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ABSTRACT

The next generation wireless communication systems aim to achieve high capacity

and low latency with high-mobility scenario as an important channel condition for various

new applications. With the significantly increased data rate and Doppler frequency shift,

the systems’ ability to cope with fast channel variations is of significant importance.

This thesis develops effective and efficient solutions to improve the performance of both

conventional and emerging modulations over fast fading channels.

The recently proposed orthogonal time frequency space (OTFS) modulation shows

outstanding performance over fast fading channels. However, existing research on OTFS

is mostly focused on its delay-Doppler domain structure. In this thesis, channel and

system models in different signal domains are firstly derived in both continuous and

discrete forms, providing the basis for exploiting the full potential of OTFS with low

complexity. Particularly, a circular stripe diagonal structure in the frequency-Doppler

domain channel matrix for arbitrary multipath delays and Doppler shifts is identified

through analyses and simulations, paving the way for low-complexity techniques to be

adopted to combat fast channel fading.

Exploiting the circular stripe diagonal nature of the frequency-Doppler channel

matrix, a low-complexity frequency-domain minimum mean-square-error (MMSE) equal-

isation for OTFS systems with long signal frames and fully resolvable Doppler spreads

is then formulated. It is also demonstrated that the proposed MMSE equalisation is

applicable to conventional modulations with short signal frames and partially resolvable

Doppler spreads.
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ABSTRACT

The diversity performance analyses for OTFS are further provided under both maxi-

mum likelihood and linear equalisations. Inspired by the frequency-domain precoding

structure, an adaptive transmission scheme with frequency-domain precoding matrix

composed of the eigenvectors of the channel matrix is proposed to improve the system

performance under MMSE equalisation, and its optimised performance is derived with

simple analytical expressions. Considering two extreme channel conditions, the lower

and upper bounds for the diversity performance of the adaptive transmission scheme are

also derived. The derived performance bounds can serve as performance benchmarks for

OTFS and other precoded OFDM systems.

Based on the re-formulation of OTFS as precoded-OFDM, three variants of the

original OTFS system for low-complexity channel estimation over fast fading channels

are finally proposed in this thesis. They enable one-dimensional channel estimation and

corresponding equalisation to be applied in either frequency or time domain. Simulation

results demonstrate that the proposed frequency-domain pilot aided OTFS scheme is

the most effective transmission technique for high-mobility wireless communications in

terms of diversity performance, signalling overhead, and power efficiency.
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1
INTRODUCTION

1.1 Background

1.1.1 Use Cases for Next Generation Network

From the first generation (1G) to the fourth generation (4G) mobile networks, differ-

ent modulation technologies are adopted to support communications and applications

with the data transfer speed increased from 2.4 Kbps to 100 Mbps [1–3]. Nowadays, the

fifth generation (5G) systems have become reality and sixth generation (6G) concepts

have been proposed to meet the demand for better quality, stability, higher data rate

and low latency [4–8]. A future communication system is described as the one which

can access and share data everywhere for everyone and everything at any time [9]. Ac-

cording to the 3rd Generation Partnership Project (3GPP), ultra-reliable and low latency

communication (uRLLC), massive machine type communication (mMTC), enhanced

mobile broadband (eMBB) are the major use cases in 5G [1, 10, 11] with eMBB mainly

targeting the enhanced data rate and capacity in mobile networks, especially in moving

vehicles and high-speed trains. eMBB applications include augmented reality (AR) and

virtual reality (VR) for continuous and stable high-definition (HD) video streaming in

1



CHAPTER 1. INTRODUCTION

education, game, and even industry sectors [12]. They also include real-time information

exchange in autonomous driving [13]. For example, the total operating mileage of the

high speed railway (HSR) has already reached 29700 kilometres by 2015, but the widely

used communication technology under HSR scenarios, such as GSM-R, can only support

a low rate in order of kbps [14, 15]. Novel techniques is required to achieve a better

balance between data rate and performance in high mobility. The uRLLC focuses on

stability and low latency, which are significant for applications such as intelligent trans-

portation, vehicle-to-vehicle (V2V) communication, remote manufacturing, and surgery.

For a future V2V system, the millimetre-wave (mmWave) band is employed to ensure

the data rate and network capacity [16]. The Doppler effect and high penetration loss at

higher frequencies are extraordinary challenges in such high-mobility channels [17–19].

The mMTC is proposed for the evolution from human to human (H2H) communication

to machine to machine (M2M) communication [1]. Higher connection density and wider

coverage will be outstanding features in mMTC [20, 21]. It is seen that all of the above

three use cases involve a critical scenario, high mobility channel. However, the ability to

cope with the Doppler effect in high mobility channels is exactly the weakness of existing

techniques.

1.1.2 Challenges for Practical Applications

With the development of radio detection and sensor technologies, one of the most

popular application scenarios for 5G is the autonomous driving system (ADS) [22]. ADS

can significantly alleviate traffic congestion through collision avoidance, route plan and

driver assistance [23]. IEEE 802.11p has formally specified the spectrum and physical

layer used in the vehicular environment, as well as significant changes from traditional

channels in terms of symbol duration, bandwidth and Doppler shifts [24, 25]. Despite

moving transmitters and receivers, there are more moving obstacles in V2V channels,

making the channel estimation and signal recovery much more complex than those
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in traditional channels. Besides the difference in channels, the data amount is also

increasing. Currently, the number of sensors in an ADS vehicle is around 100, and this

number could double in the near future [26]. To avoid the collision, a huge amount of

collected data from sensors is exchanged rapidly among vehicles, demanding a data rate

for ADS in the order of gigabit per second (Gbps) [27]. However, most of the current

adopted standards, such as IEEE 802.11p/DSRC and ITS-G5/DSRC, can only support a

maximum realistic data rate at about 6 Mbps [17, 27–29]. As such, the data rate and

bandwidth of current common 4G wireless system have limited the development of ADS.

Meanwhile, a real-time and stable network covering wider ranges is also an emerging

challenge for existing systems.

Challenges mentioned in ADS also appear in other applications. Due to the limited

coverage of fibre and base stations, more than 70% of the region on the planet is not

covered by terrestrial networks, making it difficult to realise applications in 5G use

cases [30]. In order to develop a massive-connected, high-speed, and low-latency network,

integrated space and terrestrial networks (ISTNs) are proposed, providing wide coverage

for people, machines, and vehicles from the land to the air and from the urban to the

rural areas [31–33]. ISTNs will form a future communication ecology, involving space-

based satellite networks, air-based aircraft networks, and ground-based mobile networks

[34]. To achieve the purpose of connecting everything together, ISTNs are of significant

importance. However, the Doppler frequency shift is an inevitable problem in ISTNs,

as network topologies among satellites, aircrafts, and vehicles are time-varying due to

changes of relative speeds and angles of communication platforms, which introduce large

carrier frequency offset (CFO) to a receiver and form fast fading channels [35]. Previously

introduced ADS can serve as a part of ISTNs, in which channel conditions experience fast

fading. Therefore, the ability to cope with fast channel variation is critically important

for ISTNs and other future communication systems.

3



CHAPTER 1. INTRODUCTION

1.1.3 Affection of Fast Fading Channels

With the ever increasing demands for data rate in next generation systems, the

communication spectrum is shifting to higher frequency bands such as the mmWave

band and the Doppler effect shows even greater disruption to the signal, especially

for the most popular technique, orthogonal frequency division multiplexing (OFDM).

The Doppler effect can destroy the special orthogonal carrier design of OFDM and

cause inter-carrier interference (ICI) [36]. Meanwhile, OFDM also suffers from the

high peak-to-average power ratio (PAPR) problem [37]. Some novel approaches such

as the recently proposed orthogonal time frequency space (OTFS) modulation shows

outstanding performance over fast fading channels, but its high-complexity equalisation

and estimation techniques make it difficult to be applied in practice [38]. Therefore, it

is of high urgency to develop low-complexity equalisation and estimation techniques

for both existing and emerging modulations with improved resistance to fast fading

channels.

1.2 Challenges for Fast Fading Channels

To achieve low-complexity estimation and equalisation over fast fading channels,

there are some challenges that should be overcome due to the channel’s time-varying

characteristics.

• Challenge 1: Doppler Frequency Shifts in Multipaths

In the conventional transmission systems and channel models, the carrier fre-

quency is much lower than that in 5G and beyond 5G systems, and the motion of

obstacles in multipaths are relatively slow. With a relatively short signal frame

length, the channel during a frame can be regarded as static [39–41]. In this case,

the Doppler frequency shift is mainly caused by the relative motion between the
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transmitter and receiver. Simple channel estimation and equalisation techniques

such as one-tap equalisers in OFDM-type systems can be applied to recover trans-

mitted signals [42, 43]. However, in 5G cases, the frequency offset is more notable

because of the changes in system parameters and Doppler frequency shifts caused

by the motions of obstacles in propagation are greatly increasing [44]. As such,

channel gains, time delays, and Doppler frequency shifts are all different in differ-

ent paths, making it difficult to calculate and extract channel state information

(CSI). It means that, besides the traditional delay dimension, the Doppler shift

introduces another dimension to be solved, which greatly increases the complexity

of signal detection. How to extract the complete CSI and recover the signal accu-

rately is an inevitable challenge for all the communication systems over fast fading

channels.

• Challenge 2: Power Efficiency

Over the past decades, OFDM has played an important role in the communication

systems for its advantages in the capacity of simple frequency-domain equalisation,

whereas it is also well-known for the high peak to average power ratio (PAPR).

Signals with large PAPR will seriously reduce the energy efficiency as the power

amplifiers (PAs) have to be operated with larger power back-off [45, 46]. Meanwhile,

high PAPR also raises a requirement for high-resolution data converters, such

as analog-to-digital converter (ADC) and digital-to-analog converter (DAC) [37].

Since OFDM has been employed in the 5G systems for backward compatibility, it

is necessary to solve the PAPR issue. To alleviate the in-band signal distortion and

out-of-band radiation caused by high PAPR, many alternative approaches have

been proposed, such as generalised frequency division multiplexing (GFDM), single

carrier modulation, and filter bank multicarrier (FBMC) [47–49]. For example, the

single carrier frequency domain equalisation (SC-FDE) utilises a single carrier
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instead of the multiple carriers used in OFDM, allowing PA with a smaller linear

range to be applied and reducing the peak power backoff [50, 51]. Benefited from

similar reduced-complexity advantage and performance to those of OFDM, SC-FDE

has been adopted for uplink multiple access schemes in the Long Term Evolution

(LTE) of 3GPP [52].

• Challenge 3: Diversity Performance

Existing work has demonstrated that the performance of OTFS is much better

than that of OFDM in high mobility scenarios [38, 53]. However, the study on

OTFS diversity performance and bit error rate (BER) bound is still very limited.

The capability that an OTFS system can fully achieve both frequency and time di-

versity offered by fast fading channels is yet to be proven. With reduced-complexity

equalisations, the realistic performance bounds of an OTFS system need also to

be available for system design and benchmarking. OTFS is commonly interpreted

as a two dimensional (2D) delay-Doppler domain modulation [53–55]. However,

with rectangular pulse shaping, it can be also considered as a precoded multicar-

rier modulation. As such, conventional one dimensional (1D) time or frequency

approach can be developed to facilitate fast fading channel estimation without

compromise on diversity performance.

• Challenge 4: System Complexity

With the data symbols in an OTFS system arranged in the delay-Doppler domain,

the delay dimension contains the same number of data symbols as those in a

comparable OFDM system and the Doppler dimension has to be large enough to

ensure sufficient resolution for Doppler spread [38]. This signal structure makes

the length of an OTFS transmission frame much longer than that of an OFDM

system, significantly increasing the complexity of equalisation and estimation as

well as processing delay. Moreover, most of the equalisation methods proposed
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for OTFS are based on iterative algorithms, such as message passing (MP) and

Markov chain Monte Carlo (MCMC) algorithm [53, 56]. Such equalisers are a

heavy burden to the system and hence difficult to be applied in practice. The long

frame length of OTFS also prevents some linear equalisations such as minimum

mean square error (MMSE) equalisation from being applied due to the large size

matrix inversion. Therefore, developing a low-complexity system which can achieve

improved performance over fast fading channels is of significant importance for

future high mobility wireless applications.

1.3 Thesis Organisation

This thesis is organised as follows.

Chapter 2 presents the channel and system models under high mobility scenarios. It

starts with the channel representations among different 2D domains over fast fading

channels, followed by the time and frequency domain system models in both continuous

and discrete forms, allowing one-dimensional time and frequency equalisation and

channel estimation techniques to be adopted in OTFS and other modulations. Especially,

the concise frequency-domain structure inspires low-complexity equalisation and channel

estimation methods in the following chapters. Finally, simulation results are provided to

demonstrate the properties of channel matrices in different domains.

Chapter 3 presents a low-complexity frequency-domain equalisation method for

OTFS and conventional modulations. It starts with the MMSE equalisation scheme for

long frame modulations with fully resolvable Doppler spread such as OTFS followed

by the scheme for short frame modulations with partially resolvable Doppler spread

such as OFDM and SC-FDE. The theoretical output SNR and BER analyses for MMSE

equalisation are then performed. Finally, simulation results are provided to demonstrate

the efficiency and effectiveness of MMSE equalisation over fast fading channels for
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various modulations.

Chapter 4 presents a study on the diversity performance of OTFS and proposes

an adaptive transmission over fast fading channels. It starts with the matrix form

representation of the OTFS system which is further reformulated as a precoded OFDM.

Then, the theoretical diversity performance analyses are conducted assuming maximum

likelihood equalisations. An adaptive transmission scheme is proposed to optimise the

system performance with the knowledge of CSI. The BER lower bound and upper

bound are also derived for the proposed adaptive transmission under two extreme

channel conditions, taking into consideration of significantly large numbers of multipaths

and Doppler frequency shifts. Finally, simulation results are provided to compare the

performance between the adaptive transmission and conventional OTFS.

Chapter 5 presents multiple one-dimensional channel estimation techniques for

low-overhead OTFS variants in both time and frequency domains. It starts with the

frequency-domain pilot-aided scheme followed by the time-domain pilot-aided and

training-sequence-aided schemes. The theoretical mean-square-error (MSE) analyses

are then performed for all these variants. Finally, simulation results are provided to

demonstrate the performance and overhead of the proposed channel estimation schemes

in practical channel models.

Chapter 6 summarises the main contributions of this thesis and discusses some

research directions for future work.
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2
ANALYSES ON CHANNEL AND SYSTEM MODELS

2.1 Introduction and Literature Review

The Doppler frequency shift (DFS) in channels can be addressed in two conditions

in practice. The first condition is when the channel multipaths are assumed to be fixed

and the relative motion only exists between the transmitter and receiver [57]. In this

condition, if the channel information is accurately obtained from estimation, the received

signal can be recovered by resampling, and then the system can be transformed into

a pseudo-static channel [58]. For a multipath wireless communication system, all the

paths share the same Doppler scaling factor in this channel [59, 60]. This treatment

improves the performance significantly for point-to-point single carrier systems [61]. In

another condition, the relative motion between transceivers is not the only source of time

variation. There are other moving vehicles or trains existing as obstructions [62, 63].

Therefore, the DFS in every path differs from each other, which needs more complex

channel estimation and equalisation strategy. With the increase in carrier frequency and

data rate, the DFS in the second condition will be more serious and common in wireless

systems.
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With the deployment of high-speed trains, autonomous vehicles, and unmanned

aerial vehicles (UAV), the high mobility scenario plays an important role in the 5G and

future generation wireless communication systems [64]. According to the field tests in

high mobility scenarios, the current existing 4G wireless communication system can only

support a maximum data rate on the order of 2-4 Mbps, which is much lower than the

requirements in 5G applications [65]. The most notable difference between high-mobility

and conventional communication systems is the fast time-varying fading caused by the

Doppler spread [66]. Since the speed variation at the receiver affects all CSI factors, the

non-stationary properties of the fast fading channel raise a great challenge for accurate

modelling of high mobility channels.

In this chapter, the channel model analysis over fast fading channels is first pre-

sented and then the continuous and discrete signal models between the transceivers

are obtained in both time and frequency domains. The relationships among the channel

representations in different domains are also disclosed in both continuous and discrete

forms with proofs. The analyses in this chapter are fundamental for low-complexity

equalisations and channel estimations in the following chapters. Finally, the simula-

tion presented verifies the characteristics of the fast fading channel based on practical

channel models.

2.2 Fast Fading Channel Representations

Regardless of specific modulation or demodulation process, various existing rep-

resentations of the fast fading channel are first revisited considering a single-input

single-output (SISO) system. The analyses are all performed on baseband signals. As-

suming that the continuous signal waveform transmitted over the channel is s(t), the

received signal can be modelled as

r (t)=
∫+∞

−∞

∫+∞

−∞
h (τ,ν) s (t−τ) ej2πνtdτdν+w (t) , (2.1)
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where h(τ,ν) is called the delay-Doppler spreading function, j = p−1 and w(t) is the

additive white Gaussian noise (AWGN). For a sparse P-path channel, h(τ,ν) is defined as

h(τ,ν)=
P∑

i=1
hiδ(τ−τi)δ(ν−νi), (2.2)

where hi, τi, and νi are the path gain, delay and Doppler shift of the i-th path, respec-

tively, and δ(·) denotes the Dirac delta function satisfying∫+∞

−∞
δ(x)dx = 1. (2.3)

In addition to the delay-Doppler representation, the fast fading channel can also be

expressed in different domains. Applying the inverse Fourier transform (IFT) to h(τ,ν)

with respect to the Doppler frequency ν, the delay-time representation is obtained as

ht(τ, t)=
∫+∞

−∞
h(τ,ν)ej2πνtdν. (2.4)

Similarly, applying Fourier transform (FT) to h(τ,ν) with respect to the delay τ, we

obtain the frequency-Doppler representation as

Hν( f ,ν)=
∫+∞

−∞
h(τ,ν)e−j2π f τdτ. (2.5)

Applying both IFT and FT to h(τ,ν) with respect to ν and τ respectively, the frequency-

time representation, also called time-frequency (TF) transfer function, is obtained as

H( f , t)=
∫+∞

−∞

∫+∞

−∞
h(τ,ν)ej2πνte−j2π f τdτdν. (2.6)

The relationship between ht(τ, t) and Hν( f ,ν) can be expressed as

Hν( f ,ν)=
∫+∞

−∞

∫+∞

−∞
ht(τ, t)e−j2π f τe−j2πνtdτdt. (2.7)

It is seen that Hν( f ,ν) is the 2D FT of ht(τ, t). Fig. 2.1 shows the relationships among

the various fast fading channel representations, which characterise the same fast fading

channel in different ways.
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Figure 2.1: Relationships among different continuous channel representations.

Note that the signal model adopted in most of existing studies on OTFS systems, e.g.,

[53, 67, 68] is presented in the time domain with the following form

r (t)=
∫+∞

−∞

∫+∞

−∞
h (τ,ν) s (t−τ) ej2πν(t−τ)dτdν+w (t)

=
∫+∞

−∞

∫+∞

−∞
h′ (τ,ν) s (t−τ) ej2πνtdτdν+w (t) , (2.8)

where h′(τ,ν)= h(τ,ν)e−j2πντ.

With this model, the relationships illustrated in Fig. 2.1 are no longer valid since the

phase term e−j2πντ is imposed on the delay-Doppler spreading function. As a result, the

previous studies on OTFS seldom consider frequency-domain analysis [54–56, 67–71].

2.3 Signal Models in Time and Frequency Domains

In this section, continuous and discrete signal models are derived in both time and

frequency domains respectively and the relationships among them are obtained. Note

that a cyclic prefix (CP) or zero-padded suffix with length longer than the maximum
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multipath delay is inserted in any OTFS frame. This converts the linear convolution

between the transmitted signal and the channel to a circular convolution.

2.3.1 Continuous Signal Models

With the delay-time domain and frequency-Doppler domain representations of the

fast fading channel, the continuous received signal models can be derived in time domain

and frequency domain respectively. Substituting (2.4) into (2.1) and letting τ′ = t−τ, it

can be obtained as

r(t)=
∫+∞

−∞
ht(t−τ′, t)s(τ′)dτ′+w(t), (2.9)

which is the time domain received signal model over the considered fast fading channel.

It is seen that the time domain received signal is a convolution of the time domain

transmitted signal with the time-varying impulse response ht(τ, t) in terms of delay τ.

On the other hand, representing the transmitted signal in the frequency domain as

S( f ) and substituting it into (2.1), it can be obtained as

r(t)=
∫+∞

−∞

∫+∞

−∞

∫+∞

−∞
h (τ,ν)S ( f ) ej2π f (t−τ)ej2πνtdτdνd f +w(t)

=
∫+∞

−∞

∫+∞

−∞
ht (τ, t)S ( f ) ej2π f (t−τ)dτd f +w(t)

=
∫+∞

−∞
H( f , t)S( f )ej2π f td f +w(t). (2.10)

Applying FT to r(t), the frequency domain received signal can be modelled as

R( f )=
∫+∞

−∞
r(t)e−j2π f tdt+W( f )

=
∫+∞

−∞

∫+∞

−∞
H( f ′, t)e−j2π( f− f ′)tdtS( f ′)d f ′+W( f )

=
∫+∞

−∞
Hν( f ′, f − f ′)S( f ′)d f ′+W( f ), (2.11)

where W( f ) is the AWGN in the frequency domain. The channel frequency response at

Doppler frequency ν, Hν( f ,ν), can also be interpreted as a frequency-dependent Doppler
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response. It is seen that the frequency domain received signal is a convolution of the

frequency domain transmitted signal with the frequency-dependent Doppler response in

terms of Doppler frequency ν.

The time-varying impulse response and frequency-dependent Doppler response of

the fast fading channel can be used to fully describe the input-output relationships of

the fast fading channel in time domain and frequency domains, respectively. To further

explore their connection in addition to (2.7), let ν= f ′− f and rewrite Eq. (2.7) as

Hν( f , f ′− f )=
∫+∞

−∞

∫+∞

−∞
ht(τ, t)e−j2π f τe−j2π( f ′− f )tdτdt

=
∫+∞

−∞

∫+∞

−∞
ht(τ, t)ej2π f (t−τ)e−j2π f ′tdτdt. (2.12)

Substituting t−τ with a new variable τ′, τ= t−τ′ and hence dτ=−dτ′ at any given t.

Then, Eq. (2.12) is further expressed as

Hν( f , f ′− f )=
∫+∞

−∞

∫+∞

−∞
ht(t−τ′, t)ej2π f τ′ e−j2π f ′tdτ′dt. (2.13)

Finally, interchanging the variables f and f ′, we have

Hν( f ′, f − f ′)=
∫+∞

−∞

∫+∞

−∞
ht(t−τ′, t)ej2π f ′τ′ e−j2π f tdτ′dt. (2.14)

It suggests that given the delay-time and frequency-Doppler representations of a fast

fading channel, ht(τ, t) and Hν( f ,ν), its time-varying impulse response can be expressed

as ht(t−τ′, t), where the delay is defined as τ= t−τ′ referenced at time τ′. Meanwhile,

its frequency-Doppler response can be expressed as Hν( f ′, f − f ′), where the Doppler

frequency is defined as ν= f − f ′ referenced at frequency f ′. Hν( f ′, f − f ′) is the IFT and

FT of ht(t−τ′, t) in terms of τ′ and t, respectively.

2.3.2 Discrete Signal Models

It is assumed that the discrete-time transmitted signal s[i] is a sequence of sampled

continuous time signal s(idr) where dr denotes the sampling period which is also termed
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as the delay resolution. Further assume that the maximum channel multipath delay

is dmax and the maximum Doppler frequency is fmax. Hence, the maximum number of

resolvable multipaths is Lmax = ddmax/dre, where d·e denotes the ceiling function that

obtains the rounded up number, provided that the channel has a minimum bandwidth

1/dr, and the maximum number of resolvable Doppler frequencies (positive or negative

side) is Kmax = d fmax/ fre, where fr is the Doppler resolution. Assuming that MN is the

total number of samples in a frame, fr equals to 1/(MNdr).

Under the above assumptions and according to Eq. (2.9), the discrete delay-time

representation of the fast fading channel can be obtained as

ht[i, j]= ht(idr, jdr)=
∫1/2dr

−1/2dr

H( f , jdr)ej2π f idr d f

= 1
dr

P∑
l=1

hl ej2πνl dr jsinc(i− τl

dr
), (2.15)

where sinc(x) = sin(πx)
πx is the normalised sinc function. In deriving (2.15), the sparse

P-path channel expressed in Eq. (2.2) is assumed and its TF transfer function can be

expressed as

H( f , t)=
P∑

i=1
hi e−j2π f τi ej2πνi t. (2.16)

The discrete received signal sequence, the transmitted signal sequence, and the noise

sequence can be denoted as vectors r= [r[0], r[1], ..., r[MN−1]]T , s= [s[0], s[1], ..., s[MN−
1]]T , and w= [w[0],w[1], ...,w[MN −1]]T respectively, where r[i], r(idr), s[i], s(idr),

and w[i], w(idr) for i = 0,1, ..., MN −1. With the use of CP, we have s[−i]= s[MN − i],

i = 1,2, ...,Lcp, where Lcp is the number of samples in a CP. Equivalently, assuming a

periodical extension of ht(τ, t) from (2.9), the discrete time domain received signal model

can be expressed as

r[i]= dr

MN−1∑
j=0

ht((i− j)dr, idr)s[ j]+w[i], (2.17)
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which is equivalent to a circular convolution of ht[i, j] with s[ j] with respect to the delay

index j multiplied by a scaling factor dr plus w[i].

From Eq. (2.17), the discrete time domain received signal model can be expressed in

the matrix form as

r=Hts+w, (2.18)

where Ht is the delay-time channel matrix and defined as

Ht = dr


ht[0,0] ht[MN −1,0] · · · ht[1,0]

ht[1,1] ht[0,1] · · · ht[2,1]
...

... . . . ...

ht[MN −1, MN −1] ht[MN −2, MN −1] · · · ht[0, MN −1]

 . (2.19)

With the use of CP, the above delay-time domain channel matrix is constructed

from a periodically extended ht(τ, t) as illustrated in Fig. 2.2, where the shaded squares

with different grey levels indicate different discrete values of ht[i, j]. It is seen that the

coordinate transformation τ= t−τ′ maps the parallelogram enclosed by the dashed lines

in τ-t coordinates onto a squared area in the t-τ′ coordinates. It is also interesting to see

that when the channel is time-invariant, Ht becomes a circulant matrix composed of the

channel’s impulse response.

Note that, different to conventional models, the delay-time domain channel matrix

Ht can be constructed for any multipath delay τi and Doppler shift νi through the

TF transfer function as shown in Eqs. (2.15) and (2.16). Referring to the conventional

discrete-time domain signal model used in most of the recent works [53, 56, 68], an

effective channel matrix can be constructed as a product of many permutation matri-

ces (representing the circular shifts of input signal samples) and phase-only diagonal

matrices (representing the Doppler shifts) [55]. Though the effective channel matrix

demonstrates some sparsity, it is channel-dependent and lacks the explicit time-varying

convolution nature. In addition, such effective channel matrix is only valid for on-grid

multipath delays and Doppler shifts.
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Figure 2.2: Construction of delay-time domain channel matrix.

On the other hand, the discrete frequency-Doppler representation of the fast fading

channel is linked to the TF transfer function as

Hν[i, j]= Hν(i fr, j fr)=
∫1/ fr

0
H(i fr, t)e−j2π j fr tdt

= 1
fr

P∑
l=1

hl e−j2πτl fr i e−jπ( j− νl
fr )sinc( j− νl

f r
), (2.20)

for −MN
2 ≤ i, j ≤ MN

2 −1.

Note that it has been assumed that the frequency representation Hν is band-limited.

It is known that the discrete spectrum repeats at the sampling frequency when a time-

domain continuous signal is sampled and discretised. Therefore, the discrete version of

Hν( f ,ν) becomes a periodic function in the discrete frequency domain with the period

of 1/dr. Accordingly, the discrete frequency-Doppler representation of the fast fading

channel is defined as one period of discretised Hν( f ,ν). In this way, Hν[i, j] can be

periodically extended as one period of Hν( f ,ν) with all positive indices i and j, which is

equivalent to circularly shifting the function values defined in (2.20) from [−MN
2 ,−1] to

[ MN
2 , MN −1].
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The discrete frequency domain received signal model can then be expressed as

R[i]= fr

MN−1∑
j=0

Hν(i fr, ( j− i) fr)S[ j]+W[i], (2.21)

which is equivalent to a generalised circular convolution of Hν[ j, i] with S[ j] with respect

to the Doppler index j multiplied by a scaling factor fr plus W[i].

With all positive indices, the discrete frequency domain received signal sequence,

the transmitted signal sequence, and the noise sequence can be denoted as vectors R=
[R[0],R[1], ..., R[MN−1]]T , S= [S[0],S[1], ...,S[MN−1]]T , and W= [W[0],W[1], ...,W[MN−
1]]T . It is easy to see that R, S and W are the discrete Fourier transform (DFT) of r, s

and w, respectively.

From (2.21), the discrete frequency domain received signal model can be expressed in

the matrix form as

R=HνS+W, (2.22)

where W denotes the frequency domain noise vector and Hν is the frequency-Doppler

channel matrix defined as

Hν = fr


Hν[0,0] Hν[1, MN −1] · · · Hν[MN −1,1]

Hν[0,1] Hν[1,0] · · · Hν[MN −1,2]
...

... . . . ...

Hν[0, MN −1] Hν[1, MN −2] · · · Hν[MN −1,0]

 . (2.23)

The frequency-Doppler channel matrix Hν can also be regarded as being constructed

from a periodically extended Hν( f ,ν) as illustrated in Fig. 2.3, where the shaded squares

with different gray levels indicate different discrete values of Hν[i, j]. It is also seen that

the coordinate transformation ν= f − f ′ maps the parallelogram enclosed by the dashed

lines in ν- f ′ coordinates onto a squared area in f - f ′ coordinates.

To better understand the constructions of the above two channel matrices, a simple

channel delay-Doppler spreading function h(τ,ν), its associated channel delay-time

representation ht(τ, t) and frequency-Doppler representation Hν( f ,ν) are shown in Fig.

18



2.3. SIGNAL MODELS IN TIME AND FREQUENCY DOMAINS

Figure 2.3: Construction of frequency-Doppler domain channel matrix.

2.4 in discrete form. Their respective delay-time domain and frequency-Doppler domain

channel matrices are also illustrated in Fig. 2.4 according to the processes shown in Figs.

2.2 and 2.3 respectively.

Remark 1. Similar discrete-frequency signal models demonstrating the circular

stripe diagonal property in their channel matrices can be found in the literature [72]

for OFDM systems. However, such signal models do not consider the resolvability of the

channel Doppler spread, and are also only valid for on-grid multipath delays and Doppler

shifts. Due to the relatively short frame length of the OFDM symbols, the actual Doppler

shifts incurred in the fast fading channel may not be fully resolvable. On the contrary,

the proposed frequency-Doppler domain channel matrix Hν can be constructed for any

multipath delay τi and Doppler shift νi through the TF transfer function as shown in

Eqs. (2.20) and (2.16).
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Figure 2.4: An example demonstrating the process of forming the delay-time domain and
frequency-Doppler domain channel matrices.

To explore the relationship between discrete time and frequency signal models, let’s

start from discretising the channel representations expressed in Eq. (2.7). From the above

analysis, the discrete frequency domain response Hν(i fr, j fr) is periodic with a period

of 1/dr due to the sampling and discretisation, though the continuous domain response

ht(τ, t) and Hν( f ,ν) are aperiodic and band-limited. Hence Hν( f ,ν) can be extended to a

periodic function with period 1/dr along both frequency and Doppler dimensions as

H̃ν( f ,ν)=
∞∑

j=−∞

∞∑
i=−∞

Hν( f + i/dr,ν+ j/dr)

=
∞∑

j=−∞

∞∑
i=−∞

∫+∞

−∞

∫+∞

−∞
ht(τ, t)e−j2π( f+i/dr)τe−j2π(ν+ j/dr)tdτdt

=
∫+∞

−∞

∫+∞

−∞
(

∞∑
j=−∞

∞∑
i=−∞

e−j2πiτ/dr e−j2π jt/dr )ht(τ, t)e−j2π f τe−j2πνtdτdt

=
∫+∞

−∞

∫+∞

−∞
(d2

r

∞∑
m=−∞

∞∑
n=−∞

δ(τ−mdr)δ(t−ndr)ht(τ, t)e−j2π f τe−j2πνtdτdt

= d2
r

∞∑
m=−∞

∞∑
n=−∞

ht(mdr,ndr)e−j2π f mdr e−j2πνndr , (2.24)

which is the 2D Fourier transform of the discretised hν(τ, t) with sampling period dr.
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When deriving (2.24), the equality
∑∞

n=−∞ e− j2π f Tn = 1
T

∑∞
k=−∞δ( f − k/T) and (2.3) are

applied. Further discretising H̃ν( f ,ν) in one period with Doppler resolution fr, which is

equivalent to Hν(kfr, l fr), we have

H̃ν(kfr, l fr)= d2
r

∞∑
m=−∞

∞∑
n=−∞

ht(mdr,ndr)e−j2πkfrmdr e−j2πl frndr

= d2
r

MN−1∑
m=0

MN−1∑
n=0

h̃t(mdr,ndr)e−
j2πkm

MN e−
j2πln
MN , (2.25)

where e− j2π frdrkm and e− j2π frdr ln are periodic about m and n, respectively, with the

same period 1/( frdr)= MN, h̃t(τ, t)=∑∞
i=−∞

∑∞
j=−∞ ht(τ+ i/ fr, t+ j/ fr) is the periodically

extended ht(τ, t) with period 1/ fr in both delay and time dimensions. It is seen that one

period of H̃v(kfr, l fr) is the 2D discrete Fourier transform of one period of h̃t(mdr,ndr)

which is equivalent to ht[m,n] multiplied by a scaling factor d2
r .

Then, let l fr = (k′−k) fr and Eq. (2.25) can be expressed as

H̃ν(kfr, (k′−k) fr)= d2
r

MN−1∑
m=0

MN−1∑
n=0

h̃t(mdr,ndr)e−
j2πkm

MN e−
j2π(k′−k)n

MN

= d2
r

MN−1∑
m=0

MN−1∑
n=0

h̃t(mdr,ndr)e
j2πk(n−m)

MN e−
j2πk′n

MN . (2.26)

Substituting n−m with a new variable m′, we have m = n−m′. Multiplying fr to

both sides of Eq. (2.26), we have

frH̃ν(kfr, (k′−k) fr)= frd2
r

MN−1∑
m′=1−MN

MN−1∑
n=0

h̃t((n−m′)dr,ndr)e
j2πkm′

MN e−
j2πk′n

MN

= 1
MN

MN−1∑
m′=0

MN−1∑
n=0

dr h̃t((n−m′)dr,ndr)e
j2πkm′

MN e−
j2πk′n

MN , (2.27)

where 1/MN = frdr is the normalisation factor of the 2D discrete Fourier transform.

Expressing Eq. (2.27) in a matrix form, the relationship between the frequency-

Doppler channel matrix Hν and the delay-time channel matrix Ht can be found as

Hν =FMNHtFH
MN , (2.28)
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where (·)H denotes the conjugate and transpose of a matrix, FMN denotes the length MN

DFT matrix, and FH
MN denotes the inverse DFT (IDFT) matrix. FMNFH

MN =FH
MNFMN =

IMN , where IMN is the identity matrix of order MN.

Eq. (2.28) reveals a generalised relationship between time domain and frequency

domain channel models which is the discrete version of (2.14). For the conventional

time-invariant channel, Ht is a circulant matrix composed of the channel’s impulse

response, and Hν is a diagonal matrix composed of Ht’s eigenvalues which represent the

channel’s frequency response. However, for time-varying channels, Hν is not a diagonal

matrix any more but a stripe diagonal matrix with the stripe width 2Kmax +1 as shown

in Fig. 2.3.

Finally, denoting the discrete versions of h(τ,ν) and H( f , t) over a signal frame of

length MN as MN-by-MN matrices h and H respectively, drht[i, j] as ht, and frHν[i, j]

as hν, the relationships among the different channel representations in matrix form are

summarised in Fig. 2.5. Note that the scaling factors after applying the DFT and IDFT

matrices are different from those defined in DFT and IDFT.

2.4 Simulation Results

In this thesis, the European Telecommunications Standards Institute (ETSI) tapped

delay line (TDL) models, which are valid for frequency range from 0.5 GHz to 100 GHz

with a maximum bandwidth of 2 GHz, are adopted as the multipath channel models [73].

TDL channel models define the time delay over line-of-sight (LOS) and non-line-of-sight

(NLOS) channels in different scenarios. The simulation parameters are listed in Table 2.1.

Note that each TDL channel model defines several application scenarios with different

time delay spreads. However, as has been reported in [74], very similar performance is

achieved in different scenarios. As such, only the urban macrocell (UMa) channels are

taken as examples in the following up simulations. Throughout this thesis, both LOS and
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Figure 2.5: Relationships among channel matrices in different domains.

NLOS channels are simulated with TDL-D and TDL-A models respectively. Accordingly,

the maximum multipath delays dmax are 4.55 µs and 3.51 µs for LOS and NLOS channels

respectively. The channel power delay profiles for TDL-A and TDL-D channel model are

shown in Fig. 2.6. The Doppler frequency shifts are added to all paths, which vary in

every channel realisation and obey uniform distribution over [−Kmax,Kmax].

Fig. 2.7 plots one realisation of the frequency-time representation of the fast fading

TDL-D LOS channel, and the channel variation with time is clearly shown in the figure.

Fig. 2.8 shows the frequency-Doppler channel matrix Hν derived from H( f , t) with full

Doppler resolution. It is seen that the non-zero elements appear in a narrow stripe along

the diagonal lines and other elements are all zeros, allowing low-complexity algorithms

to be developed in the following chapter. According to the parameters shown in Table 2.1,

the width of the stripe is 2Kmax +1= 7, and is very small compared with the 8192×8192

matrix size. The circular stripe diagonal nature of Hν allows for more efficient matrix

inversion operation.
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Table 2.1: Simulation Parameters

Carrier

Frequency

( fc)

No. of

Subcarriers

(M)

No. of

OFDM/SC-FDE

Symbols (N)

Subcarrier

Spacing

( f∆)

6 GHz 256 32 30 KHz

Bandwidth

(W = M f∆)

Duration of

OFDM/SC-FDE

Symbol

(T = M/W)

Delay

Resolution

(dr = 1/W)

Doppler

Resolution

( fr = 1/NT)

7.68 MHz 33.33 µs 130.21 ns 937.5 Hz

Maximum

Speed

(vmax)

Maximum

Doppler Frequency

( fmax = fc
vmax

vc
,

vc = 3×108 m/s)

No. of

Doppler Shifts

(Positive or Negative)

(Kmax =
⌈

fmax
fr

⌉
)

No. of

Multipaths

(Lmax =
⌈

dmax
dr

⌉
)

500 Km/h 2777.8 Hz ≥ 3 ≥ 35(LOS), 27(NLOS)

2.5 Conclusions

In this chapter, continuous and discrete channel representations in different domains

and their relationships have been derived and proved through simulation, offering some

alternative ways in addition to the conventional delay-Doppler approach for character-

ising the fast fading channels. Especially, the concise structure of frequency domain

channel matrix will be very useful to develop low-complexity equalisation and estimation

techniques in the frequency domain. The signal models proposed in this chapter will be

very useful to overcome the challenge of complex channel conditions caused by Doppler

frequency shifts in multipaths, paving the way for low-complexity equalisations to be

developed.
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Figure 2.6: Power delay profiles of TDL-A (a) and TDL-D (b) channel models.

Figure 2.7: Frequency-time domain representation of fast fading channels.
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Figure 2.8: Frequency-Doppler domain channel matrix over fast fading channels.
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3
LOW-COMPLEXITY EQUALISATION TECHNIQUES OVER

FAST FADING CHANNELS

3.1 Introduction and Literature Review

3.1.1 Conventional Modulation over Fast Fading Channels

Conventional multicarrier transmission schemes, such as OFDM, are prone to ICI

caused by the Doppler effect in fast fading channels [75]. Short frames of transmitted

signals are usually used such that the channel fading can be assumed constant within a

frame and the variation of the channel with time can be tracked from frame to frame. As

such, the time-varying channel is treated as slow fading when the channel coherence

time is large relative to the frame length. However, the channel variation cannot be

treated as constant in fast fading channels where the channel coherence time is much

smaller than the frame length [76]. Therefore, ICI mitigation techniques are necessary,

and previous work for conventional schemes can be classified into two categories. The

first category focuses on OFDM transmitter design, such as the ICI self cancellation

techniques [77, 78]. The other category is ICI cancellation at the receiver, including the
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efforts on channel estimation and equalisation. Kalman filter [79, 80], Bayesian methods

[81–83] and maximum-likelihood (ML) detection [84] have been adopted for channel

tracking and estimation. Besides, optimised equalisations are also proposed using soft-

Kalman filter [85] and MMSE methods [71]. However, when the Doppler frequency

shift is significant and channel coherent time becomes much smaller than the signal

frame length, disadvantage on time diversity limits the performance of conventional

modulations in such fast fading channels.

3.1.2 OTFS over Fast Fading Channels

The recently proposed OTFS modulation shows outstanding performance in fast

fading channels [38] [86], with advantages of both high spectral efficiency and relatively

low PAPR [69]. OTFS is formulated in a 2D data plane and its signals are represented in

both delay-Doppler domain and frequency-time domain [87]. Using a long signal frame,

this modulation technique can overcome the difficulty in equalising signals with multiple

Doppler frequency shifts and multipath fading, and hence can exploit the diversity in

both time and frequency domains. OTFS offers a new approach for next generation

wireless systems to deal with the fast fading channels. Existing works on OTFS have

been devoted to various aspects such as system structures, diversity analysis, estimation,

and equalisation algorithms [54–56, 67–71]. However, most of them are based on delay-

Doppler domain analysis and demonstrate high computational complexity, which makes

them difficult to be applied in practice [67]. Despite these drawbacks, OTFS modulation

still offers great entry point to solve fast fading problems.

3.1.3 Existing Equalisation Techniques of OTFS

A brief review of the existing research on OTFS is provided as follows. Firstly, as

the structures of OTFS and OFDM are highly related, some research interests are

placed in connecting them to form new transmission schemes. In [88], the Symplectic
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Finite Fourier Transform (SFFT) and inverse SFFT (ISFFT) processes are combined

with OFDM modulation/demodulation to significantly reduce the computing complexity

compared with that of the original OTFS. In [89], this OFDM-based OTFS is analysed in a

multiple-input multiple-output (MIMO) system. Unfortunately, this method has not been

proved either via simulation or in practical system. Hence, further research is needed

to prove its performance over fast fading channels. Secondly, diversity performance

is analysed in [68, 70, 90] assuming that ML equalisation is adopted in the system.

However, all these works are based on simple channels with no more than four multipaths.

Meanwhile, the study on low-complexity or more practical linear equalisers for OTFS

is still very limited, not to mention further analytical performance characterisation for

these equalisers. Thirdly, embedded pilot-aided channel estimation is proposed for OTFS

in [91]. In particular, a 3D-structured orthogonal matching pursuit algorithm based

channel estimation technique is proposed to solve the challenge of a large number of

base station antennas [92, 93]. Finally, more work has been focused on developing more

efficient equalisation techniques to fully exploit channel diversity, such as MCMC in

[94] and linear MMSE in [67, 95]. Note that an equalisation based on MP algorithm

is proposed in [53, 54], and shows outstanding performance among these equalisers. A

simple sparse input-output model is proposed in [55] based on MP, and a more general

form derived from OTFS is given in [69], which is called asymmetric OFDM. It is observed

that OTFS shows the same performance as OFDM in static channels, but has the

capability of adapting to fast fading channels. However, the above mentioned equalisation

techniques have some drawbacks. For example, authors in [53] apply iterative algorithms

to recover the signal, which greatly increases the computational complexity. The classical

MMSE equalisation also introduces high complexity to the OTFS system since the

equalisation requires matrix inversion which is prohibitively complicated due to the

large size of the channel matrix.
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3.1.4 Chapter Structure

In this chapter, a low-complexity frequency domain MMSE equalisation algorithm for

OTFS is proposed to combat fast fading channels based on the circular stripe diagonal

nature of the frequency-Doppler channel matrix. The discrete received signal models

for conventional systems are then derived where the Doppler spread incurred in the

fast fading channel is only partially resolvable. Using the new discrete signal models,

it is shown that MMSE equalisation can also be applied in systems with conventional

modulations, such as OFDM and SC-FDE, to improve their performance over fast fading

channels. Finally, the theoretical performance of MMSE equalisation is analysed, which

establishes the relationships among the output SNR, the fast fading channel, and the

signal modulation through eigenvalue decomposition of the channel matrix. Simulation

results using OTFS, OFDM, and SC-FDE modulations under both LOS and NLOS fast

fading channels are provided to validate the theoretical analysis and demonstrate the

performance of the proposed MMSE equalisation.

3.2 Low-Complexity MMSE Equalisation

3.2.1 MMSE Equalisation with Fully Resolvable Doppler
Spread

Given the multipath and Doppler frequency resolutions dr and fr, the transmission

system requires a minimum bandwidth of 1/dr and the transmitted signal requires a

minimum length of 1/ fr. Under these conditions, the received signal can be modelled

in the discrete time and frequency domains as shown in (2.18) and (2.22) respectively.

Further assume that the channel matrices are known. The transmitted signal in either

the time or frequency domain can be recovered under the MMSE criterion. In the discrete

time domain, an estimate of the transmitted signal after MMSE equalisation can be
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expressed as

ŝ=Gtr, (3.1)

where Gt can be derived, following a well established process, as

Gt =HH
t (HtHH

t + 1
γin

IMN)−1, (3.2)

and the term γin denotes the input signal-to-noise ratio (SNR) at the receiver [96].

In the discrete frequency domain, according to [96], an estimate of the transmitted

signal after MMSE equalisation can be expressed as

Ŝ=GνR, (3.3)

where Gν is similarly derived as

Gν =HH
ν (HνHH

ν + 1
γin

IMN)−1. (3.4)

The mean square error after MMSE equalisation can be expressed as tr(IMN−Gtht)=
tr(IMN)− tr(Gtht) in the time domain or tr(IMN −GνHν) = tr(IMN)− tr(GνHν) in the

frequency domain, as tr(GνHν)= tr(GtHt) according to (2.28). This means that the time

domain and frequency domain MMSE equalisers produce the same mean square error

under the same channel condition.

Note that, due to the different constructions of the delay-time channel matrix and

the frequency-Doppler channel matrix, the computational complexity involved in the

calculation of the equalisation matrix is different. According to the ETSI channel model

adopted in Chapter 2, the number of resolvable Doppler frequencies is much smaller

than that of resolvable multipath taps/delays in the time domain . Therefore, performing

MMSE equalisation in the frequency domain has a significant advantage in terms of

receiver complexity. This is similar to the case that conventional frequency domain

one-tap equalisation is less complicated than the time domain linear equalisation over a
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time-invariant channel. In general, the following remark can be obtained regarding the

MMSE equalisation complexity.

Remark 2. The computational complexity of the frequency domain MMSE equal-

isation is O((1+4Kmax)2MN) in terms of the number of complex multiplications and

divisions, where MN is the length of the signal frame and Kmax is the number of positive

(or negative) Doppler frequencies. The inversion of a circular stripe diagonal matrix is

well-understood and the detailed proofs for the computational complexity of such channel

matrix are shown in Appendix A [97].

Note that if conventional MMSE equalisation is used without exploring the structure

of the frequency-Doppler domain channel matrix, the computational complexity will

be O((MN)3). An example is provided here to demonstrate the advantage of frequency-

domain MMSE equalisation. In a practical scenario as defined in the ETSI 5G channel

models (for more details see Table 2.1 in Chapter 2), we have M = 256, N = 32, Lmax =
35 (LOS) and Kmax = 3. With frequency domain MMSE equalisation, the number of

complex multiplications/divisions is in the order of 1.4×106, whereas with time domain

MMSE equalisation it is 5.5×1011. Also note that Kmax may be larger than Lmax in

some channel conditions. Alternative time-domain equalisation techniques such as [67]

and [98] can be applied to achieve a lower complexity in this case. Since the same

MMSE algorithm is adopted, the performance is similar among the proposed scheme and

other time-domain schemes. However, the computation complexities are different. The

complex multiplications in [67] is O(L2
max+Lmax)MN, and hence the complexity is highly

dependent of the delay spread Lmax. Comparatively, the complexity of the proposed

scheme mainly depends on the Doppler spread which is generally much smaller than

the delay spread, in terms of their respective quantised values. For example, with the

channel model shown in Table 2.1, the complexity of [67] would be in the order of 107,

which is still higher than that of the proposed frequency-domain scheme.
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Figure 3.1: Comparison between long and short signal frames.

3.2.2 MMSE Equalisation with Partially Resolvable Doppler
Spread

If the signal frame is shorter than 1/ fr, the received signal will not be able to resolve

all the Doppler frequencies. This is the case for many existing systems. Without loss of

generality, it is assumed that the short signal frame has M samples with length T = Mdr

whereas the long signal frame has MN samples with length NT. It is also assumed that

the CPs have the same length Tcp = Lcpdr for both the long and short signal frames.

Fig. 3.1 provides a comparison between long and short signal frames. Given the Doppler

resolution fr, one period of the frequency-time domain representation of the fast fading

channel is also illustrated to show the channel variation. It is seen that the short signal

frame only experiences a part rather than a full period of the channel variation.
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Suppose that the first short signal frame is aligned with the long signal frame. After

passing through the same fast fading channel, the n-th received short-frame signal,

n = 0,1, ...N −1, can be expressed in the time domain as

r(n) =H(n)
t s(n) +w(n), (3.5)

where s(n) and w(n) are the n-th transmitted signal vector and noise vector respectively,

and H(n)
t is the M ×M delay-time channel matrix which can be constructed similar to

Eq. (2.19) and is shown in Fig. 2.2 except that the size of the matrix is M×M and the

delay-time channel representation for the n-th short signal frame is now h(n)
t (τ, t) =

ht(τ, t+n(T +Tcp)) for 0≤ t < T. In the frequency domain, the n-th short-frame received

signal can be expressed as

R(n) =H(n)
ν S(n) +W(n), (3.6)

where S(n) and W(n) are the n-th frequency domain transmitted signal vector and noise

vector respectively, and H(n)
ν is the M×M frequency-Doppler channel matrix which can

be constructed similar to Eq. (2.23), with reference to Fig. 2.3. However, the discrete

frequency-Doppler channel representation for the n-th short signal frame should now be

calculated as

H(n)
ν [i, j]=

Kmax∑
j′=−Kmax

e
j2π(M+Lcp)n j′

MN Hν[iN, j′]φ(
2π

MN
( jN − j′)), (3.7)

where 0≤ i, j ≤ M−1 and φ(w) is the Fourier transform of a discrete rectangular window

function defined as

φ(ω)= sin(ωM/2)
M sin(ω/2)

e−jω(M−1)/2. (3.8)

The calculation expressed in Eq. (3.7) can be explained as follows. In order to calculate

the discrete frequency-Doppler representation of the fast fading channel during the n-th

short signal frame, its frequency-time representation which is a time shifted version of
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H( f , t) advanced by n(T+Tcp) is needed, i.e., H(n)( f , t)= H( f , t+n(T+Tcp)) for 0≤ t < T,

and then weighted by a rectangular window function of width T. The windowing becomes

a convolution in the frequency-Doppler representation. Eq. (3.7) is the discrete version

of such convolution. The result is finally down-sampled by N times as the frequency and

Doppler resolution is reduced by N times.

Similar to Eq. (2.28), we have H(n)
ν = FMH(n)

t FH
M , where FM and FH

M are the DFT

and IDFT matrices, respectively, satisfying FMFH
M =FH

MFM = IM and IM is the identity

matrix of order M.

Given the discrete signal models in both the time and frequency domains shown

in (3.5) and (3.6), the MMSE equalisation methods for the short signal frames can be

derived accordingly similar to (3.2) and (3.4), and the same equalisation performance

can be achieved in either time or frequency domain. Due to the reduced frame length,

the equalisation complexity is also reduced.

Remark 3. Though the signal model expressed in (3.6) is similar to those found

in the literature, e.g., [72] and those mentioned in Remark 2, the frequency-Doppler

channel matrix H(n)
ν has different meanings, i.e., each line in the diagonal stripe of the

matrix does not represent a resolvable Doppler frequency, but the convolution of the

frequency-Doppler transfer function with the Fourier transform of a windowing function

which reflects the shorter signal frame length. In addition, considering a full period of

channel time variation given the Doppler resolution, the location of the short signal

frame also has an impact on H(n)
ν , which is reflected by the phase factor in (3.7).

3.3 Equalisation Performance Analysis

3.3.1 Input-Output Relationships

Three modulation schemes, OTFS, OFDM and SC-FDE, are considered here. Regard-

ing Doppler resolution, OTFS can fully resolve all the Doppler frequencies due to its long
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signal frame, whereas OFDM and SC-FDE can only resolve part of them due to shorter

signal frames.

Assume that the total number of data symbols to be transmitted is MN, and the

data has been modulated with quadrature amplitude modulation (QAM), denoted by x[i],

i = 0,1, ..., MN−1. In the matrix form, the data symbol set can be expressed as an M×N

matrix X= [x0,x1, ...,xN−1] where

xn = (x[nM], x[nM+1], ..., x[nM+M−1])T ,n = 0,1, ..., N −1, (3.9)

is a column vector and (·)T denotes the transpose of a matrix.

After the ISFFT, Heisenberg transform and pulse shaping, CP is prepended to the

signal frame. The modulated OTFS signal is then transmitted over a fast fading channel

and a time-domain sequence r[i], i = 0,1, ...MN −1, is received. According to [55] and the

channel model (2.22), the received signal can be expressed in the matrix form

R=HνFMN(FH
N ⊗IM)x+W, (3.10)

where FH
N denotes the N-point IFFT matrix, ⊗ denotes Kronecker product, x= vec(X) is

the vectorised form of matrix X and W is the noise vector. The received data symbols

after MMSE equalisation can be expressed as

y= (FN ⊗IM)FH
MNGνHνFMN(FH

N ⊗IM)x+ (FN ⊗IM)FH
MNGνW. (3.11)

Similarly, letting x(n) denote the n-th transmitted OFDM or SC-FDE data symbol vector,

the n-th received OFDM data symbol vector after MMSE equalisation can be expressed

as

y(n) =G(n)
ν H(n)

ν x(n) +G(n)
ν W, (3.12)

where G(n)
ν denotes the frequency domain equalisation matrix for the n-th OFDM symbol.

Assuming SC-FDE has the same frame structure, the n-th received data symbol vector
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for SC-FDE can be expressed as

y(n) =FH
MG(n)

ν H(n)
ν FMx(n) +FH

MG(n)
ν W. (3.13)

Note that the received data symbol expressions for OTFS, OFDM and SC-FDE have

some similarity. Hence, a general representation can be written as

y=VHFHGνHνFVx+VHFHGνW, (3.14)

where V and VH denote the signal modulation and demodulation matrix respectively,

satisfying VVH =VHV= IMN or IM . For example, V is FH
N ⊗IM for OTFS, FH

M for OFDM,

and IM for SC-FDE. Note that for different modulations, the size of Gν, Hν, x and y

may be different. The size of both Gν and Hν is MN ×MN for OTFS with MN ×1 signal

vectors x and y, whereas the size of Gν and Hν are M×M for OFDM and SC-FDE with

M×1 signal vectors x and y.

3.3.2 Output SNR Analysis

In the following analysis, the general representation with frequency domain MMSE

equalisation in (3.14) is utilised to determine the output SNR after equalisation, assum-

ing the data matrix size is M×N. The output SNR will be the same if frequency domain

MMSE equalisation is used. The same analysis can also be applied to OFDM and SC-FDE

but with smaller channel matrix dimensions. For simplicity, A = VHFH
MNGνHνFMNV

and B=VHFH
MNGν are also defined. Assuming that the data symbols are independent of

each other with the average power σ2
x, i.e., E{xxH}=σ2

xIMN and the noise power is σ2
w,

i.e., E{WWH}=σ2
wIMN , where E{·} denotes ensemble expectation, the covariance matrix

of y can be derived as

E{yyH}=AE{xxH}AH+BE{WWH}BH

=Cσ2
x +Dσ2

w, (3.15)
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where C and D denote AAH and BBH respectively. To detect the (nM+m)-th data symbol

at the m-th row and the n-th column in X , the useful signal power after equalisation is

|A[nM+m,nM+m]|2σ2
x = q0[m,n], (3.16)

where A[i, j] denotes the element of A at the i-th row and the j-th column.

The average total power of the (nM+m)-th element in y can also be expressed from

(3.15) as

C[nM+m,nM+m]σ2
x +D[nM+m,nM+m]σ2

w = q1[m,n]. (3.17)

For simplicity, let am,n, cm,n and dm,n denote A[nM +m,nM +m], C[nM +m,nM +m]

and D[nM +m,nM +m] respectively. Then, the output SNR after equalisation can be

expressed as

γout[m,n]= q0[m,n]
q1[m,n]− q0[m,n]

= 1

1− |am,n|2
cm,n+ 1

γin
dm,n

−1, (3.18)

where the input SNR is defined as γin =σ2
x/σ2

w.

Eq. (3.18) evaluates the output SNR directly based on the equalised data symbol

vector expression (3.14), where the impact of channel condition and signal modulation on

the output SNR is not explicitly shown. To demonstrate how the output SNR is affected

by the channel and the signal modulation, A can be expressed as

A=VHFH
MNHH

ν (HνHH
ν + 1

γin
IMN)−1HνFMNV

=VHFH
MN(IMN + 1

γin
(HH

ν Hν)−1)−1FMNV

=VH(IMN + 1
γin

(FH
MNHH

ν HνFMN)−1)−1V

= (IMN + 1
γin

(VHFH
MNHH

ν HνFMNV)−1)−1. (3.19)

Here, HH
ν Hν is a Hermitian matrix and can be expressed through eigenvalue decom-

position as HH
ν Hν = QΛQH, where Q is a square MN × MN unitary matrix and Λ is
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a diagonal matrix with the i-th diagonal element λi for i = 0,1, ..., MN −1. Further

denoting U=VHFH
MNQ, A can be simplified as IMN −Udiag{ 1

γinλi+1 }UH, where diag{xi}

denotes a diagonal matrix with the i-th diagonal element xi. According to the MMSE

equalisation principle, the normalised noise power for the (nM+m)-th equalised data

symbol can be expressed as

JnM+m = 1−A[nM+m,nM+m]

=
MN−1∑

i=0

1
γinλi +1

|U[nM+m, i]|2. (3.20)

Therefore, the output SNR after equalisation can be expressed as

γout[m,n]= 1− JnM+m

JnM+m
= 1

JnM+m
−1. (3.21)

Similarly, the SNR analysis can be performed based on the eigenvalue decomposition

of HH
t Ht, which produces the same eigenvalues as those of HH

ν Hν but without Fourier

transformed eigenvectors.

From (3.20) and (3.21), the output SNR is determined by the eigenvalues of HH
ν Hν,

which characterise the channel fading condition, as well as the matrix U that is related

to the signal modulation. This relationship can help us understand why OTFS can gain

both frequency and time diversity. Applying the same analysis to OFDM and SC-FDE, it

is also seen why OFDM cannot exploit frequency diversity but SC-FDE can.

Based on γout[m,n] and assuming QAM modulation for data symbols, the average

BER probability Pb for a given channel realisation can be evaluated for various modu-

lation levels [96][99][100]. Averaging over all possible fading channel realisations, the

ergodic BER for the fast fading channel is expressed as Eh{Pb}, where Eh{·} denotes the

ensemble average over all delay-Doppler channel realisations.
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3.4 Simulation Results

In this section, the BER performance of the frequency domain MMSE equalisation

is compared over fast fading channels among OTFS, OFDM and SC-FDE with uncoded

4-QAM modulation. The same ETSI TDL models are adopted as shown in Chapter 1 and

the parameters can be found in Table 2.1. M = 256 and N = 32 are adopted as the delay

and Doppler grids of OTFS, containing the same transmitted data in total as OFDM

and SC-FDE but exploring full time diversity. The DFT and IDFT sizes for OFDM and

SC-FDM are set as 256 equalling the number of subcarriers.

The simulated BER performance of OTFS, OFDM and SC-FDE in fast fading LOS

channel is shown in Fig. 3.2. It is observed that systems with the proposed frequency

domain MMSE equalisation perform significantly better than those with the conventional

one-tap frequency domain equalisation method. The performance of OTFS is the best,

achieving 10−4 BER at about 14 dB SNR. In comparison, at the same BER, SC-FDE has

only less than 1 dB performance degradation, while OFDM has a large 4 dB degradation

due to the lack of frequency diversity. It is also seen that the theoretical BER curves

perfectly match the simulation results. Since a perfect CSI can not be achieved in

practice, the performance when imperfect channel estimation is applied in the channel

equalisation is also simulated. The imperfect channel is simulated by adding a random

error matrix obeying zero-mean Gaussian distribution into the estimated channel matrix,

where the variance of the channel error is assumed to be inversely proportional to the

SNR [101]. The BERs of OTFS, OFDM and SC-FDE with practically imperfect CSI in the

LOS channel are also shown in Fig. 3.2, labelled as OTFS (practical), OFDM (practical),

and SC-FDE (practical) respectively. It is seen that the impact of channel estimation

error on the performance is significant only at a lower SNR but tends to be minor at a

higher SNR.

Fig. 3.3 shows the BER performance in fast fading NLOS channels. It is observed
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Figure 3.2: Performance comparison in LOS channel.

that OTFS performs much better than the other two. The performance of SC-FDE is

degraded as compared with OTFS but is better than that of OFDM. Overall, the proposed

MMSE equalisation improves the performance of OFDM and SC-FDE in fast fading

channel significantly under both LOS and NLOS conditions. SC-FDE performs very well,

especially in LOS channels. The impact of imperfect channel estimation on equalisation

performance is also investigated in NLOS channel conditions and shown in Fig. 3.3,

where the practical results demonstrate a similar trend as shown in the LOS channel.

These results verify that the proposed equalisation algorithm is feasible for coping with

fast fading channel in practice.

The effect of outdated CSI caused by user velocity variation is also considered.

Assuming that the user velocity is 500 Km/h at the time of channel estimation and it

changes at the time of signal detection, the outdated CSI is used to detect the received

signal in LOS channel condition with 15 dB SNR and the results are shown in Fig. 3.4
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Figure 3.3: Performance comparison in NLOS channel.

as a BER versus velocity variation rate curve. For comparison, the BERs with perfect

CSI at SNR = 7, 9, 11, and 13 dB are also plotted. It is seen that up to 2% variation in

velocity can be tolerated with small BER increase. A further velocity variation will lead

to significant performance degradation. For example, at ±3%, ±4% and ±5% velocity

variations, the degradations are about 4 dB, 6 dB and 8 dB respectively. Therefore,

an accurate and timely channel estimation is of significant importance for fast fading

channels.

The proposed low-complexity frequency domain equalisation method is further com-

pared with the popular MP algorithm proposed in [54]. Based on the same parameter

settings, the BER performance over NLOS channels is simulated and compared. Note

that the MP equalisation requires a number of iterations that affect both the compu-

tational complexity and the BER performance. The BER performance for MMSE and

MP equalisation is compared in Fig. 3.5, where the number of iterations is selected as
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Figure 3.4: BER versus velocity variation rate for detection with outdated CSI in LOS
channel at SNR = 15 dB.

10, 20, 30, 40 and 50 for MP equalisation. The BER performance under MP is better

than that of MMSE in low SNR region. However, MMSE outperforms MP in high SNR

region. It is also observed that there are error floors for MP even with a large number

of iterations. To demonstrate the significant complexity reduction achieved by MMSE,

the computational complexity is compared by counting the number of arithmetic opera-

tions (multiplication, division and logarithm). Under the ETSI NLOS channels shown in

Table 2.1 with Kmax = 3 and Lmax = 27, the computational complexity for MMSE equal-

isation is around O(169×MN), while the computational complexity for MP is around

O(2700×MN ×niter), where niter is the number of iterations [53]. It is evident that the

MMSE equalisation is superior to MP in terms of complexity and hence is more suitable

for practical applications.
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Figure 3.5: Performance comparison between MMSE and MP equalisations.

Finally, considering the impact of the channel coding on the performance, Fig. 3.6

shows a comparison among OTFS, OFDM, and SC-FDE with Low-density parity-check

(LDPC) coding in LOS channel. The LDPC code with code rate 1/2 from the Digital Video

Broadcasting standard DVB-S.2 is used [102, 103]. The block length of the code is 64,800.

It is seen that the LDPC coding with code rate 1/2 significantly improves the performance

of all the modulations and leads to similar BER performance. Though, with advanced

channel coding, conventional modulations can produce competitive performance with

OTFS, this is only achieved at the cost of significantly increased system overhead.

3.5 Conclusions

In this chapter, through formulating the frequency-Doppler channel matrix as a cir-

cular stripe diagonal matrix, it is demonstrated that low-complexity MMSE equalisation
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Figure 3.6: Performance comparison with LDPC coding.

becomes feasible for systems operating in fast fading channels. The signal models are

also derived and the corresponding MMSE equalisation is proposed for the condition

that the Doppler spread is partially-resolvable, which enables effective application of

conventional modulations with short signal frames in fast fading channels. In addition,

the theoretical equalisation performance is analysed via channel matrix eigenvalue

decomposition, providing a useful tool for characterising the influence of channel condi-

tions and signal modulations on the output SNR after equalisation. The simulated BER

performance validates that the proposed MMSE equalisation can effectively exploit the

time diversity with low complexity in fast fading channels for OTFS, OFDM and SC-FDE.

The ability of achieving full time and frequency diversity makes OTFS outperform others.

It is demonstrated that the performance of SC-FDE approaches that of OTFS since it

can exploit full frequency diversity and partial time diversity, and OFDM performs the

worst due to the lack of frequency diversity though partial time diversity can be achieved
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with the proposed MMSE equalisation. The performance with imperfect channel esti-

mation and outdated CSI is also simulated. All the results prove the feasibility of the

proposed MMSE equalisation in practice. The methods proposed in this chapter provide

efficient and effective means to overcome the challenge of system complexity caused by

conventional iterative and time-domain equalisations.

46



C
H

A
P

T
E

R

4
ADAPTIVE TRANSMISSION WITH FREQUENCY-DOMAIN

PRECODING

4.1 Introduction and Literature Review

4.1.1 Existing Diversity Study of OTFS

Recent studies show that OTFS outperforms conventional modulations such as

OFDM and SC-FDE through simulations and experiments in high-speed vehicular

communication, underwater acoustic communications, mmWave communications, and

radar systems [86, 87, 104–107]. However, the existing study on diversity performance

and BER performance bounds are very limited [54–56, 67–71]. In [68], the authors

show that the asymptotic diversity order of conventional OTFS for ideal bi-orthogonal

waveforms is one and propose a phase rotation scheme for the OTFS to extract full

diversity in the delay-Doppler domain. However, the authors in [90] indicate this analysis

is not valid for practical waveforms and show that with sufficient parameter settings,

the OTFS system can achieve full effective diversity without any precoding schemes. The

performance bounds analysis is of significant importance for the transmission system
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design and needs to be clarified. On the other hand, existing studies only indicate that

OTFS can be regarded as adding precoding and postcoding processing to the conventional

OFDM system without clear proof [68].

4.1.2 Chapter Structure

In this chapter, an adaptive transmission system is proposed based on frequency-

domain precoding and MMSE equalisation, which can be used as a general solution

to communicate over fast fading channels, including OTFS, and detailed performance

analyses of it are conducted. Based on the representations of fast fading channels in

different domains, the frequency-domain received signal model is adopted due to its

concise stripe diagonal structure of the frequency-Doppler domain channel matrix. OTFS

is first formulated as a more general precoded OFDM system so that the low-complexity

frequency-domain approach can be applied to analyse its performance. Note that many

conventional modulations can also be regarded as a kind of precoded OFDM, such as the

SC-FDE. Although OTFS can achieve full diversity in both time and frequency domains

using ML equalisation, the high complexity of ML algorithm makes it infeasible in prac-

tical applications. Therefore, the more practical frequency-domain MMSE equalisation

with much lower computational complexity is introduced as demonstrated in Chapter

3. To optimise the system performance, the precoding matrix based on the eigenvalue

decomposition of the channel matrix is designed so that an adaptive transmission system

is obtained. Simulation results demonstrate that even with imperfect CSI feedback, the

adaptive transmission still achieves better performance than OTFS evaluated under both

4-QAM and 16-QAM schemes. The BER lower bound and upper bound are also derived

for the proposed adaptive transmission under two extreme channel conditions, taking

into consideration of significantly large numbers of multipaths and Doppler frequency

shifts.
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4.2 OTFS as Precoded OFDM

In the original OTFS system, the data symbols after constellation mapping are

arranged in a 2D M×N matrix X [38], where M denotes the number of elements in delay

dimension, N denotes the number of elements in Doppler dimension, and X ∈ CM×N .

In vector form, the data symbols to be transmitted can be expressed as x = vec(X).

After ISFFT, Heisenberg transform and the pulse shaping, the time-domain signal is

transmitted through the fast fading channel. Assuming the pulse shaping operation is

a rectangular window function, the signal matrix to be sent into the channel can be

expressed as

D=FH
M(FMXFH

N)=XFH
N , (4.1)

where D is an M ×N matrix, FN denotes N-point FFT matrix [69]. The time-domain

signal to be transmitted is the vectorised data matrix D expressed as

s= vec(D)= (FH
N ⊗IM)x, (4.2)

where s is an MN ×1 vector, ⊗ denotes Kronecker product.

It is seen that the transmitted signal frame of the original OTFS system with rectan-

gular pause shaping can be constructed by applying N-point IDFT to the data matrix

along Doppler dimension, which transforms the data matrix from DD domain to delay-

time domain, and then vectorising it column-wise as shown in Fig. 4.1. Compared with

traditional OFDM system, which applies IDFT to a whole data vector of length M, OTFS

system applies an IDFT to every M spaced data set of length N.

From (2.22) and (4.2), the received frequency-domain signal can be expressed as

R=HνFMN(FH
N ⊗IM)x+W. (4.3)

According to the Cooley-Tukey general factorisation, the MN-point DFT FMN can be
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Figure 4.1: Time domain transmitted signal frame of original OTFS system.

factorised as two smaller DFTs in terms of sizes M and N, which can be expressed as

FMN =P(IN ⊗FM)diag{e−j 2π
MN (i)Mb i

M c}(FN ⊗IM), (4.4)

where (·)M denotes modulo M operation, b·c denotes flooring operation and P denotes

a permutation matrix of dimension MN ×MN. The permutation matrix equivalently

performs the interleaving operation that reads the elements in the matrix column-wise

and stacks them to a matrix row-wise. Therefore, based on (4.3) and (4.4), the received

frequency-domain signal becomes

R=HνP(IN ⊗FM)diag{e−j 2π
MN (i)Mb i

M c}x+W (4.5)

and the OTFS system can be transformed into a precoded OFDM system, where (IN⊗FM)

is the precoding matrix, which is also an unitary matrix, and x̃= diag{e−j 2π
MN (i)Mb i

M c}x is

the twiddled signal vector. Note that the twiddling will only affect the phase of the symbol,

and will not affect the signal detection or the BER performance after de-twiddling at the

receiver. Therefore, the construction of a precoded OFDM transmitted signal frame in

the frequency domain is shown in Fig. 4.2. The precoding process is achieved by applying
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Figure 4.2: Frequency domain transmitted signal frame of OTFS as precoded OFDM
form.

M-point DFT to every column of the data matrix, and it also transforms the data matrix

from DD domain to frequency-Doppler domain. After interleaving, i.e., taking out data

symbols from the precoded data matrix row-wise, the frequency domain transmitted

signal frame is formed.

Excluding the twiddling at the transmitter and the de-twiddling at the receiver,

Fig. 4.3 shows a typical precoded OFDM system [96]. The similarity between these two

modulations allows us to use well-developed methods in the diversity and performance

bound analyses, which can be equally applied to both OTFS and precoded OFDM. Note

that the precoded OFDM has demonstrated superb frequency diversity over frequency-

selective slow fading channels in previous research works, but its performance over fast

fading channels has not been explored yet. The analysis in the following section will

show that the precoded OFDM, or similarly the OTFS, is also capable of achieving full

time diversity.
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Figure 4.3: OTFS system block diagram in precoded OFDM form: (a) transmitter and
(b) receiver. S/P and P/S stand for serial-to-parallel and parallel-to-serial conversions
respectively, and CP stands for cyclic prefix.

4.3 Diversity with ML Equalisation

To recover the signal at the receiver, two main categories of equalisation techniques

can be adopted. The first class is the maximum likelihood sequence estimation (MLSE),

which is based on Viterbi algorithm and the Maximum A Posteriori Probability (MAP)

detection. It is the optimal equalisation method to recover the corrupted signals, but it

has significant computational complexity exponential to the channel memory length. The

second class is the linear equalisation such as zero forcing (ZF) and MMSE, which has

much lower complexity but the performance is also degraded. The performance analysis

for linear equalisation can be found in previous Chapter 3.3, and the diversity analysis

for ML equalisation is demonstrated in this section.

Assuming the CSI is perfectly known at the receiver, the ML estimate of the data
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symbol x can be obtained by minimising

(R−HνFMN(FH
N ⊗IM)x̂)H(R−HνFMN(FH

N ⊗IM)x̂), (4.6)

through exhaustive search from all possible data vectors x̂ [99]. The results in [68, 70, 90]

show that OTFS can achieve full diversity through symbol rotation. Here, the diversity

from another perspective is characterised. Assuming the received signal in the time-

domain at the receiver is y, the received SNR through separately analysing the signal

and noise powers in E{yyH} can be obtained. Except for a constant scaling factor, the

received SNR can be expressed as

γ∝
L−1∑
l=0

Kmax∑
k=−Kmax

|h[l,k]|2 · σ
2
s

σ2
w

. (4.7)

where σ2
s is the transmitted signal power, σ2

w is the noise power, h[l,k] is the discrete-time

form of h(τ,ν), sampled at τ = ldr and ν = kfr for l = 0,1, ...,L−1, k = −Kmax, ...,Kmax.

The derivation is provided in Appendix B.

Therefore, the received SNR is proportional to the sum of L×(2Kmax+1) random vari-

ables |h[l,k]|2, from which it can be deduced that OTFS has the potential to achieve full

diversity in both time and frequency domain if all the random variables are independent.

4.4 Adaptive Transmission and BER Bounds

Based on previous diversity analysis in chapter 4.3, although MLSE equalisation can

achieve optimal performance, its complexity restricts its practical application [108]. Since

linear equalisation can be implemented with low complexity in the frequency-domain,

it is preferable in practice. In this section, a novel adaptive transmission scheme is

proposed based on frequency-domain precoding and MMSE equalisation. Then, the BER

upper and lower bounds are analysed under different extreme channel conditions.
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4.4.1 Adaptive Transmission

As can be seen from Eq.(3.20), after frequency-domain MMSE equalisation, the

normalised noise power for each data symbol is generally different from each other

and affected by the modulation matrix V and the unitary matrix Q obtained from

channel matrix eigenvalue decomposition. Assuming that the CSI can be fed-back to the

transmitter, the modulation matrix V based on the channel conditions can adaptively

be determined to reduce the normalised noise power and hence the output SNR of the

equalisation can be improved, resulting in an adaptive transmission system. This can be

achieved by constructing the modulation matrix V such that U satisfies

|U[nM+m, i]|2 = 1
MN

, (4.8)

and the normalised noise power for the equalised data symbol becomes

J = 1
MN

MN−1∑
i=0

1

γinλi +1
, (4.9)

which is the same for all the data symbols. Therefore, the optimised output SNR can be

simplified as

γ∗
out =

1

1

MN

MN−1∑
i=0

1

γinλi +1

−1. (4.10)

For a general precoded OFDM system, Eqs. (3.20) and (3.21) show that the output

SNR is related to the input SNR, eigenvalues of the channel, and the parameter U,

which can be affected by the modulation method V and unitary matrix Q of the channel.

However, after applying the adaptive transmission, U is transformed to an IFFT matrix

with constant magnitude elements as shown in (4.8), and the output SNR is simplified as

shown in (4.10). Under this adaptive modulation, only the input SNR and eigenvalues of

the channel can affect the output SNR. Moreover, note that the denominator of (4.10) is a

sum of 1
γinλi+1 , because MMSE equaliser instead of zero forcing is used here. Even if some
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Figure 4.4: Adaptive transmission system block diagram: transmitter (a) and receiver
(b).

channels have some zero eigenvalues, no singularity will happen and the performance

will not break down. Therefore, the adaptive transmission is feasible under all channel

conditions.

Letting V=FH
MNQFMN and substituting it into U, we have

U=FH
MNQHFMNFH

MNQ=FH
MN , (4.11)

and hence the condition (4.8) is satisfied. Therefore, the adaptive transmission system

can be designed as shown in Fig. 4.4.

At the transmitter of the adaptive transmission, a sequence of data symbols x[i], i =
0,1, ..., MN−1 is converted to a vector x via S/P. After transforming x into the frequency-

domain by FFT, the frequency-domain symbol vector is precoded by the eigenvector

matrix Q. After converting the frequency-domain precoded symbol vector to time-domain

by IFFT and appending the cyclic prefix (CP), the data symbol frame is sent over the

fast fading channel. At the receiver, after the CP removal and channel estimation, the
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CSI is fed-back to the transmitter and the received signal is recovered by the MMSE

equalisation. The recovered frequency-domain symbol vector can be expressed as

Y=QHGνHνQX+QHGνW, (4.12)

which indicates that the adaptive transmission system performs all the precoding,

equalisation and decoding processes in the frequency-domain. Hence, the proposed

adaptive transmission system is a kind of adaptive precoded OFDM system.

Since the output SNR of each data becomes the same with adaptive transmission,

the BER can be simplified as

Pb = Eh{
2(1−2−k)

k
Q(

√
3

4k −1
γ∗

out)}, (4.13)

where the Q-function is defined as Q(x)= 1p
2π

∫∞
x e−

t2
2 dt and 22k indicates the modulation

level.

4.4.2 BER Bounds and Analysis

The performance bounds for the adaptive transmission scheme are obtained analyti-

cally in this section under some extreme channel conditions with respect to the number

of multipaths and maximum Doppler frequency shift.

4.4.2.1 Lower Bound

The first extreme channel condition is set as a channel with a fixed Doppler frequency

shift in every multipaths, which can be regarded as a slow fading channel after the

Doppler frequency shift is compensated. For such a channel, the time-domain channel

matrix is a circulant matrix and can be transformed into diagonal matrix in the frequency-

domain by 2D FT, which can be expressed as

Hν =FH
MNdiag{αi}FMN , (4.14)
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where αi, i = 0,1, ..., MN −1, denotes the fading coefficient at frequency bin i. Then, we

can obtain

Λ= diag{λi}= diag{αi}Hdiag{αi}= diag{|αi|2}. (4.15)

Assuming that all multipaths are independent, αi are zero-mean independent complex

Gaussian variables. When P approaches infinity, λi = |αi|2 obeys the Chi-square distri-

bution with two degrees of freedom and the probability density function (PDF) e−ρ. In

this condition, the normalised noise power for the equalised data symbol in the adaptive

transmission can be evaluated from (4.9) as

Jlow =
∫∞

0

e−ρ

γinρ+1
dρ = E1(

1

γin
)e

1
γin , (4.16)

where E1{·} is the exponential integral function, which is defined as

E1(z)=
∫∞

z

e−t

t
dt. (4.17)

The output SNR can be expressed as

γlow =
1

Jlow
−1

=
γin

E1(
1

γin
)e

1
γin

−1, (4.18)

Thus, the lower bound of the BER performance can be obtained as

Pb,low =Q


√√√√√√√

γin

E1(
1

γin
)e

1
γin

−1

 . (4.19)

4.4.2.2 Upper Bound

The second extreme channel condition considers the case when Doppler frequencies

are uniformly distributed over [−Kmax,Kmax], and Kmax →∞. Supposing that there are a
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large number of multipaths in the channel, the channel matrix in the frequency-domain

Hν becomes a random matrix, whose entries obey independent Gaussian distribution

with zero mean and unit variance. Therefore, the entries of the Hermitian matrix

HH
ν Hν obey the complex Wishart distribution. The eigenvalues of HH

ν Hν have a PDF

1
2π

√
4−ρ

ρ
, 06 ρ6 4. Under this condition, the normalised noise power for the equalised

data symbol under the adaptive transmission can be expressed as

Jup =
∫4

0

1

2π

√
4−ρ

ρ

γinρ+1
dρ

=
√

4γin +1−1

2γin
, (4.20)

and the output SNR can be expressed as

γup =
1

Jup
−1

=
2γin√

4γin +1−1
−1. (4.21)

The upper bound of the BER performance can be obtained as

Pb,up =Q


√√√√ 2γin√

4γin +1−1
−1

 . (4.22)

It is known that the system performance and diversity orders in fast fading channels

depend on the number of multipaths and the maximum Doppler frequency shift. For the

OTFS modulation, it is hard to derive a closed-form expression of the BER performance

based on MMSE equalisation given arbitrary numbers of multipaths and Doppler fre-

quency shifts. However, for the proposed adaptive transmission, the theoretical BER

bounds are available because the precoding Q matrix can simplify the channel matrix

into a diagonal matrix. After applying an asymptotic method under the conditions that

some system parameters are set to extreme values, the adaptive transmission can be

adopted to verify the theoretical limits of a general precoded OFDM system with MMSE
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equalisation in fast fading channels. The diversity analysis based on other detection

methods and waveforms is out of the scope of this thesis and will be included in future

work.

4.5 Simulation Results

4.5.1 Adaptive Transmission Performance and Comparison

Firstly, let us compare the performance of adaptive transmission with OTFS, named

as Adaptive-long in the simulation, and other conventional modulations. Here, the TDL

channel models recommended by ETSI are still adopted. All the parameters are listed

in Table 2.1. Both short and long frame transmissions are compared. When adaptive

transmission is applied with short frames, it is named as Adaptive-short in the simulation.

For long-frame modulations, including OTFS and Adaptive-long, there are MN data

symbols in one frame. For short-frame modulations, including OFDM, SC-FDE and

Adaptive-short, there are M data symbols in one frame.

The performance comparison is made based on the simulated BERs for different

modulations under the above described LOS and NLOS channel conditions with fast

fading. For each realisation of the fast fading channel, a sufficient number of signal

frames are generated with the specified modulation. After passing through the channel,

the received signals are corrupted by AWGN according to a given SNR level. With

perfect synchronisation and known CSI, frequency-domain MMSE equalisation is then

performed using the equalisation matrix defined in (3.4). The detected information bits

are compared with the transmitted ones and the number of error bits are recorded. After

1000 iterations of random channel realisations, the average BER is finally obtained.

Fig. 4.5 shows the BER performance in LOS channel with 4-QAM data symbol

mapping. Note that OTFS and Adaptive-long demonstrate similar performance, achiev-

ing 10−7 BER at SNR around 17 dB. SC-FDE and Adaptive-short incur about 2 dB
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Figure 4.5: Comparison of various modulation schemes in LOS channels using 4-QAM.

degradation. OFDM shows the worst performance, lagging far behind others.

Fig. 4.6 shows the BER performance in NLOS channels with 4-QAM data symbol

mapping. Let’s first compare different modulations with perfectly known CSI (legends

with prefix "P-"). It is seen that P-Adaptive-long demonstrates the best performance and

achieves 10−7 BER at SNR about 24 dB, outperforming OTFS by about 4 dB. For the

short frame modulations, although the P-Adaptive-short performs worse than long frame

modulations, it can still achieve a BER of 10−7 at about 30 dB and is much better than

SC-FDE and OFDM.

To prove that adaptive transmission is effective in practice, simulations are also

conducted with CSI not perfectly known at the receiver (legends with prefix "I-"). In

doing so, a random matrix obeying Gaussian distribution for each element is added into

the estimated channel matrix [109]. Assuming the variance of channel error is inversely

proportional to the SNR, both Adaptive-long and OTFS, denoted as I-Adaptive-long and

I-OTFS, are simulated and the results are shown in Fig. 4.6. It is observed that the
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Figure 4.6: Comparison of various modulation schemes with and without channel esti-
mation error in NLOS channels using 4-QAM.

impact of channel estimation error on the performance is significant in a lower SNR

region but tends to be minor in a higher SNR region. Moreover, adaptive transmission

keeps showing better performance than OTFS.

It is worthwhile noting that, in LOS channels, SC-FDE and Adaptive-short show

very close performance to long-frame modulations. In NLOS channels, with the help of

precoding, the short-frame adaptive transmission demonstrates much better performance

than short-frame modulations, close to those of long-frame modulations. This result

confirms that the adaptive precoding can indeed improve the performance of short-frame

modulations, and the adaptive transmission with short frames provides a practical

solution considering its low complexity and short delay in signal processing.

The results in Figs. 4.5 and 4.6 also show how the BER performance is impacted by

diversities in different domains. Firstly, long-frame modulations can exploit both time
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Figure 4.7: Comparison of various modulation schemes with 16-QAM under both LOS
and NLOS channels.

and frequency diversity so that they achieve the best performance. Then, SC-FDE can

exploit frequency diversity but only partially resolve the Doppler frequency so that it

shows degraded performance. Finally, conventional OFDM without precoding can not

exploit frequency diversity so that it shows the worst performance.

The BER performance for 16-QAM is also simulated to verify the effect of precoding.

As shown in Fig. 4.7, the adaptive transmission and OTFS modulations with 16-QAM

demonstrate similar trends to those with 4-QAM in both LOS and NLOS channels.

Therefore, the proposed adaptive transmission is also an effective solution to combating

fast fading channels for signals with higher order modulation levels.

The PAPRs of the OTFS with and without precoding are also simulated. The results

show that the OTFS without precoding has lower PAPR than OFDM and the adaptive
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transmission. The PAPRs of the adaptive transmission and OFDM are very similar,

and are only about 0.5 dB higher than that of OTFS, when the probability of PAPR

greater than a specified threshold is 10−5. It proves that the impact of precoding on

PAPR performance is negligible.

4.5.2 BER Bound Validation

After the performance of the adaptive transmission is verified, we now validate the

BER upper and lower bounds using MMSE equalisation. The BER bounds between

adaptive transmission and OTFS are compared under some extreme channel conditions.

We adopt larger P or Kmax in these simulations and assume that the channel has equal-

power for each multipath, while other parameters remain the same as in Table 2.1. To

consider more practical conditions, the ETSI channel models are used as described in

Section 4.5.1, which have relatively smaller P.

Fig. 4.8 shows the BER performance comparison under varying multipath diversity

orders. It is observed that the performance is improved as P increases. When P →∞, the

performance of adaptive transmission converges towards the theoretical lower bound,

which achieve 10−7 BER at SNR about 20.5 dB. The OTFS curves nearly overlap with

those of the adaptive transmission when P is small, but gaps appear as P becomes large.

Fig. 4.9 shows the BER performance comparison under varying Doppler frequency

shifts with Kmax = 1,4,64, and ∞ when P is set to MN. It is well-known that the diversity

performance is represented by the slope of the BER performance curve when the SNR

tends to infinity. After enlarging the SNR range, it can be seen from Fig. 4.10 that the

diversity orders of adaptive transmission increase as Kmax increases. However, this does

not mean that the actual BERs will be reduced in a low SNR region as the diversity order

increases. In fact, from Fig. 4.9, the BER performance under smaller Doppler diversity

orders is superior to those with larger Doppler diversity orders in a low SNR region.

Considering the more practical BER comparison in a low SNR region, the term upper
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Figure 4.8: Lower bounds of MMSE equalisation performance under different multipath
diversity orders without Doppler frequency shifts. The curves from right to left correspond
to P = 1,2,4,8,16,32,64,128,1024, and asymptotic ∞.

bound is still used to describe the BER performance when Kmax →∞, though the Doppler

diversity is not upper bounded by it. Above simulation results reveal a very interesting

property of the adaptive transmission in terms of the relationship between Doppler

diversity order and BER performance, which has never been found in the literature.

Note that in a practical channel condition the number of multipaths or the maximum

Doppler frequency shift will not be infinite but the analytical performance bounds can

serve as benchmarks for practical system design. In some application scenarios, the

number of multipaths can be very large, such as in the urban macro (UMa) channel. In

the emerging ISTNs which involve aircraft-to-aircraft and aircraft-to-ground commu-

nications, the Doppler frequency shift can also be very large. Therefore, the analysis of

BER bounds is of great significance.
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Figure 4.9: Upper bounds of MMSE equalisation performance under different Doppler
frequency diversity orders with P = M×N. The curves from left to right correspond to
Kmax = 1,4,64, and asymptotic ∞.

Overall, although the performance of the two techniques are very close, the proposed

adaptive transmission is superior to OTFS under all simulated conditions. It also proves

that OTFS can achieve almost optimal performance in fast fading channels. Though the

lower and upper bounds are derived for the proposed adaptive transmission, they can

also serve as the performance benchmarks for OTFS systems.

4.6 Conclusions

In this chapter, OTFS is formulated as a precoded OFDM and frequency-domain

channel models are applied to analyse its diversity performance in fast fading channels.

With low complexity MMSE equalisation, an adaptive transmission scheme is proposed

to optimise the diversity performance. Two BER bounds are derived by considering two
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Figure 4.10: BER comparison under adaptive transmission when Kmax = 1,4,16,64 in
high SNR region.

extreme channel conditions. These bounds can serve as the benchmarks for OTFS and

adaptive transmission systems. The simulation results show that the adaptive trans-

mission achieves the best performance in fast fading channels. It is also demonstrated

that the proposed adaptive transmission is very effective for short signal frames and is

robust to channel estimation errors. The research conducted in this chapter provides an

effect way to overcome the challenge of diversity performance analysis over fast fading

channels for OTFS and general precoded OFDM systems.
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5
LOW-OVERHEAD OTFS TRANSMISSION WITH

FREQUENCY OR TIME DOMAIN CHANNEL ESTIMATION

5.1 Introduction and Literature Review

5.1.1 Existing Channel Estimation techniques of OTFS

As a prerequisite for equalisation, an accurate channel estimation is very impor-

tant to any transmission system. Current channel estimation techniques mainly adopt

pilot-aided schemes to obtain the CSI at the receiver [5]. For OTFS transmission, an

embedded pilot-aided channel estimation scheme is proposed in [91], by which pilot

with surrounding zero guard symbols are embedded in the delay-Doppler domain. The

overhead of this scheme is proportional to the product of the maximum normalised delay

and Doppler shift in the channel. This scheme benefits from the sparse delay-Doppler

channels but has some limitations in channels with multiple resolvable Doppler frequen-

cies. Other works also use different pilot patterns and employ various techniques such as

pseudo-random noise sequence pilots [94], sparse Bayesian learning algorithm [110], and

MMSE method [111] to achieve a balance between performance and complexity. Based
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on the embedded pilot-aided scheme [91], compressive sensing technique is adopted in

[93] to simplify and solve the channel estimation problem for the MIMO OTFS system.

The channel estimation techniques mentioned above are based on the delay-Doppler

domain pilot insertion because the original OTFS transmitted signal is conventionally

considered as delay-Doppler modulated followed by ISFFT and time domain pulse shap-

ing [38]. The channel estimation with delay-Doppler domain pilots is indeed accomplished

effectively under sparse channel conditions. However, for a more general communication

environment involving a large number of scattering objects, the delay-Doppler channel is

no longer sparse and should be treated as a continuous-Doppler-spread channel (CDSC)

[112]. Under such conditions, estimation techniques in other domains may achieve better

overall performance, for which the existing study is very limited. Developing an effective

and low-overhead channel estimation technique under more general channel scenarios is

of significant importance for practical applications.

5.1.2 Chapter Structure

In this chapter, three variants are proposed to the conventional OTFS transmission,

which enable lower signalling overhead and processing complexity, while achieving

similar receiver performance. These variants are frequency-domain pilot aided (FD-PA)

OTFS, time-domain pilot aided (TD-PA) OTFS, and time-domain training sequence

(TD-TS) OTFS. They place pilots/training sequences and conduct channel estimation

in either frequency or time domain, rather than in the conventional delay-Doppler

domain for OTFS. Transmission frame construction methods and channel estimation

algorithms for FD-PA-OTFS, TD-PA-OTFS, and TD-TS-OTFS are presented, followed by

theoretical MSE analyses over fast fading channels. Finally, performance comparisons

among different channel estimation schemes are provided.
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5.2 OTFS Variants and Channel Estimation

In this section, the frequency and time domain pilot-aided OTFS variants, FD-PA-

OTFS and TD-PA-OTFS, and their associated channel estimation methods are first

proposed. To solve the PAPR problem with the time domain pilot-aided scheme, a time

domain training sequence aided scheme, i.e., TD-TS-OTFS, is further proposed if time

domain channel estimation is preferable for some applications.

5.2.1 Frequency-Domain Pilot-Aided Scheme

Let’s start with frequency domain pilot design for FD-PA-OTFS transmission and

then propose associated channel estimation method.

5.2.1.1 Pilot Design in Frequency Domain

With the maximum number of resolvable multipaths Lmax and Doppler spread Kmax,

M1 ≥ Lmax +1 pilot sections in the frequency domain must be inserted, each comprising

4Kmax+1 frequency bins. The total number of frequency bins used for channel estimation

is thus M1(4Kmax+1). Assuming that the length of frequency domain transmission frame

is still MN, the number of precoded data symbols should be MN −M1(4Kmax +1), which

can be represented by an M1 by N1 matrix Sdata where N1 = MN/M1 − (4Kmax +1).

The precoded data matrix Sdata can be formed by reshaping the data vector of

length M1N1 into an M1 by N1 matrix X1 and performing M1-point column-wise DFT

as the precoding process, i.e., Sdata = FM1X1. Then, the method of frequency-domain

pilot insertion can be illustrated in Fig. 5.1, where shaded patterns denote non-zero

elements and blank circles denote zeros. 2Kmax guard intervals are added on both sides

of each pilot respectively to prevent the frequency-domain channel information from

being interfered by data symbols. Denoting the pilot vector as Pν =Vp11×M1 , where Vp

denotes the value of the pilot. The frequency-domain symbol matrix after pilot insertion
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Figure 5.1: FD-PA-OTFS frequency-domain transmission frame construction with pilots.

can be expressed as Sp = [Pν;02Kmax×M1 ;ST
data;02Kmax×N1]. Sp is then vectorised to form

the frequency domain data vector S = vec(Sp) which is finally transformed into the

time domain through MN-point IDFT. A CP of length Lmax will be inserted before

transmission over the fast fading channel, and hence the total length of the transmission

frame is Lmax +MN.

Assuming M1 = Lmax + 1, the overhead of frequency-domain pilots and time do-

main CP can be expressed as (Lmax + (Lmax +1)(4Kmax +1))/(Lmax +MN), which is much

less than the (Lmax + (2Lmax +1)(4Kmax +1))/(Lmax +MN) (integer Doppler cases) and

(Lmax+(2Lmax+1)N)/(Lmax+MN) (fractional Doppler cases) in the popular delay-Doppler

domain embedded pilot scheme [91].

5.2.1.2 Channel Estimation in Frequency Domain

Fig. 5.2 shows the process of frequency domain channel estimation. At the receiver,

received signals are transformed into frequency domain first and then pilots are extracted.

Since the stripe width of the frequency-domain channel matrix is 2Kmax +1, only the
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Figure 5.2: FD-PA-OTFS channel estimation process.

frequency bins at each transmitted pilot and adjacent 2Kmax bins on the both sides carry

CSI. According to Fig. 5.2 and (2.22), extracted received signals for the k-th transmitted

pilot can be expressed as

Rp,k =R(jk)

=Hν(jk, (N1 +4Kmax +1)k)Vp +W(jk)

=Vphp,k
ν +Wp,k, (5.1)

where k = 0, ..., M1−1, jk = ((N1+4Kmax+1)k+[−Kmax; ...;Kmax])MN is a vector containing

the indices of frequency bins, hp,k
ν =Hν(jk, (N1+4Kmax+1)k)= frHν[(N1+4Kmax+1)k, jk],

and Wp,k =W(jk). Therefore, the extracted received signals for all pilots can be expressed

as Rp = [Rp,0;Rp,1; ...;Rp,M1−1]. Similarly, we denote hp
ν = [hp,0

ν ;hp,1
ν ; ...;hp,M1−1

ν ] and

Wp = [Wp,0;Wp,1; ...;Wp,M1−1].
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From (5.1), the estimated frequency-Doppler domain channel representation sampled

in the frequency domain at M1 evenly spaced frequency bins can be obtained as

ĥp
ν = 1

Vp
Rp. (5.2)

For the M1 by (2Kmax +1) matrix ĥp
ν , the column dimension represents the frequency

domain and the row dimension represents the Doppler domain. Finally, interpolation

in frequency domain is applied to recover the whole frequency-Doppler domain channel

frHν[i, j], which can be expressed as

ĥν = 1
Vp

ΘRp, (5.3)

where Θ is an MN by N1 interpolation matrix defined by

Θ=FMNΩ1FH
M1

√
MN
M1

, (5.4)

and Ω1 = [IM1 ;0M1×(MN−M1)] is used to pad zeros in time domain. Note that ĥν is the

estimated hν with only the 2Kmax +1 non-zero columns.

Unlike the channel estimation techniques based on delay-Doppler domain embedded

pilots, which consider the normalised Doppler frequencies in integer and fractional

conditions because they produce different channel responses in this 2D delay-Doppler

domain and thus different pilot-guard patterns are needed [91], the proposed frequency-

domain estimation scheme works for both integer and fractional Doppler cases. This is

because we effectively estimate the discrete frequency-Doppler channel representation

which is valid for any Doppler shift from (2.20). As long as a suitable Kmax is selected,

the channel can be estimated with sufficient accuracy.

5.2.2 Time-Domain Pilot-Aided Scheme

The pilot design for TD-PA-OTFS transmission and associated channel estimation

method are then presented as follows.
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5.2.2.1 Pilot Design in Time Domain

With the same maximum number of resolvable multipaths Lmax and Doppler spread

Kmax as in FD-PA-OTFS, N2 ≥ 2Kmax +1 pilot sections in the time domain must be

inserted, each comprising 2Lmax +1 time samples. The total number of time samples

used for channel estimation is thus N2(2Lmax +1). Assuming that the length of time

domain transmission frame is still MN, the number of precoded data symbols is MN −
N2(2Lmax + 1), which can be represented by an M2 by N2 matrix sdata where M2 =
MN/N2 − (2Lmax +1).

The original length M2N2 data vector can be reshaped into an M2 by N2 matrix

X2. According to Fig. 4.3 and (4.2), sdata is obtained by performing N2-point IDFT

to each row in X2, i.e., sdata = X2FH
N2

. Fig. 5.3 (a) shows the method of time-domain

pilot insertion. Lmax guard intervals are added to both sides of each pilot. The pilot

vector can be expressed as Pt = vp11×N2 , where vp indicates the value of pilot in time

domain. Accordingly, the time-domain symbols after pilot insertion can be expressed as

sp = [Pt;0Lmax×N2 ;sdata;0Lmax×N2].

5.2.2.2 Channel Estimation in Time Domain

Similarly, the extracted signals for the k-th pilot can be expressed as a column vector

of length Lmax +1

rp,k = r((M2 +2Lmax +1)k+ [0; ...;Lmax])

=Ht((M2 +2Lmax +1)k+ [0; ...;Lmax], (M2 +2Lmax +1)k)vp

+w((M2 +2Lmax +1)k+ [0; ...;Lmax])

= vphp,k
t +wp,k, (5.5)

where k = 0, ..., N2 − 1, hp,k
t = Ht((M2 + 2Lmax + 1)k+ [0; ...;Lmax], (M2 + 2Lmax + 1)k) =

drht[[0; ...;Lmax], (M2+2Lmax+1)k+[0; ...;Lmax]], and wp,k =w((M2+2Lmax+1)k+[0; ...;Lmax]).
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Figure 5.3: Time-domain transmission frame constructions of (a) TD-PA-OTFS and (b)
TD-TS-OTFS.

Therefore, the extracted received signals for all pilots can be expressed as rp = [rp,0,rp,1, ...,

rp,N2−1]. Similarly, we denote hp
t = [hp,0

t ,hp,1
t , ...,hp,N2−1

t ] and wp = [wp,0,wp,1, ...,wp,N2−1].

From (5.5) and expressed as an Lmax +1 by N2 matrix where the column dimension

represents the delay domain and the row dimension represents the time domain, the

estimated delay-time domain channel representation sampled in the time domain at

N2 evenly spaced samples but delayed by 0 to Lmax samples for the Lmax + 1 rows,

respectively, can be expressed as

ĥp
t = 1

vp
rp. (5.6)

Note that ĥp
t (:, j) for j = 0,1, ..., N2−1, are the estimates of drht[i, (M2+2Lmax+1) j+i]
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for i = 0,1, ...,Lmax. Finally, interpolation in time domain is applied to recover the whole

delay-time domain channel drht[i, j], which can be expressed as

ĥt = 1
vp

rpΨ, (5.7)

where Ψ denotes an N2 by MN interpolation matrix expressed as

Ψ=FN2Ω2 ¯ΦFH
MN

√
MN
N2

, (5.8)

Ω2 is an N2 × MN matrix used to pad zeros in Doppler domain with each element

expressed as

Ω2(i, j)=


1, i = j f or i < N2/2

or j = MN −N2 + i f or i ≥ N2/2,

0, otherwise,

(5.9)

and Φ is an Lmax +1 by MN Doppler domain phase shifting matrix1 expressed as

Φ=


1 1 · · · 1

1 e−j 2π
MN · · · e−j 2π(MN−1)

MN

...
... . . . ...

1 e−j 2π
MN Lmax · · · e−j 2π(MN−1)

MN Lmax

 . (5.10)

Note that no additional CP is necessary for the TD-PA-OTFS transmission frame as

the first Lmax zero guard symbols effectively serve as the CP. Apparently, the overhead of

time domain pilots is (2Kmax+1)(2Lmax+1)/MN, which is similar to that of FD-PA-OTFS

and still much less than that of the 2D embedded pilot-aided scheme [91].

5.2.3 Time-Domain Training Sequence Scheme

To maintain the same SNR in each pilot section as the average SNR of the transmitted

signal, each time domain pilot must be transmitted with a power much higher than the

average one of a transmission frame, leading to a high PAPR. To solve this problem,

TD-TS-OTFS is proposed alternatively for time domain channel estimation.
1This matrix is introduced based on the DFT property, i.e., a time domain offset corresponds to a

Doppler domain linear phase shifting.
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5.2.3.1 Low PAPR Pilot Design

Fig. 5.3 (b) shows the frame construction of TD-TS-OTFS. Similar to TD-PA-OTFS,

N2 ≥ 2Kmax +1 training sequence sections in the time domain must be inserted, each

comprising 2Lmax +1 time domain samples. The precoded data symbols can still be

represented by sdata. A partially repeated Zadoff Chu (ZC) sequence2 is adopted for each

training sequence, which can be expressed as

ts,1 = ts,2 = ...= ts,N2

= vt[z(1), ...,z(Lmax),z(0),z(1), ...,z(Lmax)]T, (5.11)

where vt determines the power of training sequences and z indicates the ZC sequence

in vector form. All the training sequences can be expressed as ts = [ts,1,ts,2, ...,ts,N2].

The time-domain symbols after adding the training sequences can be expressed as

sts = [ts,D ;sdata;ts,U ], where ts,U indicates the first Lmax rows of ts and ts,D indicates the

rest Lmax +1 rows of ts.

5.2.3.2 Associated Channel Estimation

Assume that the channel remains unchanged during one training sequence period.

The extracted received signal resulting from the k-th training sequence can be expressed

as

rt,k = r((M2 +2Lmax +1)k+ [0; ...;Lmax])

≈qHt((M2 +2Lmax +1)k+ [0; ...;Lmax], (M2 +2Lmax)k)

+w((M2 +2Lmax+)k+ [0; ...;Lmax]) (5.12)

2Any other sequence can be used as long as it satisfies some desired properties as shown in Appendix.
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where k = 0, ..., N2 −1, and q is a toeplitz-form matrix composed of the ZC sequence

q= vt


z(0) z(Lmax) · · · z(1)

z(1) z(0) · · · z(2)
...

... . . . ...

z(Lmax) z(Lmax −1) · · · z(0)

 . (5.13)

Denote the extracted received signals resulting from all training sequences as rt =
[rt,0,rt,1, ...,rt,N2−1]. Then, the estimated delay-time domain channel representation can

be expressed as

ĥt
t =q−1rt. (5.14)

Through the same interpolating matrix as that used in TD-PA-OTFS, the estimated

delay-time channel representation can be expressed as

ĥt =q−1rtΨ. (5.15)

Note that since TD-PA-OTFS and TD-TS-OTFS share the same frame structure, the

overhead of TD-TS-OTFS is the same as that of TD-PA-OTFS, but the training sequence

can significantly reduce the PAPR of the time domain signal if the power of the training

sequence is set to the average power of the transmitted signal.

5.3 Performance Analysis

In this section, the MSE analyses for channel estimations in FD-PA-OTFS, TD-PA-

OTFS, and TD-TS-OTFS are performed against the exact delay-Doppler domain channel

matrix. Assume that the time delays of all multipaths are within drLmax and channel

gains are independent of each other. Each path has an associated Doppler frequency shift

which is uniformly distributed in [− frKmax, frKmax]. Note that proper dmax and fmax

considering allowed leakage power are assumed in the analysis. As such, the performance

analysis can also be applied for the off-grid situation with fractional delay and Doppler

shift.
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Denote the delay-Doppler domain channel matrix as h, where the column dimension

indicates delay domain and the row dimension indicates Doppler domain. Note that the

size of h may be different in different schemes.

5.3.1 MSE Analysis for FD-PA-OTFS

According to (5.2) and [113], the estimated channel with FD-PA-OTFS can be linked

to the M1 by 2Kmax +1 delay-Doppler domain channel matrix h as

ĥFP = 1p
M1

FH
M1

ĥp
ν

= 1p
M1

FH
M1

1
Vp

Rp

= 1p
M1

FH
M1

1
Vp

(Vphp
ν +Wp)

= 1p
M1

FH
M1

1
Vp

(Vp
√

M1FM1h+Wp)

=h+FH
M1

1p
M1Vp

Wp. (5.16)

To keep the signal power constant, we set Vp =
√

(4Kmax +1)σ2
S, where σ2

S denotes

the average signal power in frequency domain. Therefore, the MSE of FD-PA-OTFS can

be expressed as

MSEFP = E{tr{(ĥFP −h)(ĥFP −h)H}}

= 1
V 2

p
tr{E{Wp(Wp)H}}

= 2Kmax +1
(4Kmax +1)γ

, (5.17)

where γ=σ2
S/σ2

W is the SNR and σ2
W denotes the frequency domain noise power.
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5.3.2 MSE Analysis for TD-PA-OTFS

According to (5.6), the estimated channel with TD-PA-OTFS can be linked to the

Lmax +1 by N2 delay-Doppler domain channel matrix h as

ĥTP = 1p
N2

ĥp
t FN2 ¯E∗

= 1p
N2vp

rpFN2 ¯E∗

= 1p
N2vp

(vphp
t +wp)FN2 ¯E∗

= 1p
N2vp

(vph¯EFH
N2

√
N2 +wp)FN2 ¯E∗

=h+ 1p
N2vp

wpFN2 ¯E∗, (5.18)

where E= [Φ(:,0), ...,Φ(:, N2/2−1),Φ(:, MN −N2/2), ..,Φ(:, MN −1)] is an Lmax+1 by N2

Doppler domain phase shifting matrix. To keep the signal power constant, we set vp =√
(2Lmax +1)σ2

s where σ2
s denotes the average signal power in time domain. Accordingly,

the MSE of TD-PA-OTFS can be expressed as

MSETP = E{tr{(ĥTP −h)(ĥTP −h)H}}

= 1
(vp)2 tr{E{wp(wp)H}}

= (Lmax +1)
(2Lmax +1)γ

, (5.19)

where γ=σ2
s /σ2

w is the SNR which is the same as that evaluated in the frequency domain

and σ2
w denotes the time domain noise power.

5.3.3 MSE Analysis for TD-TS-OTFS

According to (5.14), the linkage between the estimated channel with TD-TS-OTFS

and h in delay-Doppler domain can be expressed as

ĥTS = 1p
N2

ĥt
tFN2 ¯E∗

= 1p
N2

q−1rtFN2 ¯E∗. (5.20)
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Denote the Lmax+1 by MN delay-time domain channel representation in matrix form

as ht. For the k-th training sequence, part of ht will be involved to produce the extracted

received signal rt,k as in (5.12), which can be expressed as

hk
t = [ht(:,K),ht(:,K +1), ...,ht(:,K +Lmax)], (5.21)

where K = (M2 +2Lmax +1)k. Then, rt can be expressed as

rt =Q


h1

t (:,0) · · · hN2
t (:,0)

h1
t (:,1) · · · hN2

t (:,1)
... . . . ...

h1
t (:,Lmax) · · · hN2

t (:,Lmax)

+wt

=Q


hE0FH

N2

hE1FH
N2

...

hELmaxFH
N2


√

N2 +wt

(5.22)

where h is an Lmax+1 by N2 delay-Doppler domain channel matrix, Q= diag{q(0, :),q(1, :

), ...,q(Lmax, :)}, Ek is an N2 by N2 diagonal Doppler domain phase shifting matrix defined

as

Ek = diag{E(k, :)}. (5.23)

Substituting rt into (5.20), the estimated channel can be expressed as

ĥTS =q−1rtFN2 ¯E∗

=q−1Q


hE0

hE1
...

hELmax

¯E∗+ 1p
N2

q−1wtFN2 ¯E∗.
(5.24)

With the Lmax +1 by N2 delay-Doppler domain channel matrix h, we assume that the

path gains hi at delay index i are independent of each other for all i = 0,1, ...,Lmax, and

the Doppler frequency shifts obey uniform distribution for each path. Therefore, we can

focus on only one given element in h to evaluate its MSE and then sum up the MSEs for
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all elements and average over all possible Doppler shifts. Letting h(i, j)= hi for any j and

according to (5.24), the MSE of TD-TS-OTFS for the normalised delay i and normalised

Doppler shift j can be derived in Appendix. Finally, assuming vt =σs to keep the same

transmitted training sequence power and averaging over all 2Kmax +1 Doppler shifts,

the total MSE can be expressed as

MSETS = 1
2Kmax +1

Lmax∑
i=0

N2−1∑
j=0

MSE(i, j)
TS + 1

γ
, (5.25)

where MSE(i, j)
TS is expressed in (5.28).

Compared with TD-PA-OTFS, TD-TS-OTFS has an additional term in its MSE

expression which is related to the channel conditions rather than the SNR. The impact

of this additional term will be investigated in the next section.

5.4 Simulation Results

In this section, simulations are performed to show the channel estimation MSE and

BER performance of FD-PA-OTFS, TD-PA-OTFS and TD-TS-OTFS for uncoded data

information. MMSE equalisation in respective frequency or time domain is adopted to

recover the data information [74, 113]. The simulation parameters are listed in Table

2.1, in which the maximum delay time dmax is selected as 3.82 µs according to LOS

TDL-D urban macro (UMa) channels [73]. The channel power delay profile is shown in

Fig. 2.6. The first path is Rician distributed with K factor 13.3 dB and all the other paths

are Rayleigh distributed. Note that the parameters M and N are also referred to as the

number of subcarriers and the number of OFDM symbols respectively in the literature

as an OTFS system is often compared with an OFDM system for performance evaluation

with OTFS transmission frame length equivalent to N OFDM frames of length M. Based

on the above settings, the overhead of FD-PA-OTFS, TD-PA-OTFS and TD-TS-OTFS are

evaluated as shown in Table 5.1, in which the overheads of the embedded pilot-aided
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Table 5.1: Overhead of Different Transmission Schemes

Transmission Scheme Overhead

FD-PA-OTFS Lmax+(Lmax+1)(4Kmax+1)
Lmax+MN =5.4%

TD-PA-OTFS (2Kmax+1)(2Lmax+1)
MN = 6.1%

TD-TS-OTFS (2Kmax+1)(2Lmax+1)
MN =6.1%

Embedded delay-Doppler Domain

Pilot-Aided Scheme

Lmax+(2Lmax+1)(4Kmax+1)
Lmax+MN =10.3 % (integer Doppler case)

Lmax+(2Lmax+1)N
Lmax+MN = 24.9% (fractional Doppler case)

delay-Doppler domain method are also provided for comparison. With the benefit of ZC

sequences and under above parameter settings, the PAPR of TD-TS-OTFS is about 5 dB,

which is much smaller than TD-PA-OTFS’s 17 dB.

Fig. 5.4 shows the MSE comparison among the proposed schemes. Note that the

theoretical MSEs have been calculated according to the parameters set in Table 2.1 and

Fig. 2.6, and have been verified to match the respective simulation results. Therefore,

Fig. 5.4 omits the theoretical MSEs and shows only the simulated MSEs. Here the SNR

range is extended to 0-60 dB to show the performance in high SNR region. It is seen that

the channel estimation MSEs of FD-PA-OTFS and TD-PA-OTFS are almost the same

as theoretically proved in (5.17) and (5.19). For TD-TS-OTFS, the channel estimation

MSEs have about 3 dB degradation compared with that of FD-PA-OTFS or TD-PA-OTFS

in the low SNR region and show different error floors over fast fading channels with

non-zero movement speeds in the high SNR region. This has been verified in Section 5.3

as the channel estimation MSE expression for TD-TS-OTFS has an SNR independent

term which is determined by the channel multipath power profile and Doppler spread.

Fig. 5.5 shows the BER performance of FD-PA-OTFS, TD-PA-OTFS and TD-TS-OTFS

with channel estimation performed over each transmission frame. The 4-QAM is adopted

and the pilot values VP = 4Kmax +1 and vP = 2Lmax +1 are selected with unit signal
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Figure 5.4: Channel estimation performance comparison among FD-PA-OTFS, TD-PA-
OTFS and TD-TS-OTFS.

power. It is noticed that all of these schemes work well over the fast fading channels.

FD-PA-OTFS and TD-PA-OTFS achieve similar performance and TD-TS-OTFS shows a

degradation of about 3 dB due to the larger channel estimation error as shown in Fig.

5.4.

To verify that the proposed OTFS variants do not compromise in performance with

the pilot or training sequence insertion, performance comparison between conventional

OTFS system and FD-PA-OTFS systems is presented in Fig. 5.6. It is assumed that both

systems transmit the same number of data and have perfectly known CSI. With the

same equalisation algorithm, the simulation shows that the FD-PA-OTFS system can

achieve similar performance to the original OTFS system. The same conclusion can be

drawn for TD-PA-OTFS. The performance of FD-PA-OTFS with estimated CSI is also

shown, which indicates a 1 to 3 dB degradation.
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vs TD.PNG

Figure 5.5: BER performance comparison among FD-PA-OTFS, TD-PA-OTFS and TD-
TS-OTFS with estimated CSIs.

The BER performance of FD-PA-OTFS under different maximum speeds is shown

in Fig. 5.7. With the same system parameter settings, the BER performance improves

slightly as the maximum speed in the channel increases. This confirms with the finding

reported in [113], that is, when the frame structure is fixed, a higher maximum Doppler

shift can contribute to a better diversity performance as the time diversity due to Doppler

shift is exploited by OTFS.

The same improved diversity performance at higher speed is observed for TD-TS-

OTFS as shown in Fig. 5.7. Note that, when performing channel estimation using training

sequence, it is assumed that the CSI remains unchanged over a training sequence period,

and this approximation has demonstrated an MSE floor in the high SNR region as shown

in Fig. 5.4. From Fig. 5.7, it is also noticed that the BER has already reached 10−5 at

around 18 dB SNR, which is far behind the high SNR region where the MSE starts to
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Figure 5.6: BER performance comparison between FD-PA-OTFS and original OTFS.

demonstrate the error floor. Therefore, the impact of the MSE error floor can be neglected

and TD-TS-OTFS has the same ability to gain diversity over fast fading channels.

5.5 Conclusions

In this chapter, with the OTFS system being reformulated as a precoded OFDM

system, traditional frequency domain pilot aided channel estimation can be easily imple-

mented in FD-PA-OTFS system. The principle can be similarly applied to time domain

channel estimation, resulting in two additional OTFS variants, TD-PA-OTFS and TD-TS-

OTFS. Compared with conventional delay-Doppler domain embedded pilot-aided scheme

for channel estimation, the proposed schemes have much lower signalling overhead with-

out compromising the diversity performance. Closed-form theoretical MSE expressions

are also derived and verified by simulation results. Among the proposed OTFS variants,
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Figure 5.7: BER performance of FD-PA-OTFS under different maximum speeds.

FD-PA-OTFS is the most efficient one for high mobility wireless communications as

it can achieve the expected performance without sacrificing any power efficiency. The

OTFS variants proposed in this chapter effectively overcome the challenges of high

system overhead for OTFS channel estimation and will be more suitable for practical

applications.

5.6 Appendix

Denoting A and B as the first and second terms on the right-hand-side (RHS) of

(5.24), respectively, the MSE can be expressed as

MSETS = E{tr{(A+B−h)(A+B−h)H}}

= E{tr{(A−h)(A−h)H}}+E{tr{BBH}}. (5.26)
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Figure 5.8: BER performance of TD-TS-OTFS under different maximum speeds.

With h(i, j)= hi at the i-th delay and any Doppler index j, A can be simplified as

A=q−1[Z1,


q(0, i)hiE(0, j)
q(1, i)hiE(1, j)

...

q(Lmax, i)hiE(Lmax, j)

 ,Z2]¯E∗

= [Z1,


∑Lmax

k=0 q−1(0,k)q(k, i)hiE(k, j)∑Lmax
k=0 q−1(1,k)q(k, i)hiE(k, j)

...∑Lmax
k=0 q−1(Lmax,k)q(k, i)hiE(k, j)

 ,Z2]¯E∗,

(5.27)

where Z1 = 0(Lmax+1)×i, Z2 = 0(Lmax+1)×(N2−i−1).

The first term on the RHS of (5.26) can be obtained by summing up the MSEs of all

non-zero elements in (A−h) for the path at the i-th delay index and any Doppler index j,
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i.e.,

MSETS(i, j)= E
{
tr

{
(A−h)(A−h)H

}}
=

Lmax∑
l=0

∣∣∣∣∣Lmax∑
k=0

q−1(l,k)q(k,i)E(k, j)

∣∣∣∣∣
2

σ2
hi
−σ2

hi
, (5.28)

where σ2
hi

= E
{|hi|2

}
, for i = 0,1, ...,Lmax, which is also referred to as the channel multi-

path power delay profile.

Assuming that all the elements in wt are independent and identically Gaussian

distributed, the second term on the RHS of (5.26) can be obtained directly as

MSEnoise
TS = E

{
tr

{
BBH

}}
= E

{
tr

{
1

N2
q−1wtwtH(q−1)H

}}
= tr

{
1

N2
(q−1)Hq−1N2σ

2
wILmax+1

}
= 1

γ
, (5.29)

where the matrix q satisfies qHq = (Lmax +1)ILmax+1 with properly designed training

sequence. Therefore, the total MSE can be expressed as shown in (5.25).
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6
CONCLUSIONS AND FUTURE WORK

6.1 Summary of Contributions

This thesis aims to investigate how to improve the equalisation and channel estima-

tion performance for novel modulations such as OTFS and conventional modulations

such as OFDM and SC-FDE over fast fading channels. The thesis also aims to design

more efficient OTFS-type schemes in terms of diversity performance, signalling overhead,

computational complexity, and power efficiency. The main contributions are summarised

as follows.

1. Low-complexity linear equalisation over fast fading channels

Explicit received signal models in discrete time and frequency domains are derived,

enabling frequency domain channel matrix with more concise structure to be adopted in

the high-mobility systems other than the conventional delay-Doppler and time domain

OTFS system models. They allow low-complexity linear equalisation to be adopted in

systems with long frame modulations such as OTFS, which can fully resolve the Doppler

spread. The signal models and equalisation methods for systems with short signal frames

are also derived, such as OFDM and SC-FDE, which can partially resolve the Doppler
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spread. These models and methods can be used to improve the performance of these short-

frame systems in fast fading channels without requiring any change in signalling protocol.

They allow the proposed equalisation techniques to be applied directly to the existing

practical systems and greatly save the cost. Extensive simulation results are provided,

which verify the effectiveness of the proposed models and methods. These results include

the simulation of the proposed equalisation schemes under various channel conditions

and with imperfect channel estimation, which demonstrate the suitability of the proposed

technique for practical applications.

2. Diversity performance analysis for OTFS system

Based on the system models and input-output relationships, the diversity perfor-

mance analysis is performed for OTFS under ML equalisations, proving that OTFS

has the potential to achieve full diversity in both time and frequency domains. The

theoretical performance for OTFS under MMSE equalisation is also derived via channel

matrix eigenvalue decomposition, which provides a new tool for better analysing and

understanding the impact of channel and signal modulation on system performance.

Meanwhile, it is proved that OTFS is equivalent to a general precoded OFDM scheme as

many other conventional modulations are. This allows well-established receiver design

and performance analysis techniques for precoded OFDM to be applied to OTFS.

3. Adaptive transmission over fast fading channels

Based on the relationship between output SNR and channel matrix, an adaptive

transmission scheme is proposed to optimise the system performance with the knowledge

of CSI. This scheme extracts the characteristics in CSI as the precoding matrix to achieve

a better performance compared with that of OTFS. It also simplifies the evaluation of

output SNR and enables the performance bound analysis. Even with imperfect channel

estimation, the adaptive transmission still outperforms OTFS under the same MMSE

equalisation. This method also achieves significant improvement over conventional
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OFDM and SC-FDE, which use shorter transmission frames than those of OTFS. Closed-

form lower and upper performance bounds are derived for the adaptive transmission

to show the theoretical limits of the MMSE equalisation over fast fading channels.

These bounds provide guidelines for transmission system design and also set up the

benchmarks for OTFS system performance evaluation.

4. Low-overhead time and frequency domain channel estimation schemes

for OTFS variants

Three OTFS variants that modulate data information directly in frequency or time

domain with DFT or IDFT precoding are proposed. They allow 1D frequency or time

domain channel estimation to be adopted instead of 2D delay-Doppler domain channel

estimation. It is demonstrated that, with the proposed frequency or time domain pre-

coding, the same diversity performance as that of the original OTFS can be achieved

over fast fading channels. Theoretical closed-form MSE expressions are also derived for

the proposed frequency or time domain channel estimation methods respectively for the

channel estimation performance evaluation. It is proved that the performance of channel

estimation with time domain training sequence depends on the Doppler conditions in

addition to SNR. The signalling overhead of the proposed schemes is shown to be much

lower than that of the conventional delay-Doppler domain embedded pilot-aided scheme.

Considering power efficiency together, FD-PA-OTFS is shown to be the most efficient

scheme among the three OTFS variants.

6.2 Future Work

With the advance of communication technologies, the following research directions

may be the focus for the future work.
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6.2.1 Extension to MIMO Systems

The next generation wireless communication systems require much higher through-

put and reliability than conventional communication systems. As the high-mobility

channel is a typical application scenario in the future, achieving high data capacity

under large Doppler frequency shifts will be a great challenge. Recently massive MIMO

systems based on large antenna arrays have been proposed to improve the spectrum

and energy efficiency in multi-user wireless systems [114]. Although the equalisation

and channel estimation techniques proposed in this thesis have been proved to achieve

low complexity and overhead in SISO systems, the performance in the MIMO systems

still needs to be further verified. Meanwhile, there are more challenges, including in-

ter Doppler interference (IDI), inter antenna interference (IAI), and precoding process,

when applying SISO techniques to MIMO system. Therefore, it is necessary to design

high-efficient and low-complexity algorithms in MIMO systems over fast fading channels.

6.2.2 Application in Joint Radar Communication (JRC)

Aimed at improving power and spectral efficiency and reducing hardware costs, radar

sensing and communication have shown closer connections than before [115]. Since

OTFS operates on the delay-Doppler domain, which is also important in radar signal

processing, the potential relationship between OTFS and JRC has attracted more and

more research attention. A JRC system shares the same tasks of estimating the delay

and Doppler frequency shift for target, range, and velocity detection as an OTFS system

does for communication [116]. Meanwhile, the JRC system also suffers from the high

PAPR and ICI problems caused by the conventional OFDM waveform. Some researchers

are starting to verify the feasibility to adopt OTFS in JRC systems but how to balance

the complexity and performance is still very challenging [116–120]. Therefore, how to

exploit and extend the advantages of OTFS in delay and Doppler domains to JRC still
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requires significant efforts.

6.2.3 Further System Complexity Reduction

Next generation wireless network requires higher signal processing capability to

satisfy the large amount of data throughput in real time. For tens of Gbps digital modem

implemented in network devices, the sampling rate can be in order of Gbps for each band

and/or multiple simultaneously occupied bands [121]. Considering the symbol length

of OTFS is much longer than conventional modulations, even the linear equalisation

such as MMSE can impose a large computational complexity to the practical system due

to the matrix inversion. Therefore, further technical development on lower complexity

equaliser is needed to achieve the real-time OTFS operation in practice.
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APPENDIX

Appendix A

Let us consider the number of complex multiplications and/or divisions involved

in calculating the inverse of an MN ×MN circular stripe diagonal matrix with stripe

width 1+2k. Using the Gaussian elimination method, the inversion can be carried out

as follows.

(1) Let’s start with the initial footprint of the circular stripe diagonal matrix as

shown on the left side of Fig. 1. For the first row, all the elements are divided in the

row by the first element and cancel the first elements of the other 2k rows with non-

zero first elements respectively, which has complexity of (1+2k) (divisions) + 2k(1+2k)

(multiplications). This process is repeated from the first to (MN −2k)-th rows.

(2) For the last 2k rows, the complexity for cancelling all non-zero elements can be

expressed as (2k)2 + (2k−1)2 + ...+1 to obtain an upper-triangular matrix with footprint

as shown on the right side of Fig. 1.

(3) Let’s then continue to perform the back substitution to turn the upper-triangular

matrix to a diagonal matrix. For the first k columns, the complexity can be expressed as

(MN −1)+ (MN −2)+ ...+ (MN −k).

(4) For the (k+1)-th to (MN − k)-th columns, the complexity can be expressed as

k(MN −2k).

(5) For the last k columns, the complexity can be expressed as (k−1)+ (k−2)+ ...+1.
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Figure 1: Illustration of Gaussian elimination.

The total computational complexity of matrix inversion is

Ctotal = (1+2k)2(MN −2k)+
2k∑

n=1
n2 +

k∑
n=1

(MN −n)+k(MN −2k)+
2k∑

n=1
n2

= (1+2k)2(MN −2k)+ 1
6

2k(2k+1)(4k+1)+2kMN −2k2 −k, (1)

which has the complexity of O((1+2k)2MN) approximately. In this thesis, the matrix

Hν has a stripe width of 1+2×Kmax, and hence the matrix (HνHH
ν + (1/γin)I) has a

stripe width of 1+4×Kmax. Therefore, the complexity of the frequency domain MMSE

equalisation is O((1+4Kmax)2MN).

Appendix B

From (2.1) and (2.4), the received signal can be expressed as

r (t)=
∫+∞

−∞
ht (τ, t) s (t−τ)dτ+w (t) . (2)

In the discrete-time domain, it becomes

r[i]=
+∞∑

j=−∞
ht[ j, i]s[i− j]+w[i], (3)

where ht[ j, i] and w[i] are the discrete-time versions of the delay-time channel represen-

tation ht(τ, t) and noise w(t), respectively, sampled at t = idr and τ= jdr. It is assumed

that the transmitted data symbols s[0], s[1], ..., s[MN −1] are independent with equal
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power σ2
s and the noise power is σ2

w. After OTFS demodulation, i.e., Wigner transform

followed by SFFT, the (m′M+m)-th recovered signal can be expressed as

y[m′M+m]=
N−1∑
n=0

r[nM+m]e−j 2π
N nm′

, (4)

for m′ = 0, ..., N−1, m = 0, ..., M−1. To calculate the output SNR, the power of y[m′M+m]

can be expressed as

E{|y[m′M+m]|2}

=E{
N−1∑
n=0

r[nM+m]e−j 2π
N nm′ N−1∑

n′=0
r∗[n′M+m]ej 2π

N n′m′
}

=
N−1∑
n=0

N−1∑
n′=0

E{r[nM+m]r∗[n′M+m]}ej 2π
N (n′−n)m′

, (5)

where (·)∗ denotes the complex conjugation. Supposing that M > L where L is the

maximum multipath delay, Eq. (5) can be simplified as

E{|y[m′M+m]|2}

=
N−1∑
n=0

E{|r[nM+m]|2}

=
N−1∑
n=0

L−1∑
l=0

|ht[l,nM+m]|2σ2
s +σ2

w

= 1
d2

r

N−1∑
n=0

L−1∑
l=0

Kmax∑
k=−Kmax

Kmax∑
k′=−Kmax

h[l,k]ej 2π
MN k(nM+m)h∗[l,k′]e−j 2π

MN k′(nM+m)σ2
s +σ2

w

= N
d2

r

L−1∑
l=0

Kmax∑
k=−Kmax

|h[l,k]|2σ2
s +σ2

w, (6)

since E{r[nM +m]r∗[n′M +m]} = 0, for n 6= n′. In deriving (4.27), it has been assumed

that the relationship between ht[l, j] and h[l,k] is

ht[l, j]= 1
dr

Kmax∑
k=−Kmax

h[l,k]ej 2π
MN k j (7)

based on Eq. (2.4) and Fig. 2.5.

From (6) and ignoring any scaling factor, the output SNR can be expressed as shown

in (4.7).
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