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ABSTRACT

RENYI DIVERGENCE INEQUALITIES VIA INTERPOLATION, WITH
APPLICATIONS TO GENERALISED ENTROPIC UNCERTAINTY RELATIONS

by
Alexander McKinlay

We investigate quantum Rényi entropic quantities, specifically those derived from ‘sandwiched’
divergence. This divergence is one of several proposed Rényi generalisations of the quantum rela-
tive entropy. We may define Rényi generalisations of the quantum conditional entropy and mutual
information in terms of this divergence, from which they inherit many desirable properties. How-
ever, these quantities lack some of the convenient structure of their Shannon and von Neumann
counterparts. We attempt to bridge this gap by establishing divergence inequalities for valid com-
binations of Rényi order which replicate the chain and decomposition rules of Shannon and von
Neumann entropies. Although weaker in general, these inequalities recover equivalence when the
Rényi parameters tend to one.

To this end we present Rényi mutual information decomposition rules, a new approach to the
Rényi conditional entropy tripartite chain rules and a more general bipartite comparison. The
derivation of these results relies on a novel complex interpolation approach for general spaces of
linear operators.

These new comparisons allow us to employ techniques that until now were only available for
Shannon and von Neumann entropies. We can therefore directly apply them to the derivation
of Rényi entropic uncertainty relations. Accordingly, we establish a family of Rényi information
exclusion relations and provide further generalisations and improvements to this and other known

relations, including the Rényi bipartite uncertainty relations.






Introduction

This thesis contributes some concrete results in the form of inequalities for quantum Rényi entropies
and a direct application to determining Rényi entropy uncertainty relations. However, these results
are a consequence of a more general desire to explore the mathematical structure and place of Rényi

entropies in the broader theory of quantum information.

Entropy is a concept that was developed in the study of thermodynamics to quantify the disorder
of a system. The statistical understanding of entropy was formalised by Boltzmann [1], where it
was viewed as a property of thermodynamic systems. The quantities we investigate stem from
the information theoretic concept of entropy, characterised by the Shannon entropy H(X) of a
random variable [2]. Although having other uses within information theory, entropy is prominently
known as a measure of uncertainty (or spread) of a given random variable, quantifying the average
information which would be gained (or uncertainty removed) from the observation of that variable.

Associated with the Shannon entropy of a classical random variable X are several entropic
quantities which each have their own uses and interpretations. The joint entropy H(XY') describes
the entropy of a multivariate random variable and, as for joint probability, is affected by whether or
not the variables are dependent. Conditional entropy H(X|Y') quantifies the average uncertainty
of X given that Y has been observed. This quantity is well-known and understood, being a
fundamental tool in cryptography, statistical analysis and as a general measure of uncertainty.
Mutual information I(X :Y) quantifies the level of correlation between X and Y — the difference
between the total of the individual entropies of X and Y and the joint entropy of XY. Most
prominently, Shannon [2] established that the capacity of any discrete memoryless communication
channel is given by the maximal mutual information between the channel’s input and output.
Beyond its original use in information theory, it has found many other applications in information
processing from such a wide range as machine learning (see, e.g., [3, 4, 5]) and computational
linguistics (see, e.g., [6]).

The classical Rényi entropies H,, (X)) [7] generalise the Shannon entropy. They form a family of
entropies parametrised by their order, o > 0, that produce measurements of uncertainty that give
more or less weight to events with high or low information content. More specifically, they weigh
the surprisal of outcomes differently depending on the order. We recover the Shannon entropy
when o = 1 which, naturally, is one of the more useful orders of Rényi entropy, along with min-
entropy — when a = oo, and the collision entropy — when o = 2. Formal definitions are given in
Section 1.4.

We consider also the quantum generalisation of Rényi entropies. It is prudent therefore to
initially cover the quantum analogue of Shannon entropy, the von Neumann entropy H(p). This
entropy of a probability density matrix p is well understood and induces quantum versions of the
related entropic quantities that are well behaved and reflect our physical understanding of quantum
systems.

The quantum conditional entropy has so far found uses in quantum information such as in
the decoupling theorem [8] and more generally as an entanglement witness and as a measure of

uncertainty (see [9, 10]). We also have a quantum generalisation of the mutual information which



is compatible with von Neumann entropy and quantum conditional entropy. Quantum mutual
information has analogous applications in quantum information, for example characterising the
capacity of classical to quantum channels [11, 12, 13] and the quantum channel capacity under
entanglement assistance [14, 15, 16, 17]. It has also found applications in other areas of quantum
physics, for example as an entanglement and correlation measure (see, e.g., [18]) and to quantify
Heisenberg’s uncertainty principle (see [19] and [20] for a review on related work).

From this point we will mostly consider quantum entropies and hence omit the ‘quantum’ and
rather specify that an entropy is classical if necessary.

Certain equivalences of entropic quantities are known as chain or decomposition rules. Aside
from highlighting the relationships between the quantities, these equivalences can be considered
as a method to define them. Indeed, given the relatively simple definitions of the von Neumann
entropy and joint entropy we find the conditional entropy chain rule, for pap on the system AB
with marginal pp on B,

H(A|B), = H(pas) — H(pp). (0.1)

This concept can be extended to the tripartite conditional entropy chain rule: for a state papc on
the system ABC,

H(AB|C), = H(A|BC), + H(A|C), = H(B|AC), — H(B|C),. (0.2)

Similarly, mutual information can be described as equivalent to an expression of conceptually

simpler entropies, i.e. we define
I(A: B), = H(pa) + H(pp) — H(pas) = H(pa) — H(A|B), = H(pp) — H(B|A),.  (0.3)

These equivalences are interpreted as decomposition rules, expressing the mutual information in
terms of the von Neumann entropies of the different marginals of the joint state on the systems A
and B. By appealing to the intuition that entropy measures uncertainty in a quantum system, they
reveal that mutual information measures the uncertainty in A that is due to the lack of knowledge
of B, and vice versa.

Another important and equivalent pair of definitions for conditional entropy and mutual infor-
mation is given in terms of quantum relative entropy [21], namely as optimisations of the relative

entropy between the joint state p4p and particular product states of the marginals:

H(A|B), = —min D(pap|| 14 ®op) = —D(papl| 14 ®pp) and (0.4)
I(A:B), = Jnin D(paBlloa ® o) = IQLDD(PABHPA ®op) = D(pasllpa® pp), (0.5)

where in the expressions on the right we observed that the minima are achieved for the marginals
pa and pp of the joint state pap. These expressions reveal a fundamental property of these
quantities that is not evident from the chain and decomposition rules, namely the data-processing
inequality. Specifically, this property entails that the conditional entropy is monotonically non-
decreasing and the mutual information non-increasing under any local processing of information
on A and B. Its satisfaction directly follows from the monotonicity under quantum channels of
the underlying relative entropy and the above equivalences. This property is crucial for many
applications relating to the physical interpretations of these quantities, since it corresponds to our
intuition that correlations cannot be created by acting on only one of the constituent parts (or by
acting on them independently).

On the other hand, Rényi entropic quantities which maintain useful properties are not as



straight-forward to derive and involve a significant increase in complexity. That said, a natural
method of deriving suitable Rényi generalisations of the above quantities is to replace the relative
entropy in Egs. (0.4) and (0.5) with a (quantum) Rényi relative entropy which naturally satisfies
the data-processing inequality. It is important to note here that, in general, the equivalences in
Egs. (0.2)-(0.5) no longer hold in the case of Rényi entropic quantities defined via this method.

Various generalisations of the concepts of conditional entropy and mutual information to one-
parameter families of operationally significant measures have been proposed. Possible candidates
for a Rényi conditional entropy have been put forward, generalising both the quantum conditional
entropy and various classical Rényi entropies (see [22, 23, 24] for more detailed treatments). Sim-
ilarly, for mutual information we have propositions in both the classical (see, e.g., [25, 26], for
recent discussions) and the quantum setting (see, e.g., [27]). We call such measures (quantum)
Rényi conditional entropy or mutual information respectively, if they satisfy the data-processing
inequality.

We are essentially looking for quantities which reproduce the relationships between the classical
entropic quantities, have operational significance, reflect the physical situation and are mathemat-
ically convenient. Of these propositions for such definitions, quantities derived from the so-called
‘sandwiched’ divergence [28, 29] have in recent years surfaced as some of the most suitable. This
parametrised quantum relative entropy, which we from this point refer to as simply ‘Rényi diver-
gence’, meets the above criteria and has found important applications within quantum information.
This thesis essentially provides new results for Rényi divergence based quantum entropic quantities.

Rényi divergence generalises the quantum relative entropy from which we derive the quantum
entropic quantities detailed above. It has many desirable properties as a measure of uncertainty
and its structure is amenable to formulating inequalities. As an analogue to the quantum rel-
ative entropy, it induces definitions of the quantum Rényi conditional entropy [28] and mutual

information [27]. These definitions take the form
H.(A|B), := —rg}iSnDa(pABH 1a®op) and I,(A;B),:= IELnDa(PAB”PA ®op), (0.6)

where D, (-[|-) denotes the Rényi divergence and o € [3,00). Note that, given this definition, we
are lacking an obvious way to decompose the Rényi conditional entropy and mutual information
into Rényi entropies of the state’s marginals.

However, these quantities generalise the conditional entropy and mutual information respec-
tively, which are recovered by setting a = 1. These quantities and similar constructions are
widely used in the study of strong converses and the analysis of channel coding problems (see,
e.g., [30, 31, 32, 29, 33, 34]) and Rényi mutual information has found direct operational interpre-
tation in classical and quantum hypothesis testing [27, 26].

Uncertainty relations are important in any field that involves signals and waves, but have
found particular significance in quantum mechanics. These relations are often put in terms of
commutators and standard deviations, for example the Robertson relation (see Section 1.6.1),
which is a generalisation of the famous Heisenberg Uncertainty Principle [35]. Entropic uncertainty
relations, on the other hand, take a more information theoretic approach, expressing uncertainty
in terms of its entropy.

There are two canonical entropic uncertainty relations, the more well known being the Maassen-
Uffink relation [36] which indicates that the total uncertainty of measuring in two different bases is
bounded below by a constant depending on the compatibility of the measurements. Even though
it is usually expressed in terms of Shannon entropies, the general form of the theorem encompasses

a family of relations in terms of classical Rényi entropy. There are some current well-known



extensions and improvement of this relation which we cover in Section 1.6.3.

By extending the Shannon version of the Maassen-Uflink relation to conditional entropies we
can then derive the Hall information exclusion principle [19]. This result is an entropic uncertainty
relation in terms of mutual information, describing the level of correlation between parts of a
quantum system and some memory containing information about the system. This relation, dual to
Heisenberg’s uncertainty principle, gives upper bounds on the total amount of correlation between a
state measured in either one of two incompatible bases and some classical memory with information
about how the initial state was prepared, i.e. if there is a high level of correlation between one
measurement of the state and the memory, then there is a proportionally low level of correlation for
the other measurement, depending on the compatibility of measurements. Hall’s original relation
has been improved upon, with bounds stronger than that found in the ‘Maassen-Uffink’ type
relations.

The derivation of these relations and their improvements rely on the chain and decomposition
rules of quantum entropies, motivating our investigation of feasible Rényi generalisations. We defer
the details and formal statements to Section 1.6.

The applications of entropic uncertainty relations and related concepts include quantum ran-

domness, quantum cryptography and entanglement witnessing, see [20] for a more extensive review.

We now outline the core results of this thesis, i.e. establishing Rényi versions of the chain and
decomposition rules in Eqgs. (0.2) and (0.3). So far the main example of such an extension is
Dupuis’ chain rules [37], which generalise the tripartite chain rule to conditional entropies based
on Rényi divergence.

In particular, we provide decomposition rules for Rényi mutual information which can then be

applied to determine Rényi information exclusion relations. These rules take the form
1o(A; B)p = Hp(pa) — Hy(A[B), and In(A;B), < Hg(pa) — H5(A|B), (0.7)

for suitable choices of Rényi orders 3, 3, and 4. The formal result is presented in Theorem 3.3.
The two inequalities above reduce to the equality in Eq. (0.3) when we take all the parameters to
1.

We employ a novel interpolation approach which additionally yields a general bipartite diver-
gence inequality and an alternative derivation of the tripartite chain rules. For completeness, we
include a previously published proof of the decomposition rules in Appendix A which employs a
similar method to that used by Dupuis in his demonstration of the chain rules. Interestingly, these
different approaches produce slightly varied valid ranges for the Rényi parameters, the explanation
of this discrepancy is left as an open question.

The principle mechanism in demonstrating the desired Rényi divergence inequalities is exploit-
ing their connection to Schatten norms. This is done by performing complex interpolation on
specific linear operator valued functions which yield our entropic quantities. The main machin-
ery used to this end is an extension of Beigi’s three-line theorem [38] to spaces of general linear
operators, which we detail in Chapter 4.

The choices we make in these interpolations are not determined by mere luck or simply arrive
out of the void, rather they are inspired and motivated by the norms on general L,-spaces developed
by Pisier [39]. These ‘Pisier norms’ have already found utility in quantum information (see [40, 41])
due to how they relate to Rényi divergence when constrained to finite spaces. In Chapter 2 we
discuss some observations of their properties in the context of Rényi entropies and how they

influence the derivation of the divergence inequalities.



As a direct application we are able to establish Rényi generalisations of the Maassen-Uffink
and Hall relations, and make further improvements on the bounds. Some uncertainty relations
of this genre have already been treated, notably the bipartite uncertainty relation found in [42],
which provides a quantum Rényi extension to an already improved version of the Maassen-Uffink
relation found in [43].

We are able to improve the bipartite uncertainty relation by deriving state-dependent and state-
independent bounds analogous to those determined in [44]. These new bounds are determined by
the other Rényi orders present in the relation and we may recover known relations with particular
choices of parameters. We are then able to establish a new family of information exclusion relations
which provide a direct extension of the Hall relation to Rényi entropies. This family of relations
can then be further improved, again with an analogous method to that used in [44]. Interestingly,
the resulting tighter upper bounds are not order-dependent, unlike those for the improved Rényi

bipartite uncertainty relations.

The structure of the thesis is as follows:

In Chapter 1 we cover the mathematical fundamentals, including a brief treatment of probability
theory (mainly for the purposes of notation) and an overview of linear operators and Schatten
norms. The remainder of this chapter is dedicated to the formal definitions of Rényi divergence
and its related quantities, with a summary of some useful properties.

We explore Pisier norms and interpolation in Chapter 2. This involves introducing a family of
super-operators and associated norms, which help inform some observations about certain speci-
fications of Pisier norms. We also establish the three-line theorem for spaces of linear operators,
integral to the proofs of the subsequent chapter.

Chapter 3 details the Rényi divergence inequalities and their proofs, including the generalised
bipartite divergence inequalities, the decomposition rules, the tripartite chain rules and some other
comparisons which directly follow. This chapter also includes some specifications of the new
interpolation result which facilitate the derivation of the main inequalities.

The improved Rényi uncertainty relations are then established formally in Chapter 4. We first
cover the bipartite uncertainty relations, starting with a generalised version of the result from [42],
then move to a version with an improved, state-independent bound. We conclude the main results
with a Rényi information exclusion relation and its improved version.

We then provide a brief discussion, detailing some possible future work, such as further gen-
eralisations and applications. We also examine how these results may fit into the broader theory,
notably how it could aid in establishing generalisations of the chain and decomposition rules for
smooth Rényi entropies [45, 46] and how it could inform a clearer definition of the Rényi conditional

mutual information (see [47]), both currently open questions in quantum information.



Notation and nomenclature

We use standard notation as summarised in the following table:

Table 0.1 : Overview of notation

Symbol Meaning
supp(X) The support of a random variable [probability density matrix], i.e. the values of
[supp(p)] |« such that P(X = x) # 0 [the vectors such that p|¢) # 0].
| X| For a random variable X, the cardinality of the support of P(X = x).
[lsupp(p)|] |[For a probability density matrix p, the dimension of supp(p).]
(X) The expected value of X, >~ «P(X = x).
log The logarithm to base 2, we also take the convention that 0log0 = 0.
A, B, AB Quantum system or subsystems
Ha,Hp The Hilbert spaces of states corresponding to the quantum systems A and B.
[HAB] [HA & HB]
L(A,B) [L(A)]|Set of linear operators from H4 to Hp [Hal.

P(A) [P(A

The set of positive semi-definite [strictly positive] operators from H to Ha4.

)
D(A) [D*(4)

The subset of P(A) [P*(A)] of operators with unit trace.

)
]
]
U(A) U(A, B))

The set of unitary operators in £(A) [isometries in £L(A, B)].

CPTP(A, B) |The set of completely-positive trace-preserving operator maps from £(A) to L(B).
tra(-) The partial trace over A, tra(K4 ® Lp) = tr(K4)Lp.
o>p o ‘dominates’ p, i.e the kernel of ¢ is contained in the kernel of p.
oclp o and p are [not] perpendicular, i.e. the span of o and p have [non-]empty inter-
[0 L p] section.
14 € L(A) |The identity map on H4.
Opa_,p(-) |The operator mapping from A to B. For basis vectors |e;) € Ha, |f;) € Hp,
Opasp i Hap = LIAB), |e:i) @ [f;) = [fi)eil
I lp The p-Schatten norm, || X||, = tr [(XTX)g] % This is not a norm for p < 1.
[l -15] [The dual p-norm - the norm induced on the space of functionals on the space
equipped with || - ||,.]
R(z) The real part of the complex number z.
Amax [M] The maximum eigenvalue of M.
[X,Y] The commutator: for X,Y € L(A), [X,Y]=XY -Y X.




Chapter 1

Background and current literature

1.1 Probability theory

Before we discuss entropy, we must establish some definitions and notations for probability.

1.1.1 Events and outcomes
Here we consider only discrete random variables and, accordingly, a set of outcomes is a discrete

set which describes the observable results of an experiment. An event, on the other hand, describes
a subset of possible outcomes. For example, when rolling a standard die, the numbers 1 through
6 are possible outcomes whereas the outcome being an odd number is an event which includes the
outcomes 1, 3 and 5.

Given a set of outcomes X, we consider the probability of an event £ C ¥ as a subadditive
function from the power set of ¥ to the real unit interval, P : 2* — [0,1]. P(E) = 1 means that
E is guaranteed to happen and P(E) = 0 means E will not happen.

Mutually exclusive events are events that cannot occur at the same time. Heads or tails being
the result of a coin toss are mutually exclusive whereas it raining on the weekend or it reaching
20° are not mutually exclusive. We therefore expect that, for mutually exclusive events E and F,
if P(E) = p then

P(F)<1—-p = P(E)+P(F)< 1. (1.1)

A complete set of mutually exclusive events encompasses all possible outcomes of an experiment.

If {E;} is a complete set of mutually exclusive events we have (), E; = () and |J, E; = X. Moreover,

P(Ey)=1-)Y P(E) = Y P(E)=1. (1.2)

itk
Eq. (1.2) is known as the completeness relation.

1.1.2 Random variables
A random variable X associates the outcomes of an experiment with real values, so we may

consider the set of outcomes ¥ C R. Accordingly, we have the probability of an outcome z € X,
P(X = z) and the probability of an event, X € E C ¥, written P(X € E) = Y . P(X = ).
Clearly, if 21 # z9, X = 21 = X # x9, hence the set {z;}; is complete and mutually exclusive,
ie. >, P(X = ;) = 1. A discrete random variable X is described by its probability mass function
p(z) = P(X = x).

An important property of a random variable is its expected value (X). This is a measure of
centre which plays a significant role in the analysis of random variables. We define the expected
value as the sum of the outcome values, weighted by their probabilities: (X) = s, 2p(z). Note
that in general this does not reproduce the most likely value, but rather characterises the average

of the values generated by many independent observations of identical random variables.

1.1.3 Probability and related quantities
The joint probability of two events FE and F is written P(E, F'), read “the probability of E and
F”. Tt describes the chance that both E and F' will occur simultaneously. In terms of random

variables we write P(X = z,Y = y) = p(ay).



The conditional probability P(E|F) is similar but instead considers the chance that E occurs
given that F occurs. For random variables we write P(X = z|Y = y) = p(z|y).

For independent random variables we have p(zy) = p(z)p(y), otherwise

plyl)p(z)

) (13)

p(zy) = p(x)p(ylz) = p(y)p(zly) = p(z) = p(zly) =
The equation on the far right is known as Bayes’ Theorem.
This notation will be used for the remainder of this thesis, except for some cases where it may

cause ambiguity.

1.2 Banach spaces of operators

The main accepted mathematical model of quantum mechanics and information is based on
complex-valued linear algebra and the analysis of vector spaces. In this section we cover some of
the theory and tools available to us due to this model. In particular, we detail some results which

are useful in the following sections.

1.2.1 Matrices as operators

An operator, in general, is a mapping that takes an element of one space to the element
of another space (possibly the same space). In our context of linear operators acting on finite-
dimensional Hilbert spaces, we may represent operators with matrices and we use the terms inter-

changeably when the focus dictates it.

Transformations on operators

For reference we cover some basic manipulations of operators.

e The inverse of a square matrix can be considered as the operator which reverses the action
of the original. Not all matrices are invertible, these are known as singular or degenerate
matrices. Given invertible M € L(A) its inverse, M is such that if, for v € H,

Mv=u = v=Mu=MMuv. (1.4)

As the above indicates, the inverse relationship is symmetric and MM = MM = 1 4.

o The transpose is essentially a reflection of the matrix across its diagonal. Given M = (a;;),
MT = (aj;). Many properties and attributes are preserved under the transpose, the trace
for example. If M € L(A, B) then M € L(B, A).

o The conjugate M of complex-valued matrix M is just the matrix whose entries are the

complex conjugates of the entries of M.

e The adjoint M' of an operator is the operator such that for the inner product of the Hilbert
space it is acting upon (u, Mv) = (MTu,v). In our context, this simplifies to the conjugate
—T
transpose of M, i.e. Mt =DM .

Types of operators
We have particular categories of operators each with specific properties. We work our way from

the most general to the least.

e A square matrix is any matrix that has the same number of rows as columns. As an operator
it maps between spaces of the same dimension — any operator that maps to the same space

must at least be square.



A diagonalisable matrix is a square matrix for which there exists a basis such that it can be
written as a diagonal matrix. The entries of this diagonal matrix are the eigenvalues of the

original.

e A normal matrix is such that MTM = MM?. As a result all normal matrices map to and

from the same space.

e A self-adjoint (Hermitian) matrix is such that MT = M. A self-adjoint matrix is thus normal.
The eigenvalues of a self-adjoint matrix are real and its eigenvectors form an orthonormal

basis.

e A positive semi-definite matrix is a self-adjoint matrix whose eigenvalues are greater than
or equal to zero. A strictly positive or positive definite matrix is similar except that its
eigenvalues are all greater than zero. We often shorten positive semi-definite to just positive.
If X € P(A) is positive then there exists an M € L(A, B) such that X = MTM and a
self-adjoint Y € £(A) such that X = Y2,

e A density matrix is a trace-1 positive matrix.

e An isometry U is an operator such that UTU = 1. The length of a vector is invariant under

isometric operations.

e A wunitary operator U is an isometry which is also square. Any evolution of a quantum state
can be represented as a unitary operator since it takes unit vectors to unit vectors of the

same dimension.

Functions on operators

Given a function from C — C, we can define an extension of this function on any normal
matrix, depending on its domain.

For a subset Q2 C C and f : Q — C we define f : Qm™*™ — C™*™ where, if the eigenvalues of
M are {\;}; C Q, the eigenvalues of f(M) are {f(\;)}s.

Most functions are well defined for normal matrices since we are guaranteed a unitarily similar
diagonalisation (see Eq. (1.6)). However, sometimes we must restrict our focus for functions with
limited natural domains. For example, the logarithm can only be applied to positive matrices since
their eigenvalues are all real and non-negative.

We often use the function f(M) = M~! to denote the pseudoinverse [48, Section 5.5.4]. Usually
this notation refers to the usual matrix inverse but we require a more general definition. In our
context we take advantage of two main properties of the pseudoinverse. Firstly, for matrices with
full support, the pseudoinverse coincides with the usual matrix inverse. However, if M € L(A) does
not have full support (and is therefore singular), M 1M is instead a projector onto supp(M) C Ha.
This is problematic as we cannot guarantee a given density operator has full support. This brings
us to the second useful property: there are situations where we maintain the usual behaviour of
the inverse in the trace, i.e. if supp(M) C Hy4 then for X € L(A) with supp(X) C supp(M) we
have tr M~'MX = tr X. In other words, equivalence holds if no information is lost by the action
of the projector M ~'M.

1.2.2 Operator decompositions
As an aid to computation we often make use of operator decompositions. These observations
essentially allow us to decompose certain classes of operators into combinations of simpler operators

which are more mathematically convenient.
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The spectral decomposition
Also known as the ‘eigendecomposition’, the spectral decomposition allows us to reformulate a

given matrix in terms of its eigenvalues and eigenvectors:

Proposition 1.1. Any diagonalisable matriz A can be factorised as
A= PAP, (1.5)

where A is a diagonal matriz whose ith entry is the ith eigenvalue, \;, of A and the ith column of

P is the eigenvector corresponding to A\;. For normal matrices this reduces to
X =UAUT, (1.6)
where U is unitary.

The polar decomposition
The polar decomposition allows us to express any square matrix in a much more convenient

form, especially in the context of Schatten norms (see the next section).
Proposition 1.2. Any operator M € L(A) can be decomposed into the product of a positive
operator and a unitary operator i.e. for P,Q € P(A) and U € U(A)

M =UP = QU. (1.7)

The above are known respectively as the left and right polar decompositions.

The singular value decomposition

We may also decompose non-square matrices in a similar way to the spectral decomposition.

Proposition 1.3. For any M € L(A, B) we may write
M =UDV (1.8)

where U € U(C, B),V € U(A,C) are isometries and D is a positive semi-definite diagonal matriz

in L(C) with dimension equal to the number of non-zero eigenvalues of MTM.

The diagonal entries of D are known as the singular values of M which we denote {s;(M)};.

Most expositions of this proposition instead present the decomposition in terms of unitary
U and V in U(B) and U(A), respectively, and D as a rectangular diagonal matrix in £(A4, B).
However, for our purposes, the above form is more convenient (See, for example, Theorem 2.12).

Hence we include a brief proof for clarity.
Proof of Proposition 1.3. Let M € L(A, B) be an n x m matrix. We have that MM is positive
semi-definite so by Eq. (1.6) there exists a VT € U(A) such that

_ _ . |D* o0
VIMIMV =D = (1.9)
0 0

where D? € L£(C) is diagonal and positive semi-definite with dim(H¢) equal to the number of
non-zero eigenvalues of MTM. Again by Eq. (1.6), we may write

vi=|vi vl (1.10)
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where VT and VOJr are matrices whose columns are the eigenvectors of the, respectively, non-zero

and zero eigenvalues. In this sense we can write

D% 0 VMIMVT VMMV 1.11)
0 0 VoMMVt VoMMVl '
hence D? = VMMV with VT € U(C, A).
Define U = MVTD~! € £(C, B), thus
UDV = MVID™'DV = MVTV = M. (1.12)
Moreover,
U'U=MVIDYMVID™ =D 'WMTMVID™! = D7'D?*D~! = 15, (1.13)
Hence U € U(C, B). O

The Schmaidt decomposition
Finally, we have the Schmidt decomposition, considered an extension of the singular value
decomposition to vectors, which allows us to represent any pure state as a set of orthonormal

vectors localised on distinct subsystems.

Theorem 1.4. We may write any vector v € Hap in the form

v = Zri (e ® fB) (1.14)
i
where {4 }; and {f4}; form orthonormal bases on their respective subsystems and the Schmidt

coefficients {r;}; are real and non-negative.

For proofs and related material see [49, Section 2.5].

1.2.3 The Schatten operator norm

If we introduce a norm on a set of a finite complex-valued linear operators we form a Banach
space. The Schatten norms form a family which generalise some of the more common norms
associated with spaces of operators. Essentially, they can be considered as a matrix generalisation
of the p-norms on Lebesgue spaces.

For M € L(A, B), we define

=

1M, = [t (MTM)%} . p>1. (1.15)

Note these norms are well defined for rectangular matrices since MM is by definition self-adjoint.
1
In fact, the eigenvalues of |M| = (MTM)? coincide with the singular values of M (and MT) (see

[9, Section 1.1.3]). As such, we may write the above in the form

P

k
M), = [Zs (M)”l : (1.16)
=1

where k is the rank of M.
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Properties

The above definition induces some useful properties:

Proposition 1.5. The Schatten norm is unitarily invariant, i.e. for M € L(A,B), U € U(B)
and V e U(A),
UMVl = [[UM], = MV |, = [[M]]p. (1.17)

Proof. By the singular value decomposition we may write UMV = UU'DV'V| where D € L(C)
is a diagonal matrix, UU’" € U(C,B) and V'V € U(A,C). This demonstrates that the singular
values of M and UV M coincide, hence by Eq. (1.16) we have the equivalences in Eq. (1.17). O

Proposition 1.6. For M € L(A, B),
1821, = [[ 2], = [|BZ]|, = | AT]], = lIp]ll, (L18)

Proof. We simply observe that the singular values of M are invariant under these transformations.

O

Proposition 1.7. Given M € L(A, B) we may write HMTMHP = ||M||§p

Proof.
1
|net |, = [ex (At araeTar)*]” (1.19)
2%

= {tr (MTM) ] (1.20)
= [|M]5, - (1.21)
O

We conclude with an observation about the form of positive operators in the unit ball of a given
norm:

=1.

Proposition 1.8. For all 0 € D(A) Hcr%
p

Proof. This is evident by considering the definition of the Schatten norm and the fact that
tr(o) = 1. O

Examples
The Schatten norms generalise some well known norms on spaces of operators:

e The trace norm is equivalent to | - [|; and recovers the trace for self-adjoint operators.

e The Hilbert-Schmidt (or Frobenius) norm is equivalent to || - ||2. This norm is induced by
the inner product (M, N) = tr(MTN), hence L£(A, B) equipped with this norm is a Hilbert

space.

e The operator norm is equivalent to || - ||oo, defined as

M
HM”oo = sup H UHQ
vEH A ||,U||2

[Hvllz = <v,v>} : (1.22)

1.3 Quantum mechanics and information

The following follows the material presented in [49)].
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1.3.1 The state of a quantum system

A quantum system can be any physical system, but generally we only consider systems where
quantum effects are significant, such as an electron, a molecule or the crystalline structure of a
material like doped silicon. A quantum system A is associated with a separable* Hilbert space H 4

over C. Here, we consider only finite Hilbert spaces equipped with an inner product

(v):HaxHas —C (1.23)
(u,0) — D T, (1.24)

where u; and v; are respectively the ith elements of v and v. The possible states of the system A
are described by the elements of H 4.
We use bra-ket notation to represent quantum states: for ¢ € H 4, its ‘ket’ is written |¢)) and

it can be considered as a column vector such that for an operator M € L(A, B),
M |4y = M. (1.25)

From this point we use the shorthand |¢)) = ¢ € H 4. Considering |¢) as a matrix, we define the
bra’ of ¥ as (1] = |y)'.
We find this definition notationally convenient as, considering Eq. (1.24), we may write (p|¢) = (@, )

and

(0, AY) = (0| Av) = (ATo|y)) = (p| Al9). (1.26)

1.3.2 State vectors and probability density matrices

A finite dimensional state vector can be represented by a complex-valued ket [¢), for which
(¢p]) = 1. This is to say that in an orthonormal basis {|e;)}; where [¢) = >, a;|e;), the square
sum of the moduli of the complex coefficients, Y, |a;|* = 1.

The probability density matrix (or probability operator) p of a quantum system is determined

by an ensemble of pure states, {p;, [¢:)}:;. We define
p=">_pilvi) (Wil (1.27)

where p is a density operator and as such we may express its spectral decomposition (see section

1.2.2) in terms of bra-ket notation:

p= ZAJ- 1) Gl (1.28)

where the eigenvectors form an orthonormal eigenbasis and j Aj=1.

A system is considered to be in a pure state when its probability density matrix can be repre-
sented by a single state vector, i.e. p = |1} (¢p|. This reflects that we have complete knowledge of
the state of the system. Note we must still consider superposition and the underlying uncertainty
when measuring a pure state in a particular basis. A system that is not in a pure state is said to

be in a mixed state.

*Having a countable orthonormal basis.
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If p has the spectral decomposition as in Eq. (1.28) then
PP = N i) (ilg) (| (1.29)
4,
=> X1 (il (1.30)
J
= tr(p?) =Y A (1.31)

For all j,0 < A; <1, 50 )\f < )j, with equality if and only if A; is the only eigenvalue, i.e. equality
if and only if p is a pure state.
This gives us the criterion:
tr(p?) <1, (1.32)

with equality if and only if p is a pure state.

1.3.3 Composite systems

A composite quantum system is one that is made up of distinct subsystems. We write that
pap € D(AB) is a probability density matrix of the composite system of A and B. To recover the
state on one of the subsystems we ‘trace out’ the other subsystem with the partial trace: given a
basis {le;)}; C Hp and M € L(AB), we define the marginal of M in A:

trp(M) = (e Mle;) = My € L(A). (1.33)

i
Given pap € D(AB), the reduced state ps € D(A) is the marginal of pap in A, i.e. trg(pap) =
pa- We can consider the reduced state as a description of the state on a subsystem, at least when it
comes to making measurements only on this subsystem [49]. The state of a composite system may
or may not be entangled. A pure state on a composite system can be decomposed as pap = pa®pp

if and only if no entanglement exists between the subsystems.

Classical-quantum states

It is possible to define joint classical-quantum systems, required in the case of measurement
on a single subsystem (see next section). In order to consider classical subsystems in the context
of density operators we introduce an auxiliary Hilbert space Hx for the random variable X, with

orthonormal basis {|z)}, that acts as a ‘classical register’ [20]. Accordingly, we have
pxp =y p(z) |z} ® pf, (1.34)
x
where p% is the quantum state of the system B conditioned on X = z, i.e. we have

trx pxs = Y p(*)ph = pp- (1.35)

Observations about pure states
Given a pure state is represented by a vector in its respective Hilbert space, we can use the

Schmidt decomposition to derive some useful equivalences:

Proposition 1.9. Given the pure state pap = |¢X¢| € D(AB) and the Schmidt decomposition
lo) =D i |i) 4 @ i) g, if we let X € L(A,B) such that X =), 1;|i) 5 (i 4 then

X'X=ps and XX =pp. (1.36)
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Proof. We prove the first statement explicitly, then the second follows from a symmetric argument.

First note that since {|7) 4 }; is an orthonormal basis for H 4 we may write the partial trace over

A as
pB = tra(pas)
—Z klAZW‘J )8) (Ula @ Ulp) k) a
= Zrm k‘li A ®11) ) (1) 4 ® (il p)
i3,k
=Y rili)p (i
Moreover,

XXV=3 rirg i) g (ild) 4 (il s
g
= er 1) g (il

Proposition 1.10. Given a pure state |¢) € Hapc with Schmidt decompositions
=D rili)a@li)po =D sili)ap ®li)o
i i

we have, for K4 € L(A) and Lo € L(C),

Le ZH 1) po (il 4 Ka

Le Z si|t) o (il ap Ka
i 2

(1.41)

(1.42)

(1.43)

(1.44)

This implies that we are free to choose any valid Schmidt decomposition in the product of an

argument of the Schatten 2-norm — effectively ‘shifting’ a subsystem to the other side — given that

subsystem is not otherwise represented in the product.

Proof. We first rewrite the left-hand side as a trace:

2

=tr KJr Zrl |BCL LCZTJ 1) po (ila Ka
9 J

Lc Zri 1) po (il 4 Ka

ZTiijix |9) 4 (il pe LTCLC 17) Be (la Ka

= Z <k|A7’iTjKL i) 4 (il pc LTCLC 1) pe (la Kalk) 4

ik

=D rir (ila Ka k) g K|y K4 19) 4 Gl po LiLe i) pe

=3 riry (il4 ® Gl g (KaKh © LhLo ) 1104 @ 1) b

(
= (¢l (KKl © LLLe) o)
(

—Zszsj il4p ® (ilc KAKT®LCLC) 1704 ® i)
i,j

(1.45)

(1.46)
(1.47)
(1.48)
(1.49)

(1.50)

(1.51)
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From this point, reversing the process obtains the right-hand side. O

1.3.4 Measurement

Uncertainty relations are a characterisation of how much information we can extract from a
system by measurement, hence we require a formal understanding of what measurement means in
the context of quantum information theory.

Although an interesting avenue for further research, this thesis does not treat general projector
operator-valued measurements — or POVMSs, instead we cover the simpler situation of measure-
ments in orthonormal bases, or ONBs for short.

An ONB X can be represented by a set of rank 1 projectors: X = {|z) (x|}, whose spans are
mutually orthogonal.

In a real physical situation, if a state is measured in this basis the system will collapse to one
of the pure states described by the basis vectors. The probability of observing the system in that

basis state can be determined by acting on the state with its associated measurement map:

Mx(): L(A) — L(X) (1.52)
pa — > _laXz| palaal = (x| palz) [x)al, (1.53)

xr
Mx € CPTP(A, X) and we often denote Mx (pa) = px-
By the Born Rule, when a pure state |1)) is measured in an ONB with basis vectors {|z;)},,
the square modulus of the coefficients A, of each eigenvector can be interpreted as the probability

p(k) that the system will be observed in the state |zy), i.e.
(lze) (zrly) = Z A, |? (@ilag) (@x|2i) (1.54)
= i s [*di (1.55)
= | A&l = p(k). (1.56)

For a mixed state the probability is instead the weighted sum of the coefficients for each pure state
in the ensemble.

We may also formalise measurement maps on only part of a multipartite system. In this case
we consider M% € CPTP(AB, X B) noting that even though it is defined on the larger space it
only acts on the relevant subsystem. With this in mind, the expansion to any additional subsystem
is assumed in a given context and we denote M x(pap) = pxp, where it does not cause ambiguity.

The probability that measuring p in X will have the outcome z, i.e. the sum of the joint
probabilities that p is in the state |¢;) and that it collapses to |z), induces the random variable X
with probability mass function: (x| p|x) = p(z), given by the eigenvalues of M x (p).

1.4 Entropy

Entropy itself is, in broad terms, a measurement of chaos. Systems that are well structured and
predictable have low entropy — consider a closed container of liquid water and air — whereas high
entropy systems have little structure and are hard to predict, such as the same container holding
a homogenous mixture of water vapour and air. Basically, a system that is more “mixed up” has
more entropy.

From an information theoretic perspective, entropy is instead viewed in terms of random vari-

ables. A random variable with a uniform distribution — where each outcome is equally likely — has
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high entropy and one with a degenerate distribution — where there is only one possible outcome —
has low entropy. In terms of the above example, we can consider the distribution of whether or
not a water molecule will be observed at a particular position. In the low entropy, liquid state we
would be guaranteed one way or the other depending on which side of the surface we measure,
but in the high entropy, gaseous state we would be much less sure of the outcome. This statistical

interpretation is well formalised by the Shannon entropy.

1.4.1 Classical Entropy
The Shannon entropy H(X) of a random variable X is the most common, and arguably the

most useful, definition of entropy. It satisfies the following postulates, desirable for a measurement

of uncertainty [50]: If n = | X]|, then
(a‘) H(X) = H(p(xl)ap(xQ)a "'ap(xn)) is Symmetricv
(b) H(p(z),1 —p(z)) is continuous for 0 < p(x) <1,

(¢c) H(1/n,1/n,...,1/n) =logyn,
—_—
n times

(d) H(tp(z1), (1 —t)p(x1),p(z2), ..o p(T0)) = H(p(z1), p(72), ..o, P(T0)) + (1) H (2,1 — 1),
for 0 <t <1,

Shannon entropy and surprisal
To determine a rigorous definition of entropy we first consider surprisal [20, Section IIL.A.1].

Let’s restrict our focus to a single outcome. The amount of information gained from observing
this outcome is related to its probability — we gain more information when less likely outcomes
occur, i.e. we can consider surprisal to quantify how surprised one would be if the outcome
occurred. Additionally, we want the information gained from two independent outcomes to be the
sum of the information gained from each outcome, i.e. we want a function f(P(X = z)) = f(x)
such that

p(x1) <plrg) = f(x1) > f(22) and f(z,y) = f(p(2)p(y)) = f(z) + f(y). (1.57)

Any function of the form —\log, p(x), A € R satisfies these conditions, and we take A = 1 for
simplicity [2], giving us the definition f(x) := —log, p(z). [cite]
Since we want to know the expected amount of information gained from observing the random

variable we take the average of the surprisal to obtain the Shannon entropy:
H(X) == p(z)logp(x). (1.58)

This satisfies the postulates (a)-(d) and is an adequate if not preferable measurement of uncertainty
in many situations.

For any random variable X its Shannon entropy is bounded: 0 < H(X) < log|X]|, with equality
on the left if and only if the distribution of X is degenerate and equality on the right if and only

if the distribution of X is uniform on its support.

Joint entropy
Joint entropy is the entropy of the random variable described by the joint probability of two

or more random variables. Given two random variables X and Y, their joint entropy is defined

H(XY) == p(ay)logp(zy). (1.59)

z,y
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By Bayes’ Theorem (see Eq. (1.3)) and Jensen’s inequality, we have

H(XY) < H(X) + H(Y), (1.60)
with equality if and only if X and Y are independent.

Conditional entropy
The conditional entropy of X given Y is average the amount of information left to gain about
X once Y has been observed. This is the remaining uncertainty of XY when given access to the

side information provided by Y about X. As such
HX|Y)=H(XY)—-H(Y). (1.61)

From Eq. (1.60) we can see that
H(X|Y) < H(X). (1.62)

The conditional entropy is equivalently defined [51]

H(X]Y) = Zp H(X|Y =y) (1.63)
= pr p(zly) log p(zy) (1.64)
o o) Tog PEY)
= %p( y)log 2 R (1.65)

Note that Eq. (1.61) is the bivariate form of the more general multivariate chain rule:
H(X|YZ) = H(XY|Z)+ H(Y|Z). (1.66)

Mutual information
Mutual information, on the other hand, is the amount of information shared between random
variables, quantifying how well they are correlated. This notion is conveyed through its definition

in terms of the decomposition rules:

I(X:Y)=H(X)+ H(Y) - H(XY) (1.67)
= H(XY) - H(X|Y) - H(Y|X) (1.68)
= H(X)- H(X|Y)=H(Y) - HY|X). (1.69)

From Egs. (1.62) and (1.69) we can see I[(X : Y) > 0.

Relative entropy
Relative entropy, also know as Kullback-Leibler divergence, is a quantity that can be used to
measure the closeness of two distributions over the same index set in terms of their entropies.
For X; and Xs, P(X; = 2) = p1(x), P(X2 = z) = pa(z) we define

pi(z)
pa(z)

D(X1]X2) Zpl log (1.70)

~

In the case that pa(z) does not dominate p;(z), i.e. there exists a x in the index set such that
p1(z) > 0 and pa(z) =0, then D(X1Xz) =
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We can express classical entropies in terms of this quantity:

H(X)=log|X| - D (p(x) {Er) (1.71)

= —Zp ) log p(x (1.72)

H(X|Y) =—=D(p(zy)llp(y)) (1.73)
o . p(zy)

= Zp( u)log =S (1.74)

= Zp )log p(y) — Y _ play) log p(ay) (1.75)

- H(XY) ~H(Y), | (1.76)

I(X :Y) = D(p(zy)llp(z)p(y)) (1.77)
_ ) log _PEY)

= 2 pa)los oty (7

= Zp zy) log p(ay) — Zp )logp(z) = Y p(y)log p(y) (1.79)

— H(X) + H(Y) - H(XY) (1.80)

— H(X)— H(X|Y). (1.81)

1.4.2 Quantum entropies
We want to find applications of entropy in quantum information, so here we discuss the quantum
analogues of the classical entropies covered in the previous sections. But first, a run-down of the

concepts and notation.

Von Neumann entropy
Related to the Shannon entropy is its quantum analogue, von Neumann entropy. Instead of
taking a random variable as input, the von Neumann entropy takes the probability density matrix

p describing the state of a quantum system. It is defined similarly to Shannon entropy:

H(p) = —tr(plogp). (1.82)

Fortunately, when p is expressed in terms of its spectral decomposition (see Eq. (1.28)), the above
simplifies to the Shannon entropy of the random variable with probability mass function given
by the eigenvalues of p. i.e. H(p) = — Zj Ajlog A;. We can use the von Neumann entropy as a
stepping off point to derive the quantum generalisations of the classical entropic quantities via the

intuitive chain and decomposition rules. Accordingly, we have the quantum joint entropy:

H(pap) = —tr(paplogpagp), (1.83)

the quantum conditional entropy:

H(A|B) = H(pap) — H(pp) (1.84)
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and the quantum mutual information:
I(A: B) = H(pa) + H(ps) — H(pas)- (1.85)

Similar to the classical entropies, these relationships coincide with the definitions established via

the quantum relative entropy [21]

D(pllo) = tr [p(log p — log )] (1.86)

Analogous to the classical case, if o % p then D(p|o) = oco.
We have for pap € D(AB):

Lis ) , (1.87)

H = log |su -D lsupp(oan)|
(paB) g [supp(pan)| (pAB |supp(pan)|

H(A|B), = —=D(pas| 1a ®pp) (1.88)
= —tr(paplogpap) + tr(pplog pp) (1.89)
= H(pap) — H(pp), (1.90)
I(A: B), = D(pasllpa ® pp) (1.91)
= tr(paplog pap) — tr(palog pa) — tr(pp log pp) (1.92)
= H(pa) + H(pg) — H(pap) (1.93)
= H(pa) — H(A|B),. (1.94)

In fact we obtain equivalent definitions for the conditional entropy and mutual information by
minimising over one or both subsystems. As this is shown for conditional entropy in [28], we provide
a similar demonstration for mutual information: if we consider the positive-definiteness of the
relative entropy due to Klein’s inequality [52], and observe that when o = pp then D(pg|log) =0,

we can write

I(A: B), = D(paslpa® pp) + UBie%f(B) D(psllos) (1.95)
= tr(paplogpap — paplog(pa ® pp)) + tr(pslog ps) — aBie%f( 5 tr(pplogop) (1.96)
= ie%f(B) tr(paplogpas — paplog(pa @ op)) (1.97)
=GBi€Tg(B)D(PAB||PA®UB)- (1.98)

A similar calculation can be used to show that the equivalence also holds when minimised over
both subsystems, i.e.
I(A:B),= inf D(pagpllca®og). (1.99)

oA ED(A)
G’BGD(B)

So far we have been discussing these relative entropy or divergence quantities only in terms of
Shannon or von Neumann entropies. It is important to point out that this framework allows for
a relatively clear and simple definition of all these quantities but in the case of Rényi entropies
things are not so straight-forward. Nonetheless, armed with these definitions it is much easier to

discuss how to extend this structure to Rényi entropies.
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1.4.3 Rényi entropy
Rényi entropies were first proposed in [50] as an alternative definition of entropy, having most
of the desired properties as well as allowing the consideration of information of different order.
The Rényi entropy of order « € (0,1)U(1, 00) of a classical random variable X, with probability

mass function p(x), is defined as

1 «
Ho(X) = ——log <21:p(x) ) : (1.100)
It generalises the Shannon entropy and serves to weigh outcomes with more or less likelihood
differently depending on the order . The Shannon entropy is recovered in the limit « — 1 (for
the proof see Appendix B.1). Rényi’s original derivation is beyond the scope of this thesis, but it
is constructive to note that in his formalism the Shannon entropy corresponds to a linear case of

a more general exponential function where the order « acts as the exponent.

Rényi entropic quantities via relative entropy

There have been various quantities with which we could derive definitions of Rényi conditional
entropy and Rényi mutual information, the foremost being classical Rényi divergence (Rényi rel-
ative entropy) [50]: given two random variables X; and X, indexed on the same set {z} with
probability mass functions p; (z) and p2(x) respectively, the Rényi divergence is defined

Do(X1]X2) = logz pu = (1.101)

Some specific examples of classical divergences belonging to this family of divergences are

Do(X1[X2) = —log Zpl ~log Y. pa(a), (1.102)

{z:p1(x)>0}

Dy ja(Xa[|X2) = —QZIOg Vp1(z)p2(x) (1.103)

=2Dp(X1,X2) (twice the Bhattacharyya distance [53]), (1.104)
Di(X1X2) == D(X1||X2) (1.105)
(z) p1(x)
2 (X[ X2) =1 =1 1.1

s se S (2
i pi(z)

oo(X1|X2) == lim Do(X1]|X2) = logsup (1.107)
a—r 00 Q(x)

We would expect the Rényi divergence to induce definitions of the the Rényi entropic quantities
in an analogous way to the definition of classical entropies via relative entropy in Section 1.4.1.

That is to say, the Rényi conditional entropy and mutual information would be defined

Ha(X‘Y) = —Da (pxpry) and Ia(X . Y) = Da (pxprxpy) . (1108)

Since, in the limit & — 1, Eq. (1.101) produces the relative entropy, we expect the above to produce
the Shannon and von Neumann quantities in the same limit.
There are some alternate propositions for conditional Rényi entropy from which we could also

derive a definition of mutual information.
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Alternate definitions

The main alternative to defining mutual information directly with divergence is to define it
via the conditional entropy. There are some definitions which have found utility, derived from
analogous definitions based on Shannon entropy or generalisations of other related quantities [54].

For example:

H(X[Y) =) p(y)Ha(X[Y =) [55], (1.109)
HIMX|Y) = Hy(XY) — Hy(Y) [56, 57], (1.110)
HWY(X|Y) = ﬁ maxlog 3" p(aly)® [54]. (1.111)

Our classical Rényi mutual information could then be defined

(X Y) = Ho(X) + Ho(Y) — Ho(XY) (1.112)
— Ho(X) = HL(X|Y) = Ho(Y) — HA(Y|X). (1.113)

On closer examination the above does not hold in general. Although similar or related techniques
to derive a Rényi measure of information may find use in specific applications, this method is not

fruitful for our purposes.

1.4.4 Quantum Rényi entropy
The quantum Rényi entropy is a quantum generalisation of the Rényi entropy and is derived
in an analogous way to von Neumann entropy: for a probability density matrix p and « € (0,1) U

(1,00), we define
Ho(p) =

— log tr(p®). (1.114)

There are some particular choices of o which are either mathematically convenient or reflect specific
physical situations.

When o — 1 we recover the von Neumann entropy: Hi(p) := H(p). When a = 2 we have the
‘collision” entropy: Ha(p) = —logtr(p?), which characterises the purity of a quantum system (see

Eq. (1.32)). The max-entropy could be naturally defined for e — 0 but, due to some mathematical

restrictions, we instead use o = 3 (see, for example, Eq. (1.155)). We have
Ho(p) = log |supp(p)|, (1.115)
Hy (p) = Hrax(p) = 2log tx(,/7). (1.116)

The last quantity, and perhaps the most useful except for « — 1, is the min-entropy which we

obtain when o — oo:
Hoo(p) = Humin(p) = —10g Amax|p]- (1.117)

1.5 Rényi divergence and related quantities
We now introduce a generalisation of the quantum relative entropy and the classical Rényi diver-
gence — the ‘sandwiched’ Rényi divergence [28, 29]: for p € D(A),0 € P(A) and « € (0,1) U (1, 00),

%logtr{(a%pa%)a] ifpfon(c>pVa<l)
Da(pllo) := ! : (1.118)
00 else
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From this point we will refer to this quantity as simply ‘Rényi divergence’.

It is prudent at this point to formally introduce the following shorthands which are used exten-

sively in the remainder of the thesis. We often treat the relationships é + L =1and é + é =2

o’ T

Accordingly, we equate

, @ . @
= d = . 1.11
o =—— and &= —r (1.119)
This produces some equivalences that will be useful for later calculations. We have
! !/ /
-1
of o=l oy, (1.120)
@ @
o  dQR2a-1) o [ 2 , o +1 ,
g - —1) = - ——)= 1 d 1.121
a « a \o —1 (o ) o —1 @+ an ( )

~ —1 N N ~ ~
, « Q «a 2a -1 «a o N
o= (- _ - . (1122
R — ( 2@1) (2@1) (@1)(2@1) o1& (112

Applying a similar technique as in Section 1.4.2, we find that equivalence does not extend
to Rényi divergence but we can still produce rigorous definitions of the relevant quantum Rényi
entropic quantities. The following notation is adapted from the notation introduced in [22]. We

define the quantum Rényi entropy as

Ha(p) = log [supp(p)| ™= — Ds (p

! ) . (1.123)

|supp()|

We may also derive quantities that generalise the quantum conditional entropy:

HY(A|B), = —Da(pasll 14 ®pp) and (1.124)
H'(A|B),=— inf D, 1 . 1.125
o(AlB), UBg]l)(B) (pap| 1a®op) ( )

The ordering H}(A|B), < H}(A|B),, obvious from the definition, is indicated by the direction of
the superscript arrow. We can safely assume that 14 ®op > pap, since any choice of o where
this is not the case would certainly not achieve the infimum. Similarly, we derive generalisations

of the quantum mutual information, originally proposed in [27]:

Ig(A;B),,:UBierg(B)Da(pAB||pA®aB) and (1.126)

IY(A:B),= inf D, . 1.127

pa( )o L (paBlloa ® oB) ( )
O'BED(B)

Again, the superscript arrows indicate the ordering of each version and we satisfy the support
condition as result of the minimisations. The use of ;’ in Eq. (1.126) indicates that this quantity

is not symmetric between the systems A and B, whereas Eq. (1.127) is.

1.5.1 Generalised Rényi entropic quantities
In order to express our results in a more general setting, we make use of the following notation

for the generalised Rényi mutual information [27] and conditional entropy:

Ho(papllTe) = —Dal(pas| 14 ®@75), (1.128)
In(papllTa) = inf Dy(papllTa ® oB). (1.129)
O'BGD(B)
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We can readily verify that the above quantities generalise Eqgs. (1.124)-(1.127), i.e.

H(A|B), = Ha(paslpp), H(A|B), = sup Ha(pagllon), (1.130)
UBGD(B)

IL(A; B), = Ia(pagpa), I{(A:B),= inf Ia(paglloa). (1.131)
UAED(A)

1.5.2 Properties of the Rényi divergence

This definition of a quantum Rényi divergence is not the only one proposed, however, it main-
tains many useful and desirable properties of the quantities it generalises for a wider range Rényi
orders, whereas other propositions’ do not. There are a few properties of the Rényi divergence
which we find particularly useful, which we now detail (for a more comprehensive treatment
see [28, 29, 38]).

Firstly, it generalises the quantum relative entropy. Indeed, it is recovered by taking the limit

a — 1 as in Proposition B.1. Tt is also monotonically increasing in « [38], i.e for o > 3,
Dalpllr) = Da(pllr). (1.132)

It is useful to re-express the Rényi divergence as a Schatten norm of the arguments dependent

on o ,
1 ||o

Da (pl|o) = log Ha%paw (1.133)

(0%
Its close relation to Schatten norms is mathematically convenient and as such derived quantities

exhibit duality relations. For example we have the duality of the Rényi conditional entropy [38, 28]:

Proposition 1.11. For a pure state papc € D(ABC) and o > § such that * + L =2 we have
HJ(A|B), = —H.(A|C),. (1.134)

And the duality of the generalised mutual information [27]:

Proposition 1.12. For a pure state papc € D(ABC), 75 € P(B) and a > % such that éJré =2

we have
Io(paslta) = —Ia(pacllty). (1.135)

Additionally, it satisfies the data-processing inequality [38, 60, 28]:

Proposition 1.13. Ifa > 3 and ® € CPTP(A, B), then for p € D(A),0 € P(A)
Da(pllo) = Da(2(p)[2(0)). (1.136)

In order to extend certain statements about strictly positive matrices to positive semi-definite
matrices we can observe the continuity of the Rényi divergence. The following proposition is
adapted from [28, Lemma 13] and ensures the Rényi divergence is continuous even when the rank

of Y decreases.
Proposition 1.14. Let X € D(A),Y € P(A) with X #0 and o € (0,1) U (1,00). We have

1
a—1

Da(X[Y) = lim.

)

log tr [((Y+51A)5T“X(Y+51A)%)a} (1.137)

TThe main contender in this context is the Petz quantum Rényi divergence. It is a simpler generalisation but
only satisfies many desired properties of a divergence for o € [0,2]. See [42] and [59] for more details.
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and the limit exists in the weaker sense in which a real valued sequence which is bounded from
below and not bounded from above and which does not have an accumulation point is considered as

being convergent to +oo.

Essentially, this indicates that if we can make a statements for strictly positive matrices, e.g.
Y +ela € P*(A), then we can extend that statement to positive semi-definite matrices by taking
Y +e14 — Y with supp(Y) C H4. Note however, that in some cases the quantity will still diverge
ify » X.

These properties naturally extend to any quantity defined using Rényi divergence — properties
which coincide with the mathematical and physical interpretation of quantum entropies. That is to
say, monotonicity in « reflects the expected behaviour of Rényi entropy when weighing more or less
likely outcomes differently and the data-processing inequality reflects that entropy can only ever

increase (or correlation decrease) when information is processed (on each system independently).

1.5.3 Dupuis’ chain rules

One of the major contributions of this work is to formalise and provide Rényi approximations
of the chain and decomposition rules that exist for Shannon and von Neumann entropies and which
often are an important tool in the derivation of related results. To this end, Dupuis’ chain rule [37]
provides a foundation for the methodology and a proof-of-concept for the more general inequalities

covered in Chapter 3.

Theorem 1.15. Let 25 = % + ﬁ with «, B,v € (1/2,1)U(1,00). For papc € D(ABC) and
7o € P(O), if (a=1)(B-1)(y—1) >0,

Ho(papcllte) > HY(A|BC), + H,(ppc|Te). (1.138)
Otherwise, if (a —1)(8 —1)(y—1) <0,
Ha(pasclire) < HY(AIBO), + Hy(psclire). (1.139)

This result shows that we may establish chain rules for conditional Rényi entropies for particular
choices of Rényi order. Evidently, these chain rules are weaker than the Shannon and von Neumann
versions, but still provide a rigorous generalisation — note that by pinching the inequalities we
recover an equality when all orders tend to 1. We provide an alternative proof of this theorem and

a variation on the bipartite case in Chapter 3.

1.6 Entropic uncertainty relations
Uncertainty relations manifest in many areas of science, and can be applied to situations rang-
ing across the accuracy of radar readings (trajectory vs position), the analysis of sound waves

(frequency vs instant) and the measurement of subatomic particles (position vs momentum).

1.6.1 Commutator formulation

In quantum science, uncertainty relations are a way to characterise what are referred to as
‘incompatible’ observables. Observables in this context are operators whose action yields something
which can be observed about the state of a quantum system. Incompatibility can be measured by
the commutator [C, D], a function of operators. Only when [C, D] = 0 are the observables said
to commute, otherwise they are incompatible. Note that observables commute only if they are

simultaneously diagonalisable.
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As explained in Section 1.3.4, when an observable M acts on a quantum state |¢)), we can
recover the probability P(m) that a certain value m will be measured for that observable. Using

this notation we write the expected value of the observable

(WIM|p) = (M) = mP(m) (1.140)

m

and its standard deviation o(M) = +/(M?2) — (M)2, which we find by examining the expected

difference of the values m from the expected value:

(0(M))? = (M — (M))?) (1.141)
= (M? — 2M (M) + (M)?) (1.142)
= (M?) — (M) (1.143)

Taking the square root will bring things back to the same dimensionality as the observable. Stan-
dard deviation is a measure of how spread out a distribution is, and as such is connected to the
uncertainty in the measurement of that observable.

The Robertson relation [61] is described by the inequality

(¢, D])|
o(C)o(D) > TR

(1.144)
This implies the combined spread of the observables must be greater than a function of their
incompatibility, the right-hand side is always positive and only equal to zero for observables that
commute on the support of [¢)). This allows the left-hand side to be a trivial bound for some
situations where the eigenstates of the observables are orthogonal to [¢).

In general, for non-commuting observables, if the outcomes of one observable can be predicted
with a high level of accuracy (small standard deviation) then the uncertainty in predicting the
outcome of the other observable must be proportionately high (large standard deviation).

Arguably the most famous application of this relation is the Heisenberg Uncertainty Princi-
ple [35] relating position and momentum:

o(X)o(P) > 2, (1.145)

NSt

where X is the position observable, P is the momentum observable and # is the reduced Planck’s

constant, equal to the expected value of the their commutator [62, 63].

1.6.2 Entropic formulation
To discuss entropic uncertainty relations we consider finite quantum states represented by

probability density matrices measured in a choice of ONB (see Section 1.3.4).

Uncertainty in measuring in two orthonormal bases

Since for each p € D(A) we can recover the random variables X and Z for two ONBs X
and Z respectively, we can examine the Shannon entropies H(X), and H(Z),. Note that this is
not the entropy associated with the state p, or even the post-measurement state, but rather the
entropy associated with the measurement of p in either basis. We then have the canonical entropic

uncertainty relation [36]:
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Theorem 1.16. For a mized state pa € D(A) and measurement bases X and Z on A we have
1
H(X),+H(Z),>log - =tquu, ¢= max | (z|z) | (1.146)

This indicates that the total uncertainty of measuring two different observables on the same
system must be at least as large as a positive constant depending on the measurement bases but
not on the measured state.

We may extend this to a result involving conditional entropy via the following rationale: con-

sider a generic Shannon entropic relation
> H(X,) >q, (1.147)

with ¢ state independent. For some classical memory Y containing information about the prepa-
ration of the state being measured, we can show [20, Section IV.C] that Eq. (1.147) implies
Yo H(X,|Y) > q. We may therefore conclude that

H(X|Y), + H(Z|Y), = quu- (1.148)

Information exclusion relations

Also known as mutual information uncertainty relations, information exclusion relations are
entropic uncertainty relations expressed in terms of mutual information.

The canonical version of this type of relation is the Hall relation [19] which we may derive from

Eq. (1.148) with an application of the decomposition rule, Eq. (1.69):

Theorem 1.17. For a mized state pap € D(A) and measurement bases X and Z on A and Y on

B we have
I(X:Y),+I1(Z:Y), <log(d*c) =: ru, (1.149)

where d is the dimension of H 4.

Note d appears due to both H(X) and H(Y') being bounded above by log d.

1.6.3 Improvements and extensions
Here we detail some of the pre-existing results relevant to the generalised entropic uncertainty
relations in Chapter 4. These take the form of improved bounds, tighter inequalities, extensions

to Rényi entropies or a combination thereof.

Improved bounds
Berta et al. [43] have improved on Eq. (1.148) by considering the conditional entropy of the

state p, which quantifies its inherent mixedness:

Theorem 1.18. For a mized state pap € D(AB) and measurement bases X and Z on A we have
H(X|B), + H(Z|B), > quv + H(A[B),. (1.150)

With this relation as a starting point, Coles and Piani [44] have derived a tighter, state-

dependent version:
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Theorem 1.19. For a mized state pap € D(AB) and measurement bases X and Z on A we have
H(X|B), + H(Z|B), > q(p) + H(A|B),, (1.151)

where q(p) == max{q(p,X,Z),q(p,Z,X)} and q(pa,A,B) := =" p(a)log (maxb |<a|b>|2).
This can be weakened slightly to a state-independent version:

Theorem 1.20. For a mized state pap € D(AB) and measurement bases X and Z on A we have
H(X|B), + H(Z|B), > qce + H(A|B),, (1.152)

q(o).

where qcp := min
c€D(AB)

These relations are then used to produce improved versions of information exclusion relation in

Eq. (1.149). Firstly, they proved the conjecture of Grudka et al. [64], who proposed the following:

Proposition 1.21. For a mized state pap € D(AB) and measurement bases X and Z on A we

have

I(X:B),+1(Z:B), <rg where rg:=log|d Z max | (z|z) |* | , (1.153)
d largest ”

with the sum over the largest d terms of the matrix [|<x|z>\2}

Indeed, this is actually a weaker version of the main result of Coles and Piani:

Theorem 1.22. For a mized state pap € D(AB) and measurement bases X and Z on A we have
I(X:B),+1(Z:B), <rcp, (1.154)
where rep = min {r(X,Z),r(Z,X)} and r(A,B) := log (d >, maxy |(a|b>|2>.

Extensions to Rényi entropies
We now consider the known extensions of these relations to Rényi entropies of specific order.
In fact, to begin we need look no further than the Maassen-Uffink relation as it was originally

proposed [36] in the general form:

Theorem 1.23. For a mixed state pa € D(A) and measurement bases X and Z on A with o, & > %
such that é +1i=2

e

Ho(X) + Ha(Z) > quu. (1.155)

Note for «, 8 = 1 we recover Eq. (1.148).

This not only establishes a strong precedent for Rényi uncertainty relations but reveals that
they are a fundamental part of the mathematical structure of this field.

Tomamichel [42] derived the main improvement of this relation, described in terms of quantum

Rényi conditional entropy:
Theorem 1.24. For a mized state pap € D(AB) and measurement bases X and Z on A with

L:ﬁ—f—%, and (a« —1)(f—-1)(y—1) <0.

a—1

HI(X|B) + HY(Z|B) > quu + HL(A|B). (1.156)
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This result generalises both Eq. (1.150) and Eq. (1.155), respectively, by letting all parameters
go to 1 or choosing B trivial and allowing o — 0.

Once adequate Rényi entropy chain and decomposition rules are established, we may adapt the
methodology used for the derivations and proofs of these improved relations to demonstrate the

results in Chapter 4.
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Chapter 2

Interpolation framework

The principle mechanism which we use to compare Rényi divergence of different order is complex
interpolation. There is a well-established and sophisticated theory associated with this field of
mathematics but in our context we do not need to go into such depth. Our result is essentially
an extension of the Hadamard three-line theorem and, although Hadamard’s result can be derived
via the broader theory, we purposefully restrict our focus. However, in order to understand the
motivation behind the choices of interpolation function it is prudent to provide an overview of the
interpolation structure and associated norms of Pisier. The statement and proof of the three-line
theorem for unbalanced weighted norms on linear operators are given in the last section of this
chapter and the specialised results that follow are given in Chapter 3, in the context in which they

are used.

2.1 The super-operator I', -
For conciseness in the subsequent chapters, we introduce a more general form of the super-
operator notation found in [38]: with o € P*(B), T € P*(A), define

I'vr:L(A B)— L(A,B) (2.1)
M o3 Mr3. (2.2)

If o or 7 are instead operators on only part of a tensor product we still use the above notation
when there is no ambiguity, e.g. for oo € P(C),74 € P(A) and M € L(AB,CD)

Fj\O,TA (M) = (Ué% ® ]lD> M (Tj{% & 13) . (2.3)
In Eq. (2.1) we may choose Hp = H 4. Moreover, we write I‘ia = I‘j.

2.1.1 TUnbalanced weighted norms
We define a norm on L(A, B) in the following way: given o € P*(B) and 7 € P*(A), let

p

1
Wl oy = o775, = |2 )] (2.4)
P
It is relatively straight-forward to show this is indeed a norm for 1 < p < co.
By defining the inner product (Y, X), = tr (YTO'%X T%) we may show the following duality:
for 1 <p < oo,

|Xlpor) = sup (V. X),,
1Y, o,y =1

: (2.5)

where p’ is the Holder conjugate such that % + i =1.
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Proof of Eq. (2.5). By the definition of the dual norm [65, Section 2.10] we may write

Y. X),,
1X1y 00y = SUD (2.6)
p,(ovT) Y€eL(A,B) ||Y||p,(a,7')
tr (YTU%XT%>‘
= sup - - (2.7)
YEL(A,B) HU%YT%
P
tr ((O'%YT%)TO'%XT%)‘
= sup (2.8)
YeL(A,B) 1Y,
tr (YTU%U%XT%T%> ’
= sup (2.9)
YEL(A,B) 11,
tr (YT(I?%'XT%P’M
= sup (2.10)
YEL(A,B) 1Y,
= HUT?XT#M (2.11)
p/
= ||X||p')(o',7') . (2'12)
O
The above implies that a Holder type inequality holds for these norms, i.e.
|V XD | S 1Ko Y 0y 1 S 200 < 0. (2.13)

We must take note that in general these weighted norms are not unitarily invariant, however we

may state a specialised unitary invariance: for U and V unitary such that [U, o] = [V, 7] = 0,
”UXVHP,(U,T) = ”UXHp,(U,‘r) = ||XV||p,(U,‘r) = ||X||p,(o,‘r)' (2.14)

2.1.2 Rényi Divergence in terms of weighted norms
We may establish the following identities for Rényi entropic quantities in terms of super-operator

notation:

Lemma 2.1. For M € L(AB,C) such that MM = pap, 75 € P*(B) and o € (0,1) U (1, 00):

1 2()/
Hapa) = —log_sw |, () (2.15)
ocA€D*(A) 2
—1 2a’
Ho(paglts) = —log||T'¢, ,, (M), (2.16)
2a
1 2a’
opasl) =10 intI0E o, (01 ) (2.17)

Before we present the proof of Lemma 2.1 we find it useful to examine a more general comparison

between Rényi divergence and weighted norms.

Lemma 2.2. Assume o € (0,1)U (1,00). With M € L(AB,C) such that MM = pap € D(AB),
o4 € P(A) and 75 € P*(B), we have

1 2a’

1_1
o JrE4, (52, 00

a

oy ¥ ® TB> . (2.18)

- Da (pAB

204,(]10,7'%)



32

Proof.
A% ’ F 2.19
H 1070’A( ) 20, (Les73) (PAB) s ( . )
Lo a1 a1
[ ok Yoo o),
R -1 . =1
— ( ‘ZA 2a’ ® > FTB (pAB) (0.2/\ 2& ® )
(2.21)
1 -1
B . 2 Pru T bru
HF]lc oA (P]lc B (M)) = < Y ® TB) PAB (UA Y TB) (222)
’ 204,(]10,7'%) N
B N 2a’ 17%;
— log Hrlc 3 (05, () = Do (pas|loy ¥ @75 ). (2.23)
’ 204,(]10,7'123)
O
We now make use of the above comparison to prove Lemma 2.1.
Proof of Lemma 2.1. By definition we have
Ha(pa) = —Da(pal 1) (2.24)
— —log|lpall? (2.25)
BENY

= —log sup [tr (pAUA") } (2.26)

O'AED*(A)

2 o

= —log sup [tr (F;; (pAB)) } (2.27)

oA€D*(A)

e 20

— Hra/ m| 9.98
og swp |ri,, o) (228)

oA€D*(A)

where in the third line we use Lemma B.2. Note also that in the fourth line, the partial trace on
B does not affect operators localised on A.

To show Eq. (2.16) we begin with the comparison in Lemma 2.2 and choose A = « in Eq. (2.18):

Ho(pallTB) = —Da(papll 14 @75) (2.29)
20’
= —log [T} ., M)Hm(lcﬁ%) (2.30)
2a’
— _log HFMTB M| (2.31)
20’
— —log [T, (M) (2.32)
2a
Moreover, choosing instead A =1 and 75 = 15,
H.(paglloa) = —Da(paplloa @ 1p) (2.33)
_1 20’
= —log||T ch on (M) (2.34)
2a

After relabelling in the second case we obtain Eq. (2.16). Similarly, to show Eq. (2.17) we start
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with Eq. (2.18), choosing A = 1:

Ia(PAB”TB) =log inf D(pABHUA(g)TB) (2.35)
UAED(A)
1 2a
=log inf (D7, (D7) (M 2.36
go'AED(A) lc,0a ( ]lc,’TB( )) 20(7(]1077—§) ( )
1 2a
=1 inf ry M 2.
0og O'AIEHD(A) ]lc,o‘A®TB( ) 9er ( 37)
Moreover,
1 2a’
I, =1 inf re M 2.
anlon) =tox g 0, on )| (2.39)
Again, after relabelling, we arrive at Eq. (2.17). O

2.2 Pisier’s norms

Although not used directly in the main results of this thesis, the non-commutative norms of
Pisier still inform the interpolation structure and were crucial in understanding the choices which
produce the desired comparisons. Their relation to Rényi divergence and related quantities has
already been put to use in other areas of quantum information [40, 41].

In this section we cover the basic concepts, some insights which further simplify things in our
context of positive operators and, ultimately, how they factor into the interpolation results of
Chapter 3.

2.2.1 Two-part norms
Based on the work of Pisier [39] and the subsequent refinements in [40] we can use complex

interpolation to derive the following definition of a non-commutative norm on the product of

complex Hilbert spaces of finite linear operators:

Theorem 2.3. For 1 < g < p < oo there is a unique r € [1,00] such that % = % —1—% With
Y € L(AB) the identities
[((M@1p)Y(N®1g)lq
IYlpg) = sup (2.39)
O very M2V
and
Y = inf M2 || N2 || Z 24
W=, ot 1Ml N2l (2.40)

Y:(M®HB)Z(N®HB)

define a norm.

Although the above expressions are required for the more general case, we may take advantage

of our specific context to re-express them in a more workable form.

Proposition 2.4. The expressions in Eq. (2.39) and Eq. (2.40) are equivalent to

;1
Slll)p N ||F<71:T(Y)Hq,(o,‘r) ifp > q
1Y [l(pg) = § 777" (2.41)

,1 :
inf 07 (V)llgor) i p<
U,Tel%*(A)” e (YVllgyory  ifr<gq

Proof. First we note that for all M, N € L(A) we have a left and right polar decomposition, i.e.
there exists unitary operators U,V € U(A) and positive semi-definite operators P, Q € P(A) such
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that M = UP and N = QV. Since Schatten norms are unitarily invariant we have that Eq. (2.39)

becomes )
(P& 1p)Y(Q® 1), [T%oM,
sup = sup = (2.42)
P,QeP(A) | Pll2r|Qll2r poera) [IPll2-|Q]l2-

In order to achieve the supremum we may consider only P and @ such that ||P||2r, [|Q|2r < o0
and, without loss of generality, we can further use linearity and the scalability of Schatten norms
to reduce P and @ to operators such that ||P|l2, = ||@]|2» = 1, in which case we can identify them

with density operators with full support, i.e.

vz 1
sup - — sup ’ I‘E,T(Y)H . (2.43)
o, 7€D*(A) ‘ o2r T2r o,7€D*(A) q
2r 2r
11 1
Note 5. 20~ 3 hence
1 1 -1 -1
[rb-], = ri-czory)| = ez (2.44)
a q q,(0,7)
Similarly, if we start with Eq. (2.40) we arrive at the second case of Eq. (2.41). O
This formulation includes some cases of particular interest.
Corollary 2.5.
”YH(OO,q) = sup HYHq,(cr.,'r)v (2'45)
o,7€D*(A)
_ -1
Yl =, _inf IO (2.46)
Yl @) = Y]l (2.47)
Proof. In Eq. (2.41), replace p with the relevant values. O

An important feature of these norms is that they extend the log-convexity of Schatten norms:
Theorem 2.6. For 6 € (0,1), if 0 < qo < q1 <00, 0<pg < p1 <00 and

1 1-6 0 1 1-6 6
g + =, == + — (2.48)
Do Po D1 q9 q0 q1

then

1Y Nporao) < MY Hpeogo 1Y 1o 009 (2.49)

This estimate follows from the original formulation of Pisier [39] for more general spaces, but
showing this in a self-contained way for our purposes has proven non-trivial. Although it is related
to our three-line theorem — Theorem 2.12, and the derived log-convexity results, it is not actually
required to demonstrate them. We include it here as an indication of the potential of the general

framework, of which we are only utilising a specific part.

2.2.2 The case of positive operators
If we restrict the focus to positive operators we can show that the optimisation is achieved for
the same operator, i.e. 0 =7 € P*(A). This result and some of the subsequent observations were

originally explored in [40]. It follows that we have a special case of Proposition 2.4:



Proposition 2.7. For X € P(AB),

sup |07 (X) ifp>gq
oceD*(A o
XNl (p.q) = P -1 @ :
inf ||T.7 (X i <
ot ( )'w ifp<gq

Proof. For X € P(A), M € L(A), Holder’s inequality implies
IMXNT|2 = [(MX2X32NT)|?
< | MXE|3,|XENT)3,
= | MXMT||,|NXNT|,

|MXNT||, < \JIMX M INXN,
< max{| MX M|, [NXNT[,}.

Moreover, unitary invariance implies ||[M X M|, = ||| M|X|M]|||,.

This special case gives rise to the following identity:
Proposition 2.8. Given Xap € P(AB), (| XaB|p,1) = [[Xallp-

Proof. Using the duality of Schatten norms we can write

-1
XaBllp1y = sup ||To" (XaB)
oc€D*(A)

1,0

= sup ||0%ﬂtrB(XAB)a%ﬂ||1
c€D*(A)

1
= sup trXao?
oceD*(A)

= [[Xallp-

2.2.3 'Weighted two-part norms
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(2.50)

(2.56)
(2.57)
(2.58)

(2.59)

Based on the definition of weighted norms in section 2.1.1, we may define a weighted version

of the two-part norm on £L(A, B), with ¢ € P*(B) and T € P*(A):

1Xp,g,(0.7) = T3, (X) | p,q)-

(2.60)

This definition may not be particularly useful in general but does allow for the following identity:

Proposition 2.9. ForY € L(AB) and op, 75 € P*(B) we have

=
sup HFUZ TA (Y) Hq,(GA®UB ,TARTE)
Y lp.guon.re) = § 747D
P,q,\0B,TB =1
inf ', Y
UA,TAIED*(A)H oara(Y)

|47(UA®UB,TA®TB)

(2.61)
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Proof.

|

1

i (0Aa®1p)* Y (04 ®15)% (T4 @ TB)%

|

=1 1
7 (F;B,TB <Y>)

= H(UA ®opg)

1
Moreover [|U55.75(Y)ll(p.q) = 1Y llp.q,(05,75), therefore, taking the infimum or supremum for

(2.62)

q,(0a,TA)

—1

Loy ra(Y) (2.63)

q,(0A®0B,TARTE)

the relevant comparisons between p and ¢, we arrive at Eq. (2.61). O
This identity also has a specific form for positive operators:

Corollary 2.10. With 1< ¢q,p < o0, X € P(AB) and o € P*(B),

N
sup N ”FUZ (X)| q,0AQ0B ifp>q
oca€D*
1X N pgy.om = § 747D (2.64)

. .
inf T2 (X)lgoncen ifD<
JAGI%*(A)” s (Xlgosoon FP<q

Proof. This is clear by replacing Y in Eq. (2.61) with X € P(AB). O

2.2.4 Three-part norms
The framework of Pisier [39] also allows for a natural extension of the two-part norm. We

define a three-part norm on tripartite systems in an analogous way: for Y € L(ABC)

1_1
sup HFgA}A (Y) H(q,s;AB) ifp>gq
||Y||(p,q,s) = O'A7TA'€D (A) L . ) (265)
inf A HFgA}A (Y)H(Q,S;AB) lfp <gq

oA, TAED*(A)

In the above we use the notation [|Y||(p 4;4) to indicate over which parts of the space the optimi-

p,q;A
sation occurs. This is an important distinction as in general, with Y € £L(ABC) and, for instance,
P<q

—1

||Y||(p7q;A) = JA,TAiIelfD*(A) ”FCEJ'A (Y)”q,((fA,‘rA) (266)
7&
”Y”(p,q;AB) = inf H]‘—‘UEBﬂ'AB (Y)||q7(UAB7TAB)' (267)

ocAB,TABED*(AB)
This definition allows for a reduction similar to Eq. (2.8), originally given in [40]:

Proposition 2.11. For X pc € P(ABC),

[Xascllp,g1) = [1XaBlp.q)- (2.68)

Proof. By Eq. (2.8), with o4 € P*(A)

1_1 1_1
IT54 " (XaBc)g1:4a8) = ITs4 " (XaB)llq (2.69)
1

= HFE(XAB)Hq,UA- (2.70)
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Choosing p > g and optimising over o4 € D(A) on both sides we obtain

1 1 1

sup ||Fg;;(XABC)H(q,1;AB) = sup ||F¢g (XaB)llgoas (2.71)
UAE'D*(A) UAGD*(A)

which is equivalent to Eq. (2.68). Choosing p < ¢ we instead take the infimum and arrive again at

Eq. (2.68). O

2.2.5 Adapting the general formulation
In the remainder of this thesis, we essentially use the above quantities but ignore the optimisa-
tions. Overall, the optimisations prove problematic and unnecessary to reproduce the convenient

interpolation structure, i.e. we work with expressions of the form:

Evidently, these expressions do not define a unique value determined by p and ¢ (and s) but rather

7, (X) (2.72)

and ‘

11/ 1
rio (P;A ; <X>)

q,0AQ0B s

encompass a family of norm-like expressions which are free in the first (and second) parameter.
When we remove the optimisation, the reductions in the previous sections relate closely to
situations which produce particular Rényi entropic quantities. Moreover, the choice of parameters
for the relevant comparisons almost uncannily reproduces the expected form of the chain and
decomposition rules. We may even take advantage of the structure to derive general divergence
inequalities which prove indispensable in establishing the improved versions of the uncertainty

relations and information exclusion relations covered in Chapter 4.

2.3 Three-line theorem for unbalanced weighted norms
This result and its specifications provide the main mechanism by which we compare divergences
of different order. We present an extension of the three-line theorem from [38] to spaces equipped

with unbalanced weighted norms.

Theorem 2.12. We denote S :={z € C:0 < R(z) < 1}, the complex strip. Let F: S — L(A, B)

be a bounded map that is holomorphic on the interior of S and continuous on the boundary. Define

Mj, = sup HF(k + it)”pk,(o',‘r% (2.73)
teR
1 _1-6, 6
then for 1 < pg,po,p1 < 0o such that 25 = 50t o
1EO)lpo.o.r) < Mg~"MY. (2.74)

This is not only applicable to norms on spaces of square matrices but also on spaces of non-
square matrices — a notion we take advantage of to consider Rényi orders less than one. Basically,
since we are in essence dealing with positive operators we can instead consider their decomposition
into the product of another operator and its adjoint.

The proof of Theorem 2.12 relies on Hadamard’s three-line theorem, which we now include for

reference.
Theorem 2.13 (Hadamard’s three-line [66]). Let f : S — C be a bounded function that is holo-

morphic on the interior of S and continuous on its boundary. For k € {0,1}, let

My = sup |f(k +it)]. (2.75)
teR
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Then for every 0 € [0,1] we have
1£(0)] < My~"MY. (2.76)

The proof of Theorem 2.12 closely follows the structure of the proof of Theorem 2 in [38], with

some adjustments to allow for general spaces of linear operators.

Proof of Theorem 2.12. Let X € L(A, B) be such that [|X||,;, - = 1 and [[F(0)
(X, F()),,|. We have

lpo.(or) =
s T

1

e (x)| =1, (2.77)

1X Tl o = \

Py

S

hence the singular value decomposition (see Proposition 1.3) of I‘ZGT(X ) has the form I‘ZGT(X )=UD
where U € U(C, B),V € U(A, C) are isometries and D is a square diagonal matrix in £(C) whose

v,

singular values are real, positive and sum to 1. Define

X(2) = F;ﬁ(l%“ri) <UD(1”62+:/1>V> = o_<12;7f+2731> (UD<1PE)Z+PZ/1>V> r‘(ilzf*ﬁ)_

(2.78)
Observe that the map z — X(z) is holomorphic and pl—, = 1p_69 + %, therefore
0
- 1 -2 [ o
X(0) =Ty 7" (UD”é V) =T, <F§?T(X)) = X. (2.79)

Now define g(z) = (X(z), F(2))_ _=tr (X(z)a%F(z)T%). Hence g satisfies the requirements
of Hadamard’s three-line theorem (Theorem 2.13), and we may write
IE@ o) = (X1, F(8)
- ‘tr (X(a)a%F(o)T )\
= 19(0)]

< sup|g(it)|'"sup |g(1 +it)|’
teR teER

o, T

Nl

1-6
= sup ‘<X*(it), F(it))m‘ sup ‘<XT(1 +it), F(1 +it))
teR ’ teR

(2.84)

. . 1-6 . . 6
< igﬂg(IIX(lt)Ilp/o,w,T)IIF(lt)IIpo,(a,ﬂ) igﬂg(IlX(l+1t)||p;,(a,T>IIF(1+1t)||p1,<m)) ,

(2.85)

where in the last line we used the Holder type inequality, Eq. (2.13).

By definition, | X(it)[ly;, o.r) = ‘ T2 (X(it))|| and

P

P2 (X (1) = 26 F;T(;+7> (UD<1”£t+‘i”i>V> (2.86)

_ ;ﬁ i) (UD(lP?:tJr’i’I)V) (2.87)

_ () pp (i) piry~ (S3). (2.88)

o~|m
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—(*i,“r“,) (*—ﬁ+—f) —(*‘ﬁ+“’,>
Observe o \*0 *"1/UD\ %0 "1/ and V7 \*0 >/ are isometries, thus || X (it)||p; o) = 1.
In a similar way we can show || X (1 +1it)||p (o,r) = 1.

Hence Eq. (2.85) becomes

. 1-9 . 0
IEO) oo (o) < 5D (IF Q) Ipg,(0.r) sup (IF (A +18)llpy (0.m)) (2.89)
teR teR

O

We defer the introduction of the refinements of this theorem to Chapter 3, where they can be

viewed with the results in which they are used.
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Chapter 3

Rényi entropy divergence inequalities

This chapter covers Rényi extensions of the chain rule, decomposition rule and more general diver-
gence equivalences in the form of divergence inequalities. The first section details the inequalities
and the relationships between them while the technique of interpolation and more detailed proofs
are found in the next section.

As it is closely related to these results, we also include a previously published approach to the
proof of the decomposition rule in Appendix A. This alternative approach is based on the method
employed by Dupuis in his proof of the Rényi entropy chain rules (see Section 1.5.3).

The effective difference between these two version of the decomposition rule are the valid ranges
of the parameters. For the previous result in Appendix A, « may go to zero while the other two
parameters must be no less than % However, for the new result in this chapter, instead v can go

to zero and « is greater than or equal to %

3.1 Main results

First, we have a family of general bipartite divergence inequalities. These more versatile com-
parisons are one of the main tools used to improve the bounds on the uncertainty relations in
Chapter 4.

Theorem 3.1. Let afy—28y—a+ B+~ = 0* with o, 8 > % andy € R. For pap € D(AB),04 €
P*(A) and T € P(B), if % + % < 2 then

’

a1\
~ Ha(pas|l75) < Ds (pas loa ® 75) + log (trpm ) . (3.1)

Otherwise, if % + % > 2 then

/

1\
— Ha(pasll75) > Dp (pas lloa  75) + log (trpAo,z ) . (3.2)

Where in both cases a, 8 <1V 1475 > pap.

The derivation of these inequalities essentially involves applying the machinery of Theorem 2.12
to a choice of function motivated by the relationship between Rényi divergence and Pisier norms,
and performing some analysis on the resulting valid ranges for the Rényi parameters.

There are some things to note about this result, especially when it comes to the nature of o4
and 7p. In general the only requirement for the second argument of the Rényi divergence is that
it be positive semi-definite, but here we restrict o4 € P*(A). This follows from the application
of the interpolation which is only valid for strictly positive matrices. However we can extend the
argument to 75 € P(B) by observing the continuity of the Rényi divergence (see Proposition 1.14).
This does not directly apply to the term on the far right of the above inequalities which involve

o4, but this issue is resolved when further optimisation is performed. Indeed, these terms are

*This condition is equivalent to o/ = 3’ ++’ which may provide a more convenient form for certain calculations.
For further details see Remark 3.2.
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Table 3.1 : Some particular choices satisfying afy — 28y —a+8+~v=0

o =
0 3 1 2 00
’y:
0 B=0|=1B=1|8=2|B=0
3 |[B=oc|B=0|p=1|p=5|5=2
1 B=1|B=1|peR|B=1|8=1
2 ||B=3[B=%8=1|8=0|8=3
o ||B=3|8=3|B=1|B=00|8=0

the logarithm applied to the Schatten inner product so, by duality, optimising over o4 € D*(A)
produces the Schatten «-norm.

Even though we may counsider any 75 € P(B), we still include the support conditions. Without
these conditions the quantities might diverge to 00 — but we can easily verify that the inequalities
would be satisfied in any case, however trivially.

It is informative to consider the behaviour of the condition on the Rényi parameters for par-

ticular values. We summarise some important cases in the following remark.

Remark 3.2. The condition afy — 28y —a+ 0+ v =0 with a, 8,7 € R can also be written in

two other convenient forms:

o B gl
= d .
p— 6—1+fy—1 an (3.3)

1 1 1
= -1 A4
l—a 1—B+1—7 (34)

Given this condition the following hold:

a=0= f=—1—, y=0 = B=aq,
1—2y
1 1 -2y 1 1 1
= - —> = == = =2—— ==
(67 2 /B 2_37} ’-Y 2 ﬂ a d’
a=1= 1¢€{v,8}, vy=1= 1€{a,pb},
-2
200 — 3
1 1
a—=o00 = f=—, Yoo = f= .
v 2—«

Combining these statements we may find the situations summarises in Table 3.1

We cannot always achieve every one of the above combinations due to the conditions on the
parameters imposed in the results of this thesis. However, they reveal some of the patterns and
structure that the condition implies. We note in particular that although one can choose all
parameters equal to 1 (hence recovering the Shannon and von Neumann equivalences) one is only
obliged to choose at least two parameters equal to 1. Of course, this results in a weaker inequality,
whose direction is determined by the other parameter. Interestingly, this also is the only case when
a = and v # 0.



42

We can derive the more familiar bipartite comparisons directly from the Theorem 3.1 by rela-

belling, optimising and making certain specifications.

Theorem 3.3. Let afy — 28y —a+ B+v =0 with o, > 3 and v > 0.
For pap € D(AB) and 74 € P(A), if% + % < 2 then

Is(pagllta) = Hy(pp) — Ha(pap|lTa)- (3.5)
Otherwise, if % + % > 2 then
Is(paBliTa) < Hy(pB) — Holpasl|Ta)- (3.6)

Where in both cases a, 5 <1V TAa Q@ 1g > pap.

Theorem 3.4. Let affy — 28y —a+ +v=0 with o, > % and v > 0.
For pap € D(AB), zf% + % < 2 then

Ho(pas) 2 Hg(A|B>p +Hy(pp). (3.7)
Otherwise, if % + % > 2 then
Ho(pag) < HY(AIB), + H,(pg). (3-8)

Note the main difference between the two results above is choosing 74 = 1 4 in the chain rule.
We may combine these results to produce an extension of the other familiar form of the mutual
information decomposition rule. This inequality is somewhat weaker in exchange for not involving

the conditional entropy. Naturally, we recover equivalence when all parameters tend to 1.

Corollary 3.5. For pap € D(AB) with a, 8 >0, 7,6 > % such that 6755%1 = 2'8‘167570‘ we have,
when § < «, 3,7,

I5(A: B), > Ha(pa) + Hs(pp) — Hs(pan) (3.9)

and, when 6 > «a, (3,7,

I3(A: B), < Ha(pa) + Hp(ps) — Hs(pap)- (3.10)

This can be determined by applying a further optimisation and substituting the conditional
entropy in Theorem 3.3 with the appropriate comparison in Theorem 3.4. Although not necessary
in the main decomposition rules, here we must minimize over 74 to produce a statement which is
compatible with the bipartite chain rules, hence the specification to Ié(A : B),.

We now introduce the tripartite chain rules. Although we provide a new approach to their
derivation using our interpolation technique, this is not much more than a reproduction of Dupuis’

chain rules (see Theorem 1.15), with a slight reworking of the conditions on the parameters.

Theorem 3.6. Let afy — 20y —a+ +v =0 with o,y > % and 3 > %
For papc € D(ABC) and 7¢ € P(C), zf% + % < 2 then

Ha(pasclre) = Hi(A|BO), + Hy(pscl|To). (3.11)
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Otherwise, if % + % > 2 then
Ha(pasclie) < HY(AIBO), + H, (pscrc). (3.12)

Where in both cases a,v < 1V 1lap QTc > papc-

A significant difference of this tripartite result from the bipartite ones above is the occurrence
of non-commuting operators. The resolution of this complication involves introducing purifications
and using the resulting dualities to make comparisons on the subsystems with which we are con-
cerned. As a result, this method is closely aligned to Dupuis’, but it nonetheless conveys that this
type of derivation is contained within a more general structure which warrants closer attention.

From Theorem 3.6 we may also derive a bipartite chain rule which is distinct from Theorem 3.4.

Corollary 3.7. Let afy —28y—a+pB+v=0 witha >0,8 > % and y > %
For pap € D(AB), Zf% + % < 2 then

Ha(pap) = HY(AIB), + Hy(p5). (3.13)
Otherwise, if % + % > 2 then
Ho(pap) < HY(AIB), + Hy (pp). (3.14)

This is a direct result of choosing C as a trivial subsystem. Note this has slightly different
constraints on the parameters, which may be determined by examining the conditions imposed in
the proof of Theorem 3.6.

3.2 Proofs
This section covers the technical proofs of the above results. We begin by with an exploration
of the relationship between the Rényi parameters then treat the results in more or less logical

order. We include a restatement of each theorem inline for ease of reference.

3.2.1 Applying the three-line theorem

Before moving forward with the proofs of the divergence inequalities, we will first look at some
motivation for the choice of parameters.

We want to use the interpolation result to find inequalities of a particular form, for example

the decomposition rule:

— Ha(paplta), < Ig(pasllta), — Hy(pp)- (3.15)

Exponentiating on both sides and keeping in mind that we can express the resulting quantities
as Schatten norms to the power of a function of the relevant index we obtain an inequality of the

form

1X51ally, < I1Xzl5, 1Xa:8l5,, (3.16)

where Xp|4, etc. are simply place-holders for the actual operators, used for brevity. We can then
put Eq. (3.16) in the form required for Theorem 2.12 by taking both sides to the power of i,
resulting in

2 8
1XBjallp. < IXBl5 [ Xa:5l55 , (3.17)
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where 1 — 60 = g—j and 0 = % This implies

1-2=L — o =8++. (3.18)

We can find the reverse of the inequality in Eq. (3.16) by negating all the exponents but this
does not affect Eq. (3.18). Additionally, the order of the quantities in Eq. (3.16) has no effect,
since we can choose a 6 in each case that reproduces Eq. (3.18). For example we could rewrite
Eq. (3.16) as

1 Xa:sl, < 1Xpialn 1Xs]5, - (3.19)

To apply Theorem 2.12 in this case we would choose 1—6 = g—: and 6 = %, resulting in 1+l: =2
which is again Eq. (3.18).

A more in-depth discussion of the implications and restrictions of this condition, which inform

the choices in the following results, is deferred to Appendix B.2.

3.2.2 Bipartite divergence inequalities

We first have the general bipartite inequality:

Theorem 3.1. Let afy—2By—a+B+v =0 witha,3 > % andy €R. For pap € D(AB),04 €
P*(A) and 75 € P(B), if % + % < 2 then

/

a1\
~ Ha (pan I78) < Ds (pan low @ 7a) +og (1xpao] ) (3.20)

Otherwise, if % + % > 2 then
2\
~ Ho (pan I78) = Dy (pa loa @ 72) + og (1xpaol ) (3:21)
Where in both cases a,f <1V 1475 > paB.

To facilitate the demonstration of the above theorem, we introduce a refinement of Theo-
rem 2.12, which establishes a general log-convexity result more closely aligned to our particular

context.

Lemma 3.8. ForY € L(A, B) and 01,71 € P*(B), 02,72 € P*(A) such that [o1,71] = [02,72] =0,

1-6
|rse), v < |0, i, (v : (3.22)
’ q6,(T1,72) ’ q0,(7T1,72) ’ q1,(71,72)
where f:(0,1) = R is a affine function and 1 < qg,qo,q1 < 0o are related by
1 1-6 6
= + (3.23)

qe q0 (71 .

The proof of Lemma 3.8 follows from making some specifications in Theorem 2.12.

Proof. Let f be the complex continuation of f on S, i.e if f(a:) = ax + b for z,a,b € R, then
f(z) = az +b. Define F : S — L(A, B) such that F : z — 1"55232 (Y). Accordingly, f = R(f),
hence F(0) = 1“55?),2 (Y).
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Additionally, we have

sup | F(31),, = sup [T42,(1) (3:24)
teR qo,(71,72)
= ||P5%.( : (3.25)
q0,(71,72)

where the second equality is a result of the assumption that it and oit commute with 7, and 7

respectively, and that they are unitary for all £ € R . Similarly, we have

sup | F(1 +1it _‘ /0 (v . 3.26
s |[F(1+ 50, 1, = [PEL OO (320)
With the above conditions we have by Theorem 2.12
r50, ) < ||r5, ) AP . (3.27)
’ q6,(T1,72) ’ q0,(71,72) ’ q1,(71,72)
O

With the scaffold provided by this log-convexity result, we need only make some informed

choices to produce the general divergence inequalities and the comparisons that follow.

Proof of Theorem 3.1. Noting % =o' — 1, we may determine

04/76/ /
57§+77B+; (328)

Accordingly, in Lemma 3.8 we choose

/

v

0= ?7 qo = 20[, qo = 267 q1 = 27 (329)
o1=1¢, oa=0a, T=1lc, T=1p, (3.30)
r—1 =z
Hence for o/ > 0 we can write Eq. (3.22) as
) £ : %
HF]IC oA (Fll_clv,'rB (M)) 2y — ‘ F]lﬂ(;,UA (F]TCI,TB (M)) F]Y’c,aA (F]I_clv,‘rB (M))
2a,(1c,73) 28,(1c,73) 2,(1¢,73)
(3.32)
a/ 1 B/ ’Y/
= 1Og Hrlc B (M)H2 (1c,72) < 10g ch oA (FIC,TB (M)) + log F]Flyc oA (M)
wite Ty 28,(1c,72) 2
(3.33)
Considering Lemmata 2.1 and 2.2, we can write the above as
L\
—-H, (pAB ”TB) SD (pAB ||O'A®TB)—|-10g (U‘pAO' ) . (334)
Otherwise, if &’ < 0, the inequality in Eq. (3.33) is reversed.
If instead :—: € (0,1) we consider the alternate form of Eq. (3.28):
!/ ! / /
) _ @ B Y o
- _ == L _ — A. 3.35
V=L TP (3.35)
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Taking similar choices in Lemma 3.8, with 6 = f{“—: and f(z) = 15_’1’ and employing the same process
we may write for 7/ > 0:
1 -1 =& 4
o7 _ 37 1 o _ 7
’ F]YC;UA ( ]lcl*,TB (M)) < ’ FfC,G'A (F]lcﬂ'B (M)) HF]lclmTB (M)’ ;a,(llc,rg) )
2,(1c,73) 28,(1¢,73)
(3.36)
which implies
2\
~Ho (pan |78) > Dy (pa loa @ 7) + o (1xpaa] ) (337)
We again obtain the reverse of this inequality when +" < 0.
Finally, we consider § = g—: € (0,1) and the form of Eq. (3.28):
ﬁ/ a/ , a/ ,y/
C_% —— _ 1 3.38
7o p=— s (3.38)
so, with f(z) = 1;—,“’, for 8’ > 0 or ' < 0 we respectively obtain
2\
~ Ho(pan ) > D (pan o 7) + 1o (10 pac ) (3.39)

and its reverse.

We now invoke Proposition 1.14. Consider instead 75 € P(B) — then we may choose in the
above 7j; € P*(B) such that 7}; = 75 + £ 1. Taking ¢ — 0", we obtain the same statement for
positive semi-definite matrices. Note, without the support conditions o, 8 < 1V 14 ®Tg > pap,
the quantities on each side may diverge to +o0.

To obtain the conditions on the Rényi parameters we multiply the equation o = 8’ +~' by

(o —1)(B—1)(y— 1) and apply the observations in Lemma B.3 and Corollary B.5, i.e.

a B o

a—1 B-1"5-1 (8.40)

= a(fy-B—-v+1) =Bay—a—7+1)+y(Ba—a-F+1) (3.41)
=afy—af-—ay+a=afy—af - By+B+afy—ay—By+y (3.42)

= affy—2y—a+B+y=0. (3.43)

Note that this does not cause any trivial satisfactions since o’ — 400 if and only if at least one of
B or v approaches 1.
Taking into account the valid ranges for the choices of the parameters given in Lemma B.3 we

have the statement of the lemma. O
The decomposition rule and chain rule follow directly:

Theorem 3.3. Let afy —20y—a+ 6+~v=0 with a, 5 > % and v > 0.
For pap € D(AB) and 74 € P(A), zf% + % < 2 then

Ig(pagllta) = Hy(pp) — Ha(papl|Ta)- (3.44)
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Otherwise, if % + % > 2 then
Is(pasllta) < Hy(pp) — Ha(pasllTa)- (3.45)

Where in both cases a, <1V TAa Q@ 1p > pap.-

Proof. We begin with a relabelled version of Eq. (3.20), i.e. for % + % <2,

’

a1\
Ha(pan |74) < Ds (pan |74 ® 05) + log (tr P50 ) . (3.46)

Since the left-hand side is independent of o5 we may choose a o such that the first term is e-close

to its infimum, i.e. we have

a1\
—H, (papllta) < inf  [Dy (pap||Ta ® op)] + log (trpBUg > +¢ (3.47)
O’BGD(B)
2\
—Hy (papllta) < inf  [Dy (pap||7Ta ® op)] +log  sup <trp30§ ) +e (3.48)
oB€D(B) oB€D(B)
= —Ho(pagllta) < Ig(pap|ta) — Hy(pp) (3.49)
= Ig(paBTa) > Ha (pag I7a) — Hy(pB), (3.50)

where in the third line we let ¢ — 0. Observe that the same process applies to the reverse inequality

and that in this context we may take v — 0%, thus we obtain the theorem. O

Theorem 3.4. Let afy — 28y —a+ +v=0 with o, > % and v > 0.
For pap € D(AB), if 5 + = <2 then

Halpas) = HY(AIB), + H,(ps). (3.51)
Otherwise, if % + % > 2 then
Hu(pap) < Hg(A|B)p + H,(pp)- (3.52)

Proof. In Theorem 3.1 we relabel the system and choose 74 = 14 to obtain, if % + % <2,

a7
—-H, (pAB) < Dﬁ (PAB H]lA ®O’B) + log (trpgoé ) . (3.53)

Optimising over op in the same manner as in Eqgs. (3.47)-(3.48) the above becomes

—H, (pap) < —H} (A|B), + H,(pp) (3.54)
—> H, (pap) = HY (A|B), — H, (pp). (3.55)
Similarly, for % + % > 2 we have the reverse direction. O

We now include the proof of Corollary 3.5, essentially combining the two above results.

Corollary 3.5. For pap € D(AB) with a, 8 >0, 7,6 > % such that 67553+1 = Qﬁo‘gfﬂ)‘ we have,
when § < «, 3,7,

I5(A: B), > Halpa) + Hs(pp) — Hs(pan) (3.56)
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and, when 6 > «, (3,7,
I5(A: B), < Halpa) + Hy(pz) — Hs(pas). (3.57)

Proof. We begin with a relabelled version of Eq. (3.44), optimising over 75: For &fa —28a—a+ S+ a =0
withd,ﬁz%,aZOand%—l—éSQwehave

inf  Ig(papllTe) = Ha(pa) — sup  Ha(paslTs) (3.58)
T5€D(B) T5ED(B)
I5(A: B) > Holpa) — HL(A|B). (3.59)
By Theorem 3.4, for for day — 2ay —§ + a+ v = 0 with §,a > %, v > 0 and é—i—% < 2 we can
substitute
I5(A: B) > Ha(pa) + Hy(p5) — Hs(pan). (3.60)
5— _ 2Ba—B—«
where 5v—2"7+1 ===
We know from Corollary B.5 that both
1 1 ~
— 4+ —<2 then a<a,f and (3.61)
8«
1 1 -
—+—<2 then §<a,n. (3.62)
a v

Similarly, if we begin with Eq. (3.45) and substitute in Eq. (3.52), we arrive at Eq. (3.57) but with

1 1
—+—>2 then a>a,8 and (3.63)
08«
1 1 -
—+—>2 then §>a,7. (3.64)
a

O

3.2.3 The tripartite chain rules
We now include the novel approach to the proof of the tripartite chain rule and the bipartite

version which follows.

Theorem 3.6. Let afy —20y—a+ B+v =0 with a,y > % and 3 > %
For papc € D(ABC) and 7¢ € P(C), zf% + % < 2 then

Ha(pascllte) > HY(AIBC), + Hy(ppo|7o). (3.65)
Otherwise, if % + % > 2 then
Ho(papcllte) < HY(A|BC), + H,(pgc|7e). (3.66)

Where in both cases a,v < 1V 1lap ®@Tc > papc-
To demonstrate the above result we first derive a specific form of Theorem 2.12:

Lemma 3.9. We define the complex strip S :=={z€ C : 0 < R(z) < 1}. Let F: S — L(A, B) be
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a function of the form

F(z) _ F(l_z)(%_%)+z($_%) (F(l_z)(tll()_l’ltj)+z(tzl1_131) (M)) , (3.67)

oB,1la
where op € P*(B),74 € P*(A) and M € L(A, B).

Denote
My = sup [|F(k +1)]2s,. (3.68)
teR

Let o/ = 3+~ and z—l, € (0,1). Then, given pg,p1,q0,q1 € RT, sg,50,51 € [1/2,00] such that

O[, / / a/ / o / /
O _ By L By e BT (3.69)
Do Po D1 qo q0 q1 S0 S0 S1

we have
o f<MIMY ifa’ >0

o . (3.70)
250 | > MM ifa’ <0

1 1 1 1
sg  ag a9 P
PJBJlA, <FEB’7'A (M)>

’
o
o

’ ’ L/
Proof. Welet 6 = L, = 1—0 = 2 then by Theorem 2.12 we have [F(0)]ly,, < Mg M. By
evaluating F'(6) and exponentiating by o’ on both sides we arrive at Eq. (3.70). O

Proof of Theorem 3.6. Noting % =a' —1 and % = o’ +1 We may determine
! / ! !
¢ _p + T and o = 57 + T (3.71)
« ¥ 153 Y

Let M € L(BC,AD), op € P*(D) and 7¢ € P*(C). In Lemma 3.9 choose pg, po, P1,90, S0 = 1,

g9 = a, q1,81 =y and sg = B Then for 0 = Z—: and o/ > 0 we can write

1 —1 o’ l—lit —7|/t B’ —i/t —(1+,it) v
‘ Fng]lBC (FfAD,Tc (M)> < sup ng,ﬂsc <F11D,Tc (M)) _Sup Fcfi,]ch (F]lA;ﬂ'c (M)>
2 teR 253 teR 2y
(3.72)
Let |¢) € Hapcp be a pure state with Schmidt decompositions (see Proposition 1.4):
o) = Zri i) pe @ 1) ap = Z sili) apc © li)p (3.73)
i i
and papcp = )¢l
We choose M =", 7;|i) 4 (i| go» 50 by Proposition 1.10 the above becomes
1 -1 o 1 CRNTIE v
e (T (S5l lase ) )| < [Thnae 00| [0,0n]| o @
A 2 2p 2y
where we have also used the fact that oi! and 7! are unitary for all ¢ € R.
Taking the supremum over op € D*(D) on both sides we obtain via Lemma B.2:
-1 Ol/ % B/ ;} ,Y/
— "8 e (Zso e || < s o, 00| [rT,00] . @
7 20 op€eD*(D) 253 2y

Further taking the logarithm of both sides and noting the duality of the conditional entropy (see
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Proposition 1.11) we have by Lemma 2.1

~Ha(pagcllre) < HY(AID), — Hy(pscc) (3.76)

= Ha(papcle) = H(A|BC), + H,(ppcllre). (3.77)

If instead o’ < 0, the inequality in Eq. (3.72) is reversed and we may use a similar optimisation to

arrive at
Ha(pascllte) < HY(A|BC), + H(ppc|o). (3.78)

Note that we may rewrite Eq. (3.71) in the forms

/ /
T2 8 and L=o - 'B—A (3.79)
« vy I}
Accordingly, if we consider instead :—,/ € (0,1) and 4" > 0 we may make the following choices in

7,3/ a/
sup
2B teR

P

2y teR

b

Lemma 3.9: pg, po, 01,490,551 =1, qo, 80 =, ¢1 = @ and sg = B This yields
2

—it 1+it —(1+it)
‘ N (r o’ (M))
(3.80)

'Y/
‘ op,lpc lap,7c
which, after rearranging, choosing the correct Schmidt decompositions, optimising and further

it /=i
B @ o/
FUD,]ch P]lAD’TC’ (M)

taking the logarithm to then employ the identities in Lemma 2.1 we obtain
Ha(pasclie) < HYA|BO), + H(pscllro)- (3.81)

Similarly, this inequality is reversed for 4" < 0.
Finally, we consider 73—: € (0,1) with 8’ > 0 or 8’ < 0. Choosing pg, po, P1, 49,51 = 1, qo, S0 = 7,

q1 = a and sg = B we again derive, respectively,
Ho(papcllte) < HY(A|BC), + H(pgc|re) (3.82)

and its reverse.
The conditions on the Rényi parameters can be derived in the same way as for Theorem 3.1

and the extension to positive semi-definite matrices follows from Proposition 1.14. O
We can specialise this to result to a bipartite setting.

Corollary 3.7. Let affy—28y—a+ B +~v=0witha >0, > % and y > %
For pap € D(AB), if 5+ <2 then

Ha(pap) = HY(AIB), + H, (p5). (3.89)
Otherwise, if % + % > 2 then
Ho(pap) < HY(A|B), + H, (pg)- (3.84)

Proof. We simply choose C' to be trivial in Theorem 3.6 and examine the valid ranges in its
proof. O
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Chapter 4

Generalised Rényi divergence uncertainty relations

We now arrive at the applications which motivate the inequalities of the previous section. These
take the form of some refinements, extensions and improvements of the relations given in Sec-
tion 1.6. We collect the Maassen-Uffink-like, bipartite uncertainty relations in the first section of
this chapter and the information exclusion relations in the second. Again, the detailed proofs of

these and their related results are deferred to the final section.

4.1 Bipartite conditional entropy relations
Here we detail generalised Rényi bipartite uncertainty relations, starting with a slightly more
general version of Theorem 1.24.

For a summary of the formalism used for measurements and measured states, see Section 1.3.4.

Theorem 4.1. Let Mx € CPTP(A, X)* and Mz € CPTP(A, Z) be two incompatible measure-
ment maps, defined by the ONBs X of Hx and Z of Hz.

For a,v > % and 8 > % such that afy — 28y —a+pB+~v =0 and%+% > 2, then for all
paB € D(AB) and 75 € P(B)

HY (X|B), + Hy(Mz(pap)|78) > Halpas|ts) + quu- (4.1)

We now give Rényi extensions of the improved uncertainty relations in [44]. These results also
constitute versions of the above theorem with an improved bound which is Rényi order dependent.

We first have the state-dependent version:

Theorem 4.2. Let Mx € CPTP(A, X) and Mz € CPTP(A, Z) be two incompatible measurement
maps, defined by the ONBs X of Hx and Z of Hz.
For o,y > %,ﬁ > %,6 € R if there exists a p > % such that

oa—7 B—06 1 1 1
= = d-<2—-—-—<-— 4.2
ay—2v+1 [Bd—20+1 Han - Wy (42)
then for all pap € D(AB) and 75 € P(B)
HY(X|B), + Hy(Mz(pap)llTs) > Ha(paslms) + ¢s(p. X, Z) (4.3)
and
H,(Mx(pap)lms) + HS(Z|B), = HalpasllTe) + 45(p, Z,X), (4.4)
1 & 2
where qs5(p, X, Z) = —log (tr px >, max;(cy ) |x><m|> and ¢z, = [(x]2)]".
Moreover, if v > % and there exists a L > % such that
a—pf y—=9 . 1 1 1
= = d=-<2—=—<-= 4.5
af—28+1 ~mo—2041 PSS CT =R (45)

*Note we take advantage of the notation Mx(pap) = pxp for brevity and consistency in quantities such as
T _ gt
Hp (X|B)MX(PAB) =Hg X1B),
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then
HY(X|B), + HI(Z|B), > Ha(pasllTs) + as(p), (4.6)

where q5(p) = max{qs(p, X, Z), ¢5(p, Z, X) }.

The derivation of this result could be considered an amalgamation of the structures of the
proofs of both Theorems 4.1 and 1.19, possible due to the general comparisons of Rényi divergences
available from Theorem 3.1.

We may also establish a weaker, state-independent version by considering the ‘worst case’ state

which would achieve the minimum of the bound.

Theorem 4.3. With the same conditions required for Eq. (4.6), we have

H)(X|B), + HI(Z|B), > Ha(pas|7s) + 45, (4.7)
where
_ . o . s’
45 _06%333)%(0) =~ 0in 1og Amax [Aa(p) ] (4.8)

with As(p) = pY, (max. ¢;..)7 [a)Xz| + (1 —p) ¥, (max, cz2) " |2)z].

It is relatively straight-forward to show that these results generalise those given in Section 1.6.3.
Indeed, when all Rényi parameters go to 1 we recover the relations of Coles and Piani. Otherwise,
when § — 0 we recover Theorem 4.1.

The relationships between the § dependent bounds are summarised in the following proposition:

Proposition 4.4. With q5(p,X,Z) defined as in Theorem 4.2 we have

lim Q(S(an:Z) = Q(p7 Xa Z)7 (49)
6—1
lim g5(p, X, Z) = quu- (4.10)
§—0
It follows that
Lim g5(p) = a(p). (4.11)
—1
lim g5 = qcp. (4.12)
6—1

The proof is mainly an application of I’'Hopital’s rule in the same vein as Proposition B.1.

4.2 Information exclusion relations
We may now adapt the above results to derive a Rényi extension of the Hall relation, Theo-

rem 1.17, and further generalise to the improved bounds of Coles and Piani.

Theorem 4.5. Let Mx € CPTP(A, X) and Mz € CPTP(A, Z) be two incompatible measurement
maps, defined by the ONBs X of Hx and Z of Hz.

For a,y > % and B > %, satisfying both afy — 28y —a+ +~v =0 and % + % > 2, then for
all pap € D(AB) and 75 € P(B)

I4(X : B), + I,(Mz(pap)llTs) < ru — Halpas||ms)- (4.13)

The technique employed in the demonstration of this result is almost identical to the technique
used for Theorem 1.17. In this case however, the relevant comparisons are possible due to the

decomposition and chain rules found in Chapter 3.



93

Choosing o — oo, we have the following corollary which summarises the possible choices of

parameters which produce an optimal inequality.

Corollary 4.6. Given the same conditions as Theorem /.5, for % < a <2, we have
INX:B),+1(B;Z2), <rag— Hun(A|B),. (4.14)

This brings us to our final main result, the Rényi generalisation of Theorem 1.18. Note that,
compared to the relations in the previous section, the bounds here are not order-dependent nor
state-dependent, rather we find that the bounds coincide with those of the Shannon and von

Neumann situations.

Theorem 4.7 (Improved Rényi information exclusion relations). Let Mx € CPTP(A, X) and
Mz € CPTP(A, Z) be two incompatible measurement maps, defined by the ONBs X of Hx and Z
of Hz.

Given o,y > %, B e [%,2] with

a—7
ay—2y+1 27ﬂcmd/87_ ’ (4.15)
then for all pap € D(AB) and 75 € P(B)
I§(X : B), + I(Mz(pas)|ts) < 7(X,Z) — Ha(pasll7s) (4.16)
and
L(Mx(pag)m8) + I5(Z : B), < 1(Z,X) = Ha(pas|7a)- (4.17)
Moreover, if v < 2 — [ and
2 —ay—1 1 200 —af —1 1
= = 4.1
a—ry 24’ a—p 2 — v (4.18)
then
I{(X : B), + IX(Z : B), < rcp — HJ(A|B),. (4.19)

The proof follows the structure of the derivation of the von Neumann result in Theorem 1.18,
now achievable with a reduced version of the general comparison in Theorem 3.1.

Similarly, we find an optimal version of the above by choosing o — oo.

Corollary 4.8. Given £ < a < 3, then for all pap € D(AB) and 75 € P(B)
IL(X : B)p + I—a(Mz(pan)|78) < r(X,Z) — Huin(A|B),. (4.20)

Specifically,
Ié (X : B)P + Ig (Z : B)p < rcp — Hmin(A|B)p- (421)

4.3 Proofs

We now include the detailed proofs of the above results.

4.3.1 Proofs of the bipartite conditional entropy relations

We first demonstrate the generalised form of the bipartite Rényi uncertainty relation.
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Theorem 4.1. Let Mx € CPTP(A, X) and Mz € CPTP(A, Z) be two incompatible measurement
maps, defined by the ONBs X of Hx and Z of Hy.

For a,v > % and B > % such that afy — 28y —a+B8+v=0 and%—&—
paB € D(AB) and 75 € P(B)

% > 2, then for all

HE (X[B), + Hy(Mz(pap)|T8) = HoalpagllTe) + ovu. (4.22)

Before we treat the proof of Theorem 4.1 we first introduce a specific form of the Stinespring
dilation [67].

Definition 4.9 (Stinespring dilation). A map M € CPTP(A, B) if and only if there exists an
isometry U € L(A, BC) such that M(p) = trc(UpUT) for all p € D(A).

Proof of Theorem 4.1. Let Sz € CPTP(A, ZZ') be a Stinespring dilation of Mz such that

Sz(pa) =Y (zlpalz) |20z @ |2)] - (4.23)

z,2!

We use the same argument as the proof of [42, Theorem 7.6], to arrive at
HY(X|B), > H} (212'B) g, () + amu- (4.24)

The two main components of this argument are the comparisons: for 5 > %,

H} (Z|1Z'B) g,y < — aZ/Bé%f(Z’B)DB (Mx(pap)|Mx (S;'(1z®0zp))) and (4.25)
Mx (87 (1z®072:8)) = > [(|2) |2}z @ (| 025 |2') < c1x @op. (4.26)

The first comparison is a result of the data-processing inequality (see Proposition 1.13) and for the
second we maximise |(z|z)| over z and z.
Substituting Eq. (4.26) into Eq. (4.25) yields Eq. (4.24).

Let afy — 28y —a+ [+~ =0 with o,y > %,ﬂ>%and%+%22. Then by Theorem 3.6

we can write for all 75 € D(B),
H)\(Z|Z'B), > Ho(Sz(pan)|l78) — Hy(trz(Sz(pas))|7s)- (4.27)
Substituting Eq. (4.27) into Eq. (4.24) we have
HY (X|B), > Ha(Sz(pap)|T8) — Hy(trz(Sz(pas))|I78) + quv. (4.28)

Using the fact that the marginals on ZB and Z’'B of the state Sz(pap) are equivalent and that

the conditional entropies are invariant under local isometries we obtain Eq. (4.22). O

The following proof Theorem 4.2 has the same broad strokes as the previous proof, the main

difference being a tighter comparison when applying the measurement in X.

Theorem 4.2. Let Mx € CPTP(A, X) and Mz € CPTP(A, Z) be two incompatible measurement
maps, defined by the ONBs X of Hx and Z of Hz.
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For o,y > %,6 > %,5 € R if there exists a p > % such that

o —7 B—96 1 1 1
= = d-<2——-—<-— 4.29
ay—2y+1 B6—26+1 prant s = Wy (4.29)
then for all pap € D(AB) and 75 € P(B)
HY(X|B), + Hy(Mz(pap)|Ts) > Ha(pasl™s) + s(p, X, Z) (4.30)
and
Hy(Mx (pap)|ms) + HY(Z|B), > Halpas|ts) + 4s(p, Z, X), (4.31)
1 6,
where ¢s(p, X, Z) = —log (trpX Yo, max.(cp ) |x><x|) and ¢z , = |<;1:|z)|2
Moreover, if v > % and there exists a i > % such that
a—pf ) . 1 1 1
— = d=<2—-=<= 4.32
af—28+1 yo—20+1 M Ss=TT o= (4.32)
then
HY(X|B), + H(Z|B), > Ha(pas|8) + 45(p), (4.33)

where %(P) = max{% (pv X7 Z)v qs (p7 Zv X)}

We use a similar argument to the proof of Theorem 4.1, but following the structure given in
the proof of [44, Theorem 2].

Proof. Let Sz € CPTP(A, ZZ') be a Stinespring dilation of Mz such that

Sz(pa) =) _{zlpale) 12K @ )2 (4.34)

z,2

By the data-processing inequality:

N . 1
HUZ1ZB)syn < = inf DilpanlS; (L2 802m)) (435)
<- inf D S;H(1 'B))) - 4.36
s=, D (Mx (paB)Mx (S5 (12 ®0zB))) (4.36)

We may compare

Mx (87 1z @0zp)) = Y l(al2)* [afa| @ (/| o215 |2') (4.37)
T,z
< Zmax(cm,z) |z)Xz| ®op. (4.38)
wx
Therefore,
H)(Z|Z'B)s,(p) < sup  —Du(Mx(pap)|wx ® op). (4.39)
O'BGD(B)

By Theorem 3.1 we conclude for 8 > 1, 1> 0, § € R with Bud —2u6 — 8+ p+0 = 0 and %Jr% <2,

5

) . (4.40)

<

— Hg(Mx(pa)llos) < Dy(Mx(pa)llwx ® o) + log tr (pxw)‘}
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Substituting this into Eq. (4.39) we obtain

5

) . (4.41)

=

HY\(Z|Z'B)s, ) < S%IZB)Hﬁ(Mx(pAB)IIUB) +logtr (PX%‘E
oBE

By Theorem 3.6: for a, p,y > % such that apy —2uy —a+ pu+~v =0 and i—i—%k?

Ho(Sz(pap)llTe) — Hy(trz(Sz(pap))|ms) < HL(Z|Z'B)s, ) (4.42)

for all 75 € D(B). Hence

FRN
Ho(Sz(pan)lls) = Hy(tr2(Sz(pas)li7e) < HY(X|B), +logtr (pxwy ) - (4.43)

As in the proof of Theorem 4.1, the marginals on ZB and ZB’ of the state Sz(pap) are equivalent
and the conditional entropies are invariant under local isometries, therefore we obtain Eq. (4.30).

For the conditions on the parameters note that we can express u in terms of 5 and §:

Bpd =20 —B+pu+6=0 (4.44)

= pu(Bé—20+1)=p-94¢ (4.45)
__B-¢

= M—ma (4.46)

and similarly for o and 7.

Moreover the conditions determining the direction of the inequalities can be combined via pu:

1 1
242 <9 4.47
45 < (4.47)
1 1 1
5 LS5 (4.48)
O
This leads us to the state-independent version:
Theorem 4.3. With the same conditions required for Eq. (4.33), we have
HY(X|B), + H)(Z|B), = Halpas|Ts) + a5, (4.49)
where
—  mi — — min log Ay [A 5’} 4.50
G5 = Jmin  65(0) = = min, 1og Amax | As(p) (4.50)
with As(p) = p3, (max. ¢, )7 [z)z| + (1 — p) 2. (max, ¢, )7 [2)z].
Proof. We may rewrite
5/
a5(p) = max, (~log[tr pads(p)]” ) (4.51)
. _ . 8
= aerg(lgB)qg(a) = —log aerg?XB)orSnplgl [troals(p)]” . (4.52)

By the linearity in the arguments we may use the minimax theorem [68] to swap the optimisations,
hence we obtain Eq. (4.50). O

We conclude this section with the summary of the §-dependent bounds:



Proposition 4.4. With q5(p,X,Z) defined as in Theorem 4.2 we have

lim ¢5(p, X, Z) = q(p, X, Z),
5—1

lim ¢5(p, X, Z) = quu-
5—0

It follows that

lim g5(p) = 4(p).

i = .
61_>H% qs = qcp
Proof. Let {\;}. be the eigenvalues of px, i.e.
px =Y Aelz)a].

Note therefore, that px and wx are diagonal in the same basis and we can write

i

1 6,
q5(p, X, Z) = —log tr (pX Z (ngxcgcvz)W |m><x|> =4 logZ)\x (mzaxcx,z> o

We use 'Hopital’s rule, choosing

Y—>00

fly) = logZ)\m (mﬁxcmyz)% = lim f(y) =0,

We have

@ =

fy) = d% <1ng)‘w (mgxcz,z)

1 .
9(y) = , lim g(y) = 0.
1
B dow )\z% ((maxz C.z) y)
> s Az (max, cmz)i

Yy—00
1
P

=D e Az (max; ¢, o)V logmax; ¢ .

1
V25, As (max e ) ¥

1
— lim > p A (max; ¢ ») ¥ logmax; ¢z -
= T
yooo g(y)  wooo g'(y) oy 3. Ay (max, ¢, 2) ¥

Observe that &' — co = ¢ — 1, therefore
%1311 q5(p, X, Z) = g Au log(l/mgx Cz)-
Moreover, lim,_,o f(y) = oo and lim,_,¢ g(y) = co. So, again by I'Hopital’s rule,

lim @ = lim 2o Ao (max, Cm,z)% log mlaxz Cx.z
v=0g(y)  v—0 Yo A (max, e 2)Y

= log maxcg >, = —qMU-
z,2

= Z Az log Max Cy, -
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(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)

(4.62)

(4.63)

(4.64)

(4.65)

(4.66)
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The last two statements of the proposition are evident from Eq. (4.53) and the definitions of the

relevant quantities. O

4.3.2 Proofs of the Rényi information exclusion relations
We begin with the unimproved Rényi information exclusion relations, which more directly

generalise the Hall relation.

Theorem 4.5. Let Mx € CPTP(A, X) and Mz € CPTP(A, Z) be two incompatible measurement
maps, defined by the ONBs XofHx and Z of Hy.

Let a,y > 5 andﬁ > 5 , satisfying both afy — 20y —a+B+v=0 and%—l—% > 2, then for
all pap € D(AB) and 7 € P(B)

I4(X : B), + I,(Mz(pap)llTe) < ru — Halpas||ms)- (4.67)

Proof of Theorem 4.5. Starting with Eq. (4.22), and choosing parameters which satisfy the condi-

tions, we can write

H(X|B), + Hy(Mz(pap)lts) = Ha(pap|Ts) + avu. (4.68)

For each conditional entropy on the left-hand side we can derive the following inequalities from
Eq. (3.6):

H(X|B), < Hz(px) = I5(X : B),, (4.69)

Hs(Mz(pap)llte) < Hy(pz) — I,(Mz(pas)lITB)- (4.70)

We can then write

~I4(X : B), = I,(Mz(pap)|78) > Halpas|Ts) — Hz(px) — Hy(pz) + quu (4.71)
— I5(X : B), + I,(Mz(pap)|m8) < Hz(px) + Hs(pz) — Ha(pas| ™) — amu (4.72)
log(d?c) — Hu(pagl|mB). (4.73)

IN

The last line is due to H,(p) < logd for all a.

We can optimise the parameters when £, 4 = 0, which implies 8 = 8 and 4 = . We therefore
have the familiar condition, a8y — 26y — a + 8+~ = 0. Finally, note that for all 0 < 5 < % =
% > 2, hence we also have the condition % + % > 2. O

The following optimal case then follows:

Corollary 4.6. Given the same conditions as Theorem /.5, for % < a <2, we have

INX :B),+1\(B;2), < ru— Huin(AlB),. (4.74)
Proof. Taking the limit
2
lim By — 57 1+B+—7m—1 (4.75)

we may conclude 5 = % We then let 75 = pp to have a tighter inequality, obtaining Eq. (4.74). O

This brings us to our final theorem, determining the improved Rényi information exclusion

relations.
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Theorem 4.7. Let Mx € CPTP(A, X) and Mz € CPTP(A, Z) be two incompatible measurement
maps, defined by the ONBs X of Hx and Z of Hy.
Given o,y > %, B € [1/2,2] with

a—x
= < .
o 27 11 2_Band6771, (4.76)
then for all pap € D(AB) and 75 € P(B)
I5(X : B), + I,(Mz(pap)llte) < 7(X,Z) — Halpagllts) (4.77)
and
L(Mx(pas)llts) + I5(Z : B), < 1(Z,X) = Ha(pas|7s). (4.78)
Moreover, if v < 2 — (3 and
20 —ay—1 1 200 —af — 1 1
f— = 4.
a—ry 24’ a—p 2 — v (479)
then
I5(X : B), + IX(Z : B), < rcp — HI(A|B),. (4.80)

Before the proof of this result, we first show how to derive a state-independent bound analogous
to that in [44].

Lemma 4.10. For a > %, 6 € (—o0,a) such that mﬁifgﬂ > 1 and % +3>1,
H,(px)—qs(p, X, Z) < 1omeaxcw)z. (4.81)
z
In particular
H% (px) — quu < logz Max Cgz. (4.82)

Remark 4.11. The conditions on « and § in the above lemma are derived from certain conditions
on a B parameter that appears in the proof but is not required in the final statement.

Indeed, including this parameter provides an arguably nicer form of the condition: For o > 3,6
such that B > % and % + % > 2. However, in order to present the lemma as a more self-contained

statement, the 3 has been omitted.

Proof. Note that the trace is a CPTP, thus by the data-processing inequality (see Proposition 1.13)
for all g8 > %,

Dg(palloa) = Dg(trpal troa) (4.83)
—1 —1 ,BI

= log [(tr o) (troa)?? (4.84)

= —logtroa. (4.85)

To derive Eq. (4.81) we consider a similar interpolation as in Theorem 3.1. By choosing B to
be trivial and given a, 8 > %,5 € R such that 8§ — 28 —a+ F+§ =0 and % + % > 2 we may
conclude 5
) < =Dslpxwx). (4.86)

(S

Ho(px) + log tr (pxw§<
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Let wx = >, max.(c,,.) [r)(x|, then by Eq. (4.85) we can bound the left-hand side

16
57

H,(px) + logtr (pr;() <logtrwy = lomeax(cLz), (4.87)
x

hence we obtain Eq. (4.81).
s

As in the proof of Theorem 4.1, we have —*5¢—

_ : 1
571 = B Since we can choose any 8 > 5 we have

the condition in the lemma. Moreover

%+ % >9 (4.88)

ad ; 35; L % >9 (4.89)
a6_25+1a+_a5_6_a+5+%22 (4.90)
o<5—0<j__§‘+1+1+%22 (4.91)

(a *al)_(i* 1) +% 51 (4.92)

To achieve the optimal situation in Eq. (4.82) we note the Rényi divergence is monotonically
increasing in its parameter (see Eq. (1.132)) hence the choice which provides the tightest inequality
in Eq. (4.85) is 8 = % Eq. (B.23) requires a > 3 so, again through monotonicity, a = % yields

the tightest inequality in Eq. (4.81). Substituting these values into our conditions we have

1_ 1
5a6a—256+1ii1i10 (4.93)
and
limf—kl:lim 2+120022. (4.94)
(5~>O+,8 ) 6—0+ )
O

We now have all the tools required to prove Theorem 4.7.

Proof of Theorem /.7. We begin with Eq. (4.22) and apply Theorem 3.3 to the measured condi-

tional entropies:

HL(X|B), + Hy(Mz(pan)llTe) = Halpas|a) + 45(p, X, Z) (4.95)
— I4(X : B), + L,(Mz(pap)llts) < Hs(px) + Hs(pz) — Halpasllts) — as(p, X, Z), (4.96)
where 3, 8,%,7 > § and f,7 > 0 such that 883 - 2688 — S+ 5+ =0, 777 =277 -7 +7+7=0
1,1 1,1
and§+g7;+§22
We choose 8 = %,ﬁ — 0 and 6 — 0. Hence we can use Eq. (4.82) and the fact that
Hy(pz) < logd for all 4 > 0 to determine

Ié(X :B),+ 1,(Mz(pan)|t) < log <dZmZaxc$7z> — Ho(paBllTB)- (4.97)
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From the above choices we deduce

BBB—288—-B+B+5=0 (4.98)
3 _ 1
%—576+6+§:0 (4.99)
38 —23=—1 (4.100)
_ 1
- 4.101
= (4.101)
lim 795 =273 =7 +7+5 =0 (4.102)
¥—0
5 =. (4.104)
Hence we can write
o —7 B—6
a7 —2y+1 Bo—20+1 N (4.105)
a—ry 1
aoy—2y+1 2-5 " (1:106)
Moreover,
11
im <o t<l 1 (4.107)
50— 0 A
1
— 2-248< = (4.108)
5
— By <1 (4.109)

Noting p > % we have the conditions on the first part of the theorem.
For the second part of the theorem, we perform the same procedure but instead start with
q5(p,Z,X) and choose both Bﬁ = % This yields

OL*’_Y 04*2_7

= 4.110)
~ - 1 I (
ay—2y+1 Qp— — 25— +1
200 — ay — 1
S (4.111)
a—2+2—v
200 —ay — 1
e (4.112)
=7
and
1 1
2——< - (4.113)
we
— f<2—v (4.114)
= B+y<L2 (4.115)
Then, by choosing the minimum over the order of the measurements, we obtain Eq. (4.80). O

This leaves us with the proof of the optimal version of the above relations.
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Corollary 4.8. Given % <a< %, then for all pap € D(AB) and 75 € P(B)
(X 5 B)y + b a(Mz(pap)ll75) < r(X,Z) — Huin(AlB),. (4.116)

Specifically,
Ii (X :B),+ Ié(Z : B), <7cp — Hmin(A|B),. (4.117)

Proof. Taking the limit o — oo in Eq. (4.76) we obtain

1 1 1
z > = (4.118)
v 2—0 72
= 2>7y=2-[32>0. (4.119)
To obtain the second inequality we choose a = % or a = % Noting that, by minimising the Z

measurement term, this inequality no longer depends on the order of the measurement and we may

take the minimum bound. O
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Chapter 5

Discussion

5.1 Immediate observations

There are a couple of notions which follow from the main results.

5.1.1 Specialising to classical Rényi entropies

We have the option to consider classical states as a density operator whose eigenvectors form
an ONB and are considered as a ‘classical register’ (see Section 1.3.3). In this case the eigenvalues
of this density operator represent the values of the probability mass function of a classical random
variable.

It is known that the quantum Rényi entropy H,(px) of such a classical state is exactly the
classical Rényi entropy H,(X). By choosing the arguments as classical states in the Rényi diver-
gence we recover the classical Rényi divergence (see Eq. (1.101)) and the associated conditional
entropy and mutual information would then be strong candidates for classical Rényi versions of
the well-known Shannon entropic quantities. Moreover, the chain and decomposition rules and any
subsequent uncertainty relations would be equally applicable, providing useful tools for research

in classical information theory.

5.1.2 Monotonicity in «

Each of the possible inequalities given by the families of inequalities in Chapters 3 and 4
additionally allows for a whole spectrum of weaker ancillary inequalities via the monotonicity of
the Rényi divergence.

Considering this fact, we introduce a great deal more freedom in choosing specific parameters
beyond those stipulated in the conditions of each theorem. This significantly widens the applica-

bility of each result and provides an extra level of generality.

5.2 Advantages and drawbacks

Clearly, the divergence equations presented not only give us some insight into the fundamental
relationships between these quantities but also provide important tools in the derivation of Rényi
versions of the routine comparisons for Shannon and von Neumann quantities and beyond. The
structure afforded may help in consolidating the theory of generalised Rényi quantities and provide
some possible candidates for further study. The results themselves are quite general, which is
usually desirable given that they are more flexible and therefore applicable in more situations.
However, this level of generality has the unwanted consequence of obfuscating the actual utility of

the results.

5.2.1 Place within the broader theory
Smooth entropies
Smooth entropies are defined as optimisations of Rényi conditional entropies, but in particular

we are concerned with the min- and max-entropies,

HI(A|B), = Huin(A|B), and HI(A‘B)p:Hmax(A‘B)p- (5.1)
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These particular entropies are of interest as they can be calculated through semi-definite programs
which are generally more efficient than direct computation. The smooth min- and max-entropies
are then considered as optimisations over states 7 that are e-close in the purified distance to the
given state p.

We define the smoothing ball B¢ (A, p) := {7 € D(A) : P(7,p) < e}, where

P(T,p):\/l— (tr‘\/ﬁﬁ’—l—\/(l—trp)(l—trr))z. (5.2)

Then the smooth entropies are defined

Hrsnm(A|B)p = max Hmin(A|B)ﬁ, (53)
paBEBE(paB)

ngnax(A|B)p = min Hmax(A|B)f)- (54)
PABEB=(paB)

These ‘smoothed’ entropies are also calculable by semi-definite programs and exhibit similar duality
relations as the Rényi entropies they are based on. Of particular note is the asymptotic equiparti-
tion property which essentially states for normalised smooth min- or max-entropies on a number
of copies of the same state, the limit as the number of copies approaches infinity is the von Neu-
mann entropy of the original state, i.e for pap € D(AB) and panpgn = p%% =paB Q- QpaB €

n times

D(A™B™),
lim —HS

1
n—ooqn MO

1
(A"[B")pon = lim ~H:,, (A"[B")0n = H(A|B),. (5.5)

max

See [46] and [42, Chapter 6] for a detailed treatment of these quantities, their properties and
applications.

Some chain and decomposition rules similar to those covered in Chapter 3 have been estab-
lished for smooth min and max-entropies (see [69, 70]) but it is unknown whether these rules can
be extended to smooth entropies of general Rényi order. This work may provide some tools or

scaffolding to that end and aid in establishing a more coherent theory of smooth entropies.

Conditional mutual information
The relationships between the established divergence inequalities would indicate that there is
a more general structure available for tripartite and, in turn, multipartite systems.
The following diagram summarises what we have established and the ‘gaps’ in this structure:
inf

€D*(BC
General tripartite divergence inequality{?g———(——ﬁ) I5(B; A|C), E H,(ppc|t7c) — Ha(papc||Tac)

|
i
|
C' trivial!

1

|

|
s

N
—He (papllta) S Dg (pap llop © 75) + log (‘EYPBUJ} Heo(papclte) Z HY(AIBC), + Hy(ppclmc)

C trivial
inf C trivial
op€D*(B)
o
Is(pasla) Z Hy(pp) — Halpag||Ta) —— Heo(pap) Z HY(AIB), + H,(pp)

The dashed lines are proposed relationships and the dotted lines are relationships formed by the

composition of the explicit transformations.
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In essence, this examination implies that there is a general tripartite comparison of Rényi
quantities from which all inequalities of this type follow. Perhaps of more immediate interest is
the indication that there are decomposition/chain rules for some Rényi divergence based condi-
tional mutual information (denoted I3(B; A|C), in the diagram). The (von Neumann) quantum
conditional mutual information has found many uses in quantum information theory, hence it is
currently an important open problem to derive an operationally significant Rényi conditional mu-
tual information which is useful in applications. There are several candidates for a quantity of this
type (see [47] and references therein), but one that is compatible with this pre-existing structure

would be a strong choice for further study.

5.2.2 Applicability
Alternative generalised entropies
There are some other possible candidates for a generalised divergence from which entropic quan-
tities could be similarly derived. Notable are the Tsallis entropies [71] and the Petz divergence [59].
However, these quantities do not have the structure which allows us to derive comparisons via in-
terpolation. That said, the Petz divergence is still closely related to the Rényi divergence, sharing
many of the same properties and there exist duality relations involving both quantities [42].
Although the quantum Rényi divergence has already been established as one of the forerunners
in the possible choices for the basis of a generalised quantum Rényi entropy framework, having
found many applications and utility in quantum information theory, the structure revealed in this

work further reinforces the compatibility and usefulness of this definition.

Generality vs. usability

The comparisons in Chapter 3 are, in isolation, relatively simple expressions. However, in
applications they are often used in conjunction with one another, as evidenced by the proofs in
Chapter 4.

The results of composing the conditions on the parameters for each individual comparison are
rather unwieldy and generally take the form of obscure polynomial expressions. An immediate
solution is to make choices which yield the tightest versions of the relevant inequality. This notion
has already been applied in this thesis, albeit the final conditions still often being difficult to
interpret.

Clearly, there is a trade-off in how general we can formulate these types of statements and their
accessibility for a broader audience. For the moment, it seems the possible loss of a small amount
of information at the gain of usability and consistency is worth the cost.

Overall, the analysis of the relationship between, and valid ranges of, the parameters given
a particular set of comparisons has proved time-consuming and beyond the scope of this work.
Moreover, any attempts to do so have been unfruitful in establishing a consistent underlying

structure, given one exists.

5.3 Future work
We now suggest some possible directions for research or study which follow from the material

covered in this thesis.

5.3.1 Numerical simulations

At the moment we have only the abstract representation of most of the relationships detailed in
this thesis. By running numeric simulations and producing visualisations thereof we may gain some
insights into the relationships between the Rényi orders, dimension, degree of entanglement and the

relative tightness of each comparisons. An analysis of these trends and correlations may illuminate
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possible avenues for further refinements and improvements. These simulations are relatively easy
to perform when calculating the divergence of known matrices but the problem becomes more
involved when considering the necessary optimisations — fortunately there are packages and/or
libraries available for most high-level programming languages that allow for efficient optimisation
over convex sets. The nature of the models require exponentially more processing power for
calculations involving higher dimensions, so obtaining sufficiently broad samples may still be a

significant undertaking, requiring dedicated time and resources.

5.3.2 Multiple measurements
An interesting direction to take these general uncertainty relations would be to formulate state-

ments involving more than two measurements. Of course, given uncertainty relations of the form
Hy (X1)+ Hoy(X2) > 1o and  Ha, (X3) + Hoy (X4) > ¢34, (5.6)

we may immediately derive
Ho, (X1) + Hay (X2) + Hay (X3) + Hay (X4) 2 gmax, (5.7)

where qumax = maxy; j k.1y={1,2,3,4} ¢,; + k- However, this does not yield any advantage compared
to the uncertainty relations from which it was derived.

We would instead be investigating inequalities of the form
> H,, (X.|B), > q, (5.8)

such that the bound g > guax. Given the Rényi decomposition rule and general comparisons we

could then derive
> I, (Xp:B),<r (5.9)

with r dependent on gq.
For a more complete review of multiple measurement uncertainty relations see [20, Section III.G]

and the references therein.

5.3.3 POVMs and tripartite uncertainty relations

In Chapter 4 we only consider measurements on ONBs as it provides a simpler scaffold. Indeed,
most of the results in Section 1.6.2 have at least one generalisation to POVMs. It is currently an
open question whether these generalisations extend to general Rényi uncertainty relations.

A feature of these POVM-based von Neumann relations is that they are often expressed on
tripartite systems. It is then likely any Rényi version would also require the consideration of

tripartite systems. For a more detailed treatment of these situations see [44] and [42].

5.3.4 Adapting Pisier norms

As stated in Section 2.2, the full generality of Pisier’s norms has not been used in the inter-
polation employed in Chapter 3. This does not mean that the close relationship between these
norms and Rényi divergence based quantities does not merit further thought. Indeed, the general
framework of Pisier contains some useful results which could provide important insights into the
nature and structure of these quantities.

The main issue with this pursuit is the ability to make use of this theory without having to

rely too heavily on the unnecessarily abstract mathematics it is based on. There is currently work
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underway to adapt this theory in a cohesive way, accessible from a quantum information theory

perspective, and to investigate the implications of such a framework.
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Appendix A

An alternative proof of the decomposition rules

We include a different approach® to the decomposition rules which follows the method employed
in [37] in establishing Theorem 1.15. In a similar vein to the differences between the two versions of
the bipartite chain rule (Theorem 3.4 and Corollary 3.7), this approach produces slightly different
valid ranges for the parameters compared to Theorem 3.3. Although for certain applications the
ranges on this alternative result may be preferable, for our purposes in the main body of the thesis

they are more constrained than desirable.

Reproduced from A. McKinlay and M. Tomamichel, “Decomposition rules for quantum Rényi
mutual information with an application to information exclusion relations,” Journal of Mathemat-
ical Physics, vol. 61, no. 7, p. 072202, 2020., with the permission of AIP Publishing.

Theorem A.1. Let afy — 28y —a+B+~v =0 witha >0, 8 > % and vy > é Then, for
pag € D(AB) and 7 € P(A), zf% + % <2

Ig(paBliTa) = Hy(pB) — Ha(pas|Ta). (A1)
Otherwise, if % + % >2
Is(pasllta) < Hy(pp) — Ha(pasllTa)- (A.2)
This method draws on several components, which we break up into the following sections.
A.1 Operator-vector correspondence
We may establish a correspondence between vectors on a composite Hilbert space and operators

mapping from one subspace to another. Given bases {|e;)}; and {|f;) }; for H 4 and H p respectively,
define

Opa_, g (lei) @ |fi)) = [fiXed - (A.3)

Accordingly, for [¢)) € Hap such that [1) =37, ;- Aij |ei)®|f;) we have Op 4, 5 (|¢0) = D2, 5 Aij | fi)Xeil.
There are some useful properties of this correspondence, for proofs see [9, Section 1.1].

Lemma A.2. Let |¢p) € Hap, M € L(A) and N € L(B). Then
Opayp (M @ N)[9)] = NOp,y_,p(|9)) M " (A4)

Lemma A.3. Let |¢p) € Hap. Then

1) 12 = VDY = (tr [Opa, (1) 0P 5 (¥))])* = [0Da-, 5 (1))]l2. (A.5)

*This approach was used to produce the results in [72] which in turn were applied to the derivation of information
exclusion relations. These relations have subsequently been improved in this thesis by the more amenable ranges
found in Theorem 3.3.



Lemma A.4. Let [¢)) € Hap, pap = |)X¢|. Then

pa =004 (1) Opasp(l¥) and pp=O0pao_p(1¥)OPa_p(¥)].

A.2 Identities in terms of operator-vector correspondence
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(A.6)

We begin the main part of the demonstration by establishing the following identities for the

relevant entropic quantities:

Lemma A.5. For a pure state |¢) € Hapc with |p)X¢| = papc, let X = Xp_yac = Opp_ac(e)).

Given (Ta ® 1) > pap and o € (0,1) U (1, 00) we have

/

1 2a
Hu(pag|lta) = —log sup H(Tgl ®oc)* X )
Gc€D(C) 2
Ho(pp) = —log || X |55 -
If in addition o > %,
1 1 2a’
I, (pagl|lTa) =log sup H(Tg ® Uc) 28 X va

oc ED(C)
The proof of Lemma A.5 relies on the operator-vector correspondence.

Proof of Eq. (A.7). From equation (19) in [28], we can write

=1 1 ’
Hu(pallta) = —log sup (|75 @ 1p@0g [p)" .
Gce'D(C)

Also, using Lemma A.2 we have
527 P 5o e
Ops_ac (Tj“ ® 1p Rog” |<p>) = (Tj" ® o )X.
From this we can deduce, using Lemma A.3,

2a’

=1 1 ’ =1 _1
(plmg" @1p®ag |9)* = |72 @ 1p g™ |p)
2

=1 1
—[opsac <Tﬁ°‘ ® 15807 |so>>

—1 1
= (Tj“' ®UEP')X

2
20’

2

Proof of Eq. (A.8). From Lemma A.4 we can see that pp = XX, hence we have

Ho(B), = —log ||XTX[* = —log | X |2,

where we have also used the identity, Proposition 1.7.

The proof of Eq. (A.9) relies on the duality result in Proposition 1.12.

2a’

(A7)

(A.8)

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)
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Proof of Eq. (A.9). Using operator-vector correspondence we can re-express the generalised Rényi

mutual information using operator norms, i.e. for Xc, a5 = Ope_, a5 (|9)),

1 . =1 -1«
I, (paBlTa) = o8 lnf( )tr (|:(TA ®05)% pap (Ta ®0-B)2a'} ) (A.16)

a—1 opeD(A

’
[0}

-1 -1
—log inf H(TA ©05) XooapXh g (Ta®op)™ (A.17)
O'BED(A) a
—1 206/
- inf H 3’ X A.18
og inf | (TA®oB) c—AB|, ( )
By the duality of the generalised mutual information and Eq. (A.18), we can write
Lo (paBliTa) = —1a (pacllty’) (A.19)
L ;1 24
= —log inf T2 @uwz' | X A.20
® wceD(©o) ‘( e > 2 420
1 e 2a’
=log sup ’(Tj"' ® wé‘“') X (A.21)
wc€D(0) 24
where in the last line we used the fact that &' = —a’. O

A.3 Interpolating for valid choices of ¢
Theorem A.1 can be proved directly from the following propositions which make use of the

above identities.

Proposition A.6. Let a, 3,7 be such that &' = '+, pap € D(AB) and 74 € P*(A). Then
the following holds:

For a € (1,2),8,v € (1,0), we find

Ig(paBlTa) =2 Hy(pB) — Ha(pas||7a). (A.22)
Fora e [2/3,1),8 € (1/2,1),7 € [1/2,1), we find

Ig(paslTa) < Hy(pB) — Ha(pas||Ta). (A.23)

Proof. Choose F(z) = (7';1 (2@00)2‘27X7 0= %, po =27y, p1= 23. With these choices we can

determine 6 = % (o —+)=1- 2/717 hence 1 — 6 = 1.

We can also calculate the appropriate value of py to use Theorem 2.12:

/

| g 2" ) '
pe 207 24/ Do 7 7 ( )
thus we can conclude that py = 2.
We can therefore calculate that
IF ), = |3 ® oc)= x]| . (A.25)

Additionally,
IEGD) I, = (73" @ oe) x| (A.26)
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and
1P +i0l, = (73t @ 00) 5 X, (A.27)
Since (7,1 ® Jc)% is unitary for all £ € R we can write
Mo = [[X],, and M= H(Tgl ®ac)ﬁXH N (A.28)
2

Applying Theorem 2.12 we have

/

2 -
|73t @ oermr x|, <115 |3 @ oc) x| (A.29)
First, consider o/ > 0. Maximising over o¢ on both sides we have
1 LY 2y -1 e
sw ||t @oe)m x| <X sw |t @) x| . (A30)
occ€D(C) 2 occ€D(C) 23
Using Lemma A.5, we can rewrite this as
—Ha(pallTa) < —Hy(pB) + Is(pasTa) (A.31)
= Is(pasliTa) = Hy(pB) — Ha(pasllTa). (A.32)
If instead o’ < 0, we obtain
1 1 20 o/ 1 1126
sup H(Tg ® JC)WXH > ||X||27Y sup H(TX ® JC)%/XH ., (A.33)
occ€D(C) 2 cc€D(C) 24
giving us Eq. (A.23). The valid ranges can be determined using Lemma B.3. O

Proposition A.7. Let a, 8,7 be such that &' = '+ ', pap € D(AB) and 74 € P*(A). Then
the following holds:

For a € (0,1),8 € (1/2,1),7 € (1,00), we find

Is(pasllta) = Hy(pp) — Ha(pas|Ta)- (A.34)
For~ve[1/2,1),8 € (1,2),a € (1,0), we find

Is(pasllta) < Hy(pB) — Ha(pas||Ta) (A.35)

Proof. Choose F(z) = (7’;1 ®oc)z X, 0 = g—:, po = 27, p1 = 2. We have, as before,

1-60= _ﬁ'f, and through a similar calculation we can conclude that py = 23.
We have

IE@) = (73" @) x| PG, = |73 @0y x|, (a36)

1

and |F(1+i1)],, = | (73! © 00) 5 x|

(A.37)

)
2

hence Mg = || X||,, and M; = H(Tg1 ®Jc)ﬁXH .
2
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Applying Theorem 2.12 we have

_—Y/
B’

|3t oy x| <Xl |3t 0 oormx | (A.38)

2y

First, we consider the case where 8’ > 0. It follows that

28’ 2a’

< I1X157 |73t @ oc)m X

—1 557
H(TA ®0c)? X‘ZB 2y

) (A.39)

As in Proposition A.6, we can maximise over o¢ on both sides. Hence we arrive at Eq. (A.35).
Repeating the same process with the assumption 5’ < 0 yields Eq. (A.34). We can again refer to

Lemma B.3 to determine the valid ranges. O

Proposition A.8. Let a, 3,7 be such that o/ = '+, pap € D(AB) and 74 € P*(A). Then
the following holds:

For a € (0,1),y€[1/2,1),8 € (1,0), we find

Ig(paBlTa) = Hy(pB) — Ha(pas||Ta). (A.40)
For g€ (1/2,1),v € (1,2),a € (1,00), we find

Is(pasllta) < Hy(pp) — Ha(pas|Ta)- (A.41)

Proof. Choose F(z) = (7'51 ® 00)2713’7Z2:’/3’X, 0= ﬁ;—:, po =26, pi =2 Asabove, 1 —6=
—p’
,-y/

and py = 27.
We have
(3! @ 00)T T X

IEO)lps = [1 X5y > [ECE]pe = (A.42)

20

: (A.43)
2

it'y/

and [|F(1+it)lly, = ||(73" @ oc) 7 277 X

‘ . Applying Theorem 2.12 and
2

performing the same procedure as in Propositions A.G and A.7, for both v/ > 0 and 7' < 0 we obtain

hence My = H(Tgl®ac)ﬁXH 4 and M; = H(Tgl ®ac)ﬁX
2

Egs. (A.40) and (A.41). For the valid ranges, we have a similar situation as in Proposition A.7

but with symmetry in 8 and 7. O

A.4 Consolidation and analysis
We may now prove Theorem A.1:

Proof of Theorem A.1. We first combine the three above propositions and examine the valid ranges.
We have from Lemma B.3 that the propositions cover all possible permutations of the parameters,
and hence all valid values of «, 8 and ~.

For the forward inequality, i.e. Eqs. (A.22), (A.34) and (A.40) we can see that either («a, 3,y >
1), (a,y<1,8>1)or (a,8 < 1,7 > 1), which all satisfy % + % <2

For the reverse inequality, i.e. Egs. (A.23), (A.35) and (A.41) we have either (a, 5,7 < 1),
(a,y > 1,8 > 1) or (a, B > 1,7 < 1), which all satisfy %—I— 1 > 2. We again obtain the final

5
conditions and the extension to positive semi-definite matrices in the same manner as Theorem 3.1.

O
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Appendix B

Other useful results

B.1 Background results
Proposition B.1.

Proof. We have

We choose:
= log (Zp(x)“) , gla)=1-a. (B.3)

Observe that lim_,1 f(a) = log)" p(z) = logl = 0 and lim,—,; g(0) = 0. Hence, we may use

I’Hopital’s rule to assert limg_.q gE 3 = lim,_,1 éa) We compute
d > agP@)® 3, p(x)*logp(z)
f'(a) = — |lo p(x)® || = =L da === ) B.4
(@) =G s | 27 Yo L) (B4
and ¢'(a) = —1. Therefore we may write
_fla) o Y pla)” logp
lim ——= = lim — p(z)log p(x B.5
all g(a)  asi S p(z) Z & (B.5)
O

B.2 Ancillary results

We make use of a modified version of Lemma 12 from [28].

Lemma B.2. Letp € RT\{0,1} and p’ € R\[0,1] be such that %—i—; = 1. Then for M € L(A, B)
such that MTM = X € P(A),

’

1\ P
2p’ / o7
HM||2£ = ||XH£ = sup (tI‘XO’ ) = sup
oA€D*(A) o AED*(A)

(B.6)

Proof. We restrict to density operators with full support which guarantees o4 > X, hence by
Lemma 12 from [28]

’

1\ P
» (SupUAep*(A) tr XUQ’) ifp>1
X1, = / . (B.7)

1\ P
(mfmeD*(A)trXa ,> ifp<1

Note that when p > 1 = p’ > 1 and otherwise when p < 1 = p’ < 0. Hence when we take
the optimisation outside the exponent we obtain Eq. (B.6). The other equalities are evident from
the definition of the Schatten norm (see Section 1.2.3). O



74

It is prudent to explicitly state the available choices we have for the parameters when performing
the interpolation in Theorems 3.1, 3.6 and related results. This is especially important when we

are constrained to a particular direction of the given inequality.

Lemma B.3. Ifa,(8 > %,”y € R and are related by

a B Y
a—1_5—1+'y—1 (B8)

and assuming, without loss of generality, that 8 > v, then the following are true and cover all

possible cases up to symmetry:

If0 < % < 1 then either

Case 1. o,3,7v>1, a<~y<pf and a€(1,2),8,7€ (1,00) (B.9)
or

Case 2. o,0,7<1, v<f8<a and o,f€]l/2,1),7€]0,1) (B.10)
or

Case 3. o,>1,7v<0, 7<a<p and «,p¢€ (1,00),7 € (—00,0]. (B.11)

/

FO<< <1 then
Y

Case 4. a,7v<1,8>1, a<~vy<pf and «a€l[l/2,1),y€(2/3,1),8€ (1,00). (B.12)
/

If0<a—<1 then

ﬁ/

Case 5. o,>1,7<1, v<f<a and «,8€ (1,00),7€][0,1) (B.13)
or

Case 6. o,3<1,7<0, v<a<fB and «,Bf€[1/2,1),7 € (—0,0]. (B.14)

Proof. We first consider the cases where v > 0 then move on to v < 0.

Given v > 0, we investigate the possible cases or, more specifically, the cases missing from the
lemma. Given three independent binary options there are 8 possible permutations. Of the four
that are missing the following: (o, > 1,8 < 1) and (o, 8 < 1,7 > 1), contradict the assumption
that 8 > ~. The remaining two: (a > 1,8,7 < 1) and (« < 1,8,v > 1), never satisfy Eq. (B.8).
We can now explore the implications of each of the assumptions.

Consider 0 < g—: < 1. Tt is evident that (a« — 1)(8 — 1) > 0, a condition which now excludes

Case 4. However, we can examine the two situations where this condition is satisfied:

/ a < if a,8>1
O<ﬁ—,<1:> b b . (B.15)
« a>p if a,f<1

It is clear that Case 5 does not satisfy these implications but that Cases 1 and 2 do depending

on the sign of a — 1.

For Case 1, we can calculate that lim n__ oo and lim B/ 1.
n—1tn—1 n—00 1) —

Since «, 8 and v are related by Eq. (B.8), we have

a— 1= f,v—1 and (B.16)

a—2 = fB,7y — 0, (B.17)



(0]

ie. l<a<2and 1< 8,7 < .

Moreover, for Case 2, another simple calculation shows that max o and lim -

1/2<n<1n —1 n—s1-n—1 -

Hence,a:% e ﬁ,vz%,i.e. §§a<1and%§6,7<1.

If instead 0 < g—: < 1, we still have the condition (o —1)(8 — 1) > 0 but in the second part of
the argument the inequalities are reversed, i.e

! a > if a,p>1
0<ﬁ/<1:> b b . (B.18)
B a<f if ap<l1

This overall excludes Cases 1, 2 and 4 but satisfies Case 5.

1
In this situation we again have « -1 = S,y — 1 and for fixed v we can write lim = —.
a—00 ’)/

Given that v > 0, this implies 1 < 5 < co.
Lastly, we have 0 < 3‘—,/ < 1, which implies (o — 1)(y — 1) > 0, excluding Case 5 Similarly, we

have following situations:

! a > if a,y>1
0<% <1 = 7 7 : (B.19)
v a<y if ay<l1

which exclude Cases 1 and 2. So Case 4 is the only remaining case which is satisfied.
26—-1 2

We again have @ — 1 = f,7 - 1 and for fixed §, lm v= 35— and lim zp— = 3.

Hence 2/3 <y <1land 1< f < 0.

We now treat the cases where v < 0. Firstly, we eliminate the possibility that v < 0 when
‘;‘—,, € (0,1). For this to be satisfied we require o’ and 4’ to have the same sign. Since v <0 =
~' €1]0,1) we require « > 1 = o’ > 1. The second requirement is o’ < 4/, however this is never
satisfied given the valid ranges of o’ and ~'.

We now consider Case 3. When % € (0,1) we have g—i € (0,1) so, as above, we require the
same sign but the second requirement, 7' < o/, is always satisfied. This condition also implies
that 8 > 1 in order to satisfy Eq. (B.8). The valid ranges are then evident as we have no extra
restriction on v and 8, and when v =0 = a = f.

Finally, for Case 6, we have g—: (0,1) and require o and S’ to have the same sign and
[o/| < 18| If o, B > 1, Eq. (B.8) determines that o/ > 8’ so this case cannot be used. Otherwise,
when «,8 < 1 we instead have o/ > ' = |o/| < |B/|. The ranges can then be similarly

determined. O
We may use the following conditions to summarise the above cases.

Corollary B.4. Given the assumptions in Lemma B.3 we have that

a<y<B = (a—1D)B-1)H*—-79)>0 and (B.20)
y<B<a = (a—-1)(B-1)(*—-7) <O0. (B.21)
Proof. This is evident from examining each case of Lemma B.3. O

Corollary B.5. Given the conditions in Lemma B.3 we have

+l<o i a<p (B.22)

= =
— =2

+->2 if a>p (B.23)

2
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Proof. Assume without loss of generality that %: > 0, then

! / /
7;5:%+120
1 1=
— 7y
L Lo1)s
B>

’

We can perform a symmetric argument where <

7

¥
Lemma B.3 we have our comparisons.

IN
o

NN

> 0.

ify >0
ify <0
ify >0
ify <0

(B.24)

(B.25)

(B.26)

Comparing these with the cases in

O
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