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Abstract

Convolutional neural networks (CNNs) can learn potential features from large amounts

of Euclidean data, such as text, images, which produce a satisfactory performance on

pattern recognition and data mining. Besides Euclidean data, graphs, as non-Euclidean

data, are powerful structures for modeling molecules, social networks, citation networks,

traffic networks, etc. However, to lend learning power from the Euclidean space to a

graph is not trivial. Learning with graphs requires an effective representation of their data

structure. Graph Convolutional Neural Networks (GCNs) have been generally accepted to

be an effective tool for node representations learning. An interesting way to understand

GCNs is to think of them as a message-passing mechanism where each node updates

its representation by accepting information from its neighbors (also known as positive

samples). However, beyond these neighboring nodes, graphs have a large, dark, all-but-

forgotten world in which we find the non-neighboring nodes (negative samples).

In this thesis, we consider that this great dark world holds a substantial amount of infor-

mation that might be useful for representation learning. Most specifically, it can provide

negative information about the node representations. The key is how to select the appro-

priate negative samples for each node and incorporate the negative information contained

in these samples into the representation update. We first propose a generalized method

for fusing negative samples to graph convolutional neural networks. We next illustrate

that the process of selecting the appropriate negative samples is not trivial. We proposed

a determinantal point process algorithm-based method for efficiently obtaining samples.

Finally, we use diverse negative samples to boost GCNs which jointly consider the positive

and negative information when passing messages. The findings of this study not only have

the development of the theory about negative samples in GCNs but also provide new ideas

to alleviate the over-smoothing problem.
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Chapter 1

Introduction

1.1 Background and motivation

Convolutional neural networks (CNNs) [3] can learn potential features from large amounts

of Euclidean data, such as text [4], images [5], music [6], and video [7], which produce a

satisfactory performance on pattern recognition and data mining. Besides Euclidean data,

graphs, as non-Euclidean data, are powerful structures for modeling molecules, social

networks, citation networks, traffic networks, etc. [8]. However, the representation power

of graphs is not a free lunch; it brings with its issues of incompatibility with some of

the strongest and most popular deep learning algorithms, as these can often only handle

regular data structures like vectors or arrays. Hence, to lend learning power to these

great tools of representation, graph neural networks (GNNs) have emerged as a congruent

deep learning architecture [9]. Such has been their success that, today, there are many

different GNN variants, each adapted for a specific task – for instance, graph sequence

neural networks [10], graph convolutional neural networks [1], and spatio-temporal graph

convolutional networks [11].

Among all the varieties of GNNs, graph convolutional neural networks (GCN) [1] is a

simple but representative and salient one, which introduces the concept of convolution

to GNNs that means to share weights for nodes within a layer. An easy and intuitive

way to understand GCNs is to think of them as a message passing mechanism [12], where

1



2 Chapter 1.

Figure 1.1: Illustration of the motivation of this work, including the dark world (gray
shadow), different semantic clusters (green, yellow, purple, blue nodes), positive samples
(nodes 2, 3, 4), and selected diverse negative samples (nodes 6, 11, and 18) of a given

node (node 1).

each node accepts information from its neighboring nodes to update its representation.

The basic idea is that the representations of nodes with edge between them should be

positively correlated. Hence, the neighboring nodes are also named as positive samples1.

This message-passing mechanism is highly effective in many scenarios, but it does lead to

an annoying over-smoothing problem where the node representations become more and

more similar as the number of layers of the graph neural network increases. This is hardly

surprising when each node only updates its representation according to its neighbours.

Beyond these observed edges, there is a dark world that could provide diverse and use-

ful information to the representation updates and help to overcome the over-smoothing

problem at the same time, as illustrated in Figure 1.1. The reasoning is this: two nodes

without edge between them should have different representations, so we can understand

1Hereafter we refer to neighbouring nodes and positive samples interchangeably.
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this as a negative link. However, in contrast to the commonly used positive links, these

negative links are rarely used in the existing various GCNs.

Negative sampling was first used in natural language processing to facilitate the training

of word2vec [13] as a simpler form of noise contrast estimates [14]. In the GNNs domain,

selecting appropriate negative samples in a graph is not trivial. The first is Kim and Oh [1],

who propose the natural and easy approach of uniformly randomly selecting some negative

samples from non-neighbouring nodes. However, as we all know, a large graph normally has

the small-world property [15], which means the graph will tend to contain some clusters.

Moreover, nodes in the same cluster will tend to have similar representations while nodes

within different clusters will tend to have different representations, as illustrated in Figure

1.1. Hence, under uniform random selection, the large clusters will overwhelm the smaller

ones, and the final converged node representations will be short on information contained

in the small clusters. Of the other two methods, one is based on Monte Carlo chains

[2] and the other on personalised PageRank [16], and neither covers diverse information

as well. Further, the selected negative samples should not be redundant; each of them

should not be overlapping and hold distinct information. Hence, as a definition, a good

negative sample should contribute negative information to the given node contrast to its

positive samples and include as much information as possible to reflect the variety of the

dark world. Moreover, these three approaches only fuse negative sampling into the loss

function to train the model rather than design a new graph convolution layer.

1.2 Research questions

This research will answer the following research questions:

• How to fuse negative samples into the graph convolution operation with a suitable

method?

• How to perform negative sampling to obtain samples with different semantics while

containing complete knowledge of the entire graph that can better reflect the real-

world situation?
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1.3 Research contributions

The main contributions of this study are concisely summarised as follows:

• The negative samples are first directly fused into the graph convolution operation

(refer to Chapter 3).

• A new negative sampling method is proposed based on a Determinant Point Pro-

cess(DPP) that selects diverse negative samples to better represent the dark infor-

mation (refer to Chapter 4).

• Using the sampling method proposed in this thesis, fusing negative samples into

GCNs can improve the quality of node representation and alleviate the over-smoothing

problem (refer to Chapter 4).

1.4 Research significance

The theoretical and practical significance of this research is summarized as follows:

Theoretical significance: The findings of this study contribute to the graph convolu-

tional neural network in the following two ways: presenting a description of good negative

samples in GCNs, and enriching the theory of graph convolution operations. More specif-

ically, a good negative sample should contribute negative information to the given node

in contrast to its positive samples and include as much information as possible to reflect

the variety of the dark world. Meanwhile, the proposed ideas on graph convolution opera-

tions incorporate both positive neighboring information and negative diverse information

to better reflect the real world.

Practical significance: Given the important role of graph data in modern life, the results

of this study contribute to the benefit of society. These findings can help solve prediction,

classification, and other problems related to graph data. Technology companies can dis-

cover relationships between users in social networks to facilitate ad push. Pharmaceutical

companies can learn the structure of networks between molecules to facilitate new drug
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development. There is potential for many other such applications that could benefit from

this study.

1.5 Thesis structure

To present our work in detail, the chapters are organized as follows:

• In Chapter 2, we briefly review the history of the development of graph convolutional

networks, the classification and application of graph convolutional networks. In

addition to this, we review several existing methods that use negative sampling in

graph convolutional networks.

• In Chapter 3, we propose a Negative Samples-enhanced Graph Convolutional Neural

Networks (NegGCNs), where the negatively sampled nodes are directly incorporated

into the message passing mechanism and used to generate new node feature vectors.

This is the basic idea of this thesis, and the key to achieve this goal is to find the

appropriate negative samples. The first method we propose for negative sampling is

based on Monte-Carlo chains.

• In Chapter 4, we propose a determinantal point process algorithm for getting samples

with different semantics while containing complete knowledge of the whole graph.

Meanwhile, we compare several existing negative sample sampling methods to test

whether they can obtain satisfactory samples. Experimental evaluations show that

our idea not only improves the overall performance of standard representation learn-

ing but also significantly alleviates over-smoothing problems.

• In Chapter 5, we summarise the findings of the thesis and point to directions for

future work.

1.6 Publications

Below is a list of the refereed international journal and conference papers during my master

research that has been published:
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• Wei Duan, Junyu Xuan, Jie Lu, Negative samples-enhanced graph convolutional

neural networks, International Conference on Intelligent Systems and Knowledge

Engineering (ISKE), Chengdu, China, November 26-28, 2021. (ERA rank: B)

• Wei Duan, Junyu Xuan, Maoying Qiao, Jie Lu, Learning from the Dark: Boosting

Graph Convolutional Neural Networks with Diverse Negative Samples, In Proceed-

ings of the 36th AAAI Conference on Artificial Intelligence (AAAI). Virtual event,

February 22-March 1, 2022. (ERA rank: A)



Chapter 2

Literature review

Work on pattern recognition and deep learning has recently encouraged the success of

neural networks. Due to the computational strength of modern computers based on GPUs,

convolutional neural networks (CNNs) [3] can learn potential features from substantial

amounts of Euclidean data, such as text, images, music, videos. Thanks to this, CNNs

can produce satisfactory performance in a number of tasks, such as target detection [17, 18],

natural language processing [19, 20], image segmentation [21, 22], etc.

Graphs, as non-Euclidean data, are powerful structures for modeling specific kinds of data

such as molecules, social networks, citation networks, traffic networks, etc. [8]. By the

nature of non-Euclidean data, familiar properties such as common coordinate systems and

vector space structures do not exist. It brings with it issues of incompatibility with some

of the strongest and most popular deep learning algorithms. Hence, to lend learning power

to these great tools of representation, graph neural networks (GNNs) have emerged as a

congruent deep learning architecture.

2.1 Brief history of graph neural networks

In 1997, Sperduti et al. [23] showed that neural networks can display organized patterns

and categorize acyclic graphs, who was the first person applying neural networks to them.

The main ideas are to use the so-called ”generalized recursive neuron”, widespread use

7



8 Chapter 2.

of recurrent neuron architectures. In 2005, Gori et al. [24] first suggested the idea of

graph neural networks. They showed that GNNs expand recursive neural networks, so

they can process a wider class of graphs and use them to address node-focused issues. In

2009, the definition of GNN was further enriched by Scarselli et al. [25]. The GNN has

been demonstrated as both an extension of recurrent neural and random walking networks

that not only maintain their features but also are appropriate for graph and node-focused

applications. These early studies are in the class of recurring graphical neural networks

(RecNNs), which have been able to solve graphical interpretation problems by spreading

neighboring information iteratively until a stable point has been reached. This is an

extremely costly procedure that has recently been overcome by an increasing number of

people. Li et al. [10] modified GNN in order to use gated recurring units and modern

techniques of optimisation and then extended it to output sequences which achieved the

most advanced performance with a program verification problem.

Many approaches have been created to redefine the concept of convolution graph data,

motivated by the achievements of CNNs in computer vision, which have the capacity

to extract and produce highly articulate representations of multi-scale localized spatial

features. Graph Convolutional neural networks (GCNs) are classified into two types,

approaches derived from the spectral domain and from the spatial domain. Bruna et al.

[26] published one of the most influential studies on spectral-based GCNs and a graph

convolution based on spectral graph theory was created for the first time. Although their

paper was conceptually important, it had major computational flaws that prevented it from

being a genuinely useful tool. Since then, a growing number of enhancements, extensions,

and approximations of GCNs have been made to overcome these flaws.

In addition to RecNNs and GCNs, a wide variety of modifications of GNNs have been

proposed for a specific task for instance, including graph auto-encoders (GAEs) [27] and

spatial-temporal graph neural networks (STGNNs) [28].
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2.2 Analytic tasks of graph neural networks

Node-level [1, 29–32]. GCNs can achieve classification prediction of nodes in an end-

to-end manner. The dataset, in this case, generally consists of one or several large graphs,

such as social networks, which generally have thousands of nodes. The graph convolution

layer generates a vector formulation per node in the graph by associating the characteristic

messages of its residents. After feature coalescence, the resultant output is nonlinearly

transformed using an activation function.

Edge-level [33, 34]. Graph edges are often in possession of rich information like strengths,

types, etc. Utilizing every two-node features in the network, GCNs are able to perform

edge classification when there are edges between nodes and edge strength prediction when

there are not.

Graph-level [35–37]. GCNs can classify every graph. The dataset, in this case, generally

consists of a great number of small graphs, such as molecules, which generally have ten to

one hundred nodes. Unlike the node-level, in order to obtain a compressed representation

on the graph level, the graph-level GCNs usually requires a readout operation after the

last layer of convolution operations.

2.3 Categories of graph neural networks

2.3.1 Recurrent graph neural networks (RecGNNs)

Recurrent graph neural networks (RecGNNs) are mostly the pioneer of GNNs. They re-

peatedly apply the same set of parameters on the nodes in the graph to extract high-level

node representations. Scarselli et al. [25] proposed the RecGNNs model, which can directly

process most of the practically useful types of graphs, e.g., acyclic, cyclic, directed, and

undirected. This model updates the state of the nodes by repeatedly exchanging neigh-

borhood information until reaching a stable equilibrium. The recursive update process for
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the state of a node can be written as:

h(t)
v =

∑
u∈N(v)

f(xv, e(v,u), xu, h
(t−1)
u ), (2.1)

where h
(t)
v is the hidden state of node v at tth time, xv, xu are vectors of node feature,e(v,u)

is edge feature , f() is a parametric function, and h
(0)
v is initialized randomly. In follow-

up works, Graph Echo State Network [38] extends echo state networks to improve the

training efficiency of RecGNNs. RecGNNs are conceptually important, and its idea of

message passing inspired the later research on graph convolutional neural networks.

2.3.2 Graph convolutional neural networks (GCNs)

GCNs introduces the concept of convolution to GNNs, which means to share weights

between nodes within a layer. Unlike RecGNNs, GCNs stack multiple graph convolution

layers to extract higher node representations. GCNs play a central role in building up

many other complex GNN models [9].

2.3.2.1 Spectral-based graph neural networks

For the spectral-based approaches, based on the work of Bruna et al. [26], Kipf & Welling

[1] proposed GCNs, which is a localized first-order approximation of spectral graph con-

volutions as a generalized method for semi-supervised learning on graph-structured data.

Their model acquires implicit representations, encodes the region graph structure and node

attributes, and expands linearly in terms of the number of graph edges.

First, the spectral convolution on the graph can be defined as

gθ ∗ x = UgθU
>x, (2.2)

where x ∈ RN is a signal, gθ is a filter parameterized by θ ∈ RN in the Fourier domain, U

is the eigenvector matrix of the normalized graph Laplacian L = IN −D−
1
2AD−

1
2 , with a

diagonal matrix of its eigenvalues Λ and U>x being the graph Fourier transform of x.To
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reduce the computational cost in Eq.(2.2), gθ(Λ) can be approximated as

gθ′(Λ) ≈
K∑
k=0

θ′kTk(Λ̃), (2.3)

where Tk(x) is a truncated expansion in terms of Chebyshev polynomials up to Kth order,

and Λ̃ = 2
λmax

Λ− IN . λmax is the largest eigenvalue of L. Put Eq.(2.3) into Eq.(2.2), we

have

gθ′ ∗ x ≈
K∑
k=0

θ′kTk(L̃)x (2.4)

with L̃ = 2
λmax

L− IN .

Next, by using Chebyshev polynomials Tk(x) = 2xTk−1(x)− Tk−2(x), with T0(x) = 1 and

T1(x) = x, K = 1 was limited in Eq.(2.4) to ensure the existence of a linear function in

the spectral space. To facilitate the training of neural networks, the authors make further

approximations by Editor mode. By setting λmax ≈ 2, so that Eq.(2.4) becomes

gθ′ ∗ x ≈ θ′0x+ θ′1(L− IN )x = θ′0x− θ′1D−
1
2AD−

1
2x. (2.5)

Since the two parameters θ
′
0 and θ

′
1 can be trained together by the neural network, so set

θ = θ
′
0 = −θ′1 Eq.(2.5) can be written as

gθ′ ∗ x ≈ θ(IN +D−
1
2AD−

1
2 )x. (2.6)

When used in a deep neural network model, repeated application of this operator can trig-

ger in value instabilities and exploding/vanishing gradients. In order to solve this problem,

the following re-normalization method was proposed: IN + D−
1
2AD−

1
2 →−

1
2 ÃD̃−

1
2 with

Ã = A+ IN and D̃ii =
∑

j Ãij .

Finally, the definition of a layer in GCNs can be defined as:

X(k) = ReLU
(
ÂX(k−1)W (k−1)

)
, (2.7)
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where Â = D̃−
1
2 ÃD̃−

1
2 , Ã = A + IN and D̃ii =

∑
j Ãij . The matrix form can be written

as the following vector form

xi
(k) =

∑
j∈Ni∪{i}

1√
deg(i) ·

√
deg(j)

(
Θ(k) · x(k−1)

j

)
, (2.8)

where deg(j) denotes the degree of node i and xi
(k) denotes the feature vector of the kth

iteration of node i and Θ(k) is a trainable weight.

Their model acquires implicit representations, encodes the region graph structure and node

attributes, and expands linearly in terms of the number of graph edges.

One special kind of Spectral-based graph neural network proposed recently is Bayesian-

based graph neural networks. The Bayesian approach considers the ambiguity associated

with the configuration of the underlying graph, which is frequently obtained from noisy

data or erroneous modeling assumptions. The Bayesian approach seeks to catch GNNs

model uncertainty by putting previous distributions over model parameters so that further

changes are possible during the GNNs training course.

• Bayesian graph convolutional neural networks using node copying

Since graphs are often obtained from noisy data or erroneous modeling assumptions, bogus

edges may exist or edges among very close nodes may be missed, resulting in a decrease

in the efficiency of learning algorithms [30]. Several current methods, such as the graph

focus attention [39] and the graph ensemble-based approach [40], address this concern in

part. Nonetheless, none of these approaches is flexible enough to incorporate edges that

might be absent from the observed graph. Pal et al. [30] present a novel generative model

for graphs that is focused on copying nodes from one position to another and that copies

existing nodes rather than adding new ones.

• Bayesian Graph Neural Networks with Adaptive Connection Sampling

GNN implementations in use today do not have uncertainty quantification of performance

forecasts. Moreover, empirical findings reveal that, since GNNs have Laplacian smooth-

ing, graph convolutions have an over-smoothing tendency of integrating representations of
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adjacent nodes, such that as the number of GNN layers grows, all node representations

aggregate to a fixed level, making them irrelevant to node features.

In 2020, Hasanzadeh et al. [31] proposed a coherent paradigm for adaptive relation sam-

pling that summarizes available stochastic regularization approaches for training GNNs,

not only alleviating its over smoothing and over-fitting tendencies, but also enabling learn-

ing under ambiguity in graph analysis tasks with GNNs. Their adaptive relation sampling

can be trained in conjunction with the parameters of a GNNs model, which has been seen

to be mathematically similar to training Bayesian GNNs with an effective approximation.

Dropout [41] is a method to prevent overfitting which is commonly used to train deep

learning models. DropOut in a GNN layer eliminates output elements of the previously

hidden layer at random using separate Bernoulli random draws with a steady performance

rate at each training iteration. Based on Eq. 10, DropOut can be formulated as

X(k+1) = ReLU
(
Â(Z(k) �X(k))W (k)

)
(2.9)

where � represents the element-wise product and Z(k) is a random binary matrix of the

same dimensions as X(k), with components that are Bernoulli(π) samples.

DropEdge [42] eliminates a specified amount of edges from the input graph at random

during and training epoch, serving as both a data enhancer and a message forwarding

decelerator. DropEdge in a GNN layer can be formulated as

X(k+1) = ReLU
(
(Â� Ẑ(k))X(k)W (k)

)
(2.10)

where Â� Ẑ(k) is normalized (A� Z(k)).

It is time and memory-consuming training for big and dense graphs when performing

recursive neighborhood expansion. To overcome this difficulty, Chen et al. [32] suggested

FastGCN with Node Sampling to relax the condition of test data availability at the

same time which can be formulated as

X(k+1) = ReLU
(
Âdiag(z(k))X(k)W (k)

)
(2.11)
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where z(k) is a random vector of elements derived from Bernoulli(π).

Combining the work of the three aforementioned, Hasanzadeh et al. [31] used Graph

DropConnect (GDC), a general stochastic regularization technique in GNN, to calculate

different random masks independently for every channel and edge, which can be considered

as an approximation of Bayesian GNNs. The GNN layer with GDC can be formulated as

X(k+1) = ReLU

( fk∑
i=1

(Â� Ẑ(k)
i )X(k)[:, i]W (k)[i, :]

)
(2.12)

where Ẑ
(k)
i is a sparse random matrix whose non-zero elements are randomly calculated

by Bernoulli(π).

GDC as Bayesian Approximation. The output feature space of GDC reference sam-

pling can be translated to the parameter space, enabling it to be regarded as reasonable

Bayesian extensions of GNNs. To begin with, Eq.(2.12) can be wiritten in a node-wise

form of a GNN layer with GDC as:

x(k+1) = ReLU

(
1

cv
(
∑

u∈N̂(v)

z(k)
vu � x(k)

u )W (k)

)
(2.13)

where cv is a node grade-derived constant and mask row vector z
(k)
vu is the vector of three-

dimensional tensor [Z
(k)
1 , ..., Z

(k)
fk

] relation between nodes v and u. The constant cv in the

rest of this section is neglected for brevity and without lack of generality. Then Eq.(2.13)

can be reorganized to transform the randomness from sampling to the parameter space as:

x(k+1) = ReLU

(( ∑
u∈N̂(v)

x(k)
u diag(z(k)

vu )
)
W (k)

)

= ReLU

( ∑
u∈N̂(v)

x(k)
u

(
diag(z(k)

vu )W (k)
)) (2.14)

Define W
(k)
vu = z

(k)
vuW (k) to have:

x(k+1) = ReLU

( ∑
u∈N̂(v)

x(k)
u W (k)

vu

)
. (2.15)
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W
(k)
vu is the weight of edges in the graph and the operation in Eq.(2.16) can be seen as

learning suitable weights along edge e = (u, v) ∈ E for each of message passing.

From a Bayesian perspective, learning the parameters of a neural network can be viewed

as finding the posterior probability of a particular parameter given the node data X

and adjacency matrix A of the graph, which can be formalized as finding P (ω | A,X).

Following the variational interpretation in Gal et al. [43], due to the posterior probability

is intractable, we define a new distribution q(ω), generally a Gaussian distribution, to go

infinitely close to P (ω | A,X), which can be achieved by computing the Kullback–Leibler

(KL) divergence KL(qθ(ω)||p(ω)) of the two distributions. Then, the loss function can be

written as:

Loss =Eq({ωk,Z(k)}Kk=1)

[
logP (Yo | X, {ωk, Zk}Kk=1)

]
−

K∑
k=1

KL

(
q(ωk, Zk) ‖ p(ωk, Zk)

) (2.16)

where Yo is labeled nodes. The experimental findings of the authors indicate that GDC

improves the efficiency of GNNs in semi-supervised classification tasks by reducing over-

smoothing and overfitting.

2.3.2.2 Spatial-based graph neural networks

A representative work in a spatial way is GraphSAGE [29], which is a general framework for

generating node embedding by sampling and aggregating features from the neighborhood

of a node. The vector form of each layer of the graph convolution operation defined by

GraphSAGE is as follows

x
(k)
N (v) = AGGREGATE(k)({x(k−1)

u , ∀u ∈ N (v)})

x(k)
v = ReLU

(
W (k) · CONCAT(x(k−1)

v , x
(k)
N (v))

) (2.17)

A significant difference between GCNs and GraphSAGE is that the previous layer rep-

resentation of the node is concatenated with the aggregated neighborhood vector by the

convolutional aggregator. In addition to the different concentration methods, GraphSAGE
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has also made changes in the way information is aggregated. GCNs use the average ag-

gregator, while GraphSAGE uses the max aggregator which was defined as

AGGREGATEk = max({ReLU(Wxkui + b), ∀ui ∈ N (v)}) (2.18)

where max denotes the element-wise max operator. The model effectively captures vari-

ous aspects of the neighborhood set after introducing the max-pooling operator to every

computed function. However, the authors did not find a distinct difference between the

maximum aggregator and the mean aggregator in the developmental test. Therefore, which

factors affect the prediction effect of GNN remains to be further investigated.

In order to analyze the representational power of GNNs theoretically, Xu et al. [44]

formally characterize how expressive different GNN variants are in learning to represent

different graph structures based on the graph isomorphism test [45]. They proposed that

since modern GNNs follow a neighborhood aggregation strategy, the network at the kth

layer can be summarized formally in two steps AGGREGATE and COMBINE:

a(k)
v = AGGREGATE(k)({x(k−1)

u , ∀u ∈ N (v)})

xkv = COMBINE(k)
(
x(k−1)
v , a(k)

v )
)
,

(2.19)

where x
(k)
v is the feature vector of node v in kth layer. In this way, the AGGREGATE and

COMBINE in Eq. (2.7) can be defined as

x(k)
v =ReLU

(
W ·MEAN

{
x(k−1)
u , ∀u ∈ N (v) ∪ {v}

})
, (2.20)

where W is a learnable weight matrix. AGGREGATE in GraphSAGE [29] can be defined

as

a(k)
v = max

({
ReLU

(
W · x(k−1)

u

)
, ∀u ∈ N (v)

})
, (2.21)

where max denoted an element-wise max-pooling. In addition, they further proposed GINs

[44]:

x(k)
v = MLP(k)

((
1 + εk

)
· x(k−1)

v +
∑

u∈N (v)

x(k−1)
u

)
, (2.22)
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which can distinguish different graph structures and capture dependencies between graph

structures to achieve better classification results.

2.3.3 Graph autoencoders (GAEs)

Graph autoencoders (GAEs) encode nodes/graphs into a low-dimensional vector repre-

sentation and reconstruct graph data from the encoded information for graph analytics.

Cao et al. [46] adopted a random surfing model to capture graph structural information

directly to generate a low-dimensional vector representation for each vertex by captur-

ing the graph structural information . In order to let the latent representation match a

prior distribution, Pan et al. [47] proposed two variants of adversarial approaches, ad-

versarially regularized graph autoencoder and adversarially regularized variational graph

autoencoder.

2.3.4 Spatial-temporal graph neural networks (STGNNs)

Spatial-temporal graph neural networks aim to learn hidden patterns from spatial-temporal

graphs which consider spatial dependency and temporal dependency simultaneously. Many

current methods incorporate graphical convolution with RNNs or CNNs to capture tem-

poral dependence. For traffic speed forecasting, Li et al. [48] proposed to model the

traffic flow as a diffusion process on a directed graph and introduce Diffusion Convolu-

tional Recurrent Neural Network. For human action recognition, Yan et al. [49] proposed

a novel model of dynamic skeletons called Spatial-Temporal Graph Convolutional Net-

works, which moves beyond the limitations of previous methods by automatically learning

both the spatial and temporal patterns from data.

2.4 Main application areas of graph neural networks

GNNs have a vast range of uses since graph-structured data are omnipresent. In this

section, we summarize the applications of GNNs in different fields.
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2.4.1 Recommender systems

GNNs, which can naturally combine node knowledge and topology, have been shown to be

effective in studying graphical data in recent years. Since data can be shown as user social

graphics and user object graphs in recommending systems, these advantages of GNNs

provide tremendous potential for furthering recommendations. Ying et al. [16] built and

implemented a massive in-depth recommendation engine at Pinterest that incorporates

efficient random wandering and graph convolution to produce embeddings of nodes (i.e.,

objects) that contain graph structure and node function information, in order to extend

GNNs literally to recommender systems and scale to networks of billions of items and

trillions of users.

Although GNNs offer great potential for advancing social recommender systems, Fan et al.

[50] suggest that they still face problems such as user-item graphs encoding interactions

and their associated opinions, social relationships having different advantages, and users

involving two graphs. To address all three challenges simultaneously, they propose a

principled approach to collectively capture interactions and perspectives in user project

graphs and use the GraphRec framework, which models the strength of the two graphs

and heterogeneity in a coherent way.

There is more research on GNN in recommender systems, such as Memory Augmented

Graph Neural Networks [51], Revisiting Graph-based Collaborative Filtering [52], Induc-

tive Matrix Completion Based on GNNs [53].

2.4.2 Computer vision

The first use of GNN in the Computer Vision field was by Monfardini et al. in 2006

[54]. They suggest a learning method for dealing with complex data resulting from image

segmentation without relying on previous knowledge of the dataset. In recent years, GNN

applications in computer vision include scene graph generation, action recognition, and

classification of point clouds.

Scene Graph Generation Understanding a visual scene entails more than just iden-

tifying particular objects. The relationships between objects often provide a wealth of
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semantic data about the scene. Xu et al. [55] used scene graphs to explicitly model

objects and their relationships, a visual-based graphical structure of images, to generate

such structured representations of scenes from input images. Li et al. [56] suggested a

subgraph-based connectivity graph to concisely depict the scenario graph during inference

to increase the efficiency of scenario graph creation.

Action Recognition The identification of human behavior in images helps to explain

the video content of a computer. Jain et al. [57] propose a general, principled approach

that successfully combines upper-level Spatio-temporal maps with sequence modeling of

RNNs. Their work provides significant improvements on three different Spatio-temporal

problems, including. (i) human motion modeling; (ii) human-object interaction; and (iii)

driver mobility prediction. Yan et al. [49] suggested a new model called Spatial-Temporal

Graph Convolutional Networks dynamic skeletons, which goes upon the shortcomings

of past models by learning spatial and temporal features of data automatically which

contributes not only to more verbal power but also to greater capacity to generalize.

Point Clouds Classification Point clouds provide a dynamic geometric representation

for a myriad of applications in computer graphics, for example, point clouds can represent

objects seen around you using LIDAR. Wang et al. [58] proposed a new neural network

module called EdgeConv for advanced CNN-based tasks on point clouds, including clas-

sification and segmentation. Landrieu et al. [59] proposed a novel deep learning-based

framework to efficiently capture the organization of 3D point clouds using the structure

of a super-point graph to address the semantic segmentation challenge of massive point

clouds with millions of points.

2.4.3 Natural language processing

The issue with the generation of Abstract Meaning Representation(AMR) to text is the

recovery of a text with the same value as an AMR input. Song et al. [60] presented a neu-

ral graph-to-sequence model that employs a novel LSTM structure to encode graph-level

semantics directly. Bastings et al. [61] present a straightforward and efficient method for

integrating the syntactic structure into a neural attention-based encoder-decoder paradigm

for machine translation. Beck et al. [62] proposed a novel model for encoding the total
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structural information embedded in the graph, solving the parameter bombing problem

that existed in earlier work. Their model outperforms a robust baseline in generating

AMR graphs and grammar-based neural machine translation.

2.4.4 Physics

Our world can be succinctly described as a structured scene of objects and relationships.

For example, a living room contains salient objects such as a TV, a sofa, and a coffee table.

These objects are often related to each other by their underlying causes and semantics, such

as location, function, and shape. People use knowledge of objects and their relationships

to learn a variety of tasks. Raposo et al. [63] propose relational networks (RNs) - a general

neural network architecture for object-relational reasoning that learns object relationships

from scene description data. There is also a lot of work that has investigated the content

related to relational reasoning [64, 65].

2.4.5 Chemistry and biology

In the field of biology and chemistry, the generation of corresponding eigenvectors based on

molecular structures helps in their further study. Molecular fingerprints follow the route of

encoding information and can capture a large amount of the local structural information

that is present in a molecule [66]. Duvenaud et al. [67] in 2015 performed an end-to-

end convolution operation on molecular graphs of arbitrary size and shape to implement

a standard molecular feature extraction method based on molecular fingerprints. This

approach demonstrates that data-driven features are easier to interpret and have better

predictive performance in a variety of tasks.

The mainstay of cheminformatics and machine learning in drug discovery applications

is molecular fingerprints representing structural details. Molecular graph convolution,

described by Kearnes et al. [68] in 2016, is a machine learning architecture for learning

from undirected graphs, especially for small molecules. Graph convolution allows greater

use of the details in the graph structure by using a basic encoding of the molecular graph

- atoms, bonds, lengths, and so on.
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2.4.6 Others

The applications of GNNs are not exclusive to the above domains and tasks.

In traffic, Yao et al. [69] propose a Deep Multi-View Spatio-Temporal Network (DMVST-

Net) framework to model Spatio-temporal relationships to enable accurate predictive mod-

els that help cities pre-allocate resources to meet travel demand and reduce the number

of empty cabs on the streets.

In healthcare, to address the issues of insufficient data and the fact that the representa-

tion learned through deep learning methods should be consistent with medical knowledge,

Choi et al. [70] presented the GRaph-based attention model (GRAM), that complements

the digital health record by level information inherent to the medical ontology.

In brain networks, BrainNetCNN is a GNN paradigm that Kawahara et al. [71]

proposed for predicting clinical neurodevelopmental outcomes from brain networks. In

comparison to conventional image-based CNNs, our BrainNetCNN is made up of novel

edge-to-edge, edge-to-node, and node-to-graph convolutional filters that take advantage of

structural brain networks’ topological local

2.5 Negative sampling in graph neural networks

Most of the above GNNs can be considered to use positive sampling when generating

new node feature vectors because the neighbor aggregation on u ∈ N (v) leads to a high

correlation between the central node and neighbors. Moreover, the real existing edges in

the graph data can be assumed to be sampled from an underlying positive distribution

P (u, v). GCN [1], GraphSAGE [29] regularizes the output embedding by local smoothness,

which can be seen as an implicit regularization of an underlying positive distribution

P (u, v).

Negative sampling was first used in natural language processing to simplify Noise Con-

trastive Estimation [14], which can facilitate the training of word2vec [13]. A study us-

ing negative sampling in GNNs is relatively rare. To our knowledge, only three studies
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have explored procedures to this end. The first is Kim and Oh [72], who propose the

natural and easy approach of uniformly randomly selecting some negative samples from

non-neighboring nodes. However, as we all know, a large graph is normally has the small-

world property [15] which means the graph will tend to contain some clusters. Moreover,

nodes in the same cluster will tend to have similar representations while nodes within

different clusters will tend to have different representations.Hence, under uniform random

selection, the large clusters will overwhelm the smaller ones, and the final converged node

representations will be short on information contained in the small clusters.

The second one is based on personalized PageRank [16]. Ying et al. proposed PinSage, a

random-walk graph convolutional network, which utilizes negative sampling in their loss

function as an approximation of the normalization factor of edge likelihood to make GCNs

practical and scalable to web-scale graphs containing billions of objects. Apart from that,

The last is based on Monte Carlo chains. In order to bridge the gap between positive

and negative sampling in graph representation learning, Yang et al. [2] systematically

analyzed the role of negative sampling, theoretically demonstrated that negative sampling

is as important as positive sampling. Unlike previous studies that used random negative

sampling with a certain probability, Yang et al. [73] proposes an effective and scalable

negative sampling strategy, called Markov chain Monte Carlo Negative Sampling, which

leverages a special Metropolis-Hastings algorithm.

2.6 Summary

GCNs have been generally accepted to be an effective tool for node representations learn-

ing. An interesting way to understand GCNs is to think of them as a message-passing

mechanism where each node updates its representation by accepting information from its

neighbours (also known as positive samples). While beyond these neighbouring nodes,

graphs have a large, dark, all-but-forgotten world in which can find the non-neighboring

nodes (negative samples). This great dark world can provide negative information about

the node representations. However, extremely few studies use negative sampling with a

GNN. The only three works [2, 16, 72] that do use it do not satisfy our criteria of good
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negative samples: good negative samples should include as much information of the dark

world as possible and, at the same time, without much overlapping and redundant infor-

mation. Moreover, the above approaches only use the results of negative sampling in the

loss function, while the direct application of convolution operations remains unexplored.
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Graph convolutional neural

networks with Monte-Carlo

negative sampling

3.1 Introduction to negative sampling in Graph convolu-

tional neural networks

A number of modifications to improve the performance of GNNs have been proposed in the

literature, including but not limited to Gated Graph Sequence Networks [10], Graph Atten-

tion Networks [39], Graph Isomorphism Networks [44], GraphSGAN for semi-supervised

learning on graphs with GANs [74]. Since it is commonly accepted that the neighbor-

ing nodes have similar behavior with each other, the message passing mechanism benefits

from these positive neighboring nodes compared to the negative non-neighboring nodes.

In addition to get highly correlated samples to give the model positive examples, some

uncorrelated samples are also useful to give the model some counterexamples, thus pro-

moting the model to better fit the real data. However, although the importance of the

contribution from non-neighboring nodes (also known as negative samples) is apparent,

negative sampling which denotes that how to find and use negative samples does not come

into sight of GNNs [2]. Yang et al. [2] first systematically analyzed and discussed negative

25
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sampling in graph representation learning and investigated the role of negative sampling

from an objective and risk perspective. Unfortunately, they only fuse negative sampling

into the loss function to train the model rather than design a new graph convolution layer.

To the best of our knowledge, there is no research to apply negative sampling directly to

the convolution operation. In this section, we first propose the negative sampling method

which is based on Monte-Carlo chains, then we present a Negative Samples-enhanced

Graph Convolutional Neural Networks (NegGCNs), where the negatively sampled nodes

are directly incorporated into the message passing mechanism and used to generate new

node feature vectors. The experimental results show that our proposed network can achieve

better results than the Graph Convolutional Networks (GCNs) [1] and GraphSAGE cite-

hamilton2017inductive for node classification in the citation network. We further investi-

gated the effects of negative sampling rate and the number of negatively sampled nodes

on the classification accuracy of graph nodes.

3.2 Graph convolutional neural networks with Monte-Carlo

negative sampling

Figure 3.1: Mechanism of the negative sampling graph convolution. The central
node is v = 5 and f(·) is graph convolution layer [1]. Node 4, 7 are directly linked
with node 5 by real positive edges, thus positive sampling convolution is performed by
xpos = f(4, 7, 5). Node 3, 8 are negative sampled using MCNS methods [2], which are
based on Markov Chain Monte-Carlo methods and DFS, message passing to central node
v = 5 along virtual imaginary edges, then negative sampling convolution is performed
by xneg = f(3, 8). Given a certain negative rate β, we get negative sampling graph

convolution result of this layer, i.e. x
′

= xpos − βxneg
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In this section, Figure 3.1 briefly illustrates the mechanism of the graph convolution with

negative sampling. We first introduce how to perform negative sampling using Markov

Chain Monte Carlo Negative Sampling (MCNS) method [2]. Next, we describe how to

incorporate the results of negative sampling into the convolution operation to perform

graph convolution with negative sampling.

3.2.1 Negative sampling

MCNS method [2] was adopted to perform Negative Sampling, which based on Markov

chain Monte Carlo methods depth-first search (DFS).

We first describe how to perform negative sampling with Markov chains. An edge

e, where e = (u, v) and u ∈ N (v), in the graph data can be assumed to be sampled from

a positive distribution Ppos(u, v). Negative samples of the node v can be assumed to be

sampled from a negative distribution Pneg(u
′
, v), where u

′ ∈ V .

To obtain a sequence of negative samples from unnormalized distribution, the Metropolis-

Hastings algorithm [73] is used for constructing a Markov chain {X(t)}, where X(t) ∼

π(x), t→∞. The Metropolis-Hastings algorithm has the following steps:

1. Choose an arbitrary point X0 to be the first sample and choose an arbitrary positive

distribution q(x | y) which is the transfer probability that the next value of x, given

y.

2. For each iteration t = 0, 1, 2, ..., T :

• The Markov chain state at the tth moment is Xt, sampling y ∼ q(y|X(t))

• Generate a uniform random number r ∼ Unifrom[0, 1].

• If r < a
(
X(t), y

)
= min

{
π̃(y)

π̃(X(t))
q(X(t)|y)
q(y|X(t)) , 1

}
:

X(t+ 1)← y;

else: X(t+ 1)← X(t).
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In the following we explain why DFS is used. The core of MCNS [2] is the application

of the Metropolis-Hastings algorithm for each node v with:

π̃(u | v) = (f(u) · f(v)) (3.1)

where f(·) denotes GCNs. According to Yang et al.’s theory [2], the negative sampling

distribution should be positively but sub-linearly correlated to their positive sampling

distribution. Thus, negative nodes are sampled from a self-contrast approximated distri-

bution [2]:

Pneg(u
′
, v) ∝ Ppos(u, v)α ≈ (f(u) · f(v))α∑

u′∈V (f(u′) · f(v))α
, (3.2)

where 0 < α < 1. However, since the distribution of X(t) ≈ π(x) in a Markov chain only

occurs when t is large, to improve the Metropolis-Hastings efficiency, the graph is traversed

by DFS for each node and negative samples are generated from the last node of the Markov

chain, as shown in Figure 3.1, which takes advantage of the fact that neighboring nodes in

the graph have similar target negative sampling distributions Pneg(u
′
, v) and the Markov

chain of one node is likely to remain valid for its neighbors.

3.2.2 Graph convolution with negative sampling

With the negatively sampled nodes, we describe how to incorporate these points directly

into the graph convolution operation. The set of neighboring nodes of v can be rewritten

in the form of positive sampling N (v) = {u ∈ V |u ∼ Ppos(u, v)}. In the same way, the

set of sample points negatively correlated with node v using the MCNS method can be

defined as NS(v) = {u′ ∈ V |u′ ∼ Pneg(u′, v)}.

Recall that the Eq. (2.20) which denotes the kth layer of a multi-layer GCNs [1] be written

as:

xv
(k) =

∑
u∈N (v)∪{v}

1√
deg(v) ·

√
deg(u)

(
Θ · x(k−1)

u

)
(3.3)

where deg(v) denotes the degree of node v and xv
(k) denotes the feature vector of the kth

iteration of node v. To further analyze the above equation, positive sampling convolution

in the graph means that for each central point xv
(k−1), all its neighboring nodes u ∈ N (v)
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will pass messages to it along the real existing edges e = (u, v), aggregating into a new

node xv
(k). In the same way, negative sampling convolution is that for each central point

xv
(k−1) in the graph, find all nodes negatively associated with it u

′ ∈ NS(v) and pass

message to it along virtual imaginary edges e
′

= (u
′
, v), subtracting all the incoming

information to form a new node xv
′(k). Meanwhile, we also need to control the magnitude

of the impact of negatively sampled information on the central node. Therefore, we set

a hyperparameter β called the negative sampling rate. A graphical representation of the

above process is illustrated in Figure 3.1.

Adopting the same ideas of GCNs [1], we propose the Negative Samples-enhanced

Graph Convolution(NegConv), which can be defined in kth layer as:

xv
(k) =x(k−1)

pos − βx(k−1)
neg

=
∑

u∈N (v)∪{v}

1√
deg(v) ·

√
deg(u)

(
Θ(x(k−1)

u )
)

− β
∑

u′∈NS(v)

1√
deg(v) ·

√
deg(u′)

(
Θ(x

(k−1)

u′
)
) (3.4)

where β is the negative sampling rate representing the weight of the negative sampling

convolution.

Algorithm 1 demonstrates the complete procedure of graph convolution with negative

sampling for a layer. We first calculate the DFS sequence for each node and initialize

positive sampling distribution p̂pos, arbitrary positive distribution q, negative rate β, which

as inputs of a NegConv layer. Then, we use graph convolution layer fpos(·) [1] to perform

positive sampling convolution to get xpos. We next perform negative sampling to get x
′

for every input node x using MCNS [2]. At last, we use another GCNs layers fneg(·) to

perform negative sampling convolution to get xneg and calculate the output of the current

kth convolution layer xk = xpos − βxneg.



30 Chapter 3.

Algorithm 1: NegConv for a layer

Input: Output of the last layer xk−1, DFS sequence T = [v0, ..., v|T |], Arbitrary
positive distribution q, Number of Negative Samples n, Negative Rate β,
Graph Convolution Layer fpos(·), fneg(·).

for each node xk−1
u in last layer xk−1 do

Perform positive sampling convolution xpos=fpos(x
k−1
u );

Initialize current negative node u
′
0 at random;

for each node v in DFS sequence T do
for i = 1 to n do

Sample a node y from q(y | u′);
Generate a uniform random number r ∈ [0, 1];

if r < min
{

(fpos(v)·fpos(y))α

(fpos(v)·fpos(u′ ))α
q(u
′ |y)

q(y|u′ ) , 1
}

then

u
′

= y
end

end

Save negative sampling results u
′

as xk−1
u′

;

end

Perform negative sampling convolution xneg = fneg(x
k−1
u′

);

Calculate the result of this layer xk = xk−1
pos − βxk−1

neg

end

Table 3.1: Statistics of the dataset

Dataset Nodes Edges Classes

Cora 2,708 5,429 7

Citeseer 3,327 4,732 6

Pubmed 119,717 44,338 3

3.3 Experiments

We test the performance of our Negative sampling graph convolution network on a semi-

supervised node classification using real-world citation graphs.

3.3.1 Datasets

The experimental setup and dataset splitting were strictly in accordance with Kipf &

Welling [1]. Table 3.1 summarizes the dataset statistics, including Citeseer, Cora, and

Pubmed [75]. The datasets include sparse bag-of-words feature vectors for each document

as well as a list of document-to-document citation connections.
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3.3.2 Experimental setup

We train a two-layer NegGCNs as described in Algorithm 1 and test the effect of different

negative rates β on the accuracy of the prediction results. Using Adam Optimiser [76]

with a learning rate of 0.01, the models are trained with 200 epochs for Cora and Citeseer

and trained with 400 epochs for Pubmed.

To test the effect of different β values on the results, experiments were conducted with a

gap of 0.25, from β = 0.25 to β = 2.0, when β = 0 NegGCNs become GCNs [1] exactly.

The number of negatively sampled points is the same as the number of edges, which means

that for each point vi, the number of negatively sampled nodes is Dii.

After completing the tests on different negative sampling rates, we further test the effect

of the number of negative sampling nodes on the classification results on the Cora dataset

of experimental results with the highest accuracy. We tested sampling 10%, 30%, 50%,

70%, and 90% of the total negative sampling points NS(v) and gave training accuracy

curves. For example, if a node has 10 nodes connected to it when the sampling rate is

50%, we sample 5 nodes that are negatively correlated with the node.

All the experiments were conducted on a machine with Intel(R) Xeon(R) CPU @ 2.00GHz

and NVIDIA Tesla T4 GPU and were implemented using PyTorch. 1

3.3.3 Baselines

We compare against the methods as in GCNs2 [1] and in GraphSAGE20 [29]. To ensure

the consistency of the experiments, all the graph convolution models are two-layer and all

data sets are processed in the same way.

3.3.4 Experimental results

Table 3.2 summarises experimental results. The experiments show that our proposed Neg-

GCNs has improved prediction accuracy compared to GCN and GraphSAGE in the case

1The code is available at https://github.com/Wei9711/NegGCNs
2The two baseline methods are implemented using:

https://colab.research.google.com/drive/14OvFnAXggxB8vM4e8vSURUp1TaKnovzX?usp=sharing.
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Table 3.2: Experimental results

Methods Cora Citeseer Pubmed

GCNs [1] 0.8220 0.6870 0.7960

GraphSAGE [29] 0.8000 0.7020 0.7810

NegGCNs β = 0.25 0.8230 0.7090 0.7920
NegGCNs β = 0.50 0.8340 0.6940 0.7900
NegGCNs β = 0.75 0.8290 0.6950 0.7970
NegGCNs β = 1.00 0.8270 0.7100 0.7990
NegGCNs β = 1.25 0.8350 0.7150 0.7970
NegGCNs β = 1.50 0.8270 0.6890 0.7920
NegGCNs β = 1.75 0.8280 0.6600 0.7910
NegGCNs β = 2.00 0.8250 0.6580 0.7900

Figure 3.2: Performance of the three models on the training set in the Cora dataset. We
choose the NegGCNs model with the highest accuracy for comparison, when β = 1.25.

of setting a specific negative rate β. When β = 1.25, the most significant improvement

in node classification accuracy was achieved for both Cora and Citeseer datasets reaching

a maximum value of 0.8350 and 0.7150, respectively. For the Pubmed dataset, the im-

provement is not significant compared to the other two datasets, compared with GCNs,

only from 0.7960 to 0.7990 when β = 1.00. For Cora, the different β-values all improve

the accuracy of node classification and both β = 0.50 and β = 1.25 bring the accuracy

above 0.83. For Citeseer, when β = 0.25, 1.00, 1.25, the accuracy is over 0.70 in three cases

and it starts to drop when β is greater than 1.25. For Pubmed, only when β = 0.75 and

β = 1.00, the node classification accuracy exceeds baseline.
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Figure 3.3: Performance of the three models on the training set in the Citeseer dataset.
We choose the NegGCNs model with the highest accuracy for comparison, when β = 1.25.

Figure 3.4: Performance of the three models on the training set in the Pubmed dataset.
We choose the NegGCNs model with the highest accuracy for comparison, when β = 1.00.

Figure 3.2,3.3,3.4 show the performance of the three models on the training set in the Cora,

Citeseer, Pubmed datasets. We choose the NegGCNs model with the highest accuracy for

comparison. As can be seen from the three plots, our proposed method fluctuates more

than the other two methods, thanks to this property when the training results tend to

be stable, it is easier to obtain the maximum value of the three methods within a certain

accuracy range. For the Cora dataset, the convergence speed of our proposed NegGCNs

is close to the other two methods. When exceeding 100 Epochs, NegGCNs has achieved a
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Figure 3.5: Performance of a different number of negative sampling nodes on Cora
training set using NegGCNs with β = 1.25. We tested sampling 10%, 30%, 50%, 70%,

and 90% of the total negative sampling points to calculate xneg.

training accuracy comparable to the other two methods and starts to fluctuate in a small

range. As the Epoch increases, there are more and more places where it can surpass the

other two algorithms. For the Citeseer dataset, NegGCNs converge slower than the other

two methods. It achieves similar training accuracy to the other two methods only after

more than 150 Epochs but exceeds the other two methods after that at some points. From

Figure4, on the Pubmed dataset, the results of all three methods were close after 200

epochs. After 300 epochs, some points of NegGCNs surpassed the other two methods.

Performance of different the number of negatively sampled nodes on Cora training set

is illustrated in Figure 3.5. We can see that although the curves for various numbers

of negative nodes are dissimilar at the beginning of the training, the difference between

the five curves becomes smaller with the increase in the number of epochs. The number

of negative nodes has no significant relationship with the training accuracy when other

conditions are equal.

3.4 Summary

Many existing graph neural networks used message passing mechanisms for fusing neigh-

borhood information to learn graph representation, so these methods can be viewed as
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using positive sampling to obtain samples to generate new feature vectors. Study Using

negative sampling in GNNs is relatively rare.

In this section, we have proposed Negative Samples-enhanced Graph Convolutional Neural

Networks. Unlike previous graph neural networks that only use positive sampling, our

NegGCNs incorporate the negative samples directly into the message passing mechanism

to generate new node feature vectors. To the best of our knowledge, this is the first

research to apply negative sampling directly to the convolution operation. Experiments

on citation network datasets suggest that the proposed NegGCNs model can improve the

accuracy of graph node classification with a specific negative rate compared to GCNs and

GraphSAGE.

Since the MCNS sampling algorithm only obtains samples from DFS sequences, the can-

didate set is relatively limited, and thus the samples do not contain as much information

as possible to reflect the variety of the dark world. To overcome this problem, we further

conducted the next section of the study
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Graph convolutional neural

networks with DPP negative

sampling

4.1 Introduction to determinant point process (DPP)

Selecting appropriate negative samples in a graph is not trivial. In the previous chapter,

we refer to the work of Yang et al. [2] for negative sampling using an approach based on

Monte Carlo chains. However, this approach cannot cover diverse information and may

have many redundant selected negative samples. Hence, as a definition, a good negative

sample should contribute negative information to the given node contrast to its positive

samples and include as much information as possible to reflect the variety of the dark

world.

In this chapter, we propose a graph convolutional neural network boosted by diverse

negative samples selected through a determinant point process (DPP). DPP is a special

point process for defining a probability distribution on a set where a more diverse subset

has a higher probability [77]. Given a ground set Y = {1, 2, . . . , |Y|}, a determinantal

point process P is a probability measure on all possible subsets of Y with size 2|Y|. For

37
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every Y ⊆ Y, a DPP [77] defined via an L-ensemble is formulated as

PL(Y ) =
det(LY )

det(L + I)
(4.1)

where det(·) denotes the determinant of a given matrix, L is a real and symmetric |Y|×|Y|

matrix indexed by the elements of Y, and det(L + I) is a normalisation term that is

constant once the ground dataset Y is fixed. Given a Gram decomposition LY = L̄T L̄, a

determinantal operator can be interpreted geometrically as

PL(Y ) ∝ det(LY ) = vol2
(
{L̄i}i∈Y

)
(4.2)

where the right-hand side is the squared volume of the parallelepiped spanned by the

columns in L̄ corresponding to elements in Y . Intuitively, to get a parallelepiped of greater

volume, the columns should be as repulsive as possible to each other. Hence, DPP assigns

a higher probability to a subset of Y whose elements span a greater volume.

One important variant of DPP is k-DPP [78]. k-DPP measures only k-sized subsets of Y

rather than all of them including an empty subset. It is formally defined as

PL(Y ) =
det(LY )

e
|Y|
k

(4.3)

with the cardinality of the subset Y being a fixed size k, i.e., |Y | = k. e
|Y|
k is the kth ele-

mentary symmetric polynomial on eigenvalues λ1, λ2, . . . , λ|Y| of L, i.e., ek(λ1, λ2, . . . , λ|Y|).

Both DPP and k-DPP can be used to sample a diverse subset, and both have been well

studied in the machine learning area [78]. The popularity of DPP (and also of k-DPP) for

modeling diversity is because of its great modelling power.

Our idea is to find diverse negative samples for a given node by firstly defining a DPP-

based distribution on diverse subsets of all non-neighboring nodes of this node, and then

outputting a diverse subset from this distribution. The number of subsets is limited

because the samples are mutually exclusive. However, when applying this algorithm to

large graphs, the computational cost can be as high as O(N3), where N is the number

of non-neighboring nodes. Therefore, we propose a method based on a depth-first search

(DFS) that collects diverse negative samples sequentially along the search path for a node.
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The motivation is that a DFS path is able to go through all different clusters in the graph

and, therefore, the local samples collected will form a good, diverse approximation of

all the information in the dark world. Further, the computational cost is approximately

O(pa · deg
3
) where pa� N is the path length (normally smaller than the diameter of the

graph) and deg� N is the average degree of the graph. As an example, consider a Cora

graph [75] with 3,327 nodes, pa = 19, and deg = 3.9. Thus, O(N3) = 3.6e10 � 1, 127 =

O(pa · deg
3
).

In evaluating these ideas, we conducted empirical experiments on different tasks, including

node classification and over-smoothing tests. The results show that our approach produces

superior results.

Thus, the contributions of this chapter include:

• A new negative sampling method based on a DPP that selects diverse negative

samples to better represent the dark information;

• A DFS-based negative sampling method that sequentially collects locally diverse

negative samples along the DFS path to greatly improve computational efficiency;

• The negative samples are fused into the graph convolution, yielding a new GCN

boosted by diverse negative samples (D2GCN) to improve the quality of node rep-

resentations and alleviate the over-smoothing problem.

4.2 Graph convolutional neural networks with DPP nega-

tive sampling

This section first introduces a method for obtaining good negative samples for a given

node, including two negative sampling algorithms. We then integrate the algorithms with

a GCN to obtain a new graph convolutional neural network boosted by diverse negative

samples (D2GCN).
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Algorithm 2: Obtain a sample from k-DPP

Input: size k, a DPP distribution PL(Y ) on a set with size V
Output: Y with size |Y | = k
Eigen-decompose L to obtain eigenvalues λ1, . . . , λV ;
Iteratively calculate all elementary symmetric polynomials evl for l = 0, . . . , k and
v = 0, . . . , V following [78];
Y ← ∅;
l← k;
for v = V, . . . , 1 do

if l = 0 then
break;

end

if µ ∼ U [0, 1] < λv
ev−1
l−1

evl
then

Y ← Y ∪ {v};
l← l − 1;

end

end
return Y

Algorithm 3: Diverse negative sampling

Input: A graph G
Output: N (i) for all i ∈ G
Let N = 0;
for each node i do

Compute LG\i using Eq. (4.4);

Define a distribution on all possible subsets PL(YG\i) using Eq. (4.5);

Obtain a sample of PL(YG\i) using Algorithm 2;

Save nodes in the sample as N (i);

end

return N

4.2.1 DPP-based negative sampling

Given a node, we believe that its good negative samples should include as much infor-

mation about the dark world as possible and, at the same time, without much overlap

and redundancy. The repulsive property of DPP inspires us to use it to select negative

samples. However, applying DPP to different scenarios is not trivial; modifications are

required to make it work. Hence, for a given node i in a graph G, we need to first define

a L-ensemble for our problem:

LGn\i(j, j
′) = exp

(
− cos

(
xj , xj′

))
, (4.4)
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where Gn\i denotes the node-set of Gn excluding node i, j and j′ are two nodes within Gn\

i, and cos(·, ·) is the cosine similarity between two node representations x. The node feature

x is used here because, when defining the distance between nodes, nodes with similar

information are expected to be further apart. xj is expected to encode the information of

node j in terms of both features and network structure. Feature information may dominate

at the beginning but both types of information will be balanced after a number of training

steps. The reason we chose cosine similarity is that the following prediction (label and

link) is normally based on cosine similarity. We used only x to simplify the explanation.

However, it would be straightforward to include more information here, like the network

distance between nodes j and j′, the similarity with node i, or the node degree of each

node.

With this L-ensemble, we can obtain a distribution on all possible subsets of all nodes in

the graph except for i,

PL(YGn\i) =
det(LYGn\i)

det(LGn\i + I)
(4.5)

where YGn\i is a set of all subsets of Gn \ i and det(·) is the matrix determinant operator.

Comparing other ordinary probability distributions with the same support, this distribu-

tion has a nice and unique property that the more diverse the subsets, the higher their

probability values, the easier it is to obtain a diverse set from this distribution by sam-

pling. To ensure the scale of negative samples is similar to the positive samples, we use

k-DPP to fix the number of negative samples as k = |Ni| + 1. Here, we use a sampling

method based on eigendecomposition [78, 79]. Eq. (4.5) can be rewritten as the k-DPP

distribution in terms of the corresponding DPP

PkL(YGn\i) =
1

e
|Gn\i|
k

det(LGn\i + I)PL(YGn\i) (4.6)

whenever |YGn\i| = k and e
|Gn\i|
k denotes the k-th elementary symmetric polynomial.

Following [78], Eq. (4.6) can be decomposed into elementary parts

PkL(YGn\i) =
1

e
|Gn\i|
k

∑
|J |=k

PVJ (YGn\i)
∏
m∈J

λm (4.7)
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Figure 4.1: The concept of DPP-based negative sampling. The target node is Node 1.
Nodes 2, 3 and 4 are positive samples. Nodes 5-18 are the dark world of Node 1. The
4-length DFS path of Node 1 is {3, 5, 11, 13}, where {5, 11, 13} are the central nodes on
the path in the dark world. With their first-order neighbouring nodes, they form the
candidate set of DPPs, i.e.{5, 6, 7, 11, 12, 13, 14, 18}. The selected negative samples from

this set are 6, 11, and 18, which can be seen as virtual negative links to Node 1.

where VYGn\i denotes the set {vm}m∈YGn\i and vm and λm are the eigenvectors and eigen-

values of the L-ensemble, respectively. Based on Eq. (4.7), for the self-contained reason,

the complete process of sampling from k-DPP is given in Algorithm 2.

Note that compared with a sample, the mode of this distribution is a more rigorous output

[80], but it is usually with an unbearable complexity, so we use a sample rather than a

mode here. The experimental evaluation has shown that the sample has been able to

achieve satisfactory results. Algorithm 3 shows a diverse negative sampling method based

on DPP, but its computation cost is above the standard for a DPP on Gn \ i is O(|Gn \ i|3)

for each node. This totals an exorbitant O(|Gn \ i|4) for all nodes! Although Algorithm

3 is able to explore the whole dark world and find the best diverse negative samples, the

large number of candidates makes it an impractical solution for even a moderately-sized

graph. Hence, we propose the approximate heuristic method below.
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Our belief is that the good negative samples are the ones with different semantics and

complete knowledge of the whole graph, such as nodes 6, 11, and 18 in Figure 4.1. In this

figure, we hope the selected negative samples could each belong to the different ‘cluster’

and all ‘clusters’ are represented by the negative samples. Hence, given a node i, we use

a depth-first-search (DFS) method to build a fixed-length path from node i to the other

nodes. We then collect the first-order neighbours of the nodes on this path to form a

candidate set. Finally, we select diverse negative samples from this candidate set using

the same DPP idea as outlined above. This DFS-based method can be considered as

using a local diverse negative sample to approximate the global diverse negative samples.

The reason is that DFS has the capability of breaking through the ‘cluster’ of the current

node i to reach the semantics of other ‘clusters’. So the first-order neighbours of nodes

on the path are able to supply sufficient information from many ‘clusters’ but at a much

smaller size. Although only first-order neighbours are collected here, collecting a higher

order may further increase approximation performance; however, it would also increase

the computational cost. In terms of path length, we found that performance is sufficiently

good when the path length is set to around a quarter of the graph’s diameter. The full

procedure is summarised in the Algorithm 4.

Here, the overall compuational cost is O(N · |pa| ·deg
3
) where |pa| � N is the path length

(normally smaller than the diameter of the graph) and deg� N is the average degree of

the graph. That is much smaller than O(|Gn \ i|4)

4.2.2 GCN boosted by diverse negative samples

The classical GCN is only based on positive samples as shown in Eq.(3.3), which will

inevitably lead to over-smoothing issues. With the negative samples from Algorithms 3 or

4, we propose the following new graph convolutional operation as

xi
(l) =

∑
j∈Ni∪{i}

1√
deg(i) ·

√
deg(j)

(
Θ(l) · x(l−1)

j

)
− ω

∑
j̄∈Ni

1√
deg(i) ·

√
deg(j̄)

(
Θ(l) · x

j̄(l−1)
) (4.8)
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Algorithm 4: DFS-based diverse negative sampling

Input: A graph G
Output: N (i) for all i ∈ G
Let N = 0;
for each node i do

Build a DFS path pai in G \ i;
Let Ci = [ ];
for each node j ∈ pai do

Collect first-order neighbors N (j) of j;
Expand Ci = [Ci,N (j)];

end
Compute LCi using Eq. (4.4);
Define a distribution on all possible subsets PL(YCi) using Eq. (4.5);
Obtain a sample of PL(YCi);

Save nodes in the sample as N (i);

end

return N

Algorithm 5: D2GCN

Input: A graph G

Output: x
(L)
i for all i ∈ G

Build DFS path for all nodes;
for each level l do

for each node i in l do
Find negative samples for i using Algorithm 4;

Update node representation xi
(l) using Eq. (4.8);

end

end

return x(L)

where Ni is the negative samples of node i and ω is a hyper-parameter to balance the

contribution of the negative samples. It is also interesting to consider that all these negative

samples form a virtual graph with the same nodes as before but with negative links between

the nodes. When using the message-passing framework for the mode learning, there are in

fact two messages from each node: one is positive from neighbouring nodes and the other

is negative from the negative samples. The positive messages push all the nodes with

the same semantics to have similar representations, while the negative messages push all

nodes with different semantics to have different representations. This strategy is similar

to clustering, where samples within the same cluster are a small distance apart and large

distances between samples indicate the sample is sitting in a different cluster. We believe
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that these negative messages are precisely what is missing from GCNs and a significant

element in their advancement.

The final GCN boosted by diverse negative samples (D2GCN) with L layers, is given in

Algorithm 5. Excluding negative sampling, the computational cost is double that of the

original GCN. Note that, although GCNs are used as the base model here, this idea can

be easily applied to other GNNs as well.

4.3 Experiments and results analysis

The datasets we used are benchmark graph datasets in the literature: Citeseer, Cora, and

Pubmed [75]. The datasets include sparse bag-of-words feature vectors for each document

as well as a list of document-to-document citation connections. Datasets are downloaded

from Pytorch geometric1. To better perform the experiments using DFS, we chose the

maximum connected subgraph of each graph data. The datasets were split strictly in

accordance with [1].

4.3.1 Baselines

GCN is the base model. We compare our sampling method with the only three negative

sampling methods available to date, then put the selected samples into the convolution

operation using Eq. (4.8). The first method is to select negative samples in a purely

random way, named RGCN [72]. The second one is based on Monte Carlo chains, named

MCGCN [2]. The last one is based on personalized PageRank, named PGCN [16]. To

ensure the consistency and fairness of the experiments, all the graph convolution models

had the same structure and were initialized and trained with the same methods. Note

there is no other related negative sampling works in the field.

1https://pytorch-geometric.readthedocs.io/en/latest/modules/datasets.html
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4.3.2 Setup

The experimental task was standard node classification. We set the length of DFS to

5 and the negative rate as a trainable parameter and trained all models with different

numbers of layers in the range {2, · · · , 6} to test behavior at increasing depths. Each

model was trained for 200 epochs on Cora and Citeseer and for 100 epochs with Pubmed,

using an Adam optimiser with a learning rate of 0.01. Tests for each model at each depth

with each dataset were conducted 10 times. Moreover, all experiments were conducted

on an Intel(R) Xeon(R) CPU @ 2.00GHz and NVIDIA Tesla T4 GPU. The code was

implemented in PyTorch2.

4.3.3 Metrics

It was our goal to verify two capabilities of the proposed model: one is the ability to improve

the prediction performance and the other is to alleviate the over-smoothing problem.

Hence, we used the following two metrics:

• Accuracy is the cross-entropy loss for the node label prediction on test nodes (the

larger is the better);

• Mean Average Distance (MAD) [81] reflects the smoothness of graph represen-

tation (the larger is the better):

MAD =

∑
iDi∑

i 1(Di)
, Di =

∑
j Dij∑

j 1(Dij)
(4.9)

where Dij = 1− cos(xi, xj) is the cosine distance between the nodes i and j.

4.3.4 Results analysis

The results of five models with different numbers of layers on three datasets are shown in

Figure 4.2. The performances of all five models on Cora and Citeseer were very similar in

terms of both Accuracy and MAD at 2 and 3 layers. On Pubmed, our model was marginally

2The code is available at https://github.com/Wei9711/D2GCN.
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Figure 4.2: The Accuracy and MAD of five models on three datasets with a varying
number of layers from 2 to 6. The x-axis denotes the layer number, and the mean and

standard deviation of 10 runs are given for each model with each layer number.

Figure 4.3: The Accuracy and MAD of D2GCN with 5 layers on Citeseer datasets in
the varying length of DFS and scale of negative rate. The mean and standard deviation

of 10 runs are given for each setting.

better than the others. When the depth increased from 3 to 6, both the Accuracy and

MAD of all models decreased to some extent. This is a consistent observation with the

literature that increasing the depth of the network leads to a performance drop due to over-

smoothing. We also observed that the decreasing trends of RGCN, MCGCN, and PGCN

on Accuracy were very similar, while PGCN is slightly better than the other two on both

Cora and Citeseer datasets, especially at layers 5 and 6. As for MAD, their trends were

similar on Pubmed, but on the other two datasets, GCN are much worse than the others.

Moreover, although the MAD of RGCN, MCGCN and PGCN is close to our D2GCN

on Cora and Citeseer, especially at layers 5 and 6 on Citeseer RGCN and PGCN even

surpass our method, they are much less accurate than D2GCN. This observation suggests

that adding negative samples to the convolution does reduce the over-smoothing to some
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extent, but choosing the appropriate negative samples is not trivial. The additional effort

needs to be given to the procedure for selecting negative samples.

As shown in Figure 4.2, our proposed model achieved consistently the best performance in

terms of accuracy on all datasets. For MAD, it also performs outstandingly in particular

on the Cora and Pubmed datasets. At first, we observed that the performance of our model

also decreased along with the increasing depth. However, the rate at which performance

decreased was much slower than for the other two models – and almost flat on Pubmed.

Secondly, in terms of MAD, the performance of our model generally exceeds the others,

especially on Pubmed by a large margin. These observations verify that our idea is able

to significantly alleviate the over-smoothing problem and in turn improve the prediction

accuracy. As a final observation, we found that the variance of our model was smaller

than the other four. One possible reason is that the diverse negative samples may quickly

change the current node representation rather than keep sticking around the initialization

when only positive samples are used.

The sensitivity of hyper-parameters is analyzed and shown in Figure 4.3 where we trained

5-layer D2GCN on Citeseer dataset in the varying length of DFS and scale of negative rate.

We observe that as negative rate or DFS-length goes up, the trends of both Accuracy and

MAD are roughly the same, increasing first and then decreasing. For the length of DFS,

the outstanding results are obtained when it is equal to 5 or 6. For the negative rate, it

achieves the same performance as the trainable parameters, when it is equal to {1, 2, 3}.

4.4 Summary

In this chapter, we identified the importance of negative samples to GCNs and described

the criteria for what constitutes a good negative sample. We introduced DPP to select

meaningful negative samples from the dark world of the whole graph. To the best of

our knowledge, we are the first to introduce DPP to GCNs for negative sampling and

the first to fuse the negative samples into the graph convolution. We further presented

a DFS-based heuristic approximation method to greatly reduce the computational cost.

The experimental evaluations show that the proposed D2GCN consistently delivers better
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performance than alternative methods. In addition to greater predictive accuracy, the

method also helps to prevent over-smoothing. With this study, we identify that negative

samples are important to graph neural networks and should be considered in future works.

Note that the proposed idea can be applied to other graph neural networks apart from

GCN.





Chapter 5

Conclusion and Further Study

This chapter concludes the entire thesis and provides some further research directions for

this topic.

5.1 Conclusions

Graph neural networks have attracted much attention in the area of graph learning due

to their powerful modeling ability. Many existing graph neural networks used message

passing mechanisms for fusing neighborhood information to learn graph representation,

so these methods can be viewed as using positive sampling to obtain samples to generate

new feature vectors. The role of negative samples in graph convolutional neural networks

is obvious yet ignored. Therefore, it is of great theoretical and practical importance to

study how to find suitable negative samples in graphs and incorporate them into graph

convolutional neural networks. The findings of this study are summarised as follows:

1. The negative samples are first directly incorporated into the convolution operation.

Unlike previous graph neural networks that only use positive sampling, the negative

samples are first directly incorporated into the message passing mechanism to gen-

erate new node feature vectors, by adopting the same ideas of GCNs [1]. To the best

of our knowledge, this is the first research to apply negative sampling directly to the

convolution operation.
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2. The DFS-based method can obtain samples with different semantics while containing

complete knowledge of the entire graph that can better reflect the real-world situation.

We introduced DPP to select meaningful negative samples from the dark world

of the whole graph. To the best of our knowledge, we are the first to introduce

DPP to GCNs for negative sampling. We further presented a DFS-based heuristic

approximation method to greatly reduce the computational cost. The experimental

evaluations show that the proposed D2GCN consistently delivers better performance

than alternative methods. In addition to greater predictive accuracy, the method

also helps to prevent over-smoothing.

5.2 Further study

In future research, we will continue to investigate how to speed up the DPP sampling

process in the algorithm. Another interesting follow-up work would be to investigate more

effective aggregation of positive and negative samples as the current solution may lose

some information when summing the samples together – especially when the samples are

diverse.



Bibliography

[1] Thomas N. Kipf and Max Welling. Semi-supervised classification with graph con-

volutional networks. In 5th International Conference on Learning Representations

(ICLR), Toulon, France, 2017.

[2] Zhen Yang, Ming Ding, Chang Zhou, Hongxia Yang, Jingren Zhou, and Jie Tang.

Understanding negative sampling in graph representation learning. In Proceedings of

the 26th ACM SIGKDD International Conference on Knowledge Discovery & Data

Mining(KDD), Virtual Event, CA, USA, pages 1666–1676, 2020.

[3] Yann LeCun, Yoshua Bengio, et al. Convolutional networks for images, speech, and

time series. The handbook of brain theory and neural networks, 3361(10):1995, 1995.

[4] Siwei Lai, Liheng Xu, Kang Liu, and Jun Zhao. Recurrent convolutional neural

networks for text classification. In Proceedings of the Twenty-Ninth AAAI Conference

on Artificial Intelligence(AAAI), Austin, Texas, USA, pages 2267–2273, 2015.

[5] Zhong-Qiu Zhao, Peng Zheng, Shou-tao Xu, and Xindong Wu. Object detection

with deep learning: A review. IEEE Trans. Neural Networks Learn. Syst., 30(11):

3212–3232, 2019.

[6] Keunwoo Choi, György Fazekas, Mark B. Sandler, and Kyunghyun Cho. Convolu-

tional recurrent neural networks for music classification. In 2017 IEEE International

Conference on Acoustics, Speech and Signal Processing(ICASSP), New Orleans, LA,

USA,, pages 2392–2396, 2017.

53



54 Bibliography

[7] Xin Chen, Jian Weng, Wei Lu, Jiaming Xu, and Jia-Si Weng. Deep manifold learning

combined with convolutional neural networks for action recognition. IEEE Trans.

Neural Networks Learn. Syst., 29(9):3938–3952, 2018.

[8] Deepayan Chakrabarti and Christos Faloutsos. Graph mining: laws, generators, and

algorithms. ACM Computing Surveys, 38(1):1–69, 2006.

[9] Zonghan Wu, Shirui Pan, Fengwen Chen, Guodong Long, Chengqi Zhang, and

Philip S. Yu. A comprehensive survey on graph neural networks. IEEE Trans. Neural

Networks Learn. Syst., 32(1):4–24, 2021.

[10] Yujia Li, Daniel Tarlow, Marc Brockschmidt, and Richard S. Zemel. Gated graph

sequence neural networks. In Proceedings of the 4th International Conference on

Learning Representations (ICLR), San Juan, Puerto Rico, 2016.

[11] Bing Yu, Haoteng Yin, and Zhanxing Zhu. Spatio-temporal graph convolutional

networks: A deep learning framework for traffic forecasting. In Proceedings of the

27th International Joint Conference on Artificial Intelligence (IJCAI), Stockholm,

Sweden, pages 3634–3640, 2018.

[12] Floris Geerts, Filip Mazowiecki, and Guillermo A. Pérez. Let’s agree to degree:
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