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AbstractAhybrid uncorrelatedwall planewave (UWPW) and finite elementmethod
(FEM) technique is introduced to the predict vibroacoustic response of a panel under
turbulent boundary layer (TBL) excitation. The spectrum of the wall pressure fluc-
tuations is evaluated from the TBL parameters and by using semi-empirical models
from literature. TBL parameters can be estimated by different means, using theoreti-
cal formula, Reynolds-averaged Navier Stokes (RANS) simulations or experimental
data. The wall pressure field (WPF) underneath the TBL is then synthesized by
realisations of uncorrelated wall plane waves. The FEM is employed to compute
the structural and acoustic responses of the panel for each realisation of uncorre-
lated wall plane waves. The responses are then obtained from an ensemble average
of the different realisations. Selection criteria for cut-off wavenumber, mesh size
and number of realisation are discussed. Two simply-supported baffled panels under
TBL excitation are examined. Numerical results are compared with analytical results
using the sensitivity functions of the panels, showing excellent agreement.
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1 Introduction

Predicting the vibroacoustic responses of structures subject to random pressure
fields is important in naval and aerospace industries. The correct prediction of the
vibrational response is crucial to minimise structural fatigue as well as structure-
borne radiating noise [1–3]. A large and growing body of literature has investigated
the vibrational responses of plates excited by a turbulent flow field in air, includ-
ing analytical models of infinite and finite plates [4, 5], numerical models [5–11],
and from experiments [10]. Further, many researchers have investigated the vibroa-
coustic responses of planar structures excited by turbulent flow, for example, see
Refs. [2–8, 12–26]. To predict the vibroacoustic response of a structure excited by a
TBL, the turbulent pressure field should be obtained on the surface of the structure.
This can be done using direct numerical simulation (DNS) or large eddy simu-
lation (LES). However, these simulations are computationally very expensive. An
alternative approach involves a steady-state RANS solution to predict the TBL pa-
rameters [27,28]. Researchers have shown an increased interest in using RANS. This
is due to its capabilities to predict TBL parameter mean values with good fidelity.
These parameters can then be used as an input to analytical or semi-empirical models
to predict the WPF under the TBL [29–31].

The vibroacoustic response of a structure excited by a TBL depends on the
cross spectrum density (CSD) function of the wall pressure fluctuations. Therefore,
to correctly describe the partial correlation of the excitation, a large number of
frequency response functions needs to be obtained for the distributed points on the
surface of structure [7,9]. To describe the randomWPF, a statisticalmodel is required.
The coupling between the statistical model and a deterministic numerical model of
the structure represents a difficulty in the calculation process. In this work, a hybrid
approach is proposed to overcome this difficulty by coupling the UWPW technique
to simulate the WPF underneath a TBL and a deterministic method to model the
structural-acoustic domain. A deterministic input load to the vibroacoustic solver
based on the FEM is computed from each realisation of the WPF. The vibroacoustic
response of the panel is then obtained from an ensemble average of the different
panel responses. The major advantage of the UWPW technique is that it is a non-
intrusive technique which produces deterministic loads. As such, any element-based
numerical method can be used in conjunction with the UWPW technique to examine
vibroacoustic response of the structure under TBL excitation. For example, the FEM
aswell as the boundary elementmethod (BEM) can be employed to analyse structural
and acoustic responses of the structure subject to a TBL excitation [11, 32, 33].

In this work, criteria for selecting calculation parameters in the hybrid UWPW-
FEM technique such as cut-off wavenumber, mesh size and number of realisations
are initially discussed. To demonstrate the hybrid technique, two case studies are con-
sidered corresponding to two different simply supported plates made of aluminium.
The first case study only examines the vibrational response. Acoustic radiation from
a panel is also studied in the second case study. Numerical results are compared
with analytical results using sensitivity functions, showing excellent agreement. The
analytical method is limited in its application to simple panels with simply supported
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boundary conditions. In contrast, the numerical method can be applied to complex
structures with arbitrary boundary conditions.

2 Numerical formulation

Figure 1 shows an elastic rectangular finite baffled panel excited by a turbulent flow
field. It is assumed that the TBL is homogeneous, stationary and fully developed
over the panel surface.

Flow 
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y 
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Ly 

Radiated noise 

Fig. 1 An elastic baffled panel under TBL excitation

TheUWPWtechnique recently introduced byMaxit [32] is used herein to simulate
the pressure field beneath a TBL. The pressure beneath a TBL for the l th realisation
can be represented by a set of UWPWs at the qth node, xq = (xq, yq), of an FEM
mesh as follows [11, 32, 34]
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where ω is the angular frequency and ϕ is a random phase uniformly distributed in
[0 2π]. Criteria for selecting the wavenumber resolutions δkx , δky as well as the
truncated numbers of plane waves Nx and Ny are discussed in section 3. The CSD
can be expressed in terms of the ASD of the pressure field Spp(ω) and the normalized
CSD of the pressure field φ̃pp(k,ω) as follows [32, 35]

φpp(k,ω) = Ψpp(ω)

(
Uc

ω

)2
φ̃pp(k,ω), (2)

where Uc is the convective velocity. Using equation (1) as the deterministic load,
the FEM is now implemented to simultaneously compute the l th realisation of the
structural displacement ul and the radiated pressure pl by solving the following fully
coupled structural-acoustic equations [36]
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where K, H and M are respectively stiffness, coupling and mass matrices. Subscripts
s and f respectively refer to the structure and fluid. fls is the structural force vector
corresponding to the l th realisation of the TBL pressure field given by equation (1).
f f is the load from acoustic sources in the fluid domain, which is zero for the current
case. After the inverse of the coefficient matrix A is obtained, the panel displacement
response and radiated pressure can be computed for each realisation as follows[

ul

pl

]
= A−1

[
fls
0

]
. (4)

The ASD of the panel velocity Svv , the cross spectrum between the sound pressure
and the fluid particle velocity Spvf due to the TBL excitation are then calculated
from the ensemble average of the different realisations by

Svv = −ω2E
[
ulu∗l

]
l
, (5)

Spvf = E
[
plv∗f

l
]
l
, (6)

where E [ ] represents the ensemble average of the realisations. The cross spectrum
between the sound pressure and the fluid particle velocity can be used to determine
the radiated sound power [33].

The computational steps for the proposed hybrid technique is illustrated in
Figure 2. First, an FEM mesh is created from the geometry of the structure.
To estimate the TBL parameters over the surface of the structure for a given
geometry and flow condition, a RANS simulation, theoretical formula or ex-
perimental data can be employed. The TBL parameters are then substituted
into semi-empirical models to evaluate the CSD of theWPF. The deterministic
WPF is synthesized using the UWPW technique. The WPF is then used as an
input to the FEM solver to calculate the structural and acoustic responses. This
process is repeated for each realisation of the WPF. Finally, the vibroacoustic
response of the system is obtained from an ensemble average of the different
realisations of the WPFs at each frequency.
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Fig. 2 Flowchart outlining the computational process of the hybrid UWPW-FEM technique

3 Selection of calculation parameters

3.1 Determination of cut-off wavenumbers and wavenumber
resolutions

To obtain the panel response, one needs to truncate the wavenumber domain in the
x and y directions for equation (1). It was shown that in the vibrational response, for
the frequencies of interest well above the aerodynamic coincidence frequency, the
wavenumbers below or close to the flexural wavenumber of the plate are dominant
[7, 25, 32]. At the aerodynamic coincidence frequency, the flexural wavenumber
kp = (ω

√
ρsh/D)1/2 equals the convective wavenumber kc = ω/Uc and the TBL

strongly excites the structure. The aerodynamic coincidence frequency is given by
fc = U2

c

√
ρsh/D/(2π) [25]. Hence, a cut-off wavenumber of 2kp,max was used in

both the streamwise and spanwise directions, where kp,max = (ωmax
√
ρsh/D)1/2 is

the flexural wavenumber of the plate at the maximum frequency of interest, denoted
by ωmax. This criterion was chosen based on the fact that for frequencies well above
the aerodynamic frequency, the structural response of a panel excited by a TBL can be
obtained by neglecting the effect of the convected ridge as confirmed in Refs [11,32].
The criterion defined here takes into account the effect of the convective ridge at lower
frequencies as the cut-off wavenumber was defined as twice the flexural wavenumber
at the highest frequency of interest. The validity of this criterion for evaluating the
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acoustic response of a panel excited by a TBL was recently examined by Karimi et
al. [33]. It was shown that this criterion can be employed to predict the vibroacoustic
response of a panel under a TBL excitation.

To represent the spatial variations in the wavenumber space of the wall pressure
spectrum, a constant wavenumber resolution can be determined through a trial
and error process [11, 32]. Alternatively, a frequency dependent increment in the
wavenumber domain could be chosen similar to the work by Karimi et al. [34] for
acoustic scattering prediction.

3.2 Criterion for the mesh size

The mesh size must be defined such that it enables us to properly describe the
hydrodynamic field on the surface of structure. This requires taking into account the
spatial distribution of the CSD function of the surface pressure. To synthesize the
WPF, the Nyquist sampling theorem for space and wavenumber was adopted. The
sampling wavenumber is given by [9]

ks =
2π
∆h

, (7)

where ∆h is the element size. According to the Nyquist theorem, the sampling
wavenumber must be at least twice the highest wavenumber of interest, that is,
ks = 2kp,max. Substituting this expression into equation (7), the mesh size is given
by

∆h =
π

kp,max
. (8)

Further, to properly resolve structural modes by considering the FEM mesh size
requirement of at least 10 elements per wavelength, the grid size in the streamwise
and spanwise directions can be defined as follows

∆x = ∆y = min
{
λp,max

10
,

π

kp,max

}
, (9)

where ∆x, ∆y are the element size in the x and y directions and λp,max is the flexural
wavenumber of the plate at the maximum frequency of interest. Since kp,max =
2π/λp,max, the mesh size criterion is given by ∆x = ∆y = λp,max/10.

4 Verification of the UWPW-FEM technique

To demonstrate the UWPW-FEM technique, two case studies comprising rectangular
baffled panels with simply supported boundary conditions excited by a TBL are
examined [11]. Dimensions and material properties of both panels are given in
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Table 1. The first case study investigates the vibrational response of panel A. The
second case study examines the acoustic response of panel B. Numerical results
obtained using the UWPW-FEM technique for the both panels are compared with
analytical results. An analytical model based on sensitivity functions of the panel
was used as a reference solution to verify the numerical method [11, 33]. The fluid
density and the kinematic viscosity were set to 1.225 kg/m3 and 1.5111 × 10−5 m2/s,
respectively. The simulations were conducted using Matlab on a desktop personal
computer with 32 GB of RAM and a total of four physical cores. For the UWPW-
FEM technique, the WPF was synthesized in Matlab and then imported as a load
to the FEM model of the panel in the commercial software COMSOL Multiphysics
(v5.3a) using Matlab LiveLink.

Table 1. Dimensions and material properties of the panels
Parameter Panel A Panel B
Young’s modulus E (GPa) 70 68.9
Poisson’s ratio ν 0.3 0.3
Density ρs (kg/m3) 2700 2740
Length Lx (mm) 480 600
Width Ly (mm) 420 525
Thickness h (mm) 3.17 2.4
Damping loss factor η 0.005 0.01

4.1 Synthetic pressure field

To obtain the WPF, the Goody model was used to evaluate the ASD function of
the WPF [11, 37]. Note that Ψpp(ω) is a one-sided angular frequency spectrum.
Hence Ψpp(ω) was multiplied by 2π to convert it to a one-sided cyclic frequency
spectrum density Ψpp( f ). For the normalized CSD function, the Mellen model was
employed [38]. The TBL parameters were calculated based on theoretical formula
for a flat plate from literature and are given in Table 2 [11]. The convective velocity
Uc was approximated as follows [11, 39]

Uc � U∞(0.59 + 0.3e−0.89δ∗ω/U∞ ), (10)

where U∞ is the free flow velocity and δ∗ is boundary layer displacement thickness.
Employing the Goody and Mellen models, different realisations of the WPF were
synthesized on the surface of panel A using equation (1). Figure 3 shows the visu-
alization of two realisations of the surface pressure field at two discrete resonance
frequencies corresponding to 177 Hz and 1005 Hz, for a flow speed of 40 m/s.
Figure 3(a) shows that at low frequencies, a coarse mesh can resolve the waves as
they have larger wavelengths. However, at higher frequencies, a finer mesh is needed
to properly describe and synthesize the WPF for plane waves with short wavelengths
(Figure 3(b)). In this work, the criteria defined in section 3.2 for the mesh size en-
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sures that the plane waves with the shortest wavelength corresponding to the highest
frequency of interest are adequately resolved.

Table 2. TBL parameters for Panel A at flow speeds of 40 m/s, 60 m/s and 80 m/s
Parameter U∞ = 40 m/s U∞ = 60 m/s U∞ = 80 m/s
TBL thickness δ (m) 0.0349 0.0322 0.0304
TBL displacement thickness δ∗ (m) 0.0044 0.0041 0.0038
Wall shear stress τ (Pa) 2.5228 5.2341 8.7848

(a)

(b)
Fig. 3 Two realisations of the WPF (in Pascal) using the Mellen and Goody models for a flow
speed of 40 m/s at (a) 177 Hz and (b) 1005 Hz

4.2 Effect of the number of realisations

The number of realisations used in the calculation process has significant effect on
the accuracy of the UWPW method. This effect has been investigated for acoustic
scattering prediction [34], vibrational analysis of a panel [11] and acoustic radiation
from a baffled panel [33]. In all of these cases, it was confirmed that 30 realisations
is sufficient to obtain the response of the system with the maximum estimated error
less than 1 dB for the frequency range considered. For example, the effect of the
number of realisations on the structural response of panel A excited by a TBL at
a flow speed of 40 m/s is shown in Figure 4. The spectral level predicted using
30 different realisations is shown in grey lines and the black line represents the
predicted results by averaging of 30 realisations. Figure 5 compares the velocity
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spectra obtained numerically using the average of 30 realisations with analytical
results. The analytical solution described in Ref [11] is provided as a reference
solution. It can be observed from Figures 4 and 5 that the numerical results become
smoother and converge quickly towards the reference solution by increasing the
number of realisations.

Fig. 4 ASD of the panel velocity predicted numerically using the UWPW-FEM technique for 30
realisations (grey lines), as well as predicted using the average of 30 realisations (black line), for a
flow speed of 40 m/s (dB ref. 1 (m/s)2/Hz)

Fig. 5 ASD of the panel velocity predicted numerically using the UWPW-FEM technique by
averaging of 30 realisations, as well as predicted analytically, for a flow speed of 40 m/s (dB ref. 1
(m/s)2/Hz)
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4.3 Structural response

To predict the panel responses, the synthesized WPF was applied as a load to the
structural-acoustic solver. Figure 6 presents the predicted velocity spectra using the
UWPW-FEM technique as well as the analytically calculated velocity spectra for
panel A at flow speeds of 60 m/s and 80 m/s. The vibration of the panel was obtained
at (x = 0.3 m, y = 0.33 m, z = 0 m) on the panel surface with respect to the coordinate
system shown in Figure 1. The numerical results are in excellent agreement with
analytical results. As expected, with increasing flow speed, the magnitude of the
vibrational response of the panel increases. For the parameters chosen here, the
aerodynamic coincidence frequency is 66 Hz and 117 Hz for flow speeds of 60 m/s
and 80 m/s, respectively.

Fig. 6 ASD of the panel velocity for a simply supported plate predicted using the UWPW-FEM
technique and analytical formulation, for flow speeds of 60 m/s and 80 m/s (dB ref. 1 (m/s)2/Hz)

4.4 Acoustic response

The hybrid technique was applied to predict the acoustic response of panel B with
simply-supported boundary conditions and excited by a TBL. The panel was tested
in an anechoic wind tunnel at the Université de Sherbrooke [40]. The experiments
were conducted at a free flow speed of 40 m/s. The wall pressure fluctuations of
the turbulent flow generated over the baffle were measured by a flush-mounted
microphone array as described in [25, 40]. The Mellen model was fitted to the
measured WPF using the least square method to estimate the decay rates, αx and αy ,
and the convective velocityUc . The experimentally fittedMellenmodel as well as the
measured autospectrum of the WPF, presented in Ref [33], were used for evaluation
of the CSD function of the WPF. Numerical prediction of the acoustic power is
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compared with the analytical results in Figure 7. It can be seen that numerical
results are in excellent agreement with analytical results. Readers are referred to
Refs [11, 33] for detailed discussions on validation of the numerical results with
experimental data.

Fig. 7 Sound power spectrum level predicted using the UWPW-FEM technique and analytical
formulation for flow speed ofU∞ = 40 m/s (dB ref. 1 ×10−12 W/Hz).

5 Conclusions

An uncorrelated wall plane wave technique has been presented to deterministically
synthesize the WPF underneath a TBL from the CSD of the WPF expressed in the
frequency-wavenumber domain. The pressure field was then used as an input to an
FEM solver to predict vibroacoustic responses of panels under TBL excitation. One
of the main advantages of using the non-intrusive UWPW technique in the vibroa-
coustic solver is that the deterministic WPF is calculated at each FEM nodal point,
and can be applied as an input to the FEM or other element-based approaches to
evaluate the panel structural-acoustic response. Further, it was shown that the hybrid
UWPW-FEM technique produced converged results using small number of realisa-
tions. An analytical method based on the sensitivity function was employed to verify
the numerically obtained vibroacoustic results for two different simply-supported
panels. It was shown that the hybrid UWPW-FEM technique can be confidently used
to predict the vibroacoustic responses of panels excited by turbulent flow. Whilst
the case studies presented here comprise simple panels with simply supported con-
ditions, the proposed method can be applied to study the vibroacoustic responses
of complex panels with arbitrary boundary conditions under TBL excitation. For
example, the vibroacoustic response of a stiffened plate under TBL excitation has
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been recently analysed in Ref [33] using the hybrid UWPW-FEM technique. The
technique is also well adapted for investigating the effects of design modifications.
Once the WPF fields of the different realisations have been calculated, they can be
applied to different panel models to study the influence of the design on the vibroa-
coustic response. Moreover, in the presence of complex flow conditions, a RANS
simulation can be performed for more accurate calculation of the TBL parameters.
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