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Abstract. Kingman’s subadditive ergodic theorem is traditionally proved in the
setting of a measure-preserving invertible transformation 7' of a measure space
(X, ). We show how to extend the theorem to the setting of a non-singular
transformation, that is under the assumption that g and p o T have the same null
sets. Using this, we are able to produce non-singular versions of the Furstenburg-
Kestern Theorem and the Oselede¢ ergodic theorem for products of random
matrices.

1. Introduction

The study of ergodic theorems is an important bridge between functional analysis
and probability theory. Originally proved by von Neumann and Birkhoff [4] in
1931, the Birkhoff ergodic theorem has become the fundamental theorem in the
study of measure-preserving transformations of a measure space. The subadditive
ergodic theorem,obtained by Kingman [8] in 1968 is an important extension of this
fundamental result, which has found many applications. One important application
is the Furstenberg-Kesten theorem [6], on the structure of multiplicative cocycles
from a measure-preserving transformation 7" of a measure space (X, 1), with values
in GL(d,R). The Furstenberg-Kestern theorem has been extended and refined
by the well-known Oselede¢ ergodic theorem on the products of randomly chosen
matrices [9].

A statement of Kingman’s theorem is as follows:

THEOREM 1 (THE SUB-ADDITIVE ERGODIC THEOREM) Let (X,B,u) be a proba-
bility space, and T : X — X an invertible and measure preserving transformation.
Let f, € L' be a sequence of function satisfying the subadditivity condition:
Frtn (@) < fr(@) + fr(T™x) for almost all x € X, then

lim M:f(m)<oo

n—o0o N

exists pu a.e. Furthermore, f(x) is a T- invariant measurable function over
(X, B, ).
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There have been several proofs of this theorem since Kingman’s original version.
See [1] for survey of these. Most of these have made the assumption that the
measure p is invariant under the transformation 7. However, [12] Theorem 3.4
is a version of the subadditive ergodic theorem under the assumption that T is a
Markovian transformation of (X, B, u).

Note that the Theorem generalises the following result in elementary analysis,
which we recover in the case where the f,, are all constant functions:

LEMMA 1. If (f,) is a subadditive sequence then

lim f—n = inf & < 00
n n n n
The aim of this paper is to extend the Kingman theorem, the Furstenberg-
Kestern Theorem and the Ocelede¢ theorem to the setting of non-singular

transformations. The key idea is to define subaddditive sequences by

fiman(®) < fu(@) + wi(2) fir (T" )
dpoT™

where wy(z) = 57— is the Radon-Nikodym derivative.
Our version of the Kingman theorem (Theorem 4) then concludes that

exists u a.e.

After some preliminary remarks and definitions in section 2, we state and prove
our version of the Kingman theorem in section 3. In section 4, we state and prove
non-singular versions of the Furstenberg-Kestern theorem (Theorem 5) and the
Oseledet ergodic theorem (Theorem 6).

We expect these results to lead to new applications of these theorems in the
non-singular setting. One key application of the Oselede¢ theorem in the measure-
preserving case, is the calculation of Lyapunov exponents for Random Dynamical
Systems, see [2]. In future work, we will extend this construction to non-singular
random dynamical systems.

We have been influenced by Raghunathan’s elegant proof of the Oseledec¢ theorem
[10]. We would like to thank Anthony Quas for drawing our attention to this paper,
and for useful discussions.

2. Preliminaries
The dynamical system (X,B,u,T) is said to be non-singular if the map T :
X — X is a non-singular transformation of (X,u), that is for any N € B,
p(T~IN) = 0 if and only if u(N) = 0. Recall that the system is measure preserving
if u(A) = u(T~1A) for all A € B. By the Poincaré recurrence lemma, measure
preserving transformations are conservative.

The structure of non-singular transformations is given by the Hopf
Decomposition Theorem, a proof of which can be found in [1].
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THEOREM 2. [Hopf Decomposition] Let T be a non-singular transformation. There
exist disjoint invariant sets C,D € B such that X = C U D, T restricted to
C is conservative, and D = I_Izo,fooT”W, where W is a wandering set. If

fe LNX,u), f >0, then C = {x : S0 f(T'2)wi(z) = oo ae} and
D= {z: X" f(Tiz)wi(z) < oo a.e}

The set C' is called the conservative part of T. We suppose further that
the non-singular transformation is invertible, so that T and its inverse 7! are
measurable. If T is non-singular then we have both p o T__1 ~pand pol ~ p.

We will denote the Radon Nikodym-derivative d(%:”) by w;. Note that the
Radon-Nikodym derivatives must satisfy the cocycle identity:

witj () = wi(@)w; (T'x)
for a.e. x and for every i,j € Z. Clearly, T is measure preserving if and only if

w;(xz) =1 for a.e. x for all i.
It follows that for every f € L'(X, u)

fX f(@)dp fX f(Tz)w (2 fX ()dp(x)

It f, = S f(Tix)wi(ac),n > 1, where wo(z) = 1. It is easy to show
that fiin(z) = fo(x) + wp() fr(T™x). The Hurewicz ergodic theorem [7] is
a generalization of the Birkhoff Ergodic Theorem to the setting of non-singular
conservative transformations.

THEOREM 3. [Hurewicz ergodic theorem] Let (X, B, u) be a probability space, and
T : X — X an invertible, non-singular and conservative transformation. If

fe L' (u), then

li 2o ST 0)ei(x)
n—o00 Zl 0 UJZ(I')

exists i a.e. Furthermore, f.(x) is T- invariant and

/fdu /f*du

Note that if T is measure-preserving, the left hand side becomes
lim, 00 £ Z?;ol f(T'x), and so we recover the Birkhoff Theorem.

Our aim is to use the Hurewicz theorem to formulate and prove a version of

= fu(2)

Theorem 4 which holds for non-singular conservative systems. We shall do that in
the next section.

3.  Non-singular Kingman Theorem

Thus, let T be a conservative non-singular transformation of a measure space

(X, B, 1), and denote by w; the Radon-Nikodym derivative d‘%ﬂw

DEFINITION 1. We say that {f,} in L'(X, u) is a subadditive sequence for T if
for all integers m and n

fman () < (@) + wn(2) fr(T"2)
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It is easy to see that if f is integrable, then

n—1

Fal@) = 3 F(Tia)wy(a).

i=0
is subadditive.
Similarly, we say that {f,} in L'(X, i) is superadditive for T if for all integers
m and n

frman(x) 2 (@) + wn () frn(T" )

Observe that f, is a superadditive sequence if and only if —f, is subadditive
sequence.
The goal of this section is to give a proof of the following:

THEOREM 4. [Non-singular Kingman ergodic theorem] Let (X, B, i) be a probability
space, and T : X — X an invertible, non-singular and conservative transformation.
Let f, € L' be a sequence of functions satisfying the subadditivity relation
Frtn (@) < frl@) + wn (@) fr (T™x) for almost all x € X, then

fn( )
lim = f.(x 00
n—00 Zl 0 wl( ) f ( ) <

exists u a.e. Furthermore, fi(x) is T-invariant and

/fdu /f*du

The essential idea of the proof is to show that

/hmsup f" du</Ld,u</ liminf ———— I ———du
X n—eo Y, x noee Y wile)

where L is

I fin
1m
nee Z’L =0 wl( )
Let h(z) = limsup,, _, % and h = lim inf,_ o %
wi i=0 Wi

LEMMA 2. Let (X, B, u) be a probability space, and T : X — X an invertible, non-
singular and conservative transformation.Let f, be a superadditive sequence. Then
h =hoT almost everywhere.
PROOF 1. We have
fn+1 N fl +fn(T$)W1
Dicowi(T) T wo 4+ 0 wi(Ta)wn
taking the liminf of each side,

h>hoT.
We set ax) = % € [0,1] and the set A = {x : h(z) > hoT(x)} = {a(x) >
aoT(x)}. Let ¢(x) = a(x) — aoT(x), by Theorem 2, Y7~ ¢(T'x)w; = oo almost
everywhere on A. However, Z?;ll &(T'r)w; = a—aoT™ tw, € [—1,1] everywhere,

so we must have u(A) = 0.
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For ease of notation, we put §; = Zz 0 Wi-

PROOF 2. Fix e > 0 and define, for each k € N,

By ={z e X: fi(z) <Qjh(z)+¢e),j €{l,...k}},
where h > —oo. It is clear that Uy By, = X. Define

_ h(x)+e z€ By
fl(l') iCGBg

by the definition of By, fi > h if x € Bi. We define two sequences m; and n; such
that:

0:m0§n1§m1§n2§ .....

where n; is the smallest integer greater than or equal to m;_1 such that T"x € By,.
By the definition of By, we may choose 1 < m; —n; such that

fmj—nj (Tnjx)

5y Shte
Qmj—n, (T x)

Now, givenn > k, letl > 0 be the largest integer such that m; < n. By subadditivity,

fnj*mj—l(ijilx)
an—mj_l (ij_lw)

< AT x)w;

Thus,
! ,
fn fm-—n-(Tn]x)
< T'2)wi Qg (T 1) 4y T2
Zfl J i— 1( ) ;Qmj_nj(ffnjx)
where the first sum fi(T'x) = Fy(T'x) for every i € Uézl[mj,l,nj) U

[my, min{n;1,n}). On the other hand, h is constant on the orbits, and F, > h+e,

S0 )
Fony oy (T"52)

L < h+e < F,(T"z).
Qupjn; (T ) H )

It follows that

min{n;41,n}—1 n—1

fn 7 m 7 mgj—1
o< S R(T) o, (T 2) + Y (T )i, (T7 ).

i=1 i:nl+1

Integrating each side, we obtain

/(%dug (n—k)/deu-I-k/(Fk\/fl)dﬂ

Letting n — oo, we obtain [Ldp < [ Fydp. Then letting k — oo, we see that
[ Ldp < [ hdp +e. We see that there exists C € RY, such that f” > —C. By
Fatou’s lemma, h is integrable, with [ h < L. Hence the lemma holds

Prepared using etds.cls



LEMMA 4. For any fized k,
f fn

lim sup JEn im sup —

PROOF 3. Since gfz’; is a subsequence of gfz—’”‘, the statement is true with = replaced
by <. Fix k, and write n = kq + r with r € {1,....,k}. By subadditivity,

fn < fkq + fr(qux)wkq(m> < fkq + w(qux)ka(x)>

where ¥ = max{f;", f,j'} Since k is fized, ¢ — o0 as n — co. Taking the lim sup
as n — 0o, we see that
fkq

1.
= — limsup —,

(T z)wg (7)
n kg q

lim sup & < lim sup h + lim sup
n n n n n

asn — oo with ¢ € L, and Y(T™x)wyy(x) converges to zero. Dividing both sides
by %Qm we obtain

limsup == < limsup =%,

as stated in the lemma.

LEMMA 5. [y limsup,, ., mdu < [ Ldp

PROOF 4. Let 0,, = — Z;:ol fe(T7*2)w;jk. By Theorem 3,

On .
/andu— */fkdﬂ-

Let § = lim infg—z. Since the sequence f, is subadditive, 0, < — fxn for every n.
By Lemma 3,

Thus [h<— [0 < [ fx. Hence [h < L.

Note that in the measure-preserving case, we have Q,(x) = n, which gives us
back the standard Kingman Theorem, Theorem 4.
Theorem 3.4 of [12] states that if {f,,} is subadditive and {g,, } is superadditive,
the limit
lim fl _ hmn—)oo(l/n)Ehu[fn/h|I]
n—00 gp hmn%OO(l/n)Ehu [gn/h|I] 7
for any positive u-integrable function h (where Z is the invariant o-algebra). Our

theorem shows how to replace the quantity 1/n with m, which is the key
i=0 Wi

to proving the multiplicative ergodic theorem below.
In the case where the measure p is non-singular and has critical dimension
a € [0,1], see [5], we have Q:Liff) is non-zero a.e., and the conclusion of Theorem 5

is equivalent to lim,, . fn(@) flx) < 0.

no
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4. The multiplicative ergodic theorem

We now introduce the notion of cocycles with values in GL(d) of a non-singular

transformation T of (X, B, i), see [11]. A cocycle with respect to the action of T

is a function ® : N x X — GL(d) satisfying ®(n + m,z) = ®(n,z)®(m,T" 1z).
Cocycles can be generated by choosing a (random) d x d-matrix, A(x) for each

x € X, and defining

®(n,z) = A(z) x A(Tx) x A(T?z)....... x A(T" 'x).

Tt is easy to see that this formula defines a cocycle. We will say that A(z) is the
generator of ®.
The operator norm of a square matrix A of dimension d is defined as follows:

Av
|All = sup {H”v”l NS Rd\{O}}.
It follows directly from the definition that the norm of the product of two matrices
is less than or equal to the product of the norms of those matrices. Thus

1@ (n, 2)|| < [A@)NATD)]..... [ AT )]

If T is measure preserving, the Furstenberg-Kesten theorem is an application of the
Kingman subadditive ergodic theorem, and the subadditive sequence is defined as
follows:

log [|®(n +m, z)|| < log|[®(n, )|l + log [|®(m, T z)]|.

In the non-singular case, we define the non-singular subadditive sequence by:
n—1
log |®(n, )[| < ) w;log | A(T )|
i=0
We are going to define singular values and exterior powers before we introduce the
theorem.

DEFINITION 2 (EXTERIOR POWER) Let V' be a vector space with dimension r, for
1 < k < r, the k-fold Exterior power of V is AFV, which is the vector space of
alternating k-linear forms on the dual space. The k-fold Exterior power of a matriz
A is NFA, which has following property:

(i) (AB)"k = ANk BNk

(ii) (AN)~1 = (A-1)Nk

(i77) (cA)NF = " ANE where ¢ € R.

The singular valued decomposition of Exterior Powers is N\VA = NFV AF D AF U,
where A*D is a diagonal matriz with entries{d;,0;y....01,,1 < iy < ... < i < r}.
The largest singular value is §p—p41....0, , the smallest value is 0;....0;. The norm
of AFA is the largest singular value.

THEOREM 5. (Non-singular Furstenberg-Kestern Theorem,)

Let ® be a linear cocycle with one side in discrete time over the non-singular
dynamical system (Q, F,u,T). Assume the generator A : X — GI(d,R) of ®
satisfies

log* || A € L!
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Then the following statements hold:
(1) For each k =1, ...,d the sequence

@) =log || A* ®(n,z)||, n e N
is subadditive and ff* € LY(X,F,u). That is
nm () < [ (@) + [ (T @)

(2) There is an invariant set Q of full measure and measurable functions v* : X — R
with v*+ € LY(X, F, 1)

k
,yk(x) — lim log ” :L\_lq)(n,z)”
n—o00 Zi:O Wz(x)
and

V(Tx) =~ (2),7" M (z) < +*(2) ++'(2).

Let Ay, be the function defined by A, = Y1 —~* and let §;, be the corresponding
singular value of ®(n,z). then

nree Z;L:_ol wi(z)

PROOF 5. Note that A(z) = ®(1,z). For all k

fr(@) =log || A" (n, )|
1$ a subadditive sequence.

fra(@) =log || AP @(n+1,2)|| < fr(Tx)wi(x) +log || A Az)]).
Hence subadditivity of f*(x) follows. By theorem 4, we have
log || AF @(n, z)||

noee Z?gol wi(z)

Since || AETL @ (n, 2)|| < || AF @(n,z)|||| AL @(n,2)||, ¥* is a subadditive sequence.
Fork=1,..,d:

7 (x) =

k
log || AF @(n,z)|| = ) " log 6;(®(n, ))
=1

where 0; is the corresponding singular value of ®(n,x)

Now we consider the behaviour of ||®(n, z)v|| for v € R? as n — oco. If A € My(R)
with transpose A*, both A*A and AA* are symmetric and positive semidefinite.
Any positive semidefinite and symmetric matrix S may be written as the form as

S=C'DC

where D is diagonal with non-negative entries in non-deceasing order and C' is
orthogonal.
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The polar decomposition of a matrix A is
A=C(AA")3C" = C"(A*A)?
where C’, C" are orthogonal matrices. Applying the polar decomposition to ®(n, )

in the theorem, we obtain:
D(n,z) ~ ClA™(z)

for some orthogonal matrix C!/. Since orthogonal matrices are isometries, we have
ICyvll = [lvll. Thus
[ (n, z)v|| = [|A" (z)v].

Returning to the symmetric matrix ®(n,z)*®(n,x), we know ®(n,z)*®(n,z) =
C*D,C,, and ®(n,z)) = Ln(Dn)%Cn, and hence
lim (q)(n,x)*q)(n,a:))’%n = lim C’:L(Dn)ﬁCn.

n—oQ n— oo

If the limit exists, then there are an orthogonal matrix C' = lim C, and a diagonal

1 k
matrix D = lim D3". By theorem 5, we see that lim, . W converges

i=0 Wi
for all k to —oco or a finite limit. Hence lim,,_, % converges to a finite
i=0 Wi

1
limit for every i. Now, we can assume that D2" converges as n — o0o.
By the monotonicity of A?,

There is a unique partition I, given by:
I={l=1iy<iy <...<ip<ipy1=r+1}

such that A% = Afe+1=1 < Afe+1. This partition splits {1,2,---,7} into finitely
many intervals [ig,ig+1 — 1]. If A® = A7, then they belong to same interval.
Let X(I,q)(z) be vector subspace of R", it is a union of the zero vector 0 and
the set of all eigenvectors corresponding to eigenvalues smaller than or equal to
Ala+171 Tt is easily seen that 3(I,0)(z) is {0} and X(I,p)(z) is R™. We see
that C) le; is an eigenvector of (®(n, x)*®(n,z))2 with eigenvalue 62, We know
Drﬁ converges, but the question is whether the vector space spanned by C, le;
converges. We will formulate a one-sided multiplicative ergodic theorem which is
based on Raghunathan’s version [10].

THEOREM 6. (Non-singular Oseledec theorem) Let (X, S, m) be a probability space.
Suppose that T is a non-singular tmnsformatiqn and u : Z x X - M(r,R) is a
measurable cocycle over T such that logt || ®(1,)|| € LY(X,S,m). We set

log ||®(n, 2)v||

B={(z,v) e X xR": —
ty e X ity wilz)

tends to a finite limit or — oo}

and
X' = {z € X|(z,v) € B forallv € R"}.

Then there is a subset Y of X' which has full measure and a sequence of functions
Al(z) <. < A"(x) (taking values in RU —o00) such that:
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(1) Letl={1=1i <iz < ... < ip < ipp1 =1+ 1} be n+1 tuples of integers.
We define
Y(I) = {z € X'|A!(z) = N (z) for iy <i,j <igy1 and Na(z) < Ala+1(z) for
all ¢ with 1 < q < p}.
Then for allz € Y(I),1 < qg<p
(1, ¢)(x) = {v € R"| lim;, 0 % < Ala(z)}
is a vector subspace of R" with dimension iq“‘ll - 1.
(i) If 2(1,0) = {0} then _
o n,T)v i
for any vector v € X(1,q)(z) —3(I,q — 1)(z)
(t3i) for x €Y the sequence
A(n,z) = (®(n, z)*®(n, )2
converges to a matric A(x) € M(r,R). The eigenspace of A(x) is the
orthogonal complement of ¥(I,q)(x) in X(I,q + 1)(x) corresponding to the

eigenvalue exp Aat?

lim,, o0

LEMMA 6. Suppose that logt ||®(1,)| is a measurable function and T a non-

singular transformation. There is a set Y C X of full measure such that for every

zeY,

So<g<nlogt 12(1,T (@)
Y wilz)

(i) limp_seo |®(1, T7(2))|| = 0.

(i)  The sequence Sy, = converges to a limit a.e.

PROOF 6. (i)  This follows directly from the Hurewicz Ergodic Theorem.
(i1) By (1), the sequence S,, converges to a limit,
S — So<qan logt |2(1,T(2))]]
" Yt wil2)
S, 4 = So<gen_ilogt 21T ()]
e 22?:_02 wi(z)
_ >itg wilx) + q log® ||®(1,7" (z))||
S0 = S @ e e 2osa<n—1 1087 |9 TH@))|| + FEEmr i =
Since n — oo and |S, — Sp—1| = 0, we can conclude that

log* ] 2(1. T ()|
n—1
>izo wi()
forallz €Y.
Now, given € > 0, there exists N (e, z) such that for all n > N
n n—1
121, T (x))]| < exp)_i_q wiz)e

||®(n,z)| satisfies the cocycle identity: ®(n+ 1,z) = ®(1,T"(z))®(n, ).
For a unit vector v € X(1,q,n)(x),

[@(n + 1, z)v]| < |1, T (2))[[[|@(n, z)v]
1@(n+ 1,2))ol| < exp(37 wilw)e) 8, (2 (n, ()

1@(n+ 1, x)v]| < exp(375) wilz)e) exp(37y wilw) (A% +¢))
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IT(n +1,2)0]| < exp(EiZy wilx)(Ale + 2¢))
Choose a unit vector v € X(I,q,n)(z), and let v € X(I,q,n + 1)(x) be the
orthogonal projection of v on X(I,¢q,n + 1)(z). The orthogonal complement of
v' in $(I,q,n + 1)(z) has the form C,}; Di> a1 biti

LEMMA 7. Given € > 0 there exists N(e,x),x € Y with the following property.
There is a unit vector v € %(I,q,n)(x), for some number b; € R and v' €
S(I,q,n+1)(x)

— -1 p.
v=v + C’I’L-‘rl Ziziq+1 bzel

Then |b;| < exp{— 31" wi(z)(A — Ale — &} forn> N.

PROOF 7. We have ||®(n+1,z)v| < exp Z;:Ol w; () (A% +2¢) by Lemma 6. Notice
that

[@(n+1,z)vl = [ 322 i @(n + L,2)Crfyesl|-

i2ig41

Now [[b;@(n + 1,2)Crliei| < [ X5, bi®(n + 1,2)C, el as A' is non-
decreasing.

Hence |®(n + 1, z)v|| > [|b;®(n + l,x)C';ileiH.
Now ||®(n +1,2)C;, 1 e is the i-th eigenvalue, since
[0:(n + 1,2)Cp il = [bsl| Lt 1 (Dng1)2 Coga Gyl = [b3]8i (g ().

Let A? be the limit of bgg;f:iz:zg)). It follows from the above that

12(n + 1, 2)v]| = [bi] eap (3Zipwi(x))(A* = €)).

Thus A® is in a bounded interval which is greater than A%, 0 < e < 1. For large n,
we may assume

exp (S wi(@)) (A — €)) > exp((S5 wi () (A — 26)).
Thus
6| < exp —(37 wi(@))(A? — 4 — Aa)
which completes the proof of the Lemma.

Lemma 7 shows that a vector in ¥(I, ¢,n)(z) can be combined with the projection
on X(I,q,n + 1)(z) and the orthogonal complement of (I, q,n + 1)(z), that is

—1 yig+1—1 -1 r iy =
Coo 2oty Kei=Copy )y iy bjej and vp = vp, 41 + Wi

Now wv;,,, 1 is the orthogonal projection of v,, onto 3(I,¢q,n+1)(x) and the norm
of v}, is given by:

||U;n+1|| = ||'Un - Crtil Ziziq-H b161||
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Since vy, is a unit vector, we have the following upper and lower bounds for ||v},, ,,|I:

1- HC;-|1-1 Ziziqﬂ biei” < HU;n-ﬁ-l” <1+ HC;-|1-1 Ziziqﬂ biei“-
We want to show ||vp41 — vn || < 21 exp {7(2?;01)wi(x)(Aiq+l — A —¢)}
LEMMA 8. Ifv,11 € (I, ¢, n+1)(z) is a unit vector and v, € (I, q,n)(x) satisfies
the conditions of Lemma 2, then

lon+1 — vall < 2r exp{—(72) wilx)) (Al — Al —¢)}

PROOF 8. [[Un41 = vpll = [[vn — Vns1ll = [lvn — vpyy + 0541 — nall, and
o = et -+t = o] < o = |+ et — vl o otlows that

||Un - Un+1|| =||C +1 Ez>zq+1 bieq.
On the other hand let vl .1 = avpi1, and we have 1 — ||C )y Dizig, bigill <

[l €1+ 1C5E oy, bicall- Thus
L- ||C7:+1 Zizqu bieil| <a <1+ ||C7:-51-1 Eiziqﬂ bieil|. Now
[0 41 = Vns1ll = [[(a@ = Dvgqa|l, which is smaller than ||C, L, szq“ biei|.
thus have
lvnt1 — vl < 2”0;411 Ziziqﬂ bieil|-
It follows that

n—1

IO D bieill < Y Mbieall < rlbiy, | < rexp{=(_ wila)) (A’ — A’ — )}

i>ig41 i>ig11 i=0
This completes the proof.

We will show that ||v,4, —vp4] is a Cauchy sequence. In fact, the sequence Y oo, 7
exp {—(n+i)(A%+i — A% —¢)} is the sum of a geometric series. Thus

o0

[Vn4k = vni]l < Z [Vn+k — V]
i=l

1 )
=2 , , i Y(Afatt — Ala —
"= exp{—(Ata+1 — Ala — exp{ Z Wi )
= Cexp{— Z wi(z J(Afart — Ala —¢)}.
=0

This shows that v, is a Cauchy sequence, as claimed.

LEMMA 9. Let {vl,vZ --- v} be a collection of vectors which is a basis for
X(I,q,n)(z), where 0 < i < igy1. The sequence {X(I,q,n)(x)} has limit (I, q)(z).
Furthermore,

k

vn+k = Vo]l < Z Vn+k — Vo]l < Z Vn+k = vnpil-
i=l i=l
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PROOF 9. By Lemma 8, we see easily that
oy = Vil < C exp{= (X725 wilw) + max(k, 1)) (Al — Ale — )}
forig <i <igyq1. Moreover
llor, — o] < C exp{—({Zg wilz)) (At — A's — &)}

where v* is the limit of vi,. The sequence {v:} converges to a linearly mdependent

set of vectors as n — oo. %(I,q,n)(x) is the space spanned by {vl, v2, - ol }.

Thus X(I,q,n)(z) — X(I, q)(xz) as n — oo.

Writing the matrix B = CnC’;&k, a vector in the space X(I,q,n)(z) has the
form C, 'e; which we can split into an orthogonal projection in X(I,q,n + 1)(z)
and its orthogonal complement in X(I,¢,n + 1)(x)*. By lemma 7, C,le; =
Cily 22:1 bjej. Hence |C,41C, | = |b;| as e; is the standard basis. The inverse
of Cpy1C;l is C, 01 +1- Thus we have a similar decomposition of a vector in
X(I,q,n+1)(x), viz.

v=0v+C, 1zl> Ji1 Dix€is
where v/ € X(I,¢,n)(z) and C;' 3,5 | bie; € B(L,q,n)(x)". We set a; =
exp(A’ — ie), and note that |C,,C;} 1| = |bix|. It then follows that
[bie| < C exp —(375) wil))(AT = A'e —re),
since we have a cycle of length 7.
LEMMA 10. Ifv* € $(1,q)(z), then limsup + log || T (n,z)(v")|| < X ().

log [|®(n.2) (v )l _ 1 log 6 (®(n,x
gT = limy, o0 W

log H<I’(Tz7x))(vfb)|\ < Aia,

PROOF 10. Firstly, we can see that lim sup

A'. Ifi <'ig41, we have limsup

On the other hand, v* — vl = w+ C; 1>

log | ®(n,z) (w) | iq
> Q(x) SA

bixe;. For w € X(I,q,n)(x),

12>g41

lim sup . Hence

log H‘I)(nv .T)O;l EiZiq+1 bi*ei”
Z?:_ol wi(z)
log{C exp —(Q(x))(A* — A% —re) x §;(®(n,x))}
Qz)
=N+ A7+ re+ A=A+ re

lim sup

< lim sup

fori > g1,
The triangle inequality implies that
n—1
[®(n, @) ()| < @0, 2) (0]) | + [ @, 2) (" — vi) | < 2exp(Y wila))(A¥r + <),
=0

logl\‘l’(" @) ()l < Aa,

and thus lim sup ST (2)
i=0 WilT
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LEMMA 11. If the vector v® is not in X(I,q — 1)(z), for large n, the projection v"
belongs to $(I,q — 1,n)(x) with ||v”| > ¢ > 0. Then

lim inf IOgHT(” z) (0] > Al (z)

i=0 Wt(w)

PROOF 11. This proof is quite straightforward. We take a unit vector v* which is
not in X(I,q — 1)(z). There is a § € V such that v* +6 € X(I,q— 1)(x). Whenn
is large enough, the vector vi, has projection v¥ in %(I,q — 1 n)( ) and orthogonal
complement vi" € (I, q—1,n)(x)*. We take the difference |vi—v"| > & 5, obtaining

12 (n, 2) (")[| ~ || ®(n, z)vy,|

> [|@(n, il?)(vi =)
> fexp sz )(A'(z) )
Combining Lemmas 10 and 11, we can conclude that lim logll2(nn)WIll _ pig (2),

Yo wi(x)
for v; € B(I,q)(x)\X(I,qg—1)(x). Now we see that the eigenspace is C; te; — O~

and the eigenvalue is AF(z) = lim, o M

T2 so that the limit matrix

A(z) = limy_y 00 (P(n, 2)*®(n, x)) 27 exists.
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