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Abstract

With growing popularity of the machine learning methods, there have been a

great number of machine learning methods proposed for graph analytics. In this

thesis, we design three machine learning based models for the popular graph

analysis tasks such as node classification, graph representation learning, graph

interaction prediction and subgraph matching.

Firstly, we design a binarized graph neural network to efficiently obtain the

vector representations for vertices and graphs. Recently, there have been some

breakthroughs in graph analysis by applying the Graph Neural Networks (GNNs)

following a neighborhood aggregation scheme, which demonstrate outstanding

performance in many tasks. However, we observe that the parameters of the

network and the embedding of nodes are represented in real-valued matrices in

existing GNN-based graph embedding approaches which may limit the efficiency

and scalability of these models. It is well-known that binary vector is usually

much more space and time efficient than the real-valued vector. This motivates

us to develop a binarized graph neural network to learn the binary represen-

tations of the nodes with binary network parameters following the GNN-based

paradigm. Our proposed method can be seamlessly integrated into the existing

GNN-based embedding approaches to binarize the model parameters and learn

the compact embedding. Extensive experiments indicate that the proposed bina-

rized graph neural network, namely BGN, is orders of magnitude more efficient

in terms of both time and space while matching the state-of-the-art performance.

Secondly, we first design a graph of graphs neural network for entity interac-

tion prediction, and then extend the model to support the graph classification

task with more expressive representations. Entity interaction prediction is essen-

tial in many important applications such as chemistry, biology, material science,

and medical science. The problem becomes quite challenging when each entity is
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represented by a complex structure, namely structured entity, because two types

of graphs are involved: local graphs for structured entities and a global graph to

capture the interactions between structured entities. We observe that existing

works on structured entity interaction prediction cannot properly exploit the

unique graph of graphs structure. In this thesis, we propose a Graph of Graphs

Neural Network, namely GoGNN, which extracts the features in both struc-

tured entity graphs and the entity interaction graph in a hierarchical way. We

also propose the dual-attention mechanism that enables the model to preserve

the neighbor importance in both levels of graphs. Based on GoGNN, we further

propose a Powerful Graph Of graphs neural Network, namely PGON, which has

3-Weisfeiler-Lehman expressive power and captures the attributes and structural

information from both structured entity graphs and entity interaction graph hi-

erarchically. Extensive experiments are conducted on real-world datasets, which

show the superior performance of GoGNN and PGON compared to other state-

of-the-art methods on both graph classification and graph interaction prediction

tasks.

Thirdly, we design a reinforcement learning based query vertex ordering

model for subgraph matching. Subgraph matching is a fundamental problem

in various fields that use graph structured data. Subgraph matching algorithms

enumerate all isomorphic embeddings of a query graph q in a data graph G. We

apply the Reinforcement Learning (RL) and Graph Neural Networks (GNNs)

techniques to generate the high-quality matching order for subgraph matching

algorithms. Instead of using the fixed heuristics to generate the matching order,

our model could capture and make full use of the graph information, and thus de-

termine the query vertex order with the adaptive learning-based rule that could

significantly reduce the number of redundant enumerations. With the help of the

reinforcement learning framework, our model is able to consider the long-term

iii



benefits rather than only consider the local information at current step.
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Chapter 1

Introduction

With the growth of graph structured data, graph analytics has attracted great

attention in both academia and industry. As a fundamental research problem,

graph analytics is widely used in numerous important areas such as database

management system, social network, biology, medical science and traffic net-

work. Thanks to the advancement of machine learning methods, we can applied

the learning-based techniques to build novel graph analysis methods which enjoy

better efficiency and accuracy. This thesis focuses on designing machine learning

methods for graph analytics. In order to improve the accuracy and efficiency of

the classification and link prediction problems, we propose the Binarized Graph

Neual Network, Graph of Graph Neural network and it extension in this the-

sis. We also proposed a novel learning-based model for the subgraph matching

task to generate the order plan to eventually reduce the time cost of subgraph

matching query. This thesis proposes the following three models. Firstly, we

designed a binarized graph neural network to learn binary representations for

graphs, which improve the efficiency of the graph neural networks. Secondly, we

proposed machine learning models for the graph of graphs for entity interaction

prediction and graph classification tasks. Thirdly, we developed a reinforcement

1



Chapter 1 1.1. BINARIZED GRAPH NEURAL NETWORK

learning based query vertex ordering methods to accelerate the query processing

procedure of subgraph matching. This thesis provides the effective and efficient

solution to the most popular graph analytic problems: node classification and

link prediction. Besides, we also tackle the problem of subgraph matching to

explore the exploitation of the machine learning methods in the graph analytic

area. Next, we detailed the background, motivations and contributions for each

proposed model.

1.1 Binarized Graph Neural Network

Graph analysis provides powerful insights into how to unlock the value graphs

hold. Due to this power, techniques for analyzing graphs are becoming an in-

creasingly popular topic of study in both academics and industry. To effec-

tively and efficiently support important analytic tasks on graph data, such as

node/graph classification, node clustering, community detection, node recom-

mendation, link prediction and graph visualization, a variety of graph embed-

ding techniques (See [35, 17] for a comprehensive survey) have been developed.

Graph data is mapped into low-dimension data such that the proximity relation-

ship among graph nodes (i.e., objects) is preserved and the off-the-shelf machine

learning methods, which are designed to handle vector representations, can be

immediately applied.

The existing graph embedding techniques can be roughly classified into three

broad categories: (1) random walk based embedding (e.g., Deepwalk [78] and

Node2vec [33]) ; (2) node similarity based embedding (e.g., LINE [98] and

NetMF [81]); and (3) graph neural networks (GNN) based embedding (e.g.,

GCN [46], GraphSage [34], GAT [100] and AS-GCN [41]). As reported by

2



1.1. BINARIZED GRAPH NEURAL NETWORK Chapter 1

Leskovec et al. in their tutorial on graph embedding at WWW 20181, the first

two categories of embedding techniques are only able to learn a “shallow” rep-

resentation of the graph nodes due to the simplicity of the models. It is shown

in [46, 34] that the neural network based embedding methods significantly out-

perform the state-of-the-art techniques in the first two categories for the node

classification task. Therefore, exploring how to use neural network to create a

“deep” representation more efficiently is a promising direction in graph repre-

sentation learning. However, most of the existing graph neural network models

suffer from the scalability issue due to the high time and space cost of the real-

valued model.

Recently, there have been some researches on learning binary graph embed-

ding (e.g., [64, 93, 113]), in which each node is represented by a binary vector

(code), instead of a real-valued vector. It has been shown that the binarized

graph embedding can achieve much better time and space efficiency.

Time efficiency. It is well-known that the distance computation of binary

vectors (i.e., Hamming distance) is much more efficient than that of real-valued

vectors (e.g., Euclidian distance). In addition to the specifically tailored search

algorithms (e.g., [80]), the dot product between binary vectors can also enjoy

the hardware support (e.g., xnor and build-in CPU instruction popcount).

As stressed in a recent work [58] from DeepMind, the pairwise dot product of

the vectors has been intensively used by the model for some specific tasks (e.g.,

graph similarity computation in [2]). Thus, the binary vector has been used in

their graph matching network (GMN) to speedup the computation.

Space Efficiency. The binary embedding can represent the node in a compact

way while well preserving the structure information. As shown in [64], INH-MF

can achieve competitive graph node classification performance with 128 bits for

1http://snap.stanford.edu/proj/embeddings-www
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Chapter 1 1.1. BINARIZED GRAPH NEURAL NETWORK

each node compared to the conventional embedding approaches (e.g., DeepWalk)

with 128 dimensions (i.e., 128×64 bits) per node. This will be a great advantage

when we face a large-scale graph because the binarized embedding of a graph is

more likely to be accommodated in the main memory.

The existing GNN-based methods have demonstrated outstanding perfor-

mance in various tasks such as node classification [34, 46, 100, 41], link predic-

tion [115, 44], graph similarity match [2, 58] and graph clustering [102, 118].

However, they may suffer from the limitation of the memory and speed due to

the use of real-valued vectors for node and graph representations and model

parameters.

Given the outstanding embedding quality, various applications of the GNN-

based approaches and the space and time efficiency of the binarized representa-

tion, one may wonder if we can design a binarized GNN-based graph embedding

approach such that we can achieve a good trade-off between embedding quality

and time/space efficiency in the GNN-based methods.

We notice that the existing binarized graph embedding methods [64, 93] rely

on the discretization of the matrix factorization following the node-similarity

based approaches. They cannot be extended to binarize the GNN-based embed-

ding due to the inherently different natures of two categories of approaches.

As to our best knowledge, the only attempt for the binarization of GNN is

from DeepMind in their recent work [58]. Their binarization method converts

each learned d-dimensional real-valued vector into a d-dimensional “nearly” bi-

nary vector by applying well-known binarization function tanh to approximate

hamming distance for the binarization and optimization. However, the output

of tanh is not exact binary value and cannot be accelerated by the binary logic

operations (e.g., xnor and popcount). As an alternative, one may consider the

Binarized Neural Network (BNN) (e.g., [42]) for the graph embedding so that the

4



1.1. BINARIZED GRAPH NEURAL NETWORK Chapter 1

representation is naturally binarized. However, BNN is not designed for graph

data, and as to our best knowledge, there is no existing graph embedding work

based on BNN.

These issues motivate us to develop a new binarized graph embedding tech-

nique which can be integrated into existing GNN-based models to binarize the

parameters and produce high-quality binarized graph embeddings. The key chal-

lenge is how to generate compact embedding vectors with binary network param-

eters in an effective way. To address the challenge, we design a binarized graph

neural network framework to learn the binary parameters and representations

efficiently and effectively.

Contributions. The principle contributions of our proposed binarized graph

neural network are summarized as follows:

• To the best of our knowledge, this is the first study on binarized graph

neural network (GNN) with binary parameters to generate binary graph

representations. The proposed method, namely BGN, can be seamlessly

integrated into the existing GNNs.

• An end-to-end binarized graph neural network framework is proposed with

binary weights and activations. This binarized framework can immediately

reduce the memory consumption for the network; the bit-wise operations

between the binary vectors can substantially speedup the inference time

of the model and the gradient estimator enables our model to effectively

process back-propagation through discrete parameters and activations.

• Extensive experiments on multiple benchmark networks are conducted

for node classification task. The results demonstrate that our proposed

method outperforms existing binarized embedding methods with a big mar-

gin. Compare to the real-valued GNNs, our BGN model can achieve nearly

5
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state-of-the-art performance while consuming much fewer computation re-

sources (up to 1/28 parameter and embedding memory space and 1/20

inference time).

• Binarization approaches are employed on the GNN-based application GMN

to show that, by applying our BGN techniques, GMN model can dramati-

cally reduce the time and space complexity while keeping the performance

competitiveness.

• Experiments further show that our proposed BGN technique allows users

to achieve a trade-off between the space/time and embedding quality in

a flexible way by tuning different level and setting of binarization on the

parameters and activations.

1.2 Graph of Graphs Neural Network

Interactions between the structured entities like chemicals are the basis of many

applications such as chemistry, biology, material science, medical science, and

environmental science. For example, the knowledge of chemical interactions is

a helpful guide for the toxicity prediction, new material design and pollutant

removal [111]. In medical science, understanding the interaction between drugs

is vital for drug discovery and side effect prediction which can save millions of

lives every year [72].

One immediate way to investigate the interactions between two structured

entities is to conduct experiments for them in the laboratory or clinics. How-

ever, due to the enormous number of structured entities, it is infeasible in terms

of both time and resource to examine all possible interactions. Thanks to the

advances in the computational approaches for the structured entity interaction

prediction, a variety of techniques have been proposed to predict the interactions

6
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Figure 1.1: Interaction graph of molecule graphs.

among structured entities effectively and efficiently by utilizing the deep neural

network or graph neural network (GNN) techniques such as DeepCCI [49] for

chemical-chemical interaction prediction and DeepDDI [85] for drug-drug inter-

action prediction.

We observe that the interactions among structured entities can be naturally

modeled by the graph-of-graphs (a.k.a. network-of-networks) where each struc-

tured entity is a local graph, and the interactions of the entities form a global

graph. In Figure 1.1, we take the chemical-chemical interactions as an example.

Each chemical molecule is a structured entity and can be represented by a local

graph (i.e., molecule graph) where nodes represent atoms and the bonds among

the atoms are the edges. On the other hand, the interactions (edges) among the

7

acetic acidethanolpivalic acid

benzoic acidbenzyl alcohol

structured-entity interaction graph

lioxalic acidid



Chapter 1 1.2. GRAPH OF GRAPHS NEURAL NETWORK

structured entities (nodes) form a global graph. However, the existing studies

for structured entity interaction prediction do not make full use of the graph-

of-graphs model and only consider partial information. For instance, MR-GNN

[111] only considers the local structure information of entities and their pairwise

similarity; Decagon [121] focuses on the interaction graph and only treats the

structured entity as a simple node. Other works such as DeepCCI and DeepDDI

even do not consider the graph structure information.

These limitations motivate us to develop a new approach to fully exploit

the graph-of-graphs (GoG) model to predict the structured entity interactions.

In particular, we propose a novel model called Graph of Graphs Neural Net-

work(GoGNN). Our model builds a graph neural network with attention-based

pooling over local graphs and attention-based neighbor aggregation on the global

graph such that GoGNN is able to capture broader information that enhances

the performance on the prediction. Furthermore, the GNNs on both levels of

graphs play synergistic effects on improving the representativeness of GoGNN.

The work in [104] introduces GoGNN, the graph of graphs neural network, to

solve graph interaction prediction tasks. However, these methods cannot pow-

erfully and distinguishably represent graph structural information together with

graph features. Besides, GoGNN only focus on the entity interaction problem,

which limits its generalizability.

Motivated by the shortcomings of the current models, we propose our

Powerful Graph Of graphs neural Network (PGON) to capture graph inter-

action and graph structural information for multiple graph analysis tasks based

on the idea of GoGNN that preserves the information from both local and global

interaction relationships within and between graphs. PGON uses the invariant

and equivariant functions to build the graph neural network following the 2-

folklore Weisfeiler-Lehman (FWL) isomorphism test algorithm such that PGON

8
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is able to powerfully preserve the structural information for each molecular or

protein graph. PGON also follows the graph of graphs framework. In that way,

PGON could consider both levels of the graphs to extract broader information,

which improves the performance of PGON on graph analysis tasks.

Contributions. The contributions of the graph of graphs neural network can

be summarized as follows:

• To the best of our knowledge, this is the first work to systematically ap-

ply the graph neural network on graph-of-graphs model, namely Graph of

Graphs Neural Network (GoGNN), to the problem of structured entity

interaction prediction.

• The proposed GoGNN mines the features from both local entity graphs and

global interaction graph hierarchically and synergistically. We design dual

attention architecture to capture the significance of the substructures in

the local graphs while preserving the importance of the interactions within

the global graph.

• The extensive experiments conducted on the real-life benchmark datasets

show that GoGNN outperforms the state-of-the-art structured entity in-

teraction prediction methods in two representative applications: chemical-

chemical interaction prediction and drug-drug interaction prediction.

• We exploit the equivariant and invariant mapping functions to build the

graph neural network following the 2-FWL test. Therefore, our model

is able to represent the graph structure as powerfully as a 3-Weisfeiler-

Lehman test algorithm.

• We study both graph classification and graph interaction prediction tasks

from a graph of graphs perspective. Our model could exploit more topo-

9
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logical information and the interactions between local graphs to enhance

performance.

• We evaluate our proposed PGON using both graph classification and graph

interaction prediction tasks on real-world datasets. PGON has superior

performance compared to other baseline methods.

1.3 RL-based Query Vertex Ordering

In recent years, graph structured data has been increasingly ubiquitous. Graph

analysis also becomes much more important and popular in the area of data

analytics. Subgraph matching is one of the most fundamental problems in

graph analysis. Subgraph matching aims to find all embeddings in a data

graph G that are isomorphic to a query graph q. For example, in Figure 1.2,

{(v1, u1), (v2, u4), (v3, u5), (v4, u10)} is a match from q to G. Due to its impor-

tance, subgraph matching is widely used in various areas in both academia and

industry [86, 79, 94, 112].

(a) Query Graph (b) Data Graph

Figure 1.2: Example query graph and data graph.

Subgraph matching has been proved to be a NP-complete problem [29], which

means that the computational complexity is factorial in the worst case. Though
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this limit is intrinsic and cannot be overcome, great research efforts still lead

to significant advances in reducing unpromising intermediate results, and thus

reduce the computational complexity in the average case. The subgraph match-

ing algorithms can be categorized in two classes by their main methodologies:

join-based algorithms and backtracking search based algorithms. The join-based

approaches [50, 51, 52] convert the query q to a multi-way join by mapping

vertices and edges in q to attributes and relations. These approaches evaluate

the multi-way join to find matching results. Another class of approaches are

the backtracking search based algorithms, which recursively extend intermedi-

ate results by mapping query vertices to data vertices along an order of query

vertices [97]. Many methods adopt the state space representation for subgraph

matching, where each state represents an intermediate result [11], i.e., a map-

ping from query vertex to data vertex. The methods explore the state space with

given order to find feasible state as a match. Among these methods, the query

vertex order plays an important role in reducing the average time complexity for

subgraph matching, because a well-designed query vertex order could enable the

algorithm to prune out the unpromising results as much as possible [7, 36, 37].

In this thesis, we focus on the backtracking search based subgraph matching

algorithms. As shown in [95], it is critical to choose a good matching order

for the backtracking search based algorithms because it will greatly affect the

search performance. Therefore, existing backtracking based algorithms put a

lot of efforts to generate good matching orders. Clearly, finding the optimal

matching order is time-prohibitive, and existing algorithms resort to a variety

of heuristic strategies. For instance, QuickSI [91] proposed a infrequent-edge

first ordering method which converts q into a weighted graph based on the label

frequency of query edges in data graph and generates the matching order along

the ascending order of their weights. RI [8] generates the order based on the

11
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structure of q, which selects the vertex with the maximum degree in q as the

first vertices, and then picks the vertex that has the most neighbors in order φ

as the next node. VF2++ [43] picks the vertex whose label is the least frequent

in data graph as the first vertex in φ. Next VF2++ generates a BFS tree rooted

at the first vertex and adds query vertices to φ depth-by-depth with tie-break

rule based on degree and label frequency of the query node. Other methods

such as GraphQL [39], CFL [7] CECI [6] and DP-iso [36] generate the order φ

by building auxiliary structure of q based on the degrees, labels and candidate

sizes of query vertices.

However, these ordering methods only utilize the local structural and label

information by greedy heuristics. Consequently, these methods are lacking the

ability of fully exploiting the information within the query and data graphs;

meanwhile, these methods can only obtain the locally optimal order produced

by the greedy search algorithm. The auxiliary structure-based query ordering

methods in CFL and DP-iso, which dynamically generate matching orders, can

result in a large number of unsolved queries, and hence cannot achieve the state-

of-the-art performance according to the empirical study [95].

In this thesis, we propose the first Reinforcement Learning based Query

Vertex Ordering method for backtracking based subgraph matching, namely

RL-QVO, to fill this research gap. RL-QVO aims to be a more efficient and scal-

able technique to conduct subgraph matching. We introduce the motivations for

this model as follows:

Motivation 1: Make Full Use of the Graph Information. As mentioned

previously, the recent subgraph matching models generate φ based on the preset

priority of heuristics such as degree, label frequency, path frequency, candidate

size and etc. In practice, the order is usually determined by partial heuristics,

and other statistics are somehow ignored. Besides, the priority of the heuristics

12
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cannot be adapted for graphs with different distributions. Consider q and G in

Figure 1.2, if we use the ordering method of RI which selects the first node with

the highest degree, the order will be generated randomly due to the structural

symmetry of q. Accordingly, the following order is also generated on a random

basis. Clearly, the order generated by RI cannot guarantee to reduce the re-

dundant intermediate results for this query. Otherwise, if we build the order

according to the label frequency in this case, vertex v1 will be selected as the

starting vertex in φ, which eventually reduces unpromising intermediate results.

Therefore, adaptive priority for heuristics under particular query graph could

significantly enhance the ordering methods, which requires the whole picture of

graph information and wise decision making based on these information.

Our Approach: Capture the Graph Information with Graph Neural Network.

Regarding the above observation, we exploit the graph neural networks [47, 101,

108] whose ability of feature extraction and representation learning has been

widely proven theoretically and empirically, to capture the information hidden

in q. We carefully design the initial feature for each query vertex based on

the popular heuristics. With the help of GNN’s message passing for neighbor

aggregation, RL-QVO can naturally capture the query graph’s structural and

attribute information. Furthermore, thanks to the generality of the machine

learning based techniques, RL-QVO is able to select the next node according to

current query vertex feature representations.

Motivation 2: Limitation of Greedy Heuristics. Most existing ordering

methods utilize the greedy search methods with preset rules which will intrinsi-

cally fall into local optimum. Such methods intend to add the vertex that could

reduce the most redundant intermediate results to the order φ at every step.

However, these methods cannot consider the long-term query time cost. The

exact optimal order can only be found after all possible order permutations are

13
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evaluated. Therefore, it is challenging for us to develop a subgraph matching

algorithm that can break the limitation of the greedy criterion.

Our Approach: Avoiding the Limitation with Reinforcement Learning. Moti-

vated by this drawback, we design a reinforcement learning based framework to

learn a policy for matching order generation. We craft the long-term cumulative

reward for the RL-based model to force the model to consider the overall compu-

tational cost when selecting the next node for matching order φ. Instead of only

focusing on the current step, the RL-based framework allows the learned policy

to consider the states multiple steps ahead before making the decision. We also

design an entropy reward to encourage the model to explore the unvisited states.

Furthermore, instead of enumerating all possible orders and evaluating the qual-

ity of each of them, RL-QVO samples a subset of such orders and learns the

policy from the observed rewards. Accordingly, RL-QVO has more probability

to produce matching orders that are closer to the optimal ones compared to the

existing ordering methods.

The contributions of reinforcement learning based query vertex ordering are

summarized as follows:

• To the best of our knowledge, we are the first to employ Reinforcement

Learning technique to obtain high-quality matching order for the subgraph

matching task.

• Our Reinforcement Learning based model could fully exploit the graph

information and select the next query node for the matching order at every

step according to the cumulative reward, which can consider the long-term

benefits.

• Extensive experiments conducted on 6 real-life graphs demonstrate that

the high-quality matching order obtained by RL-QVO can significantly

14
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improve the performance of the backtracking based subgraph matching in

terms of the query processing time.

15



Chapter 2

Literature Review

In this chapter, we overview the related works of machine learning methods for

graph analytics. Section 2.1 introduces the representation learning methods for

graphs, including the graph embedding techniques and binary hashing. In Sec-

tion 2.1.2, we review the existing graph neural networks. We first introduce sev-

eral representative graph neural networks for node-level and graph-level learning.

We then list the popular applications of graph neural networks. In Section 2.2,

we present the related works on the graph related applications. Specifically, we

focus on the related works on the graph of graphs, structured entity interaction

prediction and subgraph matching tasks, which also are the studied problems in

this thesis. In Section 2.3, we briefly introduce the machine learning techniques

used in this thesis, e.g., the reinforcement learning methods and binaried neural

networks.

2.1 Graph Representation Learning

In this section, we first review graph embedding methods which are effective

methods of graph representation learning. Then, we review the binary hashing

16
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methods that are frequently used to reduce the time and space complexity in

many applications.

2.1.1 Graph Embedding

A key problem in machine learning on graphs is finding a way to incorporate

information about the structure of the graph into the desired machine learning

model. Graph embedding is one of the most promising approaches because it

maps nodes into a low-dimensional space such that the structure of the graph

is well preserved. Once accomplished, an existing machine learning approach

(e.g., k-means clustering) can be used to assimilate and analyse the graph in the

embedded low-dimensional space. Loosely following the seminal graph embed-

ding approach, DeepWalk, three broad categories of embedding methods have

appeared in the literature: (1) node similarity based embedding methods (e.g.,

LINE, NetMF), which rely on the proximity of the nodes w.r.t various similarity

metrics. The matrix factorization techniques have been used to learn the embed-

ding of the nodes. (2) Random walk based embedding methods (e.g., Deepwalk

and node2vec) which encode the nodes by applying the Skip-Gram technique [75]

on the random walks; and (3) graph neural networks (GNN) based embedding

methods (e.g., GCN, GraphSage and GIN) which apply the neural network tech-

niques on graph to learn the representations of the nodes.

Most of the existing graph embedding studies use the real-valued vector to en-

code the graph nodes following the above three computing paradigms. Recently,

three unsupervised approaches [64, 93, 113] have been proposed to learn the

binary embedding of the graphs following the node-similarity based embedding

methods. Particularly, INH-MF [64] and DNE [93] are independently developed

for binarized graph embedding based on the discretization of the matrix factor-

ization on proximity graphs. BANE proposed in [113] is a natural extension of
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DNE by considering both structure and attribute similarities on the attributed

graphs.

2.1.2 Graph Neural Networks

Recently, the graph neural networks have been proven to be a popular and

powerful technique for graph analytics. In this section, we first introduce several

representative graph neural networks for node-level and graph-level applications.

We then introduce the graph neural networks designed for specific applications.

Node-level GNNs. Most GNNs are designed for node-level applications such

as node classification and link prediction [47, 100, 116, 34, 68, 63, 62]. They rely

on the node embedding techniques like skip-gram, autoencoder and neighbor

aggregation methods like GCN, GraphSAGE, etc. These methods focus on the

node relations within the graph and use the low-dimension representations to

preserve the structural and attribute information.

Graph-level GNNs. Recently, some research works on GNNs are proposed

for graph-level applications such as graph classification[117, 55] and graph

matching[59]. These works learn the graph representations for each graph indi-

vidually or pair-wisely without considering the interactions between the graphs.

2.1.3 Graph Neural Networks for Specific Applications

There are several applications that are based on the GNN. Such as Graph Match-

ing Network [58] and SimGNN [2]. These models utilize GNN and use the simi-

larity (distance) of graph embedding to approximate the graph edit distance and

graph similarity.

The Graph Matching Network (i.e., GMN) is a novel GNN-based framework

proposed by DeepMind to compute the similarity score between input pairs of
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graphs. Separate MLPs will first map the input nodes in the graphs into vector

space. Then the propagation layer will aggregate the messages of the edges

and cross-graph matching vector by MLP or GRU with input concatenation of

node representations and edge vectors. Matching function is applied to compute

the attention coefficients based on the node information between the input pair

of graphs. The matching function is based on the softmax function over node

vectors which requires the calculation of vector space similarity like Euclidean,

cosine similarity or dot product between all pairs of node representations. This

attention coefficients calculation across two graphs requires a computation cost

of O(| V1 || V2 | d), where V1 and V2 indicate the number of vertices of input

graph 1 and 2 respectively, and d is the dimension of the node representation.

The match vector µj→i is concatenated with the message vector mj→i and the

node representation h
(t)
i , then the concatenation is fed into MLP or a recurrent

neural network core to produce the new node representations. Given the learned

node representations of graph, the aggregation module proposed in [60] is used

to obtain the graph representations. The similarity score in vector space such

as Euclidean similarity, cosine similarity and approximate hamming similarity

will be computed between graph representations to approximate the similarity

between the input graphs.

2.1.4 Binary Hashing

The binary hashing has been widely used to learn the binary vectors (codes)

of the objects in many applications. The most popular application is the ap-

proximate nearest neighbor search in high dimension space where binary hashing

methods encode high-dimensional objects (e.g., documents and images) to bi-

nary codes, while preserving similarity distance in the original space. Many

learning to hash approaches have been proposed including unsupervised meth-
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ods (e.g., [87, 66]), supervised methods (e.g., [92]), and deep learning based

methods (e.g., [65]). Please refer to [105] for a comprehensive survey. Recently,

three approaches [64, 93, 113] have been proposed to learn the binary embedding

of the graphs following the node-similarity based embedding methods. As to our

best knowledge, there is no existing work on the binarized graph embedding

based on GNNs.

2.2 Graph Applications

In this section, we review the related works about the graph-based applications.

We first introduce the applications of a specific graph structure, i.e., graph of

graphs. We then review the models designed for structured entity interaction

prediction task. Lastly, we review the approaches proposed to solve subgraph

matching, an important and fundamental problem in graph analytics literature.

2.2.1 Graph of Graphs

In most real-world systems, an individual network is one component within a

much larger complex multi-level network. Applying the graph theory paradigm

to these networks has led to the development of the concept of “Graph of Graphs”

(also known as “Network of Networks”). [18] introduces the theoretical research

development [24], applications [77] and phenomenological model [84] on the net-

work of networks. These works enable us to understand and model the inter-

dependent critical infrastructures. SEAL[57] proposed graph neural network in

a hierarchical graph perspective for graph classification task. With significant

differences between GoGNN and SEAL in tasks, loss functions and optimizers,

GoGNN is the first work to develop graph neural network technique on graph of

graphs for structured entity interaction prediction problem.
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2.2.2 Structured Entities Interaction Prediction

In many real-life applications such as chemistry, biology, material science, and

medical science, we need to understand the interactions between the structured

entities. In recent years, a variety of techniques have been proposed for struc-

tured entity interaction prediction in some specific applications. In this thesis,

we focus on two representative applications: chemical-chemical interaction pre-

diction and drug-drug interaction prediction.

Many computational methods have been proposed for these two applications.

DeepCCI and DeepDDI [49, 85] utilize the conventional convolutional neural net-

work and PCA on the chemical data. Some models are graph neural network-

based. For example, Decagon [121] performs the GCN on drug-protein inter-

action graph; MR-GNN [111] proposes a model with dual graph-state LSTMs

that extracts local features of molecule graphs, and MLRDA [14] utilizes graph

autoencoder with a novel loss function to predict the drug-drug interactions.

2.2.3 Subgraph Matching

Subgraph matching is an important and fundamental problem in database lit-

erature, which is widely applied in both academia and industry. There are two

categories of subgraph matching methods. Most subgraph matching models

can be categorized into backtracking search algorithms, such as QuickSI [91],

CFL [7], RapidMatch [96], Turbo-iso [37], DP-iso [36], VF2 [15], VF2+ [12],

VF2++ [43], VF3 [11], the subgraph matching system GraphZero [71], the

benchmark work LSQB [74] and etc. These models follow the filtering, order-

ing and enumeration framework introduced above to obtain all the matches for

query nodes. Specifically, their enumeration processes are backtracking search

procedures that are able to find all possible matches. Backtracking search al-
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gorithms generally use greedy approaches to generate matching order based on

some heuristic rules or cost estimation. The other category is the join-based

methods like TwigTwig [50]and SEED [51]. These algorithms usually aim at

the subgraph enumeration problem, where the label information is not consid-

ered and distributed techniques are usually utilized. These algorithms convert

subgraph enumeration problem to a multi-way join task. Among the join-based

algorithms, the worst-case optimal join has the running time that is correlated to

the maximum query output size [76]. It has been proved that the WCOJ based

database system LogicBlox [1] outperformed other database systems (e.g., Post-

greSQL, Neo4j and MonetDB). In this thesis, we aim at designing an ordering

method for backtracking search based algorithms.

Recently, there have been several research attempts [69, 67, 13] to develop

subgraph matching algorithms on a learning basis. These methods focus on

counting of isomorphic subgraphs or producing approximate matching results,

which are different from the target in this thesis, i.e., finding exact subgraph

mappings from queries to data graph.

2.3 Machine Learning Techniques

In this section, we introduce two important machine learning techniques used in

this thesis. We first reviews the reinforcement learning based methods that are

used for graph-related problems. We also review the binarized neural networks

that aim to reduce the space and time complexity of neural network.

2.3.1 Reinforcement Learning.

Using reinforcement learning for graph-related problems is becoming increasingly

popular. [19, 48, 61, 30, 83] aim to solve the NP-hard combinatorial optimiza-

22



2.3. MACHINE LEARNING TECHNIQUES Chapter 2

tion problems with reinforcement learning and graph representation learning

techniques. Please see [5] for detailed survey. Several RL-based models have

been proposed for conventional graph analysis tasks. For example, [40] exploits

a GNN-based policy network in promoting the performance of active learning for

cross-domain graph analysis tasks such as classification; [114, 22] utilizes graph

policy networks on the molecular graphs for chemical and medical applications

such as chemical/drug discovery and chemical reaction prediction.

2.3.2 Binarized Neural Networks

Binarized neural networks was first proposed by BNN [16]. The binarization

technique proposed in [16] is used by most network binarization models. Among

them, XNOR-Net [82] and DoReFa-Net [119] are the most popular ones because

of their great performance on the image classification task.

XNOR-Net was proposed to have high accuracy of classification task on the

ImageNet dataset while XNOR-Net has 58× faster convolutional operations and

32× memory saving. DoReFa-Net replaces the binarization by quantization

which allows the model to change the bit size for weights, activations and even

gradient calculations during backpropagation.

However, these methods are all designed for computer vision tasks. Though

they perform well on the image dataset, they cannot be adapted to graph analysis

tasks directly. In this thesis, we propose a novel binarized graph neural network

for graph representation learning and downstream applications.
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Binarized Graph Neural Network

3.1 Chapter Overview

In this chapter, we introduce the methodological details about the binarized

graph neural network and the evaluation result of the model. This work is pub-

lished in [103]. Section 3.2 formally introduces the background and preliminaries

related to the binarized graph neural network. Section 3.3 presents the details

of our proposed model BGN, including the overall framework, the binarization

function, training objectives and improvement techniques. Section 3.4 reports

the experiment results which demonstrate the effectiveness and efficiency of bi-

narized graph neural network. Section 3.5 concludes this chapter.

3.2 Background and Preliminaries

Recent studies have revealed that graph neural network can perform excellently

on label classification tasks. The existing GNN-based graph embedding ap-

proaches share the same computing paradigm. GNNs take graph nodes’ feature

and neighborhood information as the input. During the training, the repre-
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Notation Definition

G the graph dataset

V, E the set for nodes and edges in the graph.

v, e node and edge in the graph.

xv the feature information for node v.

ηv the neighborhood nodes of node v.

(·)b denotes that the vector or matrix is binary-valued.

hv the hidden representation of node v.

W the weight matrix in the neural network.

B(·) the binarization function which is used to transform the real-
valued vector or matrix into binary-valued vector or matrix.

αij the attention coefficient between node i and node j.

Table 3.1: Summary of Notations

sentations of nodes (real-valued vectors) at each layer will be updated by the

aggregators and non-linear activation functions. The output representations will

be fed into the task-specific layer to calculate the loss of the model. Based on

that, the model will be optimized by the optimizer through backpropagation.

The main differences among these GNN-based graph embedding approaches are

the design of the aggregator which combines the context representations and the

loss function designed for different graph analytic tasks.

These models have real-valued parameters and learn a real-valued represen-

tation for each node in an end-to-end manner for graph node classification.

However, the real-valued parameters and representations are space-consuming

for storage and time-consuming for multiplication computation, especially for

large-scale graphs. To address these issues, in this chapter we devise a novel

binarized graph neural network, namely BGN, with binary parameters in the

neural network to learn binary embedding representations for node classification

task.

The important notations used throughout the chapter are summarized in

Table 3.1.
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Figure 3.1: The overall framework of the proposed model BGN. (a) All input
node features are projected into a unified representation space by binary-valued
weights.(b) Masked summation between binary matrix and real-valued matrix
is employed to speed up the dot product. (c) Binary attention coefficients are
produced based on the hidden representations. (d) Output of the layer is calcu-
lated via multi-head attention mechanism. (e) xnor and popcount are employed
to calculate the dot product between binary-valued matrix. (f) Loss calculation
and end-to-end optimization for the node classification task.

3.3 Model

As illustrated in Figure 3.1, we introduce a new graph neural network with

binarized weights and activations. Our model BGN (Binarized Graph Neural

Network) is based on the attention mechanism and can be easily adapted into

other graph neural network frameworks. For a given graph, BGN takes the nodes

and their contexts including feature and neighborhood structure information as

input. Binarization function will transform the weights, activations and even

coefficients into binarized vectors to reduce the time and space complexity, while

the attention mechanism enables the nodes to attend over their neighborhoods’

features. We also apply the balance function to ensure that +1 and −1 are

almost equal with each other in the binarized vectors. Furthermore, the gradient
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estimator is used for backpropagation of gradients through discretization.

The following subsections present the listed key components of our model:

• Section 3.3.1 introduces the framework of our work.

• Section 3.3.2 introduces the binarization of our model in detail, including

the forward propagation and backpropagation.

• Section 3.3.3 describes the optimization objective of our model.

• Section 3.3.4 introduces the techniques we used to reduce the time and

space complexity and improve the performance.

• Section 3.3.5 introduces the adaptation of our model to other GNN frame-

works.

3.3.1 Framework

Algorithm 1 illustrates the framework of our model. We follow the attention

mechanism introduced in [99, 100] to involve the importance of the node’s neigh-

borhoods into the graph representation learning process. Given a graph G(V , E),

where V and E denote the set of graph nodes and edges respectively, we use

nodes features {xv, ∀v ∈ V},xv ∈ Rm and the neighborhood information of

nodes {ηv, ∀v ∈ V} as inputs. Our model will first produce the binarized node

representations hbv ∈ {+1,−1}d for each node within the input graph. After that,

the binarized node embeddings will be fed into the output layer to compute the

loss for some specific tasks like node classification.

Attention Mechanism. Our proposed framework is based on the graph at-

tention mechanism. The attention layer is utilized in our model to learn the

importance of every node to other nodes. The key is to get the importance of
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Algorithm 1: Binarized Graph Neural Network

Input: Graph G(V , E), node features {xv, ∀v ∈ V}, number of layers L,
binarization function B(·), number of attention heads K, neighbors of
node {ηv, ∀v ∈ V}
Output: Classification result {Cv, ∀v ∈ V}

Let h0
v = xv, ∀v ∈ V , ∀u ∈ ηv; for l = 1, 2, . . . , L− 1 do

αluv = B(Softmaxv(W
l
0xu,W

l
0xv));

for v ∈ V do
for k ∈ K do

hkv = B(
∑
u∈ηv

αkuvW
l
kxu);

hlv = ConcatKk=1(h
k
v);

αLuv = B(Softmaxv(W
L
0 hL−1u ,WL

0 hL−1v ));
for v ∈ V do

Cv = Softmax(
∑
u∈ηv

αkuvW
LhL−1u );

return Cv, the classification result for node v ∈ V ;

one node’s feature to other nodes that is the attention coefficients of the in-

put graph, afterwards, the node’s feature can attend on other nodes. Inspired

by [100], we perform masked attention to the model to keep the structural infor-

mation of the input graph. Only the attention coefficients of one node with its

neighborhood nodes i.e., αij, vj ∈ ηi will be computed.

In order to obtain the attention coefficients, we use a shared binarized

weight matrix W ∈ {+1,−1}m×d′ to apply the linear transformation to each

node. Softmax function is used to normalize the coefficients, but unlike the

model proposed in [100], LeakyRelu activation is not employed in our model

while the sign function is used to binarize the attention coefficients. With the

following Equation (3.1), we will get a binarized attention coefficient matrix

A ∈ {+1, 0,−1}N×N where αij is the element of the matrix A (0 is contained in

the matrix since we only compute the attention coefficients between neighbors
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such that the matrix is sparse).

αij = B′(Softmaxj(Wxi,Wxj)) (3.1)

where B′ is the binarization function for attention coefficients which maps 0 to

0, positive values to +1 and negative values to −1.

Once the attention coefficient matrix is obtained, it will be used to compute

the output of the attention layer. The attention coefficients will multiply the

linear transformed node feature. We employ the multi-head attention mechanism

to stabilize the learning process. The binarization function, which is served

as activation function, is applied to every attention head to binarize the pre-

activations. And concatenation of the output of K independent attention heads

is the output of the attention layer. Therefore, the output node representation

will be like following:

hi = ‖Kk=1B(
∑
j∈ηi

αkijW
kxj) (3.2)

Where ‖ means the concatenation of the vectors and hi is the output binarized

node representation where hi ∈ {+1,−1}d.

After several attention layers, the node representation will be fed into the last

layer to calculate the loss for specific task which is classification in this chapter.

We will introduce the learning objective in the Section 3.3.3.

3.3.2 Binarization

In this section, we introduce how to obtain a graph neural network with bi-

nary parameters that can learn binary representations. Section 3.3.2 introduces

the binarization function used to transform the real-valued parameters and pre-

activations into binary space. Section 3.3.2 introduces the gradient estimators

that enable the binarized model to be optimized by the off-the-shelf optimizers
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such as Adam and SGD.

Forward Propagation

Binarization function is important in our model. Specific binarization function

will be chosen in the forward propagation calculation process to binarize the

weights and the activations. In that way the low-bit parameters and activations

will help to reduce the time and space complexity. In our case, various bina-

rization functions will work, and the most straightforward example is the sign

function. As mentioned in [16] and [82], deterministic and stochastic binariza-

tion based sign function are widely applied to the continuous pre-activations as

well as the real-valued weights to obtain binarized activations and weights.

Bdet(x) =

+1 x ≥ 0,

−1 else,
(3.3)

The above equation is the deterministic binarization function, where x is the real-

valued variable. The stochastic binarization is the sign function with probability:

Bstoch(x) =

+1 with probability p = σ(x),

−1 with probability 1− p,
(3.4)

where σ denotes the sigmoid function, that is σ(x) = 1/(1 + exp(−x)). The

stochastic binarization is more appealing but needs the computer to generates

random bits while the deterministic binarization is easier to calculate. Deter-

ministic binarization function(i.e., Equation (3.3)) is applied for the binarization

of weights and activations because the deterministic sign function provides more

stable and reproducible results. Please note that we use a variant of deterministic

sign function which maps 0 to 0 to binarize the attention coefficients.
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Backprobagation

In this part, we describe how to backpropagate the gradients through the bi-

narization function. We adapt the gradient estimator into our model for better

optimization.

Propagation gradients through binarization function. It is obvious that

the binarization function has zero derivative almost everywhere, which leads to

the zero gradients of the loss function w.r.t the pre-activations and weights.

The trainable variables cannot be updated with zero gradient. Therefore, the

model cannot be trained by simple backpropagation, and the estimation of the

gradients should be obtained for optimization. Previous studies have investigated

how to propagate gradients through stochastic discrete functions. Below we

investigate two popular unbiased gradient estimators for binarization function:

straight through estimator and REINFORCE estimator [107].

Straight through estimator. The straight-through estimator is proposed a

simple unbiased gradient estimator. It estimates the derivative of binarization

function B(h) of pre-activation or weight h as 1 (a vector or matrix whose

elements are all 1). Let hb denote the binarized representation and h denote

the pre-activation before binarization. The straight-through estimation of the

gradient of the loss L w.r.t the pre-activation h is thus:

gh =
∂L

∂h
=

∂L

∂B(h)
· ∂B(h)

∂h
=

∂L

∂hb
1 = ghb1 (3.5)

This gradient will then be back-propagated to obtain the gradient of quantities

(i.e., pre-activations or weights) that influence h.

REINFORCE estimator. The reinforce estimator is proposed in [4] to esti-

mate the expectation of the gradient ∂L
∂h

of loss L with regard to the pre-activation

vector or weight h. When binarization function B(·) is stochastic with the prob-
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ability given by sigmoid, it has been proven that:

E(
∂L

∂h
) = E[(B(h)− σ(h))(L− c)] (3.6)

where σ is the sigmoid function and c is a constant vector. To minimize the

variance of the estimation, c can be chosen as:

c =
E[(B(h)− σ(h))2L]

E[(B(h)− σ(h))2]
(3.7)

The reinforce estimator can work directly on the weights and pre-activations

without actual computation of the gradient. The estimation is obtained by

monitoring numerator and denominator during the training process.

Compared with straight through estimator, reinforce estimator is more ad-

vanced with better performance in many applications. However, we observe

that its performance is not superior than the straight through estimator. On the

other hand, straight through estimator helps the model to obtain the gradient

faster than the reinforce estimator due to its simplicity. The comparison be-

tween these two gradient estimators with regards to the performance is included

in Section 3.4. In practice, we choose straight through estimator for our model

in the experiments.

3.3.3 Optimization Objectives

Existing GNN-based graph embedding approaches provide an end-to-end model,

most of which focus on the node classification task. Therefore, our model is also

learned for the node classification task. Below, we introduce the objective of

BGN and the learning process that optimizes the parameters.

For the node classification learning, we feed the binarized embedding hbv into

the output layer to predict the class label for the node. The predicting probability
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of label Ci is written as:

p(Cvk | hbv) = Softmaxkζ (
∑
u∈ηv

αLuvW
Lhbu) (3.8)

where ζ denotes the number of labels for each node. After obtaining the clas-

sification result in Equation (3.8), we calculate the cross-entropy as the loss for

the node classification task.

Lclass = −
∑

v∈Vlabeled

ζ∑
k=1

CLvk log(Cvk) (3.9)

where Vlabeled is the set of nodes that have label information which are used for

training process, CLvk is the multi-hot encoding for ground truth classification

labels.

The gradients will be back propagated via estimator and be applied on the

optimization of parameters by the off-the-shelf optimizer during the training

process.

3.3.4 Techniques to Improve the Model

Several techniques are used on binarized graph neural network model to reduce

the time and space complexity and improve the performance. Logic operation

xnor between binary values, build-in CPU instruction popcount and the masked

summation are used to replace the tradition arithmetic operation dot product

to reduce time complexity. The Figure 3.2 is a toy example that introduces the

differences between these operations. Balance function is used to make +1 and

−1 to be balanced in the embedding vectors which can raise the performance

of the GMN. Also, the binary parameters of the neural network and the binary

node representations can reduce the space complexity intuitively.
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Figure 3.2: The toy examples of (a) dot product (b) Masked summation and (c)
xnor and popcount instruction

XNOR and Popcount

The logic xnor and CPU build-in instruction popcount between binary matrices

are used to replace the dot product between them.

As shown in Table 3.2, xnor produces binary value with input of +1 and −1.

Instruction popcount is then be employed to count the number of bits that is

set to 1. The xnor can be more than one order of magnitude faster than the

dot product which can dramastically reduce the time complexity. As mentioned

34
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Input A Input B Output
+1 +1 +1
+1 -1 -1
-1 +1 -1
-1 -1 +1

Table 3.2: xnor calculation

in [16], a 32-bit floating point multiplier costs about 200 Xilinx FPGA slices,

whereas a 1-bit xnor gate costs only 1 slice.

Masked Summation

Masked summation is used to replace the dot product between binary matrix and

real-valued matrix. The binary matrix will be transformed into the mask matrix

with ”True” and ”False”. During the multiplication, the real-valued vector will

be masked by the corresponding mask vector, then the positive and negative

masked vector are produced with only the elements at the same position as

”True” and ”False” on the mask vector. The model calculates the summations

of the positive and negative masked vector separately. The subtraction of these

two summation results is the result of dot product between the given matrices.

The masked summation can reduce the time complexity of dot product of

two matrix. Usually, the time complexity of naive dot product between two

real-value matrices M1 ∈ Rm×n and M2 ∈ Rn×d is O(mnd), while the time

complexity of masked summation between binary matrix M1 ∈ {−1,+1}m×n and

real-valued matrix M2 ∈ Rn×d is O(nd). Theoretically and also in practice, the

masked summation can significantly reduce the time complexity of our proposed

binarized graph neural network.
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Balance Function

The distribution of +1 and −1 is sometimes unbalanced in the representation

vectors. For example, if most pre-activations h have positive elements, the output

graph representation vector of binarization function hb will be formed mainly by

+1. Then the dot product of two vectors will be d which is the dimension of the

vectors. This unwanted situation should be avoid because it dramatically lower

the effectiveness of the proposed model, especially when the BGN is applied to

GMN which requires a great number of dot product between representations. As

a result, we apply the following balance function to the pre-activations before

binarization in order to balance the distribution of positive and negative elements

of pre-activations:

Balance(h) = h− h (3.10)

where the h is the vector whose elements are all mean value of the pre-

activation vector h. The balance function ensures that the pre-activation vec-

tors contain almost half positive and half negative elements, which leads to the

balance distribution of +1 and −1 after binarization.

3.3.5 Adapted to Other GNN Based Models

The proposed binarized graph neural network is a very general framework that

can be adapted to other graph neural network-based model to project the real-

valued parameters and activations into the binary space to reduce the space and

time cost. We introduce how we binarize the state-of-the-art GNN-based model

AS-GCN [41] and the graph matching network.
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Binarization of AS-GCN

AS-GCN is a general framework that is designed for fast representation learning

based on graph neural networks such as GCN. Therefore, the binarization of AS-

GCN is similar to our proposed BGN. We use deterministic binary function to

binarize the parameters and pre-activations of AS-GCN. And straight through

estimator is employed for back propagation. The binarized model is denoted as

BGN-ASGCN in our experiment.

Binarization of GMN

As mentioned above, the time cost of GMN comes mainly from the pair-wise

node similarity computation. We utilize the deterministic binarization function

(Equation (3.3)) on the preactivations and transform the node and graph rep-

resentations into binary codes such that the xnor can be applied to replace the

dot product. Straight through estimator (Equation (3.5)) is used for the back

propagation. Furthermore, we noticed that the distribution of +1 and −1 is

usually not symmetric which dramatically lower the performance, hence, bal-

ance function (Equation (3.10))is employed on the graph representations.

3.4 Experiment

We conduct extensive experiments to evaluate the performance of our model for

the node classification task on real-world network datasets. We compare the time

and space efficiency thoroughly between the proposed model and other baseline

models. The case study shows the effectiveness and efficiency brought by our

framework on the GNN-based application such as GMN.
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Dataset #Nodes #Edges #Classes #Labled Nodes
Cora 2708 5429 7 140

Citeseer 3327 4732 6 120
Pubmed 19717 44338 3 60

Table 3.3: Citation Datasets

3.4.1 Dataset

To facilitate the comparison between our model and the relevant baselines, we

conduct the classification experiments on three well-known citation network

datasets: Cora, Citeseer and Pubmed [90]. Each dataset contains bag-of-

words representations of documents and citation links between the documents.

Graph G is constructed based on the citation links. In the classification task, we

only use 20 labeled instances per class for training. The test data contains 1000

nodes as in GCN, GAT and AS-GCN.

The details of the datasets are summarized in the Table3.3.

3.4.2 Baseline Methods

The following GNN-based and binary embedding methods are compared as base-

lines:

GCN (Graph Convolutional Network) [100] is a semi-supervised neural network

method for node classification.

GAT (Graph Attention Network) [100] is a graph neural network model which

first exploits the attention mechanism to solve the node classification task.

AS-GCN (Adaptive Sampling over GCN) [41] is a state-of-the-art method for

node classification task. AS-GCN aims to increase the scalability of GCN using

adaptive sampling. The experiments demonstrate that the application of BGN

can further reduce the time and space complexity of AS-GCN.

GAT-binary and ASGCN-binary are the models that directly apply sign
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function on the node representations learned by the original version of GAT and

AS-GCN. The naively binarized representations will be fed into the task-specific

layer to learn the classification result.

GAT-tanh and ASGCN-tanh are the models that employ the binarization

function tanh used by DeepMind ’s work. tanh function is used to binarize the

parameters and embedding vectors of GAT and AS-GCN. We clip the value

of the parameters and activations in both models to make sure that tanh can

produce “exact” binary codes.

INH-MF [64] is a MF-based information network hashing algorithm that learns

binary codes as node embedding which can preserve high-order proximity.

BANE(Binarized Attributed Network Embedding) [113] is an extension of

DNE [93] which based on the Weisfeiler-Lehman proximity matrix factorization

learning function to produce binary node representations.

3.4.3 Experiment Setup

For the performance experiment, we evaluate the models with the same bit-

width representations. For the experiment of inference efficiency, the embedding

dimension of our method and other baseline methods are all set to 64. During

training process, the whole graph can be seen, but only a few nodes are labeled

while most nodes have no label information. We put all nodes information in

one training phase due to the need of calculation for graph attention coefficients.

For this classification task, we report the average accuracy of the evaluated

GNN-based embedding approaches after ten independent runs using the accuracy

metric introduced in [46, 100]. Because INH-MF and BANE only produce the

binary embedding vectors but have no build-in classifier, we employ the one-vs-

rest logic regression implemented by Liblinear [26] to obtain the classification

result of the networks, in which 90% nodes are labeled.
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All the experiments were conducted on the server which is running RHEL

7.5 and has 2x 2.4GHz Intel Xeon E5-2680 v4 (14 Cores) CPU, 256GB 2400MHz

ECC DDR4-RAM and 2x NVIDIA Quadro P5000 16GB Graphics Card (GPUs)

(2560 Cores).

3.4.4 Classification Results

Because our model produces the compact representations for vertices, we com-

pare the performance between our model and other baselines with the same bit

width.

Comparison Among Binary Embedding Methods

We compare the classification results between our model and other binary-valued

embedding methods.

As shown in the Figure 3.3, under different embedding dimensions, BGN

outperforms all the other binary-valued embedding methods significantly on all

three datasets. With the help of the graph neural network, our model can make

better use of the graph structured data and feature information and is trained

specifically for the node classification task. Therefore, our model outperforms

other MF-based binarized graph embedding models by a significantly large mar-

gin. In comparison with the naively binarized GAT-binary and ASGCN-binary,

our model considers the binary property of parameters and vectors during the

training process, hence our model achieves better accuracy. In terms of GAT-

tanh and ASGCN-tanh, because tanh function has zero gradient when the output

is nearly +1 or −1 and has real-value output when the gradient is not zero. This

property determines that tanh function is not suitable for binarize the neural

network. When the input values are clipped to produce exact binary parameters

and embeddings via tanh function, the gradient will be zero which results in the
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Figure 3.3: Classification results of three citation network dataset among the
binary-valued embedding methods with different embedding dimensions

insufficient optimization and worse performance than BGN.

Comparison among the GNN-based methods

We compare our model with other GNN-based methods (GCN, GAT and AS-

GCN). All baseline methods produce the real-valued embedding vectors each

dimension of which is encoded by at least 32 bits. Compared with these methods,

each dimension of the embedding vectors learned by our model is only encoded

by 1 bit. As a result, a real-valued 16 dimension vector requires at least 256 bits

while a binary vector only requires 16 bits. Figure 3.4 shows the performance of

the models with bit width varies for a single embedding vector.
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Figure 3.4: Classification results of three citation network dataset among the
GNN-based methods with varied bit width for embedding vector

Our model significantly outperforms all the baseline methods with low bit

width. When getting more space for the learned representations, our model

can still achieve competitive classification results compared with the state-of-

the-art graph neural network-based methods. In conclusion, the performance

gap between our model and baselines with large bit-width representations is

acceptably small while our model’s performance is notably better with the low

bit-width representations.

3.4.5 Comparison of Time and Space Efficiency

In this section, we report the inference time and space efficiency of our model.

The inference is the process that produces the classification result when we have

already trained the model. Acceleration is brought by the xnor and popcount

operation with just little sacrifice on the classification performance. In this

experiment, we train the binary parameters and activations of our model, then

replace dot product operation between binarized matrices by xnor and popcount

and also replace the dot product between binary matrix and real-valued matrix

by masked-summation during the inference process.
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Dataset GAT AS-
GCN

BGN-
GAT

BGN-
ASGCN

Cora
Time(s) 1.9×10−1 1.0×10−1 1.0×10−2 8.0×10−3

Space(bit) 2.46×108 3.04×106 1.32×107 1.97×105

Accuracy 84.0% 87.3% 77.7% 84.1%

Citeseer
Time(s) 2.8×10−1 2.8×10−1 1.4×10−2 1.8×10−2

Space(bit) 7.60×106 7.83×106 2.49×105 4.86×105

Accuracy 72.1% 78.9% 63.7% 77.2%

Pubmed
Time(s) 3.8× 101 4.54×100 1.1× 100 2.1×10−1

Space(bit) 1.03×106 1.06×106 3.85×104 7.01×104

Accuracy 78.2% 89.0% 75.7% 82.0%

Table 3.4: Comparison of performance, inference time and memory space re-
quired for the parameters between the real-valued and BGN-based models.

Table 3.4 reports the experiment results. Our model under the binarized

framework is more than one order of magnitude faster than the baseline methods

GAT and AS-GCN with regards to the inference time. The proposed model can

be up to 29× faster and save up to 28× space compared with the baseline

methods.

3.4.6 Analysis of Binarization

In this section, we introduce the effect of the estimator and binarization level

with regard to the space, time and performance. We compare the space, inference

time and performance between BGN-GAT and GAT on the Cora dataset. We

fix the dimension of embedding vector to 64 for both methods and change the

setting of BGN to show the space and time saving compared with the baseline

GAT.

Result is shown in Table 3.5 where BGNw, BGNe, BGNwe and BGNwec mean

that the BGN is with weights binarized, embedding vectors binarized, weights

and embedding vectors binarized, weights, embedding vectors and attention co-
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Method Estimator Param space Vec space Speed up Accuracy

GAT N/A 1× 1× 1× 84.0%
BGNw STE 1/28 1× 3.7× 80.5%
BGNw Reinforce 1/28 1× 3.8× 80.3%
BGNe STE 1× 1/1.02 1.3× 81.2%
BGNe Reinforce 1× 1/1.02 1.2× 81.3%
BGNwe STE 1/28 1/1.02 5.7× 77.2%
BGNwe Reinforce 1/28 1/1.02 6.1× 77.5%
BGNwec STE 1/28 1/19 18.7× 77.7%
BGNwec Reinforce 1/28 1/19 19.1× 76.9%

Table 3.5: Trade-off between time/space efficiency and classification accuracy of
proposed BGN w.r.t the level and setting of binarization.

efficients binarized based on the graph attention mechanism respectively. We can

conclude from the Table 3.5 that (1) when the weights, activations and attention

coefficients are all binarized, the BGN-GAT can save largest space for parame-

ters and the output vectors while holding acceptable classification accuracy. (2)

Straight through estimator and reinforce estimator have similar accuracy on the

node classification task. Therefore, we choose the STE for our model in the

above experiments because of its simplicity and certainty. (3) Compared with

original GAT, BGN-GAT can save 28× space for model parameters, 19× space

for activations and achieve 19× speed up.

3.4.7 Case Study

In this section, we investigate how binarized graph neural network improve the

time efficiency of the GNN-based applications such as GMN. GMN is the graph

matching network which is proposed to find node correspondence between two

graphs. The graph matching is widely used in many important applications,

such as pattern match, object detection and visual tracking. Because GMN

needs to compute the pair-wise dot product between node and graph embedding
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vectors, the time consumption is extremely high when the number of nodes in

each graph goes up. However, with the binary representations, we can apply

xnor between binary vectors to replace the dot product, which will alleviate

the time complexity problem significantly. The following experiment results will

introduce the performance and time complexity of GMN with binary node and

graph representations compared with the origin version. The graph similarity

will then be used for the graph matching task.

Experiment Setup

We follow the experiment setting of [58] to test the performance of Binarized

GMN. The training data is generated by sampling binomial graphs G1 with n

nodes and edge probability p [25]. Then the positive example G2 is generated by

randomly substituting kp edges from G1 with new edges and negative example G3

is generated by substituting kn edges from G1, where kp < kn. In the experiment,

we set kp = 1, kn = 2 and p = 0.2. We also set the hamming similarity

between vectors as loss function, which is more suitable for the binary-valued

vectors as the loss function to train the model. The model needs to predict a

higher similarity score for positive pair (G1, G2) than negative pair (G1, G3). The

evaluation metric remains the same: (1) pair AUC - the area under the ROC

curve for classifying pairs of graphs as similar or not on a fixed set of 1000 pairs

and (2) triplet accuracy - the accuracy of correctly assigning higher similarity to

the positive pair in a triplet than the negative pair on a fixed set of 1000 triplets.

Inference time and Graph Matching Performance

We report the graph matching accuracy and inference time of the binarized

and original GMN with regards to the number of nodes in each graph. The

default setting in GMN is 20 nodes per graph, which is quite small for real-

world networks. We set the number of nodes in one graph from 20 to 160 and

keep other settings the same as described above to evaluate the performance and
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Figure 3.5: The performance of graph matching and inference time for GMN
and BGN-GMN w.r.t the number of nodes per graph

inference time. The dimensions of node and graph representations are set to 32

and 64 respectively.

As shown in Figure 3.5, the inference of BGN-GMN is significantly faster.

This is because of the fact that the similarity computation (pair-wise dot prod-

uct) between node representations of two graphs mainly accounts for the time

complexity of GMN. Under the same dimension of node and graph embedding

vectors, BGN-GMN is up to 21× faster than the baseline model in terms of the

inference time with the help of the replacement of dot product by fast operations

such as xnor and popcount between binary vectors.

In terms of graph matching task, the original version of GMN has better

performance when the number of nodes in each graph is small. However, when

the number of nodes gets larger, the pair AUC and triplet accuracy will both

decay. When the number of nodes is more than 60, the real-valued representa-

tions cannot tell the similarity difference between the graphs. Hence, the model

is not able to learn the different similarity scores for positive and negative pairs

of graphs with the hamming similarity metric. However, with the help of bina-

rization and balance function, the binary representations still hold an acceptable

and more robust performance for the graph matching task. This is due to the

fact that the binarized model produces true binary representations for the calcu-

lation of hamming loss and is designed for the graph matching task specifically
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(a) Performance w.r.t bit width of Graph Representation

(b) Performance w.r.t bit width of Node Representation

Figure 3.6: The performance comparison of graph matching task between origi-
nal version of GMN and the BGN-GMN with (a) graph representations binarized
and (b) node representations binarized

on hamming space.

Parameter Sensitivity Analysis

We compare the performance of binarized and original version GMN to show the

effect of dimension for node and graph embedding vectors. We set the number

of nodes in each graph n = 30 for this comparison. We change the dimension of

graph embeddings produced by two models to ensure them to produce the same

bit-width embedding vectors and keep the other settings as the same to compare

the performance of two models.
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The result is included in Figure 3.6a. We can find that the binary graph

representations tend to have better performance when they are low bit-width

and have similar accuracy when the bit-width for the representations getting

larger. The binary representations have more robust performance compared

with the baseline model when the dimension of embedding varied.

The node representations’ binarization is more important than the graph

representations’ because the dot product operation is mainly conducted between

the node representations which costs plenty of time. The performances of GMN

and BGN-GMN are compared under different bit-width for the node embedding

vectors by varying the dimensions.

As shown in Figure 3.6b, the result for the pair-wise AUC is similar between

the binary and the real-valued node embedding vectors, but BGN-GMN holds a

better performance with low bit-width representations. As for the triplet graph

accuracy, the binary embedding vector achieves better performance with short

code length and similar accuracy as real-valued node embedding with long code

length. These results indicate that the binary representations are much better

for the comparison between two graphs under low bit-width circumstances. In

line with the result of the binary graph embedding vectors, the binary node

embedding vectors also have more robust performance compared with the real-

valued node representations.

3.4.8 Discussion

The BGN propsoed in this chapter is a general framework which can choose

any GNN as the backbone. Our propsoed BGN learns the binary code for both

representations of the vertices and the parameters in the network. As illustrated

in previous subsections, BGN can achieve high efficiency while sacrificing the

accuracy. BGN can be extended by applying the quantify techniques which pro-

48



3.5. CONCLUSION Chapter 3

duce the low-bit width codes for representations of the vertices and the network

parameters instead of the binary code. In that way, we can make a trade-off

between the efficiency and accuracy by adjusting the bit-width. We remain this

in our future work.

3.5 Conclusion

In this chapter, we present a model focused on the challenging problem of seeking

binary representations of network embeddings using a compact neural network

structure. We proposed a novel binarized graph embedding method, namely

BGN, that has binarized parameters and enables GNNs to learn discrete embed-

ding. The binarized neural network can reduce the memory and time cost of the

GNN such that increases the scalability of GNNs. BGN can be naturally inte-

grated into other GNN models to enhance the performance of the model such as

graph matching network in terms of the inference time and space consumption.

External experiment also illustrates that BGN can increase the time efficiency

while holding competitive accuracy.
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Graph of Graphs Models

4.1 Chapter Overview

In this chapter, we present our models design on graph of graphs for graph classi-

fication and structured entity interaction prediction tasks. The works mentioned

in this chapter are published in [104] and under revision for xxx. The rest of this

chapter is organized as follows. Section 4.2 gives the formal problem definitions,

input graph structures and other important theoretical definitions. Section 4.3

proposes the graph of graphs neural network designed for structured entity in-

teraction prediction problem. Section 4.4 introduces the model details of the

powerful graph neural network which has provably powerful expressive power

to capture the graph structure for the representation learning and downstream

applications. Section 4.5 analyzes the expressive power of the proposed PGON

with careful theoretical proof. Section 4.6 experimentally evaluates the effective-

ness of GoGNN and PGON on both graph classification and structured entity

interaction prediction tasks. Section 4.7 gives a conclusion of this chapter.
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4.2 Preliminaries

Figure 4.1: Framework of Graph of Graphs Neural Network.

4.2.1 Problem Definition

In this chapter, we focus on two representative applications of graph of graphs:

graph classification and graph interaction prediction.

Graph Classification: a molecule graph gL is called a labeled graph if it is

labeled by a class vector yL ∈ {0, 1}c, where c denotes the number of classes.

Otherwise, a local graph is unlabeled. Therefore, we have two subsets of graphs:

unlabeled graphs GU and labeled graphs GLabel. The objective of graph clas-

sification is to determine the class labels of the unlabeled graphs in GU with

given class labels in the labeled graphs GLabel and the graph of graphs topological

structural information.

Graph Interaction Prediction: Given the local graph g = (N,E), and graph

interaction graph G = (g, I), where I indicates the interactions between the
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local graphs g, the objective of graph interaction prediction is to predict the

existence of unseen interactions Iu between the graphs.

There are two main applications of graph interaction prediction: chemical-

chemical interaction (CCI) prediction and drug-drug interaction (DDI) predic-

tion. In the CCI graph, there is only one type of interaction, and our goal is to

estimate the reaction probability score pij of given chemical pair (Gi, Gj). As

to DDI graph which has multiple types of interactions, we aim to estimate the

occurrence probabilities prij of side effect type r with the given triplet (Gi, r, Gj).

4.2.2 Input Graph of Graphs

Overall, the input interaction graph is regarded as graph-of-graphs as follows.

Molecule Graph. In both CCI and DDI prediction tasks, the local graphs are

molecule graphs, each of which can be modeled as a heterogeneous graph with

multiple types of nodes and edges. In particular, the molecule graph GM consists

of atoms {ai} as nodes, and edges {eij} where eij denotes the bond between atoms

ai and aj. Each atom (i.e., node) a is encoded as a vector xa. For each bond

(i.e., edge), we assign a weight to the corresponding edge depending on the type

of the bond. For example, the bond between the carbon atoms in the ethylene

molecule is a double bond. Therefore, the weight of the edge eCC between the

carbon atoms is set to 2.

Interaction Graph. The global interaction graph GI is formed by the molecule

graphs and the interactions between them: GI = {N,EI}, where N denotes

the node set of GI which consists of molecule graphs {GM}, and EI denotes

the interaction edges between the molecule graphs. Note that, in CCI graph,

there is only one type of interaction between two nodes. In DDI graph, there

are multiple types of side effects caused by the combination of two drugs. An

attribute vector er is assigned for each edge e based on the side effect type r.
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4.2.3 Theoretical Definitions

Definition 4.2.1. Equivariant Function. With given matrix X and any per-

mutation matrix P , a function f is an equivariant function if f(P TXP ) =

P Tf(X)P .

Definition 4.2.2. Invariant Function. With given matrix X and any permu-

tation matrix P , a function f is an invariant function if f(P TXP ) = f(X).

4.2.4 The Weisfeiler-Lehman graph isomorphism test.

The Weisfeiler-Lehman (WL) graph isomorphism test is a family of algorithms

used to test the graph isomorphism. Given graph G(V,E, d) where |V | = n, and

d : V → Σ maps each vertex in V to the color set Σ. Two graphs are isomorphic

if there exists a bijection φ : V → V ′ that preserves the edge and color attached

to the vertices.

There are two families of WL-test algorithms: k-WL and k-Folklore WL

(FWL ) algorithms. They both produce the canonical form for each graph G

and construct the k-tuples of vertices with the corresponding color set, that is

mapping c : V k → Σ. C is the tensor representing the coloring of k-tuples. For

each k-tuple vi = (vi1 , ..., vik) ∈ V k, the corresponding color set is denoted as

Ci ∈ Σ, i ∈
(
n
k

)
.

The k-WL and k-FWL test algorithms refine the coloring set C in every

iteration until the split groups of k-tuples no longer change. In each step, the

k-WL and k-FWL algorithms aggregate the color labels from the neighboring

k-tuples to update the coloring C. The aggregation steps for the algorithms to

refine the coloring set of each k-tuple are shown in the following equations:

Nj(i) = {(i1, ..., ij−1, i′, ij+1, ..., ik)|i′ ∈ [n]} (4.1)
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NF
j (i) = {(j, i2, ..., ik), (i1, j, ..., ik), ..., (i1, ..., ik−1, j)} (4.2)

Nj(i), j ∈ [k] is a set of n k-tuples denoting the j-th neighborhood of the

selected tuple i by the k-WL algorithm. NF
j (i), j ∈ [n] denotes the j-th neigh-

borhood used by k-FWL algorithm. Then both k-WL and k-FWL algorithms

aggregate the coloring set using the bijective mapping from the collection of all

possible tuples selected by Equations 4.1 and 4.2.

Previous works [10, 31, 32, 70] show that 1-WL and 2-WL tests have equiv-

alent discrimination power. When k ≥ 2, the k + 1-WL test is more powerful

than the k-WL test in detecting non-isomorphic graphs.

4.3 Graph of Graphs Neural Network

In this section, we introduce our Graph of Graphs Neural Network model.

4.3.1 Framework of GoGNN

The framework of GoGNN is illustrated in Figure 4.1. GoGNN contains molecule

graph neural network which takes the atom features as input and interaction

graph neural network which produces the graph representation for the predic-

tion task. The two parts of GoGNN play a synergistic effect on improving the

performance. The hidden features learned by molecule-level GNN provide the

interaction-level GNN a representative initial input. The feature aggregation on

the interaction-level GNN promotes the ability of molecule-level GNN to find

key substructure through back-propagation.
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4.3.2 Molecule Graph Neural Network

In organic chemistry, functional groups (i.e., substructures) in molecules are

responsible for the characteristic chemical reactions between these molecules.

For example, the reaction between benzoic acid and ethanol in Figure 1.1 is the

esterification between two functional groups -COOH in benzoic acid and -OH in

ethanol.

The model could achieve better performance for prediction if the model can

identify the functional groups in the molecules and represent the molecule with

such functional groups. Therefore, we designed our molecule graph neural net-

work with the combination of multi-resolution architecture [111] which preserves

the information of multi-hop substructures and attention-based graph pooling

[56, 27] which selects the substructures to represent the molecules.

As proved in previous work [109], one single general graph convolution layer

can only aggregate the feature of the node and its immediate neighbors. To

obtain features of the multi-scale substructure of the molecule graph, we apply

multiple layers of graph convolution operations to the input graphs. The graph

convolution operation at lth layer is summarized as follows

M(l+1) = GCNl(A,Ml)

GCNl(A,Ml) = σ(D̃−
1
2 ÃD̃−

1
2MlWl)

(4.3)

where Ml ∈ Rn×d is the hidden feature matrix for molecule graph at lth layer,

Ã = A+I is the adjacency matrix with self-connection for molecule graph GM ,

D̃ is the diagonal degree matrix of Ã and σ(·) denotes the activation function.

Different from MR-GNN [111] which uses dual graph-state LSTMs on the

input of subgraph representations, GoGNN applies graph pooling for learning

the graph representation that preserves the substructure information, in order
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to reduce the time and space complexity significantly. As shown in Figure 4.1,

the self-attention graph pooling layer takes the output of each graph convolution

layer as input to select the most representative substructures (functional groups)

by learning the self-attention score sl ∈ Rn×1 for molecule graph GM with n

atoms at lth layer

sl = σ(D̃−
1
2 ÃD̃−

1
2MlW

l
att) (4.4)

where W l
att ∈ Rd×1 is the attention weight matrix for the pooling layer to

obtain the self-attention score. In order to select the most representative sub-

structure, the graph pooling layer calculates the attention score for each atom in

the graph and finds the top-dγne atoms with the highest attention scores. We

set a hyperparameter pooling ratio γ ∈ (0, 1] to determine the number of nodes

dγne that are selected to represent the molecule graph

idx = top(s,dγne), smask = sidx

Msel = M � smask

(4.5)

where top is the function that returns the indices of atoms with top dγne

attention scores as in [28]; smask ∈ {0, 1}n×1 is the mask vector determined

by the attention score; � denotes the column-wise product for masking; Msel

is the feature matrix of selected atoms in a molecule graph. Afterward, the

readout layer, which contains mean and sum pooling, is applied on the embedding

of selected atoms Msel to produce the molecule graph hidden feature. After

multiple graph convolutional and self-attention graph pooling layers, we got

several graph hidden features. Once obtained, we concatenate the outputs of

the graph pooling layers as the hidden feature vector xGM for the molecule

graph. Because the hierarchical graph pooling architecture is applied, the graph

representation can preserve the multi-hop substructure information effectively.
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Hence, GoGNN can identify the function groups which play the key roles in

molecule interactions and use these functional groups to represent the molecule

graph.

4.3.3 Interaction Graph Neural Network

Most of existing CCI and DDI prediction models train the model with the input

of pair of molecule graphs, but ignore the molecule interaction graph. However,

the information of interaction graph is crucial for the interaction prediction be-

cause it enables the model to capture high-order interaction relationship and

enhance the model’s ability to capture the representative molecular substruc-

tures synergistically.

We have the following observations that motivate us to perform graph neural

network on the interaction graph: Firstly, the type of interaction is dependent

on the type of involved molecules. As mentioned in Section 4.3.2, esterification

is the reaction between -OH in alcohols and -COOH in carboxyl acids. The

neighbor aggregation of GNN can gather the neighbor information that helps to

summarize the types of chemicals that interact with the selected one. Secondly,

it is necessary to assign importance score to the neighbors for molecules in the

interaction graph, since the chemical interactions have different significance and

frequency. For example, vitamin C has two main properties: reducibility and

acidity. Therefore, vitamin C cannot be prescribed with oxidizing drugs like

vitamin K1 and alkaline drugs like omeprazole. In an uncommon case, vitamin

C reduces the therapeutic effect of inosine because of their complex physical and

chemical reactions. Therefore, we apply the graph attention network in order

to preserve the frequencies of the chemical reactions and reduce the influence

of biased observation of the interaction graph. As for the DDI graph with edge

attributes, an edge-aggregation graph neural network is applied.
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Graph Attention Network. The attention-based graph neural network [100]

is applied on the interaction graph without edge attributes. With the learned

molecule hidden feature vector xGM and interaction graph GI = {N,EI} as

input, molecule graph representations are calculated by the neighbor aggregation

on the interaction graph as follows

xl+1
Gi

= ‖Kκ=1σ(
∑
j∈ηGi

ακijW
l
κx

l
Gj

) (4.6)

where K is the number of attention heads, σ is a nonlinearity function, W l
κ is

the weight matrix at κth attention head in lth layer and ηGi is the set of neighbor

molecule graphs of Gi in the interaction graph GI . Notation ακij is the attention

coefficient between Gi and Gj which is calculated by the following equation:

αij =
exp(LeakeyRelu(a[WxGi ] ‖ [WxGj ]))

Σn∈ηGiexp(LeakeyRelu(a[WxGi ] ‖ [WxGn ]))
(4.7)

where a is a learnable attention weight vector and ‖ is the concatenation

operation.

Edge Aggregation Network. In DDI graph, each edge has an attribute vector

erij which is determined by the side effect type r of the drug combination (Gi, Gj).

To capture the edge attributes [88], we propose an edge aggregation network that

aggregates the neighbor information together with edge attribute:

xl+1
Gi

= σ(W lxlGi +
∑
r

(
∑

Gj∈ηrGi

xlGj · hWe(erij))) (4.8)

where hWe is the MLP layer with linear transformation matrix We which

transforms the edge attribute vector erij ∈ Rh×1 into a real number τ rij ∈ R. In

this way, GoGNN aggregates node’s neighbor information together with edge at-

tributes. Different from Decagon [121] which sets side-effect-specific parameters,

58



4.3. GRAPH OF GRAPHS NEURAL NETWORK Chapter 4

GoGNN shares the parameters for all types of side effects in order to improve

the robustness and generalization of the model.

4.3.4 GoGNN Model Training

We optimize the parameters with the task-specific loss functions.

Chemical Interaction Prediction. Since there is no edge attribute in the

graph, we regard the chemical interaction prediction as a link prediction problem.

The dot product of two graph representations is used as the link probability of

two graphs:

pij = σ(xTGi · xGj) (4.9)

where σ is the activation function such as sigmoid function that ensures pij ∈

(0, 1). To encourage the model to assign higher probabilities to the observed

edges than the random non-edges, we follow the previous study and estimate

the model through negative sampling. For each positive edge pair (Gi, Gj), a

random negative edge (Gi, Gm) is sampled by choosing a molecule graph Gm

randomly. We optimize the model using the following cross-entropy loss function

LCCI =
∑

(Gi,Gj)∈GCCI

−log(pij)− Em∼Pj log(1− pim) (4.10)

Drug Interaction Prediction. The drug-drug interaction prediction task is

regarded as a multirelational link prediction problem. Inspired by the loss design

in [121], we train the parameters with the following cross-entropy loss function

prij = σ((WrxGi)
T · (WrxGj)) (4.11)

Lrij = −log(prij)− Em∼P rj log(1− prim) (4.12)
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Figure 4.2: Framework of Powerful Graph of Graphs Neural Network.

LDDI =
∑

(Gi,r,Gj)∈GDDI

Lrij (4.13)

where Wr is the side-effect-specific weight for linear transformation of xGi w.r.t.

the side effect type r. Given observed triplet (Gi, r, Gj), the negative sample is

chosen by replacing Gj with randomly selected graph Gm according to sampling

distribution P r
j [75].

4.4 Powerful Graph of Graphs Neural Network

In this section, we introduce details of the powerful graph of graphs neural

network (PGON). The framework of the model, graph of graphs learning archi-

tecture and the training objectives are discussed in this section.
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4.4.1 Framework

PGON is a graph neural network model that takes the graph of graphs structure

and feature information as input, and then produces the predicted class labels or

predicts the interaction probabilities between the graphs in an end-to-end man-

ner. The framework of PGON is shown in Figure 4.2. The model is formed by

two graph neural networks. A local graph neural network whose input is the atom

or amino acid features. An interaction graph neural network which eventually

produces a representation of graph for down-stream tasks, i.e., graph classifica-

tion and graph interaction prediction. Local graph neural network learns the

hidden features which serve as the initial input for the interaction graph neural

network. The hidden feature is representative since we exploit the GNN that

has the same expressive power as 3-WL tests. The interaction-level graph neu-

ral network promotes the ability of local graph neural network to find the key

substructure through training process by the feature aggregation mechanism.

4.4.2 Local Graph Neural Network

The input local graphs are chemical or protein graphs. In these kinds of graphs,

the structure of the graph is very important for the analysis task. For exam-

ple, the reactions between the organic chemical molecules are mainly decided by

some specific subgraphs: functional groups. Reactions between organic acid and

ethanol are intrinsically controlled by two functional groups, i.e., the carboxy

group (-COOH) and hydroxy group (-OH). As for the proteins, the structures

of proteins, especially the sequences and structures of amino-acids, are also re-

sponsible for the characteristic properties of the proteins. Though currently we

cannot model the 3D structure of proteins using graph neural networks, the dis-

criminative GNN model could preserve the plain structures of the proteins which
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are the most important for protein properties.

Based on the above motivations, we design the local graph neural network

which is discriminative enough to distinguish graph structures. Therefore, we

use the graph neural network proposed by Maron et al. [70]. The GNN model

has 3-WL discrimination power and low computation complexity. The model is

formed by the invariant layer and several MLP blocks:

F = m ◦ h ◦Mk ◦Mk−1 ◦ ... ◦M1, (4.14)

where m is a transformation layer such as MLP, h is an invariant layer and

M1, ...,Mk are the MLP-based blocks described below. Each block has three

MLPs, two of them (MLP1 and MLP2) map the tensor dimensions Rn×n×d0 →

Rn×n×d1 , and the other transforms the tensor dimensions Rn×n×d0 → Rn×n×d2 .

The detail of the input tensor is introduced in Section 4.5. The tensors produced

by the MLP1 and MLP2 are in the same dimensions. These two tensors are

multiplied to produce the new feature tensor. The computation process for each

MLP block is shown in the following equations:

X1 = MLP1(X) (4.15)

X2 = MLP2(X) (4.16)

X3 = MLP3(X) (4.17)

X4 = X1 ⊗X2 (4.18)

Xout = X3 ⊕X4, (4.19)

where ⊗ indicates the matrix multiplication between the corresponding ma-

trices: X1(:,:,j) and X2(:,:,j) and ⊕ is the concatenation of the tensors. Xout is

the output feature tensor for every graph after the MLP block. Different from
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MR-GNN [111] which uses dual graph-state LSTMs, PGON exploits pooling-

based graph model to learn the representation that preserves the substructure

information of each graph. Therefore, PGON enjoys lower time and space com-

plexity compared to MR-GNN. In the model of PGON shown in Figure 4.2, the

most representative substructures are selected in the self-attention graph pooling

layer by learning the self-attention score s ∈ Rn×1 for the local graph GL with

n vertices.

s = σ(D̃−
1
2 ÃD̃−

1
2XfeatWatt) (4.20)

where Watt ∈ Rd×1 denotes the weight matrix in the self-attention pooling

layer, and Xfeat denotes the feature vectors of the graph on the diagonal of

the output tensor Xouti,i,:. After the calculation of attention score in the graph

pooling layer, the most representative substructure is selected by finding the

top-dγne vertices with the highest attention scores. A hyperparameter γ ∈ (0, 1]

to is used as the pooling ratio to determine the number of vertices dγne that are

selected.

idx = top(s,dγne), smask = sidx

Xsel = X � smask

(4.21)

where top denotes the function selecting the vertices that have top dγne

attention scores as in [56]; smask denotes a mask vector decided by the attention

score; � is the column-wise product for masking; and Xsel denotes the feature

vectors of the chosen nodes within a local graph. Afterward, the readout layer,

which contains sum and mean pooling, is performed on the representations of

the chosen nodes Xsel to learn the graph-level hidden feature vector xsel for the

diagonal elements from the tensor Xout. As for the off-diagonal elements in the

tensor Xout, max pooling is applied to produce the hidden feature xoff ∈ Rdoff
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for the local graph. The hidden feature xfeat is the concatenation of xsel and

xoff . Hence, PGON can identify the substructures which contribute significantly

in graph interactions, and represent the local graph using these substructures.

4.4.3 Interaction Graph Neural Network

In the graph analysis tasks, the interactions between the graphs are always ig-

nored. However, it is crucial for graph analysis to obtain the information of

the interaction graph because the information enables the model to capture

high-order interactivity relationships. Therefore, PGON has a better ability to

preserve the characteristic molecule substructures synergistically which benefits

both graph classification and graph interaction prediction tasks.

We perform the GNN on the interaction graph based on the following obser-

vations: firstly, the type of the involved molecules in an interaction determines

the type of interaction. For example, Diels-Alder reaction is a kind of organic

chemical reaction between a conjugated diene and a substituted alkene. Specifi-

cally, the Diels-Alder reaction is between the two double bonds in the conjugated

diene and the double bond in the substituted alkene. Therefore, we use the graph

neural network to aggregate the neighbor information, and eventually conclude

the types of molecules involved in the interaction graph. Secondly, in order to

model the frequency and significance of the interactions, the significance score

is assigned to each interaction of the graph. For instance, reducibility and acid-

ity are main properties of vitamin C. Because of the properties, vitamin C can

never be taken with procarbazine and sucralfate due to their oxidization and

alkalinity respectively. In a much rarer situation, VC reduces the therapeutic

effect of inosine due to their multiplex reactions. As a result, an attention-based

graph isomorphism network [110] is applied to preserve the significance and im-

portance of the graph interactions, reduce the influence of biased observations
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of the interaction graph and maintain the representation power of the model.

Specifically, the edge-aggregation GNN is exploited for the DDI graph with edge

attributes.

Attention-based GIN. We add the attention coefficients on the original

GIN [110] to assign importance values to graph interactions. With the output

local graph hidden feature vector xGL and interaction graph GI = {N,EI} as

the input, the attention-based graph isomorphism network perform the neighbor

aggregation as follows:

xkGi = MLP k((1 + εk)xk−1Gi
+

∑
Gj∈N (Gj)

akijx
k−1
Gj

). (4.22)

In the equation, ε is a learnable parameter to adjust the importance of the

graph representation, and akij is the attention coefficient between two graphs Gi

and Gj. The attention coefficient is calculated by the following equation:

aij =
exp(LeakeyRelu(a[WxGi ] ‖ [WxGj ]))∑

n∈ηGi
exp(LeakeyRelu(a[WxGi ] ‖ [WxGn ]))

(4.23)

where a denotes a learnable vector indicating the attention weights and ‖

denotes the concatenation operation.

Edge Aggregation Network. In the drug-drug interaction graph, each edge

has an attribute vector erij which is determined by the side effect type r of

the drug combination (Gi, Gj). To capture the edge attributes [88], an edge

aggregation GNN is proposed. The network aggregates the neighbor information

together with the edge attribute:

xl+1
Gi

= σ(W lxlGi +
∑
r

(
∑

Gj∈ηrGi

xlGj · hWe(erij))) (4.24)

where hWe denotes the multi-layer perceptron with matrix We which linearly
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transforms the edge feature representation erij ∈ Rh×1 into a real number τ rij ∈

R. PGON shares the parameters for all types of side effects which is different

from Decagon [121] whose parameters are set for each side effect specifically.

Therefore, PGON is the model that has better generalization and robustness.

4.4.4 PGON Model Training

The parameters in the model are optimized by task-specific loss functions.

Graph Classification. We apply MLPs with activations to transfer the learned

graph representations xGi into the labels:

yGi = σ(W l · σ(· · ·W 1 · xGi)), (4.25)

where σ denotes the activation function such as softmax, and W is the weight

matrix in MLP. With the obtained class labels, the cross-entropy is proven to be

a good choice to measure the loss of the predicted labels:

Lclass =
∑

Gi∈Glabeled

J (ŷGi , yGi), (4.26)

where J is the cross-entropy loss and ŷGi is the ground truth labels of the labeled

graphs. The classification model is trained by minimizing the above loss function.

Chemical Interaction Prediction. The CCI prediction is modeled as a link

prediction task. We simulate the probability of linkage between two graphs by

the dot product of two graph embedding vectors.

pij = σ(xTGi · xGj) (4.27)

where σ denote the activation function such as tanh which constraints pij ∈

(0, 1). It is natural that the existing edges should have higher significance scores

66



4.4. POWERFUL GRAPH OF GRAPHS NEURAL NETWORK Chapter 4

compared to the random non-edges. For this purpose, negative sampling is

utilized. Given a positive edge pair (Gi, Gj), a random negative edge (Gi, Gm)

is sampled by selecting a local graph Gm randomly. The cross-entropy loss

function is used for the optimization of the model

LCCI =
∑

(Gi,Gj)∈GCCI

−log(pij)− Em∼Pj log(1− pim) (4.28)

Drug Interaction Prediction. Because there are many kinds of adverse effects

in drug-drug interaction graph. The DDI prediction task is modeled as a mul-

tirelational link prediction problem. The following cross-entropy loss function is

utilized to optimize the parameters in this task

prij = σ((WrxGi)
T · (WrxGj)) (4.29)

Lrij = −log(prij)− Em∼P rj log(1− prim) (4.30)

LDDI =
∑

(Gi,r,Gj)∈GDDI

Lrij (4.31)

where Wr is a weight matrix for the linear transformation of xGi w.r.t. the side

effect type r. For an existing triplet (Gi, r, Gj) denoting two drug graphs Gi

and Gj which cause a side effect r, we choose the negative sample Gm randomly

according to sampling distribution P r
j [75] and replace Gj by Gm during the

training process.

67



Chapter 4 4.5. ANALYSIS

4.5 Analysis

In this section, we analyze the expressive power of PGON. We prove that our

model is more powerful than other graph of graphs neural network.

4.5.1 Framework of PGON

The framework of PGON shown in Equation 4.14 can distinguish the non-

isomorphic graphs. This simple structure with multiple MLP blocks can achieve

great expressive power equivalents to the 3-WL test. In this subsection, we in-

troduce how PGON implements the 2-FWL graph isomorphism test algorithm

which has the equivalent expressive power as the 3-WL test algorithm.

Theorem 1. Given two graphs G = (V,E, x) and G′ = (V ′, E ′, x′). If these two

graphs can be distinguished by the 3-WL isomorphism test, there exists a graph

neural network F so that F (G) 6= F (G′)

Proof. To prove the framework of the proposed PGON has the 3-WL test ex-

pressive power, we show that the model can implement the 2-FWL algorithm

which has the equivalent distinguish power as 3-WL isomorphism test algorithm.

With the given G = (V,E, x), the input tensor is built as X ∈ Rn2×(e+2),

where X:;:;e+1 encodes the adjacency matrix of G and Xi;i;1:e encodes the feature

vector of each vertex vi ∈ V , the elements outside the diagonal Xj;k;1:e, j 6= k

are all zeros, and X:;:;e+1 is the identity matrix. First, we need to build the 2-

FWL initialization that colors the 2-tuples by their isomorphism type. With the

given adjacency matrix A = X:;:;e+1, and input features H = X:;:;1:e, the tensor

C ∈ Rn2×(4e+1) is constructed using the following colors matrices. A ·H:,:,j,

(11T −A) ·H:,:,j, H:,:,j ·A, H:,:,j · (11T −A), where j ∈ [e] and 11T −A is the

adjacency matrix of the complement graph. The last channel indicates whether
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vi1 = vi2 .

To follow the 2-FWL update steps, we perform each update step in the

following way. As mentioned in Section 4.2.4, when the matrix B ∈ Rn×2a is

given, where Bj;: = (Xj;i2;:,Xi1;j;:). We would like to compute the output tensor

Xout ∈ Rn2×b, where Xout
i1,i2,:

has been proven in [70] that can be calculated by

the network based on the MLPs.

Xout
i1,i2,l

:=
n∑
j=1

m1(Xj;i2;l)m2(Xi1;j;l) (4.32)

After this, we concatenate X and Xout to pair the multiset with the input color

of each k-tuple.

The block introduced above could perform the 2-FWL test update. With

sufficient update steps we can produce the tensor that can be used to distin-

guish the graphs. Our final goal is to calculate a representation tensor for each

graph that indicates the histogram of its k-tuples’ color. In [70], PPGN applies

invariant max pooling-based operator by concatenating the max values among

the diagonal and off-diagonal elements on Xout to produce the graph represen-

tations. The expressive power of the representations is proven both theoretically

and empirically in [70].

4.5.2 Permutation invariance of pooling and GIN opera-

tors

Though the operator in PPGN is invariant which can ensure expressive power,

we find that simply applying the operator has a limitation in representing the

importance of the nodes in the local graph. Therefore, the concatenation of max

pooling on the off-diagonal elements and the self attention pooling mentioned in

Equation 4.21 on the diagonal elements is used to produce the representations
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for the local graphs. Note that when the pooling ratio γ = 1, i.e., all the diagonal

elements are used for the self attention pooling, our pooling operator is same as

that in PPGN. Our pooling method can filter out the nodes with low importance

in graph analytic tasks by adjust the pooling ratio while preserving expressive

power. Then, we apply the attention-based graph isomorphic neural network

to further gather information from the neighbors in the interaction graph to

enhance the performance of our model. In this subsection, we prove the permu-

tation invariance of self-attention-based pooling and the attention-based graph

isomorphic neural network which are used to calculate the graph representations.

In the following, we prove the invariance of this operator FGIN (Fpool(Xout)).

Corollary 1. For two mapping functions f, g, if f and g are invariant, f ◦ g is

invariant.

Proof. Given invariant mapping f and g, by definition, we have f(X) = f(P T
1 ·

X · P1) and g(X) = g(P T
2 ·X · P2), where Pi denotes the permutation matrix.

The following result is immediate.

f(P T
1 · g(P T

2 ·X · P2) · P1) = f(P T
1 · g(X) · P1)

= f(g(X)) = f ◦ g(X).
(4.33)

Therefore, we can prove the permutation invariance of the pooling operation

and GIN separately. The proof is also immediate. The pooling operation is based

on the max pooling which is not sensitive to the node orders, hence, the represen-

tation for each graph is independent of the order of the nodes in the graph. The

graph isomorphic neural network in Equation 4.22 is a message passing-based

neural network which sums up the representations from the neighboring nodes

with attention coefficients. It is obvious that GIN is independent of the order of
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nodes. Therefore, we proved the permutation invariance of the pooling operator

and attention-based GIN, which eventually infers the permutation invariance of

the calculation operator formed by these two parts.

Finally, we have proved that the PGON with the framework in Equation 4.14

has the expressive power equivalent to 2-FWL and 3-WL test.

4.6 Experiment

In this section, we introduce the extensive experiment results that demonstrate

the effectiveness and robustness of GoGNN and PGON.

4.6.1 Dataset

We evaluate our models on three real-life chemical interaction and protein inter-

action graphs. The local graphs in these three datasets are the chemicals or the

proteins. The global graphs contain the interactions between the chemicals and

the proteins. The datasets used are shown as follows:

• Proteins [9] is a benchmark graph dataset where vertices are elements

within protein molecules and edges indicate that two nodes are neighbors

in the amino-acid sequence or in 3D space.

• D&D [23] is a set of structures of enzymes and non-enzymes proteins,

where nodes are amino acids, and edges represent spatial closeness between

nodes.

• MUTAG [20] is a well-known graph classification benchmark dataset.

Different from the preprocessed data in [45], we build the interaction graph

with given chemicals based on the interaction score in the CCI dataset, and

build more detailed molecule graphs using the description in [20].
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We build the interaction graphs on the Proteins and D&D dataset accord-

ing to the interaction relationship in the PPI dataset. Two proteins are linked

in the interaction graph if they are connected or at least have two common

neighbors in the PPI network.

To test the performance of our model on chemical-chemical interaction and

drug-drug interaction prediction tasks, following datasets are chosen for the ex-

periments:

CCI. The CCI dataset1 assigns a score from 0 to 999 to describe the interaction

probability where a higher score indicates higher interaction probability. Accord-

ing to threshold score, we get two datasets with chemical interaction probability

score over 900 and 950: CCI900 and CCI950. CCI900 has 14343 chemicals and

110078 chemical interaction edges, and CCI950 has 7606 chemicals and 34412

chemical interaction edges.

DDI. For the drug-drug interaction prediction problem, DDI dataset2 and the

side effect dataset SE3 [121] are used. The DDI dataset is proposed by Deep-

DDI [85] which contains 86 types of side effects, 1704 drugs and 191400 drug

interaction edges. SE dataset is the integration of SIDER (Side Effect Resource),

OFFSIDES and TWOSIDES database. To familiarize the comparison, we use

the preprocessed data used by Decagon [121]. Therefore, the SE dataset contains

645 drugs, 964 types of side effects and 4651131 drug-drug interaction edges. A

vector representation ser ∈ R128 is assigned to each side effect type produced by

pre-trained BERT model [21].

The molecules are transformed from the SMILE strings [106] into graphs

by the open-source rdkit [53]. An initial feature vector xa ∈ R32 is assigned

1http://stitch.embl.de/download/chemical_chemical.links.detailed.v5.0.tsv.

gz
2https://www.pnas.org/content/suppl/2018/04/14/1803294115.DCSupplemental
3http://snap.stanford.edu/decagon
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for every atom. The edges in molecule graphs are weighted by the type of the

bonds.

4.6.2 Baselines

For the graph classification task, the baseline models include graph neural net-

work based classifiers and GNN-based approaches from the graph of graphs per-

spective:

• GIN [110] is the model that is as expressive as the Weisfeiler-Lehman

graph isomorphism test.

• PPGN [70] is the simple and scalable GNN model that has a prov-

able 3-WL expressive power. PPGN interleaves applications of standard

Multilayer-Perceptron (MLP) applied to the feature dimension and matrix

multiplication.

• ISONN [73] is a GNN-based model that contains two main components:

graph isomorphic feature extraction component and classification compo-

nent.

• SEAL-CL [57] is the neural network on hierarchical graphs for graph

classification.

• GoGNN [104] is the graph neural network model built on the hierarchical

graph structure, which focuses on the entity interaction prediction task.

• DGCN [38] is the dual graph convolutional network that learns compound

representations from both the compound graphs and the inter-compound

network in an end-to-end manner.
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For the interaction prediction task, the following state-of-the-art baseline

methods are compared:

• DeepCCI [49] is the CNN based model for predicting the interactions

between the chemicals.

• DeepDDI [85] is the model designs a feature called structural similarity

profile(SSP) combined with traditional MLP for DDI prediction.

• MR-GNN [111] is an end-to-end graph neural network with multi-

resolution architecture that produces interaction between pairs of chemical

graphs.

• MLRDA [14] is the multitask, semi-supervised model for DDI prediction.

• SEAL-CL [57] is the neural network on hierarchical graphs for graph

classification.

• DGCN [38] and GoGNN [104].

We used the public code of the baselines and keep the settings of the models

the same as discussed in the original papers. We modified the code of GoGNN

and DGCN for the classification tasks. SEAL-CL is reimplemented for the in-

teraction prediction task.

The evaluation settings in [57] are used for the classification task, and 10-fold

cross validation is performed. The average accuracy is reported. For the CCI

and DDI prediction task, the settings in GoGNN [104] are used to familiarize

the comparison. We detail settings in the following subsections.

Ablation Study

To investigate how the graph of graphs architecture and dual-attention mech-

anism improve the performance of the proposed model, we conduct the ablation

study on the following variants of GoGNN:
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Proteins D&D MUTAG

GIN 76.28% 79.91% 89.41%
PPGN 77.20% 79.97% 90.55%
ISONN 75.12% 76.28% 88.79%

SEAL-CL 76.89% 80.10% 88.17%
GoGNN 74.62% 77.69% 88.53%
DGCN 75.27% 78.94% 87.91%
PGON 78.87% 81.54% 91.15%

Table 4.1: Accuracy of the graph classification task.

GoGNN-M is the variant which only learns the representations for the

molecule-level graphs without the graph convolution on the interaction graph.

An MLP layer is applied with the input of molecule-level graph representations

for the graph interaction prediction task.

GoGNN-I only conducts graph convolution operation on the chemical inter-

action graphs. The initial molecule representations are the sum pooling of the

atom representations within the molecule.

GoGNN-noPool replaces the self-attention pooling on the molecule graph by

the concatenation of conventional mean pooling and sum pooling.

GoGNN-noAttn replaces the attention-based neural network on the interac-

tion graph by a conventional GCN.

4.6.3 Classification Result

Settings. To familiarize the comparison, we divided the dataset on a 90%-10%

basis for training and testing respectively. The dimensions for the graph hidden

feature and output graph representations are set to 384 and 256 respectively.

For the classification tasks, the pooling ratio is set to 1, which means all the

node representations are used to produce the graph hidden feature. The average

accuracy for classification is reported for evaluation.
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Results. As shown in Table 4.1, PGON outperforms the other baseline models

on all three datasets. The superior experiment results indicate that the inter-

action network information integrated in the PGON enhances the classification

accuracy significantly compared to the models which only use the graph feature

and structural information. Further, on the real-world chemical and biological

dataset, the heterogeneous nature of the molecule graphs is usually ignored, and

the molecule graphs are always modeled as a homogeneous graph. Our pre-

process procedure assigns a simple but effective one-hot feature to each kind of

atom in the molecule graphs, which also helps PGON achieve better performance.

PGON also outperforms GoGNN and DGCN which shows the improvement in

classification accuracy as a result of the higher expressive power of PGON.

4.6.4 CCI Prediction Results

Settings. Following the previous study, we divide the CCI datasets into training

and testing set with ratio 9:1, and randomly choose 10% data for validation. The

dimensions of molecule graph hidden feature, and the output molecule graph

representation are set to 384, 256, respectively. We set the learning rate to 0.01

and the pooling ratio to 0.5. To evaluate the performance, we choose area under

the ROC curve(AUC ) and average precision score(AP) as metrics.

Results. As shown in Table 4.2, GoGNN outperforms all the other state-of-the-

art baseline methods on the CCI prediction task. The improvement indicates

that, compared with the methods that only train the parameters with pair-wise

or individual chemical inputs, GoGNN can preserve more useful information on

different scales by the feature extraction and aggregation through the graph of

graphs. The dual-attention mechanism also helps the model to learn higher

quality graph representations by identifying and preserving the importance of

molecular substructures and chemical interactions.
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CCI900 CCI950

AUC AP AUC AP

DeepCCI 0.925 0.918 0.957 0.957
DeepDDI 0.891 0.886 0.916 0.915
MR-GNN 0.927 0.921 0.934 0.924
MLRDA 0.922 0.907 0.959 0.948

SEAL 0.894 0.886 0.941 0.937
GoGNN 0.937 0.932 0.963 0.962
PGON 0.939 0.936 0.968 0.965

GoGNN-M 0.914 0.909 0.938 0.931
GoGNN-I 0.921 0.898 0.929 0.912

GoGNN-noPool 0.931 0.930 0.958 0.954
GoGNN-noAttn 0.909 0.905 0.956 0.948

Table 4.2: Result of chemical-chemical interaction prediction task.

PGON improves the accuracy on the CCI prediction task compared to other

baseline methods. The improvement proves that PGON can capture more abun-

dant information on multiple scales by the attribute aggregation and selection

in a graph of graphs perspective compared to the baseline models which only

optimize the model with molecule graph inputs pair-wisely or individually. Fur-

ther, the framework that follows the 2-FWL algorithm enhances the model’s

expressive power, and eventually improve the performance of PGON compared

to GoGNN.

4.6.5 DDI Prediction Results

Settings. To familiarize the comparison, we divide the DDI dataset for training,

testing, validation with ratio 6:2:2, and divide the SE dataset with ratio 8:1:1.

The dimensions of molecule graph hidden feature, and the output molecule graph

representation are set to 384, 256, respectively. We set the learning rate to 0.001,

pooling ratio τ = 0.5. We choose AUC and average precision(AP) for evaluation.
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DDI SE

AUC AP AUC AP

DeepCCI 0.862 0.856 0.819 0.806
DeepDDI 0.915 0.912 0.827 0.809
MR-GNN 0.932 0.922 0.769∗ 0.752∗

MLRDA 0.931 0.926 0.847∗ 0.825∗

Decagon - - 0.872 0.832
SEAL 0.925 0.921 N/A N/A

GoGNN 0.943 0.933 0.930 0.927
PGON 0.946 0.937 N/A N/A

GoGNN-M 0.905 0.902 0.862 0.817
GoGNN-I 0.922 0.917 0.860 0.834

GoGNN-noPool 0.900 0.891 0.912 0.909
GoGNN-noAttn 0.925 0.921 0.897 0.883

* indicates that the result is the output of the
baselines after two weeks’ training.

- DDI dataset has no protein data which is re-
quired by Decagon

Table 4.3: Result of drug-drug interaction prediction task.

Results. The experiment results for DDI prediction are listed in Table 4.3. The

results show that compared with the baseline methods, GoGNN improves the

performance with a significantly large margin. GoGNN improves the AUC and

AP by 1.18% and 1.19% respectively on DDI dataset, and 6.65% and 11.42%

respectively on the SE dataset. The improvement is attributed to the abun-

dant information brought by the graph of graphs architecture and edge-filtered

aggregation.

4.6.6 Ablation Results of GoGNN

The ablation experiment results on both tasks are shown in Table 4.2 and Ta-

ble 4.3. The results prove that the graph of graphs architecture, attention-based

pooling, attention-based and edge-filtered aggregation are all effective for the
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side effect prediction task. Among all the variants, GoGNN-M and GoGNN-I

have the most significant performance gaps between GoGNN, which indicates

that the view of graph of graphs contributes the most to helping the model to

capture more structural information that improves the prediction accuracy.

4.6.7 Ablation Results of PGON

Figure 4.3: Ablation experiment result for graph classification.

In order to determine the effectiveness of graph of graphs framework and the

expression power of the model. We conduct the ablation experiments which re-

place the component of our proposed model with other conventional components.

The following variants of the PGON are tested for the ablation experiment.

noLocal is the variant that only applies the attention-based graph isomorphism
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Figure 4.4: Ablation experiment result for graph interaction prediction.

network on the graph interaction network while skipping the representation

learning for the local graphs.

noInter is the variant that only learns the representations for local graphs while

ignoring the interaction graph between the local graphs.

LocalGCN denotes the variant that replace the local graph neural network with

conventional graph convolutional neural network [47].

InterGCN denotes the variant that uses GCN for the message passing between

the graphs on the interaction network.

The results are shown in Fig. 4.3 and 4.4, which prove the effectiveness of

the graph of graphs architecture and the expressive power of the entire model.

Among all the variants, LocalGCN and noLocal have the most significant per-
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formance gaps between PGON, which indicates that the expressive power of

PGON is the key factor in improving the performance for both classification and

prediction tasks.

4.6.8 Parameter Sensitivity Analysis

(a) (b)

(c) (d)

Figure 4.5: Parameter sensitivity experiment results

GoGNN. In this section, we report the impact of the hyper-parameters of

GoGNN.

Settings. We conduct the parameter sensitivity experiment on the CCI950

dataset by changing the tested hyper-parameter while keeping other settings the

same as mentioned in Section 4.6.4. We test the following hyper-parameters: the

dimensions of the output representation and hidden feature, learning rate and
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pooling ratio.

Results. As shown in Figure 4.5, overall, the impact of hyperparameter vari-

ation is insignificant. Figure 4.5a shows that GoGNN reaches the best perfor-

mance with representation dimension 128. Figure 4.5b indicates that the salient

point for the hidden feature size is 384. As for the learning rate and pooling

ratio, the best point appears at 10 × 10−3 and 0.5, respectively.

(a) (b)

(c) (d)

Figure 4.6: Parameter sensitivity experiment results for graph classification

PGON. We also report the sensitivity analysis results of PGON on both graph

classification and structured entity interaction prediction tasks.

Parameter sensitivity is analyzed in the experiment. Hidden feature dimen-

sions, final representation dimensions, pooling ratio and learning rate are tested

for both graph classification and link prediction tasks to demonstrate how the

parameters influence the performance of the model. For the graph classification
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task, we test different parameter settings of parameters on all three datasets,

while for graph interaction prediction task, the parameters are tested on the

CCI950 dataset.

(a) (b)

(c) (d)

Figure 4.7: Parameter sensitivity experiment results for graph interaction pre-
diction

The results are summarized in Fig. 4.6 and 4.7. Overall, the impact of the

hyper-parameter variations is insignificant. The results indicate the salient point

for each hyper-parameter. Therefore, the best settings for the hyper-parameters

are selected as mentioned in Section 4.6.3, 4.6.4 and 4.6.5.
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4.7 Conclusion

In this chapter, we focus on graph classification and structured entity interaction

prediction problems. These two problems demand the model to capture the

information of the structure of entities and the interactions between entities.

However, the previous works represent the entities with insufficient information.

To address this limitation, we propose novel models GoGNN which leverages

the dual-attention mechanism in the view of graph of graphs to capture the

information from both entity graphs and entity interaction graph hierarchically,

and PGON that can be applied to both graph classification and graph interaction

prediction tasks. PGON is able to preserve the structure and feature information

of the graph of graphs, which empirically enhances the performance on link

prediction and graph classification. PGON also has the provably great expressive

power which helps the model to distinguish the structure of different graphs. The

experiments on real-life datasets demonstrate that our model could improve the

performance on the graph classification, chemical-chemical interaction prediction

and drug-drug interaction prediction tasks.
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Reinforcement Learning based

Query Vertex Ordering

5.1 Chapter Overview

In this chapter, we present our novel reinforcement learning based query vertex

ordering model for subgraph matching. This work is current in submission. The

rest of the chapter is organized as follows: Section 5.2 includes the preliminaries,

definitions and related works. Section 5.3 presents the details of our proposed

model RL-QVO. We report the experiment results in Section 5.4 and give a

conclusion in Section 5.5.

5.2 Background

In this Section, we first introduce notations and the existing general framework

for all backtracking-based subgraph matching algorithms in Section 5.2.1. Sec-

tion 5.2.2 provides the problem statement. Then Section 5.2.3 introduces the

details of the state-of-the-art subgraph matching algorithm.
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5.2.1 Preliminaries

In this chapter, we focus on the subgraph matching problem on the undirected

labeled graph G = (V,E), where V denotes the vertices set, E is a set of edges.

There is a label function fl which maps a vertex v ∈ V into a label l in the label

set L. The query graph, denoted by q, is a potential subgraph of data graph

G. q and G share the same label function fl and the same label set L. The

frequently used notations are summarized in the Table 5.1.

Table 5.1: The summary of notations

Notation Definition

g, q, G graph, query graph and data graph.

V , E, L vertex set, edge set and label set.

fl, fiso label mapping function and subgraph isomorphism function.

e(u, v), N(v) an edge between node u, v and the neighbor set of v.

d(u) degree of node u.

C, LC set of candidate vertices and local candidate vertices.

φ, #enum matching order and enumeration number.

Nφ
+(v), Nφ

−(v) backward and forward neighbors of v given φ.

We give the key formal definition of the subgraph isomorphism as follows:

Definition 5.2.1 (Subgraph Isomorphism). Given a query graph q = (V,E)

and a data graph G = (V ′, E ′), a subgraph isomorphism is an injective function

fiso from V to V ′ such that (1) ∀v ∈ V, fl(v) = fl(fiso(v)); and (2) ∀e(u,v) ∈

E, e(fiso(u),fiso(v)) ∈ E ′ .

Subgraph Matching. The objective of the subgraph matching is searching

for all subgraph isomorphisms from query graph q to data graph G. Generally,

the existing subgraph matching algorithms can be classified into two categories:

backtracking based methods and join based methods. Both directions have been

intensively studied in the literature. In this chapter, we focus on the backtracking

based subgraph matching methods.
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Algorithm 2: Generic Subgraph Matching

Input: Query graph q, data graph G.
Output: Subgraph Match Mapping M from q to G.
// The filtering method.

1 C ← generate candidate vertex sets
// The ordering method.

2 φ← generate a matching order based on q, G and C
// The enumeration procedure, finds the mapping M for all

query nodes in q.
3 M = Enumerate(q,G,C, φ, {}, 1)

As summarized in previous works [95, 54], all backtracking based subgraph

matching method can be partitioned into three phases: (1) the complete can-

didate vertex set generation; (2) matching order generation; and (3) matching

enumeration. This general framework (from [95]) is outlined in Algorithm 2.

In more details, Phase (1) is to pre-process the graph where various filtering

techniques are deployed to generate candidate vertex sets C for all query nodes;

this can reduce the search space before the enumeration process begins.

Definition 5.2.2 (Complete Candidate Vertex Set C). Given q and G, a com-

plete candidate vertex set C(v) of v ∈ V (q) is a set of data vertices such that for

each u ∈ V (G), if (v, u) exists in a match from q to G, then u ∈ C(v).

In Phase (2), a match order φ is generated to guide the enumeration of the

matched subgraphs, which is formally defined as follows.

Definition 5.2.3 (Matching Order). A matching order φ is a permutation (i.e.,

sequence) of query graph’s vertex set V (q).

Usually, the matching order is generated heuristically based on the label

frequency, degree of vertices and other structural and attribute information. For

example, QSI introduces an infrequent-edge first ordering method, VF2++ uses

a infrequent-label first order and CFL proposes a path-based ordering method.
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Following is the formal definition of enumeration procedure in Phase (3),

which finds all matches of the query subgraph q in the data graph G.

Definition 5.2.4 (Backward (Forward) Neighbors). With given order φ, the

backward (forward) neighbors Nφ
+(v) (Nφ

−(v)) are the neighbors of v positioned

before (after) v in φ.

Definition 5.2.5 (Enumeration Procedure). An enumeration procedure is per-

formed recursively to find all subgraph matchings fiso with given matching order

φ and candidate vertex set C.

5.2.2 Problem Statement

As highlighted in [95], it is critical to choose a good matching order since the

enumeration number in the search is significantly influenced by the matching

order, which is strongly correlated to the query time. Following is a formal

definition of the enumeration number.

Definition 5.2.6 (Enumeration Number). An enumeration number #enum is

the number of recursive calls of the enumeration procedure to find all subgraph

matchings with given q, G, φ and C.

It is cost-prohibitive to find an optimal matching order, and existing algo-

rithms resort to heuristic strategies to find a good matching order. Inspired by

the great successes of RL techniques in a variety of optimization problems [3], in

this chapter, we aim to apply RL technique to find a matching order for

given query graph q and data graph G to minimize the enumeration num-

ber in the matching enumeration phase such that the search performance of the

subgraph matching can be enhanced.
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5.2.3 State-Of-The-Art

In this subsection, we introduce the backtracking search based subgraph match-

ing algorithm Hybrid which is shown to achieve state-of-the-art performance

according to the intensive empirical results [95]. Hybrid utilizes the candidate

filtering, vertex ordering and enumeration methods of GraphQL [39], RI [8] and

QuickSI [91] respectively, which are introduced as follows:

(1) Candidate Set Generation

To limit the size of candidate vertex set for each node in the query, Hybrid

utilizes the candidate vertex filtering method in GraphQL [39]. Particularly,

Hybrid generates the candidate set with local pruning and global refinement.

Local pruning filters out the invalid nodes based on the profile of the neighbor-

hood graph of the query vertex v, which is the lexicographic order labels of v

and neighbors of v. If the profile of query vertex v is a sub-sequence of that of

data vertex u, then u is added to C(v). Afterward, the candidate set C(v) is

generated for all vertices v ∈ V (q). Global refinement prunes C(v) as follows:

given u ∈ C(v), the algorithm first build a bipartite graph Bv
u between N(u)

and N(v) by adding e(u′, v′) where u′ ∈ N(u) and v′ ∈ N(v), if u′ ∈ C(v′).

Global refinement then checks whether there is a semi-perfect matching in Bv
u,

i.e., whether all vertices in N(v) are matched. If not, v will be removed from

C(u).

Example 1. Consider the query graph and data graph in Figure 1.2. Hybrid

builds the candidate set with the following steps. The profile of the query vertices

v2 is {A,B,D }. The profiles of u2 and u3 are the same {A,B,D } and that

of u4 is {A,B,D,D,D,D }. They all subsume the profile of v2, hence we have

C(v2) = {u2, u3, u4 }. Similarly, local pruning can build the following candi-

date sets: C(v1) = {u1 }, C(v3) = {u5, u6, u7 } and C(v4) = {u10, u11 }. Global

89



Chapter 5 5.2. BACKGROUND

Figure 5.1: Illustrating the construction of bipartite graphs for candidate filtering

refinement is then applied to build a bipartite graphs Bv2
u2, Bv2

u3 and Bv2
u4 for neigh-

bors of nodes in C(v2) and v2 (See Figure 5.1). Since u8 6∈ C(v4), we cannot find

a semi-perfect matching in Bv2
u2 and Bv2

u3. Hence u2 and u3 should be removed

from C(v2). Finally, we can get the candidate set for v2 after global refinement

as C(v2) = {u4 }.

(2) Matching Order Generation

Query vertex order generation is one of the key factors that reduce the query

time. Hybrid exploits RI’s order generation method which is the state-of-the-

art backtracking-based ordering method [95]. Hybrid generates the matching

order only based on the structure of query graph q. Hybrid first selects the

query node with the maximum degree v∗ = arg maxv∈V (q) d(v) as the start-

ing nodes of order φ. We denote the order determined at the t-th step φt.

Then the nodes with the most neighbors in φt are iteratively selected, i.e.,

v∗ = arg maxv∈V (q)∧v 6∈φt |N(v) ∩ φt|. Since ties can easily occur in the arg max

function, Hybrid breaks the ties by considering following properties in order of:

(1) the maximum value of |{v′ ∈ φt | ∃v′′ ∈ V (q)\φt, e(v′, v′′) ∈ E(q)∧e(v, v′′) ∈

E(q)}|, i.e., the number of vertices in φt that have a neighbor outside of φt and is

adjacent with v. The number is denoted as |vneig|. (2) the maximum number of

neighbors of v that are not in φ, and not even adjacent with vertices in φt, which
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is defined as |vunv| = |{v′ ∈ N(v)− φt|∀v′′ ∈ φ, e(v′, v′′) 6∈ E(q)}|. If these values

are still the same for at least two nodes, Hybrid will choose a node arbitrarily.

Example 2. We still take the example graphs in Figure 1.2 to illustrate the

ordering process. The query vertex with the largest degree should be selected as the

first node. However, the degree of all four query nodes are 2. According to the tie-

break rules, |vneig| and |vunv| are still same for all vertices because there is no node

in φ, hence the starting vertex is chosen arbitrarily. In this example, v4 is chosen

as our starting node. In the next step, we can get |N(v2) ∩ φt| = |N(v3) ∩ φt| = 1

and we still cannot break the tie according to the rules, therefore, we randomly

add v2 to φ. Similarly, Hybrid still cannot distinguish the priority of v1 and v3

in the next step and should apply the random selection. As a result, the order

generated by Hybrid is φ = {v4, v2, v1, v3}.

From above Example 2, we can easily conclude the drawback of Hybrid’s

ordering method. Since Hybrid only considers the structure of query graph to

build the matching order, it ignores the abundant information of the relationship

between the query and data graphs. Consequently, Hybrid has to apply random

selections in many cases, even selects the starting vertex arbitrarily. This selec-

tion cannot guarantee to produce a robust matching order to reduce redundant

intermediate results.

(3) Enumeration Procedure.

Hybrid adopts the recursive enumeration procedure which is also widely used

in existing backtracking search based methods. In the enumeration process, the

algorithm generates the local candidate set for query vertices, and evaluates the

matches of query node and corresponding local candidate vertices. The enu-

meration framework is summarized in Algorithm 3. The function Enumerate(·)

recursively enumerates all results. M is a set that records all mappings from

query vertices to the data graph vertices. Once all the vertices of the query
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Algorithm 3: Enumeration Procedure from [95]

Input: Candidate set C, query graph q, data graph G, match order φ.
Output: Subgraph Match Mapping M .

1 Enumerate(q,G,C, φ,M, i)
// Start with Enumerate(q,G,C, φ, {}, 1)

2 begin
3 if i > |φ| then
4 Output M , return.

5 v ← select an extendable vertex given φ and M
// Compute local candidate set

6 LC(v,M)← ComputeLC(q,G,C, φ,M, v, i)
7 for u ∈ LC(v,M) do
8 if u 6∈M then
9 Add (u, v) to M

10 Enumerate(q,G,C, φ,M, i + 1)
11 Remove (u, v) from M

graph are mapped, Line 4 outputs the mapping M . Otherwise, the algorithm

selects an extendable vertex which is defined as follows:

Definition 5.2.7 (Extendable Vertices). Given matching order φ and mapping

M , extendable vertices Γ(φ,M) are query vertices v such that each v′ ∈ Nφ
+(v)

has been mapped in M but v has not.

Line 6 shows the computation of the local candidate set after selecting the

extendable vertex. The local candidate set is computed following different rules

for specific subgraph matching algorithms. Hybrid generates the local candidate

set LC(·) by checking whether the vertices in candidate set are connected to the

last matched data vertices. Line 7-11 loop over LC(v,M) to find more mappings

to extend M , and recursively invoke the Enumerate(·) function. Finally, we get

the matching from q(φ(1 : i)) to G.

Example 3. In previous Example 1 and Example 2, Hybrid generates the can-

didate set C(v1) = {u1 }, C(v2) = {u4 }, C(v3) = {u5, u6 }, C(v4) = {u10, u11 }
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Figure 5.2: Framework of RL-QVO

and the query vertex order φ = { v4, v2, v1, v3 } according to the corresponding

methods. By applying the enumeration procedure in Algorithm 3, the enumer-

ation number should be 10 to find all possible matches with the redundant in-

termediate visit {u10, u4, u1, u6 }. If the generated order is { v1, v3, v4, v2 }, the

redundant intermediate visit can be skipped and the enumeration number reduces

to 9.

Please note that the sizes of query and data graphs in this example are rela-

tively small, the gap between the enumeration numbers may not be very large.

In the real applications where the data graph has millions or even billions of ver-

tices, the gap between enumeration numbers can be non-negligibly significant.

In this chapter, We design the RL-based matching order generation method

to improve the overall performance. Specifically, we utilize the same candidate

set generation and enumeration methods as Hybrid.
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5.3 Our Approach

In this section, we present a reinforcement learning based model, namely RL-

QVO, to generate high-quality matching orders. Particularly, Section 5.3.1 in-

troduces the motivation of the model. Section 5.3.2 presents the framework of

the model. Section 5.3.3 shows how to model the problem as Markov Decision

Process. Section 5.3.4 and Section 5.3.5 design the network structures and policy

strategies of our model. Section 5.3.6 provides the time and space complexity

analysis.

5.3.1 Motivation

The backtracking-based subgraph matching methods explore the search space

with a given matching order, which presents several unique challenges that are

good fits for reinforcement learning and graph neural network:

First, it is cost-prohibitive to find the optimal matching order for a given

query graph q and a data graph G. The existing ordering methods adopt the

greedy heuristics to pick nodes that could possibly reduce the search space at

current step as early as possible. The greedy heuristics are usually efficient and

general so that can be applied on any graph. However, these selections may result

in the global suboptimality since they follow a predefined rule without adjust-

ment according to graph’s distribution. With the help of reinforcement learning

technique, our model is able to generate the matching order by considering the

long-term rewards multi-steps ahead. Therefore, our proposed RL-QVO has bet-

ter chance to escape local optimum, and eventually shows higher matching order

quality than the greedy methods.

Second, existing ordering methods only utilize the local neighborhood in-

formation with fixed priority to produce the matching order, which has a non-
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negligible probability to ignore some structural and attribute information within

q and G. For example, some ordering methods first select the node with smaller

degree, which only considers the first order information. These order methods

ignore the high-order information and the label information in the ordering pro-

cess, which may consequently increase the overall query processing time. Graph

neural networks (GNNs) have already been proven to have powerful ability of

exacting information for specific graph analysis tasks. With the reinforcement

learning framework, RL-QVO does not need to make assumptions on the query

or data graph distributions, but regards the ordering process as a black-box com-

putation with features learned by GNNs. As a result, RL-QVO generates the

matching order adaptively with regards to different query graphs.

These motivate us to apply the Graph Neural Networks and Reinforcement

Learning techniques to better utilize the graph information and find high-quality

matching orders by looking multi-steps ahead (i.e., long-term rewards) during the

training process. Though the training of the model needs extra overhead com-

pared to existing matching order generation approaches, it can be preprocessed

which is a common practice for various indexing techniques in the literature.

Moreover, we show that the generation of the matching order during the query

processing is very time efficient, and the gain is significantly as demonstrated in

our experiments.

5.3.2 Framework

The research focus of this chapter is to design a novel model to generate good

matching orders for backtracking based subgraph matching algorithms. Thus, we

replace the matching order generation part of the the state-of-the-art algorithm

Hybrid with a new model: Reinforcement Learning Based Query Vertex

Ordering Model (RL-QVO for short).
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Figure 5.2 illustrates the framework of the RL-QVO. Particularly, RL-QVO

regards the matching order generation as a Markov Decision Process (MDP), and

the vertices in a matching order are generated sequentially. At the beginning,

RL-QVO first generates neighbor information with carefully designed features to

produce node representations for each query vertex. With the obtained repre-

sentations, RL-QVO computes the probability scores for query vertices to guide

the selection of the next query node for the matching order. The matching order

is output if the last query node is processed. Otherwise, we will repeat this

procedure with updated action space and features. More details of the model

will be introduced in the following subsections.

5.3.3 Query Vertex Ordering as Markov Decision Process

The ordering process can be naturally formulated as a Markov decision process

(MDP). Given ordered nodes φt and input feature matrix H t of query graph

at step t as a state, reinforcement learning method takes an action from action

space determined by the neighbors of the ordered vertices N(φt) = {N(v)|∀v ∈

φt, N(v) 6∈ φt} with predicted probabilities to select next node for the order φt+1.

After every selection, the feature matrix H is also updated. With the generated

order φ, the model performs the enumeration procedure and gets the reward

based on the reduced number of enumerations ∆#enum compared to baselines,

entropy of predicted probabilities and rewards for valid predictions. The MDP

is formally defined as follows:

State. At step t, the state is defined by the order φt which contains t vertices

and query graph representation matrix H t
q. The whole query graph feature

matrix Hq is involve in the state representation in order to familiarize the model

with the overall structural and attributed information of the query graph. Since

RL-QVO is a machine learning-based model, for each vertex in query graph, we
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carefully initialize a feature representation h
(0)
v .

Feature Representations. As discussed in Section 5.2.1, the statistical heuris-

tics of query graphs, such as degree of query vertices, label frequency, candidate

set size and etc, play a key role in determining the query vertex order. Inspired

by [40], we initialize the representations for all nodes based on all heuristics in

order to fully exploit the information and relations hidden in and between query

and data graphs. Specifically, we define the initial state as follows:

• We compute the degree of each node. Intuitively, the query node with

greater degree will have less matching in the data graph, and eventually

has higher priority to be added in the order φ. Therefore, we use a scaled

degree as one of the initial state value, i.e.,

h(0)
v (1) = degree(v)/αdegree

, where αdegree is a scaling factor to ensure the computation stability.

• The initial feature also includes the node label information. we simply put

the digit-encoded vertex label into the representation.

h(0)
v (2) = label(v)

• To enable the graph neural network used in RL-QVO to discriminate the

order of input node, we directly put the query node id in the initial repre-

sentation.

h(0)
v (3) = id(v)

Please note that the query graph usually has small number of nodes, there-

fore there is no need to perform scaling on the vertex id.
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• We further include the data graph related heuristics to build our initial

feature representation. The following statistics are commonly used in ex-

isting models: the number of nodes in the data graph with less degree than

vertex v; the number of nodes in the data graph that have the same label

with v and the candidate set size of v. They are all vectorized in the initial

representation.

h(0)
v (4) = |{u ∈ G|d(u) < d(v)}| /αd;

h(0)
v (5) = |{u ∈ G|L(u) = L(v)}| /αl;

h(0)
v (6) = |C(v)| /αc,

where αd, αl and αc are the scaling factors.

• Lastly, we put a trailing indicator at the initial representation. The in-

dicator variable is 0 if the vertex v has not been visited and 1 otherwise,

i.e.,

htv(7) = 1(v ∈ V t−1visited)

Please note that the indicator variable will change with the update of the

state at time step t.

We concatenate all these features to formulate the input representation. This

representation could easily incorporate additional heuristic features by append-

ing these features to our initial representation vector. In our model, we only use

six primary heuristics introduced above with a trailing indicator and exploit the

reinforcement learning and graph neural networks to automatically learn more

complicated and informative criterion for query vertex order generation.

Action. The action space is defined by the neighbor vertices set N(φt) =

{N(v)|∀v ∈ φt, N(v) 6∈ φt} of the ordered vertices at current step t. At every
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step t, the action is to select vertex v′ from N(φt) according to the predicted

probabilities and add v′ into the matching order for next step, i.e., φt+1 =

φt ∪ {v′}. Instead of directly selecting the vertex with greatest probability, RL-

QVO makes the selection according to the probabilities of vertices in the action

space to allow more exploration.

Reward Design. The reward is key factor in reinforcement learning, in this

chapter, the reward includes the reduced number of enumeration, validate re-

ward for probability scores and entropy of the probabilities. One immediate

reward is the reduced enumeration number ∆#enum = #enum(φ)−#enum(φbase),

where φ is the learned order of RL-based agent and φbase is the baseline or-

der produced by existing subgraph matching algorithms. Specifically, according

to [95], the ordering method of RI [8] has the best performance. Therefore, we

choose the order produced by RI as our baseline order, i.e., φbase = φRI , and

the baseline algorithm has exactly the same filtering and enumeration meth-

ods as our proposed RL-QVO. Considering the varying orders of magnitude of

∆#enum with different query graphs, the enumeration reward renum is defined as

renum = fenum(∆#enum), where fenum(·) is a function such as logarithm which re-

duces the gaps (differences) between enumeration rewards under different query

graphs to stabilize the computation. Intuitively, the model is more likely to gain

greater enumeration reward renum on the complex queries which inherently re-

quire more rounds of enumeration procedure. Actually, the average enumeration

time is usually dominated by the time costs of these complex queries. There-

fore, the policy network pays greater importance to the complex queries with the

hope to reduce more enumeration numbers. Since the enumeration reward renum,t

at step t cannot be determined until the final order φ is obtained, all rewards

renum,t at steps t share the same value as renum = fenum(∆#enum). Meanwhile,

this shared reward value enables the policy network to consider the long-term
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reward at every step, thus reduces the probability to fall into the local optimum.

We also design the step-wise validate rewards rval,t. A small positive reward

is assigned if the policy network produces a valid probability distribution, i.e.,

the vertex with largest probability is in the action space v′ ∈ N(φt). Otherwise,

a negative punishment is assigned which is greater than the positive reward in

absolute value. Please note that even if the policy network produces invalid

probabilities, our model still guarantees to generate a connected order φ by

masking out the vertices that are not in the action space before making selection.

Furthermore, an entropy reward is considered at every step to encourage the

model to output action probability distribution with high entropy [120]. Hence,

the model is more likely to take actions unpredictably, which avoids the agent

converging too quickly on a policy that is locally optimal. This entropy reward

rh,t is defined as rh,t = H(Pπθ(φt, N(φt)), where H(·) is the entropy function, πθ is

a policy network with parameters θ, and Pπθ(φt, N(φt)) is the output probability

at step t with given order φt and action space N(φt). Therefore, overall step-wise

reward is formulated in the following Equation 5.1:

Rt = renum + βval · rval,t + βh · rh,t, (5.1)

where βval and βh are the reward coefficients for validate reward and entropy

reward respectively to tune their impact on training process.

In query ordering for subgraph matching task, the starting nodes in the order

are far more important than the trailing nodes. Therefore, when calculating the

overall rewards for the policy network, we assign a decay factor to the step-wise

rewards and formulate the overall rewards as follows:

Rq,θ =

|V (q)|∑
t=1

γtRt, (5.2)
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where γ ∈ [0, 1] is a decay factor which enables the model to consider the im-

portance of nodes in the learned order during training procedure.

5.3.4 RL-QVO Policy Network Architecture

In this section, we introduce the architecture of policy network in our RL-based

method RL-QVO, which generates the query vertex order for subgraph matching.

Framework. Framework of RL-QVO is illustrated in Figure 5.2. RL-QVO first

computes the vector representations xv for query vertices v ∈ V (q) by exploit-

ing graph neural networks. The representation matrix of query vertices Xq is

served as the input of a multi-layer perceptron (MLP) to obtain the probability

distribution on action space.

Action Space. As introduced before, the action space AS(t) is defined by

the neighbor vertices set N(φt) = {N(v)|∀v ∈ φt, N(v) 6∈ φt} of the ordered

vertices at current step t to ensure the connectivity of generated orders. This

constraint applies for most ordering methods in backtracking-based subgraph

matching algorithms. In the case that there is only one vertex in the action

space, i.e., |AS(t)| = 1, RL-QVO directly selects the only candidate as the next

node without performing computation.

Policy Network. The policy network is a neural network which learns the

rule for solving the target problem. With given state, a policy network returns

a probability distribution over the action space. In our case, according to the

produced probability distribution, RL-QVO progressively selects the vertex to

add into the matching order φ. In our model, the policy network includes two

main parts: the graph neural network that aggregates and extracts the graph in-

formation; and the multi-layer perceptron which finally produces the probability

distribution. We introduce the details as follows.

In order to obtain the vector representations for query vertices, we utilize
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graph neural network, a well-studied technique which achieves the state-of-the-

art performance in graph representation learning. Specifically, the policy network

π is parameterized as graph convolutional network (GCN) [47] to embed the

query vertices.

The high level idea of graph convolutional neural network is to perform a

message passing along edges in the graph for total of L layers. Therefore, RL-

QVO could not only obtain the heuristic information from the initial feature

matrices, but also make prediction based on auxiliary structural and high-order

neighboring information which are overlooked in conventional subgraph match-

ing algorithms. The aggregation of graph convolutional neural network can be

formulated as follows:

H(l+1) = σ(D̃−
1
2 ÃD̃−

1
2H(l)W (l)), (5.3)

where W (l) and H (l) are the weight and the input feature matrices of lth layer re-

spectively, H (0) is the initial feature representation introduced in Section 5.3.3.

Ã = A + I is the adjacency matrix with self loops, D̃ is a diagonal matrix

where D̃ii =
∑

i Ãij, and σ is an activation function such as ReLU. RL-QVO

is compatible to any graph neural network. Because GCN could capture the

structural, label and neighboring information with simple network structure and

efficient computation process, we choose graph convolutional network as the

graph representation learning module of RL-QVO. L layers of GCNs output

the representations for all query vertices HL
q RL-QVO then applies the multi-

layer perceptron (MLP) on obtained representation HL
q to select the next node.

Specifically, we use two linear neural layers with mask and normalization oper-

ations:

P(t)
v′ = π(·|S(t)) = Softmax(maskv′∈AS(t)(W2 · σ(W1h

(t)
v′ ))), (5.4)
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Where h
(t)
v′ is the vector embedding of query vertex v′. The output dimension of

the MLP is 1, therefore, we get a real number score as the selection probability

for each node. We utilize the mask operation to filter out the probability scores of

vertices that are out of the action space, and then apply the softmax function on

the candidate query vertices: Softmax(z) = ezi∑
j(e

zj )
to produce the normalized

probabilities. These normalized probabilities for candidate vertices is also used

to compute the entropy rewards mentioned in Section 5.3.3. Please note that in

Equation 5.4, we omit the bias for simplicity.

5.3.5 Policy Training

In the training phase, given NT training query graphs q = {qi|i = 1, ..., NT} and

a data graph G, our goal is to maximize the expected rewards of policy network

πθ for the training graphs. The reward of RL-QVO’s policy network πθ with

parameters θ at time step t is the summation of rewards for all query graphs in

the training batch as follows:

rt(θ) =

NT∑
i=1

Ri(φi; θi)), (5.5)

where Ri is the reward for query graph qi defined in Equation 5.2. We utilize the

proximal policy optimization (PPO) [89] to train the policy network. PPO is

a policy gradient method which utilizes a sampling policy network that enables

the model to update with sampled data in multiple epochs. In our case, the

policy network πθ′ from the previous epoch (has not been updated) is used as

sampling policy network. The objective function is formulated as

J (t)
r (θ) =

∑
(at,st)

min(
πθ(at|st)
πθ′(at|st)

rt(θ), clip(
πθ(at|st)
πθ′(at|st)

, 1− ε, 1 + ε)rt(θ)), (5.6)
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J(θ) =

|V (q)|∑
t=1

J (t)
r (θ) (5.7)

where θ′ is the parameters of policy network in previous epoch, ε is a factor to

clip the ratio of πθ(at|st)
πθ′ (at|st)

which is the probability ratio of action at with state

st computed by current and sampling policy networks. The model replaces the

sampling policy network with current policy network after each training epoch.

With the matching order obtained by the policy network, the algorithm ex-

ecutes the enumeration procedure to find all subgraph matches. We adopt the

commonly used enumeration procedure summarized in Algorithm 3, which is

also utilized in the state-of-the-art baseline method Hybrid.

5.3.6 Complexity Analysis

RL-QVO is built on the neural network framework that enjoys excellent time

efficiency in terms of query process. With a given query graph q and data graph

G, RL-QVO is only required to perform computation of graph neural networks

and MLP on the query graph to produce the probability for node selection at

every time step. In order to obtain the matching order for graph with |V (q)|

vertices, such computation should be executed for |V (q)| times. Since the time

complexity of GNN is O(|E(q)|) [108] and that for MLP is O(d2) where d is

the dimension of representations. As a result, the overall time complexity of

RL-QVO for query vertex ordering is O(|V (q)| × (|E(q)| + d2)). Because the

size of query graph q is relatively small, the time complexity of RL-QVO is

negligible compared to the time cost of iterative enumeration. In terms of the

space complexity, RL-QVO requires fixed space for the parameters of the neural

network, which is determined by the input and output vector dimensions of a

network. Specifically, the space complexity is O(L×d2), where L is the number of

104



5.4. EXPERIMENT Chapter 5

neural layers and d is the dimension of representations. Therefore, our proposed

RL-QVO remains fixed space requirement with growing sizes of query and data

graphs.

5.4 Experiment

This section shows the results of empirical studies.

5.4.1 Experiment Setup

Compared Methods. In order to show the efficiency and effectiveness of our

proposed RL-QVO, we conduct the experiments on the following compared meth-

ods whose techniques are recommended in [95].

• QuickSI (QSI) [91] is a directly enumeration method which does not gen-

erate candidate set, but filters out the unpromising vertices during enumer-

ation. QSI uses the infrequent-edge first ordering method.

• RI [8] is a state space representation based model which generate the query

vertex order only based on the structure of query graph q.

• VF2++ [43] is also a state space representation based model which de-

termines the vertex order by the node label frequency.

• Hybrid [95] has a combination of candidate filtering, vertex ordering and

enumeration methods of GQL, RI and QSI respectively. This method is

proven to have the best performance according to an extensive empirical

study [95].

• RL-QVO is our proposed backtracking based subgraph matching algo-

rithm. Particularly, we use the reinforcement learning-based query vertex
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Table 5.2: Datasets Properties

Dataset Name |V | |E| |L| d
Citeseer cs 3,327 4,732 6 1.4

Yeast ye 3,112 12,519 71 8.0
DBLP db 317,080 1,049,866 15 6.6

Youtube yt 1,134,890 2,987,624 25 5.3
Wordnet wn 76,853 120,399 5 3.1
EU2005 eu 862,664 16,138,468 40 37.4

ordering model proposed in Section 5.3 to generate the matching order

of each individual query. Regarding the candidate set vertex generation

and enumeration procedure, we use the corresponding implementations of

Hybrid.

All baseline methods are implemented by the authors of [95] in C++ 1. The

machine learning part of RL-QVO is implemented using Pytorch which could be

computed on GPUs, while the candidate generation and enumeration methods

are adapted from the code of [95] in C++.

Experiment Environment. We conducted the experiments on the servers

running RHEL 7.7 system, which have Intel Xeon Gold 6238R 2.2GHz 28cores

CPU and NVIDIA Quadro RTX 5000 GPU with 88GB RAM (Six Channel).

Data Graph. We conducted the experiments on six real-life datasets. The

number of vertices varies from 3, 112 to 1, 134, 890.

We obtain the datasets used by previous works [95]. Six real-life graphs can

be classified into five different categories: Citeseer is a citation network, Yeast is

a biology network, DBLP and Youtube are social networks, Wordnet is a lexical

network and EU2005 is a web network. The detailed properties of the datasets

are summarized in Table 5.2.

Query Graph. Following the settings in [95], query graphs are generated for

1https://github.com/RapidsAtHKUST/SubgraphMatching
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Table 5.3: Query sets

Dataset Query Set Default
Citeseer, Yeast, Youtube, Wordnet q4, q8, q16 q16

DBLP, EU2005 q4, q8 q8

each data graph by randomly extracting connected subgraphs from G. We

generate 200 labeled query graphs with {4, 8, 16} vertices denoted as q4, q8 and

q16 for Citeseer, Yeast, Youtube and Wordnet datasets, and query graphs with

4 and 8 vertices for DBLP and EU2005. 50% of the generated query graphs are

used for training, and the remaining graphs are used for testing. Table 5.3 lists

the query sets for each dataset. By default, we report the total time cost results

for query graph set with the greatest numbers of vertices, i.e., q8 for DBLP and

EU2005 and q16 for Citeseer, Yeast, Youtube and Wordnet.

Experiment settings. In this experiment, RL-QVO has two layers of graph

convolutional networks to obtain the representations for the query nodes. After

GCN layers, there is a two-layer linear neural network that produces the selection

probability for each node. The learning rate is set to 0.01, the output dimension

of GCN is set to 64, number of training epochs is 100 for DBLP, Youtube,

Wordnet and EU2005, and 300 for Citeseer and Yeast. We also apply a dropout

ratio at 0.2 during training, and the discount factor γ is tune in (0, 1). We set

a time limit 500 seconds for subgraph matching, if the query process exceeds

the time limit during training, we skip this query graph for training to save

experimental time. During evaluation, if a compared algorithm cannot finish the

query within the time limit, we denote the query graph as a unsolved query and

assign the time cost as 500 secs for this query. If a query graph remains unsolved

by all compared methods, we would exclude this query graph in computing the

average query processing time and enumeration time. We also count the numbers

of unsolved queries to compare the capabilities in solving the worse case queries
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Figure 5.3: Average Query Processing Time Comparison

for all compared methods. The results are shown in Section 5.4.2.

Evaluation Metrics. In this experiment, we compare the time efficiency of

compared methods. We use the average query processing time (i.e., the query

response time) and enumeration time (i.e., the time used in enumeration proce-

dure) for the comparison. Recall that we say a query is unsolved if it cannot be

finished within 500 seconds. We also report the training time and the memory

consumption of the our model.
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5.4.2 Query Processing Time Comparison

In the first set of experiments, we evaluate the query processing time for all

compared subgraph matching algorithms with default settings, where 6 real-life

graphs are deployed. Note that the query processing time t includes the filtering

methods time cost tfilter, the ordering time torder and enumeration time tenum,

i.e., t = tfilter + torder + tenum.

Figure 5.4: Query Processing Time Percentile Comparison
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Average Query Processing Time. We first report the average query process-

ing time for the given query graphs, and the results are illustrated in Figure 5.3.

It is shown that RL-QVO consistently outperforms the competitors because of

the high quality matching order obtained by our advanced model. In the ex-

periments of Section 5.4.3, we further justify this is a significant achievement

where the optimal matching order is considered. Our experiments also confirm

the claim in [95] which shows that, among the existing algorithms, Hybrid has

the best performance on most of the data graphs expect DBLP and Wordnet.

Cumulative Query Processing Time Distribution. To better understand

the query processing time distribution, Figure 5.4 details the query processing

time comparison by showing a cumulative distribution of the query processing

time for all compared methods. The gaps of time cost between RL-QVO and

other compared methods grow with percentile, which shows the efficiency of RL-

QVO in handling the hard queries. This is a big advantage of RL-QVO compared

to other competitors because the response time of queries at high percentile (i.e.,

hard queries) is critical for the through-output of the system in many industry

applications.

Number of Unsolved Queries. Figure 5.4 also demonstrates the number

of unsolved query graphs with default query sets for Youtube, Wordnet and

EU2005 data graphs. Note that we set the query time of each unsolved query to

500 seconds (preset time limit). It is shown that RL-QVO has much less number

of unsolved queries compare to other algorithms.

5.4.3 Enumeration Time Comparison

The enumeration time is the determining factor of the total time cost of subgraph

matching process, and also directly reflects the qualities of matching orders gen-

erated by different algorithms. We compare the enumeration time of Hybrid,
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Figure 5.5: Average enumeration time comparison with varying query sizes

QSI, RI and VF2++ with RL-QVO to examine the qualities of the matching

orders generated by these methods. Since all these methods utilize the same

enumeration methods which are implemented in the same way, the enumeration

time costs could directly reflect the quality of the output matching orders.

Average Enumeration Time. The average enumeration time with varying

query sizes are shown in Figure 5.5. It is reported that our proposed RL-QVO

outperforms all baseline methods on all datasets with all query sizes. Our pro-

posed RL-QVO could improve the enumeration time up to 1.8× compared to the

best performed baseline method. The performance gaps between RL-QVO and

other baseline methods become much more significant with growing query ver-

tex numbers, which indicates that RL-QVO has formidable ability in handling

ordering problem in large search space.

Comparison with Optimal Matching Order. To better investigate the

goodness and the potential improvement space of the matching orders obtained
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Figure 5.6: Enumeration time spectrum analysis
with permutation orders

by the algorithms, we also consider the optimal matching orders in the exper-

iments. As it is time prohibitive to find the optimal matching orders for large

size queries and data graphs. we only consider the settings where there are no

unsolved queries for RL-QVO and Hybrid. Particularly, we conduct the spec-

trum analysis on Citeseer, Yeast and DBLP datasets for subgraph matching

query with 10 randomly selected query graphs with 8 vertices (q8). To obtain

the optimal matching order, we generate the orders of all permutations of the

query vertices, and feed them into the subgraph matching algorithm with the

same filtering and enumeration methods as RL-QVO and Hybrid.

We compare the enumeration time of RL-QVO and Hybrid to the optimal
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Table 5.4: Training Time (in hour)

Datasets q4 q8 q16
cs 0.51 3.03 11.96
ye 0.54 1.56 12.18
db 1.02 2.53 -
yt 3.67 8.31 78.97
wn 0.75 3.77 30.79
eu 8.68 49.27 -

matching order based algorithm, denoted by Opt. Note that all three algo-

rithms use the same filtering and enumeration implementations. The spectrum

analysis results are illustrated in Figure 5.6 where the bars indicate the enu-

meration time costs of the optimal order, RL-QVO’s order and Hybrid’s order.

The results show that compared to the ordering methods of Hybrid, RL-QVO

is more likely to generate near optimal orders for matching, thus have better

overall search performance. Moreover, considering the gaps between Opt and

Hybrid for these queries in Figure 5.6, we boast that that RL-QVO makes a

significant improvement in terms of enumeration time (i.e., the quality of the

matching order).

5.4.4 Training Time and Order Inference Time

In this subsection, we evaluate the model training time and matching order

inference time.

Training time. The time required to train the proposed model is reported in

Table 5.4. The time costs reported are for default settings, i.e., 100 training

epochs on 100 training query graphs for all datasets except Citeseer and Yeast

which have 300 training epochs. During training procedure, if a training query

graph requires more than 500 second to get matching result, we skip this query

instance in the following training process to save the training time cost. Because
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Table 5.5: Space Evaluation

Dataset Graph Space Model Space
Citeseer 112.4 kB 186.2 kB

Yeast 260.8 kB 186.2 kB
DBLP 30.4 MB 186.2 kB

Youtube 89.7 MB 186.2 kB
Wordnet 3.5 MB 186.2 kB
EU2005 437.6 MB 186.2 kB

RL-QVO utilizes the policy gradient descend and PPO training strategy which

require the interaction between the agent and environment, the major training

time cost comes from the enumeration process.

Matching order inference time. As analyzed in Section 5.3.6, the com-

putational complexity of RL-QVO for query vertex ordering generation is

O(|V (q)| × (|E(q)| + d2)). In our experiments, RL-QVO could produce the

matching order within 10ms for each query.

5.4.5 Space Evaluation

As discussed in Section 5.3.6, the space complexity for RL-QVO is fixed with

growing sizes of query and data graphs. Here, we report the exact space re-

quirements for storing the parameters of the network and corresponding data

graphs. The results are demonstrated in Table 5.5. Even for data graph like

EU2005 which requires 437.6 MB to store, RL-QVO only needs 186.2 kB to save

parameters while achieving outstanding performance in query vertex ordering.

In terms of the memory consumption, RL-QVO might require more space for

query graphs, however, the memory cost is still dominated by the parameter

space of the model, which is relatively small.
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5.5 Conclusion

Subgraph matching is a fundamental research topic in database and data mining

communities, which is a NP-Complete problem. One important branch of the

subgraph matching algorithms follows the backtracking search paradigm, and it

is shown that the search performance is heavily affected by the quality of the

matching order used in the search. We notice that existing ordering methods

with heuristic strategies are lacking the capability to fully exploit the structural

and label information to generate high-quality matching order (i.e., query vertex

order). In this chapter, we proposed RL-QVO, a reinforcement learning-based

model for query vertex ordering. RL-QVO learns the policy to generate the

matching order considering both graph structure information and the long-term

benefits. Extensive experiments proves the efficiency of RL-QVO.
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EPILOGUE

In this chapter, we summarize the works presented in this thesis and describe

possible future research directions. In this thesis, we focus on designing machine

learning models for graph analytics. The main contributions of this thesis can

be concluded as follows:

• Efficient and Compact Graph Neural Network. We design a bina-

rized graph neural network which significantly reduces the both time and

efficient complexity of graph neural networks with acceptable accuracy sac-

rifice. The proposed BGN has binarized parameters and enables GNNs to

learn discrete embedding. The binarized neural network can reduce the

memory and time cost of the GNN such that increases the scalability of

GNNs.

• Models for Graph of Graphs. We propose two novel graph neural

network models GoGNN and PGON for graph of graphs. By mining the

hierarchical structure of graph of graphs, our proposed models could out-

perform state-of-the-art baselines with regards to the graph classification

and structured entity interaction prediction tasks. In particular, GoGNN is
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the first work that fully exploits the graph of graphs structure and PGON

has the equivalent expressive power as 2-WL test which could capture much

detailed graph information.

• Query Vertex Ordering for Subgraph Matching. In this thesis, we

also propose a reinforcement learning based query vertex ordering method

for subgraph matching. Our model optimizes the order generation process

of subgraph matching to overcome the bottlenecks of existing methods that

can only select the ordered vertex on a greedy search basis.

Future Work and Research Opportunities. There are still some open prob-

lems and opportunities that need further research.

• Designing Machine Learning Models for Graph Queries. There are

numerous other graph analytic tasks that could be optimized by machine

learning techniques. For example, we could develop learning-based index

for graph queries.

• Machine Learning Techniques on Join-based Subgraph Matching.

The other important branch to solve the subgraph matching problem is

the join-based methods, in which the join order plays a critical role. We

can optimize the join order selection by applying the machine learning

techniques.

• Design Graph Neural Networks to Preserve Structural Informa-

tion. In this thesis, our models are designed to exploit the graph struc-

ture rather than fully capture the graph structural information. However,

the structure of the network are usually crucial in various applications.

Therefore, it would be interesting and important to develop graph neural

networks that are able to fully preserve the graph structural information.
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