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ABSTRACT

The availability of massive labeled datasets results in the successes of su-

pervised learning in many applications such as object detection, speech

recognition and natural language processing. However, the curse of do-

main mismatch arises if the test samples (target samples) and training

samples (source samples) are from different domains. To overcome the

mismatch between domains, researchers have proposed transfer learning,

which aims to leverage knowledge from source samples with abundant

labels to help train a classifier for target samples with insufficient labels.

Although many algorithms have been developed to solve transfer

learning problem, most algorithms depend on additional assumptions to

ensure their effectiveness. Many assumptions are difficult to be satisfied

in real-world application. For example, the label sets of source and target

samples are assumed to be same, however, in unsupervised setting, it is

impossible to check this assumption. Those unrealistic assumptions limit

the application of transfer learning.

This thesis mainly studies two important problems faced by many

existing transfer learning algorithms: 1) how to transfer knowledge in

the unsupervised setting, when the target label set is larger than the

source label set; and 2) how to transfer knowledge, when the source and

target samples are from different feature spaces.

Before solving problems 1) and 2), we first consider transfer learning

which assumes that the feature spaces and label sets are both same. The

setting is also called homogeneous domain adaptation. By studying the

homogeneous domain adaptation, we aim to understand how the source

knowledge can be used to help improve the target’s performance under

the simplest setting (i.e., homogeneous setting).

To solve problem 1), this thesis considers a challenging task: un-

supervised open-set domain adaptation (UOSDA). First, to understand

why source samples can be used to help target samples achieve good

v



performance in the open-set setting, we develop Probably approximately

correct (PAC) learning theory for OSDA. Then, based on our theory, a

kernel-based algorithm is proposed to solve problem 1). As an applica-

tion of our OSDA theory, we also establish a theoretical foundation for

open-set learning (OSL), an important sub-field in machine learning.

To solve problem 2), this thesis studies semi-supervised heterogeneous

domain adaptation (SsHeDA) problem. Motivated by the compatibility

condition in semi-supervised PAC theory, we explain the SsHeDA prob-

lem by proving its generalization error – why labeled source samples and

unlabeled target samples help to reduce the target error. Guided by our

theory, we devise a kernel-based algorithm.
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Chapter 1

Introduction

1.1 Background

Supervised learning is based on two implied assumptions: 1) that the

training and test samples are drawn from the same distribution [1, 2];

and 2) that sufficient labeled training samples are available [3]. However,

in the real world, it is often expensive, time consuming, even impossible

to collect sufficient labeled training samples while guaranteeing training

and test samples are from a same distribution [4, 5].

As a way to relax or possibly even circumvent the above two assump-

tions, researchers have considered transfer learning. In transfer learning,

we have two related but different domains: source and target domains,

where the source domain contains sufficient labeled samples and the tar-

get domain only contains few labeled samples or unlabeled samples. The

success of transfer learning as a technique has been proven many times

over, with applications such as Wi-Fi localization [5], object classifica-

tion [6–9], and text classification [10,11].

Among most transfer learning tasks, researchers pay more atten-

tions on unsupervised homogeneous domain adaptation (UHoDA) [12–

16], which assumes that source and target domains share the same fea-

ture spaces and same label sets, but the target samples have not any

labels. To show the feasibility of UHoDA, Ben-David et al. [17] provide

the pioneering theoretical work [18]. In [17], the authors have shown that

the target risk is upper bounded by three terms: source risk, distribution

discrepancy, and combined risk. The theoretical work has provided a

guidance to promote the development of UHoDA [19–22].
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However, UHoDA is based on two implied assumptions that 1) the

feature spaces of source and target domains are same; and 2) the source

and target domains share same label sets. In reality, it is not easy to

seek a source domain with the same feature space (i.e., homogeneous) as

the target domain of interest [23–26]. In addition, in an unsupervised

setting (i.e., there are no labels in the target domain), since it is not

known whether the classes of target samples are from the label set of

the source domain, it may be that the target domain contains additional

classes (unknown classes) that do not exist in the label set of the source

domain [27,28].

To solve the mismatch between feature spaces, a more general and

challenging problem heterogeneous domain adaptation (HeDA) [29, 30]

has been considered, where the source and target domains are from differ-

ent feature spaces. To solve the mismatch between label sets of source and

target domains, [27,28] propose the open-set domain adaptation [28,31],

which assumes the target label set contains the source label set.

1.2 Problem Statement

Given feature spaces Xs, Xt and label sets Ys, Yt, source samples and

target samples are related to two different joint distributions PXsYs and

PXtYt , where Xs ∈ Xs, Xt ∈ Xt, Ys ∈ Ys and Yt ∈ Yt are random

variables. We use one-hot vector y to present a label, i.e., if the c-th

coordinate of y is 1 and other coordinates are 0, then y means the label

c. Then, we define UHoDA as follows:

Definition 1 (Homogeneous Domain Adaptation). Assume that feature

spaces Xs, Xt and label sets Ys, Yt satisfy Xs = Xt, Ys = Yt. Given sets

of samples called labeled source, labeled target, unlabeled target samples:

S = {(xis,yis)}nsi=1 ∼ PXsYs i.i.d.

Tl = {(xil,yil)}
nl
i=1 ∼ PXtYt i.i.d.

Tu = {xiu}nui=1 ∼ PXt i.i.d.
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The aim of homogeneous domain adaptation is to train a classi-

fier g : Xt → Yt such that g classifies the unlabeled target samples ac-

curately by using labeled and unlabeled samples, where PXs 6= PXt and

PXs , PXt are the marginal distributions related to joint distribution PXsYs

and PXtYt, respectively. If the size of labeled target samples nl is 0, then

homogeneous domain adaptation is called unsupervised homogeneous

domain adaptation (UHoDA).

Homogeneous domain adaptation, as one of the basic problems in

transfer learning, assumes that the source and target feature spaces, and

the source and target label sets are both same, i.e., Xs = Xt and Ys =

Yt. In this thesis, we focus on the unsupervised homogeneous domain

adaptation. The unsupervised homogeneous domain adaptation is one of

the simplest transfer learning problems. Due to Xs = Xt and Ys = Yt, we

need not to match the feature spaces and consider the mismatch between

the label sets. By investigating the simplest setting (i.e., homogeneous),

we aim to study the basic techniques in domain adaptation. With those

basic techniques, we can understand how the source knowledge can be

used to help improve the performance of target domain under the simplest

setting (i.e., homogeneous).

• RESEARCH QUESTION 1 (RQ1): How to the transfer source

knowledge to the target domain under the homogeneous setting?

• RESEARCH OBJECTIVE 1 (RO1): To design novel UHoDA al-

gorithms to address unsupervised homogeneous domain adaptation. (aims

to answer RQ1)

Next, we define open-set domain adaptation problem.

Definition 2 (Open-Set Domain Adaptation). Assume that feature spaces

Xs, Xt and label sets Ys, Yt satisfy Xs = Xt, Ys ⊂ Yt. Given sets of sam-

ples called the labeled source and unlabeled target samples:

S = {(xis,yis)}nsi=1 ∼ PXsYs i.i.d.

Tl = {(xil,yil)}
nl
i=1 ∼ PXtYt i.i.d.

Tu = {xiu}nui=1 ∼ PXt i.i.d.
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The aim of open-set domain adaptation is to train a classifier g :

Xt → Yt such that g classifies 1) target samples, whose labels are from Ys,

into the correct classes; 2) target samples, whose labels are from Yt−Ys,

as unknown, where PXs 6= PXt and PXs , PXt are the marginal distributions

related to joint distribution PXsYs and PXtYt, respectively. If the size of

labeled target samples nl is 0, then homogeneous domain adaptation is

called unsupervised open-set domain adaptation (UOSDA).

Different from homogeneous domain adaptation, open-set domain

adaptation replaces the assumption Ys = Yt by Ys ⊂ Yt, which is also

called the open-set assumption [32]. Hence, OSDA can be regarded

as a generalization of homogeneous domain adaptation. In this thesis,

we focus on unsupervised open-set domain adaptation. We propose the

second research question as follows:

•RESEARCH QUESTION 2 (RQ2): Is it feasible to transfer knowl-

edge from a labeled source domain to a unlabeled target domain in the

open-set assumption?

• RESEARCH OBJECTIVE 2 (RO2): To build the theory to study

the feasibility of UOSDA and propose a new algorithm to address UOSDA.

(aims to answer RQ2)

For convenience, we call target samples, whose labels are from Yt−Ys,

as unknown target samples, and target samples, whose labels are from Ys,

as known target samples. There are two key challenges [28] in addressing

the unsupervised open-set domain adaptation (UOSDA) problem. The

first challenge is that there is no enough knowledge in the target domain

to classify the unknown target samples. So how should these samples

be labeled? The solution is to mine deeper information in the target

domain to delineate a boundary between the known and unknown target

samples. The second challenge in UOSDA is the difference in distribu-

tions. Unknown target samples should not be matched when the overall

distribution is matched, otherwise negative transfer may occur.

Last, we define the heterogeneous domain adaptation problem.

Definition 3 (Heterogeneous Domain Adaptation). Assume that feature
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spaces Xs, Xt and label sets Ys, Yt satisfy Xs 6= Xt, Ys = Yt. Given sets

of samples called the labeled source and unlabeled target samples:

S = {(xis,yis)}nsi=1 ∼ PXsYs i.i.d.

Tl = {(xil,yil)}
nl
i=1 ∼ PXtYt i.i.d.

Tu = {xiu}nui=1 ∼ PXt i.i.d.

The aim of heterogeneous domain adaptation is to train a classifier g :

Xt → Yt such that g classifies the unlabeled target samples accurately by

using labeled and unlabeled samples. If nl � nu, nl � ns, then hetero-

geneous domain adaptation is called semi-supervised heterogeneous

domain adaptation (SsHeDA).

Without any labels in target samples, heterogeneous domain adap-

tation is called unsupervised heterogeneous domain adaptation

(UHeDA). To achieve good performance for UHeDA, however, only bi-

nary classification task [25] is investigated, since it is extremely difficult

to bridge the connection between heterogeneous source and target do-

mains without any labeled target samples [25]. Note that collecting a

few labeled target samples is affordable. We consider semi-supervised

heterogeneous domain adaptation in this thesis. Hence, we propose the

third research question as follows:

• RESEARCH QUESTION 3 (RQ3): How to transfer knowledge

from a source domain to a heterogeneous target domain with few labels?

To address the semi-supervised heterogeneous domain adaptation, we

need to understand why labeled heterogeneous source samples and un-

labeled target samples can help to reduce the need for labeled target

samples. This is related to the learning theory for SsHeDA:

• RESEARCH OBJECTIVE 3 (RO3): To build the theory to ex-

plain why labeled heterogeneous source samples and unlabeled target sam-

ples can help to reduce the need for labeled target samples and design an

algorithm based theory to address SsHeDA.
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1.3 Research Innovation and Contributions

The research innovation and contributions of this thesis are summarized

in the section.

1.3.1 Research Innovation

Innovation 1. Based on the unsupervised homogeneous domain adap-

tation, this research proposes a new setting, termed as source domain

reconstruction. By constructing new source domain with labeled source

samples and unlabeled target samples, a source domain reconstruction

algorithm is developed to improve the performance of many existing

UHoDA algorithms.

Innovation 2. This study is the first to build a theoretical foundation for

open-set domain adaptation problem and propose a theoretical-guided

unsupervised open-set domain adaptation algorithm. The theoretical

work introduced in the thesis provides a theoretical guidance for the de-

velopment of open-set domain adaptation [33,34].

Innovation 3. As an important application of our open-set domain

adaptation theory, this study is the first to provide a PAC-type gener-

alization analysis for open-set learning (OSL) (i.e., supervised learning

under the open-set assumption), which is an important sub-field of ma-

chine learning. Based on the theoretical work for OSL, a theoretical-

guided OSL algorithm is proposed.

Innovation 4. To develop the heterogeneous domain adaptation theory,

the research proposes several novel concepts, i.e., compatibility, transfer

error rates and uniform sample complexity as new tools for estimating

the need for labeled target samples. Co-opting these concepts provides a

thoroughly new perspective for theoretically analyzing transfer learning

problems.
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Innovation 5. This study is the first to build a theoretical foundation for

semi-supervised heterogeneous domain adaptation (SsHeDA) and explain

why combining labeled source samples with unlabeled target samples can

reduce the need for labeled target samples. Then, a theoretical-guided

SsHeDA algorithm is proposed.

1.3.2 Research Contributions

Contribution 1. A new unsupervised homogeneous domain adaptation

algorithm, called Manifold Fuzzy Clustering (MFC), is proposed.

• This study presents an effective unsupervised homogeneous domain

adaptation algorithm, called MFC. MFC is able to transfer knowledge

from labeled source samples to unlabeled target samples by exploring the

intrinsic manifold structure and fuzzy information between domains.

Contribution 2. Source domain reconstruction (SDR), a new unsuper-

vised homogeneous domain adaptation setting, is proposed.

• This study considers how to construct a new source domain by

labeled source samples and unlabeled target samples. A novel source

domain reconstruction (SDR) algorithm is proposed. After using the

UHoDA algorithm, source and target samples as the inputs, our source

domain reconstruction algorithm outputs a new source domain. With

the new source domain, we improve the transfer performance of many

existing UHoDA algorithms.

• To further study the feasibility of SDR, we develop a novel concept

named as unsaturated algorithm space. Based on the novel concept, we

prove an interesting and important theorem by Axiom of Choice, i.e., the

necessary and sufficient condition for the existence of a SDR algorithm

corresponding to an algorithm space is that the algorithm space is un-

saturated. With this result, we establish a solid theoretical guarantee for

SDR, which provides a positive answer for the feasibility of SDR.
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Contribution 3. A novel algorithm, called Distribution Alignment with

Open Difference (DAOD), is proposed to address unsupervised open-set

domain adaptation.

• This study first provides a learning bound for open-set domain

adaptation, which we do by theoretically investigating the risk of the

target classifier on unknown classes (i.e., classes from Yt − Ys). The

proposed learning bound has a special term, namely open-set difference,

which reflects the risk of the target classifier on unknown classes.

• The study provides an UOSDA algorithm, Distribution Alignment

with Open Difference (DAOD), which is based on regularizing a special

term, called open-set difference. The algorithm enables the unknown

target samples to be separated from samples using open-set difference.

Contribution 4. This study presents an algorithm, called Auxiliary

Open-Set Risk (AOSR), to address open-set learning (OSL) problem (i.e.,

supervised learning under the open-set assumption).

• Motivated by the learning theory of open-set domain adaptation,

this study makes a bold attempt to study OSL by proving its generaliza-

tion error−given training samples with size n, there exists an algorithm,

whose estimation error will get close to order Op(1/
√
n). This is the first

study to provide a generalization bound for OSL.

• According to our OSL theory, a novel algorithm, called Auxiliary

Open-Set Risk (AOSR), is proposed to address the OSL problem. AOSR

mainly utilizes the instance-weighting strategy to align training samples

and auxiliary samples generated by an auxiliary domain. Then, mini-

mizing the auxiliary risk developed by our theory, AOSR learns how to

recognize unknown classes (i.e., unobserved classes during training pro-

cess).

Contribution 5. This study presents a novel algorithms called Ker-

nel Heterogeneous Domain Alignment (KHDA) to solve semi-supervised

heterogeneous domain adaptation (SsHeDA).
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• This study develops a theory of SsHeDA from a thoroughly new

perspective compared to previous domain adaptation theories. Our bold

strategy is to explain why the SsHeDA problem can be addressed by

proving a novel generalization error of SsHeDA. By reducing the size

of the target feature transformation space, the generalization error illus-

trates how the labeled source and unlabeled target samples, together with

a suitable compatibility condition, can reduce the need for the labeled

target samples.

• Guided by our theory, this study devises a novel SsHeDA algorithm

to bring the proposed SsHeDA theory into the reality. Kernel Hetero-

geneous Domain Alignment (KHDA) is a kernel-based algorithm, which

maintains two main branches, where the first branch aims to transfer

knowledge from the source to the target domain, and the second branch

aims to transfer knowledge from the labeled target samples to the unla-

beled target samples.
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1.4 Organization of the Thesis

The research work presented in the thesis is organized and structured in

the form of seven chapters, which are briefly described as follows:

i) Chapter 2 provides a comprehensive review of transfer learning

and domain adaptation.

ii) Chapter 3 presents a novel UHoDA algorithm Manifold Fuzzy

Clustering (MFC). This chapter addresses RQ1 to achieve RO1.

iii) Chapter 4 introduces a novel setting called source domain recon-

struction. Theory about the feasibility of source domain recon-

struction is established. An algorithm for source domain recon-

struction is proposed. The chapter addresses RQ1 to achieve RO1.

iv) Chapter 5 deals with a more challenging problem setting called

unsupervised open-set domain adaptation (UOSDA), which replaces

the closed-set assumption (Ys = Yt) in UHoDA by the open-set as-

sumption (Ys ⊂ Yt). We show the theoretical work of OSDA and

propose DAOD to address UOSD problem. This chapter addresses

RQ2 to achieve RO2.

v) Chapter 6 presents an important application for our OSDA the-

ory. We use OSDA theory to address an open theoretical problem

in open-set learning (OSL), which assumes test samples contains

unseen classes during the training process. With the OSL theory,

an algorithm AOSR is proposed to address OSL.

vi) Chapter 7 proposes the semi-supervised heterogeneous domain

adaptation (SsHeDA) theory, which aims to illustrate how the la-

beled source and unlabeled target samples, together with a suitable

compatibility condition, can reduce the need for labeled target sam-

ples. Then, we design a theory-guided algorithm. This chapter

addresses RQ3 to achieve RO3.
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Figure 1.1: Thesis Structure. Xs and Xt are the feature spaces for
source and target domains, respectively. Ys and Yt are the label sets for
source and target domains, respectively.

vii) Chapter 8 concludes the thesis with overall discoveries of the

present research work and points to directions for future work.

The thesis structure is presented in Fig. 1.1.

11



Chapter 2

Literature Review

This chapter presents a survey related to this thesis, which includes two

main parts: transfer learning and domain adaptation.

2.1 Transfer Learning

Transfer learning is used to improve the performance of the task from

a domain (target domain) by transferring information from a related

domain (source domain). Since the ability of transfer learning to lever-

age knowledge from related domains, transfer learning is widely used to

address many problems, such as computer version [9,28,35], natural lan-

guage processing [36,37], recommender system [38,39] and reinforcement

learning [40,41].

To formalize transfer learning, [42] gives a definition for transfer learn-

ing. Before giving the definition of transfer learning, we need to review

the definitions of a domain and a task.

Definition 4 (Domain [42,43]). A domain D = {X , PX} consists of two

parts: a feature space X and a marginal distribution PX , where X ∈ X

is a random variable.

Definition 5 (Task [42, 43]). A task T = {Y , PY |X} consists of two

parts: a label set Y and a conditional distribution PY |X , where Y ∈ Y is

a random variable and random variable X is introduced in Definition 4.

In this thesis, we also call (D, T ) as a domain.

Definition 6 (Transfer Learning [42,43]). Let source domain and task be

(Ds, Ts), and target domain and task be (Dt, Tt). Given sets of samples
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called the labeled source and unlabeled target samples:

Sl = {(xis,yis)}nsi=1 ∼ PXsYs i.i.d.

Tl = {(xil,yil)}
nl
i=1 ∼ PXtYt i.i.d.

Su = {xis,u}
ns,u
i=1 ∼ PXs i.i.d.

Tu = {xiu}nui=1 ∼ PXt i.i.d.

where ns, nl, ns,u, nu ≥ 0, PXsYs = PXs · PYs|Xs, and PXtYt = PXt · PYs|Xt,

the aim of transfer learning is to train a learner by given samples to solve

target task Tt.

Remark 1. By adjusting the sizes of samples (i.e., ns, nl, ns,u, nu), dif-

ferent types of transfer learning can be obtained. For example, if nl > 0

and ns = 0, transfer learning becomes self-taught learning [42]. If ns = 0

and nl = 0, transfer learning becomes unsupervised transfer learning [43].

Remark 2. In Definition 6, we only consider single source domain. In

fact, if we have multiple source domains, then transfer learning is termed

as multiple source transfer learning [44].

2.1.1 Categorization of Transfer Learning

Transfer learning can be categorized by different criterions.

Based on the availability of labeled samples, transfer learning can be

roughly divided into three different categorizes [43]: inductive transfer

learning (i.e., nl > 0), transductive transfer learning (i.e., ns > 0, nl = 0)

and unsupervised transfer learning (i.e., ns = nl = 0). According to

the above criterion, unsupervised homogeneous domain adaptation and

unsupervised open-set domain adaptation belong to transductive transfer

learning, but semi-supervised heterogeneous domain adaptation belongs

to inductive transfer learning.

Another criterion is based on the consistency between the source and

target feature spaces and label sets [43]. If the feature spaces and la-

bel sets between source and target domains are same (i.e., Xs = Xt and
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Ys = Yt), then transfer learning is called homogeneous transfer learn-

ing. If the feature spaces or label sets between source and target do-

mains are different (i.e., Xs 6= Xt or Ys 6= Yt), then transfer learning

is called heterogeneous transfer learning. It is clear that homogeneous

domain adaptation belongs to homogeneous transfer learning, and open-

set domain adaptation and heterogeneous domain adaptation belong to

heterogeneous transfer learning.

The types of different target tasks can also be a criterion to category

transfer learning. If the target task focuses on clustering task, transfer

learning is called transfer learning for clustering [45, 46]. If the target

task is classification task, transfer learning is known as transfer learning

for classification [47, 48]. When we target on a regression task, transfer

learning is regarded as transfer learning for regression [49,50]. This thesis

focuses on transfer learning for classification.

2.1.2 Basic Strategies for Transfer Learning

Guided by transfer learning theory [17,51–53], many prior transfer learn-

ing algorithms consider to reduce the gap between domains to bridge

source and target domains. To reduce the gap between domains, two

basic strategies [43] have been investigated. One strategy is called in-

stance weighting, and the other is called feature matching.

2.1.2.1 Instance Weighting

The basic idea of instance weighting is to construct weights to match

source and target domains. As an effective strategy, the instance weight-

ing strategy is often used in covariate shift [54,55], which is a sub-field of

transductive transfer learning with assumption Ts = Tt, but PXs 6= PXt .

The weighting strategy is based on the following equation [56]: given

a loss function ` : Yt × Yt → R+ and a predictor h : Xt → Yt, if
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PYs|Xs = PYt|Xt , then the target risk

Rt(h) =

∫
Xt×Yt

`(h(x),y)dPXtYt(x,y)

=

∫
Xt×Yt

`(h(x),y)dPYt|Xt(y|x)dPXt(x)

=

∫
Xt×Ys

`(h(x),y)dPYs|Xs(y|x)dPXt(x)

=

∫
Xs×Ys

PXt(x)

PXs(x)
`(h(x),y)dPYs|Xs(y|x)dPXs(x)

=

∫
Xs×Ys

PXt(x)

PXs(x)
`(h(x),y)dPXsYs(x,y).

Hence, from the empirical risk minimization perspective [57], the objec-

tive function can be written as

min
h

1

ns

ns∑
i=1

wi`(h(xis),y
i
s) + λΩ(h), (2.1.1)

where wi is the estimated weight for the i-th sample xis and Ω is the

regularization function. According the equation above the Eq. (2.1.1),

the ideal value of wi should be PXt(x
i
s)/PXs(x

i
s).

Based on the above discussion, the key of instance weighting strategy

is to estimate the density ratio PXt(x
i
s)/PXs(x

i
s). To learn an accurate

density ratio, many algorithms have been proposed [56, 58–61]. One

of the well-known algorithms is Kernel Mean Matching (KMM) [56],

which computes the weights by Maximum Mean Discrepancy (MMD)

[62]: given a Reproducing Kernel Hilbert Space Hk (RKHS) with kernel

feature map Φ, then

min
wi∈[0,B], i=1,...,ns

∥∥ 1

ns

ns∑
i=1

wiΦ(xis)−
1

nu

nu∑
j=1

Φ(xju)
∥∥2

Hk
,

s.t.
∣∣ 1

ns

ns∑
i=1

wi − 1
∣∣ ≤ ε,

where B is the upper bound for weights and ε is a small parameter to

avoid over-fitting. After the weight wi has been estimated, then we can

train the predictor by weighted source samples.
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KMM estimates the weights by MMD distance. Many other algo-

rithms estimate the weights by using different distribution distance. For

example, Kanamori et al. [63] used the least-square distance to propose

least-squares importance fitting (LSIF). Kullback-Leibler Importance Es-

timation Procedure (KLIEP) proposed by Sugiyama et al. [64] utilizes

the Kullback-Leibler (KL) divergence.

Though instance weighting-based transfer learning algorithms have

achieve great development, many unrealistic assumptions implied on

most algorithms limits the application of those algorithms. For example,

in KMM, LSIF and KLIEP, to ensure a promising performance, the as-

sumption that Ts = Tt and Xs = Xt is indispensable. Hence, when the

domain gap is substantially large, a large number of effective source sam-

ples will be down-weighted, resulting in the loss of effective information.

2.1.2.2 Feature Matching

Feature matching aims to reduce the domain gap by learning a new fea-

ture representation. Generally, feature matching-based algorithms aim to

1) transform samples into a new space, where distance measures are min-

imized, or 2) extract intermediate features to minimize domain gap by

projecting samples onto subspaces or transforme a source subspace into

a new subspace, which is related to the target subspace. We introduce

several classical feature matching-based algorithms as follows:

• Transfer Component Analysis (TCA) [5] learns a new feature space to

match marginal distributions (PXs and PXt) by employing the Maximum

Mean Discrepancy (MMD) [62].

• Joint Distribution Adaptation (JDA) [65] improves TCA by jointly

matching marginal distributions (PXs and PXt) and class-conditional dis-

tributions (PXs|Ys and PXt|Yt).

• Scatter Component Analysis (SCA) [21] extends TCA and JDA, and

considers the between and within class scatter.

• Geodesic Flow Kernel (GFK) [66] considers the intermediate informa-

tion in geodesic curve between the source domain and target domain on
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a Grassmann manifold.

• Subspace Alignment (SA) [67] maps a source PCA subspace into a new

subspace which is well-aligned with the target subspace.

• Correlation Alignment (CORAL) [68] matches the covariance matrix

of the source subspace and target subspace.

Recent advances show that deep networks can be successfully applied

to domain adaptation tasks.

• Domain Adaptive Neural Networks (DaNN) [69] adds an adaptation

layer in neural networks to reduce the domain gap.

• Deep Adaptation Networks (DAN) [8] considers three adaptation layers

for matching domains and applies multiple kernels (MK-MMD) [70] for

adapting deep representations.

• Wasserstein Distance Guided Representation Learning (WDGRL) [20]

minimizes the domain gap by employing Wasserstein distance in neural

networks.

However, these algorithms have a strong assumption that there is

a unified transformation to map the source domain and target domain

into a common space in which the feature representations are domain

invariant. Hence, the feature matching-based algorithms could fail to

match domains when the domain gap is substantially large.

2.1.3 Deep Learning in Transfer Learning

Due to the universal approximation ability of deep neural networks, deep

learning has been applied in transfer learning. Generally, transfer learn-

ing with deep neural networks as the basic model is called deep trans-

fer learning [71]. Based on survey [71], deep transfer learning can be

roughly divided into three categories: network-based, mapping-based and

adversarial-based.

Network-based deep transfer learning [9, 72–78] aims to use labeled

source samples to pre-train a deep model, then use the labeled target

samples to fine-tune the pre-trained deep model.

• Yosinski et al. [76] conducted dozens of experiments on different transfer
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learning tasks to show the transferability of feature extracted by different

hidden layers of deep neural networks.

• Kolesnikov et al. [9] pre-trained a deep model based large size datasets

(i.e., JFT-300M [79], ImageNet-21k [80] and ILSVRC-2012 [81]), then

fine-tuned the pre-trained model on smaller size datasets (i.e., CIFAR-

10 [82], CIFAR-100 [82] and Pets [83]).

Mapping-based deep transfer learning [19, 20, 47, 84] aims to learn

domain-invariant representation, which can reduce the domain gap.

• Long et al. [47] proposed a representative algorithm Joint Adapta-

tion Networks (JAN), which learns a domain-invariant representation by

matching the joint distributions in multiple hidden layers based on Max-

imum Mean Discrepancy (MMD) [62].

Adversarial-based transfer learning [19, 22, 85, 86] refers to introduce

generative adversarial nets (GAN) [87] to find transferable features.

• One of the representative works for adversarial-based transfer learn-

ing is Domain-Adversarial Neural Network (DANN) [22], which is based

on feed-forward neural networks by augmenting it with a simple new

gradient reversal layer.

• Long et al. [19] proposed a famous algorithm Conditional Domain Ad-

versarial Networks (CDANs), which learns the domain-invariant repre-

sentation by generative adversarial strategy with the cross-covariance be-

tween feature representations and predictor as the adversarial features.

Though deep transfer learning has achieved great successes, some

assumptions are still indispensable to ensure the effective of deep transfer

learning algorithms [71].

1) Network-based deep transfer learning assumes that the front-layers

of the network can be treated as a feature extractor, and the extracted

features are versatile.

2) Mapping-based deep transfer learning assumes that source and

target domains can be more similarly in an latent feature space.

3) Adversarial-based transfer learning assumes that an effective fea-

ture representation should be discriminative for the main learning task
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and indiscriminate between the source domain and target domain.

2.2 Domain Adaptation

Domain adaptation, as one of the most important fields in transfer learn-

ing, has achieved dramatic successes in many real-world applications

[12, 88]. Traditional domain adaptation [42] assumes that Ts = Tt, but

Ds 6= Dt. However, as the development of domain adaptation, the con-

cept of domain adaptation has been extended in a broader sense. In this

thesis, we say a transfer learning problem is called domain adaptation, if

the target task is related to the source task (Ts ∼ Tt), but Ds 6= Dt. For

example, open-set domain adaptation introduced in Definition 2 assumes

that source and target domains and tasks are different (Ds 6= Dt, Ts 6= Tt).

To ensure that open-set domain adaptation is solvable, the source and

target tasks should be similar in the shared part (PYs|Xs ∼ PYt|Xt,Yt∈Ys).

Similar to transfer learning, domain adaptation can be categorized

based on different criterion. Based the availability of labeled target sam-

ples, domain adaptation can be divided into three types [12]: supervised

domain adaptation (i.e., massive target labels are available) [89], semi-

supervised domain adaptation (i.e., few target labels are available) [90]

and unsupervised domain adaptation (i.e., no any target labels are avail-

able) [48]. Of these three paradigms, unsupervised domain adaptation

is, arguably, the most attractive, since unsupervised domain adaptation

is the most challenging problem among the three paradigms.

When the feature spaces are different (Xs 6= Xt), domain adaptation

is regarded as heterogeneous domain adaptation [45]; otherwise, domain

adaptation is called homogeneous domain adaptation [15]. In addition, if

we focus on the difference between source and target label sets, domain

adaptation can be separated into different types: open-set domain adap-

tation (i.e., Ys ⊂ Yt) [28], partial domain adaptation (i.e., Yt ⊂ Ys) [91]

and universal domain adaptation (i.e., Yt−Ys 6= ∅ and Ys−Yt 6= ∅) [92].
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2.2.1 Unsupervised Homogeneous Domain Adapta-

tion

As one of main questions in this thesis, we first recall the definition

(given in Definition 1) of unsupervised homogeneous domain adaptation

as follows:

Assume that feature spaces Xs, Xt and label sets Ys, Yt satisfy Xs =

Xt, Ys = Yt. Given sets of samples called the labeled source and unlabeled

target samples:

S = {(xis,yis)}nsi=1 ∼ PXsYs i.i.d.

Tu = {xiu}nui=1 ∼ PXt i.i.d.

where PXs 6= PXt. The aim of unsupervised homogeneous domain

adaptation (UHoDA) is to train a classifier g : Xt → Yt such that

g classifies the unlabeled target samples accurately by using labeled and

unlabeled samples.

From above definition, we can see that: 1) Xs = Xt and Ys = Yt,

because our focus is on the homogeneous situation; 2) there are no any

target labels, because we aim to solve the unsupervised situation. When

Yt is continuous random variable, we target on the regression task. If Yt

is discrete random variable, we target on the classification task. In this

thesis, we focus on UHoDA for classification task.

It is clear that without any connection between the source and target

tasks, it is difficult to achieve an effective transfer [93], because we have

not any true labels in target samples. To mitigate this issue and establish

the connection between source and target tasks, Ben-David et al. [17]

proposed the β-close assumption:

Assumption 1 (β-close). The source and target tasks are β-close under

a hypothesis space H and loss `, if the combined error is smaller than

β, i.e., minh∈H
(
Rs(h) +Rt(h)

)
< β, where Rs(h), Rt(h) are the source

and target risks with respect to predictor h and loss `.

To address UHoDA problem under Assumption 1, there are four
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main techniques: instance-based algorithms [54–56, 58–61], distribution-

distance-based algorithms [5, 8, 20, 65, 94], adversarial-based algorithms

[19, 22, 28, 95] and pseudo-labeling-based algorithms [96–98]. In most

practical applications, the above techniques are used in combination

to achieve better performance. We will introduce distribution-distance-

based algorithms, adversarial-based algorithms and pseudo-labeling-based

algorithms in subsections 2.2.1.1, 2.2.1.2 and 2.2.1.3. The instance-based

algorithms are similar to the instance weighting-based algorithms intro-

duced in subsection 2.1.2, hence, we omit it in this section.

2.2.1.1 Distribution-Distance-based Algorithms

2.2.1.1.1 Basic Ideas

1) The original idea of distribution-distance-based algorithms is to reduce

the domain gap by learning new features, i.e., given transformation space

F ⊂ {F : Xt → X}, where X is the latent feature space,

min
F∈F

d(P̂F(Xs), P̂F(Xt)),

where d is the distribution distance, and P̂F(Xs), P̂F(Xt) are the empiri-

cal source and target marginal distributions with new features after the

transformation F.

• Transfer Component Analysis (TCA) [5], as one of the most representa-

tive algorithms, introduces the Maximum Mean Discrepancy (MMD) [62]

to UHoDA, i.e., given matrix W and kernel feature map Φ related to

RKHS H,

min
W

∥∥ 1

ns

ns∑
i=1

WTΦ(xis)−
1

nu

nu∑
j=1

WTΦ(xju)
∥∥2
.

By optimizing the above problem using eigenvalue decomposition al-

gorithms, TCA ensures the discrepancy between source and target do-

mains is closer than before.

Considering the gap between source and target tasks (i.e., PYs|Xs may

be different with PYt|Xt), researchers [65, 96] have extended the original
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idea by considering the class-condition distributions,

min
F∈F

d(P̂F(Xs), P̂F(Xt)) + µ
∑
c∈Yt

d(P̂F(Xs)|Ys=c, P̂F(Xt)|Yt=c),

where P̂F(Xs)|Ys=c, P̂F(Xt)|Yt=c are the empirical source and target class-

condition distributions with new features after the transformation F.

Since we have no true labels for target samples, the target class-condition

distribution P̂F(Xt)|Yt=c is computed by pseudo-labels.

• Joint Distribution Adaptation (JDA) [65] is the first work to introduce

the class-condition distribution alignment technique in UHoDA. Given

matrix W and kernel feature map Φ related to RKHS H,

min
W

∥∥ 1

ns

ns∑
i=1

WTΦ(xis)−
1

nu

nu∑
j=1

WTΦ(xju)
∥∥2

+µ
∑
c∈Y

∥∥ 1

|Sc|
∑
x∈Sc

WTΦ(x)− 1

|Tc|
∑
x∈Tc

WTΦ(x)
∥∥2
,

where Sc is the set of source samples whose true labels are c and Tc is

the set of target whose pseudo labels are c. By optimizing the above

problem using eigenvalue decomposition algorithms, JDA can achieve

better performance than TCA.

2.2.1.1.2 Distribution Distance

To estimate the discrepancy between distributions, several well-known

distribution distances have been proposed.

• H∆H-divergence is first proposed by [53] for proving a learning bound

for homogeneous domain adaptation.

Definition 7 (H∆H-divergence [53]). Let the hypothesis space H be a

set of functions defined in a feature space X , ` be a loss function and

P1, P2 be distributions on space X and h be any element in H . The

H∆H-divergence d`H(P1, P2) between the distributions P1 and P2 over X

is

sup
h,h∗∈H

∣∣∣∣ E
x∼P1

`(h(x),h∗(x))− E
x∼P2

`(h(x),h∗(x))

∣∣∣∣ .
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Few algorithms have used the H∆H-divergence as the distance to

estimate the gap between distributions, due to the difficulty to estimate

the H∆H-divergence by finite samples. To obtain tighter bounds for

domain adaptation, Zhang et al. [99] revised the H∆H-divergence and

proposed the disparity discrepancy:

Definition 8 (Disparity Discrepancy [99]). Let the hypothesis space H

be a set of functions defined in a feature space X , ` be a loss function

and P1, P2 be distributions on space X and h be any element in H . The

disparity discrepancy d`h,H(P1, P2) between the distributions P1 and P2

over X is

sup
h∗∈H

(
E

x∼P1

`(h(x),h∗(x))− E
x∼P2

`(h(x),h∗(x))
)
.

It is obvious that the disparity discrepancy is tighter than the H∆H-

divergence. Furthermore, based on the disparity discrepancy, Zhang et

al. [99] proposed a novel algorithm Margin Disparity Discrepancy (MDD)

to solve UHoDA.

• The other distance is Maximum Mean Discrepancy (MMD).

Definition 9 (MMD [62]). Given a feature space X and a class of func-

tion F ⊂ {f : X → R}, the maximum mean discrepancy between distri-

butions P1 and P2 is

DF(P1, P2) = sup
f∈F

∣∣∣∣ E
x∼P1

f(x)− E
x∼P2

f(x)

∣∣∣∣ .
Gretton et al. [62] proposed the unit ball in a reproducing kernel

Hilbert space (RKHS)Hk [21] (the subscript k represents the reproducing

kernel) as the MMD function class F . As we have introduced before,

TCA [5] and JDA [65] both use the MMD distance to align distributions.

The projected MMD [21, 94, 100] has been proposed to transform

the MMD distance into a proper regularization term. Given a scoring

function h = [h1, ..., h|Yt|] ∈ H, if hc ∈ Hk, c = 1, ..., |Yt|, the projected
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MMD is defined as follows:

Dh(P1, P2) =

∥∥∥∥ E
x∼P1

h(x)− E
x∼P2

h(x)

∥∥∥∥
2

, (2.2.1)

where ‖ · ‖2 is the `2 norm.

Long et al. [6] proposed the Adaptation Regularization Transfer Learn-

ing (ARTL) by using the projected MMD:

min
h∈H

1

ns

ns∑
i=1

`(h(xis),y
i
s) + µ

(
Dh(P̂Xs , P̂Xt) +

∑
c∈Yt

Dh(P̂Xs|Ys=c, P̂Xt|Yt=c)
)
.

Different from general distribution-distance-based algorithms (e.g., TCA,

JDA), ARTL regards the output space R|Yt| as the latent feature space.

• Wasserstein distance is one of the most famous distribution distances.

Given metric ρ over feature space X , the p-Wasserstein distance between

P1 and P2 is defined as follows:

Wp(P1, P2) = inf
µ

( ∫
X×X

ρ(x1,x2)pdµ(x1,x2)
)1/p

,

where µ is the joint distribution over X ×X with P1 and P2 as marginal

distributions. When p = 1 and the metric is the Earth-Mover metric,

then the p-Wasserstein distance can be rewritten as a form of integral

probability metric [20]

W1(P1, P2) = sup
‖f‖L≤1

( ∫
X
f(x)dP1(x)−

∫
X
f(x)dP2(x)

)
,

where ‖f‖L = supx1,x2∈X
(
f(x1)− f(x2)

)
/ρ(x1,x2).

Shen et al. [20] proposed the Wasserstein Distance Guided Repre-

sentation Learning (WDGRL), which minimizes the domain gap by em-

ploying 1-Wasserstein distance in neural networks. Furthermore, Lee et

al. [101] constructed the sliced 1-Wasserstein discrepancy for addressing

UHoDA problem.
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2.2.1.2 Adversarial-based Algorithms

Adversarial-based algorithms aim to utilize the generative adversarial

nets (GAN) [87]. For the adversarial-based algorithms, the pioneer works

are Domain Adversarial Neural Network (DANN) [22], Conditional Do-

main Adversial Networks (CDAN) [19] and Adversarial Discriminative

Domain Adaptation (ADDA) [102].

• As we know, DANN [22] is the first UHoDA algorithm based on GAN.

Given feature transformation F and domain classifier D without 0, 1,

then DANN utilies the GAN technique to distinguish source and target

samples:

max
F

min
D

1

ns

ns∑
i=1

`(D ◦ F(xis), 0) +
1

nu

nu∑
i=1

`(D ◦ F(xiu), 1).

In above minmax problem, the domain classifier aims to distinguish

whether transformed samples F(x) comes from the source domain or

from the target domain, and the feature transformation aims to match

source and target domain for confusing the domain classifier D.

• CDAN [19] develops DANN by introducing the tensor technique in

DANN. Given feature transformation F, domain classifier D without 0, 1

and source and target predictors hs,ht, then CDAN considers following

minmax problem:

max
F

min
D

1

ns

ns∑
i=1

`(D ◦ (F⊗ hs)(xis), 0) +
1

nu

nu∑
i=1

`(D ◦ (F⊗ ht)(xiu), 1),

where ⊗ means tensor. Optimizing above minmax problem, CDAN not

only matches the features, but also matches the source and target pre-

dictors.

2.2.1.3 Pseudo-labeling-based Algorithms

The pseudo-labeling technique is originally proposed for semi-supervised

learning and gains popularity in other learning problems. The pseudo-

labeling techniques, as ancillary and effective techniques, have been used
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widely in UHoDA [6, 65, 96–98]. The basic idea of pseudo-labeling algo-

rithms is to utilize the predicted target labels to help train the target

predictor in the next iteration. JDA, as we known, is the first work to

propose the pseudo-labeling strategy in domain adaptation. Using the

more accurate labels predicted in the last iteration, JDA can alternatingly

improve the labeling quality until convergence. Saito et al. [97] proposed

an asymmetric tri-training algorithm for UHoDA, which assigns pseudo-

labels to unlabeled target samples and trains neural networks as if they

are true labels. Note that CDAN [19] introduced in subsection 2.2.1.2

also utilizes the pseudo-labeling technique, because the target predictor

ht is used during training process.

2.2.2 Unsupervised Open-Set Domain Adaptation

and Open-Set Learning

As one of the main problems in this thesis, we recall the definition (given

in Definition 2) of unsupervised domain adaptation as follows: Assume

that feature spaces Xs, Xt and label sets Ys, Yt satisfy Xs = Xt, Ys ⊂

Yt. Given sets of samples called the labeled source and unlabeled target

samples:

S = {(xis,yis)}nsi=1 ∼ PXsYs i.i.d.

Tu = {xiu}nui=1 ∼ PXt i.i.d.

where PXs 6= PXt. The aim of unsupervised open-set domain adap-

tation (UOSDA) is to train a classifier g : Xt → Yt such that g classifies

1) target samples, whose labels are from Ys, into the correct classes; 2)

target samples, whose labels are from Yt − Ys, as unknown.

From above definition, we can see that: 1) Xs = Xt, because our

focus is on the homogeneous feature spaces; 2) there are no any target

labels, because we aim to solve the unsupervised situation. In addition,

we assume that Ys and Yt are discrete random variables, since we target

on the classification task.
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Similar to UHoDA, without any connection between the source and

target tasks, it is difficult to achieve an effective transfer [93], because

we have not any true labels in target samples. To mitigate this issue and

establish the connection between source and target tasks, Fang et al. [31]

proposed the β-close assumption for UOSDA:

Assumption 2 (β-close). The source and target tasks are β-close under

a hypothesis space H ⊂ {h : X → Yt} and loss function `, if the open-set

combined error is smaller than β, i.e.,

min
h∈H

(
Rs(h) + R∗t (h)

)
< β,

where Rs(h) is the source risk with respect to predictor h and R∗t (h) is

the target risk for known classes, i.e.,

R∗t (h) =

∫
Xt×Ys

`(h(x),y)dPXtYt|Yt∈Ys(x,y).

Unsupervised open-set domain adaptation is deeply related to open-

set learning. In fact, open-set domain adaptation can be regarded as a

combination between open-set learning and unsupervised homogeneous

domain adaptation.

Definition 10 (Open-Set Learning). Assume that feature spaces Xs, Xt
and label sets Ys, Yt satisfy Xs = Xt, Ys ⊂ Yt. Given sets of samples

called the labeled source samples (training samples):

S = {(xis,yis)}nsi=1 ∼ PXsYs i.i.d.

Suppose that the joint distributions PXsYs and PXtYt satisfy that

PXsYs = PXtYt|Yt∈Ys

The aim of open-set learning (OSL) is to train a classifier g over Xt
such that g classifies 1) target samples (test samples), whose labels are

from Ys, into the correct classes; 2) target samples (test samples), whose
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labels are from Yt − Ys, as unknown.

From the definition of OSL, we can discover that OSL also can be

regard as a task in transfer learning, because in open-set learning, Ds 6=

Dt and Ts 6= Tt, but Ds ∼ Dt and Ts ∼ Tt. The main difference between

OSL and UOSDA is that 1) in OSL, we assume that PXsYs = PXtYt|Yt∈Ys ,

but UOSDA does not need the assumption; and 2) in OSL, we have not

any target samples used for training models, however, UOSDA needs

additional target samples during training process.

A common challenge for UOSDA and OSA is to discover the boundary

to distinguish known target samples and unknown target samples (i.e.,

known target samples are target samples, whose labels are from Ys and

unknown target samples are target samples, whose labels are from Yt −

Ys). However, due to the availability of target samples during training

process, the strategies to address these two problems are different.

2.2.2.1 Algorithms for Unsupervised Open-Set Domain Adap-

tation

Here we introduce several representative UOSDA algorithms.

• The open-set domain adaptation problem is proposed by Assign-and-

Transform-Iteratively (ATI) [27]. Using `2 distance between each target

samples and the center of each source class, ATI constructs a constraint

integer programming to recognize unknown target samples, then learns a

linear transformation to match the source samples and predicted known

target samples. However, as the first work of open-set domain adapta-

tion, ATI requires the help of known unknown source samples, which are

unavailable in our setting.

• The first deep learning-based algorithm, Open-Set Back Propagation

(OSBP) is proposed by [28]. OSBP relies on an adversarial neural net-

work and a binary cross entropy loss to learn the probability of the target

samples. It then uses the estimated probability to separate samples of

known and unknown classes in the target.

• Separate to Adapt (STA) [103] is the first algorithm to address UOSDA
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by instance-weighting strategy. STA proposes a coarse-to-fine weighting

mechanism to progressively separate the known target samples and un-

known target samples, and simultaneously re-weight the target samples

using estimated weights during feature matching process.

• Luo et al. [33] proposed Progressive Open-Set Unsupervised Domain

Adaptation (POSUDA). This work is based on a Progressive Graph

Learning (PGL) framework. Considering the shift between conditional

distribution PYs|Xs and PYt|Xt , POSUDA addresses the UOSDA from two

perspectives: sample-level and manifold-level. As we know, POSUDA is

the first work using graph neural networks to address UOSDA.

• Factorized Representations for OSDA (FROSDA) is proposed by Bak-

tashmotlagh et al. [104]. FROSDA is a subspace-based algorithm, which

assumes that the source samples and known target samples can be gen-

erated by a shared subspace, but the unknown target samples are from

a different, private subspace. Hence, FROSDA factorizes samples into

shared subspace and private subspace.

2.2.2.2 Background and Algorithms for Open-Set Learning

Background for Open-Set Learning. Supervised learning has achieved

dramatic successes in many applications such as object detection [105],

speech recognition [106] and natural language processing [107]. These

successes are partly rooted in the closed-set assumption that training

and test samples share the same label space. Under this assumption,

the standard supervised learning is also regarded as closed-set learning

(CSL) [108–110].

However, the closed-set assumption is not realistic during the testing

phase (i.e., there are no labels in the samples), since it is not known

whether the classes of test samples are from the label space of training

samples. Test samples may come from some classes (unknown classes)

that are not necessarily seen during training. These unknown classes can

emerge unexpectedly and drastically weaken the performance of existing

closed-set algorithms [111–113].
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To solve supervised learning without closed-set assumption, [32] pro-

posed a new problem setting, open-set learning (OSL), in which the test

samples can come from any classes, even unknown classes. An open-set

classifier should classify samples from known classes into correct known

classes while recognizing samples from unknown classes into unknown

classes.

Algorithms for Open-Set Learning. Remarkable advances have been

achieved in open-set learning. The key challenge of OSL is to recognize

the unknown test samples accurately. To address this challenge, different

strategies have been proposed.

We can roughly separate OSL algorithms into two different cate-

gories: shadow algorithms (e.g., support vector machine (SVM)) and

deep learning-based algorithms.

• By constructing open-space risk, Scheirer et al. [32] proposed a SVM-

based OSL algorithms. Open-space risk, as one of important indexes to

estimate the classification performance of known classes and unknown

classes, has motivated many OSL algorithms [114,115].

• Jain et al. [116], Rudd et al. [117] proposed OSL algorithms based

on extreme value theory. Extreme value theory is a branch of statistics

analyzing the distribution of samples of abnormally high or low values.

The extreme value theory becomes one of the basic tools in OSL.

Recently, deep-based algorithms have been developed dramatically.

• OpenMax as the first deep-based algorithms is proposed by [114], to

replace SoftMax in deep networks. Later, Ge et al. [115] combined the

generative adversarial networks (GAN) with OpenMax and proposed G-

OpenMax.

• Counterfactual Image Generation is proposed by [118]. It is the first

OSL algorithm to use the data augmentation technique by generating

the unknown classes so that the decision boundaries between unknown

and known samples can be figured out.

• Neal et al. [119] used class conditioned auto-encoders to solve OSL

problem, and modeled reconstruction errors using the extreme value the-
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ory to find the threshold for identifying known/unknown samples.

2.2.3 Semi-supervised Heterogeneous Domain Adap-

tation

As one of the main problems that this thesis aims to address, we recall

the definition (given in Definition 3) of semi-supervised heterogeneous

domain adaptation as follows: Assume that feature spaces Xs, Xt and

label sets Ys, Yt satisfy Xs 6= Xt, Ys = Yt. Given sets of samples called

the labeled source and unlabeled target samples:

S = {(xis,yis)}nsi=1 ∼ PXsYs i.i.d.

Tl = {(xil,yil)}
nl
i=1 ∼ PXtYt i.i.d.

Tu = {xiu}nui=1 ∼ PXt i.i.d.

where nl � nu, nl � ns. The aim of semi-supervised heterogeneous

domain adaptation is to train a classifier g : Xt → Yt such that

g classifies the unlabeled target samples accurately by using labeled and

unlabeled samples.

From above definition, we can see that: 1) Xs 6= Xt, because our focus

is on the heterogeneous feature spaces; 2) there are few target labels,

because we aim to solve the semi-supervised situation. In addition, we

assumes that Ys and Yt are discrete random variables, since we focus on

the classification task.

In SsHeDA field, most existing algorithms align the source and target

samples by constructing effective feature transformations [29]. Seven

representative SsHeDA algorithms are reviewed as follows:

• Manifold Alignment. Domain Adaptation with Manifold Alignment

(DAMA) [120] utilizes the manifold alignment technique [121] to learn

the source and target linear transformations to achieve three goals: 1)

the typologies of domains are preserved; 2) the samples from the same

class are transformed to similar locations; 3) the samples from different

classes are separated from each other. Hence, DAMA aligns the source
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and target domains from the geometric view.

• Feature Augmentation. Sparse Heterogeneous Domain Adaptation

(SHFA) [24] utilizes the augmented feature transformations to align the

source and target domains. Augmented feature transformations are spe-

cial linear projections, which map the source samples and target samples

to a higher dimensional space. By incorporating the original features into

the augmented features, SHFA enhances the similarities between samples

from domains.

• Pseudo-label Strategy. Generalized Joint Distribution Adaptation (G-

JDA) [122] extends the classical UHoDA algorithm JDA [65] to the het-

erogeneous scenarios. G-JDA constructs two feature transformations

to project the source and target samples into a latent space, where

the marginal and class-conditional distributions are matched. Lastly,

Pseudo-label iteration technique is used to update target labels.

• Instance Weighting. Cross Domain Landmarks Selection (CDLS) [30]

does not regard samples as being of equal importance during the domain

matching process. CDLS learns two linear feature transformations and

estimates the weights for the source and target samples at the same

time. To estimate the discrepancy between transformed domains, CDLS

utilizes the MMD [62].

• Covariance Matching. Domain Adaptation by Covariance Matching

(DACoM) [123] learns the source and target subspaces with the following

three aspects: 1) the transformed domains are matched with higher order

moments; 2) the transformed domains preserve latent spectral structures;

3) the transformed domains contain consistent discriminate information.

• Transfer Neural Tree. Transfer Neural Trees (TNT) [124] jointly solves

the source and target feature transformations, domain alignment, and

classification in a neural network-based architecture. The structure con-

sistency between target samples is preserved by introducing an embed-

ding loss in the layer of the target feature transformation.

• Soft-label Iteration. Soft Transfer Network (STN) [23] considers the

soft-label strategy of unlabeled target samples to address the SsHeDA
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problem. STN introduces an adaptive coefficient to gradually increase

the importance of the soft labels, which will become more accurate as

the number of iterations increases.
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Chapter 3

A Manifold-based Algorithm for

Unsupervised Homogeneous

Domain Adaptation

This chapter proposes a manifold-based algorithm to address the unsu-

pervised homogeneous domain adaptation (UHoDA).

3.1 Introduction

A main problem of unsupervised homogeneous domain adaptation lies

in reducing the discrepancy of distributions in two domains [4,5,21]. To

handle distribution changes, many existing unsupervised homogeneous

domain adaptation algorithms search for a new feature space, known as

domain-invariant feature, to make the marginal distributions between

two domains similar while utilizing the source classifier learnt from the

domain-invariant feature to classify the target domain, see Fig. 3.1(b).

However, the domain-invariant feature algorithms have an inherent as-

sumption that the source classifier can be generalized to the target do-

main in the new feature space.

The assumption of domain-invariant feature algorithms is not realistic

in an unsupervised setting (i.e., when there are no labels in the target

domain): it is not known if the source classifier can perform well on the

target domain in the new feature space. Examples have been constructed

by [125] to make the assumption invalid and [125] has shown how, even

in the case of perfectly aligned representations between the source and

target domains, a small error source classifier performs poorly in the
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Figure 3.1: (a) Source domain and target domain are given. (b) The
domain-invariant feature algorithms learn a map to seek a new feature
space where domains are similar and assume the learned small error
source classifier can be generalized to the target domain. (c) The domain-
invariant feature algorithms match the marginal distributions but dis-
crepancy between conditional distributions are enlarged. (d) Our algo-
rithm (MFC) learns the geometric structure among target samples and
source class centers while utilizing the fuzzy c-mean clustering to help
classification rather than seeking an unknown feature space.

target domain.

A main reason for the failure of these algorithms is that, although

the learnt new feature representation can align the marginal distributions

well, the discrepancy between conditional distribution may be enlarged

(Fig. 3.1(c)). To overcome the problem of domain-invariant feature al-

gorithms, many algorithms [94,96] have attempted to match conditional

distributions. However, those techniques still suffer from the same prob-

lem because no any truth target labels can be used. They are restricted

to using only pseudo labels to predict the target conditional distribution.

A simple algorithm of avoiding the problem of the domain-invariant

feature algorithms is to abandon seeking such a feature and turn to mine

the intrinsic transfer information while combining the domain structures,

such as those of manifold and cluster, to learn target classifier. Motivated

by this idea, we design a new UHoDA algorithm, referred to as Manifold
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Fuzzy Clustering (MFC), which primarily integrates manifold learning

[121] and fuzzy clustering [126] to guide the transferring process.

Two observations support our work. To begin with, the concept of

“discrepancy between domains” itself is very fuzzy because using differ-

ent algorithms and aspects to measure the discrepancy between domains

leads to different evaluations and results. Consequently, it is unreason-

able to apply “hard” classification to represent and solve a problem with

fuzzy intrinsic characteristics. Fuzzy theory provides an effective solu-

tion. A second observation is that the visual data used in this work

has both the manifold and the cluster structures [121, 127]. These char-

acteristics will be strengthened through the feature extraction process,

in which the CNN structure could facilitate the representation of both

structures.

Looking more closely, MFC employs the fuzzy c-means clustering

method to cluster the target domain while learning the manifold infor-

mation to extract the underlying structure between domains. To bridge

the source and target domains, the source class centers are applied to

replace the unknown target class centers in clustering process. Finally,

the clustered target samples acquire the membership values to recognize

the importance of every class.

The main characteristics of MFC are:

• MFC explores the intrinsic manifold structure of target samples to

improve the performance of fuzzy c-means clustering, further enhancing

classification accuracy in target domain.

•MFC mainly utilizes fuzzy c-means clustering to classify target sam-

ples. The ablation study has showed the significant and indispensable

role of fuzzy c-means clustering in MFC.

• MFC is easily tuned. There exist only two hyperparameters in the

proposed MFC and experiments show that a wide range of parameter

values can be selected to obtain a satisfactory performance, which is

extremely beneficial for real-world applications.

• MFC only leverages the source class centers, a very robust algo-
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rithm, even when labeled source samples are insufficient. As such, this

algorithm also offers a promising solution to source label insufficiency.

• MFC has been compared with some competitive unsupervised do-

main algorithms on 48 real-world UHoDA tasks and a synthetic data task.

Extensive experiments demonstrate the effectiveness of our algorithm.

3.2 Proposed Algorithm

In this section, we introduce a novel UHoDA algorithm, called Manifold

Fuzzy Clustering (MFC). MFC uses the manifold regularization to learn

the underling information of samples while using fuzzy c-means clustering

[126] to group the target samples. Note that a clustering algorithm could

not provide label information for these clusters. So, we transfer labels of

source centers to the target domain to recognize the clusters and complete

the classification task. We will start with a review of fuzzy c-means

(FCM) [126], before beginning to describe our algorithm by introducing

manifold regularization [121].

3.2.1 Fuzzy c-means Clustering

Fuzzy c-means (FCM) [126] is applicable to a wide variety of data analysis

problems. A basic assumption for FCM is that samples have clustering

structure.

Let {xi}ni=1 ⊂ Rd be samples, where n is the number of samples and d

is the dimension of samples. Suppose {xi}ni=1 are clustered to K clusters,

then the membership matrix U = [uij]K×n is the matrix representation

of the membership values for different clusters and uij satisfies following

conditions:

uij = ui(x
j) ∈ [0, 1],

ΣK
i=1uij = 1,

Σn
j=1uij > 0,

(3.2.1)

where uij represents membership of samples xj belonging to ith cluster.

To compute the matrix for membership values, the FCM algorithm
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minimizes the following optimization problem:

F(U,V) = Σn
j ΣK

i umijdist(xj,vi)2, (3.2.2)

where V = {vi}Ki=1 is cluster centers, m is the weighting exponent, and

dist(·, ·) is the distance function defined in Rd × Rd. From Eq. (3.2.2),

we observe that, if V is fixed, the membership matrix U is intimately

bound up with the geometric distance between {xi}ni=1 and V.

Although the FCM algorithm mainly exploits the geometric distance

between samples X and centers V, it omits the intrinsic geometric struc-

ture among samples. By considering the inner geometric relationship of

samples, we introduce manifold regularization.

3.2.2 Manifold Regularization

In manifold learning, samples have special manifold structure, which will

influence the membership values. To be more specific, if two points x1,x2

are close in the underlying manifold structure, then their membership

values ui(x
1), ui(x

2) should also be similar.

Extracting such geometry-based correlation and integrating it with

membership function learning process could enhance the ability to ex-

plore samples’ intrinsic structures and relations. On this basis, we add a

manifold regularization term to learn the intrinsic geometric information

of samples when learning the membership function.

Before introducing the manifold regularization, we define the pair-

wise affinity matrix as follows:

Wij =

cos(xi,xj), xi ∈ Np(xj) or xj ∈ Np(xi)

0, otherwise
(3.2.3)

where Np(xi) denotes the set of p-nearest neighbors to point xi and p is

a free parameter.

Based on the affinity matrix [Wij], the manifold regularization can

then be formulated as follows:
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M[{xi}ni=1](U) =
K∑
l=1

n∑
i,j=1

(ul(x
i)− ul(xj))2Wij

=
K∑
l=1

n∑
i,j=1

ul(x
i)Nijul(x

j)

= trace(UNUT ),

(3.2.4)

where U is the membership matrix, and N is the Laplacian matrix,

which can be written as D−W, here D is a diagonal matrix and Dii =∑n
j=1 Wij.

3.2.3 Manifold Fuzzy Clustering

Manifold Fuzzy Clustering is proposed by combining FCM and man-

ifold regularization to reflect the membership values of clusters while

containing the samples’ geometric structure. The membership matrix is

reformulated by adding manifold regularization as follows:

U = arg min
U=[uij ]K×nu

L(U,V)

= arg min
U=[uij ]K×nu

M[Tu ∪V](U) + λF(U,V)

= arg min
U=[uij ]K×nu

trace(UNUT ) + λΣn
j ΣK

i umijdist(xj,vi)2,

(3.2.5)

subject to

0 ≤ uij ≤ 1,

ΣK
i=1uij = 1,

where Tu = {xiu}nui=1 are target samples, V are the cluster centers,M[Tu∪

V](U) is defined by Eq. (3.2.4), F(U,V) is defined by Eq. (3.2.2), N is

the Laplacian matrix given in Eq. (3.2.4) and λ ≥ 0 is MFC’s parameter

that impacts the level of fuzziness.

By solving problem (3.2.5), the target samples could be clustered

and we obtain the memberships to each cluster, which determine the

belongings of samples to clusters. But our final classification task is yet

to be completed, since no labels are specified to these clusters under the

problem setting, unsupervised domain adaptation.
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Figure 3.2: Two types of distribution discrepancy between source do-
main and target domain.

So, how to leverage the knowledge of source domain and label the

target clusters becomes the key problem. We propose a center-based

transfer method, which is prompted by two aspects:

1) Distribution discrepancy minimization is the most commonly used

method in transfer learning, but in some scenarios, distribution discrep-

ancy between source and target domains is not a good indicator. For

example, Fig. 3.2 shows two typical scenarios where target and source

domains vary. Comparing the left scenario with the right reveals a larger

magnitude domain shift which maintains linear separability. However,

modelling the domain discrepancy and minimizing it is unsatisfactory

for the right scenario.

2) We apply CNN to extract the features which confirm that the

samples of the same class across domains are sufficiently close and that

different classes have sufficiently large margins. This implies that target

samples are very likely to be classified correctly without minimizing a

distributions gap in two domains. It also provides a promising method

to leverage the discriminative information from the target domain, even

when the target labels are not available.

Inspired by 1) and 2), our method only exploits the class mean to
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Algorithm 1 Manifold Fuzzy Clustering (MFC)

Input: Data S, Tu; parameters λ; #neighbor p.
1. Vs ← S;% Source class centers;
2. Compute distance matrix dist(Tu,Vs)

2;
3. Compute manifold term M[Tu ∪Vs] by Eq. (3.2.4);
4. Compute membership values U by QP solver according to Eq. (3.2.5);
5. V̂t ← Tu,U;% Compute pseudo target class centers by Eq. (3.2.6);
6. Compute distance matrix dist(Tu, V̂t)

2;
7. Compute manifold term M[Tu ∪ V̂t] by Eq. (3.2.4);
8. Compute membership values U by QP solver according to Eq. (3.2.5);

9. Ỹt(j) = arg maxi=1,...,K [u1j, u2j, ..., uKj];% Predict target label for the
samples xju.

Output: Predicted target labels Ỹt; Membership matrix U.

characterize class-level difference and transfer it from source domain to

target domain. Specifically, we replace the target cluster centers with

source cluster centers when solving problem (3.2.5). More importantly,

all source samples are labeled, as this process also labels the clusters in

the target domain with labeled source cluster centers.

Initially we set the labeled source centers as target cluster centers.

Then, the pseudo class centers of target samples can be computed by

the membership matrix in problem (3.2.5). Similar to using FCM, we

compute the pseudo class centers of target samples as follows:

v̂it =
Σnu
j=1u

m
ijx

j
u

Σnu
j=1u

m
ij

, (3.2.6)

where xju ∈ Tu is the target samples and v̂it is the ith pseudo class center

of the target domain.

For the solving of problem (3.2.5), the manifold regularization is a

quadratic equation and the FCM clustering term is an m-order equation,

where m is the weighting exponent of MFC. If we set m = 1, our opti-

mization problem becomes the quadratically constrained quadratic

programming, which can be resolved easily by any QP solver. The log-

ical choice in this chapter is clearly m = 1. The implementation details

of Manifold Fuzzy Clustering are demonstrated in Algorithm 1.
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3.2.4 Influence of Parameter λ

λ is an important parameter in problem (3.2.5) and influences the level of

fuzziness. We note that in FCM, the parameter m impacts on the level

of fuzziness. Following theorem shows that when λ approaches +∞,

our MFC degenerates to a “hard” algorithm. Theorem 1 verifies our

conjecture.

Theorem 1. If V = {vi}Ki=1 are fixed, vi 6= vj, when i 6= j, and

dist(xk,vi) 6= dist(xl,vj), when (k, i) 6= (l, j), then the solution [uij]

of the optimization problem

min
U
L(U,V)

subject to ΣK
i=1uij = 1, 0 ≤ uij ≤ 1;

(3.2.7)

is

lim
λ→+∞

uij =


1, dist(xj,vi) = min

l∈{1,..,K}
dist(xj,vl);

0, otherwise.

(3.2.8)

Proof. Let M be the upper bound of the manifold term M[Tu ∪V](U):

0 ≤M[Tu ∪V](U) ≤M,

for any U satisfies the conditions ΣK
i=1uij = 1, 0 ≤ uij ≤ 1.

If dist(xj,vi) = minl∈{1,..,K} dist(xj,vl), we denote that

δ = min
l 6=i

dist(xj,vl)2 − dist(xj,vi)2.

According to the condition dist(xk,vi) 6= dist(xl,vj), when (k, i) 6= (l, j),

we know that δ > 0.

Given any Ũ = [ũkl], then we define a new membership matrix Û whose

elements ûij = 1, ûlj = 0 (l 6= i) and other elements ûlk = ũlk. Then we
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compute

L(Û,V)− L(Ũ,V)

=M[Tu ∪V](Û)−M[Tu ∪V](Ũ)

+λΣK
l ûljdist(xj,vl)2 − λΣK

l ũljdist(xj,vl)2

≤M − λδ(1− ũij).

(3.2.9)

Now let Ũ = [ũkl] be the optimizer for (3.2.7) with parameter λ. Ac-

cording to inequality (3.2.9), we note that 0 ≤ L(Û,V) − L(Ũ,V) ≤

M − λδ(1− ũij). Hence,

ũij ≥ 1− M

λδ
, (3.2.10)

which implies that:

1 ≥ lim
λ→+∞

ũij ≥ lim
λ→+∞

1− M

λδ
= 1. (3.2.11)

Combining the condition ΣK
l=1ũlj = 1, we obtain the result we want to

prove.

Theorem 1 implies that, with a larger λ, the “harder” our fuzzy model

is. It also indicates that the manifold factor may contribute to the fuzzi-

ness of the constructed model. So, we design experiments in Section 3.3

to validate this.

3.3 Experimental Results

This section presents quantitative and qualitative results of the proposed

MCF. We begin by conducting experiments on a synthetic dataset to

demonstrate the critical problem suffered by the domain-invariant feature

algorithms and to indicate how our MFC algorithm works. Five real-

world datasets are used to verify the effectiveness of MFC by comparing

it with existing UHoDA algorithms. Further experiments are designed

to analyze the parameters in MFC algorithm.
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3.3.1 Baseline Algorithms

Several classical algorithms are used as baselines, the basic ideas of these

algorithms are shown as follows.

No Adaptation

• 1NN. 1-nearest neighbor, which is implemented without transfer learn-

ing.

Geodesic Flow Kernel Algorithm

• GFK [66], which connects two domains with geodesic curves on a Grass-

mann manifold.

Correlation Alignment Algorithm

• CORAL [68], which performs second-order subspace alignment.

Domain-invariant Feature Algorithms

• TCA [5], which seeks linear subspace and uses MMD [62] to match

distributions.

• DANN [22], a deep algorithm which uses adversarial neural networks

to learn the domain-invariant feature.

• DAN [8], which is a deep algorithm that learns the domain-invariant

feature by MK-MMD.

Domain-invariant Feature Algorithms with Conditional Distri-

bution Matching

• JDA [65], which jointly matches the marginal distributions and condi-

tional distributions.

• JGSA [35], which not only considers the distribution discrepancy but

also matches the geometric shift.

We use the parameters recommended by the original papers for all

the baselines.

3.3.2 Synthetic Data

A dataset is synthesized to demonstrate the one issue that the domain-

invariant feature algorithms cannot avoid and to illustrate how MFC

overcome this obstacle.
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Figure 3.3: Comparisons of baselines and the proposed MFC algorithm
on the synthetic samples

Fig. 3.3 shows the synthesized datasets and the corresponding trans-

fer learning results of different algorithms on this dataset. The first two

figures illustrate synthesized source sample. Source domain and target

domain are shown in Fig. 3(a) and Fig. 3(b). Target domain is a two-

moons dataset, as shown in Fig. 3(a). This dataset includes two classes,

each containing 1000 samples. Source domain is constructed by rotating

and translating the target domain sample, as shown in Fig. 3(b). Since

the synthetic samples are generated randomly, we conduct our experi-

ments 1000 times and report the mean accuracy and standard deviation

in Table 3.1.

From the figures for TCA, JDA, and JGSA, we can see that the dis-

crepancy between marginal distributions is reduced (in that the center

of sample is aligned). Although target class 1 and source class 1 are

aligned well, target class 2 and source class 1 are mixed, which implies

that the discrepancy of conditional distributions between domains is en-

larged. Therefore, it is impossible for algorithms TCA, JDA and JGSA

to classify the target class 2 well.

The results in Table 3.1 also verify our analysis, where the perfor-

mance of MFC is superior to the other six algorithms. There are three

reasons for the superiority of the MFC algorithm: 1) MFC exploits the
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Table 3.1: Accuracy (%) on Synthetic datasets.

Algorithms 1NN GFK CORAL TCA JDA JGSA MFC
Avg 51.2 68.3 52.9 52.1 53.0 43.6 89.0
Sd 0.36 2.00 0.95 0.61 1.03 18.58 1.43

geometric structure of target sample. By learning the manifold term,

MFC can use the similarity of sample to make sure that if two sample

x1,x2 are close in the intrinsic geometry, then the membership values

ui(x1) and ui(x2) are similar; 2) the FCM term helps MFC to learn re-

lationship between the source and the target domains so that MFC can

exploit the labeled source sample to classify the target sample; 3) with-

out trying to seek the domain-invariant feature, the divergence between

conditional distributions is preserved.

3.3.3 Real World Datasets

We evaluate our algorithm on five famous UHoDA datasets: Office-

31 [128], Office-Home [129] , Office-Caltech [128,130], Image-CLEF

DA [47] and Amazon Review [131]. Table 3.2 lists statistics of these

datasets.

Table 3.2: Introduction of datasets.

Dataset #data #Feature #Class Domain
Office 1,410 4,096 10 A,W,D
Caltech 1,123 4,096 10 C
Office-31 4,110 4,096 31 A,W,D
Image-CLEF DA 1,800 2,048 12 C,I,P
Amazon Review 7,996 400 2 B,E,D,K
Office-Home 15,500 2,048 65 Ar,Cl,Pr,Rw

Office+Caltech10 consists of 2,533 images in 10 categories, form-

ing four domains: AMAZON (A), WEBCAM (W), DSLR (D), and

CALTECH (C). By considering one as source domain and one as target

domain, twelve transfer learning tasks can be constructed: A → D, A

→ W, D → A,..., W → C. We use features extracted from datasets in

DeCAF6.

Office-31 has 4,652 images with 31 common categories, and consists
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of three real-world object domains: AMAZON (A), DSLR (D) and WE-

BCAM (W). Similarly, six transfer learning tasks are implemented: A

→ D, A → W, D → A, W → A, D → W, W → D. Following the

standard protocol and for a fair comparison with the other algorithms,

we extracted feature vectors from ResNet-50.

ImageCLEF-DA is a benchmark dataset for ImageCLEF 2014 trans-

fer learning challenge, which aims to classify 12 categories shared in three

datasets: Caltech-256 (C), ImageNet ILSVRC 2012 (I), and PascalVOC

2012 (P). By considering each as a domain, we build six transfer tasks:

C → I, C → P, I → P, I → C, P → I, P → C. Following the stan-

dard protocol and for a fair comparison with the other algorithms, we

extracted feature vectors from ResNet-50.

Amazon Review is a cross-domain sentiment analysis dataset that

contains positive and negative reviews of four kinds of products: Kitchen

appliance (K), DVDs (D), Electronics (E), and Books (B). We use all

domain combinations and build twelve transfer tasks: K → D, K →

E,..., B → D, B → E, B → K.

Office-Home consists of 4 different domains: Artistic (Ar), Clipart

(Cl), Product (Pr) and Real-World (Rw). Each domain contains images

from 65 object classes. We constructed 12 transfer learning tasks: Ar→

Cl, Ar→ Pr,..., Rw→ Ar. Following the standard protocol and for fair

comparison with the other algorithms, we also extracted feature vectors

from ResNet-50.

3.3.4 Hyper-parameter Settings

Before reporting the detailed evaluation results, it is important to explain

how MFC hyper-parameters are tuned. There are two hyper-parameters

for MFC: 1) the number of neighbours p; 2) λ. Empirically, we set p = 10.

And for λ, we need to interpret how to further tune λ. When λ becomes

smaller, the manifold term becomes more important. This means more

geometric information of target samples could be extracted. When λ

becomes larger, MCF is more similar to FCM, allowing more information
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between target samples and the cluster centers V to be learned.

We designed experiments that choose the parameter λ from 0, 0.01, 0.05,

0.1, 0.5, 1, 5, 10, and the results verified that fixed λ could obtain promis-

ing results on different tasks. Empirically, we set the parameter λ to be

set at 10 for tasks Office+Caltech10, Office-Home, Amazon Review,

and be set to 1 for tasks ImageCLEF-DA and Office-31. Further, we

provide parameter sensitivity analysis for λ and p, which will verify that

MFC can achieve stable performance for a wide range of hyper-parameter

settings.

3.3.5 Experimental Results

The classification accuracy of our proposed MFC algorithm and other

compared algorithms on five datasets are shown on Tables 3.3-3.7. From

observing and analyzing the results in these tables, we could summarize

the following conclusions.

1) The performance of unsupervised transfer learning algorithms is al-

ways better than the algorithms without adaptation, 1NN and ResNet50.

This is because samples at the source and the target are from different

domains.

2) MFC algorithm achieves much better performance than the base-

line algorithms on most (32 out of 48) tasks. The average classification

accuracy of MFC on five datasets is 80.3%, showing a performance im-

provement of 3.7% when compared with the best baseline JGSA.

3) We report results of Office+Caltech10, Office-31 and Office-

Home in Tables 3.3-3.5. We observe that MFC outperforms all compar-

ison algorithms on most tasks. Specifically, large margins are obtained

on the tasks A → C (2.8%), D → C (2.0%) and W → C (2.8%)

on Office+Caltech10, tasks A → D (3.9%) and W → A (1.4%) on

Office-31 and almost all tasks (avg 4.0%) on Office-Home, when com-

paring MFC with other domain-invariant feature algorithms. The reason

for this is that those tasks all have relatively large domain discrepancies

and imbalanced domain scales.
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4) On ImageCLEF-DA and Amazon Revoew datasets, MFC ex-

ceeds baseline algorithms on most tasks. MFC is superior than other

algorithms averagely by 0.9% and 3.5% on ImageCLEF-DA and Ama-

zon Revoew respectively. Note that the reason for the minor boost

for ImageCLEF-DA datasets is that its distribution discrepancy for

ImageCLEF-DA datasets is small.

In conclusion, the performance of algorithms TCA, JDA, JGSA, DANN

and DAN are generally worse than that of MFC. These results verify that,

although those compared algorithms could reduce the marginal distribu-

tion gap between domains in the latent space, the difference between

conditional distributions of two domains is increased. This may create a

classifier learned from source samples that cannot be used to predict tar-

get samples. Note that, although JDA and JGSA try to match the con-

ditional distribution, they still suffer the same issue of domain-invariant

feature algorithms because the use of pseudo labels might misdirect this

process. MFC could avoid this issue by sufficiently exploiting the geo-

metric information between domains and applying the FCM technique

instead of seeking an unknown space that contains much uncertainty.

3.3.6 Parameter Analysis

We analyze the sensitivity of two important parameters in MFC, λ and

p, in this section. Our first step is to generate experiments designed to

validate the premise that a wide range of parameter values can be chosen

to obtain satisfactory performance on different types of datasets. Next,

the variants of MFC are evaluated by preforming an ablation study. Our

final step is to investigate how the level of fuzziness is influenced by

parameter λ.

Parameter Sensitivity. The values of λ and p vary across a large range,

and four experiments, A → D (Office+Caltech10), A → D (Office-

31), P → C (ImageCLEF-DA) and B → E (Amazon Review), are

used for illustration in Figs. 3.4 and 3.5. The solid line is the accuracy of

MFC using different parameters, and the dashed line indicates the results
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Figure 3.4: Parameter λ study of MFC

obtained by the best baseline algorithm on each dataset.

λ is the trade-off parameter to evaluate the importance of the man-

ifold term and FCM. If λ → +∞, the fuzzy structure between target

samples and the source centers is learned. If λ→ 0, the geometric infor-

mation among target samples is extracted. Fig. 3.4 shows that λ can be

selected from [1, 10].

p is the other critical parameter, representing the number of Nearest

Neighbors for calculating the affinity matrix. We run MFC with varying

values of p. If p→ +∞ and two samples which are not at all similar are

connected. If p → 0, limited similarity information between samples is

captured. For optimum working, p should not be too large or too small.

Fig. 3.5 shows that p can be selected from [2, 32].

Ablation Study. We go deeper into the efficacy of our algorithm by

performing an ablation study that evaluates variants of MFC. λ = 0 and

λ = +∞ are two extreme cases, indicating that MFC only considers the

manifold term and MFC degenerates a special case of FCM respectively.

We conduct experiments on datasets Office+Caltech10 and Amazon

Review with various values of λ ∈ {0, 10,+∞}, and results are shown

in Table 3.8.
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Figure 3.5: Parameter p study of MFC

For dataset Office+Caltech10, experiments show that the perfor-

mance of λ = 0 is slightly better (0.3%) than the performance of λ = 10.

Plus, the performance of λ = 0 or 10 is much better than the performance

of λ = +∞ (4.3%. 4.0%). However, for dataset Amazon Review, the

performance of λ = 0 is very poor (52.3%), while λ = +∞ and λ = 10

show solid and similar achievements (79.8%). Integrating the results

mentioned above, we obtain the following outcomes:

a) For different datasets, the variation between the performances of

λ = 0 and λ = +∞ may be large. That is determined by the structure of

datasets. If the target domain has a manifold structure, the performance

of λ = 0 may be better than that of λ = +∞. If the cluster centers of the

target domain is close to those of the source domain, the performance of

λ = +∞ may be better than that of λ = 0.

b) Our experiments also show that when λ = 10, we can obtain a good

performance. Combining with parameter sensitivity, λ can be selected

from [1, 10].

In general, the manifold term and fuzzy term are both important and

necessary for our algorithm MFC.

Fuzzifier. To investigate the influence of parameter λ to the level
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Figure 3.6: Analysis for the level of fuzziness.

of fuzziness, we analyze empirically the level of fuzziness by varying

the value of λ based on the following index: F = c
n
[
∑n

j=1

∑c
i=1(uij −

1)2
1uij>0.5 +

∑n
j=1

∑c
i=1(uij)

2
1uij≤0.5].

Remark 3. For the obtained membership vector for each samples, we

compare the greatest membership value with 1 and others with 0. F is

the average of the comparison of all data. The smaller the value of F

is, the harder the fuzziness becomes. When F = 0, the membership value

uij = 0 or 1 and vice versa.

We conduct the experiments on datasets Office+Caltech10, Im-

ageCLEF-DA and Amazon Review, and report F for different λ, see

Fig. 3.6, from which we observe that λ deeply influences the level of

fuzziness. In general, as λ increases, the value of F decreases. When λ is

larger than 1000, F becomes 0, which implies that MFC becomes a hard

model. We also note that when the λ = 0, the value of F reaches its

largest value. This implies that the manifold regularization is the crucial

term to provide fuzzy information.
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Figure 3.7: Accuracy and standard deviation on different data propor-
tions.

3.3.7 Insufficient Source Samples

There is another advantage in our MFC algorithm in that only source

centers are used, encouraging us to propose that MFC may provide a

solution in the case of insufficient source samples. In transfer learning,

there is an assumption that the source domain always has enough labeled

samples. Existing transfer learning algorithms rely heavily on this as-

sumption, especially the domain-invariant feature algorithms which need

to train discriminate source classifiers. However, in real-world applica-

tions, it is not easy to find a suitable and label sufficient source domain

for a given target domain. Again, our algorithm provides a promising

solution to such source label insufficiency cases, and the application of

transfer learning will be greatly expanded.

To verify the robustness of our algorithm MFC with a different num-

ber of source samples, we conduct experiments on three different Ama-

zon Review, Office+Caltech10 and ImageCLEF-DA datasets with

varying numbers of labeled source samples. Labeled source samples are

selected randomly according to sample proportions varing from 0.1 to

0.9.
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To show that MFC is robust to a change in the number of the labeled

source samples, we use the same parameters for all proportion values.

Given the limited space here, we only report the average accuracy and

standard deviation in Fig. 3.7. The dash line is the performance of the

best baseline algorithm with all source samples.

On datasets Office+Caltech10, when the data proposition is from

[0.1, 0.5], the performance is much worse than the baseline. This is be-

cause the source data scale for the datasets is very small. When we

randomly select these based on a small data proposition, it is possible

that the selected source samples cannot cover all classes, which leads to

the failure of MFC to recognize samples from missing classes. In ad-

dition, we note that the performance dramatically increases and draws

level with the baseline as the data proposition increases. When the data

proposition is larger than 0.5, the performance is better than the baseline.

On datasets ImageCLEF-DA, when the data proposition is 0.1,

the mean performance is slightly poorer than the baseline with a large

standard deviation. As we increase the data proposition, the perfor-

mance dramatically improves and the standard deviation dramatically

decreases. When the data proposition is larger than 0.2, MFC per-

forms steadily with small standard deviations and achieves better out-

comes than the baseline algorithm. The performance of MFC on datasets

Amazon Review is stable, especially when the data proposition is larger

than 0.3, and the standard deviations are very small, corresponding to

all data propositions.

In general, MFC on ImageCLEF-DA and Amazon Review can

achieve a robust performance even when the data propositions are smaller

than 0.5. MFC on datasets Office+Caltech10 can achieve good results

with small standard deviations when the data proposition is larger than

0.5. Therefore, we conclude that our algorithm MFC may achieve sat-

isfactory performance compared with the best baseline algorithm which

uses all source samples, even when the data proposition is 0.5.
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3.4 Summary

This work develops a Manifold Fuzzy Clustering algorithm, which inte-

grates manifold structure to fuzzy clustering and transfers the class-level

information between source and target domains. The manifold learning

could explore the intrinsic geometric structure of domains, which supple-

ments the FCM algorithm by providing the ability to discover relations

among samples. Additionally, high level information of domains is trans-

ferred instead of specific data level information, such as distribution gap

minimization. The proposed algorithm is evaluated and compared with

some competitive unsupervised homogeneous domain adaptation algo-

rithms on 48 real-world UHoDA tasks and a synthetic dataset. The

experimental results demonstrate that our algorithm outperforms oth-

ers in most of these datasets. To strengthen our work, experiments are

designed to analyze the parameters in model and verify our algorithm’s

robustness.
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Chapter 4

Source Domain Reconstruction for

Unsupervised Homogeneous

Domain Adaptation

This chapter discusses how to construct a new source domain using the

original source domain and target domain to achieve better transfer per-

formance.

4.1 Introduction

The successes of UHoDA derive in large part from the availability of the

high-quality source domain [132–134]. Hence, it is crucial to select a

suitable source domain for a given target domain. To solve the source

domain selection problem, two important settings have been considered.

The first setting is called Source Domain Selection (SDS) [132,135,136],

which aims to select the most suitable source domain from given multi-

ple candidate source domains. The second setting is called Multi-source

Domain Adaptation (MsDA) [137–142], which aims to utilize the given

multiple candidate source domains to improve transfer performance in-

stead of recognizing the most suitable source domain.

No matter the SDS problem or the MsDA problem, they both have

an implicit assumption that the multiple transferable source domains

are available. However, in real world application, collecting multiple

transferable source domains are very expensive and prohibitive, especially

when the budget is limited [143,144]. Even if we have collected multiple

source domains, the computing complexity and computing time of SDS or
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Source Domain

Target Domain

Intermediate Source Domains

Figure 4.1: To connect source domain and target domain, we construct
a source domain sequence, where domains varies continuously. Then, we
select an intermediate source domain as the reconstructed source domain.

MsDA algorithm may be very high, because we need to process massive

labeled samples from multiple domains. This circumstance may hinder

the promotion of SDS, MsDA and UHoDA to more areas.

To mitigate the problems mentioned above, we propose a novel prob-

lem setting: Source Domain Reconstruction (SDR), which aims to con-

struct the pseudo source domain by the existing source domain and tar-

get domain. Compared to the original source domain, we hope that the

generated source domain i) has a stronger transfer ability corresponding

to the given target domain, ii) can replace the original source domain

to build more accurate target classifier and iii) can also be used as the

candidate source domain in the SDS and MsDA problems.

To explore the feasibility of SDR, we study it from a theoretical per-

spective. Based on the discovery that SDR algorithm is a functional

of UHoDA algorithms, we establish a strictly mathematical definition

for SDR. Further, we discuss a problem that whether there exists a

SDR algorithm can work for all effective UHoDA algorithms. To an-

swer this problem, we prove a corresponding “No Free Lunch Theorem”

for SDR [57], which provides a negative answer. This implies that we

may only construct SDR algorithm for some special UHoDA algorithm

spaces.
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To further study those special UHoDA algorithm spaces, we develop

a novel concept named as unsaturated algorithm space. Based on the

novel concept, we prove an interesting and important theorem by Axiom

of Choice, i.e., the necessary and sufficient condition for the existence of a

SDR algorithm corresponding to an algorithm space is that the algorithm

space is unsaturated. With this result, we establish a solid theoretical

guarantee for SDR, providing a positive answer for the feasibility of SDR.

Following our theoretical analysis, we design a novel SDR algorithm

for a specific UHoDA algorithm space consisting of nine famous UHoDA

algorithms. The presented SDR algorithm is referred to as Domain

MixUp (DMU), which aims to construct a source domain sequence (see

Fig. 4.1) with index varying from 0 to 1. When the index is 0, the domain

is the original source domain. When the index is 1, the domain mainly

contains the information related to the target domain. Lastly, we select

an intermediate domain as the reconstructed source domain. Note that

we describe our algorithm using the word “MixUp”, since DMU mainly

utilizes the basic idea from MixUp technique [145].

To validate the efficacy of the DMU algorithm over selected UHoDA

algorithm space, we conduct extensive experiments on several standard

benchmark datasets containing 66 transfer tasks. Extensive experiments

have shown that DMU does construct a new source domain with stronger

transfer ability. Furthermore, due to the nature of SDR algorithm, we

can use reconstructed source domain with the target domain and selected

UHoDA algorithm to train a more accurate target classifier. Hence, com-

bining with DMU algorithm, we have strengthened nine UHoDA algo-

rithms from the selected algorithm space.

The contributions of this chapter are summarized as follows.

• We propose a new UHoDA problem: Source Domain Reconstruc-

tion, which can not only construct new source domain, but also enhance

the performance for existing UHoDA algorithms by the reconstructed

source domain.

• We have provided a strictly mathematical definition for source do-
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main reconstruction. The feasibility analysis for source domain recon-

struction has also been studied from the theoretical perspective.

• We develop a source domain reconstruction algorithm, Domain

MixUp (DMU). The algorithm is simple, which can be implemented

easily and enables us to construct a new source domain with stronger

transfer ability corresponding to a give target domain.

• We have conducted 66 transfer learning tasks for evaluating DMU.

Extensive experiments demonstrate that DMU does solve the source do-

main reconstruction problem for selected UHoDA algorithms.

4.2 Problem Setting and Theoretical Anal-

ysis

In this section, we elaborate the source domain reconstruction problem,

then we discuss the problem from a theoretically perspective.

4.2.1 Problem Setting

The main aim of unsupervised homogeneous domain adaptation is to

build an algorithm which generates target classifier by labeled source

samples and unlabeled target samples:

Definition 11 (Unsupervised Homogeneous Domain Adaptation (UHoDA)

Algorithm). Given any labeled source samples S = {(xis, yis)}nsi=1 and unla-

beled target samples Tu = {xit}nti=1 defined in Definition 1, an unsupervised

domain adaptation algorithm is

A : {X × Y}ns ×X nt → YX

S × Tu → A(S, Tu).
(4.2.1)

We define A as the unsupervised domain adaptation algorithm space,

which is a subspace of the space containing all unsupervised domain adap-

tation algorithms.
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Note that in this chapter, we use y to present the label, but not

one-hot vector y. The effectiveness of UHoDA heavily depends on the

quality of source domain. Instead of extracting knowledge from multiple

sources, which is the key technique for multi-source domain adaptation

and domain selection, we define a source domain reconstruction algo-

rithm, which could effectively utilize the current single source domain to

enhance transferring performance.

Generally, source domain reconstruction algorithm A′ is a functional

on source samples S and target samples Tu: A′(S, Tu) ∈ {X×Y}n
′
s , where

n′s is the size of constructed source samples. The output of reconstruction

algorithm is a reconstructed source domain. A crucial problem is how to

estimate the transfer ability for reconstructed source domain. A feasible

method is to utilize UHoDA algorithm A: we say the new source domain

A′(S, Tu) has a stronger transfer ability than S corresponding to a given

target domain Tu, if

εt(A(A′(S, Tu), Tu)) < εt(A(S, Tu)), (4.2.2)

where εt is the target error.

However, this method has a serious defect that one can easily con-

struct different UHoDA algorithms A1 and A2 such that

εt(A1(A′(S, Tu), Tu)) < εt(A1(S, Tu)),

εt(A2(A′(S, Tu), Tu)) > εt(A2(S, Tu)).
(4.2.3)

From the perspective of A1, new source domain has a stronger transfer

ability, but original source samples S is better from the view of A2.

Hence, it is hard to determine which source samples is better.

To overcome the problem, we also require the source domain recon-

struction algorithm A′ is a functional on UHoDA algorithms: A′(S, Tu, A) ∈

{X × Y}n′s . In this case, the conflict in (4.2.3) can be mitigated. That

is because that A′(S, Tu, A1) may be different with A′(S, Tu, A2), if A1 6=

A2.
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Utilizing above discussion, we propose the definition of source domain

reconstruction algorithm as follows:

Definition 12 (Source Domain Reconstruction (SDR)). Given labeled

source samples S = {(xis, yis)}nsi=1 and unlabeled target samples Tu =

{xit}nti=1 and any unsupervised domain adaptation algorithm A ∈ A, an al-

gorithm called source domain reconstruction algorithm A′ is a functional

A′(S, Tu, A) ∈ {X × Y}n′s, such that

εt(A(A′(S, Tu, A), Tu)) < εt(A(S, Tu)),

and

A′(∅, Tu, A) = ∅,

where εt is the target error and n′s is the size of constructed source do-

main.

4.2.2 Proposed Theoretical Problems

Here, to study the feasibility of the SDR, we list three main problems.

Problem 1. For all unsupervised domain adaptation algorithms A ∈ A,

is there a source domain reconstruction algorithm A′ ?

Problem 2. Given an unsupervised domain adaptation algorithm A, if

A has a corresponding source domain reconstruction algorithm A′, con-

sider the following unsupervised domain adaptation algorithm sequence

{Ai}+∞
i=0 :

Ai(S, Tu) = Ai−1(A′(S, Tu, Ai−1), Tu) and A0 = A.

is it possible, for any i < j, i, j ∈ Z+ such that

εt(Ai(S, Tu)) < εt(Aj(S, Tu)) ?

Problem 3. What are the necessary and sufficient conditions that the
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unsupervised domain adaptation algorithm space A has a corresponding

source domain reconstruction algorithm A′?

The first and third problems mainly argue the existence of source

domain reconstruction algorithm for a given algorithm space A. The

second problem mainly discusses the limitation of the source domain re-

construction algorithm. If the problem 2 can be proven, one may achieve

a better performance by iterating continuously.

It is clear that the problem 1 is impossible to be achieved. One can

construct the unsupervised cluster algorithm A, which satisfiesA(S ′, Tu) =

A(∅, Tu), for any source domain S ′. In this scenario, we have

εt(A(A′(S, Tu, A), Tu)) = εt(A(S, Tu)) = εt(A(∅, Tu)).

Above example tells us that the algorithm space A should be limited

in a suitable range. We mainly focus on those algorithms satisfying the

negative transfer condition [146]:

εt(A(S, Tu)) > εt(A(∅, Tu)). (4.2.4)

Hence, we revise the problem 1 as follows:

Assume A collects all unsupervised domain adaptation algorithms

satisfying the negative transfer condition (4.2.4), is there a source domain

reconstruction algorithm A′ ?

4.2.3 Theoretical Analysis for SDR

By constructing a counterexample, Theorem 2 provides a negative answer

for revised problem 1:

Theorem 2 (No Free Lunch Theorem for SDR). Given a source do-

main S, a target domain Tu and the algorithm space A containing all

unsupervised domain adaptation algorithms satisfying the negative trans-

fer condition (4.2.4), there is no source domain reconstruction algorithm
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A′ such that

εt(A(A′(S, Tu, A), Tu)) < εt(A(S, Tu)),

for all A ∈ A.

Proof. We assume there is a source domain reconstruction algorithm A′

such that

εt(A(A′(S, Tu, A), Tu)) < εt(A(S, Tu)),

for all A ∈ A.

We need to select a special algorithm A from A. We set the output

of A belonging to a finite hypothesis space H [57] (one can construct

such algorithm A easily). Using A, we construct unsupervised domain

adaptation algorithm sequence {Ai}+∞
i=0 as follows:

Ai(S, Tu) = Ai−1(A′(S, Tu, Ai−1), Tu) (4.2.5)

and A0 = A. Hence,

εt(Ai(S, Tu)) < εt(Aj(S, Tu)), any j < i. (4.2.6)

It is clear that Ai ∈ A and the output of Ai belonging toH. Note that the

spaceH is finite, thus, there exists k1, k2 satisfying k1 6= k2, |k1−k2| ≤ |H|

such that

Ak1(S, Tu) = Ak2(S, Tu), (4.2.7)

implying that

εt(Ak1(S, Tu)) = εt(Ak2(S, Tu)),

which is conflict with Eq. (4.2.6).

This theorem states that there does not exist a SDR algorithm A′ for

all unsupervised domain adaptation algorithms satisfying the negative

transfer condition (4.2.6). Note that the proof process of Theorem 2

implies the answer of problem 2. In Theorem 2, we have constructed

unsupervised domain adaptation algorithm sequence {Ai}+∞
i=0 and shown
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that there exist different indexes k1, k2 such that

εt(Ak1(S, Tu)) = εt(Ak2(S, Tu)). (4.2.8)

Though a counterexample has been constructed to deny the prob-

lem 2, we are still curious whether there exists example satisfying the

requirement of problem 2? Following example provides us a scenarios.

Example 1. We set the source marginal distribution be the uniform dis-

tribution in interval (0.5, 1.5) and the label is 1 if samples is in (0.5, 1.0),

the the label is 0 if sample is in [1.0, 1.5). We set the target marginal

distribution be the uniform distribution in (0, 2.0) and the label is 1 if

sample is in (0, 1.0), the the label is 0 if samples is in [1.0, 2.0). We

also define the hypothesis space H is {1} ∪ {hx : x ∈ (0.5, 1.5)}, where

hx(z) = 1 if z < x; otherwise hx(z) = 0. Hence we define the unsuper-

vised domain adaptation algorithm A as follows:

A(S, Tu) = hx ∈ H, (4.2.9)

where x = min{(z,y)∈S} z. And A(∅, Tu) = 1.

We construct the source domain reconstruction algorithm A′(S, Tu, A) as

follows:

{(x, y) : x = z + 0.5(1.0− z)1z<1.0, for (z, y) ∈ S}, (4.2.10)

and A′(∅, Tu, A) = ∅, where 1z<1.0 is the indicator function over {z <

1.0}. We can easily prove that for any i < j, i, j ∈ Z+ such that

εt(Ai(S, Tu)) < εt(Aj(S, Tu)),

and

lim
i→+∞

εt(Ai(S, Tu)) = 0.

To address problem 3, we define several novel concepts.
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Definition 13. An algorithm A is unsaturated for samples S and Tu, if

there exists samples S ′ such that εt(A(S ′, Tu)) < εt(A(S, Tu)).

Definition 14. An algorithm space A is unsaturated for samples S and

Tu, if for any A ∈ A, A is unsaturated for samples S and Tu.

Then, the following theorem tells us that for unsaturated algorithm

space A, there exists a source domain reconstruction algorithm.

Theorem 3. Given an algorithm space A, there is a source domain

reconstruction algorithm A′ for A if and only if A is unsaturated.

Proof. First, we prove that if A is unsaturated, then there is a source

domain reconstruction algorithm A′ for A.

For any A ∈ A,

S(A) = {S ′ : εt(A(S ′, Tu)) < εt(A(S, Tu))}.

Because A is unsaturated, it is clear that S(A) 6= ∅. By the Axiom of

Choice, there exists a functional

f : A → ∪A∈AS(A)

such that f(A) ∈ S(A). Then, we set

A′(S, Tu, A) = f(A).

Second, we proof that if there is a source domain reconstruction al-

gorithm A′ for A, then A is unsaturated.

For any A ∈ A, we set S ′ = A′(S, Tu, A). Then, it is clear that

εt(A(S ′, Tu)) < εt(A(S, Tu)). Hence, A is unsaturated, which implies

that A is unsaturated.

Theorem 3 provides a necessary and sufficient condition for the exis-

tence of a source domain reconstruction algorithm A′ corresponding to

an algorithm space A. The theorem provides a positive answer for prob-

lem 3. Note that we only consider a pair (S , Tu). Given an algorithm
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space A and a set of samples {(S i, T iu )}i∈I , where I is an index set, is

there a domain reconstruction algorithm A′ such that for any A ∈ A and

any (S i, T iu ), i ∈ I,

εt(A(A′(S i, T iu , A), T iu )) < εt(A(S i, T iu )) ?

To address above problem, we extend definitions 13 and 14 to a gen-

eral version.

Definition 15. An algorithm A is unsaturated for {(S i, T iu )}i∈I, if for

any i ∈ I, there exists samples S̃ i such that εt(A(S̃ i, T iu )) < εt(A(S i, T iu )).

Definition 16. An algorithm space A is unsaturated for {(S i, T iu )}i∈I,

if for any A ∈ A, A is unsaturated for {(S i, T iu )}i∈I.

Theorem 4. Given an algorithm space A and a set of samples {(S i, T iu )}i∈I,

there is a source domain reconstruction algorithm A′ for A over {(S i, T iu )}i∈I
if and only if A is unsaturated for {(S i, T iu )}i∈I.

Proof. The Axiom of Choice is the main lemma to complete the proof.

We omit the proof because the proof of Theorem 4 is similar to the proof

of Theorem 3.

Summarizing the discussions about problem 1, problem 2 and prob-

lem 3, we have the following results:

1. Not any algorithm space A has a source domain reconstruction algo-

rithm A′;

2. It is impossible for all algorithms to satisfy the requirement of problem

2;

3. An example has shown that there exists algorithm A and correspond-

ing algorithm A′ satisfying the requirement of problem 2.

4. The necessary and sufficient condition for the existence of a SDR

algorithm corresponding to an algorithm space A is that the algorithm

space A is unsaturated.
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4.2.4 Selected Algorithm Spaces

Here we mainly focus on the following problem: given famous unsuper-

vised domain adaptation algorithms, is there a source domain reconstruc-

tion algorithm A′?

In this chapter, we only consider shallow unsupervised domain adap-

tation algorithms. Most of the existing UHoDA algorithms for classifi-

cation tasks satisfy the negative transfer condition [146], and we select

nine algorithms with more than 50 citation each to form our UHoDA al-

gorithm space. The nine UHoDA algorithms are summarized as follows:

No Transfer

• 1NN. 1-nearest neighbor, which is implemented without transfer learn-

ing.

• PCA+1NN.

Subspace Transfer

• GFK [66], which connects two domains with geodesic curves on a Grass-

mann manifold.

• CORAL+1NN [68], which performs second-order subspace alignment.

Domain Invariant Feature

• TCA [5], which seeks linear subspace and uses MMD [62] to match

distributions.

• JDA [65], which jointly mathches the marginal distributions and con-

ditional distributions.

• JGSA [35], which not only considers the distribution discrepancy but

also matches the geometric shift.

Geometric Transfer

• EasyTL [147], which is able to learn both non-parametric transfer fea-

tures and classifiers by exploiting intra-domain structures.

Adaptation Based Transfer

•MEDA [96], which performs dynamic distribution alignment by consid-

ering the different importance of marginal and conditional distributions.
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4.3 Proposed Algorithm

The basic motivation is from continuous method used in partial differ-

ential equation. Assume we have a source domain sequence {Sα}α∈[0,1].

When α = 0, S0 = S and when α = 1, S1 mainly contains the informa-

tion related to the target samples Tu. Then, we can use an intermediate

domain Sα0 as reconstructed source domain to train the target classifier.

There are many different strategies to construct the domain sequence.

In our proposed method, a feasible strategy is adopted to extend the

MixUp technique [145] to domain adaptation scenarios.

4.3.1 MixUp in Domain Adaptation

MixUp is proposed by Zhang et al. [145] and can be understood as a form

of data augmentation encouraging the classifier h to behave linearly in-

between training samples. Given samples {(xi, yi)}ni=1, MixUp generates

new samples as follows:

x̃ = αxi + (1− α)xj,

ỹ = αyi + (1− α)yj,
(4.3.1)

where (xi, yi) and (xj, yj) are two different samples drawn at random

from training samples and α ∈ [0, 1].

Observing Eq. (4.3.1), two conditions are required:

1. all samples should have labels;

2. the implementing algorithm can use soft labels as input.

The two conditions are the main obstacles for us to use MixUp in

unsupervised domain adaptation scenarios. Because 1) target samples

have not any labels, thus, we cannot use the target samples to generate

labeled samples by MixUp. However, generated source samples Sα should

contain target information. 2) Not all unsupervised domain adaptation

can use the soft labels as input, such as JDA and JGSA.

To solve the first obstacle, target pseudo labels generated by UHoDA
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Algorithm 2 Domain MixUp

Input: Data S, Tu; UHoDA algorithm A; parameters α0, T
1. t← 0 and S0 ← S
While t < T 2. Estimate classifier h← A(Stα0/T , Tu);
3. Predict pseudo class centers {(cyt , y)}Ky=1

4. Construct S(t+1)α0/T by {(cyt , y)}Ky=1, Eq. (4.3.2) with α = (t+1)α0/T
5. t← t+ 1
Output: Classifier A(Sα0 , Tu).

algorithm A(S, Tu) may be an allowed strategy. However, when the

pseudo labels are not accurate, there exist bias for the generated sam-

ples leading to a poor performance. According to [148], the pseudo class

centers are more robust and may maintain stably, even if the pseudo

labels are not accurate. Hence, we use the pseudo target class centers

{(cyt , y)}Ky=1 and source samples {(xis, yis)}nsi=1 as the training samples in

MixUp process.

To solve the second obstacle, we simply use the samples from same

class to implement MixUp. We can construct source samples as follows:

xiα = αxis + (1− α)ctyis ,

yiα = αyis + (1− α)yis = yis.
(4.3.2)

Hence, ns samples {(xiα, yiα)}nsi=1 are generated. Note that when α = 0,

the constructed source domain is S and when α = 1, the constructed

source domain is {(cyt , y)}Ky=1, which mainly contains the target informa-

tion.

4.3.2 Intermediate Domains

We construct the source domain sequence based on the above Mixup

technique. We select a parameter α0 (0 < α0 < 1) to fix the intermediate

domain Sα0 used to train transfer classifier and set T as the number of

intermediate domains to connect S0 and Sα0 .

Given the t < T , we assume that Stα0/T as the generated source

domain. Then we introduce how to utilize Stα0/T and UHoDA algorithm

A to construct S(t+1)α0/T . We use A(Stα0/T , Tu) to estimate the pseudo

labels Y , then use Y to predict the pseudo class centers {(cyt , y)}Ky=1.
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Lastly, we use Eq. (4.3.2) with α = (t + 1)α0/T to generate the source

domain S(t+1)α0/T . Finally, we use A(Sα0 , Tu) as the final classifier.

Algorithm 2 provides a complete summary of DMU.

4.4 Experiments

The proposed algorithm is tested on several datasets and nine shallow

UHoDA algorithms to verify the effectiveness of the proposed Domain

MixUp algorithm (DMU).

Table 4.1: Introduction of datasets.

Dataset Feature #Sample #Feature #Class Domain
Office-31 DeCAF6 4,110 4,096 31 A,W,D
Office-31 ResNet50 4,110 4,096 31 A,W,D
Offie-Home ResNet50 15,500 4,096 65 Ar,Cl,Pr,Rw
ImageCLEF-DA ResNet50 1,800 2,048 12 C,I,P
Office+Caltech256 SURF 2,533 2,048 10 A,W,D,C
Office+Caltech256 DeCAF6 2,533 2,048 10 A,W,D,C
Amazon Review SURF 7,996 400 2 B,E,D,K

4.4.1 Datasets

We evaluate our algorithm on following UHoDA datasets: Office-31

(ResNet50) [128], Office-31 (DeCAF6) [128], Offie-Home (ResNet50)

[129], ImageCLEF-DA (ResNet50) [47], Office+Caltech10 (SURF)

[149], Office+Caltech256 (DeCAF6) [130,149], and Amazon Review

[131]. Table 4.1 lists statistics of these datasets.

Office-31 has 4,652 images with 31 common categories, and con-

sists of three real-world object domains: AMAZON (A), DSLR (D) and

WEBCAM (W). Similarly, six transfer learning tasks are implemented:

A → D, A → W, D → A, W → A, D → W, W → D. Following

the standard protocol, we extracted feature vectors from ResNet50 and

DeCAF6.

ImageCLEF-DA is a benchmark dataset for ImageCLEF 2014 trans-

fer learning challenge, which aims to classify 12 categories shared in three
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datasets: Caltech-256 (C), ImageNet ILSVRC 2012 (I), and PascalVOC

2012 (P). By considering each as a domain, we build six transfer tasks:

C → I, C → P, I → P, I → C, P → I, P → C. Following the standard

protocol, we extracted feature vectors from ResNet50.

Office+Caltech256 consists of 2, 533 images in 10 categories (8 to

151 images per category per domain), forming four domains: AMAZON

(A) (images from amazon.com), WEBCAM (W) (low-resolution images

captured by webcams), DSLR (D) (high-resolution images captured by a

digital SLR camera), and CALTECH (C) (images from the Caltech-256

dataset). Twelve transfer learning tasks are implemented: A → D, A

→ W, A → C, ..., W → C. Following the standard protocol and for

a fair comparison with the other algorithms, two types of features are

used: SURF and Decaf6.

Office-Home consists of 4 different domains: Artistic (Ar), Clipart

(Cl), Product (Pr) and Real-World (Rw). Each domain contains images

from 65 object classes. We constructed 12 transfer learning tasks: Ar→

Cl, Ar → Pr,..., Rw → Ar. Following the standard protocol and for

fair comparison with the other methods, we also extracted feature vectors

from ResNet50.

Amazon Review is a cross-domain sentiment analysis dataset that

contains positive and negative reviews of four kinds of products: Kitchen

appliance (K), DVDs (D), Electronics (E), and Books (B). We use all

domain combinations and build twelve transfer tasks: K → D, K →

E,..., B → D, B → E, B → K.

4.4.2 Experimental Setup

Before reporting the detailed evaluation results, it is important to explain

how to tune hyper-parameters for DMU and selected UHoDA algorithms.

• DMU. DMU has two parameters T and ρ0. For all tasks, we set T = 10.

Next, we discuss how to select ρ0. First, ρ0 should not be too small,

because if ρ0 is too small, few target information is contained by Sρ0 .

Second, ρ0 should not be too large, because if ρ0 is too large, few source
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information is contained by Sρ0 , thus if the pseudo class centers {cyt , y}Ky=1

are not accurate, we may obtain a poor transfer performance. Hence, we

select ρ = 0.6 for all tasks.

• 1NN, CORAL and EasyTL. The three algorithms are parameter free.

• PCA+1NN. Let the reduced dimension for PCA be 100 for all tasks.

• GFK [66]. GFK dimension d is the unique parameter for GFK. We set

d = 20 for all tasks.

• TCA [5]. There are at least three parameters: the kernel function, the

TCA dimension d and the regularization parameter λ. We set the linear

kernel as the kernel function, d = 100 and λ = 1 for all tasks.

• JDA [65]. There are at least three parameters: the kernel function,

the JDA dimension d and the regularization parameter λ. We set the

gaussian kernel with kernel radius 1 as the kernel function, d = 100 and

λ = 1 for all tasks.

• JGSA [35]. There are at least four parameters: the kernel function, the

JGSA dimension d, subspace divergence parameter λ, the target variance

parameter µ and the source discrimination parameter β. We set the

gaussian kernel with kernel radius 2 as the kernel function, d = 30,

λ = 1, µ = 1 and β = 0.1 for all tasks.

• MEDA [147]. There are at least four parameters: the distribution

alignment parameter λ, the manifold regularization parameter ρ, the

number of neighbours p and regularization parameter η. We set λ = 1,

ρ = 1, p = 10 and η = 0.1.

Note that JDA, JGSA and MEDA are iterative algorithms. For the

baseline, we implement JDA, JGSA and MEDA with 10 iterations. For

JDA+DMU, JGSA+DMU and MEDA+DMU, we set the number of it-

erations as 1 for JDA, JGSA and MEDA. That is because DMU itself is

an iterative algorithm, and it is unnecessary to implement JDA, JGSA

and MEDA iteratively within every iteration of DMU. In addition, JDA,

JGSA and MEDA needs the pseudo labels within every iteration. For

the first iteration, we use the pseudo labels predicted by 1NN. Later, we

use the pseudo labels predicted by last iteration.
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For fair comparison, the algorithm parameters are set with the same

values for all tasks. Hence, the performance for some tasks may be not

same with the performance reported by original papers.

4.4.3 Experimental Results

The classification accuracy for all tasks is shown in Tables 4.2-4.8. In

these tables, the accuracy in brackets is the performance without using

DMU, the green arrow means that the performance with using DMU

is better than the performance without using DMU and the red arrow

means that the performance with using DMU is worse than the perfor-

mance without using DMU. From observing and analyzing the results in

these tables, we could summarize the following results.

• 1NN, PCA+1NN and CORAL+1NN.

The performance of 1NN+DMU, PCA+1NN+DMU, CORAL+1NN+

DMU is much better than 1NN, PCA+1NN and CORAL+1NN in most

tasks (65/66, 65/66, 65/66), respectively. There is only one task (W→D

in Office+Caltech256 DeCAF6) that the performance (100.0%) of 1NN+

DMU, PCA+1NN+DMU and CORAL+1NN+DMU is equal to that

(100.0%) of 1NN, PCA+1NN and CORAL+1NN. Compared to 1NN,

PCA+1NN and CORAL+1NN, the Avgrage performance improvements

are 7.4%, 5.9% and 6.7%, which shows DMU does construct more suit-

able source domain for algorithms 1NN, PCA+1NN and CORAL+1NN.

• TCA.

TCA+DMU has achieved better performance than TCA in most tasks

(60/66). There are four tasks (A→C, W→C in Office+Caltech256

SURF and D→W, W→D in Office31 ResNet50) that the performance

(40.2%, 30.6%, 94.8%, 98.2%) of TCA+DMU is worse than that (40.6%,

31.3%, 96.6%, 99.4%) of TCA. TCA+DMU has achieved the Average

performance improvement about 4.7%.

• EasyTL.

EasyTL+DMU has achieved better performance than EasyTL in most

tasks (62/66). There are three tasks (E→K in Amazon Review, C→A,
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A→C in Office+Caltech256 SURF) that the performance (84.0%,

50.0%, 39.0%) of EasyTL+DMU is worse than that (84.6%, 50.1%, 43.0%)

of EasyTL. DMU helps EasyTL to improve the Average performance

about 3.7%.

• GFK.

GFK+DMU has achieved better performance than EasyTL in most

tasks (63/66). There are three transfer tasks (D→W, W→D in Of-

fice31 ResNet50 and W→D in Office31 DeCAF6) that the performance

(95.0%, 97.8%, 95.8%) of GFK+DMU is worse than that (95.6%, 99.6%,

96.0%) of GFK. DMU does help GFK to improve the Average perfor-

mance about 7.8%.

• JDA.

Compared to JDA, JDA+DMU improves the performance in 53 tasks.

There are 10 tasks that JDA+DMU has worse performance than JDA.

DMU can help JDA to improve about 2.9% mean accuracy.

• JGSA.

Compared to JGSA, JGSA+DMU achieves better performance in 55

tasks. There are 8 tasks that JGSA+DMU has worse performance than

JGSA. JGSA+DMU has achieved about 2.5% mean improvement.

• MEDA.

MEDA+DMU achieves better performance in 55 tasks than MEDA.

There are 9 tasks that MEDA+DMU has worse performance than MEDA.

DMU can help MEDA to improve about 1.3% mean accuracy.

According to above observations, we summarize the following conclu-

sions:

1. DMU does help selected algorithms to improve the performance in

most tasks and improve the mean performance at least 1.3% (at most

7.8%). Hence, we have empirically proven that for selected algorithms,

there exists at least a source domain reconstruction algorithm in most

transfer learning tasks.

2. We discover that a better algorithm may have a lower performance

improvement. For example, MEDA as the best algorithm in selected al-
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gorithms, has been improved 1.3% mean performance by DMU. However,

1NN has been improved 7.4% mean performance by DMU.

3. Every UHoDA algorithm uses the same parameters for all tasks for

fair comparison. Hence, it is possible that the performances of some

algorithms reported in this chapter are poorer than the performance

reported in original paper, where the parameters are finely tuned for

different datasets to get the best performance. Nevertheless, DMU still

could help those algorithms to achieve better performance than their best

performance reported in original papers. For examples, the mean per-

formance of MEDA+DMU for all tasks is 76.0%, and the used MEDA

have not been finely tuned and are the same for all datasets. However,

the mean performance of MEDA reported in [150] for all tasks is 75.2%

that is lower than our method. Hence, DMU not only improves the

performance, but also improves the parameter robustness for selected

algorithms.

4.4.4 Parameter Sensitivity

These studies are conducted on different types of datasets and UHoDA

algorithms to demonstrate that a wide range of parameter values can be

chosen to obtain satisfactory performance. We evaluate DMU’s parame-

ters ρ0 and T , reporting the results on different algorithms (1NN, GFK,

EasyTL, JGSA and MEDA) and different transfer learning tasks: Ama-

zon Review (B→K), ImageClef-DA (P→C), Office-Home (Ar→Pr)

and Office31 ResNet50 (A→D). The dashed line denotes the results of

the selected algorithms with each task.

Parameter ρ0. The parameter ρ0 is the index of intermediate domain

Sρ0 . We run DMU with varying values of ρ0. Fig. 4.2 plots the classi-

fication accuracy w.r.t. to different values of ρ0 from [0.1, 1]. From Fig.

4.2, we can see that: 1) When ρ0 = 0.1, the performance is worst for

most tasks (18/20). 2) After the increasing of the ρ0 from 0.1 to 1, the

performance gradually increases for most tasks (16/20). 3) DMU can

help selected algorithms to improve accuracy for all ρ0 ∈ [0.1, 1].
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Parameter T . T is the number of intermediate domains to connect

S0 and Sρ0 . In these experiments, we run DMU with varying values of T

from 1 to 20. Larger values of T implies more intermediate domains are

designed for constructing Sρ0 . From Fig. 4.3, we can see that: 1) DMU

helps selected algorithms to achieve steady and consistently good perfor-

mance when ρ ∈ [9, 20]. 2) For different algorithms, the behaviours of

accuracy on changing T are different. For example, on task Office-Home

(Ar→Pr), the performance of algorithms 1NN+DMU, GFK+DMU and

EasyTL+DMU gradually increase from 1 to 13 and slightly decrease

when T varies from [14, 20]. However, for all T from [2, 20], JGSA+DMU

and MEDA+DMU can achieve a steady performance with small fluctu-

ations. Overall, DMU can help selected algorithms to improve accuracy

for all T ∈ [9, 20].

4.5 Summary

This chapter presents a new problem setting for the domain adaptation

field, called source domain reconstruction (SDR), which constructs a new

source domain by the given source domain, target domain and UHoDA

algorithm. To explore the feasibility of SDR, we analyze it theoretically.

Further, we propose a novel Domain MixUp algorithm with utilizing

MixUp technique. Nine famous UHoDA algorithms are selected to eval-

uate the ability of SDR algorithm in reconstructing source sequence and

enhance the effectiveness of unsupervised homogeneous domain adapta-

tion. Experiments conducted on 66 transfer tasks and nine UHoDA algo-

rithms confirm that DMU solves the SDR problem on selected UHoDA

algorithms.
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Figure 4.2: Parameter analysis for proposed algorithm DMU on ρ0.
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Figure 4.3: The parameter analysis for proposed algorithm DMU on T .
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Chapter 5

Unsupervised Open-Set Domain

Adaptation: Theory and Algorithm

This chapter proposes a theoretical foundation for open-set domain adap-

tation and uses the theoretical observation to address the UOSDA prob-

lem.

The material of this chapter is based on the publication:

Zhen Fang, Jie Lu, Feng Liu, Junyu Xuan, and Guangquan Zhang,

Open Set Domain Adaptation Theoretical Bound and Algorithm, IEEE

Transactionson Neural Networks and Learning Systems (TNNLS), 2020.

5.1 Introduction

The aim of unsupervised homogeneous domain adaptation (UHoDA) is

to minimize the discrepancy between the distributions of two domains.

Existing works on UHoDA mainly focus on domain-invariant features,

where the marginal distributions or conditional distributions from the

two domains are similar [5, 65, 94]. There is an implicit assumption in

most existing UHoDA algorithms [15,151–154] that the source and target

domains share the same label set. Under this assumption, UHoDA is also

regarded as unsupervised closed-set domain adaptation (UCSDA) [27].

However, this assumption in UCSDA algorithms is not realistic in an

unsupervised setting (i.e., there are no labels in the target domain), since

it is not known whether the classes of target samples are from the label

set of the source domain. It may be that the target domain contains

additional classes (unknown classes) that do not exist in the label set
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of the source domain [28]. For example, in the Syn2Real task [155],

there may be more classes for the real-world objects in the target domain

than the synthetic objects contained in the source domain. Therefore, if

existing UCSDA algorithms are used to solve the UDA problem without

the assumption in UCSDA, the potential mismatches between unknown

and known classes would likely result in negative transfer [156] (see Fig.

5.1(b)).

To address UDA problem without the assumption, Busto et al. [27]

and Saito et al. [28] recently proposed a new problem setting, unsu-

pervised open-set domain adaptation (UOSDA), in which the unlabeled

target domain contains unknown classes that do not belong to the label

set of the source domain (see Fig. 1). There are two key challenges [28] in

addressing the UOSDA problem. The first challenge is that there is not

enough knowledge in the target domain to classify the unknown samples.

So how should these samples be labeled? The solution is to mine deeper

information in the target domain to delineate a boundary between the

known and unknown classes. The second challenge in UOSDA is the

difference in distributions. The unknown target samples should not be

matched when the overall distribution is matched, otherwise negative

transfer may occur.

Several algorithms have been proposed to solve the UOSDA prob-

lem [27, 28, 157–159]. The first proposed UOSDA algorithm is Assign-

and-Transform-Iteratively (ATI) [27], which recognizes unknown target

samples using constraint integer programming. It then learns a linear

map to match the source domain with the target domain by excluding

the predicted unknown target samples. However, ATI carries the as-

sumption that the source domain contains unknown classes that are not

in the target domain. Hence, the first proposed deep UOSDA algorithm,

Open-Set Back Propagation (OSBP) [28] is developed to address the

UOSDA problem without this assumption. It rejects unknown samples

by training a binary cross entropy loss.

Although ATI and OSBP are designed to solve the UOSDA problem,
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Before  Adaptation After UCSDA Methods Aim of UOSDA

Negative Transfer

Source Target for known Target for unknown 

(a)                                           (b)                                      (c)

Figure 5.1: Aim of UOSDA. (a) The original source and target samples
are given. (b) UCSDA algorithm matches the source and target samples,
leading to negative transfer. Because the unknown target samples inter-
fere with distribution matching. (c) UOSDA algorithm classifies known
target samples into the correct known classes and recognizes the unknown
target samples as unknown.

neither is based on a theoretical analysis of UOSDA. Moreover, no work

has yet given a learning bound for open-set domain adaptation prob-

lems. To fill this gap, this chapter presents a theoretical exploration of

UOSDA. In studying the risk of the target classifier on unknown classes,

we discovered the risk is closely related to a special term called open-set

difference which can be estimated from the unlabeled samples. Minimiz-

ing the open-set difference helps us to classify unknown target samples,

addressing the first challenge.

Following our theory, we design a principle-guided UOSDA algorithm

referred to as Distribution Alignment with Open Difference (DAOD).

This algorithm can accurately classify unknown target samples while

minimizing the discrepancy between the two domains for known classes.

DAOD learns the target classifier by simultaneously optimizing the struc-

tural risk function [160], the joint distribution alignment, the manifold

regularization [121], and open-set difference. The reason DAOD is able

to avoid negative transfer lies in its ability to minimize the open-set

difference, which enables the unknown target samples to be classified
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accurately as unknown. By excluding these recognized unknown target

samples, the source and target domains can be precisely aligned, address-

ing the second challenge.

As mentioned, there is no theoretical work in the literature for open-

set domain adaptation. The closest theoretical work is by Ben-David et

al. [17], who gives VC-dimension-based generalization bounds. Unfortu-

nately, this work has several restrictions: 1) the theoretical analysis only

covers closed-settings; and 2) the work only solves binary classification

tasks, rather than the multi-class problems common to open settings. A

significant contribution of this chapter is that the theoretical work gives

a learning bound for open-set domain adaptation.

The contributions of this chapter are summarized as follows:

• We provide the theoretical bound for open-set domain adaptation.

The closed-set domain adaptation theory [17] is a special case of our

theoretical results. To the best of our knowledge, this is the first work

on open-set domain adaptation theory.

• We develop an unsupervised novel open-set domain adaptation al-

gorithm, Distribution Alignment with Open Difference (DAOD), which

is based on the open-set learning bound proposed. The algorithm enables

the unknown target samples to be separated from samples using open-set

difference.

• We conduct 38 real-world UOSDA tasks (including 20 face recog-

nition tasks and 18 object recognition tasks) for evaluating DAOD and

existing UOSDA algorithms. Extensive experiments demonstrate that

DAOD outperforms the UOSDA algorithms ATI and OSBP.

5.2 Theoretical Analysis

In this section, the definition of unsupervised open-set domain adaptation

is recalled. Then, necessary concepts are introduced. Lastly, theoretical

analysis is presented.
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5.2.1 Problem Setting and Necessary Concepts

Assume that feature spaces Xs, Xt and label sets Ys, Yt satisfy Xs = Xt,

Ys ⊂ Yt. Given sets of samples called the labeled source and unlabeled

target samples:

S = {(xis,yis)}nsi=1 ∼ PXsYs i.i.d.

Tu = {xiu}nui=1 ∼ PXt i.i.d.

where PXs 6= PXt . The aim of unsupervised open-set domain adap-

tation (UOSDA) is to train a classifier g : Xt → Yt such that g classifies

1) target samples, whose labels are from Ys, into the correct classes; 2)

target samples, whose labels are from Yt − Ys, as unknown.

For simplicity, we assume that the feature space is X (X = Xs = Xt).

In addition, the UOSDA algorithm only needs to classify unknown sam-

ples as unknown and classify known target samples into the correct known

classes. Classifying unknown target samples into correct unknown classes

is not necessary. Hence, we consider all unknown target samples are al-

located to one big unknown class. For the sake of simplicity, we assume

that Ys = {yc}Kc=1, Yt = {yc}K+1
c=1 , where the label yK+1 represents the

unknown target classes and the label yc ∈ RK+1 is a one-hot vector,

whose c-th coordinate is 1 and other coordinates are 0. The label yc

represents the c-th class.

5.2.2 Concepts and Notations

Before introducing our main results, we need to introduce the following

necessary concepts and notations in this field. Unless otherwise specified,

all the following notations are used consistently throughout the chapter

without further explanations.

5.2.2.1 Notations for distributions

For the sake of simplicity, PXs|yc and PXt|yc represent the conditional

distributions for the c-th class PXs|Ys=yc and PXt|Yt=yc , while πct represents
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the target class-prior probability for c-th class PYt=yc . Hence, πK+1
t =

PYt=yK+1
is the class-prior probability for the unknown target classes.

Lastly, PXt|Ys represents the target conditional distribution for the

known classes PXt|Yt∈Ys , which can be evaluated by

PXtYt∈Ys
PYt∈Ys

=

∑K
c=1 PXt|Yt=ycπ

c
t

1− πK+1
t

.

The notation P̂ denotes the corresponding empirical distribution to any

distribution P . For example, P̂XsYs represents the empirical distribution

corresponding to PXsYs .

5.2.2.2 Risks and Partial Risks

Risks and partial risks are two important concepts in learning theory,

which are briefly explained in the following and later used in our theo-

rems.

Following the notations in [99], we consider a multi-class classification

task with a hypothesis space H of the scoring functions

h : X → R|Yt| = RK+1

x→ [h1(x), ..., hK+1(x)]T ,
(5.2.1)

where the output hc(x) indicates the confidence in the prediction of the

label yc. Let ` : RK+1×RK+1 → R+ be a symmetric loss function. Then

the risks of h ∈ H w.r.t. ` under PXsYs and PXtYt are given by

Rs(h) = E
(x,y)∼PXsYs

`(h(x),y) = E `(h(Xs), Ys)),

Rt(h) = E
(x,y)∼PXtYt

`(h(x),y) = E `(h(Xt), Yt)).
(5.2.2)

The partial risk of h ∈ H for the known target classes is

R∗t (h) =
1

1− πK+1
t

∫
X×Ys

`(h(x),y)dPXtYt(x,y) (5.2.3)
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and the partial risk of h ∈ H for the unknown target classes is

RK+1
t (h) = E

x∼PXt|yK+1

`(h(x),yK+1)

=

∫
X
`(h(x),yK+1)dPXt|yK+1

(x).

(5.2.4)

According to Eq. (5.2.2), Eq. (5.2.3) and Eq. (5.2.4), we have

Rt(h) = πK+1
t RK+1

t (h) + (1− πK+1
t )R∗t (h). (5.2.5)

Lastly, we denote

Ru,K+1
s (h) = E

x∼PXs
`(h(x),yK+1) = E `(h(Xs),yK+1),

Ru,K+1
t (h) = E

x∼PXt
`(h(x),yK+1) = E `(h(Xt),yK+1)

(5.2.6)

as the risks that the samples are regarded as the unknown classes.

Given a risk R(h), it is convenient to use notation R̂(h) as the empir-

ical risk that corresponds to R(h). Hence, notations R̂s(h), R̂u,K+1
s (h)

and R̂u,K+1
t (h) represent the empirical risks corresponding to the risks

Rs(h), Ru,K+1
s (h) and Ru,K+1

t (h), respectively.

5.2.2.3 Main Theoretical Result and Open-Set Difference

Before introducing the main theorem, we firstly define open-set differ-

ence, one of the main contributions of this work.

Definition 17 (Open-Set Difference). Given risks Ru,K+1
s (h), Ru,K+1

t (h)

defined in (5.2.6), the open-set difference is

∆o =
Ru,K+1
t (h)

1− πK+1
t

−Ru,K+1
s (h),

where πK+1
t is the class-prior probability for the unknown target classes.

The following theorem provides an open-set domain adaptation bound

according to discrepancy distance and open-set difference.
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Theorem 5. Given a symmetric loss function ` satisfying triangle in-

equality and a hypothesis H with a mild condition that the constant vector

value function g = yK+1 ∈ H, then for any h ∈ H, we have

Rt(h)

1− πK+1
t

≤
Source Risk︷ ︸︸ ︷
Rs(h) +2

H∆H-divergence︷ ︸︸ ︷
d`H(PXt|Ys , PXs) + Λ

+
Ru,K+1
t (h)

1− πK+1
t

−Ru,K+1
s (h)︸ ︷︷ ︸

Open-Set Difference ∆o

,

where Rs(h) and Rt(h) are the risks defined in Eq. (5.2.2), Ru,K+1
s (h)

and Ru,K+1
t (h) are the risks defined in Eq. (5.2.6), R∗t (h) is the partial

risk defined in Eq. (5.2.3), and Λ = min
h∈H

(
Rs(h) + R∗t (h)

)
.

Proof. Here we provide a proof sketch. Detailed proof is given in Ap-

pendix B.1. According to Eq. (5.2.5), we have

Rt(h)

1− πK+1
t

−Rs(h)

=R∗t (h)−Rs(h) +
πK+1
t

1− πK+1
t

RK+1
t (h).

(5.2.7)

Then, we can check that

R∗t (h)−Rs(h) ≤ Λ + d`H(PXt|Ys , PXs), (5.2.8)

πK+1
t

1− πK+1
t

RK+1
t (h) ≤ d`H(PXt|Ys , PXs) + ∆o. (5.2.9)

Combining Eq. (5.2.8), inequality (5.2.9) with inequality (5.2.7), we have

Rt(h)

1− πK+1
t

≤ Rs(h) + 2d`H(PXt|Ys , PXs) + Λ + ∆o.

Remark 4. The condition yK+1 ∈ H can be replaced by a weaker condi-

tion that there exists a sequence {hi}+∞
i=1 such that hi converges uniformly

to yK+1. Note that the hypothesis space H used in our algorithm satisfies
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the weaker condition automatically, thus, the condition yK+1 ∈ H can be

removed when we use the hypothesis space H applied in our algorithm.

The open-set difference ∆o is the crucial term to bound the risk of h

on unknown target classes, since

RK+1
t (h) ≤ 1− πK+1

t

πK+1
t

(
∆o + d`H(PXt|Ys , PXs)

)
. (5.2.10)

The risk of h on unknown target classes is intimately linked to the open-

set difference ∆o:

∣∣πK+1
t RK+1

t (h)− (1− πK+1
t )∆o

∣∣ ≤ d`H(PXt|Ys , PXs).

When πK+1
t = 0, Theorem 5 degenerates into the closed-set scenario with

this theoretical bound [17]

Rt(h) ≤ Rs(h) + 3d`H(PXt , PXs) + Λ.

This is because when πK+1
t = 0, the open-set difference is

∆o ≤ d`H(PXt|Ys , PXs) = d`H(PXt , PXs).

The significance of Theorem 5 is twofold. First, it highlights that the

open-set difference ∆o is the main term for controlling performance in

open-set domain adaptation. Second, the bound shows a direct connec-

tion with the closed-set domain adaptation theory.

In addition, the open-set difference ∆o consists of two parts: a pos-

itive term Ru,K+1
t (h) and a negative term Ru,K+1

s (h). A larger positive

term implies more target samples are classified as unknown samples. The

negative term is used to prevent the source samples from being classified

as unknown. According to inequality (5.2.10), the negative term and the

distance discrepancy jointly prevent all target samples from being rec-

ognized as unknown classes. In addition, Corollary 5.1 also tells us that

the positive term and the negative term can be estimated from unlabeled

samples. Using Natarajan Dimension Theory [161] to bound the source
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risk Rs(h), risks Ru,K+1
t (h) and Ru,K+1

s (h) by empirical estimates R̂s(h),

R̂u,K+1
t (h) and R̂u,K+1

s (h) respectively, we have the following result.

Corollary 5.1. Given a symmetric loss function ` satisfying the triangle

inequality and bounded by B, and a hypothesis H ⊂ {h : X → Yt} with

conditions: 1) the constant vector value function g = yK+1 ∈ H, 2) the

Natarajan dimension of H is d, if a random labeled samples of size ns is

generated by source joint distribution PXsYs-i.i.d. and a random unlabeled

samples of size nu is generated by target marginal distribution PXt-i.i.d.,

then for any h ∈ H and δ ∈ (0, 1) with probability at least 1 − 4δ > 0,

we have

| Rt(h)

1− πK+1
t

− R̂s(h)| ≤ 2d`H(PXt|Ys , PXs) + ∆̂o + Λ

+ 4B

√
8d log ns + 16d log(K + 1) + 2 log 2/δ

ns

+ 2B

√
8d log nu + 16d log(K + 1) + 2 log 2/δ

(1− πK+1
t )

2
nu

,

where X is the feature space, Yt is the target label space, R̂s(h) is the

empirical source risk, Rt(h) is the target risk, Λ = min
h∈H

Rs(h) + Rt
∗(h)

and empirical open-set difference ∆̂o =
R̂u,K+1
t (h)

1−πK+1
t

−R̂u,K+1
s (h), here Rs(h)

are the risks defined in (5.2.2), R̂u,K+1
s (h), R̂u,K+1

t (h) are the empirical

risks corresponding to Ru,K+1
s (h), Ru,K+1

t (h) defined in Eq. (5.2.6).

Proof. The proof is given in Appendix B.2.

Next, we employ the open-set difference ∆o to construct our algorithm

— Distribution Alignment with Open Difference.

5.3 Proposed Algorithm

The importance of Theorem 5 is that it tells us the relationships between

the three terms (i.e., the source risk, the distribution discrepancy, and

the open-set difference) and the bound of the open-set domain adapta-

tion. Inspired by these relationships, our initial focus is the following

94



optimization problem for unsupervised open-set domain adaptation:

h∗ = arg min
h∈H

R̂s(h) + λd`H(P̂Xs , P̂Xt|Ys)

+ γ

(
1

1− πK+1
t

R̂u,K+1
t (h)− R̂u,K+1

s (h)

)
,

(5.3.1)

where λ and γ are two free hyper-parameters and the hypothesis space

H is defined as a subset of the functional space {h = [h1, ..., hK+1 ]T :

hc ∈ Hk}, here Hk is the reproducing kernel Hilbert space (RKHS) with

kernel k.

As proven by JDA [65], ARTL [6] and MEDA [96], incorporating con-

ditional distributions into the original marginal distribution discrepancy

can lead to superior domain adaptation performance. Hence, we have

also added an additional conditional distribution discrepancy to the op-

timization problem in (5.3.1). Hence, the new problem becomes:

h∗ = arg min
h∈H

R̂s(h) + λµD2
h,k(P̂Xs , P̂Xt|Ys)

+ λ(1− µ)
K∑
c=1

D2
h,k(P̂Xs|yc , P̂Xt|yc)

+ γ

(
1

1− πK+1
t

R̂u,K+1
t (h)− R̂u,K+1

s (h)

)
,

where µ ∈ [0, 1] is the adaptive factor [96] to convexly combine the con-

tributions from both the empirical marginal distribution alignment and

the empirical conditional distribution alignment. Note that the original

d`H(·, ·) is replaced with the projected MMD Dh,k(·, ·) in the new problem,

because d`H(·, ·) is difficult to estimate. In addition, we use the squared

loss `(y,y′) = ‖y − y′‖2
2 to design our algorithm.

Further, we have added the manifold regularization [121] to learn

the geometric structure of the source and target domains. With this

regularization, our algorithm can consistently achieve good performance

when the setting degrades into a closed-set domain adaptation (i.e., where

there are no unknown classes). This is because the state of the art closed-

set algorithm ARTL [6] is a special case of DAOD, when there is no
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open-set difference. Thus, the optimization problem can be rewritten as

follows:

h∗ = arg min
h∈H

R̂s(h) + λµD2
h,k(P̂Xs , P̂Xt|Ys)

+ λ(1− µ)
K∑
c=1

D2
h,k(P̂Xs|yc , P̂Xt|yc)

+ αR̂u,K+1
t (h)− γR̂u,K+1

s (h)

+ ρMh(SX , Tu) + σ‖h‖2
k,

(5.3.2)

where α = γ/(1 − πtK+1), ρ and σ are three free hyper-parameters, Tu
denotes unlabeled target samples, SX denotes source samples without

labels, Mh(SX , Tu) is the manifold regularization, and ‖h‖2
k is the squared

norm of h in Hk to avoid over-fitting.

Next, we show how to formulate equation (5.3.2) using given sam-

ples. First, following the representer theorem, if the optimization prob-

lem (5.3.2) has a minimizer h∗, then h∗ can be written as

h∗(x) =
ns+nu∑
i=1

βik(xi,x), ∀x ∈ X ,

where xi ∈ SX ∪ Tu and βi ∈ R(K+1)×1 is the parameter. With this form

of h∗, we explain the computation of terms in Eq. (5.3.2).

5.3.1 Distribution Alignment

Since there are no labels for the target samples, we cannot directly com-

pute

µD2
h,k(P̂Xs , P̂Xt|Ys) + (1− µ)

K∑
c=1

D2
h,k(P̂Xs|yc , P̂Xt|yc) (5.3.3)

Therefore, the pseudo target labels are used to help compute P̂Xt|Ys and

P̂Xt|yc instead. Given the pseudo target samples for known classes TX,K ,

the pseudo target samples for c-th class TX,c and the source samples for

c-th class SX,c we can compute (5.3.3) by the representer theorem and
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kernel trick as follows:

tr(βTKMKβ), (5.3.4)

where β = [β1, ...,βns+nu ]T ∈ R(K+1)×(ns+nu), K is the (ns + nu) ×

(ns + nu) kernel matrix [k(xi,xj)], here xi,xj ∈ SX ∪ Tu, and M =

µM0 + (1− µ)
∑K

c=1 Mc is the MMD matrix:

(M0)ij =



1

(ns)2
, xi,xj ∈ SX ,

1

(nKu )2
, xi,xj ∈ TX,K ,

0, xi or xj ∈ Tu \ TX,K ,

− 1

nsnKt
, otherwise;

(Mc)ij =



1

(ncs)
2 , xi,xj ∈ SX,c,

1

(ncu)
2 , xi,xj ∈ TX,c,

− 1

ncsn
c
u

, xi ∈ SX,c,xj ∈ TX,c,

− 1

ncsn
c
u

, xj ∈ SX,c,xi ∈ TX,c,

0, otherwise,

where ns = |SX |, nKu = |TX,K |, ncs = |SX,c| and ncu = |TX,c|.

5.3.2 Manifold Regularization

The pair-wise affinity matrix is denoted as

Wij =

sim(xi,xj), xi ∈ Np(xj) or xj ∈ Np(xi)

0, otherwise;

where sim(xi,xj) is the similarity function such as cosine similarity,

Np(xi) denotes the set of p-nearest neighbors to point xi and p is a

free parameter. The manifold regularization can then be evaluated as
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follows:

Mh(SX , Tu) =
ns+nu∑
i,j=1

‖h(xi)− h(xj)‖2
2Wij

=
K+1∑
c=1

ns+nu∑
i,j=1

hc(x
i)Lijhc(x

j),

where xi,x
j ∈ SX ∪ Tu, L is the Laplacian matrix, which can be written

as D−W, here D is a diagonal matrix and Dii =
∑ns+nu

j=1 Wij. Using

the representer theorem and kernel trick, the manifold regularization

Mh(SX , Tu) can be written as

tr(βTKLKβ). (5.3.5)

5.3.3 Open-Set Loss Function

We use a matrix to rewrite the loss function and open-set difference. Let

the label matrix be Y ∈ R(K+1)×(ns+nu):

Yij =

 1, xj ∈ SX,i

0, otherwise
when i ≤ K, (5.3.6)

Yij =

 1, xj ∈ TX,K+1

0, otherwise
when i = K + 1. (5.3.7)

The label matrix Ỹ ∈ R(K+1)×(ns+nu) is

Ỹij = 1 iff i = K + 1 and xj ∈ SX , otherwise Ỹij = 0. (5.3.8)

Then

R̂s(h) + αR̂u,K+1
t (h)− γR̂u,K+1

s (h) + σ‖h‖2
k

=‖(Y − βTK)A‖2
F − γ‖(Ỹ − βTK)Ã‖2

F + σtr(βTKβ)
(5.3.9)

where A is a (ns + nu) × (ns + nu) diagonal matrix with Aii =
√

1
ns

if

xi ∈ SX , Aii =
√

α
nu

if xi ∈ Tu; Ã is a (ns + nu) × (ns + nu) diagonal
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matrix with Ãii =
√

1
ns

if xi ∈ SX , Ãii = 0 if xi ∈ Tu, and ‖ · ‖F is the

Frobenius norm.

5.3.4 Overall Reformulation

Finally, based on Eqs. (5.3.4), (5.3.5) and (5.3.9), the optimization prob-

lem in (5.3.2) is reformulated as:

β∗ = arg min
β∈R(ns+nu)×(K+1)

L(β)

where

L(β) =‖(Y − βTK)A‖2
F − γ‖(Ỹ − βTK)Ã‖2

F

+ tr(βTK(λM + ρL)Kβ) + σtr(βTKβ).
(5.3.10)

5.3.5 Training

There is a negative term in L(β), hence it may be not correct to com-

pute the optimizer by solving the equation ∂L(β)
∂β

= 0 directly. Maybe the

“minimizer” solved by ∂L(β)
∂β

= 0 is a maximum point or a saddle point.

Fortunately, the following theorem shows that there exists a unique op-

timizer that can be solved by ∂L(β)
∂β

= 0.

Theorem 6. If the coefficient γ of R̂u,K+1
s (h) is smaller than 1 and the

kernel k is universal, then the L(β) defined in Eq. (5.3.10) has a unique

minimizer, which can be written as:

(
(A2 − γÃ2 + λM + ρL)K + σI

)−1

(A2YT − γÃ2ỸT ). (5.3.11)

Proof. The proof of Theorem 6 is divided into three parts.

Claim 1:

lim
‖β‖`2→+∞

L(β) = +∞.

It is easy to check that

tr(βTK(λM + ρL)Kβ) + σtr(βTKβ) ≥ 0,
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since the projected MMD distance and manifold regularization are not

negative. Consider ‖(Y − βTK)A‖2
F − γ‖(Ỹ − βTK)Ã‖2

F . Since the

kernel k is universal and γ < 1, the matrix K(A2 − γÃ2)K is symmetric

and positive definite, which can be written as

K(A2 − γÃ2)K = OΛOT,

where O is the orthogonal matrix, and Λ is the diagonal matrix, whose

diagonal elements {λi}n
s+nt

i=1 are positive.

Then,

‖(Y − βTK)A‖2
F − γ‖(Ỹ − βTK)Ã‖2

F

= tr[(Y − βTK)A2(Y − βTK)T]− γtr[(Ỹ − βTK)Ã2(Ỹ − βTK)T]

= tr[βTK(A2 − γÃ2)Kβ]− 2tr[(YA2K− γỸÃ2K)β] + constant

= tr[βTOΛOTβ]− 2tr[(YA2K− γỸÃ2K)β] + constant

= tr[(βTO)Λ(βTO)T]− 2tr[(YA2K− γỸÃ2K)β] + constant

≥ ctr[(βTO)I(βTO)T]−O(‖β‖`2) + constant

= ctr[βTβ]−O(‖β‖`2) + constant,

where c is the smallest diagonal element of the diagonal matrix Λ.

Therefore,

lim
‖β‖`2→+∞

L(β) ≥ lim
‖β‖`2→+∞

ctrβTβ −O(‖β‖`2) + constant

= lim
‖β‖`2→+∞

c‖β‖2
`2 −O(‖β‖`2) + constant = +∞

Claim 2: There exist optimizers.

In Claim 1, we have proven that

lim
‖β‖`2→+∞

L(β) = +∞,

which implies that there exists a large constant r > 0, such that L(β) >

L(0), for any β ∈ R(K+1)×(ns+nt)\Br(0), where Br(0) is an open ball with

a radius pf r and a center of 0. Since L is a continuous function and the
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Algorithm 3 DAOD

Input: Data S, Tu; #iterations T ; #neighbor p and parameters
λ, σ, ρ, α, γ, µ; threshold t; universal kernel function k(·, ·).
1. Ỹt ← OSNNcv(S, Tu, t);% Predict pseudo labels;

2. Compute L,K using S, Tu, and Ỹt;
3. i← 1
While i < T + 1
4. Compute M using S, Tu, and Ỹt;
5. Compute β by formula (5.3.11)

6. Ỹt ← βTK;%Predict pseudo labels
7. i← i+ 1
Output: Predicted target labels Ỹt, classifier βTK.

closed ball Br(0) is a compact set, we know that there exist optimizers

for L and these points must be contained in the open ball Br(0).

Claim 3: The solution is unique.

If a point β0 is a minimizer, then β0 satisfies the following equation:

∂L
∂β

(β0) = 0.

If the solution of ∂L
∂β

(β0) = 0 is unique, then the solution must be the

unique minimizer.

We compute ∂L
∂β

(β0) = 0,

0 = −2(KA2YT − γKÃ2ỸT ) + 2σKβ

+ 2(KA2K− γKÃ2K)β + 2K(λM + ρL)Kβ.
(5.3.12)

Note that the solution of Eq. (5.3.12) is unique and can be written as:

β =
(

(A2 − γÃ2 + λM + ρL)K + σI
)−1

(A2YT − γÃ2ỸT ).

With Claim 1, Claim 2 and Claim 3, Theorem 6 is proven.

To compute the true value of Eq. (5.3.11), it is best to use the

groundtruth labels of the target domain. However, our focus is on unsu-

pervised task, which means that it is impossible to obtain any true tar-

get labels and, as mentioned, pseudo labels can be used instead. These

pseudo labels are generated by applying an open-set classifier that has
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been trained on the source samples to the target samples.

In this chapter, we used open-set Nearest Neighbor (OSNNcv-t) [162]

to help us learn the pseudo labels. We select the two nearest neighbors

v,u from the test sample s. If both nearest neighbors have the same

label yc, s is classified with the label yc. Otherwise, the following ratio is

calculated ‖v−s‖2/‖u−s‖2, on the assumption that ‖v−s‖2 ≤ ‖u−s‖2.

If the ratio is smaller than or equal to a pre-defined threshold t, 0 < t < 1,

s is classified with the same label as v. Otherwise, s is recognized as the

unknown sample.

To make the pseudo labels more accurate, we use the iterative pseudo

label refinement strategy, proposed by JDA [65]. The implementation

details are demonstrated in algorithm 3.

5.4 Experiments and Evaluations

In this section, we first utilize real world datasets to verify the perfor-

mance of DAOD. We then conduct experiments to examine the behavior

of the parameters.

5.4.1 Real World Datasets

We evaluate our algorithm on three cross-domain recognition tasks: ob-

ject recognition (Office-31, Office-Home), and face recognition (PIE).

Table 5.1 lists the statistics of these datasets.

Table 5.1: Introduction of datasets.

Dataset Type #Sample #Feature #Class Domain
Office-31 Object 4,110 4,096 31 A,W,D
Office-Home Object 15,500 2,048 65 Ar,Cl,Pr,Rw
PIE Face 1,1554 1,024 68 P1,...,P5

Office-31 [128] consists of three real-world object domains: AMA-

ZON (A), DSLR (D) and WEBCAM (W). It has 4,652 images with

31 common categories. This means that there are 6 domain adaptation

102



tasks: A → D, A → W, D → A, W → A, D → W, W → D. Fol-

lowing the standard protocol and for a fair comparison with the other

algorithms, we extracted feature vectors from the fully connected layer-7

(fc7) of the AlexNet [163]. We introduced an open set protocol for this

dataset by taking classes 1-10 as the shared classes in alphabetical order.

The classes 21-31 are used as the unknown classes in the target domain.

Office-Home [129] consists of 4 different domains: Artistic (Ar),

Clipart (Cl), Product (Pr) and Real-World (Rw). Each domain contains

images from 65 object classes. We constructed 12 OSDA tasks: Ar→ Cl,

Ar → Pr,..., Rw → Ar. In alphabetical order, we used the first 25

classes as the known classes and classes 26-65 as the unknown classes.

Following the standard protocol and for a fair comparison with the other

algorithms, we extracted feature vectors from ResNet-50.

PIE [164] contains 41, 368 facial images of 68 people in various poses,

illuminations, and expression changes. The face images are captured

by 13 synchronized cameras (different poses) and 21 flashes (different

illuminations and/or expressions). We focused on 5 of 13 poses, i.e.,

PIE1 (C05, left pose), PIE2 (C07, upward pose), PIE3 (C09, downward

pose), PIE4 (C27, frontal pose) and PIE5 (C29, right pose). These

facial images were cropped to a size of 32 × 32. We took classes 1-20

as the known classes and classes 21-68 as the unknown classes in the

target domain. 20 tasks were tested: PIE1→PIE2, PIE1→PIE3,...,

PIE5→PIE4.

5.4.2 Baseline Algorithms

The baseline algorithms selected for comparison with DAOD are:

No Transfer:

• OSNN [162]. OSNN recognizes a sample as unknown by computing the

ratio of similarity scores to the two most similar classes of the sample

and then comparing the ratio with a pre-defined threshold.

Closed-Set:

• TCA [5] + OSNN. The aim in implementing TCA is to show that if
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the UCSDA algorithm is used to solve the UOSDA problem, negative

transfer will occur, leading to poor performance.

Open-Set:

• JDA [65] + OSNN. We extended JDA into the open-set setting. Joint

distribution matching is the main step in JDA. Thus, we simply matched

the known samples predicted by OSNN when the JDA algorithm was

implemented.

• JGSA [35] + OSNN. We extended JGSA into the open-set setting.

First, for learning new features, we implemented JGSA using the source

samples and the known target samples predicted by OSNN. Then, we

used OSNN to predict the pseudo labels. We repeated the process until

convergence.

• ATI [27] + OSNN. ATI was the first UOSDA algorithm, but it requires

the unknown source samples to implement. Therefore, to implement ATI

under our setting, we used ATI to select the outliers, and then learned

the new features for matching the source domain and target domain

excluding selected outliers. Lastly, OSNN was used to predict the labels.

• OSBP [28]. OSBP utilizes adversarial neural networks and a binary

cross entropy loss to learn the probability for the target samples, then

uses the estimated probability to recognize the unknown samples.

5.4.3 Experimental Setup

Before reporting the detailed evaluation results, it is important to explain

how DAOD’s hyper-parameters are tuned. DAOD has several hyper-

parameters: 1) the choice of the kernel function k; 2) the adaptation pa-

rameters λ, σ, ρ, p, µ; 3) the open-set parameters α, γ; and 4) #iterations

T and threshold t ∈ (0, 1). Each parameter is discussed one by one next.

5.4.3.1 The kernel function k

As suggested in [62,96], we use the Gaussian kernel

k(a,b) = exp(−‖a− b‖2
2

2r2
), (5.4.1)
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where the kernel bandwidth r is median(‖a− b‖2), ∀a,b ∈ SX ∪ Tu.

5.4.3.2 The adaptive factor µ

The adaptive factor µ expresses the relative importance of the marginal

distributions and conditional distributions. Wang et al. [96] made the

first attempt to compute µ by employing A-distance [17], which is the

special case d0−1
H of the discrepancy distance d`H. According to [17], the

A-distance can also be defined as the error of building a binary classifier

from hypothesis set H to discriminate between the two domains. Wang

et al. [96] used the linear hypothesis set to estimate A-distance. Let ε(h)

be the error of the linear classifier h discriminating source samples SX
and target samples Tu. Then, the A-distance

dA(SX , Tu) = 2(1− ε(h)).

We use the same algorithm as [96] to estimate µ by

µ = 1− d0

d0 +
∑K

c=1 dc
,

where d0 = dA(SX , TX,K), dc = dA(SX,c, TX,c) (c = 1, ..., C). Here TX,K is

the set of the target samples predicted as known samples. This estimation

has to be computed at every iteration of DAOD, since the predicted

conditional distributions for the target may vary each time.

5.4.3.3 The open-set parameters α and γ

As shown in Fig. 5.3, DAOD is able to achieve consistently good perfor-

mance within a same range α ∈ [0.2, 0.4] and γ ∈ [0.15, 0.5], which shows

the relative stability of DAOD given the correct tuning of these two pa-

rameters. Tuning should be done according to the following rules. First,

the positive term Ru,K+1
t and the negative term Ru,K+1

s in the open-set

difference are inferred from each other. A larger positive term means

that more samples are recognized as the unknown classes. A larger neg-

ative term implies that more samples are classified as known classes. To
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ensure that the positive and negative terms balance, the difference |α−γ|

should not be too large. Further, the parameter α should be larger than

γ, since the positive term’s coefficient 1/(1 − πK+1
t ) is larger than 1. In

this chapter, we set α = 0.4 for all tasks and 1) γ = 0.2 for Office-31,

and 2) γ = 0.25 for Office-Home and PIE datasets.

5.4.3.4 Other hyper-parameters

We run DAOD with a wide range of parameter values for λ, ρ, p, σ, t and

T in subsection 5.4.6. The results are shown in Fig. 5.3. These results

indicate that DAOD can provide a robust performance with a wide range

of hyper-parameter values.

From our tests, the best choices of parameters are: λ ∈ [50, 1000],

ρ ∈ [0, 1], p ∈ [2, 32], σ ∈ [0.2, 1.6], t ∈ [0, 0.9] and DAOD can converge

within 10 iterations. To sum up, the performance of DAOD stays robust

with a large range of parameter choice. Therefore, the parameters do

not need to be significantly fine-tuned in practical applications. In this

chapter, we fixed p = 10, ρ = 1 and σ = 1, T = 10, t = 0.5 and set

1) λ = 50 for Office-31, and 2) λ = 500 for Office-Home and PIE

datasets.

Although DAOD is easy to use, and its parameters do not have to

be fine-tuned, we did explore how to further tune these parameters for

research purposes. We chose the parameters according to following the

rules: 1) The regularization term ‖h‖2
k is very important, so we tended to

choose a slightly larger σ (σ = 1) to prevent DAOD from degenerating.

2) We chose ρ by following [121]. 3) p is set following [121, 165]. 4)

distribution alignment is inevitable for DAOD, so we chose a larger λ

(λ ≥ 50) to make it count.

We use two types of accuracy [27,28] to evaluate DAOD:

Acc(OS) =
1

K + 1

K+1∑
c=1

|x : x from class c
∧
f̃(x) = c|

|x : x from class c|
, (5.4.2)
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and

Acc(OS∗) =
1

K

K∑
c=1

|x : x from class c
∧
f̃(x) = c|

|x : x from class c|
, (5.4.3)

where f̃ is the predicted classifier. Note that Acc(OS) is the main index

for evaluating the performance of the UOSDA algorithms [27].

5.4.4 Experimental Results

The classification accuracy of the UOSDA tasks is shown in Table 5.2.

The following facts can be observed from this table. 1) The closed-set

algorithm TCA performs poorly on most tasks, even worse than the stan-

dard OSNN algorithm, indicating that negative transfer occurred. 2) All

open-set algorithms achieve better classification accuracy than OSNN

on most tasks. This is because the source samples and the known tar-

get samples have different distributions. 3) DAOD achieves much better

performance Acc(OS) than the six baseline algorithms on most tasks (24

out of 38). The average classification accuracy (Acc(OS),Acc(OS∗)) of

DAOD on the 38 tasks is 69.3%, 70.4% respectively, gaining a perfor-

mance improvement of 3.4%, 3.6% compared to the best baseline OSBP.

4) Generally, JDA+OSNN, JGSA+OSNN and ATI+OSNN algorithms

do not perform as well as DAOD. A major limitation of these algorithms

may be that they omit the selected unknown target samples when they

construct a latent space to match the distributions for the known classes.

This may result in the unknown samples being mixed with the known

samples in the latent space. In DAOD, the negative term Ru,K+1
s helps

DAOD to avoid the problem suffered by JDA, JGSA and ATI. 5) The

performance of the OSPB algorithm was generally worse than that of

DAOD. The main reasons may be that: 1) OSBP only matches the

marginal distributions, not the joint distributions; 2) OSBP does not

keep the unknown target samples away from the known source samples,

with the result that many unknown target samples are recognized as

known samples. DAOD, however, uses the negative term Ru,K+1
s to sep-

107



Table 5.2: Acc(OS*) and Acc(OS) (%) on Office-31, Office-Home and
PIE Datasets.

Dataset OSNN TCA JDA JGSA ATI OSBP DAOD
OS* OS OS* OS OS* OS OS* OS OS* OS OS* OS OS* OS

A→W 56.0 54.0 44.8 54.8 63.0 64.8 75.7 75.2 70.6 69.7 69.1 70.1 84.2 84.2
A→D 75.4 71.9 68.0 67.1 70.1 70.6 74.8 73.3 85.9 84.0 76.4 76.6 89.8 88.5
D→A 62.6 60.3 53.4 52.7 60.4 60.7 62.4 61.5 68.3 67.6 62.3 62.5 71.8 72.6
D→W 93.0 88.1 84.6 80.9 98.4 94.7 98.0 93.2 95.8 94.1 94.6 98.9 98.0 96.0
W→A 58.6 56.8 56.1 55.6 62.5 62.6 64.0 62.9 64.0 62.8 82.2 82.3 72.9 74.2
W→D 99.3 93.3 97.8 94.8 99.3 96.1 100.094.4 97.8 94.5 96.8 96.9 97.5 96.3
Avg 74.2 70.7 69.2 68.5 75.6 74.9 79.2 76.7 80.4 78.8 80.2 80.4 85.7 85.3

Ar→Pr 39.4 40.6 37.7 37.9 59.7 59.0 64.1 63.3 70.4 68.6 69.2 68.4 72.6 71.8
Ar→Cl 32.1 33.7 24.4 24.1 39.1 39.6 45.9 46.0 54.2 53.1 53.3 53.1 55.3 55.4
Ar→Rw 56.6 57.0 55.7 55.3 67.5 66.4 74.1 72.8 78.1 77.3 79.1 78.0 78.2 77.6
Cl→Ar 32.3 34.0 31.3 32.1 41.9 42.1 43.8 44.5 59.1 57.8 58.2 57.9 59.1 59.2
Cl→Pr 39.1 40.3 34.8 34.8 49.1 48.9 55.8 55.8 68.3 66.7 72.4 71.6 70.8 70.1
Cl→Rw 46.9 47.7 41.4 41.2 59.7 59.1 62.8 62.5 75.3 74.3 72.3 71.4 77.8 77.0
Rw→Ar 51.4 52.1 49.4 49.2 55.8 55.1 56.9 56.4 70.8 70.0 68.2 66.5 71.3 70.5
Rw→Cl 38.0 39.2 34.9 34.1 44.1 43.9 48.7 48.6 55.4 55.2 59.2 57.8 58.4 57.8
Rw→Pr 59.2 59.2 57.3 56.5 68.0 68.2 66.5 65.3 79.4 78.3 80.8 78.6 81.8 80.6
Pr→Ar 38.5 39.7 33.2 33.4 48.4 48.0 55.8 55.5 62.6 61.2 61.0 59.6 66.7 65.8
Pr→Cl 35.0 36.3 35.8 36.1 41.2 41.1 44.1 44.4 54.1 53.9 56.9 55.7 60.0 59.1
Pr→Rw 59.6 59.7 58.3 57.5 70.4 68.9 73.5 72.3 81.1 79.9 83.9 82.1 84.1 82.2
Avg 44.0 45.0 41.2 41.0 53.8 53.4 57.7 57.3 67.4 66.4 67.9 66.7 69.6 68.9

P1→P2 32.1 34.3 20.6 21.4 42.1 41.3 55.4 54.4 44.0 41.9 66.6 64.2 57.3 56.5
P1→P3 46.5 48.3 20.2 20.3 50.0 49.1 54.4 53.5 56.3 53.6 69.1 66.4 53.1 52.2
P1→P4 60.1 61.2 30.7 30.5 62.3 61.2 63.2 61.8 67.9 64.6 80.0 76.2 85.2 82.4
P1→P5 22.9 26.1 10.6 11.5 28.3 28.2 35.8 35.7 45.4 43.3 50.2 49.1 47.3 46.1
P2→P1 35.6 37.9 25.4 25.5 47.9 47.3 68.5 67.2 59.5 56.7 54.2 52.9 69.7 68.1
P2→P3 61.5 62.5 38.8 38.3 62.9 61.4 62.5 61.3 56.3 53.6 63.5 61.5 71.7 69.9
P2→P4 71.0 71.4 49.3 48.5 71.6 69.6 78.6 76.9 77.1 73.5 81.3 87.6 91.2 88.2
P2→P5 28.5 31.2 20.4 20.7 37.3 37.1 49.0 48.0 36.7 34.9 44.2 41.2 49.8 49.4
P3→P1 43.3 45.2 20.1 20.4 51.1 50.6 66.9 65.5 68.4 66.9 61.0 61.3 68.3 66.6
P3→P2 53.5 54.8 37.3 36.5 64.2 62.5 66.9 65.2 55.0 52.4 64.6 64.1 70.4 68.5
P3→P4 64.9 65.4 34.6 34.2 68.5 66.6 75.6 73.8 74.0 70.5 76.9 74.7 87.1 83.9
P3→P5 34.6 37.0 12.7 13.0 39.2 39.0 42.5 41.8 47.1 44.8 46.7 46.3 53.3 52.3
P4→P1 56.5 57.7 24.8 24.6 64.2 62.4 75.8 73.9 66.8 63.7 68.7 67.2 87.1 84.4
P4→P2 78.1 78.0 64.0 62.1 75.2 72.4 78.3 76.1 78.1 74.4 85.0 82.2 84.8 82.4
P4→P3 78.3 78.3 33.8 33.3 81.5 78.9 81.3 79.1 61.7 58.7 67.6 66.9 80.0 77.6
P4→P5 43.1 44.8 17.1 17.7 52.1 50.9 65.8 64.4 48.5 46.2 63.8 59.9 61.3 59.9
P5→P1 23.2 25.7 11.6 12.8 29.6 30.2 46.4 45.9 23.5 30.2 66.6 64.2 60.6 59.2
P5→P2 26.5 28.4 18.3 18.3 31.0 31.1 44.0 43.6 36.7 34.9 35.8 35.4 34.8 35.0
P5→P3 31.0 32.7 12.3 13.3 33.1 32.9 55.4 54.6 41.9 39.9 46.3 45.1 44.4 44.6
P5→P4 37.2 38.9 19.4 20.0 49.7 49.1 63.8 62.7 58.6 55.8 53.5 52.2 70.3 68.6
Avg 46.4 48.0 26.2 26.1 52.1 51.1 61.5 60.3 55.2 53.0 62.2 61.0 66.4 64.8

All Avg 50.0 50.6 37.7 37.5 56.3 55.6 63.1 61.9 63.0 61.3 66.8 65.9 70.4 69.3

arate the source samples and unknown target samples.

5.4.5 Open-Set Parameters Analysis

From our analysis of the open-set parameters α and γ, we find that the

relationship between α and γ is closely related to another parameter, the

difference δ = α−γ. We conducte experiments on the Office-31 dataset

with α ranging from 0.2 to 1.2 and δ ranging from −0.2 to α. Due to

space limitations, the average results on Office-31 are reported in Fig.

5.2. According to Fig. 5.2, we made the following observations:

1) As δ increased, the accuracy of the unknown classes also increased,

108



since a larger positive term Ru,K+1
t (h) means that more samples are rec-

ognized as unknown.

2) When δ < 0 (α < γ), for almost all α ∈ [0.2, 1.2], the performance

Acc(OS) was poorer than the best baseline algorithm (dashed line). This

is because when δ < 0, more samples are recognized as known classes.

Our theoretical results support this observation (Theorem 5) since the

positive term’s coefficient 1/(1−πK+1
t ) is larger than the negative term’s

coefficient 1. Thus, δ should be larger than 0 (α > γ).

3) All figures in Fig. 5.2 are similar for almost all α from 0.4 to 1.2,

which implies that α may be not the most important factor influencing

the performance of DAOD. Rather, the difference δ is likely to be more

important.

4) Performance Acc(OS) begins to decrease when δ is larger than 0.25

because more known samples are classified as unknown with a larger δ.

5) When α ranged between 0.2 to 1.2 and δ was chosen from [0.05, 0.2],

the performance Acc(OS) of DAOD δ was superior to the best baseline.

6) Although α is not the main factor influencing the performance of

DAOD, we compare figures (α < 1.0) with figures (α ≥ 1.0) and find

that a smaller α achieves slightly better performance than a larger α. In

general, we select α from [0.2, 0.4] and δ from [0.05, 0.25].

5.4.6 Parameter Sensitivity, Ablation Study, Con-

vergence Analysis.

These studies are conducted on different types of datasets to demon-

strate that: 1) a wide range of parameter values can be chosen to obtain

satisfactory performance, and 2) the open-set difference and distribution

alignment term are important and necessary. We evaluated important

parameters λ, σ, ρ, p, t, α, γ and T , reporting the average results for

datasets Office-31, Office-Home and PIE respectively. The dashed

line denotes the results of the best baseline algorithm with each dataset.

Distribution Alignment λ. We run DAOD with varying values of λ.

Fig. 5.3(a) plots the classification accuracy w.r.t. to different values of λ.
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From this figure, we can see that: 1) When λ = 0, the performance was

the worst than the baseline. 2) After the increasing of the λ from 0 to

50, the performance dramatically increased to equal that of the baseline.

3) From 50 to 1000, DAOD was stable with values of around 0.85, 0.7,

and 0.65 on the three datasets. Overall, the performance of DAOD with

most values of λ was better than the baselines. We also found that

larger values of λ resulted in a better distribution alignment, and, if we

chose λ from [50, 1000], we obtained better results than the best baseline

algorithm.

Manifold Regularization ρ. In these experiments, we run DAOD

with varying values of ρ. Larger values of ρ increase the importance of

manifold consistency in DAOD. From Fig. 5.3(b), we can see that: 1)

DAOD’s performance was steady and consistently good when ρ ∈ [0, 1].

2) But, after the increasing of ρ from 1 to 5, its performance dramatically

dropped below the baseline. 3) Further, DAOD’s continued to fall below

the baseline from 5 to 50. The reason for this poor performance at

ρ ∈ [5, 50] is that when ρ is large, DAOD mainly focuses on the geometric

information of the samples and ignores other information. Choosing λ

from [0, 1], however, provides the best results.

#Nearest Neighbors p. We run DAOD with varying values of p. If

p → +∞, two samples which are not at all similar are connected. If

p→ 0, limited similarity information between samples is captured, thus

p should not be too large or too small. Fig. 5.3(c) shows that if p is

selected from [2, 32], the performance of our algorithm is better than the

baseline. When p > 32, the performance of PIE was worse than the

baseline. One reason may be that when p is large, the samples from

different classes are connected, resulting in that samples from different

classes share similar scores. From Fig. 5.3(c), p can be selected from

[2, 32].

Regularization σ. We run DAOD with varying values of σ and plotted

the classification accuracy as shown in Fig. 5.3(d). Theoretically, when

σ → 0, the classifier degenerates and overfitting occurs. When σ → +∞,
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the classifier obtains a trivial result. From Fig. 5.3(d), we can see that:

1) When σ = 0, the performance was the worst and also much worse than

the baseline. 2) However, after increasing of σ from 0 to 0.2, performance

dramatically increased commensurate with the baseline. 3) From 0.2

to 1.6, DAOD was stable with values at around 0.85, 0.7 and 0.65 on

three datasets. 4) When σ > 1.6, the performance dramatically dropped

again to below the baseline. According to Fig. 5.3(d), we can choose

σ ∈ [0.2, 1.6].

Threshold t. Fig. 5.3(b) shows the classification accuracy with varying

values of t. Theoretically, the threshold t is determined by the openness

O. When openness O → 1, t → 0. When openness O → 0, t → 1.

However, according to Fig. 5.3(e), DAOD performed steadily when the

threshold t varies from [0, 0.9]. This is because: 1) As the number of

iterations T increases, the effect of t tapers off. 2) OSNNcv-t is not

sensitive to t.

Open-Set Parameter α. Fig. 5.3(f) plots the classification accuracy

w.r.t. different values. Theoretically, when α → 0, the classifier can

not recognize unknown samples, whereas, when α → +∞, the classifier

classifies all samples as unknown. These conjectures are verified by the

results in Fig. 5.3(f), where the performance reaches its maximal point

at around α = 0.3 and then gradually drops as α increases. Perfor-

mance was worst and lower than the baselines when α > 0.4, because at

this parameter setting many samples from known classes are classified as

unknown. In general, we can choose α from [0.2, 0.4].

Open-Set Parameter γ. The classification accuracy w.r.t. different

values of γ is shown in Fig. 5.3(g). Theoretically, when γ → +∞,

DAOD keeps the unknown target samples away from known source sam-

ples. As a result, few samples are classified as unknown classes. When

γ → 0, more samples are classified as unknown, and when γ < 0.15, its

performance was worse than the baselines. Conversely, as γ increased,

DAOD’s performance dramatically increased, reaching its maximal value

at around γ = 0.3 before gradually dropping again as γ continues to
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increase. In general, we can choose γ ∈ [0.15, 0.5].

Ablation Study. 1) α and γ are the two parameters that control the

contribution of the open-set difference. As shown in Fig. 5.3(f), setting

α closer to 0 reduces the contribution of the open-set difference and

performance degrades compared to the optimal value of about α = 0.3.

Further, as shown in Fig. 5.3(g), setting γ closer to 0 also reduces the

contribution of the open-set difference and again performance degrades

compared to the optimal value of about γ = 0.3. Therefore, we can safely

draw the conclusion that our proposed open-set difference is a necessary

term for open-set domain adaption. 2) λ is the parameter that controls

the contribution of the distribution discrepancy. As shown in Fig. 5.3(a),

when λ is 0, performance is much worse than at other values, which

shows that this term also makes a significant contribution to the final

domain adaptation performance. 3) ρ controls the contribution of the

manifold regularization. Fig. 5.3(b) shows there is no significant change

in performance when ρ is set in the range 0 to 1. These results indicate

that ρ makes no significant contributions to DAOD. 4) σ is used to avoid

overfitting. As shown in Fig. 5.3(d), performance drops significantly

when σ is set to 0. Thus, the term ‖h‖2
k is important to our algorithm.

Convergence Analysis. The results of the convergence analysis on the

number of iterations T are provided in Fig. 5.3(h). As shown, DAOD

reached a steady performance in only a few iterations (T < 10). This is

a clear indication of the advantages of DAOD’s ability to be trained in

unsupervised open-set domain adaptation tasks.

5.5 Summary

To the best of our knowledge, this is the first work to present a theoret-

ical analysis for open-set domain adaptation. In deriving a theoretical

bound, we discovered a special term, open-set difference, which is crucial

for recognizing unknown target samples. Using this open-set difference,

we then constructed an unsupervised open-set domain adaptation al-
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gorithm, called Distribution Alignment with Open Difference (DAOD).

The algorithm enables the unknown target samples to be separated from

samples by using open-set difference. We conduct 38 real-world UOSDA

tasks (including 20 face recognition tasks and 18 object recognition tasks)

for evaluating DAOD and existing UOSDA algorithms. Extensive exper-

iments demonstrate that DAOD outperforms the pioneer UOSDA algo-

rithms ATI and OSBP.
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Figure 5.2: The horizontal axis is the difference in the open-set param-
eters δ = α−γ. In the figures, the difference δ is not larger than α, since
the parameter γ is required to be larger than or equal to 0. If δ > 0, α
is larger than γ. If δ < 0, γ is larger.
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Figure 5.3: Parameter sensitivity study, ablation study and convergence
analysis of the proposed DAOD algorithm.
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Chapter 6

Learning in Open-World

Motivated by open-set domain adaption learning theory, open-set learn-

ing theory is introduced in this chapter.

The material of this chapter is based on the publication:

Zhen Fang and Jie Lu, Anjin Liu, Feng Liu, and Guangquan Zhang,

Learning Bounds for Open-Set Learning,International Conference on Ma-

chine Learning (ICML), 2021.

6.1 Introduction

Supervised learning has achieved dramatic successes in many applications

such as object detection [105], speech recognition [106] and natural lan-

guage processing [107]. These successes are partly rooted in the closed-set

assumption that training and test samples share a same label set. Un-

der this assumption, the standard supervised learning is also regarded as

closed-set learning (CSL) [108–110].

However, the closed-set assumption is not realistic during the testing

phase (i.e., there are no labels in the samples) since it is not known

whether the classes of test samples are from the label set of training

samples. Test samples may come from some classes (unknown classes)

that are not necessarily seen during training. These unknown classes can

emerge unexpectedly and drastically weaken the performance of existing

closed-set algorithms [111–113].

To solve supervised learning without closed-set assumption, Scheirer

et al. [32] proposed a new problem setting, open-set learning (OSL), in

which the test samples can come from any classes, even unknown classes.
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An open-set classifier should classify samples from known classes into

correct known classes while recognizing samples from unknown classes

into unknown classes.

Remarkable advances have been achieved in open-set learning. The

key challenge of OSL algorithms is to recognize the unknown classes accu-

rately. To address this challenge, different strategies have been proposed

such as open-space risk [32] and extreme value theory [116, 117]. Fur-

ther, to adapt deep networks support to OSL, Bendale et al. [114], Ge et

al. [115] proposed OpenMax and G-OpenMax, respectively.

While many OSL algorithms can be roughly interpreted as minimiz-

ing the open-space risk or using the extreme value theory, several dis-

connections still form non-negligible gaps between the theories and algo-

rithms [108,166]. Very little theoretical groundwork has been undertaken

to reveal the generalization ability of OSL from the perspective of statis-

tical learning theory.

This work aims to bridge the gap between the theory and algorithm

for OSL from the perspective of statistical learning theory. In particular,

our theory answers an important question: under some assumptions,

given training samples with size n, then there exists an OSL algorithm

such that the estimation error is close to Op(1/
√
n). This result reveals

OSL problem can achieve an order of estimation error that is the same

as CSL [57].

Since the test samples contain unknown classes, the distribution of

test samples are intrinsically different from the distribution of training

samples. Based on this fact, we aim to establish the OSL theory from

transfer learning [167, 168], which learns knowledge for a given domain

from a different, but relative domain. Using the transfer learning theory,

we focus on constructing a suitable auxiliary domain, which contains the

information of unknown classes. The construction of auxiliary domain

depends on covariate shift [55, 169]. Transferring information from the

auxiliary domain, we construct the generalization bound for OSL by using

the transfer learning bound developed by [17], [52], [170].
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Guided by our theory, we then devise an algorithm for OSL to bring

the proposed OSL theory into reality. The novel algorithm auxiliary

open-set risk (AOSR) is a neural network-based algorithm. AOSR mainly

utilizes the instance-weighting strategy to align training samples and aux-

iliary samples generated by an auxiliary domain. Then, minimizing the

auxiliary risk developed by our theory, AOSR can learn how to recognize

unknown classes.

The contributions of this chapter are summarized as follows.

• We provide the theoretical analysis for open-set learning based on

transfer learning and PAC theory. This is the first work to investigate

the generalization error bound for open-set learning.

• Our theory answers an important question: under some assump-

tions, there exists an OSL algorithm such that the order of the estimation

error is close to Op(1/
√
n), if given training samples with size n.

• We conduct experiments on toy and benchmark datasets. Ex-

periments support our theoretical results and show that our theoretical

guided algorithm AOSR can achieve competitive performance compared

with several popular baselines.

6.2 Open-Set Learning Theory

In this section, we introduce the basic notations used in this chapter and

then provide theoretical analysis for open-set learning. All proofs can be

found in Appendix C.

6.2.1 Problem Setting and Concepts

Here we recall the definition of open-set learning (OSL).

Assume that feature spaces Xs, Xt and label sets Ys, Yt satisfy Xs =

Xt, Ys ⊂ Yt. Given sets of samples called the labeled source samples

(training samples):

S = {(xis,yis)}nsi=1 ∼ PXsYs i.i.d.
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Suppose that the joint distributions PXsYs and PXtYt satisfy that

PXsYs = PXtYt|Yt∈Ys

The aim of open-set learning (OSL) is to train a classifier g over Xt
such that g classifies 1) target samples (test samples), whose labels are

from Ys, into the correct classes; 2) target samples (test samples), whose

labels are from Yt − Ys, as unknown.

Note that the assumption Xs = Xt and PXsYs = PXtYt|Yt∈Ys . We

introduce an equivalence, but simpler definition. Let X be the feature

space (X = Xs = Xt) and Y be the label set (Y = Yt). Known classes are

a subset of Y . We define the label set of known classes as Yk (Yk = Ys).

Then, the unknown classes are from the space Y/ Yk. To be simple, we

use one-hot vector y to present label y. The open-set learning problem

can be redefined as follows:

Definition 18 (Open-Set Learning). Given independent and identically

distributed (i.i.d.) samples S = {(xi,yi)}ni=1 drawn from PXY |Y ∈Yk . The

aim of open-set learning is to train a classifier g using S such that g can

classify 1) the samples from known classes into correct known classes; 2)

the samples from unknown classes into unknown classes.

Note that it is not necessary to classify unknown samples into correct

unknown classes. For the sake of simplicity, we set all unknown samples

are allocated to one big unknown class. Hence, without loss of generality,

we assume that Yk = {yc}Kc=1, Y = {yc}K+1
c=1 , where the label yc ∈ RK+1

is a one-hot vector, whose c-th coordinate is 1 and other coordinates are

0. Label yK+1 represents unknown classes.

Given a loss function ` : RK+1 × RK+1 → R≥0 and any scoring (hy-

pothesis) function h from {h : X → RK+1}, the partial risks for known

classes and unknown classes are

Rk
P (h) =

∫
X×Yk

`(h(x),y)dPXY |Y ∈Yk(x,y),

Ru
P (h) =

∫
X
`(h(x),yK+1)dPX|Y=yK+1

(x).

(6.2.1)
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Then, the α-risk for PXY is

Rα
P (h) = (1− α)Rk

P (h) + αRu
P (h), (6.2.2)

where α is the weight estimating the importance of unknown classes.

When α = P (Y = yK+1), it is easy to check that

Rα
P (h) = E(x,y)∼PXY `(h(x),y).

Similarly, given a different joint distribution QXY , we defineRk
Q(h), Ru

Q(h)

and Rα
Q(h). Based on α-risk, we define almost agnostic probably approx-

imate correct (PAC) for OSL.

Definition 19 (Almost Agnostic PAC Learnability). A hypothesis class

H ⊂ {h : X → RK+1} is almost agnostic PAC learnable for open-set

learning, if given any ε0 > 0, there exists an OSL algorithm Aε0 and

mH : (0, 1)2 → N with the following property: for any 0 < ε, δ < 1,

when running the algorithm Aε0 on n > mH(ε, δ) i.i.d. samples drawn

from PXY |Y ∈Yk , the algorithm Aε0 returns a hypothesis ĥ such that, with

probability of at least 1− δ > 0,

Rα
P (ĥ) ≤ min

h∈H
Rα
P (h) + ε+ ε0.

Theorems 11 and 12 imply there exists almost agnostic PAC learnable

H for open-set learning under mild assumptions.

6.2.2 Transfer Between Domains

Since there are no samples regarding the unknown classes, we cannot

directly analyze the partial risk for unknown classes only using samples

S from known classes. To analyze the partial risk for unknown classes,

we introduce an auxiliary domain QXY , which is used to transfer the

information from unknown classes.

Definition 20 (Auxiliary Domain). A domain QXY defined over X×Y is

called the auxiliary domain for PXY , if QX|Y ∈Yk = PX|Y ∈Yk , QY |X = PY |X
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and PX � QX .

It is clear that PXY and QXY are same if we restrict both of them in

the support set of known classes.

Remark 5. Since we do not have any information about samples from

unknown classes in the training set, it is unknown whether QX|Y=yK+1
=

PX|Y=yK+1
. In Section 6.2.3, we will introduce how to construct QXY such

that QX|Y=yK+1
is a uniform distribution. Namely, any sample drawn

from QX|Y=yK+1
has the same probability.

Then, it is interesting to know the discrepancy between Rα
P (h) and

Rα
Q(h) given the same hypothesis h. Before doing this, the disparity

discrepancy between distributions need to be introduced. Using H∆H-

divergence defined in Definition 8, we show that

Theorem 7. Given a loss ` satisfying the triangle inequality, and a hy-

pothesis space H ⊂ {h : X → RK+1}, if QXY is the auxiliary domain for

PXY , then for any h ∈ H, the difference |Rα
P (h)−Rα

Q(h)| is bounded by

αd`H(PX|Y=yK+1
, QX|Y=yK+1

) + αΛ,

where α = Q(Y = yK+1), d`H is the H∆H-divergence defined in definition

8,

Λ = min
h′∈H

(
Ru
P (h′) + RQ,u(h

′)
)

(6.2.3)

is the combined risk for the unknown classes, Rα
P (h) is the α-risk for

PXY and Rα
Q(h) is the α-risk for QXY .

Proof of Theorem 7.

|Rα
P (h)−Rα

Q(h)|

=|(1− α)RP,k(h) + αRP,u(h)− (1− α)RQ,k(h)− αRQ,u(h)|

=
∣∣(1− α)

∫
X×Yk

`(h(x),y)dPXY |Y ∈Yk(x,y) + αRP,u(h)

−(1− α)

∫
X×Yk

`(h(x),y)dQXY |Y ∈Yk(x,y)− αRQ,u(h)
∣∣

=α
∣∣RP,u(h)−RQ,u(h)

∣∣ we have used QXY |Y ∈Yk = PXY |Y ∈Yk
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Unknown classes                      Unknown classes

Figure 6.1: The left figure shows the auxiliary distribution U and
marginal distribution PX (red curve: distribution PX ; blue lines: dis-
tribution U introduced in Definition 21; grey regions: the regions for
unknown classes). The right figure shows the marginal distribution Q0,β

U

of ideal auxiliary domain generated by U , PX|Y ∈Yk
and L0,β (blue lines

and curve: Q0,β
U defined in Definition 21).

≤α
∣∣
∫

X
�(h(x),h′(x))dPX|Y=yK+1

(x)−
∫

X
�(h(x),h′(x))dQX|Y=yK+1

(x)
∣∣

+α

∫

X
�(h′(x),yK+1)dPX|Y=yK+1

(x) + α

∫

X
�(h′(x),yK+1)dQX|Y=yK+1

(x)

the triangle inequality is used

≤αd�H(PX|Y=yK+1
, QX|Y=yK+1

) + α

∫

X
�(h′(x),yK+1)dPX|Y=yK+1

(x)

+α

∫

X
�(h′(x),yK+1)dQX|Y=yK+1

(x).

Hence,

|Rα
P (h)−Rα

Q(h)| = min
h′∈H

|Rα
P (h)−Rα

Q(h)|

≤αd�H(PX|Y=yK+1
, QX|Y=yK+1

) + αΛ.

Theorem 7 implies that there exists a gap between Rα
P (h) and Rα

Q(h).

The gap is related to domain discrepancy for unknown classes between

PXY and QXY . To further eliminate the gap between Rα
P (h) and Rα

Q(h),

additional conditions about the hypothesis space H are indispensable.

Assumption 3 (Realization for Unknown Classes). A hypothesis H ⊂

{h : X → Y} is realization for unknown classes, if there exist a hypothesis

function h̃ ∈ H and a distribution P̃ defined over X with supp P̃ = X

satisfying for any h ∈ H, there exists h′ ∈ H such that h′(x) = yK+1, if
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h̃(x) = yK+1, otherwise, h′(x) = h(x); and

∫
X×Y

`(φ ◦ h̃(x), φ(y))dPY |X(y|x)dP̃ (x) = 0,

where φ is a function defined over Y and defined as follows φ(y) = yK+1,

if y = yK+1; otherwise, φ(y) = y1.

Remark 6. Assumption 3 implies that the hypothesis space H is com-

plexity enough so that the unknown classes can be classified perfectly by

many hypothesis functions. The assumption can be regarded as the open-

set version of realization assumption [57, 171], which is a basic concept

in statistical learning theory.

Theorem 8. Given a loss ` satisfying `(y,y′) = 0 iff y = y′, and a

hypothesis space H ⊂ {h : X → RK+1} satisfying Assumption 3, if QXY

is the auxiliary domain for PXY and assume PX � QX � P̃ , where P̃

is the distribution introduced in Assumption 3, then for any 0 < α < 1,

min
h∈H

Rα
Q(h) = min

h∈H
Rα
P (h),

arg min
h∈H

Rα
Q(h) ⊂ arg min

h∈H
Rα
P (h).

Proof of Theorem 8. Step 1. Note that

∫
X×Y

`(φ ◦ h̃(x), φ(y))dPY |X(x)dP̃ (x) = 0,

hence, if we set P̃X,Y = P̃PY |X , then

∫
X×Y

`(φ ◦ h̃(x), φ(y))dP̃X,Y |Y ∈Yk(x,y) = 0,∫
X
`(φ ◦ h̃(x), φ(yK+1))dP̃X|Y=yK+1

(x) = 0.

Note that `(y,y′) = 0 iff y = y′, hence, h̃(x) = yK+1, for any x from

supp P̃X|Y=yK+1
a.e. P̃ and h̃(x) 6= yK+1, for any x from supp P̃X|Y ∈Yk

a.e. P̃ .

Step 2. Because PX � QX � P̃ , then supp P̃X|Y ∈Yk ⊃ supp QX|Y ∈Yk ⊃

supp PX|Y ∈Yk and supp P̃X|Y=yK+1
⊃ supp QX|Y=yK+1

⊃ supp PX|Y=yK+1
.
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Step 3. We need to check that minh∈HR
α
P (h) = (1−α) minh∈HRP,k(h).

First, it is clear that minh∈HR
α
P (h) ≥ (1 − α) minh∈HRP,k(h). If there

exists hP ∈ H such that minh∈HR
α
P (h) > (1− α) minh∈HRP,k(hP ).

Set h̃P (x) = yK+1, if h̃(x) = yK+1; otherwise, h̃P (x) = hP (x),

hence, using the results of Step 1 and Step 2, we know {x : h̃(x) =

yK+1} ⊃ supp PX|Y=yK+1
. Then,

(1− α)

∫
X×Yk

`(hP (x),y)dPX,Y |Y ∈Yk(x,y)

=(1− α)

∫
{supp PX|Y ∈Yk}×Yk

`(hP (x),y)dPX,Y |Y ∈Yk(x,y)

=(1− α)

∫
{supp PX|Y ∈Yk}×Yk

`(h̃P (x),y)dPX,Y |Y ∈Yk(x,y)

have used h̃(x) 6= yK+1, for x ∈ supp P̃X|Y ∈Yk a.e. P̃

=(1− α)

∫
{supp PX|Y ∈Yk}×Yk

`(h̃P (x),y)dPX,Y |Y ∈Yk(x,y) + 0

=(1− α)

∫
{supp PX|Y ∈Yk}×Yk

`(h̃P (x),y)dPX,Y |Y ∈Yk(x,y)

+α

∫
supp PX|Y=yK+1

`(h̃(x),yK+1)dPX|Y=yK+1
(x)

=(1− α)

∫
{supp PX|Y ∈Yk}×Yk

`(h̃P (x),y)dPX,Y |Y ∈Yk(x,y)

+α

∫
supp PX|Y=yK+1

`(h̃P (x),yK+1)dPX|Y=yK+1
(x)

=Rα
P (h̃P ) ≥ min

h∈H
Rα
P (h),

hence, minh∈HR
α
P (h) = (1−α) minh∈HRP,k(h). Similarly, we can prove

that minh∈HR
α
Q(h) = (1 − α) minh∈HRQ,k(h). Because QX|Y ∈Yk =

PX|Y ∈Yk , hence, minh∈HRQ,k(h) = minh∈HRP,k(h). Using the results

of Step 3, we obtain that

min
h∈H

RQ(h) = min
h∈H

RP (h). (6.2.4)

Step 4. Given any h∗ ∈ arg minh∈HR
α
P (h), then we construct h̃∗ such
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that

h̃∗(x) = yK+1, if h̃(x) = yK+1; otherwise, h̃∗(x) = h∗(x).

It is clear that h̃∗ ∈ H according to assumption 3.

Then,

Rα
P (h∗)

≥(1− α)

∫
X×Yk

`(h∗(x),y)dPX,Y |Y ∈Yk(x,y)

=(1− α)

∫
{supp PX|Y ∈Yk}×Yk

`(h∗(x),y)dPX,Y |Y ∈Yk(x,y)

=(1− α)

∫
{supp PX|Y ∈Yk}×Yk

`(h̃∗(x),y)dPX,Y |Y ∈Yk(x,y)

have used h̃(x) 6= yK+1, for x ∈ supp P̃X|Y ∈Yk a.e. P̃

=(1− α)

∫
{supp PX|Y ∈Yk}×Yk

`(h̃∗(x),y)dPX,Y |Y ∈Yk(x,y) + 0

=(1− α)

∫
{supp PX|Y ∈Yk}×Yk

`(h̃∗(x),y)dPX,Y |Y ∈Yk(x,y)

+α

∫
supp PX|Y=yK+1

`(h̃(x),yK+1)dPX|Y=yK+1
(x)

=(1− α)

∫
{supp PX|Y ∈Yk}×Yk

`(h̃∗(x),y)dPX,Y |Y ∈Yk(x,y)

+α

∫
supp PX|Y=yK+1

`(h̃∗(x),yK+1)dPX|Y=yK+1
(x)

=Rα
P (h̃∗).

Hence, for any h∗ ∈ arg minh∈HR
α
P (h),∫

X
`(h∗(x),yK+1)dPX|Y=yK+1

(x)

=

∫
suppPX|Y=yK+1

`(h∗(x),yK+1)dPX|Y=yK+1
(x) = 0.

Similarly, we can prove that for any h∗ ∈ arg minh∈HR
α
Q(h),

∫
X
`(h∗(x),yK+1)dQX|Y=yK+1

(x) = 0.
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Step 5. Given any hQ ∈ arg minh∈HR
α
Q(h), we can find that (using

result of Step 3)

Rα
Q(hQ) = (1− α)RQ,k(hQ) = (1− α)RP,k(hQ),

and ∫
X
`(hQ(x),yK+1)dQX|Y=yK+1

(x) = 0.

Because PX � QX , we know

PX|Y=yK+1
� QX|Y=yK+1

,

which implies that

∫
X
`(hQ(x),yK+1)dPX|Y=yK+1

(x) = 0.

Hence,

Rα
Q(hQ) = (1− α)RQ,k(hQ) = (1− α)RP,k(hQ) + α ∗ 0 = Rα

P (hQ).

Using the result (see Eq. (6.2.4)) of Step 3,

min
h∈H

Rα
Q(h) = min

h∈H
Rα
P (h).

We obtain that

hQ ∈ arg min
h∈H

Rα
P (h),

this implies

arg min
h∈H

Rα
Q(h) ⊂ arg min

h∈H
Rα
P (h).

6.2.3 Construction of Ideal Auxiliary Domain

As mentioned above, the auxiliary domain plays an important role to ad-

dress the open-set learning problem from a transfer learning perspective.
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Thus, in this subsection, we first show how to construct an ideal auxil-

iary domain and then demonstrate how to estimate the ideal auxiliary

domain via finite samples.

Definition 21 (Ideal Auxiliary Domain (IAD)). Given the distribution

PXY defined in Problem 18 and an auxiliary distribution U defined over

X such that PX|Y ∈Yk � U , then the ideal auxiliary domain regarding to

PXY is

Q0,β
U PY |X ,

where Q0,β
U is the marginal distribution defined over X :

Q0,β
U (A) = γ

∫
A

L0,β(r(x))dU(x), here (6.2.5)

γ =
1

1 + βU(r = 0)
, (6.2.6)

L0,β(x) =

 x+ β, x ≤ 0,

x, x > 0,

A is any U-measurable set, r(x) is the density ratio between PX|Y ∈Yk and

Usuch that

PX|Y ∈Yk(A) =

∫
A

r(x)dU(x),

and β > 0 is a parameter to tune the density of Q0,β
U for unknown classes.

In Definition 21, the probability value of distribution Q0,β
U in space

X / supp r is a constant β. In detail, if PXY has no overlap between

known and unknown classes, any sample from QX|Y=yK+1
shares same

probability (see Fig. 6.1). In addition, an auxiliary distribution U sat-

isfying PX|Y ∈Yk � U is needed. The samples drawn from U can be

generated by a gaussian distribution or uniform distribution with suit-

able support set. Given finite samples T = {x̃j}mj=1 drawn (i.i.d.) from

a given distribution U as introduced in Definition 21. We introduce how

to use T and S to construct an approximate form of Q0,β
U introduced in

Definition 21. To simple, we provide a mild assumption as follows:

127



Definition 22. Distributions PX|Y ∈Yk and U introduced in Definition

21 are continuous distributions with density functions p(x) and q(x),

respectively.

Remark 7. The assumption that PX|Y ∈Yk and U are continuous can be

replaced by a weaker assumption: PX|Y ∈Yk , U � µ, where µ is a measure

defined over X . With the weaker assumption, all theorems still hold.

Note that the density ratio r = p/q required in Q0,β
U is unknown. To

compute the density ratio r using S and T , the density ratio estima-

tion algorithms are indispensable. Considering the property of statisti-

cal convergence, we use kernelized variant of unconstrained least-squares

importance fitting (KuLSIF) [172] to estimate the density ratio in the

theoretical part: given RKHS space Hk,

min
w∈Hk

∑
x∈T w

2(x)

m
− 2

∑
(x,y)∈S w(x)

n
+ λ‖w‖2

k, (6.2.7)

where λ is the regularization parameter. Then, we assume ŵ is the solu-

tion of Eq. (6.2.7). After instance re-weighting, we regard the following

measure

Q̂τ,β
T =

γ

m

∑
x∈T

Lτ,β(ŵ(x))δx, (6.2.8)

as the approximation of Q0,β
U , where γ is defined in Eq. (6.2.6),

Lτ,β(x) =


x+ β, x ≤ τ ;

x, 2τ ≤ x;(
1− β

τ

)
x+ 2β, τ < x < 2τ,

and τ > 0 is the threshold to select whether a sample x ∈ T is from

unknown classes or known classes.

6.2.4 Empirical Estimation for IAD Risk

In this subsection, we first set the ideal auxiliary domain Q0,β
U PY |X as

QXY , then we analyze the IAD risk Rα
Q(h) from an approximate view,
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where α = 1− 1/
(
1 + βU(r = 0)

)
. In detail, the IAD risk Rα

Q(h) can be

written as follows

Rα
Q(h) =

∫
X
`(h(x),y)dPY |X(y|x)dQ0,β

U (x). (6.2.9)

Then, we use Q̂τ,β
T (Eq. (6.2.8)) to construct auxiliary risk to approximate

IAD risk.

Definition 23 (Auxiliary Risk). Given samples S with size n drawn from

PXY |Y ∈Yk and T with size m drawn from U , i.i.d., then the auxiliary risk

for a hypothesis function h is

R̂τ,β
S,T (h) = R̂S(h) + ∆τ,β

S,T (h), (6.2.10)

where

R̂S(h) =
1

n

∑
(x,y)∈S

`(h(x),y),

∆τ,β
S,T (h) = max{R̂τ,β

T (h,yK+1)− R̂S(h,yK+1), 0},

R̂τ,β
T (h,yK+1) =

1

γ

∫
X
`(h(x),yK+1)dQ̂τ,β

T (x)

=
1

m

∑
x∈T

Lτ,β(ŵ(x))`(h(x),yK+1),

R̂S(h,yK+1) =
1

n

∑
(x,y)∈S

`(h(x),yK+1),

here Q̂τ,β
T is defined in Eq. (6.2.8) and γ is defined in Eq. (6.2.6).

Theorem 9 implies that (1− α)R̂τ,β
S,T (h) can approximate Rα

Q(h) uni-

formly.

Theorem 9. Assume assumption 22 holds, the feature space X is com-

pact and the hypothesis space H ⊂ {h : X → RK+1} has finite Natarajan

dimension [57]. Let the RKHS Hk be the Hilbert space with gaussian ker-

nel. Suppose that loss function is bounded by c, the density r ∈ Hk and

set the regularization parameter λ = λn,m in KuLSIF (see Eq. (6.2.7))

such that

lim
n,m→0

λn,m = 0, λ−1
n,m = O(min{n,m}1−δ),
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where 0 < δ < 1 is any constant, then for any 0 ≤ α < 1,

sup
h∈H
|(1− α)R̂τ,β

S,T (h)−Rα
Q(h)|

≤c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + γcβU(0 < r ≤ 2τ),

where Op denotes the probabilistic order, γ = 1−α, β = α
γU(r=0)

, R̂τ,β
S,T (h)

is defined in Eq. (6.2.10), and Rα
Q(h) is the IAD risk defined in Eq.

(6.2.9).

Note that U(0 < r ≤ 2τ)→ 0, if τ → 0, and Theorem 9 has indicated

that if we omit the term (1 − α)cβU(0 < p/q ≤ 2τ) and set m ≥ n, the

gap between (1−α)R̂τ,β
S,T (h) and Rα

Q(h) is close to Op(1/
√
n) by choosing

a small δ.

6.2.5 Main Theoretical Results

In this subsection, we analyze the relationship between Rα
P (h) and R̂τ,β

S,T (h)

based on Theorems 7, 8 and 9.

Theorem 10 (Uniform Bound Based on Transfer Learning). Given the

same conditions and assumptions in Theorems 7 and 9, then for any

0 ≤ α < 1, h ∈ H,

|(1− α)R̂τ,β
S,T (h)−Rα

P (h)|

≤c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + γcβU(0 < r ≤ 2τ)

+αd`H(PX|Y=yK+1
, QX|Y=yK+1

) + αΛ,

where λn,m is defined in Theorem 9, γ = 1 − α, β = α
γU(r=0)

, R̂τ,β
S,T (h) is

defined in Eq. (6.2.10), d`H is the H∆H-divergence defined in definition

8, Λ is the combined risk defined in Eq. (6.2.3) and Op is the probabilistic

order (independent of c, β, τ and α).

Theorem 10 indicates that the gap between (1−α)R̂τ,β
S,T (h) and Rα

P (h)

is controlled by four special terms. The combined risk Λ and domain

discrepancy for unknown classes can be regarded as constants. The other

two terms could be small enough, if n,m→ +∞ and τ is a small value.
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Theorem 11 (Estimation Error for OSL). Given the same conditions

and assumptions in Theorems 8 and 9, for any 0 ≤ α < 1, if we assume

ĥ ∈ arg minh∈H R̂
τ,β
S,T (h), then |Rα

P (ĥ) − minh∈HR
α
P (h)| has an upper

bound

c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + 4γcβU(0 < r ≤ 2τ),

where λn,m is defined in Theorem 9, γ = 1 − α, β = α
γU(r=0)

, R̂τ,β
S,T (h) is

defined in Eq. (6.2.10) and Op is the probabilistic order (independent of

c, β, τ and α).

If we select a small τ to make U(0 < r ≤ 2τ) small enough and

set m ≥ n, then under some assumptions, the following optimization

problem

min
h∈H

R̂τ,β
S,T (h) (6.2.11)

is almost classifier-consistent with estimation error close to Op(1/
√
n).

Additionally, the weight estimation in Theorem 11 is crucial. To weaken

the effect of weight estimation in area supp PX|Y ∈Yk , we introduce a proxy

for R̂τ,β
S,T (h).

Definition 24 (Proxy of Auxiliary Risk). Given samples S with size n

drawn from PXY |Y ∈Yk and T with size m drawn from U , i.i.d., then the

auxiliary risk for a hypothesis function h is

R̃τ,β
S,T (h) = R̂S(h) +

αγ′

1− α
R̂τ,β
S,T,u(h), (6.2.12)

where γ′ = 1/U(r = 0), R̂S(h) is defined in Definition 23,

R̂τ,β
S,T,u(h) =

1

m

∑
x∈T

L−τ,β(ŵ(x))`(h(x),yK+1),

here

L−τ,β(x) =


x+ β, x ≤ τ ;

0, 2τ ≤ x;

−τ + β

τ
x+ 2τ + 2β, τ < x < 2τ.
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Then, a result similar to Theorem 11 for auxiliary risk R̃τ,β
S,T is given

as follows.

Theorem 12 (Estimation Error for OSL). Given the same conditions

and assumptions in Theorem 11, for any 0 ≤ α < 1, if we assume

h̃ ∈ arg minh∈H R̃
τ,β
S,T (h), then |Rα

P (h̃) − minh∈HR
α
P (h)| has an upper

bound

cγ′
(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m) + 4cγ′αβU(0 < r ≤ 2τ),

where λn,m, β are introduced in Theorem 11, γ′ and R̃τ,β
S,T (h) are defined in

Definition 24, and Op is the probabilistic order (independent of c, β, τ, γ′

and α).

6.3 A Principle Guided OSL Algorithm

Inspired by Theorem 12, we focus on the following problem

min
Θ

(
R̂S(hΘ) + µR̂τ,β

S,T,u(hΘ)
)
, (6.3.1)

where µ is a positive parameter, R̂τ,β
S,T,u(h) is defined in Eq. (6.2.12), hΘ

is a hypothesis function based on a neural network, and Θ is parameters

of the neural network. To optimize hΘ to solve the minimization problem

defined in Eq. (6.3.1), we have the following five steps.

Step 1 (Feature Encoding). Train the samples S to get a closed-

set classifier hΘ0 , and designate the output of second to the last layer

(without softmax) l of hΘ0 as the encoded feature vector, i.e., Xencoder =

l(X). The new encoded feature space is denoted as Xencoder.

Step 2 (Initialize the Auxiliary Domain). Randomly generate

samples T from space Xencoder. By default, we generate T by uniform

distribution and set the size m is 3n. We update the samples S =

{(l(x),y) : (x,y) ∈ S}.

Step 3 (Construct the Auxiliary Domain). Estimate the weights

ŵ with samples S and T as the input. The higher the weight is, the more
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likely a generated sample belongs to the known classes. The parameters

selection details are as follows.

Weight estimation algorithm: In the theoretical part, KuLSIF is se-

lected to estimate weights. Kernel mean matching (KMM) [173] is also

an alternative solution [174]. However, in practice, KuLSIF and KMM

have time complexity O((m + n)2) [172], which may be not suitable for

large datasets. The kernel bandwidth selection also impact the overall

performance. Therefore, we recommend to use the outlier sample score

(with range [0, 1]) given by isolation forest (iForest) [175] as the sample

weights, which has time complexity O((n + m) log(n + m)). Close to 1

means known classes while close to 0 means unknown classes.

The τ is a threshold to split the generated samples T into known

and unknown samples. Considering we are using iForest, based on the

predicted sample score [s1, ..., sm] (descending order), we set τ = s[t∗m],

where t ∈ (0, 1) is the proportion that the generated samples selected as

unknown samples. We set t = 10% as default.

The β and µ control jointly the importance of correctly classified

unknown samples. We set µ as a dynamical parameter depending on β:

µ = nβ
n′+0.0001

, where n′ is number of samples in training samples actually

predicted as unknown. For example, if β = 0.05, n is 1000, there are 10

samples in training samples are predicted as unknown, then µ ≈ 5.

Step 4 (SoftmaxK+1). Initialize an open-set learning neural net-

work with samples S and T as the input and K + 1 Softmax nodes as

the output.

Step 5 (Open-Set Learning). Train the SoftmaxK+1 neural net-

work with the cost function defined in Eq. (6.3.1) with both S and T .

First, we implement AOSR on toy dataset with different sample size

to reveal the relationship between sample size n and error
(
O(1/

√
n)
)
.

Then, we evaluate the efficacy of AOSR on benchmark datasets.
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(a) Double-moon
dataset

(b) Closed-set classifica-
tion

(c) Open-set classifica-
tion

(d) Error and Sample
Size

(e) Parameter Analysis
for β

(f) Parameter Analysis
for t

Figure 6.2: (a) is the training samples for double-moon dataset. (b)
is the decision regions under closed-set learning setting for double-moon
dataset. (c) is the decision regions under open-set learning setting for
double-moon dataset. (d) is the relationship between error and sample
size. (e) is parameter analysis for β. (f) is parameter analysis for t.

6.3.1 Datasets

In this chapter, we verify the efficacy of algorithm AOSR on double-moon

dataset and two real world datasets:

Double-moon dataset (toy). The double-moon dataset consists of

two different clusters. Samples from different clusters are regarded as

known samples with different label. Samples from other region are re-

garded as unknown samples drawn from uniform distribution, i.i.d. The

ratio between the sizes of known and unknown samples is 1.

MNIST dataset (real). Following the set up in [176], we useMNIST

[177] as the training samples and use Omniglot [178], MNIST-Noise,

and Noise datasets as unknown classes. Omniglot contains alphabet

characters. Noise is synthesized by sampling each pixel value from a

uniform distribution on [0, 1]. MNIST-Noise is synthesized by adding

noise on MNIST as the test samples. Each dataset has 10, 000 test

samples.

CIFAR-10 dataset (real). Following [176], we use CIFAR-10 [179]

as training samples and collect unknown samples from ImageNet and
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LSUN. We resized/cropped them so that they would be the same size as

the known samples. Hence, we generate four datasets ImageNet-crop,

ImageNet-resize, LSUN-crop and LSUN-resize as unknown classes.

Each dataset has 10, 000 test samples.

Following [176], [180], we use MNIST [177], SVHN [181] and CIFAR-

10 [179] to construct different OSL tasks. For MNIST, SVHN and

CIFAR-10, each dataset is randomly divided into 6 known classes and 4

unknown classes. In addition, we construct CIFAR+10 and CIFAR+50

by randomly selection 6 known classes and 10 or 50 unknown classes from

CIFAR-100 [179].

6.3.2 Open-Set Learning Demonstration

Here we break down the entire learning process and demonstrate the

inter-media process of each step on the toy dataset. This experiment

is aiming to provide an visualization aid on understanding the open-set

learning process.

To start with, we plot the double-moon dataset in Fig. 6.2(a). The

objective of closed-set learning is to build a classifier that can split the

samples with different labels. To achieve this goal, we build a simple

neural network with sparse categorical cross-entropy as the loss function.

The closed-set learning result is shown in Fig. 6.2(b). In this case, the

closed-set classifier splits the samples with different labels well. However,

the closed-set classifier does not consider the boundary of support set for

training domain, that is, any new samples that does not located in the

support set, the closed-set classifier still gives a known label.

Fig. 6.2(c) is the open-set learning result. To recognize the unknown

samples, the open-set classifier should delineate a boundary between the

known and unknown classes. To achieve this goal, we use SoftmaxK+1

as the final output and Eq. (6.3.1) as the cost function. The AOSR will

push the neural network to give label yK+1 on unknown samples.
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6.3.3 Experimental Setup

AOSR has several hyper-parameters: β, t, µ and m. For all tasks, we set

m = 3n, t = 10% as default. µ is a dynamic parameter depending on β.

β is selected from 0.01 to 2.5. Details on the selection of parameters are

available at github.com/Anjin-Liu/Openset_Learning_AOSR.

For datasets MNIST, Omnilot, MNIST-Noise, Noise, we use the

same setting of [176] and [180] to extract the features. Same as [176],

DHRNet-92 is used as the backbone for CIFAR-10, ImageNet and LSUN

datasets. For different tasks MNIST, SVHN, CIFAR-10, CIFAR+10

and CIFAR+50, the backbone is the re-designed VGGNet used by [176]

and [180].

We select baseline algorithms as follows: SoftMax, OpenMax [114],

Counterfactual [118], CROSR [176], C2AE [119], and CGDL [180].

6.3.3.1 Evaluation

Following [176], the macro-average F1 scores are used to evaluate OSL.

The area under the receiver operating characteristic (AUROC) [118] is

also frequently used [118]. Note that AUROC used in [118] is suitable for

global threshold-based OSL algorithms that recognize unknown samples

by a fix threshold [118]. However, AOSR recognizes unknown samples

based on the score of hypothesis function, thus, AOSR uses different

thresholds for different samples. This implies that AUROC used in [118]

may be not suitable for our algorithm. In this chapter, we use macro-

average F1 scores to evaluate our algorithm.

6.3.4 Experimental Evaluation and Result Analysis

Experiment results on double-moon dataset are summarized in Fig. 6.2(d).

We implement double-moon dataset with varying size n 1. We also gen-

erate n test samples. For a different sample size, we run 100 times and

report the mean accuracy and standard error in Fig. 6.2(d). Based on

1select n from [1, 5, 9, 15, 20, 30, 50, 70, 90, 120, 150] ∗ 100
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Fig. 6.2(d), the accuracy increases as the increase of training sample size

n increases. When n→ 15, 000, the accuracy approximates at 100%. In

particular, the green curve 0.5/
√
n and the yellow curve 8/

√
n jointly

control the curve of accuracy, implying the error of AOSR is controlled

by O(1/
√
n).

Experiment results on real datasets are summarized in Tables 6.1,

6.2 and 6.3. For all tasks, we run AOSR 5 times and report the mean

results by using F1 score [182]. In general, AOSR shows the promising

performance when compared to baseline algorithms. The effectiveness of

AOSR indicates that our theory is effective and practical.

Parameter analysis for β and t is given in Fig. 6.2(e), (f). We run

AOSR with varying values of β, t on MNIST tasks. From Fig. 6.2(e),

we observe that 1) when β increases from 0.01 to 0.64, the F1 scores for

Noise and MNIST-Noise decrease; 2) as increasing β from 0.01 to 0.16,

the F1 score for Omniglot increases. When β > 1.6, the performance for

Omniglot dramatically dropped to baseline. Additionally, according to

Fig. 6.2(f), we find that by changing t in the range of [0.05, 0.30], AOSR

achieve stable performance.

Ablation study on datasets MNIST, Omnilot, MNIST-Noise and

Noise is shown in Table 6.4. By adjusting different components of

AOSR, Table 6.4 indicates that each component of AOSR is important

and necessary. Note that if we replace iForest by KMM in AOSR, the

performance (0.907) is close to AOSR (0.910). This implies that KMM

may be a good choice, if we omit KMM’s time complexity.

6.4 Discussion

Relation with Generative Models. Algorithms based on generative

models are the mainstream for OSL. CGDL [180], C2AE [119] and Coun-

terfactual [118] are the representative works based on generative models.

AOSR can be regarded as the weight-based generative model, but is very

different from the mainstream generative model-based algorithms (fea-
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ture map-based generative model [118, 119, 180]). Form the theoretical

perspective, it is necessary to develop theory to guarantee the generaliza-

tion ability of feature map-based generative models. Here we propose an

interesting and important problem: how to develop generalization theory

for feature map-based generative models under open-set assumption?

Relation with PU Learning. Positive-unlabeled learning (PU learn-

ing) [183] is a special binary classification task, which assumes only un-

labeled samples and positive samples (i.e., samples with positive labels)

are available. Our theory is deeply related to PU learning. If we regard

the known samples S and the auxiliary samples as the positive samples

and the unlabeled samples, respectively. Then, our theory degenerates

into the PU learning theory.

Remaining Problems in OSL Theory. We list several interesting

and important problems for OSL theory as follows.

1. How to construct weaker assumption to replace assumption 3 for

achieving similar results?

2. Without assumption 3, what will happen?

3. Is it possible for OSL to achieve agnostic PAC learnability and achieve

fast learning rate Op(1/n
a), for a > 0.5?

4. Is it possible to construct OSL theory by stability theory [184]?

6.5 Summary

This chapter mainly focuses on the learning theory for open-set learning.

The generalization error bounds proved in our work provide the first

almost-PAC-style guarantee on open-set learning. Based on our theory,

a principle guided algorithm AOSR is proposed. Experiments on double-

moon dataset indicate that the error of AOSR is controlled by order

O(1/
√
n), which is consistent with theoretical observations. Experiments

on real datasets indicate that AOSR achieves competitive performance

when compared with baselines.
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Table 6.2: The performance on dataset MNIST is evaluated by macro-
averaged F1-scores in 11 classes.

Algorithm Omniglot MNIST-Noise Noise

Softmax 0.595 0.801 0.829
Openmax 0.780 0.816 0.826
CROSR 0.793 0.827 0.826
Ours (AOSR) 0.825 0.953 0.953

Table 6.3: The performance on MNIST, SVHN, CIFAR-10, CIFAR+10
and CIFAR+50 are evaluated by macro-averaged F1 scores. We report
the experimental results reported by [180] .

Algorithm MNIST SVHN CIFAR-10 CIFAR+10 CIFAR+50

Softmax 0.768 0.725 0.600 0.701 0.637
Openmax [114] 0.798 0.737 0.623 0.731 0.676
CROSR [176] 0.803 0.753 0.668 0.769 0.684
GDFR [113] 0.821 0.716 0.700 0.776 0.683
CGDL [180] 0.837 0.776 0.655 0.760 0.695
Ours (AOSR) 0.850 0.842 0.705 0.773 0.706

Table 6.4: Ablation study on dataset MNIST, Omnilot, MNIST-Noise
and Noise.

Tasks Only iForest β=0 µ=0 w/KMM w/KuLSIF AOSR

Avg 0.680 0.677 0.677 0.907 0.855 0.910
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Chapter 7

Bridging Theory and Algorithm for

Semi-supervised Heterogeneous

Domain Adaptation

A novel algorithm and theory for semi-supervised heterogeneous domain

adaptation are introduced in this chapter.

7.1 Introduction

Homogeneous domain adaptation is based on two assumptions: 1) that

the source and target domains share the same label sets; and 2) that the

source and target domains share the same feature spaces. In reality, it is

not easy to seek a source domain with the same feature space (i.e., homo-

geneous) as the target domain of interest [23–26]. Hence, a more general

and challenging problem heterogeneous domain adaptation (HeDA) has

also been considered, where the source and target domains are from dif-

ferent feature spaces [29,30]. Depending on whether labeled samples are

available in the target domain, HeDA is roughly divided into three cat-

egories: unsupervised HeDA [25, 185], supervised HeDA [24, 186], semi-

supervised HeDA (SsHeDA) [120, 124, 187]. Of these three paradigms,

SsHeDA is, arguably, the most attractive, since collecting a few labeled

target samples is affordable.

The SsHeDA aims to train a target classifier with unlabeled and a

few labeled target samples, and labeled source samples. The current

SsHeDA algorithms bridge the heterogeneity between domains by either

projecting the source and target samples onto a common feature space
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using different feature transformations [120,188,189] or by projecting the

source samples into the target feature space with a special source feature

transformation [190–192]. Representative feature transformation tech-

niques are spectral mapping [193], kernel matching [194] and manifold

alignment [120].

Yet, despite the many SsHeDA models and algorithms that have been

proposed, very little theoretical groundwork has been undertaken to re-

veal the nature of SsHeDA problem or why the current solutions work as

they do. Zhou et al. [190] proposed the unique theoretical work providing

generalization error for the algorithm Sparse Heterogeneous Feature Rep-

resentation (SHFR) [190]. However, the generalization error for SHFR

limited the loss function to hinge loss and the feature transformation to

linear mapping. Besides, the proposed generalization error does not pro-

vide an explanation as to why the labeled source and unlabeled target

samples can help reduce the need for labeled target samples. Providing

such a theory is our main purpose.

To develop the SsHeDA theory, a straightforward idea is to simply ex-

tend the semi-supervised HoDA (SsHoDA) theory to the heterogeneous

situation by introducing feature transformations. Existing SsHoDA the-

ory is based on theoretical analysis of a weighted sum of source and target

risks (weighted risk). Researchers provided a uniform bound on the tar-

get risk of a classifier trained to minimize the weighted risk. The bound

has shown that the need of labeled target samples is reduced by reduc-

ing the weight of the target risk [195]. However, an obstacle appears in

the heterogeneous situation. The combined risk [53, 195], as a constant

term in the SsHoDA uniform bound, becomes a function related to fea-

ture transformations, which means an estimation is not possible without

sufficient labeled target samples (see Section 7.3.3).

Motivated by the compatibility condition introduced by probably ap-

proximately correct (PAC) theory [196], we therefore develop a theory

of SsHeDA from a thoroughly new perspective compared to previous

domain adaptation theories. Our bold strategy is to explain why the
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SsHeDA problem can be addressed by proving a novel generalization er-

ror of SsHeDA. By reducing the size of the target feature transformation

space, the generalization error illustrates how the labeled source and un-

labeled target samples, together with a suitable compatibility condition,

can reduce the need for labeled target samples.

Guided by our theory, we then devise a SsHeDA algorithm to bring

the proposed SsHeDA theory into the reality. Kernel Heterogeneous Do-

main Alignment (KHDA) is a kernel method designed for small datasets.

KHDA maintains two main branches, where the first branch aims to

transfer knowledge from the source to the target domain, and the second

branch aims to transfer knowledge from the labeled target samples to the

unlabeled target samples.

Our algorithm is proved to be highly accurate in a set of experiments

comprising 9 baseline algorithms, 60 object recognition tasks and 26

text classification tasks. Extensive experiments demonstrate that KHDA

achieves competitive performance compared with all the baselines.

Our contributions are summarized as follows:

• We introduce the concepts of compatibility, transfer error rates

and uniform sample complexity as new tools for estimating the need for

labeled target samples. Co-opting these concepts provides a thoroughly

new perspective for theoretically analyzing domain adaptation problems.

• We propose a generalization error estimation for target risk in

SsHeDA. To the best of our knowledge, this is the first work on SsHeDA

to explain why combining labeled source samples with unlabeled target

samples can reduce the need for labeled target samples.

• We develop a SsHeDA algorithm based on our theoretical work:

KHDA. KHDA is a theoretical-guided algorithm that depends on the

kernel method.

7.2 Problem Setting and Concepts

In this section, we recall the definition of SsHeDA problem and introduce

some important notations used in this thesis.
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7.2.1 Problem Setting

Let Xs ⊂ Rds , Xt ⊂ Rdt be the feature (input) spaces and Y = {y1, ...,yK}

be a label (output) space. Then, we propose the SsHeDA problem as fol-

lows: Given sets of samples called the labeled source, labeled target and

unlabeled target samples:

S = {(xis,yis)}nsi=1 ∼ PXsYs i.i.d.

Tl = {(xil,yil)}
nl
i=1 ∼ PXtYt i.i.d.

Tu = {xiu}nui=1 ∼ PXt i.i.d.

where nl � nu, nl � ns. The aim of semi-supervised heterogeneous

domain adaptation is to train a classifier g : Xt → Y such that g classifies

the unlabeled target samples accurately by using labeled and unlabeled

samples. For simplicity, let

Xs = [x1
s, ...,x

ns
s ], Xl = [x1

l , ...,x
nl
l ], Xu = [x1

u, ...,x
nu
u ],

and let Xc
s ∈ Rds×ncs and Xc

l ∈ Rdt×ncl be the sub-matrices of Xs and

Xl, whose column vectors are samples with label c. Let Xt ∈ Rdt×nt be

[Xl,Xu]. Here ncs, n
c
l are the number of labeled source and target samples

with label c, and nt = nl + nu. For convenience, given any data matrix

X, x ∈ X means that x is a column vector of X.

7.2.2 Concepts and Notations

Before introducing our main results, we need to introduce the following

concepts and notations.

7.2.2.1 Empirical distributions and Transformations

We denote the notation P̂X as the corresponding empirical distribution

over any samples matrix X = [x1, ...,xn]:

P̂X =
1

n

n∑
i=1

δxi ,
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where δxi is the Dirac measure defined in xi. For example, P̂Xs is the

empirical distribution corresponding to Xs.

Given a latent space X ⊂ Rd, we denote

Fs ⊂ {T : Xs → X}, Ft ⊂ {T : Xt → X}

as source and target transformation spaces, respectively. Given a trans-

formation T , we define the transformed data matrix as

T (X) = [T (x1), ...,T (xn)].

7.2.2.2 Hypothesis Space and Risks

We consider a multi-class classification task with a hypothesis space H

consisting of scoring functions

h : X → R1×|Y| = R1×K

x→ [h1(x), ..., hK(x)],

where hc(x) (c = 1, ..., K) indicates the confidence in the prediction of

label c. Given ` : RK × RK → R≥0 as the symmetric loss function, the

risks of h ∈ H w.r.t. ` under PTs(Xs)Ys and PTt(Xt)Yt are given by

Rs(h ◦ Ts) = E `(h ◦ Ts(Xs), Ys),

Rt(h ◦ Tt) = E `(h ◦ Tt(Xt), Yt),

It is convenient to use notations R̂s(h ◦ Ts) and R̂t(h ◦ Tt) to represent

the empirical risks corresponding to the risks Rs(h ◦ Ts) and Rt(h ◦ Tt),

respectively.

7.3 Theoretical foundation for SsHeDA

This section presents two necessary concepts, then reviews the existing

SsHoDA theory and discusses the main obstacle to extend the SsHoDA

theory into the heterogeneous situation. Lastly, we introduce our main
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theoretical results.

7.3.1 Uniform Sample Complexity

Let ψ be the function from H×Fs ×Ft ×Ps ×Pt ×Pt(X) to R, where

Ps,Pt,Pt(X) are probability spaces over spaces Xs × Y , Xt × Y and Xt,

respectively.

Given any distributions PXsYs ∈ Ps, PXlYl ∈ Pt and PXt ∈ Pt(X)

(in SsHeDA, PXlYl = PXtYt), if random samples S with size ns , Tl with

size nl and Tu with size nu are drawn from PXsYs , PXlYl and PXt , i.i.d.,

respectively, for any 0 < δ < 1, ε > 0, we denote

mψ
s (ε, δ,H,Fs,Ft), mψ

l (ε, δ,H,Fs,Ft), mψ
u (ε, δ,H,Fs,Ft),

as the smallest numbers of samples such that if

ns > mψ
s (ε, δ,H,Fs,Ft),

nl > mψ
l (ε, δ,H,Fs,Ft),

nu > mψ
u (ε, δ,H,Fs,Ft),

with a probability of at least 1− δ > 0, then for any h ∈ H, Ts ∈ Fs and

Tt ∈ Ft, we have |ψ − ψ̂| < ε, where

ψ = ψ(h,Ts,Tt, PXsYs , PXlYl , PXt),

ψ̂ = ψ(h,Ts,Tt, P̂S , P̂Tl , P̂Tu),

here P̂S , P̂Tl , P̂Tu are empirical distributions corresponding to S, Tl and

Tu.

If the smallest sample numbers are finite, then we say ψ has uniform

estimation. It is clear that

1. mψ
l (ε, δ,H1,Fs,Ft) ≤ mψ

l (ε, δ,H2,Fs,Ft), if H1 ⊂ H2;

2. mψ
l (ε, δ,H,Fs,F1) ≤ mψ

l (ε, δ,H,Fs,F2), if F1 ⊂ F2.
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7.3.2 Compatibility and Transfer Error Rate

Compatibility is proposed by [196] to develop the PAC-model style frame-

work for semi-supervised learning. By using the notation of compatibility,

the semi-supervised PAC theoretical model provides a unified framework

for analyzing why unlabeled samples can help to reduce the need for

labeled samples.

To investigate how the source samples and unlabeled target samples

reduce the need for labeled target samples in the SsHeDA problem, we

define the SsHeDA compatibility.

Definition 25. Given hypothesis space H, transformation spaces Fs,Ft
and probability spaces Ps and Pt(X) over spaces Xs×Y, Xt, respectively,

the heterogeneous domain adaptation compatibility is a function χ : H×

Fs ×Ft × Ps × Pt(X)→ [0, 1].

Definition 26 (Transfer Error Rate). Given the HeDA compatibility χ,

the incompatibility of h,Ts,Tt with distributions PXsYs and PXt is

1− χ(h,Ts,Tt, PXsYs , PXt),

which is also called the transfer error rate, err(h,Ts,Tt), when χ, PXsYs,

PXt are clear from the context.

For given samples S ∼ PXsYs, Tu ∼ PXt, we use êrr(h,Ts,Tt) to

denote 1− χ(h,Ts,Tt, P̂S , P̂Tu) as the empirical form of err(h,Ts,Tt).

Then, we define the hypothesis function and target transformation

whose incompatibility is at most a given value α:

Definition 27. Given the threshold α ≥ 0, H(α),Ft(α) are

{h ∈ H | ∃ Ts ∈ Fs, Tt ∈ Ft, s.t. err(h,Ts,Tt) ≤ α},

{Tt ∈ Ft | ∃ Ts ∈ Fs, h ∈ H, s.t. err(h,Ts,Tt) ≤ α}.

Remark 8. It is clear that H(α) ⊂ H,Ft(α) ⊂ F .

Next, we need an assumption to estimate the difference between

êrr(h,Ts,Tt) and err(h,Ts,Tt).
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Assumption 4. Given spacesH, Fs, Ft and transfer error rate err(h,Ts,Tt),

for any ε > 0 and 0 < δ < 1,

merr
s (ε, δ,H,Fs,Ft) < +∞,

merr
u (ε, δ,H,Fs,Ft) < +∞,

merr
l (ε, δ,H,Fs,Ft) = 0.

Lastly, we introduce an example of transfer error rate.

Example 2. One can set err(h,Ts,Tt) as

(1− τ)Rs(h ◦ Ts)/B + τd`h,H(PTs(Xs), PTt(Xt))/B,

where d`h,H is disparity discrepancy defined in Definition 8, τ is the weight

and B is the supremum of `. If H ◦ Fs,H ◦ Ft have finite Natarajan

dimension, then err(h,Ts,Tt) satisfies assumption 4.

7.3.3 Obstacle to Extend SsHoDA Theory

Here we introduce the obstacle to extend SsHoDA theory in HeSsDA.

In SsHoDA theory [195], weighted risk is defined as

Rβ(h) = βRt(h) + (1− β)Rs(h),

where β (0 < β < 1) is the weight. Utilizing weighted risk, the following

theorem shows that the number of labeled target samples can be reduced

in homogeneous situation.

Theorem 13. Let ` be the symmetric loss satisfying the triangle in-

equality, feature spaces Xs,Xt be space X , and Fs, Ft be {I}, where I is

identical mapping from X to X . If random labeled source samples with

size ns are generated by PXsYs, i.i.d., random labeled target samples with

size nl are generated by PXtYt, i.i.d., and unlabeled target samples with

size nu are generated by PXt, i.i.d., for any 0 < δ < 1, 0 < γ1,γ2 < 1,
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and ε > 0, if

ns > max{md`H
s (

γ1ε

2(1− β)
,
γ2δ

2
,H,Fs,Ft),

mRs
s (

γ1ε

2(1− β)
,
γ2δ

2
,H,Fs,Ft)},

nu > m
d`H
u (

γ1ε

2(1− β)
,
γ2δ

2
,H,Fs,Ft),

nl > mRt
l (

(1− γ1)ε

2β
, (1− γ2)δ,H,Fs,Ft),

where d`H isH∆H-divergence defined in Definition 7, Rs, Rt are Rs(h), Rt(h),

then with a probability at least 1− δ > 0, for any h ∈ H,

Rt(ĥ) ≤ Rt(ht) + 2(1− β)
(
d`H(P̂Xs , P̂Xu) + Λ

)
+ ε,

where ĥ ∈ arg minh∈H R̂β(h), ht ∈ arg minh∈H R̂t(h) and Λ is known as

the combined risk.

Before proving Theorem 13, we introduce two necessary lemmas.

Lemma 14.

|Rβ(h)−Rt(h)| ≤ (1− β)
(
d`H(PXs , PXt) + Λ

)
,

where Λ = minh∈H
(
Rs(h) + Rt(h)

)
.

Proof. |Rβ(h)−Rt(h)| = (1−β)|Rs(h)−Rt(h)| ≤ (1−β)
(
d`H(PXs , PXt)+

Λ
)
.

Given finite samples, we estimate the difference between |R̂β(h) −

Rβ(h)|.

Lemma 15. If

ns > mRs
s (γ1

ε

1− β
, γ2δ,H,Fs,Ft),

nl > mRt
l ((1− γ1)

ε

β
, (1− γ2)δ,H,Fs,Ft),
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then

|Rβ(h)− R̂β(h)| < ε,

for any h ∈ H, with a probability of at least 1− δ > 0, where Fs = Ft =

{I}, here I is the identical mapping.

Proof. If

ns > mRs
s (γ1

ε

1− β
, γ2δ,H,Fs,Ft),

with a probability of at least 1− γ2δ, we have

(1− β)|Rs(h)− R̂s(h)| < γ1ε.

If

nl > mRt
l ((1− γ1)

ε

β
, (1− γ2)δ,H,Fs,Ft),

with a probability of at least 1− (1− γ2)δ, we have

β|Rt(h)− R̂t(h)| < γ1ε.

Hence, with a probability of at least 1− δ, we have

|Rβ(h)− R̂β(h)| ≤ (1− β)|Rs(h)− R̂s(h)|+ β|Rt(h)− R̂t(h)| < ε.

Then, we prove Theorem 13.

Proof of Theorem 13. Step 1. If

ns > max{md`H
s (

γ1ε

2(1− β)
, δ1,H,Fs,Ft),mRs

s (
γ1ε

2(1− β)
, δ2,H,Fs,Ft)},

nu > m
d`H
u (

γ1ε

2(1− β)
, δ1,H,Fs,Ft),

nl > mRt
l (

(1− γ1)ε

2β
, δ3,H,Fs,Ft),

150



then with a probability of at least 1 − δ1 − δ2 − δ3

Rt(ĥ) ≤ Rβ(ĥ) + (1− β)
(
d`H(PXs , PXt) + Λ

)
Lemma 14

< R̂β(ĥ) + (1− β)
(
d`H(P̂Xs , P̂Xu) + Λ

)
+
ε

2
Lemma 15.

Step 2. If

ns > max{md`H
s (

γ1ε

2(1− β)
, δ1,H,Fs,Ft),mRs

s (
γ1ε

2(1− β)
, δ2,H,Fs,Ft)},

nu > m
d`H
u (

γ1ε

2(1− β)
, δ1,H,Fs,Ft),

nl > mRt
l (

(1− γ1)ε

2β
, δ3,H,Fs,Ft),

then with a probability of at least 1 − δ1 − δ2 − δ3,

R̂β(ĥ) + (1− β)
(
d`H(P̂Xs , P̂Xu) + Λ

)
≤R̂β(ht) + (1− β)

(
d`H(P̂Xs , P̂Xu) + Λ

)
<Rβ(ht) + (1− β)

(
d`H(P̂Xs , P̂Xu) + Λ

)
+
ε

2
Lemma 15

≤Rt(ht) + 2(1− β)
(
d`H(P̂Xs , P̂Xu) + Λ

)
+
ε

2
Lemma 14

Step 3. Combining Step 1 with Step 2, we have

ns > max{md`H
s (

γ1ε

2(1− β)
, δ1,H,Fs,Ft),mRs

s (
γ1ε

2(1− β)
, δ2,H,Fs,Ft)},

nu > m
d`H
u (

γ1ε

2(1− β)
, δ1,H,Fs,Ft),

nl > mRt
l (

(1− γ1)ε

2β
, δ2,H,Fs,Ft),

then with a probability of at least 1− δ1 − δ2 − δ3 (note that do not 1−

2δ1−2δ2−2δ3, because we have used the property of uniform estimation),

Rt(ĥ) < Rt(ht) + 2(1− β)
(
d`H(P̂Xs , P̂Xu) + Λ

)
+ ε.

Let δ1 = δ2 = γ2δ/2 and δ3 = (1− γ2)δ, Theorem 13 is completed.
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Remark 9. The number of labeled target samples

mRt
l (

(1− γ1)ε

2β
, (1− γ2)δ,H,Fs,Ft)

is reduced, with a decrease of β. Especially, if we set β → 0, then

mRt
l ( (1−γ1)ε

2β
, (1 − γ2)δ,H,Fs,Ft) → 0. Hence, we can reduce the num-

ber of labeled target samples by adjusting β.

It is natural for us to extend the above theorem to the heterogeneous

situation by using the weighted risk and transformations Ts and Tt. How-

ever, the combined risk Λ results in the main obstacle. In heterogeneous

situation, Λ is formulated as

min
h∈H

(
Rs(h ◦ Ts) + Rt(h ◦ Tt)

)
. (7.3.1)

Eq. (7.3.1) shows that Λ is a function on variables Ts,Tt, hence, it is

not a fixed value. To estimate Λ using finite samples, the labeled target

samples are indispensable. The following theorem provides a reason why

Λ is the main obstacle.

Theorem 16. There exist hypothesis space H and transformation spaces

Fs, Ft such that for any ε > 0 and 0 < δ < 1,

mΛ
l (ε, δ,H,Fs,Ft) ≥ mRt

l (ε, δ,H,Fs,Ft),

where Λ is defined in Eq. (7.3.1) and Rt is Rt(h ◦ Tt).

Proof of Theorem 16. We set H and Fs satisfying the following condi-

tions

H ◦ Fs = {a constant value mapping}, |H| = 1.

Then,

Λ = min
h∈H

Rs(h ◦ Ts) + Rt(h ◦ Tt) = Rs(h ◦ Ts) + Rt(h ◦ Tt).
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To estimate |Λ− Λ̂|,

|Λ− Λ̂| = |Rt(h ◦ Tt)− R̂t(h ◦ Tt)|.

Hence, we have

mΛ
l (ε, δ,H,Fs,Ft) = mRt

l (ε, δ,H,Fs,Ft).

We have completed the proof.

We also provide another proof as follows. Let the space Fs be large

enough: for any h ∈ H and Tt ∈ Ft, there exists Ts ∈ Fs such that

(
Rs(h ◦ Ts)− R̂s(h ◦ Ts)

)(
Rt(h ◦ Tt)− R̂t(h ◦ Tt)

)
≥ 0.

and

|H| = 1,

then we can check that

|Λ− Λ̂| ≥ |Rt(h ◦ Tt)− R̂t(h ◦ Tt)|,

which implies

mΛ
l (ε, δ,H,Fs,Ft) ≥ mRt

l (ε, δ,H,Fs,Ft).

Note that there is a coefficient 2(1−β) of Λ in the bound of Theorem

13. Hence, to estimate 2(1 − β)Λ given ε and δ, the number of labeled

target samples needed is at least

mΛ
l (

ε

2(1− β)
, δ,H,Fs,Ft). (7.3.2)

Combining Theorem 13 and Theorem 16 with Eq. (7.3.2), the number

of labeled target samples to obtain a similar bound in Theorem 13 is at
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least

max
{
mRt
l (

ε

2β
, δ,H,Fs,Ft),mRt

l (
ε

2(1− β)
, δ,H,Fs,Ft)

}
,

which is greater than or equal to mRt
l (ε, δ,H,Fs,Ft).

Remark 10. According to Theorem 13, in homogeneous situation, for

any hypothesis H, when β → 0, the need for labeled target samples is

close to 0. However, in heterogeneous situation, there exist hypothesis H

and transformation spaces Fs,Ft such that for any weight β ∈ (0, 1), the

number of labeled target samples is at least mRt
l (ε, δ,H,Fs,Ft).

The above discussion indicates that there exist hypothesis and trans-

formation spaces H,Fs,Ft such that the weight β does not play an im-

portant role in reducing the need for labeled target samples in SsHeDA.

7.3.4 Theoretical Analysis

We start this section from a basic theorem, which contains our main idea

about SsHeDA theory.

Theorem 17. Let H be the hypothesis space, Fs,Ft be the source and

target transformation spaces, and err(·) be the transfer error rate satis-

fying Assumption 4. If random labeled source samples with size ns are

drawn from PXsYs, i.i.d., random labeled target samples with size nl are

drawn from PXlYl, i.i.d., and unlabeled target samples with size nu are

drawn from PXt, i.i.d., for 0 < δ, γ1 < 1, 0 ≤ α < 1 and ε > 0, if

ns > merr
s (ε, γ1δ,H,Fs,Ft),

nu > merr
u (ε, γ1δ,H,Fs,Ft),

nl > mRt
l (ε, (1− γ1)δ,H,Fs,Ft(α + ε)).

Then, with a probability of at least 1 − δ, for any h ∈ H, Ts ∈ Fs and

Tt ∈ Ft with minh∗∈H,T ∗s ∈Fs êrr(h∗,T ∗s ,Tt) < α,

|Rt(h ◦ Tt)− R̂t(h ◦ Tt)| < ε.
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Proof of Theorem 17. Step 1. For any ε > 0 and 0 < δ1 < 1, if

ns > merr
s (ε, δ1,H,Fs,Ft),

nu > merr
u (ε, δ1,H,Fs,Ft),

then with the probability of at least 1 − δ1, we have

err(h,Ts,Tt)− êrr(h,Ts,Tt) < ε,

for any h ∈ H, Ts ∈ Fs and Tt ∈ Ft.

Note that the constrict minh∈H,Ts∈Fs êrr(h,Ts,Tt) ≤ α, which implies

that there exist h̃, T̃s such that err(h̃, T̃s,Tt) ≤ α + ε, then under the

constrict minh∈H,Ts∈Fs êrr(h,Ts,Tt) ≤ α, we have

Tt ∈ Ft(α + ε).

Step 2. For any ε > 0, 0 < δ2 < 1, if

nl > mRt
l (ε, δ2,H,Fs,Ft(α + ε)),

then with a probability of at least 1 − δ2 > 0, for any h ∈ H and

Tt ∈ Ft(α + ε), we have

|Rt(h ◦ Tt)− R̂t(h ◦ Tt)| < ε. (7.3.3)

Step 3. Combining Step 1 and Step 2, we have: If

ns > merr
s (ε, δ1,H,Fs,Ft),

nu > merr
u (ε, δ1,H,Fs,Ft),

nl > mRt
l (ε, δ2,H,Fs,Ft(α + ε)),
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then with the probability of at least 1 − δ1 − δ2,

|Rt(h ◦ Tt)− R̂t(h ◦ Tt)| < ε,

for any h ∈ H, Ts ∈ Fs and Tt ∈ Ft with minh∈H,Ts∈Fs êrr(h,Ts,Tt) ≤ α.

Let δ1 = γ1δ and δ1 = (1− γ1)δ. We have finished the proof.

Observing the above theorem, when γ1 is close to 0, then the number

of labeled target samples in Theorem 17 is less than that for estimating

Rt(h◦Tt) directly. The crucial reason is because the space Ft is replaced

by a smaller space Ft(α + ε).

To further reduce the number of labeled target samples, we can re-

place condition minh∗∈H,T ∗s ∈Fs êrr(h∗,T ∗s ,Tt) < α by

min
T ∗s ∈Fs

êrr(h,T ∗s ,Tt) < α,

then the number of labeled target samples can be reduced to

mRt
l (ε, (1− γ1)δ,H(α + ε),Fs,Ft(α + ε)).

Though Theorem 17 provides an explanation of the uniform sample

complexity for the labeled target samples, we still cannot explain the

representative algorithms by constructing different transfer error rates.

This is because the transfer error rate is not related to any informa-

tion about labeled target samples, which can be used to help align the

heterogeneous spaces. Hence, we add an additional constraint called the

heterogeneous space alignment d(h,Ts,Tt), which is able to be estimated

by labeled source samples and labeled target samples. Motivated by pre-

vious work [23,96,197], we can set heterogeneous space alignment as

• class-conditional distribution alignment

K∑
c=1

d`h,H(PTt(Xt)|Yt=yc , PTs(Xs)|Ys=yc). (7.3.4)
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• projected MMD alignment for class

K∑
c=1

D2
h(PTt(Xt)|Yt=yc , PTs(Xs)|Ys=yc). (7.3.5)

• MMD alignment for class

K∑
c=1

D2
F(PTt(Xt)|Yt=yc , PTs(Xs)|Ys=yc). (7.3.6)

Theorem 18. Given the same conditions and assumption in Theorem

17, for any 0 < δ < 1 and α, ε > 0,

ns > merr
s (ε, γ1δ,H,Fs,Ft),

nu > merr
u (ε, γ1δ,H,Fs,Ft),

nl > mRt
l (ε, (1− γ1)δ,H,Fs,Ft(α + ε)),

where γ1 is from (0, 1) and Rt is Rt(h ◦ Tt). Then with probability

of at least 1 − δ > 0, for any h ∈ H, Ts ∈ Fs and Tt ∈ Ft with

minh∗∈H,T ∗s ∈Fs
(
êrr(h∗,T ∗s ,Tt) + d̂(h∗,T ∗s ,Tt)

)
< α,

|Rt(h ◦ Tt)− R̂t(h ◦ Tt)| < ε,

where d̂(h,Ts,Tt) is the empirical form of heterogeneous space alignment

defined in Eq. (7.3.4), Eq. (7.3.5) or Eq. (7.3.6).

Proof of Theorem 18. Let

h,Ts ∈ arg min
h∗∈H,T ∗s ∈Fs

(
êrr(h∗,T ∗s ,Tt) + d̂(h∗,T ∗s ,Tt)

)
.

We have (
êrr(h,Ts,Tt) + d̂(h,Ts,Tt)

)
≤ α.

Note that

d̂(h,Ts,Tt) ≥ 0.
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Hence,

min
h∗∈H,T ∗s ∈Fs

êrr(h∗,T ∗s ,Tt) ≤ êrr(h,Ts,Tt) ≤ α. (7.3.7)

Using Theorem 17 and inequality (7.3.7), we prove the theorem.

Reducing the space size implies that the estimation error decreases

and approximate error may increase. To estimate the approximate error,

Theorem 19 provides an answer.

Theorem 19. Let ` be the loss satisfying the triangle inequality. If

err(h,Ts,Tt) = 1
B

(
Rs(h◦Ts)+d`h,H(PTs(Xs), PTt(Xt))

)
, d(h,Ts,Tt) = 1

B
Λ,

where d`h,H is disparity discrepancy defined in Definition 8 and Λ =

minh∈H
(
Rs(h ◦ Ts) + Rt(h ◦ Tt)

)
, B

2
is the supremum of `, then the

approximate error

min
h∈H(α1),Tt∈Ft(α2)

Rt(h ◦ Tt) ≤ Bαmin,

for α1, α2 > αmin, where

αmin = min
h∈H,Ts∈Fs,Tt∈Ft

(
err(h,Ts,Tt) + d(h,Ts,Tt)

)
.

Proof of Theorem 19. Step 1. It is easy to check that

Rt(h ◦ Tt)−Rs(h ◦ Ts)

=

∫
Xt×Y

`(h ◦ Tt(x),y)dPXtYt(x,y)−
∫
Xs×Y

`(h ◦ Ts(x),y)dPXsYs(x,y)

=

∫
X×Y

`(h(x),y)dPTt(Xt)Yt(x,y)−
∫
X×Y

`(h(x),y)dPTs(Xs)Ys(x,y)

≤
∫
X×Y

`(h(x),h′(x))dPTt(Xt)Yt(x,y)−
∫
X×Y

`(h(x),h′(x))dPTs(Xs)Ys(x,y)

+Rt(h
′ ◦ Tt) + Rs(h

′ ◦ Ts),

(7.3.8)

where h′ is any scoring function in H. In the above inequality, we have

used following triangle inequality: |`(h(x),y)− `(h′(x),y)| ≤ `(h(x),h′(x)).
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Then, according to the definition of PXtYt , we can check that∫
X×Y

`(h(x),h′(x))dPTt(Xt)Yt(x,y) =

∫
X
`(h(x),h′(x))dPTt(Xt)(x).

(7.3.9)

Using Fubini’s theorem, it is also easy to check that∫
X×Y

`(h(x),h′(x))dPTs(Xs)Ys(x,y) =

∫
X
`(h(x),h′(x))dPTs(Xs)(x).

(7.3.10)

Based on (7.3.8), (7.3.9), (7.3.10) and the definition of the discrepancy

distance, we have

Rt(h ◦ Tt)−Rs(h ◦ Ts)

≤Rt(h
′ ◦ Tt) + Rs(h

′ ◦ Ts)

+

∣∣∣∣∫
X×Y

`(h(x),h′(x))dPTt(Xt)(x)−
∫
X×Y

`(h(x),h′(x))dPTs(Xs)(x)

∣∣∣∣
≤Rt(h

′ ◦ Tt) + Rs(h
′ ◦ Ts) + d`h,H(PTt(Xt), PTs(Xs)).

Hence,

Rt(h ◦ Tt)−Rs(h ◦ Ts)

≤min
h∈H

(
Rt(h ◦ Tt) + Rs(h ◦ Ts)

)
+ d`h,H(PTt(Xt), PTs(Xt)).

(7.3.11)

Note that

err(h,Ts,Tt) =
1

B
d`h,H(PTt(Xt), PTs(Xt)),

d(h,Ts,Tt) =
1

B
min
h∈H

(
Rt(h ◦ Tt) + Rs(h ◦ Ts)

)
,

hence,

Rt(h ◦ Tt)−Rs(h ◦ Ts) ≤ Berr(h,Ts,Tt) + Bd(h,Ts,Tt).

Step 2. Let

h,Ts,Tt ∈ arg min
h∈H,Ts∈Fs,Tt∈Ft

err(h,Ts,Tt) + d(h,Ts,Tt).
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Then

min
h∈H(α1),Tt∈Ft(α2)

Rt(h ◦ Tt) ≤ min
h∈H(αmin),Tt∈Ft(αmin)

Rt(h ◦ Tt) ≤ Rt(h ◦ Tt)

≤B
(
err(h,Ts,Tt) + d(h,Ts,Tt)

)
= Bαmin.

We have finished the proof.

We use the combined error Λ(h,Ts,Tt)/B as the heterogeneous space

alignment term in above theorem. The combined error is deeply related

to the conditional distribution discrepancy [13], hence, it can be used to

align heterogeneous spaces. In addition, if we require

Rt(h ◦ Tt) ≤ C
(
err(h,Ts,Tt) + d(h,Ts,Tt)

)
,

we can also obtain a result similar to the above theorem.

7.4 Bring SsHeDA Theory into the Reality

Although we have shown that, under mild assumptions, we can use la-

beled source and unlabeled target samples to reduce the need for the

labeled target samples, it is still unknown how to apply the proposed

theory to design SsHeDA algorithms. This section shows how to design

a loss function according to Theorem 18, i.e., bringing Theorem 18 into

the reality. Besides, we revise slightly our theory-based optimization

problem shown in Eq. (7.4.1) for achieving better performance.

7.4.1 Loss Function Motivated by Theorem 18

As discussed in Theorem 18, we should consider the optimization problem

as follows:

min
h∈H,Tt∈Ft

R̂t(h ◦ Tt),

with min
h∗∈H,T ∗s ∈Fs

(
êrr(h∗,T ∗s ,Tt) + d̂(h∗,T ∗s ,Tt)

)
≤ α.

(7.4.1)
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However, such constraint optimization problem cannot be easily solved.

Following [198], we replace the constraint in problem (7.4.1) as a penalty,

thus, we revise the loss function of problem (7.4.1) as

R̂t(h ◦ Tt) + λ min
h∗∈H,Ts∈Fs

(
êrr(h∗,Ts,Tt) + d̂(h∗,Ts,Tt)

)
,

where λ (λ > 0) is a free parameter. Hence, the revised problem (7.4.1)

is

min
h,h∗∈H,Ts∈Fs,Tt∈Ft

R̂t(h ◦ Tt) + λêrr(h∗,Ts,Tt) + λd̂(h∗,Ts,Tt). (7.4.2)

It is important to construct transfer error rate err(h,Ts,Tt) and het-

erogeneous space alignment d(h,Ts,Tt). Motivated by [96, 199], in our

kernel-based algorithm

err(h,Ts,Tt) = Rs(h ◦ Ts) + ρD2
h(PTt(Xt), PTs(Xs)),

d(h,Ts,Tt) = ρ
K∑
c=1

D2
h(PTt(Xt)|Yt=yc , PTs(Xs)|Ys=yc),

(7.4.3)

where ρ (ρ > 0) is free parameter.

7.4.2 Target Distribution Alignment

Note that the number of labeled target samples is far less than the num-

ber of unlabeled target samples. Hence, the empirical distribution dis-

crepancy between labeled target and unlabeled target samples may be

large. To achieve better performance, the target distribution alignment

d̂t(h,Tt,Tt) is considered:

In our kernel-based algorithm

D2
h(P̂Tt(Xl), P̂Tt(Xu)) +

K∑
c=1

D2
h(P̂Tt(Xc

l )
, P̂Tt(Xc

u)). (7.4.4)
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7.4.3 Overall Loss Function

Inspired by the above discussions, to solve the SsHeDA problem well, we

need to take care of the following optimization problem

min
h,h∗∈H,Ts∈Fs,Tt∈Ft

L(h,h∗,Ts,Tt), (7.4.5)

where

L(h,h∗,Ts,Tt) = R̂t(h ◦ Tt) + λR̂t(h
∗ ◦ Tt)

+λ
(
d̂(h∗,Ts,Tt) + êrr(h,Ts,Tt)

)
+ ρd̂t(h,Tt,Tt),

(7.4.6)

here êrr(h,Ts,Tt), d̂(h∗,Ts,Tt) are the empirical forms of Eq. (7.4.3),

and d̂t(h,Tt,Tt) is defined in Eq. (7.4.4). Note that we have added

R̂t(h
∗ ◦Tt) in Eq. (7.4.6), because we need to guarantee that the labeled

target samples can be classified accurately.

7.5 Kernel-based Algorithm for SsHeDA

This section presents kernel heterogeneous domain alignment (KHDA)

algorithm, where the spaces Fs,Ft and H in problem (7.4.5) are defined

as follows:

Fs = {[T1, ..., Tc, ..., Td] | Tc ∈ Hks},

Ft = {[T1, ..., Tc, ..., Td] | Tc ∈ Hkt},

H = {[h1, ..., hc, ..., hK ] | hc(x) = xaT , a,x ∈ R1×d},

where d is the dimension of the latent space X , Hks is the RKHS space

with kernel ks(·, ·) defined in the space Xs × Xs and Hkt is the RKHS

space with kernel kt(·, ·) defined in the space Xt×Xt. The function hc is

a linear function, thus, hc ◦ Ts ∈ Hks and hc ◦ Tt ∈ Hkt .
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7.5.1 Loss Function in KHDA

As introduced in Eq. (7.4.3), the transfer error rate is Rs(h ◦ Ts) +

ρD2
h(PTt(Xt), PTs(Xs)), then the empirical form of the transfer error rate

can be written as

R̂s(h ◦ Ts) + ρD2
h(P̂Tt(Xt), P̂Ts(Xs)).

According to Eq. (7.4.3), the heterogeneous space alignment d(h,Ts,Tt)

is set as projected MMD alignment. The empirical projected MMD align-

ment is
K∑
c=1

D2
h∗(P̂Ts(Xc

s), P̂Tt(Xc
l )

).

Motivated by [65, 96], the pseudo labels are used to further improve the

classification performance, hence, we replace above equation by

K∑
c=1

D2
h∗(P̂Ts(Xc

s), P̂Tt(Xc
t )

). (7.5.1)

where Xc
t = [Xc

l ,X
c
u], Xc

u is unlabeled data matrix with pseudo label c.

Then, to preserve domains’ special structures, such as manifold struc-

ture and clustering structure, manifold regularization [121] is considered

in KHDA. Many kernel-based domain adaptation algorithms [96, 199]

have studied the manifold regularization and shown that it does help to

improve the transfer performance. One can write the manifold regular-

izations M̂1(h∗,Ts,Tt), M̂2(h,Tt,Tt) as follows:

∑
x,x′∈Xs or Xt

∥∥∥h∗ ◦ T (x)− h∗ ◦ T (x′)
∥∥∥2

2
W∗(x,x′),

∑
x,x′∈Xt

∥∥∥h ◦ Tt(x)− h ◦ Tt(x′)
∥∥∥2

2
W(x,x′),

where T (x) = Ts(x) if x ∈ Xs, otherwise, T (x) = Tt(x); W∗(x,x′) and

W(x,x′) are the pair-wise affinity functions and estimate the similarity

of x,x′.

Summarizing the above discussion, the loss function (7.4.6) can be
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rewritten as follows:

R̂t(h ◦ Tt) + σ‖h ◦ Ts‖2
s + σ‖h ◦ Tt‖2

t

+ρ
(
d̂t(h,Tt,Tt) + M̂2(h,Tt,Tt)

)
+λR̂s(h

∗ ◦ Ts) + λR̂t(h
∗ ◦ Tt) + λσ‖h∗ ◦ Ts‖2

s

+λρ
(
d̂s(h

∗,Ts,Tt) + M̂1(h∗,Ts,Tt)
)

+ λσ‖h∗ ◦ Tt‖2
t , where

(7.5.2)

d̂s(h
∗,Ts,Tt) = D2

h∗(P̂Ts(Xs), P̂Tt(Xt)) +
K∑
c=1

D2
h∗(P̂Ts(Xc

s), P̂Tt(Xc
t )

),

d̂t(h,Tt,Tt) = D2
h(P̂Tt(Xl), P̂Tt(Xu)) +

K∑
c=1

D2
h(P̂Tt(Xc

l )
, P̂Tt(Xc

u)),

(7.5.3)

‖ · ‖2
s, ‖ · ‖2

t are the squared norms in RKHS with kernel ks and kt re-

spectively; ‖h ◦ Ts‖2
s + ‖h ◦ Tt‖2

t and ‖h∗ ◦ Ts‖2
s + ‖h∗ ◦ Tt‖2

t are used to

avoid over-fitting; and σ is the free parameters (σ ≥ 0). In addition, we

set the loss ` as the squared loss `(y,y′) = ‖y − y′‖2
2 in KHDA.

7.5.2 Reformulation of the KHDA Loss Function

This section shows how to reformulate Eq. (7.5.2). Following the repre-

senter theorem [200], Ts and Tt can be written as

Ts(x) =
ns∑
i=1

αiks(x,x
i), ∀xi ∈ Xs, x ∈ Xs,

Tt(x) =
nt∑
i=1

βikt(x,x
i), ∀xi ∈ Xt, x ∈ Xt,

where αi,βi ∈ R1×d are the parameters. We define matrices α ∈ Rns×d,

β ∈ Rnt×d and Θ ∈ R(ns+nt)×d as

α =



α1

...

αi

...

αns


, β =



β1

...

βi

...

βnt


, Θ =

α
β

 .
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We also define the kernel matrix

K =

Kss O

O Ktt

 ∈ R(ns+nt)×(ns+nt), (7.5.4)

where Kss = [ks(xi,xj)] ∈ Rns×ns , Ktt = [kt(xi,xj)] ∈ Rnt×nt are source

and target kernel matrices, respectively.

Additionally, the hypothesis space H is the linear space, thus, we can

write h and h∗ as follows: h(x) = xΓ, h∗(x) = xΓ∗, ∀x ∈ X ,

where Γ,Γ∗ ∈ Rd×K are the parameters. With this form of Ts,Tt,h,h
∗,

we explain the computation of terms in (7.5.2).

7.5.2.1 Empirical Risks

We use a matrix to rewrite the following equation:

λR̂s(h
∗ ◦ Ts) + R̂t(h

∗ ◦ Tt) + σ‖h∗ ◦ Ts‖2
s + σ‖h∗ ◦ Tt‖2

t

+R̂t(h ◦ Tt) + σ‖h ◦ Ts‖2
s + σ‖h ◦ Tt‖2

t .
(7.5.5)

Let the label matrix be Y ∈ R(ns+nt)×K :

Yic =

 1, xi ∈ Xc
s or Xc

l ,

0, otherwise.
(7.5.6)

Then, the Eq. (7.5.5) can be written as

‖A(Y −KΘΓ)‖2
F + λ‖A∗(Y −KΘΓ∗)‖2

F

+σtr((ΘΓ)TKΘΓ) + σλtr((ΘΓ∗)TKΘΓ∗)

=tr
(
(ΘΓ)T (KA2K + σK)ΘΓ

)
− 2tr

(
YTA2KΘΓ

)
+λtr

(
(ΘΓ∗)T (KA∗2K + σK)ΘΓ∗

)
− 2λtr

(
YTA∗2KΘΓ∗

)
+Constant

(7.5.7)

where A is a (ns + nt)× (ns + nt) diagonal matrix with Aii =
√

1
nl

if

xi ∈ Xl, otherwise, Aii = 0; A∗ is a (ns +nt)× (ns +nt) diagonal matrix

with A∗ii =
√

1
ns

if xi ∈ Xs, A∗ii =
√

1
nl

if xi ∈ Xl, otherwise, A∗ii = 0,
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and ‖ · ‖F is the Frobenius norm.

7.5.2.2 Distribution Matching

Using the representer theorem [200] and kernel trick [199], we reformulate

Eq. (7.5.3) as follows:

d̂s(h
∗,Ts,Tt) = tr

(
(ΘΓ∗)TKM∗KΘΓ∗

)
,

d̂t(h,Tt,Tt) = tr
(
(ΘΓ)TKMKΘΓ

)
,

(7.5.8)

where M = M0+
∑K

c=1 Mc, M∗ = M∗
0+
∑K

c=1 M∗
c are the MMD matrices.

The (i, j)-th elements of matrices M0, Mc, M∗
0, M∗

c are

(M0)ij =



0, xi or xj ∈ Xs,

1

(nl)2
, xi,xj ∈ Xl,

1

(nu)2
, xi,xj ∈ Xu,

− 1

nlnu
, otherwise;

(Mc)ij =



1

(ncl )
2 , xi,xj ∈ Xc

l ,

1

(ncu)
2
, xi,xj ∈ Xc

u,

− 1

ncln
c
u

, xi ∈ Xc
l ,xj ∈ Xc

u,

− 1

ncln
c
u

, xj ∈ Xc
l ,xj ∈ Xc

u,

0, otherwise;

(M∗
0)ij =



1

(ns)2
, xi,xj ∈ Xs,

1

(nt)2
, xi,xj ∈ Xt,

− 1

nsnt
, otherwise;
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(M∗
c)ij =



1

(ncs)
2 , xi,xj ∈ Xc

s,

1

(ncl + ncu)
2 , xi,xj ∈ Xc

t ,

− 1

(ncl + ncu)n
c
s

, xi ∈ Xc
s,xj ∈ Xc

t ,

− 1

(ncl + ncu)n
c
s

, xj ∈ Xc
s,xi ∈ Xc

t ,

0, otherwise;

where ncu is the number of unlabeled target samples with pseudo label c.

7.5.2.3 Manifold Regularization

The pair-wise source affinity matrix Ws is denoted as

(Ws)ij =

sim(xi,xj), xi ∈ Np(xj) or xj ∈ Np(xi)

0, otherwise;

here xi,xj are from Xs, sim(xi,xj) is the similarity function such as

cosine similarity, Np(xi) denotes the set of p-nearest neighbors to point

xi and p is a free parameter.

The pair-wise target affinity matrix Wt is denoted as

(Wt)ij =

sim(xi,xj), xi ∈ Np(xj) or xj ∈ Np(xi)

0, otherwise;

where xi,xj are from Xt.

Using Ws and Wt, we construct two matrices

W =

O O

O Wt

 ∈ R(ns+nt)×(ns+nt),

W∗ =

Ws O

O Wt

 ∈ R(ns+nt)×(ns+nt).

Using the representer theorem and kernel trick, we can formulate
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M̂1(h∗,Ts,Tt) and M̂2(h,Tt,Tt) as

tr
(
(ΘΓ∗)TKL∗KΘΓ∗

)
, tr

(
(ΘΓ)TKLKΘΓ

)
, (7.5.9)

where L∗ and L are the Laplacian matrices, which can be written as

D∗ −W∗ and D−W. D∗, D are diagonal matrices: D∗ii =
∑ns+nt

j=1 W∗
ij,

Dii =
∑ns+nt

j=1 Wij.

7.5.2.4 Overall Reformulation

Finally, combining (7.5.2) with (7.5.7), (7.5.8), (7.5.9), the optimization

problem is reformulated as

Γ,Γ∗,Θ = arg min
Γ,Γ∗∈Rd×K ,Θ∈R(ns+nt)×d

L(Γ,Γ∗,Θ), (7.5.10)

where L(Γ,Γ∗,Θ) is

tr
(
(ΘΓ)T (K(A2 + ρM + ρL)K + σK)ΘΓ

)
+λtr

(
(ΘΓ∗)T (K(A∗2 + ρM∗ + ρL∗)K + σK)ΘΓ∗

)
−2tr

(
YTA2KΘΓ

)
− 2λtr

(
YTA∗2KΘΓ∗

)
.

(7.5.11)

7.5.3 Analytical Solution

We theoretically analyse the optimization problem (7.5.10) and the fol-

lowing theorem tells us that the optimization problem (7.5.10) has count-

less solutions.

Theorem 20. If the optimization problem

min
Γ,Γ∗∈Rd×K ,Θ∈R(ns+nt)×d

L(Γ,Γ∗,Θ),

has a solution, then the optimization problem has countless solutions,

where L(Γ,Γ∗,Θ) is defined in Eq. (7.5.11).

Proof of Theorem 20. We assume a solution to the problem is Γ,Γ∗,Θ.

Given any inverse matrix F ∈ Rd×d, then we need to prove that FΓ,FΓ∗
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and Θ∗F−1 is a different solution. This is because

L(Γ,Γ∗,Θ)

=tr
(
(ΘΓ)T (K(A2 + ρM + ρL)K + σK)ΘΓ

)
+λtr

(
(ΘΓ∗)T (K(A∗2 + ρM∗ + ρL∗)K + σK)ΘΓ∗

)
−2tr

(
YTA2KΘΓ

)
− 2λtr

(
YTA∗2KΘΓ∗

)
=tr
(
(ΘF−1FΓ)T (K(A2 + ρM + ρL)K + σK)ΘF−1FΓ

)
+λtr

(
(ΘF−1FΓ∗)T (K(A∗2 + ρM∗ + ρL∗)K + σK)ΘF−1FΓ∗

)
−2tr

(
YTA2KΘF−1FΓ

)
− 2λtr

(
YTA∗2KΘF−1FΓ∗

)
=L(FΓ,FΓ∗,ΘF−1)

(7.5.12)

Note that the number of inverse matrices is countless, hence, we can

construct countless solutions. The proof has been completed.

According to Theorem 20, the optimization problem (7.5.10) has

countless solutions, hence, we do not know which solution is the best.

However, since we are only interested in ΘΓ and ΘΓ∗, we investigate

whether the optimization problem (7.5.10) can be transformed to an op-

timization problem with respective to ΘΓ and ΘΓ∗ in Theorem 21.

Theorem 21. Given any optimal solution Γ,Γ∗,Θ of the optimization

problem (7.5.10), if the source kernel ks and target kernel kt are universal,

and the latent subspace dimension d ≥ 2K, then

ΘΓ, ΘΓ∗

is the unique solution of the optimization problem

min
Z,Z∗∈R(ns+nt)×K

L(Z,Z∗), where (7.5.13)

L(Z,Z∗) = tr
(
ZT (K(A2 + ρM + ρL)K + σK)Z

)
+ λtr

(
Z∗T (K(A∗2 + ρM∗ + ρL∗)K + σK)Z∗

)
− 2tr

(
YTA2KZ

)
− 2λtr

(
YTA∗2KZ∗

)
.
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Proof of Theorem 21. Let n = ns + nt. We note that

{Θ · Γ| Θ ∈ Rn×d,Γ ∈ Rd×K} ⊂ {Z| Z ∈ Rn×K}.

Hence,

min
Γ,Γ∗∈Rd×K ,Θ∈Rn×d

L(Γ,Γ∗,Θ) ≥ min
Z,Z∗∈Rn×K

L(Z,Z∗). (7.5.14)

It is notable that

K(A2 + ρM + ρL)K + σK, K(A∗2 + ρM∗ + ρL∗)K + σK

are strictly positive matrices. Hence, the problem minZ,Z∗∈Rn×K L(Z,Z∗)

has a solution and the solution is unique.

Let Z and Z∗ be the solution of the problem minZ,Z∗∈Rn×K L(Z,Z∗) . We

define

Θ = [Z,Z∗,On×(d−2K)],

Γ =


IK×K

OK×K

O(d−2K)×K

 , Γ∗ =


OK×K

IK×K

O(d−2K)×K

 ,

where I is the identity matrix. Then

Z = Θ · Γ, Z∗ = Θ · Γ∗,

which implies that

min
Γ,Γ∗∈Rd×K ,Θ∈Rn×d

L(Γ,Γ∗,Θ) ≤ min
Z,Z∗∈Rn×K

L(Z,Z∗). (7.5.15)

Combining inequalities (7.5.14), (7.5.15), we have

min
Γ,Γ∗∈Rd×K ,Θ∈Rn×d

L(Γ,Γ∗,Θ) = min
Z,Z∗∈Rn×K

L(Z,Z∗). (7.5.16)

Lastly, let Θ,Γ,Γ∗ be a solution of minΓ,Γ∗∈Rd×K ,Θ∈Rn×d L(Γ,Γ∗,Θ).
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Then, according to Eq. (7.5.16), we have

L(Θ,Γ,Γ∗) = min
Z,Z∗∈Rn×K

L(Z,Z∗) = L(Θ · Γ,Θ · Γ∗). (7.5.17)

Hence, Θ ·Γ,Θ ·Γ∗ is the solution of the problem minZ,Z∗∈Rn×K L(Z,Z∗).

In the second step, we have proven that the solution of the problem

minZ,Z∗∈Rn×K L(Z,Z∗) is unique. Hence, for any solution Θ,Γ,Γ∗, we

have proven that Θ · Γ,Θ · Γ∗ are fixed and equal to Z,Z∗.

We have completed the proof.

Theorem 21 implies that an important result though the solutions of

problem (7.5.10) are not unique, ΘΓ,ΘΓ∗ are fixed and are the unique

solution of the problem (7.5.13). Then, the analytical solution to problem

(7.5.13) is presented in the following theorem.

Theorem 22. If the kernels ks and kt are universal, then the optimiza-

tion problem (7.5.13) has a unique solution, which can be formulated as

follows:
Z =

(
(A2 + ρM + ρL)K + σI

)−1
A2Y, (7.5.18)

Z∗ =
(
(A∗2 + ρM∗ + ρL∗)K + σI

)−1
A∗2Y. (7.5.19)

Proof of Theorem 22. Note that L(Z,Z∗) is a convex function about

Z,Z∗.

Hence, we compute ∂L
∂Z

(Z,Z∗) = 0, ∂L
∂Z∗

(Z,Z∗) = 0:

0 = −2KA2Y + 2σKZ + 2KA2KZ + K(ρM + ρL)KZ,

0 = −2KA∗2Y + 2σKZ∗ + 2KA∗2KZ∗ + K(ρM∗ + ρL∗)KZ∗
(7.5.20)

The solution of (7.5.20) can be written as:

Z =
(
(A2 + ρM + ρL)K + σI

)−1
A2Y,

Z∗ =
(
(A∗2 + ρM∗ + ρL∗)K + σI

)−1
A∗2Y.
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Algorithm 4 KHDA algorithm for SsHeDA

1: Input Data S, Tu, Tl; #Iterations T ;
Parameters σ, ρ; #Neighbor p; Kernel ks, kt;

2: Obtain Yu = 1NN(Xu); //1-Nearest Neighbor
3: Assign Y ∗u = Yu;
for i = 1, 2, ..., T do;
4: Compute Z,Z∗ by Eqs. (7.5.18), (7.5.19) with pseudo labels Yu, Y

∗
u ;

5: Obtain h ◦ Tt,h∗ ◦ Tt by Z,Z∗ (Eqs. (7.5.21), (7.5.22));
6: Update Y ∗u by h∗ ◦ Tt(Xu);
7: Compute Z by Eq. (7.5.18) with pseudo labels Y ∗u ;

8: Obtain h̃ ◦ Tt by Z and Eq. (7.5.21);
9: Obtain the classifier f by Eq. (7.5.23);
10: Update pseudo labels Yu by f(Xu);
end for;
11: Output predicted target labels Yu.

Based on Theorem 22, h ◦ Tt and h∗ ◦ Tt can be written as

h ◦ Tt(x) =
nt∑
i=1

Zikt(x,xi), (7.5.21)

h∗ ◦ Tt(x) =
nt∑
i=1

Z∗i kt(x,xi), (7.5.22)

where x ∈ Xt, xi ∈ Xt, and Zi, Z∗i are (i+ns)-th rows of matrices Z and

Z∗, respectively.

7.5.4 KHDA Algorithm

To compute Eq. (7.5.18) and Eq. (7.5.19) accurately, the labels of the

unlabeled target samples are required. However, we have no label in-

formation related to these samples. A simple and effective method is

to use the pseudo-label iterative strategy proposed by JDA [65]. Mo-

tivated by pseudo-label iterative strategy, Algorithm 4 presents how to

iteratively improve the quality of Eq. (7.5.18) and Eq. (7.5.19) and give

a final kernel-based solution to the SsHeDA problem. In the following,

we explain three main steps in Algorithm 4.

Step 1 (Initialize pseudo labels, lines 2-3). Using 1NN with labeled

target samples, we predict the pseudo target labels Yu. Then, we set

Y ∗u = Yu.
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Step 2 (Construct combination classifier, lines 4-9). Using Eqs.

(7.5.19), (7.5.18) with the pseudo labels Y ∗u and Yu, we obtain h∗ ◦Tt,h◦

Tt.

To link h∗ ◦ Tt,h ◦ Tt, we update the pseudo label Y ∗u by classifier

h∗ ◦Tt, then use Eq. (7.5.18) with the pseudo label Y ∗u to learn the third

classifier h̃ ◦ Tt.

Next, we advocate taking advantage of the complementary of h ◦ Tt,

h∗ ◦ Tt and h̃ ◦ Tt via a simple combination.

fc(x) = max {hc ◦ Tt(x), h∗c ◦ Tt(x), h̃c ◦ Tt(x)}, (7.5.23)

where hc , h∗c and h̃c are the c-th coordinate of h, h∗, h̃.

As a result, the pseudo label of a given target sample x can be pre-

dicted by

arg max
c∈Y

[f1(x), ..., fc(x), ..., fK(x)].

Using f , we obtain the pseudo labels Yu, where f = [f1, ..., fc, .., fK ].

Step 3. We repeat Step 2 until convergence. Lastly, we choose f as

the final classifier.

7.6 Experiments and Evaluations

In the section, we empirically evaluate the proposed algorithms KHDA

and JMEA on different transfer tasks. We then conducted the experi-

ments to examine the behavior of the parameters.

7.6.1 Datasets and Baseline Algorithms

Image↔Image. Office+Caltech256 [130, 149] consists of 2, 533 im-

ages in 10 classes, forming four different domains: A (images from ama-

zon.com), W (low-resolution images captured by webcams), D (high-

resolution images captured by a digital SLR camera), and C (images

from the Caltech256 dataset). Following the settings in [122, 124], two

types of features are used: SURF [149] and DeCAF6 [130]. Three do-
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mains A, W, C with SURF features are used as the source domains and

four domains A, W, D, C with DeCAF6 features are used as the target

domain (SURF→DeCAF6). Hence, there are 3× 4 = 12 SsHeDA tasks.

Following the setting reported in [122], 20 images per class are chosen

randomly as the source samples, 3 images per class are chosen randomly

as the labeled target samples, and the remaining samples in the target

domain are regarded as the unlabeled samples. The average accuracy

and standard error of 20 random trials are shown in Table 7.2.

Text↔Text. Reuters-21578 [25] contains three different datasets:

OrgsPeople (OPe) (4, 772 dimensional features and 2 classes: Orgs, Peo-

ple), OrgsPlace (OPl) (4, 416 dimensional features and 2 classes: Orgs

and Place), and PeoplePlaces (PPl) (4, 563 dimensional features and 2

classes: People and Place). Each dataset consists of two domains, which

are from same feature space, but different distributions. OPe consists of

OrgsPeople src (OPes) and OrgsPeople tar (OPet), OPl contains

OrgsPlace src (OPls) and OrgsPlace tar (OPlt), and PPl contains

PeoplePlaces src (PPls) and PeoplePlaces tar (PPlt). Following

the setting in [25], we construct 6 heterogeneous domain adaptation

tasks: OPes → OPlt, OPes → PPlt, OPls → OPet, OPls → PPlt,

PPls → OPet and PPls → OPlt. 5 samples per class in the tar-

get domain are chosen randomly as the labeled target samples, and the

remaining samples in the target domain are regarded as the unlabeled

samples. The average accuracy and standard error of 20 random trials

are shown in Table 7.4.

Text↔Image. Wikipedia dataset [201,202] is extracted from Wikipedia

feature articles and consists of 2, 866 image-text pairs with 10 semantic

classes. We use the VGG-16 features [105] (4, 096 dimensional features)

to represent the images (I). For text features (T), we adopt word2vec

model to learn the 100 dimensional skip-gram word vectors [203]. 50

samples per class in the source domain are selected randomly as the

labeled source samples. For the target domain, we choose numbers of

5, 10, 15, 20 per class as labeled target samples, and randomly choose 50
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samples per class in the remaining samples as the unlabeled target sam-

ples. There are 4 × 2 = 8 SsHeDA tasks. The average accuracy and

standard error of 20 random trials are shown in Table 7.5.

Text↔Text. Multilingual Reuters Collection (MRC) [150, 204] is

a text dataset applied for multi-lingual text categorization and consists

of 11, 000 articles from six categories in five languages, i.e., English,

French, German, Italian, and Spanish. Following the same settings

in previous work [122], we use BOW with TF-ITF to describe each ar-

ticle. Then we use PCA in the BoW features to preserve 60% energy.

After the dimensionality reduction, the dimensions of the five languages

English, French, Italian, German, and Spanish are 1, 131, 1, 230, 1, 417,

1, 041, and 807, respectively. Following the previous work [122, 190], we

set English, French, Italian and German as the source domains and

Spanish as the target domain. 100 samples per class in the source do-

main are selected randomly as the labeled source samples. For the target

domain, we choose numbers of 5, 10, 15, 20 per class as the labeled tar-

get samples and randomly choose 500 samples per class in the remaining

samples as the unlabeled target samples. There are 4 × 4 = 16 SsHeDA

tasks. The average accuracy and standard error of 20 random trials are

shown in Table 7.6.

Image↔Image. ImageCLEF-DA [47] is a benchmark dataset for Im-

ageCLEF 2014 domain adaptation challenge, which aims to classify 12

categories shared in three datasets: Caltech-256 (C), ImageNet ILSVRC

2012 (I), Bing (B) and PascalVOC 2012 (P). We use the ResNet-50 fea-

tures as the source domain and VGG-16 features as the target domain.

We also use the VGG-16 features as the source domain and ResNet-50

features as the target domain. By considering each as a domain, we

build 32 transfer tasks: I (ResNet-50) → I (VGG-16), I (ResNet-50)

→ P (VGG-16), I (ResNet-50) → B (VGG-16),..., C (VGG-16) → C

(ResNet-50). We randomly select 20 labeled source samples per class and

3 labeled target samples per class for training, and use the rest target

samples as unlabeled samples. The average accuracy and standard error
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Table 7.1: Parameters for different tasks on KHDA.

Tasks ρ p σ T
Office+Caltech256 1.0 10.0 0.01 10.0
Retuters-21578 10.0 10.0 0.01 10.0
Wikipedia 1.0 10.0 0.01 10.0
ImageCLEF-DA 1.0 10.0 0.01 10.0
MRC 10.0 10.0 0.01 10.0

of 20 random trials are shown in Tables 7.7 and 7.8.

• Baseline Algorithms. The baseline algorithms are 1NN, SVMt,

DAMA [120], SHFA [24], G-JDA [122], CDLS [30], DACoM [123].

7.6.2 Experimental Setup

Before detailing the evaluation results, we explain how the parameters

of KHDA are set. There are several parameters: 1) the kernel ks and kt;

2) #iterations T ; 3) σ, ρ, #neighbor p.

As suggested in [62,96], we choose the Gaussian kernel

ks(xs,x
′
s) = exp

(
− ‖xs − x′s‖2

2

2r2
s

)
,

kt(xt,x
′
t) = exp

(
− ‖xt − x′t‖2

2

2r2
t

)
,

where xs,x
′
s ∈ Xs, xt,x

′
t ∈ Xt and the kernel bandwidth rs is median(‖xs−

x′s‖2), ∀xs,x′s ∈ Xs and the kernel bandwidth rt is median(‖xt − x′t‖2),

∀xt,x′t ∈ Xt.

The details of the parameters #iterations T , σ, ρ, p are shown in

Table 7.1.

The classification accuracy [65] on the test samples is

Accuracy =

∑K
c=1 |x ∈ Xc

u : g(x) = c|
|x : x ∈ Xu|

,

where g is the predicted classifier and Xc
u is the unlabeled target data

matrix with true label c.

7.6.3 Experimental Results

The classification accuracy and standard error on different tasks are

shown in Tables 7.2, 7.3, 7.4, 7.5, 7.6, 7.7 and 7.8. In Tables 7.2-7.8,
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the bold color indicates the best accuracy.

• Office+Caltech256 [130, 149]. 1) In Tables 7.2 and 7.3, compared

to all baselines, KHDA works the best for almost all tasks (22/24) and

the mean accuracy achieves an improvement at least 1.5%. 2) Compared

to the best baseline algorithm CDLS, KHDA achieves 2.2% and 1.7%

mean improvements, respectively. 3) Except for DAMA, baselines G-

JDA, CDLS and DACoM achieve better mean performance than 1NN

and SVMt (at least 1.5%). This indicates that the baselines SHFA, G-

JDA, CDLS and DACoM can transfer knowledge from source samples to

target samples.

• Retuters-21578 [25]. The results for Retuters-21578 dataset are re-

ported in Table 7.4. 1) Compared to all baselines, KHDA works the

best for almost all tasks (5/6) and has achieved a mean improvement at

least 3.6%. 2) Among all baselines, DACoM achieves best accuracy on

task OPls→PPlt, even better than KHDA. However, on other task, its

accuracy is lower than that of KHDA.

•Wikipedia [201,202]. Table 7.5 presents results for Wikipedia dataset.

1) KHDA has achieved at least 0.7% mean improvement (different num-

ber of labeled target samples per class), compared to the best baseline

SHFA. 2) It is notable that the accuracy of all algorithms increases when

using more labeled target samples per class. 3) Among all baselines,

SHFA works the best for almost all tasks (6/8). This indicates that the

feature augmentation used in SHFA is effective on Wikipedia tasks.

• Multilingual Reuters Collection [150, 204]. Table 7.6 shows the

means and standard errors of classification accuracy for all algorithms

on the Multilingual Reuters Collection when there are 5, 10, 15 and 20

labeled target samples per class. 1) Compared to all baselines, KHDA

performs the best on 15 tasks (15/16). 2) According to the results from

Table 7.6, the accuracy of all algorithms increases when using more la-

beled target samples per class.

• ImageCLEF-DA [47]. Table 7.7 and 7.8 show the means and standard

errors of classification accuracy for all algorithms on the Multilingual
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Reuters Collection when there are 5, 10, 15 and 20 labeled target samples

per class. 1) Compared to all baselines, KHDA performs the best on 15

tasks (15/16). 2) According to the results from Table 7.6, the accuracy

of all algorithms increases when using more labeled target samples per

class.

• Summary. 1) Generally, KHDA outperforms baselines on most tasks

(79/86). 2) According to the results from Tables 7.5, 7.6, 7.7 and 7.8,

the accuracy of all baselines increases when using more labeled target

samples per class.

7.6.4 Ablation Study

Here we present the ablation study for KHDA. This study is conducted

on different types of datasets: Office+Caltech256, Reuters-21587 and

Wikipedia (10 labeled target samples per class), which involves 20 tasks.

We report average accuracy for different dataset.

7.6.4.1 Ablation Study for KHDA

We conduct thorough experiments to show the contribution of individual

components in KHDA in Table 7.9. We consider the following baselines:

• w/o D: In KHDA, train classifiers without distribution alignment

Eq. (7.5.3).

• w/o M: In KHDA, train classifiers without manifold regularization

Eq. (7.5.9).

• ρ = 0: In KHDA, train classifiers without the combination of man-

ifold regularization and distribution alignment.

• σ = 0: In KHDA, train classifiers without kernel regularization.

• h, h∗, h̃: In KHDA, the performance of h, h∗ and h̃.

• w/o h: In KHDA, train classifiers without h.

• w/o h∗: In KHDA, train classifiers without h∗.
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• w/o h̃ : In KHDA, train classifiers without h̃.

1) When we omit the distribution alignment (i.e., w/o D), the mean

accuracy drops from 81.8% to 77.7%. This indicates that the distribution

alignment is important for KHDA. If we omit the manifold regularization

(i.e., w/o M), the mean accuracy 78.4% is worse than the mean accu-

racy 81.8% of KHDA. This indicates that the manifold regularization is

necessary for KHDA.

2) If we set ρ = 0, then the mean accuracy 68.0% is much lower than

the mean accuracy 81.8% of KHDA. This indicates that the combination

of manifold regularization and distribution alignment can greatly improve

the performance of KHDA. If we set σ = 0, then the mean accuracy 62.3%

is much lower than the mean accuracy 81.8% of KHDA with σ = 0.01.

One possible reason for this is that the overfitting occurs when σ = 0.

3) We observe that the performance of h∗ (73.5%) and h̃ (77.4%)

is much worse than the performance of h (81.8%) and f (81.8%). The

performance of h and f is the same, which shows that h can also be

used as the final classifier.

4) If we omit h (i.e., w/o h), h∗ (i.e., w/o h∗) and h̃ (i.e., w/o

h̃), respectively, the mean performance of KHDA (81.8%) decreases to

77.3%, 81.1% and 81.2%, respectively. This implies that every classifier

is important for KHDA.

7.7 Summary

This chapter provides an in-depth analysis of SsHeDA that gives rise to

a comprehensive theory of the SsHeDA problem, a novel perspective for

analyzing domain adaptation problems, and new mathematical tools for

solving the SsHeDA problem. The theoretical result is the first-ever ex-

planation of why labeled source samples combined with unlabeled target

samples helps to reduce the need for labeled samples in the target do-

main. Then we propose a novel SsHeDA algorithm to bring the proposed

theory into reality: KHDA. KHDA is kernel-based and is well-suited to
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situations with small amounts of samples. In sweeping experiments with

7 baselines and 86 different SsHeDA tasks, KHDA is better than all

baselines.
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Chapter 8

Conclusions and Future Directions

This chapter concludes the entire thesis and provides some further re-

search directions for transfer learning theory and algorithms.

8.1 Conclusions

The research of transfer learning has presented how to transfer knowledge

from a source domain to a given target domain, however, most existing

researches need additional assumptions to ensure the effectiveness of their

algorithms. Two basic assumptions in most transfer learning algorithms

are that

1. the source and target label sets are same, i.e., Ys = Yt.

2. the source and target feature spaces are same, i.e., Xs = Xt;

Under these two assumptions, transfer learning is called homogeneous

domain adaptation. To relax the first assumption, this thesis shows how

to transfer knowledge from different label sets that the target label set

contains the source label set. To relax the second assumption, this thesis

presents how to transfer knowledge from heterogeneous feature spaces,

i.e., heterogeneous domain adaptation.

To solve the above-mentioned challenges, this thesis proposes three

research questions and corresponding research objectives.

1. To understand how to transfer knowledge from source domain to target

domain under the simplest setting (i.e., Ys = Yt and Xs = Xt), chap-

ter 3 presents a novel algorithm to address unsupervised homogeneous

domain adaptation, and chapter 4 considers a new problem setting for

unsupervised homogeneous domain adaptation. (to address objective 1)

• Based on the perspectives of geometric correlation and fuzzy the-
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ory, we propose the first algorithm Manifold Fuzzy Clustering. Manifold

Fuzzy Clustering (MFC) jointly explores the geometric structure between

the source and target domains. After leveraging the geometric informa-

tion between domains, MFC compresses the geometric relationship into a

membership matrix (fuzzy matrix). With the membership matrix which

implies the transfer knowledge between domains, MFC classifies the tar-

get samples accurately.

• Chapter 4 proposes a new problem setting for unsupervised homo-

geneous domain adaptation, called source domain reconstruction (SDR),

which constructs a new source domain by the given source domain, tar-

get domain and UHoDA algorithm. To explore the feasibility of SDR, we

analyze it theoretically. Further, we propose a novel algorithm with uti-

lizing MixUp technique. Nine famous UHoDA algorithms are selected to

evaluate the ability of SDR algorithm in reconstructing source sequence

and enhance the effectiveness of UHoDA.

2. To study how to transfer knowledge in the open world (relax assump-

tion 1), i.e., Ys ⊂ Yt, we investigate the unsupervised open-set domain

adaptation. A novel theory for open-set domain adaptation is proposed.

Based on our open-set learning bound, a novel UOSDA algorithm is pro-

posed in chapter 5. (to address objective 2)

To explore the generalization ability and the feasibility of open-set

domain adaptation, we establish the open-set domain adaptation learn-

ing bound. The bound shows that the risk of target domain can be

controlled by three main terms: the source risk, the distribution discrep-

ancy and the open-set difference. Specially, the open-set difference is

deeply related to the risk of unknown classes (i.e., class from Yt − Ys).

We discover that we can recognize the unknown samples (i.e., samples

with labels from Yt − Ys) by minimizing the open-set difference. With

the open-set difference as the regularization, we design a novel algorithm

Distribution Alignment with Open Difference (DAOD) to address the

unsupervised open-set domain adaptation.
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3. As an application of our open-set domain adaptation theory, we ex-

plore the PAC-learning theory for open-set learning, where there exist

test samples from the classes that are unseen during training. We make

a bold attempt to study open-set learning by proving its generalization

error, i.e., given training samples with size n, the estimation error will

get close to order Op(1/
√
n). This is the first study to provide a gen-

eralization bound for open-set learning, which we do by theoretically

investigating the risk of the target classifier on unknown classes. Ac-

cording to our theory, a novel algorithm, called auxiliary open-set risk is

proposed in chapter 6.

4. To study how to transfer knowledge between heterogeneous domains

(relax assumption 2), i.e., Xs 6= Xt, we investigate the semi-supervised

heterogeneous domain adaptation. The first heterogeneous domain adap-

tation theory is investigated. To bring the theory into reality, a novel

semi-supervised heterogeneous domain adaptation algorithm is proposed

in chapter 7. (to address objective 3)

To explain why the labeled source samples and labeled target sam-

ples help to reduce the need for unlabeled target samples, we introduce

the concepts of compatibility, transfer error rates and uniform sample

complexity as new tools for estimating the need for labeled target data.

Then, using these novel concepts, a novel theory for semi-supervised het-

erogeneous domain adaptation is proposed. Combining our theory and

kernel methods, we design a novel algorithm Kernel Heterogeneous Do-

main Alignment (KHDA) to address the semi-supervised heterogeneous

domain adaptation.

8.2 Future Study

This thesis presents the following directions as future work:

• Partial Domain Adaptation
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In this thesis, we have investigated the open-set domain adaptation,

which assumes that the target label set contains the source label set.

However, existing some transfer learning scenarios require that the source

label set contains the target label sets. This is known as the partial do-

main adaptation [91]. How to develop learning theory to explore the

feasibility of partial domain adaptation is still an open problem. In the

future, we aim to explore the learning theory and the theoretical-guided

algorithm for partial domain adaptation.

• Universal Domain Adaptation

After addressing the open-set domain adaptation and partial domain

adaptation, we are interested in addressing universal domain adapta-

tion [92], which assumes that the source and target label sets both con-

tain unknown classes, i.e., Ys−Yt 6= ∅ and Yt−Ys 6= ∅. It is clear that the

open-set domain adaptation and partial domain adaptation are special

cases of universal domain adaptation. The learning theory to explain the

feasibility of universal domain adaptation is important and challenging.

• Universal Domain Adaptation

After addressing the open-set domain adaptation and partial domain

adaptation, we are interested in addressing universal domain adapta-

tion [92], which assumes that the source and target label sets both con-

tain unknown classes, i.e., Ys−Yt 6= ∅ and Yt−Ys 6= ∅. It is clear that the

open-set domain adaptation and partial domain adaptation are special

cases of universal domain adaptation. The learning theory to explain the

feasibility of universal domain adaptation is important and challenging.

• Remaining Problems in Open-Set Learning Theory

We list several interesting and important problems for open-set learning

theory as follows.

1. How to construct weaker assumption to replace assumption 3 for

achieving similar results?

2. Without assumption 3, what will happen?

3. Is it possible for OSL to achieve agnostic PAC learnability and achieve

fast learning rate Op(1/n
a), for a > 0.5?
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4. Is it possible to construct OSL theory by stability theory [184]?

• Unsupervised Heterogeneous Domain Adaptation

In this thesis, the semi-supervised heterogeneous domain adaptation has

been studied well. To further understand how to transfer between two

heterogeneous domains, the unsupervised heterogeneous domain adapta-

tion is a challenging task. Only few works [153] have investigated this

task. These works only focus on the binary classification setting. How to

address the unsupervised heterogeneous domain adaptation with multi-

classification task is extremely challenging.
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Appendix A

Necessary Lemmas

Before proving main theoretical results introduced in this thesis, some

necessary lemmas are introduced in this appendix.

Definition 28 (Rademacher Complexity). Let F be a class of real-

valued functions defined in a space Z. Given sample S = {z1, ...,zn} ∈

Z, then the Empirical Rademacher Complexity of F with respect to the

sample S is

<̂S(F) = Eσ[sup
f∈F

1

n

n∑
i=1

σif(zi)], (A.0.1)

where σ = (σ1, ..., σn) are Rademacher variables, with σis independent

uniform random variables taking values in −1,+1.

Lemma 23. (Theorem 26.5 in [57].) Given a space Z, a function

l : R×Z → R+ and a hypothesis set H ⊂ {f : Z → R}, let

F = l ◦ H = {l(f(z), z) : f ∈ H},

where l ≤ B. Then for a distribution Q on space Z, samples S =

{z1, ...,zn} ∼ Q i.i.d, we have with probability of at least 1 − δ > 0, for

all f ∈ F :

R̂S(f)−RQ(f) ≤ 2ES∼Qn<̂S(F) + B

√
2 log(2/δ)

n
, (A.0.2)

where RQ(f) =
∫
Z l(f(z), z)dQ(z) and R̂S(f) = 1

n

∑n
i=1 l(f(zi), zi).

Using the same technique of Lemma 23, we can also have: with prob-

ability of at least 1− δ > 0, for all f ∈ F :

RQ(f)− R̂S(f) ≤ 2ES∼Qn<̂S(F) + B

√
2 log(2/δ)

n
,
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Next we introduce the Natarajan dimension [57], which is a general-

ization of the VC dimension to classes of multi-class predictors.

Definition 29 (Shattering [57]). Given a feature space X , we say that a

set U ⊂ X is shattered by H if there exist two functions h0,h1 : U → Y,

such that

• For every x ∈ U , h0(x) 6= h1(x).

• For every V ⊂ U , there exists a function h ∈ H such that ∀x ∈

V,h(x) = h0(x) and ∀x ∈ U\V,h(x) = h1(x).

Hence, we can define the Natarajan dimension as follows:

Definition 30 (Natarajan Dimension [57]). The Natarajan dimension

of H, denoted Ndim(H), is the maximal size of a shattered set U ⊂ X .

It is not hard to see that in the case that there are exactly two classes,

Ndim(H) = VCdim(H). Therefore, the Natarajan dimension generalizes

the VC dimension.

Lemma 24. Assume that |Y| = K, the loss ` is upper bounded by B

and the hypothesis space H has Natarajan dimension d. Given labeled

samples S ∼ PXY with size n, there exists a uniform constant C > 0

depending on K,B such that for any ε > 0, if

n ≥ C
d log(d/ε) + log(1/δ)

ε2
,

then with a probability of at least 1− δ > 0, for any h ∈ H, Ts ∈ Fs, we

have

|RP (h)− R̂S(h)| ≤ ε.

Proof. We prove that with a probability of at least 1 − 2δ > 0, for all

h ∈ H:

|RP (h)− R̂S(h)| ≤ 2B

√
8d log n+ 16d log(K) + 2 log(2/δ)

n
.

Let the samples be S = {(x1,y1), ..., (xn,yn)}. Recall that the Natarajan
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lemma (Lemma 29.4 of [57]) tells us that

|{h(x1), ...,h(xn)|h ∈ H}| ≤ (n)dK2d.

Denote A = {(`(h(x1),y1), ..., `(h(xn),yn)|h ∈ H}. This clearly implies

that

|A| ≤ |{h(x1), ...,h(xn)|h ∈ H}| ≤ (n)dK2d.

Combining this with Lemma 26.8 of [57], we obtain the following bound:

1

n
Eσ[sup

a∈A

n∑
i=1

σiai] ≤ B

√
2d log n+ 4d log(K)

n
,

where ai is the i-th coordinate value of a and σ = (σ1, ..., σn) are Rademacher

variables, with σis independent uniform random variables taking values

in −1,+1.

Let F be

{`(h(x),y)|h ∈ H, (x,y) ∈ X × Y},

then

<̂S(F) =
1

n
Eσ[sup

a∈A

n∑
i=1

σiai] ≤ B

√
2d log n+ 4d log(K)

n
.

Following Lemma 23, we have with a probability of at least 1 − 2δ > 0,

for all h ∈ H:

|RP (h)− R̂S(h)| ≤ 2B

√
2d log n+ 4d log(K)

n
+B

√
2 log(2/δ)

n

≤ 2B

√
8d log n+ 16d log(K) + 2 log(2/δ)

n
.

Using Lemma A.2 of [57], we prove the result.

Lemma 25. [172, 205]. Assume the feature space X is compact. Let

the RKHS HK be the Hilbert space with Gaussian kernel. Suppose that

the real density p/q ∈ Hk and set the regularization parameter λ = λn,m
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in KuLSIF such that

lim
n,m→0

λn,m = 0, λ−1
n,m = O(min{n,m}1−δ),

where 0 < δ < 1 is any constant, then√∫
X

(ŵ(x)− r(x))2dU(x) = Op(λ
1
2
n,m),

and

‖ŵ‖Hk = Op(1),

where ŵ is the solution of KuLSIF.

Proof. The result√∫
X

(ŵ(x)− r(x))2dU(x) = Op(λ
1
2
n,m),

can be found in Theorem 1 of [205] and Theorem 2 of [172].

The result

‖ŵ‖Hk = Op(1)

can be found in the proving process (pages 27-28) of Theorem 1 of [205]

and the proving process (pages 354-365) of Theorem 2 of [172].
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Appendix B

Proofs for Chapter 5

This appendix introduces how to complete the proofs of the main theoret-

ical results in chapter 5.

Proposition 1. If `(h(x),y) is a PXtYt-measurable function, then

Rt(h) = (1− πK+1
t )R∗t (h) + πK+1

t RK+1
t (h).

Proof for Proposition 1. First consider πK+1
t dPXt|yK+1

(B).

πK+1
t dPXt|yK+1

(x) = PYt(yK+1)dPXt|yK+1
(x) = dPXtYt(x,yK+1).

Hence, πK+1
t dPXt|yK+1

(x) = dPXtYt(x,yK+1).

Now consider (1− πK+1
t )R∗t (h) + πK+1

t RK+1
t (h),

(1− πK+1
t )R∗t (h) + πK+1

t RK+1
t (h)

=

∫
X×Ys

`(h(x),y)dPXtYt(x,y) + πK+1
t

∫
X
`(h(x),yK+1)dPXt|yK+1

(x)

=
∑
y∈Ys

∫
X
`(h(x),y)dPXtYt(x,y) + πK+1

t

∫
X
`(h(x),yK+1)dPXt|yK+1

(x)

=
∑
y∈Ys

∫
X
`(h(x),y)dPXtYt(x,y) +

∫
X
`(h(x),yK+1)dPXtYt(x,yK+1)

=
∑
y∈Yt

∫
X
`(h(x),y)dPXtYt(x,y) =

∫
X×Yt

`(h(x),y)dPXtYt(x,y)

=Rt(h).

Next we provide a proof for Theorem 5.
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B.1 Proof of Theorem 5

We firstly present the main idea of the proof. According to Proposition

1, we have that Rt(h) = (1− πK+1
t )R∗t (h) + πK+1

t RK+1
t (h), then

Rt(h)

1− πK+1
t

−Rs(h) = R∗t (h)−Rs(h) +
πK+1
t

1− πK+1
t

RK+1
t (h), (B.1.1)

thus we separate the proof into two main steps. For the first step, we

mainly consider that R∗t (h)−Rs(h). For the second step, we investigate

RK+1
t (h).

If we can prove that

R∗t (h)−Rs(h) ≤ Λ + d`H(PXt|Ys , PXs), (B.1.2)

and

πK+1
t

1− πK+1
t

RK+1
t (h) ≤d`H(PXt|Ys , PXs) +

Ru,K+1
t (h)

1− πK+1
t

−Ru,K+1
t (h),

(B.1.3)

then combining (B.1.2), (B.1.3) with (B.1.1), we have

Rt(h)

1− πK+1
t

≤ Rs(h) + 2d`H(PXt|Ys , PXs) + Λ + ∆o.

Step 1. We claim that R∗t (h)−Rs(h) ≤ Λ + d`H(PXt|Ys , PXs).

Firstly, we note that

R∗t (h)−Rs(h)

=

∫
X×Yt

`(h(x),y)dPXtYt|Ys(x,y)−
∫
X×Ys

`(h(x),y)dPXsYs(x,y)

≤
inequality1

R∗t (h̃) +

∫
X×Yt

`(h(x), h̃(x))dPXtYt|Ys(x,y)

+Rs(h̃)−
∫
X×Ys

`(h(x), h̃(x))dPXsYs(x,y),

(B.1.4)
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where h̃ is any scoring function in H. In inequality 1, we have used

following triangle inequality:
∣∣∣`(h(x),y)− `(h̃(x),y)

∣∣∣ ≤ `(h(x), h̃(x)).

Then, according to the definition of PXtYt|Ys , we can check that

∫
X×Yt

`(h(x), h̃(x))dPXtYt|Ys(x,y) =

∫
X
`(h(x), h̃(x))dPXt|Ys(x).

(B.1.5)

By Fubini’s theorem, it is also easy to check that

∫
X×Ys

`(h(x), h̃(x))dPXsYs(x,y) =

∫
X
`(h(x), h̃(x))dPXs(x). (B.1.6)

Based on (B.1.4), (B.1.5), (B.1.6) and the definition of theH∆H-divergence,

we have

R∗t (h)−Rs(h)

≤ R∗t (h̃) + Rs(h̃) +

∣∣∣∣∫
X
`(h(x), h̃(x))dPXt|Ys(x)−

∫
X
`(h(x), h̃(x))dPXs(x)

∣∣∣∣
≤ R∗t (h̃) + Rs(h̃) + d`H(PXt|Ys , PXs).

Hence,

R∗t (h)−Rs(h)

≤min
h̃∈H

(
R∗t (h̃) + Rs(h̃)

)
+ d`H(PXt|Ys , PXs)

=Λ + d`H(PXt|Ys , PXs).

(B.1.7)

Step 2. We claim that
πK+1
t

1−πK+1
t

RK+1
t (h) ≤ d`H(PXt|Ys , PXs) +

Ru,K+1
t (h)

1−πK+1
t

−

Ru,K+1
t (h).

We note that

Ru,K+1
t (h)− (1− πK+1

t )Ru,K+1
s (h)

=πK+1
t RK+1

t (h) + (1− πK+1
t )

∫
X
`(h(x),yK+1)dPXt|Ys(x)

−(1− πK+1
t )

∫
X
`(h(x),yK+1)dPXs(x),

(B.1.8)
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this is because the following equation

Ru,K+1
t (h) =

∫
X
`(h(x),yK+1)dPXt(x)

=πK+1
t

∫
X
`(h(x),yK+1)dPXt|yK+1

(x)

+(1− πK+1
t )

∫
X
`(h(x),yK+1)dPXt|Ys(x)

=πK+1
t Rt

K+1(h) + (1− πK+1
t )

∫
X
`(h(x),yK+1)dPXt|Ys(x).

(B.1.9)

According to the definition of the discrepancy distance and the con-

dition that the constant vector value function g = yK+1 ∈ H, we have

∣∣∣∣∫
X
`(h(x),yK+1)dPXt|Ys(x)−

∫
X
`(h(x),yK+1)dPXs(x)

∣∣∣∣
=

∣∣∣∣∫
X
`(h(x), g(x))dPXt|Ys(x)−

∫
X
`(h(x), g(x))dPXs(x)

∣∣∣∣
≤d`H(PXt|Ys , PXs).

(B.1.10)

Combining (B.1.8) and (B.1.10), we show that

πK+1
t RK+1

t (h)

≤(1− πK+1
t )d`H(PXt|Ys , PXs) + Ru,K+1

t (h)− (1− πK+1
t )Ru,K+1

t (h).

Hence, we have proved
πK+1
t

1−πK+1
t

RK+1
t (h) ≤ d`H(PXt|Ys , PXs) +

Ru,K+1
t (h)

1−πK+1
t

−

Ru,K+1
t (h).

As mentioned above, combining (B.1.2), (B.1.3) with (B.1.1), we have

Rt(h)

1− πK+1
t

≤ Rs(h) + 2d`H(PXt|Ys , PXs) + Λ + ∆o.

The proof has been completed.
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B.2 Proof of Corollary 5.1

Step 1. Using Lemma 24, we can prove that with probability of at least

1− 2δ > 0, for all h ∈ H:

|Rs(h)− R̂s(h)| ≤ 2B

√
8d log ns + 16d log(K + 1) + 2 log(2/δ)

ns
.

Step 2. We prove that with probability of at least 1 − δ > 0, for all

h ∈ H:

−R̂u,K+1
s (h) ≤ −Ru,K+1

s (h)+2B

√
8d log ns + 16d log(K + 1) + 2 log(2/δ)

ns
.

Let the source samples be SX = {x1
s, ...,x

ns
s }. Recall that the Natarajan

lemma (Lemma 29.4 of [57]) tells us that if Ndim(H) is d, then

|{h(x1
s), ...,h(xnss ) : h ∈ H}| ≤ (ns)

d(K + 1)2d.

Denote A = {(`(h(x1
s),yK+1), ..., `(h(xnss ),yK+1)) : h ∈ H}. This clearly

implies that

|A| ≤ |{h(x1
s), ...,h(xnss ) : h ∈ H}| ≤ (ns)

d(K + 1)2d.

Combining this with Lemma 26.8 of [57], we obtain the following bound:

1

ns
Eσ[sup

a∈A

ns∑
i=1

σiai] ≤

√
2d log ns + 4d log(K + 1)

ns
,

where ai is the i-th coordinate value of a and σ = (σ1, ..., σn) are Rademacher

variables, with σis independent uniform random variables taking values

in −1,+1.

Let F be

{`(h(x),yK+1) : h ∈ H,x ∈ X},
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then

<̂SX (F) =
1

ns
Eσ[sup

a∈A

ns∑
i=1

σiai] ≤

√
2d log ns + 4d log(K + 1)

ns
.

Following Lemma 23, we have with probability of at least 1 − δ > 0, for

all h ∈ H:

−R̂u,K+1
s (h) ≤ −Ru,K+1

s (h)+2B

√
8d log ns + 16d log(K + 1) + 2 log(2/δ)

ns
.

Step 3. We prove that with probability of at least 1 − δ > 0, for all

h ∈ H:

R̂u,K+1
t (h) ≤ Ru,K+1

t (h) + 2B

√
8d log nu + 16d log(K + 1) + 2 log(2/δ)

nu
.

Let thetarget samples be TX = {x1
t , ...,x

nu
t }. Recall that the Natarajan

lemma (Lemma 29.4 of [57]) tells us that if Ndim(H) is d, then

|{h(x1
t ), ...,h(xnut ) : h ∈ H}| ≤ (nu)

d(K + 1)2d.

Denote A = {(`(h(x1
t ),yK+1), ..., `(h(xnut )),yK+1) : h ∈ H}. This clearly

implies that

|A| ≤ |{h(x1
t ), ...,h(xnut ) : h ∈ H}| ≤ (nu)

d(K + 1)2d.

Combining this with Lemma 26.8 of [57], we obtain the following bound:

1

nu
Eσ[sup

a∈A

nu∑
i=1

σiai] ≤

√
2d log nu + 4d log(K + 1)

nu
,

where ai is the i-th coordinate value of a and σ = (σ1, ..., σn) are Rademacher

variables, with σis independent uniform random variables taking values

in −1,+1.
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Let F be

{`(h(x),yK+1) : h ∈ H,x ∈ X},

then

<̂Tu(F) =
1

nu
Eσ[sup

a∈A

nu∑
i=1

σiai] ≤

√
2d log nu + 4d log(K + 1)

nu
.

Following Lemma 23, we have with probability of at least δ > 0, for all

h ∈ H:

R̂u,K+1
t (h) ≤ Ru,K+1

t (h) + 2B

√
8d log nu + 16d log(K + 1) + 2 log(2/δ)

nu
.

Combining Steps 1, 2 and 3 with Theorem 5, we obtain the result.
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Appendix C

Proofs for Chapter 6

This appendix introduces how to complete the proofs of the main theoret-

ical results in chapter 6.

Lemma 26. For any h ∈ H,

Rα
Q(h) = (1−α)RP,k(h) + max{RQ(h,yK+1)− (1−α)RP,k(h,yK+1), 0},

where α = Q(Y = yK+1),

RQ(h,yK+1) =

∫
X
`(h(x),yK+1)dQX(x),

and

RP,k(h,yK+1) =

∫
X
`(h(x),yK+1)dPX|Y ∈Yk(x),

Proof. Step 1. We claim that Rα
Q(h) = (1− α)RP,k(h) + αRQ,u(h).

First, it is clear that

Rα
Q(h) = (1− α)RQ,k(h) + αRQ,u(h). (C.0.1)

Because QXY |Y ∈Yk = PXY |Y ∈Yk , hence,

RQ,k(h) =

∫
X×Yk

`(h(x),y)dQXY |Y ∈Yk(x,y)

=

∫
X×Yk

`(h(x),y)dPXY |Y ∈Yk(x,y)

=RP,k(h).

(C.0.2)

Combining Eq. (C.0.1) with Eq. (C.0.2), we have that

Rα
Q(h) = (1− α)RP,k(h) + αRQ,u(h).
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Step 2. We claim that αRQ,u(h) = max{RQ(h,yK+1)−(1−α)RP,k(h,yK+1), 0}.

First, it is clear that

RQ(h,yK+1)

=(1− α)

∫
X
`(h(x),yK+1)dQX|Y ∈Yk + α

∫
X
`(h(x),yK+1)dQX|Y=yK+1

=(1− α)

∫
X
`(h(x),yK+1)dPX|Y ∈Yk + α

∫
X
`(h(x),yK+1)dQX|Y=yK+1

=(1− α)RP,k(h,yK+1) + α

∫
X
`(h(x),yK+1)dQX|Y=yK+1

=(1− α)RP,k(h,yK+1) + αRQ,u(h).

(C.0.3)

Hence,

αRQ,u(h) = RQ(h,yK+1)− (1− α)RP,k(h,yK+1).

Because αRQ,u(h) ≥ 0, we obtain that

αRQ,u(h) = max{RQ(h,yK+1)− (1− α)RP,k(h,yK+1), 0}.

Step 3. Combining the results of Steps 1 and 2, we have that

Rα
Q(h) = (1−α)RP,k(h) + max{RQ(h,yK+1)− (1−α)RP,k(h,yK+1), 0}.

Lemma 27. Assume that H ⊂ {h : X → Y} has finite Natarajan

dimension and the loss function ` has upper bound c, then for any 0 <

δ < 1,

sup
h∈H
|RP,k(h)− R̂S(h)| = cOp(1/n

1−δ
2 ),

sup
h∈H
|RP,k(h,yK+1)− R̂S(h,yK+1)| = cOp(1/n

1−δ
2 ),
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where

R̂S(h) =
1

n

∑
(x,y)∈S

`(h(x),y), R̂S(h,yK+1) =
1

n

∑
(x,y)∈S

`(h(x),yK+1).

Proof. The proof is similar to the proof of Lemma 24. We omit it.

Lemma 28. Assume the feature space X is compact and the loss func-

tion has an upper bound c. Let the RKHS Hk is the Hilbert space with

Gaussian kernel. Suppose that the real density p/q ∈ Hk and set the

regularization parameter λ = λn,m in KuLSIF such that

lim
n,m→0

λn,m = 0, λ−1
n,m = O(min{n,m}1−δ),

where 0 < δ < 1 is any constant, then

sup
h∈H
|RQ(h,yK+1)− γR̂τ,β

T (h,yK+1)|

≤γβcU({x : 0 < r(x) ≤ 2τ}) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m),

where

RQ(h,yK+1) =

∫
X
`(h(x),yK+1)dQX(x),

R̂τ,β
T (h,yK+1) =

1

m

∑
x∈T

Lτ,β(ŵ(x))`(h(x),yK+1),

here QX = Q0,β
U , and ŵ is the solution of KuLSIF.

Proof. Step 1. We claim that

sup
h∈H
|RQ(h,yK+1)− γRτ,β

U (h,yK+1)| ≤ γβcU({x : 0 < r(x) ≤ 2τ}),

where

Rτ,β
U (h,yK+1) =

∫
X
Lτ,β(r(x))`(h(x),yK+1)dU(x),

here r(x) = p(x)/q(x).
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First, we note that

∣∣ ∫
X
L0,β(r(x))`(h(x),yK+1)dU(x)−

∫
X
Lτ,β(r(x))`(h(x),yK+1)dU(x)|

≤
∣∣ ∫
X
L0,β(r(x))`(h(x),yK+1)dU(x)−

∫
X
Lτ,β(r(x))`(h(x),yK+1)dU(x)|

≤c
∫
X

∣∣L0,β(r(x))− Lτ,β(r(x))
∣∣dU(x)

≤c
∫
{x: 0<r(x)≤2τ}

βdU(x) = βcU({x : 0 < r(x) ≤ 2τ}).

(C.0.4)

Because QXY = Q0,β
U PY |X , then according to the definition of Q0,β

U , we

know

RQ(h,yK+1) = γ

∫
X
L0,β(r(x))`(h(x),yK+1)dU(x),

which implies

sup
h∈H
|RQ(h,yK+1)− γRτ,β

U (h,yK+1)| ≤ γβcU({x : 0 < r(x) ≤ 2τ}).

Step 2. We claim that

sup
h∈H
|Rτ,β

U (h,yK+1)−
∫
X
Lτ,β(ŵ(x))`(h(x),yK+1)dU(x)|

≤max{c, cβ
τ
}Op(λ

1
2
n,m).

First, the Lipschitz constant for Lτ,β is smaller than max{1, β
τ
}.

Then,

sup
h∈H
|Rτ,β

U (h,yK+1)−
∫
X
Lτ,β(ŵ(x))`(h(x),yK+1)dU(x)|

= sup
h∈H
|
∫
X
Lτ,β(r(x))`(h(x),yK+1)dU(x)

−
∫
X
Lτ,β(ŵ(x))`(h(x),yK+1)dU(x)

≤ sup
h∈H

∫
X
|Lτ,β(r(x))− Lτ,β(ŵ(x))|`(h(x),yK+1)dU(x)|
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≤ sup
h∈H

√∫
X
|Lτ,β(r(x))− Lτ,β(ŵ(x))|2dU(x)

√∫
X
`2(h(x),yK+1)dU(x)

≤c sup
h∈H

√∫
X
|Lτ,β(r(x))− Lτ,β(ŵ(x))|2dU(x)

≤max{c, cβ
τ
} sup
h∈H

√∫
X
|r(x)− ŵ(x)|2dU(x).

Lastly, using Lemma 25,

sup
h∈H
|Rτ,β

U (h,yK+1)−
∫
X
Lτ,β(ŵ(x))`(h(x),yK+1)dU(x)|

≤max{c, cβ
τ
}Op(λ

1
2
n,m).

Step 3. We claim that

sup
h∈H

∣∣ 1

m

∑
x∈T

Lτ,β(ŵ(x))`(h(x),yK+1)−
∫
X
Lτ,β(ŵ(x))`(h(x),yK+1)dU(x)

∣∣
≤c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m).

First, we set FB = {Lτ,β(w)`(h,yK+1) : w ∈ Hk, ‖w‖k ≤ B,h ∈ H}. We

consider

sup
f∈FB

∣∣ 1

m

∑
x∈T

f(x)−
∫
X
f(x)dU(x)

∣∣
Using Lemma 23, it is easy to check that for 1 − 2δ > 0, we have

sup
f∈FB

∣∣ 1

m

∑
x∈T

f(x)−
∫
X
f(x)dU(x)

∣∣ ≤ 2<̂T (FB) + 4(B + β)c

√
2 log(4/δ)

m
,

(C.0.5)

here we have used |f | ≤ (B + β)c, for any f ∈ FB.

Then, we consider <̂T (FB).

m<̂T (FB)

=Eσ[ sup
‖w‖k≤B,h∈H

m∑
i=1

σiLτ,β(wi)`(hi,yK+1)]

=Eσ[ sup
‖w‖k≤B,h∈H

σ1Lτ,β(w1)`(h1,yK+1) +
m∑
i=2

σiLτ,β(wi)`(hi,yK+1)]
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=
1

2
Eσ2,...,σm [ sup

‖w‖k≤B,h∈H
Lτ,β(w1)`(h1,yK+1) +

m∑
i=2

σiLτ,β(wi)`(hi,yK+1)

+ sup
‖w‖k≤B,h∈H

−Lτ,β(w1)`(h1,yK+1) +
m∑
i=2

σiLτ,β(wi)`(hi,yK+1)]

=
1

2
Eσ2,...,σm [ sup

‖w‖k≤B,h∈H
sup

‖w′‖k≤B,h′∈H
Lτ,β(w1)`(h1,yK+1)

+
m∑
i=2

σiLτ,β(wi)`(hi,yK+1)− Lτ,β(w′1)`(h′1,yK+1)

+
m∑
i=2

σiLτ,β(w′i)`(h
′
i,yK+1)]

≤1

2
Eσ2,...,σm [ sup

‖w‖k≤B,h∈H
sup

‖w′‖k≤B,h′∈H
|Lτ,β(w1)− Lτ,β(w′1)|`(h′1,yK+1)

+Lτ,β(w1)|`(h′1,yK+1)− `(h1,yK+1)|

+
m∑
i=2

σiLτ,β(wi)`(hi,yK+1) +
m∑
i=2

σiLτ,β(w′i)`(h
′
i,yK+1)]

≤1

2
Eσ2,...,σm [ sup

‖w‖k≤B,h∈H
sup

‖w′‖k≤B,h′∈H
Lc|w1 − w′1|

+(B + β)|`(h′1,yK+1)− `(h1,yK+1)|

+
m∑
i=2

σiLτ,β(wi)`(hi,yK+1) +
m∑
i=2

σiLτ,β(w′i)`(h
′
i,yK+1)]

=Eσ[ sup
‖w‖k≤B,h∈H

Lcσ1w1 + (B + β)σ1`(h1,yK+1) +
m∑
i=2

σiLτ,β(wi)`(hi,yK+1)]

Repeat the process m− 1 times for i = 2, ...,m.

≤Eσ[ sup
‖w‖k≤B,h∈H

m∑
i=1

Lcσiwi +
m∑
i=1

(B + β)σi`(hi,yK+1)]

≤mLc<̂T (HK,B) +m(B + β)<̂T (F),

where wi = w(x̃i),hi = h(x̃i), L = max{1, β
τ
}, HK,B = {w : w ∈

Hk, ‖w‖k ≤ B} and F = {`(h,yK+1) : h ∈ H}.

According to Theorem 5.5 of [171], we obtain that

<̂T (HK,B) ≤ B

√
1

m
.

It is easy to check that

<̂T (F) ≤ c

√
4d logm+ 8d log(K + 1)

m
,
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where d is the Natarajan Dimension of H. Hence,

<̂T (FB) ≤ BLc

√
1

m
+ (B + β)c

√
4d logm+ 8d log(K + 1)

m
.

This implies that for 1− 2δ > 0, we have

sup
w∈Hk,‖w‖k≤B

sup
h∈H

∣∣ 1

m

∑
x∈T

Lτ,β(w(x))`(h(x),yK+1)

−
∫
X
Lτ,β(w(x))`(h(x),yK+1)dU(x)

∣∣
≤2Bmax{1, β

τ
}c
√

1

m
+ 2(B + β)c

√
4d logm+ 8d log(K + 1)

m

+4(B + β)c

√
2 log(4/δ)

m
.

(C.0.6)

Because ‖ŵ‖k = Op(1), then combining inequality C.0.6, we know that

sup
h∈H

∣∣ 1

m

∑
x∈T

Lτ,β(ŵ(x))`(h(x),yK+1)

−
∫
X
Lτ,β(w(x))`(h(x),yK+1)dU(x)

∣∣
≤2Op(1) max{1, β

τ
}cOp(

√
1

m
)

+2(Op(1) + β)cOp(

√
4d logm+ 8d log(K + 1)

m
)

+4(Op(1) + β)cOp(

√
2 log(4/δ)

m
).

This implies that

sup
h∈H

∣∣ 1

m

∑
x∈T

Lτ,β(ŵ(x))`(h(x),yK+1)

−
∫
X
Lτ,β(w(x))`(h(x),yK+1)dU(x)

∣∣
=c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m).
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Step 4. Using the results of Steps 1, 2 and 3, we have

sup
h∈H
|RQ(h,yK+1)− γR̂τ,β

T (h,yK+1)|

≤ sup
h∈H
|RQ(h,yK+1)− γRτ,β

U (h,yK+1)|+ sup
h∈H
|γRτ,β

U (h,yK+1)

−γ
∫
X
Lτ,β(ŵ(x))`(h(x),yK+1)dU(x)|

+ sup
h∈H
|γ
∫
X
Lτ,β(ŵ(x))`(h(x),yK+1)dU(x)− γR̂τ,β

T (h,yK+1)|

≤γβcU({x : 0 < r(x) ≤ 2τ})

+γmax{c, cβ
τ
}Op(λ

1
2
n,m) + c

(
max{1, β

τ
}+ β

)
Op(λ

1
2
n,m).

Note that γ < 1, we can write

sup
h∈H
|RQ(h,yK+1)− γR̂τ,β

T (h,yK+1)|

≤γβcU({x : 0 < r(x) ≤ 2τ}) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m).

C.1 Proof of Theorem 9

We separate the proof into three steps.

Step 1. We claim that

sup
h∈H
|(1− α)∆τ,β

S,T (h)−max{RQ(h,yK+1)− (1− α)RP,k(h,yK+1), 0}|

≤γβcU({x : 0 < r(x) ≤ 2τ}) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m).
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First, it is easy to check that

sup
h∈H
|(1− α)∆τ,β

S,T (h)−max{RQ(h,yK+1)− (1− α)RP,k(h,yK+1), 0}|

≤ sup
h∈H
|(1− α)R̂τ,β

T (h,yK+1)− (1− α)R̂S(h,yK+1)

−RQ(h,yK+1) + (1− α)RP,k(h,yK+1)|

≤ sup
h∈H
|(1− α)R̂τ,β

T (h,yK+1)−RQ(h,yK+1)|

+(1− α) sup
h∈H
|R̂S(h,yK+1)−RP,k(h,yK+1)|

≤γβcU({x : 0 < r(x) ≤ 2τ}) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) Lemma 28

+(1− α) sup
h∈H
|R̂S(h,yK+1)−RP,k(h,yK+1)|

≤γβcU({x : 0 < r(x) ≤ 2τ}) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m)

+(1− α)cOp(λ
1
2
n,m) Lemma 27.

Hence, we can write

sup
h∈H
|(1− α)∆τ,β

S,T (h)

−max{RQ(h,yK+1)− (1− α)RP,k(h,yK+1), 0}|

≤γβcU({x : 0 < r(x) ≤ 2τ}) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m).

Step 2.

sup
h∈H
|(1− α)R̂S(h) + (1− α)∆τ,β

S,T (h)− (1− α)RP,k(h)

−max{RQ(h,yK+1)− (1− α)RP,k(h,yK+1), 0}|

≤ sup
h∈H
|(1− α)R̂S(h)− (1− α)RP,k(h)|

+ sup
h∈H
|(1− α)∆τ,β

S,T (h)−max{RQ(h,yK+1)− (1− α)RP,k(h,yK+1), 0}|

≤(1− α)cOp(λ
1
2
n,m) Use Lemma 27

+γβcU({x : 0 < r(x) ≤ 2τ}) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m)

Use the result of Step 1.
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Hence, we can write

sup
h∈H
|(1− α)R̂S(h) + (1− α)∆τ,β

S,T (h)− (1− α)RP,k(h)

−max{RQ(h,yK+1)− (1− α)RP,k(h,yK+1), 0}|

≤γβcU({x : 0 < r(x) ≤ 2τ}) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m).

Step 3. Note that, using Lemma 26,

Rα
Q(h) = (1−α)RP,k(h) + max{RQ(h,yK+1)− (1−α)RP,k(h,yK+1), 0}.

Hence,

sup
h∈H
|(1− α)R̂S(h) + (1− α)∆τ,β

S,T (h)−Rα
Q(h)|

≤γβcU({x : 0 < r(x) ≤ 2τ}) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m).

C.2 Proof of Theorem 10

According to Theorem 7, we know that for any h ∈ H,

|Rα
P (h)−Rα

Q(h)| ≤ αd`h,H(PX|Y=yK+1
, QX|Y=yK+1

) + αΛ. (C.2.1)

According to Theorem 9, we know that for any h ∈ H,

|(1− α)R̂S(h) + (1− α)∆τ,β
S,T (h)−Rα

Q(h)|

≤γβcU({x : 0 < r(x) ≤ 2τ}) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m).

(C.2.2)

Combining inequalities (C.2.1) and (C.2.2), we know that for any h ∈ H,

|(1− α)R̂S(h) + (1− α)∆τ,β
S,T (h)−Rα

P (h)|

≤γβcU({x : 0 < r(x) ≤ 2τ}) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m)

+αd`h,H(PX|Y=yK+1
, QX|Y=yK+1

) + αΛ.
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C.3 Proof of Theorem 11

Assume that

ĥ ∈ arg min
h∈H

R̂τ,β
S,T (h), hQ ∈ arg min

h∈H
Rα
Q(h).

Step 1. It is easy to check that

Rα
Q(ĥ)−Rα

Q(hQ) =Rα
Q(ĥ)− (1− α)R̂τ,β

S,T (ĥ)

+(1− α)R̂τ,β
S,T (ĥ)−Rα

Q(hQ)

≤Rα
Q(ĥ)− (1− α)R̂τ,β

S,T (ĥ)

+(1− α)R̂τ,β
S,T (hQ)−Rα

Q(hQ)

≤2 sup
h∈H
|(1− α)R̂τ,β

S,T (h)−Rα
Q(h)|,

and

Rα
Q(ĥ)−Rα

Q(hQ) =Rα
Q(ĥ)− (1− α)R̂τ,β

S,T (hQ)

+(1− α)R̂τ,β
S,T (hQ)−Rα

Q(hQ)

≥Rα
Q(ĥ)− (1− α)R̂τ,β

S,T (ĥ)

+(1− α)R̂τ,β
S,T (hQ)−Rα

Q(hQ)

≥− 2 sup
h∈H
|(1− α)R̂τ,β

S,T (h)−Rα
Q(h)|,

which implies that

|Rα
Q(ĥ)−Rα

Q(hQ)| ≤ 2 sup
h∈H
|(1− α)R̂τ,β

S,T (h)−Rα
Q(h)|.

Using the result of Theorem 9, we obtain that

|Rα
Q(ĥ)−Rα

Q(hQ)| ≤2c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m)

+2γcβU(0 < p/q ≤ 2τ).

(C.3.1)

Then, using the result of Step 3 in the proof of Theorem 8, we obtain
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that

|Rα
Q(ĥ)−Rα

P (hQ)| ≤2c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m)

+2γcβU(0 < p/q ≤ 2τ).

(C.3.2)

Step 2.

R̂τ,β
S,T (ĥ) = (1− α)R̂S(ĥ) + (1− α)∆τ,β

S,T (ĥ)

≤ (1− α)R̂S(hQ) + (1− α)∆τ,β
S,T (hQ)

≤ Rα
Q(hQ) + c

(
max{1, β

τ
}+ β

)
Op(λ

1
2
n,m)

+ γcβU(0 < p/q ≤ 2τ) Theorem 9

= (1− α) min
h∈H

RQ,k(h)

+ c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + γcβU(0 < p/q ≤ 2τ)

Using the result of Step 3 in proof of Theorem 8

≤ (1− α)RQ,k(ĥ)

+ c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + γcβU(0 < p/q ≤ 2τ).

Hence,

(1− α)∆τ,β
S,T (ĥ)

≤(1− α)RQ,k(ĥ)− (1− α)R̂S(ĥ)

+c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + γcβU(0 < p/q ≤ 2τ)

=(1− α)RP,k(ĥ)− (1− α)R̂S(ĥ)

+c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + γcβU(0 < p/q ≤ 2τ)

≤(1− α)cOp(λ
1
2
n,m) + c

(
max{1, β

τ
}+ β

)
Op(λ

1
2
n,m)

+γcβU(0 < p/q ≤ 2τ) Using Lemma 27

≤2c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + γcβU(0 < p/q ≤ 2τ).

Then, combining above inequality with the result of Step 1 in the proof
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of Theorem 9, we obtain that

max{RQ(ĥ,yK+1)− (1− α)RP,k(ĥ,yK+1), 0}

≤3c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + 2γcβU(0 < p/q ≤ 2τ).

Because max{RQ(ĥ,yK+1) − (1 − α)RP,k(ĥ,yK+1), 0} = αRQ,u(ĥ), we

obtain that

αRQ,u(ĥ) ≤ 3c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + 2γcβU(0 < p/q ≤ 2τ).

Step 3.

|Rα
P (ĥ)−Rα

P (hQ)|

≤|Rα
P (ĥ)−Rα

Q(ĥ)|+ |Rα
Q(ĥ)−Rα

P (hQ)|

=α|RP,u(ĥ)−Rα
Q,u(ĥ)|+ |Rα

Q(ĥ)−Rα
P (hQ)|

≤αRQ,u(ĥ) + |Rα
Q(ĥ)−Rα

P (hQ)|

≤5c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m)

+4γcβU(0 < p/q ≤ 2τ) Using the results of Step 1 and Step 2.

Briefly, we can write (absorbing coefficient 5 into Op)

|Rα
P (ĥ)−Rα

P (hQ)| ≤ c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + 4γcβU(0 < p/q ≤ 2τ).

Combining above inequality with Theorem 8, we obtain that

|Rα
P (ĥ)−min

h∈H
Rα
P (h)| ≤c

(
max{1, β

τ
}+ β

)
Op(λ

1
2
n,m)

+4γcβU(0 < p/q ≤ 2τ).

C.4 Proof for Theorem 12

Lemma 29. Assume the feature space X is compact and the loss func-

tion has an upper bound c. Let the RKHS HK is the Hilbert space with

Gaussian kernel. Suppose that the real density p/q ∈ HK and set the
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regularization parameter λ = λn,m in KuLSIF such that

lim
n,m→0

λn,m = 0, λ−1
n,m = O(min{n,m}1−δ),

where 0 < δ < 1 is any constant, then

sup
h∈H
|RQ,u(h)− γ′R̂τ,β

S,T,u(h)| ≤ γ′βcU({x : 0 < r(x) ≤ 2τ})

+ c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m),

where γ′ = 1/
(
βU({x : r(x) = 0})

)
, and

RQ,u(h) =

∫
X
`(h(x),yK+1)dQX|Y=yK+1

(x),

R̂τ,β
S,T,u(h) =

1

m

∑
x∈T

Lτ,β(ŵ(x))`(h(x),yK+1),

here QXY = Q0,β
U PY |X , ŵ is the solution of KuLSIF, and

L−τ,β(x) =


x+ β, x ≤ τ ;

0, 2τ ≤ x;

− τ + β

τ
x+ 2τ + 2β, τ < x < 2τ.

(C.4.1)

Proof. Step 1. We claim that

sup
h∈H
|RQ,u(h)− γ′Rτ,β

U,u(h)| ≤ γ′βcU({x : 0 < r(x) ≤ 2τ}),

where

Rτ,β
U,u(h) =

∫
X
L−τ,β(r(x))`(h(x),yK+1)dU(x),

here r(x) = p(x)/q(x).

First, we note that

∣∣ ∫
X
L−0,β(r(x))`(h(x),yK+1)dU(x)−

∫
X
L−τ,β(r(x))`(h(x),yK+1)dU(x)|

≤c
∫
{x: 0<r(x)≤2τ}

(τ + β)dU(x) = (τ + β)cU({x : 0 < r(x) ≤ 2τ}).

(C.4.2)
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Because QXY = Q0,β
U PY |X , then according to the definition of Q0,β

U , we

know

RQ,u(h) = γ′
∫
X
L−0,β(r(x))`(h(x),yK+1)dU(x),

which implies

sup
h∈H
|RQ,u(h)− γ′Rτ,β

U,u(h)| ≤ γ′(τ + β)cU({x : 0 < r(x) ≤ 2τ}).

Step 2. We claim that

sup
h∈H
|Rτ,β

U,u(h)−
∫
X
L−τ,β(ŵ(x))`(h(x),yK+1)dU(x)| ≤ (c+

cβ

τ
)Op(λ

1
2
n,m).

First, the Lipschitz constant for L−τ,β is smaller than 1 + β
τ
. Then,

sup
h∈H
|Rτ,β

U,u(h)−
∫
X
L−τ,β(ŵ(x))`(h(x),yK+1)dU(x)|

= sup
h∈H
|
∫
X
L−τ,β(r(x))`(h(x),yK+1)dU(x)

−
∫
X
L−τ,β(ŵ(x))`(h(x),yK+1)dU(x)|

≤ sup
h∈H

∫
X
|L−τ,β(r(x))− L−τ,β(ŵ(x))|`(h(x),yK+1)dU(x)

≤ sup
h∈H

√∫
X
|L−τ,β(r(x))− L−τ,β(ŵ(x))|2dU(x)

√∫
X
`2(h(x),yK+1)dU(x)

≤c sup
h∈H

√∫
X
|L−τ,β(r(x))− L−τ,β(ŵ(x))|2dU(x)

≤(c+
cβ

τ
) sup
h∈H

√∫
X
|r(x)− ŵ(x)|2dU(x).

Lastly, using Lemma 25,

sup
h∈H
|Rτ,β

U,u(h)−
∫
X
L−τ,β(ŵ(x))`(h(x),yK+1)dU(x)| ≤ (c+

cβ

τ
)Op(λ

1
2
n,m).

Step 3. We claim that

sup
h∈H

∣∣ 1

m

∑
x∈T

L−τ,β(ŵ(x))`(h(x),yK+1)

−
∫
X
L−τ,β(ŵ(x))`(h(x),yK+1)dU(x)

∣∣ ≤ c
(
1 +

β

τ
+ β

)
Op(λ

1
2
n,m).
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First, we set FB = {L−τ,β(w)`(h,yK+1) : w ∈ HK , ‖w‖k ≤ B,h ∈ H}.

We consider

sup
f∈FB

∣∣ 1

m

∑
x∈T

f(x)−
∫
X
f(x)dU(x)

∣∣
Using Lemma 23, it is easy to check that for 1 − 2δ > 0, we have

sup
f∈FB

∣∣ 1

m

∑
x∈T

f(x)−
∫
X
f(x)dU(x)

∣∣ ≤ 2<̂T (FB) + 4(τ + β)c

√
2 log(4/δ)

m
,

(C.4.3)

here we have used |f | ≤ (τ + β)c, for any f ∈ FB. Then, we consider

<̂T (FB).

m<̂T (FB)

=Eσ[ sup
‖w‖k≤B,h∈H

m∑
i=1

σiL
−
τ,β(wi)`(hi,yK+1)]

=Eσ[ sup
‖w‖k≤B,h∈H

σ1L
−
τ,β(w1)`(h1,yK+1) +

m∑
i=2

σiL
−
τ,β(wi)`(hi,yK+1)]

=
1

2
Eσ2,...,σm [ sup

‖w‖k≤B,h∈H
L−τ,β(w1)`(h1,yK+1) +

m∑
i=2

σiL
−
τ,β(wi)`(hi,yK+1)

+ sup
‖w‖k≤B,h∈H

−L−τ,β(w1)`(h1,yK+1) +
m∑
i=2

σiL
−
τ,β(wi)`(hi,yK+1)]

=
1

2
Eσ2,...,σm [ sup

‖w‖k≤B,h∈H
sup

‖w′‖k≤B,h′∈H
L−τ,β(w1)`(h1,yK+1)

+
m∑
i=2

σiL
−
τ,β(wi)`(hi,yK+1)− L−τ,β(w′1)`(h′1,yK+1)

+
m∑
i=2

σiL
−
τ,β(w′i)`(h

′
i,yK+1)]

≤1

2
Eσ2,...,σm [ sup

‖w‖k≤B,h∈H
sup

‖w′‖k≤B,h′∈H
|L−τ,β(w1)− L−τ,β(w′1)|`(h′1,yK+1)

+L−τ,β(w1)|`(h′1,yK+1)− `(h1,yK+1)|

+
m∑
i=2

σiL
−
τ,β(wi)`(hi,yK+1) +

m∑
i=2

σiL
−
τ,β(w′i)`(h

′
i,yK+1)]

≤1

2
Eσ2,...,σm [ sup

‖w‖k≤B,h∈H
sup

‖w′‖k≤B,h′∈H
Lc|w1 − w′1|

+(B + β)|`(h′1,yK+1)− `(h1,yK+1)|

+
m∑
i=2

σiL
−
τ,β(wi)`(hi,yK+1) +

m∑
i=2

σiL
−
τ,β(w′i)`(h

′
i,yK+1)]
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=Eσ[ sup
‖w‖k≤B,h∈H

Lcσ1w1 + (B + β)σ1`(h1,yK+1)

+
m∑
i=2

σiL
−
τ,β(wi)`(hi,yK+1)]

Repeat the process m− 1 times for i = 2, ...,m.

≤Eσ[ sup
‖w‖k≤B,h∈H

m∑
i=1

Lcσiwi +
m∑
i=1

(B + β)σi`(hi,yK+1)]

≤mLc<̂T (HK,B) +m(B + β)<̂T (F),

where wi = w(x̃i),hi = h(x̃i), L = 1 + β
τ
, HK,B = {w : w ∈ HK , ‖w‖k ≤

B} and F = {`(h,yK+1) : h ∈ H}.

According to Theorem 5.5 of [171], we obtain that

<̂T (HK,B) ≤ B

√
1

m
.

According to the proving process of Lemma 27, we obtain that

<̂T (F) ≤ c

√
4d logm+ 8d log(K + 1)

m
,

where d is the Natarajan Dimension of H.

Hence,

<̂T (FB) ≤ BLc

√
1

m
+ (B + β)c

√
4d logm+ 8d log(K + 1)

m
.

This implies that for 1− 2δ > 0, we have

sup
w∈HK ,‖w‖k≤B

sup
h∈H

∣∣ 1

m

∑
x∈T

L−τ,β(w(x))`(h(x),yK+1)

−
∫
X
L−τ,β(w(x))`(h(x),yK+1)dU(x)

∣∣
≤2B(1 +

β

τ
)c

√
1

m
+ 4(τ + β)c

√
2 log(4/δ)

m

+2(B + β)c

√
4d logm+ 8d log(K + 1)

m
.

(C.4.4)
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Because ‖ŵ‖k = Op(1), then combining inequality C.4.4, we know that

sup
h∈H

∣∣ 1

m

∑
x∈T

L−τ,β(ŵ(x))`(h(x),yK+1)

−
∫
X
L−τ,β(w(x))`(h(x),yK+1)dU(x)

∣∣
≤4(τ + β)cOp(

√
2 log(4/δ)

m
) + 2Op(1)(1 +

β

τ
)cOp(

√
1

m
)

+2(Op(1) + β)cOp(

√
4d logm+ 8d log(K + 1)

m
).

This implies that

sup
h∈H

∣∣ 1

m

∑
x∈T

L−τ,β(ŵ(x))`(h(x),yK+1)

−
∫
X
L−τ,β(w(x))`(h(x),yK+1)dU(x)

∣∣
≤c
(
1 +

β

τ
+ τ + β

)
Op(λ

1
2
n,m).

Step 4. Using the results of Steps 1, 2 and 3, we have

sup
h∈H
|RQ,u(h)− γ′R̂τ,β

S,T,u(h)|

≤ sup
h∈H
|RQ,u(h)− γ′Rτ,β

U,u(h)|

+ sup
h∈H
|γ′Rτ,β

U,u(h)− γ′
∫
X
L−τ,β(ŵ(x))`(h(x))dU(x)|

+ sup
h∈H
|γ′
∫
X
L−τ,β(ŵ(x))`(h(x),yK+1)dU(x)− γ′R̂τ,β

S,T,u(h,yK+1)|

≤γ′βcU({x : 0 < r(x) ≤ 2τ}) + γ′(c+
cβ

τ
)Op(λ

1
2
n,m)

+cγ′
(
1 +

β

τ
+ τ + β

)
Op(λ

1
2
n,m).

We can write

sup
h∈H
|RQ,u(h)− γ′R̂τ,β

S,T,u(h)| ≤ γ′βcU({x : 0 < r(x) ≤ 2τ})

+cγ′
(
1 +

β

τ
+ τ + β

)
Op(λ

1
2
n,m).
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Proof of Theorem 6. Assume that

h̃ ∈ arg min
h∈H

R̃τ,β
S,T (h), hQ ∈ arg min

h∈H
Rα
Q(h).

Step 1. It is easy to check that

Rα
Q(h̃)−Rα

Q(hQ) =Rα
Q(h̃)− R̃τ,β

S,T (h̃)

+R̃τ,β
S,T (h̃)−Rα

Q(hQ)

≤Rα
Q(h̃)− R̃τ,β

S,T (h̃)

+R̃τ,β
S,T (hQ)−Rα

Q(hQ)

≤2 sup
h∈H
|R̃τ,β

S,T (h)−Rα
Q(h)|,

and

Rα
Q(h̃)−Rα

Q(hQ) =Rα
Q(h̃)− R̃τ,β

S,T (hQ)

+R̃τ,β
S,T (hQ)−Rα

Q(hQ)

≥Rα
Q(h̃)− R̃τ,β

S,T (h̃)

+R̃τ,β
S,T (hQ)−Rα

Q(hQ)

≥− 2 sup
h∈H
|R̃τ,β

S,T (h)−Rα
Q(h)|,

which implies that

|Rα
Q(h̃)−Rα

Q(hQ)| ≤ 2 sup
h∈H
|R̃τ,β

S,T (h)−Rα
Q(h)|.

Using the result of Lemma 29 and Lemma 27, we obtain that

|Rα
Q(h̃)−Rα

Q(hQ)| ≤ 2cγ′
(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m)

+ 2γ′cαβU(0 < p/q ≤ 2τ).

(C.4.5)

Then, using the result of Step 3 in the proof of Theorem 8, we obtain

|Rα
Q(h̃)−Rα

P (hQ)| ≤ 2cγ′
(
1+τ+

β

τ
+β
)
Op(λ

1
2
n,m)+2γ′cαβU(0 < p/q ≤ 2τ).

(C.4.6)
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Step 2.

R̃τ,β
S,T (h̃) = (1− α)R̂S(h̃) + αγ′R̂τ,β

S,T,u(h̃)

≤ (1− α)R̂S(hQ) + αγ′R̂τ,β
S,T,u(hQ)

≤ Rα
Q(hQ)

+ cγ′
(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m) + γ′cαβU(0 < p/q ≤ 2τ)

Using Lemma 29 and Lemma 27

= (1− α) min
h∈H

RQ,k(h)

+ cγ′
(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m) + γ′cαβU(0 < p/q ≤ 2τ)

Using the result of Step 3 in proof of Theorem 8

≤ (1− α)RQ,k(h̃) + cγ′
(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m)

+ γ′cαβU(0 < p/q ≤ 2τ).

Hence,

αγ′R̂τ,β
S,T,u(h̃)

≤(1− α)RQ,k(h̃)− (1− α)R̂S(h̃)

+cγ′
(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m) + γ′cαβU(0 < p/q ≤ 2τ)

=(1− α)RP,k(h̃)− (1− α)R̂S(h̃)

+cγ′
(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m) + γ′cαβU(0 < p/q ≤ 2τ)

≤(1− α)cOp(λ
1
2
n,m) + cγ′

(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m)

+γ′cαβU(0 < p/q ≤ 2τ) Using Lemma 27

≤2cγ′
(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m) + γ′cαβU(0 < p/q ≤ 2τ).

Then, combining the above inequality with the result of Lemma 29, we

obtain that

αRQ,u(h̃) ≤ 3cγ′
(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m) + 2γ′cαβU(0 < p/q ≤ 2τ).
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Step 3.

|Rα
P (h̃)−Rα

P (hQ)|

≤|Rα
P (h̃)−Rα

Q(h̃)|+ |Rα
Q(h̃)−Rα

P (hQ)|

=α|RP,u(h̃)−Rα
Q,u(h̃)|+ |Rα

Q(h̃)−Rα
P (hQ)|

≤αRQ,u(h̃) + |Rα
Q(h̃)−Rα

P (hQ)|

≤5cγ′
(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m) + 4γ′cαβU(0 < p/q ≤ 2τ)

Using the results of Step 1 and Step 2.

Briefly, we can write (absorbing coefficient 5 into Op)

|Rα
P (h̃)−Rα

P (hQ)| ≤ cγ′
(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m)

+ 4γ′cαβU(0 < p/q ≤ 2τ).

Combining the above inequality with Theorem 8, we obtain that

|Rα
P (h̃)−min

h∈H
Rα
P (h)| ≤ cγ′

(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m)

+ 4γ′cαβU(0 < p/q ≤ 2τ).
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