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Abstract—Achieving better performance in high mobility sce-
narios has become an emerging topic for next generation
wireless communications. Compared with traditional modulation
techniques, the recently proposed orthogonal time frequency
space (OTFS) shows outstanding performance over fast fading
channels. In this paper, the OTFS system is first represented in
the form of precoded orthogonal frequency division multiplex-
ing (OFDM), enabling traditional estimation and equalization
techniques to work under fast fading channels. Then, a novel
frequency-domain pilot-aided channel estimation scheme is pro-
posed to obtain the channel state information at the receiver.
Simulation results show that the new channel estimation scheme
works efficiently in different channel scenarios. Meanwhile, the
overhead of the proposed scheme is also lower than those of the
current popular schemes.

Index Terms—Precoded OFDM, OTFS, channel estimation,
fast fading channel

I. INTRODUCTION

NEXT generation network requires reliable, high capacity
and low-latency communication in high mobility sce-

narios, such as vehicles to everything networks (V2X) and
unmanned aerial vehicle networks (UAV). As the current pop-
ular modulation, orthogonal frequency division multiplexing
(OFDM), has difficulty in coping with fast fading channels,
the development of new techniques is of high priority.

In recent years, orthogonal time frequency space (OTFS)
modulation has shown outstanding performance in fast fading
channels compared with other traditional modulations [1].
Different from traditional methods, the signal of OTFS is
modulated in the delay-Doppler domain through inverse sym-
plectic finite Fourier transform (ISFFT). It has the capability
of exploiting both time and frequency diversity.

An accurate channel estimation (CE) is significant for recov-
ering the transmitted data information. Existing CE techniques
for OTFS are mostly based on delay-Doppler domain pilot-
adding method. An embedded pilot-added channel estimation
scheme is proposed in [2], where a pilot in the delay-Doppler
domain is inserted and surrounded by suitable zero guard
intervals (GI). However, it introduces the peak to average
power ratio (PAPR) problem and has high computational
complexity. A corner-inserted pilot pattern (CIPP) is proposed
in [3] to ease these problems. Based on different pilot patterns,
maximum likelihood (ML) [4], sparse Bayesian learning algo-
rithm [5], and linear minimum mean square error (LMMSE)

[3] are employed to achieve the balance between perfor-
mance and complexity. Moreover, delay-Doppler domain pilot-
adding method is also extended to multiple-input multiple-
output (MIMO) OTFS systems. A delay-Doppler-angle three-
dimensional orthogonal matching pursuit (3D-OMP) algorithm
is proposed in [6] to achieve a sparse channel. Different pilot
patterns, such as [7], are employed to avoid overlapping issues
and improve the performance.

In this paper, we first review fast fading channel models
and obtain the relationships among different domains. We
highlight that the frequency-Doppler domain channel matrix
has a concise stripe diagonal structure. We then prove that
OTFS can be represented as a more general precoded OFDM
system, and this transformation converts signals from the
delay-Doppler domain to the frequency domain. Based on this
channel expression, a novel frequency-domain pilot scheme
is proposed to achieve accurate channel state information
(CSI). The main contributions of this paper are summarized
as follows.

• First, the OTFS is formulated as a precoded-OFDM,
enabling OTFS to adopt well-established techniques for
channel estimation and equalization to cope with fast
fading channels.

• Second, frequency-domain pilot and estimation are pro-
posed, achieving both low-complexity and high perfor-
mance. Meanwhile, the pilot overhead and the PAPR can
also be controlled.

The rest of the paper is organized as follows. In Section II,
the fast fading channel representation in the frequency-Doppler
domain is developed and the OTFS modulation is formulated
as a precoded OFDM system. In Section III, the frequency-
domain pilot insertion and channel estimation are proposed for
both integer and fractional Doppler cases. Simulation results
are provided in Section IV to compare the performance under
different channel conditions. Finally, conclusions are drawn in
Section V.

II. CHANNEL AND SYSTEM MODELS

In this section, channel representations in different domains
over fast fading channels are first developed. The OTFS
system is then reviewed and expressed as a precoded OFDM
system, enabling the application of frequency-domain channel



estimation methods to obtain CSI at the receiver. In this paper,
only single-input-single-output (SISO) system is considered.

A. Fast Fading Channel Models

In high mobility systems, the interferences mainly come
from delays and Doppler frequency shifts in the multipath.
Assuming that a signal sequence is transmitted through the
fast fading channel, the received signal in the continuous-time
domain can be expressed as

r (t) =

∫ +∞

−∞

∫ +∞

−∞
h (τ, ν) s (t− τ) ej2πνtdτdν + w (t) ,

(1)

where s(t) is the time-domain transmitted signal, h(τ, ν) is the
delay-Doppler spreading function of the fast fading channel,
j =

√
−1 and w(t) is the additive white Gaussian noise

(AWGN). For a sparse P -path channel, h(τ, ν) is defined as

h(τ, ν) =

P∑
i=1

hiδ(τ − τi)δ(ν − νi), (2)

where hi, τi, and νi are the path gain, delay and Doppler shift
of the i-th path, respectively, and δ(·) denotes the Dirac delta
function.

Based on the delay-Doppler channel model, representations
of the fast fading channel in other domains can be obtained
through Fourier transform (FT) and inverse Fourier transform
(IFT). Specific relationships can be found in [8].

In this paper, we concentrate on the frequency-domain
estimation scheme development. Applying FT to h(τ, ν) with
respect to delay τ , the frequency-Doppler representation can
be expressed as

Hν(f, ν) =

∫ +∞

−∞
h(τ, ν)e−j2πfτdτ. (3)

Then, the continuous-time domain expression will be trans-
formed to frequency domain in the following analysis. De-
notations in the time domain are complemented as follows.
The transmitted signal can be expressed as s[i] = s(idr),
i = 0, 1, ...,MN − 1, where dr is the delay resolution or
the sampling period. Assuming that the maximum delay in the
multipath channel is dmax, the maximum number of resolvable
multipaths can be expressed as Lmax = ddmax/dre, where
d·e denotes the ceiling function to obtain the rounded up
number, with the required minimum channel bandwidth of
1/dr. Denoting fr as the Doppler resolution and fmax as
the maximum Doppler frequency shift, the maximum number
of positive resolvable Doppler frequencies can be expressed
as Kmax = dfmax/fre over a minimum frame length of
1/fr for the transmitted signals. Note that there are both
positive and negative Doppler frequency shifts in the fast
fading channel, which means that the Doppler resolution range
is [−Kmax,Kmax].

Based on Eq. (3) and applying FT to r(t) in (1), the
frequency-domain received signal can be modeled as

R(f) =

∫ +∞

−∞
r(t)e−j2πftdt+W (f)

=

∫ +∞

−∞

∫ +∞

−∞
H(f ′, t)e−j2π(f−f ′)tdtS(f ′)df ′ +W (f)

=

∫ +∞

−∞
Hν(f ′, f − f ′)S(f ′)df ′ +W (f), (4)

where S(f) is the FT of s(t) and W (f) is the AWGN in the
frequency domain.

From (3), the discrete frequency-Doppler domain channel
representation can be expressed as

Hν [i, j] = Hν(if∆, v̄j) =

∫
H(i∆f, t)e−j2πv̄jtdt, (5)

Here, f∆ denotes the subcarrier frequency spacing and v̄j is
the j-th quantized Doppler frequency. Denoting the transmitted
and received signal sequences in the discrete-frequency do-
main as S and R respectively, the discrete-frequency domain
received signal can be expressed from (4) in matrix form as

R = HνS + W, (6)

where W denotes the frequency-domain noise vector and Hν

is the frequency-Doppler domain channel matrix expressed as

Hν =


Hν [0, 0] · · · Hν [MN − 1, 1]
Hν [0, 1] · · · Hν [MN − 1, 2]

...
. . .

...
Hν [0,MN − 1] · · · Hν [MN − 1, 0]

 . (7)

Through (2) and (5), Hν [i, j] can be obtained given arbitrary
hi, τi and νi in any sparse P -path channel.

Fig. 1 shows the construction of (7), in which the shaded
squares show the non-zero elements in the matrix, whereas
the blank squares show the zero elements. Note that, due
to the discretization of Hν(f ′, ν) as shown in (5), Hν [i, j]
is periodical in the Doppler domain represented by the in-
dex j. When the Doppler frequency shift ν is confined in
[−Kmax,Kmax], after the coordination transform ν = f −f ′,
the Doppler shift values appear in the diagonal stripe of width
2Kmax+ 1 on the f -f ′ plane. We observe that the frequency-
Doppler domain channel matrix demonstrates a stripe diagonal
structure with stripe width 2Kmax+1. As we illustrated in [8],
the stripe-diagonal structure of frequency-domain channel ma-
trix Hν can reduce the receiver signal processing complexity
significantly, and also works well for off-grid path delays and
Doppler shifts. Therefore, our estimation technique is based
on the frequency domain channel model and also capable of
dealing with both integer and fractional Doppler conditions,
which will be further demonstrated in Section III.

B. OTFS as Precoded OFDM

In the original OTFS system, the data symbols after con-
stellation mapping are arranged in a two dimensional (2D)
M ×N matrix X, where M denotes the number of elements



Fig. 1. Construction of channel matrix Hν from Hν [i, j].

in delay dimension, N denotes the number of elements in
Doppler dimension, and X ∈ CM×N . In the vector form,
the data symbols to be transmitted can be expressed as
x = vec(X) where vec(·) is the vectorizing function. After
ISFFT, Heisenberg transform and the pulse shaping, the time-
domain signal is transmitted through the fast fading channel.
Assuming the pulse shaping operation is a rectangular window
function, the signal matrix to be sent into the channel can be
expressed as

D = FH
M (FMXFH

N ) = XFH
N , (8)

where D is an M × N matrix, FN denotes the N -point
FFT matrix. The time-domain signal to be transmitted is the
vectorized data matrix D expressed as

s = vec(D) = (FH
N ⊗ IM )x, (9)

where s is an MN × 1 vector, ⊗ denotes Kronecker product.
From (6) and (9), the received frequency-domain signal can
be expressed as

R = HνFMN (FH
N ⊗ IM )x + W. (10)

According to the Cooley-Tukey general factorization, the
MN -point discrete Fourier transform (DFT) FMN can be
factorized as two smaller DFTs in terms of sizes M and N ,
which can be expressed as

FMN = PM,N (IN ⊗ FM )diag(e−j
2π
MN (i)Mb iM c)(FN ⊗ IM ),

(11)

where diag(xi), i = 0, ...,MN−1, denotes a diagonal matrix
with the i-th diagonal element xi, (·)M denotes modulo M
operation, b·c denotes flooring operation and PM,N denotes
a permutation matrix of dimension MN ×MN . The permu-
tation matrix equivalently performs the interleaving operation
that reads the elements in the matrix column-wise and stacks
them to a matrix row-wise.

Fig. 2. OTFS system block diagram in precoded OFDM form: (a) transmitter
and (b) receiver. S/P and P/S stand for serial-to-parallel and parallel-to-serial
conversions respectively, and CP stands for cyclic prefix.

Therefore, based on (10) and (11), the received frequency-
domain signal becomes

R = HνPM,N (IN ⊗ FM )diag(e−j
2π
MN (i)Mb iM c)x + W

(12)

and the OTFS system can be transformed into a precoded
OFDM system as illustrated in Fig. 2, where (IN ⊗ FM ) is
the precoding matrix, which is also an unitary matrix, and
x̃ = diag(e−j

2π
MN (i)Mb iM c)x is the twiddled signal vector. Note

that the twiddling will only affect the phase of the symbol,
and will not affect the signal detection and the bit error
rate (BER) performance after de-twiddling at the receiver.
Excluding the twiddling at the transmitter and the de-twiddling
at the receiver, Fig. 2 shows a typical precoded OFDM system.
Based on the above transmission, the previous 2D OTFS
system in the delay-Doppler domain is expressed as a 1D
precoded OFDM system in the frequency domain. Therefore,
corresponding frequency-domain pilots can be designed for
channel estimation according to the channel matrix shown in
(7). At the receiver, frequency domain equalizations, such as
MMSE [8], can also be applied to recover the signals.

III. CHANNEL ESTIMATION

A. Pilot-Adding Schemes for Integer Doppler Case

Exploiting the simple stripe-diagonal structure of the
frequency-domain channel matrix, comb-type pilots are pro-
posed in our systems and we assume that pilots are added
in each OTFS symbol. According to Fig. 2, the initial data
vector to be transmitted can be expressed as x. After twid-
dling, precoding and interleaving, the signal is ready to be
transformed into the time domain. Note that our pilot-adding
process is completed before IFFT. Fig. 3 shows the method of
pilot-adding, where shaded patterns denote non-zero elements
and blank circles denote zeros. Precoded symbols are reshaped
into an M ′ by N ′ matrix after interleaving, where N ′ is set
not less than Lmax to ensure that estimation can fully explore
time-domain diversity. 2Kmax guard intervals are added on
both sides of each pilot respectively to prevent the frequency-
domain channel information from being interfered by data
symbols. After the pilot adding, the symbols are reshaped to an
N ′(M ′+4Kmax+1) by 1 vector and transformed into the time



Fig. 3. The structure of frequency-domain pilots.

Fig. 4. Structure of estimator.

domain through IFFT of the size N ′(M ′+4Kmax+1). Over-
all, the overhead of frequency-domain pilot is L(4Kmax+ 1),
which is much less than the (2L + 1)(4Kmax + 1) (integer
Doppler cases) and (2L+ 1)N ′ (fractional Doppler cases) in
the popular delay-Doppler domain embedded channel estima-
tion [2].

Fig. 4 shows the process of channel estimation. At the
receiver, the received signals are transformed into frequency
domain first and then pilots are extracted. Here we still reshape
them into a 4Kmax + 1 by N ′ matrix for better illustration.
Since the stripe width of the frequency-domain channel matrix
is 2Kmax+1, only the central 2Kmax+1 frequency bins carry
channel state information, and the other 2Kmax frequency
bins on both sides are contaminated by transmitted symbols.
Therefore, the central 2Kmax frequency bins are extracted
and then interpolated, and finally an estimated channel can be
reconstructed. The detailed processing will be mathematical
illustrated in Section III.C.

B. Pilot-Adding Schemes for Fractional Doppler Case

Many channel estimation techniques based on delay-
Doppler domain pilots divide Doppler frequencies into inte-
ger and fractional conditions because they produce different
channel responses in this 2D domain and different pilot-guard
patterns are needed [2]. However, for our frequency-domain
estimation scheme, the integer Doppler pilot pattern can also
work in fractional Doppler cases. As we know, the channel
matrix represents a discrete sampling of the channel, no matter

whether it is an accurate or estimated one. Meanwhile, the
integer and fractional Doppler cases can also be regarded as
the Doppler shifts on and off the grid respectively. However,
for both conditions, the discrete channel representation can be
obtained from (5). Therefore, even for the fractional Doppler
case, its characteristics can be reflected by the discrete channel
matrix.

C. Channel Estimation and Performance Analysis

Assume a pilot vector with guard intervals is extracted
from pilot-added signal. It can be expressed as sp =
[sp1, sp2, ..., spN ′ ] in the frequency domain, where

sp1 = ... = spN ′ = [0, 0, ..., 0︸ ︷︷ ︸
2k

, Vp, 0, 0, ..., 0︸ ︷︷ ︸
2k

]T, (13)

and Vp indicates the value of pilot. According to Fig. 4, the
received useful pilot bins are N ′(2Kmax+ 1) in total and can
be expressed as

RP = R((M ′ + 4Kmax + 1)n+ k)

= Hν((M ′ + 4Kmax + 1)n+ 2Kmax,

(M ′ + 4Kmax + 1)n+ k)Vp + W((M ′ + 4Kmax + 1)n+ k)

= HPVp + WP , (14)

where n = 0, ..., N ′ − 1, k = Kmax, ..., 3Kmax and P is a
N ′(2Kmax + 1) by N ′(2Kmax + 1) diagonal matrix with all
diagonal elements equaling Vp.

Note that the received useful pilot RP reflects a sampling
at evenly spaced N ′ frequency bins from N ′(M ′+ 4Kmax +
1) by N ′(M ′ + 4Kmax + 1) channel matrix. Therefore, RP

can be reshaped to an (2Kmax) + 1 by N ′ matrix, where the
(2Kmax) + 1 dimension indicates the Doppler and the N ′

dimension indicates the frequency. Then, the estimation of the
channel ĤP can be obtained by dividing RP by the pilot value
Vp. Interpolating estimation result with respect to frequency
dimension, a complete N ′(M ′+4Kmax+1) by (2Kmax)+1
estimation of the whole channel matrix can be obtained and
finally the channel matrix can be constructed as shown in Fig.
4. Also note that the equivalent subcarriers is very small as
MN is very large so that the correlations between Hν(n,m)
along the subcarriers n are very high.

From Eq. (14), an estimate of pilot channel matrix can be
expressed as

ĤP = RPP
−1 = HP + WPP

−1. (15)

Therefore, the MSE of the estimation can be expressed as

MSE = E{tr{(ĤP −HP )(ĤP −HP )H}}
= tr{(PHP)−1}σ2

WP
. (16)

IV. SIMULATION

In this section, simulations are performed to show the per-
formance of frequency-domain pilots and channel estimation
for uncoded OTFS systems. ETSI’s tapped delay line (TDL)
channel models are adopted [9]. In these models, the time
delays and channel gains in all multipath taps are defined



TABLE I
SIMULATION PARAMETERS

Carrier

Frequency

(fc)

No. of

Subcarriers

(M )

No. of

OFDM

Symbols (N )

6 GHz 256 32

Subcarrier

Spacing

(f∆)

Bandwidth

(W =Mf∆)

Duration of

OFDM/SC-FDMA

Symbol

(T =M/W )

30 KHz 7.68 MHz 33.33 µs

Delay

Resolution

(dr = 1/W )

Doppler

Resolution

(fr = 1/NT )

Maximum

Speed

(vmax)

130.21 ns 937.5 Hz 500 Km/h

Maximum

Doppler Frequency

(fmax = fc
vmax
vc

,

vc = 3× 108 m/s)

No. of

Doppler Shifts

(Positive or Negative)

(Kmax =
⌈
fmax
fr

⌉
)

No. of

Multipaths

(Lmax =
⌈
dmax
dr

⌉
)

2777.8 Hz ≈ 3 ≈ 32(LOS)

Fig. 5. BER performance under frequency-domain pilot-aided channel esti-
mation with 4, 16 and 64 QAM modulations.

in line-of-sight (LOS) conditions, and the Doppler frequency
shifts are uniformly distributed from −Kmax to Kmax. In
this paper, frequency-domain MMSE equalization is adopted
to recover the signal. All the parameters are listed in Table I,
in which dmax indicates the maximum delay time [9].

Based on the above settings, the overhead of frequency-
domain pilots is 5%, while the embedded delay-Doppler-
domain pilots have 10% overhead. Fig. 5 shows the BER per-
formance under 4, 16 and 64 quadrature amplitude modulation
(QAM). The frequency-domain pilots can effectively perform
channel estimation over the fast fading channels.

Furthermore, the BER performance under different max-
imum speeds is shown in Fig. 6. With the same system
parameter settings, as the maximum speed in the channel
increases, the BER performance improves slightly. It shows
that if the pilot and guard intervals are set properly, the
channel information can be obtained with high accuracy and
the BER performance is similar to that with perfect channel
knowledge. The slight degradation at a low speed is due to the
fixed Doppler resolution. Therefore, higher speed enables the

Fig. 6. BER performance under different maximum speed.

exploration of more diversity and the performance is better.

V. CONCLUSION

In this paper, we first revisited the relationships of signals
among different domains over fast fading channels. Then, the
OTFS system was expressed as precoded OFDM, enabling
well-established techniques in traditional modulations to be
applied to OTFS systems. Based on the frequency-Doppler
channel response, a novel frequency-domain pilot-aided chan-
nel estimation scheme was proposed. Compared with cur-
rent popular delay-Doppler domain pilot and estimation, our
method has a much smaller overhead and can efficiently work
with frequency domain equalization to recover the transmitted
signal.
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