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Abstract—The practicality of extracting natural resonant 
modes from the late-time target responses of conducting 
rectangular plates with various length-to-width ratios is studied 
using the matrix pencil method. The extracted resonant modes 
follow a similar behavior as the results obtained from a theoretical 
analysis reported in the literature. Our results show that it is 
feasible for these modes to be excited using a practical system, 
which opens the opportunities for automated target recognition.  
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I. INTRODUCTION 

Characterization of definitive radar target using the complex 
natural resonance (CNR) phenomena has been well studied over 
the years [1]-[13]. By contrast with traditional narrowband 
pulses reflected from target that provide us with information 
such as range and strength of the scatterers, the natural resonant 
frequencies (NRFs), 𝑠 𝜎 𝑗𝜔 ,  embedded in the late-time 
(𝑇 ) of the wideband transient signature, which are theoretically 
target-dependent [1]-[5], enable them to be used as a feature set 
for classification and subsequently recognition. Mathematically, 
the late-time of the transient target response can be given by [1]:  

𝑟 𝑡 𝐴 𝑒 𝐴∗ 𝑒
∗

, 𝑡 𝑇 .                  (1) 

Here 𝜎 0  and 𝜔  are known as the damping factor and 
resonant frequency, respectively. The superscript * denotes the 
complex conjugate operation. Under band-limited excitation, it 
is assumed that only M modes are excited. The target-dependent 
NRFs can be retrieved from the late-time response using matrix 
pencil method (MPM) [6]-[8]. The residues 𝐴 , which indicate 
the strength of the mode, depend on the incident and observing 
aspect and polarization. A mode may not be able to be retrieved 
at certain aspect or polarization where its residue is small. To 
overcome this limitation, one may consider extracting one set of 
NRFs from multiple target signatures obtained from different 
aspects [7] or polarization [2]-[5]. Alternatively, NRFs can also 
be evaluated by zero searching of the moment matrix 

determinant [1]. This moment matrix is essentially the 
impedance matrix obtained from the integral equations that 
describe the scattering problem. The resultant NRFs are 
certainly target dependant and are considered as a “ground 
truth”. Theoretically, there is an infinite number of NRFs [1]. 
Modes with similar 𝜔  but larger 𝜎  (in magnitude) are higher-
order modes [9]. In practice, 𝜎  of “first-order” modes, are 
usually smaller in magnitude than those of the “higher-order” 
modes and thus dominate the response [10]. When NRFs are 
used as a feature set for target recognition, it is of practical 
interest to identify these dominant modes. NRF extractions 
through zero searching of the moment matrix determinant and 
related formulations have been conducted for wire [9], [10] and 
rectangular plates [11]. NRF extraction from late-time responses 
have also been conducted for wire [12] and square plate [13]. To 
our knowledge, NRF extraction from rectangular planar objects 
from late-time response, which is of practical interest as 
rectangular plate is a fundamental geometry to many realistic 
scatterers, has not been reported. We therefore aim to identify 
the practically excitable NRFs of rectangular plates in this paper. 

II. NRFS OF RECTANGULAR PLATES 

 Five perfect electric conductor (PEC) rectangular plates with 
different width-to-length (W/L) ratios (W ≤ L) range from 0.2 to 
1.0 are considered. The ratios of 0.2 and 1.0 correspond to a strip 
and a square plate, respectively. A physical length of L = 0.3m 
is chosen. The geometry is modelled in FEKO [14] with the 
plate lying on the x-y plane with the length in parallel with the 
y-axis. The target is independently illuminated under parallel 
polarized plane wave at 18 different elevation angles [θ = 0֯, 5֯, 
10֯,…, 85֯] along φ = 90 ֯. Here, θ = 0֯ corresponds to the z axis 
and φ = 0֯ corresponds to the x axis. In this paper, only 
monostatic response is considered, which resulted in 18 
responses at different elevation angles. The electromagnetic 
problems are solved in frequency domain using moment method 
in FEKO [14] from 4.88MHz to 10GHz with 2048 samples. The 
frequency domain data are then windowed using a Gaussian 
window followed by an Inverse Fourier Transform [15].  



 

 

A. NRFs of Rectangular Plates 

The normalized NRFs (𝑠 𝐿/𝑐, where 𝑐 3 10 𝑚/𝑠) of 
4 rectangular plates [(a) to (d)] are listed in Table 1. For each 
target, the late-time period of all 18 responses are input to the 
modified MPM algorithm [7] resulted in one set of NRF. By 
incorporating the 18 responses, aspect dependency has been 
taken into account such that the resultant NRFs can be regarded 
as “ground truth”. We found that the resonant frequencies (𝜔 ) 
of the first 10 modes are fairly similar for all the 5 targets, which 
agrees with the findings reported in Fig. 2 of [11] where 𝜔 s are 
fairly stable as W/L varies. Modes 8 is not found for rectangular 
plate (a). The NRFs denoted by ^ are the ones with similar 𝜔  
but higher 𝜎 , which could be higher-order modes [9].  

B. NRFs of Square Plate and Wire 

The results for a square plate [(e) W/L = 1.0] are listed in 
Table 1 with all the 10 modes identified when 18 responses are 
used. To evaluate how the aspect dependency would impact on 
the NRF extraction, columns 7 to 10 [(g)] show the extracted 
NRF based on a single monostatic response at different aspect 
angle using the original MPM [6]. Only 8 modes are found at 45 ֯ 
and all 10 modes are extracted at 15֯ and 75֯. Comparing with the 
normalized NRFs of a wire in [2] and [12], all the first 10 modes 
can be found at θ = 15֯. 9 and 8 modes are found at 45֯ and 75֯, 
respectively (Note that θ is measured from the wire in [2] and 
[12], which corresponds to θ = 90֯ here. In other words, θ = 15֯, 
45֯ and 75֯ in [2] and [12] correspond to θ = 75֯, 45֯ and 15֯ in this 
example). As a sanity check, we revisit the CNR phenomena of 
a 30cm wire target (f) and extract one set of NRF from 18 target 
responses [θ = 0֯ to 85֯]. The results show good agreement with 
the ground truth in [10], and agree with Fig. 2 in [11] where 𝜔  
of the wires and plates are fairly similar. 

III. CONCLUSION 

Target-dependent NRFs are successfully extracted from late-
time responses of various rectangular plates. These NRFs show 
that the damping factor varies as the width of the plate. This 
observation agrees with the findings reported in [11], where the 
NRFs were obtained in a theoretical manner. Our findings 
indicate that the NRFs of rectangular plates can be practically 
retrieved from late-time responses in an accurate manner, which 
opens the opportunity for target recognition applications.  
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Table 1. Normalized NRF (𝑠 𝐿/𝑐) for rectangular planar object with different Length/Width (L/W) ratios 
 (a) to (f) NRF extracted from 18 target responses (g) W/L = 1.0 (NRF extracted from one response) 
 (a) W/L = 0.2 (b) W/L = 0.4 (c) W/L = 0.6 (d) W/L = 0.8 (e) W/L = 1.0 (f) Wire θ = 15֯ θ = 45֯ θ = 75֯ 
1 -0.45±j2.49 

-0.88±j2.66^ 
-0.57±j2.29 
-1.08±j2.48^ 

-0.64±j2.17 
-1.19±j2.51^ 

-0.79±j2.20 -0.84±j2.09 -0.219±j2.97 -0.89±j2.06 -0.88±j2.06 -0.86±j2.08 

2 -0.82±j5.48 
-1.52±j6.44^ 

-1.12±j5.25 -1.38±j5.09 -1.65±j5.23 -1.24±j5.59 -2.28±j6.13 -1.43±j5.77 -1.33±j5.55 -1.20±j5.67 

3 -1.04±j8.39 -1.49±j8.23 -2.20±j9.12 -1.58±j8.51 -1.85±j8.32 
-2.76±j8.52^ 

-0.53±j9.01^ 
-0.26±j9.25 

-1.25±j8.56 -1.36±j7.97 -1.66±j8.45 

4 -1.26±j11.56 -1.93±j11.55 -1.65±j11.59 -2.17±j11.56 -1.36±j12.66 -0.32±j12.40 -1.59±j11.87  -1.37±j12.79 
5 -1.43±j14.63 -1.61±j15.14 -1.98±j14.60 -2.14±j15.49 -2.16±j14.94 -0.34±j15.53 -1.54±j13.48 -1.31±j13.81 -1.64±j14.97 
6 -1.91±j17.98 -1.77±j17.99 -1.97±j17.99 -1.78±j18.07 -1.86±j18.34 -0.36±j18.68 -2.05±j18.34 -1.67±j17.72 -1.51±j18.68 
7 -2.61±j21.74 -2.47±j20.82 -2.12±j21.01 -2.49±j20.85 -2.28±j20.78 -0.38±j21.83 -2.37±j20.92 -1.69±j21.95 -1.95±j21.29 
8  -2.04±j24.94 -2.03±j24.19 -1.75±j24.48 -1.64±j24.61 -0.39±j24.98 -1.54±j24.41  -1.56±j25.03 
9 -2.80±j28.15 -2.17±j29.12 -2.02±j27.46 -1.70±j27.59 -1.81±j27.84 -0.41±j28.13 -3.12±j27.57 -1.51±j27.40 -1.99±j27.94 
10 -4.24±j33.09 -3.08±j34.26^ -1.87±j31.61^ -2.39±j31.20 -2.05±j31.22 -0.42±j31.28 -2.50±j30.27 -1.41±j30.61 -1.45±j31.09 


