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Abstract—Sensorless permanent magnet synchronous mo-
tor (PMSM) drive systems have become very attractive due to 
their advantages, such as the reduction of hardware complexi-
ty and hence the reduced system cost and increased reliability. 
In order to accurately determine the rotor position required 
for correct electronic commutation, various methods have 
been proposed. Among them, the most versatile makes use of 
the structural and/or magnetic saturation saliencies of the 
PMSM. This paper presents a non-linear model for PMSMs 
with the saliencies. The phase inductances of a PMSM are 
measured and expressed by Fourier series at different rotor 
positions according to their patterns. The dynamic perfor-
mance of the PMSM is simulated and compared with that 
based on a model without considering saliency to verify the 
effectiveness of the proposed model. 

I.  INTRODUCTION 

Sensorless control of permanent magnet synchronous 
motors (PMSMs) has become very attractive because of its 
many advantages over the systems with mechanical posi-
tion and/or speed sensors, such as significant reduction of 
system hardware complexity and increase of the system 
reliability. A great amount of research has been conducted 
on position sensorless techniques and various methods 
have been proposed. Among them, the most versatile is to 
detect the structural and/or magnetic saturation saliencies 
of the PMSM [1-2]. 

Generally, there are two types of saliencies within an 
electric machine: structural saliency and magnetic satura-
tion saliency. The structural saliency is caused by the me-
chanical structure of the machine. For the electric machines 
with large structural saliency, e.g. interior type PMSM, the 
structural saliency-based rotor position identification can 
be very effective. 

The magnetic saturation saliency is caused by the satu-
ration of magnetic core. In a PMSM, this kind of saliency 
is mainly caused by the permanent magnets (PMs) on the 
rotor, although it is also affected by the magnetic field pro-
duced by the stator current. In an interior PMSM, the mag-
netic saturation saliency is usually not significant compared 
to the structural saliency, and hence it is difficult to use the 
saturation saliency for rotor position detection. However, in 
a surface mounted PMSM, the saturation saliency may 
have to be used because the structure saliency is not signif-
icant due to the large equivalent airgap length.  

In this paper, a non-linear PMSM model which incorpo-
rates both the structural and saturation saliencies is derived. 
In this model, the saliencies of the motor are reflected by 
the variation of the stator winding inductances with respect 
to the rotor positions. In order to obtain the relationship 
between the inductance and rotor position, an inductance 

pattern is established based on the experimental measure-
ment of a surface mounted PMSM (SPMSM) and Fourier 
series. Dynamic performance simulation using the derived 
model is carried out and the results are compared with 
those based on the model without considering the saliencies. 

II.  NON-LINEAR MODEL OF A PMSM 

Fig. 1 illustrates schematically the structure and flux 
linkage of a SPMSM. When the motor saliencies are taken 
into account, the conventional model of PMSM is inaccu-
rate since the inductances of the motor are no longer con-
stants and will be the functions of the rotor position and 
stator current due to the saliencies. Therefore, a new 
PMSM model is required. 

A.  Flux Linkage of PMSM 

In a PMSM, the rotor field is the dominant field which 
determines the operating point. Although the characteristic 
of the magnetic core is non-linear, the magnetic circuit can 
be considered as piecewisely linearized around the operat-
ing point P at a given rotor position, as shown in Fig. 2. 
Thus, the total flux linkage of phase a, λa, can be separated 
into two components, 

( , , , , ) ( , , , , ) ( , )a a b c f as a b c f af fi i i i i i i i iλ θ λ θ λ θ= +  (1) 

where θ is the rotor position, ia, ib, and ic are the stator cur-
rents of phase a, b, and c, respectively, if is the equivalent 
magnetization current of PMs on the rotor, λaf the flux link-
age component of phase a produced by the PMs, λas the 
flux linkage component of phase a corresponding to the 
resultant stator magnetization current ims, and the subscript 
p indicates the peak value. 

 
Fig. 1.  Structure and flux linkage of an SPMSM. 

 



 

 

 
The flux linkage λas can be further separated into com-

ponents attributed to individual stator phase currents 
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where λaa, λab, and λac are the flux linkage components of 
phase a generated by the currents in phases a, b, and c, 
respectively. Consequently, the total flux linkage of phase 
a is 

a aa ab ac afλ λ λ λ λ= + + +  (3) 

In order to improve the accuracy of the model, the non-
linear saturation effect caused by the stator flux, within 
every linearization segment of the magnetic circuit, is addi-
tionally included even though the assumption of piecewise 
linearization is applied. The flux linkage components, λaa, 
λab, and λac, can be considered proportional to their corre-
sponding currents 
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The proportionality coefficients Laa, Lab, Lac, which are 
determined by the slope of the magnetization curve at the 
operating point, are known as the self- and mutual induct-
ances of the phase windings. 

Similarly, the flux linkages of phase b and c are 

b bb ba bc bfλ λ λ λ λ= + + +  (5) 

c cc ca cb cfλ λ λ λ λ= + ++  (6) 

and then the corresponding self- and mutual inductances, 
Lbb, Lba, Lbc, Lcc, Lca and Lcb are defined. 

B.  Circuit Equations 

If the core losses are neglected, the circuit equations of 
the three-phase stator windings can be written as 
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where va, vb and vc are the phase voltages, Ra, Rb and Rc the 
phase winding resistances. 

Based on the previous derivation, the following differ-
ential equations can be obtained 
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and eaf=ωrdλaf/dθ, ebf=ωrdλbf/dθ , ecf=ωrdλcf/dθ are the elec-
tromotive forces (emf) induced by the rotor field. The emf 
can be expressed as: 
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Fig. 2.  Linearization of the magnetic circuit in a PMSM. 
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Fig. 3.  Setup of the test system. 
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where eaθ, ebθ and ecθ are the emfs induced by the variation 
of flux linkage due to the saliencies, and ωr=dθ/dt is the 
angular speed of the rotor. 

C.  Electromagnetic Torque 

The electromagnetic torque of the PMSM can be ob-
tained by the derivative of the system co-energy with re-
spect to the rotor angle, T=∂Wf′/∂θ. If saturation effect is 
considered by the linearization method, the co-energy gen-
erated by the three phase currents can be found and simpli-
fied as: Wf’=Wa′+Wb′+Wc′, where 
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The electromagnetic torque can be found as 
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It can be concluded that there are two kinds of electro-
magnetic torque. One is the torque produced by the rotor 
field, which is determined by rotor flux linkage, and the 
other is the torque caused by the inductance variation due 
to the saliencies. 

III.  NON-LINEAR INDUCTANCE PATTERN 

Accurate prediction of the motor dynamic performance 
requires an accurate presentation of the magnetic character-

istics given by the variation of phase inductances. As dis-
cussed above, the structural and magnetic saturation salien-
cies can be reflected by the variation of stator winding in-
ductances, including the self- and mutual inductances. 
Therefore, an accurate PMSM model by considering the 
saliencies can be established by a good understanding of 
the relationship between the inductances and the rotor posi-
tions at different current conditions. 

A.  Inductance Pattern 

The phase inductance is a periodic function of angular 
rotor position. The relation between the phase inductance 
and the rotor position can be expressed by a Fourier series. 
Generally, the number of terms of the Fourier series is de-
termined as (n+1) for the best curve fitting of the obtained 
phase inductances [3]. Accordingly, the inductances of the 
PMSM can be expressed as 
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In addition, due to the non-linear characteristics of the 
magnetic core, the inductances vary with the stator current. 
Consequently, different currents will give different sets of 
coefficient a0, am, and bm (m=1, 2, …, n). In other words, a0, 
am, and bm can be expressed by the functions of related cur-
rent. Therefore, the inductance can be further expressed as 
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For a group of known values of phase inductance, L(θj,ik), j 
and k refer to the various rotor position and currents respec-
tively, which can be obtained by either magnetic field anal-
ysis or experimental measurement, the inductance pattern 
can be worked out through the method of non-linear curve 
fitting. 

B.  Incorporation of Nonlinear Inductances In PMSM 
Model With Saliencies 

The nonlinear model of the self- and mutual- induct-
ances discussed previously can readily be incorporated into 
the PMSM model presented in Section 2 by simply substi-
tuting the following relationships into the model  
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IV.  MEASUREMENT OF INDUCTANCE OF PMSM 

In order to identify the coefficient matrix used in the 
modeling, experiments are carried out on a 6-pole SPMSM 
to measure the self- and mutual inductances at various rotor 
positions and stator currents. 

The system for the measurement is shown in Fig. 3. The 
rotor of the motor is locked by a dividing head. The phase 
windings are excited by applying a current to one phase 
while the other two are open. The voltage, current and 
power of the excited phases are measured and the open-



 

circuit voltages of the other two phases are also recorded. 
Based on the circuit analysis of Fig. 3, the self and mutual 
inductances at different rotor positions and stator currents 
can be obtained. 

The self-inductances of the phase windings at various 
rotor positions, measured with a stator current of 0.3 A, are 
illustrated in Fig. 4. It can be seen that there are very little 
differences between the self-inductances of three phases. 
The measured mutual inductances are shown in Fig. 5. The 
inductance model can be applied in the derived non-linear 
PMSM model. 

Based on the nonlinear property of the self and mutual 
inductances mentioned in Section 3, the following Fourier 
series are used to express the self and mutual inductances at 
a given current: 

( ) ( )
8

0
1

cos sins n n
i

L a a n b nθ θ θ
=

= + +∑      (22) 

( ) ( )
8

0
1

cos sinm n n
i

L a a n b nθ θ θ
=

= + +∑      (23) 

where the number of terms is chosen as 8. Based on the 
experimental data, the coefficients of the models of self and 
mutual inductances can be obtained. 

In order to identify the saturation saliency of the stator 
flux, DC currents are used to make the total magnetic field 
more saturated at some positions and less saturated at other 
positions, and the phase inductances are measured with 
various DC current offsets, which will be discussed later.  

It is shown that the inductance variation due to the PMs 
on the rotor can be identified. With the measured induct-
ances, dynamic simulation is carried out. 
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Fig. 4.  Measured self-inductances and fitting curves. 
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Fig. 5.  Measured mutual inductances and fitting curves. 

V.  SIMULATION OF THE DYNAMIC PERFORMANCE OF THE 
PMSM 

A. Parameter Measurement  

Based on the model and experimental parameter identi-
fication, dynamic simulation of the PMSM using the model 
incorporating the structural saliency is conducted. The sim-
ulation based on the model without considering saliencies 
is also conducted for comparison. 

In order to simulate the performance of the SPMSM, 
some electrical and magnetic parameters, such as the mag-
netizing flux linkage (flux linkage produced by permanent 
magnet), stator winding resistance and inductances are re-
quired. Experiments are firstly conducted to measure these 
parameters. 

The magnetizing flux linkage λm is obtained by measur-
ing the phase voltage by the open circuit test. The experi-
mental result is: λm = 0.118 Wb. The stator winding re-
sistances at various temperatures are measured by the VA 
method in a temperature controllable chamber. The rela-
tionship of the phase resistances and motor temperature is 
obtained as: RU=1.579*(1+0.004033T), RV=1.584* 
(1+0.004017T), and Rw=1.602*(1+0.003946T), where T is 
the temperature in oC. 

B.  Simulation Results of the Model by Considering Salien-
cies 

Based on the PMSM model by considering saliencies 
and the measured parameters, simulation is firstly conduct-
ed to estimate the dynamic performance of the motor at no 
load. The input voltage is a balanced three phase sinusoidal 
waveform with amplitude of 12 V rms and frequency of 5 
Hz. 

The stator currents of the motor are shown in Fig. 6. 
The total back emf, and the back emf caused by structural 
saliency are illustrated in Fig. 7 and Fig. 8. The total elec-
tromagnetic torque, and the electromagnetic torque caused 
by structural saliency at no-load are shown in Fig. 9 and 
Fig. 10. Fig. 11 shows the torques at load. 
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Fig. 6.  Phase current by the model with structural saliency.  
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Fig. 7.  Total back emf by the model with structural saliency. 
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Fig. 8.  The back emf due to structural saliency. 
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Fig. 9.  Electromagnetic torque by the model with structural saliency, at 

no-load. 
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Fig. 10.  Electromagnetic torque due to structural saliency, at no-load. 
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by structural saliency, with a load of 0.5 Nm. 

Form the data in Fig. 7 and Fig. 8, in the steady state, 
the back emf caused by structural saliency is only about 4% 
of the total back emf. It is shown that the total back emf of 
the motor is almost not affected by the back emf caused by 
the structural saliency, which adds some high order har-
monic components to the total back emf, and this distortion 
can be neglected. 

It can be seen from Fig. 9 and Fig. 10 that a big torque 
variation is produced due to the structural saliency when 
the load torque is very small. 
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Fig. 12.  Comparison of the back emfs by the two models. 
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Fig. 13.  Comparison of the electromagnetic torque by the two models. 

C.  Simulation Results of the Model without Considering 
Saliencies 

With the previously measured PMSM parameters, the 
dynamic simulation for a conventional model without con-
sidering saliencies is performed and a Matlab program is 
complied by using Euler method for the numerical calcula-
tion. In order to compare with the previous results, the 
same initial and load conditions are set in the simulation. 
The back emf and electromagnetic torque are compared 
with those based on the proposed model with saliency, as 
shown in Fig. 12 to Fig. 13. 

It can be seen from Fig.12 and Fig.13 that very small 
difference of the back emf and electromagnetic torque ob-
tained in those two models is mainly due to the surface-
mounted permanent magnet rotor structure. For this specif-
ic motor, the saliency effect is not so apparent as motors 
with large saliencies, such as interior type PMSM or switch 
reluctance motor. However, the proposed model is capable 
of analysing various types of motor by considering salien-
cies. Moreover, the dynamic performance of the motor can 
be described more accurately with the proposed model. 
More accurate torque calculation can be useful for the dy-
namic state estimation in the torque control scheme, such 
as the direct torque control scheme. 

VI.  DISCUSSION OF THE SATURATION SALIENCY 

In order to study the saturation saliency of the stator 
flux, the phase inductances are measured with various DC 
current offsets applied to the phase windings. With a DC 
current of 6A applied to phase a, the self-inductances of 
phase a, b and c are measured by the AC voltage-current 
method and compared with those obtained without DC cur-



 

rent offset. The results are shown in Fig. 14, Fig. 15 and 
Fig. 16.  
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Fig. 14.  Inductances of phase a, with and without DC offset in phase a. 
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Fig. 15.  Inductances of phase b, with and without DC offset in phase a. 

0 60 120 180 240 300 360

0.0096

0.0098

0.0100

0.0102

0.0104

 Lsc without DC offset
 Lsc with 6A DC offset

Ph
as

e c
 S

elf
 In

du
cta

nc
e (

H)

Rotor Position (Elec. Deg.)  
Fig. 16.  Inductances of phase c, with and without DC offset in phase a. 

For the inductances without DC currents, due to struc-
tural saliency, the magnetic circuit becomes a bit more or 
less saturated when the axis of the stator windings aligns 
with that of the rotor flux. As a result, the maximum or 
minimum values of the inductances appear at those posi-
tions. The rotor position could be estimated by identifying 
the crest or trough values of the inductances, which may 
correspond to the q- and d-axes of the rotor, although the 
estimation is difficult due to the small variation. In addi-
tion, the inductance variation frequency is twice the main 
frequency because the variation of inductance is independ-
ent of the direction of flux. The rotor pole polarity cannot 
be directly obtained based on the map of the inductances. 

For the experimental results of the inductances with DC 
offset shown in Figs. 14-16, the axis of the stator flux 
aligns with that of the phase a winding. At the positions 
where the stator flux is perpendicular to the rotor flux, the 
stator flux has no much effect on the inductance values. 
Therefore, the inductances obtained with DC offset and 
without DC offset are close to each other at these locations. 

At the positions where the rotor flux aligns with the sta-
tor flux, the magnetic filed is more saturated than that at 
other positions. Therefore, the inductance variation at that 
position should be large, especially in phase a. In Fig. 14, 
the maximum variation value occurs at about 145º electri-
cal, where the rotor flux aligns with the axis of phase a. 
Meanwhile, for the other two phases, the rotor flux does 
not align with the axes of the windings and the maximum 

inductance variations occur close to the axis of phase a but 
different from that of phase a. 

The inductance variation is mainly caused by the mag-
netic saturation saliency in this motor. If the variation pat-
tern of the inductances under various rotor positions and 
stator fluxes could be obtained and mapped, the angle be-
tween the rotor flux and stator flux could be estimated, and 
then the rotor position can be obtained by the known posi-
tion of stator flux. Based on the analysis, further work 
could be carried out for sensorless rotor position detection 
method. 

VII.  CONCLUSIONS 

A non-linear PMSM model incorporating both the 
structural and magnetic saturation saliencies was derived in 
this paper. In the equivalent electric circuit, the saliencies 
are reflected by the variation of the stator winding induct-
ances with respect to the rotor positions and stator currents. 
The nonlinear inductances at various rotor positions are 
discussed and experimentally obtained from a surface 
mounted PMSM. Fourier series analysis is employed to 
describe the relation of the inductance and rotor position 
based on the experimental results. Dynamic simulation 
considering the structural saliency is performed based on 
the parameters obtained from the testing motor. The results 
are compared with that from a model without considering 
saliency. It is found that, due to the surface mounted struc-
ture of the testing motor, there are only very small differ-
ences between the results with and without structural sali-
encies.  

The saliency in the studied SPMSM is mainly due to 
the magnetic saturation and could be used to estimate the 
angle between rotor flux and stator flux, which can provide 
a possibility of initial rotor position estimation for the sen-
sorless PMSM drives. The proposed model is capable of 
analysing various types of motor by considering saliencies. 
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