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ABSTRACT

Graphs have been widely used to model sophisticated relationships between dif-

ferent entities due to their strong representative properties. Social networks,

traffic networks, and biological networks are among the applications that benefit

from being expressed as graphs. The cohesive subgraph is an essential structure

for understanding the organization of many real-world networks, and cohesive

subgraph detection is a crucial problem in network analysis. There are many

cohesive subgraph models, such as k-core, strongly connected component, and

maximum density subgraph.

Uncertain graph management and analysis have attracted much research at-

tention. Among them, computing k-cores in uncertain graphs (aka, (k, ⌘)-cores)

is an important problem and has emerged in many applications. However, the

existing algorithms for computing (k, ⌘)-cores heavily depend on the two input

parameters k and ⌘. In addition, computing and updating the ⌘-degree for each

vertex is the costliest component in the algorithm, and the cost is high.

To overcome these drawbacks, we propose an index-based solution for com-

puting (k, ⌘)-cores. The index size is well-bounded by O(m), where m is the

number of edges in the graph. Based on the index, queries for any k and ⌘ can

be answered in optimal time. We propose an algorithm for index construction

with several different optimizations.

We also discuss the (k, ⌘)-core computation when graphs cannot be entirely

stored in memory. We adopt the semi-external setting, which allows O(n) mem-
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ory usage, where n is the number of vertices in the graph. This assumption is

reasonable in practice, and it has been widely adopted in massive graph analysis.

We design an index-based solution for I/O efficient (k, ⌘)-core computation.

Given the frequent updates in many real-world graphs, detecting strongly

connected components (SCC) in dynamic graphs is a very complicated problem.

In the thesis, we study the fully dynamic depth-first search (DFS) problem in

directed graphs, which is a crucial basis of dynamic SCC detection. In the liter-

ature, most works focus on the dynamic DFS problem in undirected graphs and

directed acyclic graphs. However, their methods cannot easily be applied in the

case of general directed graphs. Motivated by this, we propose a framework and

corresponding algorithms for both edge insertion and deletion in general directed

graphs. We further give several optimizations to speed up the algorithms.

We conduct extensive experiments on several large real-world graphs to prac-

tically evaluate the performance of all proposed algorithms.

vi



PUBLICATIONS

• Bohua Yang, Dong Wen, Lu Qin, Ying Zhang, Lijun Chang, and Rong-

Hua Li. Index-Based Optimal Algorithm for Computing K-Cores in Large

Uncertain Graphs. In 2019 IEEE 35th International Conference on Data

Engineering (ICDE), pages 64-75. IEEE, 2019.

• Bohua Yang, Dong Wen, Lu Qin, Ying Zhang, Xubo Wang, and Xuemin

Lin. Fully Dynamic Depth-First Search in Directed Graphs. Proceedings

of the VLDB Endowment, 13(2):142-154, 2019.

• Dong Wen, Bohua Yang, Lu Qin, Ying Zhang, Lijun Chang, and Rong-

Hua Li. Computing K-Cores in Large Uncertain Graphs: An Index-based

Optimal Approach. IEEE Transactions on Knowledge and Data Engineer-

ing (TKDE), 2020.

• Dong Wen, Bohua Yang, Ying Zhang, Lu Qin, Dawei Cheng, and Wenjie

Zhang. Span-Reachability Querying in Large Temporal Graphs. The VLDB

Journal, Revision Submitted.

vii



TABLE OF CONTENT

CERTIFICATE OF AUTHORSHIP/ORGINALITY ii

ACKNOWLEDGEMENTS iii

ABSTRACT v

PUBLICATIONS vii

TABLE OF CONTENT viii

LIST OF FIGURES xi

LIST OF TABLES xiii

Chapter 1 INTRODUCTION 1
1.1 Core Computation in Large Uncertain Graphs . . . . . . . . . . . 2
1.2 Fully Dynamic DFS in Large Directed Graphs . . . . . . . . . . . 7
1.3 Graph Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
1.4 Roadmap . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

Chapter 2 LITERATURE REVIEW 15
2.1 k-Core and Uncertain Graphs . . . . . . . . . . . . . . . . . . . . 15
2.2 SCC and DFS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.3 Other Cohesive Subgraph Models . . . . . . . . . . . . . . . . . . 21

Chapter 3 INTERNAL MEMORY CORE COMPUTATION IN
LARGE UNCERTAIN GRAPHS 25

3.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
3.2 Preliminary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
3.3 Online (k, ⌘)-Cores Computation . . . . . . . . . . . . . . . . . . 28

3.3.1 An Existing Solution for ⌘-Core Decomposition . . . . . . 28
3.3.2 Our Approach to Compute (k, ⌘)-Cores . . . . . . . . . . . 31

3.4 An Index-based Approach . . . . . . . . . . . . . . . . . . . . . . 34

viii



TABLE OF CONTENT

3.4.1 The Index Structure . . . . . . . . . . . . . . . . . . . . . 34
3.4.2 Query Processing . . . . . . . . . . . . . . . . . . . . . . . 36
3.4.3 Index Construction . . . . . . . . . . . . . . . . . . . . . . 37

3.5 Making Query Processing Optimal . . . . . . . . . . . . . . . . . 40
3.5.1 Forest-based Index Structure . . . . . . . . . . . . . . . . . 41
3.5.2 Optimal Query Processing . . . . . . . . . . . . . . . . . . 43
3.5.3 Optimizations for the Index Construction Algorithm . . . 46

3.6 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.6.1 Performance of Query Processing . . . . . . . . . . . . . . 53
3.6.2 Performance of Index Construction . . . . . . . . . . . . . 55

3.7 Chapter Summary . . . . . . . . . . . . . . . . . . . . . . . . . . 60

Chapter 4 SEMI-EXTERNAL MEMORY CORE COMPUTA-
TION IN LARGE UNCERTAIN GRAPHS 61

4.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
4.2 UCF-Index in External Memory . . . . . . . . . . . . . . . . . . . 62
4.3 Local ⌘-Threshold Computation . . . . . . . . . . . . . . . . . . . 63
4.4 Semi-external Algorithms . . . . . . . . . . . . . . . . . . . . . . . 65
4.5 Further Optimizations . . . . . . . . . . . . . . . . . . . . . . . . 68

4.5.1 Reducing ⌘-Threshold Estimations . . . . . . . . . . . . . 68
4.5.2 Partial Neighbor Loading . . . . . . . . . . . . . . . . . . 68
4.5.3 Vertex Ordering . . . . . . . . . . . . . . . . . . . . . . . . 69

4.6 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
4.6.1 Performance of Semi-external Query Processing . . . . . . 70
4.6.2 Performance of Semi-external Index Construction . . . . . 70

4.7 Chapter Summary . . . . . . . . . . . . . . . . . . . . . . . . . . 75

Chapter 5 FULLY DYNAMIC DEPTH-FIRST SEARCH IN
LARGE DIRECTED GRAPHS 77

5.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
5.2 Preliminary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
5.3 A Flexible Framework . . . . . . . . . . . . . . . . . . . . . . . . 80

5.3.1 Efficient Validity Check . . . . . . . . . . . . . . . . . . . 80
5.3.2 The Framework . . . . . . . . . . . . . . . . . . . . . . . . 82
5.3.3 Framework Analysis . . . . . . . . . . . . . . . . . . . . . 83

5.4 Implementations . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
5.4.1 Edge Insertion . . . . . . . . . . . . . . . . . . . . . . . . . 87
5.4.2 Edge Deletion . . . . . . . . . . . . . . . . . . . . . . . . . 89

5.5 The Improved Approaches . . . . . . . . . . . . . . . . . . . . . . 90
5.5.1 Edge Insertion . . . . . . . . . . . . . . . . . . . . . . . . . 91
5.5.2 Edge Deletion . . . . . . . . . . . . . . . . . . . . . . . . . 95

ix



TABLE OF CONTENT

5.5.3 Batch Update . . . . . . . . . . . . . . . . . . . . . . . . . 102
5.6 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

5.6.1 Overall Efficiency . . . . . . . . . . . . . . . . . . . . . . . 106
5.6.2 Effectiveness of Optimizations . . . . . . . . . . . . . . . . 109
5.6.3 Scalability Test . . . . . . . . . . . . . . . . . . . . . . . . 110
5.6.4 Memory Usage . . . . . . . . . . . . . . . . . . . . . . . . 112

5.7 Chapter Summary . . . . . . . . . . . . . . . . . . . . . . . . . . 112

Chapter 6 EPILOGUE 115

BIBLIOGRAPHY 117

x



LIST OF FIGURES

1.1 The (k, ⌘)-cores of G for k = 2 and ⌘ = 0.3 . . . . . . . . . . . . . 3
1.2 An example graph G and its DFS-Tree T (� is a virtual root

connecting all vertices in G) . . . . . . . . . . . . . . . . . . . . . 8

3.1 The UCO-Index of G . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.2 The ⌘-tree of G for k = 2 . . . . . . . . . . . . . . . . . . . . . . . 43
3.3 The optimization of core-based ordering . . . . . . . . . . . . . . 47
3.4 Query time for different k (⌘ = 0.5) . . . . . . . . . . . . . . . . . 54
3.5 Query time for different ⌘ (k = 15) . . . . . . . . . . . . . . . . . 56
3.6 Query time on different datasets . . . . . . . . . . . . . . . . . . . 56
3.7 Index size for different datasets . . . . . . . . . . . . . . . . . . . 57
3.8 Time cost for index construction . . . . . . . . . . . . . . . . . . . 58
3.9 Scalability of index construction . . . . . . . . . . . . . . . . . . . 59

4.1 The UCEF -Index of G for k = 2 . . . . . . . . . . . . . . . . . . 62
4.2 Query time on different datasets . . . . . . . . . . . . . . . . . . . 71
4.3 I/O cost of external query processing . . . . . . . . . . . . . . . . 71
4.4 Memory usage for external index construction . . . . . . . . . . . 72
4.5 Time cost for external index construction . . . . . . . . . . . . . . 73
4.6 I/O cost for external index construction . . . . . . . . . . . . . . 73
4.7 Speedup for external index construction . . . . . . . . . . . . . . 74
4.8 I/O reduction for external index construction . . . . . . . . . . . 75
4.9 Scalability of external index construction on Orkut . . . . . . . . 76

5.1 The non-tree edges and time intervals of the DFS-Tree T . . . . . 80
5.2 The updated DFS-Tree for the inserted edge (v8, v13) in the graph

G . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
5.3 The updated DFS-Tree for the deleted edge (v5, v6) in the graph G 90
5.4 Running time for edge insertion . . . . . . . . . . . . . . . . . . . 106
5.5 Running time for edge deletion . . . . . . . . . . . . . . . . . . . 107
5.6 Running time for tree updates . . . . . . . . . . . . . . . . . . . . 108
5.7 Percentage of vertices performing graph search or tree search . . . 111
5.8 Scalability for edge insertion . . . . . . . . . . . . . . . . . . . . . 113

xi



LIST OF FIGURES

5.9 Scalability for edge deletion . . . . . . . . . . . . . . . . . . . . . 114
5.10 Memory usage . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

xii



LIST OF TABLES

1.1 Notations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3.1 Network statistics . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

5.1 Network statistics . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
5.2 Percentage of forward-cross edge insertions . . . . . . . . . . . . . 109
5.3 Percentage of tree edge deletions . . . . . . . . . . . . . . . . . . . 109

xiii



LIST OF TABLES

xiv



Chapter 1

INTRODUCTION

The graph is a critical data structure that has many applications, such as social

networks, transport networks, knowledge bases and biological networks. Specifi-

cally, a social network can be modeled as a large graph where users are vertices,

and the friend connections are edges. And there are many cohesive subgraphs in

a social network because people are always willing to make friends with others

who have the similar interest or experience with them. In graph theory, a co-

hesive structure in a graph is a group of vertices that are similar to each other

and different from the rest of the graph, and the cohesive subgraph is the in-

duced subgraph of cohesive structure. Many network applications are developed

based on cohesive subgraphs. For example, the cohesive subgraph is useful for

friend recommendation because users in a cohesive subgraph are more likely to

be friends. Therefore, cohesive subgraph detection is a fundamental and crucial

problem in network analysis.

Even though the cohesive subgraph detection problem has been studied for

several decades, several specific problems are still insufficiently studied. In the

thesis, we select two fundamental and important problems: core computation

[58] in large uncertain graphs and strongly connected component detection [21]
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Chapter 1 1.1. CORE COMPUTATION IN LARGE UNCERTAIN GRAPHS

in large dynamic graphs. For the first problem, we design index-based algorithms

under internal memory and semi-external memory settings separately. For the

second problem, we study the fully dynamic depth-first search problem in large

directed graphs, an essential basis of the original problem. Several algorithms

based on depth-first search can compute strongly connected component in linear

time [59, 63, 24]. The algorithm for solving the dynamic strongly connected

component detection will emerge from the solution of dynamic depth-first search.

1.1 Core Computation in Large Uncertain

Graphs

Many real-world applications contain uncertainty in the form of noise [2], mea-

surement errors [1], the accuracy of predictions [47], privacy concerns [12], and

so on. These uncertain relationships are often modeled as an uncertain graph,

where the actual existence of each edge is assigned an “existence probability”.

A large number of studies on uncertain graph analysis and management have

involved combining fundamental graph problems with uncertain graph models.

These studies span a range of tasks, such as reliability searches[40], frequent

pattern mining [78] and dense subgraph detection [39]. Among the solutions, k-

core is a popular and well-studied cohesive subgraph metric [58], and the k-core

conception in the uncertain graph model is originally formalized in [13].

k-Cores in Deterministic Graphs. Given a deterministic graph, a k-core is

a maximal connected subgraph in which each vertex has a degree of at least k

[58]. k-cores are computed by iteratively removing the vertex with the minimum

degree and incident edges. This is done in linear time. Computing k-cores has a

large number of real-world applications: community detection [22, 32], network

visualization [4], network topology analysis [58], system structure analysis [74],

2



1.1. CORE COMPUTATION IN LARGE UNCERTAIN GRAPHS Chapter 1
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Figure 1.1: The (k, ⌘)-cores of G for k = 2 and ⌘ = 0.3

protein-protein interaction network analysis [6], and so on. It also serves to find

an approximation result for densest subgraph [5], betweenness score [34].

(k, ⌘)-Cores in Uncertain Graphs. In the context of uncertain graph models,

the degree of each vertex is uncertain. A (k, ⌘)-core model in uncertain graphs

is formalized in [13]. A (k, ⌘)-core is a maximal subgraph in which each vertex

has at least a probability of ⌘ that the degree of this vertex is at least k. Note

that, in this study, we have imposed a connectivity constraint to ensure the co-

hesiveness of the resulting subgraph, i.e., a (k, ⌘)-core is connected. Figure 1.1

illustrates an example of the (k, ⌘)-cores. Here, given an integer k = 2 and a

probability threshold ⌘ = 0.3, the uncertain graph contains two (2, 0.3)-cores —

G[{v2, v3, v4, v5}] and G[{v7, v9, v10}]. Computing the (k, ⌘)-cores can be natu-

rally applied in the aforementioned areas. For example, in DBLP collaboration

network, each vertex represents an author, and edges represent co-authorships.

The edge probability is an exponential function based on the number of collabo-

rations [52]. A (k, ⌘)-core in this case may be a research group. In addition, [13]

introduced some specific applications for (k, ⌘)-cores associated with uncertain

graph models, such as influence maximization and task-driven team formation.

Given an uncertain graph G, an integer k and a probability threshold ⌘, this

3



Chapter 1 1.1. CORE COMPUTATION IN LARGE UNCERTAIN GRAPHS

work explores the problem of efficiently computing all the (k, η)-cores in G. In

other words, our aim is to compute a set of vertex sets, and the induced subgraph

of each vertex set is a (k, η)-core.

The Online Approach. In [13], (k, η)-cores are derived using an η-core decom-

position algorithm. The algorithm computes an η-core number for each vertex

u in G, where the η-core number for u is the largest integer k such that a (k, η)-

core containing u exists. Let the η-degree of a vertex u be the largest possible

degree such that the probability of u to have that degree is no less than η. The

algorithm iteratively removes the vertex with the minimum η-degree and up-

dates the η-degrees of the neighbors. With a small modification, this algorithm

could compute all the (k, η)-cores in our problem. Specifically, we can iteratively

remove all the vertices with η-degrees of less than k and derive a set of result-

ing vertices. The final result can then be generated by performing a connected

component detection procedure.

Motivation. Even though the online approach can successfully compute the

(k, η)-cores, several challenges remain:

• Parameters Tuning. The results heavily depend on two input parameters,

k and η, and these parameter settings usually depend on the topological

structure of the input graph along with user’s subjective requirements. To

arrive at a satisfying result, users may need to run the algorithm several times

to properly tune the parameters.

• Query Efficiency. Computing and updating the η-degree for each vertex is

costly and accounts for the majority of the running time in the algorithm.

Even though [13] proposes a dynamic programming approach to partially

offset this problem, the algorithm is still time-intensive and is not scalable to

large uncertain graphs.

4



1.1. CORE COMPUTATION IN LARGE UNCERTAIN GRAPHS Chapter 1

An Index-based Approach. Motivated by these challenges, we have devel-

oped an order-based index structure, called UCO-Index. The general idea is to

retain the resulting vertices for every possible k and ⌘. Specifically, a probabil-

ity order for each vertex is maintained. Given an integer k and a probability

threshold ⌘, a vertex in the result set is identified by comparing the k-th value

in the order for the vertex with ⌘. The final result is then produced by per-

forming a connected component detection on the vertex set. We have imposed

a bound on the length of the order for each vertex according to the core num-

ber, i.e., the largest integer k such that a k-core exists containing this vertex.

Therefore, the space for the UCO-Index is well-bounded by O(m), where m is

the number of edges in the graph. The time complexity for query processing is

O(n+
P

u2C Deg(u)) for every possible parameter setting of k and ⌘, where n is

the number of vertices and
P

u2C Deg(u) is the sum of degrees of all the vertices

in the result set C.

There is still room to reduce the amount of time it takes for query processing

based on the UCO-Index. Hence, we further propose an alternative method for

computing the (k, ⌘)-cores based on a forest index structure, called UCF -Index.

In this method, rather than maintaining the order of each vertex, UCF -Index

maintains a tree structure for each integer k. Each tree node contains a set of

vertices, and a probability value is assigned to the tree node, which means a cor-

responding (k, ⌘)-core that contains these vertices exists. The size of UCF -Index

is also bounded by O(m). Using the UCF -Index, we make the time complexity

of query processing optimal. In other words, let |C| be the number of vertices in

the result set. The running time of the query algorithm is bounded by O(|C|).

Further, we have explored two optimizations to speed up construction of the

index. The first one is called core-based reduction. By computing the core num-

ber of each vertex, some unnecessary neighbors of each vertex are pruned to

5



Chapter 1 1.1. CORE COMPUTATION IN LARGE UNCERTAIN GRAPHS

reduce the running time required to compute and update the probabilities for

each vertex. This approach is especially effective in the last few iterations of the

index construction algorithm. The second optimization is called core-based or-

dering. This approach avoids the need for repeated computations of each vertex

in the dynamic programming schema as each iteration of index construction algo-

rithm proceeds without breaking the correctness. Our experiments demonstrate

a significant increase in speed as a result of these two optimizations.

I/O Efficient Query Processing. We also study an index-based solution

when a graph cannot be entirely loaded in memory. We adopt the semi-external

setting [69, 76], which allows O(n) memory usage. The structure of UCF -Index

can be naturally stored in external memory. We use the same strategy of in-

memory query processing to derive results from the external index and achieve

the optimal I/O complexity O(|C|/B). To construct UCEF -Index in external

memory, straightforwardly using the strategy of in-memory index construction

incurs significant I/O cost due to frequent random accesses of external memory.

We propose a new framework for external index construction and derive the

index by sequentially accessing the external graph in several iterations. Several

optimizations are also given to further improve the efficiency.

Contributions. The main contributions of this work are summarized as follows:

• The first index-based solution for computing (k, η)-cores in uncertain graphs.

This study presents an effective index structure, called UCF -Index, for com-

puting all the (k, η)-cores. The size of UCF -Index is well-bounded by O(m).

To the best of our knowledge, this is the first index-based solution to this

problem.

• Optimal query processing. We present an efficient query algorithm based on

UCF -Index for any possible k and η. The time complexity is optimal and

linear to the number of vertices in the result set.

6
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• Optimizations for index construction. We give two optimizations, core-based

reduction and core-based ordering, to improve the efficiency of index con-

struction.

• Index Construction in External Memory. We propose a new framework for

index construction in external memory. Several optimizations are given to

reduce I/O cost and further improve the efficiency.

• Extensive performance studies on both real-world and synthetic datasets. Ex-

tensive experiments were conducted with all the proposed algorithms on eight

real-world datasets. The results demonstrate that this index-based approach

is several orders of magnitude faster than the online approach.

The details of this work are presented in Chapter 3 and Chapter 4.

1.2 Fully Dynamic DFS in Large Directed Graphs

Depth-first search (DFS) [21] is an algorithm to traverse a graph. It searches the

vertices along a graph as far as possible in each branch before backtracking. The

process of a DFS is naturally represented as a search spanning tree following the

depth-first order, named the DFS-Tree. Given a graph G in Figure 1.2(a), one

possible DFS-Tree T of G is shown in Figure 1.2(b). The time complexity for

performing a DFS traversal and generating a DFS-Tree in a graph G(V,E) is

O(|V | |E|) [63].

DFS is a fundamental algorithm in graph analysis and is the basis for ef-

ficiently solving numerous graph problems, such as testing graph reachability

[73, 62], detecting strongly connected components[59, 63, 24], detecting bicon-

nected components [35], finding graph bridges [64], finding paths, detecting cy-

cles [67], testing bipartiteness, testing graph planarity [36, 23], and topological

7
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Figure 1.2: An example graph G and its DFS-Tree T (� is a virtual root con-
necting all vertices in G)

sorting [65]. These algorithms perform DFS traversal as a subroutine. They

require access to vertices in the depth-first order.

In many real-world applications, graphs dynamically update over time. Given

the importance of DFS, the DFS-Tree maintenance problem in dynamic directed

graphs is insufficiently studied. In this work, we examine this problem, which

is to update the DFS-Tree for an inserted or deleted edge. The aforementioned

applications of DFS benefit from this study. Specifically, in many graph problems

such as computing strongly connected components [63], biconnected components

[35], and finding graph bridges [64], a key step is to compute the reachable

ancestor with the lowest depth of each vertex in the DFS-Tree. Based on this

study, we can simply finish this task by directly tracking the updated DFS-Tree

of the graph. For example, in detecting biconnected components, it is required to

compute a DFS-Tree of the graph and then traverse the tree to get the shallowest

position that each vertex can reach. When the graph updates, we can derive an
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updated DFS-Tree instead of performing the DFS traversal from scratch. We

can also simultaneously maintain the interval label (discovery time and finish

time) of each vertex as a byproduct in the DFS-Tree. The interval label is used

in several works [73, 62] as a part of the index to test the graph reachability.

These works filter out the queries if two vertices are connected in the tree, and it

only takes constant time to check the reachability in the tree using the interval

labels. Based on the study in this work, we can immediately derive the updated

interval labels when the graph updates instead of rerunning DFS. In addition,

in puzzle problems such as mazes, users can check the updated interval labels to

efficiently identify the connectivity from the entrance to the goal when the maze

updates. They can also directly search the updated DFS-Tree to find a solution.

Existing Works and Challenges. The DFS-Tree maintenance problem for

directed acyclic graphs and undirected graphs has been well studied in the litera-

ture. However, these techniques cannot be applied to the DFS-Tree maintenance

of general directed graphs.

For directed acyclic graphs, [29] and [8] investigate the DFS-Tree maintenance

problem under incremental and decremental settings, respectively. Franciosa et

al. [29] update the DFS-Tree by locating a range of vertices according to the

postorder of the DFS-Tree. They only reconstruct the tree structure for the

located range of vertices. Correctness is guaranteed by the property of directed

acyclic graphs that there is no backward edge in its DFS-Tree. However, if we

follow the same procedure as that in [29] in general directed graphs, a backward

edge starting from a vertex in the located range and ending at a vertex outside

the range may become a forward-cross edge after the update is finished. Here,

an edge (s, t) is a forward-cross edge if s is visited before t in the preorder of the

tree, and there is no ancestor-descendant relationship between s and t. A tree

with any forward-cross edge is not a valid DFS-Tree. Considering a deleted tree

9



Chapter 1 1.2. FULLY DYNAMIC DFS IN LARGE DIRECTED GRAPHS

edge (u, v), the decremental algorithm proposed by Baswana and Choudhary [8]

iteratively finds a new position for each vertex in the subtree of v following the

topological order. The property of directed acyclic graphs guarantees that the

in-neighbors of a vertex do not contain its descendants in the DFS-Tree, whereas

in general directed graphs, a vertex may have a descendant as a potential parent

which cannot be appended back to the tree.

Baswana et al. [7, 10] and Chen et al. [16, 17] propose fully dynamic al-

gorithms to maintain the DFS-Tree in undirected graphs. They partition the

DFS-Tree into disjoint subtrees and paths. The property of undirected graphs

guarantees that there is no cross edge between subtrees, and the neighbor of a

vertex appears either as its ancestor or its descendant in the DFS-Tree. However,

these properties are not applicable to directed graphs since a directed graph may

have cross edges in its DFS-Tree, and two adjacent vertices do not always have

ancestor-descendant relationships.

Baswana et al. [9] design an incremental algorithm to maintain a DFS-Tree

in general directed graphs based on the algorithm presented in [29]. They make

use of a structure called stick, which is a long downward path from the root on

which there is no branching after a large number of edge insertions [9]. However,

the stick structure may be broken due to the edge deletion. Therefore, their

algorithm cannot be easily used in the fully dynamic setting. Motivated by the

above limitations, we propose efficient, easy-to-implement, and fully dynamic

algorithms for DFS-Tree maintenance in general directed graphs.

Our Solution. Given a graph G and its DFS-Tree T , it is necessary to update

the DFS-Tree T if a forward-cross edge has been inserted or a tree edge has

been deleted. We use the time intervals to efficiently check the edge type in

constant time, where the time interval of a vertex u is an interval starting from

the discovery timestamp and ending at the finish timestamp of u in DFS. For

10
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the clarity of presentation, we add a virtual root � connecting all vertices in the

graph, so there always exists a DFS-Tree for any graph. An edge removal opera-

tion for edge (s, t) can be transformed into appending the subtree rooted at t to

end of the children list of the virtual root �, and this step may generate several

new forward-cross edges due to the back movement of the subtree. Therefore,

the tree update is essential to eliminate the forward-cross edges for both edge

insertion and deletion. Instead of naively reconstructing the whole DFS-Tree,

we first propose a general framework for the tree update based on the concept of

time interval. The key step in the framework is to set a range called candidate

interval. The candidate interval locates a small set of vertices. We replace the

DFS-subtree induced by these vertices by performing DFS only for these vertices

in the new graph, whereas the other part of the DFS-Tree remains unchanged.

We give the implementations for both edge insertion and deletion. By carefully

setting the candidate interval, the computed DFS-Tree is guaranteed to be valid.

To improve the algorithmic efficiency of the basic implementation, we propose

several optimizations for both edge insertion and deletion from two perspectives.

First, we aim to refine the candidate interval and reduce the number of influenced

vertices. Instead of using a fixed candidate interval, we adopt a new strategy

that dynamically updates the candidate interval during the process of DFS. We

guarantee that the search scope is at most the same as that in the basic algorithm

in the worst case. Second, we transform a part of the graph search to the tree

search. Recall that in the basic implementation, we scan the out-neighbors of all

located vertices in DFS to collect their children in the updated DFS-Tree. We

observe that the (tree) children of a set of vertices in the old DFS-Tree can be

reused in the updated DFS-Tree, so we avoid scanning the out-neighbors of these

vertices in the graph. Our experiments show that the proportion of this kind

of vertices is very large, and this optimization greatly speeds up the algorithm

11
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especially in large graphs with many high-degree vertices.

Contributions. We summarize the main contributions in this work as follows.

• A general and flexible framework. We design a novel framework for both

edge insertion and deletion. To the best of our knowledge, we are the

first to study the fully dynamic DFS-Tree maintenance problem in general

directed graphs from the perspective of practical implementation.

• Easy-to-implement algorithms. We develop algorithms based on the pro-

posed framework for both operations. The algorithms are easy to imple-

ment in practice.

• Two groups of optimizations. We optimize the algorithms for both oper-

ations in two directions. One is to tighten the candidate interval. This

reduces the search scope and guarantees that the running time of algo-

rithms only depends on the neighbors of vertices whose visiting time has

been changed in the updated DFS-Tree. The other one is to scan the

children in the DFS-Tree instead of the out-neighbors in the graph for a

large proportion of visited vertices. This optimization further improves the

algorithmic efficiency.

• Extensive experiments. We conduct experiments on 12 real-world networks

to show the performance of our proposed algorithms and the effectiveness

of our optimizations.

The details of this work are presented in Chapter 5.

1.3 Graph Model

We consider undirected graphs in Chapter 3 and Chapter 4. Given a deter-

ministic undirected graph G(V,E), V is the set of vertices and E is the set of

12
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edges. Given a vertex u in G, the neighbor set of u is denoted as N(u,G), i.e.,

N(u,G) = {v 2 V |(u, v) 2 E}. The degree of u is denoted as deg(u,G), i.e.,

deg(u,G) = |N(u,G)|. We use the terms N(u) and deg(u) for simplicity when

the context is clear. Given a set of vertices V 0, the induced subgraph of V 0 is

denoted as G[V 0], i.e., G[V 0] = (V 0, {(u, v) 2 E|u, v 2 V 0}). Given an uncertain

undirected graph G(V,E, p), p is a function that maps each edge to a probability

value in [0, 1] in addition to the vertex set V and the edge set E. The probability

of an edge e 2 E is denoted by pe. We denote the neighbor set and the degree

of a vertex u in an uncertain graph G as N (u,G) and Deg(u,G), respectively.

We consider directed graphs in Chapter 5. Given a directed graph G(V,E), V

is the set of vertices and E is the set of edges in G. The numbers of vertices and

edges are denoted by n and m, respectively, i.e., n = |V | and m = |E|. Given a

vertex u, we denote the in-neighbors (resp. out-neighbors) of u by Nin(u) (resp.

Nout(u)), and denote the in-degree (resp. out-degree) of u by din(u) = |Nin(u)|

(resp. dout(u) = |Nout(u)|).

Several frequently used notations are summarized in Table 1.1.

1.4 Roadmap

The rest of this thesis is organized as follows. Chapter 2 lists related works.

Chapter 3 presents an index-based solution for computing (k, ⌘)-cores. Chap-

ter 4 describes an index-based solution for I/O efficient (k, ⌘)-core computation.

Chapter 5 contributes to the fully dynamic DFS in directed graphs. Chapter 6

concludes the whole thesis.
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Table 1.1: Notations

Notation Description
N(u,G) the neighbors of vertex u in deterministic undirected graphs G
deg(u,G) the degree of vertex u in deterministic undirected graphs G
N (u,G) the neighbors of vertex u in uncertain undirected graphs G
Deg(u,G) the degree of vertex u in uncertain undirected graphs G
G[V 0] the induced subgraph of vertex set V 0

core(u) the core number of vertex u
⌘-core(u) the ⌘-core number of vertex u
Nin(u) the in-neighbors of vertex u in directed graphs
Nout(u) the out-neighbors of vertex u in directed graphs
din(u) the in-degree of vertex u in directed graphs
dout(u) the out-degree of vertex u in directed graphs
C(u) the children list of vertex u in the DFS-Tree T
T (u) the vertex set in the subtree rooted at u in T
IT (u) the time interval of u in T
T [t] the visited vertex at the timestamp t in T
T [l, r] the visited vertex set in the interval [l, r] in T
T (I) equivalent to T [I.left, I.right]
Tnew the updated DFS-Tree
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Chapter 2

LITERATURE REVIEW

2.1 k-Core and Uncertain Graphs

The k-core is a typical cohesive subgraph model. It is a maximal connected

subgraph in which each vertex has at least k neighbors within this subgraph

[46]. For example, in a social network, a k-core cohesive subgraph is a maximal

group of users in which every user has at least k friends within this group. k-core

satisfies the structure cohesiveness. The core decomposition problem, a cohesive

subgraph detection problem, is to find k-core of a graph for all k. This problem

has been widely studied by researchers. One of the most important reasons is

that it can be computed in linear time [11]. Compared with k-core, some similar

definitions of cohesive subgraph are inefficient to calculate or even NP-hard.

Many real-world graphs need to be updated dynamically. For example, in a

social network, a new edge is generated when someone adds a new friend. So

[55] proposed a traversal algorithm to maintain the core number of each vertex.

More detailed, without computing the entire graph, this algorithm locates a

small subgraph that is guaranteed to contain all the vertices whose core number

should be updated, and efficiently process this subgraph to update the k-core
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decomposition [55]. However, [75] found that there are a lot of unnecessary com-

putations in the traversal algorithm given by [55]. Therefore, they proposed an

order-based algorithm for core maintenance which can outperform the traversal

algorithm up to 3 orders of magnitude.

Most core decomposition algorithms assume that the memory can load the

entire graphs. But many real-world graphs are too massive to reside in memory.

So, [18] proposed the first external memory algorithm for core decomposition

in large-scale graphs. More detailed, they developed a top-down algorithm that

computes the k-core from larger values of k to smaller ones, and reduce search

space and I/O cost by removing the vertices in each calculated k-core [18]. This

algorithm first divides the graph into some small parts. Second, it estimates

the upper bound of the core number of vertices in each part. Finally, it uses

a top-down strategy to load as many as parts into memory and computes the

core number of vertices by an in-memory approach [18]. [69] proposed a semi-

external core decomposition algorithm which can bound the memory size. And

this semi-external algorithm can support edge insertion and deletion.

A large number of real-world graphs are too massive to compute in a sin-

gle machine. The graph is saved and calculated separately in more than one

computer. We have to consider how many machines work together efficiently.

Therefore, [49] proposed a distributed algorithm for core decomposition in the

distributed environment. The convergence of continually tightening the upper

bound of core number can be proved, and this algorithm can be implemented in

many computational models [49].

For a query-dependent variant of the cohesive subgraph detection problem

that computes a cohesive subgraph, based on minimal degree, containing all

given query vertices, [61] proposed a greedy algorithm to get the optimal an-

swer and analyze the monotonicity of minimal-degree measure and the distance
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constraint. For the size constraint, they developed two heuristic algorithms to

compute the cohesive subgraphs of size no larger than a specified upper bound

[61]. [46] proposed a novel cohesive subgraph model named k-influential cohe-

sive subgraph based on the notion of k-core. And they gave a linear-time online

search algorithm to find the top-r k-influential cohesive subgraphs in a graph

while the influence of vertex is denoted by PageRank [46].

Some cohesive subgraph search algorithms need to traverse the entire graph

and visit all vertices. However, the most intuitive idea is that starting from the

query vertex and searching neighbors iteratively until getting a good cohesive

subgraph. [22] proposed a local search strategy for the cohesive subgraph search

problem. They formulated two cohesive subgraph search problems: the cohesive

subgraph search with a threshold constraint (CST) problem and the cohesive

subgraph search with a maximality constraint (CSM) problem, then gave several

solutions based on local search to solve these two issues.

Most existing research only considers the graphs which only have vertices and

edges. But when it comes to some special graphs which not only have vertices

and edges but also have other features, such as vertex attributes, edge attributes

or edge probabilities, these research may not work. Many real-world graphs are

uncertain graphs. For instance, in a social network, some people are friends even

if they do not follow each other. So we can predict the existence probability of

friend connections between users by using some data mining algorithms. The

algorithms run on an uncertain graph with link-predictions may result in better

cohesive subgraphs.

Many fundamental graph problems have been studied in uncertain graphs.

Jin et al. [40] study the distance-constraint reachability problem on uncertain

graphs. Potamias et al. [52] propose a framework to efficiently answer k-nearest

neighbor queries over uncertain graphs. Gao et al. [31] study the problem of
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reverse k-nearest neighbor search on uncertain graphs. Zou et al. [78] investigate

the problem of discovering and mining frequent subgraph patterns in uncertain

graphs. Jin et al. [39] consider the problem of discovering highly reliable sub-

graphs of uncertain graphs. The truss decomposition of uncertain graphs is

studied by [38].

The first definition of k-core in uncertain graphs was given by [13]. They

proposed a novel notion of (k, ⌘)-core and provided an efficient algorithm based

on dynamic programming to compute a (k, ⌘)-core decomposition. The details

of this approach are presented in Section 3.3. A variation for the (k, ⌘)-core,

denoted by (k, ✓)-core, is proposed in [51] to capture the k-core probability of

each individual vertex in the uncertain graph.

2.2 SCC and DFS

A strongly connected component (SCC) [21] of a directed graph is a maximal

connected subgraph in which every vertex is reachable from every other vertex.

Several algorithms based on DFS can compute SCC in linear time [59, 63, 24].

About the dynamic DFS problem, we first show the hardness of the ordered

DFS-Tree maintenance problem, and then introduce the related works about the

DFS-Tree maintenance problem in directed acyclic graphs, undirected graphs,

and general directed graphs separately.

Reif [53] shows that the ordered DFS problem is a P-complete problem. Here,

the ordered DFS problem traverses the graph according to the order specified by

the adjacency lists, and the ordered DFS-Tree is unique. Reif [54] and Miltersen

et al. [48] prove that the P-completeness of a problem implies hardness of the

problem in a dynamic environment.

An efficient solution for ordered DFS-Tree maintenance can be transferred
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to an efficient solution for some other dynamic problems [54], such as the accep-

tance of a linear time Turing machine, Boolean circuit evaluation [45], and unit

resolution [41]. Miltersen et al. [48] show that the solution to every problem in

class P is updatable in O(poly log n) time if the ordered DFS-Tree is updatable

in O(poly log n) time. In brief, the ordered DFS-Tree maintenance problem is

the hardest problem to solve of all the problems in class P.

For directed acyclic graphs, Franciosa et al. [29] propose an incremental al-

gorithm to maintain a DFS-Tree under a sequence of edge insertions in O(mn)

total time. Baswana and Choudhary [8] propose a randomized decremental algo-

rithm to maintain a DFS-Tree under a sequence of edge deletions with expected

O(mn log n) total time.

In [29], the algorithm generates the rank of vertices by the postorder num-

bering of the given DFS-Tree and then updates the DFS-Tree by reconstructing

the tree structure for only a set of vertices in a located rank range for each edge

insertion. Its correctness is guaranteed by the property of directed acyclic graphs

that there is no backward edge in the DFS-Tree. However, if we follow the same

procedure in general directed graphs, a backward edge starting from a vertex in

the located rank range and ending at a vertex outside the range may become

a forward-cross edge after the update is finished. Thus, this algorithm is not

applicable to general directed graphs.

In [8], considering a deleted tree edge (u, v), each vertex in the subtree of

DFS-Tree rooted at v may have to be hung from a different parent in the new

DFS-Tree. Thus, the algorithm finds a new position for each vertex in this

subtree by the topological order. A critical property of this algorithm is that

when a vertex is processed the positions of all its in-neighbors have already been

fixed in the new DFS-Tree due to the fact that an in-neighbor of a vertex cannot

be its descendant in the DFS-Tree in directed acyclic graphs. However, this
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property is not applicable to general directed graphs, since a vertex may have a

descendant in the DFS-Tree as a potential parent.

For undirected graphs, Baswana et al. [7] propose a fully dynamic algorithm

for maintaining a DFS-Tree under a sequence of updates with O(
p
mn log2.5 n)

time per update, an incremental algorithm for maintaining a DFS-Tree under a

sequence of edge insertions with O(n log3 n) time per edge insertion, and a fault-

tolerant algorithm for computing a DFS-Tree of graph G \ F with O(nk log4 n)

time under any set F of k failed vertices or edges [7]. The time complexi-

ties of the above algorithms are further improved by Chen et al. [16, 17]

to O(
p
mn log1.5 n) for the fully dynamic algorithm, O(n) for the incremental

algorithm, and O(nk log2 n) for the fault-tolerant algorithm. Nakamura and

Sadakane [50] optimize the space occupied by the data structure in the above

algorithms from O(m log2 n) to O(m log n). Moreover, Baswana et al. [10] im-

prove the above algorithms to achieve O(
p
mn log n) time for the fully dynamic

algorithm and O(n(k0+ log n) log n) time for the fault-tolerant algorithm, where

k0 is the maximum number of failed vertices/edges along any root-leaf path of the

initial DFS-Tree. Considering the parallel environment, Khan [42] proposed the

parallel, semi-streaming and distributed algorithms for maintaining a DFS-Tree

in the dynamic setting.

The basic idea of the above algorithms is to use a preprocessed data structure

to generate a reduced adjacency list for each vertex, and then perform DFS

traversal using these lists. The critical properties of these algorithms are that,

in undirected graphs, there is no edge between any subtrees after partitioning

the DFS-Tree into disjoint subtrees and paths, and the neighbor of a vertex

appears either as its ancestor or its descendant in the DFS-Tree. However, these

properties do not apply to directed graphs due to the fact that a directed graph

may have cross-edges in its DFS-Tree, and two adjacent vertices do not always
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have ancestor-descendant relationships.

Baswana et al. [9] extend the incremental algorithm for directed acyclic

graphs presented in [29] to general directed graphs and propose an incremental

algorithm to maintain a DFS-Tree in general directed graphs. They also use

the rank of vertices given in [29]. For each edge insertion, they mark all the

subtrees in a located rank range as unvisited and traverse each unvisited subtree,

implicitly maintaining the rank of vertices. A crucial property of this incremental

algorithm is the existence of broomstick structure in the incremental setting. In

brief, from the root of the DFS-Tree, there exists a long downward path on which

there is no branching after a large number of edge insertions [9]. However, in a

fully dynamic environment, the broomstick structure does not exist due to the

edge deletion. To the best of our knowledge, there does not exist any non-trival

fully dynamic algorithm for maintaining a DFS-Tree in general directed graphs.

2.3 Other Cohesive Subgraph Models

Besides k-core and strongly connected component, there are many definitions

of the cohesive subgraph. The common idea is that the number of edges inside

cohesive subgraphs must be more than the edges linking vertices belong to dif-

ferent cohesive subgraphs [27]. In other words, vertices in a cohesive subgraph

must be tightly connected. In this section, we introduce some other cohesive

subgraph models.

K-Truss. The k-truss is a typical cohesive subgraph model. It is a maximal

subgraph in which each edge is contained in at least k � 2 triangles within this

subgraph [20]. For instance, in a social network, a k-truss cohesive subgraph is

a maximal group of users in which any two users have at least (k � 2) common

friends within this group if the two users are friends. k-truss has a better co-
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hesive structure than k-core, but it is harder to compute. Similarly, the truss

decomposition problem is to find k-truss of a graph for all k. For this problem,

the time complexity of an in-memory algorithm is O(|E|1.5), where E is the set

of edges [20].

Most truss decomposition algorithms assume that the memory can load the

entire graphs. But many real-world graphs are too massive to reside in memory.

Therefore, [68] proposed an external-memory truss decomposition algorithm.

They first used the bin sort technique to optimize the in-memory algorithm,

and then introduce the bottom-up I/O efficient algorithm and the top-down

I/O efficient algorithm to handle the huge graphs that cannot reside in memory

[68]. The external memory algorithm is an indispensable improvement of the

in-memory algorithm.

Considering the k-truss search problem, [37] proposed a novel cohesive sub-

graph model based on k-truss and the TCP-Index which developed based on

the k-truss index. The TCP-Index can search k-truss cohesive subgraphs with

a linear cost, and its index size is O(|E|). Also, it supports edge insertion and

deletion efficiently. However, the TCP-Index may not efficient enough to sup-

port massive graphs. So [3] proposed a truss-equivalence based index which

outperforms TCP-Index at least an order of magnitude.

The first definition of k-truss in uncertain graphs was given by [38]. They

applied the concept of (k, ⌘)-core was given by [13] into k-truss and proposed

a novel notion of local (k, �)-truss. Also, they pointed out that the concept of

(k, ⌘)-core is based on a local definition. In the local definition, we consider that

each vertex in k-core and each edge in k-truss is independent. But sometimes, we

have to consider the entire graph where vertices and edges are not independent.

Therefore, they also proposed a novel notion of global (k, �)-truss. Like the

algorithm of (k, ⌘)-core decomposition given by [13], they proposed an efficient
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algorithm for local (k, �)-truss decomposition based on dynamic programming.

For the global (k, �)-truss decomposition, they proposed a novel approximation

algorithm by using Monte Carlo sampling.

Clique. The clique is the most cohesive subgraph model. It is a subgraph in

which each vertex is connected to all other vertices. Discovering the maximal

clique in a graph is a classical problem in graph theory [14]. The worst-case

time complexity of in-memory algorithms for this issue has proved to be optimal

[66]. However, a large number of real-world graphs are enormous and grow

continuously. Sometimes, we cannot load the whole graph in memory due to

the limited memory size. Therefore, [19] proposed a novel notion, H⇤-graph,

which defines the core of a graph and extends to encompass the neighborhood

of the core for the maximal clique computations. This algorithm is the first

external memory algorithm for the maximal clique problem. And it can use the

H⇤-graph to bound the memory usage [19]. This external memory algorithm is

an indispensable method to analyze large graphs.

Nuclei. The nuclei is a novel concept of cohesive subgraph [57]. It shows the

connections between the definition of k-core and k-truss. Roughly speaking, an

(r, s)-nucleus is a maximal subgraph in which each r-clique participates in some

s-clique, where r and s are small positive integers and r < s [57]. In this way, the

(1, 2)-nucleus is k-core, and the (2, 3)-nucleus is k-truss. Also, [57] gave a nucleus

decomposition algorithm which can be applied in both core decomposition and

truss decomposition. Then, [56] proposed an algorithm based on disjoint set to

build a hierarchical structure of cohesive subgraphs. For the k-core, k-truss and

other cohesive subgraphs, there are many similarities in definitions, decomposi-

tion algorithms, and hierarchy constructions. And the hierarchical structure is

beneficial for the index construction in cohesive subgraph search.

Maximum Density Subgraph. The maximum density subgraph model is an
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intuitive cohesive subgraph model. Intuitively, the density of a graph G(V,E) is

|E|/|V |, where the V is the set of vertices and the E is the set of edges. Based

on the definition of density, the maximum density subgraph problem is to find a

subgraph with the maximal density. For this problem, [33] proposed an algorithm

based on the max-flow problem. This algorithm can find the maximum density

subgraph in polynomial time by invoking O(log(n))max-flow computations. But

due to the high time complexity of max-flow computations, the applications of

this model is limited.

K-Edge Connected Component. The k-edge connected component model is

also a fundamental cohesive subgraph model. A graph is k-edge connected if it is

still connected after removing any k � 1 edges [77]. The k-edge connected com-

ponent problem is to find the maximal subgraph that is k-edge connected. For

this problem, [15] proposed a novel and efficient threshold-based graph decompo-

sition algorithm. This algorithm iteratively decomposes a graph for computing

its k-edge connected components. Intuitively, the k-edge connected component

avoids some weaknesses of k-truss. It has a better cohesive structure, but it is

more complicated to compute.
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INTERNAL MEMORY CORE

COMPUTATION IN LARGE

UNCERTAIN GRAPHS

3.1 Overview

In this chapter, we introduce our proposed index-based solution for computing

all the (k, ⌘)-cores in uncertain graphs under internal memory setting. The

work is published in [71] and the rest of this chapter is organized as follows.

Section 3.2 provides some preliminary concepts and formally defines the problem.

In Section 3.3, we review an existing solution and explain the online approach in

detail. Section 3.4 describes the basic structure of the index. Section 3.5 presents

the optimized forest-based index structure. Section 3.6 practically evaluates the

proposed algorithms in practical terms. Section 3.7 summarizes the chapter.
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3.2 Preliminary

Before stating the problem, we first introduce the concept of k-cores in deter-

ministic graphs, followed by the definition of (k, ⌘)-core in uncertain graphs.

K-Core in Deterministic Graphs. The definitions for k-core and core number

are presented as follows.

Definition 1. (k-Core) Given a graph G(V,E) and an integer k, the k-core is

a maximal connected induced subgraph G0[V 0] in which every vertex has a degree

of at least k, i.e., 8u 2 V 0, deg(u,G0) � k. [58]

Definition 2. (Core Number) Given a graph G(V,E), the core number for

a vertex u, denoted as core(u), is the largest integer of k such that a k-core

containing u exists.

Given a deterministic graph G, the core numbers for all vertices can be

computed by iteratively removing the vertex with the minimum degree. The

pseudocode is given in Algorithm 1.

Algorithm 1: Core Decomposition

Input: A graph G(V,E)
Output: The core numbers for all vertices in G

1 while V 6= ; do
2 k minu2V deg(u,G);
3 while 9u 2 V s.t. deg(u,G)  k do
4 core(u)  k;
5 foreach v 2 N(u,G) do
6 remove edge (u, v) from G;
7 deg(v,G) deg(v,G)� 1;
8 V V \ {u};

9 return core(u) for all vertices u;

K-Core in Uncertain Graphs. In line with existing works, we assume that

the probability of each edge actually existing is independent, and adopt the well-
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known possible-world semantics for uncertain graph analysis. There exist 2|E|

possible graph instances under this assumption. The probability of observing a

graph instance G(V,E 0), denoted by Pr(G), is:

Pr(G) =
Y

e2E0

pe
Y

e2E\E0

(1� pe). (3.1)

The concept of (k, ⌘)-cores, originally defined in [13], is based on possible-

world semantics.

Definition 3. ((k, ⌘)-Core) Given an uncertain graph G(V,E, p), an integer k

and a probabilistic threshold ⌘ 2 [0, 1], the (k, ⌘)-core of G is a maximal connected

induced subgraph G 0[V 0] such that the probability that each vertex u 2 V 0 has a

degree of at least k in G 0 is not less than ⌘, i.e., 8u 2 V 0, P r[deg(u,G 0) � k] � ⌘.

Note that we have slightly revised this definition by adding a connectivity

constraint to the (k, ⌘)-cores. An example of (k, ⌘)-cores is given as follows.

Example 1. Consider the uncertain graph G in Figure 1.1. Given an integer k =

2 and a probability threshold ⌘ = 0.3, we identify two (2, 0.3)-cores, as marked

in the figure. One is G[{v2, v3, v4, v5}], and the other one is G[{v7, v9, v10}]. We

denote G[{v2, v3, v4, v5}] as G1 for simplicity. Consider the vertex v2 in G1. There

are three edges connected to v2 in G1, and we have Pr[deg(v2,G1) � 2] = 0.568.

Similarly, we have Pr[deg(v3,G1) � 2] = 0.8, Pr[deg(v4,G1) � 2] = 0.3 and

Pr[deg(v5,G1) � 2] = 0.656. G1 is maximal. Assume that we add v1 in to

G1. We have Pr[deg(v1,G1) � 2] = 0.1 < 0.3. Therefore, v1 cannot be in the

(2, 0.3)-core.

Based on Definition 3, the problem is defined as follows.

Problem Definition. Given an uncertain graph G(V,E, p), an integer k and a

probabilistic threshold ⌘ 2 [0, 1], we examine the problem of efficiently comput-

ing all the (k, ⌘)-cores of G.
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Specifically, let C be the vertex set such that the induced subgraph G[C] of

C is a (k, ⌘)-core. The aim is to compute a set R containing all such vertex sets

C without any duplication. In the case of k = 2, ⌘ = 0.3 in Figure 1.1, we return

{{v2, v3, v4, v5}, {v7, v9, v10}}.

3.3 Online (k, ⌘)-Cores Computation

In this section, we first review an existing solution [13] for the problem of ⌘-core

decomposition, as several key concepts and ideas intuitively fit our problem.

Then, we provide our online solution for computing (k, ⌘)-cores.

3.3.1 An Existing Solution for ⌘-Core Decomposition

Given an uncertain graph G, let G�k
u be the set of all possible graph instances

where u has a degree of at least k, i.e., G�k
u = {G v G|deg(u,G) � k}. We have

the following equation [13]:

Pr[deg(u,G) � k] =
X

G2G�k
u

Pr(G). (3.2)

Based on Equation 3.2, the definition for the ⌘-degree for each vertex follows.

Definition 4. (⌘-Degree) Given an uncertain graph G(V,E, p) and a proba-

bilistic threshold ⌘ 2 [0, 1], the ⌘-degree of a vertex u 2 V , denoted by ⌘-deg(u,G),

is the largest integer of k that satisfies Pr[deg(u,G) � k] � ⌘. [13]

Given a vertex u, Pr[deg(u) � k] monotonously decreases when k increases.

Next, we define the ⌘-core number.

Definition 5. (⌘-Core Number) Given an uncertain graph G(V,E, p) and a

probabilistic threshold ⌘ 2 [0, 1], the ⌘-core number for a vertex u, denoted as

⌘-core(u), is the largest integer of k such that a (k, ⌘)-core containing u exists.
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Based on Definition 3 and Definition 5, we have the following lemma.

Lemma 1. Given an uncertain graph G and a probability threshold ⌘ 2 [0, 1], a

vertex u is in a (k, ⌘)-core if and only if ⌘-core(u) � k.

The problem of computing the ⌘-core numbers for all vertices in the uncertain

graph G is called ⌘-core decomposition. The solution proposed in [13] is provided

in Algorithm 2.

Algorithm 2: ⌘-Core Decomposition

Input: An uncertain graph G(V,E, p) and a probability threshold ⌘
Output: ⌘-core numbers for all vertices in G

1 compute ⌘-deg(u,G) for all u 2 V ;
2 while G is not empty do
3 k  minu2V ⌘-deg(u,G);
4 while 9u 2 V s.t. ⌘-deg(u,G)  k do
5 ⌘-core(u)  k;
6 foreach v 2 N (u,G) do
7 remove edge (u, v) from G;
8 update ⌘-deg(v,G);
9 V  V \ {u};

10 return ⌘-core(u) for all vertices u;

Algorithm 2 shares the similar idea with Algorithm 1, and the pseudocode

is self-explanatory. The key steps in the algorithm are computing (line 1) and

updating (line 8) the ⌘-degrees of the vertices. We introduce their details below.

⌘-Degree Computation. To compute the ⌘-degree, we first present the fol-

lowing equation:

Pr[deg(u) � k] =

Deg(u)X

i=k

Pr[deg(u) = i] = 1�
k�1X

i=0

Pr[deg(u) = i]. (3.3)

Based on Equation 3.3, we can start with Pr[deg(u) � 0] = 1. Iteratively,

we increase i by one and compute Pr[deg(u) = i] for a vertex u. We calculate
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Pr[deg(u) � i+ 1] as Pr[deg(u) � i]� Pr[deg(u) = i]. We repeat this step and

terminate once Pr[deg(u) � i+ 1] < ⌘. Then we have ⌘-deg(u) = i.

To compute Pr[deg(u) = i] for a vertex u, we use the dynamic-programming

method given in [13]. Assume that E(u) = {e1, e2, ..., eDeg(u)} is the set of all the

edges connected to u in some order. The intuitive idea of dynamic programming

is that, if a vertex u has a degree of i, one of the following two cases applies:

either (i) i�1 edges exist in {e1, e2, ..., eDeg(u)�1} and eDeg(u) exists; or (ii) i edges

exist in {e1, e2, ..., eDeg(u)�1} and eDeg(u) does not exist.

Given a subset E 0(u) ✓ E(u), let deg(u|E 0(u)) be the degree of u in the

subgraph G 0(V,E\(E(u)\E 0(u)), p), and X(h, j) = Pr[deg(u|{e1, e2, ..., eh}) =

j]. We have the following dynamic-programming recursive function [13] for all

h 2 [1, Deg(u)], j 2 [0, h]:

X(h, j) = pehX(h� 1, j � 1) + (1� peh)X(h� 1, j). (3.4)

Several initialization cases are also given as follows:
8
>>><

>>>:

X(0, 0) = 1,

X(h,�1) = 0, for all h 2 [0, Deg(u)],

X(h, j) = 0, for all h 2 [0, Deg(u)], j 2 [h+ 1, i].

(3.5)

The time complexity to compute the ⌘-degree of a vertex is given as follows.

Lemma 2. The time complexity to compute the ⌘-degree of a vertex u is

O(⌘-deg(u) ·Deg(u)). [13]

⌘-Degree Update. Given the incident edge set E(u) of a vertex u, assume

that an edge e is removed from E(u). To compute the updated probability

Pr[deg(u|E(u)\{e}) = i], we introduce the following equation [13]:

Pr[deg(u|E(u)\{e}) = i)] =

Pr[deg(u) = i]� pePr[deg(u|E(u)\{e}) = i� 1]

1� pe
.

(3.6)
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Based on Equation 3.6, we compute Pr[deg(u|E(u)\{e}) = i] for each

i 2 [1, ⌘-deg(u)] in constant time, given that Pr[deg(u|E(u)\{e}) = 0] =

1
1�pe

Pr[deg(u) = 0]. The time complexity to update the ⌘-degree is given as

follows.

Lemma 3. Given an uncertain graph G and a removed incident edge e to a

vertex u, the time complexity to update the ⌘-degree of u is O(⌘-deg(u)). [13]

We also provide the time complexity of Algorithm 2 below.

Lemma 4. Given an uncertain graph G(V,E, p), the time complexity of Algo-

rithm 2 is O(
P

u2V ⌘-deg(u) ·Deg(u)). [13]

3.3.2 Our Approach to Compute (k, ⌘)-Cores

Based on several concepts introduced in the previous section, we turn to the

online approach for computing all the (k, ⌘)-cores. Our approach is similar to

Algorithm 2, which iteratively removes the vertex that does not belong to the

result set. Before presenting the algorithm, we make the following observation

about optimization.

Observation 1. Given an uncertain graph G and a (k, ⌘)-core G[C] for any

parameter settings for k and ⌘, there exists a k-core G[C 0] containing G[C], i.e.,

C ✓ C 0.

Based on Observation 1, we can first recursively remove the vertices with

degrees of less than k, since these vertices cannot be in the result set for any

(k, ⌘)-core. We provide the pseudocode for our approach in Algorithm 3.

Lines 1–5 compute the k-cores. Lines 6–11 recursively remove the vertices

with ⌘-degrees of less than k and generate a subgraph containing all result ver-

tices. Lines 12–14 determine the connected components in the result. The time
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Algorithm 3: (k, ⌘)-Cores Computation

Input: An uncertain graph G(V,E, p), an integer k and a probability
threshold ⌘

Output: All (k, ⌘)-cores in G
1 while 9u 2 V s.t. Deg(u) < k do
2 foreach v 2 N (u,G) do
3 remove the edge (u, v) from G;
4 Deg(v)  Deg(v)� 1;
5 V  V \ {u};
6 compute ⌘-deg(u) for all u 2 V ;
7 while 9u 2 V s.t. ⌘-deg(u) < k do
8 foreach v 2 N (u,G) do
9 remove the edge (u, v) from G;

10 update ⌘-deg(v);
11 V  V \ {u};
12 R  ;;
13 foreach connected component G[C] 2 G do
14 R  R [ {C};
15 return R;
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complexity of Algorithm 3 is O(
P

u2V ⌘-deg(u) ·Deg(u)), which is the same as

that of Algorithm 2.

Theorem 1. Given an uncertain graph G(V,E, p), the time complexity of Algo-

rithm 3 is O(
P

u2V ⌘-deg(u) ·Deg(u)).

Proof. The time complexity of line 1–5 is O(|E|). The major cost in Algorithm 3

appears in line 6, which is
P

u2V ⌘-deg(u) ·Deg(u) according to Lemma 2. The

time complexity of lines 7–11 is also
P

u2V ⌘-deg(u) ·Deg(u) in the worst case,

and the time complexity of lines 12–14 is O(|E|). Therefore, the total complexity

is O(
P

u2V ⌘-deg(u) ·Deg(u)).

Drawbacks of the Online Approach. Even though Algorithm 3 successfully

computes all the (k, ⌘)-cores, several drawbacks still exist. First, changing the

input parameters may heavily influence the resulting (k, ⌘)-cores, especially in

large graphs. We consider the case in Figure 1.1. If we change the input param-

eter ⌘ from 0.3 to 0.4 and keep k = 2, vertex v4 will be removed and the result

will change to {{v2, v3, v5}, {v7, v9, v10}}. Additionally, we find that the major

cost in Algorithm 3 is computing and updating the ⌘-degrees of the vertices.

This is extremely time-consuming and means the algorithm cannot be scaled to

big graphs.

Motivated by the above challenges, we propose an index-based approach.

Based on the proposed index, we can answer a query for any given k and ⌘

with a time complexity that is only proportional to the size of the results. To

make our solution scalable to big graphs, the index size is well-bounded, with an

acceptable time cost for constructing the index.

We propose a basic index approach in Section 3.4, and in Section 3.5, we

optimize both the index structure and the query processing procedure.
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3.4 An Index-based Approach

3.4.1 The Index Structure

In this section, we introduce an index structure, called the uncertain core ⌘-

orders index (UCO-Index). The general idea of this index is to maintain the

result vertices for every possible k and ⌘. In other words, given an integer k and a

probability threshold ⌘, we aim to efficiently compute all the result vertices based

on the index structure. To complete this task, we start by computing all result

vertices from any given probability threshold ⌘ under a specific fixed integer k,

as there is only a limited number of possible k. Based on Observation 1, we

provide the range of integer k as follows.

Observation 2. Given an uncertain graph G, we only need to consider the

parameter 1  k  kmax, where kmax = maxu2V core(u).

If k > kmax, the probability that a (k, ⌘)-core exists is 0. We also provide the

largest possible integer for k of each vertex in the following observation.

Observation 3. Given an uncertain graph G and an integer k, a vertex u cannot

be in the (k, ⌘)-core if core(u) < k.

Based on Observation 3, we derive a candidate set of result vertices by only

considering the parameter k. That is {u 2 V |core(u) � k}.

Now, given the candidate set for each integer k, we consider computing the

exact result set by the probability threshold ⌘. Recall that a vertex u is in the

(k, ⌘)-core if the ⌘-degree of u is at least k. We have the following lemma.

Lemma 5. Given an uncertain graph G, a parameter k and two probability

threshold 0  ⌘  ⌘0  1, a vertex u is in (k, ⌘)-core if it is in (k, ⌘0)-core.
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According to the monotonicity in Lemma 5, we only need to save the largest

probability value ⌘ for each vertex u that will be in the (k, ⌘)-core. We call such

value the ⌘-threshold, which is formally defined as follows.

Definition 6. (⌘-Threshold) Given an uncertain graph G(V,E, p) and an

integer k, the ⌘-threshold of a vertex u, denoted by ⌘-thresholdk(u), is the largest

⌘ such that a (k, ⌘)-core containing u exists.

Based on Observation 3 and Definition 6, we have ⌘-thresholdk(u) = 0 for

any vertex u if core(u) < k, and we give a necessary and sufficient condition

that a vertex will be in the (k, ⌘)-core as follows.

Lemma 6. Given an uncertain graph G, an integer k and a probability threshold

⌘, a vertex u is in the (k, ⌘)-core if and only if ⌘-thresholdk(u) � ⌘.

To efficiently compute all result vertices, we save all ⌘-thresholds of each

vertex u in an order, which is formally defined as follows.

Definition 7. (⌘-Order) Given an uncertain graph G and a vertex u, the

⌘-order of u, denoted by ⌘-order(u), is a probability order such that (i) the i-

th value in ⌘-order(u) is ⌘-thresholdi(u), and (ii) the length of ⌘-order(u) is

core(u).

Example 2. The ⌘-orders for all vertices in the uncertain graph G in Figure 1.1

are given in Figure 3.1. We consider the example of vertex v4. Given k = 2, we

have ⌘-threshold2(v4) = 0.3. That means v4 is in a (2, 0.3)-core, but not in any

(2, ⌘)-core if ⌘ > 0.3.

Given the ⌘-order of a vertex u and an integer k, we use a constant time

complexity to compute the ⌘-thresholdk(u). We save the ⌘-orders for all vertices

as our UCO-Index. The size of the UCO-Index is well-bounded.
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Figure 3.1: The UCO-Index of G

Theorem 2. Given an uncertain graph G(V,E, p), the space complexity of the

UCO-Index is O(
P

u2V core(u)).

Since core(u)  Deg(u) for each vertex u, the size of the UCO-Index is also

roughly bounded by O(|E|).

3.4.2 Query Processing

Before presenting the query processing algorithm, we first give an alternative

definition for the (k, ⌘)-core based on Definition 6.

Lemma 7. Given a set of vertices C in an uncertain graph G, the induced

subgraph G[C] is a (k, ⌘)-core if and only if (i) 8u 2 C, ⌘-thresholdk(u) � ⌘; (ii)

G[C] is connected; and (iii) C is maximal.

Based on the above lemma, we present the pseudocode for the query process-

ing in Algorithm 4. It first identifies all vertices whose ⌘-threshold is not less

than ⌘ in line 1. Given the input integer k, the ⌘-threshold of a vertex u can be

computed by checking the k-th item in the ⌘-order of u according to Definition 7.

The algorithm then computes each (k, ⌘)-core in lines 3–4. The correctness of

Algorithm 4 can be guaranteed according to Lemma 7. The running time of

Algorithm 4 is analyzed as follows.
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Algorithm 4: UCO-based Query

Input: An uncertain graph G(V,E, p), an integer k, a probability
threshold ⌘ and UCO-Index

Output: All (k, ⌘)-cores in G
1 V 0  {u 2 V |⌘-thresholdk(u) � ⌘};
2 R  ;;
3 foreach connected component G[C] 2 G[V 0] do
4 R  R [ {C};
5 return R;

Example 3. We use the uncertain graph G in Figure 1.1 as an example for Algo-

rithm 4. Given k = 2 and ⌘ = 0.3, we first compute all result vertices according

to their ⌘-orders in Figure 3.1, which are v2, v3, v4, v5, v7, v9, v10. Then we check

the connectivity of the vertices and derive the result {{v2, v3, v4, v5}, {v7, v9, v10}}.

Theorem 3. Given an uncertain graph G(V,E, p), an integer k and a probability

threshold ⌘, the time complexity of Algorithm 4 is O(|V |+
P

u2C Deg(u)), where

C is the set of all result vertices, i.e., C = {u 2 V |⌘-thresholdk(u) � ⌘}.

3.4.3 Index Construction

Before introducing the algorithm used to construct the UCO-Index, we first give

the following definition for the ease of presentation.

Definition 8. (k-Probability) Given an uncertain graph G and an integer k,

the k-probability of a vertex u, denoted by k-prob(u,G), is the probability that

Pr[deg(u,G) � k].

Based on Definition 8, the general idea to construct the UCO-Index is it-

eratively removing the vertex with the minimum k-probability. The detailed

pseudocode is given in Algorithm 5.

In Algorithm 5, an empty order is initialized for each vertex in line 2. The

⌘-thresholds for all vertices under a specific k are computed from line 4 to line 18.

37



Chapter 3 3.4. AN INDEX-BASED APPROACH

Algorithm 5: UCO-Index Construction

Input: An uncertain graph G(V,E, p)
Output: UCO-Index of G

1 k  0;
2 foreach u 2 V do ⌘-order(u)  ;;
3 repeat
4 k  k + 1;
5 isEnd  true;
6 G 0  G;
7 curThres  0;
8 compute k-prob(u) for each u 2 V 0;
9 while G 0 is not empty do

10 u  argminv2V 0 k-prob(v,G 0);
11 curThres  max(k-prob(u,G 0), curThres);
12 if curThres > 0 then
13 isEnd  false;
14 ⌘-order(u).push(curThres);
15 V 0  V 0 \ {u};
16 foreach v 2 N (u,G 0) do
17 remove the edge (u, v) from G 0;
18 update k-prob(v,G 0);

19 until isEnd = true;
20 return ⌘-order(u) for all vertices u;
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Specifically, a vertex u with the minimum k-probability is selected in line 10. In

line 11, the variable curThres is used to save the ⌘-threshold for the selected

vertex u. We know that the (k, curThres)-core exists if curThres > 0 in line 12.

The variable isEnd is used to identify whether the iterations should be termi-

nated, and we assign isEnd with false if curThre > 0 in line 13. We push the

⌘-threshold of u into the ⌘-order of u in line 14. We remove the vertex u and

update the k-probability for each neighbor v of u in lines 15–18. The ⌘-orders

are derived when the algorithm is terminated. We prove this as follows.

Theorem 4. Given an uncertain graph G, Algorithm 5 correctly computes the

⌘-orders for all vertices in G.

Proof. We start by proving that the value of curThres in line 14 is equal to

the ⌘-thresholdk(u) of the vertex u. This is obvious since we remove vertices

in a non-decreasing order of k-probability, and the variable curThres always

maintains the largest probability that a (k, curThres)-core exists for u.

Given that curThres = ⌘-thresholdk(u), we correctly compute the

⌘-thresholdk(u) for all vertices u in G in each iteration (lines 4–18). The it-

eration is terminated if the k-probability for every vertex is 0 (line 19), which

means the corresponding (k, ⌘)-core does not exist. Therefore, we obtain the

complete ⌘-order for each vertex, and the proof is finished.

Theorem 5. Given an uncertain graph G(V,E, p), the time complexity of Algo-

rithm 5 is O(kmax|V | log |V |+ k2
max|E|), where kmax = maxu2V core(u).

Proof. Based on Lemma 2 and Lemma 3, given a vertex u, computing (line 8)

and updating (line 18) the k-probability cost O(k ·Deg(u)) time and O(k) time,

respectively.

In each iteration of lines 3–19, the time complexity of line 8 is O(
P

u2V k ·

Deg(u)). We use a minimum priority queue (implemented by a Fibonacci heap)
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to maintain all vertices where the keys are their k-probabilities. The Fibonacci

heap takes a constant amount of time for insertion, and linear amount of time

to build the priority queue, plus a constant amount of time for updating if the

involved key is decreased, and a logarithmic amount of time for delete-min. Thus,

in each iteration of lines 3–19, line 10 and line 15 totally take O(|V | log |V |) time

to remove the vertex with the minimum k-probability, and lines 16–18 totally

take O(
P

u2V k ·Deg(u)) time for each k, since the k-probability of each vertex

u can be updated at most Deg(u) times.

Therefore each iteration in lines 3–19 takes O(|V | log |V |+
P

u2V k ·Deg(u))

time, which can be arranged as O(|V | log |V |+ k|E|). The number of iterations

is bounded by O(kmax), where kmax = maxu2V core(u). The time complexity of

Algorithm 5 is O(kmax|V | log |V |+ k2
max|E|).

3.5 Making Query Processing Optimal

We proposed a UCO-Index based approach in the previous section. Even though

computing the ⌘-degree is avoided and the used space can be well-bounded, the

UCO-Index still needs to detect all vertices to compute the results in the query

processing, and this may be hard to tolerate in big graphs. To address this issue,

we propose a forest-based index structure, namely uncertain core ⌘-forest index

(UCF -Index). Based on the UCF -Index, we compute the result set in optimal

time.

The index structure is introduced in Subsection 3.5.1. We provide the query

processing algorithm in Subsection 3.5.2. We propose the algorithm to construct

the UCF -Index with several optimization techniques in Subsection 3.5.3.
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3.5.1 Forest-based Index Structure

According to Lemma 7, the key to computing all result (k, η)-cores is computing

all vertices of u such that η-thresholdk(u) ≥ η. This costs O(|V |) time in

Algorithm 4. A straightforward idea to improve the query’s efficiency is to sort

the vertices in a non-increasing order of their η-threshold for each integer k.

Based on this structure, we can compute all result vertices in optimal time,

and the total size of this structure can still be bounded by O(
∑

u∈V core(u)).

However, given that there is no topological information between vertices, we

still use O(
∑

u∈C Deg(u)) time to identify the connected components, where

C = {u ∈ V |η-thresholdk(u) ≥ η}.
Motivated by this, we propose a novel index, called the UCF -Index, which

organizes the vertices and their η-thresholds into a tree structure, for each pos-

sible integer k. The tree is built based on Lemma 5, where vertices with smaller

η-thresholds are on the upper side, and larger η-thresholds are on the lower

side. We name the tree structure η-tree, which is denoted by η-treek. Specifi-

cally, let Ck be the set of vertices whose core numbers are not less than k, i.e.,

Ck = {u ∈ V |core(u) ≥ k}. We divide all vertices in Ck into different tree nodes

in η-treek. Considering a tree node X in the η-treek, the attributes of X are

summarized as follows:

• X.vertices: return a set of vertices.

• X.η-threshold: return η-thresholdk(u) for any vertex u ∈ X.vertices.

• X.parent: return the parent node of X.

• X.children: return the children nodes of X.

The details to implement these attributes are presented below. Formally, the

vertex set for each tree node is computed using the following rule.
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Lemma 8. Given an uncertain graph G and an integer k, we group a vertex set

S into a tree node X, i.e., X.vertices = S if (i) 8u, v 2 S, ⌘-thresholdk(u) =

⌘-thresholdk(v); (ii) let ⌘ = ⌘-thresholdk(u) for any u 2 S, there is a (k, ⌘)-core

G[C], such that S ✓ C; and (iii) S is maximal.

Then we give the rules for the parent-children relationship of tree nodes. Let

G[VX] be the (k,X.⌘-threshold)-core containing X.vertices, and N(GX) be the

set of tree nodes in which each tree node Y satisfies 9u 2 VX, v 2 Y.vertices :

(u, v) 2 E ^ v 62 VX. Note that there does not exist a tree node Y 2 N(GX) such

that Y.⌘-threshold � X.⌘-threshold. Otherwise, the vertices in Y also belong

to VX. The parent for each tree node is defined as follows.

Lemma 9. Given an uncertain graph G and an integer k, a tree node Y is the

parent of the tree node X in ⌘-treek, if Y is the tree node in N(GX) with the

largest ⌘-threshold, i.e., Y = argmaxY2N(GX) Y.⌘-threshold.

In the case of N(GX) = ;, the tree node X is the root node, and there may

exist more than one trees for each integer k. We give an example of the tree

node and the ⌘-tree as follows.

Example 4. Still considering the uncertain graph G in Figure 1.1, we give the

⌘-tree of G for k = 2 in Figure 3.2. The ⌘-threshold for each tree node is listed

on the right side. For the tree node {v2, v3, v5}, the corresponding (2, 0.48)-core

is the induced subgraph of the same vertex set. There are two neighbor tree nodes

— {v1, v6} and {v4}. The ⌘-threshold of {v4} is larger, and we set {v4} as the

parent of {v2, v3, v5}.

Theorem 6. Given an uncertain graph G(V,E, p), the space complexity of the

UCF -Index is O(
P

u2V core(u)).
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0.10.30.40.48
�훈-threshold�훈-tree

v10
v1 v6v7 v9

v4v2 v3 v5
Figure 3.2: The ⌘-tree of G for k = 2

Proof. The number of tree nodes is not larger than the number of vertices, and

for each vertex u, it appears in core(u) ⌘-trees. Therefore, similar to Theorem 2,

the total space complexity is also O(
P

u2V core(u)) or O(|E|).

3.5.2 Optimal Query Processing

We give an alternative definition for (k, ⌘)-core based on the proposed

UCF -Index.

Lemma 10. Given an uncertain graph G, an integer k, and a probability thresh-

old ⌘, let R be a tree node in ⌘-treek such that (i) R.⌘-threshold � ⌘; and (ii)

there does not exist a parent R0 of R such that R0.⌘-threshold � ⌘. Let C be

the set of all vertices in the subtree rooted by R. The induced subgraph G[C] is a

(k, ⌘)-core.

According to Lemma 10, the key to the query processing is collecting all

tree nodes in the subtree rooted by the tree node R mentioned in the lemma.

Following this general idea, we provide the pseudocode for query processing in

Algorithm 6.

We first collect all result tree nodes in lines 1–7. We can use constant time to

derive the tree node with the largest ⌘-threshold in line 4, if the tree nodes are
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Algorithm 6: UCF-based Query

Input: An uncertain graph G(V,E, p), an integer k, a probability
threshold ⌘ and UCF -Index index

Output: All (k, ⌘)-cores in G
1 T  the set of all tree nodes in ⌘-treek;
2 S  initialize an empty stack;
3 while T is not empty do
4 X  argmaxX2T X.⌘-threshold;
5 if X.⌘-threshold � ⌘ then S.push(X);
6 else break;
7 T  T \ {X};
8 R  ;;
9 while S is not empty do

10 X  S.pop();
11 if X is visited then continue;
12 C  ;;
13 Q  initialize an empty queue;
14 Q.insert(X);
15 while Q is not empty do
16 Y  Q.pop();
17 mark Y as visited;
18 C  C [ Y.vertices;
19 foreach Z 2 Y.children do Q.insert(Z);
20 R  R [ {C};
21 return R;
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sorted in a non-increasing order of their ⌘-thresholds. The order can be precom-

puted in the index construction phase, which will be detailed introduced in the

next subsection. Note that the number of tree nodes does not change in the or-

der, and the total space complexity of the UCF -Index is still O(
P

u2V core(u)).

We iteratively process each tree node in the stack in lines 9–20. Once we find

an unvisited tree node in line 11, we find a root node satisfying the conditions in

Lemma 10. We use a queue to compute all tree nodes rooted by X, and collect

all vertices in the tree nodes into C in lines 12–19. We add C into the result set

in line 20.

Example 5. Given an example for computing the (k = 2, ⌘ = 0.3)-core in G of

Figure 1.1 based on the UCF -Index. The ⌘-tree for k = 2 is given in Figure 3.2.

We first locate the tree nodes R in Lemma 10, which are {v4} and {v7, v9, v10}.

Then we get two result cores, {v4, v2, v3, v5} and {v7, v9, v10}.

Lemma 10 guarantees the correctness of Algorithm 6. The time complexity

of Algorithm 6 is summarized as follows.

Theorem 7. Given an uncertain graph G(V,E, p), an integer k and a probability

threshold ⌘, the time complexity of Algorithm 6 is O(|C|), where C is the set of

all result vertices, i.e., C = {u 2 V |⌘-thresholdk(u) � ⌘}.

Proof. Given the sorted tree nodes for each k, the time cost of lines 1–7 is O(|S|).

Line 10 is performed O(|S|) times. The total cost of scanning the subtree and

collecting vertices in line 12–19 is O(|S| + |C|). Since |S|  |C|, the total time

complexity of Algorithm 6 is O(|C|).

Based on the above theorem, we claim that the time complexity of our query

processing algorithm is optimal, since it is bounded by the result size.
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3.5.3 Optimizations for the Index Construction Algorithm

The algorithm to construct the UCF -Index is given in this section. We first

introduce the general idea. For each integer, we compute the ⌘-threshold for

each vertex using the idea in Algorithm 5. Given the ⌘-thresholds, we can build

the ⌘-tree using the disjoint-set data structure [30]. A similar idea can be found in

[26, 56]. There are two main operations for the disjoint-set: Union(X,Y) merges

the dynamic sets X and Y. Find(X) returns the set containing X. With the two

optimization techniques, union by rank and path compression, the amortized

time per operation of the disjoint-set is only O(↵(n)), where ↵(n) is the inverse

Ackermann function and is normally less than 5 [30].

The dominating cost in constructing the UCF -Index is still computing the

⌘-thresholds for the vertices. Specifically, we review the Algorithm 5. First,

computing and updating the k-probability of the vertices in each iteration is time-

consuming as the degree of each vertex may be very large. Second, the number

of iterations reaches kmax, and the k-probability of the vertices are computed

from scratch in each iteration.

To speed up computing the ⌘-threshold, we propose two optimizations in

response to the above two challenges.

Core-based Reduction. Given any vertex u in each iteration of lines 3–19 of

Algorithm 5, the k-probability of umonotonically decreases due to the removal of

its neighbors v with ⌘-thresholdk(v)  ⌘-thresholdk(u), and ⌘-thresholdk(u) =

k-prob(u,G[{v 2 V |⌘-thresholdk(v) � ⌘-thresholdk(u)}]). Without breaking

the correctness, we do not need to consider the edge (u, v) when computing

k-prob(u), if ⌘-thresholdk(v) < ⌘-thresholdk(u). According to Observation 1,

the ⌘-threshold of a vertex u for an integer k is 0 if the core number for u is

less than k. Therefore, for each integer k, we can compute and update the

k-probability of each vertex in the subgraph G[{u 2 V |core(u) � k}].
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Figure 3.3: The optimization of core-based ordering

Core-based Ordering. To conquer the second challenge, we propose a top-

down strategy. For each vertex u, we arrange the neighbors of u in a non-

increasing order of their core numbers. Specifically, we denote the set of neigh-

bors v of u such that core(v) � k by Nk(u). Without losing generality, let

{e1, e2, ..., ei} be the set of edges between u and Nk(u), and {ei+1, ei+2, ..., ej} be

the set of edges between u and Nk�1(u) \Nk(u).

According to the aforementioned core-based reduction, the k-probability of

u, is initially computed based on the edge set {e1, e2, ..., ei}, i.e., k-prob(u) =

Pr[deg(u|{e1, e2, ..., ei}) � k]. Let X(l, r, k) = Pr[deg(u|{el, el+1, ..., er}) = k].

Given the integer k�1, we aim to compute (k�1)-prob(u) based on {e1, e2, ..., ej},

which is equivalent to computing X(1, j, h) for each h 2 [0, k � 1]. We give the

following equation for computing X(1, j, h):

X(1, j, h) =
hX

l=0

X(1, i, l) ·X(i+ 1, j, h� l). (3.7)

Note that the X(1, i, l) of u for each l 2 [0, k] has been computed when

computing the k-probability of u in {e1, e2, ..., ei}. Given the integer k � 1, we

reduce the computation from X(1, j, h) to X(i+ 1, j, h) for each h 2 [0, k � 1].

Example 6. An example of core-based ordering is given in Figure 3.3. Consider
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vertex v5. Given an integer k = 2, we need to compute the k-probability of

v5, which is Pr[deg(v5|{(v2, v5), (v3, v5), (v4, v5), (v6, v5)}) � 2]. Given that the

Pr[deg(v5|{(v2, v5), (v3, v5), (v4, v5)}) = i] for i 2 [0, 3] has been computed in

the previous iteration of k = 3, we only compute Pr[deg(v5|{(v6, v5)}) = i] for

i 2 [0, 2].

The Overall Algorithm. Based on the two proposed optimizations, we give

the overall algorithm to construct the UCF -Index. The pseudocode is presented

in Algorithm 7. For each vertex, we compute the core number and sort the

neighbors by their core numbers in lines 1 and 2. We decrease k from kmax to

1 in each iteration of lines 4–19. We initialize the k-probability for each vertex

based on Equation 3.7. Then similar to Algorithm 5, we iteratively remove the

vertex with the minimum k-probability from the graph and push it into a stack

S in line 14. With this strategy, the vertex with the smallest ⌘-threshold is at

the bottom of S, while the vertex with the largest ⌘-threshold is at the top of S.

Based on the stack S, we construct the ⌘-tree in Algorithm 8. Given that

the vertex is sorted by the ⌘-threshold in S. We compute the set of vertices with

the largest ⌘-threshold in lines 2–5. According to Lemma 8, any two vertices u

and v belong to the same ⌘-tree node if ⌘-thresholdk(u) = ⌘-thresholdk(v) and

(u, v) exists. Therefore, we safely create a tree node X for the vertex set of each

connected component (lines 7–8). We connect or merge X to existing tree nodes

in lines 9–15. In line 9, we locate the neighbors of connected component G[C], i.e.,

N (G[C]) = {v 2 V |u 2 C, v 62 C, (u, v) 2 E}. Note that ⌘-thresholdk(v) 6= ct

for each neighbor v in line 9. Otherwise, v will be contained in the connected

component G[C]. If ⌘-thresholdk(v) < ct, that means the tree node containing

v has not been created, and that vertex is skipped in line 10. We locate the tree

node Y containing v in line 11, and the root node Z of Y in line 12. We assign

the parent of Z as X in line 14 if Z.⌘-threshold is larger. Otherwise, we have
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Algorithm 7: UCF-Index Construction

Input: An uncertain graph G(V,E, p)
Output: UCF -Index index of G

1 invoke Algorithm 1 to compute core(u) for all u 2 V ;
2 sort the neighbors of each u 2 V by their core numbers;
3 kmax  maxu2V core(u);
4 for k  kmax to 1 do
5 G 0(V 0, E 0, p)  G[{u 2 V |core(u) � k}];
6 foreach u 2 V 0 do
7 compute k-prob(u,G 0) according to Equation 3.7;
8 curThres  0;
9 S  initialize an empty stack;

10 while G 0 is not empty do
11 u  argminv2V 0 k-prob(v,G 0);
12 curThres  max(k-prob(u,G 0), curThres);
13 ⌘-thresholdk(u)  curThres;
14 S.push(u);
15 foreach v 2 N (u,G 0) do
16 remove the edge (u, v) from G 0;
17 update k-prob(v,G 0);
18 V 0  V 0 \ {u};
19 construct ⌘-treek by invoking Algorithm 8;
20 return ⌘-treek for all 1  k  kmax;
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X.⌘-threshold = Z.⌘-threshold and merge them into one tree node (line 15)

even though X and Z are not directly connected. We analyze the running time

of Algorithm 8 as follows.

Algorithm 8: ⌘-Tree Construction

Input: An uncertain graph G, an integer k and a vertex stack S
Output: The ⌘-treek of G

1 while S is not empty do
2 ct  ⌘-thresholdk(S.top());
3 H  ;;
4 while S 6= ; ^ ⌘-thresholdk(S.top()) = ct do
5 H  H [ {S.pop()};
6 foreach connected component G[C] 2 G[H] do
7 X  create a tree node;
8 X.vertices  C;
9 foreach v 2 N (G[C]) do

10 if ⌘-thresholdk(v) < ct then continue;
11 Y  get the node containing v;
12 Z  get the root of Y;
13 if Z.⌘-threshold > X.⌘-threshold then
14 Z.parent  X;
15 else merge the tree nodes X and Z;

16 return ⌘-treesk;

Lemma 11. Given an uncertain graph G(V,E, p) and the vertex stack S, the

time complexity of Algorithm 8 is O(|Ek|), where Ek is the set of edges in the

subgraph induced by {u 2 V |core(u) � k}.

Proof. Given the input stack S, the total time complexity of line 5 is O(|S|). To

compute the connected components in line 6, we need to detect the neighbors of

each vertex. Note that we only need to detect the neighbors whose core number

is not less than k, and the neighbors of each vertex are sorted by their core

numbers in Algorithm 7. The total time complexity of both line 6 and line 9
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is O(|Ek|). Since the operations of the disjoint-set structure cost constant time,

the overall time complexity of Algorithm 8 is O(|Ek|).

Based on Lemma 11 and Theorem 5, we summarize the time complexity of

Algorithm 7 as follows.

Theorem 8. Given an uncertain graph G(V,E, p), the time complexity of Algo-

rithm 7 is O(kmax|V | log |V | k2
max|E|), where kmax = maxu∈V core(u).

Proof. The time complexity of lines 1–2 is O(|E|) using a bin sort method.

Similar to Theorem 5, lines 5–18 takes O(|V | log |V | k|E|) time. Line 19 takes

O(|Ek|) time. The overall time complexity is O(kmax|V | log |V | k2
max|E|).

3.6 Experiments

We conducted extensive experiments to evaluate the performance of our pro-

posed solutions. The algorithms evaluated in our experiments are summarized

as follows:

• UC-Online: Algorithm 3.

• UCO-Query: Algorithm 4.

• UCF-Query: Algorithm 6.

• UCO-Construct: Algorithm 5.

• UCF-Construct: the naive algorithm to construct the UCF -Index, which

invokes UCO-Construct to compute the η-threshold for each vertex.

• UCF-Construct-R: the algorithm to construct the UCF -Index, which applies

the core-based reduction optimization from Section 3.5.
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• UCF-Construct∗ (Algorithm 7): the algorithm to construct the UCF -Index,

which applies both core-based order and core-based ordering optimizations

from Section 3.5.

All algorithms were implemented in C++ and compiled using a g++ compiler

at a -O3 optimization level. All the experiments were conducted on a Linux

Server with Intel Xeon 3.46GHz CPU, 96GB 1866MHz ECC DDR3-RAM, and

2TB 7200 RPM SATA III Hard Drive.

Datasets. We used eight publicly-available real-world graphs to evaluate the

algorithms. The edge probabilities in the first four datasets came from real-

world applications, while the probabilities in the last four datasets were randomly

assigned.

Krogan is a protein-protein interaction (PPI) network [44]. The vertices

represent proteins, and the edges represent the interactions between pairs of

proteins. The edge probability represents the possibility of an interaction

between the pair of proteins connected by this edge [28]. Flickr (https:

//www.flickr.com) is an online community for sharing photos. The edge prob-

ability is the Jaccard coefficient of interest groups two users share [52, 13].

DBLP (https://dblp.uni-trier.de) is a computer science bibliography web-

site. Each vertex corresponds to an author, and edges represent co-authorships.

The edge probability is an exponential function based on the number of collabo-

rations [52, 13]. BioMine (https://www.cs.helsinki.fi/group/biomine/) is

a snapshot of the database of the BioMine project [25] containing biological in-

teractions. The edge probability is based on the confidence that the interaction

actually exists [52, 13].

Web-Google is a web network. Cit-Patents is a citation network. LiveJournal

and Orkut are social networks. A detailed description of these four networks

can be found in SNAP (http://snap.stanford.edu/index.html) with edge
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Table 3.1: Network statistics

Datasets |V | |E| degmax kmax

Krogan 2,559 7,031 141 15
Flickr 24,125 300,836 546 225
DBLP 684,911 2,284,991 611 114
BioMine 1,008,201 6,722,503 139,624 448
Web-Google 875,713 4,322,051 6,332 44
Cit-Patents 3,774,768 16,518,947 793 64
LiveJournal 3,997,962 34,681,189 14,815 360
Orkut 3,072,441 117,185,083 33,313 253

probabilities assigned uniformly and at random using the interval [0, 1].

Detailed statistics of these datasets are summarized in Table 3.1. The max-

imum degree (degmax) and the maximum core number (kmax) are shown in the

last two columns.

3.6.1 Performance of Query Processing

Our first set of experiments evaluate the performance of query processing by

varying k and ⌘. We adopt similar settings used in [13] for ⌘, and choose 0.1,

0.3, 0.5, 0.7, and 0.9, with 0.5 as the default. We choose 5, 10, 15, 20, and

25 for k, with 15 as the default. Due to the space limitations, we only report

the figures for DBLP, BioMine, LiveJournal and Orkut. The results on other

datasets show the similar trends. The results for all datasets using the default

parameter settings follow.

Evaluation-I: Varying k. The running time for UCF-Query, UCO-Query, and

UC-Online when varying k is shown in Figure 3.4. UCF-Query is faster than

UCO-Query for every k on all datasets, and the gap between them gradually

increases as k grows. For example, in LiveJournal, UCF-Query takes about

14ms while UCO-Query takes around 435ms when k = 5. When k reaches
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Figure 3.4: Query time for different k (⌘ = 0.5)

25, UCF-Query takes only 105µs (1µs = 10�6s), while UCO-Query still takes

approximately 36ms. Additionally, as k grows, UCF-Query shows a significant

downward trend on all datasets, because the time UCF-Query takes to process

is strictly dependent on the size of results, and the size of results becomes

smaller as k increases. The time for UCO-Query is relatively steadier compared

to UCF-Query. However, on some datasets, UC-Online shows slightly upward

trends, since it takes more time to initialize and update ⌘-degree for a large k.

Overall, UCF-Query is significantly faster than UC-Online, particularly for a large

k.

Evaluation-II: Varying ⌘. Figure 3.5 shows the running time for
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UCF-Query,UCO-Query, and UC-Online when varying ⌘. Compared to Figure 3.4,

the changes as ⌘ increases for all algorithms are not as obvious. In fact, for some

datasets, the trends are almost stable. For example, with BioMine, the run-

ning time for UCF-Query drops from 67µs with ⌘ = 0.1 to 17µs with ⌘ = 0.9.

Meanwhile, UCO-Query drops from about 16ms to 10ms. Additionally, unlike

Figure 3.4, the running time of UC-Online demonstrates a slight downward trend

with some datasets. The dominating factor, in this case, is that the ⌘-degree

becomes smaller as ⌘ becomes larger. We can see that the running time for

UCO-Index and UCF -Index is more sensitive to k than ⌘. This is mainly be-

cause the size of k-core will be largely reduced when k increases, and the (k, ⌘)-

core is contained in a k-core. Overall, the UCF-Query significantly outperforms

both UCO-Query and UC-Online.

Evaluation-III: Query Performance on Different Datasets. The run-

ning time for UCF-Query,UCO-Query, and UC-Online with the default parame-

ters k = 15 and ⌘ = 0.5 on all datasets are shown in Figure 3.6. We can see

that UCF-Query is not only more efficient than UCO-Query but is also several

orders of magnitude faster than UC-Online on all datasets. The running time for

UCF-Query on Krogan is about 0.012µs, which is the smallest value of all the re-

sults. Meanwhile, the costs for UCO-Query and UC-Online are about 8µs and 2ms,

respectively. On the Orkut dataset with over 100 million edges, UCF-Query only

takes about 17ms, while UCO-Query and UC-Online take approximately 857ms

and 190s, respectively.

3.6.2 Performance of Index Construction

Evaluation-IV: Index Size with Different Datasets. The size of

UCF -Index for different datasets is reported in Figure 3.7 with UCO-Index

added as a comparison. The size of UCF -Index gradually grows as the number
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Figure 3.7: Index size for different datasets

of edges increases, and with most datasets, UCF -Index needs more space due

to the maintenance of the parent-children relationship in the ⌘-tree. For ex-

ample, in Cit-Patents, UCO-Index takes up about 140MB, while UCF -Index

consumes about 160MB. However, we find that, with some datasets, the size of

UCF -Index is smaller than UCO-Index. For example, in Orkut, UCO-Index

takes up about 950MB, while UCF -Index only needs 800MB. This is because

several vertices were contracted into each tree node, and the ⌘-threshold is only

maintained for the tree node.

Evaluation-V: Construction Time on Different Datasets. This experi-

ment is designed to evaluate our optimization techniques for index construction.

UCF-Construct denotes the naive algorithm to construct the UCF -Index, with

Algorithm 5 to compute the ⌘-thresholds for all vertices and all integers of k.

UCF-Construct-R denotes the core-based reduction technique described in Sub-

section 3.5.3. UCF-Construct⇤ denotes the combined core-based reduction and

core-based ordering optimizations (Algorithm 7). We have also included the run-

ning time for UCO-Construct, the algorithm that constructs the UCO-Index, as a

comparison. The results are reported in Figure 3.8. Compared to UCO-Construct,
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Figure 3.8: Time cost for index construction

UCF-Construct originally requires additional time to construct the ⌘-tree; how-

ever, our two optimizations significantly reduce this time. On the largest dataset

Orkut, UCO-Construct, UCF-Construct, UCF-Construct-R, and UCF-Construct⇤

take approximately 12.5 hours, 12.6 hours, 5.5 hours, and 2.4 hours, respec-

tively.

Evaluation-VI: Scalability Testing. This experiment tests the scalability of

our proposed algorithms. Due to the space limitations, we have only included

the results for two real-world graph datasets as representatives — BioMine and

Orkut. The results using the other datasets show similar trends. For each

dataset, we vary the graph size and graph density by randomly sampling nodes

and edges from 20% to 100%. When sampling nodes, we derive the induced

subgraph of the sampled nodes, and when sampling edges, we select the incident

nodes of the edges as the vertex set. The time cost of UCF-Construct⇤ at different

percentages are reported in Figure 3.9, with UCO-Construct, UCF-Construct and

UCF-Construct-R as comparisons.

As we can see as |V | or |E| increases, the processing time to construct all the

indexes grows. However, the gap between UCF-Construct and UCO-Construct
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is not obvious, because the major cost in UCF-Construct is computing the ⌘-

thresholds. UCF-Construct⇤ performs better than the other algorithms in all

cases, and the gaps between UCF-Construct⇤ and the other algorithms increase as

the sampling ratio increases. Overall, these results imply that our optimization

techniques are effective, especially with big graphs.
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3.7 Chapter Summary

This chapter presents an index-based solution for computing all the (k, ⌘)-cores

in uncertain graphs. Our proposed index, called UCF -Index, maintains a tree

structure for each integer k. The size of UCF -Index is well-bounded by O(m).

Based on UCF -Index, queries for any input parameter k and ⌘ can be answered

in optimal time. Two optimizations for UCF -Index are also presented to speed

up the index construction. The results of extensive performance studies demon-

strate the effectiveness of this index-based approach and the efficiency of the

query algorithm.
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Chapter 4

SEMI-EXTERNAL MEMORY

CORE COMPUTATION IN

LARGE UNCERTAIN GRAPHS

4.1 Overview

In this chapter, we introduce our proposed index-based solution for computing

all the (k, ⌘)-cores in uncertain graphs under semi-external memory setting. The

work is published in [70] and the rest of this chapter is organized as follows. We

introduce the data structure to store UCF -Index in external memory and give

the corresponding query processing algorithm in Section 4.2. Section 4.3 pro-

poses a new strategy to locally compute ⌘-thresholds, and Section 4.4 presents

the corresponding algorithm for index construction. Section 4.5 proposes sev-

eral optimizations to further reduce I/Os and improve efficiency. Section 4.6

practically evaluates the proposed algorithms in practical terms. Section 4.7

summarizes the chapter.
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4.2 UCF-Index in External Memory

We can naturally extend the structure of UCF -Index for the external memory

setting, which is called UCEF -Index. Specifically, for each integer k, all tree

nodes are arranged in a non-increasing order of their ⌘-thresholds. For each

tree node, we store the following three elements, (1) the node’s ⌘-threshold, (2)

the node’s parent ID, and (3) the containing vertices. Note that the nodes’ IDs

are assigned in the index construction by the order they arranged in the hard

disk. Consequently, we can derive the current vertex ID in query processing

accordingly and avoid the ID storage in the index. For the containing vertices

of each node, we store an integer in the front to indicate the number of vertices.

We give an example of the index as follows.

Example 7. We show the UCEF -Index of G (Figure 1.1) for k = 2 in Fig-

ure 4.1. The corresponding tree structure is in Figure 3.2. We mark the fragment

of the tree node containing {v7, v9, v10} by gray. The node is the second one in

the sequence, and its implicit ID is 2. The parent ID is 4, which is the last tree

node.

I/O Efficient Query Processing. Based on UCEF -Index, we can use a

similar idea as Algorithm 6 to answer (k, ⌘)-core queries. We call the query

processing algorithm for the external index UCEF-Query. Given an integer k and
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a probability threshold ⌘, we sequentially scan the UCEF -Index for k. Since

tree nodes are arranged in a non-increasing order of ⌘-thresholds, each scanned

node naturally satisfies line 4 of Algorithm 6. After loading all nodes with ⌘-

threshold not less than ⌘, we derive the tree structure based on the parent ID of

each node. The tree size is bounded by O(n), and the result can be computed

using lines 8 – 21 of Algorithm 6. The I/O cost of UCEF-Query is still optimal.

Theorem 9. Given an integer k and a probability threshold ⌘, the I/O complexity

of UCEF-Query is O(|C|/B), where C = {u 2 V |⌘-thresholdk(u) � ⌘}, and B

is the block size.

4.3 Local ⌘-Threshold Computation

We can naively perform an in-memory algorithm, e.g., UCF-Construct⇤, to con-

struct UCEF -Index. Specifically, for each integer k, we always first process the

vertex with the smallest k-probability. Under the O(n) memory limitation, we

load neighbors of each vertex from external memory for computing k-probability

and release the memory for loading neighbors of the next vertex. However, this

strategy incurs significant I/O cost due to frequent random access of the external

memory.

To improve the efficiency, we propose a new framework, called

UCEF-Construct, tailored for the external memory setting. The framework re-

leases the order limitation and computes the ⌘-threshold of each vertex only

using the neighbors’ ⌘-thresholds. Given an integer k and a probability value p,

let Np
k (u) be the neighbors of u whose ⌘-threshold is at least p in the (k, ⌘)-core,

i.e., Np
k (u) = {v 2 N(u)|⌘-thresholdk(v) � p}. The key theorem to support

UCEF-Construct is given as follows.
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Theorem 10. Given an integer k, a probability value p, and a vertex u with

core(u) � k, we have p = ⌘-thresholdk(u) iff

1. the k-probability of u in Np
k (u) is not smaller than p, i.e., k-prob(u,G[{u}[

Np
k (u)]) � p; and

2. there does not exists a probability value p0 s.t. p0 > p and p0 satisfies

condition (1).

Example 8. We give an example to explain Theorem 10. We consider the vertex

v4 in Figure 1.1. Given k = 2, the ⌘-thresholds for neighbors of v4 can be

found in Figure 3.1. Assume that p = 0.48. We have N0.48
2 (v4) = {v2, v3, v5}.

The probability that v4 connects at least 2 neighbors in N0.48
2 (v4) is 0.3. Since

0.3 < 0.48, p is not the ⌘-threshold of v4, which does not satisfy the condition 1

in Theorem 10. In this case, the correct ⌘-threshold for v4 should be 0.3.

Based on Theorem 10, the procedure local_thres in Algorithm 9 shows the

pseudocode for locally computing the ⌘-threshold of u. Given a vertex u and a

set of vertices N , we also use N to represent the induced subgraph of u and N ,

i.e., G[{u} [N ], for ease of presentation when context is clear. For example, in

line 7 of local_thres, k-prob(u,Ni) is short for k-prob(u,G[{u} [Ni]).

Lemma 12. Given an integer k, a query vertex u and the ⌘-thresholds for its

neighbors N , local_thres correctly computes the ⌘-threshold for u.

Proof. According to the condition 1 of Theorem 10, all ⌘-thresholds for the

selected neighbors in computing k-probability are not smaller than p, and we

have t̂(u)  p1. The computed k-probability is not smaller than p, and we have

t̂(u)  p2. By setting t̂(u) = min(p1, p2), we guarantee t̂(u) in each iteration

always satisfies the condition 1 of Theorem 10. Note that we start from i = k

since p2 would be 0 if i < k.
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The condition 2 in Theorem 10 actually guarantees that p is the largest possi-

ble value satisfying the condition 1. local_thres computes such p in a bottom-up

strategy. Specifically, we can find that the variable p1 is monotonic decreasing,

and p2 is monotonic increasing. As a result, min(p1, p2) first monotonically in-

creases to a peak and then monotonically decreases. Line 8 of local_thres checks

whether the current t̂(u) reaches the peak. Once min(p1, p2) stops increasing,

the procedure breaks the iteration and derives the correct t̂(u).

In line 7 of local_thres, we do not need to compute k-prob(u,Ni) from scratch

in each iteration. Based on Equation 3.3, we maintain Pr[deg(u,Ni) = j] for

0  j  k � 1 in each iteration. The first iteration takes O(k2) time. In the

iteration i with i > 1, assume Ni = Ni�1 [ {v}. We have Pr[deg(u,Ni) = j] =

(1 � p(u,v)) · Pr[deg(u,Ni�1) = j] + p(u,v) ⇤ Pr[deg(u,Ni�1) = j � 1]. Therefore,

the total time complexity of line 7 is O(k ·Deg(u)), which is the same as that of

computing k-probability of u in G.

4.4 Semi-external Algorithms

Based on Theorem 10, we give the pseudocode of UCEF-Construct in Algorithm 9.

To derive core numbers of all vertices under the semi-external setting, we adopt

the algorithm SemiCore⇤ in [69]. SemiCore⇤ uses O(n) memory space and com-

putes core numbers in several iterations of sequentially reading the external

graph. For each integer k, we compute ⌘-thresholds in lines 3–13.

For each vertex u, we maintain a core number core(u), a probability value

t̂(u) as an estimation of ⌘-thresholdk(u), and an indicator to represent whether

the vertex is active. Lines 3–4 initialize t̂(u) and mark all vertices in the k-

core as active. Line 10 computes a new t̂(u) according to the current t̂ values

of neighbors. Lines 12–13 mark possibly influenced neighbors as active. The
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Algorithm 9: UCEF-Index Construction

Input: An uncertain graph G(V,E, p)
Output: UCEF -Index of G

1 compute core(u) for all u 2 V ;[69]
2 for k  kmax to 1 do
3 foreach u 2 V : core(u) � k do
4 t̂(u) = 1, and mark u as active;
5 while active vertex exists do
6 foreach u 2 V : u is active do
7 mark u as inactive;
8 load N(u) from the disk;
9 t̂old  t̂(u);

10 t̂(u)  local_thres(u,N(u), k);
11 if t̂(u) = t̂old then continue;
12 foreach v 2 N(u) : t̂(u) < t̂(v)  t̂old do
13 mark v as active;

// construct ⌘-tree for k
14 sort vertices of k-core in non-increasing order of t̂ values, and write

their neighbors accordingly in external memory;
15 invoke Algorithm 8 to construct ⌘-tree;
1 Procedure local_thres(u,N, k) :
2 sort vertices in N in non-increasing order of t̂ values;
3 t̂(u)  0;
4 for k  i  |N | do
5 p1  the i-th t̂ value in N ;
6 Ni  the first i vertices in N ;
7 p2  compute k-prob(u,Ni);
8 if t̂(u) � min(p1, p2) then break;
9 t̂(u)  min(p1, p2);

10 return t̂(u);
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⌘-threshold computation terminates if there is no active vertex. For each vertex

u, t̂(u) is always an upper bound of ⌘-threshold(u), which never increases and

converges to ⌘-threshold(u) finally. The proof of the algorithmic correctness is

similar to that of [49, 69], and we omit the details here.

Note that the condition in line 12 significantly reduces unnecessary active

vertices. We explain the rationale as follows. For a vertex u, the computation of

t̂(u) of each vertex is based on the neighbors inN t̂(u)
k (u) according to Theorem 10.

t̂(u) requires to be updated if N t̂(u)
k (u) changes. Since t̂(u) for any vertex u never

increases, we mark a vertex v as active if its neighbor u leaves N t̂(v)
k (v). In line

12, t̂(v)  t̂old means that u is in N t̂(v)
k (v) when computing t̂(v), and t̂(u) < t̂(v)

means that u leaves N t̂(v)
k (v).

Theorem 11. The I/O complexity of computing ⌘-thresholds of all vertices for

every possible k is O( l·mB ), where l is the total number of iterations, and B is the

block size.

⌘-Tree Construction. We construct ⌘-trees in lines 14–15. In the in-memory

algorithm to construct ⌘-tree (Algorithm 8), vertices are processed in a non-

increasing order of their ⌘-thresholds. We adopt the same idea here and create

a temporary file to arrange neighbors of vertices in k-core in such order. As

a result, we can construct the tree by sequentially reading the required vertex

neighbors from external memory in only one iteration. The temporary file can be

constructed using a traditional external-sorting algorithm with the I/O complex-

ity O(mB logM
B

m
B ), where M is the memory size [43]. The semi-external setting

allows us to use O(n) memory. Since n2 � m, log n
B

m
B can be regarded as a

constant, and the I/O complexity of external sorting is reduced to O(m/B). For

an integer k, the I/O cost of ⌘-tree construction is bounded by O(m/B), and

the overall I/O cost of Algorithm 9 is still O( l·mB ).
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4.5 Further Optimizations

It is obvious to see that the dominating cost in Algorithm 9 is incurred by

computing ⌘-thresholds. We propose several optimizations to reduce the I/O

cost of this step and further improve the efficiency of Algorithm 9.

4.5.1 Reducing ⌘-Threshold Estimations

Recall that for each vertex u in Algorithm 9, we initialize t̂(u) by 1, which is a very

loose upper bound of the ⌘-threshold for u. We reduce unnecessary ⌘-threshold

computations by setting a relatively tighter upper bound. Given an integer

1 < k  kmax and an arbitrary vertex u, we can naturally use ⌘-thresholdk�1(u)

as an upper bound of ⌘-thresholdk(u) based on Lemma 5. To implement this

idea, we adopt a bottom-up strategy which computes ⌘-thresholds from k = 1 to

k = kmax. In this way, we set t̂(u) = ⌘-thresholdk�1(u) in line 4 of Algorithm 9.

4.5.2 Partial Neighbor Loading

According to Theorem 10, the ⌘-threshold computation only requires the neigh-

bors whose core numbers are not smaller than k. We reduce the I/O cost of

the ⌘-threshold computation by only loading necessary neighbors of each vertex.

We implement this idea by sorting neighbors of each vertex after computing core

numbers in line 1 of Algorithm 9. Specifically, we load neighbors of each vertex

from the external memory. We sort the neighbors in non-increasing order of

their core numbers and write back to the external memory. The I/O complexity

of this step is O(m/B). Given the sorted neighbors of each vertex, in line 8 of

Algorithm 9, we sequentially read neighbors one by one from external memory

until a neighbor is found with the core number smaller than k. This step reduces

the I/O cost of line 8 from O(|N(u)|/B) to O(|Nk(u)|/B).
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4.5.3 Vertex Ordering

Compared with the in-memory index construction, Algorithm 9 may perform line

10 several times for each vertex u until t̂(u) converges to ⌘-thresholdk(u) even

using a tighter upper bound in Subsection 4.5.1. Intuitively, t̂(u) will be close

to ⌘-thresholdk(u) if t̂ values for all neighbors are close to their ⌘-thresholds. A

special case is shown as follows.

Lemma 13. Given an integer k, assume that all vertices are sorted in a non-

decreasing order of their ⌘-thresholds for k, i.e., 8u, v 2 V, ⌘-thresholdk(u) 

⌘-thresholdk(v) if u < v. Line 10 of Algorithm 9 performs only once in comput-

ing ⌘-thresholdk(u) for every vertex u.

In the case of the lemma, vertices in line 6 are processed in non-decreasing

order of ⌘-thresholds. t̂(u) derived in line 10 is exactly ⌘-thresholdk(u) according

to Theorem 10. Based on Lemma 13, we aim to improve the efficiency of Algo-

rithm 9 by postponing the ⌘-threshold computations of some vertices if their ⌘-

thresholds are relatively large with a high probability. To implement this idea, we

sort vertices in external memory after line 1 of Algorithm 9 using several heuristic

rules. We first arrange vertices in a non-decreasing order of their core numbers.

We break a tie by considering the probability that the vertex u has at least one

neighbor. Specifically, given two vertices u and v with core(u) = core(v), we

assign u to the front if Pr[deg(u,G) � 1] < Pr[deg(v,G) � 1]. The computation

of Pr[deg(u,G) � 1] for all vertices u takes O(m/B) I/Os since neighbors of each

vertex are required.

We perform an external sorting algorithm to rearrange the graph structure

according to the new vertex order, which takes O(m/B) I/Os, similar to the

discussion in Section 4.4. Note that the neighbor ordering discussed in Subsec-

tion 4.5.2 can be done as a byproduct in the vertex ordering.
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4.6 Experiments

We conducted extensive experiments to evaluate the performance of our pro-

posed solutions. The datasets and experiment settings are the same as that in

Section 3.6.

4.6.1 Performance of Semi-external Query Processing

Evaluation-I: Query Performance on Different Datasets. The running

time of UC-Online (Algorithm 3), UCO-Query (Algorithm 4), and UCF-Query

(Algorithm 6) with the default parameters k = 15 and ⌘ = 0.5 on all datasets

are shown in Figure 4.2. Regarding the external memory setting, the running

time of UCEF-Query is also shown in the last bar for each dataset in Figure 4.2,

and the corresponding number of I/Os is shown in Figure 4.3. The only differ-

ence between UCEF-Query and UCF-Query is that UCEF-Query loads the index

from external memory. We can see the running time of UCEF-Query is between

UCF-Query and UCO-Query on all datasets. For instance, on the Orkut dataset

with over 100 million edges, UCEF-Query takes about 60ms, while UCF-Query

and UCO-Query take approximately 17ms and 857ms, respectively. And the

corresponding number of I/Os for UCEF-Query is 13896.

4.6.2 Performance of Semi-external Index Construction

We use UCF-Construct⇤-EM to represent the naive extension of UCF-Construct⇤,

which loads neighbors of each vertex from external memory. We use

UCEF-Construct⇤ to denote our final algorithm for index construction in external

memory with all optimizations in Section 4.5.

Evaluation-II: Memory Usage. In Figure 4.4, we report the memory us-

age of UCEF-Construct⇤ with UCF-Construct⇤-EM and the in-memory algorithm

70



4.6. EXPERIMENTS Chapter 4

71

10-9
10-7
10-5
10-3
10-1

10
103

Krogan

Flickr

DBLP

W
eb-Googl

BioM
ine

Cit-Patentse

LiveJournal

Orkut

R
un

ni
ng

 T
im

e 
(s

)

UC-Online UCO-Query UCF-Query UCEF-Query
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Figure 4.4: Memory usage for external index construction

UCF-Construct⇤ as comparisons. We can see a considerable decrease in memory

usage from UCF-Construct⇤ to other external algorithms, since we limit the mem-

ory usage to O(n). In the largest dataset Orkut, UCEF-Construct⇤ takes about

430MB, while UCF-Construct⇤ takes up to 26GB.

Evaluation-III: External Index Construction. The running time and I/O

cost of our final algorithm UCEF-Construct⇤ for external index construction

are reported in Figure 4.5 and Figure 4.6, respectively. The performance of

UCF-Construct⇤-EM is also reported as a comparison. We can find that the strat-

egy for ⌘-threshold computation in Theorem 10 is effective. In several datasets,

UCEF-Construct⇤ is one order of magnitude faster than UCF-Construct⇤-EM, and

the I/O cost of UCEF-Construct⇤ is almost two orders of magnitude smaller

than that of UCF-Construct⇤-EM. For example, in DBLP, UCEF-Construct⇤ and

UCF-Construct⇤-EM take 11s and 189s, respectively.

Evaluation-IV: Optimizations for External Index Construction. We

evaluate the effectiveness of optimizations proposed in Section 4.5. We use

UCEF-Construct to denote Algorithm 9 without any optimizations in Sec-

tion 4.5 and record its running time and I/O cost in each dataset. We use
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Figure 4.7: Speedup for external index construction

UCEF-Construct+1 to denote the algorithm with the upper bound optimization

in Subsection 4.5.1. We use UCEF-Construct+2 to denote the algorithm with

both upper bound optimization in Subsection 4.5.1 and neighbor ordering opti-

mization in Subsection 4.5.2. Recall that UCEF-Construct⇤ is the final algorithm

with all three optimizations. We record the running time and I/O cost of these

algorithms. For each dataset, we compute the percentages that the running

time and the I/O cost of these algorithms account for those of UCEF-Construct.

The results are shown in Figure 4.7 and Figure 4.8, respectively. The upper

bound optimization is the most effective among them, and the speedup is ob-

vious especially in large datasets. Note that in several small datasets of Fig-

ure 4.8, UCEF-Construct+2 takes a little more I/Os than UCEF-Construct+1 due

to the external sorting of vertex neighbors. However, this optimization reduces

a large number of unnecessary neighbors for the ⌘-threshold computation and

still achieves a speedup.

Evaluation-V: Scalability of External Index Construction. We evaluate

the scalability of UCEF-Construct⇤ and UCF-Construct⇤-EM. We vary the size

and the density of Orkut by randomly sampling vertices and edges from 20% to
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100%. When sampling vertices, we derive the induced subgraph of the sampled

vertices, and when sampling edges, we select the incident vertices of the edges

as the vertex set. The I/O cost is reported in Figure 4.9 (a) and Figure 4.9 (b).

The running time is reported in Figure 4.9 (c) and Figure 4.9 (d).

4.7 Chapter Summary

This chapter presents an index-based solution for computing all the (k, ⌘)-cores

in uncertain graphs under semi-external memory setting. Our proposed index,

called UCEF -Index, stores a tree structure for each integer k in the hard disk.

The size of UCEF -Index is also well-bounded by O(m). Based on the index,

the I/O cost for querying (k, ⌘)-core is still optimal. We also propose an al-

gorithm to construct the index in external memory. The results of extensive

performance studies demonstrate the effectiveness of this index-based approach

and the efficiency of the query algorithm under semi-external memory setting.
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Chapter 5

FULLY DYNAMIC

DEPTH-FIRST SEARCH IN

LARGE DIRECTED GRAPHS

5.1 Overview

In this chapter, we introduce a framework and corresponding algorithms for the

DFS-Tree maintenance problem considering both edge insertion and deletion

in general directed graphs. The work is published in [72] and the rest of this

chapter is organized as follows. Section 5.2 introduces background knowledge

about DFS and defines the research problem. Section 5.3 gives a framework

for DFS-Tree maintenance. Section 5.4 gives the basic implementation for both

edge insertion and deletion. Section 5.5 studies the optimizations. Section 5.6

reports the experiment result, and Section 5.7 summarizes the chapter.
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5.2 Preliminary

Definition 9. (Depth-First Search) Given a graph G, a depth-first search

(DFS) traverses G in a particular order by picking an unvisited vertex v from

the out-neighbors of the most recently visited vertex u to search, and backtracks

to the vertex from where it came when a vertex u has explored all possible ways

to search further. [21]

For simplicity and without loss of generality, we add a virtual root vertex

� and connect � to every vertex in G. We always perform the DFS traversal

starting from � and collect all vertices.

Definition 10. (DFS-Tree) Given a graph G, a DFS-Tree of G, denoted by

TG, is an ordered spanning tree formed by the process of DFS. [21]

We omit the subscript G of TG when the context is clear. Given a vertex

u, we denote C(u) the children list of u in the DFS-Tree T . Note that the

DFS-Tree is not unique. There is a one-to-one correspondence between a vertex

search order and a DFS-Tree. We give the pseudocode for computing the DFS-

Tree in Algorithm 10, which is self-explanatory. Given an example graph G in

Figure 1.2(a), one possible DFS-Tree T of graph G is shown in Figure 1.2(b).

Algorithm 10: DFS(u)
Input: a graph G, and a root vertex u in G
Output: a DFS-Tree T

1 mark u as visited;
2 foreach v 2 Nout(u): v is unvisited do
3 append v to the end of children list C(u) in T ;
4 DFS(v);

The Validity of the DFS-Tree. Given a graph G and any search spanning

tree T of G, the edges appearing in the tree are called tree edges. The remaining
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edges (u, v) are called non-tree edges and are categorized into one the following

four types:

• (u, v) is a forward edge if u is an ancestor of v in T .

• (u, v) is a backward edge if u is a descendant of v in T .

• (u, v) is a forward-cross edge if u and v do not have an ancestor/descendant

relationship, and u is visited before v in the preorder of T .

• (u, v) is a backward-cross edge if u and v do not have an ances-

tor/descendant relationship, and u is visited after v in the preorder of

T .

E ample 9. We show the non-tree edges for the DFS-Tree T of Figure 1.2(b)

in Figure 5.1(a). The edge (v3, v10) is a forward edge since v3 is the ancestor

of v10. (v2, v0) is a backward edge since v2 is a descendant of v0. (v7, v2) is a

backward-cross edge since v7 is visited after v2, and these two vertices do not

have an ancestor/descendant relationship. There is no forward-cross edge in T .

Lemma 14. Given a graph G, a search spanning tree of G is a DFS-Tree if and

only if there is no forward-cross edge in G under this tree. [60]

Problem Definition. In this work, we study the problem of maintaining the

DFS-Tree in dynamic directed graphs. Formally, given a directed graph G and

a DFS-Tree T of G, we aim to efficiently compute a search spanning tree of G

without any forward-cross edge when an edge is inserted into or deleted from G.

Note that we only focus on the edge operation since the vertex update can

be implemented by several edge updates.
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Figure 5.1: The non-tree edges and time intervals of the DFS-Tree T

5.3 A Flexible Framework

In this section, we first introduce several important concepts in checking the

validity of the DFS-Tree, then present a framework for the DFS maintenance

problem.

5.3.1 Efficient Validity Check

As mentioned in the previous sections, a valid DFS-Tree does not contain any

forward-cross edge. Note that for a deleted tree edge (s, t), we can first connect

the tree by appending t to the end of the children list of the visual root �. Several

new forward-cross edges may appear as a result. Therefore, handling the edge

deletion can also be transformed to the problem of eliminating froward-cross

edges. Given an edge (s, t), we can efficiently check the edge type using the time

interval of each vertex instead of scanning the out-neighbors (resp. in-neighbors)

of s (resp. t) in the graph.

80

v10

𝛄

v0

v1

v2

v3

v4
v5

v7
v6

v12

v8
v11

v9

v13

v14

v18

v15

v16

v17

(a) Types of non-tree edges

v10

𝛄

v0

v1

v2

v3

v4
v5

v7
v6

v12

v8
v11

v9

v13

v14

v18

v15

v16

v17

1, 40]
2, 7]

3, 6]

4, 5]

8, 37]

9, 10]
11, 24]

12, 21]

13, 14]

15, 18]

16, 17]
19, 20]

22, 23]

25, 32]

26, 29]

27, 28]

30, 31]

34, 35]

33, 36]

38, 39]

(b) Time intervals



5.3. A FLEXIBLE FRAMEWORK Chapter 5

Definition 11. (Time Interval) Given a DFS-Tree T and a vertex u, the time

interval of u is denoted as IT (u) = [x, y], where x = IT (u).left is the discovery

timestamp of u in the DFS traversal, and y = IT (u).right is the finish timestamp

of u when its out-neighbors have been examined completely in the DFS traversal.

[21]

Corollary 1. There exists a one-to-one correspondence between the DFS-Tree

and the time interval of each vertex.

We omit the subscript T of IT when the context is clear. We give the time

interval of every vertex in the DFS-Tree T of Figure 1.2(b) in Figure 5.1(b).

In the rest of this chapter, we always use the terms discovery u and finish u to

represent the timestamps I(u).left and I(u).right, respectively. The term visit

u means either discovery u or finish u.

Given a timestamp t (1 ≤ t ≤ 2n) and the DFS-Tree T , we denote T [t] the

visited vertex at timestamp t, i.e., T [t] = v iff I(v).left = t ∨ I(v).right = t.

For example, T [12] = v6 in Figure 5.1(b). Given a time interval I, we denote

T (I) (or T [I.left, I.right]) the visited vertex set no earlier than the timestamp

I.left and no later than the timestamp I.right, i.e., T (I) = {v ∈ V |I.left ≤
I(v).left ≤ I.right ∨ I.left ≤ I(v).right ≤ I.right}. For example, T [8, 15] =

{v3, v4, v5, v6, v7, v8} in Figure 5.1(b).

We always use the term search spanning tree to denote the tree structure

that may contain forward-cross edges in the rest. Based on the concept of the

time interval, a non-tree edge (s, t) in a search spanning tree is

• a forward edge if I(t) ⊂ I(s),

• a backward edge if I(s) ⊂ I(t),

• a forward-cross edge if I(s).right < I(t).left, or
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• a backward-cross edge if I(t).right < I(s).left.

To efficiently check the edge types, we maintain the time interval of each vertex

in addition to the tree structure.

5.3.2 The Framework

To eliminate the forward-cross edges in a search spanning tree, the general idea

of our framework is to locate a candidate part of the tree, then reconstruct

the tree structure and recompute the time intervals of this part. We propose

a one-pass strategy. By one-pass, we mean to simultaneously update the tree

structure and the time interval of each visited vertex. In addition, we also

propose optimizations that dynamically refine the range in Section 5.5. The

pseudocode of the framework is given in Algorithm 11.

Algorithm 11: DFS-Maintenance Framework

Input: a directed graph G, a search spanning tree T with forward-cross
edges

Output: the updated DFS-Tree
1 set a candidate time interval CI;
2 r ← LCA(T [CI.left], T [CI.right]);
3 ts ← CI.left;
4 ConstrainedDFS(r);
5 return the updated DFS-Tree T ;

We locate a part of the DFS-Tree by setting a candidate time interval CI
(line 1). Let r be the lowest common ancestor (LCA) of the first visited vertex

T [CI.left] and the last visited vertex T [CI.right] (line 2). We perform a con-

strained DFS starting from r (line 4). Here, by constrained, we mean only to

visit the vertices falling in the candidate time interval CI during the DFS.

The pseudocode of ConstrainedDFS is given in Algorithm 12. Note that the

initial state of every vertex in the graph is unvisited in all the algorithms proposed
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Algorithm 12: ConstrainedDFS(u)
1 mark u as visited;
2 if I(u).left � CI.left then
3 I(u).left  ts, ts  ts+ 1;
4 foreach v 2 Nout(u): I(v) \ CI 6= ; ^ I(v) 6� CI ^ v is unvisited do
5 if I(v).left � CI.left then
6 v0  T [ts� 1];
7 if v0 = u then
8 reassign v to the first element in C(u);
9 else

10 reassign v to the next element of v0 in C(u);

11 ConstrainedDFS(v);
12 if I(u).right  CI.right then
13 I(u).right  ts, ts  ts+ 1;

in this study. The variables CI and ts are global variables. We update the

discovery time of u if the original discovery time of u falls in the interval CI

(lines 2–3). Then, we recursively discover the out-neighbor v of u if v falls in

CI (lines 4–11). Note that in line 4, I(v) \ CI 6= ; ^ I(v) 6� CI is equivalent

to v 2 T (CI). In line 7, v0 = u means that v is the first discovered child

after discovering u. Otherwise, v0 is the last finished child of u before v. We

recursively search the constrained neighbors of v by invoking ConstrainedDFS(v)

in line 11. Finally, we update the finish time of u if its original finish time falls

in the interval CI (lines 12–13).

5.3.3 Framework Analysis

Correctness Analysis. We prove the correctness of Algorithm 11 in this sub-

section. We use T to denote the input search spanning tree in Algorithm 11. We

add the subscript new in the tree notation (shown as Tnew) when necessary for

clarity to represent the updated search spanning tree returned by Algorithm 11.
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Lemma 15. Given any time interval CI in a search spanning tree T , the lowest

common ancestor of all vertices visited during CI is the same as that of the

first and the last visited vertices during CI, i.e., LCA(T [CI.left], T [CI.right]) =

LCA(T (CI)).

Proof. Let u = T [CI.left], v = T [CI.right], w be the LCA of u and v, and w0

be the LCA of T (CI). Since both w and w0 are the ancestor of u and all the

ancestors of u are on the simple path from u to the root, either w and w0 have an

ancestor-descendant relationship or they are the same vertex. To derive w0 = w,

we show w is not the ancestor of w0 and vice versa.

First, w is not the ancestor of w0. Otherwise, the LCA of u and v would be w0.

Second, we prove that w is not the descendant of w0 by contradiction. Assume

that w is the descendant of w0. There is a vertex u0 in T (CI) such that u0 is not

the descendant of w. Then, either u0 is the ancestor of w, or u0 and w do not

have an ancestor-descendant relationship. For the first case, we have I(u0) � CI,

and for the second case, we have I(u0) \ CI = ; since I(u0) \ I(w) = ; and

I(w) ◆ CI. Both two cases contradict that u0 is in T (CI).

Lemma 16. For each vertex v 2 T (CI) in Algorithm 11, either v = r or there

is a tree path from r to v such that each vertex in the path (excluding r) is in

T (CI).

Proof. We prove it by contradiction. Assume that there is a vertex v 2 T (CI)

and v 6= r, and the parent v0 of v satisfies v0 6= r and v0 62 T (CI). Then, either

I(v0) \ CI = ; or I(v0) � CI.

For the first case, we have I(v) \ CI = ; because I(v) ⇢ I(v0). This

contradicts that v 2 T (CI). For the second case, r is the LCA of all vertices

in T (CI) based on Lemma 15. However, if I(v0) � CI, we hold that v0 is the

LCA of all vertices in T (CI), since v0 is the common ancestor of T [CI.left] and
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T [CI.right], and v0 is a descendant of r. This contradicts that r is the LCA of

all vertices in T (CI).

Based on the above two lemmas, there is an invocation for ConstrainedDFS()

for each vertex v 2 T (CI), and we do not lose any vertex belonging to T (CI)

in the constrained DFS. On the other hand, given the limitation in line 4 of

Algorithm 12, we guarantee that if a vertex v is visited in the original tree

during the interval CI, v will also be visited in the updated tree during CI. A

formal lemma is given as follows.

Lemma 17. For each vertex v in Algorithm 11, ITnew(v).left (resp.

ITnew(v).right) falls in CI if and only if IT (v).left (resp. IT (v).right) falls

in CI, i.e., T (CI) = Tnew(CI).

Theorem 12. Given an input search spanning tree T of G, Algorithm 11 com-

putes a valid DFS-Tree if (i) there is no forward-cross edge (u, v) in T such that

u 2 V \ T (CI); and (ii) there is no forward-cross edge (u, v) in Tnew such that

u 2 T (CI) ^ I(v).left > CI.right.

Proof. The updated search spanning tree Tnew computed by Algorithm 11 is a

DFS-Tree if and only if there is no forward-cross edge (u, v) in Tnew. Two vertices

u, v 2 V can be considered in the following four cases: (i) u 2 T (CI)^v 2 T (CI),

(ii) u 2 T (CI) ^ v 2 V \ T (CI), (iii) u 2 V \ T (CI) ^ v 2 T (CI), and (iv)

u 2 V \ T (CI) ^ v 2 V \ T (CI).

For the case (i), Algorithm 12 guarantees that there is no forward-cross edge

(u, v) in Tnew such that u 2 T (CI)^v 2 T (CI). Because if the edge (u, v) exists,

v would be visited in the invocation of ConstrainedDFS(u).

For the case (ii), the condition (ii) in the theorem guarantees that there is

no forward-cross edge (u, v) in Tnew such that u 2 T (CI) ^ v 2 V \ T (CI).

If I(v).left  CI.right, either I(v).right < CI.left or I(v) � CI, since v 62
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T (CI). For both two cases, I(v).left  CI.left, considering that I(u).right �

CI.left since u 2 T (CI), the edge (u, v) cannot be a forward-cross edge since

I(u).right � I(v).left.

For the case (iii), the condition (i) in the theorem guarantees that there is

no forward-cross edge (u, v) in Tnew such that u 2 V \ T (CI) ^ v 2 T (CI). On

the one hand, if I(u).left > CI.right or I(u) � CI, we will have I(u).right �

CI.right � I(v).left. Therefore, the edge (u, v) cannot be a forward-cross edge.

On the other hand, if I(u).right < CI.left, we assume that there is a forward-

cross edge (u, v) in Tnew, then edge (u, v) in T may be a tree edge, forward

edge, backward edge, forward-cross edge, or backward-cross edge. Firstly, edge

(u, v) cannot be a tree edge or forward edge in T . If so, we would have I(u) �

I(v), and this contradicts I(u).right < CI.left. Secondly, edge (u, v) cannot

be a backward edge in T . If so, it would be a backward edge in Tnew too.

Specifically, u 2 T (r), and u is visited before T [CI.left] during DFS. Following

Algorithm 12, we visit vertices in the preorder of T before visiting T [CI.left].

Therefore, v is an ancestor of u in Tnew, and edge (u, v) is a backward edge.

Thirdly, edge (u, v) cannot be a backward-cross edge in T . If so, we would have

I(v).right < I(u).left < I(u).right < CI.left, and this contradicts v 2 T (CI).

Considering aforementioned conditions, edge (u, v) must be a forward-cross edge

in T . We have that if edge (u, v) is not a forward-cross edge in T , it will not be

a forward-cross edge in Tnew under the condition I(u).right < CI.left.

For the case (iv), the condition (i) in the theorem guarantees that there is no

forward-cross edge (u, v) in Tnew such that u 2 V \T (CI)^v 2 V \T (CI). Since

the time interval of a vertex not in T (CI) will not change during Algorithm 11,

if I(u).right � I(v).left in T , we will have I(u).right � I(v).left in Tnew

too.

Theorem 13. Given a directed graph G and a search spanning tree T of G, the
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running time of Algorithm 11 is bounded by O(
P

u2T (CI)[{r} dout(u)), where r is

the LCA of all vertices in T (CI).

5.4 Implementations

5.4.1 Edge Insertion

We give the basic implementation for the edge insertion in this subsection. The

pseudocode is shown in Algorithm 13.

Algorithm 13: DFS-Insert
Input: a directed graph G, a DFS-Tree T of G and an inserted edge (s, t)

in G
Output: the updated DFS-Tree

1 insert (s, t) into G;
2 if I(s).right > I(t).left then return T ;
3 r  LCA(s, t);
4 CI  [I(s).right, I(r).right];
5 ts  CI.left;
6 ConstrainedDFS(r);
7 return the updated DFS-Tree T ;

We do nothing and return the original tree if (s, t) is not a forward-cross edge

in line 2. We compute the LCA of s and t as the search root of ConstrainedDFS()

in line 3 and set the candidate interval as [I(s).right, I(r).right] in line 4.

ConstrainedDFS() is invoked in line 6. A running example is given as follows.

Example 10. Given the directed graph G in Figure 1.2(a) and its DFS-Tree T

in Figure 1.2(b), the updated DFS-Tree Tnew computed by Algorithm 13 for an

inserted edge (v8, v13) is shown in Figure 5.2(a). The LCA of v8 and v13 in the

original DFS-Tree T is v3. v3 is also the LCA of all black vertices, which is

supported by Lemma 15. According to Figure 5.1(b), the candidate time interval
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Figure 5.2: The updated DFS-Tree for the inserted edge (v8, v13) in the graph G

CI is assigned by [18, 37]. The vertices falling in the candidate time interval CI

are marked in black. The time intervals of vertices which do not belong to T (CI)

(white vertices) do not change in the algorithm.

Lemma 18. In Algorithm 13, there is no forward-cross edge (u, v) in Tnew such

that u 2 T (CI) and I(v).left > CI.right.

The correctness of Algorithm 13 is guaranteed by combining Theorem 12 and

Lemma 18. We give the time complexity of Algorithm 13 as follows.

Theorem 14. Given a directed graph G, a DFS-Tree T of G and an

inserted edge (s, t), the running time of Algorithm 13 is bounded by

O(
P

u2T [I(s).right,I(r).right] dout(u)), where r is the LCA of s and t.
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5.4.2 Edge Deletion

We explain the basic implementation for the edge deletion in this subsection.

The pseudocode is shown in Algorithm 14. The pseudocode is self-explanatory,

so we omit the detailed description here.

Algorithm 14: DFS-Delete
Input: a directed graph G, a DFS-Tree T of G and a deleted edge (s, t)

in G
Output: the updated DFS-Tree

1 delete (s, t) from G;
2 if (s, t) is not a tree edge then return T ;
3 �  the virtual root of the DFS-Tree T ;
4 CI  [I(t).left, I(�).right];
5 ts  CI.left;
6 ConstrainedDFS(�);
7 return the updated DFS-Tree T ;

Example 11. Given the directed graph G in Figure 1.2(a) and its DFS-Tree

T in Figure 1.2(b), the updated DFS-Tree Tnew computed by Algorithm 14 for a

deleted edge (v5, v6) is presented in Figure 5.3(a). According to Figure 5.1(b),

the candidate time interval CI is assigned by [12, 40]. Similar to Figure 5.2(a),

the vertices falling in the candidate time interval CI are marked in black, and

the time intervals of vertices which do not belong to T (CI) (white vertices) do

not change in the algorithm.

Lemma 19. In Algorithm 14, there is no forward-cross edge (u, v) in Tnew such

that u 2 T (CI) and I(v).left > CI.right.

The correctness of Algorithm 14 is guaranteed by combining Theorem 12 and

Lemma 19. We give the time complexity of Algorithm 14 as follows.
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Figure 5.3: The updated DFS-Tree for the deleted edge (v5, v6) in the graph G

Theorem 15. Given a directed graph G, a DFS-Tree T of G and

a deleted edge (s, t), the running time of Algorithm 14 is bounded by

O(
P

u2T [I(t).left,I(�).right] dout(u)), where � is the virtual root of T .

5.5 The Improved Approaches

Drawbacks of Basic Solutions. Even though Algorithm 13 and Algorithm 14

correctly update the DFS-Tree, there is still much room for improvement. First,

the key step in both Algorithm 13 and Algorithm 14 is to set a candidate time

interval CI. This interval can be very large, and many vertices will consequently

be visited in ConstrainedDFS(). Second, all the out-neighbors of each discovered

vertex will be scanned in ConstrainedDFS(). The total number of their out-

neighbors can be very large especially in big graphs.

We propose several optimizations to improve the algorithmic efficiency. In

response to the drawbacks of the basic solutions, we first adopt a strategy which

dynamically refines the candidate time interval CI. Specifically, we continuously

adjust the candidate interval in the process of the algorithm, and the candidate
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interval is theoretically guaranteed to be never larger than that of the basic

solutions. In addition, we design a hybrid approach to perform the constrained

DFS. By hybrid, we mean searching vertices by combining the graph search and

the tree search. This avoids scanning all the out-neighbors of the visited vertices

in the basic solutions. We introduce the details for edge insertion and deletion

in Subsection 5.5.1 and Subsection 5.5.2, respectively.

5.5.1 Edge Insertion

Tightening Candidate Interval

We first give some key observations for tightening the candidate interval in the

edge insertion algorithm.

Lemma 20. Given an inserted edge (s, t), let C be the set of new descendants

of s in Algorithm 13, i.e. C = (Tnew(s) \ {s}) \ T (CI), we have C = Tnew(t).

Lemma 21. Given an inserted edge (s, t), let w be the vertex in Tnew(t) with the

largest old right interval value, i.e., w = argmaxv2Tnew(t) I(v).right. There is no

edge (u, v) such that u 2 Tnew(t) and I(v).left > I(w).right.

Example 12. Consider the graph G in Figure 1.2(a), the original DFS-Tree

T in Figure 1.2(b), and the updated DFS-Tree Tnew in Figure 5.2(a) for an

inserted edge (v8, v13). The new descendants of v8 is C = Tnew(v13) =

{v11, v12, v13, v14, v15}. v12 has the largest old right interval value 32 as shown

in Figure 5.1(b). The set of vertices with a left time interval larger than 32 is

{v16, v17, v18}, and there is no edge from the vertex in Tnew(v13) to the vertex in

this set.

Based on Lemma 21, we can use [I(s).right, I(w).right] as the new candi-

date interval and guarantee the algorithmic correctness. To derive I(w).right,
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we dynamically update the candidate interval in the process of the edge inser-

tion algorithm. Specifically, given an inserted edge (s, t), we can initialize the

candidate interval as T [I(s).right, I(t).right] since t must be in Tnew(t). Ev-

ery time a new vertex v is assigned as a descendant of t, we update CI.right

to I(v).right if I(v).right > CI.right. The candidate interval stops updating

once all the descendants of t are collected in the updated DFS-Tree Tnew. The

following lemma shows that the search space of this new candidate interval is at

most the same as that of Algorithm 13 in the worst case.

Lemma 22. Given an inserted edge (s, t), let w be the vertex defined in

Lemma 21. I(w).right  I(r).right, where r is the LCA of s and t.

From Graph Search to Tree Search

We further improve the algorithmic efficiency by replacing a part of the graph

search with tree search.

Lemma 23. Given an inserted edge (s, t) in Algorithm 13, when finishing the

visit of vertex t, i.e., u = t in line 12 of Algorithm 12, there is no forward-cross

edge in the graph.

Based on Lemma 23, at the finish moment of vertex t, the tree is a valid

DFS-Tree, and what we need is to update the time intervals of the remaining

vertices. Therefore, we can simply search the tree instead of the graph to finish

the update. We give an example to explain Lemma 23.

Example 13. We continue to use Figure 5.2(a) for the inserted edge (v8, v13).

When all the descendants of v13 are collected (the timestamp is 27), there is no

forward-cross edge. At this moment, all remaining vertices still in the candidate

interval are {v3, v5, v6, v8, v10}. Compared with Figure 5.1(b), the tree structures
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of these remaining vertices do not change, and we only update their time inter-

vals.

The Overall Algorithm

By combining these two optimization techniques mentioned above, we detail our

final algorithm for edge insertion in this subsection. The pseudocode is presented

in Algorithm 15.

Algorithm 15: DFS-Insert⇤

Input: a directed graph G, a DFS-Tree T of G and an inserted edge (s, t)
in G

Output: the updated DFS-Tree
1 insert (s, t) into G;
2 if I(s).right > I(t).left then return T ;
3 r  LCA(s, t);
4 CI  [I(s).right, I(t).right];
5 reassign t to the last element in C(s);
6 ts  CI.left;
7 InsHybrid-DFS(r, t);
8 return the updated DFS-Tree T ;

In line 4 of Algorithm 15, we initialize the candidate interval as

[I(s).right, I(t).right]. We invoke the subroutine named InsHybrid-DFS instead

of ConstrainedDFS, and the search root is still the LCA of s and t.

The pseudocode of InsHybrid-DFS is presented in Algorithm 16. Similar to

Algorithm 12, we update the left time interval of u in lines 2–3 and the right

time interval of u in lines 13–14 if necessary. We check whether u is in T (t) in

line 4. If yes, we perform the graph search in lines 5–9. The constraint (line 6)

in the graph search is set to be the same as that in line 4 of Algorithm 12. In

line 8, we update the right bound of the candidate interval if necessary. If u is

not in T (t), we perform the tree search in lines 11–12. Line 11 guarantees that
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Algorithm 16: InsHybrid-DFS(u, t)
1 mark u as visited;
2 if I(u).left � CI.left then
3 I(v).left  ts, ts  ts+ 1;
4 if u 2 T (t) then

// Graph Search
5 C(u) = ;;
6 foreach v 2 Nout(u): I(v) \ CI 6= ; ^ I(v) 6� CI ^ v is unvisited do
7 reassign v to the last element in C(u);
8 CI.right  max(CI.right, I(v).right);
9 InsHybrid-DFS(v, t);

10 else
// Tree Search

11 foreach v 2 C(u): I(v) \ CI 6= ; do
12 InsHybrid-DFS(v, t);

13 if I(u).right  CI.right then
14 I(u).right  ts, ts  ts+ 1;

only the vertices falling in the candidate interval are visited. We give a running

example of Algorithm 15 as follows.

Example 14. Given directed graph G in Figure 1.2(a) and its DFS-Tree T

in Figure 1.2(b), the updated DFS-Tree Tnew computed by Algorithm 15 for the

inserted edge (v8, v13) is shown in Figure 5.2(b). For each visited vertex, if a

graph search is performed, the vertex is marked in black, or if a tree search is

performed, the vertex is marked in gray. Consider the tree in Figure 5.2(a)

derived by Algorithm 13. The candidate interval is [18, 37], and there are 12

(black) vertices visited in the algorithm, whereas in Figure 5.2(b), the final stable

candidate interval is [18, 32]. Only 10 (black and gray) vertices are visited in the

algorithm, and we only visit the tree children instead of the graph out-neighbors

of the 5 (gray) vertices inside.

Theorem 16. Given a directed graph G, a DFS-Tree T of G and an inserted
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edge (s, t), the running time of Algorithm 15 is O(|T [I(s).right, I(w).right]| +
P

u2Tnew(t) dout(u)), where w is the vertex defined in Lemma 21.

The left part of the complexity is the number of visited vertices in the can-

didate interval [I(s).right, I(w).right], and the right part is the number of out-

neighbors of all vertices in Tnew(t). In brief, the left and right parts represent the

tree search and graph search in Algorithm 15, respectively. Based on Lemma 22,

the overall time complexity of Algorithm 15 is not larger than that of Algo-

rithm 13.

5.5.2 Edge Deletion

In this subsection, we propose the optimizations for updating the DFS-Tree when

a tree edge is deleted.

A Similar Optimization to Edge Insertion

Recall that given a deleted tree edge (s, t) in Algorithm 14, we straightforwardly

append the subtree T (t) to the end of the children list of the virtual root �.

This essentially transforms the edge deletion problem to a forward-cross edge

repairing problem. This method is inefficient due to the unpredictable generated

forward-cross edges. A wide candidate interval (from I(t).left to I(�).right) is

set to cover the possibly influenced vertices.

In order to tighten the candidate interval, one method is to adopt a similar

optimization in Subsection 5.5.1, which dynamically updates the candidate in-

terval. Specifically, we start the constrained DFS from the timestamp I(t).left,

i.e., CI.left = I(t).left, which is the same as that in Algorithm 14, and do not

limit the right bound of the candidate interval initially. The DFS terminates

immediately once all the vertices in T (t) are visited.
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However, the improvement of this optimization is limited since the new an-

cestors of vertices in T (t) are unpredictable, and we need to scan all the out-

neighbors of every vertex visited in the DFS.

Avoiding Unpredictable Graph Search

To improve the efficiency of the edge deletion, we adopt a new method that

iteratively appends the vertices in T (t) to the tree as early as possible. For the

vertices not in T (t), the tree search is performed and the time interval is updated

in the tree. After visiting a special kind of vertex u which can be the parent of

vertices in T (t), we start the graph search and collect a set of vertices in T (t)

as the descendants of u. The algorithm terminates once all vertices in T (t) are

appended to the tree. This new method further tightens the candidate interval,

and the graph search is only performed on the vertices in T (t). We introduce the

details below and start by giving several definitions for ease of understanding.

Definition 12. (Local Earliest Visit Time) Given a vertex u 2 T (t) and

a vertex p 2 Nin(u) \ (V \ T (t)), the local earliest visit time of u regarding

p, denoted by EVp(u), is the smallest integer i such that i > I(p).left and

@v 2 C(p) : I(v).left < I(t).left ^ i  I(v).right.

Definition 13. (Earliest Visit Time and Potential Parent) Given a

vertex u 2 T (t), the earliest visit time of u, denoted by EV(u), is the smallest

local earliest visit time of u, i.e., EV(u) = minp2Nin(u)\(V \T (t)) EVp(u). The cor-

responding vertex p of the minimum EVp(u) is the potential parent of u, denoted

by PP(u).

Note that due to the existence of virtual root �, every vertex in T (t) has a

potential parent and earliest visit time. The condition i > I(p).left guarantees

that we visit u as a child of p. Given for any other child v 2 C(p), I(u)\I(v) = ;.
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The condition @v 2 C(p) : I(v).left < I(t).left^ i  I(v).right guarantees that

i is the earliest position to append u to C(p) after the timestamp I(t).left. We

give an example as follows.

Example 15. Reconsider the case of deleting the edge (v5, v6) in the DFS-Tree

shown in Figure 5.1. The vertex set in the subtree T (v6) is {v6, v7, v8, v9, v10}.

The vertex v8 has three in-neighbors {v11, v14, �} that are not in T (v6). The local

earliest visit time EVv11(v8) is 23, EVv14(v8) is 28, and EV�(v8) is 38. Therefore,

the potential parent of v8 is v11 and its earliest visit time is 23. In other words,

the earliest position to append v8 after the timestamp I(v6).left = 12 in the tree

is the child of v11.

The vertex v10 has two in-neighbors {v3, �} that are not in T (v6). The local

earliest visit time EVv3(v10) is 25, and EV�(v10) is 38. Thus, the potential parent

of vertex v10 is v3 and its earliest visit time is 25. In this case, v10 can be

appended to C(v3) after v5, since v5 has been visited before I(v6).left = 12, and

EV(v10) should be larger than I(v5).right = 24.

Definition 14. (Trigger) Given a vertex set C ✓ T (t), the trigger of C is a

vertex u with the smallest earliest visit time in C, i.e., u = argminv2C EV(v).

Note that it is possible that there are multiple triggers. We break the tie

by randomly selecting one in the algorithm. An example to explain the above

definitions is given below.

Example 16. Given the set C = T (v6), the trigger is v8. Its earliest visit time

and potential parent are 23 and v11, respectively. For the other vertices in T (v6),

we have PP(v10) = v3, EV(v10) = 25 and PP(v6) = v13, EV(v6) = 27. The

virtual root � is the only one in-neighbor not in T (v6) for the vertices v7 and v9.

We have PP(v7) = PP(v9) = � and EV(v7) = EV(v9) = 38.
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We explain the rationale behind these definitions. Firstly, we only allow

the vertices in T (t) to append to the tree after the timestamp I(t).left. This

guarantees that there is no new forward-cross edge (u, v) such that u 2 T (t) and

v is visited before I(t).left. Secondly, we find the earliest potential parent for

each vertex in T (t), and this avoids the appearance of forward-cross edges due

to the backward movement of vertices in T (t). We give examples as follows.

Example 17. Following the previous example, consider vertex v7. The only in-

neighbor of v7 not in T (v6) is �. According to Definition 12 and Definition 13,

the earliest position to append v7 is after v3. If we omit the condition @v 2 C(p) :

I(v).left < I(t).left^ i  I(v).right in Definition 12 and append v7 as the first

child of �, this will generate two new forward-cross edges (v7, v2) and (v7, v5).

Therefore, we only append vertices after the timestamp I(t).left.

On the other hand, consider vertex v8. There are three in-neighbors not in

T (v6), v11, v14 and �. v11 is the potential parent. If we append v8 to C(v14), it

will generate a new forward-cross edge (v11, v8).

Based on Definition 12, Definition 13 and Definition 14, we compute the

first trigger u and its potential parent p by scanning the in-neighbors of T (t).

We compute the earliest visit time of u and append u to the children list of p

accordingly. We perform the tree search and update the time intervals starting

from the timestamp I(t).left. Once visiting the trigger, we perform the graph

search and collect its all descendants. Note that for each trigger, only the vertices

in T (t) are appended to its new subtree. Once all descendants of the trigger are

collected, we locate the next trigger and repeat this step. We terminate the

procedure once all vertices in T (t) are visited. The following subsection gives a

detailed algorithm and corresponding analysis.

98



5.5. THE IMPROVED APPROACHES Chapter 5

The Overall Algorithm

We give our final algorithm for edge deletion in this subsection. The pseudocode

is presented in Algorithm 17.

Algorithm 17: DFS-Delete⇤

Input: a directed graph G, a DFS-Tree T of G and a deleted edge (s, t)
in G

Output: the updated DFS-Tree
1 delete (s, t) from G;
2 if (s, t) is a non-tree edge then return T ;
3 delete t from C(s);
4 Vc  T (t);
5 CI  [I(t).left,+1];
6 ts  CI.left;
7 LocateNextTrigger();
8 while Vc is not empty do DelHybrid-DFS(r);
9 return the updated DFS-Tree T ;

We mark all candidate vertices as Vc in line 4. The left bound of the candidate

interval is initialized as I(t).left in line 5, and the search will start from this

timestamp. We do not set the right bound since the algorithm will terminate

once all vertices in Vc are visited. We compute the trigger in line 7 before

performing the search and continuously invoke the DelHybrid-DFS() until Vc is

empty. The pseudocodes of LocateNextTrigger() and DelHybrid-DFS() are given

in Algorithm 18 and Algorithm 19, respectively.

In Algorithm 18, we first compute the trigger in Vc in line 1. Based on

Definition 12 and Definition 13, we reassign the trigger to its earliest visit position

in the children list of its potential parent from line 2 to line 7. Similar to the

previous algorithms, r is the search entrance for the DelHybrid-DFS() and is

initialized by the LCA of s and p (line 8). Note that unlike the previous methods,

we dynamically update r, since we compute a new trigger in each invocation of

Algorithm 18. The search entrance r must update to cover the new trigger and
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Algorithm 18: LocateNextTrigger()
1 trigger  get trigger in Vc based on Definition 14;
2 p  PP(trigger);
3 v  T [EV(trigger)� 1];
4 if v = p then
5 reassign trigger to the first element in C(p);
6 else
7 reassign trigger to the next element of v in C(p);
8 if r is undefined then r  LCA(s, p);
9 else r  LCA(r, p);

guarantee the correctness (line 9).

In Algorithm 19, we first update the left time interval of u if u falls in the

candidate interval or u 2 Vc in lines 2–3. Note that even though CI.left is initial-

ized by I(t).left and I(u).left � CI.left for all u 2 Vc holds at the beginning,

we update CI.left in the algorithm. Thus, condition u 2 Vc is necessary. The

graph search is performed only for the vertices in Vc and is shown in lines 4–9.

In line 7, we limit u’s out-neighbors to those belonging to Vc. This is because we

postpone visiting u and an out-neighbor v 62 Vc must be visited before. Other-

wise, the edge (u, v) would be a forward-cross edge. The tree search is shown in

lines 11–17. In line 13, if v is a trigger, a set of vertices has been appended to the

subtree of v. If Vc is empty, we actually finish updating the DFS-Tree, and the

algorithm can terminate immediately. By setting CI.right as ts � 1, no vertex

will be further visited. When Vc is not empty, we invoke LocateNextTrigger()

to find the next earliest position and complete the DFS-Tree. In line 18, all

visited vertices satisfy this condition until we set CI.right as ts� 1. We update

the right time interval of u in line 19. Note that line 20 is an important step

to avoid visiting the same vertices repeatedly and to guarantee the algorithmic

correctness. Specifically, recall that r updates in Algorithm 18. Let rold be the

old one, and rnew be the updated value. Assume that rnew is an ancestor of

100



5.5. THE IMPROVED APPROACHES Chapter 5

Algorithm 19: DelHybrid-DFS(u)
1 mark u as visited;
2 if I(u).left � CI.left _ u 2 Vc then
3 I(u).left  ts, ts  ts+ 1;
4 if u 2 Vc then

// Graph Search
5 Vc Vc \ {u};
6 C(u) = ;;
7 foreach v 2 Nout(u): v 2 Vc ^ v is unvisited do
8 reassign v to the last element in C(u);
9 DelHybrid-DFS(v);

10 else
// Tree Search

11 foreach v 2 C(u): I(v) \ CI 6= ; _ v 2 Vc do
12 DelHybrid-DFS(v);
13 if v = trigger then
14 if Vc is empty then
15 CI.right  ts� 1;
16 else
17 LocateNextTrigger();

18 if I(u).right  CI.right then
19 I(u).right  ts, ts ts+ 1;
20 CI.left  ts;
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rold. In the invocation of DelHybrid-DFS(rnew), we need to avoid searching the

subtree T (rold) since the new intervals of the vertices inside have been allocated

in the invocation of DelHybrid-DFS(rold). In this case, CI.left has been updated

to I(rold).right+ 1. We give a running example for Algorithm 17 as follows.

Example 18. Given the directed graph G in Figure 1.2(a) and its DFS-Tree

T in Figure 1.2(b), the updated DFS-Tree Tnew computed by Algorithm 17 for

the deleted edge (v5, v6) is shown in Figure 5.3(b). Similar to the example of

edge insertion, each visited vertex is marked in black if the graph search has been

performed, and each visited vertex is marked in gray if a tree search has been

performed. The visited vertex set is the union of the black and gray vertices.

Figure 5.3(a) derived by Algorithm 14 visits 16 (black) vertices. Figure 5.3(b)

only visits 10 vertices. The initial left bound of the candidate interval in Algo-

rithm 17 is I(v6).left = 12, and the right bound when terminating the algorithm

is 26. Of these 10 vertices, we visit the tree children instead of the graph out-

neighbors for the 5 vertices.

Theorem 17. Given a directed graph G, a DFS-Tree T of G and a deleted edge

(s, t), the running time of Algorithm 17 is bounded by O(|C| +
P

u2T (t) d(u)),

where |C| is the number of vertices visited in the candidate interval and d(u) =

din(u) + dout(u).

5.5.3 Batch Update

Our proposed algorithms can be easily extended to handle the batch update.

Without loss of generality, a batch update can be considered as a group of edge

insertions followed by a group of edge deletions.

Edge Insertion. We assume that all the inserted edges are forward-

cross edges. For other kinds of edges, we always first add them into the
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graph since they will never break the validity of the DFS-Tree. We denote

the set of inserted forward-cross edges as B+ = {(s1, t1), (s2, t2), ..., (sb, tb)}.
We set r = LCA(s1, t1, s2, t2, ..., sb, tb) and the candidate interval CI =

1≤i≤b

⋃
[I(si).right, I(LCA(si, ti)).right] in the batch update version of Algo-

rithm 13. The optimization of tightening the candidate interval discussed

in Subsection 5.5.1 can also be applied in the batch insertion. Considering

Algorithm 15, besides the modification of r in Algorithm 13, we set CI =
⋃

1≤i≤b [I(si).right, I(ti).right] and perform the graph search in Algorithm 16

when ∃1 ≤ i ≤ b : u ∈ T (ti) .

Edge Deletion. Similarly, we assume that all the deleted edges are tree edges.

We denote the set of deleted tree edges as B− = {(s1, t1), (s2, t2), ..., (sb, tb)}. We

set CI = [min1≤i≤b I(ti).left, I(γ).right] in the batch update version of Algo-

rithm 14. The optimizations discussed in Subsection 5.5.2 can also be applied

in the batch deletion. Considering Algorithm 17, besides the aforementioned

modifications, we set Vc =
⋃

1≤i≤b T (ti).

5.6 Experiments

We conducted extensive experiments to evaluate the performance of our proposed

algorithms. The algorithms evaluated in the experiments are summarized as

follows:

• ReDFS-Insert and ReDFS-Delete: The naive methods are discussed in Sec-

tion 5.3. That is, Algorithm 10 is run if a forward-cross edge is inserted or a

tree edge is deleted.

• DFS-Insert and DFS-Delete: Algorithm 13 and Algorithm 14.

• DFS-Insert+ and DFS-Delete+: DFS-Insert+ represents Algorithm 13 with
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the optimization of tightening the candidate interval discussed in Subsec-

tion 5.5.1. DFS-Delete+ represents Algorithm 14 with a similar optimization

discussed in Subsection 5.5.2.

• DFS-Insert∗ and DFS-Delete∗: Algorithm 15 and Algorithm 17.

All algorithms were implemented in C++ and compiled using a g++ compiler

at a -O3 optimization level. All the experiments were conducted on a Linux

Server with Intel Xeon 3.1GHz CPU and 128GB 1600MHz ECC DDR3-RAM.

Datasets. We conducted experiments on twelve publicly-available real-world

graphs and divided them into two groups according to the data size.

Group one consists of six graphs with a relatively small size. Group two con-

sists of six big graphs. The detailed statistics of these datasets are summarized

in Table 5.1. All networks and corresponding detailed descriptions can be found

in SNAP1, KONECT2, and WebGraph3.

In group one, CiteSeer is a citation network extracted from the CiteSeer dig-

ital library. Web-Stanford is the web graph of stanford.edu. YahooAd is a lexical

network containing adjacency word data from phrases in Yahoo advertisements.

ProsperLoan is an interaction network containing information on loans between

users of the prosper.com website. Wiki-Talk is a communication network con-

taining users’ discussions on Wikipedia. Web-Google is a web graph from a

Google programming contest.

Group two consists of six big graphs. Flickr, LiveJournal and Twitter are

online social networks. StackOverflow is an interaction network containing users’

comments, questions, and answers on Stack Overflow. UK-2002 is a web graph

obtained from a 2002 crawl of the .uk domain performed by UbiCrawler. Wiki-

1http://snap.stanford.edu/data/index.html
2http://konect.cc
3http://law.di.unimi.it/datasets.php
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Table 5.1: Network statistics

Dataset |V | |E| |E|/|V |
CiteSeer 384,413 1,751,463 4.56
Web-Stanford 281,903 2,312,497 8.20
YahooAd 653,260 2,931,708 4.49
ProsperLoan 89,269 3,394,979 38.03
Wiki-Talk 2,394,385 5,021,410 2.10
Web-Google 875,713 5,105,039 5.83
Flickr 2,302,925 33,140,017 14.39
StackOverflow 2,601,977 63,497,050 24.40
LiveJournal 4,847,571 68,993,773 14.23
UK-2002 18,520,486 298,113,762 16.10
Wiki-Link 12,150,976 378,142,420 31.12
Twitter 41,652,230 1,468,365,182 35.25

Link is a hyperlink network containing the wikilinks of the Wikipedia in the

English language.

Input Preparation. In order to test the performance of our proposed algo-

rithms, we randomly selected 10000 distinct existing edges in the graph for each

test case. For edge deletion, we deleted these 10000 edges from the original

graphs one by one. For edge insertion, we started from the graphs after remov-

ing these 10000 edges and corresponding DFS-Tree. We inserted them into the

graphs one by one. For each algorithm, we calculated the average running time

for each edge insertion (resp. deletion).

The rest of this section is summarized as follows. Subsection 5.6.1 provides

the overall processing time of all the four algorithms. Then in Subsection 5.6.2,

we evaluate the effectiveness of our proposed optimizations. Subsection 5.6.3

evaluates the scalability. Subsection 5.6.4 reports the memory usage.
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Figure 5.4: Running time for edge insertion

5.6.1 Overall Efficiency

Edge Insertions. Figure 5.4 shows the running time of all the four inser-

tion algorithms on all datasets. Based on our proposed framework, DFS-Insert is

more efficient than naively computing the DFS-Tree from scratch (ReDFS-Insert),

and our proposed optimization techniques further improve the efficiency of

DFS-Insert. For instance, the running time of DFS-Insert⇤ on the smallest graph

CiteSeer is 0.14ms. Meanwhile, the running times of DFS-Insert+, DFS-Insert

and ReDFS-Insert are 0.39ms, 2.84ms and 5.40ms, respectively. On the largest

graph Twitter with over 1 billion edges, DFS-Insert⇤ takes around 0.24s, while

DFS-Insert+, DFS-Insert and ReDFS-Insert take about 1.06s, 1.19s and 6.75s,

respectively.

Edge Deletions. Figure 5.5 shows the running time of all the four deletion

algorithms on all datasets. Similar to Figure 5.4, we witness a large improve-
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Figure 5.5: Running time for edge deletion

ment from the baseline algorithm to our final algorithm. For example, on the

smallest graph CiteSeer, DFS-Delete⇤ takes only 0.14ms, while DFS-Delete+,

DFS-Delete and ReDFS-Delete take 0.44ms, 4.33ms and 5.75ms, respectively.

On the largest graph Twitter, DFS-Delete⇤ takes approximately 1.79s, while the

algorithms DFS-Delete+, DFS-Delete and ReDFS-Delete take around 8.78s, 9.45s

and 10.27s, respectively.

Update Distribution. Recall that it only takes constant time if the inserted

edge is not a forward-cross edge or the deleted edge is not a tree edge. To

clearly show the performance of our final algorithm, we report the percent-

ages of the forward-cross edge insertion (DFS-Insert⇤) and the tree edge deletion

(DFS-Delete⇤) in Table 5.2 and Table 5.3, respectively. We also report the average

running times of DFS-Insert⇤ and DFS-Delete⇤ for these updates in Figure 5.6(a)

and Figure 5.6(b), respectively.
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Figure 5.6: Running time for tree updates
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Table 5.2: Percentage of forward-cross edge insertions

CiteSeer Web-Stanford YahooAd ProsperLoan
7.64% 8.85% 6.95% 0.78%

Wiki-Talk Web-Google Flickr StackOverflow
47.41% 9.55% 5.36% 2.61%

LiveJournal UK-2002 Wiki-Link Twitter
4.07% 4.24% 1.01% 1.89%

Table 5.3: Percentage of tree edge deletions

CiteSeer Web-Stanford YahooAd ProsperLoan
8.14% 11.5% 6.95% 1.07%

Wiki-Talk Web-Google Flickr StackOverflow
47.73% 13.3% 6.52% 3.45%

LiveJournal UK-2002 Wiki-Link Twitter
6.46% 5.74% 1.92% 2.88%

5.6.2 Effectiveness of Optimizations

We further evaluate the effectiveness of our optimizations. We count the number

of ConstrainedDFS() invocations in Algorithm 13 (resp. Algorithm 14) and denote

it as cn. This value represents the number of vertices performing graph search

in Algorithm 13 (resp. Algorithm 14). We also count the numbers of vertices

by graph search and tree search in our final algorithm, which are denoted by

cg and ct, respectively. Specifically, for each invocation of InsHybrid-DFS() in

DFS-Insert⇤(), we increase cg by one if it is true in line 4 of InsHybrid-DFS().

Otherwise, we increase ct by one. Similarly, for edge deletion, we increase cg by

one if it is true in line 4 of DelHybrid-DFS(). Otherwise, we increase ct by one.

We report the value of ct/cn and cg/cn for both edge insertion and deletion on

all datasets in Figure 5.7. The black part represents the ratio of visited vertices
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by the tree search ct/cn, and the gray part represents the ratio of visited vertices

by the graph search cg/cn.

The results show that in our final algorithms, the total number of visited

vertices is reduced on all datasets, and there is a large proportion of tree search

inside. Compared with the basic algorithms for both operations, we only need

a very small number of graph searches. For example, the largest percentages

of graph search (i.e., cg/cn) for edge insertion and edge deletion are about 17%

and 23% on Twitter and LiveJournal, respectively. The lowest percentage is

0.000002% on YahooAd for both edge insertion and deletion.

Overall, it is shown that our proposed optimization techniques not only re-

duce the overall visited vertices but also significantly replace the out-neighbor

search by the tree children search.

5.6.3 Scalability Test

This experiment tests the scalability of our proposed algorithms. Due to the

space limitation, we only report the results for two real-world graph datasets

as representatives — UK-2002 and Twitter. The results on the other datasets

show similar trends. For each dataset, we vary the graph size and graph density

by randomly sampling vertices and edges from 20% to 100%. When sampling

vertices, we derive the induced subgraph of the sampled vertices, and when

sampling edges, we select the incident vertices of the edges as the vertex set.

The running times of DFS-Insert⇤ and DFS-Delete⇤ for edge insertion and

edge deletion of different percentages are reported in Figure 5.8 and Figure 5.9,

respectively, with other algorithms used as comparisons.

It can be seen that DFS-Insert⇤ and DFS-Delete⇤ perform better than the

other algorithms in all cases. For example, considering edge insertion on UK-

2002, the running times of DFS-Insert⇤, DFS-Insert+, DFS-Insert and ReDFS-Insert
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Figure 5.7: Percentage of vertices performing graph search or tree search
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are 1.09ms, 2.48ms, 10.29ms and 19.79ms, respectively, when sampling 20%

vertices. When the sampling percentage of vertices reaches 100%, DFS-Insert⇤,

DFS-Insert+, DFS-Insert and ReDFS-Insert take about 18.30ms, 72.70ms, 74.26ms

and 203.22ms, respectively.

Note that in Figure 5.8, the running time of several algorithms on Twitter

sightly decreases when the sampling ratio increases in some cases. This is because

in the 10000 update operations, we do not need to update the tree structure if

an inserted edge is not a forward-cross edge or a deleted edge is not a tree edge.

The proportion of the operations that lead to the tree update may be low in a

large graph, so the average processing time for each operation may be small.

5.6.4 Memory Usage

Figure 5.10 shows the memory usage of all the four algorithms on all datasets.

We do not use any auxiliary data structure in the final algorithm. Therefore,

the memory usage of all the proposed algorithms is same.

5.7 Chapter Summary

This chapter introduces a framework and corresponding algorithms for the DFS-

Tree maintenance problem considering both edge insertion and deletion in gen-

eral directed graphs. Two groups of optimizations are also presented to speed up

the algorithms. The results of extensive performance studies demonstrate the

efficiency of our proposed algorithms.
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EPILOGUE

In this thesis, we study the cohesive subgraph detection problem in large graphs.

We propose index-based algorithms for computing k-cores in large uncertain

graphs under internal memory and semi-external memory settings separately.

The UCF -Index maintains a tree structure for each integer k in the memory,

and the UCEF -Index stores these trees in the hard disk. The query algorithm

based on UCF -Index has optimal time complexity, and the query algorithm

based on UCEF -Index has optimal I/O complexity. The sizes of both two

indexes are well-bounded by O(m). We also design several optimizations to speed

up the index construction algorithms. For the DFS-Tree maintenance problem,

we introduce a framework and corresponding algorithms considering both edge

insertion and deletion in general directed graphs. Two groups of optimizations

are also presented to speed up the algorithms. We conduct extensive performance

studies on several large real-world datasets to show our proposed algorithms’

effectiveness and efficiency.

The research works in this thesis also open several future research directions.

For the (k, ⌘)-core computation, a potential task is to efficiently maintain the

UCF -Index, given that many real-world graphs are highly dynamic. In addition,
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approximate solutions can be designed to speed up the index construction. For

the dynamic DFS problem, we have given a basic idea to handle the batch update

in Subsection 5.5.3. A possible direction is to further improve the efficiency of the

batch update. Another direction is to explore a vertex order and a corresponding

DFS-Tree to reduce the update cost. Last but not least, developing a fully

dynamic SCC detection algorithm based on the fully dynamic DFS algorithm.
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