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Abstract 
 

It is remarkable that a small tapering angle can boost the bearing capacity of a pile 

foundation notably. It implies that a pile with a small tapering angle, resembling a 

truncated cone, can approximately accommodate up to 40% more structural loading 

than its counterpart same volume cylindrical pile.  

 

This study aims to establish an equation for obtaining the optimum tapering angle of 

bored tapered piles correlated to the pile geometry and sand properties varying with 

the relative density. The optimum tapering angle corresponds to the maximum axial 

bearing capacity, while keeping the volume of material in the tapered pile the same 

as the counterpart straight cylindrical pile.  

 

Firstly, analytical formulations are developed to estimate the axial bearing capacity 

of bored tapered piles embedded in sand. The proposed governing equations capture 

the shaft vertical bearing component of the tapered pile, which is unique to tapered 

piles and varies nonlinearly with the tapering angle. By differentiating the obtained 

bearing capacity equation with respect to the tapering angle, an optimum tapering 

angle is achieved. The finite element method, mostly using PLAXIS, is also adopted 

to conduct the numerical modelling and to calibrate the model parameters of the 

proposed analytical equation, considering the soil nonlinearities and interaction 

between the tapered pile and the surrounding soil subjected to axial loading. UBC 

sand constitutive model is used to simulate the soil response in the vicinity of the 

tapered pile; and the model parameters are calibrated against laboratory test results 

for sandy soils with different relative densities. However, due to the complexity of 

the proposed differentiation and inverse calculation, a numerical solution is used to 

obtain the results. Consequently, the load-displacement curves of the tapered piles 

are attained numerically, and the optimum tapering angle, resulting in the maximum 

axial capacity of the pile, is determined. Results exhibit a good agreement between 

the analytically determined axial bearing capacity for the tapered pile and the 

corresponding numerical modelling predictions. Furthermore, a simplified empirical 

equation is established to select the optimum tapering angle, which can readily be 
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used by practicing engineers. On the other hand, a new simple equation for prediction 

of pile group efficiency considering the effect of tapering angle in cohesionless soil 

under vertical loading condition is developed. Firstly, a simple analytical relationship 

based on the mathematical definition of the pile group efficiency is developed. 

However, the effect of tapering angle is captured by defining a new geometry 

efficiency coefficient related to the shaft vertical bearing component of tapered piles. 

Thereafter, this new mathematical equation is developed, considering the shaft 

vertical bearing ratio and the new geometry efficiency coefficient. Furthermore, a 

numerical analysis is performed for modelling single cylindrical and tapered piles as 

well as pile groups to validate the proposed mathematical equation. Subsequently, 

the load-displacement diagrams for a single pile and group of piles are obtained. 

Then, the bearing capacities of cylindrical and tapered bored piles both as single and 

group are computed and compared using specific settlement criterion. Besides, the 

friction resistance ratio and the shaft vertical bearing ratio are separated using 

existing numerical methods. Having the ratios of various components of bearing 

capacity, pile group efficiencies can be obtained from both the numerical and 

mathematical models. The results show that the proposed equation can predict the 

pile group efficiency by considering the tapering angle as well as other affecting 

parameters as a simple and novel relationship.  

 

Finally, step-tapered piles (those with a larger top diameter, and a smaller diameter 

at lower sections) are analysed numerically. In this study the behaviour of step-

tapered piles having only one step under axial loading condition is investigated. 

Three series of piles embedded in sand are examined numerically using the three-

dimensional finite element method. Each set consists of five piles, including one 

reference straight sided wall pile and four step-tapered piles having the same volume. 

Different internal friction angles (to represent loose, medium and dense sands) and 

corresponding elastic modulus and lateral earth pressure coefficients are considered 

to observe their effect on the bearing capacity and settlement of piles. The load-

displacement diagram of each pile is obtained, and accordingly, the frictional and 

end bearing resistances are calculated. Some MATLAB codes are developed to get 

the numerical data and carry out the calculations. Moreover, the normal and shear 

stress states, plastic points, and deformations around the step and toe of piles are 
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computed and compared. According to the results, the advantages of step-tapered 

piles over their counterpart cylindrical ones in terms of bearing capacity and 

settlement are discussed. Finally, the optimum stepped length of the pile is 

determined. 
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𝐷𝑎𝑣: Average diameter of a tapered pile; 

𝐷𝑏 : Base diameter of a tapered pile; 

𝐷𝑡𝑜𝑝 : Top diameter of a tapered pile; 

𝐸50: Young’s modulus (The secant modulus in drained triaxial test); 

𝐸𝑜𝑒𝑑: Young’s modulus (Tangent modulus for primary oedometer loading); 

𝐸𝑢𝑟: Young’s modulus (Unloading-Reloading); 

𝐾: Lateral earth pressure coefficient; 

𝐾0: At rest lateral earth pressure coefficient; 

𝐾𝑡: Taper factor for the shaft resistance of tapered piles; 

𝐿: Length of pile; 

m: Number of piles in each row; 

n: Number of piles in each column; 

𝑁𝑡: Bearing capacity factor for tapered piles; 

𝑃𝑔: Perimeter of a group of piles; 

𝑃𝑠: Perimeter of a single of piles; 

𝑄𝑏: Base bearing capacity of a single pile; 

𝑄𝑓: Frictional bearing capacity of a single pile; 

𝑄𝑔: Total bearing capacity of a pile group; 

𝑄𝑠: Total bearing capacity of a single pile; 

𝑄𝑠𝑣: Shaft Vertical bearing capacity of a single pile; 

𝑟: Radius of the pile’s nth segment; 

𝑅𝑓: Failure ratio;  
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𝑅𝑖𝑛𝑡𝑒𝑟 : Interface coefficient;  

𝑆: Spacing between piles in a group; 

𝑆𝑔: Settlement of a pile group; 

𝑆𝑠: Settlement of a single pile; 

𝑉𝑐 : Volume of a cylindrical pile; 

𝑉𝑡: Volume of a tapered pile; 

𝑞𝑏𝑡: Toe resistance of a single pile; 

𝑞𝑠𝑡: Shaft resistance of a single pile; 

𝑞𝑠𝑣: Vertical bearing resistance stemming from the body of a tapered pile; 

𝑟𝑏: Bottom radius of the pile; 

𝑟𝑐: Radius of the counterpart same volume cylindrical pile; 

𝑟𝑡: Top radius of the pile; 

𝜂′𝑠: Geometric efficiency coefficient (Shaft resistance); 

𝜂′𝑠𝑣: Geometric efficiency coefficient (Shaft vertical resistance); 

𝜙𝑖: Internal friction angle of the interface; 

 
Greek letters 
 
𝛼: Tapering angle; 

𝛼𝑚𝑎𝑥: Maximum tapering angle for a pile with constant volume; 

𝛼𝑜𝑝𝑡: Optimum tapering angle; 

𝛼𝑟: Ratio of optimum tapering angle to the maximum tapering angle; 

𝛽: Correlation coefficient; 

𝛾: Soil unit weight; 

𝛾𝑝: Plastic shear strain increment; 

𝜂𝑓: Stress ratio at failure; 

𝜈𝑖: Poisson’s ratio of the interface; 

𝜎′: Mean stress in the plane of loading; 

𝜎𝑏
′ : Effective stresses at pile toe and mid-length of the pile; 

𝜎𝑏𝑛
′ : Effective normal stress (at the middle of the nth pile element); 

𝜎𝑚
′ : Effective stresses at mid-length of the pile; 

𝜙𝑖: Internal friction angle of the interface; 

𝑑𝜀𝑣
𝑝: Increment of plastic volumetric strain; 
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𝑑𝜂: Change in shear stress ratio; 

𝛿: Pile-soil interface friction angle; 

𝜁: A correlation coefficient controls the approaching rates of assumed functions for 

parameters; 

𝜂: Shear stress ratio;  

𝜂𝑔: Pile group efficiency; 

𝜆: Correlation coefficient; 

𝜇: A coefficient corresponding to the portion of mobilized Passive earth pressure 

coefficient; 

𝜏: Shear stress; 

𝜓: A coefficient in bearing capacity factor suggested by Janbu corresponding to 

relative density; 

𝜓′: Dilation angle of soil; 

𝜙: Internal friction angle of soil; 

𝜙′: Effective soil friction angle; 
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