−2 d−1 and IQR 0.1500×10−2 d−1, then Point Henry (median

0.2564×10−2 d−1 and IQR 0.4616×10−2 d−1), Blairgowrie (median 0.2551×10−2 d−1

and IQR 0.1774×10−2 d−1) and Altona (median 0.1082×10−2 d−1 with IQR

0.1468×10−2 d−1) was the lowest.

There were minimal shifts from root/rhizome mortality rate priors (median

0.1000×10−3 d−1 and IQR 0.1500×10−3 d−1) to posteriors at Altona and Point Henry.

Blairgowrie, Point Richards and Swan Bay South saw slight shifts in root/rhizome

mortality rate posterior medians of 0.0591-0.0642×10−3 d−1 and subtle learnings in

IQR 0.0657-0.0840×10−3 d−1.

Altona was the only site where the translocation rate posterior median

0.0353×10−2 d−1 shifted downwards and IQR 0.0385×10−2 d−1 tightened from the

prior median 0.1000×10−2 d−1 and IQR 0.1400×10−2 d−1 during 2012-2013. Point
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Henry had a small central tendency but the largest spread of any of the sites

(IQR 0.8742×10−2 d−1), 6 times the spread of the prior distribution. Blairgowrie,

Point Richards and Swan Bay South all had increases in posterior medians 0.2302-

0.3939×10−2 d−1, but also widely spread IQR 0.2164-0.4094×10−2 d−1.

The compensation scalar irradiance posterior variability was larger at every site

than the prescribed prior (IQR 2.0000 mol photon m−2 d−1). Point Henry, Point

Richards and Swan Bay South had the highest central tendency, but also the largest

variability (IQR 5.4215-8.2368 mol photon m−2 d−1) across 2012-2013.

Dry weight specific area of seagrass was constrained well by the observations

shown in the concentrated posterior distributions with lower variability (Figure

2.98). Swan Bay South had the highest posterior median (0.6347×10−2 (g DW

m−2)−1), followed by Altona (0.5849×10−2 (g DW m−2)−1), Point Richards

(0.5322×10−2 (g DW m−2)−1), Blairgowrie (0.4243×10−2 (g DW m−2)−1) and Point

Henry (0.4202×10−2 (g DW m−2)−1) had the lowest. All sites had posterior IQR

0.0631-0.1076×10−2 (g DW m−2)−1 down from prior IQR 0.7300×10−2 (g DW m−2)−1

(Table 2.7).

Equilibrium fraction of biomass below-ground posteriors remained relatively un-

changed from the priors at all sites. Water column height at all sites remained

relatively unchanged from prior (median 0.5000 m and IQR 0.1300 m) to posterior

(medians 0.5080-0.5341 m and IQR 0.1121-0.1839 m).

Radiation use efficiency posterior distributions all shifted upwards from the

prior distribution (median 0.4000 g DW (mol photon)−1, IQR 0.2700 g DW (mol

photon)−1). Altona and Point Richards had the largest shifts in posterior median

(0.8110 g DW (mol photon)−1), but also twice the IQR (0.4986 g DW (mol photon)−1

and 0.5343 g DW (mol photon)−1). Blairgowrie had the next largest posterior me-

dian radiation use efficiency (0.6153 g DW (mol photon)−1) for 2012-2013 and twice
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the variability of the prior (IQR 0.4745 g DW (mol photon)−1). Followed by Swan

Bay South (0.5518 g DW (mol photon)−1) and Point Henry (0.5276 g DW (mol

photon)−1) with the smallest radiation use efficiency of all the sites.

Seagrass diversity factor saw minimal change in central tendency and spread

from prior to posterior at Blairgowrie, Point Richards and Swan Bay South. Altona

saw an increase in variability and Point Henry saw an increase in central tendency

(median 0.2771) and spread (IQR 0.2057) across 2012-2013 (Table 2.7).
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Parameter Site Prior 2012-2013 Posterior 2012-2013

µhc Altona 0.3990 (0.2758) 0.2816 (0.0416)

Blairgowrie 0.3991 (0.2722) 0.3145 (0.0491)

Point Henry 0.3987 (0.2728) 0.3641 (0.0580)

Point Richards 0.1999 (0.1383) 0.2630 (0.0399)

Swan Bay South 0.2001 (0.1380) 0.2181 (0.0346)

µkd Altona 0.3971 (0.3301) 0.3205 (0.0566)

Blairgowrie 0.1999 (0.1681) 0.2258 (0.0402)

Point Henry 0.2992 (0.2493) 0.3476 (0.0679)

Point Richards 0.2999 (0.2499) 0.3058 (0.0525)

Swan Bay South 0.1002 (0.0833) 0.1344 (0.0231)

µA Altona 0.1498 (0.1031) 0.0644 (0.0496)

Blairgowrie 0.1502 (0.1047) 0.1032 (0.0785)

Point Henry 0.1500 (0.1038) 0.1014 (0.0606)

Point Richards 0.1511 (0.1029) 0.1093 (0.0843)

Swan Bay South 0.1498 (0.1024) 0.0825 (0.0486)

µζA Altona 0.4965×10−2 (0.7233×10−2) 0.1082×10−2 (0.1468×10−2)
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Blairgowrie 0.5059×10−2 (0.7325×10−2) 0.2551×10−2 (0.1774×10−2)

Point Henry 0.5018×10−2 (0.7289×10−2) 0.2564×10−2 (0.4616×10−2)

Point Richards 0.5034×10−2 (0.7288×10−2) 0.2732×10−2 (0.1500×10−2)

Swan Bay South 0.4999×10−2 (0.7303×10−2) 0.4108×10−2 (0.2327×10−2)

µζB Altona 0.1004×10−3 (0.1453×10−3) 0.0835×10−3 (0.1453×10−3)

Blairgowrie 0.1005×10−3 (0.1444×10−3) 0.0602×10−3 (0.0657×10−3)

Point Henry 0.0996×10−3 (0.1460×10−3) 0.1112×10−3 (0.1623×10−3)

Point Richards 0.1015×10−3 (0.1481×10−3) 0.0591×10−3 (0.0747×10−3)

Swan Bay South 0.1000×10−3 (0.1445×10−3) 0.0642×10−3 (0.0840×10−3)

µτ Altona 0.1002×10−2 (0.1378×10−2) 0.0353×10−2 (0.0385×10−2)

Blairgowrie 0.1008×10−2 (0.1373×10−2) 0.3939×10−2 (0.4094×10−2)

Point Henry 0.0999×10−2 (0.1372×10−2) 0.0442×10−2 (0.8742×10−2)

Point Richards 0.1001×10−2 (0.1369×10−2) 0.2689×10−2 (0.2164×10−2)

Swan Bay South 0.0997×10−2 (0.1354×10−2) 0.2302×10−2 (0.3289×10−2)

µEcomp Altona 3.0170 (2.0808) 2.2430 (3.1040)

Blairgowrie 3.0123 (2.0711) 3.7584 (3.8344)

Point Henry 3.0035 (2.0846) 5.2266 (7.9099)
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Point Richards 3.0074 (2.0609) 5.4194 (8.2368)

Swan Bay South 3.0013 (2.0746) 5.6833 (5.4215)

Ω Altona 0.4975×10−2 (0.7193×10−2) 0.5849×10−2 (0.1076×10−2)

Blairgowrie 0.5044×10−2 (0.7358×10−2) 0.4243×10−2 (0.0915×10−2)

Point Henry 0.4987×10−2 (0.7283×10−2) 0.4202×10−2 (0.0631×10−2)

Point Richards 0.4942×10−2 (0.7178×10−2) 0.5322×10−2 (0.0884×10−2)

Swan Bay South 0.5046×10−2 (0.7311×10−2) 0.6347×10−2 (0.0985×10−2)

fb Altona 0.7722 (0.0366) 0.7837 (0.0403)

Blairgowrie 0.7722 (0.0368) 0.7777 (0.0288)

Point Henry 0.7721 (0.0368) 0.7590 (0.0373)

Point Richards 0.7720 (0.0370) 0.7653 (0.0359)

Swan Bay South 0.7716 (0.0371) 0.7701 (0.0296)

hwc Altona 0.5005 (0.1349) 0.5165 (0.1121)

Blairgowrie 0.5008 (0.1355) 0.5282 (0.1586)

Point Henry 0.4997 (0.1358) 0.5200 (0.1839)

Point Richards 0.5008 (0.1359) 0.5341 (0.1491)

Swan Bay South 0.5004 (0.1363) 0.5080 (0.1438)
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rue Altona 0.4005 (0.2742) 0.8110 (0.4986)

Blairgowrie 0.3988 (0.2767) 0.6153 (0.4745)

Point Henry 0.4018 (0.2752) 0.5276 (0.2933)

Point Richards 0.4026 (0.2753) 0.8110 (0.5343)

Swan Bay South 0.3998 (0.2751) 0.5518 (0.3692)

SDF Altona 0.2004 (0.0946) 0.1993 (0.1565)

Blairgowrie 0.2009 (0.0952) 0.1801 (0.0497)

Point Henry 0.1997 (0.0954) 0.2771 (0.2057)

Point Richards 0.2006 (0.0943) 0.2073 (0.0850)

Swan Bay South 0.2004 (0.0950) 0.1762 (0.0784)

Table 2.7 : Parameter median and interquartile range (IQR) at each site for 2012-2013 prior and posterior.
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2.4 Discussion

After assimilating data from 2012, we were able to accurately predict seagrass

above-ground biomass and proportion cover states for 2013 at three out of five sites;

Blairgowrie, Point Richards and Swan Bay South (Figure 2.56, Figure 2.57), with

prediction medians and 95% credible intervals capturing the trend of the unseen

2013 observations. From the data collected and posteriors generated during 2012,

there was no indication of a decline in biomass at Point Henry during 2013. Point

Henry was the only site to have stable above-ground biomass (Figure 2.9) and pro-

portion cover (Figure 2.14) posteriors during 2012 while the other four sites showed

decreasing trends (Figure 2.7 - 2.11, Figure 2.12 - 2.16). Thus the prediction for

2013 at Point Henry over-predicted the actual observations, as the model training

dataset (2012) did not display any kind of loss or decline to indicate the future

2013 behaviour. All four of the other sites declined during 2012 (Figure 2.29, Fig-

ure 2.30) which resulted in three sites (Blairgowrie, Point Richards and Swan Bay

South), where a similar pattern of behaviour was illustrated during 2013, resulting in

a well performing model with accurate predictions. Of the three sites with successful

predictions for 2013, all three exhibited above-ground biomass and proportion cover

seasonality with a downward trend across 2012 and 2013. Point Richards seagrass

meadows were found to have the highest effective absorbance and highest radiation

use efficiency of the three sites across the 2 year period. The highest transloca-

tion rate of the three sites was estimated at Blairgowrie. Swan Bay South seagrass

meadows had the highest leaf mortality rate and highest dry weight specific area of

seagrass.

Point Henry posteriors estimated a higher leaf mortality, translocation, and res-

piration than predicted in 2013 (Section 2.3.4). Increases in each of these processes

caused a larger loss to above-ground biomass and proportion cover during 2013. In
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addition to these, the seagrass diversity factor was higher indicating the scale of the

variance on the autoregressive processes was much higher in the posterior than the

prediction. This is indicative of an unquantified process in the model formulation

or missing forcing at Point Henry, which could be nutrient limitation, changes to

epiphyte loads or various environmental events causing substantial seagrass meadow

loss. The parameters for Point Henry should be interpreted with caution as they

could be overcompensating for an un-modelled process or missing forcing. For future

work, collecting and assimilating fundamental environmental observations is key to

confirming this. The different behaviour of seagrass at Point Henry suggests there

are differing local environmental factors driving seagrass growth at the different sites

in Port Phillip Bay, like epiphyte blooms occurring when conditions are favourable

at local scales [87].

Variations in seagrass growth can be linked to environmental factors such as

temperature and rainfall, where reduced rainfall has the potential to cause nitrogen

limitation, particularly following periods of drought (porosity is another alternative)

[50]. Blairgowrie, Point Richards and Swan Bay South results indicate that they

lend themselves well to a light limited model which coincides with current literature

for Point Richards and Swan Bay South, with Swan Bay South having the highest

sediment pore water nutrient levels in the bay [50]. This contradicts literature for

Blairgowrie however, that reports Blairgowrie having the lowest nutrient levels and

being the only site that exhibited a pronounced response to nutrient enrichment

from a recent in-situ experiment [50, 51].

At Altona, in contrast to Point Henry, the model under-predicted the seagrass

states in 2013 after assimilating 2012 data. Altona posteriors estimated a lower

leaf mortality, translocation, and respiration than predicted in 2013 (Section 2.3.4).

Each decrease in these processes allowed more above-ground biomass growth and

proportion cover during 2013. Altona is exposed to the two largest nutrient and
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turbidity inputs into the bay, the Yarra River and Western Treatment Plant [62]. It

has high nutrient content, fine sediment grain size, medium sediment organic matter

content, and high wave height [87]. While it is possible the exposure to high nutrient

inputs caused an irregular growth in 2013, it is also equally possible that one year of

data is not enough to capture seasonal dynamics at this site. Had there been access

to a longer time series of observations, 2+ years for example, to train the model and

then produce a prediction, this would likely improve predictive results. This may

also be an indication that one year is too large a time frame to attempt to predict

and perhaps 3-6 months is a more appropriate prediction window for seagrass state.

A future work direction would be to optimise how many months/years of data is

needed to make an accurate 3 or 6 monthly prediction of above-ground seagrass

biomass and proportion cover.

It is difficult to draw conclusions in high dimensional environments where a

complex model is coupled with many unobserved parameters, and a sparse dataset.

While a longer time-series would be ideal, due to the destructive nature of sampling

techniques, this is generally not feasible. This makes key relationships like the one

between proportion cover and above-ground biomass increasingly important. In the

future, given this well defined quantitative relationship has been validated to hold

true, non destructive datasets of proportion cover could be used to infer above-

ground biomass without the need for destructive sampling of seagrass meadows.

However, the variability of proportion cover observations exhibited within plots was

high using this collection method (Figure 2.4). These could be combined with au-

tomated image processing techniques like those used in [5] that historically mapped

seagrass cover in Port Phillip Bay between 1939 and 2011, to tease out some of the

within plot variability and scale up the proportion cover observations.

Zostera nigricaulis above-ground biomass posteriors were tightly constrained es-

timates at all sites during all years and in agreement with values historically recorded
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in Port Phillip Bay [17], but greater than reported for Western Australian popula-

tions [66].

A key achievement of this chapter is the quantitative meta-analysis of parameter

values currently in the literature for the construction of informative priors in Section

2.2.3. This complements the work by Barbara Robson towards evidence based priors

and parameters for aquatic ecosystem modelling through a parameter library [82].

Some areas of refinement as potential future work could further investigate the

translocation rate relationship to state variables as it is a key parameter in drawing

long term trends in above-ground biomass. It is the key driver of the above-ground

to below-ground biomass equilibrium, and a translocation upwards could be indi-

cating a deficit in above-ground biomass growth. We note that AR(1) parameters

like light attenuation and canopy height do not display much variation around the

mean (Figure 2.75). A potential extension of this thesis could be to treat the AR1

parameter St as subject to estimation as a means of exploring parameter dynamics

over time. Alternatively a different functional form to AR(1) could also be explored.
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Chapter 3

Modelling seagrass detrital decay using a

time-varying decay rate

Abstract

In recent years, there has been increasing research interest into seagrass mead-

ows, owing to the global role they play as significant carbon sinks. It is now believed

that blue carbon ecosystems (seagrasses, mangroves and saltmarshes) match the se-

questration capability of terrestrial systems. When these plants die and are broken

down, this has a sizeable impact upon the cycling of carbon and nutrients in marine

environments. Seagrass detrital decay has conventionally been modelled as multi-

component exponential decay. Such models represent the different stages of decay

due to bacterial interaction with detritus. Often, however, the size of observed

datasets is small, which leads to the over-parameterisation of multi-component ex-

ponential decay models. This chapter introduces an alternate method of modelling

seagrass decay, which incorporates stochasticity in a single exponential decay model

through a random walk. The model presented here is shown to be more parsimonious

than those currently used and it has the ability to capture simple or more complex

decay dynamics without increasing the parameter space, allowing flexibility in use

and biological justification.
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3.1 Introduction

Seagrass ecosystems are known to sequester and store atmospheric carbon effec-

tively. Some carbon is stored within the plant tissues, in particular the roots and

rhizomes, while most of the carbon stock is stored within the sediments of seagrass

ecosystems [35]. Seagrasses are responsible for contributing 50% [57] to 88% [80]

of seagrass sediment carbon. Undisturbed, healthy seagrass ecosystems have been

shown to store sedimentary carbon for centennial or millennial timescales [35]. A

key component to our understanding of the carbon cycle is the fate of the organic

material in the sediment as these plants die and their detritus is broken down or

remineralised [49, 97].

The rate of detrital decay is known to change through time. Historically, this

has typically been described by a multiple-component exponential decay model [36,

90]. This model describes the remaining detritus by the weighted sum of two, or

sometimes three, exponential decay curves. The biological justification for this has

been that this captures multiple phases of chemical and biological decay. The first

of these is a rapid initial phase where soluble materials are quickly leached from

seagrass detritus. During the second phase, bacteria are actively utilising relatively

more of the recalcitrant plant tissue at an intermediate rate of decay. A third phase

is sometimes included in the model [38] to capture an additional slower rate due to

the microbial breakdown of a specific form of carbon, lignin.

The resulting models are of the form W(t)=α1e
−k1t+α2e

−k2t+α3e
−k3t where W(t)

describes the remaining detritus at time t≥ 0, k1, k2, k3 ≥ 0 are decay constants

and αj(j ∈ 1, 2, 3) are the proportions of initially-available detritus which decays at

rate kj. This has six free parameters. When the model is simplified to a two-stage

decay model (four parameters), this simply collapses by setting α3 = 0.

Although biological justification for such models exist [11, 91], they are not



136

wholly satisfactory. Most problematic is that this model effectively segregates the

pool of decomposing biomass into discrete subsections, each of which decays at a

constant rate. Although the proportions are fitted by the model, they are never

directly measured, so it remains difficult to know whether their values are accu-

rate, or whether they simply operate as free parameters, which can be adjusted to

compensate for poorer fits for other mechanistic parameters.

Mathematically, such models are even more problematic. Because of the de-

structive nature of data collection, seagrass biomass used in decay studies has to

be removed from its habitat and destroyed, therefore experiments of this kind have

been limited to small datasets, which are often sparse in time. Consequently, the

models used to fit these small datasets have been over-parameterised, often with

almost as many free parameters as observed data-points [36]. Furthermore, as many

field experiments acknowledge that the decay rate is greatest immediately after their

decay begins, studies have tended to gather measurements more frequently initially

and more sparsely in time after the initial rapid decay has passed. When fitted with

a simple least squares approach, such models are prone to having later data-points

with unduly high leverage.

The purpose of this chapter is to estimate the decay rate by proposing an alter-

native approach to modelling seagrass detrital decay that is more mathematically

and biologically flexible. In the following sections, we fit the proposed model to ob-

servations from a field study of seagrass decomposition and compare its performance

to the conventional multiple-component exponential approach. Then we apply the

new time-varying decay rate model to an additional dataset: a laboratory seagrass

decomposition incubation experiment studying the effect of temperature and nu-

trients on decay rates. The data assimilation procedure is applied separately to

each field study site and experimental set-up. Finally, we examine the data collec-

tion methodologies and discuss the affect experimental design has on the resulting
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observations and conclusions that can be drawn from them.

3.2 Methods

3.2.1 Random walk modelling approach for all phases of decay

In addition to fitting the traditional multi-phase exponential decays, here we

propose an alternative approach to modelling all phases of seagrass decay. We

do this by modifying the original exponential decay model to include a stochastic

representation of a microbial process. Rather than relying on a weighted sum of

different exponential decays, we describe the rate of detrital decay by a single first

order differential equation

dW

dt
= −kW

in time where k is the decay rate. We, however, allow this rate to change through

time. To capture the changing nature of this decay rate through time, we replace

the simple deterministic model with a random walk stochastic process by setting

the decay rate at any time to be a function of the decay rate at the previous time-

step. We do this by taking k, previously a constant biogeochemical parameter, and

replacing it by K(t). Here, we take K(t) to be such that

K(t+∆t) = K(t) + r

where r ∼ N (0, σr), and ∆t is the length of discrete time-step. For the purpose

of the Bayesian analysis here, σr is treated as a parameter to be inferred and a

prior distribution is prescribed. In the interest of informing the model during time-

steps when no observations are available we set a quasi-informative prior on σr

to be a normal distribution with mean 0.1 and variance 0.01. This was chosen

to allow sufficient flexibility for the observations to influence the posterior while

the assumption of Gaussian noise essentially imposes an element of smoothness,

disallowing large jumps per time-step. To ensure the decay rate did not fluctuate
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between positive and negative numbers during the random walk, the solution was

computed in log space and transformed back before solving.

Additionally, we assume ∆t = 1 day. We undertook some sensitivity analyses

across a range of plausible values (∆t ranging from around 0.5 to 2) and found that

the resulting fits showed low sensitivity to changes in time-step.

3.2.2 Set-up of seagrass decomposition field study investigating the im-

pact of three different site conditions

All data collection methods for this chapter were part of a series of experiments

examining dynamics of refractory carbon in seagrass meadows (Stacey Trevathan-

Tackett 2016 UTS PhD [91]).

Datasets were gathered from three natural field sites in the Brisbane Waters

Estuary, Central Coast, NSW, Australia [91]. Two sites contained a Zostera muel-

leri Irmisch ex Ascherson seagrass meadow at Saratoga (33.4732S, 151.3357E), and

Fagans Bay (33.4306S, 151.3211E), were classified as Pristine and Impacted, respec-

tively. A third site in Fagans Bay was chosen as a reference bare site, void of seagrass

(33.4347S, 151.3228E). Litter bags containing Zostera muelleri leaf (wrack) or fresh

rhizome and root were deployed in Autumn 2013. Subsequently, seagrass detritus

was sampled after 14, 42, 98, 168, 389, 519 and 729 days from litter bags that were

buried either 2 cm below the sediment (rhizome and root tissue) or anchored on top

of the sediment (leaf tissue) mimicking natural decomposition conditions.

3.2.3 Experimental design of laboratory study investigating the effects

of temperature and nutrient addition on time-varying decay rates

An additional dataset was generated during a laboratory-based experiment to

investigate the effects of temperature and nutrient addition on seagrass decomposi-

tion [91]. The motivation for a temperature treatment was to examine how detritus-
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Figure 3.1 : Experimental set-up: incubation containers mimicking natural decay

conditions.

bacteria interactions and resulting decay rates respond to predicted rising seawater

temperatures. Two temperature treatments were chosen based on current temper-

ature data for Fagans Bay (NSW Australia); the chosen data collection site. An

ambient temperature of 23◦C was the annual mean, and a high temperature of 30◦C

was approximately the average maximum during summer [91].

To assess the impact of eutrophication on seagrass decomposition, two nutrient

treatments were chosen. A control level and an inorganic nutrient addition (+Nu-

trient) level. The sediments collected from Fagans Bay had high organic matter

content (OM>9%) in the top 10 cm [91]. The following section will describe how

the sampled detritus and sediment were used in the laboratory to try and replicate

field conditions.

A laboratory seagrass decomposition incubation study was conducted with sea-
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grass tissue and sediments collected from a Zostera muelleri Irmisch ex Ascher-

son meadow in Fagans Bay. Two types of seagrass tissue were collected, leaf and

root/rhizome material. To mimic natural decomposition conditions, incubation con-

tainers (225 cm2) filled with 3.5-4.0 cm of sediment had leaf litterbags deployed on

top of the sediment and root/rhizome litterbags buried under 1 cm of sediment

(Fig. 3.1). 1 g/L of controlled-release fertiliser pellets were added to the sediments

assigned the +Nutrient treatment. The temperature loggers recorded 23.5 ± 2◦C

for the ambient temperature treatment, and 30 ± 1◦C for the high temperature

treatment controlled with aquatic heaters.

Leaf material was collected as fresh wrack (still green) along the shoreline, while

root/rhizome material was collected as live plants. After being cleaned of sediments

and attached fauna, all seagrass material was stored frozen prior to the start of the

experiment to prevent microbial degradation. This seagrass biomass is what we refer

to as fresh seagrass and subsequently its weight in grams as fresh weight (g FW).

Whole leaves were separated into groups of approximately 78 g FW, while 2-4

cm segmented roots and rhizomes were separated into groups of approximately 30

g FW and each group was packed into a nylon mesh litterbag. The initial fresh

weight measurement was recorded for 160 litter bags respectively to accommodate

an experimental design of two tissue types (leaf, root/rhizome) x four treatments

(23◦C and control, 30◦C and control, 23◦C and +Nutrient, 30◦C and +Nutrient) x

five time-points (2, 7, 14, 28, 84 days) x four replicates.

The initial time-point (day 0) was treated separately to the rest of the data and a

conversion factor used to calculate the corresponding dry weight of each litterbag’s

initial fresh weight. This was achieved by separating additional groups of tissue

(n = 3 for leaf material and n = 1 for root/rhizome material) where no treatments

were applied, and weighing them before and after drying to get a fresh weight to dry



141

weight conversion. All initial fresh weight biomass measurements were multiplied

by their respective tissue conversion factors, 0.2 for leaf and 0.153 for root/rhizome.

At every sampled time-point, four litterbags from each temperature, nutrient

and tissue combination were removed from their incubators, weighed as fresh weight,

then oven dried at 60◦C and weighed post-drying to get their dry weight (g DW)

biomass. To get the proportion of weight remaining (W), each decayed litterbag dry

weight biomass was divided by the litterbag’s initial converted dry weight at day 0,

then averaged over the four replicates.

3.3 Results

3.3.1 Proof of concept results for the random walk model compared to

multi-phase exponential decay of a seagrass decomposition field

study

For the proposed random walk model, we implemented the Particle Marginal

Metropolis Hastings (PMMH) algorithm using LibBi [72]. LibBi is a state-space

modelling and Bayesian inference software designed for use on high-performance

computer hardware, and used in a number of environmental modelling studies [47,

76]. Each posterior run had 50,000 samples where the first 10,000 were discarded as

burn-in. 1024 particles were propagated and the proposal distribution variances were

set to 10% of each parameter prior variance. Acceptance rates ranged between 41-

59% (Table B.2) with observation errors of 10%. Posterior medians and 95% credible

intervals of remaining detritus were well constrained by the observations for each

site and tissue type (Figure 3.2). The decay rate posterior medians and 95% credible

intervals varied through time, across site and tissue type (Figure 3.3). While the

prior and posterior distributions (Figure 3.4), and posterior quantiles (Table 3.1)

of parameter σr illustrated that we suitably captured the stochasticity for these

datasets. If we had misspecified the prior on σr, we would have seen a posterior
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distributed at much higher values of σr, indicating that a larger stochasticity was

needed.

For the existing multi-phase exponential decay model, this was fitted using a

simple least squares approach. Both fits were then evaluated by examining the

resulting R-squared values (Table 3.2). In general, it should not be assumed that a

higher R-squared value is indicative of a “better” model as simply adding additional

parameters can increase the R-squared even without any meaningful improvement in

the fit. Indeed, in this case, the R-squared for a three phase exponential decay model

would necessarily be no lower than that for a two phase, even if there truly were only

two phases of decay. Here, however, we do not require a model selection criterion

which penalises the goodness of fit for the inclusion of additional degrees of freedom.

For all six datasets examined here, the proposed random walk model produced

higher R-squared values (Table 3.2). The model is not only more parsimonious, it

also better captures the observed variability in the remaining detrital pools.

All site and tissue combinations except for leaf tissue at the impacted site exhib-

ited an initial increase in decay rate over time followed by a slow decrease towards

zero, forming a visible peak in decay rate (Figure 3.3). The leaf tissue decay rate

at the impacted site was the only site to exhibit two peaks, an initial peak at 120

days with a second peak at 500 days. The leaf tissue decay rate at the pristine

site peaked at 150 days compared to the bare site peak later at 250 days. There is

no visible difference of the root/rhizome tissue decay rates between sites, with each

displaying a peak at approximately 150 days.
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Figure 3.2 : Posterior medians (solid blue line) and 95% credible intervals (shaded)

of proportion of weight remaining detritus (W), with observations (black) at each

site for leaf (left) and root/rhizome (right) tissue.

Figure 3.3 : Posterior medians (solid blue line) and 95% credible intervals (shaded)

of decay rate K (d−1) at each site for leaf (left) and root/rhizome (right) tissue.
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Figure 3.4 : Prior (blue) and posterior (orange) distributions for parameter σr at

each site for leaf (left) and root/rhizome (right) tissue.

Table 3.1 : Posterior quantiles for parameter σr across tissue type and site.

Parameter Tissue Site 2.5% 25% 50% 75% 97.5%

σr Leaf Pristine 0.079 0.094 0.101 0.109 0.121

Impacted 0.085 0.095 0.101 0.108 0.121

Bare 0.081 0.094 0.102 0.110 0.121

Root/ Pristine 0.084 0.094 0.100 0.107 0.119

rhizomes Impacted 0.082 0.096 0.103 0.109 0.120

Bare 0.086 0.097 0.104 0.109 0.121
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Table 3.2 : Coefficients and R-squared values for the existing multi-phase exponen-

tial decay and R squared values for the random walk model.

Leaf Root/rhizomes

Pristine Impacted Bare Pristine Impacted Bare

α1 0.000 0.060 0.000 0.193 0.067 0.131

α2 0.387 0.512 0.495 0.000 0.471 0.038

α3 0.613 0.428 0.505 0.807 0.462 0.830

k1 0.081 0.004 0.000 0.003 0.000 0.990

k2 0.003 0.004 0.003 0.003 0.005 0.003

k3 0.003 0.004 0.003 0.003 0.005 0.003

R2 0.840 0.948 0.909 0.906 0.879 0.891

R2

random

walk

model

0.953 0.980 0.966 0.959 0.925 0.924
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3.3.2 Data assimilated results of time-varying decay rates for an addi-

tional laboratory dataset investigating the effects of temperature

and nutrient addition

Applying the random walk model described in Section 3.2.1 to the additional lab-

oratory dataset, we implemented the Particle Marginal Metropolis Hastings (PMMH)

algorithm using LibBi [72]. Each posterior run had 50,000 samples, where the first

10,000 were discarded as burn-in. 1024 particles were propagated and the pro-

posal distribution variances were set to 50% of each parameter prior variance, thus

achieving good MCMC mixing (Fig. B.3). The prior on σr was assigned a normal

distribution with mean 0.1 and variance 0.01 for leaf tissue. A larger stochasticity

prior was assigned to the root/rhizome tissue, a normal distribution with mean 0.7

and variance 0.1, to capture the rapid mass loss over the first two days (Table B.1).

Similarly to Section 3.3.1, we set ∆t = 1 day. Acceptance rates ranged between

27-39% with observation errors of 10% (Table B.1). Posterior medians and 95%

credible intervals of remaining detritus were well constrained by the observations

for each temperature, nutrient and tissue combination (Figure 3.5). The decay

rate posterior medians and 95% credible intervals varied through time, across site

and between tissue type (Figure 3.6). While the prior and posterior distributions

(Figure 3.7), and posterior quantiles (Table 3.3) of parameter σr illustrate that we

suitably captured the stochasticity for these datasets.

Leaf tissue results with no additional nutrients, show an increasing decay rate

through time at high temperature compared to the lower and approximately con-

stant rate of decay at ambient temperature (Figure 3.6). Additional nutrient treat-

ments on leaf tissue results show no noticeable differences between ambient and

high temperatures. No differences in root/rhizome tissue results can be seen be-

tween temperature or nutrient treatments. The largest difference in decay rates
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Figure 3.5 : Proportion of weight remaining (W) over the length of the experiment

(80 days), for each temperature, nutrient and tissue combination.

Figure 3.6 : Decay rates, K (d−1), through time for each temperature, nutrient and

tissue combination.
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Figure 3.7 : Stochasticity parameter, σr, for each temperature, nutrient and tissue

combination.

is visible between tissue types. Figure 3.5 and 3.6 demonstrate the random walk

model’s flexibility in capturing two distinct behaviours of decomposition. Leaf tis-

sue that remains roughly constant over the course of the decomposition experiment,

while root/rhizome decay spikes rapidly upwards in the first two days and then flat-

tens close to zero for the remainder of the experiment. Both responses are readily

handled by the model.
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Table 3.3 : Posterior quantiles for parameter σr across tissue type, treatment and

temperature.

Tissue Treatment Temperature 2.5% 25% 50% 75% 97.5%

Leaf Control 23◦C 0.079 0.093 0.100 0.107 0.119

30◦C 0.079 0.093 0.100 0.107 0.119

+Nutrient 23◦C 0.081 0.093 0.100 0.106 0.119

30◦C 0.080 0.092 0.099 0.106 0.119

Root/ Control 23◦C 0.575 0.693 0.753 0.815 0.937

rhizomes 30◦C 0.581 0.700 0.761 0.820 0.937

+Nutrient 23◦C 0.573 0.692 0.755 0.817 0.932

30◦C 0.580 0.695 0.754 0.814 0.936

3.4 Discussion

Overall, the time-varying decay rate model demonstrated the ability to capture

3 distinct decay rate profiles through time. Soft peaks with slow increase and de-

creases before and after in the field study (Figure 3.3). Approximately constant

and linearly increasing decay rates in the experiment leaf tissue, and a sharp spike

and rapid decrease in decay rates that then flat line close to zero in the experiment

root/rhizome tissue (Figure 3.6). This demonstrates the flexibility of the framework

to capture diverse and complex decay dynamics which would have otherwise been

lost in the traditional multi-component model.

The field study saw a decay rate peak earliest at the impacted site with leaf tissue,

30 days later for leaf tissue at the pristine site and all root/rhizome tissue, then 100

days after that for leaf tissue at the bare site. All site and tissue combinations

except for leaf tissue at the impacted site exhibited an initial increase in decay rate
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over time followed by a slow decrease towards zero, forming a visible peak in decay

rate (Figure 3.3). The leaf tissue decay rate at the impacted site was the only site

to exhibit two peaks, an initial peak at 120 days with a second peak at 500 days.

The leaf tissue decay rate at the pristine site peaked at 150 days compared to the

bare site peak later at 250 days. There is no visible difference of the root/rhizome

tissue decay rates between sites, with each displaying a peak at approximately 150

days.

The aim of the laboratory experiment was to discern whether temperature, tis-

sue or nutrient addition have an impact on the detrital decay of Zostera muelleri

in Fagans Bay. With warming sea temperature predictions, it would be expected

that decomposing seagrass would spend longer periods of time under elevated tem-

perature conditions. Leaf tissue results with no additional nutrients, show an in-

creasing decay rate through time at high temperature compared to the lower and

approximately constant rate of decay at ambient temperature. Additional nutrient

treatments on leaf tissue results show no noticeable differences between ambient

and high temperatures. No differences in root/rhizome tissue results can be seen

between temperature or nutrient treatments. Indeed, the largest difference in decay

rates is visible between the tissue types (Figure 3.6). However, it is difficult to draw

this conclusion for a number of reasons.

Potentially the quick initial leeching stage of decay was missed in the leaf tissue

data, because wrack was collected instead of live leaf material. Leaf tissue was

collected as green wrack from the shoreline indicating it was already removed from

the plant for 1-2 days before collection. The decay rate spike for root/rhizomes in

the first two days corresponds to halving the proportion of biomass remaining by

day 2 of the experiment. Data collection occurred on day 0 and day 2, and without

finer scale observations, we are unable to pinpoint when or how the decay behaves

in this early stage, only that by day 2 half the seagrass detritus has decomposed.



151

When wrack versus live plant material is considered, this affects which time-points

in the degradation process we can consider to be comparable. For example, the

root/rhizome tissue after day 2 may correspond to the start of the intermediate

recalcitrant phase of decay after a quick leeching phase, whereas leaf tissue day 0

may already be in the recalcitrant phase as the wrack’s age is unknown.

The initial time-point (day 0) was treated separately to the other time-points

and did not receive any temperature or nutrient treatment. The root/rhizome initial

fresh weight to dry weight (FW:DW) conversion factor was determined by a sample

size of n=1. Consequently, the FW:DW conversion factor impacts the remainder of

the dataset by shifting it entirely upwards when FW:DW is smaller, alternatively

shifting values downwards when FW:DW is larger (Figure 3.8). While the field

study employed the same data collection methodology as the laboratory study, we

do not see the same differentiation in results; however, there are differences in the

initial FW:DW conversions. In the field study, the FW:DW conversions were very

similar when comparing the initial time-point (leaf: 0.147 ± 0.015; root/rhizome:

0.169 ± 0.018) to the rest of the time-points (leaf: 0.143 ± 0.022, root/rhizome:

0.161 ± 0.030), while the laboratory study showed notably different results between

the initial time-point (leaf: 0.153 ± 0.056; root/rhizome: 0.201) and the other time-

points (leaf: 0.137 ± 0.018, root/rhizome: 0.146 ± 0.024). Had the conversions been

more like those in the post collection data, we would have seen data-points like the

magenta in Figure 3.8.

While part of the uncertainty in interpreting the decay rates between leaf and

root/rhizome tissue lies in the nature of their data collection, it is important to

consider the practical implications of this sampling technique. For live plant material

(roots/rhizomes) this is a destructive sampling technique and consequently there

are limitations (collection permits) to how much can be collected by disturbing a

meadow. In contrast, wrack is already shed leaf material that has washed up on
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Figure 3.8 : Proportion of weight remaining (W) when the original and alternative

fresh weight to dry weight conversion was applied to each treatment group.
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shore and is not included in the same quantity collection restrictions as the live

material.

The work presented here should be regarded as a proof-of-concept that, in the

presence of data, the complex decay dynamics of seagrasses can be captured with-

out reliance on over-parametrised models or excessive numbers of free parameters.

Mathematically, the alternative we present is more parsimonious. It relies on fit-

ting one free parameter (σr), not six, and is relatively insensitive to time-step (∆t).

Additionally, we would also argue that this model has greater biological justifica-

tion and does not rely on explanations involving community fractions which are

unmeasurable.

This framework is sufficiently flexible to capture more complex decay dynamics

as the parameter space would not grow as building additional phases into a multi-

stage decay model does. Also, where additional explanatory variables were available,

the fits of this model could easily be studied in reference to these. For example, when

this model has identified periods of more rapid decay, these might be identified as

co-occurring when spikes in temperature or in rainfall happen. While we have not

been able to do so in this work, largely because of the relative sparsity of the dataset

available to us, this remains an exciting avenue for future work and one which this

modelling approach would readily support without necessitating the inclusion of

further parameters.
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Chapter 4

A data assimilating state-space model for algal

growth under controlled conditions within a

photo-bioreactor

Abstract

Due to the devastating impacts of fossil fuels on the environment, clean energy

and renewable sources of biofuels are two major areas of interest. Microalgae are

seen as excellent candidates for sustainable biofuel production and high biomass

cultivation can be used to potentially mitigate carbon dioxide and other greenhouse

gases as microalgae photosynthesise and grow. The key to scaling microalgae pro-

duction is in the successful fusion of high temporal frequency non-destructive data,

such as sensors, and a microalgae model. This chapter used data assimilation to

fully exploit the use of non-destructive high temporal resolution data and a well de-

fined model to produce ecologically informative estimates of algal growth by way of

photosynthesis and respiration. A key achievement of this chapter was successfully

and accurately resolving CO2SYS in LibBi to calculate carbon chemistry and accu-

rately depicting the carbon state of the system. This methodology allows LibBi and

other Bayesian inference software, designed for parallel processing and simplicity

limitations because of their use of GPU, to expand in use to more complex models

and equations.
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4.1 Introduction

Due to the devastating impacts of fossil fuels on the environment, there is great

interest around the world in clean energy, particularly renewable sources of biofuels.

Microalgae are great candidates for sustainable production of biofuels and associated

bioproducts. In addition to converting microalgal biomass to fuel, high biomass

cultivation can be used to potentially mitigate carbon dioxide and other greenhouse

gases as microalgae photosynthesise and grow.

The key goal of biofuels production is the optimisation of biomass productivity

in large-scale microalgal culturing systems such as open ponds or closed photo-

bioreactors. Carbon and light availability are two of the most common limiting

factors of biomass productivity [78]. Australia offers natural advantages for algal

cultivation, including extensive areas of non-arable land, unrestricted access to sea-

water and plenty of natural light. The primary goal is to maximise the production of

raw biomass (i.e. fast growth rates) coupled with high lipid production to produce

biofuels in a sustainable and profitable way.

Microalgae has long been viewed as a potential platform for bioengineering. Dur-

ing the 1970’s and 2000’s much of the research focussed on biofuel production, while

recently the potential for pharmaceuticals and other high-value chemicals has been

more actively explored. Whether the desired product is a primary metabolite (eg

lipids in biofuel production) or secondary metabolite (eg astaxanthin as high-value

dye) it is important to be able to quantify processes such as photosynthesis and

respiration that take place in the cells.

At the broadest scale, the growth of microalgae can be expressed as the following

chemical reaction in which carbon (C) is taken from the atmosphere as carbon

dioxide (CO2), along with aqueous nutrients nitrogen (N) and phosphorus (P), to
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produce biomass

106 CO2(g) + 122 H2O + 16 NO3
−(aq) + PO4

3−(aq) + 19 H+

[103 − 104] γ
−−−−−−−−−→C106 H263 O110 N16 P1 + 138 O2 (g)

This equation captures a number of features of interest. The total biomass is de-

termined by the concentrations of N and P. A typical growth media for microalgae

is Guillard’s Marine Enriched Seawater (F/2), which has nitrogen concentration of

880µM, phosphorus concentration of 36µM, and total alkalinity (TA) of 2300 µM.

Taking the limiting nutrient to be nitrogen, the maximum biomass of algae is 200 mg

L−1, of which approximately 70 mg L−1 is carbon. This is equivalent to 0.12 L of pure

CO2 at standard temperature and pressure (25 ◦C at 100 kPa), which approximates

to 325 L of air for each litre of media. Alkalinity is a central concept in seawater

chemistry that allows one to calculate how much carbon can be dissolved in solution,

and what form it takes i.e. dissolved inorganic carbon (DIC) exists as CO2, HCO3
–

and CO3
2– . Alkalinity measures the charge imbalance between strongly and weakly

dissociating ions in solution. As the charged nutrients (N and P) are removed from

the solution during growth the alkalinity increases and more carbon is able to be

dissolved in the media.

The key to scaling microalgae production is in the successful fusion of a mi-

croalgae model and high temporal frequency non-destructive data, such as sensors

which are able to collect information without the need to remove or destroy parts of

the system being measured. Data assimilation is a prime candidate for this type of

model-data fusion technique to fully exploit the use of non-destructive high tempo-

ral resolution measurements and produce ecologically informative estimates of algal

growth by way of photosynthesis and respiration.
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The key goals of this chapter are to,

• Use data assimilation to fuse a microalgae model with both high temporal fre-

quency observations and infrequently sampled datasets to produce informative

estimates of algal growth by way of photosynthesis and respiration.

• Fully exploit the use of non-destructive high temporal resolution measure-

ments.

• Successfully and accurately resolve CO2SYS in LibBi to calculate carbon

chemistry and accurately depict the carbon state of the system.

4.2 Methods

The work in this chapter was completed in collaboration with Christian Evenhuis

(UTS) and extends on a recently published empirical process model to predict mi-

croalgal carbon fixation rates in photobioreactors, with an application for Chlorella

vulgaris [88].

4.2.1 Data Model: Photo-bioreactor setup, experimental design and

data collection methods

All data collection methods for this chapter were part of a series of experi-

ments examining microalgal responses to photobiorector treatments (Peter Wood

2019 UTS PhD).

Microalgal culture Nannochloropsis oceanica (Droop) Green (strain CS-179) ob-

tained from the Australian National Algae Culture Collection was cultured in 200 mL

conical flasks; maintained in an incubator (Labec Pty Ltd) at 20◦C, under an irradi-

ance of 50µmol photon m−2 s−1 of cool-white fluorescent light at a 12 hour light/12

hour dark cycle. Stock cultures were grown in F/2 saltwater medium [46] and di-

luted 5 days prior to the start of experiments to ensure that N. oceanica was in the
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exponential growth phase and not nutrient deprived. F/2 was sparged prior to stock

culture dilutions to maximise carbon and oxygen content.

N. oceanica was cultured in four, 500 mL environmental photo-bioreactors (eP-

BRs, Phenometrics Inc) with a 10% v/v inoculation of stock culture. Top-side

illumination over a path length of 25 cm was provided by a cool-white light LED,

whilst temperature was maintained at 27◦C using a Peltier heater-cooler connected

to a water jacket. In-built thermocouples, calibrated against external temperature

sensors attached to the Firesting module (TeX4; PyroScience GmbH), measured

every 5 minutes were used to control the Peltier heater-cooler jacket through a feed-

back loop to an accuracy of ± 0.2◦C. pH was also measured in 5 min intervals by

in-built pH electrodes (Van London Inc); controlled by periodic CO2 (5%) injections

using valves in the ePBRs. pH was 3-point calibrated using pH buffer solutions at

pH 4.00 ± 0.02, pH 7.00 ± 0.02 and pH 10.00 ± 0.02. ePBR mixing was con-

trolled by magnetic stirring bars at 110 rpm. All four ePBRs were aerated with

filtered/humidified air through a 1.2 mm needle valve (Terumo Co).

A period of 2 days was allowed for N. occulata to acclimate to the ePBRs

at an irradiance of 500µmol photon m−2 s−1 and a temperature of 27◦C. Follow-

ing this acclimation period, the ePBR was set to the experimental condition of

2,000µmol photon m−2 s−1 for another 2 days and a 12 hour light/12 hour dark cy-

cle with a temperature of 27◦C. ePBRs were maintained at an optical density (OD)

of 0.4 using manual dilutions, creating a semi-batch culturing system. Dilutions

occurred once per day (one hour before the commencement of the light cycle), using

aerated F/2 media. The experiment was conducted over a period of 4 days, sam-

ples were extracted post and prior dilution, as well as half way through the light

cycle. 50 mL was extracted to examine total alkalinity (TA) and dissolved inor-

ganic carbon concentration. Dissolved oxygen (O2) was measured using a 3 mm ro-

bust optical probe (OXROB10-OI; PyroScience GmbH) attached to a FireStingO2
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logger (PyroScience GmbH). DO measurements were taken every 60 seconds and

temperature-corrected using a temperature extension module (TeX4; PyroScience

GmbH). DO was two-point calibrated using air-saturated seawater (100% satura-

tion) and sodium sulfate-saturated water (0% saturation). At 2 hour intervals, a

solenoid valve (SMC Pneumatics Pty. Ltd.) was used to stop aeration for 10 min-

utes to allow for observations of net photosynthesis (visible as the spikes in O2 data

in Figure 4.1).

Alkalinity and DIC was measured twice a day closely following the Standard

Operating Procedures (SOP) outline in [27]. Approximately 30 mL of the N. oceanica

media was titrated against 0.1 M hydrochloric acid on an auto-titrator (800 Dosino;

Metrohm AG) [SOP3b Open-cell tritration]. The total alkalinity and DIC were

calculated from the output of the auto-titrator (volume of HCl delivered, pH) by

calculating the the pH as a function of the volume of the acid delivered (see SOP3a

Annexe 1).

4.2.2 Data model: Data treatment, distributions and measurement er-

ror

Gas valve, temperature, light (normalised to 0/1) and dilution rates were used

to force the model. Dissolved oxygen, pH, dissolved inorganic carbon and total

alkalinity observations for 4 days post acclimation were assimilated. While pH

observations were calibrated and corrected, O2 observations were not despite having

visibly experienced some sensor drift during the experiment.

The data model assigned log normally distributed observation errors for each

instrument; O2obs ∼ LogN (log(O2), σO2), pHobs ∼ LogN (log(pH), σpH), DICobs ∼

LogN (log(DIC), σDIC), TAobs ∼ LogN (log(TA), σDIC), where the standard devi-

ations (σO2 , σpH , σDIC) were unknown parameters to be estimated as part of the

assimilating model. Dissolved inorganic carbon and total alkalinity measurements
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Figure 4.1 : Full O2 (µM L−1) and pH (log10(-mol/L H+)) datasets (black) with

thinned O2 and pH observations (yellow) over the four day experiment.

were obtained from the same instrument, thus the error is shared between these

states.

Due to different instruments used in data collection, O2 observations were col-

lected most frequently (6,008 data-points), followed by pH observations (1,179 data-

points), with DIC and TA collected intermittently (11 data-points). Initial posterior

runs with these observation densities resulted in the MCMC chain unable to mix

properly due to the high frequency of observations. In an attempt to improve MCMC

mixing, the denser observation sets were thinned/sampled down. The pH observa-

tions were thinned to approximately 5% of the full pH dataset by taking every 30th

observation. The O2 observations were thinned to approximately 15% of the original

O2 dataset by only taking those consecutive observations that had at least 1 µM L−1

difference (Figure 4.1).
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4.2.3 Process model: Carbon chemistry

When carbon dioxide dissolves in water it undergoes a series of reactions which

results in three species that exist in equilibrium, CO2, HCO3
– and CO3

2– , accompa-

nied by the release of hydrogen ions. CO2SYS is a program developed for calculating

and returning a detailed state of the carbonate system of oceanographic water sam-

ples in seawater and freshwater [63]. This chemical system has been the focus of

extensive research as it plays a central role in understanding the effect of anthro-

pogenic carbon emissions and is generally referred to as “Ocean Acidification”. The

dependence of these equilibrium constants on temperature and salinity has been

experimentally determined, functional forms have been fitted and integrated into

CO2SYS. A thorough explanation of CO2SYS, and seawater carbon chemistry in

general, can be found in Zeebe and Wolf-Gladrow [102]. A concise summary of the

equations can be found in SOP 3a, Annexe 1 of [27].

Figure 4.2 : CO2SYS

CO2SYS is recognised as the de facto standard for carbon system calculations

and is widely used in oceanographic and marine biology. There are four measurable
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carbonate system parameters (total alkalinity, total inorganic CO2, pH, and either

fugacity fCO2 or partial pressure of CO2). Given two parameters, the other two

can be calculated for a set of input conditions (temperature and pressure). In the

model, the state variables TA and DIC are given and pH and pCO2 are calculated.

Ideally CO2SYS [63] would have been used to calculate the carbon chemistry

of the photo-bioreactor. However, it is not possible to directly implement CO2SYS

in LibBi due the constraints imposed by the GP-GPU computing model. CO2SYS

iteratively solves the set of chemical equilibrium equations which requires a for/while

loop and conditional statements like if/else which are not available in LibBI. A

number of approaches were explored to circumvent this restriction:

1. Creating functional approximations of the solutions from CO2SYS.

2. Recasting the steady state equilibrium as a set of coupled ODEs.

3. Manually ‘unrolling’ the while loop as fixed number of iterations.

In addition to being arduous, it was not possible to achieve the accuracy needed

via functional approximation. In particular, ensuring that the invariants of the

system (such as non-negativity and that the sum of the carbon species equals the

dissolved inorganic carbon) is not trivial. The set of ODEs that describe the chemical

reactions are notoriously stiff [101] which resulted in a prohibitively small step size.

Coding a fixed number of iterations also presented issues because when the number

of iterations was too low the solution was inaccurate, while too many iterations was

inefficient and may be limited by memory available to the process on the GPU.

CO2SYS was successfully incorporated into LibBi by a combination of the first

and third approaches. The functional approximation from approach 1 was used to

precondition the solution and 3 iterations were explicitly coded (Eq. 4.4 - 4.12)

of the Newton-Raphson method for finding approximations to roots of real valued
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functions. The Newton-Raphson method is an iterative process xn+1 = xn − f(xn)
f ′(xn)

considering a function f(xn), its derivative f ′(xn) and an initial starting value x0.

The approximate root xn+1 converges to the exact solution very quickly if a close

initial starting value is picked. To ensure the quick convergence of the Newton-

Raphson method, an approximating equation for pH0 (Eq. 4.3) was obtained by

fitting a stepwise regression with interactions to a range of simulated CO2SYS input

parameters (temperature: 20-30◦C, salinity: 30-40 ppt, DIC: 200-2500 µM L−1, and

alkalinity: 1500-3000µM L−1). A range of initial conditions and parameter values

were tested, and each converged with root mean squared error (RMSE) < 0.01 across

pH, HCO3
– , CO2, and CO3, DIC, O2, TA by the 3rd iteration (Figure 4.3 and Table

4.1).

CO2SYS constants and iterative solution for pH, HCO3
– , CO2, and

CO3

This section details the exact CO2SYS solution implemented into LibBi, with

choice of constants, approximating equations and Newtown-Raphson iterations to

ultimately calculate the carbon chemistry of the photo-bioreactor.

Total Sulfur is defined:

TS =
0.14

96.062
∗ S

1.8065

IS = 19.924
S

(1000− 1.005S)

KSint = −4276.1

TK
+ 141.328− 23.093log(TK) + (−13856.0

TK
+ 324.57

− 47.986log(TK))
√
IS + (

35474

TK
− 771.54 + 114.723log(TK))IS

− 2698

TK
IS1.5 +

1776

TK
IS2

KS = (1− 0.001005S)e(KSint)
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Fluorine is defined:

TF =
0.000067S
18.9984

1.80655

KF = e
(−(− 874.0

TK
−0.111

√
S+9.68))

SWS2T =
(1 + TS

KS
)

(1 + TS
KS

+ TF
KF

)

Free2T = 1 +
TS

KS

H2O dissociation:

KW = e
(148.9802− 13847.26

TK
−23.6521log(TK)+( 118.67

TK
−5.977+1.0495log(TK))

√
S−0.01615S)

Boron:

KB = exp(
(−8966.90− 2890.53

√
S − 77.942S + 1.728S

√
S − 0.0996S2)

TK

+ 148.0248 + 137.1942
√
S + 1.62142S

− (24.4344 + 25.085
√
S + 0.2474S)log(TK) + 0.053105TK

√
S)

TB = 0.0004326
S

35

Choice of carbonate dissociation constants K1 and K2 were Mehrbach [71] (refit

by Dickson and Millero [26]) with 1.23K1 and 0.53K2 measured experiment specific

adjustments:

K1 = 10
(−( 3633.86

TK
−61.2172+9.6777log(TK)−0.011555S+0.0001152S2)) ∗ 1.23 (4.1)

K2 = 10
(−( 471.8

TK
+25.9290−3.16967log(TK)−0.01781S+0.0001122S2)) ∗ 0.53 (4.2)

Approximating equation for the starting value of pH:

pH0 = 12.26− 0.0030605DIC − 0.043752T − 0.013625S + 0.00011315TA

+ 1.3463e− 5DIC ∗ T + 5.2215e− 7DIC ∗ TA (4.3)
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Newton-Raphson iterations:

hn = 10−pHn (4.4)

hnfree
=

hn
Free2T

(4.5)

fn = (DIC ∗ 1e− 6 ∗ K1hn + 2K1K2

h2n +K1hn +K1K2

− hnfree
+
KW

hn
− TA ∗ 1e− 6 +

TB

1 + hn
KB

) ∗ 1e6 (4.6)

dfn = (DIC ∗ 1e− 6 ∗ K1 + 2K1K2

h2n +K1hn +K1K2

−DIC ∗ 1e− 6 ∗ (K1hn + 2K1K2)

(h2n +K1hn +K1K2)2
(2hn +K1)

− TB 1

(1 + hn
KB

)2
/KB

− KW

h2n
− 1

Free2T
) ∗ 1e6 ∗ (−log(10) ∗ 10−pH) (4.7)

pHn+1 = pHn −
fn
dfn

(4.8)

Hn+1 = 10−pHn+1 (4.9)

CO2n+1 =
H2
n+1DIC

H2
n+1 +K1Hn+1 +K1K2

(4.10)

HCO3n+1 =
Hn+1K1DIC

H2
n+1 +K1Hn+1 +K1K2

(4.11)

CO3n+1 =
K1K2DIC

H2
n+1 +K1Hn+1 +K1K2

(4.12)
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Figure 4.3 : Iterative (3rd iteration) vs exact solution for carbon chemistry CO2

(µM L−1), HCO3 (µM L−1), CO3 (µM L−1), pH (log10(-mol/L H+)) and state

variables O2 (µM L−1), DIC (µM L−1), and TA (µM L−1).
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Variable Iter. 1 Iter. 2 Iter. 3 Iter. 4 Iter. 5

pH 0.036092734 0.002355758 1.41E-05 6.93E-06 6.93E-06

CO2 2.109401968 0.145719349 0.001222812 0.000866728 0.000866727

HCO3 19.81869214 1.21021115 0.008016765 0.001025002 0.001025139

CO3 20.89660704 1.307061652 0.00867642 0.001102278 0.001102434

DIC 16.78775711 0.958511825 0.005229318 0.002305054 0.002333411

O2 0.308389964 0.016044284 4.18E-05 6.89E-05 7.59E-05

TA 2.607767674 0.160897272 0.000688102 0.001257725 0.001218981

Table 4.1 : RMSE for 5 iterations of the Newton-Raphson carbon chemistry iterative

solution.

4.2.4 Process model: Gas transfer equilibrium concentrations for O2

and CO2

The equilibrium concentration for CO2 solubility in water, CO2H (µM L−1), is

calculated using Henry’s law,

CO2H = K0CO2 ∗ fCO2 ∗ 1.0220 ∗ 1e6 (4.13)

where fCO2 (atm) is the fugacity or approximately the partial pressure of CO2,

1.0220 is the density of seawater (kg L−1) at salinity 34 ppt and temperature 27◦C

[79, 42]. K0CO2 (mol/kgsoln/atm) is the solubility of gas in seawater and is cal-

culated from the fitted van’t Hoff equation and the logarithmic Setchenow salinity

dependence [95],

K0CO2 = e
(−60.2409+93.4517 100

TK
+23.3585∗log(TK

100
)+S(0.023517−0.023656TK

100
+0.0047036(

TK
100

)2))

(4.14)
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where TK is the temperature (K) and S is salinity (ppt). Similarly the equilibrium

concentration for O2 solubility in water O2H is calculated using Henry’s law,

O2H = K0O2 ∗ fO2 ∗ 1.0220 ∗ 1e− 6 (4.15)

where fO2 (atm) is the fugacity or approximately the partial pressure of O2, 1.0220

is the density of seawater (kg L−1) at salinity 34 ppt and temperature 27◦C [79, 42],

and K0O2 (mol/kgsoln/atm) is the solubility of oxygen in seawater with an adjusted

salinity dependence [7],

K0O2 =
e
(−1282.8704+ 36619.96

TK
+223.1396log(TK)−0.354707TK+S(5.957e−3− 3.7353

TK
)+3.68e−6S2)

0.2094e− 6
(4.16)

where TK is the temperature (K) and S is salinity (ppt). The equilibrium concentra-

tions for O2 and CO2 are modelled together with the gas turning on and off during

the experiment, as

QairkLaairO2
(O2H −O2) (4.17)

QairkLaairCO2
(CO2H − CO2) (4.18)

where Qair is the gas state (1= on, 0= off), kLaairO2
and kLaairCO2

are the mass transfer

coefficients for air (day−1), and 0.893 is the ratio between measured O2 and CO2

mass transfer constants [44].
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4.2.5 Process model: Flux into cells by photosynthesis and respiration

The carbon flux into cells is introduced through net photosynthesis,

dDIC

dt
= −(PI

HCO−3
Km +HCO−3

−R) + gas transfer + dilution

(4.19)

dO2

dt
=

1

(RQdI +RQn(1− I))
(PI

HCO−3
Km +HCO−3

−R) + gas transfer + dilution

(4.20)

dTA

dt
= RR(PI

HCO−3
Km +HCO−3

) + dilution (4.21)

dCp
dt

= (PI
HCO−3

Km +HCO−3
−R) + dilution (4.22)

where the parameters common to all states are P, the maximum photosynthesis

rate (µM L−1 hour−1), I the light indicator (0/1), and the Michaelis-Menton term

HCO−3
Km+HCO−3

representing the photosynthetically active carbon used for photosynthesis.

This can be CO2, HCO3
– , or a combination of both, CO2 +HCO3

– if the microalgae

are using both carbon dioxide and bicarbonate for photosynthesis. Km is the carbon

restriction term (µM L−1).

The respiration rate R (µM L−1 hour−1), is present in the net photosynthesis

calculation for dissolved inorganic carbon (DIC), oxygen (O2), and carbon concen-

tration in the form of cells (Cp). Oxygen also accounts for the day (RQd) and night

respiratory quotients (RQn), the ratio of CO2 produced and O2 consumed by a cell.

Total alkalinity (TA) only increases due to photosynthesis, while accounting for the

Redfield ratio (RR).

4.2.6 Process model: Dilution

To maintain a semi-batch culturing system, manual dilutions that occurred once

per day over the period of the experiment were extracted to measure total alkalinity
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and dissolved inorganic carbon (described in more detail in Section 4.2.1). This also

keeps the algae in the growth stage of the biomass curve, resetting it every day so

that it never reaches the logit plateau. In the ODEs this affects every state variable,

dissolved organic carbon (DIC), oxygen (O2), total alkalinity (TA) and amount of

carbon in the form of cells (Cp),

dDIC

dt
= flux into cells + gas transfer +

QM

V
(DICM −DIC) (4.23)

dO2

dt
= flux into cells + gas transfer +

QM

V
( OM

2 − O2) (4.24)

dTA

dt
= flux into cells +

QM

V
( TAM − TA) (4.25)

dCp
dt

= flux into cells +
QM

V
( − Cp) (4.26)

where QM is the measured dilution rate (mL day−1) used to force the model, V is the

volume of the photo-bioreactor fixed at 500 mL, and DICM , OM
2 , and TAM are the

respective concentrations of the media. The media concentrations were calculated

using CO2SYS (at temperature = 27◦C and salinity = 34 ppt) and set to be fixed

throughout the experiment as DICM= 1,724.20µM L−1, OM
2 = 226.65µM L−1, and

TAM = 1,797.90µM L−1.
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4.2.7 Process model summary and parameter model

A summary of the ODEs that make up the process model described in previous

sections:

Rate flux into cells gas transfer dilution

dDIC

dt
= −(PI

HCO−3
Km +HCO−3

−R) +Q̂airkLaairCO2
(COair

2 − CO2) +
QM

V
(DICM −DIC)

dO2

dt
=

(PI
HCO−3

Km+HCO−3
−R)

(RQdI +RQn(1− I))
+Q̂airkLaairO2

( Oair
2 − O2) +

QM

V
( OM

2 − O2)

dTA

dt
= RR(PI

HCO−3
Km +HCO−3

) +
QM

V
( TAM − TA)

dCp
dt

= (PI
HCO−3

Km +HCO−3
−R) +

QM

V
( − Cp)

(4.27)

Symbol Description Prior / Value Unit

In
it

ia
l

co
n
d
it

io
n
s

DIC0 Dissolved inorganic carbon LogN (log(1300), 0.2) µM L−1

O0
2 Oxygen LogN (log(225), 0.2) µM L−1

TA0 Total alkalinity LogN (log(1750), 0.1) µM L−1

C0
p Carbon in the form of cells LogN (log(300), 0.2) µM L−1

pH0 - LogN (log(8.5), 0.2) log10(-mol/L H+)

CO2
0 Carbon dioxide LogN (log(5), 0.4) µM L−1

HCO−3
0 Bicarbonate LogN (log(1500), 0.3) µM L−1

CO2−
3

0 Carbonate LogN (log(100), 0.4) µM L−1

F
lu

x
in

to
ce

ll
s P Maximum photosynthesis rate * µM L−1 hour−1

R Respiration rate * µM L−1 hour−1

Km Carbon restriction * µM L−1

RQd Daytime respiratory quotient * -

RQn Night respiratory quotient * -

RR Redfield ratio * -



172

I Light indicator forcing (0/1) -
G

as
tr

an
sf

er
te

rm
s

Q̂air Indicator for flow in air line forcing (0/1) -

xairCO2
Mole fraction of CO2 atmosphere 400 ppm

CO2H Equilibrium CO2 concentration Eq. 4.13 µM L−1

COair
2 Sat CO2 conc with atmosphere xairCO2

CO2H

kLaairCO2
Mass transfer coefficient for CO2 0.893kLaairO2

day−1

xairO2
Mole fraction of O2 atmosphere 0.2094 atm

O2H Equilibrium O2 concentration Eq. 4.15 µM L−1

Oair
2 Sat O2 conc with atmosphere xairO2

O2H

τ half-life of kLaairO2
range(2-20) min−1

kLaairO2
Mass transfer coefficient for O2 ln(2) ∗ 24 ∗ 60/τ day−1

D
il
u
ti

on
te

rm
s QM Dilution rate forcing mL day−1

V Volume of the reactor 500 mL

DICM Media dissolved inorganic carbon 1724.20 µM L−1

OM
2 Media oxygen concentration 226.65 µM L−1

TAM Media total alkalinity 1797.90 µM L−1

Table 4.2 : State variable, parameter and forcing definitions with units, and their

assignments: either fixed values, priors on initial condition or priors on parameters

(*) defined later in respective sections.

4.2.8 Design and setup of data assimilation model for a twin experiment

and experimental data

Firstly, a twin experiment was set up with simulated observations, followed by

assimilation of the experimental data described in Section 4.2.1 and 4.2.2. In the

twin experiment, the process model described in Section 4.2.7 was run with a fixed

set of parameters (P = 200, R = 30, kLAair
O2

= 200, Km = 150, RQd = 0.85, RQn
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= 0.95, RR = 0.075) and initial conditions (O0
2 = 225, DIC0 = 1250, TA0 = 1750)

to provide a ”true” simulated set of results. Normally distributed noise was added

to the sub-sampled model generated synthetic dataset with standard deviations of

2µM L−1 for O2, 0.01 for pH and 50µM L−1 for DIC and TA, to simulate ran-

dom observation error comparable to measured versus CO2SYS derived estimates.

This synthetic dataset was then assimilated into the model to generate posterior

distributions for states and parameters where,

1. All parameters were treated as constant through time (Section 4.3.1).

2. Photosynthesis and respiration were treated as random walks through time

(Section 4.3.2).

The success of the twin experiment was judged by the degree of agreement between

the posterior results and the true state and parameter values. These results were

followed by assimilation of experimental data with several model and parameter

formulations (Section 4.3.3 to 4.3.5),

1. Photosynthesis, respiration and respiratory quotients are random walks through

time.

2. Including an O2 offset.

3. Thinning out the experimental observations further.

Each result section includes the specific treatment of parameters, priors and proposal

distributions for clarity. Distributions and their notations are the uniform (U),

normal (N ), log normal (LogN ), and truncated normal (TrunN ) which imposes an

upper and lower bound on the normal distribution.
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4.3 Results

State posteriors are visualised by plotting the median and shading 95% credible

intervals, while parameter priors and posteriors are displayed by histograms. Interval

estimates (25%, 75%) and (5%, 95%) of parameter posterior distributions are also

quoted. Where the synthetic data were assimilated the true parameter values are

indicated by solid green lines.

4.3.1 Posterior results of twin experiment where photosynthesis and

respiration are constant through time

Parameters P, R, kLAO2 , Km, RR, RQd, and RQn were all treated as constant

through time but unknown with prior distributions and proposal distributions de-

fined in Table 4.3. The other model parameters were defined earlier in Table 4.2.7.

The data model assigned log normally distributed observation errors for each instru-

ment (Section 4.2.2) with observation error standard deviation values cited in Table

4.3.

After running the PMMH for 50,000 samples (10,000 discarded as burn-in) with

1,024 particles and tuning to an acceptance rate of 28.79%, the true values of pa-

rameters R, kLAair
O2

, RR, and RQd were recovered to the 25th and 75th percentile

(Table 4.4, Figure 4.7). While the true values of Km and RQn did not lie within the

25th and 75th quantile, they were captured by the 5th and 95th percentiles (Table

4.4, Figure 4.7). P was the only parameter whose true value lied on the cusp of

the 5th percentile. Parameters P, R, kLAair
O2

, and RR mixed well, while parameters

Km, RQd, and RQn did not mix as well, some autocorrelation between samples was

present (Figure 4.8).

Observed state variables O2, DIC, TA, and observed pH posteriors were in excel-

lent agreement with observations, with all observations fitting within the 95% cred-
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Table 4.3 : Twin experiment parameters, priors and proposal distributions where

photosynthesis and respiration were constant through time (* indicates the param-

eter was held fixed).

Parameter Prior Proposal

P LogN (log(250.0), 0.8) LogN (log(P), 0.08)

R LogN (log(20.0), 0.8) LogN (log(R), 0.08)

kLAO2 LogN (log(200.0), 0.3) LogN (log(kLAO2), 0.03)

Km LogN (log(200.0), 0.6) LogN (log(Km), 0.06)

RR U(0, 0.2) TrunN (RR, 0.01, lower = 0, upper = 0.2)

RQd U(0.6, 1) TrunN (RQd, 0.005, lower = 0.6, upper = 1.0)

RQn U(0.6, 1) TrunN (RQn, 0.005, lower = 0.6, upper = 1.0)

σO2 0.3 *

σpH 0.3 *

σDIC 0.3 *
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Figure 4.4 : Twin experiment posterior medians (solid blue line), 95% credible

intervals (shaded blue), and synthetic observations (black) for O2 and pH over 5

days where photosynthesis and respiration were constant through time.

ible interval posteriors (Figure 4.4, Figure 4.5). Unobserved state variable posterior

Cp appeared to be constrained throughout the experiment (Figure 4.5). Similarly,

the carbon chemistry variables HCO3, CO2, and CO3 also had tightly constrained

posteriors (Figure 4.6).
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Figure 4.5 : Twin experiment posterior medians (solid blue line), 95% credible

intervals (shaded blue), and synthetic observations (black) for DIC, TA and Cp over

5 days where photosynthesis and respiration were constant through time.

Figure 4.6 : Twin experiment posterior medians (solid blue line) and 95% credible

intervals (shaded blue) for HCO3, CO2 and CO3 over 5 days where photosynthesis

and respiration were constant through time.
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Table 4.4 : True values for parameters used to create synthetic observations, and

posterior (25%, 75%), (5%, 95%) quantiles after assimilation for the twin experiment

where photosynthesis and respiration were constant through time.

Parameter Quantiles (25%, 75%) Quantiles (5%, 95%) True value

P (237.2167, 302.0565) (200.8971, 365.1751) 200

R (17.5370, 32.3501) (10.6537, 45.3096) 30

kLAair
O2

(177.1383, 222.9641) (148.2838, 267.5934) 200

Km (182.6643, 362.6714) (118.4125, 643.8518) 150

RR (0.0504, 0.1041) (0.0196, 0.1458) 0.075

RQd (0.7529, 0.8718) (0.6894, 0.9666) 0.85

RQn (0.7469, 0.9338) (0.6400, 0.9920) 0.95

Figure 4.7 : Model parameter priors (orange), posteriors (purple) and true values

(green) for the twin experiment where photosynthesis and respiration were constant

through time.
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Figure 4.8 : Parameter trace-plots for the twin experiment where photosynthesis

and respiration were constant through time.
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4.3.2 Posterior results of twin experiment where photosynthesis and

respiration are changing through time

Parameters kLAO2 , Km, RR, RQd, and RQn were all treated as constant through

time but unknown with prior distributions and proposal distributions defined in

Table 4.5. Photosynthesis (P1) and respiration (R1) were both modelled as random

walks, by taking P and R, previously constant parameters, and replacing them by

P1(t) and R1(t). Here, we took P1(t) and R1(t) to be such that

P1(t+∆t) = P (t) + rP

R1(t+∆t) = R(t) + rR

where rP ∼ N (0, σrP ), rR ∼ N (0, σrR), and ∆t is the length of discrete time-

step. For the purpose of the Bayesian analysis here, σrP and σrR were treated as

parameters to be inferred. The other model parameters were defined earlier in Table

4.2.7. The data model assigned log normally distributed observation errors for each

instrument (Section 4.2.2) with observation error standard deviation values cited in

Table 4.5.

After running the PMMH for 50,000 samples (10,000 discarded as burn-in) with

1,024 particles and tuning to get an acceptance rate of 20.23%, the true values

of parameters kLAair
O2

, RR, and RQd were recovered to the 25th and 75th percentile

(Table 4.6). While the true values of Km and RQn did not lie within the 25th and 75th

quantile, they were captured by the 5th and 95th percentiles (Table 4.6). Parameters

σrP , σrR, kLAair
O2

, and RR mixed well, while parameters Km, RQd, and RQn did not

mix as well, some autocorrelation between samples was present (Figure 4.14). The

true values of P1 (200) and R1 (30) lay within the posterior 95% credible intervals

(Figure 4.13). Observed state variables O2, DIC, TA, and observed pH posteriors

were in excellent agreement with observations, with all observations fitting within

the 95% credible interval posteriors (Figure 4.9, Figure 4.10).
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Table 4.5 : Parameters, priors and proposal distributions for the twin experiment

where photosynthesis and respiration were changing through time (* indicates the

parameter was held fixed).

Parameter Prior Proposal

kLAO2 LogN (log(200.0), 0.3) LogN (log(kLAO2), 0.03)

Km LogN (log(200.0), 0.6) LogN (log(Km), 0.06)

RR U(0, 0.2) TrunN (RR, 0.01, lower = 0, upper = 0.2)

RQd U(0.6, 1) TrunN (RQd, 0.005, lower = 0.6, upper = 1.0)

RQn U(0.6, 1) TrunN (RQn, 0.005, lower = 0.6, upper = 1.0)

σrP N (0.01, 0.001) N (σrP , 0.0001)

σrR N (0.01, 0.001) N (σrR , 0.0001)

σO2 0.3 *

σpH 0.3 *

σDIC 0.3 *

Table 4.6 : True values for parameters used to create synthetic observations, and

posterior (25%, 75%), (5%, 95%) quantiles after assimilation for the twin experiment

where photosynthesis and respiration were changing through time.

Parameter Quantiles (25%, 75%) Quantiles (5%, 95%) True value

kLAair
O2

(170.9854, 216.0578) (145.6899, 253.4652) 200

Km (187.3586, 386.4103) (93.9670, 641.1432) 150

RR (0.0521, 0.1075) (0.0192, 0.1544) 0.075

RQd (0.7906, 0.8965) (0.6833, 0.9711) 0.85

RQn (0.6654, 0.8334) (0.6164, 0.9739) 0.95
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Figure 4.9 : Posterior medians (solid blue line), 95% credible intervals (shaded

blue), and synthetic observations (black) of O2 and pH for the twin experiment

where photosynthesis and respiration were changing through time. X-axis is time in

days.
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Figure 4.10 : Posterior medians (solid blue line), 95% credible intervals (shaded

blue), and synthetic observations (black) of DIC, TA and Cp for the twin experiment

where photosynthesis and respiration were changing through time. X-axis is time in

days.
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Figure 4.11 : Posterior medians (solid blue line) and 95% credible intervals (shaded

blue) of HCO3, CO2 and CO3 for the twin experiment where photosynthesis and

respiration were changing through time. X-axis is time in days.

Unobserved state variable posterior Cp appeared to be constrained throughout

the experiment (Figure 4.10). Similarly, the carbon chemistry variables HCO3, CO2,

and CO3 also had tightly constrained posteriors (Figure 4.11).
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Figure 4.12 : Model parameter priors (orange), posteriors (purple) and true values

(green) for the twin experiment where photosynthesis and respiration were changing

through time.
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Figure 4.13 : Photosynthesis (P1) and respiration (R1) random walk posterior me-

dians (solid blue), 95% credible intervals (shaded blue), and true values (green) for

the twin experiment in the left panel (x-axis is time in days). σrP and σrR priors

(orange) and posteriors (purple) in the centre, and traces on the right.
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Figure 4.14 : Parameter trace-plots for the twin experiment where photosynthesis

and respiration were changing through time.

4.3.3 Posterior results with experimental data where photosynthesis,

respiration and respiratory quotients are changing through time

Photosynthesis (P1) and respiration (R1) were both modelled as random walks as

described in Section 4.3.2. Similarly, the respiratory quotients RQd and RQn were

also treated as random walks, changing through time, with Wiener processes as

standard deviations. Parameters kLAO2 , Km, RR, σrP , σrR were all treated as con-

stant through time but unknown with prior distributions and proposal distributions

defined in Table 4.7. The data model assigned log normally distributed observation

errors for each instrument (Section 4.2.2) with observation error standard deviation

values cited in Table 4.7.
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Table 4.7 : Parameters, priors and proposal distributions with experimental data

when photosynthesis, respiration and respiratory quotients were changing through

time (* indicates the parameter was held fixed).

Parameter Prior Proposal

kLAO2 LogN (log(200.0), 0.3) LogN (log(kLAO2), 0.03)

Km LogN (log(200.0), 0.6) LogN (log(Km), 0.06)

RR U(0, 0.2) TrunN (RR, 0.005, lower = 0, upper = 0.2)

σrP N (0.02, 0.002) N (σrP , 0.0002)

σrR N (0.01, 0.001) N (σrR , 0.0001)

σO2 0.3 *

σpH 0.3 *

σDIC 0.5 *

The PMMH was run for 40,000 samples with 1,024 particles, where 10,000 sam-

ples were discarded as burn-in (40,000 samples was the maximum number of sam-

ples that could complete in the maximum time allocation on the HPC cluster). The

PMMH was tuned to achieve a final acceptance rate of 20.44%.

Observed state variables DIC and TA posteriors performed well with all observa-

tions lying within the 95% credible intervals (Figure 4.16). O2 posteriors tracked the

observations well while the light was on, with all observations falling inside tightly

constrained 95% credible intervals. During times when there was no light, most days

the posteriors would fit the observations well to start and then potentially there was

a sensor drift causing increasing observations that the model was not accounting

for (Figure 4.15). pH captured most observations within the 95% credible intervals

except for 2 points on the 1st day while the light was off (Figure 4.15). Unobserved
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Figure 4.15 : Posterior medians (solid blue line), 95% credible intervals (shaded

blue), and experimental observations (black) for O2 and pH when photosynthesis,

respiration and respiratory quotients were changing through time. X-axis is time in

days.

Table 4.8 : Posterior (25%, 75%), (5%, 95%) quantiles for parameters after assimi-

lating experimental data when photosynthesis, respiration and respiratory quotients

were changing through time.

Parameter Quantiles (25%, 75%) Quantiles (5%, 95%)

kLAair
O2

(139.5979, 170.8102) (120.9171, 204.5474)

Km (168.1931, 378.8001) (104.2598, 599.6881)

RR (0.0815, 0.1512) (0.0284, 0.1844)

σrP (0.0178, 0.0202) (0.0159, 0.0222)

σrR (0.0094, 0.0113) (0.0081, 0.0121)
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Figure 4.16 : Posterior medians (solid blue line), 95% credible intervals (shaded

blue), and experimental observations (black) for DIC, TA and Cp when photosyn-

thesis, respiration and respiratory quotients were changing through time. X-axis is

time in days.
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Figure 4.17 : Posterior medians (solid blue line) and 95% credible intervals (shaded

blue) for HCO3, CO2 and CO3 when photosynthesis, respiration and respiratory

quotients were changing through time. X-axis is time in days.

state variable Cp posterior increased during each day, flattened during the nights

and dropped suddenly with every dilution event (Figure 4.16).

The photosynthesis rate (P1) centred around 240µM L−1 hour−1 with small

oscillations during daylight. The 95% credible intervals lay approximately between

150µM L−1 hour−1 and 400µM L−1 hour−1 with tighter intervals at the start of

each day (Figure 4.18). The respiration rate (R1) remained centred around 12µM

L−1 hour−1 with 95% credible intervals between 4µM L−1 hour−1 and 30µM L−1

hour−1 through the course of the experiment (Figure 4.18).

The daytime respiratory quotient RQd centred around 0.75 with a 95% credible

interval of 0.6-1 during the first day of the experiment. The centre dropped to 0.6

during the 2nd, 3rd and 4th days, with 95% credible intervals of 0.4-0.8 (Figure 4.19).

The night-time respiratory quotient RQn was initially centred around 0.85 and slowly
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Figure 4.18 : Photosynthesis (P1) and respiration (R1) random walk posterior me-

dians (solid blue line) and 95% credible intervals (shaded blue) after assimilating

experimental data when photosynthesis, respiration and respiratory quotients were

changing through time. X-axis is time in days.
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Figure 4.19 : Respiratory quotients (RQd and RQn) posterior medians (solid blue

line) and 95% credible intervals (shaded blue) after assimilating experimental data

when photosynthesis, respiration and respiratory quotients were changing through

time. X-axis is time in days.
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Figure 4.20 : Model parameter priors (orange), and posteriors (purple) after assimi-

lating experimental data when photosynthesis, respiration and respiratory quotients

were changing through time.
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Figure 4.21 : Parameter trace-plots after assimilating experimental data when pho-

tosynthesis, respiration and respiratory quotients were changing through time.

rose to 1.1 by the end of the experiment. The 95% credible intervals started with

0.6-1 and increased its span steadily to 0.4-2 by the end of the experiment (Figure

4.19).

Parameter kLAair
O2

saw a more constrained posterior distribution with 25% and

75% quantiles (139.5979, 170.8102) (Table 4.8, Figure 4.20) compared to the assigned

prior (Table 4.7). Km had little change between prior and posterior distribution

(Figure 4.20). While the RR posterior distribution spanned the whole prior range

(0, 0.2), there was higher density concentrated around the 25% and 75% quantiles

(0.0815, 0.1512) (Figure 4.20, Table 4.8). Parameters σrP and σrR showed no large

shifts from prior to posterior. Parameter trace-plots showed kLAair
O2

, Km, σrP , σrR

and RR that mixing needed to be improved, some autocorrelation between samples

was present (Figure 4.21).
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4.3.4 Posterior results with experimental data where photosynthesis,

respiration and respiratory quotients are changing through time

and an offset on O2 is introduced

Photosynthesis (P1) and respiration (R1) were both modelled as random walks

as described in Section 4.3.2, and similarly respiratory quotients RQd and RQn were

also modelled as random walks (Section 4.3.3). An offset parameter (offsetO2) was

added to the O2 ODE to see if any of the instrument mis-calibration could be quanti-

fied. Parameters kLAO2 , Km, RR, σrP , σrR, and offsetO2 were all treated as constant

through time but unknown with prior distributions and proposal distributions de-

fined in Table 4.9. The data model assigned log normally distributed observation

errors for each instrument (Section 4.2.2) with tighter observation error standard

deviation values cited in Table 4.9.
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Table 4.9 : Parameters, priors and proposal distributions with experimental data

when photosynthesis, respiration and respiratory quotients were changing through

time and an O2 offset was introduced (* indicates the parameter was held fixed).

Parameter Prior Proposal

kLAO2 LogN (log(200.0), 0.3) LogN (log(kLAO2), 0.021)

Km LogN (log(200.0), 0.6) LogN (log(Km), 0.042)

RR U(0, 0.2) TrunN (RR, 0.0035, lower = 0, upper = 0.2)

σrP N (0.02, 0.002) N (σrP , 0.00014)

σrR N (0.01, 0.001) N (σrR , 0.00007)

offsetO2 N (0, 5.0) N (offsetO2 , 0.5)

σO2 0.1 *

σpH 0.1 *

σDIC 0.2 *
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Running 40,000 samples with 1,024 particles generally proved to generate fatal

acceptance rates, so the PMMH was run for 20,000 samples with 2,048 particles,

where 10,000 samples were discarded as burn-in. 20,000 samples was the maximum

that could complete with 2,048 particles in the maximum time allocation on the

HPC cluster.

Observed state variables DIC and TA posteriors perform well with all observa-

tions lying within the 95% credible intervals (Figure 4.23). O2 posteriors tracked the

observations excellently while the light was on, with all observations falling inside

tightly constrained 95% credible intervals. During times when there was no light,

each day the posteriors would fit the observations well to start and then potentially

there was a sensor drift causing increasing observations that the model was not

accounting for (Figure 4.22). pH captured most observations within the 95% credi-

ble intervals (Figure 4.22). Unobserved state variable Cp posterior increased during

each day, flattened during the nights and dropped suddenly with every dilution event

(Figure 4.23).

The photosynthesis rate (P1) was centred between 200 and 250µM L−1 hour−1

oscillating subtly with daylight peaks. The 95% credible intervals lay approximately

between 150µM L−1 hour−1 and 400µM L−1 hour−1 with tighter intervals at the

start of each day (Figure 4.25). The respiration rate (R1) remained centred around

9µM L−1 hour−1 with 95% credible intervals between 4µM L−1 hour−1 and 20µM

L−1 hour−1 through the course of the experiment (Figure 4.25).

The daytime respiratory quotient RQd was centred around 0.7 with a 95% cred-

ible interval of 0.6-0.9 during the first day of the experiment. The centre dropped

to 0.5 during the 2nd, 3rd, and 4th days with tighter 95% credible intervals of 0.4-

0.6 (Figure 4.26). The night-time respiratory quotient RQn was initially centred

around 0.9 and slowly rose to 1.1 by the second day and continued around 1.1 for
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Figure 4.22 : Posterior medians (solid blue line), 95% credible intervals (shaded

blue), and experimental observations (black) for O2 and pH when photosynthesis,

respiration and respiratory quotients were changing through time and an O2 offset

was introduced. X-axis is time in days.

Table 4.10 : Posterior (25%, 75%), (5%, 95%) quantiles for parameters after assimi-

lating experimental data when photosynthesis, respiration and respiratory quotients

were changing through time and an O2 offset was introduced.

Parameter Quantiles (25%, 75%) Quantiles (5%, 95%)

kLAair
O2

(147.0307, 161.6729) (139.0878, 171.0318)

Km (264.5106, 373.5021) (157.8467, 485.1311)

RR (0.1538, 0.1701) (0.1403, 0.1963)

σrP (0.0180, 0.0190) (0.0176, 0.0194)

σrR (0.0097, 0.0100) (0.0096, 0.0102)

offsetO2 (0.3097, 2.4730) (-1.2734, 3.5217)
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Figure 4.23 : Posterior medians (solid blue line), 95% credible intervals (shaded

blue), and experimental observations (black) for DIC, TA and Cp when photosyn-

thesis, respiration and respiratory quotients were changing through time and an O2

offset was introduced. X-axis is time in days.
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Figure 4.24 : Posterior medians (solid blue line) and 95% credible intervals (shaded

blue) for HCO3, CO2 and CO3 after assimilating experimental data when photosyn-

thesis, respiration and respiratory quotients were changing through time and an O2

offset was introduced. X-axis is time in days.
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Figure 4.25 : Photosynthesis (P1) and respiration (R1) random walk posterior me-

dians (solid blue line) and 95% credible intervals (shaded blue) after assimilating

experimental data when photosynthesis, respiration and respiratory quotients were

changing through time and an O2 offset was introduced. X-axis is time in days.
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Figure 4.26 : Respiratory quotients (RQd and RQn) posterior medians (solid blue

line) and 95% credible intervals (shaded blue) after assimilating experimental data

when photosynthesis, respiration and respiratory quotients were changing through

time and an O2 offset was introduced. X-axis is time in days.
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Figure 4.27 : Model parameter priors (orange) and posteriors (purple) after assimi-

lating experimental data when photosynthesis, respiration and respiratory quotients

were changing through time and an O2 offset was introduced.
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Figure 4.28 : Parameter trace-plots after assimilating experimental data when pho-

tosynthesis, respiration and respiratory quotients were changing through time and

an O2 offset was introduced.
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the remainder of the experiment. The 95% credible intervals started with 0.6-1 and

increased its span steadily to 0.5-2 by the end of the experiment (Figure 4.26).

Each parameter posterior showed learnings from the prior distributions with

much tighter distributions in comparison (Figure 4.27). Parameter kLAair
O2

had a very

tightly constrained posterior distribution with 25% and 75% quantiles (147.0307,

161.6729) (Table 4.10, Figure 4.27). Km tightened its posterior distribution with

25% and 75% quantiles (264.5106, 373.5021) (Figure 4.27). The RR posterior distri-

bution had high density concentrations around the 25% and 75% quantiles (0.1538,

0.1701) (Figure 4.27, Table 4.10). Parameters σrP and σrR saw more constrained

distributions from prior to posterior (Figure 4.27). The offset parameter offsetO2

showed a much tighter posterior distribution compared to prior (Figure 4.27), but

spanned across 0 for the 5% and 95% quantiles (-1.2734, 3.5217).

Overall, mixing of the PMMH was poor with an acceptance rate of 3.57% and

slowly mixing parameter traces with some correlation between samples that were

unable to be improved by increasing particles or tweaking proposal distributions

(Figure 4.28). Improving mixing is the focus of the next section (Section 4.3.5).

4.3.5 Posterior results with experimental data where photosynthesis,

respiration and respiratory quotients are changing through time,

O2 has an offset and the O2 observations were thinned further

This section aimed to test whether thinning out the O2 observations further

(Figure 4.29) helped improve the poorly mixed chain of Section 4.3.4. All priors

and model specifications remained the same as Section 4.3.4, with the only difference

being the further reduced O2 dataset to 5% of the full observation set.

Similarly to Section 4.3.4, 20,000 samples were run (10,000 discarded as burn-

in) with 2,048 particles. The acceptance rate improved to 13.61% with less dense

observations.
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Figure 4.29 : Full O2 (µM L−1) and pH (log10(-mol/L H+)) datasets (black) with

further thinned O2 and pH observations (yellow). X-axis is time in days.

Figure 4.30 : Posterior medians (solid blue line), 95% credible intervals (shaded

blue), and further thinned experimental observations (black) for O2 and pH. X-axis

is time in days.
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Figure 4.31 : Posterior medians (solid blue line), 95% credible intervals (shaded

blue), and further thinned experimental observations (black) for DIC, TA and Cp.

X-axis is time in days.

Table 4.11 : Posterior (25%, 75%), (5%, 95%) quantiles for parameters after assim-

ilating further thinned experimental data.

Parameter Quantiles (25%, 75%) Quantiles (5%, 95%)

kLAair
O2

(172.4048, 202.2482) (153.4338, 227.8861)

Km (224.2554, 352.8140) (183.9269, 506.7944)

RR (0.0939, 0.1527) (0.0639, 0.1684)

σrP (0.0190, 0.0220) (0.0176, 0.0229)

σrR (0.0091, 0.0096) (0.0084, 0.0099)

offsetO2 (-3.6927, 7.7906) (-7.4953, 10.7980)
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Figure 4.32 : Posterior medians (solid blue line) and 95% credible intervals (shaded

blue) for HCO3, CO2 and CO3 after assimilating further thinned experimental data.

X-axis is time in days.

There was an improvement in pH posterior with the 95% credible interval now

capturing all observations (Figure 4.30). Visually there does not appear to be much

difference in O2 posterior with both runs capturing the same observations within

their 95% credible intervals. The credible intervals are wider during the day for the

further thinned observations when compared to Figure 4.22. There was not much

difference between posteriors for DIC, TA, and Cp (Figure 4.31) apart from the Cp

95% credible interval being wider when there are less O2 observations. Similarly,

the carbon chemistry behaved similarly in both sections (Figure 4.32).

P1 behaved similarly across sections, with more smoothness through the median

and slightly wider credible intervals when less O2 observations were assimilated. R1

notably was centred around 15µM L−1 hour−1 with 95% credible intervals 5-30µM

L−1 hour−1 (Figure 4.33) compared to 9µM L−1 hour−1 with 95% credible intervals
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Figure 4.33 : Photosynthesis (P1) and respiration (R1) random walk posterior me-

dians (solid blue line) and 95% credible intervals (shaded blue) after assimilating

further thinned experimental data. X-axis is time in days.

between 4µM L−1 hour−1 and 20µM L−1 hour−1 (Figure 4.25). Respiratory quo-

tients had smoother medians throughout the experiment with less O2 data (Figure

4.34), otherwise not much change was observed.

kLAair
O2

posterior shifted to higher values compared to Section 4.3.4. offsetO2 had

a wider posterior than that of the previous section, but still centred around approx-

imately the same value. Km posterior shifted to lower values while RR displayed a

wider posterior distribution than the previous section as well as being centred lower.

Posteriors for σrP and σrR were both wider when there were less O2 observations to

be assimilated (Figure 4.35). Parameter traces improved their mixing (Figure 4.36)

from Section 4.3.4, but still displayed correlation between samples.
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Figure 4.34 : Respiratory quotients (RQd and RQn) posterior medians (solid blue

line) and 95% credible intervals (shaded blue) after assimilating further thinned

experimental data. X-axis is time in days.

Figure 4.35 : Model parameter priors (orange) and posteriors (purple) after assimi-

lating further thinned experimental data.
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Figure 4.36 : Parameter trace-plots after assimilating further thinned experimental

data.

4.4 Discussion

Non-destructive measurements allowed us to use sensors to obtain high temporal

frequency measurements instead of destructive sampling techniques. Consequently,

we obtained informative estimates from sensor measurements that combined with

a data assimilating model informed on the main processes of interest without the

expense of destructive sampling and limited data-points. This provided a significant

advantage in the attempt to improve the MCMC mixing and computational run-

time of the PMMH as it allowed for thinning of observations while still capturing

the underlying signal. An interesting area of future work could be to calculate

the critical number of data points needed before diminishing returns from higher

sampling rates and whether these points need to be localised and dependent on the

underlying process (e.g. photosynthesis, gas valve).
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While the pH measurements were calibrated and corrected, it was more difficult

to assess the bias from O2 instrument errors as it was completely unmeasured.

Where the noise on instrument errors is easily measurable, the bias is not. This

was the motivation for introducing an offset on the O2 measurements in Section

4.3.4 and included when testing a further thinned dataset in Section 4.3.5. During

early assimilation runs, it was visible that model states were sensitive to small

perturbations in parameters, which makes addressing instrument bias even more

essential.

During the model formulation, the respiratory quotients RQd and RQn were

assigned random bounded walks between biologically feasible values 0.6 and 1 to

restrict their wandering into biologically unexplainable spaces. These runs did not

result in successfully running posteriors as RQn was pushing against the top bound

and RQd was pushing against the bottom bound with nearly no proposed jumps

being accepted. It was decided to allow them to randomly walk unbounded to see

which spaces they would enter and if it improved model performance. This resulted

in RQn spanning into values larger than 1, while RQd centred around 0.6 for 3 out

of the 4 experiment days and had credible intervals spanning down to 0.4. One

possible explanation for the respiratory quotient posteriors going into values outside

those that biology would allow (larger than 1 or less than 0.6) was that, in reality,

there were more processes taking place than those in the model description. The

respiratory quotient could have been compensating for these un-modelled processes,

for example the parameter RQn can compensate for a drop or increase in the input

O2 gas line. In the model, O2 concentration is treated as fixed when in reality this is

a further un-modelled process that could have diurnal changes, Henry’s law shifts,

or physical lab components such as increases because there are fewer people there

during the night than during the day allowing it higher values. For future work, as

much of these components can and should be measured to adjust the observational
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datasets rather than increasing the complexity of the process model and not hav-

ing informative measurements to constrain those extra processes. Another possible

reason for unrealistic respiratory quotient posterior values could be highly corre-

lated model parameters, which is a regular result of non-linear ecosystem models

[56, 67, 99, 93]. This can cause problems for our data assimilation technique. Sensi-

tivity analyses and degrees of correlation between model parameters are important

techniques that assist in helping define a Bayesian hierarchical model and have been

undertaken in previous parameter estimation data assimilating literature [30, 37, 67].

For example, an error-covariance matrix from a simulated annealing optimisation

routine, gave both the sensitivity of the model to each model parameter and the

correlation coefficients between all parameter pairs [67]. An alternative sensitivity

analysis was used to estimate the degrees of correlation between parameters [37],

while a third used variations in log-likelihood to define sensitivity [30]. Employing a

similar technique to these studies would be an informative avenue for future work.

There were many attempts made to improve the mixing of the MCMC chains

in each results section, such as tuning the proposal distribution step size, increasing

the number of particles, and further thinning out very dense datasets (O2). The

final runs presented here are the best possible achieved within computational re-

sources available. There was still autocorrelation present between samples which

could have been addressed by running the MCMC chain for longer, say 100,000 to

150,000 to deal with the autocorrelated samples. This was not presently possible

because of the computationally expensive nature of the PMMH, with every increase

in particles or samples requiring an increase in computational resources. Since the

same poor mixing issues are present in the twin experiments, the issue isn’t likely

model misspecification (similar problems persist with real and synthetic data). An

alternative area of investigation for resolving the poor mixing could be the issue of

parameter identifiability. When parameters are able to trade off against one another,
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then mixing will be compromised unless the offending parameters are individually

tightly constrained by the priors.

One of the major achievements of this chapter was being able to successfully

and accurately resolve CO2SYS in LibBi. This had two major impacts, the first

was depicting the carbon state of the system accurately as CO2SYS was sensitive to

producing unfeasible carbon values like negative HCO3 for example, due to a small

discrepancies when attempting to find a viable approximation. The sensitivity was

present on different carbon concentration scales and must be accurate as we had large

values for HCO3 (in thousands) and tiny values for CO2 (less than 10), while pH is

on a log scale meaning that errors in approximation for one are more consequential

than the other. The flow-on effects are present in the fluxes because the carbon state

of the system is what drives them. The second major impact is that successfully

implementing an accurate representation of CO2SYS within LibBi constraints which

are designed for parallel processing, and simplicity limitations because of their use

of GPU, opens up LibBi to more complex models and equations. These limitations

are the same across other Bayesian inference software like Stan and the approach

used in this chapter can be applied there also.



216

Chapter 5

Concluding remarks

This thesis illustrates data assimilation applications for three aquatic ecosystem

processes. Data assimilation of Port Phillip Bay seagrass meadows for state and

parameter estimation and prediction in Chapter 2 demonstrated the benefit of a

quantitative meta-analysis of parameter values currently found in literature for the

construction of informative priors. This approach proved particularly effective de-

spite a complex process model and small dataset. It demonstrated the ability of the

light limiting seagrass growth model from EMS to accurately predict above-ground

biomass and proportion cover at three out of five sites in Port Phillip Bay for the

year 2013 when observations from 2012 had been assimilated. Of the three sites

with successful predictions for 2013, all three exhibited above-ground biomass and

proportion cover seasonality with a downward trend across 2012 and 2013. Point

Richards seagrass meadows were found to have the highest effective absorbance and

highest radiation use efficiency of the three sites across the 2 year period. The highest

translocation rate of the three sites was estimated at Blairgowrie. Swan Bay South

seagrass meadows had the highest leaf mortality rate and highest dry weight specific

area of seagrass. Assimilating additional environmental forcing data such as tem-

perature, rainfall, and nutrient loads is a key extension to this work and will provide

insight into why the model predictions at Altona and Point Henry were unsuccessful.

Accurate models and predictions are of particular significance to examining seagrass

dynamics, determining causes of decline and informing environmental management

practices with flow on effects to quantifying carbon sequestration, improvements to

water quality and providing habitats for coastal fisheries.



217

Chapter 3 presented an alternative approach to modelling seagrass decay rates

than currently adopted as general practice. Without assuming a functional form

for decay it allowed a more flexible formulation without segregating the pool of de-

composing biomass into discrete subsections, each decaying at a constant rate. As

a proof of concept, it was applied to two datasets; one in-situ study and one labo-

ratory experiment of temperature and nutrient effects on Zostera muelleri detrital

decay. The results illustrated that in the presence of data, various complex decay

dynamics were captured with the time-varying model that were not captured with

the conventional multi component decay. Specifically, the time-varying decay rate

model demonstrated the ability to capture 3 distinct decay rate profiles through

time. Soft peaks with slow increase and decreases before and after in the field study.

Approximately constant and linearly increasing decay rates in the experiment leaf

tissue, and a sharp spike and rapid decrease in decay rates that then flat line close

to zero in the experiment root/rhizome tissue. This demonstrated the flexibility of

the framework to capture diverse and complex decay dynamics which would have

otherwise been lost in the traditional multi-component model. The field study saw

the impacted site with leaf tissue exhibited the earliest decay rate peak, at least 1

month prior to the other site and tissue combinations, and also the only site and

tissue combination to have a second decay rate peak. The laboratory experiment

showed an increasing decay rate through time at high temperature in leaf tissue with

no additional nutrients compared to the lower and approximately constant rate of

decay at ambient temperature. Additional nutrient treatments on leaf tissue results

showed no noticeable differences between ambient and high temperatures. No dif-

ferences in root/rhizome tissue results were seen between temperature or nutrient

treatments. Indeed, the largest difference in decay rates was visible between tissue

types.

Chapter 4 demonstrated how combining high temporal frequency sensor data
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with a data assimilating model informed on underlying processes without the ex-

pense of destructive sampling and limited data-points. The posterior state estimates

were in excellent agreement with the high frequency observations, in turn producing

insightful parameter posteriors. Photosynthesis and respiration, the key processes

underpinning algal growth were estimated over time and centered around 240 µM

L−1 hour−1 and 12µM L−1 hour−1 with 95% credible intervals between 150 µM L−1

hour−1 and 400µM L−1 hour−1 and 4µM L−1 hour−1 and 30µM L−1 hour−1 re-

spectively. Having an accurate model is key to the successful scaling of microalgae

production as a candidate in the industry of renewable sources of biofuels. Their

high biomass cultivation can also be used to mitigate carbon dioxide and other

greenhouse gases as microalgae photosynthesise and grow. Another key achieve-

ment of this chapter was accurately resolving CO2SYS within LibBi using a hybrid

functional approximation and three iterations of the Newton-Raphson method re-

sulted in an accurate depiction of the carbon state of the system. It also opens up

LibBi, and other GPU software, to more complex models and equations using the

same approach.

The computational effort to successfully carry out inference on Bayesian state-

space models for aquatic ecological processes is significant even with programs like

LibBi that are specifically designed to carry out these tasks. Debugging probabilis-

tic programs remains challenging and errors can arise from ignoring dependencies

and correlation between variables, poorly chosen parameters and incorrect statistical

models [73]. Non-linearity in ecosystem models regularly results in highly correlated

model parameters [67]. This can cause problems for our data assimilation technique.

Sensitivity analyses and degrees of correlation between model parameters are im-

portant techniques that assist in helping define a Bayesian hierarchical model and

have been undertaken in previous parameter estimation data assimilating literature

[30, 37, 67]. For example, an error-covariance matrix from a simulated annealing
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optimisation routine, gave both the sensitivity of the model to each model parame-

ter and the correlation coefficients between all parameter pairs [67]. An alternative

sensitivity analysis was used to estimate the degrees of correlation between param-

eters [37], while a third used variations in log-likelihood to define sensitivity [30].

Employing a similar technique to these studies would be an informative avenue for

future work.

Tuning proposal distributions of the Metropolis-Hastings algorithm are required

to reach convergence of MCMC chains. Determining which proposal is best for a par-

ticular target distribution is both important and difficult for high dimensions, and

usually approached in an ad-hoc manner involving trial and error. The biogeochem-

ical seagrass model (Chapter 2), and the microalgae rate transfer model (Chapter

4) mixing results were not able to be improved further using this approach. There

are now techniques that estimate optimal proposal scalings and adaptive algorithms

to attempt to find good proposals automatically called adaptive MCMC which au-

tomatically ”learn” better parameter values ”on the fly” (while an algorithm runs)

[83]. Adaptive MCMC algorithms have been used to successfully speed up con-

vergence on high-dimensional test problems [81]. Taking into consideration how

much time and effort ad-hoc tuning of proposal distribution scalings took during

this project, trying an adaptive MCMC algorithm would be the potential direction

for future work. Like we saw in Chapter 4, MCMC can often be slow especially if the

chain moves slowly, with many iterations and needing to compute or estimate the

likelihood at every iteration. Hamiltonian Monte Carlo [31] is another alternative

MCMC algorithm that quickly explores high dimensional parameter spaces at the

cost of a large number of gradient evaluations. Sub-sampling MCMC is an even

faster alternative that estimates the likelihood from a subsample in each MCMC it-

eration [24]. An additional dimension for consideration is the rapidly evolving field

of artificial intelligence and machine learning, which may provide algorithms for use
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in constraining these types of models.

Improving initial conditions is another way of improving mixing of the MCMC

chain. Apart from doing this by completing some runs and manually adjusting and

trialling different initial conditions, there are optimisation schemas that can be run,

but are not currently set up in LibBi to sensibly work with a particle filter. Running

the chain for longer, say 100,000 or 150,000 samples would also have improved

mixing and autocorrelation but we were limited by computational constraints for

consecutive jobs on the HPC. Running the chain for longer, then thinning out the

samples is another way of dealing with autocorrelation, similarly, this would have

also required more computational effort than is currently available.

In conclusion, data assimilation is an effective methodology for quantitatively

combining the knowledge gained from previous studies with aquatic ecological mod-

els and data.
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Appendix A

LibBi model code and MCMC diagnostics for

Port Phillip Bay seagrass meadows

LibBi model file: seagrass.bi

model seagrass{

const h_sed= 0.15

const St= 10.0

const phi= 0.5

input E_wc

param SDF

param r_ue

param f_b

param h_wc

param omega

state S_A

state S_B

state P_C

state D

state E_c

state k_I

state k_resp
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state light

state DIC

state O_2

state z1

state g_SA

state g

state trans

state tau

state zeta_A

state zeta_B

state E_comp

state A

state k_d

state h_c

noise r_tau, r_zeta_A, r_zeta_B, r_E_comp, r_A, r_k_d, r_h_c

param mu_tau, mu_zeta_A, mu_zeta_B, mu_E_comp, mu_A, mu_k_d, mu_h_c

const theta_tau = 0.95

const theta_zeta_A = 1.0

const theta_zeta_B = 1.0

const theta_E_comp = 0.5

const theta_A = 0.5

const theta_k_d = 0.6

const theta_h_c = 0.5
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inline sigma_tau = sqrt(log(1.0 + (2.0*St - 1.0)*SDF*SDF*(exp(

theta_tau*theta_tau) - 1.0)))

inline sigma_zeta_A = sqrt(log(1.0 + (2.0*St - 1.0)*SDF*SDF*(exp(

theta_zeta_A*theta_zeta_A) - 1.0)))

inline sigma_zeta_B = sqrt(log(1.0 + (2.0*St - 1.0)*SDF*SDF*(exp(

theta_zeta_B*theta_zeta_B) - 1.0)))

inline sigma_E_comp = sqrt(log(1.0 + (2.0*St - 1.0)*SDF*SDF*(exp(

theta_E_comp*theta_E_comp) - 1.0)))

inline sigma_A = sqrt(log(1.0 + (2.0*St - 1.0)*SDF*SDF*(exp(theta_A*

theta_A) - 1.0)))

inline sigma_k_d = sqrt(log(1.0 + (2.0*St - 1.0)*SDF*SDF*(exp(

theta_k_d*theta_k_d) - 1.0)))

inline sigma_h_c = sqrt(log(1.0 + (2.0*St - 1.0)*SDF*SDF*(exp(

theta_h_c*theta_h_c) - 1.0)))

inline gamma_tau = log(mu_tau) + pow(theta_tau, 2.0)/2.0 - pow(

sigma_tau, 2.0)/2.0

inline gamma_zeta_A = log(mu_zeta_A) + pow(theta_zeta_A, 2.0)/2.0 -

pow(sigma_zeta_A, 2.0)/2.0

inline gamma_zeta_B = log(mu_zeta_B) + pow(theta_zeta_B, 2.0)/2.0 -

pow(sigma_zeta_B, 2.0)/2.0

inline gamma_E_comp = log(mu_E_comp) + pow(theta_E_comp, 2.0)/2.0 -

pow(sigma_E_comp, 2.0)/2.0

inline gamma_A = log(mu_A) + pow(theta_A, 2.0)/2.0 - pow(sigma_A,

2.0)/2.0

inline gamma_k_d = log(mu_k_d) + pow(theta_k_d, 2.0)/2.0 - pow(

sigma_k_d, 2.0)/2.0
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inline gamma_h_c = log(mu_h_c) + pow(theta_h_c, 2.0)/2.0 - pow(

sigma_h_c, 2.0)/2.0

obs S_A_obs

obs P_C_obs

obs k_d_obs

obs h_c_obs

sub parameter {

SDF ~ log_normal(log(0.2), 0.35)

r_ue ~ log_normal(log(0.4), 0.5)

f_b ~ normal(0.7721, 0.0273)

h_wc ~ log_normal(log(0.5), 0.2)

omega ~ log_normal(log(0.005), 1.0)

mu_tau ~ log_normal(log(0.001), theta_tau)

mu_zeta_A ~ log_normal(log(0.005), theta_zeta_A)

mu_zeta_B ~ log_normal(log(0.0001), theta_zeta_B)

mu_E_comp ~ log_normal(log(3.0), theta_E_comp)

mu_A ~ log_normal(log(0.15), theta_A)

mu_k_d ~ log_normal(log(0.2), theta_k_d)

mu_h_c ~ log_normal(log(0.4), theta_h_c)

}

const prop_std = 0.1;
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sub proposal_parameter {

SDF ~ log_normal(log(SDF), 0.35*prop_std)

r_ue ~ log_normal(log(r_ue), 0.5*prop_std)

f_b ~ normal(f_b, 0.0273*prop_std)

h_wc ~ log_normal(log(h_wc), 0.2*prop_std)

omega ~ log_normal(log(omega), 1.0*prop_std)

mu_tau ~ log_normal(log(mu_tau), theta_tau*prop_std)

mu_zeta_A ~ log_normal(log(mu_zeta_A), theta_zeta_A*prop_std)

mu_zeta_B ~ log_normal(log(mu_zeta_B), theta_zeta_B*prop_std)

mu_E_comp ~ log_normal(log(mu_E_comp), theta_E_comp*prop_std)

mu_A ~ log_normal(log(mu_A), theta_A*prop_std)

mu_k_d ~ log_normal(log(mu_k_d), theta_k_d*prop_std)

mu_h_c ~ log_normal(log(mu_h_c), theta_h_c*prop_std)

}

sub initial {

tau ~ log_normal(log(mu_tau), sigma_tau)

zeta_A ~ log_normal(log(mu_zeta_A), sigma_zeta_A)

zeta_B ~ log_normal(log(mu_zeta_B), sigma_zeta_B)

E_comp ~ log_normal(log(mu_E_comp), sigma_E_comp)

A ~ log_normal(log(mu_A), sigma_A)

k_d ~ log_normal(log(mu_k_d), sigma_k_d)

h_c ~ log_normal(log(mu_h_c), sigma_h_c)

z1 ~ log_normal(log(0.3), 0.1)

E_c ~ log_normal(log(0.7), 0.1)
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k_resp ~ log_normal(log(0.3), 0.1)

k_I ~ log_normal(log(0.3), 0.1)

g_SA ~ log_normal(log(0.3), 0.1)

g ~ log_normal(log(0.3), 0.1)

trans ~ log_normal(log(0.3), 0.1)

S_A ~ log_normal(log(246.45), 0.3)

S_B ~ normal(858.19, 108.14)

P_C ~ normal(0.5, 0.1)

}

sub transition(delta = 1.0) {

z1 <- max(0.0, h_wc - h_c)

E_c <- E_wc*exp(-k_d*z1)

k_resp <- E_comp*A*omega*S_A

k_I <- E_c*(1.0 - exp(-A*omega*S_A))

g_SA <- max(0.0, (k_I - k_resp)/r_ue)

g <- min(0.1*S_A, g_SA)

trans <- (f_b*(S_A + S_B) - S_B)*tau

r_tau ~ log_normal(gamma_tau, sigma_tau)

r_zeta_A ~ log_normal(gamma_zeta_A, sigma_zeta_A)

r_zeta_B ~ log_normal(gamma_zeta_B, sigma_zeta_B)

r_E_comp ~ log_normal(gamma_E_comp, sigma_E_comp)

r_A ~ log_normal(gamma_A, sigma_A)

r_k_d ~ log_normal(gamma_k_d, sigma_k_d)

r_h_c ~ log_normal(gamma_h_c, sigma_h_c)
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tau <- tau*(1.0 - 1.0/St) + r_tau/St

zeta_A <- zeta_A*(1.0 - 1.0/St) + r_zeta_A/St

zeta_B <- zeta_B*(1.0 - 1.0/St) + r_zeta_B/St

E_comp <- E_comp*(1.0 - 1.0/St) + r_E_comp/St

A <- A*(1.0 - 1.0/St) + r_A/St

k_d <- k_d*(1.0 - 1.0/St) + r_k_d/St

h_c <- h_c*(1.0 - 1.0/St) + r_h_c/St

ode(h = 0.01, atoler = 1.0e-6, rtoler = 1.0e-9, alg = ’RK4(3)’){

dS_A/dt = g_SA - zeta_A*S_A - trans

dS_B/dt = -zeta_B*S_B + trans

dD/dt = (zeta_A*S_A + zeta_B*S_B)/(h_sed*phi)

dDIC/dt = -550.0/30.0*12.0/14.0*0.0192*(g_SA*S_A)/h_wc

dO_2/dt = 716.0/30.0*32.0/14.0*0.0192*(g_SA*S_A)/h_wc

}

P_C <- 1.0-exp(-omega*S_A)

}

sub observation {

S_A_obs~log_normal(log(S_A),0.3)
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P_C_obs~log_normal(log(P_C),0.3)

k_d_obs~log_normal(log(k_d),0.5)

h_c_obs~log_normal(log(h_c),0.5)

}

}

LibBi 2012 prior sampling file:

--target prior

--model-file seagrass.bi

--nsamples 50000

--start-time 734801.0

--end-time 735251.0

--noutputs 450

--input-file data/input_E_PAR_PPB1.nc

--output-file results/prior_1styear.nc

LibBi 2012 posterior sampling file:

--target posterior

--model-file seagrass.bi

--input-file data/input_E_PAR_PPB1.nc

--obs-file data/all_obsPPB1_1styear.nc

--nsamples 50000

--nparticles 1024

--start-time 734801.0

--end-time 735251.0

--noutputs 450

--output-file results/posterior_1styear.nc
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--with-transform-initial-to-param

LibBi prediction sampling file:

--target prediction

--model-file seagrass.bi

--input-file data/input_E_PAR_PPB1.nc

--start-time 735251.0

--end-time 735616.0

--noutputs 365

--nsamples 50000

--init-file results/posterior_1styear.nc

--output-file results/prediction.nc

LibBi 2013 prior sampling file:

--target prior

--model-file seagrass.bi

--nsamples 50000

--start-time 735251.0

--end-time 735616.0

--noutputs 365

--input-file data/input_E_PAR_PPB1.nc

--output-file results/prior_2ndyear.nc

LibBi 2013 posterior sampling file:

--target posterior

--model-file seagrass.bi

--input-file data/input_E_PAR_PPB1.nc

--obs-file data/all_obsPPB1_1styear.nc
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--nsamples 50000

--nparticles 1024

--start-time 735251.0

--end-time 735616.0

--noutputs 365

--output-file results/posterior_2ndyear.nc

--with-transform-initial-to-param
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Figure A.1 : Directed acyclic graph (DAG) of LibBi model file seagrass.bi
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Table A.1 : Initial condition priors for above-ground biomass, below-ground biomass

and proportion cover at each site for each year (2012 and 2012-2013 were assigned

the same initial conditions).

Variable Site Initial condition 2012 Initial condition 2013

SA Altona LogN (ln(246.45), 0.3) LogN (ln(110), 0.3)

Blairgowrie LogN (ln(377.69), 0.5) LogN (ln(200), 0.5)

Point Henry LogN (ln(291.11), 0.2) LogN (ln(200), 0.2)

Point Richards LogN (ln(275.06), 0.2) LogN (ln(120), 0.2)

Swan Bay South LogN (ln(290.29), 0.3) LogN (ln(110), 0.2)

SB Altona N (858.19, 108.14) N (400.0, 60.0)

Blairgowrie N (1121.81, 159.69) N (600.0, 150.0)

Point Henry N (1244.58, 142.65) N (1000.0, 140.0)

Point Richards N (985.56, 123.27) N (450.0, 50.0)

Swan Bay South N (840.56, 82.59) N (400.0, 50.0)

Pc Altona TrunN (0.75, 0.3, 0.0, 1.0) TrunN (0.5, 0.3, 0.0, 1.0)

Blairgowrie TrunN (0.85, 0.3, 0.0, 1.0) TrunN (0.6, 0.3, 0.0, 1.0)

Point Henry TrunN (0.7, 0.3, 0.0, 1.0) TrunN (0.5, 0.3, 0.0, 1.0)

Point Richards TrunN (0.8, 0.3, 0.0, 1.0) TrunN (0.5, 0.3, 0.0, 1.0)

Swan Bay South TrunN (0.8, 0.3, 0.0, 1.0) TrunN (0.6, 0.3, 0.0, 1.0)
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Figure A.2 : 2012 log-likelihoods across samples for each site after initial 10,000 samples were discarded as burn-in.
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Figure A.3 : 2012 parameter traces across samples for each site after burn-in was discarded.
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Figure A.4 : 2013 log-likelihoods across samples for each site after initial 10,000 samples were discarded as burn-in.
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Figure A.5 : 2013 parameter traces across samples for each site after burn-in was discarded.
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Figure A.6 : 2012-2013 log-likelihoods across samples for each site after burn-in was discarded.
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Figure A.7 : 2012-2013 parameter traces across samples for each site after burn-in was discarded.



239

Appendix B

LibBi model code and MCMC diagnostics for

modelling detrital decay using a time-varying

decay rate

LibBi laboratory study model file: decay.bi

model decay {

state W, k, K

noise r

param sigma_r

obs W_obs

sub parameter {

sigma_r ~ normal(0.1, 0.01)

}

const prop_std = 0.5;

sub proposal_parameter {

sigma_r ~ normal(sigma_r, 0.01*prop_std)

}

sub initial {

k ~ normal(log(0.003), 0.8)

K ~ log_normal(log(0.003), 0.8)
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W ~ normal(1.0, 0.1)

}

sub transition(delta = 1.0) {

r ~ normal(0.0, sigma_r)

k <- k + r

K <- exp(k)

ode(h = 0.01, atoler = 1.0e-6, rtoler = 1.0e-9, alg = ’RK4(3)’){

dW/dt = -K*W

}

}

sub observation {

W_obs~log_normal(log(W),0.1)

}

}

LibBi laboratory study prior sampling file: prior.conf

--target prior

--model-file decay.bi

--nsamples 50000

--start-time 0.0

--end-time 84.0

--noutputs 84

--output-file results/prior.nc
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LibBi laboratory study posterior sampling file: posterior.conf

--target posterior

--model-file decay.bi

--obs-file data/obs_no_23_lW.nc

--nsamples 50000

--nparticles 1024

--start-time 0.0

--end-time 84.0

--noutputs 84

--output-file results/posterior.nc

--with-transform-initial-to-param
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Figure B.1 : Directed acyclic graph of the LibBi model file decay.bi
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For the laboratory study, the parameter priors that remained constant across all

tissue types, treatments, and temperatures were the initial conditions of proportion

of weight remaining (W ∼ N (1, 0.1)). Those that varied were parameter priors for

σr, and initial condition priors for decay rate k (Table B.1). The PMMH proposal

distribution was set to 50% jumps of the original distribution standard deviation

σr ∼ N (σr, 0.5×0.01) for leaf tissue and σr ∼ N (σr, 0.5×0.1) for root/rhizome

tissue.

For the field study, the parameter priors that remained constant across all tissue

types and sites were the stochasticity parameter (σr ∼ N (0.1, 0.01)) and initial

conditions of decay rate (k ∼ LogN (ln(0.001), 0.3)). Those that varied were initial

condition priors for the proportion of weight remaining W (Table B.2). The PMMH

proposal distribution was set to 20% jumps of the original distribution standard

deviation σr ∼ N (σr, 0.2×0.01).
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Table B.1 : Parameter priors for the stochasticity parameter (σr), initial condition

priors for decay rate (k), and PMMH acceptance rates of each tissue type, treatment

and temperature combination of the laboratory study.

Tissue Treatment Temp. σrσrσr prior kkk initial condition Accpt. rate

Leaf Control 23◦C N (0.1, 0.01) LogN (ln(0.003), 0.8) 0.3436

30◦C N (0.1, 0.01) LogN (ln(0.003), 0.8) 0.2829

+Nutrient 23◦C N (0.1, 0.01) LogN (ln(0.003), 0.8) 0.3695

30◦C N (0.1, 0.01) LogN (ln(0.003), 0.8) 0.2733

Root/ Control 23◦C N (0.7, 0.1) LogN (ln(0.1), 0.8) 0.3645

rhizomes 30◦C N (0.7, 0.1) LogN (ln(0.1), 0.8) 0.3674

+Nutrient 23◦C N (0.7, 0.1) LogN (ln(0.1), 0.8) 0.3945

30◦C N (0.7, 0.1) LogN (ln(0.1), 0.8) 0.3780

Figure B.2 : Laboratory study random walk (r) posterior through time for each

temperature, nutrient and tissue combination.
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Figure B.3 : Laboratory study stochasticity parameter (σr) trace across samples,

for each treatment group after burn-in was discarded.

Figure B.4 : Laboratory study log-likelihoods across samples, for each treatment

group after burn-in was discarded.
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Table B.2 : Field study initial condition priors for proportion of weight remaining

(W ), and PMMH acceptance rates of each tissue type and site combination.

Tissue Site WWW initial condition Acceptance rate

Leaf Pristine N (1.1, 0.1) 0.5883

Impacted N (1, 0.1) 0.4233

Bare N (1.1, 0.1) 0.4738

Root/ Pristine N (1.1, 0.1) 0.5227

rhizomes Impacted N (0.9, 0.1) 0.4183

Bare N (0.9, 0.1) 0.4517

Figure B.5 : Field study random walk (r) posterior through time for each site and

tissue type (left: leaf, right: root/rhizome).
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Figure B.6 : Field study stochasticity parameter (σr) trace across samples for each

site and tissue type (left: leaf, right: root/rhizome) after burn-in was discarded.

Figure B.7 : Field study log-likelihoods across samples for each site and tissue type

(left: leaf, right: root/rhizome) after burn-in was discarded.
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Appendix C

LibBi model code and MCMC diagnostics for

microalgae growth within a photo-bioreactor

LibBi model file: micro iterative.bi

model micro_iterative {

const FO2 = 0.2094

const FCO2 = 397e-6

const S = 34.0

const V = 500.0

const DIC_M = 1724.20

const O_2_M = 226.65

const alk_M = 1797.90

const tau = 6.0

const kLAO2_m = log(2.0)*24.0*60.0/tau

param kLAO2

param Km

param RR

param RQ_d

param RQ_n

param sigma_O_2

param sigma_pH

param sigma_DIC
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param offset_O_2

input I // light intensity

input T // temperature (C)

input gas // gas on/off

input dil // dilution rate

state DIC // state variables

state O_2

state pH

state Cp

state mich_ment

state O2H_pr

state CO2H_pr

state R

state R1

state P

state P1

state alk

state CO2

state HCO3

state CO3

state O_2H

state CO2H

state h_3

state h_free_3
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noise r_R

noise r_P

/* random walk parameters */

param sigma_r_R

param sigma_r_P

obs O2_obs

obs pH_obs

obs DIC_obs

obs alk_obs

sub parameter {/* prior distribution over parameters */

Km ~ log_normal(log(100.0), 0.5)

kLAO2 ~ log_normal(log(kLAO2_m), 0.3)

RR ~ uniform(0.0001, 0.2)

RQ_d ~ uniform(0.66, 1.0)

RQ_n ~ uniform(0.66, 1.0)

sigma_O_2 ~ log_normal(log(0.03), 0.5)

sigma_pH ~ log_normal(log(0.03), 0.5)

sigma_DIC ~ log_normal(log(0.03), 0.5)

offset_O_2 ~ normal(0, 2.0)

sigma_r_R ~ normal(0.01, 0.001)

sigma_r_P ~ normal(0.05, 0.01)
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}

const prop_std = 0.1;

sub proposal_parameter {

Km ~ log_normal(log(Km), 0.5*prop_std)

kLAO2 ~ log_normal(log(kLAO2), 0.3*prop_std)

RR ~ truncated_normal(RR, 0.2*prop_std, lower = 0.0001, upper =

0.2)

RQ_d ~ truncated_normal(RQ_d, 0.2*prop_std, lower = 0.66, upper =

1.0)

RQ_n ~ truncated_normal(RQ_n, 0.2*prop_std, lower = 0.66, upper =

1.0)

sigma_O_2 ~ log_normal(log(sigma_O_2), 0.5*prop_std)

sigma_pH ~ log_normal(log(sigma_pH), 0.5*prop_std)

sigma_DIC ~ log_normal(log(sigma_DIC), 0.5*prop_std)

offset_O_2 ~ normal(offset_O_2, 2.0*prop_std)

sigma_r_R ~ normal(sigma_r_R, 0.001*prop_std)

sigma_r_P ~ normal(sigma_r_P, 0.01*prop_std)

}

sub initial {/* prior distribution over initial conditions, given

parameters */

R ~ normal(log(20.0), 0.4)
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R1 ~ log_normal(log(20.0), 0.4)

P ~ normal(log(200.0), 0.4)

P1 ~ log_normal(log(200.0), 0.4)

Cp ~ log_normal(log(300.0), 0.2)

alk ~ log_normal(log(1750.0), 0.1)

DIC ~ log_normal(log(1300.0), 0.2)

O_2 ~ log_normal(log(225.0), 0.2)

pH ~ log_normal(log(8.5), 0.2)

CO2 ~ log_normal(log(3.0), 0.4)

HCO3 ~ log_normal(log(1000.0), 0.3)

CO3 ~ log_normal(log(300.0), 0.4)

O_2H ~ log_normal(log(200.0), 0.2)

CO2H ~ log_normal(log(10.0), 0.2)

}

sub transition(delta = 0.0021) {

/* processes */

inline TK = T + 273.15 // temp in kelvin

inline K0_CO2 = exp(-60.2409 + 93.4517*(100.0/TK) + 23.3585*log(TK

/100.0)+ S*(0.023517 - 0.023656*(TK/100) + 0.0047036*(TK/100.0)*(

TK/100.0)))

CO2H <- K0_CO2*FCO2*1.0220*1e6
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inline K0_O2 = (exp(-1282.8704 + 36619.96/TK + 223.1396*log(TK)

-0.354707*TK + S*(5.957e-3 -3.7353/TK) + 3.68e-6*S*S))/(0.2094e

-06)

O_2H <- K0_O2*FO2*1.0220*1e-6

inline PAC = HCO3

inline mm = PAC/(Km + PAC)

// CO2SYS iterative solution

// set up all the constants

inline logTK = log(TK)

inline S2 = S*S

inline sqrtS = sqrt(S)

// total sulphur

inline TS = (0.14/96.062)*(S/1.80655)

inline IS = 19.924*S/(1000.0 - 1.005*S)

inline KS_int = -4276.1/TK + 141.328 - 23.093*logTK + (-13856.0/TK +

324.57 - 47.986*logTK)*sqrt(IS) + ( 35474.0/TK - 771.54 +

114.723*logTK)*IS - 2698.0/TK*IS**1.5 + 1776.0/TK*IS**2

inline KS = exp(KS_int)*(1 - 0.001005*S)

// Fluorine
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inline TF = 0.000067*S/18.9984/1.80655

inline KF = exp(-(-874.0/TK - 0.111*sqrtS + 9.68))

inline SWS_2_T = (1.0 + TS/KS)/(1.0 + TS/KS + TF/KF)

inline Free_2_T = 1.0 + TS/KS

// H2O dissoc

inline KW = exp(148.9802 - 13847.26/TK - 23.6521*logTK + (118.67/TK

- 5.977 + 1.0495*logTK)*sqrtS - 0.01615*S)

// Boron

inline KB = exp((-8966.90 - 2890.53*sqrtS - 77.942*S + 1.728*S*sqrtS

- 0.0996*S2)/TK + 148.0248 + 137.1942*sqrtS + 1.62142*S -

(24.4344 + 25.085*sqrtS + 0.2474*S)*logTK + 0.053105*sqrtS*TK)

inline TB = 0.0004326*S/35.0

// Carbon eq constants

inline K1 = 10**(-(3633.86/TK - 61.2172 + 9.6777 *logTK - 0.011555*S

+ 0.0001152*S**2))*1.23 //1.23 experiment specific and

measured

inline K2 = 10**(-( 471.8/TK + 25.9290 - 3.16967*logTK - 0.01781*S +

0.0001122*S**2))*0.53 //0.53 experiment specific and

measured

// end all the constants
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// intial guess at the pH (using the approximating equation)

inline pH_init = 12.26 -0.0030605*DIC -0.043752*T -0.013625*S+

0.00011315*alk + 1.3463e-05*DIC*T + 5.2215e-07*DIC*alk

// iteration 1

inline h_1 = 10.0**(-pH_init)

inline h_free_1 = h_1/Free_2_T

inline f0_1 = (DIC*1e-6*(K1*h_1 + 2.0*K1*K2)/(h_1*h_1 + K1*h_1 +

K1*K2) - h_free_1 + KW/h_1 - alk*1e-6 + TB/(1.0 + h_1/KB))*1e6

inline df0_1 = (DIC*1e-6*(K1 + 2.0*K1*K2)/(h_1**2.0 + K1*h_1 + K1*

K2) - DIC*1e-6*(K1*h_1 + 2.0*K1*K2)/(h_1**2.0 + K1*h_1 + K1*K2)

**2.0*(2.0*h_1 + K1) - TB*1.0/(1.0 + h_1/KB)**2.0/KB - KW/h_1

**2.0 - 1.0/Free_2_T)*1e6*(-log(10.0)*10.0**(-pH_init))

inline pH_1 = pH_init - f0_1/df0_1

// iteration 2

inline h_2 = 10.0**(-pH_1)

inline h_free_2 = h_2/Free_2_T

inline f0_2 = (DIC*1e-6*(K1*h_2 + 2.0*K1*K2)/(h_2*h_2 + K1*h_2 +

K1*K2) - h_free_2 + KW/h_2 - alk*1e-6 + TB/(1.0 + h_2/KB))*1e6

inline df0_2 = (DIC*1e-6*(K1 + 2.0*K1*K2)/(h_2**2.0 + K1*h_2 + K1*

K2) - DIC*1e-6*(K1*h_2 + 2.0*K1*K2)/(h_2**2.0 + K1*h_2 + K1*K2)

**2.0*(2.0*h_2 + K1) - TB*1.0/(1.0 + h_2/KB)**2.0/KB - KW/h_2
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**2.0 - 1.0/Free_2_T)*1e6*(-log(10.0)*10.0**(-pH_1))

inline pH_2 = pH_1 - f0_2/df0_2

// iteration 3

h_3 <- 10.0**(-pH_2)

h_free_3 <- h_3/Free_2_T

inline f0_3 = (DIC*1e-6*(K1*h_3 + 2.0*K1*K2)/(h_3*h_3 + K1*h_3 +

K1*K2) - h_free_3 + KW/h_3 - alk*1e-6 + TB/(1.0 + h_3/KB))*1e6

inline df0_3 = (DIC*1e-6*(K1 + 2.0*K1*K2)/(h_3**2.0 + K1*h_3 + K1*

K2) - DIC*1e-6*(K1*h_3 + 2.0*K1*K2)/(h_3**2.0 + K1*h_3 + K1*K2)

**2.0*(2.0*h_3 + K1) - TB*1.0/(1.0 + h_3/KB)**2.0/KB - KW/h_3

**2.0 - 1.0/Free_2_T)*1e6*(-log(10.0)*10.0**(-pH_2))

pH <- pH_2 - f0_3/df0_3

// calculate the final concentrations

inline H = 10.0**(-pH)

inline H2 = H*H

inline denom = (H2 + K1*H + K1*K2)

CO2 <- DIC*H2/denom

HCO3 <- DIC*H*K1/denom

CO3 <- DIC*K1*K2/denom

// end CO2SYS iterative solution
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/* R and P as random walks */

r_R ~ normal(0.0, sigma_r_R)

R <- R + r_R

R1 <- exp(R)

r_P ~ normal(0.0, sigma_r_P)

P <- P + r_P

P1 <- exp(P)

ode(h = 0.1, atoler = 1.0e-6, rtoler = 1.0e-6, alg = ’RK4(3)’){

dDIC/dt = -P1*24.0*I*mm + R1*24.0 + gas*0.893*kLAO2*(CO2H - CO2) +

dil/V*(DIC_M - DIC)

dO_2/dt = (P1*24.0*I*mm - R1*24.0)/(RQ_d*I + RQ_n*(1.0-I)) + gas*

kLAO2*(O_2H - O_2) + dil/V*(O_2_M - O_2) + offset_O_2

dalk/dt = RR*P1*24.0*I*mm + dil/V*(alk_M - alk)

dCp/dt = (P1*24.0*I*mm - R1*24.0) + dil/V*(Cp)

}

mich_ment <- mm

O2H_pr <- O_2H

CO2H_pr <- CO2H

}
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sub observation {

O2_obs ~ log_normal(log(O_2), sigma_O_2)

pH_obs ~ log_normal(log(pH), sigma_pH)

DIC_obs ~ log_normal(log(DIC), sigma_DIC)

alk_obs ~ log_normal(log(alk), sigma_DIC)

}

}

LibBi prior sampling file: prior.conf

--target prior

--model-file micro_iterative.bi

--nsamples 500

--start-time 0.61304

--end-time 4.7866

--noutputs 6049

--input-file data/input_all_2018_normalised.nc

--output-file results/prior_micro_iterative.nc

LibBi posterior sampling file: posterior.conf

--target posterior

--model-file micro_iterative.bi

--input-file data/input_all_2018_normalised.nc

--obs-file data/obs_all_2018.nc

--nsamples 500

--nparticles 1024
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--start-time 0.61304

--end-time 4.7866

--noutputs 6049

--output-file results/posterior_micro_iterative.nc

--with-transform-initial-to-param
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Figure C.1 : Directed Acyclic Graph of the LibBi model file micro iterative.bi
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Figure C.2 : Log-likelihood for the twin experiment where photosynthesis and res-

piration were constant through time.

Figure C.3 : Log-likelihood for the twin experiment where photosynthesis and res-

piration were changing through time.
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Figure C.4 : Log-likelihood for the model with experimental data when photosyn-

thesis, respiration and respiratory quotients were changing through time.

Figure C.5 : Log-likelihood for the model with experimental data when photosyn-

thesis, respiration and respiratory quotients were changing through time and an O2

offset was introduced.
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Figure C.6 : Log-likelihood for the model with further thinned O2 and pH experi-

mental data.
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