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ABSTRACT

Research on 2D general feature based SLAM algorithm for mobile robot

by
Jiaheng Zhao

Simultaneous Localization and Mapping (SLAM) is a fundamental research prob-
lem for autonomous robot navigation and map construction. This thesis studied the
problem of improving the performance of localization and mapping for mobile robots,
including pre-fitting features with ellipse representation, representing features with

implicit functions, parameterization in Fourier series, and submap joining.

The conventional planar scan matching approach cannot cope well with the open
environment as lacking of sufficient edges and corners. A SLAM algorithm with pre-
fitted conic features via 2D lidar is presented, which is named as Pre-fit SLAM and
can be adapted to an open environment nicely. The novelty of this work includes
threefold: (1) defining a conic feature based parameterization approach; (2) develop-
ing a SLAM method to utilize feature’s conic geometric information and odometry
information since open environments are short of regular linear geometric features.
Synthetic and practical experiments demonstrated that the proposed SLAM algo-
rithm can get accurate and convincing results for the open environment and the

map in our representation can express accurately the environment situation.

In order to avoid information loss during pre-fitting progress and to enlarge the
scope of feature representation, a post-count framework for 2D lidar SLAM with
implicit functions on general features is studied. Since 2D laser data reflect the
distances from the robot to the boundary of objects in the environment, it is natural
to use the boundary of the general objects/features within the 2D environment to
describe features. Implicit functions can be used to represent almost arbitrary shapes

from simple (e.g. circle, ellipse, line) to complex (e.g. a cross-section of a bunny



model), thus it is worth studying implicit-expressed feature in 2D laser SLAM. The
main contributions are the specific problem formulation and algorithm framework
for 2D laser SLAM with general features represented by implicit functions (named
as Implicit-SLAM). Furthermore, ellipses and lines are used as examples to compare
the proposed SLAM method with the traditional pre-fit method. Simulation and
experimental results show that Implicit-SLAM has a better performance compared
with Pre-fit SLAM and other methods, demonstrating the potential of this new
SLAM formulation and method.

A 2D laser SLAM approach with Fourier series based feature parameterization
(called Fourier-SLAM) and submap joining is studied to improve the efficiency of
convergence and the accuracy of method using implicit functions. The Fourier se-
ries are introduced to parameterize irregular closed shape features and the SLAM
problem with Fourier series feature parameterization is formulated. A submap join-
ing process is also derived in order to reduce the high dependence on precise initial
guess and the computing time. Fourier-SLAM has been evaluated on both synthetic
and actual data and is able to obtain accurate trajectory and feature boundaries.
We also prove that submap joining method can improve the calculation efficiency

without loosing too much accuracy.
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Nomenclature and Notation

The semicolon is to represent vertical vector concatenation. Lowercase letters indi-
cate scalars, bold lowercase letters indicate vectors, and uppercase letters indicate

matrices. Some special symbols are listed below.
The observed points have zero-mean Gaussian noise n, € R? ~ N (0,,).
U}p € R? denotes an observed point in the frame j.

Utp, = [Lhpk ... Ulpk ] is a 2D point set observed of feature k at the frame j.

{&}P,, is usually abbreviated as P}, since it is relative to the global frame.
¢ is an angle within the range [—m, 7).

cosp —sing| : : o
R(¢) € SO(2) = is the corresponding rotation matrix which is
sing cos¢

abbreviated as R.

t = [ts, t,]" is the translation vector.

R;;,t;; means the rotation and translation from frame ¢ to frame j.

If 7 is the global frame {G}, it is usually omitted in order to simplify the formula.

B, = [t;; ¢;] is a robot pose.

T(E;, 9} x) represents the process of transforming a point/point cloud /feature from

frame {j} to global frame {G}.

T-1(g,, {&}\) represents the process of transforming a point/point cloud/feature

from global frame {G} to frame {j}.



xviii
Feature ®;, is in closed shape, whose boundary point set is denoted by Py.

le[|3 is the weighted L2 vector norm with a covariance of ¥.



Chapter 1

Introduction

1.1 Background

Robotics technology can complete specific tasks in different operating environ-
ments and has been applied in various fields such as industry, medical, military, deep
space, and underwater (as shown in Fig. 1.1). As the most widely used category
in the field of robotics, intelligent mobile robots have flexible motion capabilities
and can complete autonomous navigation in the environment. Therefore, mobile
robotics have been a scenic spot for researchers and achieve good performance in

industry, agriculture, medical care, and service industry (Rubio et al., 2019).

fetch |

- 9
= = m
0 t'I I
v&_. —

(b) Service robot

(d) Sweeping robot (e) Logistics robot (f) Grazing robot

Figure 1.1 : The application of mobile robots in different scenarios.



How to judge whether a mobile robot is “intelligent”? One of the core criteria is
the robot’s performance in an unknown environment. In an unknown environment,

intelligent mobile robots need to be able to complete the following three tasks:

1. Mapping. Mobile robots should have the ability to build a map of the unknown

environment.

2. Localization. Mobile robot should be aware of its position and posture in the

current environment.

3. Navigation. Mobile robot should be able to autonomously plan a route to a

given target location.

The combination of tasks 1 and 2 is called Simultaneous Localization and Map-
ping (SLAM), which is the computational problem of constructing or updating a map
of an unknown environment while simultaneously keeping track of a robot’s loca-

tion within it ( , ; ; ;

Nowadays, mobile robots have been able to utilize given absolute positions to
navigate in a known environment. The most typical application is to employ nav-
igation satellites in the Global Positioning System (GPS) with given road map.
However, mobile robots cannot determine their position and orientation in unknown

environments due to limitations of GPS technique:

e Unable to obtain surrounding environmental information. GPS can only pro-
vide a globally unified three-dimensional geocentric coordinate, but cannot

construct the environment around the sensor.

e The civilian localizing accuracy only reaches the meter level. Although on

a global scale, the meter-level localizing accuracy can basically meet the de-



mand, but in a large number of small-scale scenarios, the meter-level localizing

accuracy is too rough to guarantee the robot’s working accuracy at all.

e GPS cannot guarantee 100% positioning accuracy, and indoor positioning is
even more inaccurate. GPS positioning will be affected by many aspects, in-
cluding buildings, viaducts, radio waves, and so on. Generally speaking, the
more open the GPS is, the more accurate the positioning is. The actual envi-
ronment cannot guarantee that the surrounding environment is open enough.
The inability to accurately locate indoors directly limits the application of

GPS to mobile robots.

Therefore, the study of SLAM problems is necessary.

As series of researches indicated that different sensors equipped on a robot have
significant influences on its potential application, it is worth mentioning that SLAM
system based on lidar is considered as an effective and accurate way for robots to
construct a map and locate themselves ( , ; , , ;

, ).The robot platform used for experiments in this thesis is the
“Fetch robot”, and part of the experiment is done on the Fetch mobile platform
and the corresponding simulator. Fetch robot is a mobile platform developed by
Fetch Robotics in the United States for academic research ( , ). The
platform is favored by many scientific researchers due to its robust design, superior

performance, and relatively low cost (as shown in Fig. 1.2).

1.2 Motivation

In the last few years, one application that has been widely adopted by industry
and academy is planar SLAM based on 2D lidar or laser rangefinder, and the number

of approaches has increased ( , ; ; ; ) ;



Figure 1.2 : Fetch robot.

Currently, the two main common approaches to 2D laser SLAM are scan match-
ing based approach and feature based approach. In a typical scan matching based
approach, nearby scans are registered to obtain the relative poses, and then a pose-
graph optimization is performed to obtain the optimized poses. Finally, the map is
built via the optimized poses and the laser scans. Two classes of scan points registra-
tion methods are adopted in recent years’ research, namely, Iterated Closest Point
(ICP) based methods (Besl and NMcl<ay, 1992; Sharp et al., 2002; Yang et al.; 2013)

and Gaussian Mixture Models (GMM) based methods (Jian and Vemuri, 2011).



The latter one can be extended to a famous special case named Normal Distribu-

tion Transform (NDT) ( , ; , ; ,
). On this basis, some state-of-the-art 2D lidar-based SLAM algorithms have
been developed for many indoor scenarios ( , ; , ;

, ; , ; , ), especially those constituted by

regular, obvious and sufficient lines or corners.

Although it is beneficial for scan matching not making assumption on envi-
ronment, a prior knowledge of the geometrical information is helpful to improve
the accuracy. In the industrial environment with multiple stacks, for instance, the
boundary description of manufactured objects can be easily obtained from the manu-
facturer, which is workable to model the boundary via implicit functions for stacks.
Furthermore, there is difficulty involved for scan matching method in accurately

fusing information from consecutive scans.

Thus, in order to overcome problems of incorrect scan matching caused by envi-
ronmental influences, some researchers seek help from features. Feature based SLAM
problem focuses on parameterizing objects in the environment and estimating robot
locations and orientations as well as feature parameters. In the applications of 2D
laser rangefinder, various features are parameterized and used in SLAM problems
such as point features, circular features, and polynomial features. For an object
in the environment, researchers generally intend to either estimate a representative
center of a feature or approximate the boundaries. One common sense of the former
way is that the estimation of features should not be affected by their own geometrical
structures, such as landmarks or similar stacks. In ( , ), the
centers of tree trunks are regarded as point features to be estimated. The latter way
takes the shape of features into account and tries to represent features via selected
functions. For instance, line function (

: ) and curve function (

, ) have been studied as feature parameterization these years. However,



it is not easy to seek out an appropriate way to parameterize features since simple
structural objects (circle, ellipse, rectangle, etc.) are rare and feature boundaries are
not always in regular shapes. In order to address such problems, some researchers
seek help from polynomial functions. Gee et al. ( , ) utilized a cubic
polynomial function to fit sparse laser points to acquire dense observation, but they
do not estimate features with the polynomial function. Instead, the polynomial
function is used to interpolate consecutive sparse laser observations and generate
a dense model. However, they still focus on fitted points without considering the

features in the environment.

Based on the content mentioned above, three research questions are raised:

1. When the scan matching method is prone to failure, how to use features to

obtain correct poses?

2. How to ensure the generality of feature representation under the premise of

being as accurate as possible?

3. How to improve the accuracy of the results while meeting the needs?

Inspired by these three questions, we started with special cases and studied feature-

based SLAM problems in a targeted manner.

1.3 Contributions

With the aforementioned research questions, the main contributions of this thesis

consist of four aspects:

e A conic feature based SLAM algorithm called Pre-fit SLAM was proposed.
The method is aimed in open environment using 2D laser sensor. Tradition

scan matching methods are not competent for working in an open environment



where sufficient edges and corners do not exist. We proposed a conic feature
based method to represent features instead of matching scan points. First,
the raw data was fitted to the feature parametrization proposed in this thesis.
Then a factor graph optimization was adopted to obtain pose estimates as
well as the map in our representation. Simulation and practical environments
demonstrated that the proposed algorithm can get accurate and convincing
results for the open environment and the map in our representation can accu-

rately express the environment situation.

e A clear problem formulation and a solution framework for implicit function
based SLAM problem (named as Implicit-SLAM) were proposed. Two chal-
lenges involved in this novel SLAM problem are addressed. One is finding the
covariance of the noises involved in implicit energy terms. Another is han-
dling the asymmetry of the energy terms for closed shape features. Simulation
results using ellipse and line features as examples shows that the proposed
method is more robust to observation noises and outperforms the pre-fit meth-
ods. It is also shown that using hybrid features can achieve better accuracy in
SLAM compared with SLAM with only ellipses or lines. Practical experiment

illustrates that this method has the ability to acquire accurate result.

e A 2D feature based SLAM approach utilizing Fourier series as feature param-
eterization (named as Fourier-SLAM) was proposed. Compared to implicit
function based method, simulated experiments concluded that this method
does not rely significantly on initial guess and can provide close-to-real feature
boundaries. Practical experiment shows that Fourier-SLAM surpass Cartog-
rapher under certain scenarios and has the ability to be applied to the general

environment.

e A submap joining method with the Fourier series parameterization was for-



mulated. Submap joining method is able to speed up the calculation without

leading to an unacceptable result.

1.4 Thesis Organization

This thesis is organized as follows:

Chapter3
Pre-fit method - with

conic features

Chapter4

Post-count method —
with implicit functions

¥

Chapter5 Chapter 6
Post-count method — Submap joining method
with Fourier series —with Fourier series

Figure 1.3 : Thesis organization.

e Chapter 2: This chapter presents a survey of feature based SLAM on mobile

robot’s application.

e Chapter 3: A pre-fit conic feature based SLAM algorithm called Pre-fit SLAM

is derived in this chapter.

e Chapter 4. This chapter presents a post-count feature based SLAM framework

utilizing implicit function, which is named as Implicit-SLAM.

e Chapter 5. A post-count feature based SLAM framework with Fourier series

(named as Fourier-SLAM) is introduced in this chapter.



e Chapter 6: This chapter presents a submap joining method for the post-count

feature based method proposed in this thesis.

e Chapter 7. A brief summary of the thesis contents and its contributions are

given in the final chapter. Recommendation for future works is given as well.

The relationship among the main chapters is illustrated in Fig. 1.3. This thesis
starts from researching on pre-fitting features with a certain shape (Chapter 3).
Chapter 4 is an extension of Chapter 3, which reduces the error impact caused by
the loss of information during the pre-fitting. On the basis of Chapter 4, Chapter
5 focuses on solving the problem of being too sensitive to the initial value, and
can express more complex features. Chapter 6 is mainly to improve the calculation

speed of the post-counting method.
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Chapter 2

Literature Survey

As mentioned earlier, SLAM is a process where a robot locates itself in an unknown
environment and builds a map of the surrounding environment. In the past few
decades, SLAM technology has received a lot of attention and research (

, : , : , ). In the application of mobile

robot, multiple algorithms or techniques have been proposed and implemented.

2.1 General SLAM methods for Mobile Robot

According to the different types of sensors equipped in the robots, SLAM meth-
ods can be roughly divided into vision based SLAM ( , ;
, ; , ) and lidar based SLAM ( , , ).

Vision based SLAM focuses on solutions to different sensors, such as Monocular

camera ( ) ), Binocular camera ( , ), ToF camera (
, ) and RGB-D camera ( : ). Representative methods
include RGB-D SLAM ( , ) and ORB-SLAM ( :

; , ), which extract and match feature points from a

series of continuous images to obtain robot poses.

Davison et al. ( , ) proposed a pioneering visual SLAM solution.
They used a monocular camera to collect environmental information, then use the
Shi And Tomasi operator ( , ) to extract sparse features in the environ-
ment, and utilized the normalized sum of squares to match the new features with

the observed features for data union and map construction. Klein and Murray first
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proposed Parallel Tracking and Mapping (PTAM) in 2007 ( , ).
In recent years, with the development of GPU, the attention of some researchers has
gradually shifted from the sparse 2D or 3D SLAM problem to the dense 3D recon-
struction. Newcombe and Davison ( , ) successfully used
a monocular camera to obtain a dense 3D environment model in real time. Henry et
al. ( : ) took the lead in using an RGB-D camera (using a Microsoft
Kinect sensor in their work) to implement an RGB-D-based mapping method. They
used RGB images and depth images to reconstruct the dense three-dimensional en-
vironment, and at the same time estimated the pose of the camera with 6 degrees of
freedom. They extracted SIFT (Scale-Invariant Feature Transform) features in each
frame first, and then used Calonder descriptor (

: ) to match the

two consecutive frames. Finally RANSAC is used to eliminate abnormal matches.

Bachrach et al. ( , ) proposed an unmanned aerial vehicle
SLAM system using RGB-D cameras. The system relies on extracting FAST features
from successive pre-processed images of different pyramid levels, and then restricts
the size of the sliding window for feature matching for initial rotation estimation.
The matching is performed by squaring the descriptor vectors and finding the pair
with the lowest sum of each other. The greedy algorithm is also applied to refine the
matching and obtain the corresponding pairs, and then use the result to estimate the
relative relationship between consecutive frames movement. In order to reduce drift
in motion estimation, they recommend matching the current frame with selected

key frames instead of matching consecutive frames.

Except for vision based SLAM algorithm, another trend is lidar based SLAM
approaches. Lidar based SLAM is considered to be an effective and accurate method
for robots to build maps and locate themselves ( , ; , ,

; , ). The lidar odometry methods or SLAM algorithms which

implement lidar as the research object have been improved in recent years. The
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LOAM proposed by Zhang et al. ( , ) is a well-known framework
in lidar visual odometry. They used a laser rangefinder with an additional motor
controlling the laser sensor for 360 degree rotation. Instead of processing every
single point, they extracted edge feature points and surface feature points for scan
matching. Jiang et al. ( , ) proposed IMLS-SLAM which used the
scan-model matching form to estimate the relative pose transformation. First, the
3D scan needs to be sampled, and then the implicit least squares method is used for
surface reconstruction to improve the quality of matching. Graeter et al. (

, ) proposed an odometry estimation framework that combines lidar and
monocular cameras. They calculated features in the image first and estimated the

depth through lidar data corresponding to these features, and then used bundle

adjustment to fuse sensors and estimate the pose.

Tang et al. ( , ) proposed a method called simultaneous trajec-
tory estimation and mapping (STEAM). They used the ground truth to train the
Gaussian process. The input of the system is the well-detected features extracted
from the point cloud, and the output of the system is the predicted pose calcu-
lated using the estimator and ground truth. At a deeper level, this algorithm starts
with down-sampling point clouds, and uses normalized intensity values to transfer
the large amount of data in the point cloud to sparse points (which are also called
key points). If a point meets certain conditions of the proposed algorithm, it can
be selected as the key point. Then these sparse point clouds are matched accord-
ing to the minimized Euclidean distance. To estimate the trajectory, they adopted
the STEAM framework, in which the continuous-time trajectory was estimated by
Gaussian process regression. Ji et al. ( , ) proposed a closest probability
and feature grid based SLAM algorithm that enables unmanned vehicles to locate
in off-highway scenes. Behley and Stachniss ( , ) proposed

a localizing method using surfel map, which can estimate the change of robot pose
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through the data association between the current scan of and the model view of the

surface map.

In addition to exploit diverse sensors, researchers also explored different mathe-
matical thinking to solve SLAM problems. The two representative ideas are either
based on filtering or based on optimization. Zhang et al. ( , ) com-
pared extended Kalman filter (EKF-SLAM), unscented Kalman filter (UKF-SLAM)
and unscented FastSLAM (UFastSLAM) and concluded the priority of UFastSLAM.
Murphy and Russell ( , ) proposed the first solution to SLAM
applying Rao-Blackwellized particle filter method. Grisetti et al. ( ,

) developed an open sourced SLAM algorithm called Gmapping utilizing Rao-
Blackwellized particle filter and the improved proposal distribution. Gmapping has
good performance in less-feature environment (e.g. corridor) and small scaled scenes,
requiring less calculation without loosing accuracy. Steux and El Hamzaoui (

, ) developed a 200-lines-of-code method, which estimates
robot pose with particle filter. Kohlbrecher et al. ( , ) pro-
posed Hector SLAM, which is an algorithm fusing Inertial Measurement Unit (IMU)

and 2D lidar by EKF to acquire 2D pose.

2.2 Feature parameterization for 2D laser SLAM

The general vision-based SLAM methods tend to extract feature points of im-
ages to perform feature-based SLAM, whether it is using filter-based approaches or
optimization-based approaches. On the other hand, lidar-based SLAM methods are
mainly divided into two categories, one is the method using scan-matching, and the

other is the method using features.
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2.2.1 Point and line feature parameterization

A general way in feature based SLAM problem is to consider lidar data as point
feature or line feature via series of segmentation ( , ; ,
: , ). Holy ( , ) combined points and
lines for the scan matching to decrease the computation time and increase the ac-
curacy. Nguyen et al. ( , ) compared six line feature extraction
methods on 2D laser scans for indoor environment. Wu et al. ( , )
put forward a point and line features based 2D laser SLAM applied in the under-
ground tunnel environment. They extracted point features via curvature changes
and extracted line features by Principal Component Analysis (PCA) algorithm. The
feature state is combined by point features and the end points of line features. Chen
and Peng ( , ) presented a corridor feature detector by evaluat-
ing the main direction of the 2D lidar scan via PCA. With the corridor indicator n
they then adjusted the scan matching threshold for a better performance. Walter
et al. ( , ) proposed an exactly sparse extended information filter
to solve feature-based SLAM problem. de la Puente and Rodriguez-Losada (
, ) introduced a prior knowledge and presented a
way to discover new structures by hierarchically including different kinds and levels

of features.

Zhang and Ghosh ( , ) employed 2D laser rangefinder to
locate the robot and built a corresponding map via extracting line segments as
basic elements. Coincidentally, Li et al. ( , ) proposed a point and line
features based SLAM method. They firstly distinguished point and line features via
a Split-and-Merge algorithm, then optimized poses by minimizing /,-norm distance

( , 2012, 2014).
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2.2.2 Complex geometric feature parameterization

However, line features are not suitable for open environments. Some recent
studies have considered the use of conic curves to calculate the location of features
( , ). Zhang et al. ( : ) combined 2D lidar and
gyroscope to navigate a robot in the forest. They utilized circles to fit scan points
and estimated poses by feature-based extended Kalman filter. Different from point-
feature based methods, their research focused on the initial application assuming all
features as circles. Hu et al. ( , ) analyzed the reflective characters of
2D points hit on artificial landmarks and parameterized features with the intensity
and the number of hit points. Their feature parameterization method is highly relied

on reflectors and is not adapted to a general environment.

For an object in the environment, some researchers generally intended to either
estimate a representative center of a feature or approximate the boundaries. One
common sense of the former way is that the estimation of features should not be
affected by their own geometrical structures, such as landmarks or similar stacks.
In ( , ), the centers of tree trunks are regarded as point
features to be estimated. The latter way takes the shape of features into account
and tries to represent features via selected functions. For instance, line function
( : ), ellipse function( : ) and curve function (

, ) have been studied as feature parameterization these years. However,
it is not easy to seek out an appropriate way to parameterize features since simple
structural objects (circle, ellipse, rectangle, etc.) are rare and feature boundaries are
not always in regular shapes. In order to address such problems, some researchers
seek help from polynomial functions. Gee et al. ( , ) utilized a cubic
polynomial function to fit sparse laser points to acquire dense observation, but they
do not estimate features with the polynomial function. Instead, the polynomial

function is used to interpolate consecutive sparse laser observations and generate
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a dense model. A unified formulation named matchable was employed in (
, ) to represent point, line and plain features. Zhang et al. ( ,
) utilized remote and near feature parametrization to improve the robustness
of rotation estimation. Rao et al. ( , ) extracted Bézier curves and used
four control points to parameterize curve features, then the optimization problem
was solved by Levenberg-Marquardt algorithm. Pedraza et al. ( , )
were the first to use spline to parameterize features and then optimized robot poses

and control points simultaneously.

Another potential option of fitting features in this thesis is Fourier series. The
process of fitting shape with Fourier series is a typical application on shape re-
trieval in image processing ( , ; , ). Shapes can
be sampled first and fitted through Fast Fourier Transform. Rakshit et al. (

, ) used Fourier series to extract non-circular human pupil iris
boundaries. Su and Xiang ( , ) proposed a Fourier series based ap-
proach to characterize 2D general-shape particles. Jiang et al. ( , )

implemented Fourier Transform to assist scan matching.

2.3 Submap joining in SLAM

In the SLAM research, submap joining method is one subject which focuses
on reducing the complexity of calculation and increasing the approximation speed.
Huang et al. ( , ) proposed an Extended Information Filter based
sparse local map submap joining approach, then they extended the application using
multiple iterations to improve the consistency ( , ). Chen et al.
( , ) applied submap joining to improve the real-time ability of their
algorithm. Ni et al. ( , ) proposed a divide-and-conquer scheme to
solve the optimizing problem. Zhan et al. ( , ) presented a method to

construct a global map via corresponding undirected connected graph. Nevertheless,
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all of them focused on point features.

Wang et al. ( , ) combined points, patches and planes in local
map building and proposed a submap joining method using both point and plane
features. Burguera Burguera and Bonin-Font ( ,

) optimized the trajectory with the help of map joining by adding a link between
the joined map nodes. Zhao et al. ( , ) combined local maps to reduce
the computational cost during large-scale map building. These works focused on

vision SLAM and cannot represent closed shape features.

Sun et al. ( , ) optimized series submaps acquired during explo-
ration. But their work only focuses on frontier detection. Aulinas et al. (

, ) used local maps to correct errors in the global map built in the under-
water scenarios. They also used the submap joining method to reduce the compu-
tational cost for the Victoria dataset ( : ). Ahmad et al. (

, ) combined local maps via least squares optimization to maintain the

estimation consistency in a range-only SLAM problem.

2.4 Summary

It can be found from the literature survey that there have been rich researches
on 2D laser SLAM. However, researches on feature based SLAM are insufficient,
most of which prefer to use point features or line features represented by end points

instead of intuitive geometric information in the environment.

We aim to maximize the use of environment information to solve feature based
SLAM problem. In this thesis, we investigate the possibility of directly observing
the geometric shape of features in Chapter 3. Furthermore, we study methods of
preserving original information to the greatest extent in Chapter 4 and Chapter 5.

Finally, we explore the method to improve computational efficiency in Chapter 6.
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Chapter 3

A pre-fit feature based SLAM method in open
environment: Pre-fit SLAM

Open outdoor environments are common application scenarios for mobile robots.
One property of open outdoor environment is that there are less buildings and typi-
cally exist sparse trees, which makes scan-matching approaches easy to fail. Gener-
ally, academics always treat such sparse trees as point features and pre-fit features
once receiving observation data. In this chapter, we focus on a pre-fit feature based
SLAM method and propose a novel conic feature based SLAM algorithm for mobile
robot working in open environment. In contrast with existing planar SLAM systems
or algorithms, the method in this chapter takes advantage of the conical properties
of points scattered on the contour of the objects, while conventional methods only
consider relationship between points or extraction of line segments. More than just
utilizing geometric information, a further progress has been made that we defined a
new parameterization approach for such conic feature and constructed corresponding
factor graph optimization model. We also represented the map with conic features
instead of occupancy grid map. In order to verify the feasibility of the proposed ap-
proach, we carried out experiments in simulated and real environments respectively.
Also we evaluated Pre-fit SLAM on a public dataset. The main contributions of this

chapter include:

1. Defining a conic feature based parameterization approach.

2. Developing a method called “Pre-fit SLAM” to utilize feature’s conic geometric

information and odometry information since open environments are short of
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regular linear geometric features.

The remainder of this chapter is organized as follows: Section 3.1 analyzes the
difficulty of the problem and briefly describes the algorithm flow. Specific method-
ological theory and implementation are suggested in Section 3.2. Section 3.3 presents
detailed comparative experiments and analysis. Finally, conclusions and summaries

are drawn in Section 3.4.

(a) Indoor. (b) Outdoor.

Figure 3.1 : Two typical environments. (a) Indoor environment consisting of suf-
ficient lines and corners; (b) Outdoor environment lacking of sufficient lines and

corners.

3.1 Problem description and algorithm structure

In recent years, researchers have developed a series of advanced technologies
based on 2D lidar for many indoor scenes, especially environments rich in regular,
obvious and sufficient features such as lines or corners (Hess et al., 2016; Olson,
2015; Konolige et al., 2010; Martin et al., 2014; Li et al., 2018), as is shown in Fig.

3.1a.
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Compared with the indoor environment, the outdoor environment is more com-
plicated and cannot be treated as a general scenario (as shown in Fig. 3.1b). An

open environment presents a series of challenges including:

1. Lacking of regular linear geometric information. Different from indoor envi-
ronment, an open area is often composed of scarce trees, which has a signifi-
cant influence on the performance of scan matching. Assume the robot moves
around an object with cylindrical surface, then data acquired by lidar equipped
on the robot is distributed on the robot-facing edge. In cases where the robot
is operated in an indoor environment with boundaries and polygon features,
such edge-distributed data will not increase the error apparently because its
weight is diluted by other lines or corners. Once the scenario is lack of polygon

features or boundaries, the performance of matching is dramatically declined.

2. Inconsecutive observations. Due to the sparse objects within open environ-
ments, observations can not be obtained steadily over time. The discontinuous
observation makes frame-to-frame scan matching easily fail since the trans-
formation between two valid adjacent scans could be enormous, which leads
to unpredictable estimated relative poses. The wrongly estimated poses also
cause accumulated error when registering several frames into a map, which also
make frame-to-map matching inaccurately. Therefore, scan matching cannot

be executed in order to make sure the robustness.

3. Large scale maps. One common method to build map is via occupancy grid
map (OGM). However, constructing OGM in an open environment is inef-
fective since the large proportion of the environment consists of free space.
Eventually, building OGM still causes a waste of computational memory be-

cause much data are stored as “free grid”.

In response to the above challenges, this chapter proposes a SLAM method based
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on the parameterization of conic features. As shown in Fig. 3.2, the architecture of
this method consists of two main parts, data processing and back-end optimization.
After data collection is completed by lidar, the first stage called data processing
begins, and the point set is fitted by a conic equation. The scan point is under
the suggested parameterization after fitting. Note that although the points have
been fitted to the cone feature in this step, the original points are still stored. Then,
using the prior of the odometer information, if the current feature has never appeared
before, the feature list will be updated, otherwise, the new edge between the current
step and the feature will be linked to help close the loop. After data processing,
the problem continues to be optimized by iterative nonlinear least squares method
(such as Gauss-Newton method or Levenberg-Marquardt algorithm). This stage is
called graph optimization or backend. Finally, the pose, feature parameters and

final graph structure of the robot are obtained after the back end.

3.2 Data pre-procession for open outdoor environment

Conic feature parameterization and association are finished at this section. We
proposed a conic feature parameterization to model conic features for solving SLAM
problem. The conic feature can be fitted on the basis of Ahn’s work ( ,

). We also studied the uncertainty flow from sensor to parameterized feature

which makes the fitted result reliable.

3.2.1 Feature parameterization

There are four basic types of conics: circles, ellipses, hyperbolas, and parabolas.
Fortunately, it is unnecessary to utilize all of the four types. In real world, circular
or elliptical shaped objects such as trees and pillars appear more frequently, which
means it is easy to implement circle or ellipse equation when denoting actual features.

Further more, circle is the special case of ellipse where the major axis and the minor
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Figure 3.2 : The flowchart of Pre-fit SLAM

axis have the same dimension. Hence we can take advantage of ellipse equation to

express features.

Motivated by the above insight, the conic feature suggested in this chapter is

parameterized by

& =[{F, 9F, FyF, F,] (3.1)

As is shown in Fig. 3.3, [{¢}F, {%F,]" is the central coordinate of the ellipse in
the global frame, Fy is the angle between ellipse’s major axis and the world frame
x-axis. [F, , F,,]" are the absolute dimensions of the major axis and the minor axis

respectively.

If the feature has circular shape, it is apparently confused to decide the spe-
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cific position of the major or minor axis as well as the angle. Fortunately, we can
still adopt this expression because of the elaboration of feasibility and validity of

proposed feature parameterization in Section 3.2.3 and Section 3.4.2.

{Fhy, AF} . /
(({G};,{G}yl% ({F}x;;{F} %‘)/
({F}xkl,{F} yh) ({G}Xl-,{G} Yi)
({F}xkz,{“ ykz)
T ///* ({G}f;;“j}Fy>
({Pl}Fx,{pl} Fy)

{Pi}7 \X////

{P}

(G)

Figure 3.3 : Schematic diagram of conic feature parameterization.

3.2.2 Feature extraction

Many studies on fitting points into ellipses have been conducted. Our method is
based on (Ahn et al.; 1999) and (Zhang, 1997), supplementing studies on uncertainty
flow from sensors to features. This section introduces the implementation approaches

and uncertainty transmission.
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e Polynomial fitting

The most common and widely used method to fit an ellipse should be polynomial
fitting. Given a cluster of points P = {p; = (z;,y;) | i = 1,2,3,--- ,n} aligned on
the surface of an arbitrary ellipse, obviously all of these points must satisfy the
conic equation. The main and minor axes are normalized by F,, > F,,. With the

parameterization mentioned above it is easy to give the equation at each point as

follows: ' ,
f( ) _ ((:Cz - Fz) COSF¢> + (yi — Fy) smF¢)
bi) = 72
b 3.
+ ((afi—Fx)SinF¢— (yi—Fy)COSF¢)2 1~ (32)
2 ~

After series of simplification and like terms combination, a general polynomial

form of conic equation is denoted by the following equation:
f (pi) = Ax? + 2Bayy; + Cy? + 2Dz + 2Ey; + F = 0 (3.3)

where A, B,C, D, E, F, are polynomial coefficients ( , ).

Obviously a trivial solution that all of the coefficients are equal to 0 is good for
nothing. To avoid such a situation, several normalization ways can be employed. In
this chapter, we normalized A + C' = 1. Then for all the n points Eq. (3.3) can be

revised into vector form:
f(v)=Wv-b (3.4)

where
.

W =[Wi, Wy, Wj, -, W,)]
b = [by, by, by, -, by]
v=[AB,D,E,F| (3.5)

W, =[x} — 7, 223, 224, 2y, 1]T

b = —y;
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Hence the linear least squares problem becomes

min F, =

S (Wv =)' (v —b) (3.6)

This problem has a closed-form solution:

1

vi=(W'W) W'b (3.7)

Generally an ellipse can be fitted with a series of points through the polynomial
method talked above. Nevertheless, a robot can always “see” the object in one single
direction as is shown in Fig. 3.4 which implies proper distributed points result in
good ellipse fitting. For example, when the robot is in the position as is illustrated
in Fig. 3.4a, the results obtained by Eq. (3.7) are highly reliable. But if the robot
happens to observe the extreme narrow end or extreme flat end of an ellipse (Fig.
3.4b and Fig. 3.4c), the observed points may contribute badly to the polynomial
function, leading to a totally wrong result or even a complex solution. Therefore an

enhanced method should be imposed.

Bee-
BeiB-

feie-

(a) Circular feature. (b) Narrow end. (c) Wide end.

Figure 3.4 : Different situations when the robot observes a conic feature.

e Orthogonal point fitting

In order to overcome the problem discussed in the previous section, one en-

hanced approach is to minimize the orthogonal distance which is invariant to rigid
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transformations in Euclidean space and which presents low curvature bias. Fig. 3.3
depicts various intermediate variables needed in the derivation process. The coor-

dinate transformation of point cloud P between global coordinate {G} and feature

cos Fy —sin Iy
coordinate {F'} is defined by rotation matrix R = and ellipse
sin Fyy  cos Iy

center {G}F, = [{G}Fx, {G}Fyr by

Hp = g1 (19P — 9T, (3.8)

Because the feature coordinate {F'} is defined in the standard ellipse form, we

can directly apply standard ellipse equation to the point cloud F}p.

For any given point ¥}p; = (z;,7) € Y3P in ellipse frame, it is easy to find
the orthogonal point #}p; = (xi', yi') located on the ellipse by solving tangent line

equation and the standard ellipse equation as follows:
ro L/ 2 2 12
fl(xwyi)_ 9 <F +Fr2 7 Fr1Fr2>

) , (3.9)
f2('ri7yz) Fr‘22 Z; (Z/z yz-) F2 Yi (IZ — xz>

Nm@

Given the point {¢tp; : (X;,Y;) in coordinate {G}, transform the point to coordi-
nate {F'} firstly obtaining ¥}p; : (2;,;), then the orthogonal point ¥}p; : (z;',y;)
can be found by adapting generalized Newton method iteratively to Eq. (3.9)

through the following functions:

f on of
H = _ Ox; 9y,
d(x) x={F}p! of, 9f

axi dy;

F2y,
r1J1

(3.10)
—F2y (F2 —F?)a;+ F?a;

T2
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The initial guess x¢ for solving Eq. (3.10) can be given by approximately cal-

culating the midpoint of two intersection points, where one point ({F Yoy, 1P ykl) is
——

the intersection of line {FY F,t¥}p; and the ellipse. The other point (1 zy,, 177y, ) is

the intersection of the perpendicular line at {¥}p, with respect to the ellipse’s major

axis and the ellipse. The three points are calculated by:

1
Fr, = 5 (s, +17 xy,) (3.11)
where
Fhg,, FF,
Xkl - . 2{F},.2 2{F},2
{Fhy, \/Fm{ ba2 4 F2{Fhy2
([ ()
T
’ if |May,| < F,
sign (Fryp,) - 11/F2 —{F) a2 (3.12)
Xk2 =
' {F} . F
sign T r
( 2) 1 if‘{F}$k2| > F
\ 0

The orthogonal point {Flp : ({F byl AF }y;) is finally obtained after iterative calcu-
lation of Eq. (3.10). At last the orthogonal error distance is minimized by the
equation:

(3.13)

min Z ||€z||z Z H{G} {G}

after transferring the orthogonal point from feature frame to the global frame {G}p; .

({G}Xg,{G} YZ/) 3} is the covariance matrix of the intrinsic noise of the sensor.

Noted that we have defined ellipse parameters vector ® in global frame, deriva-
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tives of ® can be found through Eq. (3.8) and Eq. (3.9):

0x
oo (50)

—coskty —sinfy y;, 0 0

x={F}p

sinFy —cosFy —x; 0 0

x={F}p/
o= ()
et o X={G1p/ 10
o ()
3@ XZ{F}p;
1 0 —x;sinFy,—y,cosF, 0 0
+
01 x;cos by —y;sinky 0 0 P!
The Jacobian matrix is to be derived after series of reductions by
J{G}p;,q) - (R—lH—lc) |x:{F}p'. (3.15)

where H is the Jacobian matrix from Eq. (3.10), and C' = (Cy, Cq, C3, Cy4, Cs):

2 .. 2 7 .
C. — Frx;cos Fy — FLy,; sin Fy
L=
F2? (yi —y;) cos By + F2 (z; — x;) sin Fy
2 . 2 /
C Fx;sin Fy + Fy, cos Fy
5 =
FTZZ (yz- - y;) sin Fy — Ffl (% — x;) cos Fy

(F2 = F2) (27 — y® — wi + y;:)

FT1 (Fr22 - y;2)
2F, v, (a:l — x{)

E, (F? —z?)

_2Fr2$; (yz - yz,)

C5:

Finally, the value of ellipse parameters will be solved through iteratively min-

imizing the orthogonal error distance Eq. (3.13) among all of the given points.
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Noticed that an initial guess is still inevitable even using orthogonal point fitting
method. Thus in this research the result of Eq. (3.7) is considered as initial guess.

The algorithm of ellipse fitting is explicated in Algorithm 1.

Algorithm 1: Ellipse fitting
Input: Scan points p; in local frame

Output: Parameters £ in global frame
1 if  Enough points then
2 Solve initial guess Fy by polynomial fitting via Eq. (3.7)
if Curvature change of point sets > Ay then
while Not Converged do
3 Calculate F' with Fy by orthogonal point fitting via Eq. (3.13)

iteratively

end

else
| Walit for the next observation

end
end

Notation: A, is an empirical criterion to filter near flat distributed points.

Several steps are taken to improve the fitting accuracy. At first, enough input
points are necessary to start fitting. If the number of observed points is larger than
a certain value, the fitting process will continue. The initial value Fy is given by
fitting with polynomial Eq. (3.7). Then calculate the curvatures of both ends of
the points and finding the difference. If the difference is acceptable after compared

with an empirical criterion A, F' is to be solved by iteratively doing Eq. (3.13).



(a) Circular feature (no noise). Axes are

in meters.

(c) Elliptic feature (no noise). Axes are

in meters.

(e) Circular feature (with noise). Axes

(g) Elliptic feature (with noise). Axes

are in meters.

are in meters.

Inf

Noos o

Error (m)

A 4 o

0 Fphi  F_r

(b) Angle error and axis error of circular

feature (no noise).

0.8
0.6

Error (m)

0.4

0.2
0

-0.2

-0.4

0.6 i

-0.8

0 Fphi  F.r Fr2

(d) Angle error and axis error of elliptic

feature (no noise).

3

Error (m)

L v L o =N
]
o

(f) Angle error and axis error of circular

feature (with noise).

Error (m)
b b L o o N W
+ol
-
-]

0 F_phi F_r F_r2

(h) Angle error and axis error of elliptic

feature (with noise).

30

Figure 3.5 : Uncertainty after fitting process. Left side figures show the error and
uncertainty of translation (Error is depicted by dash lines, uncertainty is depicted
by light blue elliptical range). Right side figures show the error and uncertainty
of angle and axis dimension (From left to right each bar is corresponded of angle,

major axis, and minor axis respectively).
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3.2.3 Uncertainty transmission

As we know, “ellipse fitting” is an approximation of the raw data, there is infor-
mation loss during the procedure. It is untrusted to utilize fitted parameters without
analyzing uncertainty transmission process. If we denote sensor’s covariance matrix

as X, the information matrix of parameterized feature ¥; can be calculated by:

Ye=J 'N,J! (3.17)

It should be noted that two cases will cause ill-condition problem of Jacobian J,
one is that the point p; locates at the ellipse center, while the other case is when
the ellipse has two similar axes (close to a circle, which is a special case of ellipse

equation).

Fig. 3.5 compares errors and uncertainty of one feature’s individual parameter.
Firstly, considering the theoretical cases where no noise exists in the observation,
error of each parameter is always zero without any doubt (See Fig. 3.5a - Fig.
3.5d). A remarkable part is that all the errors are strictly within the scope of their
corresponding uncertainty except circular feature’s angle which is not zero and the
corresponding uncertainty is marked as infinite. It is caused by the same dimension
of major and minor axis that deriving angle turns to be unreliable. Noise cannot
be ignored when a robot is handled in real world (See Fig. 3.5e - Fig. 3.5h). As
we have analyzed the uncertainty transmission above, uncertainty caused by sensors
are evidently transmitted to the fitted parameters. All the errors are significantly
limited in the range of calculated uncertainty. Even for a badly fitted result (Fig.
3.5g), the fitted ellipse diverges from the exact model but all the errors are reasonably

in the range of uncertainty.
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3.2.4 Data association

Data association is a difficult problem in SLAM, especially in certain complicated
environment. When a robot works in an open environment, there are two cases where
observations from lidar sensors do not always occur: one is no object exists within
a valid lidar range, another is no acceptable feature parameters fitted in one single

observation.

Due to the sparse observation distribution, a valid odometry information is
needed to handle such no-observation situation. Then data association is easily
done with the odometry information since features are widely dispersed. Also, if
observations from a single view are relatively dense, the association can be done
by determining whether there are break points or not. Different from conventional
lidar SLAM, each feature defined in our parameterization possesses a center, an
angle and a pair of geometry dimensions, and these parameters can be taken into
account if correspondences are found, since using pure points is more complicated to
solve nearest neighbor for the sake of large size and dense distribution. Noted that
if no valid fitted features appear at a certain step, this step is marked by “no obser-
vation” and no edges are added between this step’s node and other feature poses’
node (discussed in Section 3.3). Then Pre-fit SLAM can overcome the challenge of

no consecutive observations.

As is shown in Fig. 3.6, a newly fitted feature as well as odometry information
are considered at the same time to determine whether this feature appeared or not.
If this newly fitted feature appears for the first time (not the same feature in the
feature list), it is added to the feature list. Otherwise, this fitted feature will be
labeled as the occurred feature within the feature list. For example, the temporary
robot pose Z; is calculated by accumulating odometry information, with which a

certain observed feature’s center coordinate Zgeature;; can be transformed to the
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Figure 3.6 : Flow chart of data association.

3.3 Graph-optimization

This section focuses on the back-end optimization of the proposed algorithm.
Thanks to the data processing section we are provided with an initial graph of
robot poses and features. The remainder of this section briefly introduces factor

graph SLAM for our problem.

When a robot is moving in a 2D space, its state vector can be described by
E = (z,y,0). Remarkably, according to the parameterization discussed above, we
form the first three parameters [F, Fy,, Fy] as the feature’s “pose” F with geometry
properties F,.. With our feature parameterization approach each feature can be
re-expressed as a feature pose and a dimensional part denoted by F, which is a
combination of F and F,. Let us assume a simplified structure (Fig. 3.7a). Blue
nodes are robot poses and red nodes are features, and each observation is represented
by an arrow edge. When express this structure via factor graph (Fig. 3.7b), one
observation is represented by an edge with a black point. Robot poses follow a
motion model with the input u = (dx, dy, 60) and edges linking features and poses

follow an observation model similarly. Noticed that every feature node is connected
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(b) Factor graph.

Figure 3.7 : Optimization structure.

In the factor graph F = (M, X, ¢), we can denote factors, variables and edges
as ¢; € M, z; € X and ¢;; € ¢, respectively. Writing all of the variables for an
assignment to the set X, we can define the global factorized optimization problem

of the example as:

arg}r{nax o (X) = Hgb, (X;) (3.18)

where ¢; is the factor linked with a certain node and has no specific definition. By
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taking the negative logarithm of Eq. (3.18), the actual optimization problem in this

chapter can be written by:

n

) 1 A =
argmin Etotal - 5 Z (“Zodom,i =T 1(‘=‘i—17 ‘=‘1)||§)
= F

odom

i=1 (3.19)
| Zreaess = THEFDIE, )

Steature,i,j
where Zoqom,; and Zfeatureﬂ;’j are observations of odometry and fitted features, respec-
tively. Note that although F; occurs in the frame transformation operator 771(-),
the actual transformed element is Fj while the operation of F, is independent on

the frame transformation.

It is easy to solve Eq. (3.19) by general non-linear least squares method such as

Gauss-Newton method or Levenberg-Marquardt method.

3.4 Experiment and analysis

3.4.1 System setup

The experiment overview on synthetic and practical data is interpreted in this
section. The platform in our experiment is the Fetch robot ( , ). It
is equipped with a SICK 2D laser scanner at 15 Hz and has a 220 degree field of
view with an angular resolution of 0.3323 degree and a 25 meter valid range. The
synthetic data was collected via the simulator designed for Fetch robot, including
Fetch model and working environment. All the simulation parameters are set the
same as a real Fetch while we assumed the observation noise and odometry noise obey
zero mean Gaussian distribution ny, ~ N (0,%,) and n, ~ N (0,%,) respectively,
which are supposed to be similar to the real robot’s noise. During the simulation
¥ was set to (0.02m, 0.02m) with regard to (dx, dy) for the laser point in Cartesian
coordinate, and ¥, was set to (0.05m, 0.05m, 0.001rad) with regard to (dz,dy, d0)

for the odometry.
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We built three different simulated environments and one real scenario to test our
algorithm and compared with common algorithms, namely Cartographer (Hess et al.,
2016), ICP (Bergstrom and Edlund, 2014) and NDT (Biber and Straler, 2003). We
also conducted experiments to analyze the uncertainty during fitting. Furthermore,
we compared the uncertainty between the proposed method and filter-based method.

In our case, an EKF approach in the proposed feature parameterization was selected.

Figure 3.8 : Schematic diagram of uncertainty analysis experiment.

3.4.2 Results on accuracy of feature fitting using simulations

We tested the fitting process at various observing angles because the mobile
robot cannot observe objects ideally. In the simulator, Fetch robot made a counter-
clockwise circular motion around the object 3 meters from the robot on y-axis (as
shown in Fig. 3.8). Because the dimension of two axes are able to judge the
fitting performance intuitively, we only compare F,, and F,, in this case. Table
3.1 shows the average error percentage of different dimensional features: Feature
1 ~ (F,, =1m, F,, = 0.25m), Feature 2 ~ (F,, = 1m, F,, = 0.5m), Feature 3 ~
(F,, = 1m, F,, = 0.75m), and Feature 4 ~ (F,, = 1m, F,, = 1m). The fitting process

in each case was performed for 15 times before the final results were obtained.
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Table 3.1 : Average error percentage of estimated axis dimension for different fea-

tures. (Unit: m)

Feature 1 Feature 2 Feature 3 Feature 4

Groundtruth 1 1 1 1
F Estimate 1.0117 1.0027 0.9976 1.0018
Error % 1.17% 0.27% 0.24% 0.18%
Groundtruth 0.25 0.5 0.75 1
F.o,  Estimate 0.2518 0.5015 0.7489 0.9991
Error % 0.72% 0.3% 0.15% 0.09%

It can be seen errors of four features are reasonably small. The average error
percentage of F,., and F;, descends with the decreasing of axis ratio 7 = ?—:; Feature
1 has the largest 7 and the biggest error percentage. As is shown in Fig. 3.9¢, F},
has two distinct growth with the increase of steps, but F,., doesn’t represent the
similar regularity. The reason of such phenomenon has been explained by Okatani
and Deguchi (see , , Sec 4.2 and Eq. 11), showing that
the main axis dimensions will be more biased if the curvature of fitting points is
large. The distinct growth occurs when the robot faces the narrow end, where the
curvature is larger than that in the flat end. According to Fig. 3.9b, errors of F,,
are not significantly large compared with F,,. If marking positions where the error
percentage of F,, is over 50% with green diamond markers (see Fig. 3.9a), we can
obviously see that these large errors are mostly found at positions where the robot
observes feature’s narrow end. Fig. 3.9d illustrates error and 3-sigma bounds among
all steps. As we can see, the error of F,, reaches the maximum around 1.5m at the
90th step but it is still located within 3-sigma bounds as well as errors of all the

other steps.
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Fig. 3.10a, Fig. 3.11a and Fig. 3.12a show the error occurrence for Feature 2,
Feature 3, and Feature 4 respectively. It can be seen that the error-prone positions
are most likely occurred when observing the narrow end of features, but the proba-
bility of large-error occurrence and the value of errors descend with the increase of .
By comparing all the four features’ error and 3-sigma bounds, it can be found that
Feature 1 possesses the largest errors for F,, and F,, by around 0.5m and 0.1m (Fig.
3.9d), Feature 2’s largest errors locate at 0.29m and 0.09m (Fig. 3.10d), Feature 3
possesses the largest errors for F,, and F,, by around 0.17m and 0.08m (Fig. 3.11d)
and Feature 4 has the largest errors for 0.1m and 0.1m (Fig. 3.12d). All the errors

are strictly limited within the 3-sigma bounds.

3.4.3 Results on simulation for open scenario

In this section, we constructed multiple expected working scenarios (as shown in
Fig. 3.13), and compared Pre-fit SLAM with the state of the art 2D SLAM system
Cartographer ( , ), and other widely used algorithm: ICP without an
initial guess (set initial guess to zero, denoted by °ICP), ICP with a good initial guess
(set initial guess to the odometry value, denoted by ICP), NDT without an initial
guess (set initial guess to zero, denoted by °NDT), and NDT with a good initial guess
(set initial guess to the odometry value, denoted by 'NDT). Noted that the results
of Cartographer is under the configuration “using odometry information”, while the
other four approaches does not utilize odometry. We evaluated our algorithm with
other methods by comparing difference with groundtruth in x,y, # via Root-Mean-
Square-Error (RMSE) and error per step. In order to clarify the advantages of factor
graph optimization in our algorithm, a general extended Kalman filter based SLAM
algorithm ( , ) was adopted as a controlled group. Since
the original algorithm uses point feature, the state vector in the control group is

modified to be adapt for the feature parameterization in this chapter. Different from
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(a) Case 1: Single feature.

(b) Case 2: Five features.

(c) Case 3: Eleven features.

Figure 3.13 : Simulation environment. Case 1 contains one single feature, the robot
moves around the feature. Case 2 contains five features, the robot moves around all
the features. Case 3 contains eleven features, the robot moves though and around

the features.
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common EKF SLAM, the state vector is composed of current pose and parameterized

features under the parameterization of the proposed algorithm (denoted by EKF).

Note that estimated features at the last step as well as estimated pose at each

individual step are chosen for the purposes of comparison.

Table 3.2 : Feature parameters groundtruth.

F,/m F,/m F,/rad F, /m F, /m
Case 1 F 3 2.5 2.3562 0.5 0.25
F 3 2.5 2.3562 0.5 0.25
F 6 -2.4 - 0.5 0.5
Case 2 I 9 -1 0.5 0.5 0.25
Fy 12 2.4 2.7416 0.5 0.25
F5 0 2 - 0.5 0.5
Fy 9 -1 0.5 0.5 0.25
F 6 -2.4 - 0.5 0.5
F3 7 12 - 0.5 0.5
F, 3 2.5 2.3562 0.5 0.25
F5 0 2 - 0.5 0.5
Case 3 Iy 0 -8 - 0.5 0.5
F; 12 2.4 2.7416 0.5 0.25
Fy 13 -6 - 0.5 0.5
Fy 20 5.5 - 0.5 0.5
Fio -9 12 - 0.5 0.5
Fiy -8 0 - 0.5 0.5

- Fy is denoted by “-” if that feature is circular shaped.

In order to simulate trees in an open environment without importing model-
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ing complexity, we built features with selected dimensions (0.25m and 0.5m). The
dimensions are chosen by considering the fitting difficulty. The fact is that our al-
gorithm still works with other dimensions if a proper outlier elimination strategy is
adopted. Table 3.2 gives groundtruth of feature parameters in each case. Fj is de-

W

noted by if that feature is circular shaped. All the features are built in Gazebo.
To enhance the visualization performance, real feature is filled with brown shadow
and estimated result by Pre-fit SLAM is filled with orange color in the trajectories

comparison figures (Fig. 3.14a, Fig. 3.15a, Fig. 3.16a, and Fig. 3.20).

In Case 1 (Fig. 3.13a), the robot moved around one single elliptical feature.
Trajectory comparison is illustrated in Fig. 3.14a. °ICP and °NDT are not depicted
for the sake of completely wrong results. A turn back exists in the trajectory of
INDT which is caused by the similar shape at both sides. ICP is better than !NDT
but is still worse than Cartographer. The trajectory of Pre-fit SLAM is the closest to
the groundtruth. Fig. 3.14b demonstrates the estimated error of robot pose in dx, dy
and 66 varying with time. Both ICP and NDT cannot provide reasonable result, the
maximum errors of dz and dy exceed 4 meters and the variation of rotation error is
even greater. Cartographer and Pre-fit SLAM can maintain the error within a small
range. In the dash rectangle we enlarged part of the error curve from 50s to 60s.
It can be found that the absolute translation error of Cartographer is around 0.4m
while ours is within 0.1m. The peak of rotation error of both Cartographer and
Pre-fit SLAM can reach 0.2rad but it is clearly seen that ours has a lower average

level than that of Cartographer.

In Case 2 (Fig. 3.13b), the robot moved around five features including circular
and elliptical shape. Trajectory comparison is illustrated in Fig. 3.15a. “ICP and
ONDT are not depicted for the sake of completely wrong results. 'ICP and 'NDT still
perform badly. The trajectory of Pre-fit SLAM is the closest to the groundtruth.

There is a relatively large jump in the Cartographer’s trajectory, the reason of
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which is that the observed scan points are located on the other side of features in
contrast to previous observation. Thus the registration process considers point sets
on both side and tries to make the point sets on either side coincide during scan
matching, instead of stitching in the shape of an ellipse. Fig. 3.15b demonstrates the
estimated error of robot pose in dx,dy and 50 varying with time. Both °ICP and
YNDT cannot provide reasonable result, where the translation error and rotation
error are too large. The results in the first half part of ICP and !NDT are roughly
near the real trajectory, but in the remainder part they diverged because of wrong
matching. Cartographer and Pre-fit SLAM can maintain the error within a small
range. In the dash rectangle we enlarged part of the error curve from 50s to 60s. It
can be found clearly that our error is less than that of Cartographer. The peak of
rotation error of Cartographer is even beyond 0.2rad while ours keep the error level
stick to near 0. It is worth saying that !NDT possesses a smaller rotation error and

0y error than Cartographer dramatically, due to the increased amount of features.

In Case 3 (Fig. 3.13c), the robot moved through and around eleven features
including circular and elliptical shape. Trajectory comparison is illustrated in Fig.
3.16a. °NDT is not depicted for the sake of completely wrong result. In this case
OICP, 'ICP and !NDT are partly trusty when the robot can observe features from
both left and right sides. Then the trajectories starts to drift since it can only observe
features from a single side. Our trajectory is still the nearest to the groundtruth
and Cartographer in this case performs the best compared with the other two cases.
Fig. 3.16b demonstrates the pose error of the robot in dz,dy and d6 varying with
time. °NDT in this case is the method that generate the worst result. In the dash
rectangle we enlarged part of the error curve from 80s to 120s. The error of Pre-fit

SLAM is still the smallest one.

We also utilized EKF method to evaluate the accuracy of importing factor graph.

From Fig. 3.14 to Fig. 3.16 it can be seen directly that Pre-fit SLAM via factor graph



Trajectory comparison

I 1—
12 —Groundtruth
[~ —Ours
10F ~— —Cartographer\
— Licp
8- T INDT ,
~
\ —EKF
N\
6 - i
—_ 4 L _
£
> oL i
0r i
2+ -
4+ -
'6 1 | 1 | 1
0 5 10 15 20
X (m)
(a) Trajectories comparison among different methods.
Error comparison among different methods. ——Ours
Error of Ax. _::I::grapher
0r _/~—~—
********* : —"icp
£ | } o1
5 0 E——————3 "NDT
P = ——EKF
10 | | 50 55 60 | | |
20 40 60 80 100
Time /sec
Error of Ay.
10 |-
£ E— e
S 0 e .
< 0g
10 ! s L ——F71, \ \
0 20 40 0 % S0 80 100
Time /sec
Error of A#.
4
3 A~ M
E 0 | \
N N = — : J\_r/“—/—
<2k [ ) R——
A
-4 ‘ ‘ 5% 60 : ‘
0 20 40 60 80 100
Time /sec

(b) Case 2: Error comparison among different methods

Figure 3.15 : Case 2: Trajectory and error varying with time.



Trajectory comparison —Groundtruth
: T \ T \ ‘ —Ours
20+ ——Cartographer
Ocp
—icp
INDT
15+~ ——EKF
10 - 4 1
S o
> / \\
| |
\ |
0 / -
-5F N
o
-10 i | 1 | | | | 1 =
-20 -15 -10 -5 0 5 10 15 20
X (m)

(a) Traiectories comparison among different methods.

Error comparison among different methods.

——Ours
—— Cartographer

Error of Ax. oicp
or —"icP
R —ONDT
é 0 e ; J Vi "NDT
3 — - ==
07
10 80 100 120 | | | |
0 50 100 150 200 250
Time /sec
Error of Ay.
of \
S A
S D
> — e T
3 =
-2
5 80 100 120 | | | I
0 50 100 150 200 250
Time /sec
Error of AG6.
4
- 2r e ,
g ! L ——
; 0 Alo% = e i T
T2 02
4 80 100 120 | | | 0
0 50 100 150 200 250
Time /sec

(b) Case 3: Error comparison among different methods.

Figure 3.16 : Case 3: Trajectory and error varying with time.

49



90

possesses a more accurate result compared with EKF. In order to demonstrate the
superiority of factor graph, we depicted the uncertainty comparison between EKF
frame and factor graph frame as is shown in Fig. 3.17. Obviously the uncertainty
curve of factor graph performs more continuously and smoothly than that of EKF.
It is worth noting that although in Case 2 and Case 3 the uncertainty of factor
graph exceeds that of EKF and the 6 uncertainty of EKF is dramatically small in
Case 3 compared with that of factor graph, we still cannot regard that EKF is more

accurate than factor graph. The reason has been proved in (

):

e The inconsistency of EKF SLAM may cause the variance of the robot orien-

tation estimate to be incorrectly reduced to zero.

e The linearization process of EKF SLAM can introduce errors to make the

estimated uncertainty smaller than the true uncertainty.

The error of each pose is depicted as is shown in Fig. 3.17c. It can be found that
errors of Pre-fit SLAM are distributed within the uncertainty range, while EKF’s
errors exceed the corresponding uncertainty greatly even if the uncertainty looks

fairly small.

The uncertainty of poses and features in the map is displayed as is shown in
Fig. 3.18 (black ellipses are true features). Two conclusions can be drawn: (a) If
only one single feature exists, the performance of factor graph and EKF are slightly
different, but the difference is indeed small. (b) If there are more than one feature
in the environment, factor graph can obtain more accurate estimate compared with

EKF especially when loop closure happens.

Table 3.3 provides the RMSE for all the methods with respect to three cases.
Table 3.4 lists feature parameters error comparing estimated features obtained by

Pre-fit SLAM with groundtruth.
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(c) Case 3: Pose uncertainty

Figure 3.17 : Pose 3-sigma bounds comparison between EKF and factor graph.

From top to bottom at each sub graph illustrates the uncertainty of x, y and 6.

It can be concluded from Table 3.3 that Pre-fit SLAM possesses the minimal
RMSE for three simulated cases except for 6 in Case 1 and Case 2, while Cartog-
rapher performs better than the other four methods. Nevertheless, the difference
between Pre-fit SLAM via factor graph and EKF for Case 1 and Case 2 are quite
minor that the difference is no more than 0.007rad. Another conclusion is that
NDT method is less adapted to the open environment than ICP method because of
sparsely distributed sensor data. Fortunately, a good initial guess for both ICP and
NDT can improve the accuracy significantly, but they cannot reach Cartographer’s
accuracy. By comparing errors in Cartographer and Pre-fit SLAM from Case 1 to
Case 3, the accuracy of Pre-fit SLAM enhanced with the increasing feature amounts,
while Cartographer is not influenced. This phenomenon is due to the compact graph

structure as we associate data before graph optimization, which makes the result
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(c) Case 3: Uncertainty of trajectories and features.

Figure 3.18 : Uncertainty comparison displayed in the map for each case.

robust and accurate.

3.4.4 Results on actual data

In this section, we conducted a real world environment (Fig. 3.19) with 7 features
surrounded by glass walls. Laser data is not reliable hitting transparent glass. The
origin position is manually measured as well as features’ positions with respect to
the predetermined coordinate at the origin point, and the accuracy of measurement
is within 0.1m. Because we only have odometry information and features’ manually
measured position, we did not compare pose errors. Instead, the odometry and
measured features’ position were used to roughly distinguish the trajectory and

evaluate the mapping performance.

Fig. 3.20 depicts trajectories obtained by Pre-fit SLAM, GMapping (?), Hector
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Table 3.3 : RMSE comparison.(Unit: m)

Dataset Case 1 Case 2 Case 3

Method z/m y/m O/rad z/m y/m 6O/rad x/m y/m 6O/rad

Ours 0.10 0.10 0.06 0.08 0.05 0.04 0.05 0.05 o0.01

Cartographer 0.30 0.28 0.16 0.32 048 0.25 049 043 0.16

'ICP 247 215 171 7.08 987 147 352 162 0.14
1Ccp 0.82 0.72 042 198 347 0.61 3.75  1.92  0.49
ONDT 1.80 2.72 213 521 438 1.36 2792 17.68 2.12
INDT 073 065 032 779 198 159 419 222 0.33
EKF 0.11 0.12 0.05 0.11 029 0.04 0.29 044 0.08
SLAM ( , ) and Cartographer *. The valid range of Cartog-

rapher is limited to 4m in order to keep the fairness of comparison. Both ICP and
NDT failed in obtaining an acceptable solution. Real features are plotted in grey
shadow via rough measurement, and orange/red features are the estimated result by
Pre-fit SLAM. Some estimated features are around 0.5 meter from the actual corre-
sponding features, and the axes dimension of one elliptical feature shrinks. But the
trajectory of Cartographer is obviously untrusted because it goes through a feature.
The trajectories of GMapping and Hector SLAM present discontinuity. Especially
at the end of Hector SLAM, the pose jumped to the middle of the figure because of

the wrong scan-matching result. Pre-fit SLAM performs better in this case.

Fig. 3.21a depicts pose uncertainty comparison between Pre-fit SLAM and EKF

*It should be noted that Cartographer failed achieving reasonable result under current valid
range and the default configuration. Hence, we tuned weights of Cartographer as well as other
parameters to keep the valid range remaining the same. The parameters of GMapping and Hector

SLAM were default.
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approach. Same phenomenon occurs resembling simulation experiments. Fig. 3.21b
shows the “real” features lie in the uncertainty range of ours, while one estimated

feature by EKF exceeds the reliable range.

We also evaluated Pre-fit SLAM on public dataset Victoria Park ( ,

) as is shown in Fig. 3.22b. However, cartographer cannot be adopted on this
dataset due to the data format difference. Hence, we only compared Pre-fit SLAM
with a point feature based approach ( , ) which is marked by blue
line. GPS data of the dataset is marked by black dot, and Pre-fit SLAM is expressed
by red line. Red ellipses (which look like red points because of the scaled display)
are estimated features by Pre-fit SLAM. It is not easy to evaluate the accuracy of
trajectory quantitatively since the GPS data is untrustworthy. Also, if looking at
the turn on the right it can be seen that Pre-fit SLAM drifts a little compared with
point feature SLAM. This is because features at that turn are rare which makes the
ellipse fitting process unstable. But the performance is better in the middle part
and the left part since features are trustful. Such phenomenons are also reflected
to some extent in Fig. 3.22a. The 3-sigma bound of Pre-fit SLAM from step 2000
to 2400 (on the turn right) is broader than that of the point feature based method,

but it is narrower around step 5000 and step 6000 (on the middle and left part).

3.4.5 Map performance comparison

In this section we compared the mapping performance between Cartographer
and Pre-fit SLAM. Mapping by Cartographer is an occupancy grid map which is
widely used in robotics algorithms. However, the accuracy of occupied grid map is
affected by the size of the grid. The mapping representation of Pre-fit SLAM directly
expresses features with conic equation. The advantages include three aspects: 1.
Mapping is continuous so that mapping accuracy won’t be influenced by the grid size.

2. The map records features only, where the storage required is less than occupancy
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Figure 3.19 : Real world environment.
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Figure 3.20 : Real world: Trajectories comparison among different methods.

grid map. 3. The representation is human friendly and easy for visualization.

Fig. 3.23 compares mapping performance of Cartographer and Pre-fit SLAM.

The first row from Fig. 3.23a to Fig. 3.23c is obtained by Cartographer and the
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(b) Uncertainty comparison displayed in the map.

Figure 3.21 : Uncertainty comparison between factor graph and EKF.

second row is by Pre-fit SLAM. The map of practical experiment was also obtained
and compared by GMapping and Hector SLAM, as shown in Fig. 3.23d. It is clear
that Pre-fit SLAM can obtain a good map. In the first row of Case 1, Case 2,

and Real Case, it is easy to find abundant duplicated and overlapping curves which
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should be assembled to the same feature. But Cartographer did well for Case 3
because peripheral features are observed on one side which will not introduce too

much error into the optimization problem.

We also compared the estimated features with groundtruth (Groundtruth: Case
1 to Case 3. Rough measurement: Real experiment) to check the accuracy nu-
merically and to make figures friendly to read we filled real features and estimated
results with black and orange shadow respectively in the trajectories comparison
figures (Fig. 3.14a, Fig. 3.15a, Fig. 3.16a, and Fig. 3.20). As is shown in Table 3.4,
for simulation experiments, the accuracy of majority estimated features is around 2
centimeters except a few large error terms. But even these large terms are within 10
centimeters. However, real experiment performs worse than simulations, the largest
error term reaches 20 centimeters (As shown in Fig. 3.20, two estimated features
are far away from the measured true features). Also, mapping of the Victoria Park
by Cartographer is not built due to the capability limitation, while Pre-fit SLAM
built the map shown in Fig. 3.22b. Nevertheless, Pre-fit SLAM is able to provide a

continuous, well-performed and robust map in contrast to Cartographer.

3.5 Summary

A pre-fit feature based SLAM algorithm in open environment via 2D lidar was
proposed in this chapter. Traditional scan matching methods are not competent for
working in an open environment where sufficient edges and corners do not exist. We
proposed a conic feature based method to represent features and reformed corre-
sponding graph structure instead of matching scan points in a traditional approach.
First, the raw data was processed with the prior information of odometry to asso-
ciate data. Then conic feature fitting was applied to transform points to the feature
parameterization proposed in this chapter. At last a factor graph optimization was

adopted to obtain pose estimates as well as the map in our representation. Simula-



Table 3.4 : Features absolute error.

AF, /m AF, /m AF, /rad AF, /m AF,, /m

Case 1 F;  0.0019 0.0036 0.0123 0.0060 0.0055
Fy 0.0121 0.0148 0.0176 0.0018 0.0032
Fy, 0.0155 0.0356 - 0.0011 0.0002
Case 2 F; 0.0127  0.0470 0.0045 0.0095 0.0025
F, 0.0102 0.0871 0.0228 0.0075 0.0189
Fs 0.0283 0.0123 - 0.0029 0.0101
Fy0.0039 0.0284 0.0121 0.0021 0.0011
Fy,  0.0066 0.0137 - 0.0011 0.0017
F5  0.0426 0.0448 - 0.0043 0.0011
Fy0.0120 0.0187 0.0440 0.0045 0.0020
F5  0.0024 0.0149 - 0.0003 0.0051
Case 3 Fy  0.0293 0.0216 - 0.0146 0.0117
Fr;  0.0158 0.0276 0.0316 0.0139 0.0049
Fg 0.0017  0.0310 - 0.0028 0.0061
Fy  0.0684 0.0887 - 0.0079 0.0124
Fip 0.0028 0.0048 - 0.0062 0.0015
Fyp 0.0073 0.0016 - 0.0003 0.0002
F, 0.1074 0.2297 - 0.0010 0.000
Fy, 0.0629 0.0708 - 0.0121 0.0169
Fy 0.1838 0.0381 - 0.0062 0.0065
Real Fy 0.0223 0.0180 - 0.0070 0.0074
F5; 0.0210 0.0125 - 0.0150 0.0259
Fs  0.0132 0.0297 - 0.0102 0.0127
Fr 0.0089 0.0039 0.0107 0.0168 0.0128

60
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tion experiments and real environment test demonstrated that our proposed SLAM
algorithm can get accurate and convincing results for the open environment and the

map in our representation can accurately express the environment situation.

During the experiments we found that the results will be greatly affected if the
features are not well fitted. Proper outlier elimination approaches were adapted
in this chapter, otherwise the estimated poses will deviate from the groundtruth.

Starting from the mentioned concern, we proceeded to the work in next chapter.
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(d) Real world. From left to right are results of GMapping, Hector SLAM, Cartographer,

and Pre-fit Method.

Figure 3.23 : Maps by different methods. (a) Case 1. Up: Cartographer; Down:
Pre-fit SLAM. (b) Case 2. Up: Cartographer; Down: Pre-fit SLAM. (c) Case 3. Up:

Cartographer; Down: Pre-fit SLAM. (d) Real world.
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Chapter 4

A post-count feature based SLAM approach on
implicit functions: Implicit-SLAM

Chapter 3 has proposed a SLAM algorithm based on pre-fitting features from orig-
inal observations. This chapter continues on the basis of feature-based SLAM, and
conducts more in-depth theoretical mining for general features. In contrast to Pre-fit
SLAM, this chapter proposes a potential framework which can be adopted for all the
types of features represented by implicit functions. To illustrate the new proposed
SLAM technique, ellipse and line features are used as two examples to demonstrate
how the proposed problem can be solved by iterative methods. The performance
comparison between the new technique in this chapter and the Pre-fit SLAM clearly

shows the advantages of the proposed approach.

The main contributions of this chapter are:

e We propose a framework called Implicit-SLAM to solve SLAM problem with
implicit functions by clearly formulating the problem with implicit functions
to represent features, computing corresponding implicit covariance rigorously,

and presenting a framework for solving the problem using iterative methods.

e By taking ellipse and line features as examples, we compared the proposed

method with Pre-fit SLAM and proved the superiority of Implicit-SLAM.

e We develop a novel logarithmic form objective function for features with closed

shapes to enhance the convergence of the iteration based algorithms.



65

4.1 Motivation

Feature based approach estimates the parameters of the feature present in the
environment. Omne basic feature based SLAM is point feature SLAM where the
feature parameter is the position of the point feature. Other features used in laser

SLAM include line feature, ellipse feature, curve feature and so on.

However, most of the existing feature based SLAM methods including the pro-
posed method in Chapter 3 need to pre-fit features before estimating robot pose,

which are limited in the following aspects:

e The process of pre-fitting features is an approximation via geometrical or math-

ematical properties, which may abandon valid environmental information.

e Badly-fitted observations can drive the estimated result into errors if outliers

are not, eliminated appropriately.

e Most sensors observe the object from one side, which makes fitting features
difficult to predict, because the specific shape of the other side of the object is
not known. This property makes pre-fitting features only handle limited types

of geometric features.

In reality, laser scans reflect the boundary of an object, which could be of arbi-
trary shape and cannot be easily described with feature parameters. On the other
hand, most of the boundaries can be expressed by implicit functions (every point on
the boundary satisfies the function, referred to Section 4.2.2). Thus we would like

to ask the question: Is it possible to use implicit functions as features in SLAM?

It should be noted that implicit functions cover general geometric features as
special cases. As is shown in Fig. 4.1, features like circle, ellipse, diamond, or even

irregular closed curve can be expressed by implicit functions. Thus, SLAM with
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@10 ZD |
y

== P,

Figure 4.1 : Schematic diagram of Implicit-SLAM. The red triangle is the robot

starting at [-8, -8]". Features with implicit functions are defined by:

&, ¥ 0.6x2 — 0.8xy + 0.6y2 + 11.2x — 10.8y -+ 1400.4

o, © %2 6x + v+ 12y +42.74

;L 12x+2|+08]y+2|—1

&, & 3(1 - 5(x — 5))2e COII-BE-2+D* _q0((x — 5) — 5(x — 5)°
 3(y — 2)F)e 2 IR -D? %ew(xsm)w(yzﬁ 01

;5 1 1.0x" + 0.4y + 2xy + 2.3x%y — 2

Noted that x and y are points belonging to each feature in global frame.

implicit functions as features is a very general feature based SLAM and has the
potential to be applied in different scenarios (3D surfaces are implicit functions in

3D).
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This chapter studies the 2D laser SLAM problem utilizing implicit functions as
features. To the best of our knowledge, no clear researches are made on formulating
features as implicit functions. We clearly formulate the problem as an optimization
problem, and (a) correctly compute the observation covariance matrix, (b) formulate
a symmetry energy term for closed shapes. Then, we propose a potential framework

which can be adopted for all the types of features represented by implicit functions.

4.2 Problem formulation

In this section, we formulate a general SLAM problem with features represented
by implicit objective functions and elaborate the feasibility and approaches of solving
such a problem. Consider a general feature-based SLAM problem (see Fig. 4.1).
Assume a robot moves n steps in the scenario containing features ®,, ®,,--- , @,
At each step, the robot collects laser points hitting on features. The state is defined
by:

def.

v = =<E,®> (4.1)

under the assumption that initial pose Eq = [0; 0; 0]. Thus, the problem is minimiz-
ing the energy function:
q
argglin Etotal - Eodom + Z Efeature,j (42)
j=1

N————

FEfeature

and each term in Eq. (4.2) is defined by:

1 < - =
FEodom = 5 Z ||f(Zodom,i7 —=i—1, '-:i>||§:odom’i
=1

I3
2featulre,i,j

n
def. 1 -
Efeature,j ; 5 Z ||g(zfeature,i,j7 =i, (I)])
i=1
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where Z,gom; is the observation vector of it" odometry, Zieature,i,j 1s the observation
vector of feature j at pose i.* f(Zodom,i, Zi—1, Zi) and g(Zeeature,ij, Zi, ®;) are the
cost functions for the two entries, respectively. X,qom, 15 the odometry covariance

at the i step. Zfeature; 1S the covariance of feature j’s observation from pose i.

The energy term of a typical odometry observation (measuring relative pose) is:

Ri_y(ti —ti1)
f(Zodom,i7 Eiflv Ez) = Zodom,i - (44)
dlSt(gbZ — ¢i—1>
3Ix1
where dist(¢;—¢;_1) is the angle distance between the i and the (i—1)" robot orien-
tation, and Zogom ; is the odometry observation at pose i in the form of [Az;, Ay, Agi]".

In this chapter, geodesic distance is used to find the difference of angles, which is

also known as “wrap”.

4.2.1 Problem formulation of Pre-fit SLAM

In Pre-fit SLAM introduced in Chapter 3, the observation Zfeamrem is obtained
by fitting the raw data following a certain parameterization, and the covariance
ifeature’id‘ is from the fitting result. Hence, the optimization problem aims to mini-
mize the energy cost EfeatureJ between actual observation Zfeatureﬂ',j and theoretical
observation T~}(E, ®). To obtain the theoretical observations, we need to trans-
form feature states from global frame to the corresponding local frame. In order to
distinguish annotations from other methods, we use F to denote features. Taking

feature j as an example, the energy cost can be expressed as:

Efeature,i,j ’

_ 1 e = o
Efeature,j - 5 Z HZfeature,i,j - T 1(‘:@'7 F])H2 (45)
=1

*Without loss of generality, we assume feature j is observed from all the poses 1 to n. For
different SLAM formulations, the format of Zeatures,; is different, as seen in Sections 4.5.3 and

4.5.4 (Pre-fit SLAM), Sections 4.5.1 and 4.5.2 (Implicit-SLAM).
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It is worth noting that F; depends on how the feature is parameterized, instead of
only in the point form. And Zfeature,i’j is always in the same format of the feature
state. It is easy to find ifeatur&i’j if features can be observed directly or fitted by

raw data in advance.

4.2.2 Problem formulation of Implicit-SLAM

Suppose an implicit function ®;(P) = 0 holds' for a point set P that belongs
to feature ®; and P is in the global coordinate as well as ®;. As shown in Fig.
4.1, for example, feature ®; to ®; are in complex shapes, and the corresponding
implicit functions ®; = 0 to ®5; = 0 hold for every point locating on each feature

respectively.

If the perfect observation of ®; at pose 7 is a point set denoted by P it must

satisfy the implicit function after transforming it to global frame, that is:

®,(191P) = &,(T7(E,, /P)) = 0. (4.6)

Eq. (4.6) is obviously an implicit function of Z;,®; and {#P. Since observations
always contain noises, still taking feature j as an instance, the energy term of feature

7 turns to be:

1= =
Efeature,j - 5 Z H(I)] (T_I(Eia Zfeature,i,j)) ||22§>j,7l (47)
=1

where Zgeature,i,j are raw points belonging to feature j at pose ¢, and Y, is the
corresponding covariance, which will be computed in the next section. The method
solving SLAM problem with implicit functions is called post-count method in this
thesis. To denote with other post-count approaches, the algorithm in this chapter

is denoted as Implicit-SLAM.

The comparison of pre-fit and Implicit-SLAM method is shown in Tab. 4.1.

tWe use ®; to represent the feature j and use <i>j to represent the feature’s implicit function.
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Table 4.1 : Comparison of Pre-fit SLAM and Implicit-SLAM

Pre-fit SLAM

Implicit-SLAM

Observation

Annotation
Properties
Objective
function’
Variables
Frame

Covariance

Dependence

Information

loss

Depending on feature parameter-
ization
Zfeature,i,j

Need parameterization’ F;

% Z?:l H Zfeature,i,j —

T7(E, F))l3

Efea':ure,i,j

From {G} to {L}

Zfeaﬂ:ure,i,j

Depend on feature’s fitting; fixed

Accumulate with time and poses

Raw points

Zfeature,z',j

Need Implicit function® <i>j(p)

= 1 /= 2
%Z?:l Hq}j (T 1(='i7 Zfeature,i,j))HE@jyi

From {L} to {G}
Yo,

Depend on feature’s implicit func-

tion; vary in each iteration step

No accumulation

T Pre-fit SLAM: different feature-based SLAM methods have unequal parameterization

way. Implicit-SLAM: Each kind of features possesses a unique implicit function which

holds for all the points belonging to the feature.

¥ Odometry part is omitted in the table.
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4.3 Solution to Implicit-SLAM

4.3.1 Uncertainty transmission and implicit covariance

In typical least squares problems, the energy term is £ = ||z — f(x)||% and X is
the covariance of the noise in z. However, the covariance of implicit functions cannot
be obtained directly from observations. Thus the following lemma is proposed to
link the raw observation and the implicit items and calculate the covariance Xg ;

in Eq. (4.7).

Lemma 1: Consider a least squares problem with energy term E = || f(x, z)||22f
with variables x and observations z. Assume z = zg + n,, where n, ~ N(0,3,) is a
zero-mean Gaussian noise. Since f(xg,z) approximately follows Gaussian distribu-

tion around z = z, as:

f(X()vZ) ~ N(f(X07Z0)7 JZZZJ;) (48)
where
_9f
Jz - E . (49)

a good choice of ¥ in the least squares problem is
Y=g, (4.10)

Proof 1 (Lemma 1): Let f(xo,20) = fo and J, = % .- Expand f(x,2)

0x |z=20,x=x

around zy and Xg:
f(x,2) = fo+ Ju(z — zo) + Jx(x — X0) (4.11)
and f(xg,z) around zg is:

f(x0,2) = fo+ Ju(z — z9) = Z. (4.12)

Since z has zero-mean Gaussian noise n,, the probability distribution of Z yields:

Z ~ N(fo, 1.%.J,)) (4.13)



72
Hence, f(xg,2z) approximately follows:

f(x0,2) ~ N(fo, J,2.J,) (4.14)

Then the minimizing problem can be rewriten by:

argmin F = || fo + J,(z — 2¢) + Jx(x — XO)H;f
x (4.15)

— |1z - Anx]?,
where

A=—-Jy, Ax=x—X (4.16)
Thus a good choice of Xy is Xy = J,X,J,.

It is impossible to obtain zy during practical experiments, which is the groundtruth
of z. Because the noise influence of observed points is similar to that of groundtruth
points when the observations are near the exact positions, we use the observed points
to approximately calculate the covariance in Eq. (4.7). The experiment in Section

4.6.2 shows the validity.

4.3.2 Optimization of Implicit-SLAM

One important difference between the new SLAM problem and Pre-fit SLAM
is: Feature ®; in Eq. (4.1) is expressed by an implicit function instead of a finite-
dimensional vector. Thus ¥ in Eq. (4.1) is not a typical state vector and the

problem cannot be directly solved using iterative methods.

However, if we can identify some “changeable parameters” in each feature ®;,
then the problem is to find these changeable parameters together with the poses

such that the total energy is minimized.

Suppose the “changeable parameters” in feature ®; are defined by s elements
_>
in a vector form ®; = [®;,,®;,, -+, P;,|", then standard iterative methods such as

Gauss-Newton and Levenberg-Marquardt can be used to solve the problem.
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Suppose the incremental A is defined by:

L | AS AZ, AE,
AB, - A, (4.17)
- ABAD >

Since we need to find A, an @ operator is defined to apply the increment A to

‘Ijold as:

‘Ilnew d;f. \Ilold 5% A

o |21@AE; - E,DAE,
et . . (4.18)
e, 0P, - S,0P,
déf.< =old B AE, Qold ) Ag > .
The step increment A can be calculated by LM method. The Jacobian of feature

7 alone is given as an example:

J;= |22, 9% . 0% 4.19
J o= 9%, %, ( )

the first element in J; is the derivative with respect to all the poses.

It is worth noting that the covariance adaptively varies according to Lemma 1,
and the implicit function allows very flexible representation of the features in the
environments. The “changeable parameters” is a way to parameterize the feature
and adjust an initial value for the general feature when the more detailed shape
information of the feature becomes available. Currently, the number of parameters
is determined manually to help optimization. One empirical strategy to in deter-
mining the parameters number is to select the polynomial equation which can get
the approximate shape in advance. This step can be assisted by some visualization
tools. It should be noted that the number of polynomials should not be excessive,

otherwise the convergence difficulty will be exacerbated.
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4.4 TImproved objective function for closed shape features

4.4.1 Asymmetry issue of general objective function

One inevitable problem of implicit functions is: for features with closed shapes,
the value of implicit functions <i>j in the error term FEfeture ; varies from —p (inside
the boundary, where ¢ > 0, varying from different implicit functions) to 0 (at the
boundary) and then from 0 to +oc (outside the boundary). g is generally a small
number. The value of ®; changes slightly within the boundary, while the change
outside the boundary is dramatic. This will make it difficult for the energy term
to quickly decline to the optimal solution when the transformed observation points

with respect to the estimated poses are inside the boundary during iterations.

4.4.2 Improved objective functions

We propose to improve ®; to @;, following:

@’ =log(-®; + 1) (4.20)

|

then the value of ®} varies from —oo (inside the boundary) to +oco (outside the

boundary).
Fig. 4.2a shows a general implicit function defined by the following function,
taking ®; (in Fig. 4.1) as an example:

®;(P) = 1.2x* + 0.4y* + 2xy + 2.3x’y — 2 (4.21)

where a point set is P = [x,y] € R¥*? belonging to ®5. Obviously, the value of ®
outside the boundary grows rapidly (from 0 to 200), while that inside the boundary
does not change much (from 0 to -5). Such value distribution can cause an inefficient

descending problem.

Hence, a logarithmic function is applied to reconstruct the original implicit func-
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Figure 4.2 : Comparison of implicit functions for ®5. Red line is the boundary of

feature ®5. Blue contours are the values of ®5 and ®%, respectively.

tion as:

_ 1_
®:(P) = log(5@5(P) +1) (4.22)
where p = 0.1543 for ®5.

Fig. 4.2b depicts the improved implicit function. The value of ®% inside and
outside the boundary changes relatively evenly, showing a symmetry property and

leading to a steady convergence.

One inevitable issue is how to choose a proper p. Features in regular geometrical
shapes, such as ellipse, line, or rectangle, have standard equations to describe the
features’ properties, which makes it easy to find p. However, it is not easy to obtain
a o in advance if the shape of a feature is irregular and unknown. In this chapter,
we assume the prior knowledge of features’ shape is known, whether it is accurate

or not. Then the p is dynamically searched after every iteration.
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4.5 Instance analysis

In this section, we use two examples (ellipse feature and line feature) to compare

Implicit-SLAM and Pre-fit SLAM.

4.5.1 Implicit-SLAM: Ellipse feature

Suppose for an arbitrary point p = (z,y)" defined in the global frame. Then ®,

is:
= x — F,)cos Fy + (y — F,) sin F})?
q)](p) :(( ) ¢ 2( y) ¢)
F?2
N (= (z — F,)sin Fy 4 (y — F,) cos Fy)?
F?

(4.23)
—1

where (F;, F},) is the center of the ellipse, F}, is the angle between the major axis of
the ellipse and x axis, F}., and F}, are the major and minor axis respectively, and the
vector form of changeable parameters for ellipse feature is CIT; = [Fy, F,, Fy, F, F,,]".
The reason of formulating ‘fz as the given way is to facilitate comparison with
the Pre-fit SLAM, which requires reasonable feature parameterization (discussed in

Section 4.5.3 and Section 4.5.4).

60 20
4 o 40
=)
©
>
w 20
5
0 5
5
(a) Value of Efeature,j- (b) Value of B ture, i

Figure 4.3 : Comparison of energy terms utilizing Eq. (4.23) and Eq. (4.24) for

ellipse feature.
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We reduce the dimensions of Eq. (4.23) to 2 by fixing the last three parameters of

H
®; and robot poses in order to illustrate the convergence ability. Fig. 4.3a depicts

2
7

the energy term FEreature,; = H(i)j (p)‘ and the black ellipse is the groundtruth
ellipse [0,0,0,2,1]" depicted in xy-plane. It seems that the function can converge
well for any point from a macro perspective. However, the fact is that Freature,;j 15
hard to converge when the observed points locate within the ellipse area. As shown
in the sub-figure in Fig. 4.3a, we drew a line where z = 0 as an instance. The
value of Efeature,; varies slightly if |y| < 1, which means the gradient is too small.
It is worth mentioning that this figure is only a two-dimensional example. The real

function is in high-dimension, and it is far more difficult for the energy function to

decline in the right direction when the observed points are inside the ellipse area.

As the result, we reconstruct the implicit function by:
®7(pa) =log(®;(pa) + 1). (4.24)

. . o "
Depict the new energy term in a similar way Ef .. ;

= H@J*(p) HQE and the result
is shown in Fig. 4.3b. In this example, the new objective function provides a sharp
decline when points fall inside the ellipse. It is still easy to descend due to a large

change in energy function.

The final ellipse implicit function written in vector form and the energy function
is:

9(Zep.ijr Bir F5) = 9(Zep.ij, Ei, ®5) = BT (Ei, Zepij))

T T 1 T T 1
= log <sum2 (AAM®A Tz Fsum; (AN AT F—2> (4.25)

.
Egaature,j = 5 Z H¢;<T(E“ Zep,i,j)) chpj,i

where ©® is the Hadamard product, sumsy returns a column vector containing the
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sum of each row, and

2 cs 2 —es (4.26)
M = N =
cs s° —cs
Y, can be calculated according to Lemma 1:
Sgl = v, g
Vgij = B
Pa; pa, B8,
1 2A"MR n 2A'"NR (4.27)
e F? F?

Co = C|{i}p<1>j =i, P

i
A =T(E;, "ps,) - F,,
We give a simplified example of one point in a feature. Suppose a single point
p = [7;;¥). Also denote ®;, = [F,; F,], cos(Fy) as c, and sin(Fy) as s. Thus, the
updated Ellipse cost function turns to:

—

1 2
EPeature,j = 5 ||g(Zep,i,j7 i (ﬁj)HEq,j’i

2

¢ Y@ i
(4.28)

Then the corresponding Jacobian can be obtained by partially differential g with

related to the state vector:
dg "1 oC
—= =N = 4.29
ow C ov ( )
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where
oC 1 09A 1 0B G =2(—-%;,) M=2D
T T2 o U2 o T
RO g (po,) N =R
0C _ 10A 10B _ | 5 =2D'(dR)"p
¢  F2 09  F7 0¢ 98 — 9E"(dR)p
where dR is the derivative of R
04 — 2D
oc__ 1 oA 1 0B _ o _ |,
(9<I>jxy F7,21 8@3@ Fr22 (9<I>jw 8t 3(273 — —2E
oc 104 108 ) o= (P @) dM(p- @)
OFy F20F, F20F, o T
’ PR T e o =(P—®;,) dN (p—2;,)
—2cs —s% 4+ 2 2cs 2 — 2
where dM = , and dN =
—52 + 2 2cs 2= —2cs
oc 24 oc 2B
oF,,  F3 ' 0OF, @ F3
(4.30)

4.5.2 Implicit-SLAM: Line feature

Similarly, assume {4 Pg, is the homogeneous point set of k* line feature in the
pose i. The observations are defined by Zy,;x = {/Pg,. ¢—>k> = [la,p]" is the vector
form of changeable parameters normalized by p > 0, [, is the angle between the line
and global x-axis, p is the distance from the origin point to the line. The implicit

function of ®;, is:

9(Zipi e, Bis ®r) = Pr(T(Ei, Zipiik))
(4.31)

=coslyx +sinl,y — p

W

x and y are column vectors of Zy, ;. Since p is a scalar, the operator represents

p is subtracted from each element in the preceding term.
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The line feature’s implicit function can be formulated with the help of Lemma

g<le,i,k> =i, (I)k) = ‘i’k(T(Eu le,i,k))
_ (4.32)
=T(Z;, Zipix) ®i°

— —
where ®,° = [cosl,, sinl,, —p|" is the normalized vector of ®;. Hence, the energy

functions of line is:
e =
Efeature,k: = 5 Z H(I)k(T(E'u le,i,k) H;q’k’i (433)

The covariance Yg, ; is calculated as:

-1 “Ty—lg—1
Eq:w = Vhy, 2] Vhik:

(4.34)

Ulpg, .Ei, Pk

— —
®,,,° is the first two elements of ®;°.

Similarly, a simplified example is given based on the existing normalization. Let
— —
®, = [l,,p|" be the normalized feature state and ®;,° = [cosl,,sinl,, —p]". Then

the Jacobian matrix is derived by:

8Efeature,k: 7o

¢
4.35
8Efeature,k _ T_l(: {Z}p)T — Sin la ( )
Ola cos I,
awaeature,k - 1
dp

4.5.3 Pre-fit SLAM: Ellipse feature

The raw data can be used to fit an ellipse, one method is presented in (
, ). Denote Zefm as the observation of the j** ellipse feature at pose i,

then Zefm = {i}f‘j, where {"}]?‘j is the actual observation of {i}Fj.
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Hence the pre-fit ellipse observation function can be written as:

g(Zef,i,ja Ei7 F]) — {Z}F] — dlSt(E7¢ — (bl) (436)
Fjrl,rQ 5x1
where ¥, F;, and F; . are the position, angle and axis dimensions of the gt

feature in global frame, respectively. An extra wrap step is still needed for the 37

element.

The ellipse feature uncertainty e ; ; is easily computed by Xef; ; = J DI
(Discussed in Chapter 3.2.3).

4.5.4 Pre-fit SLAM: Line feature

We replace Fy with Ly to represent the line feature to distinguish it from ellipse
features. Suppose the k' line state vector is parameterized by I = [ag, pr]” (pr > 0).
Then the corresponding line feature Ly, normalized by 1, is Ly = [cos oy, sin ag, —pi]'
It is worth noting that the line feature state includes normalization process. Sup-
pose the k' line state vector is parameterized by 1 = [ag, pr] (pr > 0). Then the
corresponding line feature Lj normalized by 1; is Ly = [cos oy, sin oy, —pg]" which
satisfies L, p = 0 where p is a point on the line feature in homogeneous coordinate.

This mapping is denoted by 1, — Lj and is reversible.

The observation of line features is obtained by intuitively minimizing the distance
from discrete points to the line. Suppose a point {#p,, is defined in the local frame
{i} at pose i belonging to Ly and denote Z]fﬂ"k as the observation of the k** line
feature at pose i. In order to avoid excessive mapping, the observations of line Zlfﬂ"k
are in the form of L, and calculated by minimizing:

argmin » UL tp, (4.37)

L, 5

thus Z]fﬂ:,k = {Z}Lk
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Here, we propose Lemma 2 in order to help derive the following equations.

Lemma 2: Assume an arbitrary line feature Ly is defined in the global frame
{G}. Suppose T; € SE(2) denotes the transformation from local frame {i} to global

frame {G}, then the corresponding line feature in the frame {7} is:
WL, = T7L, (4.38)

Proof 2: Suppose an arbitrary point }p is allocated on the line (L, and both
the point and the line are defined in the frame {i}. Then the point in the frame

{G} can be obtained by p = T;{"p, which yields p'L; = 0. By direct calculation,

T

p'Ly = (;'"p) Ly = Yp (T Ly) (4.39)
Hence 1L, = T L.

The detailed derivation of pre-fit line model can be derived according to Lemma
2 as follows:

9(Zagin, B 1) = ULy — T7Y(Zi, L) (4.40)

Remarked here that an implicit mapping 1, < Lj is done to accomplish the state

vector.

The uncertainty of line energy function i ;5 can be calculated by
Zlf7i7k = diag(Zz, 0) (4.41)

according to Zhao et al. ( , , Eq. (19)).

4.6 Experiment and analysis

In this section several numerical examples were considered to analyze the per-
formance of the proposed method. Firstly, we investigated the validity of Lemma

1; secondly, we compared the results of Implicit-SLAM and Pre-fit SLAM. Different
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from elliptical feature based Pre-fit method in Chapter 3, the Pre-fit SLAM utilized
in this chapter also takes line features into account. Then we tested Implicit-SLAM
by fixing the covariance to evaluate Lemma 1. We also compared the performance
between the improved implicit functions for ellipse feature with the original func-
tions. Finally, we tested the robustness to observation noise level and checked the

influence of fusing different types of features on both methods.

4.6.1 Simulation setup

The simulated environment is a 15 mx8 m space containing walls and ellipse
features. The robot starts at [0,0,0]" and odometry information is provided via
a virtual wheel encoder with a random Gaussian noise diag(0.42,0.4% 3e7%). The
initial observation noise is a random Gaussian noise n, ~ N (0, diag(0.05%,0.052)).
A 2D lidar is simulated with the valid range of 10m and the angle resolution of
0.33°. Range-Azimuth model is adopted for simulation, but the range-bearing data
is transferred to Cartesian coordinate to form the observation. Only points within

valid range and hit on features can be observed.

Our algorithm was tested in multiple settings: Pre-fit SLAM with ellipse fea-
ture only (denoted as pfE), with line feature only (pfLl), and with both ellipse and
line feature (pfEL); Implicit-SLAM method with ellipse feature only (denoted as
pcE), with line feature only (pcL), and with both ellipse and line feature (pcEL).
All the three Implicit-SLAM methods implemented variable covariance for ellipse
and line features according to Lemma 1. As a comparison, Implicit-SLAM method
with a given unchanged covariance for both ellipse and line features is prepared
(pcEL_fixCov). Another two comparisons are Implicit-SLAM method with origi-
nal ellipse objective function (Efeature; by Eq. (4.23)) (pcEL_oldFun) and the same

configuration except fixing covariance matrix (pcEL_oldFun_fixCov).
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4.6.2 Validation of uncertainty transmission

0.05

Ellipse Line

| . (ik‘,
-3, 3-Sigma bound

—Y3,: 3-Sigma bound

‘ -0.05 :
0 100 200 300 0 100 200 300
Point number Point number
(a) Noise of ellipse feature. (b) Noise of Line feature.

Figure 4.4 : Uncertainty comparison. Red line is the 3-Sigma bound calculated by
Lemma 1. Blue points are real values of implicit functions obtained by repeated

experiments.

In this part, we used ellipse and line feature for verification of Lemma 1. We
firstly verified whether g¢(Zseature,i,j» Zi, ®;) yields to Xg,; via feature points by
Monte Carlo experiment. 300 points on the edge of an ellipse and a line are se-
lected respectively. Under the given noise, we repeatedly calculated both ellipse and
line’s implicit functions ®; and ®; with noisy observation and noisy ¥ by 1000
times and marked all results at each point as blue dots, as is illustrated in Fig. 4.4.
The red line represents 3-sigma bound that obtained by Lemma 1. For both ellipse
and line features, over 90% sampled data are strongly limited in 3-sigma bound,

which verifies Lemma 1 statistically.

Since it is impossible to obtain z, during practical experiments, which are the
groundtruth of z. Because the noise influence of observed points is similar to that

of groundtruth points when the observations are near the exact positions, we use
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the observed points to approximately calculate the covariance in Eq. (4.7). As is
shown in Fig. 4.4, although E;;i cannot cover more than 99% error points, it is
still acceptable. And the imported errors in ellipse feature can be amended by the

proposed improved objective function.
4.6.3 Result comparison in general environments

Trajectory Comparison.

0 S x/m 10 15

Figure 4.5 : Trajectory comparison. 3-sigma bound for robot’s positions are depicted

by shadowed ellipse in specific color.

We compared the results of pcEL and pfEL, as shown in Fig. 4.5. Because the
line parameters in this chapter cannot represent line segments, the end points of
each line at the first observation are maintained dependently (Do not participate
in the optimization. We assume each observed line feature contains all the points.)
and the resulted line features are drawn by transforming the end points to global

frame. They are not accurate lines but to make the results look better.

Obviously, the trajectory of pcEL is much better than that of pfEL. Some sharp
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“jump” occurred for pfEL due to the badly-fitted observations. The RMSE of pose
is shown in Tab. 4.2. A main conclusion is that the pre-fit model usually possesses a
higher error level than Implicit-SLAM model. The position error of pfEL is 0.1386m,
while that of pcEL is 0.0912m, which is much smaller than pfEL. Also, the final
covariance of position of pcEL is smaller than that of pfEL according to Fig. 4.5.
It is noticed that pcEL_oldFun possesses an even smaller error in x-axis. It may
related to the arrangement of the elliptical features (the main axis angle). If the

angles are changed, the result may perform differently.

Table 4.2 : RMSE Comparison of multiple settings. The definition of abbreviations

is in Section 4.6.1.

x/m y/m t/m 6 /rad
pfE 0.0974 0.1713 0.1971 0.0058
piL 0.1038 0.1332 0.1689 0.0068
pfEL 0.0806 0.1128 0.1386 0.0059
pcE 0.0940 0.0762 0.1210 0.0067
pcL 0.0776 0.1695 0.1864 0.0059
pcEL 0.0749 0.0520 0.0912 0.0043
pcEL_fixCov 0.0780 0.0693 0.1043 0.0044
pcEL_oldFun 0.0614 0.0872 0.1066 0.0078
pcEL_oldFun_fixCov  0.0940 0.1608 0.1863 0.0047

Remark: pf stands for pre-fit; pc stands for Implicit-SLAM; E stands for ellipse;

L stands for line.
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Influence of Implicit covariance

We evaluated pcEL_fixCov in the same simulation environment. In Tab. 4.2,
it can be found that the RMSE of pcEL_fixCov is slightly larger than pcEL, but

smaller than any pre-fit approaches and Implicit-SLAM approaches.

Influence of improved cost function for closed shape features

By comparing pcEL_oldFun and pc_EL, It can be found that even if the RMSE
at x-axis of pcEL_oldFun is the smallest, its translational and rotational RMSE
(0.1066 and 0.0078) are bigger than those of pcEL (0.0912 and 0.0043). Hence, one
conclusion is that the improved cost function for closed shape features can improve

the accuracy of pose estimation.

Influence of different features

A secondary conclusion can be derived from Tab. 4.2 is that the combination of
ellipse and line features can effectively improve the accuracy of the results compared
with settings only using one type of feature, whether it is Pre-fit SLAM or Implicit-
SLAM method.

4.6.4 Results on robustness against noise level

In the last experiment, we tested both Pre-fit SLAM and Implicit-SLAM with
observing noise level increasing. The observing noise increases from 0.05 m to 0.1
m, and for each level we tested both algorithms by 50 Monte Carlo experiments and

used the average error to depict Fig. 4.6.

It is clear that Implicit-SLAM is more robust to noise than Pre-fit SLAM on both
position error and rotation error. The reason that pre-fit model performs badly is

that the larger the noise is, the less accurate the fitted features are.
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Figure 4.6 : Error changes with noise increasing.

4.6.5 Results on practical scenario

In this part we implemented Implicit-SLAM on a real scenario. As is shown in
Fig. 4.7, the experiment environment is similar to the Chapter 3, where placed 7
artificial near-elliptical features and 1 round sofa inside glass walls. The data is
collected via Fetch robot. The data association is executed by two aspects: 1. we
clustered the discrete points of elliptical features by roughly projecting points back
to the initial frame via odometry information since the number of features is known
and features are sparsely placed; 2. a simple way is used to associate lines. We first
extract lines at each single scan and then projecting line parameters to the initial
frame via odometry. As each line is represented by the distance to the line and the

angle of its normal line, a threshold is selected to determine to merge the same lines.

The experiment compared Implicit-SLAM and the state of the art Cartographer
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(a) Practical scenario: a lounge consisting of (b) The irregular feature. On the right is

several near-elliptical features. the estimated feature by Implicit-SLAM.
Our method
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(¢) Comparison of Pre-fit SLAM, Implicit-SLAM and Cartographer. Region A, B and C

are highlighted to compare the results.

Figure 4.7 : Practical experiment.

(Hess et al., 2016). The estimated features of Pre-fit SLAM are not drawn due to
the bad performance of line features. Instead the trajectory result of Pre-fit SLAM

was depicted as a comparison.

We chose 7 ellipse features and 1 irregular feature with quartic implicit function
(the irregular feature) in order to evaluate Implicit-SLAM on general shape features.

Since the specific equation of the irregular feature is not able to be obtained, we
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use a quartic equation to roughly approximate the feature starting from assuming
it as an ellipse initially. Then the global guess of irregular feature’s parameters is
given by quartic parameters. In this chapter, the observed points include all sides

of features. The case where observation are open sets will be discussed in Chap. 5.

The results of Pre-fit SLAM, Implicit-SLAM and Cartographer are depicted in
Fig. 4.7c. Similar to simulation, line feature are depicted as segments for a better
visualization. In the first row we depicted results of Cartographer, Pre-fit SLAM
and Implicit-SLAM together to show the difference. First of all, Pre-fit SLAM
deviated from the other two methods because of the error imposed by wrongly
estimated features. Since the groundtruth in real scenario is not available, we cannot
quantitatively evaluate the two methods. However, it is possible to compare the
results by re-projecting scan points back to the initial frame via estimated poses
of either method. Three rectangle areas are highlighted in the figure. In region A,
more points of Cartographer exceed features’ boundaries, while Implicit-SLAM can
maintain the basic shape of features. In region B and C, Cartographer’s results

show a clear dispersion compared with Implicit-SLAM.

4.7 Summary

In this chapter, a clear problem formulation and a solution framework for implicit
function based SLAM problem are proposed. Two challenges involved in this novel
SLAM problem are addressed. One is finding the covariance of the noises involved
in implicit energy terms. Another is handling the asymmetry of the energy terms for
closed shape features. Simulation results using ellipse and line features as examples
shows that the proposed method is more robust to observation noises and outper-
forms the Pre-fit SLAM. It is also shown that using hybrid features can achieve
better accuracy in SLAM compared with SLAM with only ellipses or lines. Prac-

tical experiment illustrates that Implicit-SLAM has the ability to acquire accurate



result.
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Chapter 5

A post-count feature based SLAM approach on
Fourier series: Fourier-SLAM

Last chapter proposed a post-count feature based SLAM approach using implicit
functions. However, Implicit-SLAM with polynomial feature variables are sensitive
to the initial guess, which will lead the algorithm to failure. This chapter continues
digging into the post-count method and proposed another feature based SLAM ap-

proach with the help of Fourier series, which is called Fourier-SLAM in this chapter.

The main contributions of this chapter is that we propose a feature based SLAM
approach implementing Fourier series to parameterize closed shape features (Section
5.2). Results (Section 5.4) show that using Fourier series as feature parameterization
increases the accuracy of estimated trajectory as well as providing precise feature

boundaries.

5.1 Motivation

In the applications of 2D laser rangefinder, various features are parameterized
and used in SLAM problems such as point features, circular features, and polynomial
features. Some researchers tried to estimate the contour of features during optimiza-
tion and imported polynomial functions. In the last chapter, we took pre-defined
polynomial functions as features and proposed an implicit function parameteriza-
tion approach to solve feature based SLAM problem. The approach can estimate
features in general shape with prior knowledge and calculate the uncertainty the-

oretically. However, it is still challenging to provide proper polynomial coefficients
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as an initial guess if the prior knowledge of complex closed shape features is not
available, resulting in being sensitive to the initial guess.

In this chapter, we propose Fourier-SLAM method. The advantages of Fourier

series include:

1. Fourier series representation can express a feature’s boundary accurately;

2. The number of coefficients in Fourier series is changeable, which makes the
feature representation flexible. Truncated Fourier series is actually removing
the part of data with high frequencies, which is usually the case of the random

noise;

3. Feature’s center has less influence on the estimated boundary, which makes
the result reliable since an accurate initial guess from the noisy raw data is

not available.

5.2 Closed shape feature parameterization

This section elaborates the problem formulation via Fourier series.

5.2.1 Fourier series coeflicients estimation

Fourier series can be used to represent a periodic function via a sum of sine and
cosine functions. For example, suppose f(z) is a continuous function with period T
and z is the indeterminate. f(z) can be decomposed into triangular functions with

different periods as :

- 2 °° 2
flz) = % + nz:lan cos 7;?:1: + nz:lbn sin 7;7}% (5.1)

To make the problem clear, we discuss the estimation of coefficients from points
within one time sequence and omit the superscript for simplification. Given the

boundary set Py, the estimation of Fourier series coefficients a,,, b,, are well defined
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Figure 5.1 : Hlustration of r;,0;,d(#;). The black triangle is the feature center.

and can be calculated. As shown in Fig. 5.1, denote r; as the actual distance from
point pf to the feature’s center, 0 as the corresponding angle of p¥ with respect
to the x-axis in global frame. We use d(6%) to denote the fitted distance from the
known or assumed center Cy to the ith point on the boundary, where ¥ € [—7, 7).

Based on the above conception, one assumption is made:

Assumption 1: All features in the environment are in closed shapes (as shown
in Fig. 5.6a). For any bearing beam pointing from the feature center to infinity, it
has only one intersection with the feature’s boundary.

The periodic distance function d(6;) of a feature can be represented by:

N

d(6;) = Z lay, cos(nb;) + by, sin(nb;)] (5.2)

n=0

where the period is 27 according to Eq. (5.1). N can be any positive finite number.

The larger the N, the closer the fitted boundary is to the observed points.

The coefficients of the Fourier series is a group of numbers such that the estimated
boundary and the observed data has minimal difference, i.e., the solution of the

following cost function (Rakshit and Monro, 2007):

M

argmin F = Z (d(6;) — ;) (5.3)
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where M is the size of Py.

Noting that by can be neglected since it has no influence on the above equation.
By taking the first order differential of Eq. (5.3) with respect to ag, b, where k =

0,---, N, and let them equal to zero:

i—f =2 Z (d(6;) — ;) cos(kb;) =0
i; (5.4)
ab—f =2 Z (d(0;) — 7;) sin(k0;) = 0

Since 6; and r; are determined numbers from the observation, Eq. (5.3) is actually a
linear function of a,, b, thus Eq. (5.4) is a quadratic cost function of a,,, b,. The op-
timization problem can be solved through calculating X = [ag, ay, -+ ,an, b1, -+, by]"

from AX — S = 0, where

S = S(2N+1)><1 = [51; (Sz)le; (Ss)Nx1] (5~5)
where
¢ M
S = ZTZ‘
i=1
M
(S2), = Zn cos(pb;) (5.6)
i=1
M
(S3), = Zri sin(pb;)
( i=1
and

M <A12)1><N (A13)1><N
AL | (An)vur (Ap)nan (Ags)nsw (5.7)
(A31)N><1 (ASQ)NXN (A33)N><N
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where
.

M

(A12)1q = Z COS(Q@') , Ay = Alg
=1
M

(Ais)ig = Y _sin(gfs) , As = Ajy
=1

(Aga)p, = Z cos(pb;) cos(qb;)

i=1

(A23>pq = Z COS(pQZ') sm(q@l)

M

(Asz)pg = Z sin(pb;) cos(qb;)

=1

(Ass)pg = Z sin(pb;) sin(qb;)

\ =1

then the optimal solution is X = A~!S.

(5.8)

5.2.2 Partial observation complement and center estimation

The estimation of Fourier series coefficients is based on the assumption that all
points are referenced at the feature’s center. Therefore, feature points need to be

converted from global frame to feature’s local coordinate in advance.

For any feature point set P, with the center Cg, the corresponding points in
feature’s local coordinate are denoted as Pj,. One possible way to get C is finding
the average center of P;. Thus for each point within the point set, p¥ = p¥ — Cy,

where Cy, = [Cj 1, C’kvy]T is the center of the point set belonging to the feature ®;.

However, one problem of this way is that the center will be shifted if only part of
the boundary is observed, leading to wrong fitting. Starting from this concern, we
propose a complement process. As shown in Fig. 5.2, partial points will lead to a bad
average center for fitting. Thus, we initially use a circle equation to approximately
find a center from the partial points. This center is served as the complemented
center. Then partial points are transformed to the frame defined in the comple-

mented center, after which sort all points in the order of ascending angles 0. Next,
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Figure 5.2 : Coeflicients fitting process.

the starting point and the end point among these partial points are selected (with
the help of ascending angles), denoting their distances to the feature’s center as r;
and 7y, respectively. The complemented points can be predicted by linearly inter-
polating distance between r; and 7. Finally, the boundary is fitted using original

partial points and the complemented points together.

The complemented center is still inaccurate as the unknown points are unpre-
dictable. The complemented center could be different from the actual center. For-
tunately, thanks to the advantage of Fourier series fitting, it is reasonable to process
center complement since the fitted boundary is less-influenced by the selected feature
center. As shown in Fig. 5.3, the boundary is well-fitted among different selected
fitting centers even if the center is not located at the groundtruth. The only con-
dition to the selected center is that it must locate within the boundary and satisfy

Assumption 1.

The complemented points are helpful during initializing Fourier series. Note that
once the coefficients are initialized, the complemented points will be dropped and do
not join in the SLAM optimization. With the initialized coefficients the estimation

process is able to deal with features which can only be observed partially.
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—GT feature
——F8 Fitted

® GT center

() Selected center

Figure 5.3 : Different feature centers result in the same boundary. The larger the

N is, the closer the fitted boundary is to the groundtruth.

5.2.3 Choice of N

In this chapter, NV is a chosen number such that using truncated Fourier series
to estimate the boundary of the feature possesses enough precision, and N can
be increased to acquire a more accurate result. As shown in Fig. 5.3, the fitted
boundary is fitted well enough for N > 7, while N = 3 shows an approximated
boundary. As N increases, the resultant boundary gets closer to the actual points.
Note that N should be limited to less than the number of fitting points, otherwise
the result is over-fitting causing the boundary oscillating. Empirically, N can be set
to 5 or 7 for most of the smooth closed shape features, and it can also be set to 15

or 17 for most of the rectangular features.

In order to evaluate the accuracy of the feature coefficients estimate, we need
the groundtruth of the Fourier series coefficients. The feature’s groundtruth are

generated by three steps: (a) set feature’s groundtruth center and manually select
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30 boundary points for each feature; (b) fit points with Fourier series with a pre-set
N; (c) use the fitted Fourier series as the groundtruth to generate the feature shape

using Eq. (5.2).

5.3 Problem definition of Fourier-SLAM

In this section, the problem definition of Fourier-SLAM is introduced in details.

5.3.1 Problem formulation of Fourier-SLAM

The original observation in Fourier-SLAM is raw laser points. One inevitable
issue is that it is difficult to acquire correct data association in general. However,
considering the application environment of Fourier-SLAM, we are able to associate
laser points on the same feature aided by odometry information. Hence, in order to

make formulations easy to understand, an assumption on data association is made:

Assumption 2: The raw laser points are segmented into point sets corresponding

to different features. The data association is done by clustering points.

The raw observation points represent a real position in Euclidean space and
it cannot be used directly to estimate coefficients of Fourier series. Consequently,
laser points in Euclidean coordinates should be transformed to each feature’s local
polar coordinates first, and the center of these points are kept for the following

optimization.

Assume the initial pose Eq = [0;0;0] coincides with the global frame, and a
point set U'P, with a size of M,g observed in the jth frame belongs to feature ®,.
Only one feature is considered in this section for simplification. For the pose set

def.

Ej-1.1, we aim to optimize vector X = [E;-1.1; ®y] where &, = [Cy; V] and

Vi = [ak, af, by, ak,b%]". Then the optimization problem is to minimize the
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following energy function:
L

K

argmin F(X) = Z (Eo,j + Z (Bt j + Ec,g}k]) (5.9)

X
k

E]'—l

E, ; is the energy cost of the odometry, Ef ;. is the distance cost between estimated
boundaries and observed points, E ; is the energy cost of observed feature centers

fitted at each step. Each term in Eq. (5.9) is defined by:

N
Eo ;= |f(Zo;, :j—h‘:j)HE;;
N 2
Eijr = Z [ay cos(n@’*) + b sin(n6’*)] — r’* (5.10)
n=0 Efjjl,k

Eejp = ||T7 (&), Cr) — D Ch|1s

c,jk

where Z, ; is the observation vector of jth odometry, Z;Jl is the odometry covariance
at the jth step. X J{k is the covariance of feature k’s boundary error at jth step.
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ok is the covariance of fitted center at jth step. 1}, is obtained through a circle-
fitting process at each time sequence. The coefficients a® and bF are initialized by

the complemented points. 8% = 9% ... ,Giji]T and rik = [7F ... ,rﬁg]T, where 67

and r/* are calculated by:

. )k ; : j
bk — arctan(gljk) , TiF = \/(jggk)Q + (")

%

y ' ‘ 5.11
mzk - cj{J}.iEf _ Sj{J}yf +tj0— Cra ( )
" sl + e yF 4+ 5, — Cry

where p/* = [27*, §/*]" is the ith point in feature k transformed from the jth frame,

and 67" is the angle of p/*, /¥ is the distance from p’* to the feature’s center Cy,
and both of them are calculated by global points transformed from the jth frame.

c;, 8j represent cos ¢; and sin ¢;.

5.3.2 Optimization and uncertainty transmission

Eq. (5.9) is able to be solved by iterated methods such as Newton’s method or

Levenberg-Marquardt algorithm. In this chapter, Levenberg-Marquardt algorithm
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is taken as the problem solver. The covariance matrices X, ;, ¢, and X ;5 of the
problem will change in each iteration, which are used as the weights for the three

terms in Eq. (5.9).

Since a common odometry model is utilized, here we only consider the feature

part for the sake of simplification.

Denote dR; as the derivative of R; with respect to ¢; and let B and D represent:

M =

B= [af cos(n@’*) + bf; sin(n6’*)] — r’*
=0 (5.12)
D =T7Y&;., Cy) — YVICy
' ' — |oap oD 8D |.
The Jacobian of D is Jp = {E o5 ﬁ} :
oD 0D : oD :
81:] YR aqu ( k J) ’ 8Ck ] ( )
For each row in B, the Jacobian of B; with respect to the state vector is:
_ |oB: 9B, 9B 9B; OB;
o = |:8tj 0¢; 0Ck  Oas;—o:n  Obsy—1:N (5.14)
where ' . '
OB; _ i[anacos(n@?k) . bnasm(negk)] ot
ot; ~ ot; ot; ot;
d cos(nb?*) nsin(n&{k)(Ajk)T 0 —1
= o (P
ot; (p7")" )" 1 0
- - (5.15)
dsin(nf?") nsin(n@fk)(Ajk)T 0 1
= —— o (P
ot (p7") " 10




OB; <, Ocos nf?* dsin(nb’* arlk
— = [an ( )+bn ( )]

a — R
06, L= 06, 36, 06,
ik TN L
0 cos(nb]”) _ —nsin(n@fk)( P%k) j‘kpz
00 (p;")"P;
in(ng’k _ (pkT RTpik
9sin(n;") — ncos(n&fk)(f)i—f.kpl
0%; (B°)"p!
ik
99;  |p]"] 1 0
OB, 0B,
oC, 0Ot
B, . B .
gasj = cos(s:67%) | (%S: — sin(s,67%)
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(5.16)

The covariance in this problem is not explicit to acquire. We adopt implicit

covariance Lemma 1 in Chapter 4.3 to approximately calculate the covariance ma-

trices.

The observed center }C, is fitted through circle function, which is applicable

for Lemma 1. Then:

My
A . 2
fi = ZZI [V pr — Ty 2 - Ti?”ijll

Jp =2(Vpk —UICy)" | gy, = —2(Vipk — UlCy)'

T —1 T —1
Zf1 = Jflzzzjfu ) Z{j}ck = ‘]fmzfl Jflx

-1

hence, ¥, is calculated by:

—1 Tyl
Yok =Jp

{j}ck‘]D

(5.17)

(5.18)

The calculation of X, also needs Lemma 1. For each row in B, the Jacobian
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of B; w.r.t. the observed points is:

JB.Z:i[anM Osin(né"),  orlt

v oUtpk "oUkpE Y allpk
d cos(nb?*) B d cos(nt’*) R
TV ) - Iy
a{J}pi' 8t] ' (519)
dsin(nf’") B dsin(nd’") R
oltpf ot
orl* orl*
o~ or Y
ol P; at]
where Jp, = [JB,2; - ; JBy,,.]. Following Lemma 1, 3 is calculated by:
Seje = Jp:2.Jp (5.20)

5.4 Experiment and analysis

In this section several simulations and experiments were performed and Fourier-
SLAM is compared with Implicit-SLAM to analyze the performance and evaluated
the validity. The algorithm is tested on the laptop with Intel i7, 16GB RAM. All
the code are finished in MATLAB.

5.4.1 Simulation setup

The simulation environment is a 15mx10m space containing several irregular
closed shape features. The robot starts at [0,0,0]" and odometry information is
provided via a virtual wheel encoder with a random zero-mean Gaussian noise
diag[0.05%,0.052, 4¢79] for (z,y, ). The noise of raw observed points is a random
zero-mean Gaussian noise diag[0.052,0.05%]. A 2D lidar is simulated with the valid
range of 10m and the angle resolution of 0.33°. Range-Azimuth model is adopted
for simulation, but the range-bearing data is transformed to Cartesian coordinate
to form the observation. Only points within valid range and hit on features can be

observed.
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5.4.2 Accuracy evaluation

The results of Implicit-SLAM and Fourier-SLAM are compared and shown in
Fig. 5.4. Both algorithms share the same initial guess of the robot poses*. A
second order implicit function is used in the Implicit-SLAM. N = 7 is used in our

Fourier-SLAM.

—Ground Truth
2 —Fourier-SLAM
—Implicit-SLAM
0 » GT center
» FS center

-4 -2 0 2 4 6 8
x/m

Figure 5.4 : Trajectory comparison between Implicit-SLAM and Fourier-SLAM. GT

center means the groundtruth of feature centers. FS center means the estimated

feature centers of Fourier-SLAM.

The estimated trajectories of both the two methods are close to the groundtruth,
while the one obtained from Implicit-SLAM drifts at the bottom. Features estimated
in Fourier-SLAM coincide approximately with the groundtruth features’ boundary,
which illustrates that Fourier-SLAM has the ability to represent real features as

closely as possible. It should be noted that the estimated centers in Fourier-SLAM

*Since Implicit-SLAM is sensitive to initial guess, we use actual poses with perturbation as

initial guess for both methods.
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do not have a significant influence on the estimation process. Even though the
estimated center does not always locate at the feature’s real center, the estimated

boundary still shows a good performance.

Pose Error comparison

——Implicit-SLAM
X error —Fourier-SLAM
-0.0150

Rotation angle error

50,05 O4Q/O74
% 0 b= . %&x — ——— !”>
0.05 - ‘ : ‘ J ‘ 0.0046
0 20 40 60 80 100 120
Sequence

Figure 5.5 : Pose error of every step. The dash line in each sub figure is the average

difference between the estimated result and the groundtruth for all the steps.

Fig. 5.5 illustrate pose error of each step. It can be seen that the average error of
Fourier-SLAM in z,y and 6 is smaller than that of Implicit-SLAM. The final RMSE
in translation and rotation of Fourier-SLAM are 0.0526m and 0.01rad, while that of

Implicit-SLAM are 0.1513m and 0.0125rad.

5.4.3 Results on practical experiments

In this part we implemented Fourier-SLAM on real scenarios, as is shown in Fig.
5.6a. The first scenario is the same one as conducted in Chapter 3 and Chapter 4.
The valid laser range is set to 4m in order to filter outlier laser points hit on or pass
through the glass walls. The data association is executed by clustering the discrete

points of features. We project the points back to the initial frame via odometry
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(a) Scenario A: a lounge consisting of several irregular closed shape features.

(b) Scenario B: underground car park.

Figure 5.6 : Environment of practical experiments.

information since the number of features is known and features are sparsely placed.
After that points of each feature are segmented and associated among all time

sequences.

The experiment compared Fourier-SLAM with Implicit-SLAM and the state of
the art Cartographer (IHess et al., 2016). The results are depicted in Fig. 5.7. In
Fig. 5.7, the top-left image shows the difference in trajectory among three methods.
Since the groundtruth is not accessible, one intuitive way to compare trajectories
is to evaluate the performance of back-projected laser points via estimated poses

of all the methods. The top-right image shows the back-projected laser points of
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Trajectory comparison Cartographer
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£
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0
-2 4
—Cartographer
—Fourier-SLAM ,
—Implicit-SLAM g
* FS center

Figure 5.7 : Trajectory comparison in practical experiment. All laser points are
back-projected to the global frame. The first row is the result of Fourier-SLAM,

and the second row is the result of Cartographer.

Cartographer. Four rectangle areas are highlighted. By comparing from region A to
region D, it is clear to see that Fourier-SLAM provides a close-to-real boundary, while
Cartographer shows a larger dispersion during the end of the trajectory. Although
the trajectory of Implicit-SLAM is close to Fourier-SLAM, it shows inconsistency in

the bottom of the trajectory.

We also intend to illustrate the validity of Fourier-SLAM in general environ-
ment. Two experiments were conducted in this section. One is a simulated environ-

ment consisting of rectangles, irregular closed shape features and a rectangular room
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boundary. The simulation properties were set the same as the first simulation. The
number of Fourier series coefficients for each type of features were set differently. In
this example, N of irregular closed shape features, rectangles and room boundary
are chosen based on experience, which are 5, 15 and 33 respectively. The result is
shown in Fig. 5.8. Clearly, the irregular features are close to the groundtruth, while
the fitted rectangular features oscillate at the boundary. Nevertheless, it can still

represent the feature reasonably well.

The second environment is an underground car park with width of about 50m
and length of over 80m (the environment is shown in Fig. 5.6b, and the result is
shown in Fig. 5.9). The robot was driven along the aisle and passed through the
parking place, providing laser scan messages with a valid range of 20m and odometry
messages. Since the main purpose of this part is to prove Fourier-SLAM can be used
under actual application, we undertook strict data pre-processing such as manually
selecting interesting features, filtering environment noise and assigning correct data
association using prior information. The data was also tested via Cartographer with
default settings (we did not focus on improving the performance of Cartographer
by tuning parameters). It can be found that there are no observed points in the
left part of the figure but the fitted wall boundary still exists, this is caused by
our feature initialization strategy. The estimated boundary in the left part has no
meaning since no observations occur. But the estimated boundary is close to the

actual shape where the observations exist.

We use the two experiments to validate that Fourier-SLAM is able to be adapted

to more general cases.

5.5 Summary

In this chapter, we proposed a novel 2D feature based SLAM approach utilizing

Fourier series as feature parameterization. Compared to Implicit-SLAM, simulation
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Figure 5.8 : General environment result: simulated environment. GT means
groundtruth. FS-traj means the trajectory of Fourier-SLAM. FS denotes the es-

timated feature boundaries of Fourier-SLAM

and experimental results show that Fourier-SLAM does not rely significantly on ini-
tial guess and can provide close-to-real feature boundaries. One remaining challenge
is that the data association is pre-processed, which means the observed points need
to be clustered beforehand. In view of the potential of Fourier-SLAM to be applied

to general scenarios, online data association is worthy of attention.
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—Fourier-SLAM traj
—Estimated features

40 . laser points

—Cartographer traj

-40 -20 0 20
x/m
Figure 5.9 : General environment result: underground car park. The estimated

boundary can represent actual features if observation is sufficient. It can also handle

not-closed observed features.
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Chapter 6

Improving accuracy and performance by submap
joining

In the previous chapter, we proposed a Fourier series aided feature based SLAM
method to conquer the problem of seeking proper parameters. This chapter focuses
on another important aspect, which is the sensitivity to initial guess, and implements

submap joining approach to improve the performance of Fourier-SLAM algorithm.

The main contributions of this chapter is that we formulate submap joining
problem with closed shape features represented by Fourier series parameterization
and develop a submap joining framework. Results demonstrate the improvement of

importing submap joining method.

6.1 Problem description

Normally, closed shape feature representation method such as implicit function
based method is sensitive to initial guess. Besides parameterizing features with
Fourier series, another efficient way to reduce the impact of inaccurate initial guess is
submap joining. Since the size of local submaps is usually small, the noisy odometry
and laser information can be locally regarded as trustful, reducing the requirement
of good initial guess. Moreover, submap joining method is less time-consuming than

solving the problem in full least squares way.

Fig. 6.1 illustrates the process of map joining. As the odometry information
is available, the observed points are projected to the start robot pose of one local

submap, and then the points are re-sorted in ascending angle (w.r.t. the start robot
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Figure 6.1 : Flow chart of submap joining process.

pose). The coefficient of Fourier series is then initialized through fitting process and
then form the state vector, after which the submap building optimization will be

done.

Once the submap is built, all the points are transformed to the end robot pose
of this submap. Note that the calculated Fourier series coefficients in the local map

are dropped from now on and all the transformed points will be kept.

After all the submaps are built, the map joining process will take into account of
all the projected points and fitted centers, and then optimize global Fourier series

coefficients with a global V.

6.2 Local map building process

A local map L; is denoted by:

L= {{Ll}Em{Ll}‘i)l,"' ’{Q}(i)k} (6.1)
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Ly

Ly

Figure 6.2 : Illustration of submap joining. The origin of the first local map £,
coincides with the global map frame. The robot end pose of each local map (e.g.
L) is the robot start pose of the next local map (e.g. £3). A local map is build by

a series robot poses and feature observations.

where £; denotes the [th local map, {L£;} is the frame of £; and is defined at the first
robot pose within the local map, ¥} E, is the robot end pose in £;, {£13®,, are local
features and £, def [(£dCy, 15P,]. £0Py, denotes all the points transformed
to the robot end pose which are observed at each pose. Similar to

( ), the robot end pose of local map £;_; is the same as the robot start pose

of local map L;, and the first local map starts at the same origin as the global map

(as is shown in Fig. 6.2).

A new local map is built following two rules: (1) after the robot has several new
observations, or (2) after the robot moves for a certain distance. The building of

each local map can be regarded as a “full” SLAM problem starting at the first local
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robot pose. The process can be solved via Eq. (5.9). Once all the poses and features
are optimized, the estimated feature’s center and laser points are transformed to the
robot end pose of this local map. After the local map is built, all the poses except
the robot end pose are removed. The results of one local map consist of transformed

points, feature centers, and the robot end pose.

6.3 Map joining process

After all the local maps are built, submap joining process will optimize the robot
end poses and features by considering all the local maps as integrated observations.
Consider a simplified case: [ local maps are built containing K features. The state

vector X9 in submap joining process is defined as

Xg = [Ele; e ;Ele;(ﬁl;"' ,(I)K] (62)

where B, - -- ,Ej. are the global robot end poses of each local maps; ®,,--- , Pg

are global features.

The aim of submap joining is to obtain the global map by merging and optimizing

local maps. The optimization problem is:

! K
argmin M(Xg) = Z ( ~0,je + Z (Ef,j,k + Ecgk)) (6.3)

X9

Eje,j=1 k=1
where
Eoje = |F(Zoje: Blj-1)er Bse) || 1
oje
Epjp = ||d(67) - rijQz;jlk (6.4)

~ 1 ~ 2

Eeji = || 77 (Bje, ) = VICilf5r

7
Noting that Z, j. is the estimated robot end pose {£}3, of local map L;, and f(-)
is under the same definition as Eq. (5.10). 6% and r/* are defined similarly to Eq.

(5.11) with respect to the jth robot end pose. Since the calculation of covariance
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matrices is quite similar to computing the covariance matrices in Eq. (5.10), we

omit the specific derivation in this chapter.

A larger N in building local maps and a smaller N in submap joining process is
helpful during submap joining. The accumulated error caused by sensor noises does
not influence results significantly because of the limited size of poses when building
local maps. Hence, a larger N contributes more precise feature boundaries and more
accurate local maps. On the other hand, joining maps has to handle all the points
corresponding to every feature from each local map, where the accumulated error is
really large. In this situation, a smaller N can lower the impact of noisy points both
in fitting boundaries and solving the optimization problem. Moreover, a smaller N

can also reduce the calculation time because of the decreased size of state vectors.

6.4 Experiment and analysis

Submap joining

- :]]2 -&-SubmapJoining
310 -= Fourier-SLAM
O
6 - w w w =
0 5 10 15 20 25 30 35 40
Fourier-SLAM
30F ‘ ' 3
e 20 ‘\. E
S10F .
\.T—I-I—I—I-I‘-I-I—...._F_._._._ _ - 7|
0 5 10 15 20 25 30 35 40

Iteration

Figure 6.3 : Cost value changes with iteration. The iteration number of Fourier-
SLAM is 148 and truncated at 40. Submap joining stops after 20 iterations. The
Y axis is scaled by logarithm operation. It is clear that Fourier-SLAM continues

iterating from 5 to 16 with slight changes.
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In this part, we test the submap joining on the synthetic experiment and practical
experiment scenario A. A local map is built every 5 valid sequences (a sequence is
regarded valid only if the odometry increment is beyond a threshold. In this chapter,
the thresholds for translation and rotation are set to 0.1m and 2°). Within each local
map, the accumulated error caused by odometry noise is small, so the odometry
information can be approximately regarded as accurate. As a result, the algorithm
can directly import odometry as the initial guess without importing unexpected

local minima.

We evaluate submap joining method and Fourier-SLAM in two aspects: map
performance and time consumption. Both methods are provided the same odometry
information as initial guess and share the same weights. Both methods run 50 times

with different random noise at each run to compare average runtime.

—GT
1I=—MapJoining
—Fourier-SLAM

Figure 6.4 : Submap joining. Fach point-line marker denotes the end pose of the

local map with respect to the global frame.

The results of one run are shown in Fig. 6.4. In contrast to the result of Fourier-
SLAM, the estimated features of submap joining undergo subtle changes against the

groundtruth features, while the Fourier-SLAM is closer to the groundtruth.
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However, submap joining process wins considering time consumption. Accord-
ing to the calculation time of the last step, the average runtime among 50 times
experiments of Fourier-SLAM is 17.133 seconds, while the submap joining method
is 7.3657 seconds. Noting here the runtime of submap joining does not include the
processing time of building local maps, the reason is that local maps are already

built with time increasing.

We also compared the cost function value changes w.r.t. iteration number in Fig.
6.3. It can be found that Fourier-SLAM does not descends as quickly as submap
joining, and Fourier-SLAM needs more iterations to get converged, which proves
that submap joining effectively improve the calculation performance.

Submap Joining Cartographer

—

..

; —MapdJoining
4 —Fourier-SLAM
~End pose

Figure 6.5 : Submap joining result and the map from Cartographer.

Fig. 6.5 shows the map of submap joining, Fourier-SLAM and Cartographer,
respectively. Compared with submap joining and Fourier-SLAM, submap joining
method provides a good feature boundary even if its trajectory drifts slightly, and
the runtime of submap joining is less than that of Fourier-SLAM. The map of Car-

tographer is also displayed on the right. In the circled area, it can be found the map
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of Cartographer is ambiguous.

6.5 Summary

In this chapter, we formulated a submap joining method based on Fourier-SLAM.
Compared to original Fourier-SLAM, synthetic and practical experiments show that
submap joining method is able to speed up the calculation without leading to an

unacceptable result.
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Chapter 7

Conclusion

The Simultaneous Localization and Mapping technology for mobile robots is an im-
portant embodiment of robots’ intelligent and autonomous. As the most widely used
sensor in SLAM application, 2D lidar is often one of the necessary equipment for
mobile robots, and related algorithms and researches become inevitable. Different
from conventional SLAM methods that directly utilizing discrete points informa-
tion, feature based SLAM approaches can better integrate geometric information of
the environment. In this thesis, we studied 2D general feature SLAM algorithms,

proposing pre-fit method and post-count methods.

7.1 Summary of the contributions

The contributions of this thesis are as follows.

7.1.1 Propose Pre-fit SLAM

The open environment usually has large scales and lacks of regular geometric in-
formation, where observations from mobile robots could be discontinuous. Aiming
at the problem of lacking of regular linear geometric features in the open environ-
ment, we proposed a pre-fit feature based SLAM method taking advantage of ellipse
features. The original point cloud data is parameterized by ellipse information and
ranging information, and the problem is redefined by the parameterized features. At
last the factor graph framework is used for the final optimization solution. The ex-
perimental results show that the method is superior to the most advanced methods

and can ensure that the robot works normally in an open environment. And com-
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pared with the traditional occupancy grid map, the use of parameterized features

for map expression occupies less resources, and the map representation is clearer.

7.1.2 Propose Implicit-SLAM

Aiming at problems that the general environment is not conducive to explicit
feature expression and the way of pre-fitting features causes a large amount of in-
formation to be lost, a deeper theoretical study is carried out on the feature-based
SLAM. A post-count theoretical framework aided by implicit function is proposed.
The implicit function is used to define the characteristics of features with any shapes,
and the corresponding objective optimization equation is constructed accordingly.
On the basis of the corresponding lemmas derived from the research, we can get
the inner connection between the uncertainty of the original data and the expres-
sion characteristics of the redefined implicit equation. At the same time, the implicit
function expression of the closed shape feature is improved to ensure the convergence
performance when the virtual observation falls inside the closed shape boundary dur-
ing the iteration process. The experiment demonstrated the feasibility and potential

value of this SLAM framework with implicit function expression characteristics.

7.1.3 Propose Fourier-SLAM

The post-count method with implicit functions are able to express general closed
shape features. However, a sensitive initial guess should be provided to the prob-
lem. To conquer it, we proposed to represent closed shape features with Fourier
series, and raised a post-count approach implementing Fourier series. Similar to but
different from implicit functions, the method via Fourier series imports the concept
of “center” and converts the distance of the boundary from Euclidean space to fre-
quency domain. The final robot poses are then optimized by constructing constrains
of Fourier series, centers and robot poses. Compared to the post-count method using

implicit function, simulated and practical experiments concluded that using Fourier
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series does not rely significantly on initial guess and can provide close-to-real feature

boundaries.

7.1.4 Propose submap joining method for Fourier-SLAM

In order to further reduce the sensitivity to the initial value and speed up the
calculation, we studied the feasibility of submap joining. When the robot moves in
a short period of time, the odometer information can be approximately regarded
as accurate. On this basis, we proposed a submap joining method and formulated
equations of the method with the Fourier series parameterization. Synthetic and
practical experiments show that by joining submaps the iteration number during
optimization is decreased significantly, while the relative pose error is not increased

too much.

7.2 Future works

Nowadays, the value of mobile robots has been increasingly reflected as an im-
portant carrier of artificial intelligence. Combining the research content of this thesis
and the problems encountered in the work, further research can be carried out in

the following aspects.

7.2.1 Points clustering

In the theoretical study of post-count method, we studied implicit functions and
Fourier series to help solve the SLAM problem. One actual problem during applying
our methods to realistic scenario is the data association. Current way to associate
features is implemented based on the odometry information, which means we need
to know the number of features in advance and the size of features cannot be too
large. One of the future works is aimed to study on automatically clustering method

to tackle this problem.
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7.2.2 Registration by features

Another potential step is to study the probability of point registration via feature
parameters directly. At present, in addition to assuming the data association is
known, we also rely on the point cloud registration method. If the registration are

done with the help of feature parameterization, the result will be improved.

7.2.3 Multi-sensor fusion

The mobile robots working in 2D are the most widely used and the most need
of improved performance robots. A lidar-only system cannot meet the demands in
multiple situations. In the future work, merging lidar with other sensors, such as

IMU and camera, will be our important research direction.
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