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Abstract

Black-box optimization and black-box integral approximation are impor-
tant techniques for machine learning, industrial design, and simulation in
science. This thesis investigates black-box integral approximation and
black-box optimization by considering the closed relationship between
them. For integral approximation, we develop a simple closed-form rank-1
lattice construction method based on group theory. Our method reduces
the number of distinct pairwise distance values to generate a more reg-
ular lattice. Furthermore, we investigate structured points set for inte-
gral approximation on hyper-sphere. Our structured point sets can serve
as a good initialization for black-box optimization. Moreover, we pro-
pose stochastic black-box optimization with implicit natural gradients for
black-box optimization. Our method is very simple and has only the
step-size hyper-parameter. Furthermore, we develop a batch Bayesian op-
timization algorithm from the perspective of frequentist kernel methods,
which is powerful for low-dimensional black-box optimization problems.
We further apply our structured integral approximation techniques for
kernel approximation. In addition, we develop structured approximation
for robust deep neural network architecture, which results in an elegant
and simple architecture that preserves optimization properties. Moreover,
we develop adaptive loss as a tighter upper bound approximation for ex-
pected 0-1 risk, robust and trainable with SGD.
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Chapter 1

Introduction

1.1 Black-box optimization

1.1.1 Sampling based Optimization

Given a proper function f(z) : R? — R such that f(x) > —oco, we aim at minimizing
f () by using function queries only, which is known as black-box optimization. It has
a wide range of applications, such as automatic hyper-parameters tuning in machine
learning and computer vision problems [156], adjusting parameters for robot control
and reinforcement learning [20,136.|115], black-box architecture search in engineering
design [168] and drug discovery [128].

Several kinds of approaches have been widely studied for black-box optimiza-
tion, including Bayesian optimization (BO) methods [32,118,160], evolution strategies
(ES) [17,69] and genetic algorithms (GA) |158]. Among them, Bayesian optimization
methods are good at dealing with low-dimensional expensive black-box optimization,
while ES methods are better for relatively high-dimensional problems with cheaper
evaluations compared with BO methods. ES-type algorithms can well support par-
allel evaluation, and have drawn more and more attention because of its success in
reinforcement learning problems [38,114,|149], recently.

CMA-ES [2,69] is one of state-of-the-art ES methods with many successful applica-
tions. It uses second-order information to search candidate solutions by updating the
mean and covariance matrix of the likelihood of candidate distributions. Despite its
successful performance, the update rule combines several sophisticated components,
which is not well understood. Wierstra et al. show that directly applying standard re-
inforce gradient descent is very sensitive to variance in high precision search for black-
box optimization [173]. Thus, they propose Natural evolution strategies (NES) [173]

to estimate the natural gradient for black-box optimization. However, they use the



Monte Carlo sampling to approximate the Fisher information matrix (FIM), which
incurs additional error and computation cost unavoidably. Along this line, [3] show
the connection between the rank-p update of CMA-ES and NES [173]. [135] further
show that several ES methods can be included in an unified framework. Despite these
theoretical attempts, the practical performance of these methods is still inferior to
CMA-ES. Moreover, these works do not provide any convergence rate analysis, which
is the key insight to expedite black-box optimizations.

Another line of research for ES-type algorithms is to reduce the variance of gra-
dient estimators. Choromanski et al. [38] proposed to employ Quasi Monte Carlo
(QMC) sampling to achieve more accurate gradient estimates. Recently, they further
proposed to construct gradient estimators based on active subspace techniques [37].
Although these works can reduce sample complexity, how does the variance of these
estimators influence the convergence rate remains unclear.

To take advantage of second-order information for the acceleration of black-box
optimizations, we propose a novel theoretical framework: stochastic Implicit Natural
Gradient Optimization (INGO) algorithms, from the perspective of information ge-
ometry. Raskutti et al. |[143] give a method to compute the Fisher information matrix
implicitly using exact gradients, which is impossible for black-box optimization; while
our methods and analysis focus on black-box optimization. To the best of our knowl-
edge, we are the first to design stochastic implicit natural gradient algorithms for
black-box optimization. Our methods take a stochastic black-box estimate instead of
the exact gradient to update. Theoretically, this update is equivalent to a stochastic
natural gradient step w.r.t. natural parameters of an exponential-family distribution.
We present our INGO method in Chapter [3] Our contributions are summarized as

follows:

e To the best of our knowledge, we are the first to design stochastic implicit nat-
ural gradient algorithms w.r.t natural parameters for black-box optimization.
We propose efficient algorithms for both continuous and discrete black-box op-
timization. Our methods construct stochastic black-box update without com-
puting the FIM. Our method can adaptively control the stochastic update by
taking advantage of the second-order information, which is able to accelerate
convergence and is primarily important for ill-conditioned problems. Moreover,

our methods have fewer hyperparameters and are much simpler than CMA-ES.

e Theoretically, we prove the convergence rate of our continuous optimization

methods for convex functions. We also show that reducing variance of the



black-box gradient estimators by orthogonal sampling can lead to a small regret
bound.

e Empirically, our continuous optimization method achieves a competitive per-
formances compared with the state-of-the-art method CMA-ES on benchmark
problems. We find that our method with full matrix update can obtain higher
optimization precision compared with IGO [135] on some challenging problems.
We further show the effectiveness of our methods on RL control problems.
Moreover, our discrete optimization algorithm outperforms a GA method on

a benchmark problem.

1.1.2 Bayesian Optimization

To achieve greater efficiency in the batch selection, we propose to simultaneously select
candidate queries of a batch in a holistic manner, rather than the previous sequential
manner. In this paper, we analyze both the batch BO and the sequential BO from a
frequentist perspective. For the batch BO, we propose a novel batch selection method
that takes both the mean prediction value and the correlation of points in a batch into
consideration. Our method leads to a novel batch acquisition function. By jointly
maximizing the novel acquisition function with respect to all the points in a batch,
the proposed method is able to attain a better exploitation/exploration trade-off.

Bayesian Optimization (BO) is another promising approach to address expensive
black-box (non-convex) optimization problems. Applications of BO include automatic
tuning of hyper-parameters in machine learning [156], gait optimization in robot con-
trol [115], molecular compounds identifying in drug discovery [128], and optimization
of computation-intensive engineering design [168].

BO aims to find the optimum of an unknown, usually non-convex function f. Since
little information is known about the underlying function f, BO requires to estimate
a surrogate function to model the unknown function. Therefore, one major challenge
of BO is to seek a balance between collecting information to model the function
f (exploration) and searching for an optimum based on the collected information
(exploitation).

For the sequential BO, we obtain a similar acquisition function as that in the
GP-UCB [160], except that our function employs a constant weight for the deviation
term. The constant weight is preferred over the previous theoretical weight proposed
in GP-UCB, because the latter is overly conservative, which has been observed in

many other works [2526,/160]. Moreover, for functions with a bounded norm in the



reproducing kernel Hilbert space (RKHS), we derive the non-trivial regret bounds for
both the batch BO method and the sequential BO method.

At the beginning of the BO process, since little information is known, the initial-
ization phase becomes vitally important. To obtain a good and robust initialization,
we first study the properties which are necessary for a robust initialization through
analyzing the adversarial regret. We prove that the regret bounds decrease with the
decrease of the covering radius (named fill distance in [87]). Minimizing the covering
radius of a lattice is equivalent to maximizing its packing radius (named separate
distance in [87] ) [42,89], we then propose a novel fast searching method to maximize
the packing radius of a rank-1 lattice and obtain the points set with a small covering
radius. All details are presented in Chapter [4. Our contributions are summarized as

follows:

e We study the black-box optimization for functions with a bounded norm in
RKHS and achieve deterministic regret bounds for both the noise-free setting
and the perturbation setting. The study not only brings a new insight into the
BO literature but also provides better guidance for designing new acquisition

functions.

e We propose a more-efficient novel adaptive algorithm for batch optimization,
which selects candidate queries of a batch in a holistic manner. Theoretically,

we prove that the proposed methods achieve non-trivial regret bounds.

e We analyze the adversarial regret for a robust initialization of BO, and theoret-
ically prove that the regret bounds decrease with the decrease of the covering
radius, and provide a criterion for generating points set to minimize the bound

for the initialization of BO.

e We propose a novel, fast searching algorithm to maximize the packing radius of
a rank-1 lattice and generate a set of points with a small covering radius. The
generated points set provides a robust initialization for BO. Moreover, the set of
points can be used for integral approximation on domain [0, 1]¢. Experimental
results show that the proposed method can achieve a larger packing radius

(separate distance) compared with the baselines.



1.2 Black-box Integral Approximation

Black-box Integral-approximation is closely related to black-box optimization. For
example, the point set for integral approximation can also be used for black-box
optimization. Integral operation is critical in a large amount of interesting machine
learning applications, e.g. kernel approximation with random feature maps |140],
variational inference in Bayesian learning [22], generative modeling and variational
autoencoders [94]. Directly calculating an integral is usually infeasible in these real
applications. Instead, researchers usually try to find an approximation for the integral.
A simple and conventional approximation is Monte Carlo (MC) sampling, in which
the integral is approximated by calculating the average of the i.i.d. sampled integrand
values. Monte Carlo (MC) methods [65] are widely studied with many techniques to
reduce the approximation error, which includes importance sampling and variance
reduction techniques and more [10].

To further reduce the approximation error, Quasi-Monte Carlo (QMC) methods
utilize a low discrepancy point set instead of the i.i.d. sampled point set used in
the standard Monte Carlo method. There are two main research lines in the area of
QMC [46,130], i.e., the digital nets/sequences and lattice rules. The Halton sequence
and the Sobol sequence are the widely used representatives of digital sequences [46].
Compared with digital nets/sequences, the points set of lattice rules preserve the
properties of lattice. The points partition the space into small repeating cells. Among
previous research on the lattice rules, Korobov introduced integration lattice rules
in [95] for an integral approximation of the periodic integrands. [155] proves that
there also exist good lattice rules for non-periodic integrands. According to general
lattice rules, a point set is usually constructed by enumerating the integer vectors
and multiplying them with an invertible generator matrix. A general lattice rule has
to check each constructed point to see whether it is inside a unit cube and discard it
if it is not. The process is repeated until we reach the desired number of points. This
construction process is inefficient since the checking step is required for every point.
Note that rescaling the unchecked points by the maximum norm of all the points may
lead to non-uniform points set in the cube.

An interesting special case of the lattice rules is the rank-1 lattice, which only
requires one generating vector to construct the whole point set. Given the generating
vector, rank-1 lattices can be obtained by a very simple construction form. It is thus
much more efficient to construct the point set with the simple construction form.

Compared with the general lattice rule, the construction form of the rank-1 lattice



has already guaranteed the constructed point to be inside the unit cube, therefore,
no further checks are required. We refer to [46] and [130] for a more detailed survey
of QMC and rank-1 lattice.

To obtain a simple and fast QMC lattice, we propose a closed-form rank-1 lattice
rule that directly computes a generating vector without any search process. To gener-
ate a more evenly spaced lattice, we propose to reduce the number of distinct pairwise
distance in the lattice point set to make the lattice more regular w.r.t. the minimum
toroidal distance [64]. Larger minimum toroidal distance means more regular. Based
on group theory, we derive that if the generating vector z satisfies the condition that
set {z,—2} = {2z, -+ ,24,—21, -, —24} 18 a subgroup of the multiplicative group
of integers modulo n, where n is the number of points, then the number of distinct
pairwise distance can be efficiently reduced. We construct the generating vector by
ensuring this condition. We presented all details of our subgroup-based rank-1 lattice

in Chapter |5, Our contributions are summarized as follows:

e We propose a simple and efficient closed-form method for rank-1 lattice con-
struction, which does not require the time-consuming exhaustive computer
search that previous rank-1 lattice algorithms rely on. A side product is a
closed-form method to generate QMC points set on sphere S*™! with bounded

mutual coherence, which is presented in Appendix.

e We generate a more regular lattice by reducing the number of distinct pairwise
distances. We prove a lower and an upper bound for the minimum /;-norm-
based and [y-norm-based toroidal distance of the rank-1 lattice. Theoretically,
our constructed lattice is the optimal rank-1 lattice for maximizing the minimum

toroidal distance when the number of points n is a prime number and n = 2d+1.

e Empirically, the proposed method generates near-optimal rank-1 lattice com-
pared with the Korobov search method in maximizing the minimum of the

[1-norm-based and [,-norm-based toroidal distance.

e Our method obtains better approximation accuracy on benchmark test prob-

lems and kernel approximation problem.



1.3 Connection Between Black-box Integral Ap-
proximation and Black-box Optimization

Black-box integral approximation and black-box optimization have a close relation-

ship between each other. Specifically, an integral over a bounded domain X

10 = [ f)a. (1.1)

can be viewed as the mean value of infinite function values over the bounded domain
X. A quasi-Monte Carlo approximation (equal-weight approximation) is given as

follows:
1) == 3 fw) (12)

It can be viewed as an approximation using the mean value over the function value

of n samples. The objective of black-box integral approximation is to find n samples

over domain &X', such that the mean estimator is a good approximation of the integral.
Similarly, an optimization over a bounded domain X, i.e.,

M(f) := min f(x), (1.3)

xeX

can be viewed as taking the minimum over infinite function values over the bounded
domain X
A black-box optimization with n samples is given as follows:
M(f):= min f(x;). (1.4)
ie{l,,n}
It can be viewed as an approximation using the min value over the function value of
n samples. The objective of black-box optimization is to find n samples over domain
X, such that the min estimator is a good approximation of the true minimum over
the entire domain X.

Thus, the key of both black-box integral-approximation and black-box optimiza-
tion is to construct n samples for a better approximation.Techniques for black-box
integral approximation can be used for black-box optimization and vice-visa. For ex-
ample, a good point set for integral-approximation can also be used as an initialization

for black-box optimization.



1.4 Integral Approximation for Kernel Methods
and Deep Learning

1.4.1 Integral Approximation for Kernel Approximation

Kernel methods such as Gaussian processes (GPs) [144,/157,/159] and support vector
machines (SVMs) [33,56] have been successfully used in many statistical modeling
and machine learning tasks. Despite of strong expressive power, kernel methods
usually cannot scale up to the large scale datasets due to the cubic time complexity.
Integral approximation techniques can be used to approximate the kernel functions.

Specifically, a shift invariant kernel K(x,z) can be rewritten an integral
K(x,2) = [z e 12" Wdp(w).
In addition, a b-th order arc-cosine kernel can be reformulated as an integral
Ki(x,2) = 2 [54 S(WTX)S(WTZ)(WTX)b(WTZ>bp(W)dW.

The idea of kernel approximation is applying QMC or MC techniques to approximate
the integral. Namely, the kernel can be approximated as K(z, 2) ~ ¥(x)"¥(z), where
¥ is the explicit mapped feature constructed as ¥(x) = f(W'x)/V/N, where f(.)

RN is constructed by N i.i.d samples drawn

denotes the nonlinear function, W €
from a distribution determined by the kernel.

The training and inference of kernel methods can be greatly accelerated by work-
ing directly on the primal space of ¥(-). For example, Gaussian Processes (GPs) have
O(L?) computation and O(L?) storage complexity. By using feature maps, it reduces
to O(N2L + N3) computation and O(NL + N?) storage complexity. All these ele-
gant properties make random feature maps promising for large scale kernel methods.
Thus, many kernel methods [41,106,134] have been proposed to deal with large scale
statistical learning by directly working on feature maps.

Generally, two aspects of random feature maps are mostly concerned by literature
for scaling up kernel methods. One is the approximation accuracy of feature maps
while the other is the computational cost of feature maps construction. To achieve
better approximation accuracy, [14,]178] employ QMC [47] sampling instead of stan-
dard Monte Carlo sampling to construct feature maps. By mapping QMC points on
0,1]¢ through the inverse cumulative distribution function, they construct more ef-
fective feature maps. To reduce time complexity, [105] propose Fastfood to construct

feature maps. Benefiting from the special structured matrix multiplication, it reduces



time complexity of feature maps construction from O(Nd) to O(N log d). However, it
achieves computational efficiency at the expense of increasing the variance of approx-
imation. Recently, [57] employ the property of circulant matrix to accelerate feature
maps construction of Gaussian kernel without increasing the variance. [39] general-
ize the Fastfood and circulant feature maps to P model and particularly discuss the
structured matrix with low-displacement rank. Despite of the success of P model,
it still cannot achieve better approximation accuracy compared with feature maps
obtained with fully Gaussian matrix.

To achieve better approximation accuracy and loglinear time complexity, we pro-
pose Spherical Structured Feature (SSF) maps to approximate shift and rotation

invariant kernels as well as bt"

-order arc-cosine kernels [34]. Specifically, We con-
struct SSF maps based on the point set on d — 1 dimensional sphere S, where the
points are columns of a particular structured matrix produced by a discrete Fourier
matrix. The points on S?! for SSF maps construction can be generated by opti-
mizing the discrete Riesz s-energy. According to [28], optimizing the discrete Riesz
s-energy (for s in some ranges) can generate QMC designs on S9!, which usually can
achieve smaller approximation error compared with fully random methods. More-
over, because of special structure of the point set, SSF maps construction can achieve
loglinear time complexity via Fast Fourier Transform (FFT).

We apply our spherical structured approximation techniques for kernel approxi-

mation in Chapter 6] Our contributions are summarized as follows:

e We present Spherical Structured Feature (SSF) maps to approximate shift and

bth-order arc-cosine kernels [34]. We prove

rotation invariant kernels as well as
that the inner product of SSF maps are unbiased estimates for above kernels
if asymptotically uniformly distributed point set on d — 1 dimensional sphere

S4-1 is given.

e We propose an efficient coordinate decent method to find a local optimum of the
discrete Riesz s-energy [29], thereby approximately generating asymptotically

uniformly distributed points on S%!.

e We can construct SSF maps with linear space complexity and loglinear time
complexity. Empirically, SSF maps achieve superior performance compared
with other methods.



1.4.2 Structured Integral Approximation for Robust Neural
Network Architecture

Deep neural networks (DNNs) have obtained great success in many applications, in-
cluding computer vision [71], natural language processing |[175] (NLP), and reinforce-
ment learning [124] etc. However, the theory of deep learning is much less explored
compared with its great empirical success. A key challenge of deep learning theory
is that deep neural networks are heavily overparameterized. Namely, the number of
parameters is much larger than training samples. In practice, as the depth and width
increasing, the performance of deep NN also becomes better [161}/184], which is far
beyond the traditional learning theory regime.

In the traditional neural networks and kernel methods literature, it is well known
the connection between the infinite width neural networks and Gaussian process [75],
and the universal approximation power of NN [112]. However, these theories cannot
explain why the success of deep neural networks. A recent work, Neural Tangent
Kernel [80] (NTK), shows the connection between training an infinite-width NN and
performing functional gradient descent in a Reproducing Kernel Hilbert Space(RKHS)
associated with the NTK. Because of the convexity of the functional optimization
problem, Jacot et al. show the global convergence for infinite-width NN under the
NTK regime. Along this direction, Hanin et al. [68] analyze the NTK with finite
width and depth. Shankar et al. [153] empirically investigate the performance of
some simple compositional kernels, NTKs, and deep neural networks. Nitanda et
al. [132] further show the minimax optimal convergence rate of average stochastic
gradient descent in a two-layer NTK regime.

Despite the success of NTK [80] on showing the global convergence of NN its
expressive power is limited. Zhu et al. [4] provide an example that shallow kernel
methods (including NTK) need a much larger number of training samples to achieve
the same small population risk compared with a three-layer ResNet. They further
point out the importance of hierarchical learning in deep neural networks [5]. In [5],
they give the theoretical analysis of learning a target network family with square
activation function under deep NN regime. Besides, there are quite a few works
focus on the analysis of two-layer networks [18,27,5288/113,180] and shallow kernel
methods without hierarchical learning [9,44,58,109,/190].

Although some particular examples show deep models have more powerful ex-
pressive power than shallow ones [4,5,[54], how and why deep neural networks benefit

from the depth remain unclear. Zhu et al. [5] highlight the importance of a backward
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feature correction. In this thesis, we investigate the deep neural networks from a
different kernel method perspective. All details are presented in Chapter

Our contributions are summarized as follows:

e We first propose a novel Neural Optimization Kernel (NOK) family, which en-
ables kernel methods taking advantage of ResNet-type architecture.

e Theoretically, we show that the architecture of NOK performs optimization
of regularized problems. We prove the monotonic descent property for a wide
range of both convex and non-convex regularized problems. Moreover, we prove
a O(1/T) convergence rate for convex regularized problems. Namely, our NOK
family performs an optimization through model architecture. A T-layer model

performs T-step monotonic descent updates.

e We propose a novel data-dependent structured approximation method, which
establishes the connection between training deep neural networks and kernel
methods associated with NOKs. The resultant computation graph is a ResNet-
type finite width NN. The activation function of NN specifies the regularization
problem explicitly or implicitly. Our structured approximation preserved the
monotonic descent property and O(1/T) convergence rate. Furthermore, we
propose both supervised and unsupervised learning schemes. For the unsuper-
vised learning case and shared parameter case, as the width tends to infinity,
training finite structured NN with GD tends to functional gradient descent in
an RKHS associated with a NOK. Notably, for strongly convex regularized re-
gression problems, functional gradient descent leads to the global convergence.
For supervised learning cases with free parameters, training NN learns a kernel
balanced between the supervised signal and the prior regularization. We prove

the Rademacher complexity bound and generalization bound.

e Empirically, we show that our unsupervised data-dependent structured approxi-
mation block can serve as a simple plug-in of popular backbones for robust deep
learning. Extensive experiments on CIFAR10 and CIFAR100 with ResNet and
DenseNet backbones show the robustness of our structured approximated NOK

against the Gaussian noise, Laplace noise, and FGSM adversarial attack [62].
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1.4.3 Adaptive Loss As A Tighter Upper Bound Approxima-
tion of Expected 0-1 Risk

The empirical risk is a Monte Carlo integral approximation of the expected risk.
When 0-1 loss is used for training, it is more robust to outliers compared with an
unbounded (convex) loss (e.g. hinge loss) [122]. This is due to unbounded convex
losses putting much weight on the outliers (with a large loss value) when minimizing
the losses [122]. If the unbounded (convex) loss is employed in deep network models,
this becomes more prominent. Since training loss of deep networks can often be
minimized to zero, outlier with a large loss has a large impact on the model. On the
other hand, the 0-1 loss treats each training sample equally. Thus, each sample does
not have too much influence on the model. Therefore, the model is tolerant of a small
number of outliers.

Although the 0-1 loss has many robust properties, its non-differentiability and zero
gradients make it difficult to optimize. One possible way to alleviate this problem is
to seek an upper bound of the 0-1 loss that is still efficient to optimize but tighter than
conventional (convex) losses. Such a tighter upper bound of the 0-1 loss can reduce
the influence of the noisy outliers compared with conventional (convex) losses. At the
same time, it is easier to optimize compared with the 0-1 loss. When minimizing the
upper bound surrogate, we expect that the 0-1 loss objective is also minimized.

To efficiently minimize the 0-1 loss while keeping the robust properties, we propose
a novel loss that is a tighter upper bound of the 0-1 loss compared with conventional
surrogate losses. Specifically, giving any base loss function I(u) > l(u < 0),u € R,
our loss Q(u) satisfies Y7 | 1(u; < 0) < Q(u) < 37 I(u;), where u = [uyg, -+, uy)
with u; being the classification margin of i*" sample, and 1(-) is an indicator function.
We name it as Curriculum Loss (CL) because our loss automatically and adaptively
selects samples for training, which can be deemed as a curriculum learning paradigm.

Our adaptive loss can be viewed as an adaptive tighter upper bound approxima-
tion of the expected 0-1 loss. More detailed discussion of our loss are presented in

Chapter |8, Our contributions are listed as follows:

e We propose a novel loss (i.e. curriculum loss) for robust learning against la-
bel corruption. We prove that our CL is a tighter upper bound of 0-1 loss
compared with conventional summation based surrogate loss. Moreover, CL
can adaptively select samples for stagewise training, which bridges a connection

between curriculum learning and robust learning.
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e We prove that CL can be performed by a simple and fast selection algorithm
with O(nlogn) time complexity. Moreover, our CL supports mini-batch update,

which is convenient to be used as a plug-in in many deep models.

e We further propose a Noise Pruned Curriculum Loss (NPCL) to address label
corruption problem by extending CL to a more general form. Our NPCL auto-
matically prune the estimated noisy samples during training. Moreover, NPCL
is also very simple and efficient, which can be used as a plug-in in deep models

as well.

1.5 Research Objectives
The research objectives of this thesis is given as follows:

e Develop simple and efficient sampling-based black-box optimization framework

with theoretical convergence guarantee. (Chapter (3)

e Develop efficient Bayesian optimization algorithms with theoretical convergence

guarantee to address expensive black-box optimization problems. (Chapter [4)

e Develop efficient black-box integral approximation method on hypercube [0, 1]¢
domain. Employ the techniques as a robust initialization for black-box opti-
mization. (Chapter [

e Develop efficient black-box integral approximation method on hypersphere S?1.

Apply the proposed method for kernel approximation. (Chapter @

e Apply the proposed integral-approximation techniques for robust deep learning.
(Chapter [7] and Chapter
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Chapter 2
Related Works

2.1 Black-box Optimization

Black-box optimization has been investigated by different communities for several
decades. In the mathematics optimization community, derivative-free optimization
(DFO) methods are widely studied for black-box optimization. These methods can
be further divided into three categories: the direct search methods, the model-based
methods, and the random search methods. Among them, the model-based methods
guide the searching procedure by using the model prediction as to the surrogate,
which is quite similar to the Bayesian optimization methods. We refer to [147], [12]
and |104] for detailed survey of the derivative-free optimization methods. In the
evolutionary computation community, researchers have developed the evolutionary
algorithm [158] and evolutionary strategy methods [17] for the black-box optimiza-
tion, where the latter is similar to the Nesterov random search [129] in the DFO
methods since both the evolutionary strategy methods and the Nesterov random
search employ the Gaussian smoothing technique to approximate the gradient. In
the machine learning community, investigating the black-box optimization from the
aspect of Bayesian optimization (BO) has attracted more and more attention recently.
BO has been successfully applied to address many expensive black-box optimization
problems, such as hyper-parameter tuning for deep networks [156], parametric policy
optimization for Reinforcement learning [174], and so on.

Among different methods, Bayesian optimization methods and sampling-based
derivative-free methods are promising directions for solving black-box optimization
problems. We thus review the Bayesian optimization methods and sampling-based

derivative-free methods in detail.
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2.1.1 Bayesian Optimization

Bayesian Optimization (BO) aims to find the optimum of an unknown, usually non-
convex function f. Since little information is known about the underlying function f,
BO requires to estimate a surrogate function to model the unknown function. There-
fore, one major challenge of BO is to seek a balance between collecting information
to model the function f (exploration) and searching for an optimum based on the
collected information (exploitation).

Typically, BO assumes that the underlying function f is sampled from a Gaussian
process (GP) prior. BO selects the candidate solutions for evaluation by maximizing
an acquisition function [85,(102,125]), which balances the exploration and exploitation
given all previous observations. In practice, BO can usually find an approximate
maximum solution with a remarkably small number of function evaluations |150,156].

The research of BO for black-box optimization can be dated back to [126]. It
becomes popular since the efficient global optimization method [86] for black-box op-
timization has been proposed. After that, various acquisition functions have been
widely investigated both empirically and theoretically. Acquisition functions are im-
portant in BO as they determine the searching behavior. Among them, the expected
improvement, probability improvement and upper confidence bound of the Gaussian
process (GP-UCB) are the most widely used acquisition functions in practice [156].
Specifically, Bull [32] has proved a simple regret bound of the expected improvement
method. Srinivas et al. |160] have theoretically analyzed both the cumulative regret
and the simple regret bounds of the GP-UCB method.

Recently, many sophisticated acquisition functions have been studied. Hennig
and Schuler |73] propose entropy search (ES) method, Herndndez-Lobato et al. [74]
further propose a predictive entropy search (PES) method. Both ES and PES select
the candidate query by maximizing the mutual information between the query point
and the global optimum in the input space. As a result, they need intensive Monte
Carlo sampling that depends on the dimension of the input space. To reduce the
cost of sampling, Wang et al. |[170] propose a max-value entropy search method,
selecting the candidate query by maximizing the mutual information between the
prediction of the query and the maximum value. The mutual information is computed
in one dimension, which is much easier to approximate compared to the Monte Carlo
sampling. Along the line of GP-UCB, Desautels et al. [45] propose the GP-BUCB
method to address the black-box optimization in a batch setting. In each batch,
GP-BUCB selects the candidate queries point by point sequentially until reaching

a preset batch size, according to upper confidence bound criterion [13,/160] with
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a fixed mean function and an updated covariance function. Desautels et al. [45]
prove the sub-linear growth bounds on the cumulative regret, which guarantees a
bound on the number of required iterations to reaching close enough to the optimum.
Contal et al. [40] further propose the GP-UCB-PE method, which combines the upper
confidence bound strategy and the pure exploration [30] in the evaluations of the same
batch. The GP-UCB-PE achieves a better upper bound on the cumulative regret
compared with the GP-BUCB. Most recently, Berkenkamp et al. [24] propose a GP-
UCB based method (A-GP-UCB) to handle BO with unknown hyper-parameters.
In many applications, e.g, hyper-parameter tuning and RL, it is usually preferred
to process multiple function evaluations in parallel to achieve the time efficiency. In
the setting of batch BO for batch black-box optimization, besides the batch, GP-UCB
methods discussed above, Shah and Ghahramani |152] propose a parallel predictive
entropy search method by extending the PES method [74] to the batch case. Wu et
al. [176] extend the knowledge gradient method to the parallel knowledge gradient
method. Gonzélez et al. [61] propose a penalized acquisition function for batch se-
lection. However, these batch methods are limited in low dimensional problems. To
address the batch BO under the high-dimensional setting, Wang et al. |169| propose
an ensemble BO method by integrating multiple additive Gaussian process models.

However, no regret bound is analyzed in [169].

2.1.2 Sampling-based Derivative-free Optimization

CMA-ES [2,/69] is one of state-of-the-art ES methods with many successful applica-
tions. It uses second-order information to search candidate solutions by updating the
mean and covariance matrix of the likelihood of candidate distributions. Despite its
successful performance, the update rule combines several sophisticated components,
which is not well understood. Wierstra et al. show that directly applying standard re-
inforce gradient descent is very sensitive to variance in high precision search for black-
box optimization [173]. Thus, they propose Natural evolution strategies (NES) [173]
to estimate the natural gradient for black-box optimization. However, they use the
Monte Carlo sampling to approximate the Fisher information matrix (FIM), which
incurs additional error and computation cost unavoidably. Along this line, [3] show
the connection between the rank-p update of CMA-ES and NES [173]. [135] further
show that several ES methods can be included in an unified framework. Despite these
theoretical attempts, the practical performance of these methods is still inferior to
CMA-ES. Moreover, these works do not provide any convergence rate analysis, which

is the key insight to expedite black-box optimizations.
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Another line of research for ES-type algorithms is to reduce the variance of gra-
dient estimators. Choromanski et al. [38] proposed to employ Quasi Monte Carlo
(QMC) sampling to achieve more accurate gradient estimates. Recently, they further
proposed to construct gradient estimators based on active subspace techniques [37].
Although these works can reduce sample complexity, how does the variance of these

estimators influence the convergence rate remains unclear.

2.2 Black-box Integral Approximation

Integral operation is critical in a large amount of interesting machine learning appli-
cations, e.g. kernel approximation with random feature maps [140], variational infer-
ence in Bayesian learning [22], generative modeling and variational autoencoders [94].
Directly calculating an integral is usually infeasible in these real applications. In-
stead, researchers usually try to find an approximation for the integral. A simple and
conventional approximation is Monte Carlo (MC) sampling, in which the integral
is approximated by calculating the average of the i.i.d. sampled integrand values.
Monte Carlo (MC) methods [65] are widely studied with many techniques to reduce
the approximation error, which includes importance sampling and variance reduction
techniques and more [10].

To further reduce the approximation error, Quasi-Monte Carlo (QMC) methods
utilize a low discrepancy point set instead of the i.i.d. sampled point set used in
the standard Monte Carlo method. There are two main research lines in the area of
QMC [46,130], i.e., the digital nets/sequences and lattice rules. The Halton sequence
and the Sobol sequence are the widely used representatives of digital sequences [46].
Compared with digital nets/sequences, the points set of lattice rules preserve the
properties of lattice. The points partition the space into small repeating cells. Among
previous research on the lattice rules, Korobov introduced integration lattice rules
in [95] for an integral approximation of the periodic integrands. [155] proves that
there also exist good lattice rules for non-periodic integrands. According to general
lattice rules, a point set is usually constructed by enumerating the integer vectors
and multiplying them with an invertible generator matrix. A general lattice rule has
to check each constructed point to see whether it is inside a unit cube and discard it
if it is not. The process is repeated until we reach the desired number of points. This
construction process is inefficient since the checking step is required for every point.
Note that rescaling the unchecked points by the maximum norm of all the points may

lead to non-uniform points set in the cube.
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An interesting special case of the lattice rules is the rank-1 lattice, which only
requires one generating vector to construct the whole point set. Given the generating
vector, rank-1 lattices can be obtained by a very simple construction form. It is thus
much more efficient to construct the point set with the simple construction form.
Compared with the general lattice rule, the construction form of the rank-1 lattice
has already guaranteed the constructed point to be inside the unit cube, therefore,
no further checks are required. We refer to [46] and [130] for a more detailed survey
of QMC and rank-1 lattice.

Although the rank-1 lattice can derive a simple construction form, obtaining the
generating vector remains difficult. Most methods [48,(97,/103,/108,|[111}[133,/137] in
the literature rely on an exhaustive computer search by optimizing some criteria to
find a good generating vector. Korobov [97] suggests searching the generating vector
in a form of [1,a,a? -+ ,a® '] with a € {1,---,n — 1}, where d is the dimension
and n is the number of points, such that the greatest common divisor of a and
n equals to 1. Sloan et al. study the component-by-component construction for
the lattice rules [154]. It is a greedy search that is faster than an exhaustive search.
Nuyens et al. [133] propose a fast algorithm to construct the generating vector using a
component-by-component search method. Although the exhaustive checking steps are
avoided compared with general lattice rules, the rank-1 lattice still requires a brute-
force search for the generating vector, which is still very time-consuming, especially

when the dimension and the number of points are large.

2.3 Integral Approximation for Kernel Methods
and Deep Learning

2.3.1 Kernel Approximation

Kernel methods such as Gaussian processes (GPs) |144,/157,/159] and support vector
machines (SVMs) [33,56] have been successfully used in many statistical modeling
and machine learning tasks. Despite of strong expressive power, kernel methods
usually cannot scale up to the large scale datasets with L samples due to the need of
manipulating L x L Gram matrix. Recently, random feature maps [141,142,|164] have
demonstrated their effectiveness on kernel approximation to scale up kernel methods.
Roughly speaking, a shift invariant kernel K(x,z) = K(x —z) : RY — C can
be approximated by K(xz,2) ~ ¥(x)T¥(z), where ¥ is the explicit mapped feature
constructed as ¥(x) = f(W'x)/vN, where f(-) denotes the nonlinear function,
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W € RN is constructed by N i.i.d samples drawn from a distribution defined by K.
Therefore, the training and inference of kernel methods can be greatly accelerated by
working directly on the primal space of W(-). For example, Gaussian Processes (GPs)
have O(L?®) computation and O(L?) storage complexity. By using feature maps, it
reduces to O(N?L + N3) computation and O(NL + N?) storage complexity. All
these elegant properties make random feature maps promising for large scale kernel
methods. Thus, many kernel methods [41,106}|134] have been proposed to deal with
large scale statistical learning by directly working on feature maps.

Generally, two aspects of random feature maps are mostly concerned by literature
for scaling up kernel methods. One is the approximation accuracy of feature maps
while the other is the computational cost of feature maps construction. To achieve
better approximation accuracy, [14,(178] employ QMC [47] sampling instead of stan-
dard Monte Carlo sampling to construct feature maps. By mapping QMC points on
0,1]¢ through the inverse cumulative distribution function, they construct more ef-
fective feature maps. To reduce time complexity, [105] propose Fastfood to construct
feature maps. Benefiting from the special structured matrix multiplication, it reduces
time complexity of feature maps construction from O(Nd) to O(N log d). However, it
achieves computational efficiency at the expense of increasing the variance of approx-
imation. Recently, [57] employ the property of circulant matrix to accelerate feature
maps construction of Gaussian kernel without increasing the variance. [39] general-
ize the Fastfood and circulant feature maps to P model and particularly discuss the
structured matrix with low-displacement rank. Despite of the success of P model,
it still cannot achieve better approximation accuracy compared with feature maps

obtained with fully Gaussian matrix.

2.3.2 Deep Learning Theory from Optimization and Kernel
Perspective

Deep neural networks (DNNs) have obtained great success in many applications, in-
cluding computer vision [71], natural language processing [175], and reinforcement
learning [124], etc. However, the theory of deep learning is much less explored com-
pared with its great empirical success. A key challenge of deep learning theory is
that deep neural networks are heavily overparameterized. Namely, the number of
parameters is much larger than training samples. In practice, as the depth and width
increasing, the performance of deep NN also becomes better [161}/184], which is far

beyond the traditional learning theory regime.

20



In the traditional neural networks and kernel methods literature, it is well known
the connection between the infinite width neural networks and Gaussian process [75],
and the universal approximation power of NN [112]. However, these theories cannot
explain why the success of deep neural networks. A recent work, Neural Tangent
Kernel [80] (NTK), shows the connection between training an infinite-width NN and
performing functional gradient descent in a Reproducing Kernel Hilbert Space(RKHS)
associated with the NTK. Because of the convexity of the functional optimization
problem, Jacot et al. show the global convergence for infinite-width NN under the
NTK regime. Along this direction, Hanin et al. [68] analyze the NTK with finite
width and depth. Shankar et al. [153] empirically investigate the performance of
some simple compositional kernels, NTKs, and deep neural networks. Nitanda et
al. [132] further show the minimax optimal convergence rate of average stochastic
gradient descent in a two-layer NTK regime.

Despite the success of NTK [80] on showing the global convergence of NN its
expressive power is limited. Zhu et al. [4] provide an example that shallow kernel
methods (including NTK) need a much larger number of training samples to achieve
the same small population risk compared with a three-layer ResNet. They further
point out the importance of hierarchical learning in deep neural networks [5]. In [5],
they give the theoretical analysis of learning a target network family with square
activation function under deep NN regime. Besides, there are quite a few works
focus on the analysis of two-layer networks [18,27,[52,/88}/113,/180] and shallow kernel
methods without hierarchical learning [9,44,58,109,/190].

Although some particular examples show deep models have more powerful ex-
pressive power than shallow ones [4[5,[54], how and why deep neural networks benefit
from the depth remain unclear. Zhu et al. [5] highlight the importance of a backward
feature correction. In this thesis, we investigate the deep neural networks from a

different kernel method perspective.

2.3.3 Robust Deep Learning under Label Noise

Noise corruption is a common phenomenon in our daily life. For instance, noisy
corrupted (wrong) labels may be resulted from annotating for similar objects [162,
183], crawling images and labels from websites [76,/165] and creating training sets by
program [93}|145]. Learning with noisy labels is thus an promising area.

Deep neural networks (DNNs) have great expressive power (model complexity) to
learn challenging tasks. However, DNNs also undertake a higher risk of overfitting

to the data. Although many regularization techniques, such as adding regularization
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terms, data augmentation, weight decay, dropout and batch normalization, have been
proposed, generalization is still vitally important for deep learning to fully exploit
the super-expressive power. [185] show that DNNs can even fully memorize samples
with incorrectly corrupted labels. Such label corruption significantly degenerates the
generalization performance of deep models. This calls a lot of attention on robustness
in deep learning with noisy labels.

Robustness of 0-1 loss: The problem resulted from data corruption or label
corruption is that test distribution is different from training distribution. [77] analyzed
the adversarial risk that the test distribution density is adversarially changed within
a limited f-divergence (e.g. KL-divergence) from the training distribution density.
They show that there is a monotonic relationship between the (empirical) risk and
the (empirical) adversarial risk when the 0-1 loss function is used. This suggests that
minimizing the empirical risk with the 0-1 loss function is equivalent to minimize
the empirical adversarial risk (worst-case risk). When we train a model based on
the corrupted training distribution, we want our model to perform well on the clean
distribution. Since we do not know the clean distribution, we want our model to
perform well for the worst case estimate of the clean distribution in some constrained
set. It is thus natural to employ the worst-case classification risk of the estimated clean
distribution as the objective. Note that the worst-case classification risk is an upper
bound of the classification risk of the true clean distribution, minimizing the worst-
case risk can usually decrease the true risk. When we employ the 0-1 loss, because of
the equivalence between the classification risk and the worst-case classification risk, we
can directly minimize the classification risk under the corrupted training distribution
instead of minimizing the worst-case classification risk.

From the learning perspective, the 0-1 loss is more robust to outliers compared
with an unbounded (convex) loss (e.g. hinge loss) [122]. This is due to unbounded
convex losses putting much weight on the outliers (with a large loss value) when
minimizing the losses [122]. If the unbounded (convex) loss is employed in deep
network models, this becomes more prominent. Since training loss of deep networks
can often be minimized to zero, outlier with a large loss has a large impact on the
model. On the other hand, the 0-1 loss treats each training sample equally. Thus,
each sample does not have too much influence on the model. Therefore, the model is
tolerant of a small number of outliers.

Although the 0-1 loss has many robust properties, its non-differentiability and zero
gradients make it difficult to optimize. One possible way to alleviate this problem is

to seek an upper bound of the 0-1 loss that is still efficient to optimize but tighter than
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conventional (convex) losses. Such a tighter upper bound of the 0-1 loss can reduce
the influence of the noisy outliers compared with conventional (convex) losses. At the
same time, it is easier to optimize compared with the 0-1 loss. When minimizing the
upper bound surrogate, we expect that the 0-1 loss objective is also minimized.

Learnability under large noise rate: The 0-1 loss cannot deal with large noise
rate. When the noise rate becomes large, the systematic error (due to label corrup-
tion) grows up and becomes not negligible. As a result, the model’s generalization
performance will degenerate due to this systematic error. To reduce the systematic er-
ror produced by training with noisy labels, several methods have been proposed. They
can be categorized into three kinds: transition matrix based method [59,/138,(163],
regularization based method [123] and sample selection based method [67,84]. Among
them, sample selection based method is one promising direction that selects samples
to reduce noisy ratio for training. These methods are based on the idea of curriculum
learning 23] which is one successful method that trains the model gradually with
samples ordered in a meaningful sequence. Although they achieve success to some
extents, most of these methods are heuristic based.

To efficiently minimize the 0-1 loss while keeping the robust properties, this
thesis proposes a novel loss that is a tighter upper bound of the 0-1 loss com-
pared with conventional surrogate losses. Specifically, giving any base loss function
l(u) > 1(u<0),u € R, our loss Q(u) satisfies > i 1(u; <0) < Qu) < 37, I(w),
where u = [uy,--- ,u,] with u; being the classification margin of i* sample, and
1(-) is an indicator function. We name it as Curriculum Loss (CL) because our loss
automatically and adaptively selects samples for training, which can be deemed as a
curriculum learning paradigm.

Curriculum Learning: Curriculum learning is a general learning methodology
that achieves success in many area. The very beginning work of curriculum learn-
ing [23] trains a model gradually with samples ordered in a meaningful sequence,
which has improved performance on many problems. Since the curriculum in [23] is
predetermined by prior knowledge and remained fixed later, which ignores the feed-
back of learners, Kumar et al. [101] further propose Self-paced learning that selects
samples by alternative minimization of an augmented objective. Jiang et al. [82]
propose a self-paced learning method to select samples with diversity. After that,
Jiang et al. [83] propose a self-paced curriculum strategy that takes different priors
into consideration. Although these methods achieve success, the relation between the

augmented objective of self-paced learning and the original objective (e.g. cross en-
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tropy loss for classification) is not clear. In addition, as stated in [84], the alternative
update in self-paced learning is not efficient for training deep networks.

Learning with Noisy Labels: The most related works are the sample selection
based methods for robust learning. This kind of works are inspired by curriculum
learning [23]. Among them, Jiang et al. [84] propose to learn the curriculum from data
by a mentor net. They use the mentor net to select samples for training with noisy
labels. Co-teaching [67] employs two networks to select samples to train each other
and achieve good generalization performance against large rate of label corruption.
Co-teaching+ [182] extends Co-teaching by selecting samples with disagreement of
prediction of two networks. Compared with Co-teaching/Co-teaching+, our CL is
a simple plugin for a single network. Thus both space and time complexity of CL
are half of Co-teaching’s. Recently, |188] propose a generalized Cross-entropy loss for

robust learning.
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Chapter 3

Implicit Natural Gradient
Optimization

3.1 Chapter Abstract

This chapter presents a novel theoretical framework for black-box optimization, in
which our method performs stochastic updates with an implicit natural gradient of
an exponential-family distribution. Theoretically, we prove the convergence rate of
our framework with full matrix update for convex functions under Gaussian dis-
tribution. Our methods are very simple and contain fewer hyper-parameters than
CMA-ES [69]. Empirically, our method with full matrix update achieves competitive
performance compared with one of the state-of-the-art methods CMA-ES on bench-
mark test problems. Moreover, our methods can achieve high optimization precision
on some challenging test functions (e.g., l;-norm ellipsoid test problem and Levy test
problem), while methods with explicit natural gradient, i.e., IGO [135] with full ma-
trix update can not. This shows the efficiency of our methods. Furthermore, efficient
algorithms for b discrete black-box optimization are proposed under the proposed

framework.

3.2 Optimization with Exponential-family Sampling

Notation and Symbols: Denote | - ||2 and || - || as the spectral norm and Frobe-
nius norm for matrices, respectively. Define ||V := >, |\;|, where \; denotes the 7"
eigenvalue of matrix Y. Notation || - ||z will also denote ly-norm for vectors. Symbol
(-,-) denotes inner product under ly-norm for vectors and inner product under Frobe-

nius norm for matrices. Define ||x||¢ := v/ (x, Cx). Denote ST and ST as the set of

positive semi-definite matrices and the set of positive definite matrices, respectively.
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Denote £ as the symmetric positive semi-definite matrix such that ¥ = Y2 for
Y eS8t

We aim at minimizing a proper function f(x), € X with only function queries,
which is known as black-box optimization.

Due to the lack of gradient information for black-box optimization, we here present
an exponential-family sampling trick to relax any black-box optimization problem.
Specifically, the objective is relaxed as the expectation of f(x) under a parametric
distribution p(a;7n) with parameter n, i.e., J(1) := Ep@am [f(2)] [173]. The optimal
parameter 1 is found by minimizing J(n) as

min {Ep@mf ()]} (3.1)
This relaxed problem is minimized when the probability mass is all assigned on the
minimum of f(x). The distribution p is the sampling distribution for black-box
function queries. Note that p can be either continuous or discrete distribution.

In this work, we assume that the distribution p(x;n) is an exponential-family

distribution:

p(x;n) = h(z) exp {(¢(x),n) — A(n)}, (3.2)

where 1 and ¢(x) are the natural parameter and sufficient statistic, respectively. And

A(n) is the log partition function defined as:

A(n) = log / exp {(¢(x), m)h(x)dex. (3.3)

We call an exponential-family distribution minimal when there is a one-to-one
mapping between the mean parameter m := E,[¢(x)] and natural parameter 1. This
one-to-one mapping ensures that we can reparameterize J(n) as J(m) = J(n) [7,90].
J is w.r.t parameter m, while .J is w.r.t parameter 1.

To minimize the objective J (m), we desire the updated distribution lying in a
trust region of the previous distribution at each step. Formally, we update the mean
parameters by solving the following optimization problem.

1

=g min(m Vo T (ma) + KL () (3.4)

where V,,.J(m;) denotes the gradient at m = m,.
The KL-divergence term measures how close the updated distribution and the
previous distribution. For an exponential-family distribution, the KL-divergence term

in (3.4) is equal to Bregman divergence between m and m; [16]:

KL (pml||pm,) = A" (m)— A" (my) — (m—m,, V,, A" (my)) (3.5)
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where A*(m) is the convex conjugate of A(n). Thus, the problem (3.4]) is a convex

optimization problem, and it has a closed-form solution.

3.3 Implicit Natural Gradient

Intractability of Natural Gradient for Black-box Optimization: Natural gra-
dient [6] can capture information geometry structure during optimization, which en-
ables us to take advantage of the second-order information to accelerate convergence.
Direct computation of natural gradient needs the inverse of Fisher information matrix
(FIM), which needs to estimate the FIM. The method in [143] provides an alternative
way to compute natural gradient without computation of FIM. However, it relies on
the exact gradient, which is impossible for black-box optimization.

Hereafter, we propose a novel stochastic implicit natural gradient algorithms for
black-box optimization of continuous and discrete variables in Section and Sec-
tion [3.5] respectively. We first show how to compute the implicit natural gradient.
In problem Eq., we take the derivative w.r.t m, and set it to zero, also note that
VmA*(m) = n [143], we can obtain that

N1 =M — ﬁtvmj(mt) (3-6)

Natural parameters i of the distribution lies on a Riemannian manifold with

metric tensor specified by the Fisher Information Matrix:

F(n) =E, [Vn log p(x;m)V,, logp(a:;n)T (3.7)
For exponential-family with the minimal representation, the natural gradient has a

simple form for computation.

Theorem 1. [91,|143] For an exponential-family in the minimal representation, the

natural gradient w.r.t m 1s equal to the gradient w.r.t. m, i.e.,
F(n)'VyJ(n) = Vi (m) (3.8)

Remark: Theorem 1 can be easily obtained by the chain rule and the fact F'(n) =
9 A(n)
onon "
the inverse of the Fisher information matrix. As shown in Theorem 1, the update

. It enables us to compute the natural gradient implicitly without computing

rule in (3.6|) is equivalent to the natural gradient update w.r.t i in (3.9)):

N1 =M — 5tF(77t)_1an(Tlt) (3.9)

Thus, update rule in (3.6)) selects the steepest descent direction along the Riemannian
manifold induced by the Fisher information matrix as natural gradient descent. It

can take the second-order information to accelerate convergence.
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3.4 Update Rule for Gaussian Sampling

We first present an update method for the case of Gaussian sampling for continuous
optimization. For other distributions, we can derive the update rule in a similar
manner.

For a Gaussian distribution p := AN (w, X)) with mean p and covariance matrix 3,

the natural parameters n = {n,,n,} are given as follows:
m=Y""n (3.10)
My = —557 (3.11)
The related mean parameters m = {m,, my} are given as:
my =E)[z] =p (3.12)
my :=Ezx' | =ppu’ +3% (3.13)

Using the chain rule, the gradient with respect to mean parameters can be ex-

pressed in terms of the gradients w.r.t g and ¥ [90,92] as:

Viny J(m) = V. J(m) — 2[VsJ (m)]p (3.14)
VinyJ(m) = Vg J(m) (3.15)
It follows that
Sk =S 4268,V J(my) (3.16)
iy = By — BiSea Vi (my) (3.17)

Note that J(m) = E,[f(x)], the gradients of .J(m) w.r.t  and ¥ can be obtained
by log-likelihood trick as Theorem [2

Theorem 2. [175] The gradient of the expectation of an integrable function f(x)
under a Gaussian distribution p = N(w,X) with respect to the mean p and the

covariance Y can be expressed as Eq. and Eq., respectively.

VuElf ()] = B, [ (@ — ) f()] (3.18)
VB [f(@)] = 5B, (57 (@~ we — ) =2 )] (319)

Together Theorem 2 with Eq. (3.16) and (3.17]), we present the update with only

function queries as:

S =S HBE, (B (@ —p) (@ —p) 'S80 fo)] (3.20)
Piyr = My — BBy [E;I(w - Nt)f(w)} (3.21)
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Remark: Our method updates the inverse of the covariance matrix instead of the

covariance matrix itself.

3.4.1 Stochastic Update

The above gradient update needs the expectation of a black-box function. However,
this expectation does not have a closed-form solution. Here, we estimate the gradient
w.r.t g and ¥ by Monte Carlo sampling. Eq.(3.20) and enable us to estimate
the gradient by the function queries of f(z) instead of V f(x). This property is very
crucial for black-box optimization because gradient (V f(x)) is not available.

Update rules using Monte Carlo sampling are given as:

N

Ta=N 4 % [ @i p)(@i—p) 2020 f)] (3.22)
E )

P = iy = 5 D[S D (@ — ) f ()] (3.23)

i=1

To avoid scaling problem of f(z), we use a monotonic score function h(-) to transform

f(x) as:
log?

h(f(x;)) = NW

(3.24)
where 7 denotes the ranking index of f (x;) (index after non-decreasingly sort) among
N samples f(x1), ..., f(xy). (Break ties by some determinate rules).

In addition, we can use a normalization as the monotonic transformation:

fl@:) — 1
o)) = TELE (3.25)
where 71 and & denote mean and stand deviation of function values in a batch of
samples.
Plug Eq.(3.25)) into Eq.(3.22)) and ([3.23)), we obtain that
N
_ _ hf (i) (- _
Z1t+11 =2 T+ 52 N (Et l(mi_.ut)(wi_ﬂt)—rzt 1) (3-26)
i=1
N
h(f (i -
P = 1y — B Z%Ema @i — ) (3.27)

1=1

The update rule in Eq.(3.26) and Eq.(3.27) does not require the exact value. It

only needs the ranking of the observations for a set of samples. This is useful when the
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Algorithm 1 INGO

Input: Number of Samples N, step-size [3.

while Termination condition not satisfied do
Take i.i.d samples z; ~ N(0,I) for i € {1,--- N}.
Set @; = p, + X7 z; fori e {1,--- N}.
Query the batch observations { f(xy), ..., f(zn)}
Compute 7 = std(f(x1), ..., f(xN)).
Compute /i = + va L fzy).

POt

Set L7 = %7 +5ZN fa) iy 2y, sz :

No

Set puyy = py — 52 Z) MEt—HZ
end while

function value is not observable, e.g., only a preference list of customers is given. The
downside of the update based on the ranking is that the gradient estimator is biased.
In addition, the information of function is lost. To take advantage of the smoothness of
function while avoiding scale problem, we present an unbiased estimator for gradient

update as follows:

N —~
_ f T)— N _ _
Zt+11 =¥+ BZ % (Et 1(wi_:u‘t)(wi_u‘t)TEt 1) (3.28)
=1
N —~
Jf(®i) —p -
e = 1y — By Z%Em& Ya: — ) (3.29)
i=1

where o denotes the stand deviation of function values in a batch of samples, i.e.,
o =std(f(xy), ..., f(xN)).

We present our black-box optimization algorithm in Alg. [l We can select a set
of random samples [Z,—Z], this trick still leads to an unbiased estimator for the
Gaussian distribution [117]. We can use the structured samples in [117] to reduce the
variance of estimators. Alg.[l|employs the normalization transformation, we can also
employ the ranking scores to update ¥ and function values to update p.

The update of mean p in Alg. [1]is properly scaled by . Moreover, our method
updates the inverse of the covariance matrix instead of the covariance matrix itself,
which provides us a stable way to update covariance independent of its scale. Thus,
our method can update properly when the algorithm adaptively reduces variance for
high precision search. In contrast, directly applying standard reinforce type gradient

update is unstable as shown in |173].
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Algorithm 2 Fast INGO-u

Input: Number of Samples N, step-size [3.

while Termination condition not satisfied do
Take i.i.d samples z; ~ N(0,I) for i € {1,--- N/2}.
Set zi4nj2 = —2; fori € {1,--- N/2}.
Set iﬂi:[,l/t‘FO't@Zi for i € {1,N}
Query the batch observations {f(x;), ..., f(zN)}
Compute weights w; = logg/ Z;VZI logj for i € {1,---,N} according to
Eq..
Set 0,2 = (1 —B)o,” + o> O <ZjV: L wizg).
Compute o = std(f1, - fn)-
Set i, = 1y — B2, @07 © (L)

end while

3.4.2 Mean field approximation for acceleration

Alg. needs to compute the inverse of covariance matrix, which has O(d?) complexity.
In this section, we present a fast algorithm for separate problems.

Suppose the covariance matrix is diagonal with diagonal elements denoted as o2

From (3.26]) and (3.27)), we can obtain the update rule as

N
oi=0-0)o 7 +Bo? 0 (szzf) (3.30)
i=1
N
iy = Ky — Bto-erl © o't_l O, (Zwizi) (3.31)

i=1
where ® denotes element-wise product. And the power operation denotes the element-
wise operation. And x; = p, + 0y © 2z;. And w; = log?/ Z;VZI log j.
We present an algorithm using unbiased gradient estimator in Alg. It only
involves element-wise operation in vectors, which is very simple to implement. The
complexity in per iteration is O(Nd), which scales well for high-dimensional opti-

mization.

3.4.3 Direct Update for p and X

We provide an alternative updating equation with simple concept and derivation.
The implicit natural gradient algorithms are working on the natural parameter space.

Alternatively, we can also directly work on the g and X parameter space. Formally,
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we derive the update rule by solving the following trust region optimization problem.
. - 1

0, =arg min <9,V9J(0t)>—|——KL (pollpe,) (3.32)
t

where 6 = {41, T} and J(6) = Ey(p0)[(2)] = J().
For Gaussian sampling, the optimization problem in (3.32) is a convex optimiza-

tion problem. We can achieve a closed-form update given in Theorem

Theorem 3. For Gaussian distribution with parameter @ := {u, >}, problem
1s convex w.r.t 8. The optimum of problem leads to closed-form update

and :

Sk =57 426,V J(6)) (3.33)
o1 = By — B2V, J(6:) (3.34)

Remark: Comparing the update rule in Theorem With Eq.(3.16) and (3.17)), we
can observe that the only difference is in the update of p. In Eq.(3.34), the update

employs Y;, while the update in Eq.(3.17) employs ;1. The update in Eq.(3.17)

takes one step look ahead information, it helps to improve sample efficiency.
We can obtain the black-box update for g and ¥ by Theorem [3] and Theorem 2]

The update rule is given as follows:

S =S BE, (S (e —py) (e —p) TS5 f ()]
Hip1 = Ky — BE, [("B - :ut)f(w)] (3.35)

Using the score function ¢(-), we can obtain Monte Carlo approximation update as

N ~
S =T A % (S i) (25— ) "5, (3.36)
=1
N ~
P = My — b Z%(wz — ) (3.37)
i=1

From Eq.(3.37)), we can see that the update rule for p is similar to that of CMA-
ES. In contrast, the update rule for covariance matrix X is the same as the implicit
natural gradient update in Eq.(3.26)), which updates the inverse covariance matrix

instead of the covariance matrix itself in CMA-ES. The algorithm is summarized in
Algorithm
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Algorithm 3 INGOstep

Input: Number of Samples N, step-size [3.

while Termination condition not satisfied do
Take i.i.d samples z; ~ N(0,I) for i € {1,--- N}.
Set @; = p, + X7 z; fori e {1,--- N}.
Query the batch observations { f(xy), ..., f(zn)}
Compute 0 = std(f(x1), ..., f(xN)).
Compute /i = + va ().
Set L7 = %7 +5ZN [ iy 20,25, 2,

Set pypy = py — 52 lz,u £ Zi
end while

3.5 Optimization for Discrete Variable

Binary Optimization: For function f(x) over binary variable € {0,1}¢, we
employ the Bernoulli distribution with parameter p = [py,--- ,p4]" as the underlying
distribution, where p; denote the probability of x; = 1. Let 1 denote the natural

parameter, then we know the inverse parameter mapping p = +i—n' The mean
parameter is m = p |131].
From Eq., we know that
N1 = My — BeVpEp[f ()] (3.38)
=n, — BE, [f(z)h] (3.39)
where h; = piil(a:i =1) — 1_1pi1(:cl- = 0). Detailed derivation can be found in
Appendix [10.8]
Approximate the gradient by Monte Carlo sampling, we obtain that
XN
My =My = By D Fl@)B” (3.40)
n=1

where by = - 1(z} = 1) — =-1(z} = 0).
In order to achieve stable update, we normalize function value by its standard
deviation & in a batch, i.e., & = std(fi, ..., fx). The normalized update is given as

follows.
N
M1 =" — ﬁtN—a Zl f(x™)h"™ (3.41)

General Discrete Optimization: Similarly, for function f(x) over discrete

variable z € {1,---, K} we employ categorical distribution with parameter P =
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Algorithm 4 General Framework
Input: Number of Samples N, step-size [3.
while Termination condition not satisfied do
Construct unbiased estimator g; of gradient w.r.t p.
Construct unblased/ blased estimator Gt € ST such that bI < Gt = %]

Set = py — BEi+10:
end while

[p1, -+ ,py)" as the underlying distribution, where the ij-th element of P (P;;) de-
note the probability of &; = j. Let 7 € R denote the natural parameter, then

"lij

we know the inverse parameter mapping P;; = —=x—=;. The mean parameter is
j=1¢""
m = P [131).
From Eq.(3.6), we know that
M1 =N — BiVpEp[f(z)] (3.42)
=1, — BE, [f(z)H] (3.43)
where H;; = 1(:c1 = j). Detailed derivation can be found in Appendix [10.8

Approxnnate the gradient by Monte Carlo sampling,
[N
Miv1 =M — Btﬁ nZ:l f(z")H" (3.44)

where H}; = 5-1(z} = j). We can also normalize the update by the std 7. It
ij

is worth noting that for each row of 7, plus an offset constant does not change the

probability P. Thus, we can plus a constant to each row of 1 to avoid numerical

problem.

3.6 Convergence Rate

We first show a general framework for continuous optimization in Alg. Alg.
employs an unbiased estimator (g;) for gradient V,J(;). In contrast, it can employ
both the unbiased and biased estimators @t for update. It is worth noting that g; can
be both the first-order estimate (stochastic gradient) and the zeroth-order estimate
(function value based estimator).

The update step of pu and X is achieved by solving the following convex minimiza-
tion problem.

m'™ = argmin B, (m, 3,) + KL (P ||prme) (3.45)

memM
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where m = {m;,my} = {p, X + pup'} € M, M denotes a convex set, and v, =
{9t — 2Gipy, Gi}
The optimum of problem (3.45)) leads to closed-form update (3.46)) and ([3.47)):

Srh =5+ 26,6, (3.46)
Fii1 = By — BiZe G (3.47)

General Stochastic Case: The convergence rate of Algorithm [4] is shown in
Theorem 4l

Theorem 4. Given a convez function f(x), define J(0) := Eyz.0)[f ()] for Gaussian
distribution with parameter @ := {M,E%} € O and © = {N,E%‘ p e RLY €
S*}. Suppose J(0) be y-strongly conver. Let G, be positive semi-definite matriz such
that bI < G, < 21. Suppose ¥, € ST and ||X4]| < p, Eg = Vu:utj. Assume
furthermore ||Vs=s, J||w < By and ||p* —u1||221,1 < R, E||g.|3 < B. Set B, = B3, then
Algorithm ] can achieve

T
=[S B )| - ) < (3.45)
t=1
20R+2b5p(4B1+B)+4B1(1+log T)+ (1+log T) 5B
46T
B logT’
~o(2h) 349

Remark: Theorem [4does not require the function f(x) be differentiable. It holds
for non-smooth function f(x). Theorem {4| holds for convex function f(x), as long
as J(0) := Epzg)[f(x)] be v-strongly convex. Particularly, when f(x) is y-strongly
convex, we know J(0) is v-strongly convex [49]. Thus, the assumption here is weaker
than strongly convex assumption of f(x). Moreover, Theorem [4| does not require
the boundedness of the domain. It only requires the boundedness of the distance
between the initialization point and an optimal point. Theorem [4| shows that the
bound depends on the bound of E|[g;||3, which means that reducing variance of the
gradient estimators can leads to a small regret bound.

Black-box Case: For black-box optimization, we can only access the function
value instead of the gradient. We give an unbiased estimator of V,,.J(6,) using func-

tion values as below
G =72 (i +502) - f) (3.50)
where z ~ N (0, I).
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The estimator g; is unbiased, i.e., E[g)] = V,.J(0;). The proof of unbiasedness
of the estimator g; is given in Lemma 7 in the Appendix. With this estimator, we
give the convergence rate of Algorithm [4] for convex black-box optimization as in
Theorem [l

Theorem 5. For a L-Lipschitz continuous convez black box function f(x), define
J(0) := Eywolf(z)] for Gaussian distribution with parameter 6 := {p.2:} € ©
and © = {;J,,Z%} p € RLY € St}. Suppose J(O) be y-strongly convex. Let G,
be positive semi-definite matriz such that bI = Gy = 3I. Suppose ¥, € ST and
13512 < p, Assume furthermore ||Vszs,J||;w < By and |p* — y,l||§1,1 < R, . Set

By = B and employ estimator g; in Fq. , then Algom'thm can achieve

T

=SS E ()| - ) (351)

t=1

bR+ bBp(4By + 2BL*(d + 4)?)
< BT (3.52)
N 4B1(1+1ogT) + (1 +logT)BL*(d + 4)*

ABbT

B d*logT
=0 ( = ) (3.53)

Remark: Theorem [f]holds for non-differentiable function f(2). Thus, Theorem ]
can cover more interesting cases e.g. sparse black box optimization. In contrast, Bal-
asubramanian et al. ( [19]) require function f(x) has Lipschitz continuous gradients.

Both Alg. [I]and Alg. [2|employ an unbiased gradient estimator g for g update and
biased estimator G for variance ¥ (0?) update. When further ensure bI < @t =11,
Theorem [5| holds for Alg. [1] and Alg. Theorem [5] is derived for single sample
per iteration. We can reduce the variance of estimators by constructing a set of
structured samples that are conjugate of inverse covariance matrix in a batch, i.e.,
zZi2, 1zj = 0,7 # j. Particularly, when we use it = oI, sampling N = d orthogonal
samples [38] per iteration can lead to a convergence rate O (dlc’TgT). For N > d

samples, we can use the method in [117] with a random rotation to reduce variance.

3.7 Empirical Evaluation

3.7.1 Evaluation on synthetic continuous test benchmarks

We evaluate the proposed INGO , INGOstep and Fast-INGO (diagonal case of INGO)
by comparing with one of the state-of-the-art method CMA-ES [69] and IGO [135]
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with full covariance matrix update, and vanilla ES with antithetic gradient estima-
tors |149] on several synthetic benchmark test problems. All the test problems are
listed in Table [3.1]

Table 3.1: Test functions

name function
Ellipsoid ~ f(a) = 3%, 1071 42
Discus f(z) == 10%; + (Zz . x?
6(i—1
(-Ellipsoid ~ f(z) :== 3.0, 107 ¢ |z
(1-Ellipsoid  f() :== Y0, 107 [a 3
d—1
in2 —1)*(1 + 10sin®(mw; + 1 —1)%(1 4 sin?(2
Levy fl@) = sin (7rw1)+i221 (w;—1)°(1 + 10sin*(mw; + 1)) + (wg—1)*(1 4 sin®(27wy))
where w; = 1+ (z; — 1)/4, 1 € {1, ...,d}
d i— i—
Rastriginl0  f(x) := 10d + > (1071 2;)% — 10 cos (271071 ;)
i=1

Parameter Settings: For INGO, INGOstep and IGO, we use the same normal-

ization transformation hA(f(x;)

_ f(=)-p

o c

and all same hyper-parameters to test the

effect of implicit natural gradient. We set step size = 1/d for all of them. For Fast-
INGO, we set step size § =1/ Vd, where d is the dimension of the test problems. The
number of samples per iteration is set to N = 2|3+ [3 x Ind] /2] for all the methods,
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where |-| denotes the floor function. This setting ensures N to be an even number.
We set o1 = 0.5 x 1 and sample g, ~ Uni[0,1] as the same initialization for all the
methods, where Uni|0, 1] denotes the uniform distribution in [0, 1]. For ES [149], we
use the default step-size hyper-parameters.

The mean value of f(x) over 20 independent runs for 100-dimensional problems
are show in Figure From Figure 3.1, we can see that INGO, INGOstep and
Fast-INGO converge linearly in log scale. Fast-INGO can arrive 107! precision on
five cases except the highly non-convex Rastrigin10 problem. Fast-INGO employs the
separate structure of the problems, thus it obtains better performance than the other
methods with full matrix update. It is worth to note that Fast-INGO is not rotation
invariant compared with Full-INGO. The INGO and INGOstep (with full matrix
update) can arrive 107° on four cases, while IGO with full matrix update can not
achieve high precision. This shows that the update of inverse of covariance matrix is
more stable. Moreover, CMA-ES converge linearly in log scale for the convex Ellipsoid
problem but slower than Fast-INGO. In addition, CMAES converge slowly on the non-
smooth ¢;-Ellipsoid and the non-convex E%-Ellipsoid problem. Furthermore, CMAES
fails on the non-convex Levy problem, while INGO, INGOstep and Fast-INGO obtain
10719 CMAES converges faster or achieves smaller value than ES. On the non-convex
Rastriginl0 problem, all methods fail to obtain 10719 precision. Fast-INGO obtains
smaller value. The results on synthetic test problems show that methods employing
second-order information converge faster than first-order method ES. And employing
second-order information is important to obtain high optimization precision, i.e.,
10719, Moreover, taking stochastic implicit natural gradient update can converge
faster than IGO. The test functions are highly ill-conditioned and non-convex; the
experimental results show that it is challenging for ES to optimize them well without

adaptively update covariance and mean.

3.7.2 Evaluation on RL test problems

We further evaluate the proposed Fast-INGO by comparing AESBO [37] and ES
with antithetic gradient estimators [149] on MuJoCo control problems: Swimmer,
HalfCheetah, HumanoidStandup, InvertedDoublePendulum, in Open-Al Gym envi-
ronments. CMA-ES is too slow due to the computation of eigendecomposition for
high-dimensional problems.

We use one hidden layer feed-forward neural network with tanh activation function
as policy architecture. The number of hidden unit is set to h = 16 for all problems.

The goal is to find the parameters of this policy network to achieve large reward.
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Figure 3.2: Average Reward over 5 independent runs on benchmark RL environments

The same policy architecture is used for all the methods on all test problems. The
number of samples per iteration is set to N = 20+4||3 xInd|/2] for all the methods.
For Fast-INGO, we set step-size § = 0.3 . We set o7 = 0.1 x 1 and p; = 0 as the
initialization for both Fast-INGO and ES. For ES , we use the default step-size
hyper-parameters. Five independent runs are performed. The experimental results
are shown in Figure We can observe that Fast-INGO increase AverageReward
faster than ES on all four cases. This shows that the update using seconder order

information in Fast-INGO can help accelerate convergence.

3.7.3 Evaluation on discrete test problems

We evaluate our discrete INGO by comparing with GA method on binary reconstruc-
tion benchmark problem, i.e., f(x) := ||sign(x — 0.5) — w||3 — ||sign(w) — w||? with
x € {0,1}% . We construct w by sampling from standard Gaussian. The dimension d
of test problem is set to {100, 500, 1000, 2000}, respectively. For our discrete INGO,
we set the stepsize 5 = 1/d. The number of samples per iteration is same as INGO,
ie, N=20+4|3+ |3 x1Ind]|/2].

39



—*— DiscreteINGO —*—DiscreteINGO
120 ——GA 1 —e—GA

°
[*)]
)
[v'4
6 0 1 é 3‘) 1‘1 5 6
Number of Evaluation x10* Number of Evaluation x10°
( a) 100-dimensional problem (b) 500-dimensional problem
160! T 3500 T T
—%— DiscreteINGO —*—DiscreteINGO
1400 —e—GA 1 3000 —e—GA

0 2 4 6 8 10 12 14 16
Number of Evaluation x10° Number of Evaluation x10°

(C) 1000-dimensional problem (d) 2000-dimensional problem

Figure 3.3: Mean value of regret over 10 independent runs for different dimensional
discrete optimization problems

The experimental resutls are shown in Fig. We can observe that our discrete
INGO achieves much smaller regret compared with GA. Our discrete INGO converges
to near zero regret on 100-dimensional and 500-dimensional test problems, while GA

decrease very slowly after a short initial greedy phase.

3.8 Summary

In this Chapter, I proposed a novel stochastic implicit natural gradient frameworks for
black-box optimization. Under this framework, I presented algorithms for both con-
tinuous and discrete black-box optimization. Theoretically, I proved the O (logT'/T)
convergence rate of our continuous algorithms with stochastic update for non-differentiable
convex function under expectation y-strongly convex assumption. I proved O (d?logT/T')
converge rate for black-box function under same assumptions above. For isometric

Gaussian case, we proved the O (dlogT/T) converge rate when using d orthogonal

40



samples per iteration, which well supports parallel evaluation. Our method is very
simple, and it contains less hyper-parameters than CMA-ES. Empirically, our meth-
ods obtain a competitive performance compared with CMA-ES. Moreover, our INGO
and INGOstep with full matrix update can achieve high precision on Levy test prob-
lem and Ellipsoid problems, while IGO [135] with full matrix update can not. This
shows the efficiency of our methods. On RL control problems, our algorithms increase
average reward faster than ASEBO [37] and ES, which shows employing second or-
der information can help accelerate convergence. Moreover, our discrete algorithm

outperforms than GA on test functions.
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Chapter 4

Batch Bayesian Optimization

4.1 Chapter Abstract

In this chapter, we investigate black-box optimization from the perspective of frequen-
tist kernel methods. We propose a novel batch optimization algorithm, which jointly
maximize the acquisition function and select points from a whole batch in a holistic
way. Theoretically, we derive regret bounds for both the noise-free and perturbation
settings irrespective of the choice of kernel. Moreover, we analyze the property of the
adversarial regret that is required by a robust initialization for Bayesian Optimiza-
tion (BO). We prove that the adversarial regret bounds decrease with the decrease
of covering radius, which provides a criterion for generating a point set to minimize
the bound. We then propose fast searching algorithms to generate a point set with
a small covering radius for the robust initialization. Experimental results on both
synthetic benchmark problems and real-world problems show the effectiveness of the

proposed algorithms.

4.2 Problem Setup

Notations and Symbols: Let #H; denote a separable reproducing kernel Hilbert
space associated with the kernel k(-,-), and Let [|-||,,, denote the RKHS norm in H;
. || || denotes the l; norm (Euclidean distance). Let By = {f : f € Hy, [|fl;, < B}
denotes a bounded subset in the RKHS, and X C R denote a compact set in R%.
Symbol [N] denotes the set {1,...,N}. N and P denote the integer set and prime
number set, respectively. Bold capital letters are used for matrices.

Let f : X — R be the unknown black-box function to be optimized, where
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X C R?is a compact set. BO aims to find a maximum z* of the function f, i.e.,

f(@®) = max f(z).

reX

In sequential BO, a single point z; € X is selected to query an observation at
round ¢. Batch BO is introduced in the literature for the benefits of parallel execution.
Batch BO methods select a batch of points X;, = {Z@m-1)41, ..., Tnr } simultaneously
at round n, where L is the batch size. The batch BO is different from the sequential
BO because the observation is delayed for batch BO during the batch selection phase.
An additional challenge is introduced in batch BO since it needs to select a batch of
points at one time, without knowing the latest information about the function f.

In BO, the effectiveness of a selection policy can be measured by the cumulative
regret Rr and the simple regret (minimum regret) ry over T' steps. The cumulative

regret Ry and simple regret r are defined as follows,

t=1

re = f(z*) — max f(xy). (4.2)

1<t<T

The regret bound introduced in numerous theoretical works is based on the maximum

information gain defined as

1
yr = max o log det(Iy + 0 ?Kr), (4.3)
X14..,XT
where K7 = [k(x;,X;)], ., ;< denotes the kernel matrix, and x;,- -+, x7 € A’ denotes

the T' data points in the input domain.
The bounds of 7 for commonly used kernels are studied in [160]. Specifically, |160]
state that y7 = O(dlogT) for the linear kernel, 7 = O((logT)%*1) for the squared

exponential kernel and yr = O(T*(log T')) for the Matérn kernels with v > 1, where

d(d+1)
) = L.

algorithms.

a = We employ the term ~; to build the regret bounds of our
In this work, we consider two settings: noise-free setting and perturbation setting:
Noise-Free Setting: We assume the underlying function f belongs to an RKHS
associated with kernel k(-,-) , ie., f € Hy, with [[f]l, < oo . In the noise-free
setting, we can directly observe f(z),r € X without noise perturbation.
Perturbation Setting: In the perturbation setting, we cannot observe the function
evaluation f(z) directly. Instead, we observe y = h(x) = f(z) + g(z), where g(x) is

an unknown perturbation function.
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1l z=y

0 x#y
and 0 > 0. We assume f € Hy , g € Ho2s with |[f]l,, < oo and [|glly, ., < 00,

Define k°(z,y) = k(z,y) + 0%§(x,y) for z,y € X, where §(z,y) =

respectively. Therefore, we know h € Hyo and [|h];,, < oo. The same point is

assumed never selected twice, this can be ensured by the deterministic selection rule.

4.3 BO in Noise-Free Setting

In this section, we will first present algorithms and theoretical analysis in the se-
quential case. We then discuss our batch selection method. All detailed proofs are
included in the supplementary material.

4.3.1 Sequential Selection in Noise Free Setting

Define my(z) and oy(x) as follows:

mt(x) = kt<l'>TKt_1ft (44)
o2(r) = k() — (o) TK; (), (4.5)
where k;(x) = [k(x,11),....k(z,2:)]T and the kernel matrix K; = (k@i 25)]1 iy

These terms are closely related to the posterior mean and variance functions of GP
with zero noise. We use them in the deterministic setting. A detailed review of the
relationships between GP methods and kernel methods can be found in [87].

The sequential optimization method in the noise-free setting is described in Algo-
rithm 5| It has a similar form to GP-UCB [160], except that it employs a constant
weight of the term oy, (z) to balance exploration and exploitation. In contrast, GP-
UCB uses a O(log(t)) increasing weight. In practice, a constant weight is preferred
in the scenarios where an aggressive selection manner is needed. For example, only
a small number of evaluations can be done in the hyperparameter tuning in RL al-

gorithms due to limited resources. The regret bounds of Algorithm [5| are given in
Theorem [6

Theorem 6. Suppose [ € Hy associated with k(xv,x) < 1 and | f|;, < oo. Let
_ 8
= e
regret bound given as follows:

Algorithm E achieves a cumulative regret bound and a simple

Ry < [/, VTCrr (146)

CI'YT
T

rr < |y, (4.7)

where 0 < ¢ < +00.
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Algorithm 5 Sequential Noise-free Algorithm
fort=1to T do
Obtain m,_1(-) and o7_,(-) via equations (4.4) and (4.5).
Choose z; = argmax, e my—1(z) + || 5, 0t-1(2).
Query the observation f(x;) at location x;.
end for

Remark: We can achieve concrete bounds w.r.t 7' by replacing vy with the
specific bound for the corresponding kernel. For example, for SE kernels, we can
obtain that Ry = O(VT(log 7)) and rp = O(%), respectively. [32] presents
bounds for Matérn type kernels. The bound in Theorem [6]is tighter than Bull’s bound
of pure EI (Theorem 4 in [32]) when the smoothness parameter of the Matérn kernel
v > % = O(d). This is no better than the bound of mixed strategies (Theorem
5) in Bull's work. Nevertheless, the bound in Theorem [f] makes fewer assumptions
about the kernels, and covers more general results (kernels) compared with Bull’s

work.

4.3.2 Batch Selection in Noise-Free Setting

Let N and L be the number of batches and the batch size, respectively. Without
loss of generality, we assume 7" = NL. Let X, = {4 -1)r41, ..., Tnr} and X, =
{X1,..., Xn} = {21, ..., zor } be the n'* batch of points and all the n batches of points,
respectively. The covariance function of X € R?! for the noise free case is given as

follows:
cov, (X, X) = K(X, X) - K(X,,, X\)"K(X,, X, '"K(X,, X) (4.8)

where K(X,X) is the L x L kernel matrix, K(X,, X) denotes the nL x L kernel
matrix between X,, and X. When n = 0, covo(X, X) = K(X, X) is the prior kernel
matrix. We assume that the kernel matrix is invertible in the noise-free setting.

The proposed batch optimization algorithm is presented in Algorithm [8| It em-
ploys the mean prediction value of a batch together with a term of covariance to
balance the exploration/exploitation trade-off. The covariance term in Algorithm
penalizes the batch with over-correlated points. Intuitively, for SE kernels and Matérn
kernels, it penalizes the batch with points that are too close to each other (w.r.t Eu-
clidean distance). As a result, it encourages the points in a batch to spread out for
better exploration. The regret bounds of our batch optimization method are summa-

rized in Theorem [Tl
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Algorithm 6 Batch Noise-free Algorithm
for n=1to N do

Obtain m@,_1y.(-) and COVn 1(+) via equations (4.4)) and (4.8), respectively.

r(covy_1(X,X 1Tcov,_1(X,X
Choose X. —argmaXLZmn L (X_i)_|_”h”Hk(2\/t( Ll( ))_\/ 1(X,X)

L2
XCX =1
Query the batch observations {f(2(n-1)r41) .-, f(znr)} at locations X,.
end for

Theorem 7. Suppose f € Hk associated with k(z,x) < 1 and [ fll, < oo. Let

..... = W Algomthm [
with batch size L achieves a cumulative regret bound and a simple regret bound given

by equations (@ and , respectively:
Rr < || flly VTCrr (19)

CﬂT
T

rr < |y, (4.10)

Remark: (1) A large § leads to a large bound, while a small g attains a small
bound. Algorithm 2 punishes the correlated points and encourages the uncorrelated
points in a batch, which can attain a small 5 in general. (2) A trivial bound of f is
p<L.

To prove Theorem (7, the following Lemma is proposed. The detailed proof can
be found in the Appendix.

Lemma 1. Suppose f € Hj. associated with kernel k(z,x) and | f[l,, < oo, then
2
we have (Zf (@) =S8 f(@ )) < Hink (1TA1), where A denotes the kernel

covariance matriz with A;; = k(Z;,7;) — k(7)) TK; ki (T5).

Remark: Lemma [l| provides a tighter bound for the deviation of the summation
of a batch than directly applying the bound for a single point L times.

The intuition of the batch selection scheme: the selection acquisition func-
tion consists of two parts, the mean of prediction in a batch and the variance/covariance
terms in a batch. The mean of prediction provides an estimation of the black-box
function. The variance/covariance terms encourage exploration in a batch. These two
parts balance between exploits of current estimation for optimization and maintain a

diversity exploration to gain information.
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Algorithm 7 Sequential Optimization with Perturbation
fort=1to T do
Obtain 7,1 (-) and 57, (-) via equation (4.11)) and (4.12).
Choose z; = arg max,cy M1 () + ||hlly,, 01 ()
Query the observation y; = h(z;) at location z;.
end for

4.4 BO in Perturbation Setting

In the perturbation setting, we cannot observe the function evaluation f(z) directly.
Instead, we observe y = h(z) = f(z) + g(x), where g(x) is an unknown perturbation
function. We will discuss the sequential selection and batch selection methods in the

following sections, respectively.

4.4.1 Sequential Selection in Perturbation Setting
Define my(x) and oy(x) as follows:

my(z) = k(2)T (K, + o)y, (4.11)
02 (x) = k(z,2) — k()" (K + 021) "'k (), (4.12)

where k;(x) = [k(x, 1), ..., k(z,7)]" and the kernel matrix K; = [k(z;, i) <i <t

The sequential selection method is presented in Algorithm It has a similar
formula to Algorithm ; while Algorithm [7]employs a regularization 021 to handle the
uncertainty of the perturbation. The regret bounds of Algorithm [7| are summarized
in Theorem [8l

1l z=y

0 z#y
and o > 0. Suppose f € Hi, g € Hyes associated with kernel k and kernel 02§

Theorem 8. Define k°(x,y) := k(x,y) +0%(x,y) < B, where §(z,y) = {

with || fll, < oo and gl ,, < 00, respectively. Let Cg = Algorithm

8B
log(1+Bo—2) "
[7 achieves a cumulative regret bound and a simple regret bound given by equations

and , respectively.

Rr < M,/ TG 42T (Il + gl ) (4.13)

Csyr
o < [l =t +2 (bl + gl ) 0 (4.14)

Remark: In the perturbation setting, the unknown perturbation function g re-

sults in some unavoidable dependence on ¢ in the regret bound compared with GP-
UCB [160]. Note that the bounds in [160] are probabilistic bounds. There is always
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a positive probability that the bounds in [160] fail. In contrast, the bounds in Theo-

rem [§ are deterministic.

Corollary 1. Suppose h = f € Hy associated with k(z,y) <1 and || f[|,, < oo. Let

C = W. Algorithm [7 achieves a cumulative regret bound and a simple regret
bound given by equations and , respectively:
By <[ fll, VT Cryr + 2T f 3,0 (4.15)
Ciyr
rr < “fHHk T + 2||f||7—1k0- (4.16)
Proof. Setting g = 0 and B = 1 in Theorem [8| we can achieve the results. O

Remark: In practice, a small constant 0/ is added to the kernel matrix to avoid
numeric problems in the noise-free setting. Corollary [1| shows that the small constant
results in an additional biased term in the regret bound. Theorem |§| employs
and for updating, while Corollary |1| presents the regret bound for the practical

updating by (EI1) and (E12).

4.4.2 Batch Selection in Perturbation Setting

The covariance kernel function of X € R’ for the perturbation setting is defined as
equation (4.17)),

Ova(X, X) = K(X, X) = K(X,,, X)7 (0*T + K(X,,, X)) K(X,, X),  (4.17)
where K (X, X) is the L x L kernel matrix, and K(X,,, X) denotes the nL x L kernel

matrix between X, and X. The batch optimization method for the perturbation
setting is presented in Algorithm[8 The regret bounds of Algorithm[§]are summarized

in Theorem [9l
Theorem 9. Define k°(z,y) := k(x,y) +0%6(x,y) < B, where §(x,y) = L=y

0z#y
and o > 0. Suppose f € Hyi and g € Hy2s associated with kernel k and ker-

nel 00 with || fll,, < oo and gl ,, < 00, respectively. Let T = NL, § =
max,e1,... N} ||COVn—1(Xn, Xp) ||y and Cy = ﬁ . Algorithm IE with batch size
L achieves a cumulative regret bound and a simple regret bound given by equations

and , respectively:
Ri < [l v/ TCorr+ 27 ([l + ) (4.18)

Ciyr
rr < Il = +2 (Mol + gl ) o (4.19)

Remark: When the batch size is one, the regret bounds reduce to the sequential

case.
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Algorithm 8 Batch Optimization with Perturbation
for n=1to N do
Obtain M @,—1y.(-) and C/O\Vn 1(+) via equation (4.11]) and (4.17)) respectively.

Choose X,=arg maXL Z M(n-1)L <X'7i)+”h”’H1€a (2\/“(@”;()(’)()) —\/lTﬁ"*l(X’X)

L2
XCcX 1=
Query the batch observatlons {h(rm-1)r41); - M(@nr)} at locations X, =
{x(n*I)L+17 cey $nL}'
end for

4.5 Robust Initialization for BO

In practice, the initialization phase of BO is important. In this section, we will discuss
how to achieve robust initialization by analyzing regret in the adversarial setting. We
will first show that algorithms that attain a small covering radius (fill distance) can
achieve small adversarial regret bounds. Based on this insight, we provide a robust
initialization to BO.
Let f; : X — R, t € [T] be the black-box function to be optimized at round ¢. Let
fi(z}) = max,ex fi(x) with f; € By. The simple adversarial regret 77 is defined as:
T = min sup  {fi(z}) — filze)}, (4.20)

te[T] t,eBy, Vie[t—1],
Jr(xi)=fi(x:)

where the constraints ensure that each f; has the same observation values as the
history at previous query points X; ; = {z1,...,2;_1}. This can be viewed as an
adversarial game. During each round ¢, the opponent chooses a function f; from a
candidate set, and we then choose a query z; to achieve a small regret. A robust
initialization setting can be viewed as the batch of points that can achieve a low
simple adversarial regret irrespective of the access order.

Define covering radius (fill distance [87]) and packing radius (separate distance [87])

of a set of points X = {z1, ..., z7r} as follows:

hx = sup mlnHa: — 4| (4.21)
zeXx TtE€X
1
pr =1 min_ |5z, (122
“z;xj

Our method for robust initialization is presented in Algorithm [0 which constructs
an initialization set X7 ; by minimizing the covering radius. We present one such
method in Algorithm in the next section. The initialization set X1, can be
evaluated in a batch manner, which is able to benefit from parallel evaluation. The

regret bounds of Algorithm [9] are summarized in Theorem [10] and Theorem
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Theorem 10. Define By, = {f : f € Hy, [|flly, < B} associated with k(z,z) for
r € X C R Suppose f € By and Hy, is norm-equivalent to the Sobolev space of
order s. Then there exits a constant C' > 0, such that the query point set generated

by Algorithm 5 with a sufficiently small covering radius (fill distance) hx achieves
a regret bound given by equation .'

Fr < BORSTY?. (4.23)

Remark: The regret bound decreases as the covering radius becomes smaller.
This means that a query set with a small covering radius can guarantee a small
regret. [32] gives bounds of fixed points set for Matérn kernels (Theorem 1). However,
it does not link to the covering radius. The bound in Theorem [10| directly links to
the covering radius, which provides a criterion for generating points to achieve small

bounds.

Theorem 11. Define B, = {f : f € Hy,[|flly, < B} associated with square-
exponential k(x,x) on unit cube X C RY. Suppose f € By. Then there exits a
constant ¢ > 0, such that the query point set generated by Algorithm 5 with a

sufficiently small covering radius (fill distance) hx achieves a regret bound given by

equation ([4.24):
Fr < Bexp(clog(hx)/(2v/hx)). (4.24)

Remark: Theorem [11] presents a regret bound for the SE kernel. It attains higher
rate w.r.t covering radius hx compared with Theorem [10] because functions in RKHS
with SE kernel are more smooth than functions in Sobolev space.

We analyze the regret under a more adversarial setting. This relates to a more
robust requirement. The regret bounds under a fully adversarial setting when little

information is known are summarized in Theorem [12

Algorithm 9 Greedy Batch Optimization
Construct Candidate set Xp_; with T'—1 points by minimizing the fill distance

(e.g.Algorithm [10).

Query the observations at Xp_.

Obtain my_;(+) and o%_,(-) via equation |) and 1D
Choose xy = argmaxmp_1(x) + Bor_1(x)

zeX
Query the observation yr = f(zr) at location x7.
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Figure 4.1: Lattice Points and Random Points on [0, 1]?

Theorem 12. Define By = {f : f € Hy, ||f|ly, < B} associated with a shift invariant
kernel k(z,y) = ®(||lx — y||) < 1 that decreases w.r.t ||x — y||. Suppose Iz* such
that fi(z*) = maxzex fi(z) with f; € By for t € [T].
X = {a1,...,z7} generated by Algorithm [9 with covering radius (fill distance) hx

Then the query point set

achieves a regret bound as

rr=

min - sup {fi(z")— fi(z:)} < By/2-2®(hx).

te{1,....,T} f,.eB,

Remark: Theorem 9 gives a fully adversarial bound. Namely, the opponent can
choose functions from Bj, without the same history. The regret bound decreases with
the decrease of the covering radius (fill distance). The assumption requires each f; to

have the z* as one of its maximum. Particularly, it is satisfied when fi=---= fr = f.

Corollary 2. Define B, = {f : f € Hx, | flly, < B} associated with squared expo-
nential kernel. Suppose 3x* such that fi(z*) = max,cx fi(x) with f; € By, fort € [T].
Then the query point set X = {z1,...,xr} generated by Algorithm @ with covering
radius (fill distance) hx achieves a regret bound as

min_sup {fi(z") — fi(ze)} < O(hx).

(4.25)
te{l,..T} f,eB,

rr =

Remark: For a regular grid, hx = O(T~4) [172], we then achieve 77 = O(T~4).

Computer search can find a point set with a smaller covering radius than that of a
regular grid.

All the adversarial regret bounds discussed above decrease with the decrease of the

covering radius. Thus, the point set generated by Algorithm [9] with a small covering

radius can serve as a good robust initialization for BO.
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Algorithm 10 Rank-1 Lattice Construction
Input: Number of primes M, dimension d, number of lattice points N
Output: Lattice points X*, base vector b*
Set po = 2 X d + 1, initialize p* = —1.
Construct set U := {p|p € P,p > po} containing M primes.
for eachp e U do
fori=0top—1do
Set g = mod(q + i,p), where q € R4~ and q;=J.
Set g = round (N X mod(|2003(2”7g)\, 1)).
Set b as [1, g] by concatenating vector 1 and g.
Generate lattice X given base vector b as Eq.(4.26).
Calculate the packing radius (separate distance) px of X as Eq..
if px > p* then
Set b* = b and p* = px.
end if
end for
end for

Generate lattice X* given base vector b* as Eq.(4.26)).

4.6 Fast Rank-1 Lattice Construction

In this section, we describe the procedure of generating a query points set that
has a small covering radius (fill distance). Since minimizing the covering radius of
the lattice is equivalent to maximizing the packing radius (separate distance) [89],
we generate the query points set through maximizing the packing radius (separate

distance) of the rank-1 lattice. An illustration of the rank-1 lattice constructed by
Algorithm [10]is given in Fig.
4.6.1 The rank-1 lattice construction given a base vector

Rank-1 lattice is widely used in the Quasi-Monte Carlo (QMC) literature for integral
approximation [89,96]. The lattice points of the rank-1 lattice in [0, 1]? are generated
by a base vector. Given an integer base vector b € N, a lattice set X that consists

of N points in [0, 1]¢ is constructed as
X :={x; :=mod(i x b, N)/N|i€{0, ..., N-1}}, (4.26)

where mod(a,b) denotes the component-wise modular function, i.e.;, a%b. We use

mod(a, 1) to denote the fractional part of number a in this work.
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Algorithm 11 Rank-1 Lattice Construction with Successive Coordinate Search
(SCS)
Input: Number of primes M, dimension d, number of lattice points N, number of
iteration of SCS search subroutine 7'
Output: Lattice points X*, base vector b*
Set po = 2 X d + 1, initialize p* = —1.
Construct set U := {p|p € P,p > po} containing M primes.
for each p e U do
fort=0top—1do
Set g = mod(q + i, p), where q € R4™* and q;=.
Set g = round(N X mod(|2003(2’TTg)|, 1)).
Set b as [1, g] by concatenating vector 1 and g .
Perform SCS search [1,/117] with b as the initialization base vector to get a

better base b and px-
if px > p* then
Set b* = b and p* = py.
end if
end for
end for
Generate lattice X* given base vector b* as Eq..

4.6.2 The separate distance of a rank-1 lattice

Denote the toroidal distance |[64] between two lattice points y € [0, 1]¢ and z € [0, 1]¢

as:

d
ly — 2l ==y | Y _(min(|y; — 2, 1 — |y — zi])2. (4.27)
i=1
Because the difference (subtraction) between two lattice points is still a lattice point,
and a rank-1 lattice has a period of 1, the packing radius (separate distance) px of a
rank-1 lattice with set X in [0, 1]? can be calculated as
in ] (1.28)
= min —||x .
px x€X\0 2 n
where ||x||7 can be seen as the toroidal distance between x and 0. This formulation
calculates the packing radius (separate distance) with a time complexity of O(Nd)

rather than O(N?d) in pairwise computation.
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Table 4.1: Minimum distance (2px) of 1,000 lattice points in [0, 1]¢ for d = 10, d = 20,

d =30, d =40 and d = 50.

d=10 [ d=20 [ d=30 [ d=40 [ d=50

Algorithm [10 | 0.59632 | 1.0051 | 1.3031 | 1.5482 | 1.7571
Korobov | 0.56639 | 0.90139 | 1.0695 | 1.2748 | 1.3987
SCS 0.60224 | 1.0000 | 1.2247 [ 1.4142 | 1.5811
Algorithm [11] [ 0.62738 | 1.0472 | 1.3620 | 1.6175 | 1.8401

Table 4.2: Minimum distance (2px) of 2,000 lattice points in [0, 1] for d = 10, d = 20,

d =30, d =40 and d = 50.

d=10 | d=20 | d=30 | d=40 | d=50

Algorithm IE‘ 0.54658 | 0.95561 | 1.2595 | 1.4996 1.7097
Korobov 0.51536 | 0.80039 | 0.96096 | 1.1319 1.2506
SCS 0.57112 | 0.98420 | 1.2247 | 1.4142 1.5811
Algorithm |11| 0.58782 | 1.0144 | 1.3221 | 1.5758 | 1.8029

4.6.3 Searching the rank-1 lattice with maximized separate
distance

Given the number of primes M, the dimension d, and the number of lattices points
N, we try to find the optimal base vector b* and its corresponding lattice points X*
such that the separation distance px- is maximized over a candidate set. We adopt
the algebra field based construction formula in 78] to construct the base vector of a
rank-1 lattice. Instead of using the same predefined form as 78|, we adopt a searching
procedure as summarized in Algorithm The main idea is a greedy search starting
from a set of M prime numbers. For each prime number p, it also searches the p offset
from 0 to p—1 to construct the possible base vector b and its corresponding X. After
the greedy search procedure, the algorithm returns the optimal base vector b* and the
lattice points set X* that obtains the maximum separation distance. Algorithm
can be extended by including successive coordinate search (SCS) [1,/117] as an inner
searching procedure. The extended method is summarized in Algorithm [11] This

method can achieve superior performance compared to other baselines.

4.6.4 Comparison of minimum distance generated by differ-
ent methods

We evaluate the proposed Algorithm [10] and Algorithm [11] by comparing them with
searching in Korobov form [96] and SCS [1,/117]. We fix M = 50 for Algorithm [10|and
Algorithm[I1]in all the experiments. The number of iterations of SCS search [1,117] is
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Table 4.3: Minimum distance (2px) of 3,000 lattice points in [0, 1]¢ for d = 10, d = 20,

d =30, d =40 and d = 50.

d=10 | d=20 [ d=30 [ d=40 | d=50

Algorithm [10[ | 0.53359 | 0.93051 | 1.2292 | 1.4696 | 1.7009
Korobov | 0.50000 | 0.67185 | 0.82285 | 0.95015 | 1.0623
SCS 0.52705 | 0.74536 | 0.91287 | 1.0541 [ 1.1785
Algorithm [11] | 0.56610 | 0.98601 | 1.2979 | 1.5553 | 1.7771

set to T' = 150, and number of iterations of SCS search as a subroutine in Algorithm [11]
is set to T' = 3.

The minimum distances (2px) of 1,000 points, 2,000 points and 3,000 points
generated by different methods are summarized in Tables[4.1] [4.2] and [4.3] respectively.
Algorithm [11] can achieve a larger separate (minimum) distance than other searching
methods. This means that Algorithm can generate points set with a smaller
covering radius (fill distance). Thus, it can generate more robust initialization for BO.
Moreover, Algorithm[I1]can also be used to generate points for integral approximation
on [0, 1]%.

4.6.5 Comparison between lattice points and random points

The points generated by Algorithm and uniform sampling are presented in Fig-
ure [4.2l We can observe that the points generated by Algorithm [10] cut the domain
into several cells. It obtains a smaller covering radius (fill distance) than the random

sampling. Thus, it can be used as a robust initialization of BO.

4.7 Experiments

In this section, we focus on the evaluation of the proposed batch method. We evaluate
the proposed Batch kernel optimization (BKOP) by comparing it with GP-BUCB [45]
and GP-UCB-PE [40] on several synthetic benchmark test problems, hyperparameter
tuning of a deep network on CIFAR100 [98] and the robot pushing task in [171].

4.7.1 Comparison with Bull’s Non-adaptive Batch Method

[32] presents a non-adaptive batch method with all the query points except one
being fixed at the beginning. As mentioned by Bull, this method is not practical.
However, [32] does not present an adaptive batch method. We compare our adaptive

batch method with Bull’s non-adaptive method on Rosebrock and Ackley functions.
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Figure 4.2: More Lattice Points and Random Points on [0, 1]?

The mean values of simple regret over 30 independent runs are presented in Figure 4.3,
which shows that Bull’s non-adaptive method has a very slowly decreasing simple
regret. Moreover, we find that Bull’s non-adaptive method performs particularly

worse when the size of the domain is large and the dimension of the problem is high.

4.7.2 Empirical Evaluation on Synthetic Benchmark Prob-
lems

Synthetic benchmark problems: The synthetic test functions and the domains
employed are listed in Table [4.4] which includes nonconvex, nonsmooth and multi-
modal functions.

We fix the weight of the covariance term in the acquisition function of BKOP to
one in all the experiments. For all the synthetic test problems, we set the dimension of
the domain d = 6, and we set the batch size to L = 5 and L = 10 for all the batch BO
algorithms. We use the ARD Matérn 5/2 kernel for all the methods. Instead of finding
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Table 4.4: Benchmark functions

name function domain
a1
Rosenbrock > (100(3:”1 — a2’ +(1— xz)2> [—2,2]¢
=1
d—1
Nesterov e =1+ X o — 2|2 + 1 [—2,2]4
i=1
d .
Different-Powers > |xi|2+10df11 [—2,2]¢
=1
d
Dixon-Price o — 1)+ 30222 — 2iy) [—2,2]4
=2
d d
Ackley —20exp(—0.24 [ % > 2?) —exp(5 Y cos(2mz;)) + 20 + exp(1)  [—2,2]?
=1 i=1

-1
sin?(mwy) + 3 (w; — 1)*(1 4 10sin®(rw; + 1))

=1
+(wg — 1)2(1 + sin?(27wg))
where w; =1+ (z; — 1)/4, i € {1, ...,d}

Levy [—10, 10]¢

the optimum by discrete approximation, we employ the CMA-ES algorithm [70] to
optimize the acquisition function in the continuous domain X for all the methods,
which usually improves the performance compared with discrete approximation. For
each test problem, we use 20 rank-1 lattice points resized in the domain X as the
initialization. All the methods use the same initial points.

The mean value and error bar of the simple regret over 30 independent runs
concerning different algorithms are presented in Figure [4.5] We can observe that
BKOP with batch sizes 5 and 10 performs better than the other methods with the
same batch size. Moreover, algorithms with batch size 5 achieve faster-decreasing
regret compared with batch size 10. BKOP achieves significantly low regret compared

with the other methods on the Different-Powers and Rosenbrock test functions.

4.7.3 Empirical Evaluation on Hyperparameter tuning of Neu-
ral Network

We evaluate BKOP on hyperparameter tuning of the network on the CIFAR100
dataset. The network we employed contains three hidden building blocks, each one
consists of one convolution layer, one batch normalization layer and one RELU layer.
The depth of a building block is defined as the repeat number of these three layers.
Seven hyperparameters are used in total for searching, namely, the depth of the
building block ({1,2,3} ), the initialized learning rate for SGD ([10~*,107]), the
momentum weight ([0.1,0.95]), weight of L2 regularization ([107'% 1072]), and three
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Figure 4.4: The mean value of simple regret on network tuning task and robot pushing
task.

hyperparameters related to the filter size for each building block, the domain of these
three parameters is {2 x 2,3 x 3,4 x 4}. We employ the default training set (i.e.,
50,000 samples) for training, and use the default test set (i.e., 10,000 samples) to
compute the validation error regret of automatic hyperparameter tuning for all the
methods.

We employ five rank-1 lattice points resized in the domain as the initialization. All
the methods use the same initial points. The mean value of the simple regret of the
validation error in percentage over 10 independent runs is presented in Figure [4.4(a)|
We can observe that BKOP with both batch size 5 and 10 outperforms the others.

Moreover, the performance of GP-UCB-PE with batch size 10 is worse than the
others.
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Figure 4.5: The mean value of simple regret for different algorithms over 30 runs on
different test functions

4.7.4 Empirical Evaluation on Robot Pushing Task

We further evaluate the performance of BKOP on the robot pushing task in [171].
The goal of this task is to select a good action for pushing an object to a target
location. The 4-dimensional robot pushing problem consists of the robot location
(z,y) and angle 6 and the pushing duration 7 as the input. And it outputs the
distance between the pushed object and the target location as the function value.
We employ 20 rank-1 lattice points as initialization. All the methods use the same
initialization points. Thirty goal locations are randomly generated for testing. All the
methods use the same goal locations. The mean value and error bars over 30 trials are
presented in Figure We can observe that BKOP with both batch size 5 and
batch size 10 can achieve lower regret compared with GP-BUCB and GP-UCB-PE.
Moreover, BKOP with a batch-size 10 obtains a very competitive regret compared
with BKOP with a batch-size 5. This shows that BKOP can be scalable to a large
batch. In addition, we can observe that BKOP with a batch-size 10 achieve a lower
regret compared with GP-UCB-PE with a small batch-size 5. This shows a great

sample efficiency of BKOP as a batch Bayesian optimization algorithm.
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4.8 Summary

In this Chapter, I analyzed black-box optimization for functions with a bounded norm
in RKHS. For sequential BO, I obtain a similar acquisition function to GP-UCB, but
with a constant deviation weight. For batch BO, I proposed the BKOP algorithm,
which is competitive with, or better than, other batch confidence-bound methods
on a variety of tasks. Theoretically, I derive regret bounds for both the sequential
and batch cases regardless of the choice of kernels, which are more general than the
previous studies. Furthermore, I derive adversarial regret bounds with respect to the
covering radius, which provides an important insight to design robust initialization
for BO. To this end, I proposed fast searching methods to construct a good rank-
1 lattice. Empirically, the proposed searching methods can obtain a large packing

radius (separate distance).
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Chapter 5

Subgroup-based Rank-1 Lattice
Quasi-Monte Carlo

5.1 Chapter Abstract

Quasi-Monte Carlo (QMC) is an essential tool for integral approximation, Bayesian
inference, and sampling for simulation in science, etc. In the QMC area, the rank-1
lattice is important due to its simple operation, and nice properties for point set con-
struction. However, the construction of the generating vector of the rank-1 lattice is
usually time-consuming because of an exhaustive computer search. In this chapter,
we propose a simple closed-form rank-1 lattice construction method based on group
theory. Our method reduces the number of distinct pairwise distance values to gen-
erate a more regular lattice. We theoretically prove a lower and an upper bound of
the minimum pairwise distance of any non-degenerate rank-1 lattice. Empirically,
our methods can generate a near-optimal rank-1 lattice compared with the Korobov
exhaustive search regarding the /;-norm and [y-norm minimum distance. Moreover,
experimental results show that our method achieves superior approximation perfor-

mance on benchmark integration test problems and kernel approximation problems.

5.2 Background of Lattice

We first give the definition and the properties of lattices in Section [5.2.1. Then we

introduce the minimum distance criterion for lattice construction in Section [5.2.2.
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5.2.1 The Lattice

A d-dimensional lattice A is a set of points that contains no limit points and satis-
fies [116]

Ve, ' e A= x+ 2’ € Aandx — ' € A. (5.1)

A widely known lattice is the unit lattice Z¢ whose components are all integers.
A general lattice is constructed by a generator matrix. Given a generator matrix

B c R%? 4 d-dimensional lattice A can be constructed as
A ={By|y e z%. (5.2)

A generator matrix is not unique to a lattice A, namely, a lattice A can be obtained
from a different generator matrices.

A lattice point set for integration is constructed as A N [0,1)¢. This step may
require an additional search (or check) for all the points inside the unit cube.

A rank-1 lattice is a special case of the general lattice, which has a simple operation
for point set construction instead of directly using Eq.. A rank-1 lattice point

set can be constructed as
wi::<§>,z‘e{o,1,.-.,n—1}, (5.3)
n

where z € Z is the so-called generating vector, and the big (-) denotes the operation
of taking the fractional part of the input number elementwise. Compared with the
general lattice rule, the construction form of the rank-1 lattice already ensures the
constructed points to be inside the unit cube without the need for any further checks.

Given a rank-1 lattice set X in the unit cube, we can also construct a randomized
point set. Sample a random variable A ~ Uniform|0,1]¢, we can construct a point
set X by random shift as [46]

X=(X+A). (5.4)

5.2.2 The separating distance of a lattice

Several criteria have been studied in the literature for good lattice construction
through computer search. Worst case error is one of the most widely used crite-
ria for functions in a reproducing kernel Hilbert space (RKHS) [46]. However, this
criterion requires the prior knowledge of functions and the assumption of the RKHS.

Without assumptions of the functions, it is reasonable to construct a good lattice by
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designing an evenly spaced point set. Minimizing the covering radius is a good way
for evenly spaced point set construction.

As minimizing the covering radius of the lattice is equivalent to maximizing the
packing radius [43], we can construct the point set through maximizing the packing

radius (separating distance) of the lattice. Define the covering radius and packing
radius of a set of points X = {z1,...,xny} as Eq.(5.5) and Eq.(5.6|), respectively:

hx = in |z — 5.5
x = sup min[lz — 2], (55)
.
pPx = 5@%12)(’ ||{L‘l — l’jH (56)
TiFL;

The [,-norm-based toroidal distance [64] between two lattice points x € [0,1]¢ and
x' € [0,1]? can be defined as:

Ix = x|z, 2=<Z(min(\ﬂfi — i, 1 — | — ;c;.y))p> (5.7)

i=1
Because the difference (subtraction) between two lattice points is still a lattice point,
and a rank-1 lattice has a period 1, the packing radius px of a rank-1 lattice can be

calculated as

1
— min - 5.8
px = min o 1|72, (5.8)

where ||x||7, denotes the [y-norm-based toroidal distance between x and 0, symbol
X'\ 0 denotes the set X excludes the point 0. This formulation calculates the packing
radius with a time complexity of O(Nd) rather than O(N?d) in pairwise comparison.
However, the computation of the packing radius is not easily accelerated by fast

Fourier transform due to the minimum operation in Eq.(5.8)).

5.3 Subgroup-based Rank-1 Lattice

In this section, we derive our construction of a rank-1 lattice based on the subgroup
theory. Then we analyze the properties of our method. We provide detailed proofs

in the supplement.

5.3.1 Construction of the Generating Vector

From the definition of rank-1 lattice, we know the packing radius of rank-1 lattice

with n points can be reformulated as

= min (5.9)
px = ie{lr,?-l,%—l} 9 1%l T ’

63



where

' d
zi= 2000 e — 1) (5.10)
n
Then, we have
, 1H , (z’zmodn n—izmodn)
px = min = ||min ,
ie{l,- n—1} 2 n n 9
1 ) d —1 d
— min - Hmin (” modn (~iz) mo ") : (5.11)
ie{l,~,n—1} 2 n n 9

where min(+,-) denotes the elementwise min operation between two inputs.
Suppose n is a prime number, from number theory, we know that for a primitive
root g, the residue of {¢° g',---,¢"?} modulo n forms a cyclic group under mul-

tiplication, and ¢"* = 1 mod n. Since (¢"7 )2 = ¢"* = 1 mod n, we know that

n—1

gz =—1modn.
Because of the one-to-one correspondence between the residue of {¢°, g%, -+ ,¢" 2}

modulo n and the set {1,2,--- ,n — 1}, we can construct the generating vector as

mi m2

z=1[g", g™, g™ modn (5.12)

without loss of generality, where my,--- ,mgy are integer components to be designed.

Denote z = [g%+m1,gn771+m2, e ,g%+md] mod n, maximizing the separating dis-
tance px is equivalent to maximizing

J= min min(¢*z mod n, ¢*Z mod n)||, . 5.13

weduin_, [[minfg y )|, (5.13)

Suppose 2d divides n— 1, i.e., 2d|(n—1), by setting m; = g(i_l)z(dn_l) fori e {1, ---,d},

we know that H = {¢g",g™2,--- , g™, grT L gt tme L ,g%+md} is equivalent
to setting {go,gnT_dl, e ,g(2d712)a§"71>} mod n , and it forms a subgroup of the group
{6° ', -+, 9" %} mod n. From Lagrange’s theorem in group theory [53], we know
that the cosets of the subgroup H partition the entire group {¢° ¢',---,¢" 2} into
equal-size, non-overlapping sets, and the number of cosets of H is "2—_dl. Thus, we know
that distance min(¢g¥z mod n, ¢*z mod n) for k € {0,--- ,n — 2} has %t different
values, and there are the same numbers of items for each value.
Thus, we can construct the generating vector as
n— (n-1) (=D (n-1)
z:[go,glel,gQM1 e ,gd 3 1]modn. (5.14)

In this way, the constructed rank-1 lattice is more regular as it has few different

distinct pairwise distance values, and for each distance, the same number of items
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obtain this value. Usually, the constructed regular lattice is more evenly spaced,
and it has a large minimum pairwise distance. We confirm this empirically through
extensive experiments in Section

We summarize our construction method and the properties of the constructed
rank-1 lattice in Theorem [13]

Theorem 13. Suppose n is a prime number and 2d|(n — 1). Let g be a primitive

n— (n— —)(n— .
root of n. Let z = [go,gle,g2 T R ,g(d gr 1)] mod n. Construct a rank-1 lattice
X={xo, -+ ,xy_1} with x; = %,i €{0,...,n—1}. Then, there are ”2—_dl distinct

pairwise toroidal distance values among X, and each distance value 1s taken by the

same number of pairs in X .

As shown in Theorem [13] our method can construct regular rank-1 lattice through
a very simple closed-form construction, which does not require any exhaustive com-

puter search.

5.3.2 Regular Property of Rank-1 Lattice

We show the regular property of rank-1 lattices in terms of l/,-norm-based toroidal

distance.
Theorem 14. Suppose n is a prime number and n > 2d+ 1. Let z = [z1, 22, - , 24
with 1 < 2z, < n — 1. Construct a rank-1 lattice X = {xg, -+ ,xp_1} with x; =

%,i €{0,....,n—1} and z; # z; . Then, the minimum pairwise toroidal distance

can be bounded as

d(d+1) : (n+1)d
— < i — Xl < ——— 5.15
on i,jE{O,-I-p,gil},i;éj i =5 < 4n (5.15)
V6d(d+1)(2d + 1) . (n+1)d
< x| < DY 5.16
6n = {0 )it Ixi =iz < 12n (5.16)
where || - ||z, and || - |7, denote the ly-norm-based toroidal distance and the ly-norm-

based toroidal distance, respectively.

Theorem [14] gives the upper and lower bounds of the minimum pairwise distance
of any non-degenerate rank-1 lattice. The term ‘non-degenerate’ means that the
elements in the generating vector are not equal, i.e., z; # z;.

We now show that our subgroup-based rank-1 lattice can achieve the optimal

minimum pairwise distance when n = 2d + 1 is a prime number.
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Corollary 3. Suppose n = 2d 4+ 1 is a prime number. Let g be a primitive root of
n. Let z = [go,g%,g%, e ,g%] mod n. Construct rank-1 lattice X =
{xo, -+, @, 1} with x; = %,i € {0,..,n — 1}. Then, the pairwise toroidal
distance of the lattice X attains the upper bound.

(n+1)d

|Ixi — x|l = in Vi, je{0,--- ,n—1}i# 7, (5.17)
1)d
||Xi — X]'HT2 = %,VZ,] - {0, e, N — ]_},Z 7é j (518)

Corollary (1] shows a case when our subgroup rank-1 lattice obtains the maximum
minimum pairwise toroidal distance. It is useful for expensive black-box functions,
where the number of function queries is small. Empirically, we find that our subgroup

rank-1 lattice can achieve near-optimal pairwise toroidal distance in many other cases.

5.4 QMC for Kernel Approximation

Another application of our subgroup rank-1 lattice is kernel approximation. Ker-
nel approximation has been widely studied. A random feature maps is a promising
way for kernel approximation. Rahimi et al. study the shift-invariant kernels by
Monte Carlo sampling [140]. Yang et al. suggest employing QMC for kernel approx-
imation [15,/179]. Several previous methods work on the construction of structured
feature maps for kernel approximation [39,[105,(117]. Apart from other kernel approx-
imation methods designed for specific kernels, QMC can serve as a plug-in for any
integral representation of kernels to improve kernel approximation. We include this
section to be self-contained.

From Bochner’s Theorem, shift invariant kernels can be expressed as an inte-
gral [140]

K(@.y) = fpae @9 ¥p(w)dw, (5.19)

where i = /=1, and p(w) is a probability density. p(w) = p(—w) > 0 ensure the
imaginary parts of the integral vanish. Eq.(5.19) can be rewritten as

K(z,y) = / i@ 27(e) ge (5.20)
[0,1)¢

We can approximate the integral Eq.(5.19) by using our subgroup rank-1 lattice ac-
cording to the QMC approximation in [166,179]

n

. _ 1 : -
K(z,y) = /[ y oi@=y) 7€) gg o Ze—z(w—y)Tq> Ye) — (U(x), U(y)), (5.21)
0,1

n <
=1

where U (x) = [e*i‘”T‘P_l(el), e ,e*inq’_l(G")} is the feature map of the input .

1
v
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Table 5.1: Minimum [/;-norm-based toroidal distance of rank-1 lattice constructed by

different methods.

n=101 401 601 701 1201 1301 1601 1801 1901 2801
SubGroup 12.624 11.419 11.371 11.354 11.029 10.988 10.541 10.501 10.454  10.748

d=50 Hua (78] 10.426  10.421  9.8120  10.267  10.074  9.3982  9.5890  9.5175  8.9868  9.2260
Korobov [97] 12.624 11.419 11.371 11.354 11.029 10.988 10.665 10.561 10.701 10.748

401 601 1201 1601 1801 2801 3001 4001 4201 4801

d=100 SubGroup 24.097 23.760 22.887 23.342 22.711 23.324 22.233 22.437 22.573 21.190
a Hua (78] 21.050 21.251  21.205 20.675 19.857  20.683  20.700  19.920 19.967  20.574
Korobov [97] 24.097 23.760 23.167 23.342 22.893 23.324 22.464 22.437 22.573 22.188

401 1201 1601 2801 4001 4801 9601 12401 14401 15601
d=200 SubGroup 50.125 48.712 47.500 47.075 47.810 45.957 45.819 46.223 43.982 45.936
- Hua [78] 43.062  43.057  43.052  43.055  43.053  43.055  43.053  42.589  42.558  42.312
Korobov [97] 50.125 48.712 47.660 47.246 47.810 46.686 46.154 46.223 45.949 45.936

3001 4001 7001 9001 13001 16001 19001 21001 24001 28001

d=500 SubGroup 121.90 121.99 119.60 118.63 120.23 119.97 11641 120.56 120.24 113.96

Hua [78] 108.33  108.33  108.33  108.33 108.33 108.33 108.33 108.33  108.33  108.33
Korobov [97] 121.90 121.99 120.46 120.16 120.23 119.97 119.41 120.56 120.24 118.86

Table 5.2: Minimum [5-norm-based toroidal distance of rank-1 lattice constructed by
different methods.

n=101 401 601 701 1201 1301 1601 1801 1901 2801
d=50 SubGroup 2.0513 1.9075 1.9469 1.9196 1.8754 1.8019 1.8008 1.8709 1.7844  1.7603
Hua [78] 1.7862  1.7512  1.7293 1.7049 1.7326 1.6295 1.6659 1.6040 1.5629  1.5990
Korobov [97] 2.0513 1.9075 1.9469 1.9196 1.8754 1.8390 1.8356 1.8709 1.8171 1.8327
401 601 1201 1601 1801 2801 3001 4001 4201 4801
d=100 SubGroup 2.8342 2.8143 2.7077 2.7645 2.7514 2.6497 2.6337  2.6410 2.6195  2.5678
Hua [78] 2.5385  2.5739 24965 24783 24132 25019 24720 2.4138 2.4537  2.4937
Korobov [97] 2.8342 2.8143 2.7409 2.7645 2.7514 2.6956 2.6709 2.6562 2.6667 2.6858
401 1201 1601 2801 4001 4801 9601 12401 14401 15601
d=200 SubGroup 4.0876 3.9717 3.9791 3.8425 3.9276 3.8035 3.7822 3.8687 3.6952  3.8370
Hua (78] 3.7332 37025  3.6902  3.6944  3.7148  3.6936  3.6571  3.5625  3.6259  3.5996
Korobov [97] 4.0876 3.9717 3.9791 3.9281 3.9276 3.9074 3.8561 3.8687 3.8388 3.8405
3001 4001 7001 9001 13001 16001 19001 21001 24001 28001
d=500 SubGroup 6.3359 6.3769 6.3141 6.2131 6.2848 6.2535 6.0656 6.2386 6.2673 6.1632

Hua [78] 5.9216 59216 59215 59215 59216 5.9216 59215 5.9215 5.8853  5.9038
Korobov [97] 6.3359 6.3769 6.3146 6.2960 6.2848 6.2549 6.2611 6.2386 6.2673 6.2422

5.5 Experiments

In this section, we first evaluate the minimum distance generated by our subgroup
rank-1 lattice in section [5.5.1. We then evaluate the subgroup rank-1 lattice on

integral approximation tasks and kernel approximation task in section [5.5.2 and |5.5.3,

respectively.

5.5.1 Evaluation of the minimum distance

We evaluate the minimum distance of our subgroup rank-1 lattice by comparing with
Hua’s method [78] and the Korobov [97] searching method. We denote ‘SubGroup’ as
our subgroup rank-1 lattice, ‘Hua’ as rank-1 lattice constructed by Hua’s method [78],

and ‘Korobov’ as rank-1 lattice constructed by exhaustive computer search in Korobov
form [97].
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Figure 5.1: Mean approximation error over 50 independent runs.error bars are with
in 1x std.

We set the dimension d as in {50, 100,200,500}. For each dimension d, we set
the number of points n as the first ten prime numbers such that 2d divides n—1, i.e.,
2d|(n—1). The minimum /;-norm-based toroidal distance and the minimum />-norm-
based toroidal distance for each dimension are reported in Table [5.5.1 and Table [5.2]
respectively. The larger the distance, the better.

We can observe that our subgroup rank-1 lattice achieves consistently better
(larger) minimum distances than Hua’s method in all the cases. Moreover, we see
that subgroup rank-1 lattice obtains, in 20 out of 40 cases, the same [s-norm-based
toroidal distance and in 24 out of 40 cases the same [;-norm-based toroidal distance
compared with the exhaustive computer search in Korobov form. The experiments
show that our subgroup rank-1 lattice achieves the optimal toroidal distance in ex-
haustive computer searches in Korobov form in over half of all the cases. Furthermore,
the experimental result shows that our subgroup rank-1 lattice obtains a competitive
distance compared with the exhaustive Korobov search in the remaining cases. Note
that our subgroup rank-1 lattice is a closed-form construction which does not require
computer search, making our method more appealing and simple to use.

Time Comparison of Korobov searching and our sub-group rank-1
lattice.  The table below shows the time cost (seconds) for lattice construction.
The run time for Korobov searching grows fast to hours. Our method can run in less
than one second, achieving a 10*x to 10°x speed-up. The speed-up increases when

n and d becomes larger.

n=3001 4001 7001 9001 13001 16001 19001 21001 24001 28001
SubGroup 0.0185 0.0140 0.0289 0.043 0.0386 0.0320 0.0431 0.0548 0.0562 0.0593

d=500 “korobov 34668 98.876 152.86 310.13 624.56 9033.54 13080 15885 20585 2815.9
n—4001 16001 24001 28001 54001 70001 76001 8S001 90001 96001
toioop SubGromp 0.0388 00618 01041 01280 02158 02023 03521 04009 05352 05663

Korobov 112.18  1849.4 41159 5754.6 20257 34842 43457 56798 56644 69323
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5.5.2 Integral approximation

We evaluate our subgroup rank-1 lattice on the integration test problem

f(x) :=exp (cixjjb) (5.22)

I(f) == (x)dz =[] exp(ej ) =1 (5.23)

[0,1]¢ j=1

We compare with i.i.d. Monte Carlo, a Hua’s rank-1 lattice [78], Korobov searching
rank-1 lattice [95], Halton sequence, and Sobol sequence [46]. For both Halton
sequence and Sobol sequence, we use the scrambling technique suggested in [46]. For
all the QMC methods, we use the random shift technique as in Eq..

We fix b = 2 and ¢ = 1 in all the experiments. We set dimension d = 100 and
d = 500, respectively. We set the number of points n as the first ten prime numbers

such that 2d divides n—1, i.e., 2d|(n—1).

RQU)—I(/)]
()]

runs for each dimension d is presented in Figure We can see that Hua’s method

The mean approximation error ( ) with error bars over 50 independent
obtains a smaller error than i.i.d Monte Carlo on the 50-d problem, however, it
becomes worse than MC on 500-d and 1000-d problems. Moreover, our subgroup rank-
1 lattice obtains a consistent smaller error on all the tested problems than Hua and
MC. In addition, our subgroup rank-1 lattice achieves a slightly better performance

than Halton, Sobol and Korobov searching method.

5.5.3 Kernel approximation

We evaluate the performance of subgroup rank-1 lattice on kernel approximation tasks
by comparing with other QMC baseline methods. We test the kernel approximation of
the Gaussian kernel, the zeroth-order arc-cosine kernel, and the first-order arc-cosine
kernel as in [39].

We compare subgroup rank-1 lattice with a Hua’s rank-1 lattice 78|, Halton se-
quence, Sobol sequence [46] and standard i.i.d. Monte Carlo sampling. For both
the Halton sequence and Sobol sequence, we use the scrambling technique suggested
in [46]. For both subgroup rank-1 lattice and Hua’s rank-1 lattice, we use the random
shift as in Eq.(5.4). We evaluate the methods on the DNA [139] and the SIFT1M [81]
dataset over 50 independent runs. Each run contains 2000 random samples to con-
struct the Gram matrix. The bandwidth parameter of Gaussian kernel is set to 15 in

all the experiments.

69



o
o
@
@

4
o
@

=}
o
N}
@

o
o
3

o
o

Gram Matrix Reconstruction Error
o
o
N

o
o
S
53}

0 2000 4000 6000 8000
Number of Features

K-K
(a) w for Gaussian Kernel

1Kl F

— Subgroup
0.07 - —MC
Halton
0.06 - — Sobol
—Hua

o
o
]

Gram Matrix Reconstruction Error
o
o
(52

0 2000 4000 6000 8000
Number of Features

Gram Matrix Reconstruction Error
o
o
w

0 2000 4000 6000 8000
Number of Features

K-K
(b) % for First-order Arc

Kernel

o
N

o

o
o
<

o
=3
i~

o
o
[N]

Gram Matrix Reconstruction Error
o
o
(<]

0
0 2000 4000 6000 8000
Number of Features

0.025

0.02

0.015 -

Gram Matrix Reconstruction Error

0 2000 4000 6000 8000
Number of Features

K-K
(C) w for Zero-order Arc

KT

Kernel

o
o
~

— Subgroup

—MC
Halton

— Sobol

—Hua

o
o
>

o
o
&

o
o
=

o
o
[}

o
o
IN]

Gram Matrix Reconstruction Error

o

2000 4000 6000 8000
Number of Features

K-K
w for Zero-order Arc
1K1 oo

Kernel

15| :
TR for First-order Arc (f)

Kerne

(d) % for Gaussian Kernel (e)

Figure 5.2: Relative Mean and Max Reconstruction Error for Gaussian, Zero-order
and First-order Arc-cosine Kernel on DNA dataset. Error bars are within 1x std.

The mean Frobenius norm approximation error (||K — K| /|1 K|l) and maximum
norm approximation error (|| K — K |/l K ) with error bars on DNA [139] dataset
are plotted in Figure 5.2, The results on SIFT1M [81] is given in Figure 6 in the
supplement. The experimental result shows that subgroup rank-1 lattice consistently

obtains a smaller approximation error compared with other baselines.

5.5.4 Approximation on Graphical Model

For general Boltzmann machines with continuous state in [0, 1], the energy function
of £ € [0,1]? is defined as E(z) = —(x"Wax+b'z)/d. The normalization constant is
Z = f[o,ud exp (—FE(x))dx. For inference, the marginal likelihood of observation v €
R is L(v) = [y exp (—f(v)) exp (—E(h))/Zdh with function f(v) = —(v"W v+
20" W,h + b, v)/d, where h € R? denotes the hidden states.

We evaluate our method on approximation of the normalization constant and in-
ference by comparing with i.i.d. Monte Carlo (MC), slice sampling (SS) and Hamil-
tonian Monte Carlo (HMC). We generate the elements of W, W, W, b and b, by
sampling from standard Gaussian N(0,1). These parameters are fixed and kept the
same for all the methods in comparison. For inference, we generate an observation

v € [0, 1] by uniformly sampling and keep it fixed and same for all the methods. For
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Figure 5.3: Relative Mean and Max Reconstruction Error for Gaussian, Zero-order
and First-order Arc-cosine Kernel on SIFT1IM dataset.

SS and HMC, we use the slicesample function and hmcSampler function in MAT-
LAB, respectively. We use the approximation of i.i.d. MC with 10" samples as the
pseudo ground-truth. The approximation errors |Z — Z|/Z and |£ — L|/L£ are shown

in Fig}5.4(a){5.4(d) and Figf5.4(e)45.4(h)| respectively. our method consistently out-

performs MC, HMC and SS on all cases. Moreover, our method is much cheaper than
SS and HMC.

Comparison to sequential Monte Carlo. When the positive density region
takes a large fraction of the entire domain, our method is very competitive. When
it is only inside a small part of a large domain, our method may not be better than
sequential adaptive sampling. In this case, it is interesting to take advantage of both
lattice and adaptive sampling. E.g., one can employ our subgroup rank-1 lattice as a
rough partition of the domain to find high mass regions, then take sequential adaptive
sampling on the promising regions with the lattice points as the start points. Also, it
is interesting to consider recursively apply our subgroup rank-1 lattice to refine the
partition. Moreover, our subgroup-based rank-1 lattice enables black-box evaluation
without the need for gradient information. In contrast, several sequential sampling

methods, e.g., HMC, need a gradient of density function for sampling.
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5.6 Subgroup-based QMC on Sphere S?!

In this section, we propose a closed-form subgroup-based QMC method on the sphere
S%1 instead of unit cube [0,1]¢. QMC uniformly on sphere can be used to con-
struct samples for isotropic distribution, which is helpful for variance reduction of the
gradient estimators in Evolutionary strategy for reinforcement learning .

Lyu constructs structured sampling matrix on S*! by minimizing the dis-
crete Riesz energy. In contrast, we construct samples by a closed-form construction
without the time-consuming optimization procedure. Our construction can achieve a
small mutual coherence.

Without loss of generality, we assume that d = 2m, N = 2n, and n is a prime
2mikj

such that m|(n —1). Let F' € C**" be a n x n discrete Fourier matrix. Fj; = e =
is the (k,j)"entry of F', where i = v/—1. Let A = {ky, ko, ..., km} C {1,...,n — 1} be
a subset of indexes.

The structured sampling matrix V in can be defined as equation ((10.398)).

ReF\, —ImF
1 A A dxN
V=1 [ ImFy ReF, } eR (5.24)

where Re and Im denote the real and imaginary part of a complex number, and Fj
in equation ((10.399) is the matrix constructed by m rows of F

2miky 1 2mwikyn
e n .- e
Fa=| @ e Cmxn, (5.25)
2mikm1 2mikmn
(& n .. (& n



With the V given in equation ((10.398), we know that ||v;||, =1 for i € {1,...,n}.
Thus, each column of matrix V is a point on S41.

Let g denote a primitive root modulo n. We construct the index A = {ky, ks, ..., k }

as
n— (n—1) (m—1)(n—1)
A:{goaQ#,QQWIV“,g - 1}modn. (5.26)
g n=1l  2(n-1) (m=1)(n—1)
Theset {¢°,g = ,g~ = ,---,9 =  } mod n forms a subgroup of the the group
{¢° g',--- ,9" 2} mod n. Based on this, we derive upper bounds of the mutual

coherence of the points set V. The results are summarized in Theorem and
Theorem [16]

Theorem 15. Suppose d = 2m,N = 2n, and n is a prime such that m|(n — 1).

Construct matriz V' as in Eq.(10.398) with index set A as Eq.(10.400). Let mutual
coherence (V') 1= max;; % Then u(V') < ‘/WE

Theorem 16. Suppose d = 2m, N = 2n, and n is a prime such that m|(n — 1), and

m < ns. Construct matriz V. as in Eq._JO.S’QE) with index set A as Fq.(10.400).

Let mutual coherence p(V') := max;; Hvlv _ Then (V) < Cm=/2n/5log"/%m,

i Vil
illzllvjll2

where C' denotes a positive constant independent of m and n.

Theorem [32] and Theorem [16] show that our construction can achieve a bounded
mutual coherence. A smaller mutual coherence means that the points are more evenly
spread on sphere S,

Remark: Our construction does not require a restrictive constraint of the dimen-
sion of data. The only assumption of data dimension d is that d is a even number,
i.e.,2|d, which is commonly satisfied in practice. Moreover, the product V' 'a can be
accelerated by fast Fourier transform as in [117].

Evaluation of the mutual coherence:

We evaluate our subgroup-based spherical QMC by comparing with the construc-
tion in [117] and i.i.d Gaussian sampling.

We set the dimension d as in {50, 100,200,500, 1000}. For each dimension d,
we set the number of points N = 2n, with n as the first ten prime numbers such
that g divides n—1, i.e., g (n—1). Both subgroup-based QMC and Lyu’s method
are deterministic. For Gaussian sampling method, we report the mean + standard
deviation of mutual coherence over 50 independent runs. The mutual coherence for
each dimension are reported in Table [5.3] The smaller the mutual coherence, the
better.
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We can observe that our subgroup-based spherical QMC achieves a competitive
mutual coherence compared with Lyu’s method in [117]. Note that our method
does not require a time consuming optimization procedure, thus it is appealing for
applications that demands a fast construction. Moreover, both our subgroup-based
QMC and Lyu’s method obtain a significant smaller coherence than i.i.d Gaussian

sampling.

Table 5.3: Mutual coherence of points set constructed by different methods. Smaller
is better.

202 302 502 802 1202 1402 1502 2102 2302 2402

d=50 SubGroup = 0.1490 0.2289 0.1923 0.2930 0.2608 0.3402 0.3358 0.3211 0.4534 0.3353
Lyu [117] 0.2313 0.2377 0.2901 0.2902 0.3005 0.3154 0.3155 0.3209 0.3595 0.3718
Gaussian 0.5400+  0.5738+  0.5904+  0.6158+  0.6270+  0.6254+ 0.6328%=  0.6447+  0.6520£ 0.6517%

0.0254 0.0291 0.0257 0.0249 0.0209 0.0184 0.0219 0.0184 0.0204 0.0216

202 302 502 802 1202 1402 1502 2102 2302 2402

d=100 SubGroup =~ 0.1105 0.1529 0.1923 0.1764 0.2397 0.2749 0.2513 0.2679 0.4534 0.3353
Lyu [117] 0.1234 0.1581 0.1586 0.1870 0.2041 0.2191 0.1976 0.2047 0.2244 0.2218
Gaussian 04033+ 0.4210+  0.4422+ 04577+  0.4616+=  0.4734+  0.4716+£ 04878+  0.4866+  0.4947+

0.0272 0.0274 0.0225 0.0230 0.0170 0.0174 0.0234 0.0167 0.0172 0.0192

202 802 1202 1402 2402 2602 3202 3602 3802 5602

d=200 SubGroup =~ 0.0100 0.1251 0.1835 0.1966 0.2365 0.1553 0.1910 0.1914 0.2529 0.2457
Lyu [117] 0.0100 0.1108 0.1223 0.1262 0.1417 0.1444 0.1505 0.1648 0.1624 0.1679
Gaussian 02887+  0.3295+  0.3362+  0.3447+  0.3564+  0.3578+  0.3645=  0.3648+  0.3689+  0.3768%

0.0163 0.0155 0.0148 0.0182 0.0140 0.0142 0.0143 0.0142 0.0140 0.0151

502 1502 4502 6002 6502 8002 9502 11002 14002 17002

d=500 SubGroup = 0.0040 0.0723 0.1051 0.1209 0.1107 0.1168 0.1199 0.1425 0.1587 0.1273
Lyu [117] 0.0040 0.0650 0.0946 0.0934 0.0930 0.1004 0.0980 0.1022 0.1077 0.1110
Gaussian 0.2040+  0.2218%  0.2388+  0.2425+  0.2448+  0.2498+  0.2528%  0.2527+  0.2579+  0.2607%

0.0111 0.0099 0.0092 0.0081 0.0113 0.0110 0.0100 0.0084 0.0113 0.0092

6002 8002 11002 14002 17002 18002 21002 26002 32002 38002

d=1000 SubGroup 0.0754 0.0778 0.0819 0.0921 0.0935 0.0764 0.1065 0.0931 0.0908 0.1125

Lyu [117] 0.0594 0.0637 0.0662 0.0680 0.0684 0.0744 0.0774 0.0815 0.0781 0.0814
0.1736+  0.1764+  0.1797+  0.1828+  0.1846+  0.1840+  0.1869+  0.1888%+  0.1909+£  0.1920+

Gaussian 70 6067 0.0059  0.0060  0.0062 00052  0.0057  0.0052 00055  0.0067  0.0056

5.7 QMC for Generative models

Our subgroup rank-1 lattice can be used for generative models. Buchholz et al. [31]
suggest using QMC for variational inference to maximize the evidence lower bound
(ELBO). We present a new method by directly learning the inverse of the cumulative
distribution function (CDF).

In variational autoencoder, the objective is the evidence lower bound (ELBO) [94]
defined as

L(z,$,0) = By, (o) log po(]2)] = KL [gs(2]2)[|pa(2)] (5.27)

The ELBO consists of two terms, i.e., the reconstruction term Eq, .|, [log ps(z|2)]

and the regularization term KL [g,(2|7)||pe(2)]. The reconstruction term is learning
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to fit, while the regularization term controls the distance between distribution g,(z|z)
to the prior distribution py(z).

The reconstruction term Eq,.|,) [log ps(7|2)] can be reformulated as

Bt 08 mo(e12)] = | qu(elo) og pal2)dz (5.28)

= /[Ol}dlogpg (z]®7 " (€)) de. (5.29)

where ®~!(-) denotes the inverse cumulative distribution function with respect to the
density g4(z|x).

Eq. provides an alternative training scheme, we directly learn the inverse of
CDF F(€;x) = ®!(€) given z instead of the density g,(z|z). We parameterize F (€, )
as a neural network with input € and data z. The inverse of CDF function F'(e, z)
can be seen as an encoder of z for inference. It is worth noting that learning the
inverse of CDF can bring more flexibility without the assumption of the distribution,
e.g., Gaussian.

To ensure the distribution ¢ close to the prior distribution p(z), we can use other
regularization terms instead of the KL-divergence for any implicit distribution ¢, e.g.,
the maximum mean discrepancy. Besides this, we can also use a discriminator-based

adversarial loss similar to adversarial autoencoders [121]

Lz, F, D) =Ep,(z) [log(D(2))]+Ey e [log(1—D(F(e, z)))] (5.30)

where p(€) denotes a uniform distribution on unit cube [0, 1]%, D is the discriminator,
F' denotes the inverse of CDF mapping.

When the domain Z coincides with a target domain ), we can use an empirical
data distribution Y as the prior. This leads to a training scheme similar to cycle
GAN [189]. In contrast to cycle GAN, the encoder F' depends on both data z in
source domain and € in unit cube. The expectation term E,, ¢, [-] can be approximated

by QMC methods.

5.8 Generative Inference for CycleGAN

We evaluate our subgroup rank-1 lattice on training generative model. As shown
in section [5.7, we can learn the inverse CDF functions F(e,z) as a generator from
domain X to domain ) in cycle GAN. We set F(€,z) = G1(z) + G2(€), where G; and

(G5 denotes the neural networks. Network G; maps input image x to a target mean,
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while network G maps € € [0,1]% as the residue. Similarly, F(€,y) = G1(y) + G2(€)
denotes an generator from domain ) to domain X.

We implement the model based on the open-sourced Pytorch code of [189]. All
G1, G, G, and G employ the default ResNet architecture with 9 blocks in [189).
The input size of both € and € are d = 256 x 256. We keep all the hyperparameters
same for all the methods as the default value in [189].

We compare our subgroup rank-1 lattice with Monte Carlo sampling for training
the generative model. For subgroup rank-1 lattice, we set the number of points n =
12d+1 = 786433. We do not store all the points, instead we sample i € {0,--- ,n—1}
uniformly and construct € and € based on Eq. during the training process. For
Monte Carlo sampling, € and € are sampled from Uniform|0, 1]%.

We train generative models on the Vangogh2photo data set and maps data set
employed in [189]. We present experimental results of the generated images from mod-
els trained with subgroup-based rank-1 lattice sampling, Monte-Carlo sampling, and
standard version of CycleGAN. The experimental results on Vangogh2photo dataset
and maps dataset are shown in Figure and Figure [5.6] respectively. From Fig-
ure [5.5], we can observe that the images generated by the model trained with Monte-
Carlo sampling have some blurred patches. This phenomenon may be because the
additional flexibility of randomness makes the training more difficult to converge to
a good model. In contrast, the model trained with subgroup-based rank-1 lattice
sampling generates more clearer images. It may be because the rank-1 lattice sam-
pling has finite possible choices, i.e., n = 786433 possible points in the experiments,
which is much smaller than the case of Monte-Carlo uniform sampling. The rank-1
lattice sampling is more deterministic than Monte Carlo sampling, which alleviates
the training difficulty to fit a good model. Since in our subgroup-based rank-1 lattice
it is very simple to construct new samples, it can serve as a good alternative to Monte

Carlo sampling for generative model training.

5.9 Summary

In this Chapter, we propose a closed-form method for rank-1 lattice construction,
which is simple and efficient without exhaustive computer search. Theoretically, we
prove that our subgroup rank-1 lattice has few different pairwise distance values,
which is more regular to be evenly spaced. Moreover, we prove a lower and an

upper bound for the minimum toroidal distance of a non-degenerate rank-1 lattice.
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piepuels

Figure 5.5: Hlustration of the generated images from models trained with subgroup
rank-1 lattice sampling, Monte-Carlo sampling, and Standard version of CycleGAN.

Empirically, our subgroup rank-1 lattice obtains near-optimal minimum toroidal dis-
tance compared with Korobov exhaustive search. Moreover, subgroup rank-1 lattice
achieves smaller integration approximation error. In addition, we propose a closed-
form method to generate QMC points set on sphere S*"'. We proved upper bounds
of the mutual coherence of the generated points. Further, we show an example of
CycleGAN training in the supplement. Our subgroup rank-1 lattice sampling and

QMC on sphere can serve as an alternative for training generative models.
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Figure 5.6: Illustration of the generated images from models trained with subgroup
rank-1 lattice sampling, Monte-Carlo sampling, and Standard version of CycleGAN.
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Chapter 6

Spherical Structured Feature Maps
for Kernel Approximation

6.1 Chapter Abstract

In this chapter, we propose Spherical Structured Feature (SSF) maps to approximate
shift and rotation invariant kernels as well as b*-order arc-cosine kernels [34]. We
construct SSF maps based on the point set on d — 1 dimensional sphere S¥~!. We
prove that the inner product of SSF maps are unbiased estimates for above kernels
if asymptotically uniformly distributed point set on S9! is given. According to
[29], optimizing the discrete Riesz s-energy can generate asymptotically uniformly
distributed point set on S%~!. Thus, we propose an efficient coordinate decent method
to find a local optimum of the discrete Riesz s-energy for SSF maps construction.
Theoretically, SSF maps construction achieves linear space complexity and loglinear
time complexity. Empirically, SSF maps achieve superior performance compared with

other methods.

6.2 Background of Kernel Approximation

We provide a brief review of random feature maps and the discrete Riesz s-energy in

this section as preliminaries.

6.2.1 Random Feature Maps

Random feature maps can be viewed as equal weight approximation of multidimen-
sional integrals. One earlier work [142] approximates the shift invariant kernels based

on the Bochner’s Theorem.
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Theorem. Bochner’s Theorem ( [148]) : A continuous shift invariant scaled kernel
function K(x,z) = K(x —z) : RY — C is positive definite if and only if it is the

Fourier Transform of a unique finite probability measure p on RY.

)T

K(X,2) = fya e 19V p(w)dw (6.1)

For a real valued kernel K(x,z), p(w) = p(—w) > 0 can ensure the imaginary
parts of the integral vanish. According to the Bochner’s theorem, there is a one-to-one
correspondence between the kernel functions K(x,z) and probability densities p(w)
defined on R%.

Shift and rotation invariant kernels are shift invariant kernels with the ro-
tation invariant property, i.e. K(x,z) = K(Rx, Rz), given any rotation R € SO(d),
where SO(d) denotes rotation groups. The Gaussian kernel K (x,z) = e~ lx-=l3/20% g
a member of this family. From Bochner’s theorem, the corresponding probability den-
sity is also Gaussian. For a general Gaussian RBF kernel K (x,z) = ¢~ (2" Z(c-2)/2
it can be transformed into rotation invariant form by using y = £'/?x in the original
domain.

bt-order arc-cosine kernels are rotation invariant kernels. As discussed in [34],

bt"-order arc-cosine kernels have the following form:
Ky(x,2) = £ |[x|3 [|2l3 Jo(0) (6.2)

where # = cos™! (#)

xll2llzll2

bt"-order arc-cosine kernels have trivial dependence on the norm of x and z. The
dependence on the angle is defined by function J,(8). b**-order arc-cosine kernels are
rotation invariant kernels but not shift invariant kernels in general. For example, the
zero-order and first-order arc-cosine kernel are not shift invariant kernels.

Ko(x,z) =1-1¢ (6.3)

Ki(x,2z) = L |x]|, ||z]l, (sin 6 + (7 — 6) cos 6) (6.4)

The b*"-order arc-cosine kernel Kj(x,z) can be reformulated via the integral rep-

resentation:
Ky(x,2) =2 [oa s(wTx)s(wPz)(wTx)"(wT'z) p(w)dw (6.5)

where s(+) is a step function (i.e. s(z) =1 if x > 0 and 0 otherwise) and the density

p is standard Gaussian.
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Feature maps: Both Monte Carlo and Quasi-Monte Carlo approximation [47]
are equal weight approximation to integrals. Based on equal weight approximation,

the feature maps can be constructed as:

K(x,z)~ > f (wix) f(wlx) = U(x)T¥(z) (6.6)

where w;,7 € 1,..., N are samples constructed by Monte Carlo or Quasi-Monte Carlo
methods. f(-) is a nonlinear function depending on the kernel. W(-) is the explicit
finite dimensional feature map. For Gaussian kernel with bandwidth o, the associated
nonlinear function is a complex exponential function f(x) = /. For a zero-order
arc-cosine kernel in and first-order arc-cosine kernel in , the associated
nonlinear functions are step function f(z) = s(x) and ReLU activation function

f(z) = max(0, x) respectively.

6.2.2 Discrete Riesz s-energy

The discrete Riesz s-energy is related to the equal weight numerical integration and
uniformly distributed point set.

Equal weight numerical integration over a d-dimensional sphere S¢ := {x €
R4 ||Ix]|, = 1} uses equal weight summation of finite point evaluations of the inte-

grands to approximate the integrals:

Joa fF(V)do(v) = 5 % f(vi) (6.7)

1=

[y

where o denotes the normalized surface area measure on S%.
According to [29], the point set V = [vy,...,vy] € SV is asymptotically uni-
formly distributed if equation (10.539) holds true.
lim + Z f(vi) = Jaa f( (6.8)

N—>oo i=

The discrete Riesz s-energy [29,63] is defined as equation ((10.542):

N
2, T 0 570
Es (V) = 7 (6.9)

Z log v 5 =0

MZuMz

Theorem. ( [29]): For s > —2, the optimum N-point configuration of the Riesz s-
energy on S¢ is asymptotically uniformly distributed w.r.t the normalized surface area

measure o on S%.
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According to [28,29], the discrete Riesz s-energy can serve as a criterion to con-
struct the point set V = [vy, ..., vy] € SV for QMC designs. Particularly, [28] have
proved that maximizing the discrete Riesz s-energy with s € (—2,0) can generate
QMC designs for functions in Sobolev space. They also prove that QMC designs
have higher convergence rate of worst-case error than fully randomly chosen points

for functions in Sobolev space.

6.3 Spherical Structured Feature Maps

In this section, we propose SSF maps to approximate shift and rotation invariant

kernels as well as b'-order arc-cosine kernels by employing their rotation invariant

property.

6.3.1 Feature Maps for Shift and Rotation Invariant Kernels

Shift and rotation invariant kernels are highly symmetric and structured because they
satisfy both shift invariant property and rotation invariant property. Rotation invari-
ant property means that K(x,z) = K(Rx, Rz), given any rotation R € SO(d), where
SO(d) denotes rotation groups. To benefit from rotation invariant property, it is rea-
sonable to construct the feature maps by using spherical equal weight approximation

in equation ((10.537) and ({10.539)).

The feature maps for real valued shift and rotation invariant kernels K (x,z) can

be constructed as equation (6.10)):

U (x) = —a=[cos (P (t1)xTvy) ,sin (@ (¢1)xTvy)

VNM 6.10
ey €08 (D7 (tar)x vy ), sin (D (tar)x v )]T (6.10)
where ¢; = MLH, V = [vy,...,vn] € SN denotes the point set asymptotically

uniformly distributed on S?'and ®~(z) denotes the inverse cumulative distribution

function w.r.t the nonnegative radial scale.

Theorem 17. \I/(X)T\I/ (z) is an unbiased estimate of a real valued shift and rotation

invariant kennel K(x,z).

Proof: From Bochner’s Theorem, a shift invariant kernel K (x,z) can be written
as equation (6.1). Let r = ||w||,and p(r) be the density function of r. Because of the
rotation invariant property of K(x,z), we achieve equation (6.11)).

K(x,2) = fo, Jor €70 Vp(r)drdo(v)

o (6.11)
— \/‘[0711 de,le 1 D (t)(x Z)TVdO'(V)dt
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where R, denotes the nonnegative real values.
For real valued kernel K (x,z), the imaginary parts of the integral vanish. We can

achieve equation (6.12]).

2) = [ Joas o8 (cp—(t)(x - z)Tv) do(v)dt (6.12)

According to the property of asymptotically uniformly distributed point set V in
equation (|10.539) and the one-dimensional QMC rule, we obtain equation (|6.13]).

lim \IJ(X)T\IJ (z) =

it 32 32 os (0 (15w cos (015" )

Fsin (07 (¢)x7v,) sin (7 (t)27v,)

M N (6.13)
= v 3 Rcos ( (1) - 2)"v.)
- 01 Jso- 1COS< (x —z) >d0(V)dt
= K(x,2)
U

Proposition 1. : Let U = [V, —V], using point set U to approximate a real valued
shift and rotation invariant kernel K(x,z) by using equation is equal to using
point set V to approximate K(x,z):

U(x; U)'0 (2;U) = U(x; V) T (z; V) (6.14)

Proof: Note that cosine function is an even function. Thus, we obtain equa-
tion (|6.15)).

cos (@f(tj)(x — Z)TVi> = cos <—(I>*(tj)(x - Z)TVZ-> (6.15)

Thus, we achieve equation (6.16)).
U(x; U)'0 (2;U)

T ﬁ f} cos (—CI)_(tj)(X _ Z)Tvi> (6.16)

O
Proposition [1| shows that for a shift and rotation invariant kernel, computing N

points can achieve the same approximation effect compared with using 2N points.
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6.3.2 Feature Maps for b*"-order Arc-cosine Kernels

In this subsection, we discuss the feature maps for b**-order arc-cosine kernels. We
discuss them separately because they are rotation invariant kernels but not shift
invariant kernels in general. Moreover, they are closely related to deep neural networks

[34], which demonstrate super performance in many areas.
Lemma 2. The b""-order arc-cosine kernels can be calculated as equation .

Ky(x,2) = Cy [ear X (VTX) X (VTZ)
+X(S—VTX)X(—VTZ)dU(V) (6.17)

where x(x) = max(0, sign(z)|z|"), fR . Cy is a constant that is inde-
pendent of x and z. p(r) is the denszty functzon of the chi-distribution with d degrees
freedom. For example, the constants associated with the zero, first and second-order

arc-cosine kernels are Co = 1, Cy = d and Cy = d(d + 2) respectively.
Proof: From equation (|6.5]), we can achieve equation (/6.18)).

Ky(x,2) =2 [ S(WTX)S(WTZ)(WTx)b(sz)bp(W)dw

6.18
=2 [ x (W'x) x (W7'2) p(w)dw (6.18)
Let 7 = ||w||,. Since p is standard Gaussian, by taking rotation invariant property,
we obtain equation ((6.19)).
Ky(x,2) =2 fpax (wF X)X( z) p(w)dw
= 2 Jgas J x (V7x) X (1 2) p(7) ( )
=2 fous fR r#x (vix) x (vz) p(r)do(v (6.19)
=2 fg, d?“fsz(T) (v'2) do
ZQbesd—IX(V x) x (v'z) do(v)

Since Kp(x,2) is rotation invariant, we have K,(x,z) = K;(—x, —z). Together with
equation (6.19), we achieve equation (6.20)).

Ky(x,2) = Cp [ou X (V:(Fx) x (vz)

o (—vTx)y (6.20)

O
The feature maps for a b*-order arc-cosine kernel K,(x,z) can be constructed as
equation (|6.21]).
U (x) = /%[XT(VlTx) X (—TvlTx;, g (6.21)
X (vEx), x (—vEix)]T eR
Theorem 18. U(x)" U (z) is an unbiased estimate of a b"-order arc-cosine kernel
Ky(x,2).
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Proof: According to the Lemma 3.1 and the property of the asymptotically uni-
formly distributed point set V, we obtain equation (|6.22]).

lim ¥(x)" ¥ (2)

zlggrgocb;x(vaX)x(VfZ) X(=vix)x(—v] z) (6.22)
= Cy fgu X (vTx) X (v72) + X (—v"x)x(~ VTz)da( )

= Ky(x, z)

O

From equation and , we observe that the approximation is actually
operated on the (d — 1)-dimensional domain instead of d-dimensional domain [34].
Generally, the approximation error of Quasi Monte Carlo methods with N points de-
pends on the dimension of integration. A lower dimension leads to smaller approxima-
tion error, thus the feature maps in equation (6.21)) can achieve lower approximation
erTor.

The feature maps in equation are closely related to the bidirectional activa-
tion neural network. Specifically, the feature maps for the first-order arc-cosine kernel
are related to the bidirectional ReLU activation function [8] which has the distance
preservation property compared with ReLLU.

From equation and , we know that the feature maps actually rely
on the point set U = [V, —V]. The design of the point set U will be discussed in
section [6.4]

6.4 Design of Matrix U

We have discussed the construction of SSF maps in last section. However, one un-
solved problem is how to obtain the matrix U = [V, —V]. We employ the discrete
Riesz s-energy as the objective function to obtain matrix U because it can generate
asymptotically uniformly distributed points on S~ [29]. Moreover, to achieve com-
putation and storage efficiency for feature maps construction , we add a structured
constraint to the matrix U. In this section, we show the structure of matrix U first
and then the optimization of discrete Riesz s-energy.

It is worth noting that matrix U can be used not only for kernel approximation,
but also for approximation of general integrals over hypersphere. Moreover, by using
FFT, matrix U can accelerate the integral approximation which involves projection
operations. In addition, it only needs to store the indexes with linear storage cost
(i.e. O(d)) instead of to explicitly store the matrix with cost O(Nd).
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6.4.1 Structure of Matrix U

Since U can be constructed by V, i.e. U = [V, —V], we only need to define struc-
tured matrix V. To achieve loglinear time complexity of SSF maps construction,
we construct V by extracting rows from a discrete Fourier matrix. The complexity
analysis of SSF maps construction based on matrix V is given in section [6.5

Mathematically, the construction of matrix V is shown as follows. Without loss
of generality, we assume that d = 2m, N = 2n, m < n. Let FF € C"™" bean xn
discrete Fourier matrix. Fj; = e” " is the (k, j)hentry of F, where i = /—1. Let
A =[ki, ko, ..., k) C{1,...,n — 1} be a subset of indexes.

The structured matrix V can be defined as equation ((10.398)).

- ReFA —ImFA dxN
V = { ImFy, ReF) ] eR (6.23)
where F) in equation (10.399)) is the matrix constructed by m rows of F'.
2miky 1 2mwikn
e n e e n
Fy= : : e Cmxr (6.24)
2mikm1 2mikmn
e n B A n

With the V given in equation (10.398), it is easy to verify that ||v;||, = 1 for

i € {1,...,n}. Thus, each column of matrix V is a point on S%1.

6.4.2 Minimize the Discrete Riesz s-energy

With structured matrix V defined in equation ((10.398]), our goal is to select a subset
of indexes A that optimizes the discrete Riesz s-energy. Specifically, we will discuss
how to minimize the Riesz 0-energy in equation ({6.25). The other Riesz s-energy can
be optimized in a similar way.
E(U) = Z Z log oty (6.25)
i=1 =1
where U = [V, =V] = [uy, ..., usy].
In the following, we will discuss how to minimize equation by using a

coordinate decent method.

Theorem 19. Let U = [V, —=V] with V defined in (10.598), the discrete Riesz 0-
energy of U can be calculated as equation .

—2np§110g <1 (R %g 2mksp)2) (6.26)

86



where C' is a constant independent of the choice of A.

Proof: Since U = [V, —V] € SE@-1*2N "we obtain equation ((6.27).

2N 2N
EU)==> > loglu— u|

=1 =1
N
=23 log]2vi|
NN
=23, > (logllvi —vjl| +log |lvi + v;l]) (6.27)
=1 j=T,j#i
N N
=C=2% > log([lvi = vl lvi +v;l))
i=1 j=15i
NN
=C—-2% > log <\/2 —2vIvi /2 + 2VZ-TVj>
i=1 j=15i

Recall that N = 2n. By separating the summation term into two parts (each part

has n x n term), we achieve equation ([6.28]).

) =c-25 8 g (2/1-07w))

) i=1j=1j#i
—C—4 21 | Z+1 log (2« /1— (viijf) (6.28)
1=17=n
1% 3 g (2y/1- i)
i=1j=1,j%#i

Let V.1n = [V1, ..., Va] and V. yi1.0n = [Vnt1, ..., Van) be the matrix consisting of

the first n and last n columns of V respectively. We can obtain equation (|6.29)).

VI Voniton = ReFAT(—ImFA) + L (ImFA)TReF, (6.29)

1
m

Note that all diagonal elements of VTl:nV.7n+1;2n are zero. By further separating
the first summation term of equation (6.28]) into two parts, we obtain equation ((6.30)).

E(U)=C-43" 5° log (2V1=0)

i=1 j=n+i

—42n3 % 10g(2m>

1=1 j=n+1,j#n+i

43 Y log (2\/1 - (vaj)2> (6.30)

i=1 =15

=C—4§nj % log(Zm)

i=1 j=n+1,j#n+i

43 Y log (2«/1—(v$vj)2>

i=1 =15
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To be concise, let Z = [z, , ..., 2Zn| = \/%FA.

For 1 < j < n,j # i, we achieve equation (6.31]).

(vifv;)? = (Reziz;)? = ( Rez e2mksp/n)2 (6.31)

Forn+1<j<2n,,j#n+i, we attain equation (6.32]).

m 2
(vifv;)? = (Imziz;_n)? = <%Im > 62”’“5?/”) (6.32)

s=1
In equation (6.31)) and (| - p=1—j (mod n), where mod denotes the modulus
operation on integers.

Note that z{z; has at most n — 1 distinct values when ¢ # j (mod n) . Together

with equation ([6.30]), we achieve equation (6.33)).

EU)—C-43 % log (2\/1 - (viij)2>

i=1 j=n+1,j#n+i

i=1j=1,j7#

ENOTVE SE o R (2\/1 _ (Imz;“zj_n)2>

i=1 j=n+1,j#n+1i

i=17=1 ]761
=C—4n Z log 1— (Im% S e2miksp/n)
p=1 s=1
n—1 m 2
—4n Y log | 24/1 — (Re% 3 e2miksp/n)
p=1 s=1

m 2
=C — 2n210g<1—( %Z mksp/n))

p_ s=1

—2n Z log (1 — (Re% Z e2miksp/m) )
s=1

p=1

0
From Theorem 4.1, we know that minimizing E(U) is equivalent to maximizing
J(A) which is defined in equation ([6.34)).

n—1
I =5 log (1 (I 35 eeikan/ny )
w1 U7 w T (6.34)
+ > log (1 - (Re% 3 e2miksp/n) )
p=1 s=1
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Algorithm 12 Coordinate Index Selection

Initialization: random sample A = [k, ko, ..., k] from {1,2,..n — 1} without
replacement. Set h=17F,
repeat

Set J = J(A)

for g =1tom do

Set g = [62m'k:q/n7 6271'1'I~CL]2/n.”7 e?ﬂikq(n—l)/n]
Seth=h — g
Find &} by ki = argmax J(k,) in (6.35
kqe{l,...,n—1}
Update g = [627”’]6;/71’ e2m'k;;2/nm7 e27rik;‘(n71)/n]
Seth=h+g
end for

until J does not change

By keeping all the indexes in A = [ky, ky, ..., k] fixed except the ¢ element, we

can obtain equation (|6.35]).

J(k,) = :z_i log (1 — (Im (hy + e2mikap/n) /m)2>

+ z:: log (1 — (Re (hy, + e*mikar/m) /m)2>

p=1

(6.35)

where k, € {1,2,..n — 1}, h, = > e?mikp/n,
s=1,s7#£q

With equation (6.35), we can maximize J(A) by maximizing J(k,) with other

27rikq/n7 627rik:q2/n. " 27rikq(n—1)/n] )

indexes fixed each time. Let h = [hy,...,h,—1] , g =[e e

1=1[1,...,1]7 € R™ is the vector of all ones. A coordinate ascent method to maximize
J(A) is given in Algorithm

Obviously, it is a discrete optimization problem. Algorithm can find a local
optimum. The time complexity of the Algorithm [12|is O(T'mn?), where T denotes

the number of outer iteration. Empirically, the outer iteration 7' is less than ten.

6.5 Fast Feature Maps Construction

In this section, we will discuss how to construct SSF maps in loglinear time complexity

and linear space complexity by using the structure property of V.

Theorem 20. Assume that d = 2m, N = 2n, m < n. Lel x = il € R?™ gnd
2

z = X1 +ixg € C™. Gwen A = [ky, ks, ... kn] C {1,....n — 1} , let y € C™ with
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va = z. Other elements outside the index set A are equal to zero. Given V defined

in equation (10.398), equation holds.
Vx = —L[Re(Fy), Im(F*y)]" (6.36)

Proof: Let 2 € R™"™ be a diagonal matrix with all diagonal elements inside the

index set A equal to one , the others equal to zero.
VTX _ RGFA —ImFA T X1
ImF), ReFj X9
(ReFy")x; + (ImFy")x,
| (—ImFA")x; + (ReFaT)xo

(6.37)

g oy
=
/(‘_D\
-
X

Bl
=

O

Thus, the projection operation VZx (previously mentioned in equation and
(6.21))) can be calculated by Fast Fourier Transform algorithm (FFT) in O(nlogn)
time complexity. Because scaling and taking nonlinear transform can be finished in
O(n), the total time complexity to construct SSF maps is O(nlogn).

All steps to construct SSF maps are summarized as follows:

(a) Compute X by X = Dx, where D € {—1,+1}9%4 is a diagonal matrix where
diagonal elements are uniformly sampled from {—1,+1}.

(b) Construct y such that yp, = X; + iXa, other elements outside the index set A
are equal to zero.

(¢) Compute VTxX by equation via FFT.

(d) Construct feature maps ¥ (x) via equation or (6.21)).

For each (m,n) pair , the index set A only need to be computed once. It takes
O(m) space to store A. For shift and rotation invariant kernels, it takes O(M) space
to store ®(t;),j € 1,..., M and takes O(d) (d = 2m) space to store A and D. For
bth-order arc-cosine kernels, it only needs to store one parameter C, and takes O(d)
space to store A and D. By setting M < d, the total space complexity to store the

projection matrix is O(d).
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6.6 Empirical Studies

We compare SSF maps with feature maps obtained by fully Gaussian [34{142], the Cir-
culant matrices, QMC with Halton set and QMC with Sobol set . For Halton
set and Sobol set, the implementation in MATLAB are employed in the experiments.

The scrambling and shifting techniques are used for Haltonset and Sobolset. In all

the experiments, we fix M = 1 (the number of one-dimensional QMC points) for SSF

maps.
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Figure 6.1: Convergence of the Logarithmic Energy

Convergence and Speedup

20

First, the convergence of the logarithmic energy ( —J(A) in equation (6.34)) with
(m,n) = (160,1600) is shown in Figure From Figure [6.1] we find that it takes
less than ten iterations (i.e. 7" < 10) for Algorithm [12] to find a local optimum.
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Figure 6.2: Speedup of the Feature Maps Construction

Second, the speedup results of all methods are shown in Figure We set N = 2d
for all the methods. The speedup of fully Gaussian projection is the baseline. We
can observe that the speedup of QMC with Halton set is constant as the dimension
d increases and is slower than the baseline. The speedup of both SSF maps and the
Circulant increase fast as dimension increases, which is consistent with theoretical
analysis. The speedup of Sobol set is not shown because the inbuilt Sobolset routine

of MATLAB does not support dimension larger than 1,111.

6.6.2 Approximation Accuracy

We evaluate reconstruction error of Gaussian kernel, zero-order arc-cosine kernel and
first-order arc-cosine kernel on CIFAR10 [99], MNIST [107], usps and dna dataset.
MNIST is a handwritten digit image dataset, which contains 70,000 samples with 784-
dimensional features(pixel). For CIFAR10 with 60,000 samples, the 320-dimensional

gist feature [60] are employed in the experiments. Both the relative Frobenius er-
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Figure 6.3: Relative Mean and Max Reconstruction Error for Gaussian, Zero-order
and First-order Arc-cosine Kernel on MNIST

[E-x],

1K1 p
evaluated, where K and K denote the exact and approximated Gram matrices re-

ror (i.e. ) and the relative element-wise maximum error (i.e. W) are
spectively. The Frobenius norm and the elementwise maximum norm are defined as
1 X - =1/ Zj |Xij|2 and || X, = H}?XlXiﬂ respectively.

The reconstruction error in the experiments is the mean value over 10 independent
runs. The dimensions of the feature maps are set to {2 x d,3 x d,4 x d,5 x d},
where d is the dimension of the data. For MNIST and CIFAR10 dataset, each run
randomly select 2,000 samples to construct the Gram matrix. The mean value of
the reconstruction errors with different norms on MNIST are shown in Figure [6.3]
Results on the other datasets are similar to that of Figure [6.3] One can refer to the
supplementary material for results on other datasets.

Figure [6.3| shows that the feature maps obtained with fully Gaussian matrix,
the Circulant matrix, QMC with Halton set and QMC with Sobol set have similar
reconstruction error. SSF maps have the smallest approximation error among five
methods. Especially for the first-order arc-cosine kernel, it achieves nearly one-fifth
relative mean error and one-seventh relative max error of other methods. Moreover,
even if M = 1, SSF maps can achieve about one-third relative mean error and half of

the relative max error of other methods for Gaussian Kernel approximation.
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6.7 Summary

In this Chapter, we propose Spherical Structured Feature (SSF) maps to approxi-
mate shift and rotation invariant kernels as well as b*"-order arc-cosine kernels. SSF
maps can achieve computation and storage efficiency as well as better approximation

accuracy.
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Chapter 7

Neural Optimization Kernel:
Towards Robust Deep Learning

7.1 Chapter Abstract

Deep neural networks (NN) have achieved great success in many applications. How-
ever, why do deep neural networks obtain good generalization at an over-parameterization
regime is still unclear. To better understand deep NN, in this chapter, we establish
the connection between deep NN and a novel kernel family, i.e., Neural Optimization
Kernel (NOK), from an approximation perspective. The architecture of structured
approximation of NOK performs monotonic descent updates of implicit regulariza-
tion problems. We can implicitly choose the regularization problems by employing
different activation functions, e.g., ReLU, max pooling, and soft-thresholding. We
further establish a new generalization bound of our deep structured approximated
NOK architecture. Our unsupervised structured approximated NOK block can serve

as a simple plug-in of popular backbones for a good generalization against input noise.

7.2 Neural Optimization Kernel

Denote L, as the Gaussian square-integrable functional space, i.e.,
Ly = {f|Ew~n0.1yf(w)?] < oo}, and denote L, as the spherically square-integrable
function space, i.e., Ly := {f’EwNUm[\/ng,ll[f(w)Q] < oo}

For functional f € F, where F = Ly or F = Ly, define function k(-,-) : X x X —
R as

Then, we know k(-,-) is a bounded kernel, which is shown in Proposition . All

detailed proofs are given in Appendix.
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Table 7.1: Regularizers and Proximal Operators

lp-norm |51] I1-norm [50] MCP [186
() Azl N ER )\fo‘l‘ maz(0,1 — x/(y))) dx
z, [2] > A
) : z |2 > V2X N o N . sign(z)(1z1=A)
h(z) h(_/):{ 0 <V h(z)=sign(z) max(0,|z|—\) h(z)= [)Jl‘f/w A;‘ \i\ f L2
Capped [;-norm (187 SCAD [55] MCPO 136 -
oa(2) Amin(|z], ) /\J;JM min(1, "'”(ﬁ‘g‘?;)\ﬁ))(ﬁr (v>2) Oa(2) =2(A\—maz(VX—|2].0)?)
vy qlzy) < q(a) 1 = sign(z) max(|z], ) z, [z] > A EERZ)
h(z) h(:):{ . 1(1) N 1 2) , where x5 = sign(z) min(y, max(0, [z] — X)) | h(z)= M, 20 < |z <A h(z)=¢ BVX (1B <1), [2]=VX .
o dlm) > qlo q(x) = 0.5(x — 2)? + Amin(|z],7) sign(z) max(|z| = X,0),  |z| <2X 0, |z] < VA

Proposition 1. For Vf € F ( F = Ly or F = L), define function k(x,y) =
Eul[f(w,z)f(w,y)] : X x X = R, then k(x,y) is a bounded kernel, i.e., k(x,y) =
k(y,x) < oo and k(x,y) is positive definite.

For functional f € F, where F = Ly or F = L,, define operator A(-) : F —
R* as A(f) := Euwf(w)]. Define operator A* : R — F as A*(z) = w'z,
w ~ N(0,I;) or w ~ Uni[v/dS*']. We know Ao A*(-) = Ep[ww'] = I, :
R? — R% Details are provided in Appendix. Define operator ®,(-) : F — R as
O\ (f) := Epl[on(f(w))], where ¢5(+) is a function with parameter A and bounded

from below, and E,,[¢,(f(w))] exists for some f € F. Several examples of ¢, and

the corresponding proximal operators are shown in Table It is worth noting that
¢x(+) can be either convex or non-convex.

Our Neural Optimization Kernel (NOK) is defined upon the solution of opti-
mization problems. Before giving our Neural Optimization Kernel (NOK) definition,
we first introduce a family of functional optimization problems. The ®,-regularized

optimization problem is defined as

mianzL’ — A5+ @x(f) =

7.2
feF 2 ( )

%Hw — By wf(w)]|2 + Eyor(f(w))],

where F = Ly or F = Ly. f(:) := f(-, ) is a function specified by . We simplify

the notation f(w,x) as f(w) when the dependence of x is clear from the context.
For ¢, (+) with efficient proximal operators h(-) defined as

h(z) = argmin, 3(z — 2)* + ¢x(x), we can optimize the problem by iterative

updating with Eq.(7.3)):

fer1 () = h(A* (@) + fi(-) — A" 0 A(fi(1))). (7.3)

The initialization is fy(-) = 0.
Remark: In the update rule (7.3), the term —A* o A(f;(-)) can be viewed as a
two-layer transformed residual modular of f;(-). Then adding a skip connection f(-)

and a biased term A*(x). As shown in [4,)5], a ResNet-type architecture (residual
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modular with skip connections) is crucial for obtaining a small error with sample and
time efficiency.
For both convex and non-convex function ¢, our update rule in Eq.(7.3]) leads to

a monotonic descent.

Theorem 21. (Monotonic Descent) For a function ¢,(+), denote h(-) as the prozimal
operator of ¢x(-). Suppose |h(z)| < clz| (or |h(z)] < ¢), 0 < ¢ < o0 (e.g., hard
thresholding function). Given a bouned x € R?, set function fii1(-) = h(A*(z) +

fi() = A 0 A(fi(-)) and fo € F (e.g., fo=0). Denote Q(f) = 3llx—A(f)|3+Px(f)-
For vVt > 0, we have

QUfu1) <Q(fe) — %Ew[(fm(w)—ft(w) —w' Ey[w(fin (w)— fi(w))])?] < Q(f).
(7.4)

Remark: Assumption|h(z)| < c|z| (or |h(x)] < ¢) is used to ensure that each
fi € F. Neural networks with a activation function h(-), e.g., sigmoid, tanh, and
ReLU, as long as h(-) satisfies the above assumption, it corresponds to a (implicit)
¢(-)-regularized problem. Theorem [21|shows that a T-layer network performs T-steps
monotonic descent updates of the ¢(-)-regularized objective Q(+).

For a convex ¢, we can achieve a O(%) convergence rate, which is formally shown

in Theorem [22]

Theorem 22. For a convex function ¢,(-), denote h(-) as the proximal operator of
dA(+). Suppose |h(x)| < clz| (or |h(x)| <), 0 < ¢ < oo. Given a bouned x € RY, set
function fii1(-) = h(A*(x)+ fi(-) — A* 0 A(fi(+)) and fo € F (e.g., fo=0). Denote
Q(f) = ille — A(S)|3 + ®5(f) and f. € F as an optimal of Q(-). For VT > 1, we

have

T(QUfr) - Q(f) < %Ewwo( )= Fu(w0) ) SEul(fr (1) — ()7
=5 2 Bl £ )1
S Bl ) i) (7.5
Remark: A ReLU h(z) = max(z,0) corresponds a ¢y(z) = { 3_’007 Zzi%

(a lower semi-continuous convex function) , which results in a convex regularization
problem. A T-layer NN obtains O(1/T") convergence rate , which is faster than non-

convex cases. This explains the success of ReLU on training deep NN from a NN
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architecture optimization perspective. When RelLU and fy = 0 is used, the resultant
first-layer kernel is the arc-cosine kernel in [35]. More interestingly, when ReLU
is used (related to indicator function ¢,(-)), the learned functional representation
p(w) f;(w) is an unnormalized non-negative measure, where p(w) denotes the density
of Gaussian or Uniform sphere surface distribution. We can achieve a probability
measure representation by normalizing p(w) fi(w) with Z = [ p(w) f;(w) dw.

Our Neural Optimization Kernel (NOK) is defined upon the optimized func-
tional fr (T-layer) as

Fr0o(®,y) = Bo[fr(w, ) fr(w, y)]. (7.6)

With fy € F, we know fr € F. From the Proposition |1, we know k7 is a bounded

kernel.

7.3 Structured Approximation

The orthogonal sampling [181] and spherically structured sampling [117,/119] have
been successfully used for Gaussian and spherical integral approximation. In the
QMC area, randomization of structured points set is standard and widely used to
achieve an unbiased estimator (the same marginal distribution p(w)). In the hy-
percube domain [0,1]¢, a uniformly distributed vector shift is employed. In the
hypersphere domain S? !, a uniformly random rotation is used. For the purpose
of acceleration, [117] employs a diagonal random rotation matrix to approximate the
full matrix rotation, which results in a O(d) rotation time complexity instead of O(d?)
complexity in computing SVD of random Gaussian matrix (full rotation). When the
goal is to reduce approximation error, we can use the standard full matrix random
orthogonal rotation of the structured points [117] as an unbiased estimator of integral
on Uni[S?1]. Moreover, we propose a new diagonal rotation method that maintains
the O(nlogn) time complexity and O(d) space complexity by FFT as [117], which
may of independent interest for integral approximation.

For all-layer trainable networks, we propose a data-dependent structured approx-

imation as
W =VdR'B € R™V, (7.7)

where R"R = RR'" = I, is a trainable orthogonal matrix parameter, N denotes the
number of samples, and structured matrix B can either be a concatenate of random

orthogonal matrices [181], or be the structured matrix in [117,]119].
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Define operator A := W RN — R* and A =WT :RY - RN. Operator
A is an approximation of A by taking expectation over finite samples. Remarkably,
by using our structured approximation, we have Ao A = %VVVVT =1,

Remark: The orthogonal property of the operator A o A* = I, is vitally impor-
tant to achieve O(%) convergence rate with our update rule. It leads to a ResNet-type
network architecture, which enables a stable gradient flow for training. When approx-
imation with finite samples, standard Monte Carlo sampling does not maintain the
orthogonal property, which degenerates the convergence. In contrast, our structured
approximation preserves the second order moment E[ww'] = I;. Namely, our ap-
proximation maintains the orthogonal property, i.e., Ao A =1 4 - With the orthog-
onal property, we can obtain the same convergence rate (w.r.t. the approximation
objective) with our update rule. Moreover, for a k-sparse constrained problem, we
prove the strictly monotonic descent property of our structured approximation when
using B in [117,/119)].

7.3.1 Convergence Rate for Finite Dimensional Approxima-
tion Problem

The finite approximation of problem ([7.2)) is given as
1

1
SWuli+ o), (1)

~ 1 ~ 1 1
Qy) = 5llz = AWy)ll; + For(y) = S llz -

where y € RN and ¢(y) := 20, éa (i)
The finite dimension update rule is given as :

1
Y =h(W'az+(I- NWTW)yt). (7.9)

Thanks to the structured W = vdR'" B, we show the monotonic descent property,
convergence rate for convex ¢y, and a strictly monotonic descent for a k-sparse con-
strained problem.

For both convex and non-convex ¢y, our update rule in Eq. leads to a mono-

tonic descent.

Theorem 23. (Monotonic Descent) For a function ¢,(+), denote h(-) as the prozimal
operator of ¢x(-). Given a bouned x € R, set y, . = h(W' z+ (I — +W W)y,

with tWW' = 1,. Denote Qy) := e — A% + ~0x(y). Fort >0, we have

~ ~ 1 1.1
Q(ytﬂ)SQ(yt) - Wﬂym - yt”% + §||Nw(yt+1 - yt)”% (7.10)
~ 1 1 ~
= Q(y,) — WH(Id - NWTW)(%H - yt)”% <Q(y,). (7.11)
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Remark: For the finite dimensional case, the monotonic descent property is pre-
served. For popular activation function, e.g., sigmoid, tanh and ReLU, it corresponds
to a finite dimensional (implicit) ¢(-)-regularized problem. A T-layer NN performs
T-steps monotonic descent of the ¢(-)-regularized problem Q(-) desipte of the non-
convexity of the activation function h(-).

For convex ¢,, we can achieve a O(%) convergence rate, which is formally shown
in Theorem [24

Theorem 24. For a convex function ¢,(-), denote h(-) as the prozimal operator
of ox(+). Given a bouned x € R, set Yor = h(W'iz + (I — 2WTW)y,) with
&WWT = I,. Denote Q(y) := i|jx — A2 + + ~&\(y) and y* as an optimal of
Q). For T > 1, we have

T 1 1

. . 1
T(Qyr) — Qy")) < on 1Yo~y "I - 2NHyT y Hg——ZH— (v, —y)ll3

T
t4 1
- —Z Y1 — 9.ll3- (7.12)

Theorem 25. (Strictly Monotonic Descent of k-sparse problem) Let L(y) = &l —
Dyl3, s.t. |lyllo < k with D = \/—\/%RTB, where B is constructed as in [119] with
N =2n,d =2m. Sety,,, = h(ai1) with sparity k and a1 = D'z +(I-D'D)y,.
For ¥t > 1, we have

L(yt+1)

1 1 n—(2k—1)/n—m
< L(?Jt) + §Hyt+1 - atHH% - §||yt - atHH% - m Hyt+1 - ytH%
< L(y,), (7.13)

where h(-) is defined as

h(z;) = { zi if |z;| is one of the k-highest values of |z| € RY
i) = :

0 otherwise (7.14)

Remark: When sparsity k < "_;”jﬁ\/ﬁ, we have L(y,,,) < L(y,) unless y,,, = y,.

Our update with the structured D makes a strictly monotonic descent progress each

step.

7.3.2 Learning Parameter R

Supervised Learning: For the each ' layer, we can maintain an orthogonal ma-

trix R;. The orthogonal matrix R; can be parameterized by exponential mapping or
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Cayley mapping [72] of a skew-symmetric matrix. We can employ the Cayley map-
ping to enable gradient update w.r.t a loss function ¢(-) in an end-to-end training.
Specifically, the orthogonal matrix R; can be obtained by the Cayley mapping of a

skew-symmetric matrix as
Rt: (I—i—Mt)(I—Mt)_l, (715)

where M, is a skew-symmetric matrix, i.e., M; = —MltT € R¥™4 For a skew-
symmetric matrix M, only the upper triangular matrix (without main diagonal) are
free parameters. Thus, total the number of free parameters of T-Layer is T'd(d—1)/2.
Unsupervised Learning: The parameter R can also be learned in an unsuper-
vised manner. Specifically, for a finite dataset X, the finite dimensional approxima-
tion problem with the structured W = vdR'" B is given as
win 21X - YRTBY | + Loyv) (7.16)
subject to R'TR=RR'" =1,

where ¢,(+) is a separable non-convex or convex regularization function with param-
eter A, i.e., ox(Y) =Y, oa(y@).

The problem can be solved by the alternative descent method. For a fixed
R, we perform a iterative update of Y a few steps to decrease the objective. For the
fixed Y, parameter R has a closed-form solution.

Fiz R, Optimize Y : The problem can be rewritten as :

Uix - VAR By 4 Lovy) - > Q) (717
Thus, with fixed R, we can update each y* by Eq. in parallel. We can perform
T; steps update with initialization as the output of previous alternative phase, i.e.,
Y) = Y?F:l (and initialization Y = 0 and Ry = I5).

Fiz'Y , Optimize R: This is the nearest orthogonal matrix problem, which has a
closed-form solution as shown in [151]. Let ‘/WQBYX T = UTV obtained by singular
value decomposition (SVD), where U,V are orthgonal matrix. Then, Eq.(7.16) is
minimized by R=UV".

Remark: A T,-step alternative descent computation graph of R and Y can be
viewed as a T} Ts-layer NN block, which can be used as a plug-in of popular backbones

for robust deep learning.
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7.3.3 Kernel Approximation

Define kr n(x, ') = % <yr;(W,z),y,(W,x') >, where yp(W,z) : R = R" is a
finite approximation of fr(-, ) € Hy,. We know kr y(x, ') is bounded kernel, and
it is an approximation of kernel kr o = E,[fr(w, ) fr(w, )].

Remark: Let B be a points set that marginally uniformly distributed on the
surface of sphere S¢~! (e.g, Block-wise random orthogonal rotation of structured
samples [117]). Employing our structured approximation W = R'B, we know
VR € SO(d) and Yf € Lo, limy_u M = Eynigi-11[f(w)]. It means that
although the orthogonal rotation parameter R is learned, we still maintain an unbi-
ased estimator of E,,[f(w)].

First-Layer Kernel: Set y = 0 and f; = 0, we know y;(x) = h(w, ) and
fi(w,z) = h(w'z). Suppose |h(x)| < c|z| (or |h(z)] < ¢), 0 < ¢ < oo, it follows that

lim &y n(x,2') = lim —Zh w, x)h(w; ') = Ey[h(w' Rx)h(w' Rx')]

N—oo N%oo

=Ey [h(w a:)h(wTa:’)} = k1oo(x, ). (7.18)

In Eq., we use the fact that a rotation does not change the uniform surface
measure on S?~!. The first layer kernel k; y uniformly converge to k; o, over a bounded
domain & x X.

Higher-Layer Kernel: For both the shared R case and the unsupervised up-
dating R case, the monotonic descent property and convergence rate is well preserved
for any bounded & € X. With the same assumption of h(:) and y = 0, as N — oo,
we know y, — ﬁ € L, , where ft is a countable-infinite dimensional functional. And

inequality (7.10) and inequality ((7.12)) uniformly converges to inequality (7.19) and
inequality ((7.21)) over a bounded domain X, respectively.

Q(fen) SQ(ﬁ) - %Ew[(ft+l(w>_ﬁ(w))2] + %HEw[w (ﬁﬂ(w)_ﬁ(w))”‘g (7.19)
= QU ~ Eul (Foa(w)~ i) — w By foo(Fea(w)~ ()] < Q)

(7.20)

T(Q(J?T)—Q(f*))ﬁ%Ew[(fo(w)—f*(w))]——E [(fr(w)— f.(w))?]
S Bl () £ Cw)) B 34 Bl w0) Fw)?
B - (7.21)
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It is worth noting that limy_, kr n converge to a ET,OO that is determined by the
initialization Ry and dataset X . Specifically, for both the unsupervised learning case
and the shared parameter case, the approximated kernel converge to a fixed kernel
as the width tends to infinity. As N — oo, training a finite structured NN with GD
tends to perform a functional gradient descent with a fixed kernel. For a strongly
convex regularized regression problem, functional gradient descent leads to global
convergence.

For the case of updating T-layer parameter Ry, ¢t € {1,---,T} in a supervised
manner, the sequence {R;} determines the kernel. When the data distribution is
isotropic, e.g., S¥"!, the monotonic descent property is preserved for the expecta-
tion Ex[Q(f;, X)] (at least one step descent). Actually, when parameters of each
layer are learned in a supervised manner, the model is adjusted to fit the supervised
signal. When the prior regularization E,, [qb,\(f(w))] is consistent with learning the
supervised signal, the monotonic descent property is well preserved. When the prior
regularization contradicts the supervised signal, the monotonic descent property for

prior is weakened.

7.4 Functional Optimization

We can minimize a regularized expected risk defined as

T() = By [g(X)), Y14 5 gl +0Ex (31X~ Bufuw f(w, X)) + EBulon(f(w, X)),

[

-~ -~

Jl J2

(7.22)

where the functional space Hy 2 g is is determined by the kernel
k(x,y) =Ey|[f(w,z)f(w,y)]. Our NOK enables us to optimize the objective J by
optimizing J; and J, separately. Namely, the functional space Hj, > g is determined
by the kernel associated with the T-step update fr. With our NOK, J; with convex
regularization ¢,(-) can be optimized with a convergence rate O(z) by the T-layer
network architecture. When ¢,(+) is an indicator function, the optimal .J; actually is
the ly-norm optimal transport between p(X) and a probability measure induced by
A(f, X) = Eulw f3 (w, X)].

For a convex function £(-), Ji(g) is strongly convex w.r.t the functional g € Hy.
Functional gradient descent can converge to a minimizer of J;. For regression prob-

1

lems, {(z,y) = 3(z — y)?, the functional gradient of J; is

aJl(g) = EX,Y[az:g(X)g(g(X)v Y)k(vX)] +Ag = (E + AI)g - EX,Y[Yk('7X)(]7 )
7.23
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where ¥ :=Ex ., [k(-, X) ® k(X,-)] denotes the covariance operator.
We can perform the average stochastic gradient descent using a stochastic un-
biased estimator of Eq.. For strongly convex problem, we can achieve O(%)

convergence rate (Theorem A in [132]).

7.5 Rademacher Complexity and Generalization Bound

We show the Rademacher complexity bound and the generalization bound of our
structured approximated NOK (SNOK).
Neural Network Structure: For structured approximated NOK networks (SNOK),

the 1-T' layers are given as
Y1 = h(D'Ryx + (I — D'D)y,), (7.24)

where R, are free parameters such that RtT R, = RtT R, = I;,. And D is a scaled
structured spherical samples such that DD = I; [117], and y, = 0.

The last layer ( (T+1)™ layer) is given by z = w'yp,,. Consider a L-Lipschitz
continuous loss function ¢(z,y) : Z x Y — [0, 1] with Lipschitz constant L w.r.t the
input z.

Rademacher Complexity [21]: Rademacher complexity of a function class G
is defined as

1

sup Z e,-g(m,-)] , (7.25)

9€9 =y

where ¢;,i € {1,--- N} are i.i.d. samples drawn uniformly from {+1,—1} with
probality Ple; = +1] = Ple; = —1]) = 1/2. And x;,i € {1,--- , N} are i.i.d. samples
from X.

Theorem 26. (Rademacher Complezity Bound) Consider a Lipschitz continuous loss
function 0(z,y) : Z x Y — [0,1] with Lipschitz constant L w.r.t the input z. Let
Z(z,y) = l(z,y) — ¢(0,y). Let G be the function class of our (T+1)-layer SNOK
mapping from X to Z. Suppose the activation function |h(y)| < |y| (element-wise),
and the la-norm of last layer weight is bounded, i.e., |[wl|ls < By,. Let (x;,y:)Y, be
i.i.d. samples drawn from X x Y. Denote Y 1y as the T layer output. Denote the

mutual coherence of Y1y as p*, i.e., p* = p(Yrpn) < 1. Then, we have
LB,y (N = D +1) |12
= S Xl
=0

(7.26)

1

N
NE SUE Z €$£(g(mz)a yz)

9€G =1

Ry(loG) = <
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where B=|[I-D'D|3 <1, X =[xy, -, xn]. ||-||r and || - |2 denote the matrix

Frobenius norm and matriz spectral norm,respectively.

Remark: A small mutual coherence (Y r41) leads to a small Rademacher com-
plexity bound. When the width of NN Np > d, we have § = 1. In this case, the
Rademacher complexity bound has a complexity O(v/T) w.r.t. the depth of NN
(SNOK).

Theorem 27. (Generalization Bound) Consider a Lipschitz continuous loss function
Uz,y) : 2 xY — [0,1] with Lipschitz constant L w.r.t the input z. Let (z,y) =
0(z,y)—£(0,y). Let G be the function class of our (T*H)-layer SNOK mapping from X
to Z. Suppose the activation function |h(y)| < |y| (element-wise), and the ly-norm of
last layer weight is bounded, i.e., ||wly < By,. Let (x;,y;)Y, be i.i.d. samples drawn
from X x Y. Denote Y 1y as the T layer output with input X . Denote the mutual
coherence of Y1y as p*, i.e., p* = p(Yru) < 1. Then, for VN and ¥6,0 < § < 1,
with a probability at least 1 — 0, Vg € @, we have

N LB/ (N=1)pr+1) |T=1 -
E[((9(X). V)] <3 3 gl )+ Ve . > 51X+ )
(7.27)

where B=|[I-D'D|} <1, X =[xy, -, xn]. ||-||r and || - |2 denote the matriz

Frobenius norm and matrixz spectral norm,respectively.

Remark: The mutual coherence ju(Yry) (or | Y7, Yra—I |2, etc.) can serve as
a good regularization to reduce Rademacher complexity and generalization bound.
When the width of SNOK (Np) is large enough, specifically, when Np > N, it is
possible to obtain u (Y1) =0 (orthogonal representation), which significantly reduces
the generalization bound. Namely, overparameterized deep NNs can increase the
expressive power to reduce empirical risk and reduce the generalization bound at the

same time.

7.6 Experiments

We evaluate the performance of our unsupervised SNOK blocks on classification tasks
under input noise perturbation (Gaussian noise or Laplace noise), and under FGSM

adversarial attack [62].
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7.6.1 Empirical Evaluation on Classification under Gaussian
Noise Perturbation

We first evaluate our unsupervised SNOK blocks as a plug-in on classification tasks
under Gaussian noise perturbation. In all the experiments, the Gaussian noise is
added after input normalization. The standard deviation of input noise is set to
{0,0.1,0.2,0.3}, respectively. We employ both DenseNet-100 [79] and ResNet-34 [71]
as backbone. We test the performance of four methods in comparison: (1) Vanilla
Backbone, (2) Backbone + Mean Filter, (3) Backbone + Median Filter, (4) Backbone +
SNOK. For both Mean Filter and Median Filter cases, we set the filter neighborhood
size as 3 x 3 same as in [177]. For our SNOK case, we plug two SNOK blocks before
and after the first learnable Conv2D layer. In all the experiments, CIFAR10 and
CIFAR100 datasets [100] are employed for evaluation. All the methods are evaluated
over five independent runs with seeds {1,2,3,4,5}. During training, we stored the
model every five epochs, and reported all evaluation results over all the stored models.

It covers the whole training trajectory, which is more informative.
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Figure 7.1: Mean test accuracy =+ std over 5 independent runs under Gaussian noise
with DenseNet backbone

The results of classification under Gaussian noise perturbation with DenseNet
backbone and ResNet backbone are shown in Fig. and Fig[7.2] respectively. We can
observe that Backbone + Mean Filter, Backbone + Median Filter, and our Backbone
+ SNOK achieve a sightly lower classification accuracy on the case without noise
perturbation. Moreover, on the case without input noise, our SNOK plug-in obtains

a similar classification performance compared with other plug-in blocks. Furthermore,
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Figure 7.2: Mean test accuracy + std over 5 independent runs under Gaussian noise
with ResNet backbone

our Backbone + SNOK obtains a increasingly higher test accuracy compared with
other baselines as the standard deviation of the noise grows. This shows a superior
robustness of our SNOK blocks against Gaussian noise perturbation. Notably, the
Vanilla Backbone achieves a degenerate performance when the standard deviation of
the noise is large. In contrast, our Backbone + SNOK achieves almost two times test
accuracy compared with the Vanilla Backbone on the large noise case. This shows
a significant improvement, which demonstrates a promising application value of our

SNOK blocks.
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Figure 7.3: Mean test accuracy * std over 5 independent runs under Laplace noise
with DenseNet backbone
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Figure 7.4: Mean test accuracy & std over 5 independent runs under Laplace noise
with ResNet backbone

7.6.2 Empirical Evaluation on Classification under Laplace
Noise Perturbation

We further evaluate our unsupervised SNOK blocks as a plug-in on classification
tasks under Laplace noise perturbation. In all the experiments, the Laplace noise
is added after input normalization. The standard deviation of the Laplace noise is
set to {0,0.1,0.2,0.3}, respectively. We employ both DenseNet-100 |79] and ResNet-
34 [71] as backbone. We test the performance of four methods in comparison same
as in Section [7.6.1. For both Mean Filter and Median Filter cases, we set the filter
neighborhood size as 3 x 3 same as in [177]. For our SNOK case, we plug two SNOK
blocks before and after the first learnable Conv2D layer. In all the experiments,
CIFAR10 and CIFAR100 datasets [100] are employed for evaluation. All the methods
are evaluated over five independent runs with seeds {1,2,3,4,5}. During training,
we stored the model every five epochs, and reported all evaluation results over all the
stored models.

The results of classification under Laplace noise perturbation with DenseNet back-
bone and ResNet backbone are shown in Fig. [7.3| and Fig respectively. We can
observe that all the robust baseline methods obtain a sightly lower test accuracy
compared with vanilla backbone on the clean case. Moreover, we find that all robust
baseline methods achieve a significant higher test accuracy compared with vanilla
backbone on the case with noise perturbation. In addition, the vanilla backbone to-
tally degenerate when the standard deviation of the input noise is 0.3. Furthermore,
we find that DenseNet backbone with our SNOK plug-in performs better than ResNet
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backbone with SNOK. This may show that ResNet is more sensitive to input Laplace

noise.

7.6.3 Empirical Evaluation on Classification with Adversar-
ial Perturbation

We further evaluate our unsupervised SNOK blocks as a plug-in on classification tasks
under adversarial perturbation. We employ both DenseNet-100 [79] and ResNet-
34 |71] as backbone. We test the performance of four methods in comparison same
as in Section [7.6.1. In all the experiments, CIFAR10 and CIFAR100 datasets [100]
are employed for evaluation. All the methods are evaluated over five independent
runs with seeds {1,2,3,4,5}. During training, we stored the model every five epochs,
and reported all evaluation results over all the stored models. We employ the FGSM
method to generate the adversarial perturbation.

The experimental results of different models under the FGSM attack are shown
in Fig. [7.5l Our SNOK plug-in achieves a significantly higher test accuracy than
baselines. Moreover, we can observe that mean filter and median filter plug-in do not
gain an improvement of test accuracy compared with vanilla backbone under FGSM
attack. This shows that these two filter block fail to gain additional robustness
against the FGSM attack, although they obtains robustness against Gaussian noise
and Laplace noise. In contrast, our SNOK plug-in not only bring a robustness against
Gaussian noise/Laplace noise, but also gain a robustness under FGSM attack. This

show a superior robustness of our SNOK block in a consistent way.
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Figure 7.5: Mean test accuracy =+ std over 5 independent runs on CI-
FAR10/CIFAR100 dataset under FGSM adversarial attack for DenseNet and ResNet
backbone.

7.7 Summary

We first proposed a novel kernel family NOK. We also analyzed its approximation, the

connection to deep NNs, the NN architecture optimization properties, and the gener-
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alization bounds. Our studies show that overparameterized NN (SNOK) with a wide
range of popular activation functions, e.g., ReLU, max pooling, soft-thresholding, can
increase the expressive power to reduce the empirical risk, and reduce the generaliza-
tion bound at the same time. In future, we will investigate the convergence behavior
of training the supervised SNOK with SGD.
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Chapter 8

Curriculum Loss for Robust Deep
Learning

8.1 Chapter Abstract

Deep neural networks (DNNs) have great expressive power, which can even memorize
samples with wrong labels. It is vitally important to reiterate robustness and gen-
eralization in DNNs against label corruption. To this end, this chapter studies the
0-1 loss, which has a monotonic relationship with empirical adversary (reweighted)
risk [77]. Although the 0-1 loss has some robust properties, it is difficult to optimize.
To efficiently optimize the 0-1 loss while keeping its robust properties, we propose a
very simple and efficient loss, i.e. curriculum loss (CL). Our CL is a tighter upper
bound of the 0-1 loss compared with conventional summation based surrogate losses,
which is an tighter approximation of expected risk. Moreover, CL can adaptively
select samples for model training. As a result, our loss can be deemed as a novel
perspective of curriculum sample selection strategy, which bridges a connection be-
tween curriculum learning and robust learning. Experimental results on benchmark

datasets validate the robustness of the proposed loss.

8.2 Curriculum Loss

In this section, we present the framework of our proposed Curriculum Loss (CL). We
begin with discussion about robustness of the 0-1 loss in Section [8.2.1. We then show
that our CL is a tighter upper bound of the 0-1 loss compared with conventional sum-
mation based surrogate losses in Section [8.2.2. A tighter bound of the 0-1 loss means
that it is less sensitive to the noisy outliers, and it better preserves the robustness of

the 0-1 loss with a small rate of label corruption. For a large rate of label corruption,

111



we extend our CL to a Noise Pruned Curriculum Loss (NPCL) to address this issue
in Section [8.2.3. A simple multi-class extension and a novel soft multi-hinge loss are
included in the Appendix. All the detailed proofs can be found in the Appendix as

well.

8.2.1 Robustness of 0-1 loss against label corruption

We rephrase Theorem 1 in [77] from a different perspective, which motivates us to

employ the 0-1 loss for training against label corruption.

Theorem 28. (Monotonic Relationship) (Hu et al. [77]) Let p(z,y) and q(z,y)
be the training and test density,respectively. Define r(z,y) = q(x,y)/p(z,y) and
ri = r(x;,y). Let 1(y,y) = 1(sign(gj) =+ y) and (g, y) = 1(argmaxk(§k) =+ y) be 0-1
loss for binary classification and multi-class classification, respectively. Let f(-) be
convez with f(1) = 0. Define risk R(0), empirical risk R(0), adversarial risk Raqy(6)

and empirical adversarial risk ﬁadv(ﬁ) as

R(0) = Eygo [1(o0(x). )] (8.1)
RO)= S Igo(w). ) (82)
Ruin(6) = 51D By [ )1 g0 ) ) (83)
Raaw(0) = sup % ;1 ril(ge(x:), yi), (8:4)

where uf = {7’(5573/> ‘]Ep(x,y) [f (T’(l’,y))] < 57 ]Ep(a;,y) [T’(Q?,y)] = 177’(5(,’,3/) > O,V(I',y) € X x y}
and Uy = {r| LS fr) <6, 25"y =1,r >0}. Then we have that

If Radv<91) < 1, then R(@l) < R(Qg) < Radv(é’l) < Radv<02)' (85)
If Radv<01) = ]_, then R(Ql) < R(QQ) < Radv(02> =1. (86)

The same monotonic relationship holds between their empirical approximation: 7/5(9)
and ﬁadv.

Theorem [28| [77] shows that the monotonic relationship between the (empirical)
risk and the (empirical) adversarial risk (worst-case risk) when 0-1 loss function is
used. It means that minimizing (empirical) risk is equivalent to minimize the (em-
pirical) adversarial risk (worst-case risk) for 0-1 loss. When we train a model based
on the corrupted training distribution p(z,y), we want our model to perform well

on the clean distribution ¢(x,y). Since we do not know the clean distribution ¢, we
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want our model to perform well for the worst-case estimate of the clean distribution,
with the assumption that the f-divergence between the corrupted distribution p and
the clean distribution ¢ is bounded by §. Note that the underlying clean distribu-
tion is fixed but unknown, given the corrupted training distribution, the smallest o
that bounds the divergence between the corrupted distribution and clean distribution
measures the intrinsic difficulty of the corruption, and it is also fixed and unknown.
The corresponding worst-case distribution w.r.t the smallest § is an estimate of the
true clean distribution, and this worst-case risk upper bounds the risk of the true
clean distribution. In addition, this bound is tighter than the other worst-case risks
w.r.t larger §. It is natural to use this upper bound as the objective for robust learn-
ing. When we use 0-1 loss (that is commonly employed for evaluation), because of
the equivalence of the risk and the worst-case risk, we can directly minimize risk
under training distribution p instead of directly minimizing the worst-case risk (i.e.,
the upper bound). Moreover, this enables us to minimize the upper bound without
knowing the true § beforehand. When the true ¢ is small, i.e., the corruption of the
training data is not heavy, the upper bound is not too pessimistic. Usually, minimiz-
ing the upper bound can decrease the true risk under clean distribution. Particularly,
when the clean distribution coincides with the worst-case estimate w.r.t the smallest
0, minimizing the risk under the corrupted training distribution leads to the same

minimizer as minimizing the risk under the clean distribution.

8.2.2 Tighter upper bounds of the 0-1 Loss

Unlike commonly used loss functions in machine learning, the non-differentiability
and zero gradients of the 0-1 loss make it difficult to optimize. We thus propose
a tighter upper bound surrogate loss. We use the classification margin to define
the 0-1 loss. For binary classification, classification margin is u = yy, where y and
y € {+1, —1} denotes the prediction and ground truth, respectively. (A simple multi-
class extension is discussed in the Appendix.) Let u; € R be the classification margin
of the i'" sample for i € {1,...,n}. Denote u = [uy, ..., u,|. The 0-1 loss objective can

be defined as follows:
J(u)=>",1(u; <0). (8.7)
Given a base upper bound function [(u) > l(u < O),u € R, the conventional surro-

gate of the 0-1 loss can be defined as

CVED S (T} (8.8)
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Our curriculum loss Q(u) can be defined as Eq.(8.9). Q(u) is a tighter upper

bound of 0-1 loss J(u) compared with the conventional surrogate loss J(u), which is

summarized in Theorem 29t

Theorem 29. (Tighter Bound) Suppose that base loss function l(u) > 1(u < 0),u €
R is an upper bound of the 0-1 loss function. Let u; € R be the classification margin

of the i sample for i € {1,...,n}. Denote max(-,-) as the mazimum between two

inputs. Let u = [uy, ..., u,|. Define @ (u) as follows:

@ (u)= min max ( Zj:1 vl (uy), n—zzl v; + ijl l(ui < O)) (8.9)

ve{0,1}" =
Then J(u) < Q (u) < J (u) holds true.

Remark: For any fixed u, we can obtain an optimum solution v* of the partial
optimization. The index indicator v* can naturally select samples as a curriculum
paradigm for training models. The partial optimization w.r.t index indicator v can be
solved by a very simple and efficient algorithm (Algorithm in O(nlogn). Thus,
the loss is very efficient to compute. Moreover, since @) (u) is tighter than conventional
surrogate loss J (u), it is less sensitive to outliers compared with J (u). Furthermore,
it better preserves the robust property of the 0-1 loss against label corruption.

The difficulty of optimizing the 0-1 loss is that the 0-1 loss has zero gradients
in almost everywhere (except at the breaking point). This issue prevents us from
using first-order methods to optimize the 0-1 loss. Eq. provides a surrogate
of the 0-1 loss with non-zero subgradient for optimization, while preserving robust
properties of the 0-1 loss. Note that our goal is to construct a tight upper bound of
the 0-1 loss while maintaining informative (sub)gradients. Eq.(8.9) balances the 0-1
loss and conventional surrogate by selecting (the trust) samples (index) for training
progressively.

Updating with all the samples at once is not efficient for deep models, while
training with mini-batch is more efficient and well supported for many deep learning
tools. We thus propose a batch based curriculum loss @(u) given as Eq.. We
show that @(u) is also a tighter upper bound of 0-1 loss objective J(u) compared

with conventional loss J (u). This property is summarized in Corollary

Corollary 4. (Mini-batch Update) Suppose that base loss function l(u) > 1(u < O),u €
R is an upper bound of the 0-1 loss function. Let b, m be the number of batches and

batch size, respectively. Let u;; € R be the classification margin of the i sample in
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batch j fori € {1,....m} and j € {1,...,b}. Denote u = [u11, ..., ump|. Let n = mb.
Define @ (u) as follows:

~ b . m m
Q (u) :Zj:1 Velg[l)l{l}m max (Zizl vl (i), m—zl Vi Z 1(ui; < 0))
(8.10)
Then J(u) < Q (u) < Q (u) < J (u) holds true.

Remark: Corollary |4 shows that a batch-based curriculum loss is also a tighter
upper bound of 0-1 loss J(u) compared with the conventional surrogate loss J (u).
This enables us to train deep models with mini-batch update. Note that random shuf-
fle in different epoch results in a different batch-based curriculum loss. Nevertheless,
we at least know that all the induced losses are upper bounds of 0-1 loss objective and
are tighter than J (u). Moreover, all these losses are induced by the same base loss
function [(-). Note that, our goal is to minimize the 0-1 loss. Random shuffle leads
to a multiple surrogate training scheme. In addition, training deep models without
shuffle does not have this issue.

We now present another curriculum loss F (u) which is tighter than Q(u). E (u)

is an (scaled) upper bound of 0-1 loss. This property is summarized as Theorem .

Theorem 30. (Scaled Bound) Suppose that base loss function l(u) > 1(u < 0),u €
R is an upper bound of the 0-1 loss function. Let u; € R be the classification margin
of the i sample fori € {1,...,n}. Denote u = |uy, ..., u,]. Define E (u) as follows:

E (u) :vel?olil}n max ( 21:1 vl (uy), n_zz:1 ;). (8.11)
Then J(u) < 2E (u) < Qj(u) holds true.

Remark: F(u) has similar properties to Q(u) discussed above. Moreover, it is
tighter than @(u), i.e. E(u) < Q(u). Thus, it is less sensitive to outliers compared
with @Q(u). However, Q(u) can construct more adaptive curriculum by taking 0-1
loss into consideration during the training process.

Directly optimizing F(u) is not as efficient as that optimizing Q(u). We now
present a batch loss objective E(u) given as Eq. {} E(u) is also a tighter upper

bound of 0-1 loss objective J(u) compared with conventional surrogate loss J(u).

Corollary 5. (Mini-batch Update for Scaled Bound) Suppose that base loss
function l(u) > l(u < 0),u € R is an upper bound of the 0-1 loss function. Let b, m

be the number of batches and batch size, respectively. Let u;; € R be the classification
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Algorithm 13 Partial Optimization
Input: u; for i € {1,...,n}, the selection threshold C;

Output: Index set v = (v1,v2,...,0,);

Compute the losses [; = [(u;) for i =1,...,n;

Sort samples (index) w.r.t. the losses {l;}?_, in a non-decreasing order;  // Get
h<---<l1,

Initialize Lo = 0;
for i =1 ton do

Li= L1 +1;
if L; <(C+1—1)then
Set v; = 1;
else
Set v; = 0;
end if
end for

margin of the 1" sample in batch j for i € {1,...,m} and j € {1,....,b}. Denote
U= [ui1, ..., uny). Let n=mb. Define E(u) as follows:

E (u) :Zb min_ max ( Z:n:l viil (i), m—zzl vij). (8.12)

J=lve{01}™
Then J(u) < 2E (u) < 2E (u) < 2J (u) holds true.

All the curriculum losses defined above rely on minimizing a partial optimization
problem (Eq.(8.13)) to find the selection index set v*. We now show that the opti-
mization of v with given classification margin u; € R,i € {1,...,n} can be done in
O(nlogn).

Theorem 31. (Partial Optimization) Suppose that base loss function l(u) >
1(u < 0),u € R is an upper bound of the 0-1 loss function. For fired u; € R, 1 €
{1,...,n}, an minimum solution v* of the minimization problem in Eq. can be

achieved by Algorithm [13:

min max (> 1, vil(u;),C = >0, vi), (8.13)

ve{0,1}"

where C' is the threshold parameter such that 0 < C' < 2n.

Remark: The time complexity of Algorithm [13]is O(nlogn). Moreover, it does
not involve complex operations, and is very simple and efficient to compute.

Algorithm [13]can adaptively select samples for training. It has some useful proper-
ties to help us better understand the objective after partial minimization, we present
them in Proposition [2]
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Proposition 2. (Optimum of Partial Optimization) Suppose that base loss
function l(u) > l(u < 0),u € R is an upper bound of the 0-1 loss function. Let
u; € R fori € {1,...,n} be fized values. Without loss of generality, assume l(uy) <
l(ug) -+ < l(uy). Let v* be an optimum solution of the partial optimization problem

in Bq.(8.15). Let T* =3%"" ,vf and Ly~ = ST 1(u;). Then we have

i=1

Ly-<C+1-T" (8.14)
LT*—‘,—l >C-T* (815)
LT*+1 > maX(LT*, C — T*) (816)

' C (), 0= ) = Lp.,C —=1T7). 8.17
velﬁ)l,rll}"m(ijX (Zizl v (u ) Zi:l v ) max( T ) ( )

Remark: When C' < n+ > l(ui < 0), Eq. is tighter than the con-
ventional loss J (u). When C > n, Eq. @ is a scaled upper bound of 0-1 loss
J(u) . From Eq.(8.17) , we know the optimum of the partial optimization problem
(8.13) (i.e. our objective) is max(Lp+,C — T*). When Ly« > C' — T*, we can di-
rectly optimize Ly« with the selected samples for training. When Ly < C' — T,
note that Lp«yy > max(Lps,C — T7*) from Eq., we can optimize Lp«,q for
training. Note that when T* < n, we have that Ly < L, = > I(u;), which

~

is still tighter than the conventional loss J(u). When 7" = n, for the parameter
C<n+Y,1(u <0), we have that Ly = J(u) > J(u)>C —n=C—T* Thus
we can optimize max(Ly-,C' — T*) = J(u). In practice, when training with random
mini-batch, we find that optimizing Lz~ in both cases instead of Ly+,; does not make

much influence.

8.2.3 Noise Pruned Curriculum Loss

The curriculum loss in Eq. and Eq. expect to minimize the upper bound
of the 0-1 loss for all the training samples. When model capability (complexity) is
high, (deep network) model will still attain small (zero) training loss and overfit to
the noisy samples.

The ideal model is that it correctly classifies the clean training samples and mis-
classifies the noisy samples with wrong labels. Suppose that the rate of noisy samples
(by label corruption) is € € [0, 1]. The ideal model is to correctly classify the (1 —¢€)n
clean training samples, and misclassify the en noisy training samples. This is because
the label is corrupted. Correctly classify the training samples with corrupted (wrong)
label means that the model has already overfitted to noisy samples. This will harm

the generalization to the unseen data.
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Considering all the above reasons, we thus propose the Noise Pruned Curriculum
Loss (NPCL) as

L (u) = min max ( Z:;l vl (u;), C—Z:;l v;), (8.18)

ve{0,1}"

where C' = (1—€e)jnor C=(1—¢)?n+ (1—¢) > 1, 1(w; <0).

When we know there are en noisy samples in the training set, we can leverage
this as our prior. (The impact of misspecification of the prior is included in the
supplement.) When C' = (1 — ¢)n (assume C,en are integers for simplicity), from
the selection procedure in Algorithm , we know e samples with largest losses [(u)
will be pruned. This is because C' — > v; +1 < 0 when Y ", v; > (1 —€)n + 1.
Without loss of generality, assume [(u;) < l(ug) -+ < l(u,). After pruning, we have

V(1—ent1 =+ = vy, = 0, the pruned loss becomes
L£L(u)= min max ( Z(l_e)n vil(ug), (1 — e)n—z(l_E)n v;). (8.19)
ve{()’l}(lfe)n =1 ’ i=1

It is the basic CL for (1 —€)n samples and it is the upper bound of ZE:E)" 1(u; <0).
If we prune more noisy samples than clean samples, it will reduce the noise ratio.
Then the basic CL can handle. Fortunately, this assumption is supported by the
"memorization” effect in deep networks [11], i.e. deep networks tend to learn clean
and easy pattern first. Thus, the loss of noisy or hard data tend to remain high for a
period (before being overfitted). Therefore, the pruned samples with largest loss are
more likely to be the noisy samples. After the rough pruning, the problem becomes
optimizing basic CL for the remaining samples as in Eq.. Note that our CL is
a tight upper bound approximation to the 0-1 loss, it preserves the robust property
to some extent. Thus, it can handle case with small noise rate. Specifically, our
CL(Eq. further select samples from the remaining samples for training adaptively
according to the state of training process. This generally will further reduce the noise
ratio. Thus, we may expect our NPCL to be robust to noisy samples. Note that,
all the above can be done by the simple and efficient Algorithm [13| without explicit
pruning samples in a separated step. Namely, our loss can do all these automatically
under a unified objective form in Eq..

When C = (1—¢€)n, the NPCL in Eq.(8.18) reduces to basic CL E(u) in Eq.(8.11)
with € = 0. When C = (1 —¢)?n+ (1 — €)Y, 1(u; <0), for an ideal target
model (that misclassifies noisy samples only), we know that E[C] = (1 — ¢)*n + (1 —
E[N ", 1(u; <0)] = (1 —€)*n+ (1 — e)en = (1 — €)n. It has similar properties as

"'When Zglzf)nﬂ l(u;) # 0, en samples will be pruned. Otherwise, en — 1 samples will be pruned.
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Algorithm 14 Training with Batch Noise Pruned Curriculum Loss
Input: Number of epochs N, batch size m, noise ratio €;
Output: The model parameter w;

Initialize model parameter w.
for k =1to N do
Shuffle training set D;
while Not fetch all the data from D do
Fetch a mini-batch D from D; R
Compute losses {/;}!*, for data in D;
Compute the selection threshold C' according to Eq..
Compute selection index v* by Algorithm [13}

Update w = w — aV| (ﬁv) w.r.t the subset 13\,* of D selected by v*;

end while
end for

choosing C' = (1 — €)n. Moreover, it is more adaptive by considering 0-1 loss during
training at different stages. In this case, the NPCL in Eq.(8.18) reduces to the CL
Q(u) in Eq. when € = 0. Note that C' is a prior, users can defined it based on
their domain knowledge.

To leverage the benefit of deep learning, we present the batched NPCL as

~ b m ~ m
L (u) = Z min max (Zizl "Uijl(u,-j), Cj _Zizl Uij); (820)

Jj=1lve{0,1}™

where @ = (1 —¢)m or as in Eq. 1)

Ci=(1—e¢m+(1—-eY  1(uy<0). (8.21)

Similar to Corollary , we know that £ (u) < L (u). Thus, optimizing the batched
NPCL is indeed minimizing the upper bound of NPCL. This enables us to train the
model with mini-batch update, which is very efficient for modern deep learning tools.
The training procedure is summarized in Algorithm [14] It uses Algorithm to
select a subset of samples from every mini-batch. Then, it uses the selected samples

to perform gradient update.

8.3 Empirical Study

8.3.1 Evaluation of Robustness against Label Corruption

We evaluate our NPCL by comparing Generalized Cross-Entropy (GCE) loss [188],
Co-teaching [67], Co-teaching+ [182], MentorNet [84] and standard network train-
ing on MNIST, CIFAR10 and CIFAR100 dataset as in [59,67,/138]. Two types of

119



Test Accuracy
8 8 3 3 8 & 8 &

Label Precision
2 8 3 o 8 % 8 %

H

mnist_pairflip_0.35

b Py 50 s 100 125 150 s 200
Epoch

(a)

mnist_pairflip_0.35

] F=3 50 k=3 100 125 150 175 200
Epoch

(d) Pairflip-35%

mnist_symmetric_0.5

Test Accuracy
262 W B& S8 S

l.) 3 50 s 100 125 150 175 200
Epoch

(b)

mnist_symmetric_0.5

Label Precision
3 8

B 8

0 » 50 ] 100 125 150 175 200
Epoch

(e) Symmetry-50%

Test Accuracy
8 8 3 3 8 & 8 &

Label Precision

mnist_symmetric_0.2

%5 s 75 100 125 150 175 200

Epoch
()

mnist_symmetric_0.2

0 25 50 75 100 125 150 175 200
Epoch

(f) Symmetry-20%

Figure 8.1:  Test accuracy and label precision vs. number of epochs on MNIST

dataset.

random label corruption, i.e. Symmetry flipping [167] and Pair flipping [66], are
considered in this work. Symmetry flipping is that the corrupted label is uniformly
assign to one of K —1 incorrect classes. Pair flipping is that the corrupted label
is assign to one specific class similar to the ground truth. The noise rate € of la-
bel flipping is chosen from {20%,50%,35%} as a representative. As a robust loss
function, we further compare NPCL with GCE loss in detail with noise rate in
{0%, 10%, 20%, 30%, 40%, 50%}. We employ same network architecture and network
hyperparameters as in Co-teaching [67] for all the methods in comparison. Specifically,
the batch size and the number of epochs is set to m =128 and N =200, respectively.
The Adam optimizer with the same parameter as [67] is employed. For NPCL, we
employ hinge loss as the base upper bound function of 0-1 loss. In the first few epochs,
we train model using full batch with soft hinge loss (in the supplement) as a burn-in
period suggested in [84]. Specifically, we start NPCL at 5" epoch on MNIST and 10"
epoch on CIFAR10 and CIFAR100, respectively. For Co-teaching [67] and MentorNet
in [84], we employ the open sourced code of Co-teaching [67]. For Co-teaching+ |182],
we employ the code provided by the authors. We implement NPCL by Pytorch. For
NPCL, Co-teaching and Co-teaching+, we employ the true noise rate as parameter.
Experiments are performed five independent runs. The error bar for STD is shaded.

For performance measurements, we employ both test accuracy and label precision

as in [67]. Label precision is defined as : number of clean samples / number of selected
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Figure 8.2: Test accuracy and label precision vs. number of epochs on CIFAR10
dataset.

samples, which measures the selection accuracy for sample selection based methods.
A higher label precision in the mini-batch after sample selection can lead to a update
with less noisy samples, which means that model suffers less influence of noisy samples

and thus preforms more robustly to label corruption.
The pictures of test accuracy and label precision vs. number of epochs on MNIST

are presented in Figure The results on CIFAR10 and CIFAR100 are shown in
Figure and Figure [8.3] respectively. It shows that NCPL achieves superior perfor-
mance compared with GCE loss in terms of test accuracy. Particularly, NPCL obtains
significant better performance compared with GCE loss in hard cases: Symmetry-50%
and Pair-flip-35%, which shows that NPCL is more robust to label corruption com-
pared with GCE loss. Moreover, NPCL obtains better performance on MNIST, and
competitive performance on CIFAR10 and CIFAR100 compared with Co-teaching.
Furthermore, NPCL achieves better performance than Co-teaching+ on CIFARI10
and two cases on MNIST. In addition, we find that Co-teaching+ is not stable on
CIFAR100 with 50% symmetric noise. Note that NPCL is a simple plug-in for a
single network, while Co-teaching/Co-teaching+ employs two networks to train the
model concurrently. Thus, both the space complexity and time complexity of Co-
teaching/Co-teaching+ is doubled compared with our NPCL.

Both our NPCL and Generalized Cross Entropy (GCE) loss are robust loss func-
tions as plug-in for single network. Thus, we provide a more detailed comparison
between our NPCL and GCE loss with noise rate in {0%, 10%, 20%, 30%, 40%, 50%}.
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Figure 8.3: Test accuracy and label precision vs. number of epochs on CIFAR100
dataset.

The experimental results on CIFARI10 are presented in Figure 8.7, The experimental
results on CIFAR100 and MNIST are provided in Figure and Figure From
Figure 8.7, Figure |8.5[and Figure 8.4 we can observe that NPCL obtains similar and
higher test accuracy in all the cases. Moreover, from Figure [8.7] and Figure [8.4] we
can see that NPCL achieves similar test accuracy compared with the GCE loss when
the noise rate is small. The improvement increases with the increase of the noise rate.
Particularly, NPCL obtains remarkable improvement compared with the GCE loss on
CIFAR10 with noise rate 50%. It shows that NPCL is more robust compared with
GCE loss against label corruption. GCE loss employs all samples for training, while
NPCL prunes the noisy samples adaptively. As a result, GCE loss still employs sam-
ples with wrong labels for training, which misleads the model. Thus, NPCL obtains

better performance when the noise rate becomes large.

8.3.2 More experiments with different network architectures

We follow the experiments setup in [110]. We use the online code of [110] , and only
change the loss for comparison. We cite the numbers of Softmax, RoG and D2L |120)]

in [110] for comparison.

The test accuracy results on uniform noise, semantic noise and open-set noise

are shown in Table [.1] Table [8.2] and Table [8.3] respectively. From Table we
can observe that both NPCL and CL outperforms Softmax (cross-entropy) and RoG
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Figure 8.4: Test accuracy vs. number of epochs on MNIST dataset.

(cross-entropy) on five cases for uniform noise. Note that RoG is an ensemble method,

while CL/NPCL is a single loss for network training, one can combine them to boost
the performance. From Table we can see that CL obtains consistently better
performance than cross-entropy and D2L [120] for the semantic noise. Table

shows that NPCL achieves competitive performance compared with RoG for open-

set noise.

Table 8.1: Test accuracy(%) of DenseNet on CIFAR10 and CIFAR100.

Noise type CIFAR10 CIFAR100
NPCL CL Softmax | RoG | NPCL CL Softmax | RoG
uniform (20%) | 89.49 | 89.32 81.01 87.41 | 64.88 | 67.92 61.72 64.29
uniform (40%) | 83.24 | 85.57 72.34 81.83 | 56.34 | 58.63 50.89 55.68
uniform (60%) | 66.2 68.52 55.42 75.45 | 44.49 | 46.65 38.33 | 44.12

We further evaluate the performance of CL/NPCL on the Tiny-ImageNet dataset.
We use the ResNet18 network as the test-bed. For GCE loss, we employ the default
hyper-parameter ¢ = 0.7 in all cases. All the methods are performed five runs with
seeds {1,2,3,4,5}. The curve of mean test accuracy (shaded in std) are provided
in Figure We can see that NPCL and CL obtain higher test accuracy than

generalized cross-entropy loss and stand cross-entropy loss on both cases. Note that

CL does not have parameters, it is much convenient to use.
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Figure 8.5: Test accuracy vs. number of epochs on CIFAR100 dataset.

Table 8.2: Test accuracy(%) of DenseNet on CIFAR10 and CIFAR100 with semantic

noise.
Dataset | Label generator (noise rate) | NPCL | CL | Cross-entropy | D2L
DenseNet(32%) 66.5 | 67.45 67.24 66.91
CIFARI10 ResNet(38%) 61.88 | 62.88 62.26 59.10
VGG (34%) 68.37 | 69.61 68.77 57.07
DenseNet(34%) 57.59 | 55.14 50.72 5.00
CIFAR100 ResNet(37%) 54.49 | 53.20 50.68 23.71
VGG(37%) 55.41 | 52.71 51.08 40.97

8.3.3 Impact of Misspecified Estimation of Noise Rate ¢

When the noise rate € is not known as a prior, we can select the parameter € by cross-
validation. A more interesting method is to set € as a parameter, and we update ¢
automatically by minimizing a loss on a validation set.

We empirically analyze the impact of misspecified prior for the noise rate €. The
average test accuracy over last ten epochs on MNIST for different priors are reported
in Table We can observe that NPCL is robust to misspecified prior for small noise
cases (Symmetry-20%). Moreover, it becomes a bit more sensitive on large noise case

(Symmetry-50%) and on the pair flipping case (Pair-35%).
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Table 8.3: Test accuracy(%) of DenseNet on CIFAR10 with open-set noise.
Open-set Data NPCL | Softmax | RoG
CIFAR100 82.85 79.01 | 83.37
ImageNet 87.95 86.88 87.05
CIFAR100-ImageNet | 84.28 81.58 | 84.35

Table 8.4: Average test accuracy of NPCL with different € on MNIST over last ten

epochs
Flipping Rate 0.5¢ 0.75¢ € 1.25¢ 1.5¢
Symmetry-20% | 96.31% + 0.17% | 97.72% £ 0.09% | 99.41% + 0.01% | 99.55% + 0.02% | 99.10% =+ 0.04%
Symmetry-50% | 78.67% + 0.36% | 87.36% + 0.29% | 98.53% + 0.02% | 97.92% + 0.06% | 67.61% + 0.06%
Pair-35% 80.59% =+ 0.40% | 87.86% =+ 0.48% | 97.90% =+ 0.04% | 99.33% + 0.02% | 86.66% =+ 0.08%

8.4 Summary

In this work, we proposed a curriculum loss (CL) for robust learning. Theoretically,
we analyzed the properties of CL and proved that it is tighter upper bound of the
0-1 loss compared with conventional summation based surrogate losses. We extended
our CL to a more general form (NPCL) to handle large rate of label corruption.
Empirically, experimental results on benchmark datasets show the robustness of the
proposed loss. As a further work, we may improve our CL to handle imbalanced
distribution by considering diversity for each class. Moreover, it is interesting to

investigate the influence of different base loss functions in CL. and NPCL.
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Figure 8.6: Test accuracy (%) on Tiny-ImageNet dataset with symmetric noise
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Chapter 9

Conclusion

In this thesis, we investigate black-box integral approximation and black-box opti-
mization by considering the closed relationship between them. For integral approx-
imation, we develop a simple closed-form rank-1 lattice construction method based
on group theory (Chapter .. Our method reduces the number of distinct pair-
wise distance values to generate a more regular lattice. Furthermore, we investigate
structured points set for integral approximation on hyper-sphere (Chapter |5 and
Chapter @ Our structured point sets can serve as a good initialization for black-box
optimization. Moreover, we propose stochastic black-box optimization with implicit
natural gradients for black-box optimization (Chapter . Our method is very sim-
ple and has only the step-size hyper-parameter. Furthermore, we develop a batch
Bayesian optimization algorithm from the perspective of frequentist kernel methods,
which is powerful for low-dimensional black-box optimization problems (Chapter [4)).
We further apply our structured integral approximation techniques for kernel approx-
imation (Chapter @ In addition, we develop structured approximation for robust
deep neural network architecture, which results in an elegant and simple architecture
that preserves optimization properties (Chapter . Moreover, we develop adaptive
loss as a tighter upper bound approximation for expected 0-1 risk, robust and train-
able with SGD (Chapter [8).
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Chapter 10

Appendix

10.1 Proof of Theorem 2

Proof. For Gaussian distribution p := N(p, ¥), the gradient of E,[f(x)] w.r.t g can

be derived as follows:

VLB ()] = Byl ()9, log(p(; . %) (10.1)
&, 1@V, | yle w5 e - )| (10.2)
F, [5 e — ) f ()] (10.3)
The gradient of E,[f(z)] w.r.t ¥ can be derived as follows:
VsEy[f(z)] = Ep[f (z) Vs log(p(e; 1, X))] (10.4)
— B, | f@)¥s |5~ "= e - ) - glogder®)] | (109
= B (@ - @ - )52 f(o)] (106)
O

10.2 Proof of Theorem 3

Proof. For Guassian distribution with parameter € := {u, X}, problem (3.32)) can be

rewrited as

(0,VoJ(0:))+5 KL (pollpe,) = p"V,uJ(0:) +tx(EV5J(6,))+ 55 [tr(E;lE)+(u—ut)TE;1(u—ut)+1og%—d]
(10.7)

where V“j(et) denotes the derivative w.r.t p taking at p = p,, > = 3,. VxJ(0;)
denotes the derivative w.r.t ¥ taking at p = p,,> = ¥;. Note that V,J(6;) and

VsJ(0,) are not functions now.
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From Eq.([10.7), we can see that the problem is convex with respect to g and 3.
Taking the derivative of (10.7) w.r.t g and X, and setting them to zero, we can obtain
that

- 1

Vi (60:) + Ezfl(ﬂ—ﬂﬁ =0 (10.8)
- 1

Vsd(0)+ — [, -2 =0 (10.9)

20
It follows that

H =y — ﬁtEtV“j(Gt) (1010)
Y =31 428VsJ(6,) (10.11)

By definition, p,,; and ¥;;; are the optimum of this convex optimization problem.

Thus, we achieve that

Hip1 = Ky — 5t2tvpj(9t) (10.12)
S =5 28,V J(6:) (10.13)
O

10.3 Proof of Theorem 4

Lemma 1. For Gaussian distribution with parameter @ := {p, X} € ©. Let Fy(m) =

B (m,vy) for allt > 1, where m = {my, my} = {u, S+ pu'} € M, M denotes a

1

convex set. Let m** as the solution of

1 = argmin Fy(m) + KL (pr || Pmt) (10.14)

memM

m

Then, for Ym € M, we have
F(m) 4+ KL (pm||pmt) > F(m™) + KL (pye1||pmt) + KL (pm||pme+1)  (10.15)

Proof. Since KL-divergence of Gaussian is a Bregman divergence associated with base
function A*(m) w.r.t mean parameter m, we know problem in Eq.(10.14) is convex.
Since m!*! is the optimum of the convex optimization problem in Eq.(10.14), we have
that

(B0 + Vinemt+1 KL (D |[pme) , 0 — m!*) > 0,Vm € M (10.16)
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Note that Vp—mt+1 KL (P ||pmt) = VA*(miT!) — VA*(m!). For Vm € M we have
that

F(m) = B (T, m""™") + (B0, m — m'*") (10.17)
> B (U, m'™) — (VA*(m'™!) — VA*(m'),m — m'™) (10.18)

Rewritten the term — (VA*(m!t!) — VA*(m!),m — m'*!), we have that
—(VA*(m*) -V A*(m'), m—m')
= A" (mT)—A*(m')—(VA*(m'), m"'—m') (
— A*(m) 4+ A*(m') + (VA" (m'),m — m") (10.20
+A*(m)—A*(mT) —(VA* (m'*), m—m'") (
=KL (pmest [Pme) =KL (pm [[pme) + KL (D[ pre+) (

Plug Eq.(10.22)) into (10.18)), we obtain that
F(m) + KL (pm]|pmt) > F(m™™) + KL (D1 [|pme) + KL (Pm||[pmesr)  (10.23)
O

Lemma 2. Let v, = {g; — 2@tut, @t}, updating parameter as (10.14), then we have
1 * 2 1 * 2 -~ * 1 2 * 2
e =pen 5o, < Sl =pllsa 80 (G 1" = pen) =5 | 1= paall5o + e ?MtH@S

10.24

Proof. First, recall that the KL-divergence is defined as

1 _ hY
KL Gimllm) = 5 { I =l + oo (257) 1og (=l —al o029

From Lemma |1} we know that

KL (P [[pmt+1) < KL (prn-

Pmt) — KL (pmtt1|[pmt ) + F(m*) — F(m'™)  (10.26)

It follows that

1 . N sy
I =l er (508 o X

|2
1 * 2 xy—1 |Et|
< 5 | e utHE;l +tr (2%, 1) + log ] (10.27)
|2¢]

1 _
__{"Nt+1_NtH§rl +tr (EtJrlEt 1)"‘108; - }
2 ‘ sy

+ Bt <@\t7 m* — mt+1>
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Then, we obtain that
1 . v 1
s I = el e (57T | < §{||u — s e (3] (1028)

= 5 { b = s o (B )
+ ﬁt <iJ\t, ’I’I’L>I< — mt+1>
In addition, we have that
tr (275 —tr (2554) —tr (S XY +d
=tr (252" = 25)) —tr (S =) ( )
=tr (22, = 25) —tr (S (57— 250)) (10.30)
=tr (" = Z) (37 - 250)) ( )
—tr ((my— T —mi el (S0 - S)) (1082)
Note that ¥ — Zt_+11 = —2ﬁt@t by updating rule, it follows that
tr (E*Zt_l) (E Et+1) —tr (Etﬂzt_l) +d = —2ptr ((mé‘ — T —mit 4+ “t+1lu’;r+1)@t)
(10.33)
Then, recall that
(@ = m ) = (G = 2, 1 = ) + tr ((ms —mi™G)  (1034)

Plug (10.34)) and ((10.33)) into ((10.28), we can get that

Sl = mll o < Sllet = mall = Sl — w5+ 8 (G ™ = )
(10.35)

—2f3 <Gtu’t7 pn— Nt+1> + Bitr <(N*N*T - Nt+1”tT+1)Gt>

Note that

—2 <Gtut7 p = ut+1> + tr ((u*u” - l’“t+1“:+1)Gt>

= <§tu*, u*> —2 <@tut, u*> + <@tut, ut> (10.36)
- <Gtﬂt+17ﬂt+1> +2 <th‘l’t7ut+1> - <Gtﬂtaﬂt>
=l = pllf, = llpes — el (10.37)

Plug into ({10.35)), we can obtain that

1, . 1, . 1 ~
5”” - /J’t+1||§);_11 < 5”“ - /'l'tH;;l - 5”/1/1;+1 - utH;;1 + B <gt>N - Ht+1>
(10.38)
+ Bl = %, = Bellbter — pall,
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Also note that %Hﬂtﬂ - NtHQEt—l + Bellpr — Nt”ét = %H,Uwrl - ut”;;rlla we obtain that

ez < Sle =l =5l —mall5o 45 (G 1 — pe)+ Bl =3,
(10.39)
0

Lemma 3. Given a conver function f(x), for Gaussian distribution with parameters
0 := {p, 2}, let J(O) := Ep0)f(@)]. Then J(8) is a convexr function with respect
to 6.

Proof. For X\ € [0, 1], we have

AT(01) + (1= N)J(8:) = XE[f (s, + £i2)] + (1 - NE[f(my + £52)]  (10.40)
— B\ (py 1 2) 4+ (1= A\ flpg + 22 2)] (10.41)

> B[f (AM (1= My + (AS? + (1= \)52 )2)] (10.42)

= J(A0; + (1 — ))0,) (10.43)

O

Lemma 4. Let J(0) := E,u.0)[f(x)] for Guassian distribution with parameter 6 :=
{p,22} € © and © = {,u,E%| p € REY € 8T} be a vy-strongly convex function.
Suppose bl < @t = 31 be positive definite matriz and X1 € O, then we have

%EHN* - Nt+1‘|22;11 < lEHN* - “t”;tﬂ + 5tE(j(9 ) — j( ¢) + BE (G, 25,) + %E”Et+1”2”§t”%
(10.44)

Proof. From Lemma [2| we know that

%HH*_ILHJH;;:I < %HH* - “t”;;l - %HH’L‘—H - HtHQE;rll + B <§t7 n— Nt+1> + Bl — “t”%t
(10.45)
It follows that

I3

sl =po 30 < gl =l =gl e =50 80 G ™ = p) 480 (G e = w4 Bl — I,

(10.46)
Note that
1 ~
— ol — Mt”;—l + B <gt7 wy — l'l’t+1>
2 t41
1 2 S|
_§”Nt+1 - Mt”z;rll + B <2t+lgta 2t+1 (Nt - Nt+1>> (1047)
1 ~ 112 o ~ 112
= _§”l~’»t+1 — Myt 6t2t+1gtHZ;_11 + 7!\Et+1gt||2;+11 (10.48)
<6t22 all? <ﬁt22 Ak 10.49
> 7” t+1gtH2;+11 > 7” tr1l2119:12 (10.49)
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Note that >, +11 = X, by QBt@t and @t = bI, we have smallest eigenvalues
Amin(Sh) > Amin(S71) > -+ > Ain(E71). Then, we know [[Sifl2 < 1S ]fo-
In addition, 3, is positive definite matrix, thus 3,1 € © for t € {1,2,3--- }.

Plug (10.49)) into ((10.46)), we can achieve that

Lo, 1 . o N
Sk —Mt+1||22t— < 5le — |50+ Be (G 1" — ) + Bl e —Mtllét+7t||2t+1||2|!9t||3

(10.50)
Since bl < @t = 31, we get that

L 1 e 12 B "
e S T B T e AR WA
(10.51)

Taking conditional expectation on both sides, we obtain that
1 * 2
§EHN - Nt+1”g;rll

< Bl — s+ B (B — ) + B — o+ RS ]33

(10.52)
1 . o
< SEfp" - Nt”22;1 + B (Ege, ™ — ) — Be (G, 254) + B (G, 25)
Y * 2 ﬁtQ -~ 112
+ B lle” = ez + Bl Zea2 )19l (10.53)

Note that ¢, = Eg; = VN:MJ_ and Gy = Vs_s,J and Vz%j = Z%sz#— VZJ_Z%,
where Gy, VxJ and Y2 are symmetric matrix. Since J(0) is a y-strongly convex

function with optimum at 8* = {u*, 0}, we have that

_ - 1
<VN:ILt‘]7H'* _ﬂ't> -+ <VE%Z§J7O_ Ef>

= (g1, " — ) + <2§Gt + G52, 0 — EE> (10.54)
= (g, " — 1) — (G, 25) (10.55)
< (J(87) — J(6:)) - §Ilu — 3 (10.56)

Plug it into (10.53)), we can obtain that
BB = pallf < SBIR" = pll5 0+ 5i(J(07) = J(80)) + B (G, 2%%) + R [l l15l13
Taking expectation on both sides, we know that

Sl = gl < B — s + BE(I(8) = J(81)) + BE(Gi,250) + LB S o33
(10.57)
]
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Lemma 5. Giwen a symmetric matriz X and a symmetric positive semi-definite
matriz Y, then we have tr(XY) < |Vl X, where | X || = 20, |\| with A,

denotes the eigenvalues.

Proof. Since X is symmetric, it can be orthogonal diagonalized as X = UAU ", where
A is a diagonal matrix contains eigenvalues \;,i € {1,--- ,d}. Since Y is a symmetric

positive semi-definite matrix, it can be written as Y = Y2Y2. It follows that
d
tr (XY) = tr <UAUTY§Y§> ~tr (YEUAUTY§> =Y Naja (10.58)
i=1
where a; denotes the i" column of the matrix A = UTYz. Then, we have
d
1 1 1 =51 1 1 1 =1
tr(XY) <3 [Alala; = tr <Y§U|A|UTY§> — tr (YEXE X3y a) — |YEX3|2
i=1
(10.59)

where Xz = U|A|zU .
Using the fact ||[Y2X2||% < ||V2]2][ X 2|2, we can obtain that

br (XY) = [Y2X2 |7 < V2 3IX7 15 = Y ol Xl = 1Y o X[ (10.60)
O

Lemma 6. Suppose gradients |Gyl < By and G, = bl with b > 0, by setting By = B

as a constant step size, we have

T
1+logT
> BE(Gy,25) < 2B, (ﬁuzlng + Tg> (10.61)
t=1

Proof. Note that ZHll -3 1— 2ﬁt@t and @t = bl with b > 0, we know the smallest

eigenvalue of XY, i.e. Apin(Sy3) satisfies that

t t
Amin (Bi1) = Amin(S0) + 280 > Anin (571) +2) Bib>2) " Bb (10.62)

Thus, we know that

1 1 1
Amin( t+1) QZZ 1@ Qtﬁb

18e41l]2 = (10.63)
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Note that >; is symmetric positive semi-definite and G; is symmetric. From
Lemma , we know that tr(G;%;) < ||X|2||Gtl|e- It follows that

T T T
> B (G125) < 203 ElIG IS <265 Y BN (10,64
=1 =1 =1
T-1 1
< 26842 QB — 10.65
< 28B4 |12 + 28y ; 21 ( )

Since Zthl % < 1+logT, we know that

2b 20
(10.66)

T

1+1logT 1+ logT
" BE (G, 25) < 268,51 + 2B, (—g ):231 (m|21\|2+—g )
t=1

[]

Theorem. Given a convex function f(x), define J(0) := Eye)lf(x)] for Guassian
distribution with parameter 8 = {p, X2} € © and © := {M,E%‘ p e RLY €
S*}. Suppose J(0) be y-strongly convez. Let @t be positive semi-definite matrixz such
that bI = G, = 11. Suppose 3y € ST and |S1]| < p, By = Vyuep,J. Assume
furthermore ||Vs—s, J||» < B1 and ||p* [1,1H2_ < R, E||g:||3 < B. Set B, = B3, then

Algorithm ] can achieve

4BbT T
(10.67)

% ZZ—’ 1Ef(llzt):| . f(u*) S 2bR+2b8p(4B1+8B)+4B1 (1+log T)+(1+log T') BB -0 (loﬂ)

Proof. From Lemma 1 to Lemma 4, we know that

SBIR = b5 < 5Bl — w5+ BE(T(07) = J(00) + BE (G, 2%0) + FE| S 2193

(10.68)
Sum up both sides from t = 1 to ¢t =T and rearrange terms, we get
a 1 1
ZBtE [J(Ot) - J(O**)} < §E||N* - N1||221—1 - §E||N* - MTH”;;i1 (10.69)
t=1

T T
+ Y0 BE (G 23) Zﬁtﬁuzmn @5 (1070
t=1 t=1
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Since ; = 3, we can obtain that

T
1 T T/ 0*
- > EJ(6,)| - J(6%)
t=1
2 ~
SEIp = pllg + X BE (Gr 2%0) + 5 30, B[Sl 16113
< L (10.71)
s
2
< R+ BE(GL25) + £BY. Bl Sl (10.72)
p— T/B .
From Eq.(10.63)), we know that
1
)y < — 10.
[Esall2 < 515 (10.73)

Since 37, T < 1+logT, we know that ST LES0]2 < H21||2+% < p+%

In addition, from Lemma [6] we know that
T
1+logT 1+logT
Y BE (G 25 < 2B, <B||21||2 + Q—bg) < 2B (5;} + Tg) (10.74)

t=1

Plug all them into (10.72]), we can get

T

1 T T *
7 ZEJ(et) - J(6%)

t=1

14log T 2oB | (1+logT)BB
_ AR+ 2By (Bp -+ LHEET) 4 Bp8 4 LeiogD (10.75)
< T3
 2bR +8B1bBp + 4Bi(1 +log T) + 206°pB + (1 + log T) 8B (10.76)
= 45T '
_ 2bR+2b8p(4By + BB) + 4By (1 + log T) + (1 + log T) B (10.77)
= 48T ‘
log T

B 10.

0( : ) (10.78)

Since f(x) is a convex function, we know f(u) < J(u,¥) = E[f(x)]. Note that for an
optimum point p* of f(x), 8 = (u*,0) is an optimum of J(0), i.e., f(u*) = J(6%).

Thus, we can obtain that

T T
S SRR |~ ) < 7 [SSRT0)] - T07) (10.79)
t=1 t=1
- 20R + 200p(4B; + BB) + 4B (1 +logT) + (1 + logT) 5B
= 4867
(10.80)
<0 <10§T> (10.81)
O
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10.4 Proof of Theorem 5

Lemma 7. For a L-Lipschitz continuous black boz function f(x). Let G, be positive
semi-definite matrixz such that bl < @t with b > 0. Suppose the gradient estimator g,
1s defined as

6=z (f(m +Si2) — fw) (10.82)

where z ~ N(0,1). Then g, is an unbiased estimator of V ,E,[f(x)] and E||Zii1||2]|7:15 <
L2||S]|2(d + 4)?

Proof. We first show the unbiased estimator.

B = B[S, 2/ (m + 5 2)] — B[S 2f () (10.83)
_E [Zt_%zf(ut + zfz)} (10.84)
=By, (20 (@ — ) f ()] (10.85)
= VuE,[f ()] (10.86)

The last equality holds by Theorem

Now, we prove the bound of E,||3:1]|2][9:]/3-

||Zt+1||2 ||/9\t||% = ||Et+1||2 ||Z;%z||§ <f(lJ’t + Et%z) - f(#t)>2 (10-87)
< [Seille 157 2213 L2122 211 (10.88)
< [Seelle 155 213 1213 22012 213 (10.89)
— [Seille 15 2 1215 22052 23 (10.90)

Since [|Zit|l2 < [|Z,]]2 proved in Lemma 4 (below Eq.(10.49) ), we get that
el 133 < W21 Z212H213 < LI 1= (10.91)
Since E||z||3 < (d + 4)? shown in [129], we can obtain that
El[ZeiallallGells < L2(%]]2(d + 4)? (10.92)
[

Theorem. For a L-Lipschitz continuous convex black boz function f(x), define J(0) =
Ep@:0) [ f(x)] for Guassian distribution with parameter 6 := {p, Y2} € @ and © =
{M,Z%‘ p € RLY € ST} Suppose J(0) be y-strongly convex. Let G, be positive
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semi-definite matriz such that bI < G, < 2I. Suppose ¥y € ST and [|X1]]2 < p.

Assume furthermore |Vy—s,J||» < By and ||pu* — py||2.s < R, . Set B, = 8 and
1

employ estimator g; in Eq. , then Algorithm[{] can achieve

1 T
= [D2UEF(m) | — (")
t=1
_ 2R+ 208p(4B;y + 2BL2(d +4)?) + 4By (1 +1og T) + (1 + log T)BL*(d + 4)?
- 48T
(10.93)
_0 (d2 I;gT) (10.94)

Proof. We are now ready to prove Theorem [5]
From Lemmal7] we know E|| X1 [|2]|G: /|2 < L?||S¢]|2(d 4+ 4)2. Note that [|[Sy4q]l2 <

ﬁ) from Eq.(10.63)), we can obtain that

L*(d+4)?
E[|X Gll3 < L2|%)|o(d +4)? < ———2 10.95
[Zesll2l[gells < L7[2k]]2(d 4 4)° < 20— 1)5b (10.95)
Plug it into Eq.(10.71), also note that || 2|2 < ||%1]|2, we get that
1 T
T > REJ(0,)| - J(6%)
t=1
2 2
_ BBl =l + T AE (G250 + B o L(d + 4+ G
< 3
(10.96)
2 2
_ sk S BE (G, 25,) + B2(|5 |2 L2 (d + 4)? + EEUHE (1 4 10 T) (10.97)
p— Tﬁ *
In addition, from Lemma [6] we know that
T
1+logT 1+logT
> BE(G,,25) < 2B, <5||21||2 + Q—bg) < 2B, (ﬁp + 2—bg) (10.98)
t=1
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Then, we can get that

T
=[Sm0 - 0
t=1
lo BL2(d+4)?
. 1R+ 2B, (Bp + HloeTy ﬁ%j{;(d +4)? 4 BT (1 4 log T) (10.99)
2R+ 2Bp(4By + 28L2(d + 4)2) + 4By (1 + log T) + (1 + log T)BLA(d + 4)?
B 48bT
(10.100)
d*log T
-0 ( - ) (10.101)
Since f(x) is a convex function, we know that
T
= [ D Ef() | — f(w)
t=1
1 [ - :
<= ZJ(Gt)] — J(6%) (10.102)
t=1
< 20R + 208p(4By + 28L*(d + 4)?) + 4B1(1 +log T) + (1 + log T)BL*(d + 4)?
= 130T
(10.103)
d*logT
~0 ( - ) (10.104)
O]

10.5 Variance Reduction

Lemma 8. For a L-Lipschitz continuous black box function f(x). Suppose ¥y = 021

with oy > 0 fort € {1,--- ,T}. Suppose the gradient estimator g, is defined as

1

=y o (st = s () (10.105)

where Z = [z1,--- , zn] has marginal distribution N'(0,I) and Z'Z = I. Then G is
an unbiased estimator of V ,Ep[f(x)] and Ez||Xi1]2][g:]13 < M for N <d.
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Proof. We first show the unbiased estimator.

Ez[g:] = Ez

@
I
—

=E [E;%zf(ut + E%z)]
= Epu,z [20 (@ — ) ()]
= Vi, [f ()]
The last equality holds by Theorem
Now, we prove the bound of E,||3:41]|2]/g:]|3-

IS ez M1ge]13

%Z o 'z (f(py + 0,2:) — f(1y)

2
=0

2

_ 0t+1 Z HUt zi (f(py +0,20) — f(“‘t))”i

_2N N

Ot“Ut Z Z z; zj(f (e + 0yzi) = (1)) (f (b + 0025) = f (1))

=1 i#£j

- O't+1 Z Hat Zz H’t + UtZi) - f(“‘t))HZ

< I "ELZZH g = T an I
2

Thus,we know that

~ 0'L2
z [[IZeall2013113] < H{ Ez}ZH%M——tH E.[]|]l5]

Since E.||z]|3 < (d + 4)? shown in [129], we can obtain that

v ORIP(d )
Ez||Seill2)|a]3 < —2 N
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(10.106)

(10.107)

10.108)
10.109)

10.110)
10.111)
10.112)

~~

(10.113)

(10.114)

(10.115)

(10.116)

(10.117)

(10.118)

(10.119)



Theorem. For a L-Lipschitz continuous convex black box function f(x), define J(6) :=
Ep@:0)f(x)] for Guassian distribution with parameter 6 := {p,o0.d € © and © :=
{M,E%’ p € RYLY € S*}. Suppose J(0) be y-strongly convex. Let G, = bI with
b < 1. Suppose |Sills < p = 2. Assume furthermore ||[Vs_s,J|w < By and
|l — u1|\2_ < R, . Set B, = 8 and employ orthogonal estimator g; in Eq.(10.105

with N = d then Algorithm [{] can achieve

T
ZEf(ut) (k")
2bR +20B(4By/d + 2B8L*(d + 4)?/d) + 4By (1 + log T) + (1 + log T)BL*(d + 4)? /d
48T
(10.120)
dlogT
=0 10.121
( =0 (10121)
Proof. The proof is similar to the proof of Theorem [3]
From Lemma |8 and N = d, we know E||X:|o]|:]3 < w. Note that
0pq = ||Se]l2 < #ﬁb from Eq.(10.63), we can obtain that
R 02 L2(d+4)2 Lz(d+4)2
A R (10.122)
Plug it into Eq.(10.71)), we get that
T
= |2 EJ(0,)| — J(6")
t=1
_ BB =l + X BE (G 28) + BT L2+ 4 + 2 ST
< T3
(10.123)
_ SR BE (G 25) + B8 2L2(d + 4) + HEEEE(1 + log T) (10.124)

s

In addition, from Lemma [6] we know that

T

1+logT 1+logT
S BE (G, 25) < 2B, (5||21||2 " Tg) <28, (6p+ Q—bg) (10.125)
=1

141



Then, we can get that

ZEJ(@)] — J(e")

-
t=1
1R+ 2B Ltlog T 2)L2(d + 4)2 4 B2 (4 oo
_ 2bR+20Bp(4By + 2BL*(d + 4)?) + 4B (1 4+ log T) + (1 + log T)BL*(d + 4)*/d
N 48T
(10.127)
_ 2bR+2bB(4B;/d + 2BL2(d + 4)*/d) + AB;(1 + log T) + (1 + log T)BL?(d + 4)*/d
B 45bT
(10.128)
dlogT
=0 ( n ) (10.129)

Since f(x) is a convex function, we know that

T T
1 - — dlogT
7B )| - s < 3 | SEI60| - den <0 (TEE) a0
t=1 t=1
[
10.6 Proof of Updating Theorem
Theorem. For Gaussian distribution with parameter m := {my,ms} = {pu, X +

pp'}, let v, = {g; — Q@tut,@t} then the optimum of problem (10.131)) leads to the

closed-form update (10.132) and m

m'™ = argmin 8, (m, ;) + KL (prm||prmt) (10.131)
memM
S =30 + 28,6 (10.132)
P = My — B0 (10.133)

Proof. For Guassian distribution with mean parameter m = {m;,my} = {p, > +
pp’}, also note that 0, := {g, — 2G,p,, G4}, the problem (3.45) can be rewrited as

B (m2,5) + KL (pallpme) = B (M, G — 2Gu, ) + B (2, G ) + KL (b [Pt
(10.134)

Taking derivative and set to zero, also note that V,,, KL (pm||pmt)) = n — n', ny :=
7'y and my ;= —137!, we can obtain that
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1 1 )
— 5% = 5% —BG (10.135)
Sl = 50 e — B (Z]\t - Qétltt> (10.136)

Rearrange terms, we can obtain that

Srh =5+ 26,6, (10.137)

K1 = Et—l—lzt_ly’t — B (:q\t - QGtMt) (10.138)

Merge terms in Eq.(10.138]), we get that

iy = Et-q-lzt_lﬂt — B (:q\t - QGtMt) (10.139)
=X (E;l + 251&61‘,) My — B 10 (10.140)

= 21Tt — B0 (10.141)
=ty — 551Gt (10.142)

O

10.7 Proof of Gradient and Hessian Theorem

Theorem. Suppose f(x) be an integrable and twice differentiable function under
a Gaussian distribution p = N(u, %) such that E,[Vaf(x)] and E, [82f(‘”)] er-

Oxox "

ists. Then, the expectation of the gradient and Hessian of f(x) can be expressed as

FEq.(10.143) and Eq.(10.144)), respectively.

E,[Vaf(@)] = E, 57\ (z — p)f(@)] (10.143)
0*f(z)

Ey {awﬁwT]

=E,[(E(z—p)(xz—p) =57 f(z)] (10.144)

Proof. For Gaussian distribution, from Bonnet’s theorem [146], we know that
VuBy|f(@)] = By [Va f(2)]]. (10.145)
From Theorem 2, we know that

V,.E,|f(2)] = E, [S7 (@ - u)f(x)] . (10.146)
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Thus, we can obtain that
E, [Vg;f(il?)] =E, [Z_l(m - /Jl)f(m)} .
From Price’s Theorem [146], we know that

VsElf(e) - 5, | 512

oxdx’ |
From Theorem 2, we know that
1 _ 1w
VsEy[f(@)] = 5B, [(Z7 (@ — p)(@ — p) ' 27127 f(@)]

It follows that

By || =B (57 (e - e - w5727 flo)]

10.8 Discrete Update

(10.147)

(10.148)

(10.149)

(10.150)

For function f(x) over binary variable = € {0, 1}%, we employ Bernoulli distribution

with parameter p = [py,--- ,p4]" as the underlying distribution, where p; denote the

probability of ; = 1. The gradient of E,[f(x)] w.r.t p can be derived as follows:

vap[f<$)] = Ep[f(w)vp lOg(p(:I};p))]

(10.151)

d d
= Y [ =p)* =0 f (@) Vplog ([ i~V (1 = pi) =)

ze{0,1}¢ i=1 i=1

d

=B, | f(®)Vp( D> 1z =1)logpi + 1(z; = 0)log(1 — p1))

=1

= E, [f()h]

where h; = piil(:ci =1)— 1—;;;1-1(“71' —0).

For function f(x) over discrete variable € {1,--- , K}¢

(10.152)
(10.153)

(10.154)

, we employ categorical

distribution with parameter P = [p;,--- ,p,]" as the underlying distribution, where
the ij-th element of P (i.e., P;;) denote the probability of @; = j. The gradient of
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E,[f(x)] w.r.t P can be derived as follows:

VpE,[f(2)] = Ep[f(2)Vp 1og(p(w P))] (10.155)
= Y HHP;}] @) Velog ([[T]PH*)  (10.156)
ze{l, K} i=1 j=1 i=1 j=1
d K
E, | f(x)Vp 221 j)log Py;) (10.157)
— E, [f(z)H] o (10.158)

ij

10.9 Proof of Theorem [6]

Lemma 3. Suppose f € Hy, associated with k(z, x), then (my(z) — f(z))* < Hf||ik o?(x)
Proof. Let o = K; ky(z). Then we have

(m(x) — f(x))* = (Z aif (z;) — f(a:)) (10.159)

(oo se) o

t

D) <Zak (2;,-) — k(z,-), Z ok (2;,) — k(z, -),> (10.161)

Zaik: (z5,) — k(z, ")

In addition, we can achieve that

= k(z,z) — 2 Z ik (g, x) + Z Z aajk (x5, ;)

2
= 1115,

(10.162)
Hy

2

i=1 Hy i=1 i=1 j=1
(10.163)
= k(z,7) — 2" k() + o' K (10.164)
= k(z,z) — 2k, (2)"K, k(2) + k(2) K, K, K, k()
(10.165)
= k(z,x) — k()" K; k() (10.166)
= 02(1) (10.167)
Plug (]10 167D into q10 162') we can attain (my(z) — f(z))* < ||f||H o?(x).
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Lemma 4. f(z7) = f(2:) < 2|[flly, 071 (70).

Proof. From Lemma 1 and Algorithm 1, we can achieve that

10.168
10.169
10.170
10.171

f(@%) = f(ze) < mea(z7) + (| fll3, 00-1(27) — f(e)
<1 (@) + || flly, o0-1(2) — f(0)
<[ flly oe-1(@e) + || fllgy, o0-1(20)
= 2| fllyy, ot-1(x4)

~—~~ I~
~—_— — ~— ~—

Lemma 5. Let 62(z) = k(z,z) — ki(2)T (0T + K;)"ke(z). Then o?(z) < 52(x).

Proof. Since kernel matrix K, is positive semi-definite, it follows that K, = UTAU,
where U is orthonormal matrix consists of eigenvectors, A is a diagonal matrix consists
of eigenvalues.

Let B = Uk(z), then we can achieve that

N i

k(2)7 (0] + K;)ky(z) = ; Y (10.172)
< zt: B BTAp (10.173)

=it - '
= k;(2)"UT A~ Uk,(x) (10.174)
= k(2)"K; k(z) (10.175)

It follows that

of(z) = k(x,z) — ki(2) K[ k() (10.176)
< k(z,7) — k()" (0T + Ky) ke() (10.177)
=02() (10.178)
O

Now, we are ready to prove Theorem [6]
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Proof. First, we have

T
Rp =Y f(z*) = f(=) (10.179)
=1 .
< 2| flly, Zat,l(xt) (10.180)
< 2| fll5, TZU?_l(xt) (10.181)

Since s < w log (14 072s) for s € [0,1] and 0 < 77 ;(z;) < k(z,x) <1 for

all t > 1, it follows that

T T T

~ 1 o~
203—1(%) S Zo_f—l(xt) S W Zlog(l +o 20'152_1(2715)) (10182)
i= i=1 i=1

297

< — 10.183
~ log(l+072) ( )

Together ((10.181) and (|10.183)), we can attain that

27
Ry <2 T—— 10.184
T > ||fHHk\/ 10g(1—|—0'_2) ( )
= £, VT Cryr (10.185)
It follows that rp < 42 < [paiem C—lTE

O

10.10 Proof of Theorem [7|

Lemma 6. Suppose f € Hy, associated with kernel k(x, ), then (Zle mt(fi)—ziil f(i:\i))2
< ||f||ik (1T A1), where A denotes the kernel matriz (covariance matriz) with A;; =
k(Ti, %) — k(7)) K ke (T5).

Proof. Let o = k;(7;)"K; . Then we have

(th(@)—Zf@)> (ZZalf ) Zf(@)) (10.186)

1=1 =1 =1

<<ZZ% ;) Zk(xl,-),f>> (10.187)

i=1 [=1 i=1

Z Z O‘;k (xl’ ) - Z k‘(/ZL‘\,, )

i=1 =1 =1

2
< £ 15,
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In addition, we have

Z Z alik (xlv ) - Z k(fl’ )

2

i=1 1=1 i=1 H,
L L L L ot L L t t
:ZZk(ﬁj},’x\j)—2222@}%(3&1,@)—1—222 ajold k (xy, x,)
i=1 j=1 i=1 j=1 I=1 i=1 j=1 n=1 I=1
(10.189)
L L L L L L
=) k@) -2) ) k(@)K ke(F) + ) k(@) K k()
=1 j=1 i=1 j5=1 =1 j=1
(10.190)
L
=> ) A;=1"A1 (10.191)
=1 j=1
Thus, we obtain (Zle my(T;) — Sk, f(i'\i)>2 < ||f||§{k (1TA1).
O

L
Lemma 7. Suppose f € Hy, associated with kernel k(z, z), then + > (f(2*) = f(Z(n-1)1+1))
=1

< 2| fly, \/tr(covnilL(X"’X”)), where covariance matric covy,—1(X,, X,) constructed as
Eq.@) and Xy, = {Z(-1)141, - T}

Proof. Let X* = {z*,...,2*} be L copies of z*. Then, we obtain that

1 <& 1 <&
72 (f( i) = F@) = 7 D F@aonLe) (10.192)
i=1 i=1
< mp-nr (@) + [ f g, o012 ——Zf (n—1)1+4) (10.193)
* * T * *
1D ) 1 (W e D [T

f(@m-1)r+:) (10.194)

|
e~ =
.Mh

1

M=

s
I
—

IN
1=

tr (cov,_1(Xn, X)) 17cov,_1(X,, X,)1
m(n I)L(:C(TL 1 L+Z) + Hf“’]—[k ( \/ L - L2

f(@m-1)r+:) (10.195)

|
SIS
M-
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It follows that

L L
%Z (f(@") = f@@-nres) = fla") - % > fm-ne) (10.196)
i=1 =1
Vn— ns n T n— n n T Vn— ns n
< ||f||H,€<2W(C° X X)) [HTeova (6 X )1)+||f||m\/ et e e
(10.197)
o) 7t e ) (10.198)
[

Lemma 8. Let B, and A, be the covariance matriz constructed by Eq.@ and
Eq. , respectively. Then tr(B,) < tr(A,)

Proof. Tt follows directly from Lemma O

Lemma 9. Let matriz A, = cov,_1 (X, X,) as Eq.. Denote the spectral

norm of matriz A,_1 as Bn—1 = ||An—1]|-
Then tr (A,—1) < bg(lfgﬁ logdet (I + 072A,_1) for any o # 0.

Proof. Since A,,_; is a positive semidefinite matrix, we can attain that the eigenvalues
of A,_1 are all nonnegative. Without loss of generality, assume eigenvalues of A,,_;
as 0 < Ay < ... < Ay, By the definition of the spectral norm f,_1 = ||A,-1],, we
obtain that 0 < \p, < ... < A\ < fB,_1

Since s < bg(lfgﬁlog (1+072%s) for s € [0,8,.1] and 0 < \; < B,1, 7 €
{1,..., L}, we can obtain that inequality holds true for all i € {1,..., L}

N < iy log (14 072)) (10.199)

[ log(1+8n—10
L
Because logdet (I + 072A,,_1) = > log (1 + 072)\;), we can achieve that
i=1

L

tr (A1) = 2N < sy logdet (1 + 0724, 1) (10.200)

= 1+Bn—10
O

Lemma 10. Let T'= NL, Kt be the T' x T sized kernel matriz and Iy be the L x
N

L sized idendity matriz. Then 3logdet (I + 0 ?Ky) = 3 > logdet (I, + 0 24,_1),
n=1

where matriz A,_1 = cov,_1 (X, X,,) as Eq..

149



Proof.

%log det (IT + O'_QKT) = %log det (0217“ + KT) — % log det (O‘QIT) (10.201)

Using the Schur’s determinant identity det < é,l g > = det (A)-det (D — CA™'B)

in linear algebra, set A = 0?Iy_1),+K (Xn_1, Xn-1), B=K (Xn_1,Xy), C =BT
and D = 0?1, + K (Xy, Xy), where Xy = {z1,...,x(v_1)r} denote all previous
N —1 batch of points, Xy = {#(n_1)r+1, .-, TN} denote the N batch of points and

K(-,) denote the kernel matrix constructed by its input. Then, we can achieve that

%log det (02IT + KT) — % log det (0’2IT) (10.202)
= %log det (azI(N_l)L + K (YN,l,YN,l)) + % log det (021L + AN,l) — élog det (azIT)

1 — — 1 1
=35 log det (UQI(N,l)LjLK (XN_l, XN_l)) —1—5 log det (IL + J_QAN_l) —3 log det (JQI(N,l)L)

where Ay_1 = covy_1 (Xn, Xn) is the covariance matrix between Xy and Xy con-

structed as Eq.(4.17)).
N
By induction, we can achieve } log det (Ir + 0 *Kr) = 1 > logdet (I, + 0 24,,_1)
n=1
[l

Finally, we are ready to attain Theorem 2.

Proof. Let covariance matrix A,,_; and B,,_; be constructed as Eq.(4.17)) and Eq. (4.8)),
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respectively. Let ,_1 = ||A,,_1||,- Then, we can achieve that

T

Rr =" f@*) - f(a)

t=1

N

<2l S VI tr (Boy)
n=1
N

<2 fll, S VI tr (A
n=1

N
<2l NLY tr(Au)
n=1

+

N
ﬁnfl
<2 T E log det (1 —2A,_
> ||f||7—[k\ pa 10g<1 67#10'72) ogdade ( + o 1)

N
< fHk\l TC, Z logdet (I +0-2A,_4)
n=1

< f g VT Covr

It follows that rp < 82 < 1115, 1 s

10.11 Proof of Theorem

(10.203)

(10.204)

(10.205)

(10.206)

(10.207)

(10.208)

(10.209)

Lemma 11. Suppose h = f + g € H{ associated with kernel k7 (z,y) = k(x,y) +

o%6(x,y). Suppose f € Hyp associated with k and g € Hy2s5 associated with ker-
nel 0%0. Then for x # w0 € {1,..,t}, we have |my(x) — f(x)| < [|hlly,, G:(x) +

(1l + 1, )

Proof. Let a = (K; + 0%I)"'k;(x). Then we have
(My(x) — h(2))* = (Z aih (;) — h(@)

= <<Zak (25,) — k7 (x,-), h>>

t 2
> ik (wi,0) — K (x,-)
=1

2
< [1Pll34,0

Hiyo
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In addition, we can achieve that

2
(x,-) — k% (x,-) (x,x —2204z (2, +ZZO¢104] (@i, ;)
Hyo =1 j=1
= k(x,2) 4+ 0® — 227 k(z) + T (K, + 01
(10.213)
= k(z,2) + 0> — k()" (K, + 0°1) 'ky(z) (10.214)
= 5%(z) + 0 (10.215)

Plug (10.215) into (10.212), we can obtain (7 (z) — h(z))* < HhHHW (02(x)+0?).

Thus, we achieve that

e() — J(2)] < |fin() — ha)] + lg(a) (10.216)
< llagye /T2 (@) + 02 +lglly ,, 0 (10.217)

< WAl 7e(@) + (Il + gl ,, ) @ (10.218)

]

Lemma 12. Under same condition as Lemma |11, we have f(z*) — f(z)
< 2l Ferlwe) + 2 (Il + gl ) @
Proof. From Lemma [11| and Algorithm ??, we can achieve that

F(@) = flae) < fna @) + [l Gt (@) + (0l + gl ,, ) o = F(0)

(10.219)
< A1 () + Il Fe1(@0) + (Wl + N9l o, ) o = F(@0)
(10.220)
< 2hlly. Fea(@e) + 2 (Il +llgll ,, ) @ (10.221)
]
Finally, we are ready to prove Theorem [§]
Proof. First, we have
T
Rr=>_ f(z*) = f(z) (10.222)
i=1
T
< 2l 3 G (ae) +27 ([, + Nl ) o (10.223)
=1
< 2|hly,, Tzat @) + 2T (Il + 9l s, ) @ (10.224)
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Since s < Wlog(l +072s) for s € [0, B] and 0 < 57 ,(z;) < k°(z,z) < B
for all ¢ > 1, it follows that

D 57 (1) < ol +BU Zlog (1407262 () (10.225)
i=1 i=1

2Bryr
~ log(1+ Bo—2)

Together ((10.224) and (|10.226)), we can attain that

(10.226)

2Byr
Ry < 2||h T 2T< h ) 10.227
r <2 HHW\/ log(1+ Bo?) + | ”Hkg + HQHHU% o ( )
= bl VT Coyr + 2T (1Bl + gl o, ) @ (10.228)

It follows that 7y < 2 < [|Ally,, /S +2 (Il + Nl ,, ) o

10.12 Proof of Theorem

Lemma 13. Suppose h = f + g € HY associated with kernel k7 (z,y) = k(x,y) +
026(x,y). Suppose f € Hy. associated with k and g € Hy25 associated with kernel o24.
Suppose T; # xj,i € {1,..., L}, j € {1,...,t}, then we have

‘Zumt Z FG@)| < Wl VITAL S L2624+ Ligly, , o (10.229)

where A denotes the kernel covariance matriz with A;; = k(T;,Z;) — ki (Z;)" (K +
o?1) " k()

Remark: Further require z; # 7;,Vi,j € {1,..., L} can lead to a tighter bound

as

‘ (i Z f(@ W VITAL 4 Lo? + Lgly,, o (10.230)

Proof. Let o = (K; + 02I)"'k;(Z;). Then we have

(th(@)—z ) (Z a;h(xl)—Zh@)) (10.231)

=1 [=1 i=1

— (<ZZO¢§/€" (21, —Zkff@,.>,h>> (10.232)

2

L t L

Z Z O‘?ka (ZL’[, ) - Z k‘io(i‘\iv )

=1 [=1 =1

2
< [|2/l3,,

Hyo
(10.233)
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In addition, we have

S ODaik (@) = >R (@)

i=1 [=1

2

Hio
t t t

i=1
L L L L L L
:ZZW T, ;) QZZZQZ (21,75) —l—ZZZZaf&%k"(ml,xn)
Jj=1 [=1

i=1 j=1 =1 i=1 j=1 n=1 [=1

(10.234)
L L L L
SN k(@3 + L0" =2 > k(@) (Ki + 0’ 1) k()
i=1 j=1 i=1 j=1
L L
+3 Y k(@) (Ke + 01) ki (35) (10.235)
i=1 j=1
L L
=> ) A+ L% =1"A1+ L0 (10.236)

2
Thus, we obtain (z; m(@;) — S, h@-)) < |h|,, (1TA1 + L26?). Then,
we can achieve that

i) =3
‘11t zlf

L L
=1 (:EZ) N Zi:l h t
(10.237)

< [hllyy,, VITAL+ L2062 + Lglly, , o (10.238)

]

Lemma 14. Suppose h = f 4+ g € H{ associated with kernel k7 (z,y) = k(x,y) +

020(x,y). Suppose f € Hy, associated with k and g € Hy25 associated with kernel o24.
Suppose x; # x;, then we have

L —
1 tr (Covn—l(Xann))
= ) d 171 \/ 7 +2 (IIhHHW + ||g||H025) o

=1

(10.239)

where covariance matriz cov,_1(X,, X,,) is constructed as Eq. with

X, = {I(n—1)L+1, ~--»an}-

Proof. Let X* = {z*,...,2*} be L copies of z*. Then, we obtain that
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% Z (f@) = f@m-nra)) = f@7) = % Z F@m-1yr+i) (10.240)

L
. . _ i 1
< m(n—l)L<m )+ ||h||Hkaa(n_1)L<x )+ (Hh”ﬁka + ||9HH025> 0 — 7 Z f(ﬂf(n—l)LJrz‘)
=1
(10.241)
L —_~
1 . (cov,_1( X* , X)) 17¢ov, 1 (X*, X*)1
=7 Zm(n y(x*) + ||h||Hko' (2\/ — iE
=1
L
(th\nka + [lgll5 25) Z (T(n_1)L44) (10.242)
L —_~
1 . tr (covy,_1(Xn, X5)) 17¢ov, 1(X,, X,)1
< 2 M) + by, (M . - =
1 L
(I8l + gl 0, ) 7 = 7 D @) (10.243)
=1

tr (covy,—1(Xn, X)) 17¢cov,,_1(X,, Xn)1
< Mol (ﬁ 1 - X + (Il + gl o, ) 0

1760V, (X, X,)1 + L2062
+ ||h||Hka\/ 72 +llglly,, @ (10.244)
tr (C/(-)\anl(Xnan))
< 2||h||Hkg\/ - +2 (Il + gl ) @ (10.245)
]

Finally, we are ready to attain Theorem 4.

Proof. Let A,,_1 = ¢ov,,_1(X,,, X,,) be the covariance matrix constructed as Eq.(4.17)
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with X, = {Zp-1)41, s Tur}. Let Br_1 = ||An_1|l,. Then, we can achieve that

T
Rp=>_f(z*) = f(z) (10.246)
t=1
N
< 2lhlyy, Yo VIt (A ) + 27 (Wl + gl . ) @ (10.247)
n=1
N
< 2r|huw\ NLY tr (A1) + 2T (Il + gl ,, ) @ (10.248)
n=1

N
anl _92
< 2||h||Hk(,\ T; (T 5 loBdet (1 +072A, ) 42T (1l + e, ) @

(10.249)

N
< Nkl | TCo S Togdet (I +0-2A, 1) + 2T (\|h\|ﬂw+y|g||%%) o (10.250)

n=1

< bl VTCovr + 2T (I1hlly, + gl o, ) @ (10.251)

It follows that rp < % < HhHHw % + 2T (HhHHW + HQHHUQ(;) g

10.13 Proof of Theorem [10

Proof.

rr = min sup {fi(@*) — fi(x)}
te[T] Ft€Bu, fe(xs)=fi(xs),Vie[t—1]

< sup {fr(x*) — fr(zr)}

" fr€Byfr(@)=fi(x:) Vie[T—1]

< sup {mr_1(z*) + Bor_1(z") — fr(zr)}
fr€By, fr(zi)=Ffi(z:),Vi€[T—1]

< sup {mr_1(zr) + Bor_1(xr) — fr(zr)}
fr€Br, fr(xi)=fi(x:),Vic[T—-1]

< sup {Bor_i(zr) + Bop_1(zr)}
fr€By, fr(zi)=Ffi(z:),Vi€[T—1]

S QBO'T_l(I'T) (10252)
Applying Theorem 5.4 in [87] with h, x < hx, we can obtain that

or_1(zr) < Chi"? (10.253)
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Together with (10.252) and ([10.253]), absorbing the constant into C', we can achieve
that 77 < Chiy ¥

O

10.14 Proof of Theorem 11

Proof. From , we know 7 < 2Bop_1(xz7). By applying Theorem 11.22 in [172], we

can obtain that

2Bop_1(zr) < 2Bexp(clog(hx)/(2v/h (10.254)
It follows that 77 < 2Bexp(clog(hx)/(2vhx)). O

10.15 Proof of Theorem 12
Proof.

rr = min sup {f,(z") = fi(1)}

te(T] fteBy

= min sup {{(k(z*,-) — k(x,-), fi)}

te[T] fteBy
< mlnB\/ — k(4, ), k(x*, ) — k(24, )

te(T]

< m[lj{lB\/ o) + k(xy, ) — 2k(2*, xy))
te

< B\/(2 - 20(hy)) (10.255)

10.16 Proof of Corollary
Proof. From Theorem (12 we can obtain that

rr = min sup {f(z*) — fi(z)}

tE[T] fteBy
< By/2 = 28(h))
= B\/(2 — 2exp(~CH}))

< By/2(Ch¥%)

= BV2Chx = O(hx) (10.256)
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10.17 Proof of Theorem 13

Theorem. Suppose n is a prime number and 2d|(n — 1). Let g be a primitive root

e n—1) ~D(n-1) .
of n. Let z = [go,gle,gz(wl e ,g(d Ea | mod n. Construct a rank-1 lattice
X={xg, -+ ,@,_1} with x; = @,i € {0,....,n—1}. Then, there are "2—_611 distinct

pairwise toroidal distance values among X, and for each distance value, there are the

same number of pairs that obtain this value.

Proof. From the definition of the rank-1 lattice, we know that

: d : d . d
I — 2|z, = izmodn jzmodn| ‘ (1 — j)z mod n (10.257)
n n T, n T,
kz mod n
Tp

where [|x||7, denotes the /,-norm-based toroidal distance between x and 0, and k =
1 — 7 mod n.

For non-identical pair @;,x; € X ={xo, -+, Zn_1}, we know i # j. Thus, i —j =
ke {l,---,n—1}. Moreover, for each k, there are n pairs of 7,5 € {0,--- ,n — 1}
obtaining ¢ — j = k mod n. Therefore, the non-identical pairwise toroidal distance is
determined by ||zk|/r, for k € {1,---,n —1}. Moreover, each |||z, corresponds to
n pairwise distances.

From the definition of the /,-norm-based toroidal distance, we know that

|z lz, = ||min kzmodn n—kzmodn
kT, — n ) B )
k d —k d
- Hmin( zmodn (—kz)mo ") , (10.259)
n n »

where min(+,-) denotes the element-wise min operation between two inputs.

Since n is a prime number, from the number theory, we know that for a primitive
root g, the residue of {¢g°, g*,- -, g" 2} modulo n forms a cyclic group under multipli-
cation, and ¢"~! = 1 mod n. Moreover, there is a one-to-one correspondence between
the residue of {¢° g',---,¢"?} modulo n and the set {1,2,--- ,n — 1}. Then, we
know that 3%/, ¢* = k mod n. It follows that

K d _ K d
gl = |[min (L2 modn (=97 =) modn (10.260)
p
n n »
Since (g%)2 = ¢! = 1 mod n and ¢ is a primitive root, we know that
gnTl = —1 mod n. Denote {z,—2z} = {21,209, "+, 24, —21,20, "+, —24}. Since
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z=g¢" gnT_cll,g2<gd_l> o ,g(d_lg(dn_l)] mod n, we know that
{z,—z} (10.261)
={z,9" z} mod n (10.262)
= {g gn2d1’g2(gd1)".. 7g(d71%£ln71) gn21+0,gn +n2d1"'. ’gn21+(d 1)(n 1)}m0dn
(10.263)
2(n—1) (d=1)(n—=1)  d(n—1)  (d+1)(n—1) (2d-1)(n-1)
_{g g2d7g oy, g 2d g g 2d ' g }mOdn
(10.264)
It follows that H := {z1, 29, -+ , 24, —21, 22, - - , —24} mod n forms a subgroup of the
group {¢° g', -+ ,¢" 2} mod n. From Lagrange’s theorem in group theory [53], we
know that the cosets of the subgroup H partition the entire group {¢°, g', -, g" %}
into equal-size, non—overlapping sets, i.e., cosets ¢"H,g'H,--- ,gn7552dH, and the

number of cosets of H is W‘

Together with Eq.(10.260), we know that distance ||zx|z, for &' € {0,--- ,n — 2}

has “== L different values simultaneously hold for all p € (0,00), i.e,
min (£ “;;Od”,( 4 zszOd") ‘ for h € {0,---,%1 — 1} . And for each distance
p

value, there are the same number of terms |||z, that obtain this value. Since each
||:13k||T corresponds to n pairwise distance ||&; — x;||7,, where £ = i — j mod n, there
are =L distinct pairwise toroidal distance. Moreover, for each distance value, there

are the same number of pairs that obtain this value.

]
10.18 Proof of Theorem [14
Theorem. Suppose n is a prime number and n > 2d + 1. Let z = [z1, 22, - , 24
with 1 < zp < n — 1. Construct non-degenerate rank-1 lattice X = {xo, - ,@pn_1}

with x; = %,i € {0,...,n — 1}. Then, the minimum pairwise toroidal distance

can be bounded as

d(d+1) . (n+1)d
— < i — X,  T—— 10.265
on i,je{O,?gil},i#j i = jlm < 4n ( )
V6d(d+1)(2d + 1) . (n+1)d
- D x|y <) e 10.266
6n - Lje{o,?ifi},#;‘ I =iz < 12n ( )
where || - ||r, and || - ||, denotes the ly-norm-based toroidal distance and the ly-norm-

based toroidal distance, respectively.

159



Proof. From the definition of the rank-1 lattice, we know that

izmodn jzmodn (1 —j)z mod n

i — ;|7 = = ’ (10.267)
J n n T, n T,
kz mod n
Ty

where ||x[|7, denotes the [,-norm-based toroidal distance, we know that between x
and 0, and k =i — j mod n.
Thus, the minimum pairwise toroidal distance is equivalent to Eq. ({10.269))

i —%|n = mi . 10.269
e min i =Xl = min el ( )

Since the minimum value is smaller than the average value, it follows that

. B . Z |«’L’k||Tp
min ||x; — XjHTp = min ||xgl|r, <

10.270
i,j€{0, ,n—1},ij ke{l, - n—1} P —1 ( )

Since n is a prime number, from number theory, we know that for a primitive
root g, the residue of {¢° g',---,¢"?} modulo n forms a cyclic group under mul-
tiplication, and ¢"~!' = 1 mod n. Moreover, there is a one-to-one correspondence
between the residue of {¢° ¢*,---,¢" 2} modulo n and the set {1,2,--- n — 1}.
Then, for each t" component of z = [z, 20, , 4], we know that Im; such that
g™ = z; mod n. Therefore, the set {k‘zt mod n}Vk‘ e{l,---,n— 1}} is a permuta-
tion of the set {1,--- ,n — 1}.

From the definition of the /,-norm-based toroidal distance, we know that each
" component of ||xx|z, is determined by min(kz, mod n,n — kz, mod n). Because
the set {kzt mod n“v’k e{l,---,n— 1}} is a permutation of set {1,--- ,n — 1}, we
know that the set {min(kz, mod n,n — kz, mod n)|Vk € {1,--- ,n— 1}} consists of

two copy of permutation of the set {1,-- | "T’l} It follows that
n—1
n—1 2alls = Zt S min(kz mod n, n — kz mod n) _ 2dy 0,2, k _ dn+1)(n—1)
— FIT n n 4n '
(10.271)

Similarly, for l,-norm-based toroidal distance, we have that

—_

n—

n—1
S S min(kz, mod n,n — kz mod n)? _ S k2 dn—1)(n+1)
n? n? B 12n '

(10.272)

|7, =
1

i
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By Cauchy—Schwarz inequality, we know that

n—1 n—1
d(n+1)
Szl < | (=D Y a2, = 0= 1) —5 (10.273)
k=1 k=1
Together with Eq.({10.270)), it follows that
: : (n+1)d
i — Xl = < — 10.274
eomin i = Xln = minxelln < ( )
: : (n+1)d
i — Xl = <A/ —. 10.275
epmin i =Xl = min - xeln, <4/ o ( )

Now, we are going to prove the lower bound. For a non-degenerate rank-1 lattice,

the components of generating vector z = [z, -, z4] should be all different. Then,
we know the components of @, Vk € {1,--- ,n—1} should be all different. Thus, the
min norm point is achieved at «* = [1/n,2/n,--- ,d/n]. Since n > 2d + 1, it follows
that
: : (d+1)d
= x|l = > Ix*||p, = —— 10.276
e min ki =Xl = min el = (X o ( )
n x| el 2 [, = Yo DD
min X; — Xi|l;, =  min X > ||x = :
i, €{0, m—1},i#j I e ey T 2 6n
(10.277)
[

10.19 Proof of Corollary

Corollary 1. Suppose n = 2d + 1 is a prime number. Let g be a primitive root of
n. Let z = [go’g%7g2<¢;;1)’.” ,g(dflgfinm] mod n. Construct rank-1 lattice X =

{xo, -+ ,®,_1} with x; = %,i € {0,..,n — 1}. Then, the pairwise toroidal
distance of the lattice X attains the upper bound.
(n+1)d

i = xjlln = ===, ¥i,j €{0,-- ,n—1},i # (10.278)
1)d

Proof. From the definition of the rank-1 lattice, we know that

: q : d . d
I — @1, = izmodn  jzmodn ‘ (1 —j)z mod n (10.280)
n n T, n T,
kz mod n
Ty
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where [|x||7;, denote the [,-norm-based toroidal distance, we know that between x and
0, and £ =1 — j mod n.

From Theorem 1, we know that |@; — x|z, Vi,j € {0,--+ ,n — 1}, # j has %1
different values. Since n = 2d + 1, we know the pairwise tor01da1 distance has the

same value. Therefore, we know that

_ e H it ||kl

Vi e {0 n-1hiAj (10.282)

l&; = [z, = llzk]|z,

From the proof of Theorem 2, we know that

nz_l lasll, = Zt S0 min(kz mod n, n — kz mod n) _ 2d2,§ k_ dn+1)(n—1)

n n 4dn
(10.283)
and
n—1
- a2 Zt S min(kz, mod n,n — k2 mod n)? _ S2 Kk din—1)(n+1)
Ty = _
N n? n? 12n
k=1
(10.284)
Together Eq.(10.283) with Eq.(10.282), we know that
1)d
Ixi = %l = %,W,j €{0,---,n—1},i#j. (10.285)
Since ||1 ||z, = ||®2||7, = - = ||®n-1]1,, it follows that
n—1
ol = [ (n =1 ll=l3, (10.286)
k=1
Together with Eq.(10.284)), we know that
n—1
d(n+1)
lzkllm = 1| (n—1) Z zkl|2, = (n — 1) — 15 (10.287)
k=1
Plug Eq.(10.287) into Eq.(|10.282)), if follows that
1)d
=l =/ P v e o, - 1) 4 (10.28)

From Theorem 2, we know that the [;-norm-based and [;-norm-based pairwise
toroidal distance of the lattice X attains the upper bound.
O
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10.20 Proof of Proposition

Kernel Property:

Proposition. For Vf € F ( F = Ly or F = L), define function k(x,y) =
Eul[f(w,z)f(w,y)] : X x X = R, then k(x,y) is a bounded kernel, i.e., k(x,y) =
k(y,x) < oo and k(x,y) is positive definite.

Proof. (i) Symmetric property is straightforward by definition.
(ii) From Cauchy—Schwarz inequality,

k(z,y) = Eulf(w, ) f(w,y)] < VEu[f(w, 2)|Eu[f(w, y)?] <oco  (10.289)

(iii) Positive definite property. For Vn € N, Vay -+ ,a, € Rand Vay, -+ , @, € X,

we have

ZZ@,% :cl,:cj Zaz 'war;Z 20

O
10.21 Proof of Theorem 22
Convex ¢-regularization:
mlanw — Ey[wf(w)][3 + Ew[ér(f(w))] (10.290)

fer 2

where F = L5 or F = L5. And £, denotes the Gaussian square integrable functional
space, i.e., Lo := {f’]EwNN(OJd)[f(w)Q] < 00}, L, denotes the sphere square integrable
functional space, i.e., Ly = {f|EwNUni[\/ESd—l][f(w)2] < oo} and ¢,(-) denotes a

convex function bounded from below.

Lemma 9. EwNUm[\/ng_l][wa] =1,
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Proof.

I, = Eoniory @z’

1 ll13
= / y e 2z du
(27)?2

2m)z
da
> 272 r2 1
= / / Wd rd=t e T2 —vv ' do(v)dr
o Jsa1 I'(5) (27)2

d

< 272 r2 1
:/ Wd rile= T2, y dr/ vv' do(v)
0 F(§> (27r)§ §d—1
d—1

= EwNUm[\/asm] [wa]

(10.291)

(10.292)

(10.293)

(10.294)

(10.295)

(10.296)

where o(+) denotes the normalized surface measure, x(d) denotes the Chi distribution

with degree d, I'(+) denotes the gamma function.

Lemma 10. Let f € F with F = Ly or F = Lo, then we have

Eolf(w)?] — |Eu[wf(w)]]|3 = Eu[(f(w) — w Ey[wf(w)])’] >0

]

(10.297)

Proof. Let w; denote the i component of w, from Cauchy-Schwarz inequality, we

know that
(Bu[wif (w)])? < By [w] By [f(w)?] = Ey[f(w)?] < 00

Thus the expectation E,[w f(w)] exits.

Since Eq[ww'] = I, we have

(Ewlwf(w)])" (Bw[wf(w)])
= (Ew[wf(w)]) Eylww " [(Ey[wf(w)))
Eul(w' Ewlwf(w)])’]

[Ew[wf (w)]|]3

—
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It follows that

)

= Eo[f(w)?] = 2|[Ey[w f(w)][|3 + [|Ew[w f (w)]||3 (10.302)
= Ey[f(w)?] = 2(Ep[wf(w)])T (Bwwf(w)]) + Eu[(w Eywf(w)])?]  (10.303)
= Eo[f(w)?] = 2By [f(w)w  Ey[w f (w)] + Eu[(w " Eqy[w f(w)])?] (10.304)
= Eu[(f(w) = w  Eyfwf(w)])’] > 0 (10.305)
O

Lemma 11. Let f € F with F = Ly or F = Lo, we have
& — Ey[w f(w)][[; = Eup[(w (2 — Eylw f(w)]))?] (10.306)

Proof. Since Eq,[ww '] = I, we have

& — Eylwf(w)][; = (@ — Eplwf(w)])" (@ — Eyw f(w)]) (10.307)
= (& = Ey[wf(w)]) 'Ey[ww (@ — Ey[wf(w)])  (10.308)
=Eyp[(w' (x — Ep[wf(w)]))?] (10.309)
O

Lemma 12. Denote L(f) := || — Eywf(w)]|}. For Vf,g € F with F = L,

or F = Ly, we have L(f) = L(g) + Eplw' (Ep[wg(w)] — z)(f(w) — g(w))] +
31 Ew[w(f(w) — g(w))][5.
Proof.

Ll — Eulw ()]} = 1 & — Eulwg(w)] + Eufwg(w)] ~Eufwfw)]} (10310)

= 2l — Eulwg(w)][3 + 5| |Eufwg(w)] ~ Eufw ()]
+ (@~ Eulwg(w)] Eufwg(w)] - Eufwfw))  (1031])

The inner product term can be rewritten as

(@ — Ey[wg(w)], Ey[wg(w)] — Ey[w f(w)]) = (2 — Ey[wg(w)]) ' Ey[w(g(w) - f(w))]
(10.312)

= Eu[(@ - Eylwg(w))) w(g(w) - f(w))]
(10.313)
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It follows that

L~ Ewfw ()] = 5l — Bufwg(w)][ + 5 [Ealw(g(w) - 7w)];
+ Eufo Eulwg(w)] - 2)(Fw) — g(w))]  (10314)

O
Lemma 13. For Vf;, fiy1, f* € F with F = Ly or F = Lo, we have
1
L(fira) = L B [ (Buo [w fy (w) =) (fra (w) = 7 (w0)) 5 B [ (fi1 (w) = filw)) ][
1
= 1 Ewlw (fi(w) = f*(w))][; (10.315)
Proof. From Lemma [12] we know that

L(fen) = L(fs) + Ew[w " (Ep[wfi(w)] — ) (fua (w) - fo(w))] + %HEw [w (fer (w) — fi(w))][I2
(10.316)

L(f") = L(fy) + Ep[w' (Eu|wfi(w)] — ) (f*(w) — fi(w))] + %HEw[w(f*(w) = fi(w)]l3
(10.317)

Plug L(f;) into Eq.(10.316), we can obtain that
L(fer1) = L(f*) B lw " (Ey[w fi(w) =) (f*(w) — fi(w))] — %HEw[w(f*(w)_ft(w))]Hg

HEy[w' (By[wfi(w)]-2) (fir1 (w) - fi(w))]+ % [0 frar (w) = fr(w))]I13

(10.318)

= LYo (Bup 1., (0)-) (fis ()~ (1)) o [ Bu e (fos () o))
— S Ewluw(fi(w) - ()]} (10.319
[

Lemma 14. For a convex function ¢,(-), denote h(:) as the proximal operator of
ox(+), t.e., h(z) = argmin, %(x —2)% + ¢a(x), let frig =hogi € F with F =Ly or
F =Ly, then for Vf* € F, we have

E[0r(frr (w))] < Eu[on(f"(w))] = Eu[(gr1(w) = frnr (w)) (f*(w) = fera(w))]
(10.320)

Proof. Since ¢5(+) is convex function and fi1(w) = argmin, ¢»(x)+ 5|z — g1 (w)]|3,

we have

0 € 9Pr(fra1(w)) + (fir1(w) — g1 (w)) = (grs1(w) — fry1(w)) € IGx(frr1(w))
(10.321)
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From the definition of subgradient and convex function ¢,(-), we have

OA(frrn(w)) < o[ (w)) = (gri1(w) = frra(w)) ([ (w) = frsa(w))  (10.322)

It follows that

Ew[07(fra1(w))] < Eu[or(f"(w))] = Eu[(ger1(w) = frrr(w)) (f*(w) = fera(w))]
(10.323)

]

Lemma 15. Denote h(-) as the proximal operator of ¢x(-). Suppose |h(x)| < c|z|
(or |h(z)] < ¢),0 < c < oo. Given a bouned = € Re, set function g, i(w) =
w'z + fi(w) — w Eywf;(w)] with f; € Ly and w ~ N(0,1,) (or fi € Ly and
w ~ Uni[V/dS*1]). Set fiy1 = ho g, then, we know fi € F with F = Ly or
F = Ly, respectively.

Proof. Case |h(x)| < ¢, 0 < ¢ < oo: It is straightforward to know Eq, [h(gs 41 (w))?] <
c? < oo, thus f,4 € F.
Case |h(z)| < c|z], 0 < ¢ < ooz Since |h(z)| < c|x|, we know that

Mgia () < Pge(w) = E(w'e + filw) —w Bufwfiw))  (10324)
<2 (w' (x — Eypw fi(w)])? + 22 fi(w)*  (10.325)

It follows that

Euo[h(ges1(w))?] < CEy[(w' @ + fi(w) — w Ey[wfi(w)])] (
< 2By [(w (x — Eylw fy(w)])?)] + 2By [fi(w)?]
= 27%||x — Ey[w fi(w)]||3 + 2By [fi (w)?] (10.328
< 4|22 + 4| B [wfi(w)]|3 + 2By fi(w)?] (

From Lemma (10, we know [|Eq,[w fi(w)]]|3 < E[f:(w)?] is bounded, together with
||| < 00,it follows that Eq,[fii1(w))?] = Ey[h(gii1(w))?] < co. Thus, fiig € F.
[

Lemma 16. For a convex function ¢,(-), denote h(-) as the proximal operator of
oa(+), i.e., h(z) = argmin, 3(x — 2)® + ¢ (z). Suppose |h(z)| < c|z| (or |h(z)| < ¢),
0 <c< oo (eg., soft thresholding function). Given a bouned x € R?, set function
Grri(w) = w4 fi(w) —w By [wfi(w)] with f, € Ly and w ~ N(0,1;) (or f, € Ly
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and w ~ Uni[v/dS*]). Set fiy1 = ho giyr. Denote Q(f) = L(f) + Ey[ox(f(w))]
with L(f) := 3||& — Ey[wf(w)]||3, for Vi* € F with F = Ly or F = Ly, we have

QUr) < QU+ S Eul(fiaw) — ()] SB[ fia ()~ *(a0))’
— SIEwfw(fw) - £ @)] B (10.330)
Proof. From Lemma [[3, we know that
Lfown)= LU Bl (Bus e f (00)) ) (s () (00)) 5 [ B (fs (20) — a0) 5
— S Bl (f ()~ 1 ()] (10.331)

Together with Lemma [14] it follows that

Q(fi+1) (10.332)
<Q(f")-E [(gt+1( )— ft+1(w))( S (w)=fea () HE o [w T (B [w fr(w)]—) (fr1 (w)—f* (w))]
+ 5IEwl (e ()~ fi(w)) I — 5 Bl (i) - f(w))]\lz (10.333)
=Q(f"HE [(gm( )— ft+1( ) +w (B w fy(w)]|=)) (frr (w)—f* (w))]

b B0 (fora ()~ )13 — & [Euwleo () — (0 >>1||2 (10.334)
Q(f) wl(fi(w ) ft+1( ) (frr1(w)=f*(w))]

S NBue0(fora ()~ )1 — 5 [Euleo (i) — £ (w))] (10.335)

Note that

Ew[(ft(w)_ft+1(w))(ft+l( )>— f*('w))]
= Eo[(fi(w) = frra(w)) (frra (w)—fi(w)+fi(w)—f* (w))] (10.336)
)

E
= Eu[(fo(w) — firi(w)) (folw)—f*(w))] = Eu[(fi(w) — frrr(w))’]  (10.337)

Also note that ab = M, it follows that

(ft(w)—ft+1(’£U)> (ft(w)—f*(w)) _ (ft(w)_ft+1(w)) + (ft(w);f*(w)) _(ft+1(w)—f*(w))

(10.338)
It follows that
Bel(f) = ) (feaoe)= )
= SEu[(fi(w)— f*(w)) ]——E [(fera (w) — f*(w))? ]——E [(fera (w) — fi(w))?]
(10.339)
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Plug Eq.(10.339) into Eq.(10.335), we can obtain that

QUis) < QU + 5Bl (i) — ()] = SEul (rea(w)— 1 ()] = SEu(fir ()~ fulw))?

+ B0 (s ()~ few))JIB — 5 [Eulew(filw) )]} (10340)

From Lemma we know ||Ey[w(fir1(w)— fi(w))]|3 < Euwl(foa(w)— fi(w))?]. It
follows that

QUirs) < QU )+ 3Bl i)~ F*(0))— SBul(fua(aw)~ ()] (10.341)
— SIE (£ (w)— f* ()]
0

Lemma 17. (Strictly Monotonic Descent (a.s.)) Following the same condition of

Lemma |10, we have

Q1) < QU ~ 5Bl fus ()~ fi(0)) (10.342)
Proof. 1t follows directly from Lemma [16] by setting f* = f;. O

Theorem. For a convex function ¢,(+), denote h(-) as the prozimal operator of ¢(+),
i.e., h(z) = argmin, 3(z — 2)* 4+ ¢r(z). Suppose |h(z)| < clz| (or |h(z)] < ¢),
0 < ¢ < oo. Given a bouned © € R, set function gii(w) = w'x + fi(w) —
Eo|w fy(w)] with w ~ N(0,14) (or w ~ Uni[v/dS*']). Set fiy1 = ho g and
fo € F with F = Ly or F = Ly (e.g., fo =0). Denote Q(f) = L(f) + Eu[dr(f(w))]
with L(f) := 3||& — Ey[wf(w)]||3. Denote f. € F as an optimal of Q(-), we have

T(QUfr) ~ QUF)) < 3Ewl(fo(w)— f.(w)) ~ SEul(fr(w) ~ f. ()"
S e (i) )]~ 3 (¢ DBl o () faw)?
- - (10.343)
Proof. From Lemma [I6] by setting f* = f., we can obtain that
Qinr) < QU5 Bul( (1)~ F. ()]~ LBl (for () — . (w))’]
— VB (fu(w)— f. ()] (10.344)
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Telescope the inequality (10.344) from ¢ = 0 to t =T — 1, we can obtain that
Z Q(fes1) = TQ(f.) < % w|(fo(w) = fu(w))* ]——E [(fr(w) = fu(w))?]

B %i 1B (fu(w) = f. ()] (10.345)

In addition, from Lemma [17, we can obtain that

Q) < QU — 3 3 Bl (s (0)— i(w) (10316)

It follows that

’ﬂ
»—t
~
L
~
L

TQU) ~ TQU) < Y2 QUiwn) = TQU) — 3 D2 3 Bul(fua(w) — fiw))’

t

]
o
-
]

o
I

I}

(10.347)
T-1 1 T-1
=) Qfrs1) — 52 (t + DEw[(fen (w) — fi(w))?]
. = (10.348)
Plug inequality into inequality (10.348), we can obtain that
TQ(fr) = TQU) < 5Eul(folw) ~ ()]~ S Eul(fr(w) ~ f.(w))?]
3 S Bl (i)~ ()1~ 5 3 (6 + DEul(fus(a0) fulw))?]
t=0 =0
(10.349)
O

10.22 Proof of Theorem [21]

Non-convex ¢-regularization:

Theorem. For a (non-convez) reqularization function ¢(-), denote h(-) as the prox-
imal operator of ¢A(-), i.c., h(z) = argmin, 3(z — 2)® + ¢r(x). Suppose |h(x)| < c|z|
(or |h(z)] < ¢), 0 < ¢ < oo (e.g., hard thresholding function). Given a bouned
x € RY set function g(w) = w'x + fi(w) — w Eywfi(w)] with fi € Ly
and w ~ N(O,Id) (or fy € Ly, w ~ Um'[\/ESd_l]). Set fi11 = hogiy1. Denote
Q(f) = L(f) + W)A(f(w))] with L(f) == 5|z — Ew[wf(w)][3, we have

Q(fern) Q) = SEw| (forr (w) = fy(w) — w By [w( fra (w) = fi(w))])’] < Q(f)
(10.350)
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Proof. From Lemma |12 we know that
L(fea) = L(f2) + By [w " (B [w fi(w)] =) (fora (w) = fi(w))] + %||Ew[w(ft+1(w)_ft(w))]||%
(10.351)

Let gip1(w) = w'z + fi(w) — w Ey[wf;(w)], together with Eq.(10.351), we can
obtain that

L(fen)=L(f) + Eu[(fi(w) = ges1(w)) (frn (w) — fi(w))] + %HEw['w (fenr(w)— fi(w))]lI3
(10.352)

Note that ab = M, it follows that

(fora (w) = gea (w)) *~(fo(w) = goga (w))*~(foa (w) — fo(w))

(fe(w)—gen (W) (fer (w) — fr(w)) = :
(10.353)

Since f;11 = h o g1 is the solution of the proximal problem,

i.e., fip1(w) = argmin, M + ¢a(x), we know that

(finr (W) =gus(w))”  (fulw)—gen (w))*
2 2
It follows that
Ew[(fi(w) = gep1(w)) (fon (w) — fo(w))]

_ g, (i) = g0 () ~(£i(10) — gur () ~(fur () ~ fi(w))”
“’ 2

< Eup[oa(fi(w))] — Ew[oa(fir1(w))] — —E [(ft+1( )— ft(w))2] (10.356)

Plug inequality into Eq.7 we can achieve that
L) + Bl (s (w))] < L) + Bufor (i (w))] — $Eul (fur ()~ fi(w))’]
+ 3Bl (fua(w)— f(w)) I3 (10.357)

From Lemma we know that

B (fin(w) = fi(w))*] = [ Euwfww (fisa (w) — filw))]|I3

= Ew[(ft+1(w)—ft(w) - ’wTEw [w(ftﬂ(w)—ft(w))D ] (10.358)

It follows that

Q(fen) <Q(f:) — E [(fera(w)— ft(w)—wTEw[w(ftH(w)—ft(w))])2]SQ(ft)
(10.359)

]

2

< oa(fe(w)) — da(fen(w))  (10.354)

| (10.355)
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10.23 Proof of Theorem 23

To prove the Theorem we first show some useful Lemmas.

Lemma 18. Suppose s WW ' = I, for any bounded y € RN, we have 5 |y|3 —
IxWyl3 = +ly — W Wy|3 > 0.

Proof.
—||y|!2— [ Wsz lyll3 -2/l WyH2+ I~ Wy||2 (10.360)
= NHyHQ — Y WIWy+ oy WiWy (10.361)
1 2 Ty T [ e T
= |yli- =y W Wy + —y W —WW' W
vyl = 5zv Y+ 3y N Yy
(10.362)
1 1
= yllv =W Wyl;>0 (10.363)
O

Lemma 19. Denote L(y) = 1|l — +Wyl|3. For Vy,z € RY, we have L(z) =
Liy) + < W Wy — W'z z —y > +5||zW(z —y)|3

Proof.
1 1 1 1 1 1
1 1 1,1

= L(y)+ < tWy -z, W(z—y) > +5 |- Wiz - )l
(10.365)
=L(y) + < L W Wy - Wiy > +1|in(z —y)|2
=LYy N2 Y- N ) Yy oIy Y)ll2
(10.366)
[

Theorem. (Monotonic Descent) For a function ¢(-), denote h(-) as the prozimal
operator of ¢x(-). Given a bouned x € R, set y, . = h(W' z+ (I — W W)y,
with tWW' = 1,. Denote Qly) := e — +Wyl2+ +éa(y). Fort >0, we have

~ ~ 1 ~
Q(?Jm) <Q(y,) — ZNH(Id - NWTW)(%H - yt)”% < Q(y,) (10.367)

Proof. Denote L(y) := §Ha: — +Wyl3, from Lemma [19] we know that

1
_W(yt+1 - yt)”%

L wiw 1 1
L(y,) = L(y,) + < Wy, - =W Tmaym — Y > "‘5”]\7
(10.368)

N? N
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Let @y = W'l + (I — %WTW)yt. Together with Eq.(10.368]), we can obtain that

1
L(yt+1> = L(yt) + < WWTW% - NWTJ% Yu — Y > +_H N (yt+1 - yt)”%
(10.369)

= L(y,) + l

1,1
<Y = Y — Y > 5 W — vl (10370)

la+b|

Note that a'b = 13— Ha”2 16113 , it follows that

Ny = el = llye — a3 — lyw — 9ill3

<Y — Q41 Ypn — Y > 5 (10.371)

Since y,,; = h(a¢41) is the solution of the proximal problem,
ie., Y, = argmin, 5[y — a3 + ¢a(y), we can achieve that

1

§”yt+1 - atHH% + Oa(Ypp1) < 2Hyt - C’/t+1||2 + oa(yy) (10.372)
It can be rewritten as

1 , 1 ,

e — @l — 51— @l < 63 — 6r(uis) (10,573

Together with Eq.([10.370), Eq.(10.371) and inequality (10.373)), it follows that

1 1 1 1.1
L(yt+1> + N¢)\(yt+1) < L(yt) + N@\(yt) - ﬁ”ym - yt”% + §HNW(yt+1 - yt)H%

(10.374)
Together with Lemma |18 we can achieve that
~ ~ 1 ~
QY1) =Qy,) — 5 ll(La — NW W) (Y — 93 < Qyy) (10.375)
m

10.24 Proof of Theorem 24

Before proving Theorem [24] we first show some useful Lemmas.

Lemma 20. Denote L(y) := i||lx — + Wyl3. For any bounded y,,y,,,,z € RY, we

have
1 1 1.1 )
L(yir) = L(z) + ( (gW Wyt—NW T Y — 2 ) TS IgW W — vl

—5lI5W(z -l (10.376)
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Proof. Denote L(y) := 3|l® — +Wyl3. From Lemma [19) we can achieve that

1 1.1
L(z) = L(y,) + < WWTW% — NWTZIZ, z-y, > 5l Wiz - y,)||? (10.377)
1.1
L(ytJrl) = L(y,) + < _WTWyt - _Wvayt+1 —Y; > +§||Nw(yt+1 - yt)”g
(10.378)

It follows that

1 1
L<yt+1) L(z)— <N2 WTWyt_NWT$7Z_yt> <N2 WTWyt_NW LyYpp1— "Jt>
1.1 , 1.1 9
+ §HNW(yt+1 y)lls — §HNW(Z —y)l2 (10.379)
1 1 1.1
= L(z) + _QWTWyt__WTw7yt+1 —z)+ —H_W(ytﬂ - yt)H%
N N 2'"N
1.1
I Wz - )3 (10.350)

]

Lemma 21. For a convexr function ¢,(-), let h(-) be the proximal operator w.r.t
ox(-). Denote Q(y) := e — sWyll3 + +éa(y), for any bounded y,,z € RY, set
a1 =W'lx+ (I - E2WW)y, and y,., = h(at1), then we have

~

~ 1 1,1
QY1) < Q(2) + ﬁ(”yt — 2[5 - Y1 — Z”%) - §HNW(Z —y)l3  (10.381)
Proof. Since y,,, = argmin, ¢x(y) + 5/|y — @13, we have
0 € 00(Yp41) + (Yrs1 — A1) = (Ae1 — Yyp1) € 00(Yy41) (10.382)

For a convex function ¢,(y) and subgradient g € ¢, (y), we know ¢,(z) > oa(y) +
(g, z — y), it follows that

oa(z) > ¢/\(yt+1) + <at+1 Y412 — yt+1> (10.383)

Together with Lemma [20] we can obtain that

1 1
(2) + N@bA(Z) N <at+1 Y1, 2 — yt+1>

1 1 1,1
WWTW%_NWT%%H - Z> + §||Nw<yt+1 —y)ll2
1
%

1
L<yt+1) + N¢>\(yt+1) <

W(z -yl (10.384)
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It follows that

- ~ 1.1 1.1
Q(yt+1> < Q(z) + <yt — Y1 Y1 — z> + §||Nw(yt+1 - yt)”% - §||Nw(z - yt)”%

(10.385)

==

Note that a'b = Ha+b”§_H2a”%_”b”§, it follows that

1 1 1
<yt “Yr1 Y1 — z> = §||yt - Z”% - §||yt+1 - z||§ - §I|yt - yt+1||g (10.386)

Together with inequality (10.385]), we can achieve that

-~

~ 1 1
Q(yt+1) < Q(z) + _(Hyt - ZH% - ||yt+1 - ZH% — |y, — yt+1”§) + _W(yt-H - yt)”%

§“N
— =Wz -y)l3 (10.387)

N
=

From Lemma [I8] we know %[y, — ¥,41113 > |+ W (y, 1 — ¥,)[I3, it follows that

o~

Q(yt+1) @( ) + (Hyt - ZHQ Hyt+1 - zH%) — =Wz - yt)”% (10.388)
O

Lemma 22. (Strictly Monotonic Descent) For a convex function ¢x(-), let h(-) be
the prozimal operator w.r.t (). Denote Q(y) = e — +Wyll3+ +oa(y), for any
bounded y, € R, set ayp1 = W' a+ (I — +W W)y, and y,., = h(asy1), then we

have

-~

~ 1
Q(yt+1) < Q(yt> - WH%H - yt”g (10-389)

Proof. From Lemma |21} setting z = y,, we can directly get the result. O]

Theorem. For a convex function ¢,(+), denote h(-) as the prozimal operator of ¢(+).
Given a bounded x € R?, sety, , = h(WTzc—l—(I—%WTW)yt) with tWWT =1,.

Denote Q( ) = 3|z — ( )13 + +r(y) and y* as an optimal of @(), forT > 1,
we have

T—-1
T(Qyr) — Qy")) < —NHyo yl3 - ﬁ”yT —y'll5 - 3 > Hﬁw(yt -yl
t=0

—_

T—
5 Z |yt+1 -3 (10.390)
t=0

[\
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Proof. From Lemma [21] setting z = y*, we can achieve that
A Y 1 P *|2 1.1 * 2
QY1) < Qy") + 55 (lye = v'l2 = Iy — v'l2) = SIFW W —wo)llz
(10.391)

Telescope the inequality (10.391) from t =0 to t =T — 1, we can obtain that

T-1 T-1
. . 1 1 .
> Qyi1) —TQY") < 2N||'yo yrl3 - 2N|!yT yrl3 - —Z I W (v — vl
(10.392)
From Lemma [22] we know that
~ ~ 1
QY1) < Qy,) — ﬁ”ytﬂ - yt”% (10.393)
It follows that
| Il
Qyr) < Qy,) — IN Z 1Yip1 — yill3 (10.394)
Then, we can achieve that
R R T-1 | 1T
TQ(yr) ~TQY") <> Qyu1) — v Z |y, —will3  (10.395)
t=0 t=0 i=t
T-1 | Il
= QY1) —TQ(Y") — IN (t+ Dy — yt”g (10.396)
t=0 t=0
Plug inequality (10.392) into inequality (10.396)), we obtain that
R 1 1Ty
T(Qyr) — Qy")) < oY~y I3 = 2NHyT Yy Hz“ZH_ v, — )3
T-1
1 t+1
-3 Z N 1Y — v, (10.397)

t=0

]

10.25 Proof of Theorem (25

We first show the structured samples B constructed in [117/119)].
Without loss of generality, we assume that d = 2m, N = 2n. Let F € C"*" be an
n x n discrete Fourier matrix. Fy; = e“ is the (k,7)"entry of F', where ¢ = /—1.

Let A = {ky, ko, ...k} C {1,...,n — 1} be a subset of indexes.
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The structured matrix B can be constructed as Eq.(10.398]).

Vn ReFA —ImFA

B == ImF, ReF,

€ RN (10.398)

where Re and Im denote the real and imaginary parts of a complex number, and F'5

in Eq. (10.399) is the matrix constructed by m rows of F

2miky 1 2mikin

e n o e n
Fp=L SRV e Cmxm, (10.399)
\/ﬁ 2mwikm 1 2wikmn
e n e e n

The index set can be constructed by a closed-form solution [119] or by a coordinate
descent method [117].

Specifically, for a prime number n such that m divides n—1, i.e., m|(n—1), we can
employ a closed-form construction as in [119]. Let g denote a primitive root modulo

n. We can construct the index A = {ky, ko, ..., k;, } as

2(n—1) (m—1)(n—1)

A:{90>g%1,9 moLee,g  m pmodn. (10.400)

The resulted structured matrix B has a bounded mutual coherence, which is

shown in Theorem [32|

Theorem 32. [119] Suppose d = 2m, N = 2n, and n is a prime such that m|(n—1).

Construct matriz B as in Fq.(10.398) with index set A as FEq.(10.400). Let mutual
coherence p(B) := max;; % Then p(B) < ‘/Wﬁ

jll2
Remark: The bound of mutual coherence in Theorem [32 is non-trivial when
n < m?. For the case n > m? we can use the coordinate descent method in |117] to
minimize the mutual coherence.

We now show the orthogonal property of our data-dependent structured samples
_ Vi RT
D = \/NR B

Proposition 2. Suppose d = 2m, N = 2n. Let D = \/—‘/%RTB with B constructed
as in Eq.(10.398). Then DD' = I, and column vector has constant norm, i.e.,

deH2 = \/?7 Vj € {17"' ’N}'
Proof. Since DDT = BB =2BB" = BB', where B = JAB. Tt follows that

o> ReFA —ImFA

dx N
B=| | F. Rer, |€R (10.401)
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Let ¢; € CY*™ be the i row of matrix F, € C™*" in Eq.(10.399). Let v; € R*??
be the i" row of matrix B € R?™*2" in Eq.(10.401). For 1 < i,j < m, i # j, we
know that

v, =0, (10.402)
Vitm¥) 1 = V0, = Re(eic)), (10.403)
vi+mv; = —viv;m = Im(c;c)), (10.404)

where * denotes the complex conjugate, Re(:) and Im(+) denote the real and imaginary
parts of the input complex number.

For a discrete Fourier matrix F', we know that

n—1 ep - .
1 m(i—j)ki 1 f ==
B D E S (10.405)
n e 0, otherwise

When i # j, from Eq.(10.405), we know ¢;cj = 0. Thus, we have

Vitm¥,) 1 = V0] = Re(eie)) =0, (10.406)
Vipmv] = —vv),,, =Im(c;ic}) =0, (10.407)

L S
When i = j, we know that v;,, v, = viv;, =cic; = 1.

~~T
Put two cases together, also note that d = 2m, we have DD = BB = I,.

The ly-norm of the column vector of B is given as

m

b1 = — ; (sin® ==+ cos” =) = = (10.408)

Thus, we have [ld; | = [[b;[3 = /2 for j € {1+, M}
]

Lemma 23. Let D = %RTB, where B is constructed as as in Eq.(10.398) with
index set A as Eq.(10.400) [119] with N = 2n,d = 2m. Yy € RY, ||lyllo < 2k, we
have | Dyl[3 — [ly[)3 < =000y 2

Proof. Denote M = D' D. Since the column vector of D has constant norm, i.e.,
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Id;|5 = 2, it follows that

1Dyl =y My = ||d;|; Zy +Z Z yiy; Mi;) (10.409)
i=1 j=1j#i
ST S M
= —llylls + Z Z iy My (10.410)
=1 j=1,j7#1
m N N
gl|y||2+ —u(D)(D D lullyl) (10.411)
1=1 j=1,j#i
m o N N
2
= |yl + (D) ((Z lyil)” — Z@ﬁ) (10.412)
=1 =1

Since ||y|lo < 2k, we know there is at most 2k non-zero elements among y. Thus, we
know that

N N
m m 2
IDyl < Ziyll3 + = (D) ((Z i) - ny) (10.413)
=1 =1

N N
< Cllyll + u(D) (2K D0~ D 4f) (10414)
i=1 =
= "yl + 2 u(D)(2k = 1)yl (10415)
Since p(D) = B, from Theorem |32, we know p(D) < \/Wﬁ It follows that
IDyl3 < = llyl3 + = u(D)(2k - 1)yl (10.416)
< Py DV (10.417)
o Lf ZRai W (10.418)
It follows that || Dyl — ||ly||3 < WHZJH% —~

Theorem. (Strictly Monotonic Descent of k-sparse problem ) Let L(y) = %Hac —
Dyl|3, s.t. ||lyllo < k with D = \/L%RTB, where B is constructed as as in Eq.(10.398
with index set A as Eq.(10.400) [119] with N = 2n,d = 2m. Set y,,, = h(@1) with
sparity k and a,y = D x + (I — D" D)y,, we have

1 1 n—(2k—1)y/n—m
L(yyq) < L(yt)+§Hyt+1_at+1H%_§Hyt_at+1“g_ o ”yt—i-l_ytHg < L(y,)
(10.419)
where h(-) is defined as
. 4 1 _hi N
h(z;) = 2z if |z is one of the k-highest values of |z| € R . (10.420)
0 otherwise
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Proof. Denote L(y) := 3|l@ — Dyl|3. It follows that

1 1
L(yy) = 5”33 — Dy, 3 = 5”33 — Dy, + Dy, — Dy, |5 (10.421)
= L(y,) + <a: — Dy,, D(y, —- yt+1)> + |1 D(y, — yt+1)||§ (10.422)
= L(y,) + <DT:B - DTDyt,yt - yt+1> + [ D(y, — yt-l—l)”% (10.423)
( )

= L(y,) + <DTDyt - DTw7yt+1 - yt> + | D(y, — yt+1)||% 10.424

Let a;.y = D'z + (I — D" D)y,, together with Eq.(10.424), we can obtain that

1
L(ye1) = L(y,) + (Y — @1, Yy — Yy) + SID W — vl (10.425)

Ly + Y111 — @l — 1y, —2at+1H§ — Y — vl

1
+ §HD(yt+l - yt)”%
(10.426)

From Lemma we know that

n—(2k—1)y/n

-m
om ||yt+1 - yt“% (10.427)

1 1
§||D(yt+1 - yt)”% - §||yt+1 - yt”% < -

It follows that

n— 2k —1)v/n
2n

—-m
Hyt+1 - yt”%
(10.428)

1 1
L<yt+1) < L(yt) + §Hyt+1 - atHH% - §Hyt - atHH% -

Note that y,,; = argmin, 1 <1 Y — a1]l3, we know [y, — a3 < [ly, —

ai1|3. It follows that L(y,,,) < L(y,), in which the equality holds true when

1Yi11 — aenll = [ly; — aell3 and [ly, 1, —y,ll3 =0
[l

10.26 A Better Diagonal Random Rotation for SSF

In [117], a diagonal rotation matrix D is constructed by sampling its diagonal elements
uniformly from {—1,+1}. In this section, we propose a better diagonal random
rotation. Without loss of generality, we assume that d = 2m, N = 2n.

We first generate a diagonal complex matrix D € C™ ™ in which the diagonal

elements are constructed as
Djj = cosf; + ¢ sinb; , Vje{l,---,m} (10.429)

where 6;,Vj € {1,--- ,m} are i.i.d. samples from the uniform distribution Uni[0, 27),

and 2 = v/—1.

180



We then generate a uniformly random permutation IT : {1,--- ,d} — {1,--- ,d}.
The SSF samples can be constructed as H =1l o B with B:

B i Reﬁ’A —Imﬁ'A
ImFA ReFA

= € RN (10.430)

where INJ’A =DF,.

It is worth noting that H'H = B' B, which means that the proposed the diag-
onal rotation scheme preserved the pairwise inner product of SSF [117]. Moreover,
the SSF with the proposed random rotation maintains O(d) space complexity and

O(nlogn) (matrix-vector product) time complexity by FFT.

10.27 Rademacher Complexity

Neural Network Structure: For structured approximated NOK networks (SNOK),

the 1-T layers are given as
Y1 = (D' Rz + (I — D' D)y,) (10.431)

where R; are free parameters such that R;r R, = R;r R, = I,;. And D is the scaled
structured spherical samples such that DD = I, and Yo, = 0.

The last layer ( (T+1)" layer) is given by z = w'yp,. Consider a L-Lipschitz
continuous loss function ¢(z,y) : Z x Y — [0, 1] with Lipschitz constant L w.r.t the
input z.

Rademacher Complexity: Rademacher complexity of a function class G is
defined as

N
1
RN (G) = N]E 2161526@(3:1)] (10.432)
=1
where ¢;,i € {1,---, N} are i.i.d. samples drawn uniformly from {+1,—1} with

probality Ple; = +1] = Ple; = —1] = 1/2. And x;,i € {1,--- , N} are i.i.d. samples
from X.

Theorem. (Rademacher Complezity Bound) Consider a Lipschitz continuous loss
function €(z,y) : Z x Y — [0,1] with Lipschitz constant L w.r.t the input z. Let
Uz,y) = U(z,y) — €0,y). Let G be the function class of our (T+1)-layer SNOK
mapping from X to Z. Suppose the activation function |h(y)| < |y| (element-wise),

and the la-norm of last layer weight is bounded, i.e., |wl||s < By,. Let (x;,y:)Y, be
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i.i.d. samples drawn from X xY. Let Y pyq = [ygplil, e ,ygﬁ] be the T* layer output
with input X . Denote the mutual coherence of Yy as p*, i.e., p* = p(Yrn) =
T, ()
MaX;£; % < 1. Then, we have
||yT+1||2||yT+1||2

< LB,y /(N = D +1) |12

N
o . |
Rn(loG) = NE SUEZEM(Q(%%%)] = N ZB’HXHF
9€G =1 i=0
(10.433)
where f=|I —D'D|3 <1, X =[x1,--- ,xn]. |- |2 and || - || denote the spectral

norm and the Frobenius norm of input matrix, respectively.

Remark: When the width of NN Np > d, we have 5 =1, and \/ZiT:Bl Bi=+/T.
In this case, the Rademacher complexity bound has a complexity O(\/T ) w.r.t. the

depth of NN (SNOK).

Proof. Since ( is L-Lipschitz continuous function, from the composition rule of

Rademacher complexity, we know that

Ry(loG) < L Ry(G) (10.434)
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It follows that

Ry (G) =

=~ ZIH

==

sup

w{RtESO(d)}t 1i=1

sup

| w {R€S0(d)}].

sup

| w {R;€SO(d)}_,

SUEZ 6if<mi)]

| 9€G i=1

N .

€ <'w yT+1

'w Z 6z?JT+1>

{Rtezg%)}t 1 H 121: EzyTHHJ

sup Z HezyT.H ”2 + Z Z € Ejyg“-z-—lry%-l
_{RtESO(d)}tT:l \ i=1 j=1,j#i

Sup Z HyT+1H2 + Z Z €i EJyT-H yT+1
_{RtESO(d)}tT:l \ i=1 j=1,j#i i

sup Z lyea s + Z Z &Y Yin
_\ {R:eSO( d)}t 1 4=1 =1 j=1,5#1 i
E sup Z ||yT+1H2 + Z Z ezegyTgy%ﬂ
{RtGSO(d =1 i=1 =1 j=1,j#i

(10.435)

(10.436)

(10.437)

llw]|2 H Z eiy%)rl”Q] (Cauchy-Schwarz inequality)
i=1

(10.438)

(10.439)

(10.440)

(10.441)

(10.442)

(10.443)

Inequality (10.443) is because of the Jensen inequality and concavity of the square

root function.
Note that |¢|

=1,Vie{l, -
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w = p(Yra) <1, it follows that

~ B, i .
Ry(F) < 7y |E | sup Z}|yT+1H2+Z Z a1 (10.444)
\ {R:€50(d }tlzl i=1 j=1,j#1
B.,
SN sup Z HyT+1||2+Z Z i [l w2l [l (10.445)
\{RtESO =1 i=1 i=1 j=1,j#i
B,
B n 10.446
- N \ {Rtegg&} Z el + p Z Iy ll,) ( )
B,
< W\/ sup Y 71 ||% + Np*[|Y 7 ||%  Cauchy-Schwarz
Ri€SO(d)}L,
(10.447)
B.,
< W\/ sup — D+ 1) Y l2 (10.448)
{R:€SO(d)}T._,
where Yy = [y(Tlle, e ,y(T{\g] and || - || denotes the Frobenius norm.

Since |h(Y)| < |Y| (element-wise), (e.g., ReLU, max-pooling, soft-thresholding),
it follows that

|Y rall3 = |Ih(D"Re X + (I - D'D)Y7)|} (10.449)
<|D'"RrX + (I - D"D)Y7|% (10.450)

In addition, we have

ID"RrX + (I - D'D)Yr| = D' RrX|7 + (I - D'D)Y 7|
+2(D'"RyX,(I-D'D)Y7) (10.451)

Note that DD = I; and R; Ry = Ry R} = I, we have

ID"Rr X |3 = | X I3 (10.452)
(D'"RrX,I-D'D)Yr)=tr (X'"R;D(I-D'D)Yr) =0 (10.453)

It follows that

ID"RrX + (I - D'D)Y«|i = |ID'RrX |7 + (I - D' D)Yr|7

+2(D"RyX,(I-D'"D)Y7) (10.454)
= X%+ (I -D'D)Y |} (10.455)
<X + I = D'DI3IYrl% = | X% + BllyrllH

(10.456)
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Recursively apply the above procedure from ¢t = T to t = 1, together with Yy = 0,

we can achieve that

T—1
1Yl < X387 (10.457)
i=0
Together with inequality ((10.448)), it follows that
~ B,
Ry(G) < =2 ¢ sup (V= gt + 1) Y a3 (10.458)
{R:€S0(d)}/,

B \/ — 1> +1) T-1

Z/BZHXHF (10.459)

Finally, we obtain that

mN(ZO

. 1 (5~ 1) [
g}gz g(x:) yz] < N Zﬁ’HXHF

(10.460)

Now, we show that 3 = |[I — D" D||? < 1. From the definition of spectral norm, we
have that

B=|I-D'D|;= sup I(I - D" D)y|;3 (10.461)
— HSEEIyT(I ~-D'D)'(I-D'D)y (10.462)

" et y (I-2D'D+D"DD"D)y (10.463)

= ”sﬁply—r(I — D' D)y (10.464)

=1- ”H”un |Dyll5 <1 (10.465)

O

10.28 (Generalization Bound

Theorem. Consider a Lipschitz continuous loss function ((z,y) : Z x Y — [0,1]
with Lipschitz constant L w.r.t the input z. Let ((z,y) = {(z,y) — £(0,y). Let G
be the function class of our (T+1)-layer SNOK mapping from X to Z. Suppose the
activation function |h(y)| < |y| (element-wise), and the ly-norm of last layer weight

is bounded, i.e., ||[wl|ls < By,. Let (x;,y;)Y, be i.i.d. samples drawn from X x Y. Let
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Y 1y be the T™ layer output with input X . Denote the mutual coherence of Y 1y as
W oie, pt = w(Yry) < 1. Then, for VN and ¥6,0 < § < 1, with a probability at
least 1 — 9, Vg € CA}, we have

N LB N—Dp+1) |72
1 ) 81n(2/5)
E[(g(X).Y)] < 5 > Ulglx).y \/ ZBZHXH
i=1
(10.466)
where = |[I —D'D|2 <1, X = [x1,--- ,xy], and || - |p denotes the Frobenius

norm.

Proof. Plug the Rademacher complexity bound of SNOK (our Theorem into the

Theorem 8 in [21], we can obtain the bound. O

10.29 Rademacher Complexity and Generaliza-
tion Bound for General Structured Neural
Network Family

Neural Network Structure: For a more general structured neural network family
that includes SNOK, the 1-T" layers are given as

Y1 = W(D{ @+ (I — D Dy)y,) (10.467)

where D, € R9*4 are free parameters such that DtDtT = I, and dp > d, and
Yo =0.

The last layer ( (T+1)™ layer) is given by z = w'yp,,. Consider a L-Lipschitz
continuous loss function ¢(z,y) : Z x Y — [0, 1] with Lipschitz constant L w.r.t the

input z.

Theorem 33. (Rademacher Complexity Bound) Consider a Lipschitz continuous loss
function €(z,y) : Z x Y — [0,1] with Lipschitz constant L w.r.t the input z. Let
Uzy) = l(z,y) — £0,y). Let G be the function class of the above (T+1)-layer
structured NN mapping from X to Z. Suppose the activation function |h(y)| < |y|

(element-wise), and the ly-norm of last layer weight is bounded, i.e., |[w]s < B,.

1
[y;lla ’ ) yT+1] be

the T™ layer output with input X . Denote the mutual coherence of Y 1y as p*,

Let (x;,y;)N, be i.i.d. samples drawn from X x Y. Let Yy =
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. Yl Y
w=puYry) = —m—g— < 1. Then, we have

Z
Iy N2l Py e =

N LB, [T((N = )y + 1)
~ 1 I
Ry(loG) = E ggg g(z;), yz)] < N 1 X][r
(10.468)
where X = [x1, -+ ,&n]. ||-||2 and || - || denote the spectral norm and the Frobenius

norm of input matriz, respectively.

Remark: The Rademacher complexity bound has a complexity O(v/T) w.r.t. the
depth of NN.

Proof. Since (s L-Lipschitz continuous function, from the composition rule of

Rademacher complexity, we know that

Ry(loG) < LRy (G) (10.469)
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It follows that

R (G) =

N
SUE Z €9

| 9€G =1

sup

(wi)]

N .
Z €i<w7 yg“j—l>

w{DtEM}t 1 =1

(10.470)

(10.471)

(10.472)

(10.473)

(10.474)

(10.475)

(10.476)

(10.477)

sup w Z EzyT+1
| w ADeM}T

sup |'w|| H Z EzyT+1H2] (Cauchy-Schwarz inequality)
| w,{DteM
> @qu

sup Z HEZyT—HHz + Z Z € €JyT+1 ?JT+1
_{DtEM}thl \ i=1 j=1,j7#1¢

sup ZHyTHHQ—'—Z Z i€y Y
_{DtEM}thl \ 1=1 j=1,j#i

sup Z lyall; + Z Z i€y Yin

_\{DtM} =1 =1 1=1 j=1,j#i

Z HyT+1H2 + Z Z €i EJyT—H yT+1

}tl’Ll i=1 j=1,j7#1¢

(10.478)

Inequality (10.478) is because of the Jensen inequality and concavity of the square

root function.
Note that |¢|

=1,Vie{l, -
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w = p(Yra) <1, it follows that

~ Bw 7
9%N(CJ) S W Z HyT—H”Q + Z Z Ezejygq-l—ygz—&-l (10479)
\ {Dt }tl’Ll i=1 j=1,j7#1
B.,
SN Z HyT+1H2+Z Z [, [y [l (10.480)
\ }t 1 4=1 1=1 j=1,j#i
B al ) 112 > ; 2
=3z =) Syl + e (3 lwihll.) (10.481)
\ {DieM}, i=1 i=1
B.,
< N sup (1= )| Y7rull% 4+ Nut|Y 1]/ Cauchy-Schwarz
{DtEM}le
(10.482)
<Y ¢ sup — D+ 1) [V a3 (10.483)
{DieM}L
where Yy = [y(Tlle, e ,ygpﬁ] and || - || denotes the Frobenius norm.

Since |h(Y)| < |Y| (element-wise), (e.g., ReLU, max-pooling, soft-thresholding),
it follows that

Y 7all% = |R(D7 X + (I = DpDr)Y7) |7 (10.484)
<|D;X + (I - D;Dp)Y7|% (10.485)

In addition, we have

1Dz X + (I = Dy D7)Yrli = 1D X |3 + (I = DpDr)Y 7|7 + 2(D7 X, (I-D;D7)Yr)

(10.486)

Note that DTD; = 14, we have
1D X% = [1X |7 (10.487)
(D;X,(I-D;Dr)Yr)=tr(X;Dr(I-D;D7)Yr) =0 (10.488)

It follows that

1Dz X + (I = Dy D7)Yrli = D X |3 + (I = DpDr)Y 7|7 + 2(D7 X, (I-DyD7)Yr)

(10.489)
= | X% + (I = Dy D7)Y 7|l (10.490)
< | X%+ I = Dr DIV 7ll% = I X 17 + Iy

(10.491)
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Recursively apply the above procedure from ¢t = T to t = 1, together with Yy = 0,

we can achieve that
1Y a7 < TX|)% (10.492)

Together with inequality (10.483)), it follows that

~ Bw
Bu(@ < o (V- Uw A DYl (10458)
{DtEM}le

X 10.494
< N Xl (10.491)
Finally, we obtain that
- N LBy\/T((N = 1)p* +1)
~ 1 w
Ry(CoG) = <E [sup ) el(g(@)y;)| < \/ 1 X1
N 9€G =1 N
(10.495)
O

Theorem 34. Consider a Lipschitz continuous loss function ((z,y) : Z x Y — [0,1]
with Lipschitz constant L w.r.t the input z. Let Z(z,y) = Al(z,y) — £(0,y). Let G be
the function class of our general (T+1)-layer structured NN mapping from X to Z.
Suppose the activation function |h(y)| < |y| (element-wise), and the ly-norm of last
layer weight is bounded, i.e., ||w|o < By. Let (x4, y:)Y, be i.i.d. samples drawn from
X xY. Let Y 1y be the T layer output with input X . Denote the mutual coherence
of Ypu as p*, i.e., p* = w(Yrn) < 1. Then, for VN and V6,0 < § < 1, with a
probability at least 1 — 9§, Vg € @, we have

N LB JT((N = 1)y + 1)
1 w 81n(2/0)
< E Ay o\ T
(10.496)
where X = [xq, -+ ,xy], and || - ||r denotes the Frobenius norm.

Proof. Plug the Rademacher complexity bound of general structured NN (our Theo-
rem [33)) into the Theorem 8 in [21], we can obtain the bound. O
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10.30 Explanation of Theorem [28 for robust learn-
ing

Theorem. (Monotonic Relationship) ( [77] Let p(z,y) and q(x,y) be the train-
ing and test density,respectively. Define r(z,y) = q(z,y)/p(x,y) and r; = r(z;,y;).
Let l(y,y) = l(sign(@\) + y) and 1(y,y) = l(argmaxk(ﬂk) + y) be 0-1 loss for bi-
nary classification and multi-class classification, respectively. Let f(-) be convex with
f(1) = 0. Define risk R(0), empirical risk R(6), adversarial risk Raa,(0) and empir-

ical adversarial risk ﬁadv(e) as

R(0) = Epay) [[(g0(2), )] (10.497)
R(0) = % Z; 1(go(:), vi) (10.498)
Raan(0) = SUP Epay) [r (@, y)l(90(x), y)] (10.499)
Ruaol®) = sup -5~ rillgole), ), (10.500)

where uf = {7’(5573/) ‘Ep(:n,y) [f (T’(I‘,y))] < 57 Ep(x,y) [T(%,y)] = 1,7’(1’,3/) > O,V(Jf,y) €& x y}
and Uy = {r| %Z?:l f(r) < 5,%2?:1 r,=1,r> 0}. Then we have that

If Roaw(01) <1, thenR(0;) < R(02) <= Raaw(01) < Raav(62). (10.501)
If Radv(gl) =1, then R(Gl) < R(HQ) <~ Radv(%) = 1. (10502)

The same monotonic relationship holds between their empirical approximation: 7/5(9)

and Radw-

[77] show that minimizing (empirical) risk is equivalent to minimize the (empir-
ical) adversarial risk (worst-case risk) for 0-1 loss. Thus, we can directly optimize
the risk instead of the worst-case risk. Specifically, suppose we have an observable
training distribution p(z,y). The observable distribution p(x,y) may be corrupted
from an underlying clean distribution ¢(z,y). We train a model based on the training
distribution p(z,y), and we want our model to perform well on the clean distribu-
tion ¢(z,y). Since we do not know the clean distribution ¢(z,y), we want our model
to perform well for the worst-case estimate of the clean distribution, with the as-
sumption that the f-divergence between the corrupted distribution p and the clean
distribution ¢ is bounded by §. Note that the underlying clean distribution is fixed
but unknown, given the corrupted training distribution, the smallest ¢ that bounds

the divergence between the corrupted distribution and clean distribution measures
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the intrinsic difficulty of the corruption, and it is also fixed and unknown. The corre-
sponding worst-case distribution w.r.t the smallest § is an estimate of the true clean
distribution, and this worst-case risk upper bounds the risk of the true clean distri-
bution. In addition, this bound is tighter than the other worst-case risks w.r.t larger

0. Formally, the upper bound w.r.t the smallest 0 is given as

G(0) := sup Eqy(ay) [1(90(), )] (10.503)

anf
where Z:if is an equivalent constrainted set w.r.t Uy for ¢(z,y). Then, we have

G(0) = sup Byt [go(2), 1)) = 5up By [r(m,)lg0(2), )] (10.504)
q€ly relly
When [(-) is 0-1 loss, from Theorem 1, we know that minimize G() is equivalent to

minimize G(6). Thus, we can minimize G(6) instead of G(6).

G(0) := Epta) [L(g0(2), )] (10.505)

Minimize the Eq.(10.505]) enables us to minimize the Eq.(10.503) without knowing

the true divergence parameter § beforehand. Usually, minimizing the upper bound
can decrease the true risk under clean distribution. Particularly, when the clean
distribution coincides with the worst-case estimate w.r.t the smallest J, minimizing
the risk under the corrupted training distribution leads to the same minimizer as
minimizing the risk under the clean distribution.

Relationship between label corruption and general corruption

Label corruption is a special case of general corruption. Label corruption restricts
the corruption in the space ) instead of the space X x Y. That is to say, the training
distribution p(x) is same as the clean distribution ¢(z) over X. Then, we have the

robust risk for label corruption as

Gy(0) == sup Eyuy) [[(go(2), y)] (10.506)

q€ll;nH
where H = {q(z,y) |[¢(x) = p(z),¥(z,y) € X x Y }. The supremum in G, () is taken
over ﬁf N H, while the supremum in G(6) is taken over Z;{vf. Due to the additional
constrain ¢(z) = p(z),V(z,y) € X x Y, we thus know that the robust risk G,(6) is
bounded by G(), i.e., G,(0) < G(#). Moreover, it is more piratical and important

to be robust for both label corruption and feature corruption.
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10.31 Proof of Theorem [29

Proof. Because 1(u < 0) < l(u), we have > {(u;) > Y7 1(u; < 0). Then

(@ (u) = min max (Z;l Uil(ui>’n_2j: v; + Zl_ u; < 0 (10.507)

ve{0,1}"

< max (Z;l l(ui),n—ijl 1+ Z:L:l 1(u; < 0))

= max (Z;l (), Z;l 1(u; <0))
=2 )

Since loss J(u) = Yo Uu;), we obtain @ (u) < J (u).
On the other hand, we have that

Q (u) :ve%i,rf}" max ( Zj: vil (us), H—Z; v; + Zl_

n
> min n— v; + Z ul < O
ve{0,1}" i=1 i=1

= Z;l l(ui < 0)

Since J(u) = >7, 1(u; < 0), we obtain @ (u) > J (u)

10.32 Proof of Corollary

(10.508)
(10.500)
(10.510)

u; < 0
(10.511)

(10.512)

Proof. Since n = mb, similar to the proof of Q (u) < J (u), we have

Q (u) —Z] ) verg)lﬁm max (Z:; vl (i), m—zzn Vi + Z
<Z max Z U(uij) m—zz 1+Z uw <O

—Z] max Zl 1z<uij>,zzll(uij <0))
=3 S ) =
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(10.513)
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On the other hand, since the group (batch) separable sum structure, we have that

Q (u) :Zjl ver{%i,?}m max <ZZ1 vl (wif), m—Z:n vij + Z 1(u;; < 0))
= min b max (Zj; Vil (wij), m—zzn vij + Z 1(ui; < 0))

ve{0,1}" Jj=1

(10.516)
b m b m b m
> mlnnmaX(ZZv L(uij),n ZZUU+221 um<0
ve{o1} =1 i=1 7j=1 i=1 7j=1 i=1
(10.517)
=Q(u)>J(u) (10.518)
O

10.33 Proof of Partial Optimization Theorem
(Theorem 31

Proof. For simplicity, let [; = l(u;), i € {1,...,n}. Without loss of generality, assume
Iy <ly--- <l,. Let v* be the solution obtained by Algorithm Assume there exits

a v such that
max (Y vil;, C =3 v;) < max (Y vil;, C = vf). (10.519)
i=1 i=1 i=1 i=1
Let T=> v, and T* = > v}

i=1 i=1
Case 1: If T" = T™, then there exists an vy = 1 and v; = 0. From Algorithm
we know k > T* (v; =0=k >T*) and I, > l;,j € {1,...,7*}. Then we know

n n
> vfl; < > wl;. Thus, we can achieve that
i=1 i=1

max Z vil;, C — Z = max Zv;kl,»,C’ — ivz) (10.520)
i=1 =1 i=1
i=1 i=1

This contradicts the assumption in Eq.(10.519)
Case 2: If T > T*, then there exists an v, = 1 and v} = 0. Let Ly« = ) [;. Since
i=1
I >0, we have Ly« + 1), > Lp«. From Algorithm [13] we know that L« + 1, > C' —T™.
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Thus we obtain that

n

max (Z vil;, C — Z i) > Ly + 1 (10.522)
=1 =1

> max (LT* C—1T) (10.523)
Z vil;, C — Z (10.524)
i=1

This contradicts the assumption in Eq.(10.519))
Case 3: If T' < T*, we obtain C —T > C' —T* + 1. Then we can achieve that

max Z vil;, C — Z = max (Lg-, C — T%) (10.525)
<C+1-T" (10.526)
<C-T (10.527)
=C - Z v (10.528)
< max Z vily, C — Z V; (10.529)

This contradicts the assumption in Eq.(10.519).
Finally, we conclude that v* obtained by Algorithm is the minimum of the

optimization problem given in (8.13). [

10.34 Proof of Proposition

Proof. Note that T = Z v}, from the condition of v; = 1 in Algorithm (13} we know
that Ly« < C+1— T From the condition of v; = 0 in Algorithm [I3] we know
that Ly-11 > C — T*. Because I(u;) > 1(u; <0) > 0 for i € {1,...,n}, we have
Lpsyy = Ly« + l(upsy1) > Lp+. Thus, we obtain Ly« > max(Lp«,C — T*). By

substitute the optimum v* into the optimization function, we obtain that

Ve%i,gl}nmax ( Zi:l vil(u;), C — Zi:l ;) (10.530)
= max (Zil vil(u;), C — 211 ) (10.531)
= max(Lp,C —T%) (10.532)

]
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10.35 Proof of Theorem 30

~

Proof. We first prove that objective is tighter than the loss objective J(u) in
Eq.(8-8). After this, we prove that objective is an upper bound of the 0/1 loss
defined in equation (8.7)).

For simplicity, let I; = [(u;), we obtain that

E(u) = vg{loi,?}" max(z vil(u;),n — Z v;) (10.533)
< max(z I(u;), (n — Z 1)) (10.534)
= zn: 1(u;). (10.535)

Note that J (u) = > l(u;), thus, we have F (u) < J ().

i=1
Without loss of generality, assume [} < ly--- < [,. Let L; = > 1;, T = > v,
j=1 i=1
where v*=[v}, v} - - - v}]T is the optimum of v for fixed u. Let & = >_ 1(u; > 0). Then
i=1

we achieve that the 0/1 loss J(u) is as follows:
J(u) = 1(u; < 0)=n — k. (10.536)
i=1
From Algorithm 1 with C' = n, we achieve that Ly <n—T+1and Ly, >n—-"T.
Case 1: If k£ > T, we can achieve that

2FE (u) — J(u) = 2max(Ly,n —T) — (n — k) (10.537)
>2n—=T)—(n—k) (10.538)
=n+k-—-2T>0.

Case 2: If k <T,n—T > Ly, we can obtain that
2E(u)—J(u)=2(n—T)—(n—k)=n+k —2T. (10.539)

Since k < T, if follows that

T T
Lr =Tt > L >Let Y 1 (10.540)
j=k+1 j=k+1
=Ly +T—k (10.541)
>T — k. (10.542)
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Together with n —T' > Ly , we can obtain that
n—T>Lp>T—-k=n+k-2T7T2>0. (10.543)
Thus, we can achieve that
2E(u)—J(u)=n+k—-27>0. (10.544)

Case 3: If k <T,n —T < Ly, we can obtain that

2F (u) — J(u) = 2max(Ly,n —T) — (n — k) (10.545)
=2Lr — (n—k) (10.546)
> (n—T)+ Ly — n+k. (10.547)
From ((10.542)), we have Lt > T — k. Together with (({10.547)), it follows that
28 (w) — J(u) > (n — T) + (T — k) — ntk > 0. (10.548)
Finally, we can achieve that J(u) < 2E (u) < 2.J (u) . O

10.36 Proof of Corollary

Proof. Since n = mb, similar to the proof of @ (u) < j(u), we have

~ b m m
E (u) :Z i=1 verf(l)i,{l}m Hax ( Zz‘:l Uijl(uij)’ m_zi:1 Uij)

J

SZEZI max (Z:; [(uij), m_ZL 1) (10.549)
:Z; max ( Zj; [(ui), 0) (10.550)
22;1 Zn; Uuy) = T (w) (10.551)

On the other hand, since the group (batch) separable sum structure, we have that

b

E (u) :Z min _max ( Zil Vil (wij), m—Z:; ;)

J=1ve{0,1}™
= min jl max (Y wiglluig),m—y_ " vy) (10.552)
> Jin | mex (iiuijmij),n — i;m;%) (10.553)
— E(u) s o (10.554)

Together with Theorem , we obtain that J(u) < 2FE (u) < 2F (u) < Zj(u)
[l
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10.37 Multi-Class Extension

For multi-class classification, denote the groudtruth label as y € {1,..., K}. Denote
the classification prediction (the last layer output of networks before loss function) as
tiyi € {1,..., K'}. Then, the classification margin for multi-class classification can be
defined as follows
u =t, — maxt,. (10.555)
iy
We can see that l(u < O) = 1(ty — rgg’lx t; < 0) is indeed the 0-1 loss for multi-class
classification.
With the classification margin u, we can compute the base loss I(u) > 1(u < 0).
In this work, we employ the hinge loss. As we need the upper bound of 0-1 loss, the

multi-class hard hinge loss function [127] can be defined as
H(t,y) = max(1 — »,0) = max(1 — ¢, + m;éixtl-, 0). (10.556)
i#y

The multi-class hard hinge loss in Eq.(10.556) is not easy to optimize for deep

networks. We propose a novel soft multi-class hinge loss function as follows:

max(1 —ty+mfxt,-,()) ) ty—mfxti >0
_ 1FY 1Y
S(6.y) = max(1 — t, + LogSumExp(t),0) , t, — max t; <0. (10.557)
iy

The soft hinge loss employs the LogSumExp function to approximate the max function
when the classification margin is less than zero, i.e., misclassification case. Intuitively,
when the sample is misclassified, it is far away from being correctly separate by a
positive margin (e.g. margin « > 1). In this situation, a smooth loss function can
help speed up gradient update. Because LogSumExp(t) > max;cqi ..k} t; we know
that the soft hinge loss is an upper bound of the hard hinge loss, i.e., S(t,y) > H(t,y) .
Moreover, we can obtain a new weighted loss F(t,y; 5) = S(t,y)+(1—0)H(t,y), 5 €
[0, 1] that is also an upper bound of 0-1 loss.

10.38 Evaluation of Efficiency of the Proposed
Soft-hinge Loss

We compare our soft multi-class hinge loss with hard multi-class hinge loss [127] on
CIFAR100 dataset training with Adam and SGD optimizer, respectively. We keep

both the network architecture and hyperparameters same. We employ the default
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Figure 10.1:  Training/Test accuracy for soft and hard hinge loss with different
optimizer on CIFAR100

learning rate and momentums of Adam optimizer in PyTorch toolbox, i.e. [r =
1073, 81 = 0.9, B = 0.999. For SGD optimizer, the learning rate (Ir) and momentum
(p) are set to Ir = 1072 and p = 0.9 respectively.

The pictures of training/test accuracy v.s number of epochs are presented in Fig-
ure[10.1] We can observe that both the training accuracy and the test accuracy of our
soft hinge loss increase greatly fast as the number of epochs increase. In contrast, the
training and test accuracy of hard hinge loss grow very slowly. The training accuracy
of soft hinge loss can arrive 100% trained with both optimizers. Both training and
test accuracy of soft hinge loss are consistently better than hard hinge loss. In addi-
tion, training accuracy of hard hinge loss can also reach 100% when SGD optimizer

is used. However, its test accuracy is lowever than that of soft hinge loss.
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