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Abstract

Marine robots perform various oceanic missions for commercial, scientific and military
purposes. Some of these tasks include resource tracking, environmental surveying and
coastal surveillance. Underwater gliders are a special class of marine robots that do not
use active propulsions to move forward. This property makes the gliders more energy-
efficient compared to other marine robots, and thus well-suited for long-duration missions.
These missions benefit from autonomous operations that are either energy-optimal or
time-optimal to maximising glider operation time and minimise human interactions. Such
a level of automation is difficult to achieve, however. The underwater glider operates
under a high-dimensional dynamic model with non-linear control, making it difficult to
model mathematically. Optimal navigation in a flow field environment, known as Zermelo’s
Problem, is also a century-old open problem. This research introduces a trim-based model
that reduces the glider control problem to a simpler 6D kinodynamic problem. We address
this simpler problem using a state-of-the-art sampling-based algorithm to demonstrate full

3D underwater glider motion planning over various static flow fields and obstacles.

For real-world applications, it is also essential to consider the dynamics of the environment.
Therefore it is natural to expect planning algorithms for underwater gliders to handle

variations in flow fields. As the glider’s performance heavily depends on the surrounding
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flow field, planning involves the time-dependent shortest path (TDSP) problem, which has
been open since the original work on graph search problem in the 1960s. This research
introduces a new special case of the TDSP problem for vehicles in dynamic ocean currents.
An optimal policy is solved for a time-dependent discrete graph over a dynamic flow
field in polynomial time. Integrating both the trim-based and TDSP work addresses the
path planning problem for underwater gliders by synthesising a continuous path from the

optimal policy using the trim-based model.

The significance of this research is that it introduces an increased level of autonomy in
underwater robots. The theoretical work allows for more accurate glider navigation, and
considering dynamic ocean currents allows the glider to exploit the environment for prac-
tical advantages. These results also improve autonomous operation so that it requires
less manual intervention from humans. This thesis shows examples of these ideas, and we
are currently planning a long-duration field deployment to demonstrate these results in

practice.
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Chapter 1

Introduction

Many outdoor vehicles are subject to external disturbances that can be modelled as flow
fields. Examples include aircraft [1-3] and thermal gliders [4-6]. Marine robots, including
autonomous surface vessels (ASVs) [7], underwater gliders [8-10], autonomous underwater
vehicles (AUVs) [11], and hybrid variants [12], also operate in a flow field environment to
perform long-duration missions. Lucrative and/or scientific missions such as monitoring
and surveying [13], oil and gas exploration [14], and underwater surveillance [15] would
use the marine robot to operate over a vast ocean environment for months at a time.
There is also the potential for multi-robot implementation [16] to fulfill these missions
cooperatively. Typical operations have the users manually input waypoints that the robot

follows to the best of its ability with local controllers [17, 18].

Ideally, the robot should operate with either energy-optimal or time-optimal paths across
the flow field environments, depending on the objective. For missions with one objective,
it is ideal for minimising energy expenditure, as it is difficult to extract and refuel while
in operations. For missions with multiple objectives with a time budget, it is better
to minimise operation time to complete as much objective as possible in one deployment.
However, the standard operation method of an operator naively picking mission waypoints
cannot guarantee either energy-optimal or time-optimal path solutions. More critically,
this method also cannot guarantee a feasible path solution, which forces the users to

monitor the marine robot for the entirety of the long mission duration.
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FI1GURE 1.1: A Teledyne Slocum G2 underwater glider, deployed during many field trials.

The problem of finding an energy-optimal or time-optimal paths in flow fields is a known
problem called Zermelo’s navigation problem [19] that has been open for more than 80
years. The vision of this thesis is to address Zermelo’s problem and other aspects of glider

navigation such that optimal operation in a dynamic flow field environment is possible.

1.1 Underwater glider missions

The scope of this thesis focuses on underwater glider operations in oceanic environments.
Stommel first proposed the concept of a special class of AUV in 1989 that does not use
active propulsion to move forward [20]. One version of the underwater glider, called the
Teledyne Slocum G2 glider, is shown in Fig. 1.1. In principle, underwater gliders [21, 22]
operate by cycling its buoyancy using a ballast tank and pump to generate a sequence of
lift and sinking actions. Then the motion is projected into a sawtooth motion by shifting
the centre of mass to change the angle of attack, generating forward motion. This passive
control approach allows underwater gliders to operate energy-efficiently compared to other

AUV classes and thus is appealing for deployment in long-duration missions.
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One detractor for deploying underwater gliders is that they operate with slow velocity rel-
ative to the ocean flow fields. Therefore, the glider must rely on exploiting or intelligently
navigating the surrounding flow field environments to reach its goal, whereas other AUVs
could drive through. As such, Zermelo’s navigation problem is more relevant for glider
navigation, as it influences the glider path more than any other AUVs. While there is
plenty of research on underwater glider navigation [23—25], much of the literature does not
address 3D and/or time-varying flow field environments. In this thesis, we are motivated
to solve Zermelo’s navigation problem for an underwater glider in various classes of oceanic
environments, such as time-invariant 3D, time-variant 2D, and time-variant 3D. We con-
sider both energy-optimal operations, to capitalise on the gliders already energy-efficient

build, and time-optimal operations, to minimise the demerit from the glider’s slow speed.

1.2 Optimal glider navigation

The challenge of both energy-optimal and time-optimal underwater glider operation can
be broken down into three sub-problems: complex dynamics, Zermelo’s problem, and
navigation in a dynamic environment. We address the difficulties in addressing each sub-

problem.

1.2.1 Complex glider dynamics

The underwater glider operates over complex dynamics, due to the unorthodox method
of forward motion [26]. Their dynamical models are typically non-linear, and the control
space is too large to find a feasible solution promptly. Consequently, both the glider’s en-
ergy and time cost function is also non-linear. Therefore, any oversimplified representation

of the glider states may call into question the integrity of any control solution found.

1.2.2 Zermelo’s navigation problem

As addressed earlier, optimal navigation in a flow field environment has remained opened

for over 80 years. Observing the real-world ocean current, such as the East Australian
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Brisbane

Lat (deg)

150 151 152 153 154 155 156 157
Lon (deg)

F1GURE 1.2: The ocean model of the East Australian Current. Colormap represents the
current strength.

Current (EAC) shown in Fig. 1.2, the reasoning is apparent; flow field dynamics are a
composite of linear and non-linear systems. That is, optimising the initial sequence of
waypoints along a prolific stream will yield a different result to optimising a waypoint
sequence near calmer and more uniform flow regions. When navigating across such an
environment, Zermelo’s problem becomes a non-linear optimisation problem. The un-
derwater glider’s operating speed is significantly slower than the average ocean current
magnitude and thus more affected by it than other marine vehicles. Addressing Zermelo’s

problem for glider navigation is therefore critical.

1.2.3 Zermelo’s problem across dynamic environment

The real-world flow field environments can change significantly in a span of a few days.
For long-duration missions, this will significantly affect the quality of the solutions when

compared to solutions that assumed time-invariant flow fields. The addition of the time
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component to the environment adds further complexity when addressing Zermelo’s prob-
lem. Furthermore, flow fields can exhibit behaviours where the flow benefits the mission
objective at a later time. This is different to a First-in-First-out (FIFO) case, where ear-
lier mission start time benefits the mission objective [27]. Optimal path planning for a

non-FIFO case is known to be difficult [28, 29].

1.3 Approach to optimal glider navigation

1.3.1 Energy-optimal path planning for underwater glider in time-invariant

flow fields

We address the challenge identified in Section 1.2.1 by modelling glider operations with
the trim-based model [21]. This model reduces the complex glider dynamic to a more par-
simonious 6D kinematic model without losing its dynamic properties, such as the sawtooth
depth profile and a better representative cost function. We address the challenge identified
in Section 1.2.2 by presenting a sampling-based planner framework that incorporates the
glider trim-state model. The resulting framework plans for an energy-optimal underwa-
ter glider path across time-invariant flow field environment with realistic dynamics. We
demonstrate the planning framework by simulating across analytical flow fields and the
real-world EAC dataset. Both show the glider maneuvering with an irregular sawtooth
profile that minimises the glider energy cost while considering the changes in the flow field

and bathymetry.

1.3.2 Minimum travel time problem for discrete graph

We approach the challenge identified in Section 1.2.3 as a time-dependent shortest path
(TDSP) problem. The problem is to find the time-optimal path across a time-dependent
directed graph where the edge cost is a function of time. From an underwater glider naviga-
tion perspective, the edge cost reflects the glider travel time to reach a waypoint starting
from different departure times as the ocean current changes with time. Our approach

serves as an algorithmic framework for a special case of the non-FIFO TDSP problem,
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where the edge cost is expressed as a piecewise-constant function. The time-optimal dis-
crete path is evaluated by solving for the optimal transition policy to the goal at each graph
node. We test the algorithm in a non-FIFO graph case and a non-FIFO flow field case,
the latter evaluated by representing the environment as a time-dependent directed graph.
The resulting policy made use of cyclic paths to delay for better transitioning conditions
to reach the goal. The same policies can also query path solutions for different departure

time and find the optimal departure time using the standard optimisation method.

1.3.3 Minimum travel time problem for continuous path

We extend the approach presented in Sec 1.3.2 by synthesising a continuous vehicle path
under the influence of the flow field environment across the discrete path solution. The
path is planned hierarchically to avoid searching through all continuous glider paths in
the oceanic flow field environment. First, we evaluate the time-optimal discrete path
from our algorithmic framework, then synthesise the continuous vehicle path in a flow
field environment that follows the time-edge cost of the discrete path. We demonstrate
synthesising the underwater glider path across the discrete solution using the trim-based
model. The resulting continuous path demonstrates 3D sawtooth motion synthesised from
a 2D graph solution. We also applied this planner with a real-world ocean dataset and

highlighted the importance of accounting for the time-varying nature of the flow field.

1.4 Contribution

This thesis contributes novel theoretical insights and corresponding algorithms sufficient
to enable efficient optimal motion planning for underwater gliders in dynamic flow field
environments. The significance of this contribution is to take a step towards the maturation
of underwater gliders as a reliable autonomous field robot platform. Specific contributions

are as follows:

e Energy-optimal path in a static flow field with complex underwater glider

dynamics: The proposed sampling-based framework addresses Zermelo’s problem



Chapter 1. Introduction 7

by guaranteeing an asymptotically optimal path across 3D flow field environments.
Planning with the trim-based model of an underwater glider also demonstrates the
reduction of the complex glider dynamics while retaining its dynamic properties by

naturally generating the required sawtooth depth profile.

e Travel time-optimal path in a non-FIFO TDSP framework: Presents a so-
lution to the special case of the non-FIFO problem, under the assumption that the
edge cost of the time-dependent directed graph is piecewise-constant. The new pro-
posed framework solves for the optimal policy across the time-dependent directed
graph in polynomial time. This result is the first to demonstrate this property for

this special case.

e Travel time-optimal path through dynamic flow fields with complex glider
dynamics: The proposed hierarchical planner addresses Zermelo’s problem across
time-dependent flow field environments. We demonstrate that this planner can solve
a time-optimal path across a time-dependent flow field in polynomial time by for-

mulating the problem as the piecewise-constant variant of the TDSP problem.

There have not yet been any field trials using our approach. However, after completing a
series of field trials within our broader program of research [30] to learn how the glider is
deployed in real life, we believe the thesis presents a strong argument regarding the severe
limitations of current glider practices. The standard glider operation uses heuristically
chosen the sawtooth profile regardless of the flow field and only deviates from it to avoid
obstacles. As such, the glider control parameters are limited. Our approach presents the
energy-optimal glider path as an irregular sawtooth that adapts to its flow field environ-
ment. Such control is only possible by allowing direct control of the glider’s moving mass

and ballast pump.

Underwater gliders perform their mission by following a sequence of waypoints chosen by
a human operator. The glider is always submerged when transitioning from one waypoint
to another and only resurfaces after arriving at its waypoint to receive further communi-
cations. As such, the glider effectively travels blind. Furthermore, an inspection of the

real-world ocean forecast data shows that the flow field environment changes significantly
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over a few days. Our method uses a hierarchical planner that solves for time-optimal glider
paths across a dynamic flow field. By allowing the planner to pick the waypoints instead
of a human, we can guarantee an optimal glider path across a dynamically changing flow

field.

1.5 List of publications

This thesis represents the culmination of past publications on our research. Each approach
listed in Section 1.3 are either published or archived work. The approach to Zermelo’s prob-
lem for underwater gliders using an asymptotically optimal framework with trim states is
presented as a conference paper in [31], and has since been applied in glider mission sce-
narios [10] and bulit upon through further algorithm development [32]. Both [31] and [10]
won best student paper awards. The approach to the time-dependent flow field naviga-
tion using a special-case TDSP framework is archived in [33] for later publication and a
journal version is currently under preparation. This work was then extended to consider
continuous underwater glider paths and published in [34]. Journal versions of [31] and [34]

are also currently in preparation.

1.6 Thesis Outline

The thesis is organised as follows:

Chapter 2: Presents related work.

Chapter 3: Provides background materials regarding underwater gliders, motion plan-
ning, and time-dependent shortest path problem. Also define the problem state-

ments.
Chapter 4: Presents trim-based framework.

Chapter 5: Presents a special TDSP framework for navigation in non-FIFO flow fields.
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Chapter 6: Presents a hierarchical planner that synthesis continuous path across the

discrete TDSP solution.

Chapter 7: Presents simulations using real-world dataset of the East Australian Current.

Also provides extension on the hierarchical planner for future real-world applicability.

Chapter 8: Concludes the thesis with a summary of what we addressed, and discusses

potential future work.






Chapter 2

Related work

Work related to this thesis is drawn from several sub-disciplines. This chapter discusses
related work in glider navigation, finding shortest paths in time-dependent graphs, and

robot motion planning.

2.1 Underwater glider navigation

Underwater glider operation requires 3D manoeuvre to propel forward [18, 35]. Despite
this dynamic constraint, most related work approaches the motion planning problem for
gliders by assuming a 2D kinematic model with directly controllable velocities [36-38].
The objective of the glider is often to minimise time or energy. In most cases, energy-cost
is modelled as a linear function of time. Therefore, both energy-optimal and time-optimal
path solutions can be achieved by maximising the resultant forward velocity from both
vehicle dynamics and the currents. From this standard practice, an argument can be made
that all contributions regarding flow field navigation can apply to optimal glider operation.

As such, this section will address all approaches to flow field navigation.

The problem of optimal underwater glider navigation in a flow field environment has been
approached with various motion planning frameworks. A popular approach to flow field
navigation are graph-based planners that constructs a graph that represents the flow field

environment. Various graph methods include uniform discretisation [23, 25, 39|, biased

11
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discretisation using forward integration [37], adaptive discretisation [40], and building
a probabilistic roadmap [41] or a graph tree [23, 42]. A well-known common property of
graph-based methods is the trade-off between performance and computational cost. Other
planning frameworks includes iterative optimisation [17, 18], control parametrisation [43],

and parallel swarm search [24].

These frameworks can also plan for dynamic flow field environments by expanding the
graph into spatial-temporal graphs [24, 37, 40] by duplicating the nodes per unit time.
Recent work on optimal path policy have also formulated the dynamic flow field navigation

problem as a time-varying Markov decision process [44].

There also have been various control approaches to optimal glider operations. These
methods includes using PID controllers [45], minimum time feedback control using the
Hamilton-Jacobi-Bellman equation [46], optimal steering policy [47], Lagrangian heuristics
control [48], reduced order models [49], and streamline control [50]. The control methods,
along with genetic algorithm [38] and the level set method [51-54] are computationally

expensive, making them unsuitable for application in real-world mission settings.

Studies into underwater glider path planning in 3D flow fields are surprisingly rare. Two
extant studies use differential evolution that assumes directly controllable turning rate [55],
and the generation of a Dubins path made from a series of “sawtooth” and spiral motions
without the influence of flow fields [35]. Both papers also assume that the glider always

operates in a fixed “sawtooth” motion.

2.1.1 Zermelo’s navigation problem

Planning optimal underwater glider paths across flow fields addresses a famous open prob-
lem known as Zermelo’s navigation problem [19]. Zermelo showed that naively driving
towards the goal was not optimal. Instead, the ship needs to account for the drift from the
flow field and choose its heading accordingly. Aircraft navigation problem commonly
addresses Zermelo’s problem, focusing on handling perturbations and external distur-

bances [56], planning for multiple vehicles [57], accounting for obstacles [58] and balancing
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between multiple objectives (time and energy) by adjusting the vehicle speed [59, 60]. Zer-

melo’s problem was also considered to investigate the migration patterns of turtles [61].

Analytic solutions exist for simple one-directional flow field cases using vector calculus. In
practical settings, flow fields behave more irregularly, and are commonly modelled using
the Navier-Stokes equations [62] or the Taylor-Green equation [63]. The vehicles deployed
in these environments often have sophisticated models and cost function that are non-
linear, requiring a numerical solution to the optimal control problem. As such, Zermelo’s

problem has been left open for more than 80 years.

For underwater gliders, Zermelo’s problem is further complicated as they operate with a
mix of discrete variables and continuous variables; for example, the glider needs to switch
between different discrete modes of ballast operation. This mixed-discrete continuous
problems can be formulated as mixed-integer (non)-linear program (MILP) or mixed-

integer geometric programs (MIGP) [64-67], but are computationally expensive to solve.

2.1.2 Our approach

The oversimplification of the glider dynamics is mainly due to the complexity of controlling
its pose and velocity. The Slocum underwater glider [21, 68] is modelled with 12 degrees
of freedom. The glider’s orientation is controlled by adjusting the moving mass, and its
net buoyancy is controlled by pumping water in and out of ballast tank. Both the ballast
state and the glider orientation determines the net glider velocity and is expressed as a
non-linear function. Other glider models share this control method where the pose of the

glider is not directly controllable [69, 70].

Since energy consumption is partially based on the mechanics/hydraulics of this control
system, a simple energy cost model (i.e., energy consumption is a linear function of time)
may be misleading and could cause failure at the limit of the glider’s energy capacity.
Therefore, we consider that accurate modelling of the glider dynamics is mandatory for
planning. The simplification of the glider model also reduces the flow field environment
to a 2D plane. The gliders are either planned over the surface current [23, 36] or the

depth-average currents [18, 37, 38]. Indeed, it is standard practice to use depth-averaged
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currents for planning underwater gliders [71]. However, this remains a poor assumption
that removes information the planning algorithm can use to exploit the ocean environment
fully. For example, planners could compare stratified ocean currents at different depths

and choose the “best” depth to operate in. [72].

In [31], we propose trim-based kinodynamics for underwater gliders, where a trim state is
a state of equilibrium that the glider will maintain in the absence of active control. We
showed that the trim-based dynamic model is an accurate representation with reduced
control dimensions that preserves important physical and control properties of the glider.
We also demonstrated how to generate an asymptotically optimal minimum energy path
in a 3D flow field environment using this trim state assumption. Chapter 4 explains this

work in more detail.

2.2 Time-dependent shortest path

This section addresses the time-dependent shortest path (TDSP) framework that evalu-
ates time-optimal paths in a dynamic environment. A common issue with searching in the
spatial-temporal graph is that the solution is resolution complete in time; paths’ arrival
times at nodes must align with the given time discretisation. Planning with spatial-
temporal graphs increases the size of the problem representation and implies a corre-
sponding increase in required computation time. In a dynamic flow field environment, the
worst-case computation time that makes use of waiting tactics (such as cyclic motion) for

better flow field conditions is non-polynomial.

A useful framework that solves for dynamic environments without using the spatial-
temporal graph is the TDSP framework. Instead of extending the graph across the time
dimension, the graph edge cost is evaluated with a time-dependent cost [27, 73]. One
important property of the TDSP problem is whether the time-dependent graph has the
First-in—First-Out (FIFO) property; i.e., delaying departure from any node can never
result in earlier arrival. Both Djisktra [74] and A* [75, 76] can be modified to be imple-
mented on a time-dependent graph with FIFO properties. Other algorithms that address

the FIFO problem includes using precomputed heuristics [77], optimising Bellman-Ford
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algorithm across the time-dependent graph [78] and bidirectional search [79-81]. A FIFO
TDSP framework that solves for general cost was also presented [82]. Related work re-
garding non-FIFO problem is rare. One work approach the problem using a variation on
the time-dependent graph called the “time-aggregated graphs” [83], where edge functions

are represented as time series.

The computational complexity of FIFO problems with piecewise linear edge travel time
functions is superpolynomial in the number of graph nodes [73]. There is also an existence
of polynomial-time special cases where the slopes of the travel time functions are restricted.
For non-FIFO problem, if waiting is allowed, then it is still solvable in polynomial time. If
not, then it’s NP-hard [28, 29]. We show in Chapter 5 that this bound also holds for finding
minimum travel time paths in non-FIFO problems with piecewise constant edge functions,
and present an algorithm with a straightforward implementation. The main distinction
is that shortest paths in non-FIFO problems (that do not allow arbitrary waiting) may
include cycles. Our analysis essentially bounds the length of cycles by relating the worst-

case cycle time to properties of the edge functions.

2.2.1 Owur approach

We propose an efficient approach to optimal planning in time-dependent flow fields ex-
pressed as time-dependent graphs, which is solved in polynomial time [33, 34]. The algo-
rithm can correctly find cyclic time-optimal paths in pathological flow regimes. We also
build on previous work that synthesises a continuous path given a sequence of discrete

path states for time-invariant wind fields [1, 34].

2.3 Motion planning

This section presents an overview of general motion planning algorithms. Motion planning
is a problem of determining the path a robot should take to reach some goal state. The
solution path is feasible if the path is collision-free, that is, a path that avoids obstacles,
self-collision, and satisfying certain constraints. The simplest form assumes a start and

goal state, with complete knowledge of the workspace. Early theoretical work showed that
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when considering an optimal path that minimises some objective function, also referred

to as “shortest” path, is intractable (NP-hard) for a 3D polyhedral environment [84].

One of the first motion planning algorithms was published in 1969 [74]. Since then, there
have been over five decades’ worth of active research on this topic. The motion planning
literature is divided into two main sub-groups: grid-based, and sampling-based approaches.
This section provides an abridged overview and discussion for the most relevant robotic

literature on modern motion planning methods.

2.3.1 Grid-based planning

The primary motivation behind grid-based algorithms is to discretise the continuous con-
figuration spaces into smaller “cells,” with each cell labelled as collision-free or not. This
discretisation reduces the motion planning problem down to a sequencing problem between
adjacent cells, with the total cost of the path derived as the sum of each cell transition. As
most grid-based methods share similar traits, we will first discuss the method in general,

and then introduce some of the more well-known methods individually.

The two main limitations of this method are its resolution and complexity. The quality of
the solution is mainly dependent on the grid resolution (size of cells), where higher reso-
lution is better than lower resolution. For instance, a sparse grid may fail to capture an
obstacle into the configuration space, making the transition between two states unrepre-
sentative. Alternatively, a small obstacle overlapping a cell in a sparse grid can invalidate

a significant portion of the configuration space.

On complexity, the implication from the grid-based algorithm’s resolution issue shows that
it is resolution complete; a solution is found if and only if a solution exists given the grid
abstraction. However, generating a high-resolution grid is computationally expensive and
cost increases exponentially with the increase in dimension size. This “curse of dimension-
ality” limits the general usage of the grid-based algorithm to three dimensions or fewer in

practice.

Despite these flaws, grid-based methods are an appealing, though naive, approach to the

motion planning problem. These algorithms are easy to implement and offer sub-optimal
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solutions that improve with grid resolution. The two most famous algorithms that use the

grid-based approach are Dijkstra and A*.

Digkstra’s algorithm [74, 76] is commonly used in robot motion planning by generating a
grid graph, where an edge is connected between each adjacent pairs of cells. Connection
strategies include the 4-connected grid (North, South, East, West), or 8-connected (4-
connected plus diagonals). Each edge is associated with a cost to traverse, which is defined
by an objective function. Dijkstra then exhaustively expands the optimal path from the
initial state to all other states in the graph until it reaches its goal point. The algorithm
produces an optimal solution for the grid density but is computationally expensive to

solve, particularly for higher dimensions.

A* is a heuristic variant of Dijkstra’s algorithm [75, 76]. Unlike Dijkstra, A* uses an
estimated cost-to-arrive towards the goal as heuristics to bias the expansion order. As such,
A* has the distinct advantage of performing faster than Dijkstra by leaving large areas of
search space unexplored. The heuristic function must be admissible (underestimate the
real cost) to guarantee an optimal solution path. A*’s computation is still affected by the
“curse of dimensionality” as states still need to be partitioned. The heuristics estimate can
also tune the optimality of the result. For instance, by setting the heuristic estimate to
zero, A* degenerates back into Dijkstra. Overall, A* is appealing in robot motion planning

due to its ease of implementation in practice.

2.3.2 Sampling-based planning

The idea of the sampling-based approach is to take random samples from a set of collision-
free configuration space and use those points to generate a collision-free path. Its motiva-
tion is to avoid rigorous scanning of free configuration space, as they would do in a grid-
based method, thus freeing computation to allow planning in higher-dimensional space.
The sampling-based method can ultimately be categorised into the following: multi-query,
and single-query. This section will discuss those two categories, followed by a discussion for
some of the more recent state-of-the-art methods, such as Asymptotically Optimal (AO)

algorithms.
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Multi-Query

One of the first major multi-query algorithms was the probabilistic roadmap (PRM) [85].
The algorithm builds a graph (roadmap) of sample vertex and edges by having each vertices
connect to its collision-free neighbour, up to some bound radius. The roadmap is then
stored in some database for future offline planning. A path is generated by connecting the
desired start and goal vertex to the stored roadmap, then finding a path from start vertex,
through the roadmap, to the goal vertex using a local planner, like Dijkstra. Its major
advantage is that generating a path for a difficult, high dimensional problem is fast as it
relies on preprocessed information. Unfortunately, the algorithm generates a feasible path,
not optimal. Also, the success rate is dependent on the quality of roadmap (determined by

the radius), with the construction of the roadmap being computationally expensive itself.

Since the PRM algorithm was proposed, there have been many other variations to address
various shortcomings. Lazy PRM [86] minimises the roadmap construction time by using
lazy collision checks when building the roadmap. Dynamic PRM [87] uses the roadmap
to plan a path in a dynamically changing environment with static and moving obstacles.
Stochastic PRM [88] presents a PRM framework that considers uncertain vehicle motion

and plans a path that maximises the probability in successfully reaching the goal.

Single-Query

The first major single-query algorithm was the rapidly-exploring random tree (RRT) [89].
The algorithm grows a tree of graphs from the start vertex as its root. Branches of the
tree are made by randomly choosing a point within the free configuration space, then
placing (and connecting) a vertex between the point and its nearest vertex (defined by
some increment). The growth stops when one of the branches is close to the goal vertex,
and a path is connected. This method of generating the tree minimises the number of
collision checks, which subsequently reduces computational cost. However the path is only

feasible, like PRM.
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One issue with RRT-based planning, especially with its early variants, is that it showed
difficulties in handling bug-trap planning environment [90, 91]. Variations like RRT-
connect [92] and Triple-RRT [91] addresses this problem by growing multiple trees of

graphs at different locations.

Asymptotically Optimal (AO)

The solution quality for PRM and RRT has been left as an open question for almost
a decade. Many variations presented to either reduce computation time or improve the
quality of the solution. However, in 2011, Frazzoli and Karaman rigorously analysed the
asymptotic behaviour of PRM and RRT and showed that it does not converge to an
optimal solution [93]. In response, they proposed two new variants (PRM* and RRT*
respectively) that guarantee the path solution converges to an optimal solution as the

sample size increases.

For PRM*, the significant change was to make the radius dependent on the sample size.
This approach was intuitive since the radius did affect the quality of the roadmap. For
RRT*, the significant change was that: once the new vertex is added, that vertex attempts
to connect to all other nearby vertices within some radius similar to PRM*, and only accept
the shortest edge. The radius function was chosen such that it will decrease the number
of samples, where the decreasing rate matched sample dispersion rate. While this made

the algorithms AQ, the computational cost was similar to that of the original algorithms.

These algorithms have become the new standard for motion planning algorithm, and have
inspired variations to address various problems. RRT# [94] achieves AO solutions with
faster convergence rate than RRT* through better exploration and exploitation methods
when growing the tree. RRT* [95] demonstrate AO solutions where the graph tree is

refined and repaired to account for dynamic obstacles.

In 2015, FMT* was introduced as an improvement on PRM* and RRT* [96]. In the
simplest term FMT* was a marriage between PRM* and RRT*: samples are generated
in the free configuration space like PRM*, but would branch to each vertex like RRT*.

However, different to RRT*, dynamic programming is used to branch, by having the vertex
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with the shortest leaf-to-root path have priority in branching. Also, FMT*s collision
checking is lazy and will only perform one collision check per branch, reducing overall
collision-checking and subsequently reducing the computational cost. In tests that looked
into various dimensional problems (2D to 7D), FMT* converged to a solution faster than
PRM* or RRT* (tested over 50 trials). Higher dimensional problems saw a more significant

improvement, and in situations where collision checks would have been expensive.

2.4 Edge Evaluation

As planning algorithms are increasingly used in practical systems, the computational bot-
tleneck imposed by collision checking is starting to be addressed by researchers. Navigation
in flow fields can often forgo collision checks as planning environments are uncluttered.
However, an analogue of expensive collision checking is expensive edge evaluation. In or-
der to determine the time, energy, or distance cost of an edge, the vehicle model must
be invoked. For an underwater glider operating in a non-linear flow field, this model can
become very complex and is often required to be solved numerically [37, 39, 42], which in

turn introduces a computational bottleneck.

There are many approaches to mitigating the issue of slow edge evaluation. One common
approach is lazy collision checking, as utilised in lazy PRM [86], lazy weighted A* [97], and
FMT* [96], that only does edge evaluation as needed. Algorithms like KPIECE [98] and
DSLX [99] reduce the number of edge evaluations using a discrete search strategy. The
Euclidean workspace is discretised into regions, and each region cell provides information to
evaluate exploration and appropriately bias the path search accordingly. Another approach
aside from reducing the number of edge evaluations is to parallelise the state expansions,

and therefore avoiding multiple edge evaluations [100].

We have recently developed an approach in mitigating slow edge evaluation for planning
in flow field environments. This approach reduces the number of control instances the

edge evaluation enumerates using the streamline function [41].



Chapter 2. Related work 21

2.4.1 Hierarchical Planner

A different strategy to reduce the number of slow edge evaluation in path planning is by
approaching the problem hierarchically. The planning strategy is typically broken into
two parts and executed in sequence: high-level planning that generates a rough path in a
smaller dimensional representation of the workspace, and low-level planning that generates
a more specific kinematically constrained path. As a feasible solution most likely lies in the
rough path solution, the low-level planners bias their path search to the high-level planner
framework, thus avoiding searching the entire workspace and limiting the number of edge
evaluations performed. A common approach is to bias the tree-based planning algorithm,
such as RRT*, to the result of a discrete path planner. Often the high-level planner
discretises the environment into lattice generated from Voronoi plots and/or grids [101-

104], but a skeleton of a 2D workspace environment has also been used [105].

One detriment to using hierarchical planners is that unlike KPIECE, where the discretised
workspace aids the path search, the low-level planning quality depends on the solution from
the high-level planner. As such, information held by the high-level solution significantly
impacts the possible solutions available to the low-level planner. A comparison between
biasing the RRT* path with a geometrically feasible discrete path versus a kinodynamic
discrete path showed that accounting for kinodynamic model during high-level planning
yielded better results [102]. On the other hand, the planning architecture of the hierar-
chical planners allows low-level planners to be modular while still keeping the high-level
planning solution. For example, the rough terrain planner proposed by Brunner [103]
had two approaches for low-level planning that built off the same high-level framework

depending on whether the environment was flat or rough.

2.5 Multi-robot coordination

There is a growing interest in the multi-robot application of gliders. It is often advan-
tageous to deploy a team of heterogeneous gliders for monitoring and tracking mission
on a massive scale [16, 106, 107]. One field trial report suggested that, for surveying

100km x 100km ocean environment, a naively deployed fleet of 8 gliders performs similar
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to sampling with 10km resolution [108]. The general multi-robot coordination problem
has been well-studied over many decades [109, 110] and can largely be divided into two
categories: centralised and decentralised. This section introduces a few relevant examples
of multi-robot algorithms, serving as a potential application of the fundamental result of

this thesis and thus help motivate future work.

The centralised approach coordinates multi-robot systems by searching through the entire
joint state space between each robot in the team. Basically, a central computer commu-
nicates and makes decisions for every member of the robot team. Previous literature has
featured a sampling-based approach for centralised multi-robot coordination. The SBL
planner [111] for instance, is a variant of the PRM algorithm that uses a single query
bi-directional sampling strategy with lazy collision checks. The discrete-RRT algorithm
(dRRT) [112] is a variant of the RRT algorithm that is also applicable for multi-robot
coordination. It grows discrete trees using precomputed heuristics about the neighbours
of visited states. For multi-robot planning formulation, both algorithms sampled across
the combined configuration space between all robots in the team, which at worst grows

exponentially with the number of deployed robots.

Another promising centralised approach is Monte Carlo tree search (MCTS) [113]. The
MCTS algorithm works by growing a tree from a root node that represents the initial state.
The tree expands by selecting a node with the largest upper confidence bound (UCB); UCB
represents the approximate probability of finding a better plan from a node. The selected
node expands by choosing an unexpanded action available and creating new nodes from
it. Each expanded node then performs a process called rollout that generates a sequence
of actions to the end of the mission (e.g., time budget) using a policy. The prefix (i.e.,
from root to expanded node) and suffix (i.e., from expanded node to the end of rollout)
are combined to find a full action sequence. A score is evaluated for this sequence, and it
backpropagates from the expanded to root node. The backpropagation step influences the
next selection process. MCTS with a sequential allocation framework was also proposed

for ocean front monitoring and tracking mission using a fleet of gliders [106].

Although MCTS is suitable for large state space problems with non-trivial objective func-

tions, its complexity grows exponentially in the number of agents when used for multi-robot
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systems. In the multi-robot case, a node in the MCTS tree is a set of all agent states.
Likewise, the joint action space grows exponentially. For this reason, MCTS is not suitable

for multi-robot systems with a large number of agents.

On the other hand, the decentralised approach searches state space for each individual
robot in parallel and updates the search when they can communicate with each other. In
other words, each robot makes decisions for itself and communicates with others without
a centralised oversight. Many decentralised algorithms are an extension of previously
existing algorithms for decentralised frameworks, such as Dec-POMDP [114, 115] and
the decentralised sequential greedy approach [116]. Recently, an extension to the MCTS
algorithm for the decentralised framework was developed, called Dec-MCTS [117]. Each
robot in the team generates its own MCTS tree while considering the actions of others
and updating the trees when the robots communicate. Since the computation is performed
on each robot without considering the joint state and action spaces, the computational

complexity is significantly reduced compared to the centralised MCTS.

2.6 Summary

This section introduced an overview of the current research in motion planning, flow field
navigation in both static and dynamic flow fields, and time-dependent shortest path plan-
ning. A common limitation observed from the related work is that: 1) the path planning
algorithms assume an over-simplified glider model, and 2) the approach for solving an op-
timal path across a time-varying flow field is either resolution-complete in time or solved
in non-polynomial time. This thesis addresses these limitations and provides analysis and
examples. The limitation of over-simplifying glider dynamics to plan optimal paths is ad-
dressed in Chapter 4, and the computational limitation on dynamic flow field navigation

is addressed in Chapter 5 and Chapter 6.






Chapter 3

Background and problem

statement

In this chapter, we present background materials for the thesis content and introduce the
problem statement. Section 3.1 illustrates the underwater glider model that is considered
when planning. Section 3.2 provides a summary of the various sampling-based algorithms
used, including PRM, RRT and FMT*. Section 3.3 introduces the time-dependent shortest
path (TDSP) problem. The section also introduces the concept of arrival and travel
time, and describe the conditions and properties of FIFO and non-FIFO conditions for a
TDSP problem. Sections 3.4 defines the piecewise-constant function and its evaluation.

In Section 3.5, we define the overall problem for the thesis as a whole.

3.1 Underwater glider model

Underwater gliders operate by cycling their buoyancy to generate a sequence of lift and
sinking forces. The glider’s orientation translates this into the desired forward velocity, as
shown in Fig. 3.1. Both the pitch angle § and the angle of attack o can be derived from
the desired elevation angle of the glider velocity vector, which we call glide angle . The

equation that relates these terms can be found in Appendix A.

25
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FicURE 3.1: An approximate representation of the forces and moments acting on the

glider in the inertial reference frame (i.e., centre of buoyancy). The hydrostatic forces

consist of the buoyancy force B, weight due to moving mass mg, weight due to sta-

tionary mass msg. The hydrodynamic forces consist of lift L, drag D and the pitching

moment Mpy. The moving mass is offset from the nominal centre of gravity by a vec-

tor r,. The glide angle v, pitch angle 6§ and angle of attack o represent the orientation
and direction of the glider with velocity V.

An underwater glider controls its pitch angle by changing internal moving mass r,(t) =
[Zp, Yp, zp]T to shift the centre of mass, as shown in Fig. 3.1. The buoyancy is controlled by
filling and emptying the ballast tank with surrounding sea water, where filling it decreases
the buoyancy and sinks the glider, and emptying it increases the buoyancy and raises the
glider. Filling and emptying the ballast tank also increases and decreases the ballast mass,
mp. Since the centre of mass is routinely shifted, it cannot be used as the glider reference
point. Instead, the centre of buoyancy derived from the external shape of the underwater
glider is used as the reference point. By design, the ballast tanks are symmetrically

distributed around the centre of buoyancy.

The scalar magnitude of the underwater glider velocity Vi at some instance can be defined

as a non-linear function of v and my:

_ fmp—(m—my —m)) - g
Vo(nm) = \/ —D(y)siny + L(v) cosy (3.1
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where D(7) is the drag force, L(vy) is the lift force, m is the mass of the sea water that
can be displace, my, is the hull mass, m is the movable mass, and g is the acceleration due
to gravity [21]. Details on these parameters and functions can be found in Appendix A.2.

The glider velocity vector can then be expressed as:

uG Va (v, mp) cosy cos ¢
v | (1:6) = | Va(y, mp) cosysing | (3.2)
wa Ve (v, mp) siny

where 0 is the yaw of the glider, which we call heading angle.

3.1.1 Dynamic model

The dynamic model of underwater gliders at time ¢ can be defined as a 12-dimensional
state x(t) = [p(t),p(t), ¢,0,9, ¢,9,5]T, where p(t) = [x,v,2]7 is the position vector and
§ is the roll angle. The control vector for the underwater glider u(t) = [uy, (t), tm, (t)]”
consists of a force vector uy,(t) = ¥,(t) acting on a moving mass and the ballast pump
U, (t) = my, that empties the ballast tank. The pump is not needed to fill the tank, as
the surrounding oceanic pressure is sufficient to do so. We denote the continuous sequence
of control vectors over time ¢; and t9 as u(ty : t2). Given an underwater glider position
in the 3D space p(t), we assume that the velocity vector of the ocean current at p(t) is
given a priori such that V.(p(t),t) = [ue, ve, we]T. If the flow field is time-invariant, it is

instead denoted as V.(p(t)). The dynamic model can then be expressed as:

x(t) = f(x(t),u(t)) + Ve(p(t), 1), (3.3)

where f(x(t),u(t)) represents the glider dynamics in still water. Time-invariant flow field

can be obtained through ocean forecast and holds for short mission duration.

The glider’s energy expenditure arises from controlling the glider (i.e., forces acting on
the masses), pumping ballast fluid, and the hotel load (e.g., on-board processor and sen-
sors). Given the glider dynamic model, the energy cost over a continuous control sequence

between ¢ and At starting from x(t) is stated as cost(x(t),u(t : t + At)).
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r(N) = p(log(N)/N)"™

FIGURE 3.2: Partial construction of a PRM* graph. The graph samples nodes in free
space and connects edges between nodes and their neighbours. The PRM* defines the
neighbourhood of each node by a radius bound.

3.2 Sampling-based algorithm

As we explored in Chapter 2, sampling-based algorithm remains a popular motion planning
method as they are less affected by the curse-of-dimensionality compared to grid-based
methods. In this section, we provide an overview of some sampling-based methods we use

throughout the thesis.

3.2.1 PRM

The PRM algorithm constructs a graph G = (S, E) that consists of finite set of nodes
S C R? and edges (s,s') € E where s,s' € S. The set of nodes S is populated by
randomly picking N € N sample points from free space xfree (i-e., a collision-free region
in RY). Edges (s,s’) are defined by a pair of nodes where s’ is within a user set radius r
from s, as shown in Fig. 3.2. The graph allocates a cost to traverse to each edge (e.g., edge
distance, time to travel, energy expenditure, etc.). The optimal path from between the
chosen start and goal nodes sinit, Sgoar € S through the graph G is found by implementing

a local path planning algorithm, such as Dijkstra [74]. Further details can be found in [85].
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FIGURE 3.3: Steps-by-step demonstration of RRT algorithm. It generates a tree graph

by iterating through steps until the graph reaches a node limit. The algorithm samples

a random node in free space (top-left corner) and finds the nearest node in the existing

graph (top-right). The algorithm then performs a steering function from that node and

propagates a new node that is added to the graph (bottom-left). Once the tree graph is

complete, a path from s+ t0 Sgoqi is found by following the source of the node, starting
from the node that is within the goal region S, (bottom-right corner).

There is also an asymptotically optimal variant called PRM* [93]. For the problem of
shortest distance, the PRM graph is guaranteed to provide better path solution as N — oo

if the radius r is above the bound:

r> 8- (log (N)/N)Y?, (3.4)

where [ is some scaling factor to account. Partial construction of the PRM* graph is
shown in Fig. 3.2. For motion planning with different objective functions, such as time or

energy, the radius needs to be properly scaled with S to match the unit conversion.

3.2.2 RRT

The RRT motion planning algorithm propagates a tree toward a goal region. We now give

a high level description of RRT. A visualisation is shown in Fig. 3.3. Consider a graph
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FIGURE 3.4: Partial propagation of FMT* graph. It first samples nodes in free space

and propagates a tree graph from the existing sample nodes. From an Open node z, it

finds the neighbouring unwvisited nodes. For each of these neighbouring nodes, it finds

the best connection out of its neighbouring open nodes. This connection is abandoned if

there exists a collision between the two nodes. The algorithm repeats these steps after
closing the current open node and allocating a new open node.

G = (S, E) where initially S = sj,;x and E = (. We define a goal node sgoq and goal
region Sy C X free such that sgeq € Sg. We also define a function Steer(s,, sp) that, given
a vehicle dynamics, defines a new node after travelling from s, in the direction of s; for
some time step. We perform the following steps until |S| = N: We sample a random node
Srand i X free, and find its nearest node s,eqrest € S. We then sample a new node sy, into
S that is generated from the Steer(spearest, Srand) and add the node pair (Spearests Snew)
to E as edges. The resulting graph is a tree that expands outwards from the initial node.
Once N nodes have been sampled, we find the feasible trajectory by picking a node that

reached S, and follow the parent nodes back to the starting node.

3.2.3 FMT*

FMT* is a recent state-of-the-art, asymptotically optimal motion planning algorithm that
is effectively a combination between PRM* and RRT*. Like PRM*, the original FMT*
algorithm starts by choosing a set of sample points in the state space. Like RRT*, the

algorithm incrementally grows a tree that eventually reaches the goal. A visualisation on
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the construction of FMT* is shown in Fig. 3.4. The algorithm starts by first labelling the
initial state as Open while labelling the goal and the rest of the sampled states as Unuvisited.
At a given iteration, the algorithm chooses the open state z with the lowest overall cost so
far. It then finds the Unvisited samples within a neighbourhood of z with respect to cost,
and them as xNear. For each x € xNear, the neighbourhoods of x are found in Open
states, and set them as yNear. Then the algorithm picks the state ymin € yNear that
minimises the sum of the cost at y € yNear and the transition cost from ,;, to x, then
checking if this transition is collision-free. Once xNear is exhausted, z is set to Closed
and any newly connected states in zNear become Open. The tree continues to grow in
this manner until the goal state becomes Open or when no more Open states exist. To
save computation time; neighbourhoods are cached to ensure that each edge calculation is

made at most once.

3.3 Time dependent shortest path problem (TDSP)

In the real world ocean environment, the oceanic flow field is time-dependent (i.e., changes
with time). In this section, we introduce a method that solves for a time-dependent
problem called the time dependent shortest path problem (TDSP) and discuss how it can
be implemented in an unstructured environment like the ocean. We also define terms

associated with the TDSP framework, such as arrival time and non-FIFO.

3.3.1 Time-dependent directed graph

We consider a directed graph G = (S, F) that consists of a finite set of nodes S and
edges (s,s') € E where s,s" € S. The set of immediately reachable nodes from node s is
denoted as Sy C S. A set of goal nodes is denoted as S; C S where |Sg| > 1. We restrict

consideration to graphs in which goal nodes are reachable from the initial node.

We define a path A within G as a sequence of nodes A = sgs1---s,, where s € S and
(Skysk+1) € E for all k. We define the final node s, to be one of the goal nodes S,
while others are not. We denote Ay as the prefix of A up to the k-th node in the path

(i.e., A, = sps1---si). Given an edge (s,s’), we define edge travel time Cgg (t), or simply
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CS0S1 (t) R
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(A) Initial node so and goal node s; with time-dependent edge time
function C'

o
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(B) Edge time of Css, (t)

FiGure 3.5: Two-node graph example with time-dependent edge times. The edge
time Cj,s, is 5.1 seconds for the first 3.5 seconds and then reduces to 1.2 seconds. The
self-transition edge time Cj, 4, is 1 second for all departure time.

edge time, as the time it takes to traverse from node s to s’, having departed node s at
time t. Without loss of generality, path traversal begins no earlier than ¢ = 0, and edge

time Ciy (t) is oo for all t <0 (i.e., we consider it to be impossible transition).

Normally the TDSP algorithm is used to solve traffic problems, where the time-dependent
directed graph G is already well defined. For unstructured environment like the ocean,
the graph needs to be manually generated by discretising the workspace. Discretization

can be done either with grid-based sampling or random-based sampling (PRM).

3.3.2 Arrival and travel time

The term arrival time [27] refers to the time when the agent will arrive at its destination
after departing from its initial position at some time. This is different to travel time, which

is the time taken to arrive at the destination. Consider the following example.
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Example 3.1. Consider an example time-dependent directed graph as shown in Fig. 3.5.
If the vehicle departed from sg to s1 at 1 sec, then the arrival time is 6.1 sec while the
travel time is 5.1 sec. If the vehicle had departed at 3.6 sec, then the arrival time is 4.8 sec

while the travel time is 1.2 sec.

We define a4 ¢ (t) as the arrival time from traversing s to s’ after departing at time ¢ and
ap(t) as the arrival time of traversing path A at time ¢. Since the input and output of the
function are both time, we can recursively define the arrival time for a sequence of edges.
Consider a vehicle path A = sgs1 - -+ s,. Assuming we do not allow waiting at any nodes,

the arrival time at any point in the path Ay can be recursively written as follows [27]:

ap, (t) =0sg,s1 (t>
ap,y (t) =Qsy,s9 (aSO,Sl (t)) = Qsy,s9 (al\1 (t))

aAs (t) =Qsy,s3 (aS1,82 (a50781 (t))) = Qsy,s3 (a/\z (t))

Ay, (t) sy —1,5p (aAk—l ()

an(t) =as, ysn(an, (1))-

Similarly, travel time Ty (t) is defined as the time it takes to complete the path A, having

departed from the initial node sy at time ¢. Formally [27],

Ta(t) = ap(t) —t. (3.6)

Both arrival and travel times depend on the sequence of edge times, each of which depends

on the individual arrival time at each edge.

A common objective of TDSP is to solve for minimal arrival time in a traffic environment,
since arriving at a destination earlier is more important than shorting the travel time.
However for robotic applications, minimising travel time is valued higher, as we wish to

complete a mission as quickly as possible.
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3.3.3 FIFO and non-FIFO properties

First-in-first-out (FIFO) is a behaviour associated with a time-dependent graph if it sat-
isfies the following property [27, 73]:

t+ Co(t) <t + Coo(t)), (3.7)

for any edge (s,s’) € E and ¢t < t’. Intuitively, the arrival time a,(t) is non-decreasing
with respect to departure time ¢. Under the FIFO condition, optimal solutions exhibit the

following properties [27]:

1. waiting at any node is not beneficial at any time
2. optimal paths are acyclic (i.e., they do not revisit nodes)

3. any subset of the optimal path is also a shortest path.

Conversely, a graph with non-FIFO property means that the arrival time may not be non-
decreasing with respect to departure time. For example, the time-dependent graph shown
in Fig. 3.5 clearly does not exhibit FIFO behaviour, since departing later resulted in faster

arrival time.

3.4 Piecewise-constant function

One method of solving TDSP is by using value iteration that converges an optimal policy.
This requires a good understanding of the time-varying edge cost in our graph. However
solving for continuous time has shown to be difficult [28, 29]. Furthermore, real-ocean
forecast data provides discrete time information. As such, to solve the value iteration
for time varying costs, we use piecewise-constant function to closely approximate for con-
tinuous time. In this section, we present travel and edge time functions in the form of
piecewise-constant functions (PF) [4, 118]. We illustrate the form and the relevant oper-
ations required to understand the PF-based value iteration where the solution is given as

a policy rather than a path.
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3.4.1 Definition of piecewise-constant function (PF)

A piecewise-constant function f : R — R is defined as a sequence of constant vf: and its

corresponding time interval subdomain p£_1 >t > p£ where p£ € P/ for k € N. The
subdomains are indexed backwards (i.e., p£ 1 < pi, Vk € N) so that each subdomain can
be defined by their lower bounds ¢ > p£ . To account for the end of the forecast window,
the function assumes time-invariant at the end constant value vjlc at the end of the forecast

window. We formally write the piecewise-constant function as follows:

v{, ift>p{ fu{, ift>p{
fooe f f f : f
v, ifpp_, >t>py vy, elseif £ > py
f =1 = , (3.8)
U,Ji, if pf;_l >t > p£ vg, else if t > pfl
oo, else o0, else

where oo implies cost of impossible transition.

Example 3.2. A piecewise-constant function of the edge cost demonstrated in Example 3.1

can be written as follows:

1.2, ift>3
ft) =151, elseift>0- (3.9)
oo, else

3.4.2 Piecewise-constant function syntax

Consider a vehicle path A = sgs1s2 with no waiting allowed at any nodes and departing
from sp at time ¢. Suppose we define each time segment of A as a PF Cy 5, and Cs,s,.
Then by (3.5), aa,(t) = t + Csys, (t) and ap,(t) = t + Cs,5,(t + Csys, (t)). To evaluate
this arrival time, we need to define the operands for PF. Operations such as addition +,
scalar multiplication -, conditioning &, merging @ and shifting over PF are defined in [4]

as follows:
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e Addition: The addition between two PFs. Commutative.

v,’:, elseift > p

f(t)+g(t) =
(3.10)

oo, else
\

where p € (P/ U P9)
e Multiplication: The multiplication between a PF and a constant. Commutative.
c- v{ , ift > p{

c-ft) = : (3.11)

c-vy, elseift >p£

oo, else

e Conditioning: Redefining the lowest bound of the subdomain. Non-commutative.

if
fyep= f, itt=r (3.12)

o0, else

e Merging: Merges two PFs. Non-commutative.

t), ift>pl
f)@g(t) = 7 o (3.13)

g(t), else

e Shifting: Shifts the subdomain.

vy, ift>p{—p

fttp) =1 (3.14)

vy, else ift>pf,,—p

oo, else
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In addition, we define an operation called recursion where a PF is shifted by another.
Suppose we have two PFs f(t) and g(¢). A recursive PF f(¢t + g(t)) is defined by a

combination of conditioning, merging and shifting operators such that

flt+g@) =(ft+p]) © pl)@--- @ (f(t+p}) © D)) (3.15)

3.5 Problem statement

This thesis addresses the problem of autonomous motion planning of underwater gliders
in an energy-optimal or time-optimal manner. There are three challenges that makes this

difficult to achieve:

1. Section 3.1 showed that the underwater gliders are modelled as a 12-dimensional
complex dynamic system with an unorthodox method of forward propulsion (due to
lacking an active propulsion hardware). Planning an optimal path with such complex

model in high dimensions is known to be hard [84].

2. Time or energy optimal navigation through flow field, such as the oceanic current
that the underwater glider travels through, is a well-known open problem known as
the Zermelo’s problem [19]. As the glider velocity is inherently slow, its motion is
heavily influenced by the flow field and must ether exploit or intelligently navigate

the surrounding flow fields to reach its goal in an energy or time-optimal manner.

3. Real-world oceanic current changes with respect to time (i.e., time-dependent flow
field). Finding a time-optimal path though such a flow fields turns the problem into
a TDSP problem, which is also difficult to solve [28, 29].

To address the first two challenges; we consider the following energy-optimal planning
problem with the glider operating in time-invariants flow fields, which we later address in

Chapter 4:

Problem 1 (Energy-optimal path planning for underwater glider in time-invariant flow

field). Given an initial state x(0) = Xjnit and a set of goal states X, find an energy-optimal
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finite sequence of control vectors U* in time-invariant flow field, such that

U* = argmin cost(x(0), U)
U={u(0),} (3.16)

s.t. x(last) € X,.

To address the third challenge, we first approach the problem as a graph-based problem.
We first consider two sub-problems of TDSP; one to solve for the optimal start time that
minimises the total travel time, and other to solve for the minimum travel time given a

set departure time ty3. Both problems are addressed in Ch. 5:

Problem 2 (Minimum travel time problem). Given a directed graph G with time-dependent
edge time function C, find an optimal path A* and initial departure time t that minimises

the travel time T', such that

(A*,t5) = argminap(t) — t. (3.17)
At

Problem 3 (Minimum travel time problem given initial departure time). Given a starting
time ty and a directed graph G with time-dependent edge time function C, find an optimal

path A* that minimises the travel time T, such that

A* = argmin ay(ty) — to. (3.18)
A

We extend our approach to the third challenge in Ch. 6, by incorporating the vehicle
dynamics as we did with Problem 1. We consider a similar problem to our graph-based
approach, except now we want to synthesis a continuous path that minimises the time to
travel from initial to goal position. Let the continuous path be o, a, denote the arrival
time and T, = a,(t) — t denote the travel time. Then the two sub-problems of TDSP can

be reformulated as follows:

Problem 4 (Minimising travel time for continuous path). Given wvehicle dynamics as

described in Section 3.1, time-dependent flow field v., starting state X;nit, and a goal



Chapter 3. Background and problem statement 39

region Xg4, find the continuous path o* and starting time tj that minimises the travel time:

(o™, t5) = argmin T ()
o (3.19)
s.t. x(t5) = Xinir and x(aq+(ty)) € Xy.

Problem 5 (Minimising travel time for continuous path for given start time). Given
vehicle dynamics as described in Section 3.1, time-dependent flow field v., starting state
Xinit, starting time to and a goal region Xy, find the continuous path o* that minimises
the travel time:
o* = argmin T;(to)
ag

(3.20)
s.t. X(to) = Xinit and x(as=(to)) € Xg.






Chapter 4

Kinodynamic planning in 3D

static flow fields

In this chapter, the problem of navigating through a static oceanic flow field with under-
water glider dynamics, as defined in Chapter 3, is considered. This problem addresses the
low-level energy-optimal operations aspect of our underwater glider problem. The diffi-
culties arise from both the flow field navigation and the complex dynamic model of the
glider. The limitations of current methods only address one of these problems, while over-
simplifying the other. Section 4.1 addresses these limitations by introducing trim-based
control method; reducing a high-dimensional glider dynamic model to a more parsimonious
6-dimensional kinematic model. The control method achieves this reduction by using trim
state: the state of dynamic equilibrium in which the glider continues indefinitely in the
absence of active controls. Section 4.2 implements the trim-based control method onto
a state-of-the-art sampling-based planning algorithm, FMT*, to develop an asymptot-
ically energy-optimal motion planning algorithm for flow field navigation. Section 4.3
demonstrates that the trim-based implementation preserves the theoretical properties and
guarantees. Section 4.4 provides some empirical examples derived from a conventional

flow field model.

41
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4.1 Trim-based control for underwater glider

The complete dynamic model of an underwater glider is complex as its velocity is a non-
linear function of v and my, as discussed in Section 3.1. The glider’s reliance on buoyancy
for velocity control means the glider must dive up and down to operate, referred to as saw-
tooth motion. As mentioned in Chapter 2, the general approach in modelling underwater
gliders for motion planning is to approximate it as a 2D kinodynamic model in depth-
average ocean currents. The non-linear velocity function is replaced with a constant glider
maximum forward velocity, thus removing the sawtooth motion. Such an approach is in-
applicable for real work application. The model does not consider the change in flow fields
with depths that would influence the real-world sawtooth motion operation. Planning in
2D also neglects seabed obstacles from uneven bathymetry that may require a different
sawtooth profile to avoid. This section introduces the concept of trim state and trim-based
control. The glider dynamics is formulated with the trim state so that it can be expressed

in kinodynamic model while retaining complexity from the dynamic model.

4.1.1 Trim-based model

A trim state is a state of dynamic equilibrium in which a vehicle will continue indefinitely
in the absence of disturbances or variations to control inputs [21]. A trim-based model uses
the trim state for motion planning. This model allows for efficient underwater glider ma-
noeuvre because the only significant proportion of energy expenditure comes from moving
its internal mass and changing its net buoyancy to change the trim state. Suppose there
is some sequence of state vectors X = {x¢,X1, - ,Xk, -} and corresponding position
vectors P = {po, p1, -+ , Pk, - - } as shown in Fig. 4.1a. The k-th trim state Tg is denoted

between two position vectors py and pgy1. For an underwater glider, 7y is defined as

T
Tk:[VG’k Ve Pk Mpk| > (4.1)

where the nominal velocity Vi is a function of control angles (yx, dx) and the ballast
state mpr, as defined in (3.1) and (3.2). The trim-based model represents the glider state

by only considering the states used to derive the trim state, reducing the 12-dimensional
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(A) Sequence of state vectors and trim states

T
Pri1 = [Xks1s Yir1s Zis1]

Xi = [Prs V> Bics M1

Prt1

d _ d ,d pd ,,d 1T Mpjey1
T = V5 v i miy

Pr = [xk’ ykazk]T

(B) Transition from state xj to xx4+1. A desired trim condition Tg
is found between px and pr+1

FI1GURE 4.1: Kinematic model for 6D glider. Gray shading represents initial control from
initial glider state to trim state, and the blue represents the control from trim state to
final glider state.

dynamic model defined in (3.3) to a kinematic model with 6-variable states. The reduced
glider kinematic state xj at timestep k is redefined as

T
Xk= Pk W Pk k| - (4.2)

The trim-based model represents the glider control inputs u(t) as control instances, con-
sisting of control angles and the target depth. A sequence of control instances forms a
trim-based control policy 7. The k-th control instance in 7, is defined as

]T

(k) = [k Pks 2k (4.3)

)

where zj is the k-th target depth. The ballast tank state my; depends on whether the

glider is moving up or down, as discussed in Section 3.1. For simplicity, the ballast tank is
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assumed either empty or full at any time (i.e., mp € [0, Mpmax|). The difference between

k-th and its previous depth state determines the k-th ballast control, such that

0, if zp, < zp_1
mepr — (4.4)

Mpmax, Otherwise.

Given a trim-based control policy where the sequence of trim states represent the gliders
manoeuvres, we approximate the dynamical path planning problem defined in Problem 1

and redefine it as follows:
Problem 6 (trim-based path planning). Given initial and goal states xo and x¢, find an

energy-optimal control policy 7% of the form in (4.3).

With the trim-based model, changes to control instance are made in two cases:

1. From the initial kinematic state xj, to the trim state 7¢.

2. From the trim state to the next state xy1.
The state transition between a kinematic state and a trim state is assumed to be instan-

taneous because the state transition time is negligible compared to the gliding time in a

trim state. No variations to control inputs are made during the trim state, such that

u(t) = 0,Vt € {t € (tg,tpr1) | x(t) € (Xp, Xp11)}s (4.5)
where times at states x; and xj,; are denoted as t; and 1, respectively.

4.1.2 Computing a trim state

Given a glider control instance [, d, 2] and the oceanic flow fields V.(p(t)) = [te, Ve, we] T,

the infinitesimal linear kinematic model of an underwater glider is expressed as:

Ve (v, myp) cosy cos ¢ Ue
p(t+ At) =p(t) + | | Va(y,mp)cosysing | + |v. | | At, (4.6)

Va(y, my) siny We
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where the ballast state my, is attained from the expected change in glider depth z, as defined
in (4.4). Formally, we find a trim state 7 connecting glider positions py and px1, such

that there exists time t;11 > t; and a trim state 7y satisfying (4.6) for all ¢ € [tg, tg41]

where p(ty+1) = pr+1 and p(tx) = ps.

Considering the non-linear form of the nominal glider velocity function defined in (3.1) and
the complexity of oceanic flow field V., solving for trim state 74 analytically from (4.6)
is difficult. Instead, a numerical optimisation method called the shooting method is used
to evaluate for the required trim state. The forward integrated path output of (4.6) is
enumerated against a lookup table and derives the trim state that reaches pgy; from py.
i-th instance in the lookup table is of the form [v;, §;, mpi]. From the dynamic equality in

Appendix A.1, the set of glide angles is sampled from the following interval:

1 —2KD0
Kio ¥ /K3, + Kp, K3 /Kp

tan

,460° . (4.7)

The maximum glide angle is heuristically chosen to account for safe glider operations.
With the glider parameters used in Appendix A.1, the bounds on glide angles are I'y =
[—60°, —3.74°] N [3.74°,60°].

Figure 4.2 demonstrates the shooting method case with and without flow in the xz-plane,
where the glider is to traverse from [0, 0] to [50, —50]. This example shows how the glider’s
velocity varies with the glide angle and illustrates reachability with respect to currents.
With zero current, as shown in Fig. 4.2a, the path is aligned with the glide angle ~.
Including ocean currents, as shown in Fig. 4.2b, the reachability differs significantly. The

bold red line is the glide angle v chosen from the case without currents.

4.1.3 Trim-based model energy cost

Based on the trim-based model, the trim-based energy consumption model is evaluated.

The total glider energy expenditure E;y;q; using this model is defined as follows:

Etotat = Eap + Eg + Ear, + Eag, (4.8)



46 Chapter 4. Kinodynamic planning in 3D static flow fields
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(A) Path with no current reaches target (B) Path with current reaches target in
inb51s 61 s.

FIGURE 4.2: Finding trim conditions from [0,0,0]7 to [50,0, —50] (bold black circles)

without and with ocean currents. The paths from the lookup table are drawn for 80

seconds (pale red lines). The satisfying path (pale green line) and the corresponding trim

condition (dark arrows) are shown. The trim condition found in (a) is realised in (b)
(dark red line) and the distance error is 22.54m.

where for some constants 7,, 1, 75, and L:

e Eap = —npgzAmy is the energy required to overcome the underwater pressure at

depth 2z to empty the ballast tank.

® Ear, = Mm - m - Arp is the energy required to shift the moving mass to a new

position r,, to control the glide angle v (A.2)

e Eang = 1y - A¢ is the energy required to change the heading angle. For long edge

transition, we can assume the cost is to move the rudder [119].

e Ex = Ly - At is the hotel cost. That is, the energy drain from keeping the systems

running during mission.

In contrast, most existing work do not address the energy cost in such detail and instead
simplifies the energy consumption. The underwater glider energy cost to transition from
states xj and X4 is denoted as cost(xg, Xp+1). Assuming the time spent in transition is
negligible compared to other energy consumption terms, the glider energy cost is spent in

parts across the following process:
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d

1. Transition from state xj to trim state 7;7. Incurs Ear, and Eagy. Can also incur

Eap for the appropriate ballast change defined in (4.4).
2. During corresponding desired trim state T,f. Incurs Ep.

3. Transition from trim state 'rg to state xj 1. Incurs Eap, and Epg.

4.2 Trim-based FMT*

Trim-based FMT* is an extension of the original FMT* that uses the trim-based model for
path planning. The main difference is in the implementation of the neighbourhood search.
Unlike the original FMT* that uses either the connection radius or the k-nearest neigh-
bour method to find the node’s neighbourhood [96], trim-based FMT* uses the following

definition:

Definition 4.1 (Trim-based connection). Consider a path planning problem in a flow
field V.(p(t)), and a set of glider state samples Xgpp. For trim-based FMT*, state
node x € Xy, optimally connects to all other non-closed state nodes allowed by the flow

field V.(p(¢)), and the trim dynamics in Section 4.1.

The motivation for this modification is to find all possible connections that are reach-
able with the glider trim-based model. For this reason, radius connection and k-nearest
neighbour connection were dropped as they by intent limit the number of states consid-
ered for connection. Trim-based connections can potentially be applied to other motion
planning algorithms, such as PRM*, to formulate its trim-based variant. As discussed in
Section 4.1.2, there are no known analytical solutions to the optimal connection problem.
Thus, the shooting method is used to find an approximate connection. To reduce the
computation required to connect a node to all other nodes, the definition of a trim-based
connection is exploited by having each Unwisited node attempt connections to all Open

nodes and vice versa.

The sampling method is also modified. Instead of randomly sampling the states across
the dimensions, the first V), samples are chosen over the position space (z,y, z), and then

uniformly sample N, angle states (y,¢) for each position state. From the assumption



48 Chapter 4. Kinodynamic planning in 3D static flow fields

regarding the ballast tank (i.e., mp € {0, Mpmax}), the overall number of samples is Ny =
N, - N, - 2. As the resulting sampling distribution differs between position space, angular
space, and ballast state, this method of sampling falls under the category of non-uniform

sampling [96] for analysis purposes.

4.3 Analysis

This section presents the properties of the trim-based FMT* framework by comparing it
against the original FMT*. Theoretical properties such as asymptotic optimality, conver-

gence rate and computational complexity are shown. From Def. 4.1, consider the following;:

Remark 4.2 (Connection radius for trim-based FMT*). From Def. 4.1, the connection

radius r, for trim-based FMT* is large enough to contain every state node x € Xy

Remark 4.3 (K-nearest neighbourhood for trim-based FMT*). By Def. 4.1, the connec-
tion method is equivalent to the k-nearest neighbour (KNN)-based connection where the

worst-case number of neighbours is the total number of samples (i.e., k, < n).

4.3.1 Asymptotic optimality

The main difference between the original and trim-based FMT* is the use of trim-based
connections Def. 4.1 to find the nearest neighbours. We prove the asymptotic optimal-
ity (AO) of trim-based FMT* by showing that the algorithm retains properties equivalent
to the original FMT* algorithm.

Remark 4.4 (The connection radius for asymptotic optimality). Given a cost function
that obeys the triangle inequality, the connection radius r, that ensures the asymptotic

optimality of the original FMT* algorithm is shown in [96] to be

S (bgwy, 49)

n

1
1 d
whereH>2(1+n)(é)d<W> ,n>0and H > 0.
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Given such a radius, the expected number of connections in an obstacle-free environment

is less than or equal to:

(n/p (X free)) Cdrg = 2d(1 + n)d(l/d) log(n) (4.10)

Lemma 4.5 (Triangle inequality for trim-based energy model cost function). Assuming
a negligible hotel load Ep compared to other sources depicted in (4.8), the triangular
inequality holds true for (4.8), such that

cost(a,c) < cost(a,b) + cost(b, c), (4.11)
for all glider states a, b and c .

Proof. In a real-world application, the negligible hotel load assumption generally holds, as
the actuation of controls (moving centre of mass, activating ballast pump) are significantly
more costly than keeping the onboard computer running. If the hotel load were negligi-
ble compared to other components, then the cost would depend on the number of state

transitions made in its sequence, which would always satisfy the triangle inequality. O

To get a better intuition on Lemma 4.5, consider an example glider sequence with no flow
field shown in Fig. 4.3. Figure A.1 shows the nominal glider velocity Vi monotonically
increasing with respect to its glide angle v. While the FEuclidean distance of glider se-
quence {a, c} is shorter than {a, b, c}, it travels with a lower ~ value, and thus slower. For
this example, the slower velocity outweighs the shorter euclidean distance and thus the
glider sequence {a, c} takes longer to arrives at ¢ than sequence {a, b, c}. Recall from Sec-
tion 4.1.3 that the hotel load Ep is directly proportional to time and the other control
costs are bounded by the glider dynamics. If the hotel load was non-negligible, then its
clear that, cost(a,c) > cost(a,b)+ cost(b, c) for long edge transition, which contradicts the

triangle inequality.

Lemma 4.6 (Size of tuning parameter 7 for trim-based FMT*). From the connection
raidus defined in Remark, 4.4, the tuning parameter n in H must be large enough for the

radius r, to satisfy the criterion for asymptotic optimality.
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FI1GURE 4.3: Counter-example of triangle inequality for hotel cost dominant cost function.
We assume that all other cost components are negligible.

Proof. From Remark 4.4, the tuning parameter n can be any value greater than zero. In
order to make r, a large number as defined in Remark 4.2, parameter H must be a large

number; this is ensured if 7 is a sufficiently large number. O

Theorem 4.7 (Asymptotic optimality of trim-based FMT*). As the number of sam-
ples n — oo, the solution for trim-based FMT* approaches the optimal solution in expec-
tation, such that lim, . P(c, > (14 €)c*) = 0, where ¢, is the arc length with n and c*

1s the optimal arc length.

Proof. By Remark 4.4, the cost function must obey the triangle inequality to ensure AO.
By Lemma 4.5, the glider energy cost function obeys the triangle inequality, assuming
the hotel load is negligible compared to other expenditures. By Lemma 4.6, the tuning
parameter 17 must be a large enough number to ensure AO. Because there exists no upper
bound for the tuning parameter, 1 can be any number required by the configuration space

to achieve AO. O
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4.3.2 Convergence rate

Similar to the proof for asymptotic optimality, the proof for the convergence rate of the

original FMT* is used to derive the convergence rate for trim-based FMT*

Remark 4.8 (Convergence rate of FMT*). Given a d-dimensional configuration space,
and a connection radius defined in Remark 4.4, the convergence rate for the original FMT*

for all € > 0 is shown in [96] to obey

P(c, > (14+€)c") €

1 10 d .
O ((logn) P nd(l (14+m) )+,0) , 1f77 < W

-1 (4.12)
(L : ’
O n d\2+e , otherwise
Theorem 4.9 (Convergence rate of trim-based FMT*). The convergence rate for trim-

based FMT* is
d
P(cp > (1+€)c*) € O <n_}1(;++79]) ) . (4.13)

Proof. By Lemma 4.6, the tuning parameter 7 is set large enough to ensure asymptotic
optimality and cover all samples. In expectation, there exist a eta value large enough to

sure both ensure asymptotic optimality and n > W —1. O

4.3.3 Computational complexity

The computational complexity of the trim-based FMT* is shown to be O (n2) The proof
follows from that for the original FMT*, starting by comparing edge cost computations

for PRM* and FMT*.

Remark 4.10. As demonstrated in [96]; given the same sample size | Xy, the compu-
tational complexity for FMT* is less than or equal to the computational complexity for

PRM*.

Theorem 4.11 (Computational complexity of trim-based FMT*). Given trim-based con-
nections between nodes for very large vy, that connects to all other samples in Xgmp, the

expected computational complexity of trim-based FMT* is O(n?).
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Proof. By Lemma 4.6, a sample is expected to be connected to every other sample in X't,.
Since the cost function in trim-based FMT* is directional, the number of edge cost com-

putations in expectation is (’)(nZ). ]

4.3.4 Comparison with standard sawtooth profiles

We assume that the control system of an autonomous underwater glider is a finite state
machine that follows a pre-programmed mission plan. The plan can only be adjusted
while the glider is on the surface. While operating, the standard mission plan causes the
glider to follow a “sawtooth” profile that oscillates it between descending and ascending at
the same fixed glide angle. The glider descends until it reaches a programmed maximum
depth and then inverts its net buoyancy to ascend until it reaches a programmed minimum
depth, at which point it inverts its net buoyancy and begins to descend again. This pattern
continues for a programmed number of cycles, after which the glider ascends to the surface
to update its estimated position, report measurements and optionally, receive an updated

mission plan.

Standard sawtooth profiles are considered an energy-efficient method to operate an un-
derwater glider [18]. In this section, we demonstrate that the FMT* solution, which
generates an irregular depth profile, produces a solution that is at least as efficient. For
convenience, we restrict the trim-based FMT* to planning over 4D space x = [z, z, 7, mb]T

to demonstrate its effect on the depth profile.

We consider the glider travelling from inital kinematic state x;,;; = [0,0, —0.2,2]7 to goal
Xgoal = [1000,0,—0.2, 2]T. To ensure the path is straight, we assume there are no obstacles
or ocean currents. We compare the trim-based FMT* method against various combinations
of sawtooth frequencies f = [1,2,3,4,5] cycles/km and consider amplitudes at 7.5 m
intervals between z,;, and 150 m, where z,,,;,, = [37.064, 18.532,12.355,9.266, 7.413] is the
shallowest depth the glider can ascend to during its sawtooth pattern, given the dynamic
constraints. The algorithm samples the nodes as a uniform grid to ensure the comparison
remains fair. The uniform grid covers most states used by the sawtooth path. In this case,

the depth is sampled every 7.413 m, and the x-axis is sampled every 10 m.
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(B) The optimal path from the proposed method considered in case
(a). The depth profile is similar to the 1 cycle/km sawtooth case (red
square markers), but its depth profile is asymmetrical.

FIGURE 4.4: Path costs using the proposed framework and fixed sawtooth profiles

Figure 4.4a compares the energy expenditure between the sawtooth cases and the trim-
based FMT* path. The sawtooth cost is linear in both its frequency and depth. This
relation is due to the dominance of the cost of buoyancy inversion. The cost of buoyancy
inversion is only incurred when expelling water from the ballast tank (i.e., when tran-
sitioning from diving to rising), and it is proportional to the depth at which it occurs.

Surfacing from deeper depths, therefore, increases cost, as does increase the frequency at
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which buoyancy is inverted. As expected, the sawtooth with a frequency of 1 cycles/km
and the depth of 2z, = 37.064 was the cheapest, costing only 729.5998 J. The trim-based
FMT* path was slightly more efficient, costing 729.5184 J.

The path generated by the trim-based FMT* shown in Fig. 4.4b is similar to the one cycle
sawtooth case with the shallowest depth at z,,;, = 37.065. The difference is that the depth
profile is asymmetric, as a result of minimising the changes in glide angles. The resulting
asymmetrical sawtooth path shows that sawtooth heuristics may not always be energy-
optimal, and the trim-based FMT* will produce no worse solution than the sawtooth.
The disparity between sawtooth and trim-based FMT* becomes more apparent with the

addition of obstacles and currents, which will be discussed later.

4.4 Examples

In this section, glider paths generated by trim-based FMT* are demonstrated in various
environments. The resulting depth profiles differ from the standard sawtooth path, and
results in some are counter-intuitive trajectories. This section features how the framework

finds an energy-optimal path through various flow fields and obstacles.

The underwater glider model was described in Section 3.1 with its parameter values listed
in Appendix A.1. Using the trim-based FMT* presented in Section 4.2, an energy-optimal
path that minimises the energy cost described in Section 4.1.3 is found. The framework
is implemented using MATLAB. Unless otherwise stated, the simulation is planned in a
6-Dimensional state space, as described in Section 4.1. The kinematic states are in SI

units with angles in radians.

All simulations impose additional constraints on the glide and heading angle. When tran-
sitioning from glider kinematic state to trim state and vice versa, the maximum change
to the glide angle is +30°, and the maximum change to the heading angle is +45°. This

is to ensure that planned paths are smooth.
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FIGURE 4.5: Optimal paths from (50,0,5) to (950,0,5) using the proposed method in
opposing currents that diminish linearly with depth. The current-influenced trajectory
and the edge connections are shown in red and dashed black lines, respectively, and
the path projection to the surface is shown as a green line. The trim and glider state

orientation at each node are shown as red and black and red arrows, respectively. The
path cost is 3925.38J with 54434 sample nodes.

4.4.1 Opposing current with no obstacles

In this example, a glider travelling against an opposing current that decays linearly with
depth is considered, shown in Fig. 4.5. The resulting path is displayed in 3D, top-down and
side views. The glider starts from kinematic states x;,;z = [50,0,5, —0.2,0, 2]T to Xgoal =

[950,0,5,0.2,0,0]%.



(A) A single cycle consists of three control
variations. The path cost is 3925.4771 J with
38450 sample nodes.
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(B) Two cycles consist of three control vari-
The path cost is 4908.7182 J with
38450 sample nodes.

ations.

FIGURE 4.6: Optimal paths from (50,0,5) to (950,0,5) using trim-based method. The

opposing current diminishes linearly with depth and the seafloor consists of (a) two and

(b) three dune obstacles. The current-influenced trajectory and the edge connections are

shown as red and dashed black lines, respectively, and the path projection to the surface

is shown as a green line. The trim and glider state orientation at each node are shown as
red and black arrows, respectively.

Similar to the path shown in Fig. 4.4b, the edge connections reveal an irregular sawtooth

with only one surfacing to minimise the number of buoyancy inversions and glide angle

changes incurring a cost. This result supports the previous claim that standard sawtooth

profiles may not yield the optimal solution. The glider path also shows it dives deeper to

avoid the strong opposing surface current.

Despite the sawtooth-like edge connection, the actual glider path (shown in red) follows

a parabolic profile. As demonstrated in Fig. 4.2, the straight edge connection represents

valid trim connection, while the actual trajectory as a result from the trim state and depth-

varying flow field can be curved. In contrast, multiple nodes were needed to generate a

similar path in [31].
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4.4.2 Opposing current with sand dunes

In this example, the same opposing current as Section 4.4.1 is considered, but now with a
sand dunes on the ocean floor acting as obstacles. Its purpose is to demonstrate the effect
of obstructions on the glider’s path. The dunes are represented as a cosine function with

an amplitude of 125 m, considering various frequencies.

A case with two dunes is shown in Fig. 4.6a. Similar to the no-obstacle case in Fig. 4.5, the
glider path features only one ballast change. However, each diving and surfacing action
requires an additional trim state change for finer control to navigate past the obstacle.
The glider path is slightly more expensive than the case with no obstacles, due to the

extra state transitions.

A case with three dunes is shown in Fig. 4.6b. As the obstacle now obstructs the path
featured in Fig. 4.5, the algorithm forces the glider to ascend twice to avoid it. The glider
makes a small, inexpensive sawtooth cycle to relocate to a more favourable position, then
it makes a deeper sawtooth cycle, covering the remaining distance. This solution agrees
with the previous claim that the trim-based FMT* will produce no worse solution than
the sawtooth heuristics. Despite ascending twice, the penalty is not severe compared to
the case without an obstacle (4908.7182 J vs. 3925.3791 J), since the cost of buoyancy

inversion scales only linearly with depth.

4.4.3 Irrotational flows with islands

This example shows a more horizontally oriented glider path in Fig. 4.7 with 3D, top-down
and side views. Two irrotational vortices define the oceanic flow field; one outward-flowing
(source), and one inward-flowing (sink). An elliptical island obstructs the centre of the
planning space, splittings the stream flowing from the source to the sink. A restricted zone
is set up at the eye of each vortex that is equivalent to obstacles to avoid the case where
the glider gets stuck in strong eddy current. The glider moves from an initial kinematic

state Xinit = [50, —100,5, —0.2,0,2]7, to a goal x40, = [950, 100, 5,0.2,0, 0]~

The straight edge passing through the restricted zone demonstrates the advantage of con-

structing edges by optimisation (shooting method) instead of straight lines. By using the
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FIGURE 4.7: Optimal paths from (50, —100,5) to (950,100,50) with two irrotational

vortices. Three island obstacles are shown as yellow and blue volumes. The current-

influenced trajectory and the edge connections are shown as red and dashed black lines,

respectively, and the path projection to the surface is shown as a green line. The trim con-

dition and state orientation at each node are shown as red and black arrows, respectively.
The path cost is 1010.41 J with 33794 sample nodes.

oceanic flow field, the glider can navigate around the obstacle with only a single node, as

opposed to multiple if being navigated with straight-edge connections.

The glider takes a single, shallow dive and surfaces to minimise the cost of buoyancy inver-
sion. The planned path differentiates itself from a single-period sawtooth by resurfacing
where the glider needs to change its bearing. The adjustment allows the glider to redirect

itself into a more favourable flow field.
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FIGURE 4.8: Optimal paths in a quad vortex featured in [25] with 23234 sample nodes.

The ocean currents do not change with depth. The current-influenced trajectory and

the edge connections are shown as red and dashed black lines, respectively, and the path

projection on the surface is shown as a green line. The trim and glider state orientation
at each node is shown as red and black arrows, respectively.

4.4.4 Quad vortices

This example considers a quad vortex case based on the Taylor-Green gyre model [63].
Previous literature [25] have used this flow field model for a planning case for a surface
vehicle (e.g., boat). We extend this work by adding depth to the environment and planning

using trim dynamics. Similar to the irrotational flow case, the flow across the XY-plane
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is defined by the Taylor-Green equation and is uniform across depth. The horizontal path
projection from the trim-based FMT* path is compared to the path in [25]. Two cases
are presented, both starting from an initial kinematic state x;,;; = [0,0,5,—-0.2,0,2]7.
Figure 4.8a shows the glider moving to Xgoa = [500, 250, 5,0.2,0,0]7, and Fig. 4.8b shows
the glider moving to x40, = [500, 500, 5,0.2,0, 0]7.

In both quad vortex cases, the glider’s path is defined with only a single change in trim
state between initial and goal points, reducing the state transition expenditure. Similar
to the island case, the edge connections in the XY-plane represent a more realistic curved
path that moves smoothly with the ocean current (shown in red) and bears similarities to
the time-optimal paths presented in [25]. Although negligible, the glider energy cost from

Equ. 4.8 does depend on time, and the algorithm attempts to minimise it as well.

Figure. 4.8a shows a more direct path taken to reach the goal compared to the path in [25].
The glider moves slightly east, then rides the current the rest of the way to the goal point.
More specifically, the trim-based path positions the glider at a favourable location that
allows the glider to ride the ocean current to the goal with minimal heading changes. The
existence of a solution with an edge connection that spans the majority of the glider path
supports the use of trim-based connections, where the radius connection and the k-nearest

connection would have only considered short edge connections.

The trim-based FMT* path also differs with the path presented in our previous paper [31].
The use of shooting method optimisation to make the connection makes the trim-based
connection implementation more suited to handle exotic conditions than a straight line

edge connection.

The depth profile in both Fig. 4.8a and Fig. 4.8b shows the glider taking a single dive
and surfacing to minimise the buoyancy inversion cost. Similar to the no-current case and
the island case, the resulting profile is an irregular sawtooth, timing the buoyancy change

with the heading change to minimise overall node connections.
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4.5 Summary

In this chapter, the problem of path planning in the presence of flow fields for underwa-
ter gliders with complex dynamics is addressed. A trim state-based control approach is
introduced by reformulating the complex dynamical model into a kinematic model with
trim states. Based on the reduced control space, a state-of-the-art sampling-based plan-
ning algorithm, FMT¥*, is implemented while preserving its important properties. The
proposed method provides a partial solution to intelligent operation through flow field.
Furthermore, it contributes to the standing problem of underwater glider operates that
considers both flow fields and glider dynamics. The next chapter investigates methods for

optimal operations in a time depedent oceanic flow field environment.






Chapter 5

Planning in non-FIFO
time-dependent flow fields

This chapter considers the time-dependent shortest path (TDSP) problem that finds the
shortest path in a time-dependent directed graphs. The work lays a foundation for planning
with underwater gliders. The TDSP formulation is useful for planning a path across real-
world oceanic flow fields in a way that it does not add time as another dimension for
planning, thus avoiding the “curse of dimensionality”. Previous literature comments on the
difficulty in solving the non-FIFO TDSP problem in continuous-time [28, 29]. Furthermore,
the continuous oceanic environment does not implicitly define a time-dependent directed
graph, and thus the graph needs to be constructed algorithmically. Section 5.1 addresses
the continuous-time non-FIFO problem by formulating the TDSP problem with piecewise-
constant function (PF) [4, 118]. Section 5.2 presents an optimal PF-based policy planning
for non-FIFO TDSP problems. Section 5.3 presents proof that the solution converges and
can be solved in polynomial time, a first for this problem variation. Section 5.4 address the
construction of a time-dependent directed graph in a flow field environment. Section 5.5

provides empirical examples from several discrete cases.

63
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5.1 TDSP with Piecewise-constant functions

This section introduces a new PF-based TDSP framework to approximate the continuous-
time problem in discrete-time. The edge cost time Csy (t), and by extension the path
travel time T (t), are represented using piecewise-constant functions (PF) as defined in
Section 3.8 and shown in Example 3.2. Intuitively for glider operations, we expect an
optimal path might include a cyclic part that “waits” for better flow field conditions. This
property violates one of the FIFO conditions, so the TDSP framework needs to be able to

solve for non-FIFO cases.

Given a time-dependent directed graph G, the output of the PF-based TDSP problem
is given in time-dependent travel policy 7s(t) for each states s. The policy at s dictates
which neighbouring state s’ € S it should transition to at time ¢. The travel policies are

represented as a PF defined in Section 3.4.1 with slight change in notation. Formally,

(

steS, ift>pl

s? €Sy elseif t > p?
s € S, elseift >0

0 else

where s is the state visited during the i-th subdomain, and n,, is the number of policy

subdomains.

Evaluating the path travel time from each state s to the goal state s, € S, as a result
of its travel policy 7s(t) is difficult, as there are many combinations of state transitions
after the policy transition across the time-dependent directed graph that can reach the
goal. Therefore the path travel time function defined in (3.6) is re-expressed in an iterative
form where TF(t) is the travel time for k edge transitions starting at state s. Suppose the

transitions are as shown in Fig. 5.1. Then formally,
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The travel time function can therefore be written recursively as
Tsk—H(t) = Css(t) + Tf’ (t + Cso(t)). (5.3)

We denote T7(t) as the converged travel time, where TF1(t) = Tk(t) for all t € R and

some finite k € Z. Given a travel policy 75 as defined in (5.1), the PF-based travel time

function is written as

(

TE(t) =

E)

Cogn (t) + Th, (t + Cygn (1)) if ¢ > pl

Cogr2(t) + Thy(t + Cygn(2)) else if t > p?

Cignms () + T, (t + Cygmn, (t)) elseif t >0

where p¥ is the beginning of the k-th subdomain in policy ms. The travel time for the goal

states s € S, at any iteration £ is 0 for all ¢ € R. For simplicity, the short form omitting
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FIGURE 5.2: A non-FIFO case two-node graph example with time-dependent edge times.

The edge time Cy s, is 5.1 s for the first 3.5 s and then reduces to 1.2 s. The self-transition

edge time Cj,4, is 1 s for all departure time. Self-transitioning is different to waiting; the

former is defined as an edge transition allowed by a graph, whereas the latter is an imposed
hold duration that is not defined in a graph.

the “else” case is used, i.e., t € (—o00,0]. As a result of the recurrsion and merging PF-
syntax introduced in (3.15), the number of subdomain for the travel time will grow. We

later shows that this growth is bounded.

Example 5.1 (Calculation example). We illustrate the calculation of travel time using

PF-based travel policy for the example in Fig. 5.2. The edge times in PF form are

12 ift>35

Csoso = {1.6 ift >0 and Csys; = (5.5)

51 elseift >0

Suppose an arbitrary policy was chosen at sg that causes self-transition between 0 < t < 3,

and then made to transition to si thereafter. Such policy is denoted in PF as,

s1 ift>3
Tso (t) = )
so elseift >0
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State s1 is set as the goal state, thus denoting TS’“1 (t) =0, Yk. The travel time at sg after
k+1 edge transitions can then be evaluated with the PF syntax, including the conditioning

operation, defined in Section 3.4.2,

Cispsy (1) + TE (t + Cgps, (1)) if t >3
K 081 s1 081
Tt (t) =

Cooso(t) + TE (t 4+ Cspsy () else if t >0

12 ift>35
ift>3

= 51 elseift >0
(5.7)

1.6+ TE(t+1.6) elseift>0

(

1.2 ift>35

=45.1 else if t > 3>

k .
\1.6+T50(t+ 1.6) elseift >0

Taking T, 300 (t) = 0, the travel time is iteratively calculated until the solution converges. The

travelling time for the first 2 iterations, Ty, (t) and T2 (t), is evaluated as:

1.2 ift>35
Ti(t) =< 51 elseift > 3.0

1.6 elseift >0

\
(

1.2 ift > 3.5 1.2 ift>35 55
5.1 else if t > 3.0 5.1 elseift > 3.0
T2 (t) = 1.2 ift>1.9 =928 elseift>19-
1.6+ 451 elseift>14  elseift>0 6.7 elseift>1.4
1.6 elseift > —1.6 3.2 elseift>0
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FI1GURE 5.3: Travel and arrival time for travel policy in Example 5.1

For this example, the solution converges after 4 iterations (i.e., TSA‘O = Tg’o). The corre-

sponding travel time subject to the heuristic policy (5.6), is

;

1.2 ift>35

5.1 elseift > 3.0

. 2.8 elseift>1.9

T (t) = . (5.9)
6.7 elseift>1.4

4.4 else if t > 0.3

8.3 elseift>0

Figure 5.3 illustrates both the travel time PF solution and the arrival time. The converged
travel time solution can be checked by referring back to the chosen policy in (5.6). If
departing from sg at t = 0, the policy would cause self-transition twice for 3.2 s. As the
time at so is now greater than 3 s, the policy would then force a transition to si, which
from (5.5) would take 5.1 s. Therefore in total, the travel time from so to s1 would take
8.8 s. Consider that making one more self-transition would have resulted in a faster travel

time of 6 s. Therefore the chosen policy for this example is not optimal.
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5.2 Optimal travel time policy for non-FIFO TDSP prob-

lems

This section presents an optimal policy planning for non-FIFO TDSP problems using
the PF-based TDSP framework defined in Section 5.1. Recall in Example 5.1 that a
policy with arbitrary selections of states and time subdomains yields suboptimal results.
Choosing the right state to transition to at the appropriate time is necessary for an optimal
transition to goal state s, € S;. Given a directed graph G' and time-dependent edge time

function Cyy (t), the optimal travel policy 7} to reach sy from state s can be expressed as

mi(t) = < argmin Cyy (t) + 10 (t + Cogr(t))  else if t > pt* . (5.10)
s’'€Ss

In principle, the optimal solution of (5.10) at state s could be computed iteratively, by
finding the optimal next state s’ € Sg for each time ¢ > 0, thus satisfying the Bellman’s
principle of optimality. Such an exhaustive approach is impossible as there are infinitely
many subdomains to consider. This problem is avoided by finding a finite set of subdomains

iteratively. It is proven later that such set exists for an optimal solution.

Let Tskjl be an immediate travel time function in which the transition from state s to s

occurs over all time t after k edge transitions. Formally,

Tfs—’i_l = {Cssl(t) + Tski(t + Css’(t)) ift>0- (511)

Let P* be the set of subdomains in travel time function 7. Such a set for optimal travel

time TF+1* is

pPE = {oyu | PEF™, (5.12)
s'€Ss
where subdomain set Psl‘f;,rl* is from immediate travel function Tifl* and P? = {0}.

The optimisation problem in (5.10) is then solved over a finite set of subdomains PF+1*

where p%* € P¥*1* in (5.10). The pseudocode is presented in Alg. 1.

S
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Algorithm 1: Solving for optimal policy 7%*(t)

Inputs: Directed graph G = (S, E), time-dependent edge time function C and
number of edge transitions K

Outputs: Optimal travel policy %

T§<—{o, ift>0,vse S

for k+ 1 to K do
forall s € S\ s, do

* and travel time T**

i {oo ift>0,v5 €S > (5.11)
Pit {0} > (5.12)
forall s’ € S, do
TE e {Cur () + Tt + Con (1) i8>0 > (5.11)
Pkttt philey phois > (5.12)
end
Th e min T ef > p vt € Pt
mhtle al;gerélln Ts;l ef t > pi* Vpi* € phtix
L
end
if Pitl* = pk* gnd TFH*(t) = TF(t), Vt € P¥*,s € S then
| break
end
end

return 7% (t) and T (t)

Example 5.2 (Optimal policy example). The optimal travel time with respect to the graph
mn Fig. 5.2a is

1.2 ift>35
s1 ift>3.5
2.8 elseift>1.9
Too(t) = Qso elseift > 0.3, To(t) = (5.13)
4.4 elseift > 0.3
s1 elseift >0

5.1 elseift >0

The solution converged after 5 iterations.
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In Example 5.1 we proposed that a policy making three self-transition yields a faster travel
time than the arbitrarily chosen policy that only enforced two. However, the optimal policy
presented in Example 5.2 provides an interesting non-intuitive solution. It suggests that
self-transition is only optimal if the time at state sg is between 0.3 < t < 3.5. For any time
earlier, the policy would have the state transition directly to s; despite the high edge cost
of Csys,(t) at that time. Indeed, the travel time with three self-transition is 6 sec, while
the travel time with no self-transition is 5.1 sec. This solution is due to the unnecessary
delay caused by the third self-transition. After the second transition, the edge cost Css, (%)

would get cheaper only after delaying 0.3sec, and a third transition would waste 1.3sec.

From this optimal policy, we can construct the travel time-optimal sequence of states
from sg to s; for a given departure time. If the departure time was ¢t = 0, the optimal
state sequence is spsi. For departure time ¢t = 0.3, the optimal state sequence is sgsgspsi-

For departure time ¢t = 1.9, the optimal state sequence is sgsgsi.

5.3 Analysis

This section presents proofs shown by one of our co-authors that the solution converges
and can be solved in polynomial time. Without loss of generality, we assume S; = S for all
states s € S\ S, (i.e., all states are immediately reachable from any state). Given (5.11)

and (5.12), the set of subdomains can be written as
PHL= {0} ulpe |J Cow U (Pf, - Css,) p>0%, (5.14)
s'eSs

where A— B = {a—b | Va € A and b € B} for two sets A and B. We slightly abuse
notation for Cy to denote the set of subdomains and constants in the corresponding edge

time function. Using a short form % ={a € A|a> 0}, we have

PH1 —{0o}U U Cye U U
_{O}UUCSS’UUU “” — Cos (5.15)

Cl/l

UUU — 0 5

- Css’
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Since all subdomain sets for edge time function are non-negative by definition, the last

term can be written in a form

0

STES
ol

={a—blacAbeB,a>0,b>0,a—b>0} (5.16)

Since B (i.e., Csy) is non-negative,

A—-B
0

={a—blac A be B,a—b>0andb>0}. (5.17)

Intuitively, if a — b > 0 and b > 0, then a > 0. Therefore

A
4—B A-B
0 =" (5.18)
if B is a non-negative set. Then the last term in (5.15) becomes
Pk=1_C, . —
#SS - Css’ Pskj - Css’ - Cs’s”
5 = 5 : (5.19)
Therefore, the set of subdomains can be recursively written as
C loll — C ’
PEL —{0} U LIJ(JSS, U U } —
B . (5.20)

UUuUC = e

Lemma 5.1 (Finite edge transitions for convergence given infinite length path). Given
an arbitrary and infinite length path A, the set of subdomains converges to a unique and

finite set within a finite number of edge transitions.

Proof. All subdomains in any edge time function are non-negative by definition. Therefore
subdomains in (5.20) monotonically decrease as the number of edge transitions increase.
Since all subdomains in travel time function are non-negative, there exists a finite maxi-

mum number of edge transitions K.« before convergence. ]

Lemma 5.2 (Convergence in finite edge transitions). Given an arbitrary and infinite

length path A, the worst case number of edge transitions before convergence in subdomain
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set s

(5.21)

Kinax = ceil (maxC’) ,

min C'

where C = JyegUgeg Cssr \ {0}

Proof. The worst-case number of edge transition K.y is the last edge transition before
the subdomain set in Kpax-th term becomes empty in (5.20) since subdomains are non-

negative. The longest such term is max C' — Zf:mf" min C. O

Remark 5.3 (Convergence and cyclic paths). The length of an optimal path that may

include cycles is bounded by a finite number of edge transitions found in Lemma 5.2.

Theorem 5.4 (Convergence in optimal algorithm). The optimal algorithm in Alg. 1 con-

verges in a finite time Kpyax as shown in Lemma 5.2.

Proof. By Lemma 5.1 and 5.2, there exists a unique and finite set of subdomains for travel
time functions. Since the optimisation problem is to find optimal travel policy for each

subdomain, the problem is then solved in a finite number of iterations. ]

Theorem 5.5 (Time complexity). The overall time complexity for Alg. 1 is O((|S] -
|Con)ET2), where |S| is the number of states in graph G, |Cy,| is the mazimum number of

subdomains over a set of edge time functions and k is the number of edge transitions.

Proof. By (5.4), the overall complexity is related to the number of subdomains, which is

bounded by

k+1 Pf’ — Cs
PR = oy ul G ol G
s’ s’

<1+ (S| |Coml) + (IS] - |Cim]) - | PE]

) (5.22)
<14 2(|S| - |Cm]) + 2(S| - |Co])

o+ 2(|8] - |C )R

= O((18] - 1Cm)**),

where C,, is the set of subdomains and constants with the maximum cardinality over all

edges e € E. In the worst case, we find the optimal policy for each subdomain using
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value iteration in Alg. 1. Since the time complexity for solving such value iteration is

polynomial in number of states, the overall time complexity for the proposed algorithm

is O((|S] - [Cm|)*+2). 0

Remark 5.6 (Time-static reduction). From Theorem 5.5, the time complexity for time-
static edge functions is reduced to O(|S|?) (i.e., |C;n| = 1 and K = 0) which agrees with

the complexity of static shortest path problems.

Remark 5.7 (Time complexity in practice). The time complexity in Theorem 5.5 is
based on three worst-case conditions: 1) all states are connected to all the others, 2)
the maximum number of iterations depends on the smallest edge subdomain and 3) no

overlapping subdomains.

The worst-case conditions in Remark 5.7 occur rarely in practice, particularly Condition
3. When subdomains in a set overlap, they merge and form a much smaller set. Therefore

the set does not grow indefinitely until convergence.

By Theorem 5.5, the complexity heavily depends on the number of edge transitions (i.e.,
iterations). Since the maximum number of edge transitions depends on the subdomains
among all edge functions as shown in Lemma 5.2, the running time of the algorithm
can be improved significantly by adaptively pruning early rapid changes to increase the
denominator (i.e., min C'). Furthermore, we can also reduce the size of the edge functions

by merging consecutive constants that are similar (i.e., reducing |Cy,|).

5.4 Optimal Planning Over Time-Dependent Flow

This section proposes a path planning framework for time-dependent flow fields. The sec-
tion first presents a short argument regarding the time-dependent flow field and the FIFO
condition. Then the construction of a time-dependent direct graph in a time-dependent

flow field environment is presented.
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5.4.1 Time-dependent flow field and FIFO condition

Suppose we have two points in a time-dependent flow field where a single control is found to
traverse from one to the other. The path at time ¢ may be different to that at ¢’ > ¢. Since
the path for departing later could yield earlier arrival time than departing earlier, time-
dependent flow field does not respect FIFO. As the distance between two points approaches
zero, the non-FIFO property is weakened since the surrounding flow also approaches time-

static constant flow. Therefore, time-dependent flow fields are asymptotically FIFO.

5.4.2 Asymptotically optimal planning for time-dependent flow fields

An asymptotically optimal probabilistic roadmap (PRM*) algorithm is used to build a
time-dependent directed graph over the oceanic environment. Details on its construction
were discussed in Section 3.2.1. A property of PRM* that the non-FIFO TDSP problem
benefits from is that groups of states in PRM* are connected in cycles where the neigh-
bouring regions overlap (e.g., states ss, s4, s5 in Fig. 3.2). Therefore, the PF-based TDSP

framework can fully exploit the cyclic edge connections.

The graph expresses the associated edge cost Cyy(t) for each edge (s,s’) € E as a PF
with uniform time partitioning. This is approached in a receding time horizon manner.
Given the time horizon tg, partitioning of the edge cost subdomains are taken from the
flow field data from the reference time ¢y up to ¢z in intervals tan = (tg — t9)/Q where

Q€Z. Fora={0,1,---,Q}

Cssr(t) = 4 t% elseif t > a- (tg —t0)/Q - (5.23)

By Lemma 5.1, there exists a finite number of subdomains assuming that the flow fore-
cast is also given in a form of piecewise-constant functions. This is a practically valid
assumption as discussed in Section 5.3. The edge cost at each subdomain is evaluated
using forward integration with respect to the time-dependent flow fields and the vehicle

dynamics. For the sake of demonstration, this chapter considers the Autonomous Surface
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Vessel (ASV) model when evaluating the edge cost. The underwater glider solution for

the TDSP problem will be presented in the next chapter.

Redefining the vehicle position state, p € R? denotes the ASV position and V.(p,t) =
[upt,vpt]T denote the time-dependent flow field vector. The ASV operates by varying its
bearing angle ¢ whilst travelling at constant speed Vonst relative to V.(p,t). The ASV
velocity relative to the flow field is denoted as VRr(4) = [Vionst C0S @, Veonst sin @], The

ASV dynamic model R operating in R? is written as

P = Vr(¢) + Ve(p, 1), (5.24)

Assuming the flow field vector does not vary during At, a discrete time model is

plj +1] = pljl + (vr(0) + Ve(pli], 1)) - At, (5.25)

Given two positions ps and pg, a set of trajectories P = {po, .-+ } are enumerated across
a finite set of control samples U = {¢y, - -} for a predefined time period h. For a given
control ¢; € U and departure time ta, the trajectory p’ € P is enumerated by forward
integrating from p’[0] = ps using (5.25) up to the discrete time horizon H = ceil(h/At).
We then find the trajectory p*” € P that approaches closest to py, such that

¥ = in mi ,—pil4lll. 5.26
i argimln]n%lgllps p'[J]ll (5.26)

5.5 Examples

This section presents two simulated examples where local travel time varies with departure
time. The first example is a discrete case where the TDSP framework finds an optimal
policy over the discrete time-dependent directed graph and then used to find the corre-
sponding path given the initial departure time. The second example is a flow field scenario
where a graph is sampled over a continuous flow field and solve for the path planning prob-
lem in an asymptotically optimal manner. The algorithm ran on a standard laptop with

Intel 15-6300 2.5GHz CPU and 8GB RAM.
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FIGURE 5.4: 3-by-3 example demonstrating optimal policy to reach sg (red state) from s;

(green state). The red lines represent the optimal path starting from s; to sg and the

width of blue lines represents the edge time for the corresponding edge where the thicker
width illustrates shorter travel time. The current state is coloured in blue.

5.5.1 3-by-3 grid

This example considers a graph with 9 states as shown in Fig. 5.4, where the aim is to reach
state sg from state s;. The width of each edge line (in blue) illustrates the corresponding
edge time; the thickest edge width represents an edge time of 1 while that for the thinnest
is 25. The path trail across the travel time is drawn in red arrows. The current state is

coloured blue.

The initial departure time from s; is tg = 0. At this time, all path that leads to sg is

expensive (Fig. 5.4a). The edge costs Cs,s, (1), Csys(t), and Csys(t) are reduced at ¢ = 10
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FIGURE 5.5: The optimal policy at each state. This figure is laid out like the grid
configuration. There is no defined policy at sg as that is the goal state.

(Fig. 5.4j). The optimal policy for each states are derived using algorithms in Section 5.2

and is illustrated in Fig. 5.5. The resulting travel time-optimal path evaluated from the

policies is A* = $15485582515455525154855659.

The optimal path starts with two cycles through states {si,s2,s4, 5} and then reaches
the goal state via state sg. The travel time for this path is 12. State s plays an important
role in the optimal policy, deciding when to move towards the goal state, while others’
actions are greedily chosen. The travel policy for states si, so and s4 is to move in a cycle
regardless of departure time, whereas the policy for state s; (Fig. 5.5e) is to transit to sg
when the time is greater than 10. This solution differs from other conventional TDSP
framework, as it makes use of cyclic paths. The optimal policy to reach sg from all states

at all times was found after 14 iterations and took 0.418 seconds to converge.
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5.5.2 Time-dependent flow fields

This example implements the PF-based TDSP framework for a flow field environment. The
time-dependent flow field is represented by a modified Taylor-Green gyre vortex model [63],
that sweeps from left to right with respect to time. A probabilistic roadmap is built over
the flow field using the PRM* algorithm, as described in Section 5.4. The algorithm
randomly sampled 200 states over the space and used a connection radius of r = 1.735 as

defined in (3.4) to connect them.

Figures 5.4a-5.4d illustrate its progress over the optimal path for initial departure time ¢y =
0 and the flow evolution over time. The vehicle starts from the bottom left corner (circle),
aiming to reach the top right corner (cross). The red line represents the trajectory followed
up to time ¢, and the green line is the remaining path. The time-dependnent flow field is
shown in blue vector arrows. The PRM* roadmap states are shown in black and its edge

connections are shown in grey.

The vehicle considers travelling straight to goal state to be unfavourable due to the current
flow field environment. The resulting policy is therefore to spends time on the left side
until the flow in the middle weakens. The “waiting” involves cyclic motion using the
surrounding eddy currents to return back to the desired position state. The vehicle then
moves towards the goal state against a weakened opposing flow. The total travel time
is 42.599. The optimal travel policy was found after 44 iterations, and the time to compute

the optimal policy was 583 seconds.

In Fig. 5.7a and 5.7b, the optimal paths for two different initial departure times, tg = 12
and 25, are demonstrated. These solutions are taken from the same optimal policy that
was used to find the optimal path for ¢ = 0. Since the flows are more relaxed than
departing at tg = 0, the overall travel times are reduced although the arrival times are
later. For many marine robotic operation, optimising travel time is more valuable than
optimising arrival time, since their energy constraint is tied to travel time more than the
arrival time. As the same sets of policy can be used to find solutions for various start

times, the optimal travel time can be evaluated by iterating over the policy solutions.
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x (m)
(B) t = 29.684 departing at to =0

x (m)
(c) t = 42.599 departing at to =0

FIGURE 5.6: The optimal path at initial departure time ¢y = 0 through time-dependent

flow field from start (black circle) and to destination (black cross). The red line is the

path prefix and the green is the suffix. The red asterisk is the current location. Blue

arrows represent the flow vector. The PRM*nodes and edges are shown in black. t is the
travel time at the prefix since the departure to. Total travel time = 42.599.
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x (m)
(A) t = 31.8243 departing at to = 12 (total travel time = 34.8365)

x (m)
(B) t = 40.4315 departing at to = 25 (total travel time = 36.2631)

FicURE 5.7: The optimal path at initial departure time ¢, = 12, 25 through time-

dependent flow field from start (bottom left) and to destination (top right). The red line

is the path prefix and the green is the suffix. The red asterisk is the current location.

Blue arrows represent the flow vector. The PRM*nodes and edges are shown in black. ¢
is the travel time at the prefix since the departure tg.

5.6 Summary

We have established a solution for the non-FIFO TDSP problem using time dependent
piecewise-constant functions in polynomial time. This provides a useful solution for nav-
igation through 2D flow fields that changes with respect to time. This algorithm can
also be applied directed to 3D problems. In the next chapter, we look at integrating the
trim-based method to generate continuous 3D glider paths, based on the optimal time

policy.






Chapter 6

Kinodynamic planning in
non-FIFO time-dependent flow
fields

This chapter extends the work on underwater flow field navigation by considering an
optimal continuous path across time-dependent flow fields. The scope of Chapter 5 only
considered the optimal solution in a graph environment. This chapter validates the discrete
solution with real-world control schemes and dynamic path. Finding an optimal continuous
path in time-dependent flow fields is NP-hard. This chapter addresses the continuous path
problem using hierarchical planning by synthesising a continuous control sequence from
the graph-based optimal solution. Section 6.1 proposes an alternative construction of the
time-dependent graph to make it easier to synthesise the continuous path with real-world
controls. This section also presents a hierarchical planning for continuous time-dependent
flow field problem using the newly defined graph. Section 6.2 provides an analysis of
time complexity and optimality and presents theoretical guarantees. Finally, Section 6.3

presents empirical examples derived from a common flow field model.

83
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6.1 Time-dependent graph for hierarchical planning frame-

work

Previously in Chapter 5, the PRM* algorithm was used to build the time-dependent graph,
with the edge cost evaluated using forward integration between two vehicle states. While
the state-to-state solution was evaluated with forward integration and therefore can be
considered continuous, the overall path must still strictly follow the discrete roadmap.
This section presents an alternative method of constructing the time-dependent directed
graph over a time-varying flow field model. The new graph promotes the synthesising of a
continuous path o across the discrete graph that is not restricted to pass through sample
points as in the PRM* method. This section also presents how an optimal continuous

path o™ is synthesised over the proposed graph.

6.1.1 Building a time-dependent graph in a dynamic flow field

Suppose a continuous flow field environment X is discretised into uniform regions. Each
line segment from the boundaries of the discretisation is defined as a state line, ¢5. A set
of graph states s € S is situated at the mid-points of those ¢ that are not part of the
external boundary. The graph defines the set of neighbouring states S for all s € S as
the states that lie on the region edges that adjoin ¢;. An example graph is illustrated in
Fig. 6.1

Similar to the approach in Section 5.4.2, the graph expresses the associated edge time Cyy ()
for each edge (s,s’) € F as a piecewise function with uniform time partitioning, as shown
in (5.23). However, the edge time is not evaluated using forward integration across two
graph states s and s'. Instead, a set of possible heading controls ® = {¢g,---} are enu-
merated from state s and the edge time for each time partition is set as the fastest time for
a control to cross fy. We show later that this approach has minimal impact on the time
complexity. No new edge time are evaluated from the position the controls crossed /¢, .
As such, there is no guarantee of a connection between each neighbouring continuous path
segments evaluated for edge time. The path must be synthesised to create a continuous

path from each state lines.
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FIGURE 6.1: Example time-dependent directed graph. The environment is evenly dis-

tributed into rectangular grids (shown in black). The red circles are the graph states,

defined as the mid point of each line on the rectangle. The red line is the graph edge
defined by the neighbouring states.

6.1.2 Hierarchical planning for continuous TDSP

The proposed hierarchical planner synthesises a continuous path given an sequence of
states A = sgs1s9 - - - s, defined by the time-dependent policy as defined in Example. 5.1.
A finite set of heading values U = {¢y, - - - } is denoted as the demand heading values the
vehicle controllers can select. Given a time-dependent flow field V.(p(t),t) and starting
from the initial state sg at time tg, a set of paths are forward integrated for all controls
u € U to find a set of trajectories that reaches the state line, £41. For each vehicle position
that reached f41, a set of paths are forward integrated to find a set of trajectories that
reaches the next state line, £5o. This branching of paths continues until it reaches the end

of the sequence, where the trajectory with the fastest total travel time is picked.
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FIGURE 6.2: Step-by-step visualisation of an example of a continuous path branching
that follows a discrete path. N closest solutions to the discrete travel time are kept for
each step. The trajectory with minimal travel time is highlighted in black.

The branching process only keeps the N best trajectories before branching to the next state
line to limit the overall number of branching. At the k-th expansion, the best trajectories
are continuous paths with the closest total travel time to T,. This approach to pruning
is necessary for solving the non-FIFO problem. If the branches are only pruned for fast
paths and disregard this travel time schedule, the vehicle may arrives too early before the
flow field environment has improved. Contrastingly, if the vehicle arrives too late by not
keeping track of the travel time schedule, it can result in an overall suboptimal solutions.
Let T, be the travel time of the continuous path after k-th expansion. Then, to solve for

Problem 4 and Problem 5 with the hierarchical planner, an additional constraint is added:
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Problem 7 (Scheduled continuous path). Given an optimal sequence of states A =
508182 -+ * S, within a time-dependent directed graph G = (S, E) for start time tgy, time-
dependent flow field v., and some vehicle dynamics, find the continuous path o* such

that:

min || Ty, (to) — Th, (to)|l, k. (6.1)

We later show that this still generates optimal continuous paths.

A visualisation of an example case is shown in Fig. 6.2. Suppose a continuous path was
to be generated from a discrete path 1 = s3s4898183. The hierarchical planner first
propagates the trajectory across the control input U from sj3, picks N trajectories that
intersect ¢,, with the travel time closest to T},, and prune away the rest. The trajectories
are then expanded from each end point on ¢,, across U, then keeping N trajectories that
intersect /5, with the travel time closest to T,. This continues until the end of v, resulting
in a trajectory tree starting from s3 with N branches intersecting the goal state line /.
The figure also shows the benefit of the new approach; the resulting valid trajectories do

not need to pass the sampled positions.

6.2 Analysis

Solving for general non-FIFO TDSP over discrete space (i.e., graph) is NP-hard [28, 29].
In order to make use of efficient solutions to special cases of TDSP problems for problems
in continuous spcae, as we do in this chapter, the additional challenge needs to be ad-
dressed. Continuous problem needs to be cast in a form that can be addressed as a TDSP
problem and then restructure back to a continuous solution. The proposed hierarchical
approach divides this problem by first solving for a discrete travel time-optimal policy, and
then synthesising for a continuous path. This section demonstrates that the synthesised
continuous path retains the optimality properties from the discrete solutions, and show
that the algorithm as a whole is solvable in polynomial time. The section also remarks

that the proposed framework is complete in both discrete and continuous state space.
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Theorem 6.1 (Optimality of continuous path). Given an travel time-optimal sequence of
states A* = sgs182- -+ $p within a time-dependent directed graph G = (S, E) (as defined
in Section 5.2), time-dependent flow field V.(p(t),t), and some vehicle dynamics, the
continuous path generated from the hierarchical planner proposed in Section 6.1.2 retains

the travel time-optimality of A*.

Proof. The hierarchical planner generates the continuous path by finding a uniform control
within each region in the discrete sequence. During each expansion, only N-best branches
with travel time closest to that of the discrete solution are kept. The final continuous path
is therefore optimal with respect to discrete regions. This implies that as the size of each
region reduces, the continuous path would also approach the travel-time optimal solution

in continuous state space. O

Theorem 6.2 (Time complexity for hierarchical planner). The time complezity of the
hierarchical planner is linear in the number of discrete regions and polynomial in the

number of variations in flow.

Proof. The time complexity for finding an optimal discrete path is O(|S||C|* + |®]|S]),
where |C| is the worst case number of variations in flow, k is number of edge transitions,
|®| is the number of discrete controls and |S] is the number of discrete sequences. Given
a discrete sequence A, we find a continuous path for each region for |A| times. Therefore,
the time complexity for finding a continuous path is O(|A||U]). The overall complexity
is O(|S||CI* + |®||S| + |A]|U]). Since edge costs are found by enumerating all controls U
and W for forward integration, the part can be parallelised. The overall complexity with
parallel processing is O(|S||C|*¥ + |S| + |A]) = O(]S||C|¥ + |A]). In either case, the time
complexity is linear in the number of discrete regions and polynomial in the number of

variations in flow. O

Remark 6.3 (Completeness). In continuous path generation, our aim is to find a control
that triggers a transition to the designated next region within a time window. Under
the assumption that the flow within a region is uniform, there always exists a continuous
control from one edge to another. Therefore our framework is complete in both discrete

and continuous state space.
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6.3 Examples

In this section, we present two case studies: an ASV travelling in a 2D time-dependent
flow field and an underwater glider travelling in a 3D time-dependent flow field. The
case studies demonstrate our algorithm’s ability to handle various dimensions, dynamics,
and problem sizes. All distance units are in meters and time units are in seconds unless

otherwise stated.

6.3.1 Autonomous surface vehicle (ASV) case

This case study generates a continuous path that follows the time-optimal discrete path
starting from ¢y = 0. It also evaluates the optimal start time ¢j using a standard optimi-

sation technique, and generate a continuous path for that start time.

An ASV with a constant forward velocity of 0.5 m/s travelling from [0.5,1]7 to [8.5,2]7
through a 2D time-dependent flow field is considered. A westward current of up to 1.2 m/s
dominates around the goal state, making it impossible for the ASV to travel directly east
towards the goal. Vortices with radius 1.5 m appear at [1.5,1.5]7 for ¢t € [0,15], at
[4.5,1.5]T for t € [10,30], and at [7.5,1.5]T for t € [25,inf). A graph with 42 states was
built by discretising the environment into a 9x3 grid. The algorithm defined in Chapter. 5

evaluated the time-optimal discrete path over the constructed graph.

Figures 6.3a to 6.3c show time instants along the continuous path starting at o = 0.
The travel time for discrete and continuous path were T,, = 31.95 and T, = 32.53. The
continuous ASV path visualises the discrete cyclic solution used to loiter in anticipation
of advantageous transitions in the flow field. The ASV loops around the first vortex three
times to wait for the time when the transition from the first to the second vortex is possible.
After transitioning to the second vortex, the paths cycle another three times until it is
feasible to transition into the third vortex and reaches the goal line. As demonstrated in
Section 6.1.2, the synthesised continuous path was not required to cross the discrete graph
states. Instead, the synthesised path crosses the state line in the order of the equivalent
discrete state sequence. This flexibility ensures the ASV can reach the goal line using the

policy evaluated from a piecewise-constant edge time.
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(c) ASV path at 32.53 second after departing at to = 0

FIGURE 6.3: 2D continuous path of an ASV from [0.5,1]7 (green circle) to [8.5,2] (red

cross) with a constant velocity of 0.5 m/s and deployed at tg = 0. A strong current flowing

west opposes the glider’s path to the goal. Figures (a)-(c) show the path progression across

three separate time steps, where the black path is the progressed trajectory and the black

arrow head is the glider position and heading. The gray path is the complete trajectory.
Red circle is the graph states. Blue quiver is the time-varying flow field.
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(¢) ASV path at 29.1 second after departing at to = 0

FIGURE 6.4: 2D continuous path of an ASV from [0.5,1]7 (green circle) to [8.5,2]T (red
cross) with a constant velocity of 0.5 m/s and deployed at to = 9. A strong current flowing
west opposes the glider’s path to the goal. Figures (a)-(c) show the path progression across
three separate time steps, where the black path is the progressed trajectory and the black
arrow head is the glider position and heading. The gray path is the complete trajectory.

Red circle is the graph states. Blue quiver is the time-varying flow field.
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In Section 5.5.2 the discrete optimal policy defined path solutions for multiple start time
and could be used to evaluate the optimal start time using standard optimisation method.
Therefore, a continuous path for the optimal start time can also be evaluated. Figure 6.4
shows the trajectory for the optimal starting time ¢ = 9. The travel times for discrete
is Ty = 19.75 and the travel time for continuous path is T,, = 20.1. Figure 6.4a shows that
the ASV is deployed just as the path between the first and second vortex opens, allowing
it to proceed straight through. If deployed at tg = 0, the ASV would be forced to loiter
with the cycle period that would cause over-delay. The rest of the path behaviour is the

same as Fig. 6.3.

6.3.2 Underwater glider in 3D ocean current case

This case synthesis a continuous path using underwater glider dynamics that follows the
time-optimal discrete path commencing at tg = 0. A hypothetical underwater glider
presented in Section 3.1 is considered with a top horizontal speed of 0.868 m/s. The edge

time was evaluated using the average glider horizontal speed of 0.7435 m/s.

The glider typically operates in a sawtooth motion, using both ballast and glide angle
to control its net velocity. Recall from Chapter 4 the a sparse control scheme for the
glider model can be implemented using trim-state control. This control scheme uses trim-
state, that is, the maintained state of dynamic equilibrium under no disturbance or control

variation.

Both the flow field environment and the time-dependent graph are similar to those de-
scribed in Section 6.3.1. The start and goal positions are the same as in the previous
case. The flow field has been extended across the depth to allow for manoeuvre in 3D.
Consequently, the state line ¢, is projected into a state plane, Ps. A continuous path is
now synthesised by crossing the state planes in sequences defined by the discrete solution.
For simplicity, we set the flow velocity to be the same for all depths. For the edge time
evaluation Csy(t), a set of trajectories is forward integrated from s across the glide and
heading angle in a 3D flow field, and pick the fastest trajectory time that intersects with
Psr.
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(B) Underwater glider depth profile with respect to time.

FIGURE 6.5: Figure 6.5a shows the continuous path across a time-varying 3D flow field

with underwater glider dynamics, travelling from [0.5,1,0]7 (green circle) to [8.5,2, z]T

(red cross) where the goal point is at any depth. The path is shown in black and the

flow field at the final time step is shown in blue quiver. The travel times for the discrete

and continuous paths were both 15.4 sec. The sample points are omitted for clarity.
Figure 6.5b shows the glider depth profile with respect to time.

Figure 6.5 shows the continuous 3D path with ¢y = 0 with travel times for discrete and
continuous path found as Ty = T, = 15.4. The continuous trajectory illustrates properties
of the glider dynamics, as the manoeuvres exhibit a sawtooth motion. Otherwise, we see
the same decision making we saw with the ASV example: the glider loops around the first
vortex twice before entering the second vortex, where it loops twice again until the final
transition to the goal is feasible. Furthermore, as the sawtooth motion controls the glider
velocity, there is greater control on T, to match Tx. In this framework, the goal state does
not define which depth the glider should arrive at each Ps. The glider is said to reach the

goal once it cross the goal plane.
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6.4 Summary

In this chapter, we established the hierarchical approach to continuous path planning in
time-dependent flow field environment. The method makes use of the vehicle dynamics,
making it a valid solution for both 2D and 2.5D flow field using realistic dynamic model.
In the next chapter, we demonstrate our contribution using simulations of real world

examples, both time-static and time-dependent.



Chapter 7

Real world simulations and

applications

This chapter demonstrates the algorithms developed in Chapters 4-6 for real-world ap-
plications. One of the main goals of this thesis is for the underwater glider to perform
real-world marine missions efficiently while minimising human interactions. Section 7.1
describes a simulation of an energy-optimal underwater glider path across a static East
Australian Current using the trim-based FMT* planner, defined in Chapter 4. Section 7.2
describes a simulation a time-optimal underwater glider path across a time-varying East
Australian Current using the heuristic planner with the TDSP framework, defined in
Chapter 6. Section 7.3 extends the work in Chapter 6 by having the RRT algorithm syn-
thesising a continuous path across the TDSP framework. It demonstrates the modularity

of the hierarchical planning method regarding synthesis of a continuous path.

7.1 Planning in real-world static ocean environments

This section demonstrates real-world applicability of the trim-based FMT* algorithm,
presented in Chapter 4, by planning an energy-optimal path with respect to the underwater
glider dynamics model across the East Australian Current (EAC). A model was obtained

from the School of Mathematics and Statistics at the UNSW [120]. Each grid cell in

95
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FIGURE 7.1: The EAC environment. The yellow ellipse represents the planning region.

The black circle is the start position, and the black cross is the goal position. The

underwater glider is tasked to find a path from (152.5°, —33.23°) to (152°, —34.03°) that

minimises the energy expenditure; travelling ~ 100 km along the east coast of Australia

from Newcastle to Sydney. The current-influenced trajectory and the edge connections

are shown as red and dashed black lines, respectively. The surface flow fields are shown
as blue quivers

the data set extends 3.255 km, 5.527 km and 0.165 km apart in z, y and z-directions,

respectively. For the purpose of demonstrating the trim-based FMT* algorithm, we assume

the EAC is time-invariant.

7.1.1 Planner implementation

For demonstration purposes, the trim-based FMT* is asked to find a path that minimises
the energy cost, described in Section 4.1.3, from off the coast of Newcastle to Sydney
that are approximately 100 km apart. In geographical terms, the glider traverses from
(152.5°,—33.23°) to (152°,—34.03°). Like the simulation examples shown in Section 4.4,
the framework is implemented using MATLAB. The underwater glider model was de-
scribed in Section 3.1 that has been reduced to a 6-dimensional kinematic model using

trim-state defined in Section 4.1. The kinematic states are in SI units with angles in
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radians. As the dataset provides the flow field information in a discrete form, the ocean
current at points in between grid cells are obtained through interpolation. The trim-based
FMT* was implemented over sampled nodes within the pre-specified, yellow elliptical re-
gion shown in Fig. 7.1. Nodes in the depth dimension were sampled every 200 m from

50 m to 650 m.

The simulation imposed the same constraints on the glide and heading angle as done
in Section 4.4. When transitioning from glider state to trim state and vice versa, the
maximum change to the glide angle is £30°, and the maximum change to the heading

angle is £45°. The simulation was performed using a 3.1GHz CPU and 128 GB of RAM.

7.1.2 Energy-optimal path for underwater gliders across the EAC

Figure 7.2a shows a more detailed view of the underwater glider path that was shown in
Fig. 7.1. The path duration was 57.4 hours. Instead of diving directly towards the goal,
the figure shows the glider path riding along the edge of a large vortex driven by the EAC.

This result is similar to a solution presented in Fig. 4.8b.

The number of waypoints in the glider path are sparser in the middle region compared to
other parts of the path. Inspecting the ocean current around the middle region reveals
that the flow fields are more consistent across the depth than other regions. Also, the
ocean current vector in the middle region does not offer any advantage or hindrance to the
intended glider direction. As such, the glider only needs to minimise buoyancy inversion
cost by travelling with sparse controls, whereas the more current dynamic start and goal

regions require more control points.

Figure. 7.2b shows the glider’s depth profile over time. The path is an irregular sawtooth,
featuring mid-path control nodes. Recall from Fig. 7.2a, mid-depth control is needed
to compensate for changing flow field properties across depth. This control strategy is
most apparent around the initial and goal regions of the path, where the flow varies
significantly with depth. There are also instances of different buoyancy inversion depth,
which demonstrates the algorithm seeking to minimise the control buoyancy cost whenever

possible. This result is similar to the solution presented in Fig. 4.6a. The evidence of
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FIGURE 7.2: Figure 7.2a shows a more detailed view of the optimal path shown in Fig. 7.1.

The current-influenced trajectory and the edge connections are shown as red and dashed

black lines, respectively. The flow fields are shown as blue quivers, where the colour

intensity represents different depth layers according to the legend. Figure 7.2b shows the

depth profile for the trim-based FMT* path shown in Fig. 7.1. The computation time
was 11.2 hours. The expected mission execution time is 57.4 hours.
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intelligent navigation in a real-world oceanic environment shows the lack of need for human

operators to manual plot the glider path.

The framework took 11.2 hours to find an optimal solution, which is relatively fast planning
compared to the mission duration of 57.4 hours. The relative fast planning demonstrates
the possibility of planning for a subsequent mission while executing the current mission.
The algorithm could just as well re-plan the glider path in case of failure or changes in the

oceanic environment.

7.2 Planning in real-world dynamic ocean environments

This section demonstrates real-world applicability of the hierarchical planner with TDSP
framework presented in Chapter 6, by planning a time-optimal continuous path across a
dynamic EAC. For ease of demonstration, the dynamic used in this example is for the
Autonomous Surface Vessel (ASV). However as demonstrated in Fig. 6.5, the glider-based
trim-state can easily be implemented. The EAC dataset is the same as Section 7.1, but is
now time-varying and sampled for a different date. The dataset has the time component

sampled daily.

7.2.1 Planner implementation

The hierarchical planner generates a travel time-optimal path from Brisbane (—27.5°, 154°)
to Sydney (—34°,151.5°) along three different oceanic conditions; the time-varying EAC,
the static EAC flow field fixed at t = 0 days, and the static EAC flow field fixed at
t = 9 days. Like in Section 7.1.1, the ocean current value between the grid cells are found
through interpolation. For the time-varying flow field, the current value is also interpolated

with time.

The ASV has a constant forward velocity of 0.3 m/s and assumed deployed at the earliest
time of the dataset (i.e., ¢p = 0). The hierarchical planner requires a time-dependent
directed graph to first solve for the time-optimal discrete path using the TDSP framework,

proposed in Chapter 5. The graph is built by first discretising the environment into a 20x10
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FIGURE 7.3: 2D continuous path from Brisbane to Sydney in a time-dependent East
Australian Current representation. The vehicle velocity is set to a constant value of
0.3 m/s. The travel time for discrete and continuous path were T, = 13.375 days and
T, = 14.7 days. The green circle is the vehicle’s starting point and the red cross is its
end point. The environment was discretised on a 20x10 grid to build the time-dependent
directed graph (not shown for clarity). The black path is the vehicle path generated from
the heuristic planner. The green and red paths are the vehicle path generated from the
assumption the flow fields were fixed at ¢ = 0 days and ¢ = 7 days, respectively. The
vehicle position and heading are represented by their respective colored quiver.

grid, then generating the states and its edge connections as defined in Section 6.1. The

resulting number of states is 370.

The purpose of this example is to demonstrate the necessity of planning in time-varying
flow fields by comparing the disparity against time-static assumptions. The example also

demonstrates the applicability of the heuristic algorithm in a real-world environment.
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7.2.2 Travel time-optimal path across a dynamic EAC

Figure 7.3 compares the path generated with the time-varying flow field (black path)
with paths generated with the assumption static flow field at ¢ = 0 days (red path) and
t =9 days (green path). Figure 7.3a shows that all three paths initially follow the same
path for the first 7.33 days, after which they start to diverge as the flow field environment
changes. Figure 7.3b shows the final ASV position for each flow field assumptions. The
black path arrives at the Sydney goal with a discrete travel time of T) = 13.375 days
and the continuous travel time of T, = 14.7 days. The ASV follows the movement of the
strongest part of the EAC to minimise the time to the goal. The red path caused the
ASV to collide with the Australian coast after 11.35 days. The green path completes its
trajectory with the ASV stranded at 130.2464 km away from the goal. In comparison, the
black path delivered the ASV to a point 11.2504 km away from the goal. This relatively
minor position error is due to approximations made when generating the continuous path.

This result demonstrates the need for planning in time-varying oceanic environment.

As with the trim-based implementation in Section 7.1.2, the computation time was also
favourable. The heuristic planner was able to solve for the discrete path in 440.77 sec
and the continuous path in 642.26 sec, compared to the mission time of 14.7 days. The
algorithm is therefore potentially suited for planning multiple missions while executing
the current mission, on-site planning, and re-planning paths in case of failure or changes
in the ocean forecast. The computation time can be reduced by tuning the N number of
accepted paths and the time step when propagating the continuous path. The evidence
of the heuristic algorithm adapting to the time-varying oceanic environment relieves the
human from constant vehicle monitoring. In the case of a re-plan, the algorithm can

generate a solution quick enough without human intervention.

7.3 RRT synthesis for TDSP framework

The approach to synthesis a continuous path from the discrete TDSP solution, presented
in Chapter 6, only allows control changes on the state line ¢5. This discrete control scheme

is ill-suited for navigating through a cluttered environment. In a real-world environment,
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FIGURE 7.4: Step-by-step visualisation of a continuous path branching that follows a

discrete path using the RRT algorithm. The environment and graph setup is identical to

the example shown in Fig. 6.2. N closest solutions to the discrete travel time are kept for
each step. The trajectory with fastest travel time is highlighted in black.

small islands, buoys and other naval installation would represent these obstacles. One
approach to address this issue is to brute force a solution by partitioning the environment
into denser grids, allowing for more frequent control changes. This section instead intro-
duces a more natural approach in synthesising a continuous path using the RRT motion

planning algorithm. An overview of how RRT works is found in Section 3.2.2.
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7.3.1 Planner implementation

The planner framework is largely unchanged from the proposed method in Section 6.1.2.
But instead of forward integrating a set of controls from a state on state line /5, to the

next state line ¢ the RRT algorithm is used. As the trajectory only needs to connect

Sk+4+1?

between /,, and ¢ RRT only needs to samples states within the region that includes

Sk4+19

both state lines. Also, because the RRT path solution is biased to the discrete schedule

solution, each trajectory connection retains probabilistic completeness.

Figure 7.4 visualises the continuous path synthesis using RRT across a discrete path ¢ =
$384828153. Both the flow field environment and the discrete path is the same case as
shown in Fig. 6.2. Like with the forward integration approach, the RRT algorithm first
expands its branch from the initial state s3. The algorithm samples M states in the regions
that contain both ¢, and /z,. The planner keeps the N best trajectories with the closest
travel time to the discrete solution that reached ¢;,. For each trajectory point on /g,, the
RRT algorithm expands new trajectories towards the next state by only sampling in the
region that contain both ¢, and ¢,,. After each expansion, more trajectories are pruned
away to keep only the IV best solutions. From the resulting branch of paths, the trajectory

with the fastest travel time is chosen as the solution.

7.3.2 Synthesising RRT path

Figure 7.5a demonstrates the RRT planning algorithm synthesising the continuous path
across the discrete TDSP solution in a time-varying flow field with no obstacle. The profile
of the RRT path appears similar to the continuous path shown in Fig. 6.3. The travel time
of the RRT path was 32.7 sec, while the travel time of the continuous path was 32.53 sec.
The RRT path solution was slower due to its jagged path, which is common in an RRT
path. This example demonstrated that a motion planning algorithm could synthesis a
continuous path across the TDSP framework. It also demonstrated that the path solution
retains the planner’s properties. As such, a state-of-the-art motion planning algorithm,

such as RRT* and FMT*, could be used for a better path solution.
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FiGUure 7.5: RRT algorithm synthesising a path across the TDSP framework in a time-

varying flow field environment. The blue quiver represents the flow field at the initial

start time tyg. The red circle are the states of the time-dependent directed graph. The

red path is the discrete path solution and the black line is the synthesised path using the

RRT algorithm. The yellow circles are the obstacles. The travel time for Fig. 7.5a was
32.7 sec. The travel time for Fig. 7.5b was 34.525 sec.

Figure 7.5b demonstrates the advantage of implementing a motion planning algorithm
to synthesis a continuous path. The planning environment and discrete solution are the
same as Fig. 7.5a, but with obstacles blocking the established discrete solution. Despite
the obstruction along the established path, the RRT algorithm was able to synthesis a
path that avoids collision while keeping as close to the discrete path solution as possible.
The travel time was 34.525 sec, which would be improved by tuning the number of sample

points and implementing a better motion planning algorithm.
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7.4 Summary

This chapter implemented the algorithms featured in this thesis on real-world oceanic data.
The trim-based planning framework featured in Chapter 4 found an optimal path across
a static EAC. The heuristic planner with TDSP framework featured in Chapter 6 found
a travel time-optimal path for a marine vehicle across the time-varying EAC. Both meth-
ods have demonstrated relatively fast planning in a large real-world oceanic environment,
making on-site planning and re-planning strategies viable. This chapter also demonstrated
synthesising the RRT path across the TDSP framework to demonstrate the modularity
of the hierarchical planner. Synthesising a continuous path from the RRT algorithm al-
lowed more intricate navigation around a cluttered environment. In the next chapter, we

conclude the thesis and propose possible future work.






Chapter 8

Conclusion and future work

This chapter concludes the thesis. Section 8.1 summaries the thesis in detail. Section 8.2
highlights the contributions made. Section 8.3 presents a list of pursuable potential future

work.

8.1 Thesis summary

This thesis has identified and solved three problems in autonomous motion planning of
underwater gliders in an energy-optimal or time-optimal manner. Chapter 4 has addressed
the first two problems: optimal path planning with a 12D dynamic glider model and opti-
mal navigation in a static flow field (known as Zermelo’s problem). The complex dynamic
model was addressed by using trim-state to reduce the dynamic model into a more manage-
able 6D kinematic model without losing the glider dynamic behaviour. This representation
allowed more accurate representation of the glider motion and energy cost model without
resorting to planning in higher dimensions. Zermelo’s problem was addressed with Trim-
based FMT¥*, an extension of the state-of-the-art motion planning algorithm FMT* that
plans using the trim-state of an underwater glider. The algorithm was formally analysised
to demonstrate it retains the properties of FMT*, namely it guarantees asymptotically

optimal underwater glider path planning that minimises the glider energy cost.
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The last problem was to find a time-optimal path through a time-varying flow field. This
thesis addressed this problem with a hierarchical planning approach, first addressing it as
a continuous-time non-FIFO TDSP problem, then synthesising a continuous path across
the discrete solution. Chapter 5 formulated the TDSP problem with piecewise-constant
functions (PF) to approximate the continuous-time in discrete time, and addressed the
non-FIFO case by solving for an optimal PF-based policy to promote cyclic motions.
Analysing this framework showed that the optimal solution was solvable in polynomial
time, a first for this problem variation. An example of this framework solving a travel
time-optimal path across a time-varying flow field was demonstrated by building a time-

dependent directed graph using the PRM* algorithm.

Chapter 6 actualised the hierarchical planning approach by addressing the synthesis of a
continuous path in time-varying flow fields across the discrete TDSP solution. The chapter
presented an alternate method of building the time-dependent directed graph with state
line associated with each state. The hierarchical planner synthesised a continuous path by
growing and pruning a tree of trajectories at each sequence of the discrete state solutions,
based on the vehicle dynamic and flow fields. A path is branched from each end of the
tree to the next state line by forward integrating across a finite set of heading values.
After branching, the trajectories are pruned to keep N-best paths with the closest discrete
travel time to the discrete solution by that state. The analysis showed that the hierarchical
planner retains the optimality of the discrete solutions and remains solvable in polynomial

time.

This thesis then applied the demonstrated algorithms with the EAC oceanic database to
demonstrate its applicability in real-world environments. Both the trim-based and the
TDSP hierarchical framework showed relatively fast planning compared to the resulting
travel time of the mission, making them suitable for both on-site planning and re-planning.
The applicability of the TDSP hierarchical framework was further demonstrated by using
a known motion planning algorithm to synthesis a continuous path. The resulting path

allowed successful navigation in time-varying flow fields with cluttered environments.
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8.2 Contributions

This section highlights the contributions made in this thesis. These points are readdressed

from the contribution section in Chapter 1.

8.2.1 Energy-optimal path in static flow field with complex underwater

glider dynamics

It has been established that Zermelo’s problem was an open problem and that the under-
water glider operated in a complex dynamic model. Chapter 4 demonstrated an energy-
optimal path planning for underwater gliders in static flow fields using a trim-based model.
This model was implemented with a state-of-the-art sampling-based motion planning algo-
rithm that guarantees an AO path solution that also retained the properties of the glider
dynamics, using the sawtooth depth profile to propel itself forward. Past work commonly
evaluated the glider path as a 2D kinematic model with directly controllable velocity [36—
38|, which neglects the ballast component of the glider operation. This work introduces
the first instance of an AO motion planning algorithm that fully captures the glider dy-
namics. We have demonstrated in recent work how the trim-based model can easily be
incorporated into other planning frameworks [32]. This flexibility opens up a new avenue
of study, including trim-based planning of a fleet of underwater gliders, and develop a
stochastic variant of the glider motion planning algorithm. The stochastic studies have

already shown promise in our recent work [121].

The applications of trim-based planning are numerous. An obvious application is to the
deployment of underwater gliders to perform marine-based missions. The idea of trim-
states can also be extended to other platforms operating in a flow field environment that
favour long edge transitions, such as aircraft, thermal gliders, and satellites; the latter

option considers using trim-state to emulate gravitational slingshots.

The results demonstrated by the trim-based planner also motivate changing the way gliders
are currently operated. Current methods heuristically choose the sawtooth profile when
deployed. This contribution makes a strong case about allowing for more control options

and the use of irregular sawtooth profiles during operations.
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8.2.2 Travel time-optimal path in a non-FIFO TDSP framework

It has been established that solving for time-optimal paths in a non-FIFO class time-
dependent directed graph with continuous-time is hard. Chapter 5 introduces a special
case for a non-FIFO TDSP framework, where the continuous edge time function is approx-
imated with a piecewise-constant function to address this problem. The chapter demon-
strates a theoretical result that, for this special case, a travel time-optimal policy can be
evaluated in polynomial time. This result is the first to demonstrate this property for this

special case.

The application of this theoretical work is vast, solving many time-dependent problems
that can be modelled as a non-FIFO case such as special traffic and network cases. The ap-
plication that we are most interested in is travel time-optimal navigation across a dynamic
flow field. Section 5.4.1 established that dynamic flow fields exhibit non-FIFO properties,
and can easily generate a time-dependent directed graph across the flow field environment
using PRM*. Preliminary results were presented in Section 5.5.2, which opens up studies
for energy-optimal paths derived from the TDSP framework. Other possible work includes
stochastic variants that addresses the uncertainty in both the flow field environment and

vehicle dynamics. The operational applications are considered in the next contribution.

8.2.3 Travel time-optimal path through dynamic flow fields with com-

plex glider dynamics

Chapter 6 demonstrates a hierarchical motion planning algorithm that synthesis a con-
tinuous vehicle path across the discrete solution demonstrated in Chapter 5. Previous
work approached the optimal navigation problem through dynamic flow fields using a
spatial-temporal graph, making the solution resolution complete for time. Our contribu-
tion demonstrates dynamic flow field navigation using the optimal schedule defined by the
special non-FIFO TDSP framework, and therefore does not have this issue. Our approach
also retains both the time complexity and optimality results from the non-FIFO TDSP

framework, which is better than the current method of evaluating continuous paths across
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dynamic flow fields. Such complexity results encourage extension of the planner for multi-
robot planning. The optimal result was possible under the assumption that the flow field
data (and by extension, the forecast model) is reliable. In practice, this is not the case

and opens up new studies for stochastic variances and better ocean forecast method.

The application of this result is similar to our second contribution. From a glider per-
spective, this further motivates moving away from the heuristic sawtooth motion, as the
resulting glider path once again demonstrated irregular sawtooth motion as the time-
optimal path. The results from Chapter 7 motivate field trials for a large real-world ocean

environment, like the East Australian Current.

8.3 Future work

This section lists essential avenues for future work that would improve the applicability of
autonomous underwater glider operations in real-world oceanic environments. The future
work can be categorised in three directions: hardware validation, mission implementation,

and algorithmic improvements.

8.3.1 Hardware validation

In Section 7.1 and Section 7.2, we demonstrated the algorithms across the EAC dataset.
We now aim to test these algorithms on real underwater gliders under real oceanic condi-

tions.

This future work is envisioned in three stages. First, as a point of comparison, we would like
to operate the underwater glider in the ocean using traditional methods. This stage also
gives us an opportunity to familiarise ourselves with real world glider operations, including
control interface and deployment practices. Once we are comfortable with the baseline
operation, we would like to validate our hierarchical planner presented in Chapter 6 by
planning with the forecast data and comparing the results with our baseline solution. This
work may require custom APIs so that the simulated optimal control sequences can be

reflected by the glider platform. The final stage is to extend our hardware validation by
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Glider Mission Control
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implementing a planner across a fleet of underwater gliders. The long-term goal is to

achieve multi-robot actuations with a fleet of underwater gliders.

8.3.2 Mission implementation

The primary motivation of this thesis is to allow autonomous underwater gliders to oper-
ation with minimum human interaction and oversight. After hardware validation of our
algorithms has been satisfied, the next step is to have the glider perform naval missions
using our algorithm. The aim is to see how the mission performance improves with our
algorithm regarding mission longevity compared to the traditional method of glider con-
trol. Once we have solved the stochastic variant of the problem, we also want to test
the reliability of the glider completing its missions to verify a reduced need for human

oversight.

We also plan to develop a mission control GUI for execution and observation of glider
missions. This GUI would visualise the projected mission solution and the actual glider

performance since the start of the mission. A mock example is shown in Fig. 8.1.
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8.3.3 Algorithmic improvements

This thesis has demonstrated travel time-optimal motion planning for underwater glid-
ers in a deterministic dynamic flow field environment. While working on the thesis, we
have noticed several places where the algorithm can be improved upon, either to improve

computation time or make it more applicable for real-world environment.

Efficient edge evaluation

In Chapters 4-6, all edge evaluation was done with a form of forward integration, like
the shooting method. These iterative methods are computationally expensive and act as
bottlenecks in the planning process. Faster computation allows for more convenient on-site

planning and re-planning, and can also promote multi-robot implementations.

Recent work in [41, 122] demonstrate the use of the streamline function for a drastic
reduction in computation time for edge evaluation over static flow fields. We have recently
looked into incorporating this method into our trim-based framework [32]. The next
step is to formulate the streamline evaluation for time-varying flow fields to speed up the

algorithms demonstrated in Chapters 5-6.

Multi-robot algorithm

Naval missions, such as coastal patrol, environmental surveying, and resource tracking,
benefit greatly from a coordinated effort by a fleet of gliders. Chapter 6 demonstrated
that the optimal path was able to be evaluated in polynomial time. This result encourages

extending the algorithm to handle multi-robot cases.

Planning with uncertainty in control and flow fields

In Section 7.1 and Section 7.2, the energy-optimal and travel time-optimal paths were
planned in a deterministic EAC environment with a deterministic underwater glider model

defined in Section 3.1.1. In reality, the provided ocean current forecast, glider localisation,
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and glider controls are plagued with uncertainties and noise. These uncertainties leads to
stochastic travel time between states. Blindly following the deterministic planner while
not considering the stochastic component may cause the marine vehicle to veer out of the

intended path and become lost, or enter a restricted zone where extraction is impossible.

Recent work on planning for underwater gliders has considered uncertainties in static flow
field predictions [118] and control [121]. The next step is to consider the uncertainties of

the glider dynamics and the dynamic flow field.

Energy-optimal policy for non-FIFO TDSP problem

Chapters 5-6 addressed the travel-time optimal path of marine vehicles across a dynamic
flow field environment. We now wish to evaluate an energy-optimal path. There are several
methods we can use to address this problem. The time-dependent directed graph could
be redefined to accommodate the general objective function while retaining the TDSP
property. Another option is to use a hierarchical approach in finding the energy-optimal
path by considering the vehicle cost function as a composition between time and control
components. The graphs and policy can be kept as is to find the time-energy optimal path

and then synthesis the continuous path that minimises the control-energy cost.

Extension of the hierarchical planner

Section 7.3 demonstrated the use of RRT motion planning algorithm to synthesis a con-
tinuous path across the discrete TDSP solution in a dynamic flow field environment. We
observed that the paths were jagged and arrived late to schedule due to the quality of
the RRT algorithm. We wish to expand on this work by trying different state-of-the-art

motion planning algorithms to synthesis the continuous path, such as RRT* and FMT*,
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Underwater glider dynamics

A.1 Glider parameters

Parameter | Description Value
g Gravity 9.81 m/s?
Jo Total moment of inertia about the Y-axis 0.1 Nm?
m Mass of displaced fluid 11.22 kg
m Movable mass 2.0 kg
Mp max Variable ballast mass 2.0 kg
mp Uniformly distributed hull mass 8.22 kg
myy Added mass matrix, X diagonal component 2.0 kg
my3 Added mass matrix, Z diagonal component 14.0 kg
Zp Position of moving mass in Z-axis 0.04 m
Kp, Drag coefficient for zero angle of attack 5 N(s/m)?
Kp Drag coefficient 20 N(s/m)?
K, Life coefficient for zero angle of attack 0 N(s/m)?
K Lift coefficient 306 N(s/m)?
Ky, Pitching moment coefficient for zero angle of attack 0 Nm(s/m)?
Ky Pitching moment coefficient -36.5 Nm(s/m)?
Ly Hotel coefficient 1 (J/s)

TABLE A.1: Definition of glider parameters and their values.
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Glider speed vs Glide angle
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FIGURE A.1: Relation between the nominal glider speed and its glide angle. The values
are evaluated from the glider parameters defined in A.1. For the chosen parameters, the
glider velocity is symmetrical between the full and empty ballast state.

A.2 Trim state evaluation

This section lists the equations used to derive the trim states for reference purposes. For
the sake of completeness, all relevant equations will be listed. The full derivation of these

equations can be referred to in [21].

For transition between the positions py = [Tk, Yk, 21T and prr1 = [Thi1, Yrr1, 26r1]” , the

]T

desired trim state 73, = [Vi, Yk, Ok, mpk)” is described as follows:

0, if zp < 211
Mpk =
Mpmax, Otherwise. (A1)
(mpk — (m —mp —m)) - g
Vi —
ks 0k \/—D(%) sinyg + L(7x) cos vk’

where
L(vk) = Kr, + Kpa(y)

D(vk) = Kp, + Kpa(v)?

KL 4I(D
t —1 1— —= cotv (K t K
oK p anyg ( +\/ KL2 CcO 'Yk( Do COt Vg + Lo)) y

() =

and the glide angle v and heading angle ¢;, are evaluated using the shooting method.
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A.3 Glide angle control with moving mass

In practice, the underwater glider’s glide angle is controlled by shifting the moving mass
to the desired position r, = [z}, Yp, zp]T. The energy required to change the glide angle is
proportional to the displacement of the moving mass Ar,. The moving mass only needs to
be shifted in the x-axis to control the glide angle (i.e., Ar, = Az,). For a glide angle ~;,

the equivalent moving mass position is [21]:

((mygs —mp1) ugwa + (Kary + Knre(y)) Vi (vk, mak)?)
mg cos 6

xp = —zptanf + , (A.2)

where,
0(vk) = a(vk) +

wa(ve) = Vie(vk, mk) cos (k)

wa (k) = Vi (Y, mar) sin ().
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