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Abstract—Sensorless permanent magnet synchronous motor
(PMSM) drive systems have become very attractive due to their
advantages, such as reduction of hardware complexity and hence
the system cost and increment of system reliability. In order to
correctly obtain the rotor position information required for the
appropriate control, various methods have been proposed.
Among them, the most versatile method makes use of the
structural and magnetic saturation saliencies of the PMSM. This
paper presents a non-linear model of PMSMs considering the
saliencies. The phase inductances of a PMSM are measured and
expressed in Fourier series versus stator winding currents and
rotor positions according to the inductance pattern. The
simulated dynamic performance is compared with that based on
a model without considering saliency to verify the effectiveness of
the proposed PMSM model.
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l. INTRODUCTION

Sensorless control of permanent magnet synchronous
motors (PMSMs) has become very attractive because of its
several advantages over the systems with mechanical position
sensors, such as significant reduction of hardware complexity
and hence the cost and increment of the system reliability. A
great amount of research has been conducted on position
sensorless techniques and various methods have been
proposed. Among them, the most versatile method identifies
the rotor position by detecting the structural and magnetic
saturation saliencies, which exist even in surface mounted
PMSMs [1-2].

The structural saliency is caused by the mechanical
structure of the machine and is seldom affected by the stator
current. For the electric machines with large structural saliency,
e.g. interior mounted PMSM, the structural saliency-based
rotor position identification can be very effective.

The magnetic saliency is caused by the saturation of
magnetic core. In a PMSM, this kind of saliency is mainly
caused by the permanent magnets (PMs) on the rotor, and it is
usually not significant compared to the structural saliency. In
addition, it is affected by the magnetic field produced by the
stator current. It becomes a challenge to detect the rotor
position of a PMSM with little structural saliency, such as a
surface mounted PMSM.

In this paper, a non-linear PMSM model which
incorporates both the structural and saturation saliencies is
derived in order to verify effectively the existing and new
position detection methods. In the model, the saliencies of the
motor are reflected by the variation of the stator winding
inductances with respect to the rotor position. In order to obtain
the relationship between the inductance and rotor position, an
inductance model is established based on the Fourier series and
is applied on a surface mounted PMSM. Dynamic simulation
using the derived model is carried out and the results are
compared with the ones without considering the saliencies.

Il.  NON-LINEAR MODEL OF A PMSM WITH SALIENCIES

Fig. 1 illustrates schematically the structure and flux
linkage of a surface mounted PMSM (SPMSM). When the
motor saliencies are taken into account, the conventional model
of PMSM is inaccurate since the inductances of the motor will
be the functions of the rotor position due to the saliencies.
Therefore, an improved PMSM model is required.

A. Flux Linkage and Circuit Equations

In a PMSM, the rotor field is the dominant field which
determines the operating point of the magnetic core. Although
the characteristics of the magnetic core is non-linear, the
magnetic circuit can be considered as piecewisely linearized
around the operating point P at a given rotor position, as shown
in Fig. 2. Thus, as an example, the total flux linkage of phase a,
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Figure 1. Structure and flux linkage of an SPMSM
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Figure 2. Linerazation of the magnetic circuit in an SPMSM for a given
rotor position
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where A4 is the flux linkage component of phase a produced by
the PMs, A, the flux linkage component of phase a
corresponding to the resultant stator magnetization current ims,
and the subscript p indicates the peak value. The flux linkage
Aas Can be further separated into components attributed by
individual stator phase currents. Consequently, the total flux
linkage of phase a can be expressed as:

A=A+, +A +A, @)

where Aaa, Aab, and Aqc are the flux linkage components of phase
a corresponding to each phase current. Under the assumption
of linearization, the flux linkage components, Aaa, Aab, and Aac
can be considered proportional to the corresponding currents:

ﬂ'aa = Laa(ia’e)ia’ iab = Lab(ib’e)ib’ and ﬂ'ac = Lac(ic’g)ic

The proportionality coefficients Laa, Lan, and Lae, which are
determined by the gradient of the magnetization curve at the
operating point, are defined as the self and mutual inductances
of the phase windings. The flux linkages of phase b and ¢ can
be obtained similarly.

The electric circuit equations of the three-phase stator
windings can be written as,

v. =Ri_+

s s's

da
= s=a,b,c 3
dt

where v, is, and R, are the phase voltages, currents, and
winding resistances, respectively. Based on the previous
derivation, the following differential equations can be obtained:
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and es=wdlaildl, esi=wdivldd, and eq=wdidldd are the
electromotive forces (emfs) induced by the PMs. In addition,
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are the emfs induced by the variation of flux linkage due to the
saliencies, where w,=d6/dt is the mechanical angular speed of
the rotor.

B. Electromagnetic Torque

The electromagnetic torque of the PMSM can be obtained
by the derivative of the system co-energy with respect to the
rotor angle, i.e. T=0W¢/06. The electromagnetic torque can be
found by:
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From (9), it can be concluded that there are two kinds of
electromagnetic torque. One is the torque produced by the
PMs, which is determined by rotor flux linkage, and the other
is the torque due to the saliencies, which is caused by the
variation of the phase inductances.

I1l. NON-LINEAR INDUCTANCE PATTERN

A. Non-linear Inductance Pattern

Accurate prediction of the motor dynamic performance
requires a motor model with accurate parameters, especially
the phase inductances. As discussed above, the structural and
magnetic saturation saliencies can be reflected by the variation
of the self- and mutual inductances of the stator windings.

According to the motor structure, the phase inductance is a
periodic function of angular rotor position. Therefore, the



relationship between the phase inductance and the rotor
position can be expressed by a Fourier series:

L(0)=a,+ Y (a, cosmd +b, sinmg) (10)
The number of terms of the Fourier series is determined
through the best curve fitting result from the experimental
phase inductances [3]. In addition, due to the non-linear
characteristics of the magnetic core, the inductances vary with
the stator current. Consequently, different sets of coefficient ao,
am, and by (M=1, 2, ..., n) can be obtained at different currents,
and expressed by the functions of corresponding current.
Therefore, the inductance can be further expressed as:

L(i,0)=a,(i)+ Y (a,(i)cosmd +b, (i)sinme) (11)

n
m=:
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For a group of known values of phase inductance, L(®}ix),
the inductance pattern can be worked out by the method of
non-linear curve fitting, where j and k refer to the various
experimental rotor positions and currents, respectively.

The nonlinear model of the self- and mutual- inductances
can readily be incorporated into the PMSM model presented in
Section Il by simply substituting the following relationships
into the model:

—dl‘gi;i"):mzn‘i((—m)am(ik)sinm9+mbm(ik)cosmé?) (12)
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B. Experimental Phase Inductances

In order to acquire the correct inductances of the motor,
some aspects should be considered in advance. When a PMSM
is in its normal operating state, the total flux is composed of
both the stator and rotor fluxes, (y+= wr+ys), and the influence
of the stator flux ws cannot be neglected. Due to the stator flux,
the magnetic core becomes more saturated at some positions

and less saturated at other positions. Therefore, the phase
inductance pattern will be affected by the stator flux.

In order to estimate the saturation effect at various stator
fluxes, several DC offsets, iq, are used to emulate the effect of
the three-phase currents. Based on the analysis of the
relationship between the saturation of magnetic core and the
inductance variation, a method for measuring the phase
inductances is designed and the saturation effect due to stator
currents can be reflected in the inductance patterns measured
by this method.

The measurement system is shown in Fig. 3. The
experiment is carried out on a 6-pole SPMSM. The rotor of the
motor is locked by a dividing head. Various DC offsets are
injected to one of the stator windings. Meanwhile, a small AC
current is applied to one phase while the other two are open-
circuited. The voltage, current and power of the excited phase
are measured and the open-circuit voltages of the other two
phases are also recorded. The self- and mutual inductances of
phases a, b and ¢ at different rotor positions and stator fluxes
can then be calculated via circuit analysis. The self-inductances
of phase a, Lsa, at various rotor positions with and without DC
offsets are illustrated in Fig. 4.

According to the magnetic flux distribution in a PMSM, it
can be concluded that the inductances by considering structural
and saturation saliencies are the functions of amplitudes and
angles of both stator and rotor fluxes, L(6s0, ry/s|,|y/r|),
where 6 is the position of the stator flux, 6, the position of
rotor flux, and | Ws | and | Wy | are the amplitudes of the stator
and rotor fluxes. The amplitude of the rotor flux can be
considered as constant, while the amplitudes of the stator flux
at a given igc is also constant. Under this condition, the
inductances with the incorporation of structural and saturation
saliencies could be simply expressed as a function of various s
and 6.

Moreover, if the machine is assumed ideally symmetric and
the inductances of the three phases are identical, it can be
known that the inductance patterns of phases a, b and c are of
the same shape with £120° phase shift due to the symmetrical
distribution of three phase stator windings.
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Figure 3. Setup of the testing system



In order to make the estimation of the inductance patterns
easier, the angles between the stator flux, ws, and stator
winding axes of phases a, b and c, which are defined as aa, a
and ac, and the angle between the stator flux and rotor fluxes, J,
as shown in Figs. 5-7, are used in the inductance model instead
of 0, 6. For arbitrary aa, an, ac, and J, the phase inductances
can be expressed as Lsaa(0a 0), Lsun(on, 0) and Lsec(oc, 9),
respectively. Due to the symmetrical distribution of the three
phase windings, at a.=ap=ac=0 and a given 4, it is known that
Lsaa(, ) = Lspo(@, 0) = Lsec(@, 8), Where a is the angle between
the stator flux and axis of phase a stator winding.

Based on the measured self- and mutual inductances of
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Figure 4. Measured self-inductances and fitting curves
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Figure 7. Rotor and stator flux linked with phase ¢ with DC offset to phase a

phases a, b and ¢ with DC offsets injected to phase a, the self
inductance patterns, Lss(a, 61, is), at a given a can be estimated
as the following by (11):

L (.0, )=a,(i)

8 (14)
+§(an (i,)cos(ng, ) +b, (i, )sin(né,))

By the symmetrical analysis shown in Figs. 5-7, the
inductances at the following positions are therefore obtained: 1)
a=0°and 6=0°360°; 2) a=120°and 6=0°-360°; 3) a=240° and
0=0°-360°. The phase a inductance patterns at various stator
and rotor fluxes can be estimated by linear interpolation of the
known inductance patterns at these positions and various
amplitudes of equivalent stator fluxes determined by different
values of DC offsets. The inductance patterns at each degree of
o and 6, and each ampere of the stator current, is, Lssa(a=0%
360°, 0,=0°-360°, |is r), could be expressed in a matrix of
(NxMxK) at various «, 6, and is:

[L(@.0.0) L(a.6,,) L (@.0,1,) ]
L(a.0,1,) L(a.0,.i,) L. (,.0,.i,)

. . . 15

I‘ssai: Lss(a1"9r3'|si) Lss(a2’9r3’|si) Lss(aN’ng’lsi) ( )
LL(a.0,.0,) L.(a,.0,.i) L, (.0, i)

where the subscript i=1,2,3,..., K.

The inductance patterns of phases b and ¢ can be obtained
by shifting the rotor position in (15) with £120°, respectively:

L = L (@.(6, -120),) (16)
L = Lo (@ (6, +120°).i) (17)

Similar procedure can be applied for the estimation of
mutual inductance. The results can be used in (5) for the motor
performance analysis.

IV. DYNAMIC SIMULATION OF PMSM MODEL

Based on the proposed model and experimental parameter
identification, dynamic simulation of the PMSM using this
model incorporating the structural and saturation saliencies is
conducted. The simulation based on the model without
considering saliencies is also conducted for comparison.

A.  Simulation Results of the Model by Considering
Saliencies

Based on the PMSM model by considering saliencies and
the measured parameters, simulation is firstly conducted to
estimate the dynamic performance of the motor. The input
voltage is a balanced three phase sinusoidal waveform with
amplitude value of 12 V and frequency of 5 Hz.

The stator currents of the motor are shown in Fig. 8. The
total back emf, and the back emf caused by structural saliency
are illustrated in Figs. 9-10. The total electromagnetic torque



and the electromagnetic torque caused by saliencies with a load
of 0.5 Nmare shown in Fig. 11.

B. Simulation Results of the Model without Considering
Saliencies

With the previously measured PMSM parameters, the
dynamic simulation for a conventional model without
considering saliencies is performed and a Matlab program is
complied by using Euler method for the numerical calculation.
In order to compare with the previous results, the same initial
and load conditions are set in the simulation. The
electromagnetic torque and rotor speed are compared with
those based on the proposed model with saliency, as shown in
Figs. 12 and 13.

It can be seen from Figs. 12 and 13 that there is very small
difference of the electromagnetic torque and rotor position
obtained by the two models and this is mainly due to the
surface-mounted permanent magnet rotor structure. For this
specific motor, the saliency effect is not so apparent as motors
with large saliencies, such as interior type PMSM or switch
reluctance motor. However, the proposed model is capable of
analyzing various types of motor by considering saliencies.
Moreover, the inclusion of the structural and saturation
saliencies provides a possibility to estimate the N-S poles of
the PM on the rotor, so that the estimation of rotor position in
sensorless control schemes could be numerically simulated
based on the model. In addition, more accurate torque
calculation could be useful for the dynamic state estimation in
the torque control scheme, such as the direct torque control
scheme.

V. CONCLUSIONS

A non-linear PMSM model incorporating both the
structural and magnetic saturation saliencies was derived in this
paper. In the equivalent electric circuit, the saliencies are
reflected by the variation of the stator winding inductances
with respect to the rotor positions and stator currents. The
nonlinear inductances at various rotor positions and stator
currents are discussed and experimentally obtained from a
surface mounted PMSM. Fourier series analysis is employed to
describe the relation of the inductance and rotor position.
Dynamic simulation considering the saliencies is performed
based on the parameters obtained from the testing motor. The
results are compared with that from a model without
considering saliency. The saliency in the studied SPMSM is
mainly due to the magnetic saturation and could be used to
estimate the angle between rotor flux and stator flux. The
incorporation of the structural and saturation saliencies
provides a possibility to estimate the N-S poles of the PM on
the rotor, so that the estimation of rotor position in sensorless
control schemes could be numerically simulated based on the
model. The proposed model is capable of analyzing various
types of motor by considering saliencies.
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Figure 8. Phase current by the model with structural saliency
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Figure 9. Total back emf by the model with structural saliency
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Figure 10. The back emf due to structural saliency
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