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ABSTRACT

Most existing analytical studies on the consolidation of stone column stabilised soft soils
adopt equal strain hypothesis for the column and soil settlements, which cannot capture
the response of the composite ground (i.e. unequal column and soil settlements) under a
typical flexible embankment — platform system accurately. Thus, the differential
settlement and column — soil interaction along the interface during the consolidation
process were ignored in the available analytical studies. In contrast, several researchers
proposed analytical models to investigate the final deformation of the composite stone
column — soft ground considering free strain settlement of stone column and soft soil (i.e.
differential settlement). Indeed, these studies were for time-independent deformation
analysis of the composite ground or considered the effect of consolidation in an uncoupled
fashion. To address the above mentioned shortcomings of analytical studies in the
literature, this thesis presents a suite of analytical models to the consolidation of soft soils
reinforced by stone columns, adopting unit cell concept and one-dimensional free strain
condition (i.e. vertical deformation) for stone column and encircling soft soil. The thesis
first examines the consolidation behaviour of the composite ground subjected to constant
loadings under plane strain and axisymmetric conditions. Then, the mathematical model
for the axisymmetric consolidation is developed to account for the effect of time-
dependent loadings on consolidation response of the composite ground. Lastly, an
analytical model for the coupled consolidation — deformation analysis of stone column
reinforced soft soils is formulated. In this thesis, the mathematical formulations are
integrated with the associated horizontal and vertical flows of pore water in stone column

and soft soil regions with orthotropic permeability for each region. Various total vertical



stress distributions in the composite ground induced by external loadings are adopted

including uniform and spatial variation patterns.

In an attempt to develop novel analytical solutions for the free strain consolidation
with the incorporation of deformation analysis of the composite ground, the method of
separation of variables in conjunction with eigenfunction expansion technique, Green’s
formula and Green’s function method are employed for the analytical derivations. The
obtained analytical solutions can capture the excess pore water pressure variations with
time at any point in the composite ground. Thus, the column and soil settlements and
accompanying differential settlements can be achieved along with other performance
objectives such as average degrees of consolidation and normalised average surface
settlements of stone column and soft soil. Furthermore, for the combined consolidation —
deformation analysis, the transferring of total vertical stress from soft soil to stone column
via their interface, as a result of differential settlement and the shear stress distribution in
soft soil during the consolidation process, are also captured. Several worked examples
and parametric analyses using the achieved analytical solutions are conducted thoroughly.
The verifications of the obtained analytical solutions in this thesis against finite element
simulations and field measurements show reasonable agreements, which validate the
capability of the proposed analytical models and the attained analytical solutions. It can
be noted that the proposed analytical solutions may be applicable to the consolidation and
deformation analysis of soft soils supported by other pervious columns such as compacted
sand columns and soil-cement mixing columns, taking consideration of corresponding

physical and mechanical properties.
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CHAPTER 1

INTRODUCTION

1.1 General

The increase of population accompanied by the rapid urbanisation have led to the
expansion of construction projects over marginal soil areas worldwide since the last
several decades. It is well recognised that these areas are commonly the lowlands located
in coastal regions whose soil deposits are resulted from the sedimentation process.
Several coastal areas experienced very soft soils (e.g. marine, estuarine and alluvium) that
cannot be used as foundations for construction facilities due to the high compressibility,
low bearing capacity and shear strength of the soils. Soft soils subjected to surcharge
loadings can result in extremely large total settlement and differential settlement in long-
term after construction, as well as soil collapse under the undrained condition during the
construction process. Therefore, it is crucial to employ ground improvement techniques
to these soil types prior to any further construction activities to avoid the potential failure

of the natural soil foundation and excessive post-construction settlements.

Numerous construction methods of infrastructure and embankments on soft soil
deposits have been studied and applied in real practice. These methods can be listed as
soft soil replacement, temporary surcharge on soil foundations, multi-stage construction
on soils, equilibrium berms and reinforced embankments, lightweight fills, vertical drain
assisted preloading (e.g. with prefabricated vertical drains (PVDs) and sand drains),
vacuum preloading, granular column reinforced soft soils (e.g. stone columns and

compacted sand columns), and embankments on piles or deep mixing or jet grouting soil



columns [1]. The suitable method for a particular construction project would be chosen
considering various decisive factors such as geotechnical properties of soil deposits,
expected loading conditions, impacts to existing infrastructures in their proximity,
construction schedule restrictions and cost-effectiveness analysis. In this thesis, the
construction method utilising the inclusion of stone columns in soft soil foundations is of
interest. Therefore, this chapter presents briefly the usage of stone columns in improving
soft soils and states the research objectives, while further considerations are provided in

the remaining chapters of the thesis.

1.2 Stone columns to stabilise soft soil foundations

To reinforce soft soils with stone columns, the stone materials in form of aggregates are
installed into the soil foundations as compacted vertical columns of aggregates using
vibroflotation (vibroflot) equipment. Two common methods for stone column installation

are known as vibro-replacement and vibro-displacement [2].

For the vibro-replacement method, a vibroflot is used to create a vertical hole along
soil depth with the assistance of high pressure water jet. This method is generally suitable
for the sites underlain by very soft soil with high groundwater level, where the stability
of the unsupported hole is uncertain. During the construction process, the water jets at the
tip and along the side of probe unit assist the penetration of vibroflot and the washing-out
of loose soil volume from the hole. The flushing water also supports the stabilisation of
the uncased hole. Once the vibroflot has reached the desired depth, the excavated hole is
backfilled with aggregate (size 40-75 mm) from the ground surface via the space between

the vibroflot and the side of hole. In each filling cycle, the aggregates are added in 0.3-



1.2 m increments while the vibrating probe is usually kept inside the hole to compact the
stone backfill. The filling and compaction processes are repeated until a stone column has
been established up to the native soil surface. Due to the usage of jetting water during the
construction process and the filling of stone from the top ground surface, the vibro-

replacement method is frequently referred to as wet top feed method.

For the vibro-displacement method, the vibroflot is also utilised to open the hole for
stone backfill. However, air jetting is employed for the penetration and extraction of the
vibroflot. This method is appropriate for partially saturated and firmer soils compared to
the previous mentioned method, where the groundwater table is relatively low and the
created hole can stand open during the extraction of the probe. The hole is supplied with
the aggregate (size 15-45 mm) from the vibroflot tip through an attached tube alongside
the vibroflot. Similar to the vibro-replacement technique, the stone backfill is also
densified by repeated penetrations of the vibroflot during each backfill increment till
forming a complete stone column. From the installation method of stone column, the

vibro-displacement technique is usually named dry bottom feed method.

Figure 1.1 presents typical stages of stone column inclusion applying the wet top feed
and dry bottom feed methods. It should also be noted that stone columns can be penetrated
fully or partially into soil strata depending on the expected loading conditions. Moreover,
the arrangement of stone columns on soft soils is commonly conducted as three types of
patterns including triangular, square and hexagonal patterns as shown in Figure 1.2. The
influence zone of each column is denoted by the diameter d, of a circle obtained from
the grid shape surrounding each column on the basis of equivalent area. Thus, the

diameter d, can be determined as a constant multiple of the column spacing s.
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1.3 Statement of problem

Application of stone columns to reinforce soft soil foundation underneath structures such
as embankments, airport runways, seaports, buildings, warehouses, tanks and other
construction facilities is a prevalent ground improvement technique, which has been
studied and applied for many decades [5-17]. Owing to the large diameter and high
hydraulic conductivity (permeability), stone column has a great discharge capacity and
supplies a short horizontal drainage path towards the column for pore water in
surrounding soft soil during the consolidation process. Moreover, under the lateral
confinement of encircling soil, stone columns can carry a large portion of surcharge,
reduce much of that on the soil surface, which leads to low excess pore water pressure to
be dissipated from the soil itself. As a result, the excess pore water pressure in the soft
soil generated by external loadings dissipates more quickly via the radial flows to stone
columns, and thus the consolidation of the composite stone column — soft soil foundation
is accelerated significantly. Besides, the inclusion of stone columns into soft soil deposit
can enhance the stiffness and shear strength of the composite foundation, which
diminishes the compressibility or settlement, increases the bearing capacity and stability,

and decreases the liquefaction potential [2, 18-23].

The above-mentioned effects of stone columns in improving soft soil are commonly
considered as performance objectives which have been investigated in numerous studies.
A number of research studies were conducted to examine the load-bearing enhancement
and settlement performance of soil foundations reinforced by conventional, encapsulated
single stone column, and group of stone columns such as those reported by Black et al.

[14], Malarvizhi and Ilamparuthi [24], Ghazavi and Afshar [25], Malarvizhi [26],



Murugesan and Rajagopal [27, 28]. Several examinations on the stabilisation of granular
column supported soft ground were also carried out employing the theory of critical slip
surface [29-31], whereas many other studies considered the failure mechanism of
composite granular column — soil foundation comprehensively [32-38]. It is worth
mentioning that most studies concerning settlement, bearing capacity and stability take
account of static external loadings. In contrast, the assessment of liquefaction resistance
is related to dynamic excitation conditions in which dynamic responses such as excess
pore water pressure and liquefaction induced deformation and displacement are examined
[39-43]. Among various studies on behaviours of soft soils strengthened with stone
columns, the prediction of consolidation response plays a prominent role in design and
construction where the variation of excess pore water pressure and consolidation
settlement with time are of interests. Furthermore, during the consolidation process, the
dissipation of excess pore water pressure leads to a diminution of volumetric strain of
composite ground, which increases stiffness and strength of the foundation. Many studies
addressed the consolidation of reinforced soft ground, accounting for various influencing
factors to simulate the practical conditions more accurately. These factors comprise of
time and depth dependent loadings, smear and drain resistance effects, coupled horizontal
— vertical flow of pore water [44, 45], partially drained boundaries [46, 47], multilayer
soft soils and floating columns [48-51], clogging, lateral deformation and yielding of
pervious columns [52-59], nonlinearity and rheology of composite grounds [60-63].
However, most studies, particularly analytical ones adopted the equal strain assumption
for the consolidation of composite granular column — soft ground. In other words, the
settlements due to the excess pore water pressure dissipation at points with the same depth

in the composite foundation are assumed to be the same when adopting equal strain



condition. It should be noted that, for a specific external loading acting on the foundation
surface via a flexible platform, the settlements at a given depth along the radial direction
of stone column and surrounding soft soil are unequal at a particular time. Since the soft
soil has much lower stiffness than the stone column, the soil settlement is larger than the
column settlement in most of the consolidation time; also, the settlement increases for the
soil bodies further away from the column. These differential settlements can only be
captured by assuming a free strain condition for the consolidation of composite ground,
which has been barely considered in existing studies, particularly for analytical

examinations.

Among various methods to study the consolidation problem, analytical methods play
an important role in preliminary designs since the analysis using analytical solutions
requires much less time and computational effort than that by applying complex
numerical solutions. Furthermore, analytical solutions can provide insight into the
problem by conducting sensitivity analysis and parametric study, which can be more
inconvenient via numerical modelling. Generally, analytical solutions can be useful for
the purpose of practical designs and cross checking the complex numerical simulations
by supplying correlations between influencing factors and performance objectives such
as degree of consolidation. Having realised the shortcomings of the existing analytical
studies on consolidation of soft soil reinforced by stone column inclusions, it is vital to
conduct further analytical examinations to evaluate the consolidation behaviour of the
composite stone column — soft soil foundations considering the free strain condition while

considering various loading conditions.



1.4 Objectives and scope of research

The primary objective of this study is to derive analytical solutions for consolidation of
the composite stone column — soft ground under two-dimensional (2D) plane strain and
axisymmetric configurations accounting for the free strain condition. The mathematical
models are formulated incorporating the orthotropic flows of excess pore water pressure
in stone column and soft soil rigorously, so the drain resistance effect in stone column
can be captured. The effects of space and time dependent total vertical stresses in the
composite ground induced by external loadings are also considered. Moreover, the
coupled analysis of consolidation and deformation of the composite stone column — soft
soil foundation, which is one of the significant shortcomings in the available analytical
studies will be addressed in the present analytical study. The specific objectives of this
study are described as follows:

e Deriving analytical solutions to predict the free strain consolidation behaviour of
soft soils improved by stone columns, considering the coupled vertical — radial
flows of excess pore water pressure in stone column and soft soil stringently.

e Developing analytical solutions to investigate the effects of total vertical stress
variations against space and time on free strain consolidation of the composite
stone column — soft ground subjected to instantaneous and time-dependent
loadings.

e Formulating a simplified analytical solution for the combined consolidation —
deformation analysis of the composite ground under flexible uniform loading and

free strain conditions.



e Validating the proposed analytical solutions in this study and verifying the
accuracy of the obtained analytical solutions against finite element simulations
and field measurements.

e Conducting worked examples and parametric studies employing the attained
analytical solutions in the present study to examine the influence of various factors
(e.g. stiffness and permeability of soft soil, stone column spacing, soil thickness,
depth and time dependent total vertical stresses) on consolidation and deformation

responses of the composite stone column — soft soil composite foundation.

In this study, the consolidation formulations are developed on the basis of the vertical
drain consolidation theory, which was originally proposed by Barron [64]. To derive the
simplified analytical solution for the coupled consolidation — deformation analysis of the
composite ground, the deformation pattern suggested by Alamgir et al. [65] is adopted.
Therefore, the research scope is restrained in accordance with the following adopted
assumptions:

— The column and soil materials are homogeneous and fully saturated, in which the
soil particles and pore water are incompressible. Additionally, the flows due to
excess pore water pressure dissipation in the composite ground are orthotropic
and obey Darcy’s law.

— The stone column and soft soil are assumed to deform solely in vertical direction
(one-dimensional settlement theory is adopted). In other words, the horizontal
deformation of the composite ground is ignored.

— The permeability and volume change coefficients of stone column and soft soil
are assumed unchanged during the consolidation process under an expected

increment of the external loading.
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1.5 Organisation of thesis

The thesis is organised in seven chapters as follows:

Chapter 1 provides an overview on ground improvement techniques in
geotechnical engineering, focusing on the reinforcement of soft soils by stone
column inclusions and the significance of analytical studies on free strain
consolidation of stone column stabilised soft soil foundations. The research
objectives and research scope are also discussed clearly in this chapter.

Chapter 2 presents a thorough review of existing studies on soft soil consolidation
assisted by various pervious columns (e.g. vertical drains, granular columns, soil-
cement mixing columns), particularly for the analytical examinations of saturated
soils in line with the research scope. Furthermore, a review of studies on behaviour
of embankment fill — soft soil foundation systems reinforced by stone columns are
conducted to highlight the necessity for analytical derivations of coupled
consolidation — deformation analysis allowing time-dependent differential
settlement predictions.

Chapter 3 introduces an analytical solution for free strain consolidation of a stone
column stabilised soft soil under instantly applied loading and two-dimensional
plane strain conditions. Both horizontal and vertical flows of excess pore water
pressure are integrated into the mathematical model of the problem, while the total
vertical stresses induced by the external loads are assumed to distribute uniformly
within each column and soil region. A worked example investigating the
dissipation of excess pore water pressure is conducted to exhibit the capabilities

of the obtained analytical solution, whereas the reliability of the solution is
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verified against a finite element modelling. Besides, a parametric study to inspect
the influence of consolidation parameters of soil on performance objectives (e.g.
average degree of consolidation and average differential settlement) is also
reported in this chapter.

Chapter 4 proposes an analytical solution for axisymmetric consolidation problem
of a stone column-improved soft soil deposit subjected to an instantly applied
loading under free strain condition. The radial and vertical consolidation
equations are solved in a coupled fashion for both the stone column and its
surrounding soil. The capabilities of the proposed solution are exhibited through
a comprehensive worked example, while the accuracy of the solution is verified
against a finite element simulation and field measurements of a case history. To
examine the effect of various factors on consolidation behaviour of the composite
ground, a parametric study involving column spacing, modulus and permeability
of soft soil along with distribution pattern of total stresses and thickness of soil
deposit is also conducted in this chapter.

Chapter 5 develops an analytical solution in terms of Green’s function
formulations for axisymmetric consolidation of a stone column improved soft soil
deposit subjected to time-dependent loading under free strain condition. The
mathematical derivations incorporate the pore water flows in radial and vertical
directions in stone column and soft soil synchronously. The capabilities of the
proposed analytical solution are evaluated via worked examples investigating the
influences of three common time-dependent external surcharges (namely step,
ramp and sinusoidal loadings) on consolidation response of the composite ground.

Finally, the proposed analytical solution is employed to evaluate the excess pore

12



water pressure dissipation rate at an investigation point in soft clay of a case
history foundation.

Chapter 6 derives a simplified analytical solution to analyse the coupled excess
pore water pressure dissipation and deformation response of a composite stone
column — soft soil foundation. The mathematical formulations are derived by
integrating the orthotropic flows due to induced excess pore water pressures in
stone column and soft soil, and adopting the settlement pattern for the composite
ground suggested by an existing study in the literature. The proposed analytical
solution is validated via a worked example in conjunction with a verification
exercise against finite element simulation. The analytical predictions are
presented in terms of the total vertical stress variations and excess pore water
pressure dissipation against depth and time, the settlement and average degree of
consolidation for stone column and the surrounding soft soil, and the shear stress
distribution in the soil region.

Eventually, Chapter 7 summarises the thesis briefly, provides concluding remarks
from the present study and recommendations for further research. After this

chapter, references and appendices of the thesis are presented.
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CHAPTER 2

LITERATURE REVIEW

2.1 General

Soil body in geotechnical engineering is usually simplified into three phases which are
solid (soil particles), water and air occupying the voids of soil mass. Similar to any other
materials, the volume of a soil body reduces when it is compressed by external forces.
The soil property capturing volume change subjected to compressive stresses is
recognised as the compressibility of soil. Generally, the reduction of soil volume
subjected to a compressive pressure can take place owing to the compression of soil
particles, the compression of water and air in voids, the expulsion of water and air out of
the soil body, and the elastic compression and the readjustment of soil skeleton [66, 67].
However, under the range of pressures encountered in geotechnical engineering, the
compression of water and soil particles are negligible and they are frequently considered
to be incompressible. In contrast, the air phase in the voids is highly compressible and the

compression of the air in soil body occurs rapidly.

For a saturated soil where the voids are regarded to contain solely water, the reduction
of soil volume (i.e. volumetric strain in the soil body) under compressive pressures is
primarily due to the expulsion of water from the void spaces of soil body. This
phenomenon is known as the consolidation of saturated soils. Indeed compression process
of soils can be divided into two stages:

e Primary consolidation: According to Terzaghi [68], when saturated soil is

subjected to a compressive pressure, the applied pressure is initially carried by
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water in void spaces due to the incompressibility of water and soil particles
compared to the soil skeleton in the saturated soil mass. Water in voids takes up
the applied pressure in terms of induced excess pore water pressure accompanied
by a hydraulic gradient towards the drainage boundaries, which expel the pore
water from the void spaces and result in the decrease of soil volume. This
diminution in the volume of soil is called primary consolidation. The rate of
primary consolidation depends on the permeability and stiffness of soil. The
primary consolidation progresses slowly in fine-grained soils owing to their low
permeability, and vice versa for coarse-grained soils. Moreover, the stiffer the
soil, the faster the transfer of applied pressure from the pore water onto soil
skeleton in accordance with the transfer of excess pore water pressure into the
effective stress in soil body when water escapes from the soil. As a result, the
effective stress in soil increases progressively during the primary consolidation
period.

Secondary compression: When the excess pore water pressure in soil mass
induced by the applied pressure has dissipated entirely and the primary
consolidation process has completed, the soil volume still decreases at a very slow
rate. This additional diminution of soil volume is described as secondary
compression, which is attributable to the plastic readjustment of soil skeleton
under the constant effective stress achieved at the end of primary consolidation.
The contribution of the secondary compression to the settlement of soft soil is
frequently examined employing two different approaches. Several researchers
assumed the secondary compression takes place after the completion of primary

consolidation [69-71], whereas other researchers reported that the secondary

15



compression also progresses during the primary consolidation [72-74]. The
volumetric strains due to secondary compression may be noticeable in soft
saturated cohesive soils and particularly organic soils, whereas those are generally

small in most inorganic stiff soils.

The consolidation (i.e. primary consolidation) is a time-dependent response of
saturated soft soils, where the soils undergo the process of volume change from the
undrained compression condition immediately after applying loading till the drained
compression state of soils corresponding to the full dissipation of excess pore water
pressure. During the consolidation process, the soil volume decreases and soil mass
becomes denser progressively that enhances the shear strength and bearing capacity of
the soil. The understanding of consolidation behaviour of soft soils plays a vital role in
the design and construction of infrastructures built on soft soils since unreasonable
predictions in the dissipation of excess pore water pressure, the gained shear strength and
load bearing of soils during the consolidation under various loading conditions (e.g. step
loadings, progressive loadings) may lead to fails in ensuring the technical and economic
characteristics. Therefore, the consolidation of soft soils is one of the subject matters,
which has attracted the interest of researchers and engineers in geotechnical engineering.
This chapter presents the development history of classical theory of consolidation for
saturated soft soils, followed by a detailed literature review on consolidation of pervious
column stabilised soft grounds. Several influencing factors regarding construction
methods, construction processes and nature of geotechnical materials on consolidation of
the composite grounds will be sufficiently discussed, particularly for analytical studies.
A summary on potential analytical methods for the derivation of analytical solutions to

consolidation of pervious column improved soft soils will also be provided in this chapter.
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2.2 Terzaghi’s theory of consolidation

The consolidation theory was originally established by Terzaghi [68, 75] for saturated
soft soils. This theory has built a framework for numerous advanced research studies and
practical applications in engineering. In the original work developed by Terzaghi [68, 75],
a saturated soft soil stratum subjected to an instantly applied uniform surcharge q was
investigated, in which the soil is underlain by either impermeable or permeable rigid
layer; additionally, the top soil surface is considered as a fully drained boundary (see
Figure 2.1). Under the application of external surcharge, the generated excess pore water
pressure in the soil stratum dissipates towards the drainage boundaries along the vertical
direction (i.e. one-dimensional consolidation). The soil would undergo one-way drainage
of excess pore water pressure from the bottom to top of the soil layer in the case of the
impermeable base (refer to Figure 2.1a) or two-way drainage from the middle soil depth

to the top and bottom of the soil stratum in the case of the permeable base (refer to Figure

2.1b).

Instant loading ¢ Instant loading ¢

L L L
Permeable surface Permeable surface
U S N

I T e
Z
Soft soil Soft soil
Impermeable base Permeable base

Figure 2.1. Saturated soil stratum endures (a) one-way drainage and (b) two-way drainage

of excess pore water pressure induced by uniform surcharge
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According to Terzaghi [68, 75], the mathematical formulations for the one-
dimensional consolidation of saturated soils can be derived adopting the following basic
assumptions:

— The soil stratum is homogeneous and completely saturated.

— The compressibilities of soil particles and water are negligible. In other words,
soil particles and water in void spaces are supposed to be incompressible.

— The excess pore water flows are in the vertical direction only, which correspond
to the one-dimensional compression of soil stratum, and Darcy’s law is valid for
the pore water flow.

— The relationship of void ratio and effective pressure under the surcharge is linear,
time-independent and the same at any soil depth. In other words, the
compressibility coefficient and thus the volume change coefficient are assumed
to be constant.

— The soil stratum holds a homogeneous coefficient of permeability which also
remains unchanged during the consolidation period (i.e. time-independent

coefficient of permeability is assumed).

Referring to Terzaghi [68, 75], by investigating the vertical flow of pore water through
a prismatic soil element in the soil stratum in which the rate of squeezing water out of the
soil element is equal to the rate of volume change of that soil element, the following
governing equation for the dissipation of excess pore water pressure in the soil can be

obtained:

| Fu(z,n) _ du(z,n)

2.1
b o2t ot @D
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where u is the excess pore water pressure at depth z and time t; ¢, =k/(y, m,) is the

coefficient of consolidation; k is the permeability cofficient; m,, is the volume change

coefficient; y,, is the unit weight of water.

In connection to the drainage boundaries adopted in the mathematical model, the

boundary conditions for excess pore water pressure would be expressed as:

u(0,£)=0 (2.2)

@ =0 for one-way drainage condition (2.32)
4

u(H,t)=0  for two-way drainage condition (2.3b)

where H is the thickness of soft soil stratum.

It should be noted that the permeable surfaces are described by Dirichlet boundary
conditions as in Equations (2.2) and (2.3b). On the other hand, the impermeable surface
(refer to Figure 2.1a) is expressed by a Neumann boundary condition as in Equation
(2.3a), which indicates a zero flow condition of excess pore water pressure at the

impermeable base.

Finally, the mathematical derivations for the consolidation of the saturated soil are
finalised by binding the excess pore water pressure in the soil with an initial condition. It
is worth mentioning that the soil stratum is assumed to deform only in vertical direction
under the instantaneously applied uniform loading q. This assumption corresponds to the
condition that the surcharge loading distributes uniformly and boundlessly on the soil
surface, which results in a uniform distribution of total stress in the soil stratum.
Furthermore, the total stress caused by the external loading is deemed to be carried

entirely by the excess pore water pressure immediately after applying loading, due to the
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assumption of incompressibility of water in voids. Therefore, the initial condition of
excess pore water pressure would be described by:

u(z,0)=¢q (2.4)

The solution for excess pore water pressure at any depth z and time t of the one-
dimensional consolidation problem can be achieved by employing the method of

separation of variables as presented in several engineering books [66-68].

u(z,t)= i 2—qsin(%] eicv%jl (m =123 ) (2.5)
b o M H b 2~

M=02m-1)x/2 for one-way drainage condition (2.6a)

M =mrn for two-way drainage condition (2.6b)

2.3 Biot’s theory of consolidation

Biot’s consolidation theory is regarded as the earliest and most rational theory capturing
the multiphase and multidimensional nature of saturated soils, which is related to porous
medium and poroelasticity theory. Biot [76, 77] originated successfully the poroelasticity
theory to saturated soils assuming Hookean response for the porous soil skeleton and
Darcy’s law for the water flow in void spaces of soil mass. As a result, partial differential
equations (PDEs) for the displacement of soil skeleton and the excess pore water pressure
were formulated, which form a coupled system of PDEs representing the conservation of
mass and momentum in the soil mass. According to Biot [77], the transient process of soil
consolidation can be simulated by adopting the following assumptions:
— The soil mass is isotropic.

— The stress-strain relations are reversible and linear.
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— The strains in soil are small.

— The pore water is incompressible and the flow of pore water obeys Darcy’s law.

The consolidation of soil is a time-dependent process in which the stress distribution,
pore water pressure and soil settlement are functions of time under given applied loadings.
Considering a cubic saturated soil element in Cartesian coordinates, where the sides of
soil element are parallel to the coordinate axes. Referring to Biot [77], the system of PDEs

governing the consolidation behaviour of soil is given by:

oviu+—2 9,09 (2.72)
1-2v ox ox
GViu+ G ﬁ—058—0:0 (2.7b)
1-2v oy oy
Vw0 % _ 409 (2.7¢)
1-2v oz oz
V? =8*/ox* +07/oy* +° /o7 (2.7d)
oo 2(1+v)G 57
3(1-2v)H (2.7¢)

where u, v, w denote the displacement components of soil corresponding to the Cartesian
coordinate axes X, y, z; o denotes the pore water pressure; € denotes the volume change
of soil; G, v denote the shear modulus and Poisson's ratio of soil skeleton; H is a physical

constant.

According to Darcy’s law, the components of the flow rate of water in the porous soil
can be expressed by:

vo-22 (2.8a)
ox
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V=%

b=k (2.8b)

-k (2.8¢)
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where V,, 1, V, are the flow rate components corresponding to the Cartesian coordinate

axes x, Y, z; k is the permeability coefficient of soil.

Due to the assumption of incompressibility of pore water, the rate of water content

should be equal to the rate of volume change, i.e.

00 _ ov, 3, o

_ (2.9)
ot ox oy 0Oz
Substituting Equations (2.8) into Equation (2.9) would lead to:
oe 1 0o
KV’ =a—+——
a0 (2.10)
where
1.1 a 2.11

According to Biot [77], the coefficients 1/H and 1/R denote the soil compressibility
and the water content change corresponding to a particular change in pore water pressure.
The system of PDEs presented in Equations (2.7) and (2.10) are the consolidation
governing equations, which are satisfied by the displacement components u, v, w and the

pore water pressure o in the soil.

As summarised by Selvadurai [78], even though Biot’s theory was originally

developed for investigating the behaviour of saturated porous soils, his pioneering work
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has been applied to various disciplines for a variety of other materials considering several
aspects of poroelastic medium such as basic concepts, analytical derivations of solutions,

computational programming, nonlinearity of porous skeleton.

The analytical solutions for three-dimensional consolidation of soil subjected to a
rectangular load were first derived by Biot [79] and Biot and Clingan [80]. After that,
Biot and Clingan [81] studied the plane strain consolidation settlement of a slab under
line load and halfspace conditions. De Jong [82] examined the consolidation response
encircling pore pressure meters employing Biot’s theory. Biot [83] derived successfully
the general solutions for the elasticity and consolidation equations of a porous elastic
material under isotropic conditions. The displacement and stress fields analogous to the
solution of Boussinesq-Papkovitch and the stress function of the elasticity theory were
achieved in his study. De Jong [84] applied the stress function to Biot consolidation
subjected to a rigid sphere load implanted in a poroelastic halfspace. Gibson and
McNamee [85] developed the solution for consolidation of a poroelastic halfspace under
a uniform load distributing on a rectangular area. Mandel [86] explained mathematically
the influence of pore pressure increase in a poroelastic media due to loadings under plane
strain conditions, and Cryer [87] examined the consolidation of a poroelastic sphere due
to exterior radial stresses with the existence of drainage boundary. Gibson [88] conducted
critical experiments to investigate the three-dimensional consolidation theory. These
studies [86-88] confirmed the Mandel-Cryer effect which demonstrates the
phenomenological differences in consolidation theories developed by Terzaghi [75] and
Biot [77]. Booker [89] derived a solution for consolidation of a clay stratum underlain by
a rough stiff base, considering various values of Poisson’s ratio and different uniform

loadings (strip, circle and square). Booker and Small [90, 91] developed solutions for
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two- and three-dimensional consolidations of layered soil by utilising Fourier transform
technique in combination with finite layer and finite difference approaches. Smith and
Booker [92] and Jiang and Rajapakse [93] investigated mathematically the combined
heat-moisture transfer (thermal consolidation) in porous medium. Recently, several
remarkable theoretical studies have been also carried out to examine the response of
saturated porous medium accounting for various aspects such as thermal consolidation of
multilayered soils with anisotropic permeability and thermal diffusivity, dynamic
behaviour of layered saturated soil under impulsive, harmonic and moving loads, multi-

dimensional consolidation of viscoelastic saturated soils [94-97].

Although the consolidation analysis based on Biot’s theory is supposed to be rigorous
in nature of loaded saturated porous medium, this approach might cause major challenge
to the derivation of analytical solutions for consolidation of soft soils supported by
pervious columns. Indeed, Biot [77] developed consolidation theory considering three-
dimensional configuration, where the consolidation and deformation of soil body are
incorporated concurrently in the mathematical model assuming some physical constants
for the property of soils (e.g. G,v, H and R as mentioned above). In contrast, the theory
of consolidation initiated by Terzaghi [68, 75] ignored the deformation aspect and thus
the mathematical formulation is simplified with less parameters characterising the
property of soils than Biot’s theory. As a result, the multi-dimensional consolidation of
soft soils can be examined in a simpler way, such as the consolidation analysis of drain
well assisted fine-grained soils conducted by Barron [64] and Yoshikuni and Nakanodo
[98] in which the soil was assumed to deform vertically (i.e. one-dimensional
deformation) and the effect of shear strains was neglected (i.e. ignoring the deformation

aspect). Even though the consolidation investigations based on Terzaghi’s theory are not
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stringent compared to Biot’s theory, these approaches may be applicable to the
consolidation of soft soils subjected to loading conditions such that the soil deformation
is likely to be one-dimensional (e.g. soft soils under large area of uniform loadings or

vicinity of embankment centre).

2.4 Consolidation of soft soils assisted by pervious elements

Saturated soft soils subjected to external surcharges exhibit a very slow dissipation of
excess pore water pressure towards their natural drainage boundaries. Therefore, to
accelerate the dissipation rate of excess pore water pressure and hence the consolidation
process of the soils, vertical drains are usually installed into the saturated soil stratum to
provide additional drainage paths in horizontal directions for the excess pore water
pressure. The concept of fine-grained soil consolidation supported by vertical drains was
introduced in 1930s by several researchers [64, 99-101]. Barron [64] developed
successfully the consolidation theory for drain well assisted fine-grained soils, analysing
the dissipation of excess pore water pressure in a unit cell model. A unit cell is a
cylindrical drain well — soil system including a vertical drain well of radius 7, and the
adjoining soil expanding to the influence radius 7, of that drain well (refer to Figure 2.2).
This concept has been also applied widely to study the consolidation of soft soils
reinforced by other types of pervious columns, such as compacted sand columns, stone
columns and soil-cement mixing column. As indicated by Balaam and Booker [4], the
behaviour of this unit cell sufficiently describes the behaviour of a pervious column
supported ground, particularly for the composite ground region near the centre of the

embankments.
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Analogous to the study conducted by Terzaghi [75], on the basis of the equilibrium
principle between the rate of squeezing water and the rate of volume change in a soil
element, Barron [64] derived the following partial differential governing equation for the

axisymmetric consolidation of soft soil under the application of instant loading:

(rWSrSre) (2.12)

c, 82u(r,zz,t) +l ou(r,z,t) ‘e, qu(r,zz,t) _ ou(r,z,t)
or r or 0z ot

where u is the excess pore water pressure at any coordinate (r,z) and time t;

¢, =k,/(y,m,) and ¢, =k, /(y, m,) arethe consolidation coefficients of soil in the radial

and vertical directions, respectively; k; and k,, are the radial and vertical permeability

coefficients of soil, respectively.

Although the obtained governing equation includes the orthotropic flows of excess
pore water pressure in radial and vertical directions, Barron [64] derived the solutions by
separating roughly the governing equation into two one-dimensional consolidation

equations in accordance with the vertical and radial flows as follows:

| Pu(zn) _ou(z0)

2.13
oo ot @13)
o'u (r,t) 10u (r,t)| ou(r,t)
- +——-F =— <r<
ch( or’ ro or ot (n<r=r) 2.14)

where u, =u,(z,t) and u, = u,.(r,t) denote the excess pore water pressures

corresponding to z- and r-domain.

The excess pore water pressure solution for the vertical consolidation is derived
resembling completely the formulations proposed by Terzaghi [75], whereas the solution

for the radial consolidation adopts the following boundary conditions:
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u,(r,,1)=0 (2.15a)

ou,(r,,t)

0 2.15b
5 (2.15b)

The boundary condition in Equation (2.15a) simulates the fully drained surface of the
drain well, while Equation (2.15b) implies no radial flow across the exterior vertical

surface of the unit cell.

Likewise the consolidation in the vertical direction, the excess pore water pressure
corresponding to the radial consolidation of soil is supposed to carry entirely the total
stress induced by the instantly applied loading q, which distributes uniformly over the
soil area. Thus, the initial condition of excess pore water pressure for the radial

consolidation would be expressed by:

u (r,0)=q (2.16)

The radial consolidation formulation presented in Equations (2.14) — (2.16) is a free
strain consolidation problem, which can be solved to achieve the excess pore water
pressure solution utilising the method of separation of variables. Barron also developed
the solution for the case of equal strain consolidation in the same study. Further discussion
on the concepts of equal strain and free strain consolidations will be provided in the next

section.

For the combined effect of vertical and radial flows, Barron [64] suggested an
approximate solution as the product of the excess pore water pressure solutions obtained

from the vertical and radial consolidation analyses.
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Figure 2.2. Arrangement pattern of drain wells on plan and unit cell model for the

consolidation of soil (after Barron [64])

It is noteworthy mentioned that the axisymmetric unit cell model shown in Figure 2.2
can be converted into a two-dimensional plane strain model for the sake of simplification
in calculations. To establish an equivalent plane strain model, a number of studies have
been carried out matching the analytical solution of the plane strain model to that of the
axisymmetric model, such as those by Hird et al. [102], Indraratna and Redana [103], Tan
et al. [104], Parsa-Pajouh et al. [105], Indraratna and Redana [106]. By means of that, the
equivalent geometries or material properties (e.g. stiffness and permeability) of the drain
well and encircling soil can be attained for the consolidation analysis. Figure 2.3 presents
the schematic conversion reported by Indraratna and Redana [103], which includes a

smear zone (disturbed soil) around the drain due to the effect of drain installation process.
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The same conversion method is applicable to the consolidation analysis of soft soil

reinforced by various permeable columns.
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Figure 2.3. Conversion of (a) axisymmetric unit cell into (b) plane strain unit cell (after

Indraratna and Redana [103])

Drain wells and stone columns in combination with surcharge preloading are
extensively utilised to speed up the consolidation of soft soil. Since the well-known study
of Barron [64], there have been a large number of theoretical investigations on vertical
drain considering the effect of many influencing factors to reflect more precisely on the

realistic consolidation behaviour of composite ground. These factors include well
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resistance with a finite hydraulic conductivity assigned to the vertical drain, smearing
effect for the soil surrounding the drain due to the installation of drain system, the
variation of total stress in soil under surcharge loading with respect to time and depth, the
simultaneous consideration of vertical and radial flows in the governing equations of
consolidation, the nonlinear and viscoelastic properties of soil, and so on. Several
remarkable analytical solutions were presented by various researchers addressing the
above issues [98, 107-117]. Apart from the aforementioned studies for saturated soils,
recent years have also experienced vibrant progress in theoretical analyses for the

consolidation of unsaturated soils [118-126].

On the basis of consolidation theories developed for soft ground with vertical drains,
further studies were conducted for stone column-improved foundations in which granular
columns not only accelerate the consolidation rate and reduce the total and differential
settlements, but also intensify the bearing capacity, enhance the embankment and natural
slope stability, and diminish the liquefaction potential [55]. As reported by several
researchers [16, 58, 127], in addition to accelerating the consolidation process, since stone
columns are generally stiffer than the surrounding soft soil, they also decrease the
compressibility of the composite ground leading to a reduction in settlement of the ground

subjected to applied loads.

In the last few decades, numerous studies with significant contributions on the
consolidation response of soft ground improved with granular columns have been carried
out by researchers, particularly with ground improvement interests. Balaam and Booker
[4, 128] presented an elastic solution considering both vertical and radial deformations of

a single granular column and its surrounding soil underneath rigid foundations, which
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was then extended by the assumption of elastic - perfectly plastic material for the column.
Han and Ye [129] proposed a simplified closed-form solution for the radial consolidation
of soft soil with granular columns taking into account smear and well resistance effects
by using a modified consolidation coefficient which contains the volumetric
compressibility of stone column. Zhang et al. [130] considered the variation of horizontal
permeability coefficient of the soil around a stone column with the simultaneous
investigation of radial and vertical flows in governing equation, while Wang [131]
obtained an analytical solution under different types of time-dependent loading
accounting for the radial flow only. Lu et al. [132] derived the governing equations for
consolidation of a stone column and its surrounding soil considering the variation of
horizontal permeability coefficient of the disturbed soil and the linear variations of total
stresses with depth. By introducing an initial condition based on the equilibrium condition
of the vertical stresses and the equal vertical strain assumption, they achieved a theoretical
solution for the radial and vertical consolidations in a coupled manner. Castro and
Sagaseta [55] developed a closed-form analytical solution for radial consolidation
accounting for the longitudinal and lateral deformation of a stone column in both elastic
and elastoplastic states. Additionally, Castro and Sagaseta [56] conducted a numerical
analysis to investigate the deformation and consolidation around stone columns in a
coupled fashion and examined the reliability of various analytical solutions. The
laboratory study of the same problem was also performed by Cimentada et al. [57]. A
series of numerical models analyzing the behaviour of granular column-improved soft

ground was also employed by other researchers [16, 105, 133, 134].

It is important to note that there are two significant differences in consolidation of soft

soils using drain wells and high modulus granular columns (e.g. stone columns). Firstly,
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the stiffness of stone column is dominantly higher than that of surrounding soft soil.
According to Barksdale and Bachus [2] and Balaam and Booker [4], the ratio of elastic
drained modulus between stone column and enclosing soil for a typical stone column
stabilised soft soil foundation could range from 10 to 40. This dramatic difference in
stiffness would lead to a redistribution of total stresses caused by external loadings
between the column and soil regions in the composite foundation, which has a substantial
impact on the consolidation as well as the general response of the reinforced foundation.
Secondly, stone columns have a smaller radius ratio (i.e. the ratio between the influence
radius of a column and the radius of that column) compared to drain wells. Han and Ye
[127, 129] reported the typical range of radius ratio for stone columns about 1.5 — 5,
whereas Barron [64] suggested this ratio varying between 5 and 100 for drain wells. The
influence zone of each granular column and drain well, which is related to the lateral
pressure of encircling soil is impacted by construction methods considerably. For
example, the compaction of aggregates using the vibroflot during the installation of stone
columns would cause significant cavity expansion and accompanying lateral pressure
from stone columns towards the surrounding soil. In contrast, the lateral pressure due to
the penetration of vertical drains (e.g. prefabricated vertical drains) would be smaller than
that of stone columns. The effects of various factors on the consolidation of soft soils

reinforced by drain wells and stone columns will be mentioned more in the next sections.

2.5 Equal strain and free strain consolidations of soft soil stabilised by stone

columns

Most of the available analytical models for consolidation of soft soil reinforced by stone

columns in the literature are based on the assumption of equal vertical strain and thus
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incapable of predicting varying ground surface settlement with the radial distance from
the stone column. As explained by Indraratna et al. [133], the equal strain condition is
applicable only when the surcharge load is applied on the soil surface through a rigid
platform inducing an unequal stress distribution on the ground surface. For example,
referring to Barron [64], a typical low embankment applies a uniform surcharge on a
flexible platform, resulting in a rather uniform distribution of stress on the ground surface,
which induces a differential surface settlement (i.e. free strain condition). Owing to the
certain flexibility of platform and embankment, the free strain approach can represent
more realistic results than the equal strain hypothesis. Furthermore, under free strain
condition, the encircling soil undergoes larger settlements than the stone column and the
soil settlement is prone to increase with radius away from the column as the consolidation
time elapses, owing to the significant lower stiffness of the soil compared to the stone
column. The difference between equal strain and free strain consolidations of the

composite stone column — soft ground is illustrated schematically in Figure 2.4.
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Figure 2.4. Consolidation settlement of the composite stone column — soft ground under

equal strain and free strain conditions

2.6 Effects of drain resistance, clogging, smear and partially drained boundaries

During the consolidation of soft soils improved with vertical drains, the excess pore water
pressure dissipates towards the vertical drain where the pore water enters the drain and is
expelled along the length of drain to drainage soil boundaries. The dissipation rate of
excess pore water pressure depends upon not only the consolidation parameter of the soil
body (i.e. permeability and volume change coefficients) but also the discharge capacity
of the drain. The discharge capacity of a drain well is characterised by cross-sectional
area and permeability of the drain. In real practice, the discharge capacity of the drain is
governed by various additional factors, which comprises of the lateral pressure from
surrounding soil, the possible bending, crimping, folding, buckling and kinking of drains
(in case of using prefabricated vertical drains), the intrusion of fine soil particles into

drains obstructing the flow of pore water [135, 136]. The finiteness or reduction in

34



discharge capacity of drains is known as the drain resistance phenomenon. Similar to
drain wells, stone columns also endure the drain resistance due to the finite permeability
of stone material (in terms of aggregate), which decelerates the consolidation process of

the composite stone column — soft soil foundation.

Even though stone columns possess high permeability, the voids among solid
aggregate particles are extremely large, which are easily infiltrated by the fine soil
particles from the encircling soft soil during the construction and consolidation periods.
As a consequence, the void spaces and accompanying permeability of stone columns are
decreased, that leads to the deceleration of excess pore water pressure dissipation and
consolidation process. The effect in which the dissipation of excess pore water pressure
in the granular column supported soft soil is decelerated due to the contamination of

aggregates in the column with fine-grained soil particles is called clogging.

In addition to the drain resistance and clogging phenomena, another effect which is
unavoidable during the installation of vertical drains and granular columns is the smearing
of soil surrounding the drains and columns. The influence of smearing on the
consolidation is commonly taken into account by capturing the size of smear zone and
the variation of consolidation parameters in smeared (disturbed) soil. Numerous
laboratory experiments show that the permeability of disturbed soil around the installed
drain decreases gradually towards the drain surface [137-139], whereas the radius of
smear zone is assumed in range of 1.6 — 4 times the mandrel (or the equivalent drain)

radius [107, 140].

Another issue regarding drainage efficiency is the drained capacity of drainage

boundaries. Analogous to drain wells, the top drainage surface of soil stratum (in case of
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one-way drainage in the vertical direction) or both top and bottom drainage soil surfaces
(in case of two-way drainage in the vertical direction) are not fully drained boundaries
because of the finiteness of hydraulic conductivity (permeability) of the drainage
materials at these locations. Such boundaries for the dissipation of excess pore water
pressure are referred to as impeded drainage boundaries which were investigated by

several researchers [141-144].

Several studies have been performed to consider the independent or combined effects
of well resistance, smearing, clogging and impeded drainage boundaries on the
consolidation of soft soils stabilised with vertical drains or granular columns. Indraratna
and Redana [103, 106] developed two-dimensional plane strain numerical models
accounting for the smear and well resistance effects in combination with the modified
Cam-clay theory for single- and multi-drain cases. Han and Ye [129] proposed a
simplified solution for the radial consolidation of stone column improved soft soil
considering the impacts of smear and drain resistance, in which the effect of the difference
in stiffness between the column and soil areas is included by introducing modified
coefficients of consolidation. Walker and Indraratna [145] conducted a simplified
analytical examination on the overlapping smear zones of vertical drain consolidation
assuming a linear diminution in the permeability of disturbed soil towards a drain. The
investigation on the overlapping smear zones can provide an interpretation for a minimum
drain spacing, below which the consolidation rate does not increase any more. Deb and
Behera [146] developed an analytical model for the consolidation of soil stabilised by
stone columns adopting the variation of horizontal permeability and volume change
coefficients for the disturbed soil zone. Three change patterns of consolidation parameters

against radius of smear zone were taken into consideration including constant, linear and
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parabolic distributions. Deb and Shiyamalaa [52] provided a mathematical model to
examine the effect of clogging on consolidation rate of stone column improved soft soil,
taking account of the migration of fine-grained soil particles into the void spaces of
aggregates around the vertical surface of stone column. Tai et al. [53] investigated
experimentally the time-dependent clogging in a unit cell model, applying the computed
tomography to determine clogging and accompanying void space in the column sample.
Then, they proposed a mathematical model to evaluate the variation of clogging with
consolidation time. Many researchers developed analytical solutions for consolidation of
permeable column supported soft soils incorporating the associated effects of partially
drained boundaries, smear and drain resistance, such as those by Lei et al. [46], Zhou et

al. [47].

2.7 Impacts of total stress variations against space and time on consolidation

One of the important factors that highly affects the consolidation of permeable column
improved soft ground is the rate of loading on the ground surface. The change of external
loading against time is commonly encountered in real construction projects, where any
construction process takes time to be finalised and thus results in the increase or decrease
of loading with construction time. It is recognised that the loading rate during the
construction stages of infrastructures built on soft soils should be controlled properly. A
rapid increase of external surcharge on soft soils corresponding to the undrained condition
of the soils may cause the collapse of soil foundation and superstructures. On the other
side, an extremely slow increase of load on the ground surface to avoid completely the
failure of soil foundation may prolong the construction time and affect the general

construction schedule, which is usually related to the economic efficiency. Therefore, a
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reasonable loading rate such that the saturated soft soil foundation has sufficient time to
dissipate parts of the excess pore water pressure induced by external loading and gain
sufficient increase in shear strength and bearing capacity for the next surcharge loading
would guarantee the technical and economic efficiency. The loading and unloading
processes may also occur repeatedly during the service stages of some construction

facilities, for instance, storage tanks, silos, warehouses, seaports and stockpiles.

The consolidation analysis of the composite ground subjected to a time-varying
loading is carried out via the presence of time-varying total stresses caused by the loading
in the mathematical model. It should be noted that the total stresses in the composite
ground may also vary against radius and depth. Considering a composite ground
subjected to a uniform loading on the surface, the induced total stresses in the ground are
deemed to decrease with depth rather than being distributed uniformly, particularly when
the thickness of soft soil stratum is much larger than the distribution area of loading on
the ground surface. Additionally, under the free strain condition, the distribution of total
stresses in the soil stratum would become more complicated, in which the total stresses
experience the redistribution process against both radius and depth due to the
development of shear strains and shear stresses induced by the progressive differential
settlements during the consolidation. By adopting the equal strain assumption for the
settlement of granular column supported soft soils (i.e. the differential settlements and the
mentioned effects of shear strains cannot be captured), numerous analytical studies have
been taken to examine the effects of depth- and time-varying total stresses induced by

external surcharges on consolidation response [44, 45, 131, 132].
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2.8 Effects of layered soils and partially penetrated columns

The in-situ soils are often non-homogeneous where the soil stratigraphy consists of
multilayers. Thus, it is unrealistic to model the soil in field with a simplified soil layer in
many cases, for example, consolidation of multi-layered soils. While the analytical
solutions for one-dimensional consolidation of layered soils may be developed readily,
the computational efforts would be required significantly when the number of soil layers
increases. This is due to the increase in the number of interface boundary conditions
which simulate the continuity of excess pore water pressure and flow rate at interfaces.
For instance, a double-layered soil would require four boundary conditions and a triple-
layered soil would need six boundary conditions [147, 148]. Consequently, the size of
matrix equation which is established from the boundary conditions of excess pore water
pressure dissipation becomes larger along with the increase in the number of unknown
coefficients to be determined from the matrix equation. The problem would be
significantly complicated for coupled radial (or horizontal) — vertical consolidation of
multi-layered soils, particularly when there are also more than two layers in radial (or
horizontal) direction to be included to model the clogging and smear zones around

pervious columns.

Even though there have been numerous analytical studies for consolidation of soils
with pervious columns [149-151], the complexity of the mathematical derivations would
limit the application of the obtained solutions. Another issue which has a similar nature
to multi-layered soils in deriving the consolidation solutions is the partially penetrated
columns in soil stratigraphy. For example, the partial penetration of columns in a single-

layered soil might be considered as a consolidation problem of a two-layered soil, which
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includes a homogeneous soil layer below the column tip and a column reinforced layer.
To derive the consolidation solutions for layered soils and soils stabilised by partially
penetrated columns or floating columns avoiding the complexity of analytical solutions,
the spectral method [152, 153] or matrix method [154] can be employed. For the sake of
simplification, numerous studies also developed consolidation solutions for soft soils
supported by floating columns or partially installed columns by converting the column
supported layer to an equivalent soil layer characterised by composite consolidation
parameters [49, 155-158]. Thus, the simplified analytical solutions can be achieved

corresponding to the equivalent one-dimensional consolidation of multi-layered soils.

2.9 Effects of nonlinearity, rheology and unsaturation of soil on consolidation

The conventional consolidation theories commonly adopt several assumptions to simplify
the mathematical models and obtain the analytical solutions, in which the soil properties
are considered as unchanged with depth and time and fully saturated. In many cases, the
adoption of these assumptions may cause significant disparities in estimating the
consolidation response of soft soils in field. Indeed, the consolidation of soft soils is
regulated by various factors regarding the nonlinear, rheological and unsaturated
characteristics of the soils, such as the nonlinearity in relationships among permeability,
compressibility, void ratio and effective stress in the soil. As the consolidation progresses,
the void ratio reduces with the increase of effective stress owing to the dissipation of
excess pore water pressure, which leads to the reduction in permeability and
compressibility of soils. Considering the major effects of the nonlinear properties of soft
soils on their consolidation behaviour, Davis and Raymond [159] developed a one-

dimensional analytical solution for consolidation of soft soil subjected to a constant

40



loading, assuming that the permeability reduction is proportional to the compressibility
diminution during the consolidation and the initial effective stress distributes uniformly
over the soil depth. Gibson et al. [160], Gibson et al. [161] proposed nonlinear finite strain
theories to predict the one-dimensional consolidation of thin and thick saturated
homogeneous soil layers, respectively. Based on the study conducted by Davis and
Raymond [159], the analytical solutions for nonlinear consolidation of single- and
double-layered soils under time-dependent loading were derived by Xie et al. [147], Xie
et al. [162]. The nonlinearity effects of soil properties on the soil consolidation stabilised
by drains and stone columns were also investigated analytically by various researchers

[60, 163-165].

The theory for consolidation of soft soils incorporating the secondary compression of
the soils was developed early by Taylor and Merchant [166]. After that, several efforts
were made to capture the influence of rheological property of soils on the long-term one-
dimensional consolidation [167-171]. However, there have been limited analytical studies
on two-dimensional or axisymmetric consolidation of soils, particularly with the
inclusion of vertical drains or granular columns integrating the effect of rheological
characteristics of soil stratum [96, 172]. This may be due to the complex nature of the

mathematical derivations for the problem under consideration.

In the last few decades, an emerging consolidation problem that has attracted the great
interest of researchers is related to the unsaturated soils. In engineering practice, it is
common to encounter the construction projects which are built on unsaturated soils.
While the traditional consolidation theories can provide acceptable predictions in excess

pore water pressure dissipation and consolidation settlement of the saturated soils, these

41



classical theories are obviously inappropriate for unsaturated soils. Therefore, several
researchers have developed new theoretical models for unsaturated soil consolidation in
the early 1960s [173-176]. On the basis of these pioneering works, recent years
experienced vibrant progress in developing analytical consolidation solutions for
unsaturated soils [123, 124, 177-182]. Nevertheless, there have been very limited
analytical consolidation studies for unsaturated soils reinforced by compacted granular
columns, particularly under free strain condition for the composite ground owing to the

complexity of the mathematical formulations.

2.10 Deformation of the composite stone column stabilised soft ground supporting

embankments

Unlike the vertical drain consolidation where the stiffness of drains is ignored, the
consolidation behaviour of stone column reinforced soft ground depends upon the stone
column stiffness predominantly. During the consolidation process, the deformations of
the stone column and surrounding soft soil regions are governed by the dissipation of
excess pore water pressure, the difference in stiffness between the stone column and soft

soil, and the flexibility of the platform — embankment system.

Since the stiffness of stone columns is substantially higher than that of encircling soft
soil, the dominant portion of the embankment loading would be carried by stone columns.
In case of the embankment supported by the composite ground through a rigid platform,
the column and soil settlements are equal at any time during the consolidation. The
embankment loading would be shared between the stone column and surrounding soft

soil as a proportional relationship to the stiffness (modulus) ratio of the column to the soft
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soil [127]. In contrast, when the platform — embankment system is rather flexible, the
differential settlement between the soft soil and stone column would happen. Considering
an instant construction of the embankment on the saturated composite stone column —
soft soil, the column settlement progresses rapidly due to the extremely quick dissipation
of excess pore water pressure in the stone column, while the soil settlement is negligible
under the undrained condition of soft soil right after loading. Thus, the surrounding soil
tends to carry more loads than the stone column as a result of soil arching over the top of
stone column. After that, the soft soil consolidates as the excess pore water pressure in
the soil dissipates, which leads to the increase of soil settlement and the decrease in the
differential settlement between the stone column and soft soil during the very beginning
stage of soil consolidation. The applied loading tends to be shared equally between stone
column and surrounding soft soil when the soil settlement is equal to the column
settlement. Thereafter, the soft soil continues to consolidate and settle more than the stone
column, which results in the soil arching in the embankment between consecutive stone
columns (i.e. the inversion of the previous soil arching). Due to the inverse soil arching,
the stone column would carry more loads than the soft soil. The larger settlement of soft
soil compared to stone column would also lead to the transfer of loads from soft soil onto
stone column along the column — soil interface, which causes the increase of stone column
settlement to counteract the increase in the differential settlement between soft soil and
stone column. The redistribution of loading and accompanying total stresses between the
stone column and surrounding soft soil progresses until the end of the consolidation

process.

It should be noted that, under the applied loading on the ground surface, the stone

columns tend to deform laterally towards the encircling soft soil, particularly at the upper
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part of the stone column where exists the extremely high concentration of total stresses.
The stress concentration might cause the bulging of stone columns and failure in terms of
shearing when the confinement pressure provided by encircling soft soil is low.
Therefore, the usage of stone columns would be effective when they are penetrated in soft
soils having appropriate shear strength, specifically with a minimum undrained shear
strength of about 20 kPa [183]. Figure 2.5 illustrates the deformation mechanism of a
typical embankment fill — soft soil foundation system improved by stone columns, in
which the platform is reinforced with geosynthetics. The differential settlement AS
between soft soil and stone column cause the mobilised shear stress in the embankment,
which forms the soil arching. Moreover, the concentration of total stress on the column
top due to the soil arching induces the lateral yield (bulging) at the upper part of the stone

column.
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Figure 2.5. Deformation of a typical embankment fill — soft soil foundation system

stabilised by stone columns (after Deb [184] and Basack et al. [185])

2.11 Analytical methods for consolidation of soft soils supported by pervious

columns

The consolidation problem of soft soils reinforced by permeable columns is a kind of
diffusion problem encountered in several fields of study, which is related to porous
medium. The mathematical model for the consolidation is formulated via governing
equations, boundary and initial conditions [186, 187]. The governing equations are partial
differential equations (PDEs) which can be independent or dependent of each other,
homogeneous or non-homogeneous and linear or nonlinear. These PDEs are usually in
form of second-order parabolic equations. The boundary and initial conditions can also
be homogeneous or non-homogeneous. In case of independent PDEs, the governing

equations are bound via boundary conditions, which are related to the boundary value
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problems (Sturm—Liouville problem) [186, 188]. In contrast, when the PDEs are
dependent and form a system of PDEs, the problem under consideration becomes more
complex and is frequently known as the diffusive Lotka-Volterra problem [189, 190].
While the derivations for the analytical solutions of boundary value problems are possible
in many cases, those of Lotka-Volterra problems are very challenging. Therefore, the
solutions for the latter are frequently derived in form of semi-analytical or numerical
outputs [191-194]. To derive the analytical solutions for the consolidation of soft soils
improved with pervious columns, the following common approaches might be employed
[188, 195-197]:

— Method of separation of variables.

— Duhamel’s theorem.

— Laplace transform technique.

— Integral transform technique.

— Qreen’s function method.

The separation of variables is a conventional approach which is the basis of several
other methods. The method of separation of variables is commonly used to solve
homogeneous problems (i.e. homogeneous PDEs) under one- or multi-dimensional
configurations. The solution of homogeneous problems can be readily derived using this
approach when there is only one non-homogeneous term regarding initial or boundary
conditions and the PDEs and boundary conditions are linear. For the problem with more
than one non-homogeneous term (non-homogeneity in either PDEs or initial and
boundary conditions), this method can also be applied to obtain analytical solutions by
splitting up the original problem into more simple problems and using the superposition

principle. However, the non-homogeneity in PDEs (the non-homogeneous terms in PDEs
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are usually called generation terms or source terms) and boundary conditions, which are
time-dependent ones, may not be handled using the method of separation of variables. By
taking separation of variables, the PDEs would be separated into ordinary differential
equations (ODEs) and accompanying boundary conditions, which form boundary value
problems. The process of solving boundary value problems results in eigenfunctions (i.e.
corresponding to dependent variables) and eigenvalues (i.e. corresponding to independent
variables), where the eigenfunctions are orthogonal functions [198]. Indeed, an important
technique utilised while solving boundary value problems is the orthogonal expansion

(eigenfunction expansion) technique.

To overcome the above-mentioned disadvantages of the method of separation of
variables, several other methods can be employed such as Duhamel’s theorem, Laplace

transform, integral transform and Green’s function method.

On the basis of superposition principle, Duhamel’s theorem is applicable to non-
homogeneous linear consolidation problems, where the non-homogeneous terms in PDEs
and boundary conditions can be time-dependent terms. The method is conducted by
taking advantage of the solution of the same consolidation problem yet with time-

independent source terms and boundary conditions.

The application of Laplace transform technique is related to the elimination of partial
derivatives with regard to time variable. Therefore, this method is applicable to the
problem with non-homogeneous time-dependent source terms and boundary conditions
in which the time-dependent functions are transformed into the corresponding functions
in Laplace domain. This method allows to address the transient problem in a small-time

domain with a rapid convergence of the obtained analytical solution, due to the
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availability of small-time approximations. The transient problems with small values of
time are commonly seen in the study of heat conduction. In contrast, the consolidation is
a time-dependent problem corresponding to the long-term behaviour of soft soils, where
the soil permeability is low and the dissipation of excess pore water pressure progresses
slowly. In the method of Laplace transformation, the original problem is first transformed
into Laplace domain to derive the corresponding solution. Then, the final solution in
physical domain (i.e. corresponding to the original problem) would be derived by taking
inverse Laplace transform. However, the inversion of Laplace transform is not always
available and the numerical approximations would be applied for this purpose in many

cases.

While the use of Laplace transform approach would remove the time variable in
consolidation problems, the employment of integral transform technique would eliminate
the space variables in the problems. By imposing integral transforms on the mathematical
model of consolidation problem in physical domain, PDEs would be transformed into
first-order ODEs of the transformed dependent variable (i.e. transformed excess pore
water pressure in the consolidation problem) with respect to time variable (i.e.
independent variable). The ODEs would be solved considering the transformation of
initial conditions, then the outputs are inverted to achieve the final solutions in physical
domain (i.e. excess pore water pressure). The integral transform technique is derived on
the basis of the separation of variables approach, where an integral transform pair (i.e.
inversion formula and integral transform) required for the solution of a particular problem
i1s formulated by taking advantage of eigenfunction expansion technique. Thus, the
establishment of the integral transform pair is the mandatory demand prior to any

derivation to obtain the final solutions.
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Finally, this section mentions about Green’s function method which might be
considered as the powerful and general method to solve the consolidation problem with
a generalised non-homogeneity in source terms and boundary conditions. Compared to
the Laplace transform and integral transform techniques, the Green’s function approach
without using the intermediate steps of transformation and inversion in the mathematical
model is more straightforward to derive the final solution. The utilisation of Green’s
function approach uses Green’s formula and the derivation of Green’s function which is
the major implementation to obtain the final solutions of the consolidation problem. Once
the Green’s function has been established for the problem, the final solution can be
achieved by substituting the Green’s function into Green’s formula of the excess pore
water pressures. To derive the Green’s function, several methods can be employed
including some of the previous mentioned methods such as separation of variables,

Laplace transform, images, product solution, and eigenfunction expansion [196, 197].

2.12 Summary

Most existing analytical consolidation studies adopt the equal strain condition for the
settlement, which is supposed to be suitable for the consolidation of soft soils assisted by
prefabricated vertical drains (PVDs) or sand drains where the stiffness of drains is ignored
in the mathematical formulation. The equal strain hypothesis is also applicable to the
composite ground supporting surcharge loadings via a rigid platform which ensures no
differential settlement occurs on the ground surface and at any depth of the ground. In
contrast, for a flexible platform, a uniform surcharge loading would cause significant
differential settlement between the column (e.g. stone columns and soil-cement mixing

columns) and the surrounding soft soil. Indeed, the extreme higher stiffness of the column
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in comparison to the soft soil would lead to unequal settlements at a given depth. In
reality, the settlement increases gradually from the column — soil interface towards the
mid-point between two columns within the soil region. The differential settlement also
increases with time as a consequence of excess pore water pressure dissipation in the soft
soil during the consolidation process. In contrast, by ignoring the time-dependent
consolidation analysis, several researchers investigated the free strain deformation of the
composite stone column — soft soil foundations. Alamgir et al. [65] proposed a theoretical
method to predict the elastic vertical deformation of the mentioned composite ground
subjected to a uniform load through a flexible platform, by assuming a settlement pattern
for the ground. Taking advantage of this study, Deb and Mohapatra [199] developed a
model to study the two-dimensional (2D) plane strain behaviour of a stone column
improved soft soil under a geosynthetic-reinforced embankment. On the same basis, Zhao
et al. [22] and Zhao et al. [23] provided the axisymmetric deformation models for the
systems of soft soil foundations overlain by geosynthetic-unreinforced and -reinforced
embankments, respectively. Another series of theoretical studies [184, 200-202] has also
been done to examine the 2D plane strain response of the embankment fill — soft soil
foundation systems assisted by stone columns, considering various influencing factors
capturing the consolidation of soft soil. However, these studies analysed the deformation
and consolidation of the composite stone column — soft soil foundations in an uncoupled
manner. Indeed, to account for the consolidation effect in the proposed models, they
adopted the simplified consolidation solution developed by Han and Ye [127] in
combination with a modification to convert the axisymmetric unit cell model into a plane
strain unit cell configuration as suggested by Hird et al. [102]. While ignoring the drain

resistance and smear effects, Han and Ye [127] employed Carrillo’s method [203] to
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combine the radial and vertical consolidations in the analysis, which is only valid for the
homogeneous governing equations of consolidation [204]. It should be noted that the
distribution of total vertical stresses on the composite ground would vary with time due
to the interaction between the stone column and surrounding soft soil. In other words,
there is a progressive stress transfer mechanism from the soft soil onto the column along
the column — soil interface when incorporating the deformation analysis into the process
of consolidation. The stress transfer mechanism progresses in reaction to the development
of differential settlement between soft soil and stone column as the excess pore water
pressure dissipates during the consolidation process. As a consequence, the governing
consolidation equations for stone column and soft soil regions in the unit cell model
would be non-homogeneous due to the existence of the non-homogeneous terms (i.e.
time-dependent total vertical stresses), and thus the application of the Carrillo’s method
[203] is not applicable or accurate. It is worthwhile to mention that the combined
deformation — consolidation analysis should be considered for a saturated soft soil deposit
stabilised by stone columns in which the deformation of ground is recognised as the
accompanying output of the free strain consolidation process. In fact, the composite
ground deforms progressively from the undrained condition right after applying the
instant loading until the fully drained condition at the end of consolidation when the
excess pore water pressure in the soil foundation would dissipate completely. Eventually,
all of the existing theoretical studies on the composite ground deformation in the literature
[22, 23, 65, 184, 199-202] employed the numerical finite difference approach for the unit
cell in which the stone column and soft soil regions were divided into a mesh of finite
number of column and soil elements. This theoretical approach might cause

inconvenience for the practical application due to the challenge of computational efforts.
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Therefore, the following chapters of this thesis will present innovative analytical
approaches to address the shortcomings of the available analytical studies on the
consolidation of the composite stone column — soft ground discussed in the literature
review. It is emphasised that the analytical derivations in this thesis are conducted
adopting the assumption of one-dimensional settlement and neglecting the horizontal
deformation of the composite ground analogous to the studies by Barron [64] and
Terzaghi [75], as mentioned in the scope of research. Therefore, the Mandel-Cryer effect
demonstrating the increase of excess pore water pressure in the composite ground
subjected to the lateral compression under an instant loading cannot be captured during
the early stage of consolidation. Such effect can only be investigated by adopting Biot’s

theory of consolidation as reported by Helm [205] and McKinley [206].
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CHAPTER 3
ANALYTICAL SOLUTION FOR PLANE STRAIN CONSOLIDATION OF

SOFT SOIL STABILISED BY STONE COLUMNS

3.1 Introduction

From the existing literature, there is a lack of the analytical solution for plane strain
consolidation of the composite stone column — soft ground considering the differential
settlement condition (i.e. free strain assumption). Obviously, the behaviour of a
permeable column improved soft soil can be more accurately analysed under three-
dimensional (3D) or axisymmetric conditions resembling the actual column — soil
foundation in real practice than under the two-dimensional (2D) equivalent plane strain
consideration. As reported in various studies [15, 207, 208], however, the equivalent
plane strain model of the composite pervious column — soil foundation can provide
acceptable predictions for the foundation settlement and excess pore water pressure

dissipation, particularly at the regions close to the centre of embankment.

The aim of this chapter is to provide an analytical solution to investigate the free strain
consolidation of a stone column reinforced soft soil subjected to an instantly applied
uniform loading under plane strain condition. A general solution to predict the excess
pore water pressure dissipation and thus the consolidation settlement at any point in the
model was achieved applying the method of separation of variables. To validate the
capabilities of the obtained analytical solution, a worked example was conducted to
examine the excess pore water pressure dissipation in the stone column and soft soil. The

accuracy of the proposed solution was also verified against a finite element simulation.
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Besides, a parametric analysis was performed to investigate the effect of permeability and
stiffness of soft soil on the average degree of consolidation for each region of the model

and the differential settlement between the two regions.

3.2 Problem description

Similar to the consolidation of soil with the inclusion of vertical drains, stone columns
are commonly installed into soft ground in a square or triangular pattern in real practice
[209, 210]. To develop an equivalent plane strain model, several models from available
studies [102-105] can be applied in which the equivalent geometries or material properties
(e.g. permeability and stiffness) of stone column and surrounding soil are obtainable by
matching the analytical solution for consolidation between plane strain and axisymmetric
models. It should be emphasised that the main objective of this study is to derive the
analytical solution for plane strain consolidation model while the equivalent conversion
factors relating to the geometry or material property of the model are assumed to be

obtained using the available studies.

Figure 3.1 illustrates a typical plane strain consolidation model with a stone column
region of width 2a enclosed by the soft soil region extended to width 24 . The soil
stratum has a thickness A underlain by a stiff layer and the column is entirely penetrated
along the soil depth. The exterior boundaries and bottom base are impervious, while the
upper surface of the model is considered to be freely draining. To derive the solution in

this study, the following assumptions have been made:

— The column and soil regions are homogeneous.

— The foundation is completely saturated in which soil solid and water are incompressible
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with the assumption of Darcy’s law for the water flow.
— The free strain assumption is adopted; the column and soil solely deform vertically.
— The permeability and compressibility of the column and soil are assumed to be constant

under surcharge loading.
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Figure 3.1. The model of the problem

It is also assumed that the external load is applied instantaneously and remained
unchanged during the consolidation period, which induces time-independent total stress
applied in each region of the model. Then, referring to the studies by other researchers
[64, 98] and considering the symmetry of the problem, the equations for consolidation of

the plane strain model can be expressed by:

82u1 (y,z,0) e azul (y,z,t) _ Ou,(y,z,t)
o Y e ot

(0<y<a) (3.1a)

1h

Cu,(0:2,0) , | w320 _ 0wy (3,2,1)

2h 8)/2 2v o o (a<y<b) (3.1b)
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where u, and u, are the excess pore water pressures at any points in the stone column
and soft soil, respectively; y and z are Cartesian coordinates as displayed in Figure 3.1;
t is the time; ¢, =(k,M,)/y, and ¢, =(k,M,)/y, are the horizontal and vertical
consolidation coefficients of the stone column, respectively; c,, = (k,,M,)/y, and
c,, =(k,,M,)/y, arethe horizontal and vertical consolidation coefficients of the soft soil,
respectively; k,,, k,, and M, are the horizontal and vertical permeability coefficients

and constrained modulus of the stone column, respectively; similarly, k,,, &, , and M,

2v
are the horizontal and vertical permeability coefficients and constrained modulus of the

soft soil, respectively; and y,, is the unit weight of water (10kN / m’).

Pertaining to Figure 3.1, the conditions of no horizontal flows at the centerline and
outside boundary of the model can be represented by Equations (3.2a) and (3.2d),
respectively; whereas the continuities of excess pore water pressure and flow rate at the

column-soil interface can be described by Equations (3.2b) and (3.2c¢), respectively.

Ou,/0y=0 aty=0 (3.2a)
u=u, aty=a (3.2b)
k, ou /oy=k, ou,/0y aty=a (3.2¢)
Ou,/0y=0 aty=>b (3.2d)

The top surface of the composite ground is considered as fully permeable, while the
bottom one rests on an impermeable rigid stratum (see Figure 3.1). Then, the following
conditions can be included in these two boundaries as:

u=u,=0 atz=0 (3.3a)
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Ou, /0z=0u,/0z=0 atz=H (3.3b)

It is worth noting that the total stresses in the composite foundation are supposed to be
carried completely by the excess pore water pressures immediately after loading due to
the second assumption. Assuming the total stresses in the stone column and soft soil
regions caused by the external load distribute uniformly in each region, the initial
conditions for excess pore water pressure can be expressed by:

u,(t=0)=o, (0<y<a) (3.4a)

u,(t=0)=o, (a<y<bh) (3.4b)

where o, and o, are the total vertical stresses in the column and soil, respectively.

3.3 Analytical solution

The set of Equations (3.1) — (3.4) describe the plane strain consolidation problem in which
the governing equations and boundary conditions are homogeneous, while the initial

conditions are non-homogeneous.

According to the studies by Aviles-Ramos et al. [211], the method of separation of
variables can be applied and the solution for the excess pore water pressure at any point

in the model is defined as:

Z/li (yazot):ul'([)(yazst)-i'ui(ii)(yazﬁt) (yiSySyH—l) (12192) (35)

In which the subscript i =1,2 denotes the stone column and soft soil regions, respectively;

(if)

y,=0,v,=a, y,=b; u"” and u'™ are determined as follows:
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i O i -p02
u,()(yazat)=zzcr(mz Zm(Z) er(n)Z(y) e ﬂmn ' (yz Sygywrl) (363)

m=1 n=1

w F(m)

i i i —plin2
ul( )(y’ZJt):ZZC:nn)Zm(Z) Yu(nn)(y) e ﬂ"’” t (yiSySyi-H) (3'6b)

m=1 n=1

where m and n are integer index corresponding to z- and y-directions, respectively;

Z, (z) are the eigenfunctions with respect to z-direction and defined by:

Z (z)=sinAk z (3.7)

The term 4, are the eigenvalues corresponding to Z, (z) and determined as:

A, =Qm-N)rx/(2H) for m=1,2,3,... (3.8)

Considering Equation (3.6a), the terms Y’ () are the eigenfunctions with respect to

y-direction, which are defined respectively for the stone column and soft soil regions by

substituting the subscript i =1,2 as:

(@) — AWM (@) @) (@)
Ylmn (y) - Almn cos (Vlmny) + Blmn sin (Vlmny) (393)
() — 40 () () ()
Y2mn (y) - AZmn cos (VZmny) + BZmn sin (VZmny) (39b)
where 4", B A" and B{) are the constants to be determined; v\” and v\’ are

the eigenvalues corresponding to ¥ (y) and Y,

2mn

(»), respectively. The relationships

between the eigenvalues pair (v ,v{) ) and the term A" in Equation (3.6a) are given

mn

by the following equations:

v =\/ﬂ,f122/clh—/cf/1,i where BV /¢, —x A2 >0 (3.10a)

mn mn

Vion = \/Igrf;n) /ey, K3 Ay where f)7 /¢, —K; A 20 (3.10b)
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K :\/C1v Xy :\/klv /ky and «, :\/sz /€y =\/k2v /Ky, (3.11)

It is worth mentioning that the conditions ¢,, > ¢,, and ¢, > c,, hold true because the
stone column possesses larger permeability and constrained modulus than the soft soil.

Then, the following condition for 3" values can be derived on the basis of the concurrent

mn

satisfactory of the inequalities provided in Equations (3.10a) and (3.10b):

,B,fj,f Zmalx{lc1 ﬂ,m\/a, K, im\/a} =K, lm\/a:/im\/g (3.12)

For a specified value of m, the subscript #» implies an infinite number of different

eigenvalues S and consequent pairs (v v{” ). The eigenfunctions Y (y) and

Y(i)

2mn

(y) are completely disclosed only when the corresponding constants and the

(i)

1mn>

(i)

2mn

eigenvalues pair (v, ,v,. ) are achieved by taking advantage of the boundary conditions

in y-direction.

Imposing the boundary condition presented in Equation (3.2a) on the solution reported
in Equation (3.6a) and noting that the subscript i =1 for the stone column region, yields

B(i)

1mn

=0. It should also be noted that the incorporation of the boundary conditions
described by Equations (3.2b), (3.2¢) and (3.2d) into the solution in Equation (3.6a) with

the subscript i =1,2 would lead to a matrix equation in which the constants A” | 4%

Tmn > 2mn

and BY

2mn

can be determined in terms of any non-vanishing one [188]. By assigning

(i)
Al mn

=1 for simplicity, therefore, the following matrix equation for the determination of
A" and B! is obtained:

2mn 2mn

QKD =0 (3.13)
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where

(i) () ; ()
cos(vlmna) —cos(VZmna) —sm(vz,nna)

0 — [OR (@) (O (i) (@) (i)

Q - _Nk Vlmn Sin (Vlmna) V2mn Sin <V2mna) _V2mn Cos <V2mna) (3 143)
() o3 (@) (i) ()
0 —V, sin (VZWb) v, €OS (anb)

(i) _ () (1)

K" ={1, 45, B, (3.14b)

where N, =k,, / k,, 1s the horizontal permeability ratio between stone column and soft

(@)

Imn

and v\ from Equations (3.10a) and (3.10b) into Equation (3.14a),

2mn

soil. Substituting v
the matrix Q" with respect to 3" is attained. Then, the transcendental equation to

determine the eigenvalues ') can be derived by the demand that Equation (3.13) has a

mn

and v!"

2mn

nontrivial solution (i.e. detQ” =0). Once A" have been achieved, v” can

1mn

be calculated by Equations (3.10a) and (3.10b), respectively.

Pertaining to Equation (3.6b), similar to the eigenfunctions Y” (y), the eigenfunctions

imn

Y (y) corresponding to the stone column and soft soil regions are defined as:

imn

i) (1) — () (i) (i) o (if)
Y0 (v) = A cosh (v )+ BUn sinh (vi1) ) (3.15a)
(i) (1) = AU (if) (i0) i ()
Yv2mn (y) - AZmn COS(V2mny) + B2mn sm (V2mny) (3 ISb)
where 4 B = A and B{" are the constants to be determined; v\ and v{" are

the eigenvalues corresponding to Y'”(y) and Y,”)(y), respectively. The relationships

1mn 2mn

(i) (if) (if)

between the eigenvalues pair (v, ,v," ) and the term £, in Equation (3.6b) are given
by the following equations:
v = k222 =02 /e, where &2A2—BD /¢, >0 (3.16a)
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Vi = B2 e, —Kk2 A2 where B9 /¢, —Kk2AE20 (3.16b)

To fulfil the two inequalities provided in Equations (3.16a) and (3.16b)

simultaneously, the S values must satisfy the following:
/,{’m VCZV < rEzlrlt) <2’m \/clv (317)

where the condition ¢, >¢, and Equation (3.11) have been utilised to derive the

condition for the B values. For a given value of m in this case, there is a finite number

(i)

mn >

of eigenvalues which is denoted by F(m) as a function of m . Thus, the index n of

the second summation in Equation (3.6b) adopts a finite value of the upper limit F'(m).

Conducting the derivation analogous to the case of the eigenvalues pair (v v\ ),

Imn>" 2mn

while B

1mn

=0 due to the boundary condition given by Equation (3.2a) and 4" =1 for

Tmn

the sake of simplicity, the matrix equation to determine the constants 4'” and B! can

2mn 2mn

be derived as follows:

where
(it) (it) : (it)
cosh (vlmna) —cos(v2mna) —s1n(v2mna)

(ii) _ (it) . (it) (it) (ii) (ii) (ii)

Q" =| N,v," sinh (vlmna) v, sin (VZmna) -V cos(vz,nna) (3.19a)
(i) i (1,00 (i) (ii)
0 -V, s1n(v2mnb) Vo cos(vz,,mb)

(ii) _ (ii) (it)
K@ ={1, 47, B | (3.19b)

The matrix Q' with respect to A" can be obtained by substituting v") and v"

provided in Equations (3.16a) and (3.16b) into Equation (3.19a). Then, the eigenvalues
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(if)

Imn

and v")

2mn

B are determined by the requirement det Q" =0, and v are calculated by

Equations (3.16a) and (3.16b), respectively.

To finalise the solutions in Equations (3.6a) and (3.6b), the initial conditions in

Equations (3.4a) and (3.4b) are applied for which the coefficients C'” and C" are

obtainable by taking the orthogonal expansion technique as presented in the study by

Aviles-Ramos et al. [211]:

1 2 k H Yit
(*) _ TVih " (*)
Cmn B N,(,;) ; Cin Iz:O »[y=y, Zm (Z) Y;m" (y) 9i dy dz (3'20)
and
N(*) _ik;h Hpim I:Z Y(*) Td d
" i=1 Cip, J.z:OJ.y:yi " (Z) imn (y) Yy az (3'21)

where the new superscript (*) has been used to denote the superscript (7) or (i7) in order

to avoid repeating expressions which have the same formulation.

Once the solutions in Equations (3.6a) and (3.6b) have been disclosed, the excess pore

water pressure at any point in the model is captured using Equation (3.5).

By taking average in y- and z-directions, the average excess pore water pressure for

stone column #, and for soft soil i, are achieved as:

ﬁl(z):[jzojy“_oul dydz:i/[aH] and L_zz(t):Ujojj_auzdydz:i/[(b—a)H] (3.22)

The average surface settlement of stone column gl(t) and of soft soil §2 (z) at time ¢

due to the dissipation of excess pore water pressure are obtainable via the following

equation:
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S()=[o,—u()]H/M, and S,(1)=[c,-u,()]|H /M, (3.23)

The average degree of consolidation of the stone column U, and of the soft soil U,

based on the average surface settlement can be derived as:

Ut)= 3—91&)) =2 _0”71 © and U,(t)= %((Q) -2 :72 © (3.24)

where gl(oo) and §2 (o) are the final average surface settlements of stone column and of

soft soil when time ¢ approaches infinity, respectively.

It is obvious that once the average excess pore water pressures #, and u, and the total
vertical stresses o, and o, have been determined, the average surface settlement and the

average degree of consolidation are completely captured by Equations (3.23) and (3.24),

respectively.

3.4 Validation of the proposed analytical solution

To validate the capabilities of the proposed analytical solution, this section provides a
numerical example in conjunction with a parametric study to investigate the effect of
consolidation parameters (e.g. permeability and modulus) on the consolidation behaviour

of the composite ground subjected to an instantly applied loading ¢ =100 4Pa .

Referring to [104], for simplicity, the geometric parameters and material properties of
the equivalent plane strain consolidation model in this example after converting from the
axisymmetric configuration were adopted in a typical range as follows:

H=5m,a=04m,b=12m,
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by, =4x10"m/s, k, =k, , E =30x10°kPa, v, =033,

k,,=4x10""m/s, k, =0.5k,,, E,=1.5x10°kPa, v,, =0.33.

where E, and E, are Young’s modulus of the stone column and soft soil, respectively;
v, and v,, are Poisson’s ratio of the stone column and soft soil, respectively. Then, the
constrained modulus for the stone column and soft soil can be calculated as
M, =E(1-v,)/[(0+v,)1-2v,)] and M, = E,(1=v,,)/[(1+Vp,)(1=2v,,)],

respectively.

The validation was conducted by inspecting the excess pore water pressure dissipation

in the model. Besides, the performance objectives were evaluated via the average degree

of consolidation for the stone column U, and for the soft soil U, along with the average

differential settlement AS between the two regions. The average differential settlement

AS was calculated as the difference in average surface settlement between the column

and soil regions determined by Equation (3.23).

In connection to Equation (3.5), the change of excess pore water pressure against each

variable y, z, or ¢ can be captured by keeping the remaining variables unchanged.

Figure 3.2 illustrates the isochrones of excess pore water pressure at various time ¢
along the y-direction of the model. It is observed that the isochrones complied with the
zero flow conditions as in Equations (3.2a) and (3.2d) and column-soil interface
conditions expressed by Equations (3.2b) and (3.2¢) where excess pore water pressures
distributed almost uniform along the column width and attained the maximum values at

the exterior boundary y =b. The nonzero values of excess pore water pressure in the
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stone column region illustrate the drain resistance presence for a specified hydraulic
conductivity (permeability) of the column. The excess pore water pressure within the
stone column dissipated extremely quickly and reduced to almost 7kPa at time
t =2x10°s meanwhile that within most of the soft soil stayed almost same as the initial

value.
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Figure 3.2. Excess pore water pressure isochrones against width at depth z = 0.5H for

the stone column and soft soil regions

Figure 3.3 depicts the excess pore water pressure dissipation at points with depth

z=025H, z=0.5H and z=0.75H and y=0.5a (in stone column region) and
y=0.5(a+b) (in soft soil region). As expected, the dissipation of excess pore water

pressure for the deeper point of investigation was slower due to the longer upward

drainage path to the surface drainage boundary, particularly in the column. Regardless of
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the difference in depth of the investigation points in the soil, there was almost no
discrepancy in the rate of excess pore pressure dissipation among these points. The reason
is attributable to the dominance of horizontal flow in the soil together with the extremely

faster dissipation rate of excess pore pressure in the column than in soft soil.
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Figure 3.3. Dissipation of excess pore water pressure against time at different points in

the stone column and soft soil regions

Figure 3.5 presents the verification on average degree of consolidation achieved from
the proposed analytical solution and the finite element simulation employing the software
PLAXIS 2D [212]. Due to the symmetry of external loading, geometry, boundary and
initial conditions of excess pore water pressures against z-axis, the numerical model was
simulated as a half of the problem model shown in Figure 3.1 utilising the plane strain
configuration feature and 15-node triangular elements (see Figure 3.4). The stiffness and

permeability of stone column and soft soil in the numerical model were identical to those

66



in the analytical model. As observed from Figure 3.5, the analytical predictions agree well

with the results obtained from the finite element simulation.
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Figure 3.4. Plane strain finite element model of the example
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Figure 3.5. Comparison in average degree of consolidation obtained from proposed

analytical solution and finite element result

The investigation parameters in this study including the horizontal permeability
coefficient and modulus of soft soil were varied independently in a typical range, while
the remaining parameters of the model remained unchanged and the same as the initial
values in the defined example. Also for the sake of cross-reference and generality, the

investigation factors were examined using normalised parameters k,, / k,, and E, / E, .

Figure 3.6a exhibits a significant change of consolidation rate with the permeability

ratio k,, / k,,, particularly in the soft soil region. The process of consolidation completed
earlier when the ratio k,, / k,, became smaller. It should be noted that the consolidation

of the model was primarily controlled by the horizontal flow from soft soil to stone
column and the upward flow to the top drainage boundary in the stone column. A decline

in k, /k,, ratio (i.e. an increase in the horizontal permeability of soft soil) sped up the
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horizontal flow in soft soil, which accelerated the consolidation of soil considerably but

decelerated the consolidation of column. Figure 3.6b shows the average differential
settlement variation with time for different permeability ratio. As observed, the AS
change patterns were analogous to U, change patterns in the soil region (see Figure 3.6a),
where the average differential settlement was accelerated to attain the highest value
earlier, corresponding to the decrease of k,, / k,, ratio. The analogy may be elucidated in
connection to Equations (3.23) and (3.24) in which §2 (o) is much greater than 5’1(00)
due to the significantly smaller stiffness of the soft soil compared to the stone column. As

aresult, the AS calculations are mainly governed by U , regardless of the changes of 171

and U, during the process of consolidation.

Figure 3.7a indicates that a decline of the modulus ratio £, / E, (i.e. an increase in the

modulus of soft soil) sped up the consolidation significantly. Furthermore, the

acceleration became more remarkable gradually when the smaller modulus ratio E, / E,

was adopted. Indeed, the greater the soil stiffness, the faster the transfer process of excess
pore pressure onto the effective stress in the soil, which accelerated the consolidation of

the composite ground. It is worth noting that the decrease in E,/E, ratio not only

increased the consolidation rate but also reduced the average differential settlement

dramatically (Figure 3.7b), particularly during the later stages of consolidation. The
changes in AS predictions against consolidation time were principally regulated by the

product of U, and S, (c0) in which an increase in the soil stiffness diminished S, (c0) and

accompanying AS substantially.
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Figure 3.6. Effect of permeability ratio &, /k,, on (a) average degree of consolidation of
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3.5 Summary

This chapter introduces an analytical solution to the consolidation of a stone column
reinforced soft soil adopting free strain condition for the column and soil under plane
strain configuration and instantaneous loading. A mathematical model was developed
incorporating simultaneous horizontal and vertical flows in the stone column and soft soil
with an orthotropic permeability for each region. Then, an analytical solution in terms of
exact double series was derived employing the method of separation of variables and
orthogonal expansion technique. The obtained analytical solution is capable of predicting
the change of excess pore water pressure and thus settlement against time at any point in
the model. Consequently, the differential settlement between stone column and soft soil
regions is readily captured during the consolidation process. The capabilities of the
proposed solution were validated via an example investigating the excess pore water
pressure dissipation in the model, incorporated with the parametric study examining the
influence of consolidation parameters of soft soil on performance objectives. The
accuracy of the proposed solution was verified against a finite element modelling, which
shows good agreements. The achieved analytical solution is also applicable to the
consolidation of soft ground improved by prefabricated vertical drains (PVDs) or
permeable columns (e.g. sand column and soil-cement mixing column) in which the
consolidation parameters of PVDs and columns may be assigned appropriately.
Additionally, a corresponding stress concentration ratio defined as ng..= 04 /0, should
also be adopted along with the equilibrium condition of total vertical stresses over the
composite ground area to determine g, and o,. For example, ng..=1 should be adopted
for PVDs or sand column assisted ground to simulate a uniform distribution of vertical

stresses on the ground surface due to the slight difference in stiffness between PVDs or
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sand column and surrounding soil, while ng..=2-6 could be assigned to the stone column
improved soft ground supporting a specific flexible embankment [213]. The
consolidation behaviour of pervious column supported soft soil can be analysed via the
equivalent plane strain model with acceptable predictions; particularly for the vicinity of
embankment centre and when the column spacing in a given direction is small (e.g.
continuous column row or column wall), which highly satisfies the symmetry and plane
strain conditions of the mathematical model. Therefore, the proposed analytical solution
in this study can be utilised as a simple tool to predict the consolidation of the composite
ground as well as verify the complex numerical modelling. For further research, the

unsaturation and creep effects of soil [122, 214] can be included.
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CHAPTER 4
ANALYTICAL SOLUTION FOR FREE STRAIN CONSOLIDATION OF
STONE COLUMN-REINFORCED SOFT GROUND CONSIDERING SPATIAL

VARIATION OF TOTAL STRESS AND DRAIN RESISTANCE

4.1 Introduction

So far, there have been very limited analytical solutions for consolidation of composite
ground supported by stone columns considering the free strain condition. Even though
Alamgir et al. [65] obtained a new solution accounting for the differential settlement, their
study had addressed the time-independent deformation problem rather than a time-
dependent consolidation analysis of soft soil reinforced with columnar inclusions. In their
theoretical model, a deformation mode of the column-soil system was assumed in
advance through the acceptance of a governing equation with unknown parameters. After
that, the solutions for the parameters were obtained by applying the equilibrium condition
of vertical stresses, the elastic deformation characteristics of column and soil, and the
displacement compatibility between column and soil elements. Consequently, the
displacement and stress fields together with the settlement of the composite ground were
obtained; however it is well recognised that the deformation pattern should be the output

of free strain consolidation analysis.

Therefore, the main objective of this chapter is to develop an analytical solution for
investigating the consolidation response of stone column-reinforced soft ground under
free strain axisymmetric conditions considering drain resistance effect and the spatial

variation of total vertical stress. The radial and vertical consolidation equations are solved
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in a coupled fashion for both the stone column and its surrounding soil assuming different
vertical and horizontal permeability coefficients. A general solution for excess pore water
pressure at any point in the unit cell was obtained using the method of separation of
variables. From the achieved solution, the settlement at an arbitrary point, as well as the
average degree of consolidation for the stone column and for the surrounding soil, are
readily determined. A worked example applying the proposed solution is conducted along
with verification exercises comparing the analytical results with finite element
predictions, field measurements and existing analytical studies. Furthermore, a parametric
study is also conducted to examine the extent to which the model parameters can impact

the consolidation response of the composite ground.

4.2 Basic assumptions and mathematical model

The unit cell model in this study is shown in Figure 4.1 with a cylindrical stone column
of radius a surrounded by the soft soil extended to radius 5 . The soft soil layer has a
thickness H overlying a rigid stratum and the stone column is fully penetrated. The top
surface is assumed to be freely draining while the bottom base is impervious. Referring
to Biot [77] and Barron [64], the following basic assumptions are made during the

derivations of analytical solution in the present study.

(i)  The stone column and soil deposit are homogeneous.
(i)  The composite ground is fully saturated while the soil particles and water are

assumed to be incompressible with the flow of water obeying Darcy’s law.
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(i11))  The free strain assumption is adopted while the stone column and its surrounding
soil can only deform vertically. In other words, the effect of shear strains
developed in the column and soil body is neglected similar to Barron [64].

(iv)  The coefficients of permeability and volume change of the stone column and soil

remain constant during the loading process.
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Figure 4.1. The unit cell model of the problem

76



It should be noted that the permeabilities of materials in the unit cell vary with void
ratio and consolidation pressure during the consolidation period of composite ground.
Likewise, the volume change coefficients are not constant due to the nonlinear
relationship between void ratio and effective pressure under surcharge loading. However,
these consolidation parameters can be accepted as constant properties for an expected
pressure increment induced by external loading. Following the equation governing the
three-dimensional consolidation originally established by Biot [77], Castro and Sagaseta
[55] reported the general equation for axisymmetric consolidation of soil around a stone

column in the unit cell model in the case of anisotropic permeability as follows:

(4.1)

kg, o’u,(r,z,t) +laus (r,z,1) +& O'u (r,z,t) _0¢,,(r,z,1)
7. or’ r  or 7. oz’ ot

The right-hand side of Equation (4.1) is the volumetric strain rate of the soil which can
be expressed in terms of the excess pore water pressure. It is worth noting that by

assuming one-dimensional deformation theory, the volumetric strain ¢, is identical with
the vertical strain &, because of the assumption (iii) about the vertical deformation of

composite ground. Then, considering the soil compressibility, the following equation for

the volumetric strain of soil can be written:

_o,(r,z,t)~u/r,z,t)

£, =&
vs = € M. (4.2)
and the rate of volumetric strain would be expressed as:
oe, Oes, 1 |0o/(r,zt) ou/(r,zt)
s - (4.3)
ot o M, ot ot

where o, is the total vertical stress within the surrounding soil under applied external

loading.
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The derivation for the consolidation of stone column can be developed in a similar
manner. In the present study, it is assumed that the external loading is applied instantly
and maintained constant during the consolidation process; in other words, the total
stresses caused by the loading are independent of time. Therefore, the general equations

for consolidation of the unit cell under axisymmetric configuration can be written as:

ou (r,z,t) 10u(r,z,t) o'u (r,z,t) Ou(r,z,t)
c c > 4= c >“<s +c. c > — c 2= O <r<a 44
ch ( arz r 8}" cv aZZ 81 ( ) ( a)
o’u (r,z,t) 10u(r,z,1) o*u (r,z,t) Ou(r,z,t)
s\ <> 4+ DA + s\ 07 = sy 0T <r< b 4.4b

where u, and u_ are the excess pore water pressures at any point in the stone column and
the surrounding soil, respectively; » and z are the cylindrical coordinates as displayed
in Figure 4.1; ¢ is the time; ¢, = (k,M,)/y, and ¢, =(k,M,)/y, are the horizontal
and vertical consolidation coefficients of the stone column, respectively;

¢, =k,M,)/y, and ¢, =(k, M )/y, are the horizontal and vertical consolidation

coefficients of the surrounding soil, respectively; &, ,

.,»and M are the horizontal and
vertical permeability coefficients and constrained modulus of the stone column,

respectively; similarly, k,, k, and M, are the horizontal and vertical permeability

coefficients and constrained modulus of the surrounding soil, respectively; and y,, is the

unit weight of water.

Referring to Figure 4.1, the continuity of the excess pore water pressure and the flow

velocity at the column-soil interface can be expressed by:

u(r=a)=u(r=a) (4.5a)
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h
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(4.5b)

r=a r=a

Considering the axisymmetric unit cell condition adopted in this study, the exterior

radial boundary of the cell should satisty the zero flow condition (see Figure 4.1), i.e.

-0 (4.5¢)

r=b

or

The top surface of the cell is assumed completely permeable (or fully drained), while
the base is assumed impermeable resembling the impermeable stiff layer as shown in
Figure 4.1. Therefore, the following boundary conditions can be applied to the top and

bottom of the model:

u(z=0)=u(z=0)=0 (4.6a)
ou, ou, _0 4.6b
0z |y 0z|._y (4.6b)

As a result of the constant loading assumption, the total vertical stresses in the
composite foundation are functions of spatial variables. Under the assumption (ii), the
total stresses within the stone column and its surrounding soil are supposed to be entirely
carried by the excess pore water pressure in each region immediately after the loading (
t =0), respectively. Therefore, the initial conditions for the excess pore pressure taking
the separation of variables can be written by:

u(t=0)=o.(r,z)=0,(r) f.(2) (0<r<a) (4.7a)

u(t=0)=0o(r,2)=0,(r) f.(z2)  (a<r<b) (4.7b)

where o,(r,z) and o, (r,z) denote the total vertical stress within the column and soft

soil, respectively; o, (r) and o (r) denote the total vertical stress distribution on the
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top of column and soft soil under the applied external loading, respectively; f. (z) and
f..(z) denote the variation of total vertical stress against depth for column and soft soil,

respectively.

4.3 Analytical solution

The set of Equations (4.4)-(4.7) address the axisymmetric consolidation problem where
the governing equations and boundary conditions are homogeneous, while the initial
conditions are non-homogeneous. The analytical solution in this chapter is derived
following the studies by Aviles-Ramos et al. [211] and Aviles-Ramos and Rudy [215] for
the heat conduction problem of 2-region media in which one of the two regions was
thermally isotropic. Their solutions were obtained employing a coordinate transformation
for the orthotropic region, whereas the analytical solution in the present study is solved
directly for the consolidation problem with the orthotropic permeability for both stone

column and soft soil regions.

According to the studies by Aviles-Ramos et al. [211] and Aviles-Ramos and Rudy
[215], the method of separation of variables is applied and the solutions for the excess

pore water pressure in the two regions would follow the following forms:
u(r,z,t)=R.(r) Z.(z) T.(t) (O <r< a) (4.8a)
u,(r,z,t)=R.(r) Z,(2) T,(¢) (a<r<b) (4.8b)

satisfying the following conditions:

Z) 2
GG (49)
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o o "

(4.10)

where 4 and [ are the real and non-negative separation constants; R(r), Z(z), and

T(¢) (with subscripts ¢ and s) are the separated functions with respect to the variables

r, z,and t, respectively.

Substituting u, and u, from Equations (4.8a) and (4.8b) into Equations (4.4a) and

(4.4Db) leads to:

(R:(r) 1 R;(@J_

R.(r) rR.(r)

. (R;’(r) L R&r)j .

R(r) 7 R(r)

c, A== (0<r<a)

c, A ==p’ (a<r<b)

Rearranging the above yields:

RL','(r)+ch'(r)+Vc2 R.(r)=0 (OSrSa)
r
" 1 ' 2
R'(r)+—R/(r)+v R (r)=0 (aSer)
r
where

2 ﬂz_cﬁ//LZZIBZ

V =— —_—

c

cch Cch cch

VS =
Csh csh ¢

sh

Kcz ’ccv — ’kcv a
Cch kch

2 ﬂ_z_&,f :ﬂ_z

c
nd « = |*=

2 12
KA

c

-k A7

S
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(4.11a)

(4.11b)

(4.12a)

(4.12b)

(4.13a)

(4.13b)
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Equation (4.9) is commonly known as a homogeneous linear second-order differential
equation in which the general solution can be easily obtained. By imposing the boundary
conditions provided in Equations (4.6a) and (4.6b) on the general solution, the following

equation is derived:

cm

Z,(2)=Z,(z)=Z2,(z)=sinl,z= sin%z (4.15)

where Z (z) are the eigenfunctions of the corresponding eigenvalues /4, in z-direction.

The term A, is defined as:

g 2@mbr o, 123 (4.16)
2)H  H
and wo,=2m-1)r/2 (4.17)

The solutions for Equation (4.10) are readily achieved as:

T (=T, ()=T, (1)=e " (4.18)

cmn smn

where 7, (¢) are the time-dependent functions of the eigenvalues S, . The subscript n

denotes that there is an infinite number of distinct eigenvalues for a given value of m.

Introducing the subscripts m and 7 into Equations (4.13a) and (4.13b) yields:

2

= P2 22 (4.19)
Cch
2

Vo = [Pk 2 (4.19)
Csh

It should also be noted that the values of v and v for which the boundary value

problem (i.e. Equations (4.12a) and (4.12b) along with their appropriate radial boundary

conditions) possesses nontrivial solutions are called eigenvalues, and the corresponding
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solutions (i.e. R, and R ) are called eigenfunctions. Obviously, the aim of solving the

n smn

problem is to achieve only nontrivial solutions; therefore, the notations v, and v
denote the eigenvalues and R, and R, denote the corresponding eigenfunctions in 7-

direction as a convention from now on.

For the given values of ¢,,, ¢, ., and «,, it is important to note that the values of

v, and v can be real or complex relying on the values of 4, and g, . Hence, there

cmn smn

are four possible combinations of v, ~and v, values that can be attained from

Equations (4.19a) and (4.19b). These combinations are (real, real), (complex, real), (real,

complex), and (complex, complex) which are in turn denoted by (v, ,v. ), (Ve sVi)

> (Vcrmn > Vscmn) s and (Vc Vc ) .

cmn® " smn

Owing to the fact that the constrained modulus and permeability coefficients of the
stone column are much higher than those of the surrounding soft soil, the stone column
always possesses larger consolidation coefficients than the surrounding soil for both

horizontal and vertical directions (i.e. ¢, >c,, and c,, >c,, ). Therefore, the following

inequality holds true:

2 2 2 2 2 2
@_ ﬂmn _Ksz ﬂ,f, (i.e., Ian Cov ﬂm < ﬂmn Co ﬂ’m] (420)

2 12
K2 A2 < L
cch csh cch csh

Equation (4.20) must be satisfied for all possible pairsof v, and v, values. In order
to construct the final complete solution of the problem, all the four combinations of v,
and v, ~will be in turn taken into consideration. Referring to Zill et al. [216], if any

combination includes at least one complex value, then all complex values will be
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transformed into real values by taking advantage of the imaginary unit i=+-1 in
complex number theory. Consequently, the original pairs become new pairs which only
have real values. This procedure enables the convenience to achieve the general solutions

for Equations (4.12a) and (4.12b).

Actually, the only pairs (v/ .v! ) and (v, ,v. ) will contribute to the final solution

cmn?® " smn cmn?® " smn

while the remaining two do not exist corresponding to the conditions ¢, >c¢, and

c,, > c,, in the problem. The combination (v, ,v. ) is areal value pair which is denoted

cmn Vsmn

v ), while the term v¢, in the combination (v¢, ,v/ ) will be transformed into

cmn?® " smn

as (v

cmn® " smn

real value to obtain a new pair including only real numbers denoted as (v, v The

cmn?® " smn

derivation of (v v} and (v ,v")) together with their corresponding eigenfunctions

cmn® " smn cmn?® " smn

(G.e. (RY RY Yy and (R™ R™Y)is provided in Appendix B.

cmn® " tsmn cmn® " tsmn

Eventually, the final solutions for excess pore water pressure at points in the stone

column and soft soil regions are defined as:
u, (r,z,t) =ul (r,z,t) +u'" (r,z,t) (4.21a)

u (r,z,t)= uii) (r,z,t)+ ui"") (r,z,1) (4.21b)

(@)

N

(i)

c

where u'” and 1" are determined by Equations (A.3a) and (A.9a), respectively; u” and

u'™ are determined by Equations (A.3b) and (A.9b), respectively (see Appendix A).

The settlements at points with depth z =z, in the stone column and soft soil regions

resulting from the dissipation of excess pore water pressure can be determined by:
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c

S (r,z t)—ij" a'(rzt)dz—ir' [0, —u (r.z.0)]dz 422
c\Us4ps Mc i e\ s4H M i c e\ s4H ( . a)

S (r,z t)—LJ‘H o'(r,z t)dz—LJ.H [G —u (r,z t)]dz 4.22b
s\ <0 MS - s\ o4y M = s s\ o<y ( . )

where ¢/ and o, are the effective and total vertical stress in the stone column region,
respectively; o/ and o, are the effective and total vertical stress in the soft soil region,

respectively.

The average excess pore water pressure within the stone column and surrounding soil

can be achieved by averaging the excess pore pressure in both r- and z-directions as

follows:

— t — 1 H a 2 t d d 423
uC()_ﬂazHUz-oL_o wu,(r,z,0)rdr Z} (4.23a)
I/T(I)—;UH J‘b 2ru (rzt)rdrdz} 423
s ﬂ(bz—az)H Y s\ 2, @ :

The average surface settlement (i.e. the average settlement at z, =0) of the stone

column and surrounding soil can also be obtained via the following equations:

5.6, =00=a.0H =20 (4.242)
S.(2,=0,0)=Z,()H = ES_TWH (4.24b)

where € (¢) and &, (¢) are the average volumetric strain of the column and soil at time
t, respectively; &, and &, are the average total vertical stresses within the column and

soil induced by external loading, respectively.
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The average degree of consolidation for the stone column and for the surrounding soil

based on the settlement (or volumetric strain) can be derived as follows:

— o S(=00 5.0 &-m®) , w0
T XS R N e R A =
= S(z,=0,) g0 & -u() . ul)
YOS c0m a5 & (4.25b)

where S (z,=0,0) and S, (z,=0,0) are the final average surface settlement, and
g,.(0) and & (o) are the final average volumetric strain when time ¢ approaches

infinity. The subscripts ¢ and s indicate the stone column and surrounding soil region,

respectively.

It is observed that the average surface settlement and average degree of consolidation
described in Equations (4.24) and (4.25) can be captured when the average total vertical

stress (i.e. o, and &, ) and the average excess pore water pressure (i.e. u,(¢) and i, (t))

have been achieved.

4.4 Worked example and verification

In this section, a numerical example is conducted to validate the proposed analytical
solution while the accuracy of the solution is verified by a finite element simulation and
field measurements of a case history. Moreover, the proposed analytical solution in this

chapter is also verified against available analytical studies in the literature.

86



4.4.1 Worked example

In many available studies on the consolidation of soil with vertical drains or stone
columns, the stress induced by external load was assumed to be uniform with soil depth.
However, this assumption may be only applicable when the external loading distributes
uniformly and infinitely on the ground surface. In reality, the stress in the composite
ground may reduce with depth when the thickness of soft soil layer is large in comparison
with the loading area on the soil surface. Referring to the studies by other researchers
[115, 132, 217], the same linear distribution of total stress with depth for both column
and soil was adopted in this study. The equations of total stresses caused by the external

loading were assumed to have the following forms:

o.(r,2) =0, (") f.(2) =0, (r)| 1+(a _1)% (4.260)

o.(r,2) =0, () [.(2) = 0, () 1+(a—1>§ (4.26b)

where o, (r) and o, (r) denote the total vertical stress distribution on the top of column
and soft soil under the applied external loading, respectively; f_(z) and f,_(z) denote

the variation of total vertical stress against depth for column and soft soil, respectively

(Figure 4.2), and defined as:

[.(2)=f.(2)=1+(a —1)% (4.27)

where « is the ratio of the bottom to top vertical stress of the column and soil. This ratio
would range from 0 to 1, representing different patterns of vertical stress distribution

along z-direction. When « = 0, the triangular distribution of vertical stress is produced,
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when « value is between 0 and 1, the distribution is a trapezoidal pattern (Figure 4.2);

and when o =1, the vertical stress distributes uniformly with depth.

19) “ 1 fcz(z)’fsz(z)

Figure 4.2. The variation of total vertical stresses against depth for the stone column and

soft soil regions
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The input data of the problem under consideration were selected in accordance with

the benchmark values that are likely to encounter in practice as shown below.

e (Geometric dimensions:

H=10m, a=05m, b=125m;

e Material properties:
kch :5)(10_5 m/S7 kcv = kch) E = 60X103 kPa 9 VPL‘ = 0)

c

k, =5x10"m/s, k,=05k,, E =2x10’ kPa, Vo, =0;

N

where E, and E, are Young’s modulus of the stone column and soft soil, respectively;

Vp

c

and v, are Poisson’s ratio of the stone column and soft soil, respectively.

e  Other properties:

g=100kPa, a=0.75, y,=10kN /m’;

where ¢ is the external load which is applied instantaneously on the top of unit cell and

kept constant during the consolidation process.

To investigate the variation of excess pore water pressure, the particular points at depth

z=025H, z=05H and z=0.75H with radius r=0.5¢ and r=0.5(a+b)

corresponding to the region of column and soil in the unit cell were selected.

Applying Equations (4.21), the variation of the excess pore water pressure with respect
to each single variable r, z, or ¢ can be captured when the remaining variables are kept

constant.

Figures 4.3 and 4.4 depict the excess pore water pressure isochrones at different time

¢t along the r- and z-directions, respectively. As observed, the isochrones in Figure 4.3
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satisfied the finiteness condition at the column centre, as well as the interface and radial
boundary conditions corresponding to Equations (4.5a), (4.5b) and (4.5¢) in which excess
pore pressures were almost unchanged along the radius of stone column at a particular
time and reached the highest values at the boundary » =5 . The finite values of excess
pore pressure within the column demonstrate the presence of drain resistance effect for a

given permeability of the column. The excess pore pressure in the column dissipated
rapidly and decreased to approximately 2kPa at time ¢=10%s meanwhile the
corresponding excess pore water pressure in most of soft soil region (i.e. »>0.6m)

remained the same as the initial excess pore pressure. Figures 4.4a and 4.4b illustrate the
excess pore pressure isochrones in response to the linear distribution of total vertical stress
with depth in the column and soft soil, respectively. The excess pore pressures endured
the dissipation and redistribution process to achieve the equilibrium state where the
pressures immediately reduced to zero at the top drainage boundary of the unit cell after
applying external loading. The distribution pattern of excess pore water pressure in the
column changed dramatically with depth in which the location of maximum pressure
value moved downward and reached the stone column base right after loading roughly 20
s (see Figure 4.4a). It should be noted that the excess pore water pressure would dissipate
from the location of high pressure value towards the location of lower pressure value.
Therefore, during about the first 20-second period of loading, the dominant portion of
excess pore water pressure in stone column dissipated towards the top and bottom of the
column. When dissipating downward, the excess pore water pressure encountered the
impervious column base which resisted the dissipation process and thus the excess pore
pressure at the lower part of the column (i.e. z> 0.8 H ) became increasing slightly. After

that, the dissipation process in stone column only occured upward the column top
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drainage boundary and the excess pore pressure along the entire length of column
decreased with time. Figure 4.4b displays a gradual variation in the pattern of excess pore
pressure distribution over the thickness of soft soil region against time. The location of
the peak excess pore pressure also moved towards the bottom of the soil deposit; however,

this downward movement was extremely slower than that in the column.

100 T -
u Stone column . Softsoil
= 9 T |
< 7]
& 2 NEL
~ 80 ¢ a=0.75 SIN /. >
N r X / oy 6
- r I N V)S N/ %
= 70 : S 0%
g : z=0.5H S T
% 60 T ~ v 6+ Qb S
2 : L D
% 50 t=10%s \5+ o S
S 40 £ 12 §s
. C > 3\/\\
L C 2x10% s 6
S 30 A0
§ 20 + 4x10% s 5 5x10° 8
2 c
Ho10 £ 8)(106 S
E 10* s
0 : } }
0 0.25 0.5 0.75 1 1.25

Figure 4.3. Excess pore water pressure isochrones against radius at depth z=0.5H for

Radius » (m)

the stone column and soft soil regions
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Figure 4.4a. Excess pore water pressure isochrones against depth at radius »=0.5a

within the stone column region
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Figure 4.4b. Excess pore water pressure isochrones against depth at radius » = 0.5(a +b)

within the soft soil region
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Figure 4.5 shows the dissipation of excess pore water pressure at various points in the
unit cell. As expected, the initial excess pore pressures at different depths were compatible
with the linear distribution against depth of the total vertical stress (« =0.75) generated
by the constant applied loading on the ground surface. It should be noted that the
dissipation rates of excess pore pressure in both column and soft soil regions are slower
when the point of interest is deeper. The observed results for the soil region can be seen
clearer particularly when & =1 and the horizontal permeability ratio of column to soil (

k, /k,) becomes smaller; a decline of £, /k, reduces the difference in excess pore
pressure between column and soft soil regions during the consolidation process.
However, for a =0.75 and k,, /k, =10 adopted in this example, the deeper point of

interest in the soil had a smaller initial excess pore pressure and a faster rate of excess
pore pressure dissipation. The reason can be attributed to the control of radial flow in the
soil towards the column along with the extremely faster dissipation of excess pore

pressure in the column than that in the soil. Further discussion on the effect of &, / k,

and « values is provided in the parametric study in the following section.
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Figure 4.5. Dissipation of excess pore water pressure against time at various points in the

stone column and soft soil regions

Referring to Equations (4.22) and assigning z, =0 (i.e. ground surface), the surface

settlement of the unit cell due to the dissipation of excess pore water pressure was
captured as a set of isochrones varying with time (Figure 4.6a). The top surface settlement
of the column was nearly uniform over the radial direction, which promptly reached the

maximum of 0.015m . There was a significant differential settlement along the radial

direction within the soil at the early consolidation stages; nevertheless, this difference
diminished with consolidation time and a more uniform surface settlement for the soft
soil was achieved at the later stages of consolidation. This phenomenon results from the
fact that the excess pore water pressure in the vicinity of the stone column dissipated
much faster than that in the rest of soft soil domain. Immediately after loading while the
undrained condition can be assumed, the settlement in most domains of soft soil was

insignificant. Figure 4.6b presents the differential settlements at a specified time for
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distinctive depths of the unit cell. The larger the examined depth, the smaller differential

settlement between column and soil as well as the soil itself.
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Figure 4.6a. Surface settlement isochrones against radius for the stone column and soft

soil regions
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Figure 4.6b. Settlement isochrones against radius at time # = 5x10°s for the stone column

and soft soil regions with different investigating depths

4.4.2 Verification against finite element simulation

A finite element analysis using the PLAXIS 2D [212] software was conducted to verify
the proposed analytical solution. Considering the axisymmetric condition, the numerical
model with 15-node triangular elements was generated as displayed in Figure 4.7 in which
2717 elements and 23221 nodes had been created. The normal displacements on vertical
and bottom boundaries of the numerical model were not allowed, while the top surface
was simulated as a free boundary. On the other hand, to consider one-dimensional
deformations as in the analytical formulations, only vertical deformation in the interface
of soil-column was allowed while radial displacements were set to be zero. The interface
was assigned as a drained element with negligible stiffness (Young’s modulus equal

1073 kPa and Poisson’s ratio equal zero) to simulate free strain condition of the proposed
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analytical model ignoring shear strain effect at the column-soil interface. In addition, to
set the flow boundary conditions to enable consolidation of the composite ground, no
flow was permitted across the centerline, the exterior radial boundary of the unit cell, and
the cell base; while the upper surface of the model was a fully permeable boundary. The
soil and column properties including stiffness and hydraulic permeability in both
analytical and numerical models were identical. It should be noted that for this
verification exercise « =1 was selected in the proposed analytical solution simulating
the uniform distribution of the initial excess pore water pressure as a result of the applied

uniform load on the ground surface.
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Figure 4.7. Finite element model used for the verification exercise
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The verification was performed by investigating and comparing the dissipation of
excess pore water pressure at various points obtained from the proposed analytical
solution and numerical simulation. Besides, the average degree of consolidation for each
region of the unit cell (i.e. stone column and soft soil) was also compared between the

two cases.

Figure 4.8 compares the predicted excess pore pressure variations with time at selected
points obtained from the proposed analytical solution and the finite element simulation.
As can be seen, the analytical and numerical predictions are in good agreement verifying
the reliability of analytical solution. The slight discrepancies between predictions may be
due to the redistribution of the total vertical stress in the soil region in the numerical model
induced by the shear strain developed under the differential settlement condition, which
was ignored in the proposed analytical solution. It should be noted that due to the rapid
excess pore water pressure dissipation in the stone column, the settlement of stone column
remains rather uniform and so the shear strain effect and accompanying total stress

redistribution are negligible within the column region.
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Figure 4.8. Comparison in dissipation of excess pore water pressure between proposed
analytical solution and finite element result at points in the stone column and soft soil

regions with depth (a) z=0.25H, (b) z=0.5H ,and (¢) z=0.75H
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Figure 4.9. Comparison in average degree of consolidation between proposed analytical

solution and finite element result for the stone column and soft soil regions
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Then, the average degree of consolidation for each region of the unit cell based on
Equations (4.25a) and (4.25b) was verified against the results from the finite element
model. Referring to Figure 4.9 and analogous to the verification on the dissipation of
excess pore pressure, the predictions of average degree of consolidation from the
proposed analytical solution and finite element simulation were almost identical during
the consolidation process.

It is worth mentioning that Poisson’s ratio equal zero was adopted in the above
example and numerical modelling to simulate the one-dimensional consolidation in

vertical direction as assumed in the mathematical model. In case v, =v, =0, the

assignment of zero radial displacements for the column-soil interface in the finite element
model can be released without influencing the numerical results. In contrast, the radial
displacements of the interface element would be set equal zero to enable the one-
dimensional deformations of the stone column and soft soil bodies when Poisson’s ratio

is non-zero, similar to the example in Chapter 3.

4.4.3 Verification against field measurements and existing analytical studies

An additional verification of the proposed analytical solution with field measurements of
a case history was also carried out in terms of excess pore water pressure dissipation and
settlement rates in the composite stone column - clay foundation. The selected case study
here is the foundation system of the Nelson Point iron ore stockyard in Western Australia.
Referring to information available in the literature about this project [218-220], the strata

of the relevant stockyard was composed of a very soft clay layer of up to 3 m thickness
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overlain by about 3 m of sandy dredged fill and underlain by 1-3 m limestone; while a
10-15 m dense clayey sand layer with high strength and low permeability was recognised
beneath the limestone stratum. The water level was 1.5-2.5 m below the ground surface,
within the sandy fill. As reported by Dunbavan and Carter [219], to improve the soft clay,

stone columns which were 1.1 m diameter (i.e. radius a = 0.55m ) were fully penetrated

on a triangular pattern with an approximate spacing of 2.25 m (corresponding to the radius

of unit cell model »=1.125m). Dunbavan and Carter [219] also reported in-situ
permeabilities k, =k, =1.5x10" m/day (i.e. ~1.74x10"" m/s) and coefficients of
consolidation ¢, =c, =0.2—1m’/year (i.e. c,=c, =0.63x10"-3.17x10"m’ /s

for the soft clay surrounding stone columns. Moreover, Stewart and Fahey [218]

suggested a range of modulus ratio E,/E =20-40 in their study on the above

mentioned composite foundation. The reinforced ground was subjected to a surface

loading induced by the filling operation of the ore stockpile in which the average unit
weight of ore was estimated to be 28 kN / m’ . The stockpile filling was conducted in two

stages where the first filling to the height 17 m had occurred within about 25 hours and
the second filling from the height 17 to 19 m started at about 900 hours after the beginning

of first filling.

It should be noted that the equilibrium of total vertical stresses at any time for a given

average external load ¢ can be written as below:

— 2 — 2 2 2

o,ra +o,nb —a)=qnrb (4.28)
where &, and &, are the average vertical stresses on top of stone column and

surrounding soil in the unit cell model, respectively.
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On the other hand, to consider the soil arching effect in a given embankment loading
which induces a greater vertical stress on stone column compared to encircling soft soil,

a stress concentration ratio n_, would be utilised in the analytical derivation. The stress
concentration ratio n_, 1is defined as the ratio of the average vertical stress on top of the

stone column to that on surface of the surrounding soft soil:

n =Zer (4.29)

Therefore, &, and &, can be determined for a particular value of n_, by combining

Equations (4.28) and (4.29). For the adopted verification exercise against the field
measurements, it is assumed that the vertical stresses on the top of stone column and soft
soil regions caused by the stockpile loading distribute uniformly in each region. Hence,

the functions o, () and o (r) can be replaced respectively by &, and &, in the

mathematical model and the proposed analytical solution.

According to Dunbavan and Carter [219], the average vertical stress on the stone
column was approximate twice the average surface pressure of the ore stockpile

immediately after the first filling (i.e. n_, =~ 2.5). At the later stages of consolidation, the

former increased to approximately four times the latter (i.e. n = 5).

Figure 4.10 compares the dissipation rate of excess pore water pressure obtained by
the proposed analytical solution with field measurement at the investigation point in soft
soil (r = 0.7 m, z = 1.5 m), which was very close to stone column [220]. The proposed
analytical solution adopted consolidation parameters as reported in the existing literature

[218, 219], whereas permeabilities of stone column were assumed to be
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k, =k, =5x10"m/s within the range of benchmark values in practice due to the lack

of measurement on site. Besides, the average external load in the analytical solution is
equivalent to the first filling to 17 m height of the stockpile (i.e. ¢ = 476 kPa). Under the
extremely rapid filling of the ore stockpile in each loading stage (almost step loading),
the excess pore water pressure increased quickly to maximum corresponding to the
increase in average vertical stress on soft clay surface as shown by field data. In order to
verify the proposed analytical solution which adopts the instant loading, the field
measurement of excess pore water pressure dissipation under the 17 m height of filling is
of interest. It can be observed that the proposed analytical solution agreed well with the
field observations particularly during the first 60% of consolidation, where excess pore

water pressure dissipated to a value of approximately 150 kPa while n_, =2.5 had been

applied. After that, the proposed analytical solution underestimated the dissipation rate
compared with the field measurement. The reason is attributable to the increase of stress
concentration ratio during consolidation process, due to which the total vertical stress on
soft clay and excess pore water pressures reduced more quickly, while the stress
concentration ratio remained unchanged in the analytical solution. However, it can also
be observed that the trend of field data due to the first filling tends to approach the results

from proposed analytical solution at the later period of consolidation adopting n_ =5.
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Figure 4.10. Comparison of excess pore water pressure dissipation against time between
proposed analytical solution in this study and field measurement at the investigation point

(r =0.7m, z = 1.5 m) in soft soil

Figure 4.11 compares the settlement rate of soft soil obtained from the proposed
analytical solution and field observation. As reported by Dunbavan and Carter [219], the
measured settlement of soft soil right after the first filling was approximate 290 mm. At
this point of time, the analytical solution in this chapter resulted in a consolidation
settlement of soft soil around 60 mm, adopting stress concentration ratio ng.,. = 2.5.
Therefore, it is supposed that the immediate settlement of soft soil after the first filling of
stockpile was approximate 230 mm, as a difference between the measured settlement at
field and the calculated consolidation settlement. By combining this immediate settlement
with consolidation settlement of soft soil calculated using the proposed analytical solution
for time t > 25 hours, the variation of predicted soil settlement with time can be

achieved as shown in Figure 4.11. Due to the assumption of instant loading in this chapter,
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the settlement prediction under the first loading of stockpile is of concern. As observed,
the proposed analytical solution adopting n,., = 2.5 predicted the field measurement
during the early stages of consolidation reasonably. The field settlement owing to the first
surcharge was prone to approach the soil settlement predicted by the proposed analytical
solution employing larger stress concentration ratio as the consolidation progressed. The
underestimate of the analytical solution obtained in this chapter is attributed to the lateral
displacement and inelastic deformation of soft soil during the consolidation in practice,

which was not integrated into the proposed analytical solution.

Proposed Analytical Solution

--©-- Field Measurement,
Dunbavan and Carter [219]

200
first filling to 17 m

400 +

second filling from 17 to 19 m
600 + /) T
800 4 q=476kPang, =5 o=

- H=3m, a=055m, b =1.125m,
1000 + ke = kg = 1.74x1071% m/s, cgp = c5pp = 2.32x107% m?/s,
ken = key = 5x107°m/s, E./E; =30, a=1

Average Surface Settlement of Soft Soil (mm)

T
0 200 400 600 800 1000 1200 1400 1600 1800 2000

Time ¢ (hours)

Figure 4.11. Comparison of average surface settlement of soft soil against time between

proposed analytical solution in this study and field measurement

Therefore, the proposed analytical solution is capable of predicting the variation of
excess pore water pressure and consolidation settlement in soft soil surrounding stone

columns with time assuming a lower bound of stress concentration ratio for the early
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stages of consolidation and an upper bound of that for the later stages. For the practical
usage, the lower and upper bounds of stress concentration ratio could be assumed

n, =2-6 for a typical flexible embankment following the observations by various

researchers [213, 221].

Finally, this section presents a verification of the proposed analytical solution against
the analytical study conducted by Barron [64], examining average degree of consolidation
of the composite stone column — soft ground. It is worth noting that the analytical solution
in this chapter is derived employing Barron’s theory of consolidation for coupled radial
— vertical flows of excess pore water pressure in stone column and soft soil, where
consolidation parameters for both stone column and soft soil are integrated into the
mathematical formulation. Furthermore, the unequal distribution of applied vertical
stresses on stone column and encircling soft soil regions due to the significant difference
in stiffness between regions can be considered by introducing a stress concentration ratio
Nge Into the proposed analytical model and solution. Therefore, Barron’s solution is a
particular case of the proposed analytical solution. In Barron’s solution, the vertical flow
of excess pore water pressure in soft soil was not included rigorously, while the radial
flow was ignored (i.e. assuming an infinite radial permeability) in vertical drain. The
stiffness of drain was also neglected in the analytical study by Barron [64] and thus soft
soil 1s deemed to carry external loading entirely.

Figure 4.12 illustrates the average degree of consolidation of composite stone column

— soft soil foundation resulted from the proposed analytical solution and Barron’s
solution. The average degree of consolidation of the composite foundation U =

S(t) / S(0) is calculated as a ratio between average surface settlement at any point of

consolidation time and final average surface settlement. The stress concentration ratio
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Nger > 1 1s adopted in the proposed analytical solution to simulate the larger
concentration of applied vertical stress on stone column compared to surrounding soil.
The calculation results obtained from proposed analytical solution would approach those

obtained from Barron’s solution by adopting ng.. = 1, kg, approaching zero and k.,

approaching infinity. In addition, the values of § and U would be calculated
corresponding to soft soil region only simulating soft soil carrying entire applied load.
Figure 4.12 shows that Barron’s solution underestimated the consolidation rate of
composite ground compared to the proposed analytical solution adopting ng., > 1. Also,
an increase in stress concentration ratio led to the accelerated consolidation of composite

stone column — soft ground.
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Figure 4.12. Comparison of average degree of consolidation between proposed analytical

solution and Barron’s solution
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4.5 Parametric study

This section presents results of a parametric analysis to investigate the influence of several
factors on the consolidation behaviour of the soft ground reinforced by stone column
adopting the proposed analytical solution. The investigating parameters consisted of
column spacing, stiffness and radial permeability of soft soil, variation pattern of total
stress with depth, and thickness of the soil deposit to be improved. On the other hand, the
consolidation response of the composite ground was assessed in terms of the average
degree of consolidation for stone column and for surrounding soil together with the
average differential settlement between them. The average degree of consolidation for
each region of the unit cell can be calculated using Equations (4.25a) and (4.25b); thus
the average differential settlement (AS ) is determined as a difference in the average
surface settlement between the column and surrounding soil calculated by Equations
(4.24a) and (4.24b), respectively. During the analysis, the parameters of stone column
including radius, modulus and permeability coefficient remained unchanged, while the
investigating factors were changed independently in a typical range encountered in real
practice and field. Additionally, the horizontal and vertical permeability coefficients of

the column were adopted to be the same (i.e. k,, = k_, ), while the ratio of horizontal to
vertical permeability coefficients of surrounding soil remained at 2 (i.e. k, =2k, ). In all

cases, the platform was considered as flexible satisfying free strain condition and thus the

external loading distributes uniformly on the ground surface with a value of 100 kPa . For

the purpose of generality and cross-reference, the aforementioned influencing factors

were investigated in terms of normalised parametersas n,, £,/ E_, k, /k,, & and H /a
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Figure 4.13a depicts a substantial variation in consolidation rate with the permeability

ratio (k,, / k

sh

). As can be seen, the end of consolidation process was reached earlier when
smaller permeability ratio k,/k, was adopted. It is important to note that the

consolidation of the unit cell primarily depends on the radial flow from the soft soil into
the stone column and the upward flow out from the column. Immediately after applying
external loading, the difference in excess pore pressure between the soil and column
regions and the accompanying pore pressure gradient in radial direction was insignificant.
As a result, the flow rate from surrounding soil to stone column was minor and the
consolidation at the early stage of stone column was principally controlled by the quantity
of water flowing out from the column region. At the later stage of consolidation of the
column, the radial pore pressure gradient increased together with the dissipation of excess
pore pressure in the column dramatically that led to an increase in the radial flow rate
from surrounding soil into stone column. During this period, the radial flow decelerated
the consolidation of stone column and accelerated the consolidation of surrounding soil.

An increase in the horizontal permeability of surrounding soil (i.e. a decrease in &, / k,

ratio) might result in a radial flow rate increase considerably although the radial pore
pressure gradient was reduced; and thus speeded up the consolidation of soft soil
intensely, but decelerated the consolidation of column particularly at the later stage of
consolidation. Figure 4.13b plots the changes of average differential settlement against
time for varying permeability ratio. The AS variation patterns were similar to U,
variation patterns for soft soil (see Figure 4.13a) in which the average differential
settlement occurred and reached the maximum value earlier in accordance with the
adopted smaller permeability ratio. This similarity may be explained by referring to

Equations (4.24) and (4.25), where due to the extremely higher stiffness of stone column
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compared to the soft soil, the value of S (z, =0,c0) is much larger than S (z, =0,00).
Consequently, the AS predictions are mostly influenced by U, regardless of the variation

of U, and U, values during the consolidation process.

Figure 4.14a exhibits a significant effect of the radius ratio (n, =b/a ) on the average

degree of consolidation of soft soil. The consolidation rate declined and the time to reach
the end of consolidation prolonged when the radius ratio increased (i.e. the spacing of
columns increased). Indeed, an increase in the column spacing led to a longer radial
drainage path in soft soil which decelerated the dissipation process of excess pore pressure
and thus reduced the consolidation rate of the soft soil. However, the variations became

less pronounced progressively corresponding to a larger n, value, particularly when
n,>3. In contrast and as expected, the column spacing nearly did not affect the
consolidation rate of column itself. Figure 4.14b presents the average differential
settlement against consolidation time for different values of radius ratio (#,). Similar to
the above explanation for Figure 4.13b, the AS predictions were mainly regulated by U,
because of the extreme difference in stiffness between stone column and soft soil (
E_/E =30). Therefore, the variation patterns of AS in Figure 4.14b were identical to
US reported in Figure 4.14a, particularly when the predicted U . was almost unchanged

for varying radius ratio.
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Figure 4.13. Influence of permeability ratio k,/k, on (a) average degree of
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between stone column and soft soil
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Figure 4.15a demonstrates that a decrease in the modulus ratio £,/ E (corresponding

to an increase in the modulus of soft soil) accelerated the consolidation of the soil. In fact,
during the consolidation process the excess pore water pressure decreases while the
effective stress in the soil skeleton increases. The higher the stiffness of the soil, the faster
the transfer of excess pore water pressure onto the effective stress in the soil skeleton,

resulting in accelerated consolidation. Even though the decrease in E /E  ratio

contributed to the acceleration of consolidation process of the composite ground slightly,

it reduced the average differential settlement between stone column and surrounding soil
considerably (Figure 4.15b). The variations of AS with time can be presented as the
product of U, and S,(z, =0,); a reduction in the modulus of soft soil diminished U,
somewhat but intensified S,(z, =0,). Therefore, the AS predictions were amplified as

a result of reduced modulus of soft soil, particularly at the later stage of consolidation.
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Figure 4.16a illustrates that a decline of & value from 1 to 0, corresponding to the
alteration of the total stress distribution with depth (i.e. the initial excess pore pressure
distribution) from uniform to trapezoidal and then triangular pattern, led to an increase in
consolidation rate of stone column as a result of the acceleration of excess pore pressure
dissipation. The dissipation rate of excess pore pressure in the entire column region
accelerated as « decreased, since more significant portion of the initial excess pore
pressure was located closer to the top drainage boundary. Additionally, the faster
dissipation rate was also assisted by the greater initial excess pore pressure gradient in
positive z-direction corresponding to the smaller « value. After undergoing the
redistribution process in which the position of maximum excess pore pressure moved
towards the column base, the influence of « value on the rate of consolidation decreased
gradually with time. The effect of & value on the consolidation rate of soft soil was
negligible because of the domination of the radial flow in the soil and the extremely
slower dissipation rate of excess pore pressure in the soil in comparison with that in the
column. While the reduction of & value had a minor effect on the consolidation rate of
the soil, it diminished the average differential settlement in the composite ground
substantially (Figure 4.16b). As expected, the average total stress within the soft soil
decreased when the smaller & value was adopted, and thus the effective stress acting on
the soil skeleton reduced. Then, the consolidation settlement of the soil, as well as the
average differential settlement, decreased significantly during the process of

consolidation.
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Figure 4.17a presents variations of the average degree of consolidation against time
for different values of H /a. The increasing H /a (corresponding to increasing
thickness of soft soil) led to a longer vertical drainage path in stone column and thus
decelerated the consolidation of the column. In contrast, the effect of H /a ratio on the
consolidation of soil was negligible due to the dominance of radial drainage in soft soil
towards the column. However, referring to Figure 4.17b, the average differential
settlement in the composite ground was observed to be larger for higher H /a ratio (or
deeper soft soil) due to the greater increase in the consolidation settlement of the soil than
that of the column as a consequence of the extreme difference in stiffness between column

and soil.
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4.6 Summary

Most available analytical solutions addressing the consolidation of stone column-
reinforced soft composite ground adopt the equal strain assumption for the stone column
and its surrounding soft soil, which is incapable of predicting the differential settlement
of the composite ground under a flexible platform. To fill this knowledge gap, a
mathematical model for axisymmetric consolidation of the composite ground adopting
free strain condition was established in the present study, in which both radial and vertical
flows were considered simultaneously in the stone column and soft soil regions subjected
to any instant surface loading. Then, an analytical solution was derived using the
separation of variables method in combination with the orthogonal expansion technique
to predict the variation of excess pore water pressure and settlement with time for any
point in a unit cell model. All possible eigenvalues were taken into account, thus the
obtained analytical solution is an exact Fourier-Bessel series solution. Besides, the
achieved solution is a generalised solution with respect to the permeability and space-
dependent distribution of total stresses caused by the external loading. Indeed, the
orthotropic permeability and an arbitrary separable function of total stress for each region
of the unit cell were integrated into the mathematical model. A worked example with
benchmark values of input data was presented to reveal the capabilities of the proposed
analytical solution, in which the complex eigenvalues in the solution contributed to the
final solution. The contribution of complex eigenvalues is attributable to the large
difference in consolidation coefficients between stone column and soft soil. The
verification of the analytical solution employing the finite element simulation was also
conducted. The dissipation of excess pore water pressure at investigation points and the

average degree of consolidation of each region in the unit cell determined by the proposed
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analytical solution agreed well with the results obtained from the finite element
simulation. Some disparities were observed between analytical and numerical predictions
at the later stages of consolidation due to the presence of shear strain in the soil captured
in the finite element model while ignored in the analytical solution. Indeed, the
redistribution of total stress in the soft soil induced by shear strain development led to
slower excess pore water pressure dissipation and consolidation rates in the finite element
simulation compared with the proposed analytical solution. A further verification of the
analytical solution derived in the present study with field observations of a real case was
also carried out. The excess pore water pressure dissipation and settlement rates in soft
clay obtained by the proposed analytical solution adopting the range of stress

concentration ratio n, =2 —6 for a typical flexible embankment agreed reasonably well

with field measurements of the case history in which the loading was nearly
instantaneous. Finally, a parametric analysis applying the analytical solution was
accomplished to investigate the correlations between performance objectives and
influencing factors. The proposed analytical solution is applicable to the consolidation of
soft soil with the inclusion of sand drains or prefabricated vertical drains (PVDs) by
assigning appropriate consolidation parameters (e.g. constrained modulus and
permeability) to sand columns and PVDs. The constrained modulus assigned to PVDs
can be assumed equivalent to that of soft soil and the total vertical stress induced by
flexible loading distributes uniformly over the top of unit cell. Some factors such as time-
dependent loading, smear effect, variation of consolidation parameters are not taken into
consideration and further research studies capturing these are recommended. With the
aforementioned features, the obtained analytical solution in this study serves as a useful

tool for practical designs and cross checking complex numerical simulations.
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CHAPTER 5
GREEN’S FUNCTION ANALYTICAL SOLUTION FOR FREE STRAIN
CONSOLIDATION OF SOFT SOIL IMPROVED BY STONE COLUMNS

SUBJECTED TO TIME-DEPENDENT LOADING

5.1 Introduction

In many real construction projects, the external loads can increase or decrease during
construction stages because of distinct construction requirements. Additionally, the
repetition of loading and unloading processes can be encountered at the service stage of
some construction facilities such as silos, tanks, warehouses and stockpiles [122, 124,
131, 163, 172, 222, 223]. While various analytical consolidation studies for granular
column improved soft soil considering time-dependent loadings have been conducted,
there is a shortage of analytical development for the same problem adopting the free strain

configuration for the composite foundation.

Therefore, the major objective of this chapter is to provide an analytical solution for
free strain consolidation of a soft soil stratum strengthened with stone columns and
subjected to any time-dependent loading. Besides, the mathematical development in this
study incorporated the pore water flows in horizontal and vertical directions
simultaneously for both stone column and soft soil regions. The axisymmetric unit cell
concept as reported in several available studies was employed to formulate the
consolidation problem in the chapter. The final solutions for excess pore water pressures
at arbitrary points in stone column and soft soil were derived as Green’s function solutions

in which the Green’s function was developed utilising the method of separation of
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variables and Green’s formula. Thus, the consolidation settlements of column and soil
regions were readily obtained along with the differential settlement between the two
regions. The validity of proposed analytical solution was verified via a worked example
investigating the influence of loading parameters of different time-dependent loadings on
excess pore water pressure dissipations, normalised average surface settlements for stone
column and soft soil together with the differential surface settlement between them.
Furthermore, a verification exercise against field case history was also conducted to
evaluate the variation of excess pore water pressure at an investigation point in soft soil

along with the soil settlement against consolidation time.

5.2 Description of the problem

The equivalent axisymmetric unit cell model of the problem is illustrated schematically
in Figure 5.1, in which the total diameter of the model is 24, while the stone column of
diameter 2qa is fully installed along the soil depth H at the centre of the unit cell. The
consolidation problem in this study is mathematically modelled using the fundamental
assumptions adopted by Biot [77] and Barron [64]. The column and soil bodies are
assumed homogeneous and entirely saturated, which deform vertically under time-
dependent loading and free strain conditions. The water and soil particle are assumed
incompressible and the dissipation of excess pore water pressure obeys Darcy’s law,
while the volume change and permeability coefficients of the column and soil remain
unchanged for a given surcharge. The adoption of constant values for consolidation
parameters (i.e. permeability and volume change coefficients) of the column and
encircling soft soil enables the derivation of analytical solutions in this study. It is

noteworthy that the consolidation parameters vary in accordance with the changes in void
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ratio and effective stress in the composite foundation during the consolidation process.
Nonetheless, these parameters could be adopted as constant values for a given increment
of loading pressure, similar to several existing studies in the literature. In addition, it is
assumed that the total stresses in the stone column and soft soil regions caused by the

external load distribute uniformly in each region.
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Figure 5.1. The axisymmetric model of the problem

Referring to Zhu and Yin [204] and Lei et al. [46], the equations which govern the

consolidation of the composite foundation can be written as the following partial

differential equations:
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where o, and o, are the total vertical stresses within the stone column and soft soil,
respectively; u, and u, are the excess pore water pressures in the stone column and soft

soil, respectively; » and z are cylindrical spatial coordinates (Figure 5.1); ¢ is the

elapsed time; M| and k,,, k,, are the constrained modulus and permeability coefficients

in horizontal and vertical directions of the stone column, respectively; M, and k,,, k,

v

are the constrained modulus and permeability coefficients in horizontal and vertical

directions of the soft soil, respectively; and y, is the water unit weight (10 AN /m?).

Pertaining to Figure 5.1, the pore water pressure and velocity of radial pore water flow
are continuous at the column — soil contact surface and represented by Equations (5.2a)
and (5.2b), respectively; whereas the radial flow across the outer boundary surface of the

cell is not allowed and can be expressed by Equation (5.2¢).

u(r=a)=u,(r=a) (5.2a)
ou ou
oSl g 9
P y %o _ (5.2b)
ou,
2~
ol (5.2¢)

The upper surface of the unit cell is modelled as freely draining, while the cell base is
underlain by an impermeable stiff layer (Figure 5.1). Hence, the boundary conditions for

the top and bottom of the unit cell model can be described by:
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u,(z=0)=u,(z=0)=0 (5.3a)

o
0z

0
:& =0 (5.3b)

z=H

g Oz

Considering an external load with a nonzero initial surcharge, the initial total stresses
in the composite foundation induced by the load are deemed to be carried completely by
the excess pore water pressures. Thus, the initial conditions for excess pore water pressure
can be expressed as:
u(t=0)=0,(t=0)=0, (5.4a)

u,(t=0)=0,(t=0)=0, (5.4b)

where o,, and o, are the initial total vertical stresses within the stone column and soft

soil due to the applied external loading, respectively.

5.3 Analytical solution for excess pore water pressure dissipation and

consolidation settlement

The excess pore water pressure solution in this study is presented in terms of Green’s
function which can be obtained by solving the homogeneous version of the problem [188,
196]. The homogeneous problem consists of the equations which are identical to the set
of Equations (5.1)—(5.4) with a modification in the governing equations (i.e. Equations

(5.1a) and (5.1b)) by eliminating the terms do, /0¢ and do, /ot .

Referring to the study by Aviles-Ramos et al. [211], the solution for the earlier non-

homogeneous problem defined by Equations (5.1)—(5.4) are obtained as:

w,(r,z,0)=u"(r,z,t) +u”"(r,z,t) (r<r<r,) (@(i=12) (5.5)
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In which u; is the excess pore water pressure at any point in the composite foundation;

the subscript i =1,2 denotes the stone column and soft soil regions, respectively; r =0,

(i

i

(i)

r,=a, r,=b; the components " and u'™ can be attained utilising the following

Green’s formula:

: i T * [ ' ' i
u (r,z,t) = Z;L:O Lr_ G (roz,t |2t )L,:O o, r'dr'dz
j= J
' (5.6)
2 t H rrig 50‘(1 )
J+ (*) [ [ J ! ! ! ! P —
+,~Z=1: L’:O J-z'=0v|.r'=rj G, (r,z,t|r,z1) [—&' r'dr'dz'dt"  (j=1,2)
where the superscripts (i) and (ii) have been replaced by (*) for the sake of succinct
presentation due to their similar derivation; G;*) 1s the Green’s function to be determined
(see Appendix C); the index ; and the integration variables »', z' and ¢ are dummy

variables which have been introduced to avoid confusion with the index i and the

variables r, z and ¢, respectively.

By taking average in - and z-domains, the average excess pore water pressures for

stone column #,(¢) and for soft soil i, (¢) at any time ¢ are achieved as:

i, (t) = Mle [ j”o [" 270, (rz.0)rdr dz} (5.7a)
i, (1) = m[ [" [ 2zu,¢.z0yrdr dz] (5.7b)

Then, the average surface settlements of stone column 5‘1 (¢) and soft soil §2 (z) attime
t due to the dissipation of excess pore water pressure are obtainable via the following:

§l(l) — 51(t)_7’_[1(t)H

M, (5.8a)
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§2(l) — 52(1)—1/_[2(1) H

7 (5.8b)

where &,(¢) and &,(¢) are the average total vertical stresses within stone column and soft
soil induced by the external load at time ¢, respectively. These stresses can be substituted
consecutively by o,(tf) and o,(t) as a consequence of the uniform distribution

assumption for the total vertical stresses in this study.

It should be noted that the average degree of consolidation at a particular time is
conventionally defined as a ratio of the average surface settlement at that time to the final
average surface settlement when consolidation time ¢ approaches infinity. Therefore, the
average degree of consolidation is rigorously inapplicable to the foundation subjected to
an external loading which fluctuates continuously. Instead of that, the normalised average

surface settlements for stone column 5‘1 (t) and soft soil §2* (t) would be used in this

study for the sake of generalisation as follows:

Sr=210 (5.92)
Lref

31y =20 (5.9b)
SZref

where E’M and §2ref are the referenced average surface settlements for stone column and

soft soil, respectively.

5.4 Worked examples

To validate the capabilities of the proposed analytical solution, this section provides

numerical examples in conjunction with parametric analyses to investigate the effect of
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various time-dependent loadings on the consolidation behaviour of the composite ground.
Three external loadings which are able to represent the practical simulations including
step, ramp and sinusoidal loadings [124, 172, 222] are examined in this study. The

variations of loads against time are modelled mathematically as below:

) 9, for t<t
Step loading: g(¢) = 5.10
p loading: q() {q or o1 (5100
. At+q, for t<t
Ramp loading: g(¢) = where A= - t 5.10b
p g q(t) {qm for 121 (G —0)/1 (5.10b)
Sinusoidal loading: ¢(¢) = ¢, [B sin (@, 1)+ 1} (5.10¢)

where ¢, is the initial surcharge; ¢ 1s the maximum of step and ramp loadings on the

composite ground surface; A4 is the rate of ramp loading; B is the parameter controlling

the amplitude and ¢, is the angular frequency of the sinusoidal loading; ¢ is the time

duration for the first step loading or the construction time for the ramp loading (see Figure

5.2).
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Step loading: (@)

A
q(t) 0 = Qo , t<ty
CI( ) qmax ) t= tl
max = 290
AQmax [~ — T
|
qo |
|
|
l o
0 ty t
| Ramp loading: (b)
q(t) g o Atta,  t<t
q( ) Qmax , t2t

Qmax = 299,4 = (qmax - qO)/tl

qmax |
/
do |
|
|
t
|

1
q(t) Sinusoidal loading:
q(t) = q, [B sin(ggt) +1]

Figure 5.2. Three investigation loading types in the example: (a) Step, (b) Ramp, and (c)

Sinusoid
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In the examples, the geometric parameters and material properties for the
axisymmetric consolidation model, which can reflect the engineering practice were

adopted as:

e Geometric parameters:

H=5m,a=05m,b=125m;

e Column and soil properties:
k,=2x10"m/s, k, =k, , E, =40x10’kPa, v, =0.3,

k,,=2x10"m/s, k,, =0.5k,,, E, =2x10’kPa, v,, =0.3;

where E, and E, denote Young’s moduli for stone column and soft soil, respectively;
v, and v,, denote Poisson’s ratios for stone column and soft soil, respectively.

Therefore, the constrained moduli for stone column and soft soil can be calculated using

these parameters.

e Constant loading parameters:

q,=100kPa, q,, =2q,, B=1;
while the remaining loading parameters involving loading time ¢, (or loading rate 4 of

the ramp loading), angular frequency ¢, of the sinusoidal loading would be varied in

typical ranges in the parametric analyses (see Table 5.1).
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Table 5.1. Selected loading parameters for the worked example

Loading types Parameters Selected values
Step t(s) 5%x10°
10°
2x10°

Ramp t(s) 2x10°  (5x10°*

)
5%10° (2><10*4)

10° (10*“)
2x10°  (5x107)
Sinusoid @, (rad/s) 272/5%10°

27/10
272/2%107

Note: The values in parentheses are loading rates A(kPa/s) obtained from the

corresponding selected values ¢, (s) of the ramp loading.

The consolidation response of the composite soft ground was evaluated via the
dissipation of excess pore water pressure at points with depth z =0.5H in stone column

(r =0.5a) and soft soil (» =0.5(a+b)), the normalised average surface settlements for

stone column and soft soil regions and the differential average surface settlement between
the two regions. The excess pore water pressure at any point in the foundation is readily

calculated utilising Equations (5.5) and (5.6), whereas the differential average surface
settlement (AS ) can be computed as the difference between the average surface
settlement of stone column §1(t) and that of soft soil §2(t). In order to examine the
normalised average surface settlements §f(t) and §2* (t), the following referenced

average surface settlements were adopted for the examples:
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- O,
S, =28 ,=2-%H (5.11a)
Iref o1 M,
T < )
Sorer =28,00 = 2M H (5.11b)

2

where S_,, and S_,, are the average surface settlements of stone column and soft soil
due to the total vertical stress values o, and o, corresponding to the condition where

the excess pore water pressure in the foundation would be fully dissipated (i.e. drained
compression condition). For the purpose of cross-reference where the changes of

normalised average surface settlements are frequently presented in a range between 0 and

1, the coefficient 2 is introduced into Equations (5.11a) and (5.11b). Hence, §1 and

ref

52,44 would be equal to the peak values of §1(t) and §2 (1), respectively. As a result,

S} (t) and S;(¢) calculated by Equations (5.9a) and (5.9b) would vary between 0 and 1.

For the examples in this study, it is assumed that the embankment — platform system
is flexible to fulfil the free strain assumption and hence the distributions of external load
and accompanying total vertical stresses are uniform on the surface as well as in the stone

column and soft soil bodies of the composite ground. Thus, the excess pore water pressure
u'” in Equation (5.6) can be derived in more details for the loading conditions considered

in this study (refer to Appendix D).
5.4.1 Step loading

For simplification in the case of a quickly rising of load to an expected surcharge on low
permeability soils, the load can be modelled as a one-step or multi-step loading (e.g. the

two-step loading in Figure 5.2a).
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Figures 5.3a and 5.3b illustrate the changes in excess pore water pressure against time

for points in the column and soil regions, respectively, considering various durations ¢,

of the first surcharge of the step loading. The excess pore water pressure at investigation
point in stone column (Figure 5.3a) dissipated almost totally at time t = 10° s even
before applying the second surcharge of step loads, due to the large permeability and
discharge capacity of stone column. As expected and similar to the initial excess pore
water pressure generated by the first step loading, an immediate application the second
step of external loads on the ground surface caused the excess pore water pressure in stone
column to rise equal to the loading increment (i.e. 100 kPa). Then, the pore water pressure
also dissipated as quickly as the previous loading stage. Figure 5.3b shows that the
dissipation rates of excess pore water pressure at examination point in soft soil were much
slower than those in stone column because of the low hydraulic conductivity of soft soil.
The pore water pressures at the end of the first stage of external loading were
approximately 40, 20, and 5 kPa corresponding to durations t; =5 x 10°, 108,
and 2 x 10% s, which increased instantaneously by 100 kPa when the composite
foundation had been subjected to the second step of the surcharge loading. These indicate
that the earlier the application of the second step loading, the less the dissipation portion
of excess pore pressure in soft soil over the first surcharge period and thus the more excess
pore pressure to be dissipated afterwards. Despite that, the excess pore pressure
dissipation in soft soil proceeded faster in accordance with the sooner exerting the second
surcharge on the ground. This is due to the larger radial excess pore pressure gradient
from soil towards column when the soil was subjected to an earlier application of the

second loading increment.
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Figure 5.3. Dissipation rates of excess pore water pressure at investigation points in (a)

stone column and (b) soft soil varying with time duration ¢, of the step loading
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Figures 5.4a and 5.4b present the effect of loading period #, of the step loading on

normalised average surface settlements of the column and soil regions, respectively. As
a result of the fast dissipation of excess pore water pressure in stone column, the
settlement rate of the column increased rapidly right after exerting the first surcharge step
and then the settlement increased gradually with a slower rate to a value of S} = 0.5 at
the end of the first loading (Figure 5.4a). Similarly, the second increment of external load
also resulted in rapid development of settlement to reach the end of consolidation process

in which the consolidation was terminated earlier for the case of shorter loading period ¢,
. Unlike the stone column, the soft soil endured different normalised settlements for

various ending time ¢, (i.e. S; = 0.32,0.42,and 0.49 for t; = 5 X 10°, 105, and 2 x

10° s, respectively) as demonstrated in Figure 5.4b, owing to the excess pore water
pressure not dissipating completely at that time (see Figure 5.3b). The settlement rate of
soft soil rose significantly by shortening the first loading period prior to applying the next

surcharge.
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Figure 5.4. Influence of time duration ¢, of the step loading on normalised average surface

settlements of (a) stone column and (b) soft soil
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Figure 5.5 displays the changes in differential average surface settlement between
stone column and soft soil regions with consolidation time, taking the influence of varying

loading time ¢, into account. As can be seen, the variation pattern of the differential

settlement AS almost resembled the shape of the normalised settlement curve S; where

the differential settlement at the end of the first loading became larger gradually

corresponding to an increase of the loading period ¢,. The difference in AS value at
varying time ¢, is visually illustrated in Figures 5.4a and 5.4b, in which the column

settlement induced by the first surcharge reached the maximum for all investigating

values of 7, whereas the soil settlement still gradually increased with an extension of

loading time ¢,. Referring to Equations (5.11a) and (5.11b), the referenced settlement
§2ref would be much greater than §m_,f under the uniform external loading (i.e. 051 =

0p2 = Qo) owing to the considerably lower stiffness of soft soil compared with stone

column. For this reason, the AS value (i.e. the difference between §1(t) and §2 (¢)) was

nearly regulated by the product of S; and §2ref in connection to Equations (5.9a) and

(5.9b) (i.e. neglecting §1 (1) or 5;) and thus the AS patterns were virtually identical to S

curve shapes.
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Figure 5.5. Influence of time duration ¢, of the step loading on the differential average

surface settlement between stone column and soft soil

5.4.2 Ramp loading

The ramp loading is a generalisation of step loading, which is normally experienced in
real construction projects such as the construction of embankments on soft soils. To avoid
the potential failure of soft soil foundations under undrained compression exerted by
embankment loads, the embankment height is developed progressively to limit the
generation of excessive excess pore water pressure that might cause the soil collapse.
Such an embankment construction can be simulated as a ramp or multi-stage ramp
loading; for instance, the loading in Figure 5.2b is a one-stage ramp case with a nonzero

initial surcharge.
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Figures 5.6a and 5.6b depict the variation of excess pore pressure dissipation rate with

different ramping time ¢, (i.e. construction time period) of the loading case in Figure 5.2b

for examination points in the column and soil bodies, correspondingly. The alteration of

ramping time ¢, , implying a change in loading rate 4, affected the dissipation of excess

pore water pressure at points of investigation during about the first 10* s of consolidation
insignificantly. Particularly, the excess pore pressure dissipation in stone column was

nearly unchanged when the load ramping time ¢, had been varied (Figure 5.6a). However,

the soft soil experienced a significant impact of the ramping time on the dissipation rate
during elapsed time when t > 10* s (Figure 5.6b). It is important to note that the value
of excess pore water pressure in the foundation is contingent on the loading and
dissipation rates. An acceleration of external loading might induce an increase of excess
pore water pressure in the composite stone column — soft soil foundation and the soil in
particular when the loading rate is faster than the dissipation rate of excess pore water
pressure. For example, Figure 5.6b represents a significant growth in excess pore pressure
from initial value (100 kPa) to approximately 150 kPa at the end of ramping time t; =
2 X 10° s (i.e. equivalent to the loading rate A = 5 X 10~* kPa/s). After the ramping
stage (Figure 5.2b), the external load remained unchanged and hence the amount of excess
pore water pressure was entirely dependent upon the dissipation rate. Considering the
ending time of the ramping duration t; = 2 X 10° s (i.e. A = 5 X 107> kPa/s) in Figure
5.6b, the excess pore water pressure in the soft soil at that time for faster loading rates
was in turn lower and thus dissipated more quickly. This is attributable to the increase in
the radial gradient of excess pore water pressure in soft soil towards stone column caused

by the acceleration of loading, analogous to the analysis for the above step loading case.
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Figure 5.6. Dissipation rates of excess pore water pressure at investigation points in (a)

stone column and (b) soft soil varying with construction time ¢, of the ramp loading
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Figures 5.7a and 5.7b describe a considerable effect of varying ramping durations on
the settlement rates of stone column and soft soil at the later stages of consolidation. The
normalised settlements of both regions proceeded faster when the loading process was
sped up. Pertaining to Equations (5.8a), (5.9a) and (5.11a) for the determination of the
normalised settlement S; of stone column, it can be seen that the changes of S; would be
mostly controlled by the changes of o; because of the insensitivity of the excess pore
pressure dissipation in stone column to the variations of loading rate (see Figure 5.6a).
Accordingly, a more rapid increase of o, prior to reaching the maximum accelerated the
settlement rate of stone column and the column almost consolidated totally at the end of
ramping durations (Figure 5.7a). Different from the stone column, the settlement rate of
soft soil depends on both rates of external loading and excess pore water pressure
dissipation due to the low permeability of soft soil. As observed in Figure 5.7b, the soil
settlement still progressed after the maximum load was reached since a large amount of
excess pore water pressure still existed in the soil body. It should be noted that such
settlements of soft soil were indicated by S; < 1 at time t = t;. On the other hand, a
comparison between the normalised settlement of the soft soil induced by the step loading
(Figure 5.4b) and the ramp loading (Figure 5.7b) reveals that the latter resulted in a faster

settlement rate than the former when both loadings had the same duration ¢, . The reason

is attributed to the faster increase of effective vertical stress in soft soil (i.e. the difference

between o, and u, ) caused by the latter compared to the former, as can be seen in Figures

5.3b and 5.6b and the increases of total vertical stresses corresponding to the applied

loadings.
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Figure 5.7. Influence of construction time ¢, of the ramp loading on normalised average

surface settlements of (a) stone column and (b) soft soil
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Similar to the step loading case, the changes of differential settlement AS with time
considering various ramping durations #, (Figure 5.8) had resembling patterns with S;
curves (Figure 5.7b) due to the much larger settlement of soft soil in comparison with
stone column during the consolidation process. The acceleration of the ramp loading
expedited the soil settlement along with the differential settlement AS considerably. For
the ramp and step loadings having the same duration ¢, (see Figures 5.2a and 5.2b), the

ramp loading caused a faster rate of soft soil settlement and thus a more rapid increase of

differential settlement than the step loading.
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Figure 5.8. Influence of construction time ¢ of the ramp loading on the differential

average surface settlement between stone column and soft soil
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5.4.3 Sinusoidal loading

The sinusoidal loading is a type of cyclic loading, which can be used to model some
repeatedly loading — unloading processes in practice such as the repetition of filling and
discharging of storage tanks, silos, stockpiles and warehouses during their service stages.
It should be noted that the amplitude, period, loading and unloading rates can be varied
for each cycle of loads in real practice. However, the sinusoidal loading in Figure 5.2c as
an ideal case of the cyclic load was investigated in this example for simplification while
still exhibiting the capabilities of the obtained analytical solution. The loading parameters
adopted in this case include the constant B =1 and angular frequency ¢p =
2m/5 % 10% — 2m/2 x 107 rad/s (corresponding to the loading period 5 X 10° —

2 %107 s).

Figures 5.9a and 5.9b show the changes in excess pore water pressure at points of
interest in the composite foundation subjected to the aforementioned sinusoidal loading,
considering the effect of varying angular frequency ¢@g. The alteration of the applied
loading with time virtually had no effect on excess pore water pressure in stone column
regardless of the change in angular frequency (Figure 5.9a), analogous to the case of ramp
loading or even a constant loading case having the same initial surcharge as the sinusoidal
loading. The high permeability of stone column caused the dissipation of initial excess
pore water pressure in the column region to be insensitive to the change of applied load
during the consolidation. In contrast, the investigation load with varying angular
frequencies impacted the excess pore water pressure dissipation in the soft soil
dramatically (Figure 5.9b). As observed, the excess pore pressure changed significantly

in response to the loading — unloading cycles, which formed oscillating curves with
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different amplitudes corresponding to various frequencies. The negative excess pore
water pressures indicate the pore water absorption phenomenon of soft soil due to the
unloading processes. The increase in angular frequency led to an acceleration of loading
process that generated more excess pore pressure to be dissipated in the soft soil and thus
decelerated the excess pore pressure dissipation in the soil at the early stages of
consolidation (i.e. approximately t < 10° s). Despite that, a higher frequency @ resulted
in faster rates of pore water dissipation as well as absorption during the later stages of
consolidation. Taking consideration of the oscillation curves of excess pore water
pressure in soft soil, it is important to note that for each loading stage (i.e. increasing
load), the variation of positive excess pore pressure was dependent on the loading rate
and dissipation rate. The positive pore pressure increased when the rate of loading was
larger than the rate of dissipation and vice versa, then attained the maximum in
accordance with the counterbalance between the two rates. On the other side, for an
unloading stage (i.e. decreasing load), a quick unloading process while the positive pore
pressure had dissipated completely (i.e. equal to zero) might induce an inverting pressure
gradient and accompanying vacuum pressure to suck pore water back into soil bodies and
cause negative excess pore pressures in the soil. The absorption of pore water
counteracted the vacuum pressure generated by the unloading process; thereby, a more
rapid unloading rate compared with the pore water absorption rate would reduce the
negative excess pore pressures in soft soil more and vice versa. Then, the negative pore
pressures reached the minimum when the absorption rate counterbalanced the unloading
rate. Figure 5.9b also shows that the number of oscillations together with the amplitudes
of excess pore pressure curves reduced substantially with the diminution of frequency

@g. The decrease in angular frequency slowed down the loading — unloading processes,
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which allowed sufficient time for positive excess pore water pressures to dissipate during
the loading stages and that for negative excess pore water pressures to absorb during the
unloading stages in order to achieve the balance state of excess pore water pressures. As
a result, the amplitudes of excess pore pressure oscillations were diminished considerably
corresponding to the reduction of . Referring to Equation (5.6), it is worth mentioning
that the value of excess pore water pressure at an arbitrary point in the foundation at a
particular time is impacted by the initial excess pore water pressure and the rates of
loading — unloading processes. Therefore, once the initial positive excess pore water
pressure had fully dissipated, the value of excess pore water pressure at that point is
completely governed by the loading — unloading rates. This explains the oscillation
patterns of excess pore water pressure in Figure 5.9b during the later stages of
consolidation, in which the oscillations for a typical sinusoidal loading reaching the same
maximum and minimum values indicated the sole contribution of the loading — unloading

rates to the predicted excess pore water pressure.
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Figure 5.9. Variation of excess pore water pressure at investigation points in (a) stone
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Figures 5.10a and 5.10b display a remarkable impact of the frequency ¢z on the
settlement variations of the column and soil bodies with time, respectively. The settlement
curves of the stone column and soft soil consisted of indefinite oscillations as a
consequence of the continuous loading — unloading processes simulated by periodic sine
functions. Particularly, the column and soil settlements proceeded more quickly when a
higher frequency was adopted for the applied load. Owing to the negligible changes in
dissipation and absorption rates of excess pore water pressure in the stone column
subjected to varying sinusoidal loadings (Figure 5.9a), the settlement rate of stone column
was almost contingent on the loading — unloading rates. During the first loading stage
from the initial surcharge q, to the maximum of load 2q,, the shapes of column settlement
curves under the sinusoidal loading (Figure 5.10a) were analogous to those under the
ramp loading (Figure 5.7a). After that, the stone column experienced no settlement (S} =
0) when the composite ground had been unloaded completely (i.e. ¢ = 0); by contrast,
the column settlement reached the largest value (S; = 1) when the composite ground had
been loaded to its maximum (i.e. ¢ = 2q,). These reflect the extremely rapid absorption
and dissipation of excess pore water pressure thanks to the large permeability of stone
column. Noting that the stiffness of the composite ground subjected to a given cyclic load
may vary over the time; however, the simplifying assumption of constant stiffnesses for
stone column and soft soil was adopted in this study to solve the governing equations. For
a typical small amplitude of the cyclic loading, the foundation stiffness might be assumed
unchanged for practical applications [124]. Figure 5.10b shows that the deceleration of
angular frequency ¢p and accompanying loading — unloading processes led to a
considerable increase in amplitude of the soil settlement curve. As predicted, the slower

loading — unloading rates enabled more excess pore water dissipation and absorption for
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each loading — unloading cycle and thus the soil volume change oscillated more
significantly. Moreover, the oscillations of each soil settlement curve had the same
maximum and minimum values at the later stages of consolidation, which indicated the
sole contribution of loading — unloading rates to the soil settlement variation, while there
was no more contribution by the initial conditions.

Figure 5.11 depicts the variation in the differential settlement rate between stone
column and soft soil when changing the angular frequency @p of the sinusoidal loading.
As with the previous loading cases, the change patterns of the differential settlement
curves were similar to those of the soil settlement curves because the soft soil region
endured much larger settlement than the column region during the loading — unloading
processes. The differential settlement progressed faster and the amplitude of differential
settlement curve reduced progressively in response to the increase in the angular

frequency ¢@g.
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5.5 Verification against field measurements

In this section, the proposed analytical solution is used to calculate the dissipation rate of
excess pore water pressure at an investigation point in soft soil and the soil settlement rate
of a real case study. The case study for verification is a composite stone column — soft
clay foundation of the iron ore storage depot at Nelson Point, Port Hedland, Western
Australia. The geotechnical data of this project were presented in the existing studies
[218-220], which are summarised in Table 5.2 for reference. The composite foundation
was loaded by the iron ore filling in two stages. The first filling to 17 m height had
proceeded within approximately 25 h, and then the stockpile height remained unchanged
until 900 h. Then, the height of the stockpile was raised very quickly from 17 to 19 m

corresponding to the second filling. The average unit weight of the iron ore was evaluated
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to be approximately 28 kN/m3, and thus the first and second fillings caused the external

load to be equivalent to 476 kPa and 532 kPa, respectively.
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Table 5.2. Geometric and material parameters for the verification

H a b ky, =k, ks, Cyp =Gy E,JE y y
(m) (m) (m) (m/s) (m/s) (mz/s) e o r
Field measurement 3 0.55 1.125 - 1.74x107"°  (0.63-3.17)x10°" 20-40 - -
Proposed analytical » o "
3 0.55 1.125 5x10 1.74x10 2.32x10 30 0.3 0.3

solution
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Before proceeding further with the verification, it is worth mentioning that due to the
larger stiffness of stone column compared to the soft soil, dominant portion of the external
surcharge is transferred onto the stone column. As a result, the average total vertical stress
acting on stone column is much higher than on soft soil. Considering the assumption of
uniform distribution of total vertical stresses in each region in this study, the following

stress concentration ratio n,, can be defined:

_a0

G, (t) (5.12)

scr

where &,(¢) and &,(¢) denote the average total vertical stresses in stone column and soft

soil regions induced by the external load at time 7, respectively.

Obviously, the stress concentration ratio changes during the consolidation because of
the time-varying applied total vertical stresses. While the consideration of time-dependent
stress concentration ratio is out of the scope of this study, the verification with the field
measurement adopted an assumption for variations of the total stresses against time such
that the induced stress concentration ratio remains constant in the consolidation process.

Then, &,(¢) and &,(¢) corresponding to a given n_, value are obtainable by combining

Equation (5.12) with the following equilibrium condition of the total vertical stresses:

&,()+5,(0)(n; 1) =q(0)n; (5.13)

where ¢ is the average external loading; n, =b/a is the radius ratio between unit cell and

stone column.

Referring to the field observations reported by Dunbavan and Carter [219], the range

of stress concentration ratio ng., = 2.5 — 5 was adopted for the verification. Once the
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total vertical stresses o, and o, (i.e. o, and &, owing to the uniform distribution

assumption of total vertical stresses) have been achieved, the variation of excess pore
water pressure at any point in the composite ground with time can be determined applying

Equations (5.5) and (5.6).

Figure 5.12 verifies the dissipation rate of excess pore water pressure calculated using
the proposed analytical solution against the field observation results at an investigation
point in soft soil region of the case history composite ground. As observed, the obtained
analytical solution in this study shows a reasonable agreement with the field measurement
data, in which the smaller stress concentration ratio ng.,- should be adopted for the early
period of consolidation and vice versa as described by Dunbavan and Carter [219]. The
discrepancies between the prediction results and the field observations are attributed to
the increase of stress concentration ratio with time in real practice, whereas the proposed
analytical solution assumed a constant stress concentration ratio for the adopted range.
To address this, the stress concentration ratio could be assumed as a time-varying function
capturing lower stress concentration ratios for the early stages of consolidation and higher
ones for the later stages. Furthermore, the range of adopting stress concentration ratio
should be ng.- = 2 — 6 for a characteristic flexible surcharge as reported in several

existing studies [2, 7, 17] when applying the proposed analytical solution in practice.
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Figure 5.12. Verification of excess pore water pressure dissipation rate obtained from the

proposed analytical solution and field measurement at an investigation point in soft soil

Figure 5.13 displays the verification of settlement rate of soft soil resulted from
proposed analytical solution against field measurement data. Similar in Chapter 4, an
immediate settlement of 230 mm after the first loading of stockpile was adopted and
combined with consolidation settlement of soft soil calculated by the proposed analytical
solution for time t = 25 hours, which would result in the settlement variation of soft soil
against time as presented in Figure 5.13. As can be seen, there was a reasonable agreement
between the predicted values and measured data of soil settlement. The proposed
analytical solution adopting larger stress concentration ratio underestimated the soil
settlement rate more significantly. This is due to the assumption of constant stress
concentration ratio in the proposed analytical solution, whereas this ratio would increase
with consolidation time in practice. Despite that, the measured settlement data tended to

approach predicted settlements adopting higher stress concentration ratio at the later
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stages of consolidation. The inelastic settlement and lateral movement of soft soil are also
primary reasons which induce larger measured data compared with the settlements
calculated by the proposed analytical solution, as explained in the verification in Chapter

4.

Proposed Analytical Solution

L P

200 -+ --6-- Field Measurement,

first filling to 17 m Dunbavan and Carter [219]
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Figure 5.13. Verification of average surface settlement rate of soft soil obtained from the

proposed analytical solution and field measurement

Finally, a comparison between analytical solutions proposed in Chapters 4 and 5 shows
that the latter provided more reasonable agreement with measured data on excess pore
water pressure dissipation and settlement rates in soft soil than the former, considering a
continuous increase of stress concentration ratio with time. The inclusion of generalised
time-dependent loading functions in the analytical model and solution in Chapter 5 allows

to investigate the variation of any surcharge loading with time in practice. Therefore, the
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changes of stockpile filling in the case history against time can be captured by the

proposed analytical solution in Chapter 5 readily.

5.6 Summary

It has been widely admitted in geotechnical engineering that soft soils can be reinforced
effectively using stone column inclusions. A large number of studies have been conducted
to examine the performance of stone column improved soft ground, particularly for the
consolidation aspect. Nevertheless, most available research studies employed the equal
strain hypothesis for the consolidation of composite stone column — soft soil foundation,
which cannot capture the differential settlement in the foundation. Therefore, the present
study proposed an analytical solution mitigating this shortcoming of most existing
analytical studies. The mathematical unit cell model for the consolidation was established
as a non-homogeneous problem whose governing equations, boundary and initial
conditions were formulated in terms of excess pore water pressure. The analytical
development integrated coupled radial — vertical flows of excess pore water pressure
concurrently in the composite foundation subjected to any time-dependent loading,
adopting a free strain condition for the column and soil settlements. The complete
analytical solution for excess pore water pressure at an arbitrary point in the foundation
was presented in terms of Green’s formula, whereas the Green’s function for the solution
was derived by solving the homogeneous version of the consolidation problem. Other
derivations of the obtained analytical solution can also be developed such as average
excess pore water pressures and average surface settlements of the stone column and soft
soil. Therefore, the differential settlement between the column and soil regions in the

composite ground supporting a typical flexible time-varying surcharge could be captured.
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The competence of the achieved analytical solution in this study was validated via a
thoroughly worked example investigating three common time-dependent loadings which
were simulated as step, ramp and sinusoid loadings. In the example, the effects of various
loading parameters on consolidation behaviour of the composite ground were examined
in terms of excess pore water pressure dissipation rates at different points in the ground,
normalised average surface settlements for stone column and soft soil regions, and the
differential average surface settlement between two regions. Lastly, the proposed
analytical solution was verified against the field measurements of a real case history
where excess pore water pressure dissipation and settlement rates in soft soil improved
with stone columns are of interest. The proposed analytical solution predicted the field
measurements reasonably well, by adopting appropriate stress concentration ratio 1,
increasing with consolidation time. It should be noted that the disparities between
analytical predictions and field measurements were primarily due to the assumption of
unchanged stress concentration ratio during the consolidation process for the proposed
analytical solution, while that increases progressively with time in real practice. Although
the consideration of time-varying stress concentration ratio is out of the research scope,
it is suggested that the stress concentration ratio might be assumed as a function

increasing with time for a typical flexible loading in practical applications.
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CHAPTER 6
SIMPLIFIED ANALYTICAL SOLUTION FOR COUPLED ANALYSIS OF
CONSOLIDATION AND DEFORMATION OF STONE COLUMN IMPROVED

SOFT SOIL

6.1 Introduction

The primary objective of this chapter is to develop an analytical solution to investigate
the axisymmetric consolidation and deformation of the composite stone column — soft
ground concurrently under free strain configuration and instantaneously applied uniform
loading. The mathematical formulation for the consolidation is derived corresponding to
the unit cell model in which the governing equations for the stone column and
surrounding soft soil regions are non-homogeneous partial differential equations for
excess pore water pressure dissipations. The consolidation formulation integrates
rigorously the coupled radial — vertical flows of excess pore water pressure in the
foundation where the permeabilities of stone column and soft soil are orthotropic. The
space- and time-dependent total vertical stresses caused by the external loading, which
are the non-homogeneous terms in the governing consolidation equations are formulated
in conjunction with the deformation analysis. The settlement model suggested by Alamgir
et al. [65] is adopted in the present study for the consideration of deformation pattern with
radius. In an attempt to establish analytical solutions, the homogeneous consolidation
problem is solved first to obtain the corresponding terminating time of consolidation,
using the method of separation of variables. Then, the equations for the induced total
vertical stresses are derived satisfying their initial and final conditions in the consolidation

process. The total vertical stresses are assumed to be initially distributed uniformly over
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the composite ground, whereas their final distributions at the end of consolidation period
(i.e. corresponding to the drained compression condition) are derived taking advantage of
the study by Alamgir et al. [65]. Once the equations for the total vertical stresses in stone
column and soft soil are established, the non-homogeneous consolidation problem is
solved to obtain the excess pore water pressure for any points in the foundation by
applying the Green’s function method. Hence, the average settlement at a given depth
owing to the excess pore water pressure dissipation together with the average degree of
consolidation (to be derived using the average surface settlement) for each stone column
and soft soil region can be readily determined. Thereafter, the average differential
settlement between the soft soil and stone column can also be computed for the
determination of a settlement parameter which is denoted as a function against depth and
time. Thus, the composite ground settlement pattern, shear strains and shear stresses in
the soft soil region at any given time during the consolidation process can be obtained.
To validate the proposed analytical solution in this study, a worked example accompanied
by a verification exercise against finite element modelling results are carried out
thoroughly. The results obtained from the proposed analytical solution and finite element
simulation are presented graphically in terms of the changes in the total vertical stresses
against depth and time, the excess pore water pressure dissipation, the average degree of
consolidation, the composite ground settlement pattern and the shear stress distribution
in soft soil during the process of consolidation. A further verification of the proposed
analytical solution against case study of a full-scale test is also performed investigating
surface settlement of a soft soil foundation reinforced by soil-cement deep mixing

columns.
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6.2 Governing equations, boundary and initial conditions of the consolidation

In this study, the unit cell approach is adopted to develop the analytical solution. Figure
6.1 shows the cylindrical cell model of the problem, which is comprised of a stone column
of radius a enclosed by a hollow cylinder of soft soil expanding to the unit cell effective
radius b . The composite stone column — soft soil foundation of thickness H is underlain

by an undeformable layer and subjected to a flexible uniform loading ¢, on the ground

surface. The consolidation of the composite foundation proceeds assuming the
orthotropic pore water flows for both stone column and soft soil regions, in which the
undeformable layer at the bottom of soft soil stratum is considered as impermeable while
the composite ground surface is freely draining. Besides, the mathematical derivation for
the consolidation adopts the basic assumptions as reported in several available studies
[64, 98, 111, 115]. The column and soil materials are homogeneous and saturated, in
which the pore water is incompressible and the flow of pore water complies with Darcy’s
law. It is assumed that the permeability and compressibility coefficients of the materials
remain unchanged under a pressure increment caused by the external loading. It is
considered that the composite ground solely deforms along the vertical direction adopting
the free strain assumption. In the present study, it is important to note that although the
loading is assumed to be applied instantly and maintained constant during the
consolidation process, the distribution of the induced total vertical stresses in the
foundation vary with spatial coordinates and elapsed time owing to varying excess pore
water pressure dissipation rates. Further consideration in the variation in distribution of
total vertical stresses is provided in the following sections. It is worth mentioning that the
stone column settlement at a given depth stays fairly uniform during the consolidation

period because of the rapid dissipation of excess pore water pressure in the column.
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Thereby, the induced shear strain along the radius of stone column is minor and the
accompanying total vertical stress remains almost unchanged. In other words, the total
vertical stress at a particular depth within the stone column is regarded as uniform
distribution at any point of time. Then, referring to the existing analytical studies [111,
115], the coupled governing equations for the consolidation of stone column and soft soil
regions can be written in terms of non-homogeneous partial differential equations as

follows:

/q_h[82u1(r, z,t) +l ou,(r, z,t)j +& O’u,(r,z,t) L[aul(r,z,t) _0o,(z,0)

1
V. or’ r  or 7. oz’ M, ot ot :l (6.12)

ky, (62u2(r,z,t)+ 1 auz(r,z,l)]+ ky, Quy(r,z,0) 1 [Guz(r,z,t)_ﬁaz(r,z,t)

7 or’ ro or y, 0z M, ot ot } (6.16)

where o, and o, denote the total vertical stresses induced in the stone column and soft
soil, correspondingly; u, and u, denote the excess pore water pressures in the stone

column and soft soil, correspondingly; » and z are the physical coordinates of the unit

cell (Figure 6.1); ¢ is the elapsed time; M, and M, denote the constrained moduli of the
stone column and soft soil, respectively; k,, and k,, denote the horizontal permeabilities
of the stone column and soft soil, respectively; similarly, %, and k,, denote the vertical
permeabilities of the stone column and soft soil, respectively; and y, is the unit weight

of water (10kN/m3).
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Figure 6.1. The axisymmetric unit cell model for the consolidation analysis

Proceeding from the axisymmetric consolidation model in Figure 6.1, the continuity
conditions of excess pore water pressure and radial flow rate at the stone column — soft
soil interface can be expressed by Equations (6.2a) and (6.2b), respectively. Additionally,
the condition of no radial water flow across the exterior vertical surface of the cell

cylinder can be simulated by Equation (6.2c).

u(a,z,t)=u,(a,zt) (6.2a)
15; t 0 t
klh u](a5 Za ) — k2h uz(a’Z> ) (62b)
or or
au2(b,2,f) _ O (6 20)
or '
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The free drainage condition of the composite ground surface and the impermeability
of the bottom rigid layer, resulting in upward drainage paths for excess pore water

pressures in the stone column and soft soil (Figure 6.1), can be expressed by:
u,(r,0,t) =u,(r,0,¢)=0 (6.3a)

aul(raHat) _ auz(raHat) _
0z 0z

0 (6.3b)

Due to the assumption of the incompressibility of grain particles and pore water, the
initial total vertical stresses induced by the surcharge loading are considered to be entirely

supported by the initial excess pore water pressures in the stone column and soft soil

regions, 1.e.
u,(r,z,0)=0,(z,0) (6.42)
uz(l",Z,O):O—Z(V,Z,O) (64b)

where o,(z,0) and o,(r,z,0) denote correspondingly the initial total vertical stresses

(i.e. the stresses at time ¢ = 0) in the column and soil regions of the composite foundation

supporting the instantaneously applied loading.

6.3 Deformation of the stone column reinforced ground at the end of consolidation

Before proceeding further with the simultaneous analysis of consolidation and
deformation for the composite stone column — soft ground, the deformation of the
foundation at the end of consolidation process (i.e. the final deformation corresponding
to the drained compression condition) would be taken into account to derive the equations
for the distribution of final total vertical stresses in the composite ground induced by

external applied loading. In this study, the deformed mode (see Figure 6.2) as suggested
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by Alamgir et al. [65] is adopted. At a given depth in the foundation, the final column
settlement is assumed remaining uniform over the column area, while the final soil
settlement increases from the column — soil contact surface towards the outer radial
boundary of the unit cell. Moreover, it is assumed that there is no vertical slip at the
column — soil interface, which implies settlement continuity at the column — soil interface.

Referring to Alamgir et al. [81], the final settlement pattern can be given by:

S, (r,2)=8,,(2)+a,,(2) l:g—eﬂ'/(“lq (a<r<bh) (6.5)

where S, and S,, are the final settlements of the stone column and soft soil,

respectively; ¢, is the final settlement parameter against z-domain and £, is the

1f

settlement parameter against 7-domain.
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Figure 6.2. Assumed deformation pattern of the composite stone column — soft ground
and induced stress components on the column and soil elements at the end of

consolidation process

It should be noted that the radial deformation of the composite ground is neglected in
the mathematical formulation and the foundation system solely deforms vertically.

Therefore, the final shear strain 7y and final shear stress 7, in the soft soil can be derived

via the following equations:
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oS, (r,z z o -1
y (r,z)= 220 _ ol ){1— B ¢ j} (6.6)

or a

a

z—f(r’ Z) = G2 7/f (l",Z) = Gz alf (Z) |:1 _IB/eﬁf[Zl):| (67)

where G, =E,/2(1+v,,) is the shear modulus of soft soil; E, and v,, are Young’s

modulus and Poisson’s ratio of soft soil, respectively.

Noting that the shear stress along the outer vertical surface of the cylindrical cell

should be null (i.e. 7,(r=b,z)=0) due to the axisymmetric conditions of the external
loading and geometry. Substituting this condition into Equation (6.7) leads to the
following equation for the determination of the settlement parameter 5, :

Ibzfeﬂ/("fl) _1=0 (6.8)

where n, =b/a is the radius ratio. Then, referring to Equation (6.5), the final soil
settlement §,, can be obtained once the final column settlement S,, and the final
settlement parameter «,, have been disclosed. For these purposes, the total vertical

stresses in stone column and soft soil at the end of consolidation need to be determined.

It is assumed that the stone column reinforced soft ground is normally consolidated,
and thus the settlement of the composite ground is solely due to the external applied
loading but not its own weight. Considering the equilibrium of final vertical forces acting
on a particular column section dz while excluding the body forces as shown in Figure

6.2, the following ordinary differential equation can be established:

|:Ulf (2)+do, (z)] ra’ — o,,(2) ra® — 7,(a,z)2radz=0 (6.9)
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where o, ,(z) denotes the final total vertical stress in stone column at depth z induced by

external applied loading.

Simplifying Equation (6.9) and then combining with Equation (6.7) would lead to the

following:

do,(z) _ 2G2a1f(2)|:
dz a

1-5, | (6.10)

Likewise, by writing the equilibrium equations for the vertical forces exerting on a
specific soil element at the end of consolidation (Figure 6.2) excluding the body forces,

the partial differential equation for the stresses in the soil element can be derived as:

0o,,(r,z) 0t,(r,z) 7,(r,2)
0z or r

(6.11)

where o,,(r,z) denotes the final total vertical stress at any point (r,z) in soft soil

induced by external applied loading.

Obviously, considering the settlement accumulation closer to the ground surface, the
differential settlement between the soft soil and stone column decreases with depth. Thus,

an almost equal strain plane at depth z, exists in the composite ground below which there

is negligible differential settlement between column and soil. Accordingly, the
distribution of total vertical stresses in stone column and soft soil regions below this depth
can be considered to be uniform in each region. Therefore, the equal strain condition for

the composite ground can be employed at depth z, as follows:

0,,(2,) _ 0,,(2)

6.12
M M, (6.12)
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where G,,(z,) denotes the average final total vertical stress in soft soil at depth z,.

Moreover, at any depth, both the column and encircling soil carry and share the external

applied loading, i.e.

Jlj'(zo)+521'(zo)(n§ _1):‘]0 n, (6.13)

where ¢, 1s the uniform external loading.

Solving Equations (6.12) and (6.13) simultaneously would result in:

M, q, ne2
o, .\Z,)=
17 (20) M, + M, (”132 _1) (6.14a)
_ M, q, ne2
0,,(z0) = (6.14b)

M, +M,(n -1)

It is noticed that the final total vertical stresses o,,(z) and o, ,(r,z) in the stone

column and soft soil should comply with the boundary conditions on the ground surface

as follows:
0,,(z=0)=q¢, (6.15a)
0,,(r,z=0)=¢q, (6.15b)

According to Alamgir et al. [65], the final settlement parameter ¢, , and accompanying
stresses 0, ,, 0,,, 7, and shear strain y, together with the settlements §,, and S, , can

be determined for a finite number of column and soil elements which are discretised from
the unit cell geometry. However, to obtain the analytical solution for the combination of

consolidation and deformation analyses in this study, the following equation of o, ,(z)

172



would be adopted considering the parametric study conducted by Alamgir et al. [65] and

incorporating with Equations (6.14a) and (6.15a):

Ulf(z):%+|:O_1/'(Zo)_%:|(1_eidz) (6.16)

where d =25/(H n,) is the parameter regulating the change of 0, ,(z) with depth. Thus,
the final settlement parameter ¢, , can be obtained by incorporating Equation (6.16) into

Equation (6.10) as follows:

a’de [61/'(20) - ‘10:|
2G, (l_ﬂ.f')

a(2) = (6.17)

As a result, the shear strain y, and shear stress 7, in the soft soil at the end of

consolidation can be determined via Equations (6.6) and (6.7), respectively.

Finally, the final total vertical stress in soft soil o, (r,z) can be derived by

substituting Equation (6.7) into Equation (6.11), and then integrating Equation (6.11) with
respect to z-domain while incorporating the boundary condition provided in Equation

(6.15b).

=y e’ (Zedzqo r(—1+ﬂ/,)+a(—1+ e‘“)[qo -0y, (zo)])
0,,(r,z)= 3 (6.18)
2r(_1+'3f) s (—1+e‘“)ﬂf (a+r,6’f)[qo—alf(zo)]

To this point, the equations for the final total vertical stresses in stone column and soft
soil regions induced by the applied loading have been established, which will be used to
develop the equations for the total vertical stresses in the composite ground at a point of

time during the consolidation process, reported in the following section.
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6.4 Coupled analysis for the consolidation and deformation of soft ground

reinforced by stone columns

As stated earlier, even though the composite foundation is subjected to a constant loading,
the induced total vertical stresses in the foundation change with depth, radius and time
when incorporating the consolidation and deformation analyses. Indeed, the increase of
the differential settlement between soft soil and stone column with time cause total
vertical stress to transfer from the soft soil onto the stone column. Hence, the total vertical
stress in stone column increases and that in surrounding soft soil decreases with
consolidation time progressively. It is assumed that the initial total vertical stresses caused

by the external loading distribute uniformly, i.e.
o,(z,t=0)=gq, (6.19a)

o,(r,z,t =0)=¢q, (6.19b)

Moreover, it is supposed that the increase of total vertical stress in stone column and
the decrease of that in soft soil have the same rate, which is considered as the load
transferring rate of total vertical stress from soft soil to stone column. By accounting for
the initial conditions of the total vertical stresses presented in Equations (6.19a) and
(6.19b) and the final conditions of those expressed by Equations (6.16) and (6.18), the
generalised equations capturing variations of the total vertical stresses in the stone column

and the soil with depth, radius and time can be written as follows:
et \05
0,(z,0)= gy +[ 0, () g, (1-¢ ) (6.202)

o,(r,z,t) =q, + [O‘zf (r,2)—q, :I (1 —e )0'5 (6.20b)
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where ¢ (1/s) is the transferring rate of total vertical stress from soft soil to stone column.
As discussed in the parametric study in Chapter 4, the consolidation of composite soft
ground was mainly governed by column spacing (i.e. length of radial drainage path in
soft soil), stiffness and permeability of stone column and surrounding soil. Therefore, by
conducting a parametric investigation utilising finite element analysis for similar unit cell
model in this chapter, the assuming equation to determine ¢ would be adopted as follows:

270
= 2

1
o= 21T 0.03(1g ) +0,561J[0.75(1gNM)—0.107]; 6.21)

where n, = b/a is radius ratio of unit cell to column, N, = ky5,/k,p is horizontal
permeability ratio of column to soft soil, Ny, = M; /M, is constrained modulus ratio of
column to soft soil. The parametric analysis to determine c¢ in Equation (6.21) was
conducted examining typical rangesn, = (1.5 — 5), N, = (10 — 10%),and Ny, = (10 —
60), which can be encountered in practical designs of soft soil foundations reinforced by
stone columns, sand columns and soil-cement mixing columns. The notation ts(s)

denotes the ending time of consolidation in soft soil when solving the homogeneous form

of the consolidation formulation, which would be determined from the following:

0,(1,) =54, (6.22)

where ©, = ©,(¢) is a function against time t and denotes the average excess pore water
pressure in the soft soil region corresponding to the homogeneous consolidation

formulation. The consolidation of soft soil terminates when @, approaches zero.
However, due to the nature of @2 as a positive function, the soil would be considered as

reaching the end of consolidation when @2 achieves a minor positive value denoted by

6qo. The § is the parameter controlling the required precision, which could be assigned
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equal to 0.001 — 0.002 for a typical value of loading g, in practice. For example, the

value of (f)2 to determine ty would be 0.1 — 0.2 kPa corresponding to g, = 100 kPa.

The derivation of Cf)2 to obtain tf is presented in Appendix E.

Once the total vertical stresses o, (in the stone column) and o, (in the soft soil) are
achieved from Equations (6.20a) and (6.20b), respectively, the solution for the non-
homogeneous consolidation formulation given by Equations (6.1) — (6.4) can be derived.
Referring to the existing studies [188, 196, 211, 224], the solution of excess pore water

pressure at an arbitrary point in the composite ground u, can be attained as:

u, (r,z,t)= ul.(i)(r, z,t) +ul.(”)(r, z,t) (rl. <r< rM) (i=12) (6.23)

In which the subscript i =1,2 denotes the column and soil regions, correspondingly;

(i)

=0, r,=a, r,=>b; the terms uf” and ;" can be obtained employing the following

Green’s formula:

» o;(r',2',0) r'dr'dz'
=0 O

* 2 H i+ *
u®(r,z,0= jo L’: G (r,zt |12t
j=1

T

y oo (.21 (6.24)
+ z J‘t J-H J.rﬁl G(*) (]/' z t | r’ ZV t') M r! dr! dZ( dl’ (j _ 1 2)
=1 t'=04Jz'=0 r’:r/ ij [ > > at' ,

where the superscript (*) is used to denote (7) or (i7) for concise presentation owing to
their similar formulation; Gl;*) denotes Green’s function; the index ; and integration

variables ', z' and ¢' are dummy variables corresponding to the index /i and physical

variables 7, z and 7. The derivation of u” is provided in details in Appendix F.

Therefore, the consolidation settlement of the composite ground at any depth z and

time t resulting from the dissipation of excess pore water pressures can be determined as:
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Sl<z,t)=Mil [0~ (z.0]dz (6.259)
§2<z,r>=Mi2 ["[6.(z.0 -0z (6.25b)

where S,(z,t) denotes the column settlement and §2 (z,t) denotes the average settlement
of soft soil along the radius; &, is the average total vertical stress in soft soil against

radius, which is obatined by averaging o, along r-domain (i.e. radius).
_ _ et \05
&,(2,0) =4, +[ 5, (2)— ¢, |(1-¢ ) (6.26)

where &, , is the average of the final total vertical stress in soft soil along the radius and

can be calculated by:

_ 1 b
&, (2)= P J’ 270, (r,2)rdr (6.27)

(b

In Equations (6.25a) and (6.25b), #, and u, are the average excess pore water

pressures along radii of stone column and soft soil, respectively, which would be
determined as follows:

1

2
wa

i (z,t)= jo 2ru,(r,z,0)rdr (6.28a)

_ 1 b
MZ(Z,t):m1=a2ﬂuz(r,z,t)rdr (628b)

The average degree of consolidation for stone column U, and for soft soil U, based

on the surface settlement of the composite foundation can be written as:

(6.292)
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(6.29b)

where S,(z=0,0) is the surface settlement of stone column and §2 (z=0,0) is the

average surface settlement of soft soil, corresponding to # =00 (i.e. the final settlements
where the excess pore water pressures in the composite foundation would dissipate

completely).

One of the practical requirements in this study is the average differential settlement (

AS ) between the soft soil and stone column, which is computed as the difference between

the settlement values captured by Equations (6.25a) and (6.25b):

AS(z,t) = S,(z,)— S,(z,1) (6.30)

The settlement pattern in soft soil at any time t, satisfying in line with Equation (6.5)

adopted in this study would be given by:

S, (r,z,0)=S.(z,0) + . (2, t)[l—eﬁ/(‘r’ ]] (a<r<b) (6.31)
a

where ¢,(z,t) denotes the settlement parameter against z-domain at time ¢.

Taking average of S, (r,z,t) along radius would lead to:

5,(z.0) =8, (z.0+ (2,0 Fy (6.32)
where

2 b |7 By i‘l
SR WY

Then, «,(z,t) can be calculated by combining Equations (6.30) and (6.32):
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,(z,0) = AS(z,1)[ Fy. (6.34)

Once the settlement parameter ¢, (z,¢) is achieved, the soil settlement pattern during

the process of consolidation is fully disclosed based on Equation (6.31). In connection to

Equations (6.6) and (6.7), the shear strain y(r,z,t) and shear stress 7(r,z,¢) in the soft

soil at any time ¢ can also be determined by replacing «, ,(z) with &, (z,?) as:

Y(rzt) = oS, ((;iz,t) _a (j,t) l:l _ﬂfeﬂf (g—ljj| e
o(r,z,0) =G, y(r,z,t) = G, %“){1 - ﬁfeﬂ’ (”W (6.36)

Therefore, the consolidation and deformation of the composite ground can be analysed
in a coupled fashion. The excess pore water pressure at any point in the composite ground
can be computed using Equations (6.23) and (F.2). The settlements of stone column and
soft soil at any depth and time can be achieved via Equations (6.25a) and (6.31),
respectively; whereas the average differential settlement between soft soil and stone
column will be obtained referring to Equations (6.30), (6.25a) and (6.25b). Besides, the
average degrees of consolidation of stone column and soft soil can be calculated utilising
Equations (6.29a) and (6.29b), respectively. Finally, Equations (6.35) and (6.36) can be
employed correspondingly to examine the distribution of shear strains and shear stresses

in soft soil during the consolidation process.
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6.5 Worked example

This section provides an example for the coupled consolidation — deformation analysis of

a stone column improved soft ground subjected to a constant loading ¢, =1004Pa

employing the simplified analytical solution proposed in this study. The geotechnical
input data which can be experienced in real construction projects and adopted in this

example is as follows:

e (Geometric dimensions:

H=10m, a=05m,b=125m;

e Properties of stone column and soft soil:

k, =4x10"m/s, k, =k, , E,=60x10’kPa, v, =0.3,

k,, =4x10""m/s, k,, =0.5k,,, E, =1.5x10°kPa, v,, =0.3;

where E, and v, are Young’s modulus and Poisson’s ratio for stone column,
respectively; analogously, £, and v,, are Young’s modulus and Poisson’s ratio for soft

soil, respectively. Thus, the constrained modulus and shear modulus for the column and

soil materials can be computed from these parameters.

The numerical results in this example would be demonstrated graphically in terms of
the variations of total vertical stresses with depth and time, the dissipation of excess pore
water pressures, the consolidation settlements and the distribution of shear stress in soft

soil.
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6.5.1 Total vertical stresses in stone column and soft soil

Referring to Equations (6.20a) and (6.26), the corresponding variations of the total
vertical stresses in the column and soil regions against depth or time can be captured by
varying the value of one variable while assigning a constant value to the remaining

variable.

Figures 6.3a and 6.3b depict the change of the total vertical stresses in stone column
and soft soil with respect to depth at various consolidation time, respectively. As
observed, the stress values at depth z = 0 for any time during the consolidation were
equal to the loading value q, = 100 kPa, which satisfy the stress boundary conditions on
the ground surface. For a particular time, the total vertical stress in stone column increased
and the corresponding value in soft soil decreased with the depth. Additionally, the stress
in stone column rose and the stress in soft soil declined progressively due to the stress
transfer phenomenon from the soil onto the column during the consolidation period. As a
result, the ratio of average vertical stresses between stone column and soft soil increased
with depth and time. The transfer of total vertical stress almost finished at time t =
5 X 10° s where the stresses in stone column and soft soil along depth virtually reached
the maximum and minimum, respectively. It can be seen that during the consolidation
process, the total vertical stress variations with depth were significant at the upper part of
the composite ground. The depth where the total vertical stresses in stone column and soft
soil almost approached extreme values moved downwards with elapsed time. For
example, the stresses nearly reached the extreme values at depths z = 0.4H and 0.6H
corresponding to time t = 4 X 10*sand 5 X 10° s in which the total vertical stress
distributions in stone column and soft soil below these depths were rather uniform (i.e.

minor change with depth). This indicates a downward movement of the assuming equal
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strain plane (i.e. the plane over the composite ground area where there is negligible
differential settlement between soft soil and stone column). Furthermore, considering the
stresses in stone column and soft soil regions below the depth z = 0.6H at time t = oo,
where the deformation of the composite ground is a fully drained compression (i.e. the
final deformation), the stress values in both regions complied with the assuming equal

strain condition given by Equation (6.12).
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Figure 6.3. Distribution of total vertical stresses in (a) stone column and (b) soft soil

against depth varying with time

Figure 6.4 presents the change of the total vertical stresses in the column and soil

regions with time for varying depths z = 0.25H,0.5H and 0.75H. For a specified depth,
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the stress in soft soil reduced as time elapsed and vice versa for that in stone column as a
result of the stress transfer between soil and column, corresponding to the development
of the differential settlement between soft soil and stone column during the consolidation.
The larger the depth of point of interest, the more stress transfer from the soil onto the
column. This is due to the accumulation of stress transferred along the column — soil
interface (refer to Figures 6.3a and 6.3b). The transfer of total vertical stress from soft
soil to stone column progressed quickly during the early stages of consolidation, followed
by gradual decrease in the stress transfer rate with time. The stresses in the column and
soil areas at the investigation depths were almost unchanged after t = 5 X 10° s, which
indicates the stress transfer from the soft soil to the stone column via their vertical contact

surface was almost complete.
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Figure 6.4. Variation of total vertical stresses in stone column and soft soil against time

at different depths
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6.5.2 Excess pore water pressure dissipations in stone column and soft soil
Employing Equations (6.23) and (F.2), the change of excess pore water pressures against
each single variable 7,zort can be obtained by keeping the remaining variables

unchanged.

Figures 6.5a and 6.5b illustrate the variation of excess pore water pressures against
depth in stone column and soft soil at radii » = 0.5a and r = 0.5(a + b), respectively.
The excess pore water pressures generated by the instantaneous loading underwent the
dissipation and redistribution process to establish equilibrium state at which the excess
pore pressure values at depth z = 0 would be reduced to zero immediately after applying
the external loading, fulfilling the free drainage boundary condition on the composite
ground surface as expressed by Equation (6.3a). However, the excess pore water pressure
right below the soft soil surface dissipated slowly due to the low permeability of the soil.
It is important to note that the excess pore water pressure values in the foundation are
dependent on the variation rates of total vertical stresses during the process of total
vertical stress transferring from the soil onto the column and the dissipation rates of
excess pore water pressures. Despite the growth of the total vertical stress in the stone
column with consolidation time owing to the stress transfer from soft soil to stone column
as a result of the larger soil settlement than column settlement, the excess pore pressure
along the column depth dissipated rapidly in which the value of excess pore water
pressure at the lower part of stone column (z = 0.5H) was approximate 2 kPa at time
t = 4 x 10* s (Figure 6.5a). The reason is attributable to the extremely rapid dissipation
rate in comparison to the increase rate of total vertical stress in stone column, while the
radial flow rate from the surrounding soil into the stone column was much slower than

the upward flow out of the column from the top surface. Figure 6.5b shows the
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distribution pattern of excess pore water pressure along the soil depth varying with time,
impacted by the decline of total vertical stress in soft soil due to the stress transfer from
the soil to the column. The excess pore water pressure dissipation in the soft soil
progressed much slower than the stone column counterpart even though a large amount
of excess pore water pressure in the soil was dissipated due to the total vertical stress
reduction (i.e. total stress transfer from soft soil to stone column as the soil settles more
than the column) . While the dissipation of excess pore pressure in stone column depends
primarily on the discharge flow rate exiting from the column top, that in soft soil is mostly
contingent on the radial flow rate in the soil towards the column region. Therefore, the
excess pore pressure distribution in Figure 6.5b had similar shapes to the pattern of
changes in total vertical stress reported in Figure 6.3b, except for the very top part of the
soil region where the soil experienced dominant vertical flow contributing to the
dissipation of excess pore water pressure. The combined radial — vertical flows at the top
part of soft soil in which the radial permeability is twice of the vertical permeability, as
adopted in this example, led to a slight downward shift in the location of the peak excess
pore pressure point. As can be seen from Figure 6.5b, there was still a portion of excess
pore pressure to be dissipated at the upper part of soft soil at time t = 5 X 10° s while
the total vertical stress transfer from soft soil to stone column was almost completed (i.e.
almost insignificant decrease in the total vertical stress in soft soil as referring to Figures
6.3b and 6.4). Thus, the dissipation of the mentioned excess pore water pressure portion
at the upper soil region would result in additional soil settlement and differential

settlement.
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Figure 6.5. Excess pore water pressure isochrones against depth at radii (a) r = 0.5a in

stone column and (b) r = 0.5(a + b) in soft soil

Figure 6.6 displays the excess pore water pressure dissipation against time for different

investigation points in the column and soil regions. As expected, the deeper the point of
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investigation in stone column, the longer drainage path towards the column top boundary,
and thus slower the corresponding excess pore water pressure dissipation. However, the
dissipation rates at points of interest in soft soil, particularly at depths z =
0.5H and 0.75H were almost the same due to the dominant radial flow rate in soft soil.
Moreover, the lower part of soft soil experienced more reduction in total vertical stress
than the upper soil region during the consolidation (allude to Figure 6.3b); thereby, the
excess pore water pressure dissipation for the points of interest at depths z =
0.5H and 0.75H progressed faster than that for the point at depth z = 0.25H (see Figure

6.6 in conjunction with Figure 6.5b).
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Figure 6.6. Dissipation rates of excess pore water pressure at various investigation points

in stone column and soft soil
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6.5.3 Consolidation settlements in stone column and soft soil

It is recognised that while excess pore pressure is present in the saturated composite stone
column — soft ground, water squeezes out of the column and soil bodies, leading to the
volumetric strain of the composite ground and thus the development of the column and
soil settlements. Based on Equations (6.25a) and (6.31), the settlements along radius of
the composite ground at any depth and time during the consolidation process can be

predicted.

Figure 6.7 represents the time-dependent column and soil surface settlements (i.e.
corresponding to z = 0). The results show that the surface settlements of the column and
soil regions along with the predicted differential settlement increased progressively. At a
specified time, the column settlement remained uniform over the column area as
expected, whereas the soil settlement increased with radius away from the column — soil
interface gradually and reached a maximum at the outer radial boundary of the unit cell.
Although the excess pore water pressure dissipation in the column progressed extremely
rapidly and the predicted excess pore water pressure along the column depth was less than
2 kPa at time t = 4 X 10* s (allude to Figure 6.5a), the surface settlement of stone
column still developed further and virtually achieved the maximum at time t =
4 x 10° s. The reason is attributed to the continuing increase of total vertical stress in the
column as a result of the stress transfer from the surrounding soil after time t = 4 X 10*s.
Unlike the stone column, the surface settlement of soft soil developed until time t =
2 x 107 s; and afterwards the soft soil experienced no more settlement which indicates
the termination of consolidation process in the composite ground. Although the soil
settlement after time t = 4 X 10° s still progressed until the end of consolidation, the

subsequent differential settlement was not sufficient to induce additional total vertical
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stress transfer from soft soil to stone column to induce further settlement in the stone
column (i.e. the stress transfer process was almost completed). The soft soil settlement
rate after time t = 4 X 10° s (i.e. corresponding to the time that stress transfer from soil
to column was almost completed) was mainly governed by the dissipation rate of excess
pore water pressure in soft soil itself with negligible residual effects from the total vertical

stress variations as a result of stress transfer.
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Figure 6.7. Surface settlement isochrones for stone column and soft soil against radius

Figure 6.8 demonstrates the column and soil settlements against radius for various
investigation depths at time t = 10° s. Analogous to the ground surface settlement, the
settlements at examination depths between the surface and base of the composite ground
stratum included uniform settlements over the column area and unequal settlements over
the surrounding soil area. Obviously, settlement at the composite ground bottom (z = H)

was zero due to consideration of a rigid base in this study (refer to Figure 6.2). The
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composite ground settlement, differential settlement between soft soil and stone column
as well as in the soft soil itself diminished with depth. Particularly, the differential
settlements at the upper part of the composite ground decreased substantially as the
investigation depth increased from z = 0 to z = 0.1H; this observation is a result of the
dramatic diminution of the effective vertical stress (i.e. the difference between total
vertical stress (Figure 6.3b) and excess pore water pressure (Figure 6.5b)) in soft soil from
the soil surface to depth z = 0.1H. The effective vertical stresses right close to the soft
soil surface were extremely large due to the dominant dissipation of excess pore water
pressure along both vertical and radial drainage paths, while those at the lower part of soft
soil were much smaller owing to the primary contribution of radial drainage path to the
excess pore water pressure dissipation. Below the depth z = 0.1H and towards the rigid
base, the effective vertical stress in soft soil declined gradually and hence the differential
settlements reduced steadily. On the other hand, the settlements of the composite ground
at depths z > 0.4H were almost uniform, directing to the points that equal strain plane
was located at z = 0.4H — 0.6H, which is similar to the observation made in Figures 6.3a
and 6.3b.

It is emphasised that the settlements of composite stone column — soft ground in this
chapter were obtained on the basis of assuming deformation mode which was
demonstrated to reasonably simulate the column and soil settlements in practice as
reported by Alamgir et al. [65]. Therefore, the proposed settlement pattern can address
the shortcoming of proposed analytical models in Chapters 3 — 5 where the inherent

column — soil interaction reflecting practical condition is neglected.
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Figure 6.8. Settlements of stone column and soft soil against radius at time ¢ =10°s for

different investigation depths

6.5.4 Distribution of shear stresses in soft soil

When considering the consolidation and deformation in a coupled manner under free
strain condition in the present study, the shear stresses would be mobilised in soft soil
owing to the development of the differential settlements in the composite ground.
Referring to Equation (6.36), the variation of the shear stresses in soft soil with radius,

depth and time can be obtained readily.

Figure 6.9 shows the shear stress isochrones in soft soil at depth z = 0.1H. It is
observed that the shear stresses along the radius of soft soil region increased with time as
a consequence of the progressive increase in differential settlements. As expected, the
induced shear stresses were equal to zero at the outer radial boundary of the unit cell (r =

b), and then the shear stress increased cumulatively towards the column and achieved the
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peak value at the column — soil contact surface. It should be noted that the shear stresses
along the soft soil radius varied linearly with the corresponding shear strain (see Equation
(6.36)), whereas the shear strains were mathematically derived as the partial derivative of
settlement with respect to radius (see Equation (6.35)). Therefore, the development of the
shear stresses in soft soil towards the column — soil interface could be explained by the

corresponding increases in slope of soft soil settlement curve at the investigation depth
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Figure 6.9. Isochrones of the shear stress in soft soil against radius at depth z = 0.1H

Figure 6.10 plots the shear stress variation against the soft soil radius at time t = 10° s
for various examination depths. As predicted, the shear stress along soft soil radius
reduced with depth due to the corresponding decline of differential settlements towards
the composite ground base (pertain to Figure 6.8). The upper composite ground

experienced a considerable reduction in shear stresses from the vicinity of ground surface
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to about depth z = 0.1H with a substantial diminution in differential settlements. Beneath
the depth z = 0.1H, the induced shear stresses in soft soil diminished gradually with
depth thanks to the corresponding steady decrease in differential settlements. At depth
z = 0.6H, the maximum shear stress was very minor (i.e. less than 2 kPa) as a result of
the insignificant differential settlements. Moreover, similar to the isochrones of shear
stresses (Figure 6.9), the shear stresses in soft soil at each examination depth as reported

in Figure 6.10 also increased towards the column cumulatively.
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Figure 6.10. Variation of the shear stress in soft soil against radius at time t=10°s for

different investigation depths

Figure 6.11 represents the shear stress isochrones at radius v = 0.5(a + b) in soft soil.
At any time, the predicted shear stress was maximum at the ground surface corresponding
to the point with the largest differential settlement; then the value of shear stresses

reduced with depth and reached zero at the rigid ground base. It is observed that the upper
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soil region (i.e. z < 0.1H) underwent a substantial growth of shear stresses with time,
which signifies a consecutive development of differential settlements in this region over
the consolidation period. However, for the lower soil region (i.e. z > 0.1H), the shear
stress at the examination radius rose progressively until time t = 8 X 10° s; after which
the shear stress decreased till time ¢ = 2 X 10° s before increasing again significantly
during the remaining period of consolidation. During the early stages of consolidation
(t < 8 x 10° s), the shear stresses were present in almost entire soil stratum (i.e. up to
depth z = 0.9H), which implies the spread of differential settlement from the ground
surface towards the base. In contrast, during the later stages of consolidation (t >
2 X 108 s), the changes in shear stresses were present mainly at the upper half of soil
stratum (z < 0.5H), which indicates the corresponding extent of differential settlement

field.
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Figure 6.11. Isochrones of the shear stress in soft soil against depth at radius

r=0.5(a+b)
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Figure 6.12 displays the shear stress variation with depth at time t = 2 X 10° s for
various examination radii in soft soil. As observed and similar to the shear stresses plotted
in Figure 6.11, the shear stress values reported in Figure 6.12 was highest at the top soil
surface and reduced with soil depth dramatically. Irrespective of the radius of the
investigation point, the shear stress at the lower soil region (z = 0.4H) almost vanished,
which shows that the response of this soil region is virtually identical to the equal strain
deformation condition. Indeed, the upper soil region experienced significant changes of
shear stresses with radius (particularly for the very top soil layer) in which the column —
soil interface (i.e.r = a) experienced the largest shear stress values and the shear stress

decreased with the increase of investigation radius gradually.
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Figure 6.12. Variation of the shear stress in soft soil against depth at time ¢ =2x10°s for

different investigation radii
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6.6 Verification against finite element modelling

To verify the accuracy of the proposed analytical solution in the present study, a
comparison between the predictions obtained from the proposed solution and a finite
element simulation was conducted. The column and soil properties and geometries in the
finite element model were assigned to be the same as those in the analytical model as
adopted in the worked example. Considering the axisymmetry of the applied uniform
loading and geometry of the model against the centerline of the unit cell, the numerical
model was simulated using the axisymmetry configuration feature and 15-node triangular
elements available in PLAXIS 2D [212] shown as in Figure 6.13. The centerline, the
exterior vertical surface and the base of the finite element model were set as roller
boundaries to ensure no friction along these boundaries and no normal displacements
were allowed along those boundaries, whereas the top ground surface was modelled as a
free boundary. To reflect the one-dimensional deformation along vertical direction as
adopted in the analytical model, solely vertical displacement without slip at the column —
soil interface was enabled while the radial displacement was not permitted. Regarding the
water flow boundary conditions, the centerline, the outer vertical boundary and the
bottom of the numerical model did not allow any pore water flows across the boundaries,
meanwhile the top surface of the model held a free drainage condition. Moreover, the
column — soil interface was considered as a permeable interface allowing the continuity
of excess pore water pressure and radial flow between the column and soil regions as
expected. Finally, the loading was applied instantly and kept unchanged during the

numerical analysis, which is the same as the analytical formulation in this study.
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Figure 6.14 plots the final total vertical stress distributions against depth in stone
column and soft soil. As observed, the predicted variations of final total vertical stresses
(i.e. the total vertical stresses at the end of consolidation) with depth attained from the
analytical and numerical simulations agreed well. Due to the stress transfer from soft soil
onto stone column through their vertical contact surface, the final total vertical stress in
the column increased and that in the soil decreased with depth. Figure 6.15 compares the
total vertical stress variations against elapsed time at depth z = 0.5H between the
proposed analytical solution and finite element predictions. It is evident that the
predictions obtained from the analytical and numerical models are in good agreement.
Therefore, the adopted exponential functions for distribution of total vertical stresses in

the analytical solution as presented in Equations (6.20a) and (6.20b) are deemed

reasonable.
0 "l‘-’l'l-.v-.-..,..‘_._‘m.-'.
1 + Iiade PR
C MN\'\
2 £ o
: <.
3t E; = 60x103 kPa s
_ Proposed Analytical Solution: \
=4 4£ Ey/E, =40 :
) 4 /B2 s - == In stone column \:
S5k kip =4x107m/s In soft soil |
a f kin/kop = 10° |
Q6+ keyp/kyy =1 Finite Element Result: B
o kor lho =2 In stone column I:
7 T 2n/kay = — - = Insoftsoil |.
8 s Vpl = VPZ = 03 I
B
9 + :
: E
10 '....:....|....|....|....|....|....|....|....|....|....=I:...

0 50 100 150 200 250 300 350 400 450 500 550 600
Final Total Vertical Stress 0y, 0, (kPa)

Figure 6.14. Verification on the distribution of final total vertical stresses in stone column

and soft soil against depth between proposed analytical solution and finite element result
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element result

Figures 6.16a-c present the variations of excess pore water pressure with time at
various points in stone column and soft soil. It is evident that the dissipation rates of
excess pore water pressure at the examination points obtained from the obtained
analytical equations (i.e. Equations (6.23) and (F.2)) were in a reasonable agreement with
the finite element predictions. Referring to Fig 16, the excess pore water pressure values
at points of interest in stone column (r = 0.5a; z = 0.25H, 0.5H and 0.75H) right after
applying the external loading (t = 1 s) captured by the proposed analytical solution were
slightly less than corresponding values obtained from the numerical modelling, which led
to overestimated dissipation rates afterwards. The observed disparities were due to the

selection of a finite number of terms in the obtained double series solution in the analytical
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calculation as evident in Equation (F.2). Indeed, the accuracy of the proposed analytical
solution in estimating the excess pore water pressure dissipation in stone column can be
enhanced by increasing the number of terms from the series solution. Referring to Figures
6.16a-c, there are slight discrepancies between the analytical and numerical predictions
of the excess pore water pressure dissipation rates in soft soil. The observed differences
can be due to the simplifying assumption of undrained condition immediately after

applying the surcharge loading adopted in the analytical solution.
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Figure 6.17 shows a reasonable agreement between the predicted average degrees of
consolidation for stone column and for soft soil via the proposed analytical solution and
the finite element modelling. Right after applying loading, the excess pore water pressure
dissipation and the consolidation of stone column proceeded very quickly due to the large
discharge capacity of stone column, whereas the consolidation of soft soil was negligible
and the behaviour of soft soil was almost undrained. After about 100 s of loading, the
consolidation of soil region began occurring as the excess pore water pressure in soft soil
dissipated towards stone column typically. During the period from about 100 s to
approximately 1000 s after applying the load, the radial flow of pore water sped up the
consolidation of soft soil and slowed down the consolidation of stone column, which
resulted in a concave curve during this consolidation stage of stone column. Thereafter,
the consolidation of stone column depends completely on the consolidation of soft soil in
which the larger consolidation settlement of soil compared to stone column induced the
transfer of total vertical stress from soil region onto column region and accompanying
consolidation of stone column. The difference induced between the predictions,
particularly at the later stages of consolidation, is attributed to the simplifying
approximation of the total vertical stress distribution in soft soil as a uniform distribution
against radius (referring to Equations (F.3) and (6.27)) to obtain the explicit analytical
solution for the sake of convenience in practical applications. By contrast, the numerical
modelling captured the precise integration of the variation of total vertical stresses against

radius during the consolidation.
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Figure 6.17. Verification on the average degree of consolidation of stone column and of

soft soil between proposed analytical solution and finite element result

Figure 6.18 displays the predicted surface settlements of stone column and soft soil
varying with consolidation time. It is observed that the proposed analytical solution could
estimate the surface settlements pretty well when compared with the finite element
results, with some discrepancies observed in the soil region. The observed differences
between the two models in predicting the soil surface settlement can be due to the fact
that a stringent integration of deformation compatibility was adopted in the finite element
model, whereas the analytical model assumed a simplified deformation pattern for soft

soil via the function given in Equation (6.31).
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Figure 6.18. Verification on the surface settlement of stone column and soft soil at various

time t between proposed analytical solution and finite element result

Finally, Figure 6.19 presents the final distribution of shear stresses against depth at
two different radii in soft soil. Indeed, a reasonable comparison could be observed
between the proposed analytical and the numerical predictions. Therefore, in summary it
is evident that the simplified analytical solution proposed in the present study can predict
the coupled consolidation — deformation response of the composite stone column — soft

ground subjected to an instantly applied uniform loading reasonably well.

205



0 L]
LE e
2t \ At column - soil interfacer = a
ST In soft soilatr = 0.5(a + b)
4T E; = 60x103 kPa
o I E,/E, =40
g 5 v _s Proposed Analytical
5 C kip =4x107°> m/s Soluti
a6 olution
C kin/kon = 10°
Tt kin/ki, =1 eeees Finite Element
8 -- 1 kan/kap =2 Result
9 _: Vpl = VPZ = 03
10 +—2— —_——

-5 5 15 25 35 45 55 65 75 85 95
Final Shear Stress in Soft Soil 7, (kPa)
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at two different radii between proposed analytical solution and finite element result

6.7 Verification against full-scale test

This section provides an additional verification of the proposed analytical solution against
full-scale test of a soil-cement deep mixing column reinforced soft soil. The test was
conducted at Wangnoi District, Ayuthaya, Thailand, and details of this field test was
summarised in the study by Bergado et al. [225]. The capability of the analytical solution
obtained in this chapter is verified against test data in terms of surface settlements of soil-
cement column and surrounding soft soil. The field soil layer primarily included soft clay
which was reinforced by fully penetrated soil-cement deep mixing columns to depth 9 m
below ground level. The composite column — soft clay layer was underlain by medium to
stiff clay strata which were almost impermeable. The soil-cement column stabilised soft

ground was designed including columns of 0.6 m diameter and 1.5 m center to center
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spacing arranged in square pattern to support an embankment up to 6 m height, and the
construction of embankment had been completed within 15 days. Table 6.1 summarises
measured and back-analysis data reported in the study by Bergado et al. [225] and
provides selected parameters in the proposed analytical solution for the verification
exercise.

It should be noted that the embankment in the full-scale test might be considered as a
typical embankment which induces a rather uniform surcharge loading on the composite
ground surface. Thus, the analytical solution for associated consolidation — deformation
of composite ground developed in this chapter can be validated using the field test data.
In contrast, the analytical solutions derived in Chapters 3 — 5 neglect the column — soil
interaction and adopt a stress concentration ratio on composite column — soft ground
surface to account for the non-uniform applied vertical stresses between column and
surrounding soft soil, as presented in the verifications against field measurements
reported by Dunbavan and Carter [219].

According to Bergado et al. [225], the average surface settlements of soil-cement
mixing column and encircling soft soil measured right after embankment construction
were roughly 122 mm and 162 mm, respectively. Besides, the consolidation settlements
at that point of time (i.e.t = 15 days) for soil-cement column and surrounding soft soil
under instant embankment loading (q, = yh = 18.2 X 6 = 109.2 kPa) obtained from
the proposed analytical solution were about 45 mm. Therefore, it is supposed that the
immediate settlements after completing embankment construction were 77 mm and 117
mm for soil-cement column and soft soil, respectively, as a difference between measured
settlements and consolidation settlements. By combining these immediate settlements

with consolidation settlements calculated by the proposed analytical solution for time t >
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15 days, the surface settlements of soil-cement deep mixing column and surrounding soil
can be plotted in Figure 6.20. As observed, the predictions utilising the proposed
analytical solution agreed well with field measurements. The underestimate of analytical
predictions compared with field data is attributable to plastic deformations in soil-cement
mixing column and encircling soil and lateral displacement of soft soil during
consolidation process in real practice, which was ignored in the proposed analytical

solution.
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Table 6.1. Parameters for the verification against case study

Parameters Full-scale test reported by Bergado et al. [225] Proposed analytical
Measured data Back-analysis solution
Embankment height, h (m) 6 6 6
Unit weight of embankment fill, y (kN/m3) 18.2 18.2 18.2
Column length, H (m) 9 9 9
Column radius, a (m) 0.3 0.3 0.3
Column spacing (square pattern), s (m) 1.5 - -
Radius of unit cell, b = 1.13s/2 (m) - 0.848 0.848
Permeability coefficient of column, ky;, = k;,,(m/s) (150 — 200)x1071° - 180x10~10
Consolidation coefficient of column, ¢;, = ¢;,,(m?/s) (0.63 — 1.27)x107° 2.54x107° 2.54x1075
Permeability coefficient of soft soil, ky;, = ko, (M/s) (3—-6)x1071° - 4.5x10710
Consolidation coefficient of soft soil, ¢, = ¢5,,(M?/s) (3.17 - 9.51)x1078 - 6.35x1078
Permeability ratio, N, = kqp,/kyp, - 40 40
Constrained modulus ratio, Ny, = M; /M, - 10 10
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6.8 Summary

Most available analytical studies on consolidation of soft soil reinforced by stone columns
assume the equal strain condition for the column and soil settlements, which cannot
capture the differential settlements induced by a typical low embankment via a flexible
platform on the composite ground surface. In contrast, several existing theoretical studies
investigated the free strain deformation of the mentioned composite foundation under the
drained compression condition or incorporated the consolidation effect in an uncoupled
fashion. It is worthwhile to mention that the coupled time-dependent consolidation —
deformation analysis is stringently required because the deformation of a saturated
composite ground is deemed to be time-dependent and direct consequence of the
dissipation of excess pore water pressure out of the column and soil bodies during the
consolidation process. Thus, this study derived an analytical solution for the coupled
consolidation — deformation response of the composite stone column — soft ground to a
uniform flexible loading. The axisymmetric unit cell model was adopted for the
mathematical derivation in which the external loading was applied instantly to induce a
uniform distribution of initial excess pore water pressure over the composite foundation.
The orthotropic consolidation formulations for both stone column and soft soil regions
were derived applying the vertical drain consolidation theory. The deformation procedure
for the composite ground, which is integrated into the consolidation analysis adopted the
deformation mode suggested in the literature. For the combined analysis of consolidation
and deformation, the formulation of total vertical stresses caused by the applied loading
was derived first. Then, the non-homogeneous consolidation problem was solved
employing Green’s function method to obtain the excess pore water pressure solutions

for the column and soil regions. Thereby, the average consolidation settlement against
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radius at any depth and the average degree of consolidation for each column and soil
regions were attained. The average differential settlement between the soil and column
areas could also be determined to verify the settlement parameters used, impacting the
soil settlement distribution pattern, shear strain and shear stress in soft soil during the

consolidation process.

The validation of the simplified analytical solution derived in this study was exhibited
via a worked example examining thoroughly the change of total vertical stresses and
excess pore water pressures in stone column and soft soil against depth and time, the
column and soil settlements, and the shear stress distribution in soft soil. The accuracy of
the proposed analytical solution was verified against the finite element results, which
showed a reasonable agreement between the predictions. The observed disparities in the
verification could be attributed to the simplifying assumption used in the analytical
solution for the stress transfer mechanism at the very beginning stage of consolidation
and the distribution of total vertical stress in soft soil along radius. The capability of
obtained solution was also validated via verification exercise against a full-scale test,
which showed reasonable predictions of the obtained solution. The proposed analytical
solutions can be useful to practising engineers for cross-checking complex numerical
simulations or conducting extensive parametric studies to optimise the design. Moreover,
the obtained analytical solution may be applied for the associated consolidation —
deformation analysis of a soft soil reinforced by other permeable columns such as sand
columns and soil-cement mixing columns by using corresponding physical and

mechanical parameters.
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CHAPTER 7

CONCLUSIONS AND RECOMMENDATIONS

7.1 Summary

The soil reinforcement technique using pervious column structures such as sand and stone
columns, and soil-cement mixing columns has been studied and applied widely in
geotechnical engineering in the last few decades. These column structures could improve
the performance of composite pervious column — soft grounds in terms of settlement
reduction and bearing capacity enhancement [14, 25, 226-234], stability improvement
[29-33, 235-238], liquefaction resistance [43, 239-247], and consolidation acceleration
[57,59, 61, 105, 106, 248-252], as a result of the significant increase in stiffness and shear
strength of the composite ground compared to the soft ground itself. Additionally, the
columns possess high permeability and large diameter, which behave as vertical drains
with great discharge capacity and can provide radial drainage paths for the dissipation of
excess pore water pressure in the encircling soft soil during the process of consolidation.
Thus, the consolidation of the composite ground is sped up considerably. Due to the
complex nature of evaluating the multi effects of pervious columns in improving soft soil,
the mentioned performance objectives of the column inclusion in soil foundations are
usually investigated separately considering various influencing factors [43, 57, 232, 235].
Among those factors, the consolidation analysis has attracted great interest for
geotechnical engineers and researchers studying the time-dependent response of pervious
column reinforced soft grounds. The core objective of this thesis is to derive the
innovative analytical solutions for the consolidation response of stone column stabilised

soft soils under free strain conditions for the column and soil settlements.
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Chapter 1 summarised various techniques in soft soil reinforcements and highlighted
the improvement of soft soils by stone column inclusions, particularly focusing on the
analytical consolidation studies. The research objectives and the structure of thesis were
also stated in this chapter. Chapter 2 provided a detailed literature review on the
consolidation studies for soft soils. This chapter firstly introduced the conventional theory
introduced by Terzaghi [75] for one-dimensional consolidation of saturated soils,
followed by the more complex theories developed by Biot [77] and Barron [64] for multi-
dimensional consolidation of the soils. On the other hand, this chapter also discussed
comprehensively the existing theoretical studies on consolidation of soft soils assisted by
vertical drains and high modulus pervious columns. Several influencing factors on the
consolidation behaviour of drain and permeable column supported soft grounds were
highlighted, which are related to the effects of the construction processes and construction
methods and the nature of soft soils. The deformation mechanism in the composite stone
column — soft ground during the free strain consolidation process was also emphasised in
the literature review. Finally, this chapter summarised the potential analytical methods

which could be employed to solve the consolidation problems.

Chapters 3 and 4 presented the analytical solutions for two-dimensional plane strain
and axisymmetric consolidations of the stone column improved soft soils subjected to
instant loadings under free strain conditions. The governing equations of consolidation
were incorporated with the horizontal and vertical flows of excess pore water pressure in
which the permeabilities of stone column and soft soil are orthotropic. The plane strain
model adopted a uniform distribution of total vertical stresses in the composite ground
induced by the external loading, whereas the axisymmetric model captured an arbitrary

distribution of those against radius and depth. The obtained analytical solutions in both
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chapters were validated via worked examples investigating the excess pore water pressure
dissipations in the column and soil regions against width (or radius), depth and elapsed
time, specifically the example in Chapter 4 plotted the ground surface settlement varying
with time and the ground settlement at a given time varying with depth as a result of
excess pore water pressure dissipations. Furthermore, the accuracy of the achieved
analytical solutions in these two chapters was verified against finite element simulations
by comparing the dissipation rates of excess pore water pressures at various points
(Chapter 4) and average degrees of consolidation in the column and soil areas (Chapters
3 and 4) obtained from the analytical and numerical predictions. A further verification of
the attained analytical solution in Chapter 4 against field measurements was also
conducted regarding the rate of excess pore water pressure dissipation at an investigation
point in soft soil in the adopted field case history. Lastly, parametric analyses utilising the
proposed analytical solutions were performed to examine the effects of the stiffness and
permeability of soft soils (Chapters 3 and 4) and the column spacing, the distribution
pattern of total vertical stresses against depth and the thickness of soft soil stratum
(Chapter 4) on the average degrees of consolidation in stone column and soft soil regions

and the average differential settlement between these two regions.

Chapter 5 developed an analytical solution for the axisymmetric consolidation of stone
column supported soft soil under any time-dependent loading and free strain conditions.
Similar to the previous chapters, the mathematical model included the associated radial —
vertical excess pore water pressure flows simultaneously with orthotropic permeabilities
of stone column and soft soil regions, while the induced total vertical stresses in the
composite ground were assumed to distribute uniformly. Worked examples were

executed to confirm the proposed analytical solution, inspecting the effects of different
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time-varying loadings (including step, ramp and sinusoidal loadings) on the consolidation
behaviour of the composite stone column — soft ground. The calculation results were
plotted in terms of the variations of the excess pore water pressures at various points, the
normalised average surface settlements in stone column and soft soil areas and the
differential average surface settlement between the two areas against consolidation time.
On the other hand, the reliability of the attained analytical solution in this chapter was
also examined by comparing the dissipation rate of excess pore water pressure at the
examination point in soft soil for the case history in Chapter 4 obtained from the field

observations and the analytical estimation (considering time-dependent loading).

Eventually, Chapter 6 proposed a simplified analytical solution for the associated free
strain consolidation — deformation analysis of stone column reinforced soft ground under
constant loading and axisymmetric conditions. The governing consolidation equations,
which are non-homogeneous due to the presence of time-varying total vertical stresses as
a result of the incorporation of the composite ground deformation analysis during the
consolidation process, also captured the orthotropic permeabilities and excess pore water
pressure flows in the column and soil domains. The validations of the proposed analytical
solution were exhibited through a comprehensive example together with a verification
exercise against finite element simulations. The results achieved from the analytical and
numerical estimations were illustrated graphically, which include the variations of the
total vertical stresses, the excess pore water pressures and the settlements in stone column
and soft soil against depth and time. Moreover, the average degrees of consolidation in
the column and soil regions and the shear stress distribution in the soft soil were also

reported in this chapter.
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7.2 Key concluding remarks

7.2.1 General

Thanks to the outstanding development of computer technology along with the
advancement of experimental techniques and equipment, several numerical and
experimental studies were conducted to investigate thoroughly the consolidation response
of soft soil stabilised by pervious columns [35, 54, 133, 207, 221, 253-265]. Analytical
studies on the same problem have also been carried out vigorously. Although most
analytical examinations usually adopt some assumptions to simplify the problem under
consideration and derive the final solution, they can serve as helpful tools for cross-
checking complicated numerical modellings. The analytical approaches can also provide
an understanding of the problem by implementing parametric analyses, which could be
more incommodious using numerical simulations. Particularly, analytical methods can be
useful for preliminary designs used by practising engineers due to the convenience in
utilising the established analytical solutions. As a result, several analytical studies were
accomplished examining influencing factors such as drain resistance and smear effects,
combined horizontal — vertical consolidations, time- and depth-varying loadings [109,
129, 130, 132, 146], partially drained boundaries [46, 47], clogging in pervious columns
[52, 53], layered soils and partially penetrated columns [149, 151, 153, 155, 158, 266-
268], nonlinear properties of soils [60, 112, 164], yielding and lateral deformation of
columns [55, 269, 270], and unsaturated soils [123, 124, 177-182]. However, most
available analytical studies on the consolidation of soft soils reinforced by stone columns
adopt the equal strain assumption that cannot capture the more realistic behaviour of the

composite ground (i.e. unequal column and soil settlements). Thus, the existing analytical
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studies ignore the interaction between stone column and encircling soft soil areas due to
the differential settlements during the process of consolidation. Consequently, the
analytical solutions in the literature may provide limited applications in predicting the

consolidation response of the composite stone column — soft soil foundations.

In an effort to develop novel analytical solutions which can capture the free strain
consolidation and associated deformation (i.e. unequal settlements) of stone column
improved soft soils, the method of separation of variables in combination with the
orthogonal expansion technique, the Green’s function method and Green’s formula have
been utilised for the analytical derivations. The application of the method of separation
of variables and the eigenfunction expansion (orthogonal expansion) technique would
allow deriving the generalised analytical solutions in terms of series against spatial
domains of the homogeneous consolidation formulations. On the other side, the utilisation
of the Green’s function approach and Green’s formula would allow further developing
the previous analytical solutions for the generalised non-homogeneous consolidation
formulations, in which the non-homogeneous terms in the governing equations are
arbitrary functions with respect to space and time variables. Therefore, the mathematical
models for the consolidation can be solved directly to achieve the final solutions without
the requirement of intermediate transformation steps which could be encountered in
several existing analytical studies, such as those using the Laplace transform and Integral
transform techniques. The obtained analytical solutions in this study can provide insight
into the time-dependent response of the composite stone column — soft ground by carrying

out worked examples, verification exercises and parametric examinations.
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7.2.2 Analytical investigation of the two-dimensional plane strain and

axisymmetric consolidations under constant loadings

The mathematical model was derived corresponding to the unit cell configuration, where
the governing consolidation equations are homogeneous linear partial differential
equations of excess pore water pressures in stone column and soft soil areas. The
composite ground surface was modelled as a freely drained surface by a homogeneous
boundary condition of the first type (i.e. homogeneous Dirichlet boundary condition),
whereas the zero flow conditions across the impermeable cell base and the outer vertical
surface of the unit cell were simulated by homogeneous boundary conditions of the
second type (i.e. homogeneous Neumann boundary conditions). The column — soil
interface was assumed as a perfect hydraulic contact surface, which is characterised by
the continuities of excess pore water pressures and pore water fluxes (i.e. flow rates)
between the column and soil areas. Under the symmetry conditions of applied loadings
and geometries of unit cell, half of unit cell was modelled. Thus, the centerline of the
plane strain model was assigned a perfectly insulated condition of excess pore water
pressure to reflect no horizontal flow at this boundary. On the other hand, a finiteness
condition as a pseudoboundary condition of excess pore water pressure was assigned to
the centerline of the axisymmetric model to avoid the infinity nature of functions
containing zero argument, which occurs in the analytical solution of excess pore water
pressure in cylindrical coordinates. The application of the finiteness condition would also
reduce some computational manipulations in the mathematical derivations. While the
plane strain model adopted a uniform distribution of total vertical stresses in the
composite foundation, the axisymmetric model captured generalised total vertical stress

distributions against radius and depth. The analytical solutions were derived employing
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the method of separation of variables and eigenfunction expansion technique. The
obtained analytical solutions were used to investigate the changes in excess pore water
pressure and consolidation settlement at any point in the composite ground. Therefore,
the differential settlement in the foundation and the average degrees of consolidation of
stone column and surrounding soft soil regions can also be obtained easily. Moreover, the
drain resistance effect in stone column can be captured owing to the incorporation of
finite orthotropic permeability and size of stone column in the mathematical formulations.
The anisotropic nature of soft soil permeability usually encountered in real practice was
modelled as orthotropic, which induces unequal flow rates in horizontal and vertical
directions are also available in the obtained analytical solutions. The consolidation

analyses using the attained analytical solutions in Chapters 3 and 4 are presented below.

The variation of permeability and stiffness of soft soils had a significant impact on the
consolidation behaviour of composite grounds. An increase in the permeability of soft
soil accelerated the excess pore water pressure flows in soft soil, and thus the soil
consolidated more quickly, particularly owing to the accelerated radial flow of excess
pore water pressure. The differential settlement between soft soil and stone column areas
tends to take place and achieve the maximum earlier when the higher permeability of soft
soil is adopted. Moreover, the change patterns of differential settlement against time were
similar to those of average degree of consolidation of soft soil due to the dramatic larger
settlement of soft soil compared to stone column. The increase in the modulus of soft soil
not only sped up the consolidation but also reduced the differential settlement
substantially. The stiffer the soil, the faster the transfer of the excess pore water pressure
from void spaces onto the effective stress in soil skeleton, leading to the accelerated

consolidation. Besides, the higher adopted modulus of soft soil would result in lesser soil
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settlement and a reduction in the differential settlement. Chapter 4 shows that the stone
column spacing had a major effect on soil consolidation and the differential settlement.
The rates of consolidation and differential settlement decreased substantially with an
increase in the column spacing. A larger column spacing would lead to a longer radial
drainage path for the dissipation of excess pore water pressure in soft soil, which causes
the dissipation and accompanying consolidation processes to prolong. However, the
changes in the soil consolidation and differential settlement are prone to be less
conspicuous in accordance with a larger column spacing, particularly when the radius
ratio of stone column to unit cell n, > 3. The variation patterns in the soft soil
consolidation and the differential settlement were almost identical mainly due to the
significantly larger soil settlement compared to column settlement. Chapter 4 also
exhibits that even though the distribution pattern of total vertical stresses against depth
and the thickness of soft soil stratum had minor effects on the soil consolidation (thanks
to the dominance of the radial flow rate of excess pore water pressure in soft soil), they
affected the differential settlement between soft soil and stone column dramatically. The
more reduction of total vertical stresses with depth, the less effective vertical stresses
acting on the composite ground, resulting in less settlement of the composite ground and
the soil in particular. Thus, the differential settlement was diminished during the
consolidation process considerably. On the other side, the differential settlement
increased corresponding to the deeper soil stratum, owing to the greater increase of soil
settlement than column settlement as a result of the extreme lower stiffness of the soft

soil compared to the stone column.
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7.2.3 Analytical examination of the axisymmetric consolidation under time-

dependent loadings

In Chapter 5, the axisymmetric unit cell model was considered, where the consolidation
equations governing the dissipation of excess pore water pressure are non-homogeneous
linear partial differential equations (non-homogeneous linear PDEs). The non-
homogeneous terms in the PDEs are first partial derivatives of total vertical stresses in
the composite ground induced by time-varying loadings with respect to time variable.
The boundary conditions for the excess pore water pressure dissipation in the composite
foundation were adopted similar to those of the axisymmetric consolidation problem in
Chapter 4. The induced total vertical stresses in the foundation were assumed to distribute
uniformly in each region of the unit cell (i.e. stone column and soft soil) that is the total
vertical stresses are time-dependent but space-independent. The associated radial —
vertical excess pore water pressure flows were also integrated into the model with
orthotropic hydraulic conductivity (permeability) for stone column and soft soil. To
derive the analytical solutions for the excess pore water pressure dissipation, the
separation of variables was taken to separate the PDEs into ordinary differential equations
(ODEs) with respect to radius, depth and time. The ODEs and accompanying boundary
conditions in radial and vertical directions produce corresponding boundary value
problems to develop eigenfunctions and eigenvalues against spatial domains for the final
analytical solutions. The ODE of time-dependent function is a first-order differential
equation which can be solved readily to obtain the function against time domain. The
application of superposition principle for product of the space-dependent eigenfunctions
and the time-dependent function would lead to a double series solution for the

homogeneous linear PDE:s (i.e. the PDEs without the derivatives of total vertical stresses
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against time) in which the Fourier-Bessel coefficients are determined utilising
eigenfunction expansion technique. The obtained solution of the homogeneous PDEs
would be rearranged in form of Green’s formula to achieve the Green’s function, which
formulates the final generalised solution of excess pore water pressure at any point in the
foundation capturing the time-varying total vertical stresses in the original non-
homogeneous PDEs. As a result, the column and soil settlements and their differential
settlement during the consolidation process can be captured. The consolidation
examination of the composite stone column — soft ground subjected to various
investigation time-dependent loadings utilising the achieved analytical solutions in

Chapter 5 are summarised below.

The change in loading and unloading rates almost had no effect on the excess pore
water pressure in stone column thanks to the extremely large permeability and drainage
efficiency (discharge capacity) of stone column. As a result, the settlement rate of stone
column was virtually contingent on the rates of loading and unloading processes. In
contrast, the loading and unloading rates had major impacts on the variation of excess
pore water pressure in soft soil against time because of the low permeability of soft soil.
During a loading stage, the excess pore water pressure in soft soil may increase if the
loading rate is higher than the dissipation rate; whereas, during an unloading stage, the
soft soil may undergo a decline of excess pore water pressure to negative values if the
unloading rate is faster than the pore water absorption rate. For a composite ground
subjected to a non-zero initial surcharge which causes positive initial excess pore water
pressures, the acceleration of loading and unloading processes might result in the increase
of excess pore water pressure in soft soil during the early stages of consolidation as the

above explanation, yet accelerates the dissipation and absorption processes afterwards
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considerably. The reason is ascribed to the rise in the radial gradient of pore water
pressure from soft soil towards stone column during the loading accelerations and the
inverting radial gradient of those from the column to soil areas during the accelerated
unloading processes. Due to the low permeability, the change of soft soil settlement
against time depends upon the rates of loading and unloading and the rates of dissipation
and absorption of pore water. The rate of soil volume change increased corresponding to
the acceleration of loading and unloading processes. The variation patterns of the
differential settlement between soft soil and stone column and the soil settlement against
time were virtually identical due to the significant larger soil settlement than column
settlement. Lastly, the verifications of the proposed analytical solution against field
observations show that the stress concentration ratio between stone column and
surrounding soft soil ng.,, = 2 — 6 should be adopted for a composite stone column — soft
soil foundation supporting a typical flexible embankment — platform system.
Furthermore, the stress concentration ratio included in the proposed analytical solutions
should be assumed varying with time as captured in real practice, adopting a lower bound
value (i.e.ng., = 2) for the early stages of consolidation and an upper bound value

(i. e.nge = 6) for the later stages.

7.2.4 Analytical evaluation of the associated consolidation — deformation response

under constant loading condition

The last analytical model established in this study is for the associated analysis of
consolidation and deformation of the composite stone column — soft ground subjected to
constant loading. The mathematical formulation was derived considering the combined

radial — vertical flows of excess pore water pressure in stone column and soft soil areas
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(orthotropic permeability for each area), and adopting the settlement pattern for the
composite ground suggested by an existing study in the literature. The mathematical
model captured the variation of total vertical stresses in the foundation against radius,
depth and time as a result of the total vertical stress transferring from soft soil to stone
column due to differential settlement during the consolidation process. Therefore, the
consolidation governing equations are non-homogeneous linear partial differential
equations owing to the presence of time-varying total vertical stresses. The homogeneous
consolidation formulations were solved first to develop Green’s function for final excess
pore water pressure solutions, employing the method of separation of variables and
eigenfunction expansion technique. Then, the final solutions for excess pore water
pressure corresponding to the non-homogeneous consolidation formulations were derived
in terms of Green’s formula, which can be expanded readily into a double series solution.
The obtained analytical solutions can be used to examine the variation of excess pore
water pressure against time at any point in the composite foundation. Thus, the
consolidation settlements of stone column and soft soil areas and the differential
settlement between them can be captured. The average differential settlement between
the soil and column areas was used to compute the shear strains and shear stresses in the
composite ground during the consolidation process. The investigation of associated
excess pore water pressure dissipation and deformation behaviour of the stone column
reinforced soft ground under constant loading condition employing the proposed

analytical solution in Chapter 6 are provided below.

During the consolidation process, the dissipation of excess pore water pressure and the
transfer of total vertical stress from soft soil onto stone column progress concurrently.

When pore water in the soft soil squeezes out, the soil settles and induces the differential
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settlement between the soil and column (i.e. the soil settlement is larger than the column
settlement). The differential settlement causes total vertical stress to transfer from soft
soil to stone column, which leads to the increase of the column settlement to counteract
the differential settlement. As a result, both stone column and soft soil settlements
increase during the dissipation process of excess pore water pressure until the differential
settlement reaches the maximum at the end of consolidation (i.e. excess pore water
pressure would dissipate entirely). The verification against finite element results shows
that the adopted analytical model using the assumed settlement pattern and the established
total vertical stress distribution in the stone column reinforced soft soil in terms of
exponential functions are deemed reasonable. Furthermore, the proposed analytical
solution may be used to analyse the coupled consolidation — deformation response of soft
soils stabilised by other pervious columns, for example, compacted sand columns and
soil-cement mixing columns by considering corresponding mechanical and physical

factors.

7.3 Recommendations for further studies

Although the analytical studies presented in this thesis can capture the consolidation and

associated deformation of saturated soft soils reinforced by stone columns under free

strain condition, the present study can be expanded further to consider the following
points:

e The analytical models developed in this study included the combined horizontal

— vertical flows of excess pore water pressure with finite orthotropic permeability

for both stone column and soft soil regions (i.e. included drain resistance effect in
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stone column). However, the smear and clogging effects should be incorporated
into the proposed models to reflect these unavoidable effects in real practice.

To obtain the analytical solutions in the current study, the column and soil areas
were assumed to deform vertically, adopting the elastic column and soil materials.
The analysis would be more realistic when the lateral deformation and non-elastic
materials (e.g. elasto-plastic response) are integrated into the column and soil
areas.

For the sake of simplification and inspired by many previous studies, the
compressibility and permeability of stone column and soft soil were constant in
the proposed analytical models. These simplifications may be acceptable for a
given pressure increment due to surcharge loadings. Obviously, these
consolidation parameters would change corresponding to the variation of void
ratio and effective pressure during the consolidation process. To capture these
influencing factors, nonlinear consolidation parameters could be combined with
the proposed analytical models. The more complex effect regarding the
rheological property of soft soil might be incorporated to account for the
secondary consolidation of the soil.

The analytical solutions in this study were derived corresponding to the
homogeneous single-layered soil stratum. Multi-layered soils are usually
encountered in real construction projects and thus the analytical models should be
expanded to consider this factor. The partial penetration of stone columns in
single-layered soils, which has a similar nature to fully penetrated stone columns

in multi-layered soils could also be taken into consideration for future studies.
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The current study ignored the effect of soil arching developing in the embankment
fill as a result of the mobilisation of shear stresses in the fill under the differential
settlement between soft soil and stone column. This is a major effect in combined
consolidation — deformation analyses of the stone column stabilised soft ground
under flexible embankment loadings. Derivation of analytical solutions capturing
progressive soil arching is very challenging yet might be potential for further
studies using the same assumptions as adopted in the present study for the sake of
simplicity.

The analytical solutions derived in this study are for saturated soils. There have
been very limited numerical examinations and almost no analytical studies for
consolidation of unsaturated soils supported by stone columns under the free
strain condition or even the equal strain condition. Therefore, this point is highly

recommended for future research studies.
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APPENDICES

Appendix A. Derivation of the solutions for excess pore water pressure (u,u"")

(if)

c b

u'™) corresponding to the eigenfunctions (R ,R" ) and (R",R"))

cmn® " “smn cmn® " “smn

and (u

Considering the real value pair (v v’ ) (i.e. (v ,v"Y), the accompanying

cmn?® " smn cmn?® " smn

Equations (4.12a) and (4.12b) are standard parametric Bessel equations of order zero in

which the general solutions can be presented in the following forms:

RO (1) = Ao (Vi) + B ¥y (Vinr) (A.la)
R ()= A0,y (Vi )+ B Y, (Vi) (A.1b)
where 49 | B”  AY and B! are the constants to be determined; J, and Y, are the

Bessel functions of the first and second kind of order zero, respectively.

The time-dependent functions of the eigenvalues ﬁ}ff}f corresponding to (Vf,fn)n , fo;:n) are
shown as:
IO =T =T5 =" (A2)

Then, the general solution for the excess pore water pressure at any point in the unit

cell due to the contribution of the eigenvalues pair (v ;v ), is constructed by

cmn?® " smn

substituting the solutions in Equations (4.15), (A.2), (A.l1a), and (A.1b) into Equations
(4.8a) and (4.8b), introducing a new constant C\”, and applying the superposition

principle as:
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-2
Co Mo,

w20 =2 YO Z,(2) Ry () e (0<r<a) (A.32)
m=1 n=1
©  w _ S ﬂ;(-;z)nz ¢

w20 =2 Y C Z,(2) R (e " (a<r<b) (A.35)
m=1 n=1

where the eigenvalues £ have been expressed in terms of their constant multiples (i.e.

mn

1 and 4 ) (see Appendix B).

smn

To finalize the solutions in Equations (A.3), the initial conditions in Equations (4.7)

are applied that yield:

o (r,2)=Y > COZ (2) RN (r) (0<r<a) (A.4a)
m=1 n=1

o,(r,z)= ZZ COZ.(2) R) (r) (a<r<b) (A.4b)
m=1 n=1

The series in Equations (A.4) with the coefficients C"" are known as Fourier-Bessel
series. Thus, the corresponding Fourier-Bessel coefficients can be determined using the

orthogonal expansion technique over the 2-region cylinder as follows:

1 . .[Hojaozm(z) R (r) 0.(r,2) rdrdz
. c, vz=0Jr=
“NT (A.5)

mn +& (" 72 (2) R (r o (r,z) rdrdz
#(2) Ry, (r) o,(r,z)
C, z=0Jr=a ’

smn

where N are the norms corresponding to the eigenfunctions for both 7- and z-directions

and defined as:

NO = lz—:’ [" [ [2.) RO, ] rdrdz+ ’C‘—: [" [ [2.@ RO rdrdz (A6)
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Finally, the solutions in Equations (A.3) are fully achieved once the coefficients C""

are determined.

Considering the pair (v, ,v’ ) (i.e. corresponding to the real value pair (v ,v")),

the accompanying Equations (4.12a) and (4.12b) are in the modified form and standard
form of parametric Bessel equation of order zero, respectively. Thus, general solutions

can be obtained as follows:

RO (r)= A0 1, (vinr)+ BS) Ky (vinr) (A.7a)
RO (r)= A5 J, (Vi r)+ B Y, (v r) (A.7b)

where /; and K, are the modified Bessel functions of the first and second kind of order

zero, respectively.

The time-dependent functions of the eigenvalues B corresponding to (v v!1))

cmn?®

are.
TOW) =T () =T ()= (A.8)

Following the procedure to derive the solutions in Equations (A.3), the general solution

for the excess pore water pressure at any point in the unit cell due to the contribution of

the eigenvalues pair (v*”,v")) is obtained by substituting the solutions in Equations

(4.15), (A.8), (A.7a), and (A.7b) into Equations (4.8a) and (4.8b), introducing a new

constant C'?

mn 2

then applying the superposition principle as:

) © F(m) ) ok’
W)=Y Y CUZ(ROM e © | (0<r<a) (A99)
m=1 n=1
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2
o F(m) Csh uiin'), ¢

u(rzn=3 3 CZ,() Ry (e (a<r<b) (A.95)

m=1 n=1

where the upper limit F'(m) of the second summation is exactly equal to the number of
eigenvalues B that can be obtained in the interval x, 4, ./c, < B <« A \c, for

each specified value of m . Therefore, the index 7 accepts a finite value of the upper limit

F(m) in this case. The eigenvalues A" have been expressed in terms of their constant

mn

multiples (i.e. £ and 4 ) (see Appendix B).

cmn smn

Similar to the determination of C

) the Fourier-Bessel coefficients C'" are produced
by applying the initial conditions in Equations (4.7) to the solutions in Equations (A.9)

and utilising the orthogonal expansion technique.

cmn

ﬂj'{ [" 2, RO 0,(r,2) rdrdz
@ 1 Cch z=0Jdr=0 ™ c

= @D (A.10)

Va7 1 20 ROG) 0,02 rrds

smn
csh

where N are the norms corresponding to the eigenfunctions for both 7- and z-directions

and given by:

N — ’c‘_: [" ][22 RO rdrdz+ ’C‘—: [" [ [2.@ ROOT rdrd= (A1)

The solutions in Equations (A.9) are finalized when the coefficients C'" are obtained.
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Appendix B. Derivation of the eigenvalues pairs (v v ) and (v ,v")) and their

cmn?® " smn cmn smn

corresponding eigenfunctions (R 'R"” ) and (R") R

cmn ® " “smn cmn 2~ “smn

The combination (v/ v’ ) (ie. (v v )) is solely attained if the expressions

cmn?® " smn cmn smn

under the square roots in Equations (4.19a) and (4.19b) are both non-negative; i.e.

2 2
@—Kj/ljzo and @—Kf&izo (B.1)
cch Csh

Thus, the equations for v and v are given by:

smn

_ (i) 2 ,8(1) 2
v = D2 g2 where ~——x> A2 >0 (B.2a)
Cch cch
. (i) 2 ﬂ(t) 2
R L where ~——x> A2 >0 (B.2b)
Cp csh

()

mn

is used along with the real eigenvalues pair (v v

cmn ’ smn

where the new notation

Applying the finiteness condition for excess pore water pressure at the centerline of

stone column to Equation (A.la) yields, BY” =0. It should also be noted that the

cmn

boundary conditions presented in Equations (4.5a), (4.5b) and (4.5¢) produce a system of

3 linear, homogeneous equations in which the coefficients (i.e. the constants A” | 4%

cmn 2 smn

and B ) can be resolved in terms of any non-vanishing coefficient [188]. Therefore, by

smn

setting 4" =1 for simplicity, the solutions for the two regions of the unit cell in

cmn

Equations (A.1a), and (A.1b) are recast as follows:

RO (r)=J, (vVir) (B.3a)

cmn cmn
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smn smn smn smn

R (r) = Ay (vir ) + B o (Vi) (B.35)

To satisfy the two inequalities captured in Equations (B.2a) and (B.2b) simultaneously,

B values must satisfy the following condition:
'3;2 Z max {Kc /,Lm cch H Ks ﬂ’m \Y Csh } (B4)

Although the present problem can be solved directly in terms of the eigenvalues A"

in mathematical sense, it is inconsistent in physical meaning (i.e. in dimensions) when

the eigenvalues v and v expressed in terms of A" as shown in Equations (B.2a)

cmn smn

and (B.2b) are introduced to their corresponding eigenfunctions RY and R!) . To

and 1% are constant

smn

resolve this, the following change of variable is applied where 2"

cmn

multiples of B and vice versa because of the constant values of /c,, , \/c,, andb.

(i) () (1) (1)
ﬂmn — lucmn and ﬁmn — lusmn
csh b

(B.5a)
c

ch

As a result, the arguments of Bessel functions in R” and R" are dimensionless with

an actual physical meaning. Additionally, the condition reported in Equation (4.10)
followed by Equation (A.2) leads to the following equations:

(@) (1)
(i) — Cch /’lcmn _ Csh ll’lsmn (BSb)

mn b b

i i |G
Hiny = Mo [~ (B.5¢)
cch

where 4

cmn

and 4" are the alternative forms of the eigenvalues 3" for the stone column

smn

and surrounding soil regions, respectively.
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Substituting B =,/c,, ' /b into Equation (B.4) and taking advantage of Equations

smn

(4.14) and (4.16) along with the fact that ¢, > c,, , the eigenvalues £ should satisfy the

sy 2 smn

following:

PORS Ccvﬂw - cﬁﬂa) (B.6)
smn_\/gH m Csh H m .

Combining Equations (4.16) and (B.5a) with Equations (B.2a) and (B.2b), the

following equations can be derived for v and v :

(i)2 2 @ \? 2
VL(.;)H — /ucnzm _ KLZ a)_mz — /ucmn _ KC a)m (B7a)
\ b H b H
. lu(i)2 e lu(i) 2 o 2
V;:rzn — sr;n _ K? _W; — smn -| &, m (B7b)
b " H b H

Incorporating boundary conditions reported in Equations (4.5a), (4.5b) and (4.5¢) into

solutions presented in Equations (B.3a) and (B.3b), the transcendental equation for

and 1" and the subsequent equations of the constants

smn

determining the eigenvalues 2"

cmn

AY and B are achieved.

smn smn

Indeed, the transcendental equation can be presented in the following form:

NV (v0,a) [, (V) Ty (va) =, (v0a) ¥ (v0.0)]

(@) =0 )
0 (00, () ¥ (v00) 0, () Y (00 B9

cmn smn smn

and 1%

smn

where the eigenvalues 2 are determined by substituting Equations (B.7a),

cmn

(B.7b) and (B.5c) into Equation (B.8), J, and Y, are the Bessel functions of the first and

second kind of order one, respectively, N, =k, / k, is the horizontal permeability ratio
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of the column to the surrounding soil. When £ and 4" have been achieved, v and
v can also be determined via Equations (B.7a) and (B.7b).
The corresponding equations for 4A” and B! with respect to v\ and v!” are:
@0 _ (@) (@) @ ) _ O (@) (@)
Asmn - A(i) |:Nk chn"]l (chna) YO (Vsmna) VsanO (chna) Yl (Vsmna)] (B9a)
@ — _ @) (@) @ ) _ O @) (@)
Bsmn - A(i) |:Nk chnJI (chna) "]O (Vsmna) VsanO (chna) ‘]l (Vsmna):| (ng)
where
Airln)z = V_irl;z)n |:J1 (Vs(;Zna) YO (Vigna) - JO (V.grin)na) Yl (Viizna)] (B 10)
Once the eigenvalues v and v? and the constants A” and B! have been

obtained, the eigenfunctions R and R") are determined according to Equations (B.3a)

smn

and (B.3b).

Considering the combination (v,

cmn

v, ) (ie. corresponding to the real value pair

(v vUYY this pair is attained if the following condition is satisfied:

cmn?® " smn

2 2
@—Kfﬂﬁi<0 and @—Kfzﬁ,zo (B.11)

cch csh

It is clear that the inequalities captured in Equation (B.11) are in agreement with
Equation (4.20). Hence, the combination (v, ,v. ) will also lead to a transcendental

equation by following the above-mentioned procedure. Before developing further on the

transcendental equation, the following transformation of the complex number v, in

(v.,..-v...) should be highlighted for performing the analysis.
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ve =iy (B.12)

where the notation ;i here denotes the imaginary unit and v, is a real number.

i=-1 (B.13a)

2 2
v = |kl A P where &’ A P >0 (B.13b)
Cen Cch

As a result, the original pair (complex, real) was transformed into a new pair (real,

real). To distinguish from the previous real pair (v v

cmn ’ smn

) as defined by Equations

(B.7a) and (B.7b), the new one is denoted by (v'*) v and given as:

cmn? smn

(i) 2 . ﬂ(ii) 2
(ii) _ 2 12 mn
v = |k A, ——— where k. A, ——"—>0 (B.14a)
cch cch
(ii) 2 ﬂ(u) 2
i) _ mn 2 172 Lt 2 12
Vo = C——K'S A where . -x. 4,20 (B.14b)
sh sh

where the new notation 3" is used along with the pair (v 1/

cmn ’ smn

Similar to the above process with (v v

cmn smn

), the finiteness condition for excess pore

water pressure at the centerline of stone column leads to B =0 in Equation (A.7a). By

setting 4" =1 without loss of generality as explained above, the solutions for the two
regions of the unit cell in Equations (A.7a) and (A.7b) are written as:

RO (r)=1,(vinr) (B.15a)

RO (ry= A J, (Vi r)+ B Y, (v r) (B.15b)
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To satisfy the two inequalities presented in Equations (B.14a) and (B.14b)

concurrently, the S values must satisfy the following:

mn

Ks /1m csh < ﬁ:gzlllz) < Kc ﬂ‘m \Y Cch (B16)

The following equations can also be derived analogous to Equations (B.5a), (B.5b)

and (B.5c¢):
(ii) (ii) (if) (i)
ﬁmn — ﬂcmn and ﬂ”# = M (B 1 7a)
C. b Con b
(i) (if)
ﬂ(n) — Con Hemn — Con Hmn (B.17b)
mn b b

i iy |Cs
Hi = Mo [~ (B.17¢)
cth

where 4"

cmn

and #" are the alternative forms of the eigenvalues B'" for the stone

smn

column and surrounding soil regions, respectively.

Substituting B =./c, 4" /b into Equation (B.16) and taking advantage of

smn

Equations (4.14) and (4.16), the condition for the eigenvalues ) is given by:

smn

Cob )y fa b, (B.18)

Integrating Equations (4.16) and (B.17a) with Equations (B.14a) and (B.14b), the

- (ii) (if) - .
equations for v’ and v, are written as:
2 (ii) 2 2 (@ )2
. 1) 1)
Vc(’lrlli — K_LZ n; _ ll’lcn;n — Kc m _ ll’lcmn (B.19a)
H b H b
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(if) 2 2 (i) 2
= te o [ ] (2 .19
b H b H

Carrying out the procedure similar to the case of eigenvalues pair (vgjn, f,’n)n) a new
transcendental equation is obtained:
N V(n) ] (zz) |: J (zz)b (‘ii) (ii) (zz)b :|
(”) cmn ( ) ( smn ) ( smn ) ( smn ) ( smn )
Vsmn (B.20)

(it) (it) (it) (it) (i) (ii)
+Vsmnl (chna)[ J( smnb) ( smn )+J( smn ) ( smnb)j|

and 2"

smn

where the eigenvalues "

cmn

are determined by substituting Equations (B.19a),
(B.19b), and (B.17c¢) into Equation (B.20); [, is the modified Bessel function of the first

kind of order one. The values of v and v

cmn smn

can also be determined via Equations

(B.19a) and (B.19b) once 4 and 4" have been resolved.

cmn smn

(if) (i)

The corresponding equations for A and B with respect to v and v are:
A AL[N v 1 (v a) 1, (v0a) v 1, (v0a) ¥, (v0a) (B21a)
B AL[N v (v0a) g, (via) + v 1, (vi0a) 7, (vi0a) (B21b)
where
AL =vin |, (via) Y, (vina)=J, (vina) % (vina) | (B.22)

Consequently, the eigenfunctions R” and R" are completely disclosed according

cmn smn

to Equations (B.15a) and (B.15b).
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Appendix C. Derivation of Green’s function for the non-homogeneous consolidation

problem

Before proceeding the derivation to attain the Green’s function for the non-
homogeneous consolidation problem defined by Equations (5.1) — (5.4), the notation ©
would be used to denote the excess pore water pressure solution for the homogeneous
problem. Then, applying the method of separation of variables, the solution of the
homogeneous problem for the excess pore water pressure at any point in the foundation

can be defined as:

®,(r,z,t) =0V (r,z,t) + O (r,z,) (rl. <r< rM) (i=12) (C.1)

where the components ®” and ®" are determined as follows:

) © X . . oy
0 (r,z,0) =) > CVW¥y) (r,2) e (n<r<r,) (C.2a)
m=1 n=1
(if) ® F(m) (ii) (if) B2,
ii ii ii -
®i (f", Z’ t) = Z Z Cmn \Pimn (r’ Z) e (l’; S r S ’/EH) (Czb)
m=1 n=1

where m and n are integer; C) and C are the Fourier-Bessel coefficients to be

@ and W' for the subscript i =1,2 are the eigenfunctions defined by:

imn imn

determined; ¥

Wi, (r.2)=J, (vinr) sin(4,2) (C.3a)
W, (r2) =] A, T, (vVinr)+ B, ¥, (Vi) | sin(4,2) (C3b)
Wi (r.2) =1, (vinr) sin(4,2) (C.3¢)
W, (r2) = [ AL, T (Vi) + B, Y, (vinr) | sin(4,2) (C3d)
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where J;, and Y, are the Bessel functions of the first and second kind of order zero,

respectively; 7, is the modified Bessel function of the first kind of order zero;

A, =Q2m—-1)z/2H are the eigenvalues in z-domain; 4" , B A" and B{" are the

2mn > 2mn > 2mn 2mn

constants; v\ vy and v are the eigenvalues for ¥ | WY @i and @i
, respectively, which can be determined via 4, B and " as:

Vien = \/(ﬁ,ff,z P—c, A, )/clh and v, = \/(ﬁr(nl; t—cy Ay )/CZh (C.4a)
Vigr = \/(Clv =B’ )/clh and vj,) = \/(ﬁrf;)lz) Py A )/Czh (C.4b)

inwhich ¢, =k, M, /y, and ¢, =k,M,/y, arethe consolidation coefficients for vertical
and horizontal directions for the column, respectively; ¢, =k, M,/y, and
¢,, =k,,M,/y, are the consolidation coefficients for vertical and horizontal directions

for the soil, respectively. It is important to note that due to the much higher modulus and
permeability of stone column than those of soft soil, the conditions ¢, >¢,, and ¢,, >¢,,

are valid. Consequently, the eigenvalues v | v = v apnd "

2mn

calculated by

Equations (C.4a) and (C.4b) are real when S and B satisfy the following:

B2 \Je, and A, Je, <Y <2, e, (C.5)

It is observed that the number of eigenvalues A

mn

is finite for a given value of m,

which is denoted by the upper limit F'(m) of the double series in Equation (C.2b).

Replacing the subscript i =1,2 in Equations (C.1) and (C.2) and incorporating with

the boundary conditions in Equations (5.2a), (5.2b) and (5.2¢), the following matrix
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equations to calculate the constants 4" | B . A™ = B" and the eigenvalues v ,
Vi vy can be achieved as:
(i) (i) (i)
JO (Vlmna) _']O (VZmna) _YO (VZmna) 1 0
(i) (i) (i) (i) (i) (i) @ ( _
Nk Vlmn 1 (Vlmna) _V2mn 1 (V2mna) _VZmn Yl (V2mna) A2mn - O (C6a)
(i)
(i) (i) (i) (i) B 0
L 0 _VZmn ']1 (VZmnb) _VZmn )/1 (VZmnb) 2mn
(ii) (i) (ii)
[0 (Vlmna) _JO (VZmna) _YO (VZmna) 1 0
(i) (i) (i) (ii) (i) (i) (i) ( _
_Nk Vlmn 11 (Vlmna) _V2mn Jl (V2mna) _VZmn )71 (VZmna) AZmn - 0 (C6b)
(i)
(i) (ii) (i) (ii) B 0
L 0 _VZmn Jl (VZmnb) _V2mn Yl (VZmnb) Zmn

where N, =k, /k,, is the column to soil horizontal permeability ratio; J, and Y, are the
Bessel functions of the first and second kind of order one, respectively; /, is the modified

Bessel function of the first kind of order one. Referring to Chapter 4, B and B along

mn

1(:,1),, s and v\?

2mn

A

Imn

p

2mn >

with v are attainable by enforcing the determinants of coefficient

matrices in Equations (C.6a) and (C.6b) to be zero in combination with Equations (C.4a)

and (C.4b).

To finalise the solutions in Equations (C.2a) and (C.2b), the initial conditions in
Equations (5.4a) and (5.4b) are applied for which the coefficients C) and C'” are

obtainable by taking the orthogonal expansion over the stone column and soft soil regions

as follows:
* 1 2 k H Tj+ * ro_r i ’ ' .
Col = v [ w062 o dr'd' (j=1,2) (C.7)
mn Jj=1 Jh J
and
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N =SR] [ ] e €9

where the superscript (*) has been recalled to denote the superscript (i) or (i7) in order

to avoid repeating expressions which have the same formulation in Equations (C.7) and

(C.8) as well as the following derivation.

Substituting Equation (C.7) into Equations (C.2a) and (C.2b) and rearranging the
resulting expressions, the solutions ®” and ®" can be rewritten applying Green’s

formula [188, 196] as:

2 H R «
O (rzn =Y [ [ GOzt 20, o, r dr' d=' (C.9)
= /
where
() "o ST el kjh ()
G! (r,z,t|r,z,t)‘t,_ozz; Z; Wi () e . e (', 2) (C.10)

Noting that the index 7 of the second summation in Equation (C.10) accepts the upper

limit as infinity or F(m) when the superscript (*) stands for (i) or (ii), respectively.
Then, the Green’s function GI.J(.*) (r,z,t|r',z',t") for t' > 0, can be obtained by replacing ¢

in Equation (C.10) with (z—¢") as follows:

oo/ F(m) 1

* Py = - =t k
GO (ryzt |72, 6) =Y 3 W (r,z) e ) ) (1 ) (C.11)

imn ( Jjmn
m=1 n=1 Nmn th

Therefore, the solutions in Equations (5.6) and (5.5) are completely disclosed when

the Green’s function Gl;*) has been achieved.
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Appendix D. Derivation of the excess pore water pressure u'~ in Equation (5.6)

corresponding to the investigation loadings in the example

Taking consideration of Equation (5.6), the expression of excess pore water pressure
dissipation u* is formulated corresponding to a time-dependent loading which is applied

instantaneously on the composite ground at time 7 = 0. Referring to [188, 196] regarding
the characteristics of Green’s function, the Green’s formula of excess pore water pressure

dissipation for a particular duration of load should include all previous instantaneous
(step) changes of the load. Therefore, the detailed expressions of u'” for the three

investigation loadings can be derived as follows:

Step loading

In connection to Equation (5.10a) and Figure 5.2a, the applied loading includes the step

increments ¢, at time /=0 and Ag, =q,,, —¢, at time 7 =¢, in which the load remains

unchanged during each loading duration. Hence, the second term on the right-hand side

of Equation (5.6) should be removed due to the zero loading rates for any time ¢ # {0, tl}

; then, the expression of ul.(*) has the following form:

ZZ: i Vi G(*) [ !d rd ’
Gzt [P 2N, oy rdridz (t<t])
= z'=0 r'=rp " t'=0 k

2
u(r,z,t) = ZIH Iml G (r,z,t|r, 2 t')‘ o, r'dr'dz (D.1)
i < = 2=0dr=r, ij 2 > r=0 0j .

2 H T
J* (*) ro_r gt ! ' '
+ ,»2-1 L:o.[ - G, (r,z,t|r',z't )L,:tl Ao, ;r'dr'dz (t=1)
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where Ao, | and Ao, , inaccordance with j =1,2 are the total vertical stress increments
within the stone column and soft soil caused by the instantaneous increase Ag, of load at

time ¢ =¢,.

It should be noted that o, =0, =9, and Ao, =Aoc, ,=Aq, owing to the

assumption of the uniform distribution of total vertical stresses in the composite ground

adopted in the example. Then, substituting Equation (C.11) into Equation (D.1) and
combining with Equation (C.7), the equation of uf*) for the step loading can be achieved

as:

\P(*)

imn

(r,z) C ¢/ (t<t,)

« N 2 — a2
\Pim)n(r’z) Cn(m) e B ‘i Dmax — 490 e B~ (1-17) (tZtl)

m=l  n=l qo

Ramp loading and sinusoidal loading
Considering Equations (5.10b) and (5.10c¢), and Figures 5.2b and 5.2¢, both the ramp and
sinusoidal loadings are applied instantly at time ¢ =0 with an initial surcharge ¢, and

then varied with time. Thus, the following equation of u'” for both the loading cases can

be obtained by substituting Equation (C.11) into Equation (5.6) and combining with

Equation (C.7):
. oo o/ F(m) . 2 .
u(rzn=3 3 Wiz Coll e +Te | (D.3)
m=1  n=1
where
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oo =L [l e A0 g
t

oA ” (D.4)

In which o, = o, = ¢ has been used for the derivation due to the uniform distribution of
the total vertical stresses in the composite stone column — soft ground. The detailed
expression of 79 for the ramp and sinusoidal loadings can be derived by substituting

Equations (5.10b) and (5.10c¢) into Equation (D.4), respectively, as follows:

A B _p2
T ﬂ(*”_l_e " ’} (r<t)
Ramp loading: 79 =< ™ Am" o N (D.5)
ok o P ) _ A r} (t=1)
qO mn
Bo _—ﬂ;;)ze’ﬁf";)z’+,6’rf;)2cos((p t)+@ysin (g t)]
Sinusoidal loading: 7 = L ’ i ’ (D.6)

mn (+)4 2
ﬂmn + ¢B
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Appendix E. Derivation of the average excess pore water pressure in soft soil (f)2

corresponding to the homogeneous consolidation formulation

The homogeneous consolidation formulation is the same as the consolidation problem

defined by Equations (6.1) — (6.4), in which the non-homogeneous terms do,/d¢ and
do, /ot would be eliminated from the governing equations described by Equations (6.1a)

and (6.1b). To distinguish from the excess pore water pressure solutions for the non-
homogeneous consolidation problem, the solutions for the homogeneous formulation
would be denoted as ®, similar to that presented in Appendix C of Chapter 5. Then,
referring to Appendix C, the excess pore water pressure solution at an arbitrary point in
the composite ground corresponding to the homogeneous problem would be determined

as:

0,(r,z,t)=0" (r,z,t) + O (1, z,1) (ri <r< 7”,-+1) i=12) (E.1)

where the components ®” and @' are determined as in Appendix C; the coefficient

C" corresponding to the initial total vertical stresses derived in Chapter 6 would be

expressed as:

* 1 d k H Tjn * ro_r ro_t ' ' ’ .
CrEm) :Wz._]hj‘z':oj‘r':rj \P_(jnzn (V ’Z) O-j (7" s Z 90)r dr dZ (.] = 15 2) (EZ)

mn J=1 cjh

The average excess pore water pressure for soft soil (?)2 (t) at any time t of the
homogeneous consolidation problem can be obtained by averaging ©,(r,z,¢) captured

by Equation (C.1) against radius and depth as follows:

0, () = m[ [" [ 270,0mz.0)rdr dz} (E.3)
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Therefore, the ending time of the consolidation in soft soil corresponding to the

homogeneous consolidation formulation (tf) can be obtained by combining Equation

(E.3) with the condition in Equation (6.22).
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Appendix F. Derivation of the excess pore water pressure solutions for the non-

homogeneous consolidation formulation

To finalise the solution of excess pore water pressure u'” in Equation (6.24)

corresponding to the non-homogeneous consolidation problem, the following Green’s
function G;” derived in Appendix C of Chapter 5 would be utilised:

oo oo/ F(m) " , 1 k
GO(rzt |2, t) =Y 3 P (rz) e ) —— ) () (F.1)

imn (*)
m=1  n=1 N th

mn

By substituting Equation (F.1) into Equation (6.24) and incorporating Equation (C.7),
the following equation for uf*) would be attained:

o oo/ F(m)

u(rz =Y, D Wa(n2) | Gl el T | (F2)
m=1 n=l
where
T(%) 1 &G kypr o ) (ot 1 . Vorr g
Cmn B N(*) ZC_J.Z,:OJ.F,:L le”’” (l" ’Z) I:ij(r Z )_q0:|r d]" dZ (F3)
mn Jj=1 % jh /
G _ [' *ﬂ,ﬁff,)z(l*f’)a]f_(t’) ’ N _(1_ ¢t 05
"= Lzoe o dt'  where f(¢)= (1 e ) (F.4)

It should be noted that although the Fourier-Bessel coefficient Cnff) in Equation (F.3) can

be calculated using numerical integrations, an explicit form of C!* can also be obtained

for the convenient computational purposes for practical application by replacing the total

vertical stresses o, in Equation (F.3) with their corresponding average expressions

against radius.
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Consequently, the excess pore water pressures u'~ in Equation (F.2) and then u, in

Equation (6.23) are entirely revealed when C'” and T have been attained via

Equations (F.3) and (F.4), respectively.
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