Downloaded 04/30/22 to 138.25.78.25 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

THEORY PROBAB. APPL. @ 2021 Society for Industrial and Applied Mathematics
Vol. 66, No. 2, pp. 245-262

BACKWARD NONLINEAR SMOOTHING DIFFUSIONS*

B. D. O. ANDERSONT, A. N. BISHOP#, P. DEL MORAL$, AND C. PALMIERY

Abstract. We present a backward diffusion flow (i.e., a backward-in-time stochastic differential
equation) whose marginal distribution at any (earlier) time is equal to the smoothing distribution
when the terminal state (at a later time) is distributed according to the filtering distribution. This
is a novel interpretation of the smoothing solution in terms of a nonlinear diffusion (stochastic) flow.
This solution contrasts with, and complements, the (backward) deterministic flow of probability dis-
tributions (viz. a type of Kushner smoothing equation) studied in a number of prior works. A number
of corollaries of our main result are given, including a derivation of the time-reversal of a stochastic
differential equation, and an immediate derivation of the classical Rauch—Tung—Striebel smoothing
equations in the linear setting.
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1. Introduction. Let (W, V;) € (R? x RY) be a (p + ¢)-dimensional Brownian
motion for finite p, ¢ > 1. Consider a signal-observation model (X, Y;) € (R™ x R™)
given by the Itd stochastic differential equation,

(1 1) dXt = at(Xt) dt+0’t(Xt) th,
' dY; = by (X)) dt + < dV;,

for some measurable functions <, a:(z), o¢(z), b:(z) with appropriate dimensions. We
set Yy = 0 and let X be an initial random variable (r.v.) with absolute moments of
any order. We let ay(z) := o¢(z)o}(x) and B; := g;, where A’ denotes the transpose
of some matrix A.

To avoid unnecessary technical details, we assume 3; > €I, for some € > 0, where
I denotes the identity matrix. We also assume that the drift and sensor functions
(ay(x),by(x)), as well as the diffusion matrix o, (x), are smooth with respect to (u, x)
and have uniformly bounded derivatives with respect to x of all order on (u,z) €
[s,t] x R™ for any s < t.

These technical conditions ensure that the above stochastic differential equa-
tion (1.1) has a global solution (X¢,Y;) in the sense of Itd. In addition, (X¢,Y;) as
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well as the sensor function b;(X;) have absolute moments of any order. The stochastic
flow associated with the signal is also smooth with respect to its initial condition, and
its derivatives have absolute moments of any order.

The filtering problem then consists of computing the conditional distribution 7y
of the random signal states X; of the signal given the sigma-field V; = o(Ys,s < t)
generated by the observations. The smoothing problem is to compute the conditional
distribution 7; , of the random signal states X, given ), with ¢t > s. With this
notation, we have m ; = m;.

The filtering and smoothing problems have been studied extensively, and the
literature on this topic is too broad to survey in detail here; a survey of this type
is beyond the rather narrow scope of our contribution. We point the reader to the
general texts [29], [5] for broad coverage of these problems.

We do note some rather seminal early literature in the linear setting [7], [38],
[17], [40] and the nonlinear setting [7], [28], [1], [34], [3]. The first work on the
smoothing topic is the maximum likelihood solution in [7] in both the linear and
nonlinear settings. The study of [38] more formally confirms the linear result in [7]
and also provides a simpler formulation for the mean and covariance of the smoothing
distribution. In the nonlinear setting, the work of [1], [28] introduces an analogue
of a type of Kushner—Stratonovich equation (see [5] for this equation in the filtering
context) for the smoothing problem. More specifically, [1], [28] propose a deterministic
partial differential equation that describes the flow of the smoothing distribution
in terms of a backward flow and the standard filtering distribution, which acts as
the boundary condition (the latter follows from the classical Kushner—Stratonovich
equation).

In section 2 we state the main contribution of this work. Our main result asserts
a backward diffusion flow (i.e., a backward stochastic differential equation), whose
marginal distribution at any time 0 < s < t is equal to the smoothing distribution 7 ,
when the terminal state is distributed according to the filtering distribution .

This is a novel interpretation of the smoothing solution in terms of a nonlinear
diffusion (stochastic) flow (in the spirit of McKean—Vlasov-type processes). This
solution contrasts with, and complements, say, the (backward) deterministic flow of
probability distributions (viz. a type of Kushner smoothing equation) in [1], [28].
We also provide a number of corollaries of our main result in subsection 2.1, including
an immediate derivation of the Rauch—Tung—Striebel smoothing equations [38] in the
linear setting.

A number of auxiliary contributions are set forth in order to prove our main
contribution to the smoothing problem. As is typical (e.g., see [7], [38], [17], [40], [28],
(1], [3], [34], [35]), our smoothing solution requires the formulation of a related filtering
problem. In section 3 we present a brief review of the Kallianpur—Striebel formula.
We then provide a novel and more direct approach to deriving weak versions of the
Zakai and Kushner—Stratonovich equations in subsections 3.1 and 3.2, respectively.
We also consider the backward versions of these equations in subsection 3.3.

Our approach to the filtering equations in this article combines forward and back-
ward I[t6 formulas for stochastic transport semigroups with a recent backward ver-
sion of the Ité—Ventzell formula presented in [14]. This semigroup methodology can
be seen as an extension to the Zakai and Kushner—Stratonovich equations, via the
forward-backward stochastic analysis of diffusion flows developed in [11], [12], [14],
[24], [25].

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/30/22 to 138.25.78.25 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

BACKWARD NONLINEAR SMOOTHING DIFFUSIONS 247

Our direct semigroup approach to the forward/backward filtering equations in this
work contrasts with the classical stochastic partial differential methods and functional
analysis in Sobolev spaces; see, e.g., the seminal works of Pardoux [32], [33], [35] as well
as Krylov and Rozovskii [20], [21]. Related reverse time diffusions and filtered and
smoothed densities are also developed in [2], [3] using discrete time approximation
techniques, without a detailed discussion on the existence of these densities. We
present a number of auxiliary results in this direction throughout section 3 which are
utilized in the proof of our main smoothing result in section 4.

1.1. Some preliminary notation. This subsection presents some notation
needed from the onset.

The signal and the observation defined in (1.1) are column vectors. Unless oth-
erwise stated, we use the letters f and g to denote bounded scalar measurable test
functions on some measurable space.

We denote by Vf the column gradient whenever f is a differentiable function
on some Euclidian space and denote by V2 f the Hessian matrix whenever it is twice
differentiable.

With f: R™ — R, we let div,, (f) be the a;-divergence m-column vector operator
with jth entry given by the formula

diva, (f) (@) = Y 85, (ar” (@) f(2)).

1<i<m

The generator L; of the signal X; is also given by the second order differential
operator

Li(f)(z) := Vf(z)'b(x) + %Tr(v2f(x) ou(z))

with the trace operator Tr(-). Here and throughout, and without further mention,
we assume that functions f acted on by a second order differential generator are, in
addition, twice differentiable with bounded derivatives.

For a measure p and test function f of compatible dimension, we write

()= [ uldo) f(o).

An integral operator Q(x,dz) acts on the right on scalar test functions f and on the
left on measures p according to the formulas

Qf(e) = [ Qwd) f2) and (uQ)(dz) = [ nldn) Qo do).

We extend this operator to an integral operator on matrix functions h(z) = (h; j(z)): ;
by setting
Q(h)(x)i; = Qlhiz)(x).

2. Main result. In the further development of this paper we assume, for any
t > 0, that the conditional distribution 7; has a positive density p; := dmr;/d\ with
respect to the Lebesgue measure A on R™. In addition, p,(z) and its derivative
Vpu(z) are uniformly bounded with respect to (u, ) € [s, t] x R™, for any given s > 0,
almost surely with respect to the distribution of the observation process. A more
detailed discussion on these regularity conditions is provided in subsection 2.2.
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The main result of the paper is as follows.

THEOREM 2.1. For anyt > u > s, we have the transport equation

(2.1) Ti,s(dx) = (7.4, Ky s)(dx) == /ﬂt,u(dz) Ku,s(z,dzx),
where K, s denotes the Markov semigroup of the backward diffusion flow

dXy,s(x) = —((ps(st(x))’l diva, (ps)(Xu,s(z)) — QS(Xu,S(x))) ds
(2.2) + 05 (X, s(x)) dWVs)

with the boundary condition X, ,(x) = z, and where W, € RP denotes a p-dimensional
Brownian motion independent of the observations.

The proof of the above theorem is provided in subsection 4.1. The backward sto-
chastic differential equation (2.2) should be read as shorthand for the backward It
integration formula

Xoa(z) =+ / (Pu(Xr0(2)) ™ iV, (p) (Ko (1)) — 0 (Kp () s

(2.3) +/ (X () AW,

with the terminal condition A} ,(z) = x. The rightmost term in the above formula is
an Ito backward stochastic integral such that for any terminal time ¢ this process
is a square integrable backward martingale with respect to the variable s € [0, ¢].

Formally, we may slice the time interval [s,t], := {ug,...,u,—1} via some time
mesh u;11 = u; + h from ug = s to u,, = ¢t and with time step 2 > 0. In this notation,
according to the backward equation (2.2) or (2.3), we compute X} ,—p(z) from X} ., (z)
using the formula

Xt,ufh - Xt,u ad (pu(Xt,u)71 divau, (pu)(Xt,u) - au(Xt,u))h
(2.4) + 0w (X ) Wy — Wan).

We provide some comments on the above theorem. By construction, given the
observations and for any given z € R™ and t > s, the probability K, s(z, dz) intro-
duced in (2.1) coincides with the distribution of the random state X} s(x). In addition,
for any t > u > s, we have the integral and stochastic semigroup properties

(2.5) Ki.s(z2,dxg) := /ICt7u(a:2,da:l)/Cu,s(xl,da:o)
and
(26) Xt,s = Xu,s © Xt,ua

where X, 5 o Xy, denotes the composition of the mappings X, s and A} .

We let X; be an r.v. with distribution 7y for some ¢ > 0. According to (2.1) the
random state X s(X;) of the process (2.2) at any given s € [0, ¢] is distributed accord-
ing to ms = mK4s. In other words, the backward process X; s(X:) is distributed
according to the smoothing distribution 7, s for any s < ¢t whenever the terminal con-
dition X, (X;) = A, is distributed according to the filtering distribution m;. In this
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sense, (2.2) constitutes a backward nonlinear smoothing diffusion. A forward diffusion
flow that has a marginal distribution at any time equal to the filtering distribution is

considered in [43], [44].
More generally, we have the backward It6 formula

(2.7) df (Xe.s(7)) = =L, (/) (Xrs()) ds = V(X s(2)) 05 (Xr s () AWV

with the second order differential operator

09 L= X (-alt Sl )0 sy S a0

1<j<m 1<i,j<m

Equivalently, we have the backward martingale decomposition

FXis(e)) = £0) = [ Loin, (1)) d
(2.9) _ / VF (X (2)) 0u(XKia () DV

This yields the backward evolution equations

(2.10) 0Ky s(f)(x) = =Kyt s(Ls x, (f))(2)
and
(2.11) Osmy s (f) = —m,s(Lsr, (f))

with the terminal conditions K ((f) = f and m; ; = m;. Formula (2.11) coincides with
the conditional Fokker—Planck equation in [28], which was further developed in [1].

For further discussion on general backward integration of stochastic flows, see [11];
see also the appendix of [4] in the context of nonlinear diffusions, [35] in the context of
nonlinear filtering, and [14] on forward-backward perturbation analysis of stochastic
flows. Note that there is no issue with adaptation of the backward process in the
sense studied in [36] since we rely only on the independent backward Brownian motion
n (2.2). The “backward diffusion” in (2.2) is backward in the sense of a time reversed
stochastic differential equation as in [2], [15], [31].

2.1. Some corollaries. In this subsection, we present some direct consequences
of the above theorem.

Note that when b; = 0 the measure m; coincides with the distribution of the
random state X; of the signal. In this context, X} ;(X;) reduces to the time reversal
of the signal starting at X, ((X;) = X; at the terminal time ¢. Using Theorem 2.1
we recover the fact that the time reversal process of the signal is itself a Markov
diffusion [2], [15], [31]. More precisely, we have the following corollary.

COROLLARY 2.1 (see [2]). Assume that by = 0. For any time horizon t > 0, the
process Xt := X;_s with s € [0,t] is a Markov process with generator

e - 3 (

1<gsm

) , , 1 Y
leatfs(pt,S)J - ais) a:r]f + 5 Z atﬁs aﬂiil’j f

Pi=s 1<ij<m
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We consider now linear-Gaussian filtering/smoothing models with

ar(x) = Az, bi(z) = Bz

2.13
(2.13) and homogeneous diffusion matrix o¢(z) = ¢

for some matrices (A, By, ¥¢) with appropriate dimensions. Whenever X is a Gauss-
ian r.v. with mean )A(o and covariance matrix Rp, the optimal filter 7; is a Gaussian
distribution with mean X; and covariance matrix R; satisfying the Kalman—-Bucy and
Riccati equations [6],

(210 {d)?t = Ay X, dt + R, B}, (dY; — By X, dt),

8th = Ath + RtA; + ot — Rthﬁngth.
In this context, we also have
(2.15) — ps() "V dive, (ps)(2) = asR; H(z — X,).

This yields the following corollary.

COROLLARY 2.2. For linear-Gaussian filtering models (2.13), the diffusion flow
X s(z) satisfies the backward evolution equation

(2.16) dX, s(2) = —((—AsXp s (z) — R (X s(2) — X)) ds + SodW)

with the boundary condition X (x) = x.

Replacing z in (2.16) by an r.v. A} with distribution 7 for any ¢ > s, we see that
Xy s(X;) has distribution 7 5. In addition, since the process is linear, the distribution
m¢,s is Gaussian with mean )A(w and covariance matrix R ;. The discrete time version
of (2.16) can be found in section 9.9.6 of [13].

Now taking expectations we readily deduce the rather well-known Rauch-Tung—
Striebel smoothing equations [38], thereby simplifying the derivation using the
innovation techniques and the sophisticated approximation theory developed in [17],
[28], [40], or the formal variational approaches and maximum likelihood techniques
presented in the pioneering articles [7], [38].

COROLLARY 2.3 (see [38]). For any t > s, the parameters ()A(t,s,Rt,s) satisfy the
backward evolution equations

as)?t,s = As)?tys + OésRsil()?tys — 5(:5)7
(2.17)

6th,s = (A, + asRs_l)Rts + Rt,s(As + asRs_l)/ — Qs

with the terminal conditions ()?t,t, Ri.) = ()?t, Ry).

2.2. Comments on our regularity conditions. We end this section with
some comments on the regularity conditions discussed at the beginning of section 2.
These conditions are clearly met for linear-Gaussian filtering models (see, e.g., (2.14)
and (2.15)). They are also met for nonlinear models as soon as the signal satisfies
a classical controllability-type condition.

Note first that whenever the signal is uniformly elliptic, in the sense that a;(z) =
ot(x)op(x) = § I for some 6 > 0, it is well known that X; has a smooth positive density

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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with respect to the Lebesgue measure on R™. Nevertheless, in many important appli-
cations this ellipticity condition is not satisfied. The parabolic Hérmander condition
for time varying models [8], [16] is a weaker condition. For linear-Gaussian filtering
problems, this condition reduces to the usual controllability condition. Indeed, if we
replace the Brownian motions W; by some arbitrary smooth control functions, all
states are accessible from one to another, as soon as the Lie algebra generated by the
controlled vector fields is of full rank. This result is also called the Chow—Rashevskii
theorem [9], [39]. Under this Hérmander condition, the Hérmander theorem [16]
ensures that the signal states have a smooth density with respect to the Lebesgue
measure on R™. In addition, for any s < t the Markov transition semigroup P
of the signal has a smooth positive density (z,z) — ps¢(x,2) with respect to the
Lebesgue measure A on R™. In addition, the integral operator Ps; with s <t maps
test functions f into bounded smooth functions P ,(f) given by

Poy(f)(z) = / Pu(z,d2)f(2) = / F()pesla, 2) dz.

A natural way to transfer the smoothing properties of P ; to the optimal filter is
to use the equation

(2.18)  m(f) = mo(Fo.(f)) +/0 7o (Pat(£)(bs = ms (b)) B85 (dYs — ms(bs) ds)

given in Theorem 1.1 of [23]. Using this formula we readily check that for any ¢ > 0
the conditional distribution m; has a positive density p; on R™. Whenever o;(x) and
b:(x) are also bounded, Theorem 3.6 in [30] (see also Theorem 6.3 in [24]) also ensures
that p, is smooth, and for any k > 1, any parameters h > 0, and any time horizon
t > 0 we have

(2.19) sup  sup (|ps(z)| + || V*ps(z)]|) < o0,
h<s<t zER™

where | - || stands for any (equivalent) norm on R™.

The above estimates are met for linear-Gaussian filtering models. Nevertheless,
some caution must be used when considering estimates of the form (2.19). Indeed,
most of the literature on stochastic partial differential equations arising in nonlin-
ear filtering, such as the strong formulation of the Zakai and Kushner—Stratonovich
equations, assumes that the sensor function is uniformly bounded; see, e.g., [24], [30],
[35], [42], [45]. To the best of our knowledge the extension of the estimate (2.19) to
more general unbounded sensor functions is still an open and important question.

We also note here that the Kallianpur—Striebel formula [18], [19] is valid as soon
as By, > el for some € > 0 and that the functions (a,(z), b, (), 0, (z)) are smooth with
uniformly bounded derivatives with respect to x of all orders on (u,z) € [s,t] x R™
for any s < t. Weaker conditions can also be found in [5] and the recent article [10].

Since X; has continuous paths, for any continuous function f and any s < ¢ the
random mapping u € [s,t] — f(X,) is a.s. a uniformly bounded function. In addition,
f(Xy) is integrable as soon as f has polynomial growth. Up to some classical localiza-
tion procedure (see, e.g., Chapter 7 in [41]), these rather weak regularity properties
also ensure that the integral semigroups that transport (in time) the filtering mea-
sures discussed in section 3, as well as their stochastic partial differential evolution
equations, are well defined on any test function with polynomial growth.
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3. Nonlinear filtering equations. As is well known (see, e.g., [7], [38], [17],
[40], [28], [1], [3], [34], [35]), a solution to the smoothing problem will typically make
use of the solution of a related filtering problem. Consequently, we need to present
and develop some related filtering results to prove our main result, Theorem 2.1. This
section is largely self-contained, but it is vital in the proof in section 4 of our main
result.

The first part of this section presents the classical Kallianpur—Striebel formula,
which acts as a continuous-time version of Bayes law. In subsections 3.1 and 3.2,
respectively, we present the Zakai and Kushner—Stratonovich equations for the flow
of the conditional filtering distributions (both unnormalized and normalized). These
results are rather well known. For further background on these classical ideas, we refer
the reader to the pioneering articles by Kallianpur and Striebel [18], [19], Kushner [27],
and Zakai [45]. For more recent discussion on these probabilistic models, we refer the
reader to [10], [5], [13] and the references therein. In this paper, we present a novel and
self-contained derivation based on stochastic transport semigroups and their forward
evolution equations.

The solution of the Zakai equation is sometimes termed the unnormalized filter.
The semigroup that transports these filtering measures (in time) is discussed in sub-
section 3.1, and its normalized version is reviewed in subsection 3.2. Subsection 3.3
presents a novel direct approach for deriving the backward evolution of these trans-
port semigroups. Our approach in subsection 3.3 combines the backward It6 formula
for stochastic flows with the backward It6—Ventzell formula presented in [14].

Now we introduce some notation/terminology and briefly present the Kallianpur—
Striebel formula and the linear semigroup property of unnormalized measures. Let
X, () be the stochastic flow of the signal on the time interval [s, t] and starting at x
at time s. Let Z, 4(x) be the multiplicative functional

(3.1) InZg () ;:/ bu(XS,u(x))’ﬁgldYu—%/ bu(Xeu(2)) By 0u(Xs () du.

When z is replaced by X, we may write Z,, instead of Z, ;(X;), and when s = 0,
we may also write Z; instead of Zp:. With this notation, we have the classical
Kallianpur—Striebel formula

m(f) = 240

Y (1)

Here, Eo( ) denotes the expectation operator with respect to the signal with a fixed
observation process.

The transport semigroup of the unnormalized measures ; is given, for any s < ¢,
by the formula

(3.2) Ve =7:Qse With  Qs+(f)(2) = Eo(f(Xs:(x))Zs 1 (2)).
To check this claim observe that
Zy=Zs sy = Eg (f(Xt)Zt) =Eg (ZsEo(f(Xt)Zs,t | Xs))
=Eg (Zst,t(f)(Xs))'

with 7 (f) == Eo(f(X:)Z).

Now, for any s < u < ¢, we have

Qs,t( )(Xs) E ( (Xt s,t ‘ X ) = EO(Zs,uE(f(Xt)Zu,t | Xu) ‘ Xs)
= O( s,uQu,t( u ’ Xs) = QS,U<Qu,t(f))(XU)
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This yields the integral semigroup formula

Qut(20, d23) = (QuuQur) (o, dura) = / Qo (20, d21) Qy (1, dvs).

In a more compact form, the semigroup property takes the form
Qst = Qs uQu,: Wwith Q¢r =1, where I denotes the identity operator.

3.1. Unnormalized stochastic semigroups. Consider the stochastic trans-
port semigroups P, ; and Q  defined by the composition of functions

Po(f)(@) = (foXsx)(z) and Qui(f)(x) :=Pui(f)(@)Zs(x).

Using the semigroup properties of the stochastic flow X, () for any s < u < t, we
check that

P (f)(@) = (f o Xs)(2) = (f 0 Xut) (X5 u(2)) = Posu(Pui(f))(2).

Similarly, we have

Qst(f)(x) = Zs,u(ac) (Zut(Xsu(x))(f ° Xs.,t)(XS,u(x))) = qu(Qut(f))(x)
In the more compact form we have the semigroup properties
Ps,t - Ps,u o Pu,t and Qs,t = Qs,u o Qu,t with Pt,t =I= Qt,t~

‘We also observe that

Pyi(f)(@) == Eo(Pst(f)(2)) and  Que(f)(x) = Eo(Qss(f)(2)).

The forward evolution equations of the above semigroups are described in the following
proposition.

ProOPOSITION 3.1. For any t > s, we have the forward stochastic evolution equa-
tion

(3.3) dQui(f) = Qu,e(Le(f)) dt + Qo (f0)) B HdYy + Qs (V) 00) dW,

with the initial condition Qs s(f) = f, when t = s. In particular, we have the forward
equation

(3.4) dQs i (f) = Qs (Le(f)) dt + Qo (f b)) B ' dYs,

with the initial condition Qs s(f) = f, when t = s.

Proof. Assume that the sensor function b, (x) is uniformly bounded on [s, t] x R™
for any s < t. Then the random process (X (), Zs (x)) also has uniformly bounded
absolute moments of any order on any compact interval [s, t] for any time parameters
s < t. In this context, we use the It6 formula to check that

dZs4(x) = Zg 1 (2)be(Xs () By dY;
as well as that

dPs+(f) (@) = Ps(Le(f))(z) dt + Py +(V f'op)(x) dW;.
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An integration by parts yields

dQst(f)(x) = Zs 1(2) dPs () (%) + Pyt (f) () dZs 1 ()
= Le(f)(Xo,6(2)) Zs () dt + Zs () f(Xs 1 (2))be(Xs () By dY;
+ Zs 1 (2)V (X5 1(2)) 04(Xs 1 (2)) W

By classical localization principles of Itd integrals (see, for instance, Chapter 7 in [41]),
the above result is also true for unbounded sensor functions. This completes the proof
of (3.3). Taking the expectations, we conclude that

dEo(Qs.t(f)(2)) = Eo(Qust(Le(f))(x)) dt + Eo(Qs,e(f6))(2)) 5" dY.

This completes the proof of (3.4). The proof of the proposition is completed.

Combining (3.2) with Fubini’s theorem, we readily check the weak form of the
Zakai equation given by the formula

(3.5) dve(f) = ve(Le(f)) dt + v (fb},) 8, dYs.

Arguing as in (2.18), we transfer the smoothing properties of P to Qs using
the perturbation formulas given, for any s < t, by

Qualf) = Pus(f) + / Qun(Puy(F)W,) Bt Y

Arguing as in [45], the above formula shows that, for any s < ¢, the integral operator
Qs.1(xo,dz1) has a density z1 — gs,(z0, 1) with respect to the Lebesgue measure
on R™ given by the integral equation

B6)  ealro,0) = poaleosen) + [ [ [ tsuteo, el z) | 57 v

3.2. Normalized stochastic semigroups. Let 757,5(3:) be the multiplicative
functional defined as Z ;(z) by replacing in (3.1) the function b, and the observa-
tion increment dY, by the centered function b, and the innovation increment dY,,
respectively, defined by the formulas

by = by — mu(by) and dY, :=dY, — m,(b,) du.

Under our assumptions, the random process m;(b;) is a.s. square integrable on any
compact time interval so that the innovation process is well defined. Choosing f =1
n (3.5), we check that

t t
1n%(1):/0 ﬂu(bu)’,ﬁgldyu—%/o (b)) B (bu) d.

Observe that
t t
ﬂ-SQS,t(l) = ’Yt(l) = €xp (/ Wu(bu)/ﬁqjl dYu - %/ Wu(bu)/ﬁzjlﬂ_u(bu) du) .
7‘ S S

We also consider the normalized stochastic semigroup

Q. (N)(@) = (f o X)) Zsp(2) = Pst(f)(2) Zs ().
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Arguing as above, for any s < u < t we check that

Qs,t = Qs,u © Qu,t and Zs,t(x) = Zsat(x)/ﬂ-SQS,t(l)'

Consider the semigroup

Qi ()(@) == Eo(Q,(f)(@)) = Eo(f(Xst(2)) Zs,t(2))
= Qs,t(f)(‘r)/ﬂ-st,t(l)'
In this notation, using the same arguments as in the proof of Proposition 3.1,
we have the following forward evolution equations.

PRrROPOSITION 3.2. For any given time horizon s and for any t > s, we have the
forward stochastic evolution equation

dQ, ,(f) = Q. (Le(f)) dt + Q, ,(f0,) 87 dY 4 + Q,,(Vf) 00) AW,

with the initial condition Q, ,(f) = f, when t = s. In particular, we have the forward
equation

Q. 4(f) = QualLe() dt + Qoo (BB Vs,
with the initial condition Q, ,(f) = f, when t =s.

The above proposition yields the weak form of the Kushner—Stratonovich equation
defined by

(3.7) dry(f) = me(Le(f)) dt + me(fb) By HdY .

Formally, using the same notation as in (3.11), we have the forward approximation
equation

(3-8) 7Tu+h(f) = Wu(f) + ﬂ'u(Lu(f))h + Wit(fgu)lﬂgl(?u+h - ?u)

3.3. Backward evolution equations. This subsection is concerned with the
backward evolution equation associated with the unnormalized semigroup Q,; and
its normalized version. The main result of this subsection is the following theorem.

THEOREM 3.1. For any twice differentiable function f with bounded derivatives
and for any s < t, we have the backward evolution equation

1. (1)(0) = = (Vo) au(a) + 5 TV Qua(a)l) ) s

(3.9) = Qse(f) (x)bs(m)/6;1 dYs — VQS,t(f)('r)/US(x) dWs,

with the terminal condition Q.(f) = f, when s = t. In particular, we have the
backward equation

(310) dQs,t(f) = _(Ls(Qs,t(f)) ds + Qs,t(f)b;ﬂs_l dYs)a

with the terminal condition Q. +(f) = f, when s =t.

Proof. We use a direct approach combining the backward filtering calculus devel-
oped in [24], [42] based on the backward Ité calculus developed in [11], [12], [22], [26];
see also the more recent article [14] and the references therein.
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Consider the stochastic flow x;+(Z) starting at

Xo,s(T) =T = (’ﬁ) € (R™ x R)

on the time interval [s, oo[ and given, for any ¢ > s, by

Xs,t(T) = (éistt(g)z) € (R™ xR).

)

0

0 A,() = Mol@)he (@)

0 th (m)/ﬁt ) t - 4t t .

Assume that the sensor function b, (z) is uniformly bounded on [s,t] x R™ for any
s < t. Then, the process (Zs ,(x), Xs,.(Z)) has continuous partial derivatives and also
has uniformly bounded absolute moments of any order on ([s,t] x R™) for any s < t.
In this situation, we have the forward stochastic evolution equation

dxs,¢(T) = Bi(Xs,t(T)) dt + Ay (x5,4(T)) dUs.

For any twice differentiable function F' on (R™ x R) with bounded derivatives we also
have the backward equation

We set

d(Foxst)(T) = — (V(F 0 Xs,¢)(T)'Bs(T) + % Tr(Vz(F ) Xs,t)(x)./h(x))) ds
CV(F o o) @) A () dU.

A proof of the above formula can be found in [11], [12]; see also [14]. Choosing the
function F(Z) = f(x)z, for some twice differentiable function f on R™ with bounded
derivatives and letting z = 1 we check that

A(F(Xos(2)) Zan () = — (v(f(Xs,t(:c))zs,t@:))’as(m)

+ %Tr(vz (f(Xsyt(x))Zsyt(x))as(x))> ds
- (f(XS,t(x))ZS,t(z))bS(x)lﬂgl dYs — V(f(stt(.Z‘))Zs,t(x))lcrs(x) dWs.

This completes the proof of (3.9). By localization arguments, the above result is
also true for unbounded sensor functions. Integrating the flow of the signal we
obtain (3.10). The theorem is proved.

We can also check (3.10) by considering a discrete time interval [s,t]p :=
{to,...,tn—1} associated with some refining time mesh t;,1; = ¢; + h from ¢ty = s to
t, =t for some time step h > 0. By (3.4), for any u € [s,t]s, we compute @y +(f)
from Qu4n,:(f) using the backward equation

Qu,t(f) = Qu-‘rh,t(f) + (Qu,u+h - I)(Qu-‘rh,t(f))
(3'11) = Qu+h,t(f) + Lu(Qu+h,t(f))h + Qquh,t(f)b /6 ( u+h — Y, )
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For null sensor functions the evolution equation (3.9) coincides with the backward
It6 formula discussed in [11], [12], [14], [24], [25].

Choosing f = 1 in (3.10) we recover the backward evolution of the likelihood
function presented in [3], [34] (see formula (5.9) in [3] and equation (3.15) in [34]).
Arguing as in (3.6), using (3.10) we check the perturbation formulas given, for any
s < t, by

Quilf) = Poslf) + / Poo(Quo(F)W,) Bt Y

So, for any s < t, the integral operator Qs +(xo, dx1) has a density (zo, 1) —¢s.+ (20, 21)
given by (3.6) and the integral formula

t
(812)  gou(@o,m1) = pos(zonar) + / { / D0, )t (2,0, (2) dz} 1 Yo,

Using the same arguments as in the proof of Theorem 3.1 we also have the fol-
lowing backward evolution equation.

PRrROPOSITION 3.3. For any twice differentiable function f with bounded deriva-
tives and for any s < t we also have the backward equation

1, ()0) =~ (Ve ) 4 5 TR, (D)) ) s
Q@) B AV = VQ () (@) o) W,

with the terminal condition Qt,t( f) = f. In particular, we have the backward equation

(3.13) Qo (f) = —(Lo(@o(f)) ds + Q. (£)b. 8,1 Y )
with, the terminal condition Q, ,(f) = f.

Using the same notation as in (3.11), we also have the approximating backward
equation

(314) @u,t(f) = @quh,t(f) + Lu(@quh,t(f))h + @u+h,t(f)g;ﬁ7:1(?u+h - ?U)

4. Smoothing semigroups and proof of the main result. This section is
concerned with forward-backward evolution equations for the conditional smoothing
distribution and with the proof of our main result.

Let K; s be the backward integral operator defined by

(@) Ko@) = [ motan) 2 ) o,

For any s < u < t, we have the backward semigroup property
(4.2) ’Ct,s = ’Ct,u K:u,m

which follows via

_ do
(Ko Koo) () (@) = / a0} @y o (0, dary) L)

= [ ) 52 ) ) = Ko ),

d7Tt

and where we exploit the semigroup properties of the operators Q) ;.
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Also observe that, for any ¢ > s > 0, the integral operator K; s(x1,dzo) has
a density (x1,20) — ks,(21,20) with respect to the Lebesgue measure on R™ given

by ki s(z1,70) := ps(20)qs ¢ (z0, 1) /pt(21) With G (20, 21) = qs,¢(z0,71)/7s(Qs,(1)).
The function ¢, denotes the density of the integral operator @), discussed in (3.6)
and (3.12).

Now, for any pair of functions (f, g) we readily check the duality formula

(4.3) Ts(fQe1(9)) = m(Kes(f)g)-
The following technical result is key in the proof of Theorem 2.1.

LEMMA 4.1. For any time parameter s < t, we have the forward-backward differ-
ential equation

(44) as (Ws(f@s,t(g))) = —Ts (@s,t(g)ﬁs,ﬂs (f))

with the second order differential operator

Lom () =L+~ 3 u(peciio,, f).

Ps 1 Gijem

Proof. Observe that (4.4) does not involve the derivatives of the function g. Thus,
up to a smooth-mollifier-type approximation of the function g, it suffices to check (4.4)
for any pair of bounded and twice differentiable functions f, g with bounded differen-
tials. Arguing as in the proof of Proposition 3.1 and Theorem 3.1, it suffices to prove
the result for uniformly bounded sensor functions b, (x) on [s,t] x R™ for any s < t.

In this situation, combining the Kushner-Stratonovich equation (3.7) and the
backward equation (3.13), it is straightforward to check that the forward-backward
evolution equation,

(4.5) 05 (5 (fQ44(9))) = s (Ls(fQu4(9)) — fLs(Qs 1(9))),

follows for any s < t. The above equation can be proved using the backward
It6—Ventzell formula in [14]. We use the same notation as in the proof of Theo-
rem 3.1. Let Z,,(z) be the multiplicative functional defined as Z ;(z) by replacing
the function b, and the observation It6-increment dY, by the centered function b,
and the innovation increment dY,,.

Consider the backward random field F;; with the terminal condition F;.(T) =
f(x)g(x)z defined by the formula

- -~ — X,s m
Fusld) = @ Quul0)@)s andweser X, = (5°) € (R R)
In this notation, we have

EO(Fs,t(ys)) =Eo (f(Xs)7sEO (Qs,t(g)(Xs) ‘ <X57 Zs))) = 7Ts(f@s,t(g))'

Observe that F(Z) = f(z)(F o X,.)(¥) with the function F(T) := g(r)z and the

stochastic flow (@)
— o Xs,t x
Xs,t(xvz) T (Zs,t(x)z) .

Following the proof of Theorem 3.1, we check that
dFs1(T) = f(x) d(F o X, ,)(T) = _(g&t(f) ds + Hs4(T) dUS)
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with the drift function
— oY ! 1 20N !
G.4(0) = ()2 (Vo)) ) + 5 TH(T2Q,(0)(0) () )

and the diffusion term

Mt (@) dUs = f(2)2(VQy 1(9)(2) 0 (2) AW, + Qg 4 (9) (2)bs(2) B dYs).

Applying the backward It6—Ventzell formula [14] we check that
1
dFS’t(Ys) = (dFs,t)(Ys) + VFSJ(YS)/ dXs + 5 Tr(VQFSat(XS)/At(YS)) ds’

from which we conclude that

AFsu(X.) = Zo(V(Qual9)@) (@) |,_y,
- f(Xs)fsVQS_’t(g) (XS)I)US(XS) dWs

- f(XS)Zs (st,t(g)(XS)/GS(XS) ds + ;TT(VQQ&t(g)(XS)aS(XS))> ds

+ 2 (V(Qs,t(g)(w)f(w))'\m_Xsas(Xs)ds
+ %Tr(VQ (Qs,t(g)(:c)f(x))'|w_XsaS(Xs))> ds.

We complete the proof of (4.5) by simple integration.
To take the final step, we recall the integration by parts formula

Li(fg) = fLi(g) + gLe(f) +Tr,(f, 9)

with the carré-du-champ (also known as the square field) operator I';,, associated with
the generator L; defined by I'r, (f,g) := (Vf)'a;Vg. Combining (4.5) with the above
formula we check that

as (71—8 (f@s,t(g))) = Ts (Lg(f)@s,t(g)) + Ts (FLS (@s,t(g)a f))

On the other hand, by integration by parts we have

8961( S(x)ai’jawj f(x)) dx.

(@) D) == 1 [ r @)

This completes the proof of the lemma.

Another approach for finding (4.5) is to use, for any u € [s, t],,, the decomposition

Tu+h (f@u—i—h,t (g)) — Ty (f@ut(g))
(46) = Ty (f(@u-‘rh,t - Qu,t)(g)) + (7Tu+h - 7Tu)(f@u—i—h,t(g))'
Note that 7, depends on the observations (Y = Yp) from s = 0 up to time s = wu,
while the increment @, ; is computed backward in time and depends only on the

observations (Y — Y,) from s > u up to s = ¢. Conversely, Tu+h depends on the
observations (Y; — Yp) from s = 0 up to time s = u + h, while @, , is computed
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backward in time and depends only on the observations (Y — Y, 4p) from s > u+ h
up to time s =t.

Following the two-sided stochastic integration calculus developed by Pardoux and
Protter in [37] (see also [14] for extended versions to interpolating stochastic flows),
combining the forward equation (3.8) with the backward equation (3.14), when h ~ 0
we can check the approximation

Z {ﬂ'u-&-h (f@u—i—h,t(g)) — Ty (f@u,t(g))

wEl[s,t]n
- Ty (Lu(f@u-s-h,t(g)) - fLu(@u-i—h,t(g)))h} ~ 0.
4.1. Proof of Theorem 2.1. With the definition in (4.1) we have

(4.7) Ti,s(dw) = (1 5) (dir) = s (dw) Qs (1) ().

The formulation of the conditional distribution m; 4 of X given ); in (4.7) is rather
well known; see, e.g., Theorem 3.7 and Corollary 3.8 in [35], as well as equation (3.9)
in [3]. The proof of this formula is a direct consequence of (4.1). With (4.2) we have

thct,s = Wt,ulcu,s = Tt,s-

Thus with Ky ¢ as defined in (4.1) we immediately have the transport equation (2.1).
It remains to show that this integral operator (as defined in (4.1)) is also the

Markov transition kernel of the backward diffusion flow in (2.2). The rest of the proof

of Theorem 2.1 is a consequence of the duality formula (4.3) and Lemma 4.1.
Rewritten in a slightly different form, the duality formula (4.3) reads

E(f(X9)g(Xe) | Vo) = E(Kes(/)(X0)g(Xe) | V2)-

This implies that
Kt,s(£)(Xe) = B(f(Xs) | Xi, Vr)-

Finally, combining (4.4) with the duality formula (4.3) we have

Tt (gas’ct,s(f)) = —T (gKt,s('csms (f)))

Since the above formula is valid for any test function g, and since m; has a bounded
positive density, we check the backward Kolmogorov equation

(4.8) OsLCs,s () () = =Kt,s (L, (1)) (),

with the terminal condition /C;+(f) = f, when s = ¢, for a.e. x € R™ (and a.s. with
respect to the law of the observation process from the origin up to the time t). Since
both terms in (4.8) are continuous, the above equality holds for any z € R™ a.s.

We now complete the proof by showing that the integral operator Ky s(z,dz)
(defined in (4.1)) does indeed coincide with the transition kernel associated with the
flow X; s(z) in (2.2). First, observe that (4.8) coincides with the backward Kolmogorov
equation (2.11) associated with the transition semigroup of the stochastic flow A} s(z).
Denote this transition semigroup by K; s(z,dz) temporarily.

By the semigroup properties of K; s, for any s < u < t and any smooth function f,
we have

auft,s(f) =0= 8u (Kt;u,(zu,s(f))) = _Kt,u(ﬁunru (Ku,SfD + Kt;u,(auzu,s(f))
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Choosing u = t we obtain the forward equation 0;Kys(f) = Ltx, (Kt s(f)). Arguing
as above, this implies that

au (K:t,u<zus(f))) = _K:t,u(ﬁu,ﬂ’u (Ku,sf)) + ’Ct,u(ﬁu,ﬂ'u (Ku,s(f))) = O

Integrating over the interval [s,t], we check that K, s = Kt’s. This completes the
proof of Theorem 2.1.

REFERENCES

[1] B. D. O. ANDERSON, Fized interval smoothing for nonlinear continuous time systems, Infor-
mation and Control, 20 (1972), pp. 294-300, https://doi.org/10.1016/S0019-9958(72)90451-2.

[2] B. D. O. ANDERSON, Reverse-time diffusion equation models, Stochastic Process. Appl., 12
(1982), pp. 313-326, https://doi.org/10.1016,/0304-4149(82)90051-5.

[3] B. D. O. ANDERSON AND I. B. RHODES, Smoothing algorithms for nonlinear finite-dimensional
systems, Stochastics, 9 (1983), pp. 139-165, https://doi.org/10.1080/17442508308833251.

[4] M. ARNAUDON AND P. DEL MORAL, A variational approach to nonlinear and interacting dif-
fusions, Stoch. Anal. Appl., 37 (2019), pp. 717-748, https://doi.org/10.1080/07362994.2019.
1609985.

[5] A. BAIN AND D. CRISAN, Fundamentals of Stochastic Filtering, Stoch. Model. Appl. Probab.
60, Springer, New York, 2009, https://doi.org/10.1007/978-0-387-76896-0.

[6] A. N. Bisnop AND P. DEL MORAL, On the stability of Kalman—Bucy diffusion processes, SIAM
J. Control Optim., 55 (2017), pp. 40154047, https://doi.org/10.1137/16M1102707; preprint
version available at https://arxiv.org/abs/1610.04686.

[71 A. E. BRYSON AND M. FRAZIER, Smoothing for linear and nonlinear dynamic sys-
tems, in Proceedings of the Optimum System Synthesis Conference (ASD, 1962), Tech.
rep. ASD-TDR-63-119, Aeronautical Systems Div., Wright-Patterson AFB, Ohio, 1963,
pp. 353-364.

[8] P. CaTTIAUX AND L. MESNAGER, Hypoelliptic non-homogeneous diffusions, Probab. Theory
Related Fields, 123 (2002), pp. 453-483, https://doi.org/10.1007/s004400100194.

[9] W.-L. CHow, Uber Systeme von linearen partiellen Differentialgleichungen erster Ordnung,
Math. Ann., 117 (1939), pp. 98-105, https://doi.org/10.1007/BF01450011.

[10] T. Cass, M. CLARK, AND D. CRISAN, The filtering equations revisited, in Stochastic Analysis
and Applications 2014, Springer Proc. Math. Stat. 100, Springer, Cham, 2014, pp. 129-162,
https://doi.org/10.1007/978-3-319-11292-3_5.

[11] G. DA PratO, J.-L. MENALDI, AND L. TUBARO, Some results of backward It6 formula, Stoch.
Anal. Appl., 25 (2007), pp. 679-703, https://doi.org/10.1080/07362990701283045.

[12] G. DA PrATO, Some remarks about backward Ité formula and applications, Stoch. Anal. Appl.,
16 (1998), pp. 993-1003, https://doi.org/10.1080,/07362999808809576.

[13] P. DEL MORAL AND S. PENEV, Stochastic Processes: From Applications to Theory, Chapman
& Hall/CRC Texts Stat. Sci. Ser., CRC Press, Boca Raton, FL, 2017.

[14] P. DEL MORAL AND S. S. SINGH, A Forward-Backward Stochastic Analysis of Diffusion Flows,
preprint, 2019, https://arxiv.org/abs/1906.09145v1.

[15] U. G. HAussMANN AND E. PARDOUX, Time reversal of diffusions, Ann. Probab., 14 (1986),
pp. 1188-1205, https://doi.org/10.1214/aop/1176992362.

[16] L. HORMANDER, Hypoelliptic second order differential equations, Acta Math., 119 (1967),
pp. 147-171, https://doi.org/10.1007/BF02392081.

[17] T. KAiLATH AND P. FROST, An innovations approach to least-squares estimation: Part I1:
Linear smoothing in additive white nmoise, IEEE Trans. Automat. Control, AC-13 (1968),
pp. 655-660, https://doi.org/10.1109/TAC.1968.1099019.

[18] G. KALLIANPUR AND C. STRIEBEL, Estimation of stochastic systems: Arbitrary system process
with additive white noise observation errors, Ann. Math. Statist., 39 (1968), pp. 785-801, https:
//doi.org/10.1214/aoms/1177698311.

[19] G. KALLIANPUR AND C. STRIEBEL, Stochastic differential equations occurring in the estimation
of continuous parameter stochastic processes, Theory Probab. Appl., 14 (1969), pp. 567-594,
https://doi.org/10.1137/1114076.

[20] N. V. KryrLov AND B. L. Rozovskil, On the Cauchy problem for linear stochastic partial
differential equations, Math. USSR-Izv., 11 (1977), pp. 1267-1284, https://doi.org/10.1070/
IM1977v011n06 ABEH001768.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1016/S0019-9958(72)90451-2
https://doi.org/10.1016/0304-4149(82)90051-5
https://doi.org/10.1080/17442508308833251
https://doi.org/10.1080/07362994.2019.1609985
https://doi.org/10.1080/07362994.2019.1609985
https://doi.org/10.1007/978-0-387-76896-0
https://doi.org/10.1137/16M1102707
https://arxiv.org/abs/1610.04686
https://doi.org/10.1007/s004400100194
https://doi.org/10.1007/BF01450011
https://doi.org/10.1007/978-3-319-11292-3_5
https://doi.org/10.1080/07362990701283045
https://doi.org/10.1080/07362999808809576
https://arxiv.org/abs/1906.09145v1
https://doi.org/10.1214/aop/1176992362
https://doi.org/10.1007/BF02392081
https://doi.org/10.1109/TAC.1968.1099019
https://doi.org/10.1214/aoms/1177698311
https://doi.org/10.1214/aoms/1177698311
https://doi.org/10.1137/1114076
https://doi.org/10.1070/IM1977v011n06ABEH001768
https://doi.org/10.1070/IM1977v011n06ABEH001768

Downloaded 04/30/22 to 138.25.78.25 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

262
(21]

(22]

(23]

(24]

B. D. O. ANDERSON, A. N. BISHOP, P. DEL MORAL, AND C. PALMIER

N. V. KryLov AND B. L. Rozovskil, On conditional distributions of diffusion processes, Math.
USSR-Izv., 12 (1978), pp. 336-356, https://doi.org/10.1070/IM1978v012n02ABEH001857.

N. V. KryLov AND B. L. Rozovskii, On the first integrals and Liouville equations for diffusion
processes, in Stochastic Differential Systems (Visegrdd, 1980), Lect. Notes Control Inf. Sci. 36,
Springer, Berlin, 1981, pp. 117-125, https://doi.org/10.1007/BFb0006415.

H. KuNITA, Asymptotic behavior of the nonlinear filtering errors of Markov processes, J. Mul-
tivariate Anal., 1 (1971), pp. 365—393, https://doi.org/10.1016,/0047-259X(71)90015-7.

H. KuNITA, Stochastic partial differential equations connected with non-linear filtering, in Non-
linear Filtering and Stochastic Control, (Cortona, 1981), Lecture Notes in Math. 972, Springer,
Berlin, 1982, pp. 100-169, https://doi.org/10.1007/BFb0064861.

H. KuNITA, On backward stochastic differential equations, Stochastics, 6 (1982), pp. 293-313,
https://doi.org/10.1080/17442508208833209.

H. KunNITA, First order stochastic partial differential equations, in Stochastic Analysis
(Katata/Kyoto, 1982), North-Holland Math. Library 32, North-Holland, Amsterdam, 1984,
pp. 249-269, https://doi.org/10.1016/S0924-6509(08)70396-9.

H. J. KUSHNER, On the differential equations satisfied by conditional probability densities of
Markov processes, with applications, J. SIAM Control Ser. A, 2 (1964), pp. 106-119, https:
//doi.org/10.1137,/0302009.

C. T. LEONDES, J. B. PELLER, AND E. B. STEAR, Nonlinear smoothing theory, IEEE Trans.
Syst. Sci. Cybern., 6 (1970), pp. 63-71, https://doi.org/10.1109/TSSC.1970.300330.

J. S. MEDITCH, A survey of data smoothing for linear and nonlinear dynamic systems, Automat-
ica J. IFAC, 9 (1973), pp. 151-162 (in French), https://doi.org/10.1016/0005-1098(73)90070-8.
D. MICHEL, Régularité des lois conditionnelles en théorie du filtrage non-linéaire et calcul
des wvariations stochastique, J. Funct. Anal., 41 (1981), pp. 8-36, https://doi.org/10.1016/
0022-1236(81)90059-8.

A. MILLET, D. NUALART, AND M. SANZ, Integration by parts and time reversal for diffusion
processes, Ann. Probab., 17 (1989), pp. 208-238, https://doi.org/10.1214 /aop/1176991505.

E. PARDOUX, Equations aux Dérivées Partielles Stochastiques Non Linéaires Monotones, Ph.D.
thesis, Univ. Paris XI, Orsay, 1975.

E. PARDOUX, Stochastic partial differential equations and filtering of diffusion processes,
Stochastics, 3 (1979), pp. 127-167, https://doi.org/10.1080/17442507908833142.

E. PARDOUX, Non-linear filtering, prediction and smoothing, in Stochastic Systems: The Math-
ematics of Filtering and Identification and Applications (Les Arcs, 1980), Nato Sci. Ser. C 78,
Reidel, Dordrecht, 1981, pp. 529-557, https://doi.org/10.1007/978-94-009-8546-9.

E. PARDOUX, E‘quations du filtrage non linéaire de la prédiction et du lissage, Stochastics, 6
(1982), pp. 193-231, https://doi.org/10.1080/17442508208833204.

E. PARDOUX AND S. G. PENG, Adapted solution of a backward stochastic differential equation,
Systems Control Lett., 14 (1990), pp. 55-61, https://doi.org/10.1016/0167-6911(90)90082-6.
E. PARDOUX AND P. PROTTER, A two-sided stochastic integral and its calculus, Probab. Theory
Related Fields, 76 (1987), pp. 1549, https://doi.org/10.1007/BF00390274.

H. E. RaucH, F. Tung, AND C. T. STRIEBEL, Mazimum likelihood estimates of linear dynamic
systems, AIAA J., 3 (1965), pp. 1445-1450, https://doi.org/10.2514/3.3166.

K. RASHEVSKII, On joining any two points of a nonholonomic space by an admissible line,
Uchen. Zap. Pedag. Inst. Liebkhecht Ser. Fiz.—Mat., 3 (1938), pp. 83-94 (in Russian).

M. RuTkowskl, A simple proof for the Kalman—Bucy smoothed estimate formula, Statist.
Probab. Lett., 17 (1993), pp. 377-385, https://doi.org/10.1016/0167-7152(93)90258-K.

J. M. STEELE, Stochastic Calculus and Financial Applications, corr. reprint of the 1st ed., Appl.
Math. (N.Y.) 45, Springer-Verlag, New York, 2012, https://doi.org/10.1007/978-1-4684-9305-4.
A. Yu. VERETENNIKOV, On backward filtering equations for SDE systems (direct approach),
in Stochastic Partial Differential Equations (Edinburgh, 1994), London Math. Soc. Lecture
Note Ser. 216, Cambridge Univ. Press, Cambridge, 1995, pp. 304-311, https://doi.org/10.1017/
CB09780511526213.019.

T. YANG, P. G. MEHTA, AND S. P. MEYN, Feedback particle filter, IEEE Trans. Automat.
Control, 58 (2013), pp. 2465-2480, https://doi.org/10.1109/TAC.2013.2258825.

T. YANG, R. S. LAUGESEN, P. G. MEHTA, AND S. P. MEYN, Multivariable feedback particle filter,
Automatica J. IFAC, 71 (2016), pp. 10-23, https://doi.org/10.1016/j.automatica.2016.04.019.
M. ZAKAL, On the optimal filtering of diffusion processes, Z. Wahrsch. Verw. Gebiete, 11 (1969),
pp. 230-243, https://doi.org/10.1007/BF00536382.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1070/IM1978v012n02ABEH001857
https://doi.org/10.1007/BFb0006415
https://doi.org/10.1016/0047-259X(71)90015-7
https://doi.org/10.1007/BFb0064861
https://doi.org/10.1080/17442508208833209
https://doi.org/10.1016/S0924-6509(08)70396-9
https://doi.org/10.1137/0302009
https://doi.org/10.1137/0302009
https://doi.org/10.1109/TSSC.1970.300330
https://doi.org/10.1016/0005-1098(73)90070-8
https://doi.org/10.1016/0022-1236(81)90059-8
https://doi.org/10.1016/0022-1236(81)90059-8
https://doi.org/10.1214/aop/1176991505
https://doi.org/10.1080/17442507908833142
https://doi.org/10.1007/978-94-009-8546-9
https://doi.org/10.1080/17442508208833204
https://doi.org/10.1016/0167-6911(90)90082-6
https://doi.org/10.1007/BF00390274
https://doi.org/10.2514/3.3166
https://doi.org/10.1016/0167-7152(93)90258-K
https://doi.org/10.1007/978-1-4684-9305-4
https://doi.org/10.1017/CBO9780511526213.019
https://doi.org/10.1017/CBO9780511526213.019
https://doi.org/10.1109/TAC.2013.2258825
https://doi.org/10.1016/j.automatica.2016.04.019
https://doi.org/10.1007/BF00536382

	Introduction
	Some preliminary notation

	Main result
	Some corollaries
	Comments on our regularity conditions

	Nonlinear filtering equations
	Unnormalized stochastic semigroups
	Normalized stochastic semigroups
	Backward evolution equations

	Smoothing semigroups and proof of the main result
	Proof of Theorem 2.1

	REFERENCES

