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Abstract

A proper understanding of the mechanical behaviour of the substructure layers is crucial for
optimising the design and performance of a ballasted railway track. The recent advent of high-
speed trains and heavy haul freight wagons has heightened this need more than ever. The
accurate prediction of the long-term performance of the railway tracks under increased speed
and loads still remains an intriguing challenge for researchers and design engineers. In this
context, the present paper proposes a simplified geotechnical rheological model to evaluate the
viscoelasto-plastic response of the track substructure layers. The proposed approach combines
plastic slider, elastic springs and viscous dampers to predict the transient response during a
train passage, and the irrecoverable deformation accumulated in the track substructure over an
operational period. The model simulates tri-layered substructure (ballast, subballast and
subgrade) in comparison with existing rheological approaches employing either single or dual-
layered substructure. The model is validated against the field data published in the literature.
An acceptable agreement between the predicted results and the field data verifies the accuracy
of the model. Parametric investigations are conducted to study the influence of train and track
parameters on the cumulative track deformation. The results demonstrate the enhanced
capability of the rheological model to adequately capture the crucial effects of axle load, train
speed and thickness of granular layers on the accumulation of track settlement. The proposed
method can provide an effective tool for the practising engineers for quick prediction of

changes to the geometry of railway tracks over their operational periods.

KEYWORDS
cumulative deformation, geometry degradation, railway track, rheological model, slider

element


mailto:Sanjay.Nimbalkar@uts.edu.au

36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69

1| INTRODUCTION

The ballasted railway track is the most commonly used track system, which employs multiple
layers of geomaterials to transmit the train-induced load into the subgrade soil safely. It
constitutes of two major components, substructure and superstructure. The substructure
includes geotechnical layers such as ballast, subballast, fill (structural and general) and
subgrade (natural and prepared), whose characteristics significantly influence the track
responsel. These layers are conventionally designed using empirical and simplified theoretical
approaches that are based on experience with in-service tracks, augmented with extensive
laboratory and field testing data®*. Usually, these conventional design approaches lack general
applicability in different traffic loading and soil conditions. This serious limitation has recently
become more apparent due to a dramatic hike in transportation needs, which has accelerated
the deterioration of the existing tracks and incurred significant maintenance costs®. Thus, to
derive optimum performance from the railway tracks, there is an inevitable need for more
reliable, practical and adaptable design method. The development of such a design technique
requires a detailed analysis of the mechanical behaviour of track substructure layers and their
mutual interaction.

The substructure layers experience both recoverable (elastic) and irrecoverable (plastic)
deformations during the train passage. After the initial track settlement, the magnitude of
irrecoverable deformation accumulates gradually with an increase in the number of train
passages. This cumulative deformation, generated due to repeated train loadings, leads to a loss
of track geometry®®. Consequently, the prediction of accumulative permanent deformation in
the substructure layers has attracted a great deal of attention. Several researchers have
developed empirical models based on extensive field and laboratory investigations to predict
the accumulation of irrecoverable deformation in the substructure layers®!!. However, these
models lack a detailed rational theoretical basis, and their applications are often limited to
specific conditions on which they are based. Nevertheless, laboratory tests are often restricted
in size due to financial constraints. Meanwhile, the cost and the number of influencing factors
in field investigations is too large for accurate parametric studies.

The numerical modelling provides an alternative approach to simulate the track
response under the repetitive wheel loads and understand the role of each layer on the overall
track response. The behaviour of the ballasted track has been studied in the past using two-
dimensional (2D), two-and-a-half dimensional (2.5D) and three-dimensional (3D) finite
element (FE) analyses!??*, The FE modelling accurately simulates the dynamic behaviour of
the railway tracks and the wave propagation phenomenon. However, these models may require
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relatively large amount of computational resources and time to accurately predict the
accumulation of irrecoverable deformation in the substructure layers, especially when the
number of load cycles is huge (in the order of millions)?2. To reduce the computational time
required for such analyses, advanced explicit elastoplastic material models®?® can be used,
which typically require 10-15 input parameters to simulate the behaviour of granular layers
accurately.

The analytical modelling technique offers a relatively faster and computationally more
efficient alternative to FE analyses for the accurate prediction of track response. Consequently,
numerous analytical models with varying degree of complexity have been established to predict
the response of the railway track and the surrounding area during train passage’*?. The track
substructure layers in these models are simulated using equivalent springs®®?’, spring-
dashpots?®, homogenous?® or multilayered half-space®®®!, or their combinations®.
Representing the track layers as an equivalent spring may simulate the overall track behaviour,
however, this approach disregards the interaction among the substructure layers. Some
researchers addressed this issue by modelling the substructure layers as lumped masses
connected using visco-elastic elements, such as springs and dashpots®3-%¢, A few studies have
also considered the substructure layers as an assemblage of discrete particles. Suiker et al.*’
modelled the ballast as a layer of discrete particles that are mutually connected by elastic
longitudinal and shear springs, and studied the propagation of body wave through this layer. In
a similar study, Suiker et al.*® investigated the steady-state response of the ballast layer
composed of discrete particles to a moving, harmonically vibrating load. Most of these studies
investigated the transient response of the tracks during train passage and research regarding the
prediction of settlement accumulated in the substructure layers over a specified period or
tonnage is still very limited.

This study attempts to evaluate the mechanical response of the ballasted track
substructure layers using a simplified geotechnical rheological model. The proposed model can
predict both the transient response during a train passage and the irrecoverable deformations
accumulated over a specified period or tonnage. The elastic response is represented using
elastic springs, while the viscous response is captured through dashpots (or dampers). The
plastic (or irrecoverable) response is simulated using the slider elements. The first part of the
article describes the viscoelasto-plastic model formulation and the second part illustrates its
validation against published field investigation data. Subsequently, a parametric investigation
is carried out to study the influence of train and track parameters on the cumulative
deformation. The purpose of this study is to provide a simple geotechnical rheological
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technique that can be used for a quick evaluation of the track substructure response under

repeated traffic loadings.

2| MODEL DESCRIPTION

The evaluation of track response in the present approach is carried out in two parts. Firstly, the
calculation of the train-induced load transmitted to the substructure layers is presented. This
part employs a relatively simple mathematical expression, which describes the load with a
reasonable degree of accuracy. In the second part, the transient and irrecoverable response of

the track layers is predicted using a viscoelasto-plastic geotechnical rheological model.

2.1 | Determination of load
In ballasted railway tracks, the vertical load imposed on the substructure layers is transferred
from the superstructure via the sleeper-ballast (or tie-ballast) contact. This load is equal to the
vertical rail seat load and can be evaluated by applying the beam on elastic foundation (BoEF)
approach. This technique is often used to evaluate the rail seat load owing to simplicity and
reasonably accurate predictions®®. The Australian standard AS 1085.14%° also recommends the
use of the BoEF approach to estimate the proportion of axle/wheel load transferred to
individual sleepers.

In this method, the vertical rail seat load (Qr) is calculated as the product of sleeper
spacing (Ss), vertical track deflection (w) and the track modulus (k) (i.e., Ssxwxk)*®. The
vertical track deflection is calculated using the following equation’:

w(x) = zQﬂe_JL_C [cos (%) + sin (%)] @)

in which w(x) is the vertical track deflection (m) at a distance of x (m) along the longitudinal
direction of the track (i.e., the direction of train movement); Q is the static wheel load (N); k is
the track modulus (N/m?); L is the characteristic length (m) [L=(4E/l/k)¥*]; Er and I, are
Young’s modulus (N/m?) and moment of inertia (m?) of the rail, respectively.

As the train wheel moves over the railway track, the vertical deflection at a particular
sleeper location varies. Consequently, the vertical rail seat load at each sleeper position
fluctuates with time, depending on the location of the wheel with respect to sleeper at a
particular time instant. The effect of the series of moving wheels of a train is addressed by

using the superposition principle as:

Qe =S, ) W) @
-
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where Q. is the vertical rail seat load at n'™ sleeper; x! is the distance of the n'" sleeper from
the j™ wheel; a: is the number of wheels or axles considered. The track modulus in Equations
(1) and (2), can either be determined using field measurements on the railway track*! or can be
calculated using a theoretical approach®. In the theoretical approach, the track modulus is
evaluated by dividing the system support stiffness* with the sleeper spacing. The system
support stiffness (ki) is evaluated as the series equivalent of the stiffness of the rail pad (kp),
ballast (kp), subballast (ks) and subgrade (kq) layers®.

L (1, 1, 1.1 5
ke \kp ky ke kg ®)

Figure 1 shows the deflection profile below the train wheels, calculated using Equation

(1), at time instant t,. The total deflection below each sleeper due to multiple wheels, at each

time instant, can be calculated using the superposition principle. The resultant deflection profile
is represented using dashed lines in Figure 1. After evaluating the total deflection, the vertical
rail seat load (or sleeper reaction) at each time instant can be determined by employing
Equation (2) for all the sleepers under consideration (25 in the present study). Similarly, the
entire load-time history during the passage of all the wheels of a train can be calculated for all
the sleepers.

To assess the suitability of this approach, the predicted rail seat load-time history is
compared with the data recorded in the field measurements. Figure 2 depicts a comparison of
the rail seat load predicted using the present method with the field data reported by Mishra et
al.*® during the passage of the Acela Express passenger train. The rail seat load or sleeper
reaction, in the field, was calculated by subtracting the wheel load measured at sleeper location
(Figure 2b) from that measured between adjacent sleepers (Figure 2a)**. It can be observed that
the rail seat load-time history predicted using the present method is in an acceptable agreement
with the in-situ measurements (Figure 2c). Therefore, this method can accurately predict the

load transmitted to the track substructure layers during the train passage.

2.1.1| Stress distribution

The stress distribution below a sleeper is calculated using the Boussinesq solutions for a
uniformly loaded circular footing**’. However, the Boussinesq approach considers the
substructure as an isotropic elastic homogenous medium in contrast to the actual layered

structure. An approximate solution to this problem is the theory of equivalent thickness
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proposed by Palmer and Barber*® and Odemark*®, which transforms the multiple layers of soil,
such as ballast and subballast, into an equivalent thickness of a single layer material. Using this

theory, the equivalent thickness of the ballast (heb) and subballast (hes) layers can be determined

by®0:

E (1-
i [ bE1 Vggl Eyp > Eg
hep = { El1 = v (4)
_ vg
hb(O 75 + 0. 25 (1 > Ep < Eg
g
( E(1-v2) 3
hs [m ) Es > Eg
Res = 3 ®)
E(1-v§)]P
khs<0.75 +025 |- aE= Vsz)l Es < Eg

where the subscripts b, s and g denote the ballast, subballast and subgrade layers, respectively;
E, hand v are Young’s modulus (N/m?), thickness (m) and Poisson’s ratio of the substructure
layers, respectively. Thus, the stress distribution is determined by assuming the sleeper-ballast
contact pressure, below each rail seat, to be uniformly distributed over a circular area whose
size is related to the sleeper dimensions [as shown in APPENDIX-1 (Figure Al)]. A similar
assumption has been used in past studies for the sleeper-ballast contact pressure [e.g., Love’s

equation?].

2.2 | Prediction of the track response
The substructure of the ballasted railway tracks comprises of multiple layers of granular
materials which undergo both recoverable and irrecoverable deformations under the
application of repeated traffic loadings®. In the present approach, the recoverable and
irrecoverable response of the substructure layers is predicted using a geotechnical rheological
model. Three substructure layers have been considered, which include ballast, subballast and
subgrade. The model employs elastic and viscous elements, such as springs and dashpots, to
represent the visco-elastic response while the slider elements capture the irrecoverable response
of the substructure layers.

Figure 3 presents the geotechnical rheological model of the track used in this study.
One half of the track is modelled due to the symmetry with respect to the track’s centreline.

The interfaces between the substructure layers (ballast-subballast and subballast-subgrade
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interfaces) are considered as rigid, i.e., no slippage is allowed between the layers. The track
substructure layers are represented as discrete masses that are connected using elastic springs,
viscous dampers (or dashpots) and plastic slider elements, as shown in Figure 3. As the loading
commences, the springs and dampers deform visco-elastically while the plastic slider elements
remain fixed. Once the stress state in the substructure layers reaches the yield surface (defined
by f», fs and fq for ballast, subballast and subgrade, respectively), the slider elements start
moving. During unloading, the springs and dampers deform, however, the plastic slider
element does not move. When the track is reloaded, the springs and dampers deform whereas
the slider element moves only if the stress state reaches the yield surface. Thus, the movement
of the slider element is irrecoverable, and it accumulates with an increase in the number of load
repetitions. The amount by which the slider element moves during a loading stage can be
described by using an appropriate constitutive relationship, which is discussed later in section
2.2.2.

Thus, the total displacement in each substructure layer of the track can be decomposed

into a recoverable part (viscoelastic) and an irrecoverable part (plastic) as:
zg(t) = zg° () + 25 (t); z5(t) = zg(£) + z2° (1) + 28 (t); zp(t) = z5(t) + 25°(t) + z}, (£)(6)

where the superscript ve and p represent the visco-elastic and plastic components of the
response, respectively; z,, z, and Z, denote the total vertical displacement in the ballast,

subballast and subgrade layers, respectively. In this equation, the initiation and evolution of the
plastic displacement in the substructure layers can be described by using an appropriate

constitutive relationship, which is discussed later in section 2.2.2.

2.2.1| Equations of motion for the track layers
On applying the dynamic equilibrium condition in the rheological model shown in Figure 3,

the following system of equations in the incremental form can be derived:
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where the subscripts b, s and g stand for the ballast, subballast and subgrade layers,
respectively; the subscripts n, n—1 and n+1 denote the n'", previous and next to the n' sleeper,
respectively; the superscript p represents the irrecoverable component of the response; m, ¢ and
k correspond to the vibrating mass (kg), viscous damping coefficient (Ns/m) and elastic
stiffness (N/m), respectively; F, z, z and Z are the force (N), displacement (m), velocity (m/s)
and acceleration (m/s?), respectively; c® and k® are the shear damping coefficient (Ns/m) and
shear stiffness (N/m), respectively. The force increment dFy is equal to the increment in the
rail seat load calculated using Equation (2) for the n'" sleeper whereas the force increments
dFgn and dFsp are considered as zero. Equation (7) can be rearranged into a general force-
displacement relationship form as follows:
dF = Kdz (8)

where K is the stiffness matrix; dF and dz are the incremental equivalent force and
displacement vectors, respectively (see APPENDIX-2). This equation can be solved using the
Newmark’s—f numerical integration scheme at each time instant to evaluate the complete track
response.

The damping coefficients for the three substructure layers can be evaluated as follows®?:

o = Eppy = Esps = Egpg (9)
P @)@ =) v —ve) B [+ v —vy)

where the subscripts b, s and g denote the ballast, subballast and subgrade layers, respectively;

p is the density (kg/m3).
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To evaluate the vibrating mass and stiffness of the substructure layers, pyramidal
distribution of vertical load from the sleeper bottom to the track substructure layers is assumed,
which incorporates the overlapping of the load distribution pyramids along both longitudinal
(i.e., the direction of train movement) and transverse directions®®. Figure 4 illustrates the
effective region of the load distribution pyramids beneath each sleeper position. The geometry
of the load distribution pyramids is first identified based on the thickness of the substructure
layers, the stress distribution angles, the effective length and the width of sleeper.
Subsequently, the mass of the effective region of each track layer is determined by multiplying
its volume with the density. Similarly, the stiffness for each track layer is determined by using
the analogy to an axially loaded bar with a variable cross-section. Complete details regarding
the calculation of vibrating mass and stiffness of the substructure layers can be found
elsewhere3®,

The stress distribution angle is determined by extending the approach used by Han et

al.> to the track substructure layers:

— 1) 4| [%sb _ 1
a = tan ) l ’Ubs 1‘ (10)
(a+ hptana) | |ops
— tan-1 _bs _
B = tan h. oy 1 (11)
_ tan-? (a+ hytana + hgtan ) Osg 1 (12)
- he Ogo

where «, f and y are the stress distribution angles (°) in ballast, subballast and subgrade,

respectively; oy, o, and o, are the vertical stresses (N/m?) at the sleeper-ballast, ballast-

subballast, and subballast-subgrade interfaces, respectively; hg is the subgrade thickness (m);

a is an equivalent radius of the sleeper-ballast contact area (m); Ogo is the vertical stress (N/m?)

at the bottom of the subgrade layer.

2.2.2| Slider elements
The following sections describe the constitutive relationships used for the plastic slider
elements in case of granular layers (ballast and subballast) and subgrade.
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Granular layers

The constitutive relationship introduced here for the granular materials is based on the Nor-
Sand model developed by Jefferies® and Jefferies and Shuttle® for triaxial and 3D loading
condition, respectively. It is a state parameter based model, which has been derived from the
fundamental axioms of the critical state theory. This approach allows the simulation of the
response of granular materials under general stress conditions over a wide range of density and
stress-states, using the same set of model parameters. The technique is based on isotropic
hardening plasticity and employs an associated flow rule. The maximum dilatancy in this
model is controlled by applying a limit on the hardening of the yield surface. The present
relationship for the slider element employs all the parameters associated with the original Nor-
Sand model with one additional parameter that characterises the behaviour under repeated
loading conditions.

Yield surface. The yield surface (f) for the slider element in case of granular materials (ballast
and subballast) is defined as®®:
Ui p
=+ (2) -1
/ M; Di (13)
where the subscript i represents the image state condition; M is the critical stress ratio; # is the

stress ratio; # = g/p, where q and p are the deviatoric and mean effective stresses, respectively;
p=0,/3;q = Esi,-si,-, where s; is the deviatoric stress tensor (s, = 6;; — pd;;, where o;; and 6

are the stress tensor and Kronecker delta, respectively). The stress state for the slider element
is determined using the modified Boussinesq approach discussed in section 2.1.1. This
technique of translating the boundary force into the continuum stress variables for the slider
elements is consistent with the approach used by Di Prisco and Vecchiotti®’.

The image state corresponds to the condition where zero dilatancy (D) exists (i.e., D =

ngdgq =0, where de and dgq are the volumetric and deviatoric strain increments, respectively).

The image mean effective stress (pi) controls the size of the yield surface. The critical stress

ratio corresponding to the image state is calculated as®®:

Nox; ¥,
Milel_ il lll (14)
My

where the subscripts i and tc represent the image state and triaxial compression condition,

respectively; Ny is the volumetric coupling coefficient suggested by Nova®®; w; is the image

state parameter [y; = y + 4 In(p,/p)]; v is the state parameter (y = e — €c); e is the current void

10
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ratio; ec is the void ratio on the critical state line at the current mean effective stress (ec =7"— 1
In p); I"is the critical void ratio at p = 1 kPa; 4 is the slope of the critical state line in e-In p

space; x relates maximum dilatancy to the state parameter [x,= x,/(1-4x,/Mic)]; Mic is the

critical stress ratio corresponding to the image of the critical state for triaxial compression

condition. The stress-dilatancy relationship for this model is given as®®:

b =& _ 15
p_dgg_ 1 77 ( )

where Dy is the plastic dilatancy; de? and deg are the plastic volumetric and deviatoric strain

increments, respectively. The plastic strain increments are determined using:

af(CI; p, Mi; pl)
00'ij

del] = A, (16)

where dei”j is the plastic strain increment; o; is the stress tensor; Ag is a scalar expressed as:
J(def;
A = =
& 0f(q,p, My, pi)/09(0y)

where 7 is the tensorial invariant. The displacement increment of the slider element is then

deb (17)

calculated by multiplying the granular layer thickness with the plastic strain increment (de?)
in the vertical direction [determined using Equation (16)]. The plastic displacement rate of the
slider element is computed by differentiating the plastic displacement in the vertical direction
with respect to time. These values are used as an input in Equation (7) to determine the total

track response.

Hardening rule. The hardening rule formulation follows the Nor-sand model®®, but, it has been
modified in this study to realistically simulate the response of granular soil under repeated

loading condition:

d i H Mi 2 —Xxi%i i
o 1M (p) [e( ) (&)] de? 18)
pPi  Ri Mi \pi p

where dp; is the increment in mean effective stress at the image state; H is the hardening
parameter. The modification from the original Nor-sand model is the introduction of the
parameter R;, that controls the magnitude of plastic strain accumulated during repeated loading
condition. This parameter is calculated as:

1 i J—
R = el pe) [PiPim
Pic — Pim

(19)
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where a, is a cyclic hardening parameter that can be determined by calibration of the model
against the experimental data; p; , is the minimum value of p; observed; p,. is a parameter that
accumulates with the activation (or reactivation) of the slider element and is calculated as p,
(t+dt) = p,. (t) + dp, when the slider element is activated and p,_ (t+dt) = p,_ (t), when the slider
element is deactivated. As the number of activation-deactivation cycles of the slider element
increases, pic increases and the magnitude of R; decreases. Consequently, the magnitude of defl’

decreases with an increase in the number of activation-deactivation cycles. The conditions for

activation and deactivation of the slider element are discussed in the next section.

Loading/unloading condition. In order to distinguish between the loading (activation) and
unloading (deactivation) of the slider element during repeated loading conditions, the Kuhn-
Tucker relations must be met?*°:

Ag = 0; f(q,p, My, pi) < 0; Agf(q,p, My, pi) =0 (20)

Equation (20) suggests that for the activation or loading of the slider element, Ag must
be greater than zero, the stresses must be admissible, and the yield condition remains satisfied.
The unloading of the slider element occurs when the stresses are admissible, and the yield
conditions are not satisfied. The unloading may also occur if the yield condition is satisfied,
but Agq is zero.

Figure 5 shows an example of the generation of irrecoverable deformations during
train-induced repeated loading. The dashed vertical lines in the figure correspond to the time
of passage of individual wheel/axle. For each axle/wheel pass, the slider element remains
inactive until the plastic loading condition [Equation (20)] is satisfied. During the active state
of the slider element (represented by bold lines in deviatoric stress-time history in Figure 5),
the magnitude of irrecoverable deformation increment (defl’) for each time instant is calculated
using Equation (18). Subsequently, the cumulative plastic strain at any instant is determined as
en (t +dt) = e} (t) + del], where dt is the time step.

During the inactive state of the slider element, no irrecoverable deformation is
generated (deé’ = 0), and the magnitude of R; is considered as 0. For the first active state of

the slider element, the magnitude of Ri remains at unity since p,. and p; are equal. With an

increase in the number of axle/wheel passes, the magnitude of R; decreases since pic

accumulates with the activation (or reactivation) of the slider element between consecutive

12
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wheel passes [see Equation (19)]. Since the plastic strain increment depends on the magnitude

of Rj, it decreases with an increase in the number of axle/wheel passes.

Calibration of constitutive parameters for the ballast and subballast slider elements. The input
parameters for the slider element for the granular layers (ballast and subballast) are obtained
from the results of the cyclic loading triaxial tests conducted by Suiker et al.®°. The ballast used
in their study was crushed basalt, which is classified as uniformly graded gravel while, the
subballast comprised of well-graded sand with gravel. The cyclic triaxial tests were carried out
in a load-controlled mode at two different confining pressures (oc): 41.3 kPa and 68.9 kPa. At
both the confining pressures, the amplitude of the cyclic stress ratio (g/p)cyc Was taken as a
specific fraction (n) of the static failure stress ratio (g/p)stat,max-

Figure 6 illustrates a comparison between the experimental data and the results
predicted using the constitutive relationship for the slider element for ballast. The symbols
show the data obtained from the experiments and the solid lines show the predicted results. The
model parameters used for the simulation are provided in Table 1. The critical state parameters
I"and 4 can be derived using the data from multiple undrained and drained triaxial compression
tests on loose to dense samples®. However, due to the lack of adequate test data, these
parameters were selected upon the basis of engineering judgement. The parameters Mic and Ny
are derived by plotting the data from triaxial tests in the stress-dilatancy form, i.e., peak stress
ratio (nmax) versus maximum dilatancy (Dpmax). A linear best-fit curve is then drawn through
the data whose slope and intercept yields (1 — Nv) and M, respectively. The parameter ytc IS
derived by plotting the data from triaxial tests in the state-dilatancy form, i.e., Dpmax Versus y
at maximum dilatancy. A linear best-fit curve, passing along the origin, is then drawn through
the data whose slope yields the value of xc*®. The value of the hardening parameters H and a,

were selected based on engineering judgement.

It is apparent from Figures 6a and 6b that the predicted results are in good agreement
with the experimental data at both the confining pressures. The model is able to simulate the
rapid accumulation of strain during the initial stages of the repeated loading followed by a
reduction in the rate of strain accumulation at the later stages of repeated loading. Thus, the
present constitutive relationship can accurately capture the response of the ballast under
repeated loading conditions.

Figure 7 shows a comparison of the experimental data with the results predicted using

the constitutive relationship for the slider element for subballast. The experimental data and
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the predicted results are represented using symbols and solid lines, respectively. The model
parameters used for the simulation are listed in Table 1. It is evident from Figures 7a and 7b
that the present constitutive relationship predicts the accumulation of strain under repeated
loading quite well in relation to the strain accumulation observed during the laboratory
experiments. Thus, the present constitutive relationship can accurately simulate the behaviour
of subballast under repeated loading conditions. The calibrated constitutive parameters for both

the ballast and subballast, thus obtained, are used later in the parametric analyses.

Subgrade
The constitutive relationship for the plastic slider element in case of subgrade is based on the
3D elastoplastic model conceived by Ma et al.%! to predict the mechanical behaviour of
geomaterials under general stress conditions. The advantage of using this relationship is that it
requires a limited number of parameters (seven parameters) to provide reasonably accurate
predictions under 3D repeated loading conditions. This relationship builds on the Modified
Cam-clay model, but in the characteristic stress space, which is formed by transforming the
principal stress space using a parameter ¢°2:

o

¢
5, = Orer (0—’) =123 1)

ref.

where §; is the characteristic stress (N/m?); o, is the reference stress (assumed to be 1 kPa in

ef
this study); o is the principal stress (N/m?); &is a dimensionless material parameter, which can
be obtained by solving the following equation®?:

(1 +sing.)® — (1 —sing.)? (I +sin 0e) — (1 —sin,)?
(1+sin@)é +2(1 —sing )¢ (1 —singe)é + 2(1 + sin @)¢

(22)

where ¢ and e are the critical state friction angles (°) under triaxial compression and extension
tests, respectively. The model is based on the isotropic hardening plasticity and employs a non-

associated flow rule.

Yield and plastic potential function. The yield function for the slider element is based on the
Modified Cam-clay model in the characteristic stress space with plastic volumetric strain as a

hardening parameter®?:
R P LA A
$(1+eo) M2 + 13 Do R

where the symbol (™) represents the component in the characteristic stress space; subscript ‘0’

(23)

refers to the initial value; / and « are the slope of critical state and swelling lines, respectively®*;
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e is the void ratio; 7 is the stress ratio (1j = G/p, where § and p are the deviatoric and
hydrostatic stress invariants, respectively); ¥’ is the plastic volumetric strain; R is a parameter
that controls the magnitude of plastic volumetric strain increment. M is the critical stress ratio
expressed as®?:

= (L+sin )¢ — (1 —singy)?

= 24
(1 +sing)é + 2(1 —sing,)$ (24)

Furthermore, A denotes a dimensionless constitutive parameter that describes the
distance between normal compression line (NCL) and the critical state line (CSL), i.e.,
N-T
_Sv-n (25)
(A—k)In2
where N and T are the void ratio of the NCL and CSL at p =1 kPa, respectively.

A

To simulate the accumulation of plastic strain with an increase in the number of load
repetitions, the model employs the concept of sub-loading surfaces® with isotropic hardening.

Three surfaces: transitional (f), current (f.) and reference surfaces (f) are used, which are

defined as follows®:

Uk p
ft=A1n<1+W>+lnﬁ_=O (26)

Xt
fc=Aln<1+%>+lnﬁp =0 (27)

XC

(A —K) Uk Pol . &

_ 1o v 28
fr F(1+eg) Aln 1+M2 Hn“xr +R 0 (28)

where Py, Pxc and Py, are the intersections of the transitional, current and reference surfaces

with the p axis, respectively. The parameter R is determined using the following Equation (29):
1 Pxc . . — P
R = e B [Pre = Pu (29)
Pxr — Pxt
where a, is the cyclic hardening parameter, that can be determined by calibrating the model

against the experimental data.

The sub-loading surface f_ always passes through the current stress state during both
activation and deactivation phases of the slider element. Whereas, the surface f expands
because of the accumulated plastic strains according to the isotropic hardening rule and f,
evolves depending on the current state, i.e., activation or deactivation. Nevertheless, f_and f,

retain geometrical similarity to the sub-loading surface f_.
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At the beginning of the activation phase, all the three surfaces are coincident, i.e., Py
= Pxc = Pxr and R = 1. During the active state of the slider element, the surfaces f_and f_expand
simultaneously, whereas f, retains its initial position. The plastic strain, thus generated, is
calculated using the plastic potential function as follows:

9
de? &5ﬁ (30)

where dsf; is the plastic strain increment; As is a scalar; @;; is the characteristic stress tensor; g

is the potential function defined by®:

_ M2+ 28 — DA?] (E-1)
R

where py, is the intersection of the potential function with the p axis. The scalar As is calculated

>_o (31)

Dxg

from®::

(32)
5)(5%)

Substituting the value of g and As in Equation (30), the following relationship is
obtained®:

4P — R(A—-K)rﬁzﬁ2+(1-—2A)q2d 2A4dg lléfp(au ﬁ&0_+§2
s +e) | p(M2p2 +g?2) M”2+W M2p? — §2 3

where §;; is the Kronecker delta; dp and dg are the hydrostatic and deviatoric stress increments

(33)

in the characteristic stress space, respectively. The displacement increment of the slider
element is then calculated by multiplying the subgrade thickness with the plastic strain
increment (de?) in the vertical direction [determined using Equation (33)]. The plastic
displacement rate of the slider element is computed by differentiating the plastic displacement
of subgrade in the vertical direction with respect to time. These values are used as an input in
Equation (7) to determine the total track response.

It can be noted that the parameter R controls the magnitude of plastic strain increment.

During the first active state of the slider element, the surfaces f. and f_remain coincident,
therefore, the value of R remains equal to 1. As soon as the slider is deactivated, the surface f,
expands and become coincident with f, i.e., pxc = Pxc and R = 0, whereas f, remains in the

position acquired at the end of active state. As the deactivation phase proceeds, both f_and f,
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shrink simultaneously (keeping R = 0) while f_retains its position. Since the magnitude of R is

equal to 0, no plastic strain is generated during the deactivation stage.

As the reactivation of the slider element starts, both f, and f_expand simultaneously
while the surface f, remains in the position acquired at the end of deactivation stage. However,
the surfaces f_ and f_are not coincident during reactivation and the value of R varies between 0

and 1. The plastic strain generated during reactivation can be calculated using Equation (33).
Since the magnitude of R remains below 1 during reactivation, the magnitude of plastic strain
is less than that in the first active stage. Thus, the model can simulate the reduction in the plastic
strain increment with an increase in the number of load repetitions or activation-deactivation
cycles of the slider element. The conditions for activation and deactivation of the slider element

are discussed in the next section.

Loading/unloading condition. To distinguish between the loading (activation) and unloading
(deactivation) of the slider element during repeated loading conditions, the Kuhn-Tucker
relations must be met?3°:
As = 0;£(3,9,€8) < 0;Af (§,p,0) = 0 (34)

Equation (34) indicates that for the activation or loading of the slider element for the
subgrade, As must be greater than zero, the stresses must be admissible, and the yield criterion
remains satisfied. The unloading of the slider element occurs when the stresses are admissible,
and the yield conditions are not satisfied. The unloading may also occur if the yield condition

is satisfied, but As is zero.

Calibration of parameters for the subgrade slider element. In this study, the model parameters
for the subgrade slider element are obtained from the results of the laboratory cyclic triaxial
tests conducted by Wichtmann®®. In Figure 8, the predicted results are compared with the data
obtained from the laboratory cyclic triaxial tests. Table 2 provides the details of the input
parameters used for the simulation. The parameters A and « are derived using the data from
multiple isotropic compression and swelling tests on soil specimens. The parameter ¢ is the
critical state friction angle under triaxial compression. The value of & and parameter A are

determined using Equations (22) and (25), respectively. The hardening parameter a, is derived

by calibrating the model against the experimental data.
Referring to Figure 8a, it can be observed that the predicted stress-strain behaviour is

in an acceptable agreement with the experimental results at a deviatoric stress amplitude (g™")
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and mean stress (p?') of 80 kPa and 200 kPa, respectively. The irrecoverable component of the
axial strain in each load cycle is high during the initial stages of loading and then decreases
with an increase in the number of load cycles. In Figure 8b, the variation of accumulated axial
strain with the number of load cycles predicted using the present constitutive relationship is
compared with the experimental results, at different deviatoric stress amplitude (g2™"). It can
be observed that the predicted results are in an acceptable agreement with the laboratory data.
The predicted results vary by 1-15% from the experimental results at 10,000 load cycles. The
accuracy of the predictions can be increased further by using more advanced calibration
procedure?357,

It can be noted that the accumulated axial strain increases rapidly during the initial
phase, followed by a reduction in the rate of axial strain accumulation. The predicted results
can also capture the increase in the magnitude of accumulated axial strain with an increase in
the deviatoric stress amplitude. Thus, it is evident that the present approach can accurately

capture the response of the soil under repeated loading conditions.

3| MODEL VALIDATION

The dynamic equilibrium equation [Equation (7)] is solved using the Newmark’s— numerical
integration scheme at each time instant. The solution of the equation yields the variation of
total displacement, velocity and acceleration of the three substructure layers with time. Figure
9 presents the flowchart used to evaluate the total viscoelasto-plastic response of the
substructure layers subjected to the repeated traffic loadings. The input data required in the
analysis include the train properties; track properties, such as sleeper spacing, density, Young’s
modulus, Poisson’s ratio, shear stiffness, shear damping and thickness of the substructure
layers; and the constitutive parameters for the slider elements. Once the input parameters are
derived, the effective region of the substructure layers below each sleeper is identified, and the
vibrating mass, damping coefficient and stiffness of the track layers are calculated.
Subsequently, the rail seat load-time history is derived at each sleeper location. For the slider
elements, the continuum stress type parameters (such as p, q) are required as input for the
constitutive model. Therefore, the stress distribution in the track layers is estimated for each
time instant using the method described in Section 2.1.1. If the stress state in a substructure
layer at any instant reaches the yield surface (and the plastic loading conditions are satisfied),
the irrecoverable strain is calculated using the constitutive relationship of the slider element.
Since the method is an implicit step-by-step approach, the plastic strain is evaluated at each
time instant. Once the irrecoverable strain is calculated, it is multiplied by the thickness of the
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individual layer to yield the plastic displacement. The plastic velocity is then calculated by
differentiating the plastic displacement with respect to time. Finally, the total track response is
evaluated by solving the dynamic equilibrium equation [Equation (7)] at each time instant. The
analysis is continued till the desired number of wheels/axles have passed the sleeper location

(i.e., when the time elapsed, t = t, where t, is the final time for analysis). It must be noted that

the track response in the present method is evaluated at individual sleeper locations. The
deformation profile of the track between the sleeper locations can be determined by means of
an interpolation technique.

To validate the reliability of the model, the results calculated using the present approach
are compared with the in-situ measurements reported by Grabe et al.®8, Gribe and Shaw®® and
Priest et al.3. Grébe et al.% reported the vertical deformation and the stress distribution in the
substructure layers in a heavy haul track in South Africa. The track comprised of a 300 mm
thick ballast layer overlying the formation, which constitutes of four 200 mm thick layers of
engineered fill (Layer 2) and the natural ground (comprising of weathered tillite). Table 3 lists
the input parameters used in the model predictions. Figure 10a illustrates the variation of
vertical stress with time at different depth below the formation level (i.e., below the ballast-
engineered fill interface) during the passage of a coal wagon. It is evident that the predicted
results are in good agreement with the in-situ measurements. The model over predicts the
vertical stress at the formation level (0 mm). However, the stress distribution with depth is the
same as that observed in the field. At the formation level (0 mm), multiple peaks are visible,
which correspond to the passage of individual axles. However, the influence of individual axles
diminishes with depth.

The variation of transient (or resilient) deformation with depth in the formation
(engineered fill) layer computed using the present approach is compared with the in-situ
measurements recorded by Grabe et al.®® in Figure 10b. It can be seen that the predicted results
are in an acceptable agreement with the in-situ measurements. The deformation decreases with
an increase in depth from the ballast-engineered fill interface.

The variation of resilient vertical sleeper displacement with time during the passage of
a 26-tonne axle load coal wagon predicted using the present approach is compared with the in-
situ measurements recorded by Priest et al.™® in Figure 11a. Table 3 lists the input parameters
used in the model predictions. It is evident that the predicted results are in reasonable agreement
with the field data. Figure 11b shows the increase in vertical and horizontal stresses at a depth

of 800 mm beneath the sleeper bottom, predicted using the present approach and that using FE
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analysis by Priest et al.®. It can be observed that the results predicted using the present
technique are in good agreement with the data reported by Priest et al.3,

The accumulation of irrecoverable deformation with tonnage (in million gross tonnes,
MGT) predicted using the present technique is compared with the in-situ measurements
reported by Gréabe and Shaw® in Figure 12. Tables 1, 2 and 3 list the input parameters used in
the model predictions. It can be seen that the predicted results are in reasonable agreement with
the field data. An overestimation of the cumulative deformation in the initial stages of loading
may be attributed to the fact that the present method predicts a high rate of settlement during
the initial loading stage followed by a reduction in the settlement rate with an increase in
tonnage. However, the rate of settlement in the field measurements fluctuates due to the
uncertainties associated with the train loading and temporal variation in the subgrade properties
due to seasonal fluctuations in the temperature, as mentioned by Grabe and Shaw®°.
Nevertheless, the magnitude of predicted cumulative deformation is similar to the in-situ
measurements when the track is subjected to a tonnage of about 350 MGT (which may be more
commonly associated with track deterioration in comparison to initial stages of loading).
Therefore, the present approach can accurately capture the irrecoverable response of the rail
track substructure layers over a period of time.

Thus, the present technigque can accurately predict the transient, and irrecoverable track
response under the train traffic-induced repeated loads. The constitutive parameters for the
slider elements can be calculated using the data from laboratory triaxial tests (both static and
cyclic) on track materials (preferably under true triaxial conditions). The proposed approach is
simple, computationally efficient and can predict the long-term performance of the ballasted
railway tracks. This method can also serve as a tool for practising engineers to optimise the
track performance.

However, the present method neglects the shear stress reversal or the principal stress
rotation that the substructure experiences when a moving load is passing at a specific location.
The principal stress rotation can significantly influence the permanent deformation behaviour
of the geomaterials. The future investigations shall deal with this limitation to further enhance

the accuracy of the proposed method.
4| RESULTS AND DISCUSSION

A parametric analysis is carried out to investigate the influence of axle load (Q.), train speed

(V) and thickness of granular layers (hg,) on the stress distribution and cumulative track
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settlement. The values of the parameters used in the analysis are listed in Table 3. The model
parameters that were previously calibrated using the experimental data reported by Suiker et
al.% and Wichtmann® are used for the slider element for granular layers and subgrade,
respectively (see Tables 1 and 2). The results are calculated for the passage of a train consisting
of 32 axles, with an axle configuration similar to the Acela express train. In each analysis, only
one parameter is varied at a time while nominal values are assigned to other parameters. The
nominal value of the axle load is 25 t while the nominal values of ballast and subballast
thicknesses are provided within the parenthesis in Table 3.

4.1 | Influence of axle load
The magnitude of axle load is varied between 20 t and 30 t to study its influence on the response
of the railway track. The train speed for this analysis is considered as 150 km/h. Figure 13

shows the variation of vertical stress (o) distribution with depth (z) calculated using the present

method at three different axle loads. It can be observed that the vertical stress decreases with
an increase in depth. For each case, the traffic-induced vertical stress at the subgrade top is
about 36% of that at the ballast top. This finding highlights the critical function served by the
granular layers, i.e., to reduce the magnitude of traffic-induced stresses transferred to the
subgrade soil to a safe level’. It can also be noted that the peaks in the vertical stress versus
time plots corresponding to the passage of individual axles are visible at the ballast top (0 mm).
However, the effect of individual axle diminishes with depth. This finding is similar to that
observed in the 3D FE analyses conducted by Powrie et al.”®. As the axle load increases, the
traffic-induced vertical stress in the three substructure layers increases. Interestingly, the effect
of axle load increment is visible only in the top portion of the subgrade soil, and this effect
diminishes with depth. At a depth of 3000 mm, there is an insignificant change in the vertical
stress with an increase in axle load.

Figure 14 shows the distribution of accumulated settlement with depth after a
cumulative tonnage of 20 million gross tonnes (MGT) for three different axle loads. It is evident
that the settlement increases with an increase in the axle load. The overall track settlement
increases by 41% with an increase in axle load from 20 t to 25 t. The increment rises to 73%
when the axle load increases from 25 t to 30 t. The settlement of the granular layers (sg,) also

increases from 3.6 mm to 5.9 mm with an increase in axle load from 20 t to 30 t, respectively.
Thus, it is apparent that an increase in the axle load may significantly increase the cumulative

deformation in the existing tracks, resulting in a degradation of track geometry.
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4.2 | Influence of train speed
The train speed is varied between 100 km/h and 200 km/h to investigate its influence on the
magnitude of cumulative deformation in the track layers. Figure 15 shows the distribution of
settlement with depth after a cumulative tonnage of 25 MGT at three different train speeds. It
can be observed that the magnitude of settlement accumulated in the track increases with an
increase in train speed. The overall track settlement increases by 19% as the train speed
increases from 100 km/h to 150 km/h. The increment rises to 26% when the train speed
increases from 150 km/h to 200 km/h.

It must be noted that the effect of train speed in this study is considered by employing
a dynamic amplification factor (DAF), which is a multiplier to the axle (or wheel) load. This
DAF increases with an increase in train speed, and consequently, the magnitude of stress and
deformation accumulated in the track increases with train speed. The DAF accounts for the
increment in track response due to various effects such as the dynamic vehicle-track
interaction®*3%" the relative velocity of the wvehicle with respect to the critical wave
propagation velocity of the track-ground system3’387174 and the sleeper passing
frequency’26:38.73,

In this study, the DAF is calculated using the empirical expression proposed by

Nimbalkar and Indraratna®:
v\
DAF =1 +1i, (D—) (35)
w

where i, and i, are the empirical parameters whose values range between 0.0052-0.0065 and

between 0.75-1.02, respectively, depending on the axle load and subgrade type; V and Dy are
the train speed (km/h) and diameter of train wheel (m), respectively. This expression was
developed using the field data, and it considers the influence of the subgrade properties (which
affects the natural frequency and critical wave propagation velocity of the track-ground system)
on the load amplification.

The present study essentially captures the increment in track response due to the effects
discussed above with minor contribution from the dynamic vehicle-track interaction as the

track is assumed to be straight and free from inhomogeneities.

22



634
635
636
637
638
639
640
641
642
643
644
645
646
647
648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667

4.3 | Influence of granular layer thickness

The granular layer thickness, or the combined thickness of ballast and subballast layers, is a
crucial parameter that influences the overall track stiffness and stress transfer. In this study, the
thickness of the granular layer is varied between 0.45 m and 0.9 m using two approaches. In
the first approach, the ballast thickness is assigned a nominal value, and the subballast thickness
is varied. Whereas, in the second approach, the subballast thickness is kept constant while the
ballast thickness is varied. The train speed for this analysis is considered as 100 km/h.

Figure 16 shows the variation of settlement accumulated in the subgrade layer (sg) with
tonnage at different granular layer thicknesses. It can be observed that the subgrade settlement
decreases with an increase in the granular layer thickness. The subgrade settlement decreases
by almost 56% with an increase in granular layer thickness from 0.45 to 0.9 m. This reduction
in the settlement is due to a decrease in subgrade stress owing to an increase in the distance
between subgrade top and sleeper bottom, and higher stress spreading ability of the thicker
granular layers?,

Figure 17 shows the variation of settlement accumulated in the track substructure layers
with granular layer thickness, after a cumulative tonnage of 25 MGT. It can be observed from
Figure 17a that the subgrade settlement decreases rapidly with an increase in granular layer
thickness from 0.45 to 0.7 m (13.3 mm). However, the magnitude of settlement reduction
decreases as the granular layer thickness increases further (a reduction of 3 mm with an increase
in the granular layer thickness from 0.7 to 0.9 m). It can be noted that the subgrade settlement
is almost identical for both the approaches used in this study. This observation is ascribed to
similar stress distribution in the subgrade layer for the two approaches, which is a consequence
of a large difference between Young’s modulus of subgrade and granular layers, used in this
study. Referring to Figure 17b, it can be observed that the settlement in the granular layers
increases with an increase in granular layer thickness. The increment is higher for the case
when the subballast thickness is increased and the ballast thickness is kept constant. However,

this difference is negligible in comparison with the total track settlement.

5| CONCLUSIONS

In this study, a new rheological approach, combining plastic slider, elastic springs and viscous
dampers, is developed to predict the transient and long-term response of the track substructure
layers under train traffic-induced repeated loading. The novel feature of the proposed approach
is the use of plastic slider elements to capture the irrecoverable response of the substructure
layers. Another feature is the consideration of three substructure layers, which is a more
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appropriate technique as compared to the existing methods that simplify the track substructure
as single or double-layered. To validate the methodology, the predicted results have been
compared with the in-situ measurements reported in the literature. A good agreement between
the predicted results and the field data has verified the accuracy of the model. The parametric
investigation highlights the significant influence of axle load, train speed and granular layer
thickness, on the accumulated settlement in the track layers. An increment in the total thickness
of granular layers significantly reduces the cumulative settlement in the subgrade layer. The
proposed methodology is simple yet comprehensive and can be used to predict the design life
of the track. It may also assist the practising engineers to plan the maintenance and

rehabilitation of the existing railway tracks.
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APPENDIX-1

VERTICAL LOAD TRANSFER FROM SUPERSTRUCTURE TO SUBSTRUCTURE
Figure Al illustrates the transfer of train-induced loading from the superstructure to the
substructure layers of the track. The vertical wheel load (Q) is transmitted from the rails to
multiple sleepers via the rail seats. This load is termed as the rail seat load (Q,). In the present
approach, the rail seat load is applied to the ballast surface over a circular sleeper-ballast contact
area, whose size depends on the sleeper dimensions. The sleeper-ballast contact pressure (o)
is considered to be uniformly distributed and is calculated by dividing the rail seat load with
the sleeper-ballast contact area. The stress distribution in the track substructure layers is then
calculated using the Boussinesq solutions (after transforming multiple substructure layers into
a single layer) for a uniformly loaded circular footing.

APPENDIX-2
The incremental equivalent force vector is determined as:

dF = dF — Md% — Cdz — CPdzP — KPdzP + C'{dzy,1 + dzy_1} + K'{dZp,1 + dZy_1}

' _ , (36)
—-c? {dzﬁ+1 + dzﬁ—l} - K? {dzgu + dzz—l}
. .. p D
ng,n ng,n ng,n dzg,n dzg,n
where, dz ={dzgy, ¢;dz ={dZsp ¢; dz ={dZsy p;dzP =< dzb ¢ dzP =4 dzl, (37)
de,n de,n de,n dzg,n dz'gn
dzg,n+1 ng,n—l ng,n+1 ng,n—l
din+1 = dZs,n+1 ;dzn—1 = dzs,n—l ;dZn+1 = dZs,n+1 ;dzn—1 = dZs,n—l (38)
dzb,n+1 de,n—l de,n+1 de,n—l
D D p p
ng,n+1 ng,n—l ng,n+1 dzg,n—l
P _ D AP — D AP — p R p
dzn+1 - dZs,n+1 , dzn—l - dZs,n—l ’ dzn+1 - dZs,n+1 ’ dzn—l - dZs,n—l (39)
. D . D p p
de,n+1 de,n—l dzb,n+1 de,n—l
S _ _ _ S
kg + ks + Zkg kg 0 kg Zkg kg 0
K = —ks ks + ky + 2k —ky ; KP = -2k —ks—2k$ ky, (40)
0 —kp ky + 2k —2k;, —2ky  —kyp — 2k,
S _ _ _ S
Cg+ s+ 2¢, Cs 0 Cg — 2¢4 Cs 0
C= —C cstep+2cS —¢, |;CP=| —-2¢§ —cq—2cs Ch (41)
0 —Cp cp + 2¢p -2cp —2c5 —cp—2¢y
dFgn mg 0 0 ks 0 0 ks 0 0 cg 00 500
dF ={dFn;M=|0 mg 0 ;K =|0kS0;KP =|k$k$0|;C =[0c50|;€P =]cScs 0 (42)
dFyn 0 0 my 0 0 kj ki kg ki 00c ¢ cp
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FIGURE CAPTIONS

FIGURE 1 Deflection profile during the passage of train wheels

FIGURE 2 (a) Wheel load measured between adjacent sleepers®3; (b) wheel load measured at
sleeper location; (c) sleeper reaction force or rail seat load

FIGURE 3 Simplified geotechnical rheological model of the ballasted railway track
FIGURE 4 Effective region of the track substructure layers considered in the analysis
FIGURE 5 Generation of irrecoverable deformations during train-induced repeated loading
FIGURE 6 Comparison of the model predictions with the experimental results reported by
Suiker et al.® for cyclic load tests on ballast: variation of deviatoric strain with the number of
load cycles at confining pressure of (a) 41.3 kPa; (b) 68.9 kPa

FIGURE 7 Comparison of the model predictions with the experimental results reported by
Suiker et al.®° for cyclic load tests on subballast: variation of deviatoric strain with the number
of load cycles at confining pressure of (a) 41.3 kPa; (b) 68.9 kPa

FIGURE 8 Comparison of the experimental results for soil reported by Wichtmann® with the
model predictions: (a) stress-strain curve; (b) variation of axial strain with the number of load
cycles (solid lines and symbols represent model predictions and experimental data,
respectively)

FIGURE 9 Flowchart to predict the track response under train-induced repeated loads
FIGURE 10 Comparison of data reported by Grabe et al.% with predicted results: (a) variation
of vertical stress with time (solid and dotted lines represent model predictions and in-situ
measurements, respectively); (b) variation of vertical resilient deformation with depth
FIGURE 11 Comparison of data reported by Priest et al.® with predicted results: (a) variation
of vertical displacement of sleeper with time; (b) variation of the increase in vertical and
horizontal stresses at 800 mm below sleeper bottom with time

FIGURE 12 Comparison of cumulative irrecoverable deformation recorded by Grabe and
Shaw®® with model predictions

FIGURE 13 Vertical stress distribution with depth under different axle loads

FIGURE 14 Distribution of settlement accumulated after a cumulative tonnage of 20 MGT
with depth under different axle loads

FIGURE 15 Distribution of settlement accumulated after a cumulative tonnage of 25 MGT
with depth under different train speeds

FIGURE 16 Variation of subgrade settlement with tonnage at different granular layer

thickness
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FIGURE 17 Variation of settlement accumulated after a cumulative tonnage of 25 MGT, with
granular layer thickness, for (a) subgrade; (b) granular layers

FIGURE A1 Transfer of train-induced load from superstructure to the substructure layers
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TABLE 1 Constitutive parameters for the plastic slider element for granular layers

Suiker et al.t°

Grabe and Shaw®®

Parameter Ballast Subballast Engineered fill
I 14 0.9 0.9

A 0.1 0.05 0.05

Mtc 1.25 1.15 1.25

Ny 0.2 0.3 0.3

Xic 3 4.2 4.5

a, 0.143 0.185 0.175

H 50-250y  160-260y 7600—1000y

TABLE 2 Model parameters for the plastic slider element for subgrade soil

Reference € y) K oc (°) é A a
Wichtmann®® 0.7 0.0046 | 0.0009| 31.2 0.1 0.31 0.0135
Grébe and Shaw®® 0.3 0.0022 | 0.002 51 0.45 0.02 0.075
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958 TABLE 3 Parameters for the simulation of viscoelasto-plastic track response

Priest et al.'*>Gréabe et
Variable Symbol Unit al.®®Grabe and Shaw®®  Present study
Ballast (Layer 1)

Young’s modulus E, MPa 100 276
Poisson’s ratio v — 0.3 0.3
Shear stiffness k> MN/m 0.1 78.4
Shear damping c,, KNs/m 80 80
Density p,  kg/m® 1800 1760
Thickness h, m 0.3 0.3-0.75(0.3)

Subballast (Layer 2)

Young’s modulus E, MPa 220 115
Poisson’s ratio Vg - 0.3 0.4
Shear stiffness kS MN/m 476 476
Shear damping ¢’ kNs/m 80 80
Density p,  kg/m? 2175 1920
Thickness h, m 0.8 0.15-10.6 (0.15)
Subgrade
Young’s modulus E, MPa 27000 20
Poisson’s ratio Vg — 0.25 0.45
Shear stiffness ky  MN/m 1600 1600
Shear damping cgs KNs/m 80 80
Density p,  kg/m? 2300 1920
Thickness h m 3.29 10

959  Note: The shear damping and shear stiffness values are derived using an optimisation technique
960 in which, the range of variation was selected based on the values reported by Zhai et al.>* and
961  Oscarsson and Dahlberg”.
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NOTATIONS

ng,n, dFs,n, de,n

Dp
Dw
dpi
dt
€, €o
€c
E:, Eb, Es, Eq
fg, fs, fo
fe, i, fi
g
H, pic, Pim, Ri
h,, h,, hg
h . h

eb’ "es

h

gl

I, 1

I

k

Ky kK,
ko, ke

Ko, K, K
L

m,, ms,

M
m
g
M.
i
tc

M.

<

t

o

QO
’9_0'9-0 Z<Z

Qr,n

Ss
Sg, Sgl

St
Sv

equivalent radius of sleeper-ballast contact area (m);
cyclic hardening parameter;

number of wheels or axles considered;

= viscous damping coefficients for ballast, subballast and subgrade, respectively

(Ns/m);

shear damping coefficients for ballast, subballast and subgrade, respectively
(Ns/my);

dilatancy;

external force increment acting on subgrade, subballast and ballast layers,
respectively (N);

plastic dilatancy;

train wheel diameter (m);

image mean effective stress increment (N/m?);

time step (s);

current and initial void ratio, respectively;

void ratio on the critical state line at the current mean effective stress;

Young’s modulus of rail, ballast, subballast and subgrade, respectively (N/m?);
yield surface for subgrade, subballast and ballast, respectively;

current, reference and transitional surfaces, respectively;

potential function;

hardening parameters;

ballast, subballast and subgrade thickness, respectively (m);

equivalent thickness of ballast and subballast layers, respectively (m);

= granular layer thickness (m);

empirical parameters used for the calculation of dynamic amplification factor;

moment of inertia of rail (m*);
track modulus (N/m?);
stiffness of ballast, subballast and subgrade, respectively (N/m);

stiffness of rail pad and system support stiffness, respectively (N/m);
shear stiffness of ballast, subballast and subgrade, respectively (N/m);
characteristic length (m);

critical stress ratio;

vibrating mass of ballast, subballast and subgrade, respectively (kg);

critical stress ratio corresponding to image state;

= critical stress ratio corresponding to the image state for triaxial compression;

critical stress ratio under triaxial compression;

volumetric coupling coefficient;

number of load cycles;

mean effective stress (N/m?);

image mean effective stress (N/m?);

deviatoric stress (N/m?);

static wheel and axle load, respectively (N);

vertical rail seat load at n' sleeper (N);

parameter that controls the magnitude of plastic volumetric strain increment;
sleeper spacing (m);

settlement of subgrade and granular layers, respectively (m);
deviatoric stress tensor;

settlement of track substructure (m);
vertical resilient deformation (m);
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P
b,n’Z b,n
p -P
z s,n’ z s,n

p P
z g.n’ z gn

Z .,z ,Z
gn’ “gn’ “gn

Zéie’ Z;}e’ de
z

o B,y

8

dp, dq

de , de

v 7%

p P
dei]-, &y
p p
dey, dsq
de?
Ao

ﬁxg
Pxts Pxcy Pxr

gandp

Vo Ve Vg
& A
Py Py Py

o, 0,0 ,O0

shy “bs’ “sg’ “go

Q9

o-ref

time instant (s);
train speed (km/h);
vertical track deflection (m);

= distance of n"" sleeper from j" wheel/axle (m);

displacement, velocity and acceleration of ballast below n™ sleeper, respectively;

displacement, velocity and acceleration of subballast below n™ sleeper,
respectively;
plastic displacement and velocity of ballast below n™ sleeper, respectively;

plastic displacement and velocity of subballast below n'" sleeper, respectively;
plastic displacement and velocity of subgrade below n'" sleeper, respectively;
displacement, velocity and acceleration of subgrade below n" sleeper,
respectively;

visco-elastic displacement in subgrade, subballast and ballast, respectively;
depth (m);

stress distribution angles for ballast, subballast and subgrade, respectively (°);
Kronecker delta;

hydrostatic and deviatoric stress increments in characteristic stress space,
respectively;

volumetric and deviatoric strain increments, respectively;

plastic strain increment and cumulative plastic volumetric strain, respectively;
plastic volumetric and deviatoric strain increments, respectively;

plastic strain increment in vertical direction;
increase in stress (N/m?);
axial strain;

accumulated axial strain;
deviatoric strain;

critical void ratio at p = 1 kPa;

void ratio of critical state line and normal compression line at
respectively;

stress ratio;

tensorial invariant;

stress ratio in characteristic stress space;

scalars;

slope of critical state line and swelling line in e—In p space, respectively;

critical stress ratio in characteristic stress space;

intersection of potential function with p axis;

intersection of transitional, current and reference surfaces with p axis,
respectively;

deviatoric and hydrostatic stress invariants in the characteristic stress space,
respectively;

Poisson’s ratio of ballast, subballast and subgrade, respectively;

dimensionless material parameters;
density of ballast, subballast and subgrade, respectively (kg/md);

vertical stresses at the sleeper-ballast, ballast-subballast, subballast-subgrade
interfaces and bottom of subgrade layer, respectively (N/m?);
confining pressure in triaxial tests (N/m?);

stress tensor;
principal stress (N/m?);
reference stress (N/m?);

p=1 kPa,
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= vertical stress (N/m?);

6y = characteristic stress tensor;

oc, pe = critical state friction angles under triaxial compression and extension tests,
respectively (°);

Q
I

Xi, X = dilatancy parameter corresponding to image state and triaxial compression,
respectively;
y = state parameter;
w, = image state parameter;
965
966
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FIGURE 1 Deflection profile during the passage of train wheels
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FIGURE 2(a) Wheel load measured between adjacent sleepers™’; (b) wheel load measured at sleeper
969 location; (c) sleeper reaction force or rail seat load
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971 FIGURE 3 Simplified geotechnical rheological model of the ballasted railway track
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FIGURE 4 Effective region of the track substructure layers considered in the analysis
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FIGURE 5 Generation of irrecoverable deformations during train-induced repeated loading
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FIGURE 6 Comparison of the model predictions with the experimental results reported by Suiker et al.*

for cyclic load tests on ballast; variation of deviatoric strain with the number of load cycles at confining
pressure of (a) 41.3 kPa; (b) 68.9 kPa
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FIGURE 7 Comparison of the model predictions with the experimental results reported by Suiker et al.*’
for cyclic load tests on subballast: variation of deviatoric strain with the number of load cycles at
confining pressure of (a) 41.3 kPa; (b) 68.9 kPa
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FIGURE 8 Comparison of the experimental results for soil reported by Wichtmann® with the model
predictions: (a) stress-strain curve; (b) variation of axial strain with the number of load cycles (solid
lines and symbols represent model predictions and experimental data, respectively)
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FIGURE 9 Flowchart to predict the track response under train-induced repeated loads
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FIGURE 10 Comparison of data reported by Gribe et al.® with predicted results: (a) variation
of vertical stress with time (solid and dotted lines represent model predictions and in-situ
measurements, respectively); (b) variation of vertical resilient deformation with depth
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FIGURE 11 Comparison of data reported by Priest et al.'* with predicted results: (a) variation of vertical
displacement of sleeper with time; (b) variation of the increase in vertical and horizontal stresses
at 800 mm below sleeper bottom with time
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FIGURE 16 Variation of subgrade settlement with tonnage at different granular layer thickness
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