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ABSTRACT 

 

Most existing analytical studies on the consolidation of stone column stabilised soft soils 

adopt equal strain hypothesis for the column and soil settlements, which cannot capture 

the response of the composite ground (i.e. unequal column and soil settlements) under a 

typical flexible embankment – platform system accurately. Thus, the differential 

settlement and column – soil interaction along the interface during the consolidation 

process were ignored in the available analytical studies. In contrast, several researchers 

proposed analytical models to investigate the final deformation of the composite stone 

column – soft ground considering free strain settlement of stone column and soft soil (i.e. 

differential settlement). Indeed, these studies were for time-independent deformation 

analysis of the composite ground or considered the effect of consolidation in an uncoupled 

fashion. To address the above mentioned shortcomings of analytical studies in the 

literature, this thesis presents a suite of analytical models to the consolidation of soft soils 

reinforced by stone columns, adopting unit cell concept and one-dimensional free strain 

condition (i.e. vertical deformation) for stone column and encircling soft soil. The thesis 

first examines the consolidation behaviour of the composite ground subjected to constant 

loadings under plane strain and axisymmetric conditions. Then, the mathematical model 

for the axisymmetric consolidation is developed to account for the effect of time-

dependent loadings on consolidation response of the composite ground. Lastly, an 

analytical model for the coupled consolidation – deformation analysis of stone column 

reinforced soft soils is formulated. In this thesis, the mathematical formulations are 

integrated with the associated horizontal and vertical flows of pore water in stone column 

and soft soil regions with orthotropic permeability for each region. Various total vertical 
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stress distributions in the composite ground induced by external loadings are adopted 

including uniform and spatial variation patterns. 

In an attempt to develop novel analytical solutions for the free strain consolidation 

with the incorporation of deformation analysis of the composite ground, the method of 

separation of variables in conjunction with eigenfunction expansion technique, Green’s 

formula and Green’s function method are employed for the analytical derivations. The 

obtained analytical solutions can capture the excess pore water pressure variations with 

time at any point in the composite ground. Thus, the column and soil settlements and 

accompanying differential settlements can be achieved along with other performance 

objectives such as average degrees of consolidation and normalised average surface 

settlements of stone column and soft soil. Furthermore, for the combined consolidation – 

deformation analysis, the transferring of total vertical stress from soft soil to stone column 

via their interface, as a result of differential settlement and the shear stress distribution in 

soft soil during the consolidation process, are also captured. Several worked examples 

and parametric analyses using the achieved analytical solutions are conducted thoroughly. 

The verifications of the obtained analytical solutions in this thesis against finite element 

simulations and field measurements show reasonable agreements, which validate the 

capability of the proposed analytical models and the attained analytical solutions. It can 

be noted that the proposed analytical solutions may be applicable to the consolidation and 

deformation analysis of soft soils supported by other pervious columns such as compacted 

sand columns and soil-cement mixing columns, taking consideration of corresponding 

physical and mechanical properties. 
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cu , su  Excess pore water pressure at any point in stone column and soft soil, 

respectively 

( )i
cu , ( )i

su  Excess pore water pressure at any point in stone column and soft soil 

due to the contribution of eigenvalues pair ( ) ( )( , )i i
cmn smn , respectively 

( )ii
cu , ( )ii

su  Excess pore water pressure at any point in stone column and soft soil 

due to the contribution of eigenvalues pair ( ) ( )( , )ii ii
cmn smn , respectively 

cu , su  Average excess pore water pressure within stone column and soft soil, 

respectively 

1U , 2U  Average degree of consolidation for stone column and for soft soil, 

respectively 

cU , sU  Average degree of consolidation of stone column and of soft soil, 

respectively 

0Y , 1Y  Bessel functions of the second kind of order zero and one, respectively 

0z  Depth of equal strain plane (i.e. no differential settlement) 



 

xxvi 
 

mZ  Eigenfunctions of eigenvalues m  

  

Greek Notations 

 Ratio of bottom to top vertical stress of stone column and soft soil 

1  Settlement parameter against z-domain at time  

1 f  Final settlement parameter against z-domain 

f  Settlement parameter against r-domain 

( )i
mn , ( )ii

mn  Eigenvalues corresponding to pairs ( ) ( )
1 2( , )i i
mn mn  and ( ) ( )

1 2( , )ii ii
mn mn , 

respectively 

 Shear strain in soft soil 

f  Final shear strain in soft soil 

w  Unit weight of water 

vc , vs  Average volumetric strain of stone column and soft soil, respectively 

c , s  Square root of vertical to horizontal permeability ratio of stone column 

and soft soil, respectively 

( )i
mn , ( )ii

mn  Temporary variables 

S  Average differential settlement between soft soil and stone column 

( )i
i  Excess pore water pressure at any point in the foundation corresponding 

to the contribution of eigenvalues pair ( ) ( )
1 2( , )i i
mn mn  for the homogeneous 

consolidation formulation 



 

xxvii 
 

( )ii
i  Excess pore water pressure at any point in the foundation corresponding 

to the contribution of eigenvalues pair ( ) ( )
1 2( , )ii ii
mn mn  for the homogeneous 

consolidation formulation 

( )
i  Alternative notation of ( )i

i  and ( )ii
i  

1 , 2  Average excess pore water pressures within stone column and soft soil 

corresponding to the homogeneous consolidation formulation, 

respectively 

m  Eigenvalues in z-domain 

( )i
cmn , ( )i

smn  Alternative forms of the eigenvalues ( )i
mn  for stone column and soft soil, 

respectively 

( )ii
cmn , ( )ii

smn  Alternative forms of the eigenvalues ( )ii
mn  for stone column and soft soil, 

respectively 

( )
1

i
mn , ( )

2
i
mn  Eigenvalues in r-domain corresponding to eigenfunctions ( )

1
i
mn  and 

( )
2
i
mn , respectively 

( )
1

ii
mn , ( )

2
ii
mn  Eigenvalues in r-domain corresponding to eigenfunctions ( )

1
ii
mn  and 

( )
2
ii
mn , respectively 

( )i
cmn , ( )i

smn  Eigenvalues corresponding to ( )i
cmnR  and ( )i

smnR , respectively 

( )ii
cmn , ( )ii

smn  Eigenvalues corresponding to ( )ii
cmnR  and ( )ii

smnR , respectively 

1P , 2P  Poisson’s ratios for stone column and soft soil, respectively 

01 , 02  Initial total vertical stresses within stone column and soft soil, 

respectively 



 

xxviii 
 

1 , 2  Total vertical stresses within stone column and soft soil, respectively 

1 , 2  Average total vertical stresses within stone column and soft soil, 

respectively 

2  Average total vertical stress in soft soil against radius (Chapter 6) 

1 ( )f z  Final total vertical stress in stone column at any depth  

2 ( , )f r z  Final total vertical stress at any coordinate ( , )r z  in soft soil 

2 f  Average of final total vertical stress in soft soil against radius 

c , c  Effective and total vertical stress in stone column, respectively 

s , s  Effective and total vertical stress in soft soil, respectively 

cr , sr  Total vertical stress distribution on the top of stone column and soft soil 

under the applied external loading, respectively 

c , s  Average total vertical stress within stone column and soft soil, 

respectively 

cr , sr  Average total vertical stress on top of stone column and soft soil, 

respectively 

 Shear stress in soft soil 

f  Final shear stress in soft soil 

B  Angular frequency of the sinusoidal loading 

m  Temporary variable 

( )
1
i
mn , ( )

2
i
mn  Eigenfunctions corresponding to eigenvalues ( )

1
i
mn  and ( )

2
i
mn , 

respectively 



 

xxix 
 

( )
1
ii
mn , ( )

2
ii
mn  Eigenfunctions corresponding to eigenvalues ( )

1
ii
mn  and ( )

2
ii
mn , 

respectively 

( )
imn  Alternative notation of ( )i

imn  and ( )ii
imn  

( )  Alternative superscript of ( )i  and ( )ii  
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