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We consider state redistribution of a
“hybrid” information source that has both
classical and quantum components. The
sender transmits classical and quantum in-
formation at the same time to the receiver,
in the presence of classical and quantum
side information both at the sender and at
the decoder. The available resources are
shared entanglement, and noiseless classi-
cal and quantum communication channels.
We derive one-shot direct and converse
bounds for these three resources, repre-
sented in terms of the smooth conditional
entropies of the source state. Various cod-
ing theorems for two-party source coding
problems are systematically obtained by
reduction from our results, including the
ones that have not been addressed in pre-
vious literatures.

1 Introduction

Quantum state redistribution is a task in which
the sender aims at transmitting quantum states
to the receiver, in the presence of quantum side
information both at the sender and at the re-
ceiver. The costs of quantum communication
and entanglement required for state redistribu-
tion have been analyzed in [35, 13, 36| for the
asymptotic scenario of infinitely many copies and
vanishingly small error, and in |7, 10, 2| for the
one-shot scenario. Various coding theorems for
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two-party quantum source coding problems are
obtained by reduction from these results as spe-
cial cases, such as the Schumacher compression
[24], quantum state merging [17| and the fully-
quantum Slepian-Wolf [1, 9]. However, some of
the well-known coding theorems cannot be ob-
tained from those results, such as the (fully-
classical) Slepian-Wolf (see e.g. [8]) and the clas-
sical data compression with quantum side in-
formation [11]. This is because the results in
[35, 13, 36, 7| only cover the fully quantum sce-
nario, in which the information to be transmitted
and the available resources are both quantum.

In this paper, we generalize the one-shot state
redistribution theorem in [7] to a “hybrid” situa-
tion. That is, we consider the task of state redis-
tribution in which the information to be trans-
mitted and the side information at the parties
have both classical and quantum components.
Not only quantum communication and shared en-
tanglement, but also classical communication is
available as a resource. Our goal is to derive
trade-off relations among the costs of the three
resources required for achieving the task within a
small error. The main result is that we provide
the direct and the converse bounds for the rate
triplet to be achievable, in terms of the smooth
conditional entropies of the source state and the
error tolerance. For most of the special cases that
have been analyzed in the previous literatures,
the two bounds match in the asymptotic limit
of infinitely many copies and vanishingly small
error, providing the full characterization of the
achievable rate region. Our result can be viewed
as a one-shot generalization of the classically-
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Figure 1: The task of state redistribution for the classical-quantum hybrid source is depicted. The black dots and
the circles represent classical and quantum parts of the information source, respectively. The wavy line represents

the entanglement resource.

assisted state redistribution protocol, proposed in
[18].

Coding theorems for most of the redistribution-
type protocols, not only for quantum or classi-
cal information source but also for hybrid one,
in one-shot scenario are systematically obtained
from our result by reduction. In this sense, our
result completes the one-shot capacity theorems
of the redistribution-type protocols in a standard
setting. As examples, we show that the coding
theorems for the fully quantum state redistribu-
tion, the fully quantum Slepian-Wolf, quantum
state splitting, quantum state merging, classical
data compression with quantum side information,
quantum data compression with classical side in-
formation and the fully classical Slepian-Wolf and
quantum state redistribution with classical side
information only at the decoder [3] can be recov-
ered. The last one would further lead to the fam-
ily of quantum protocols in the presence of classi-
cal side information only at the decoder, along the
same line as the one without classical side infor-
mation |1, 12]. In addition, our result also covers
some redistribution-type protocols that have not
been addressed in the previous literatures.

We note that the cost of resources in the hy-
brid redistribution-type protocols cannot be fully
analyzed by simply plugging the hybrid source
and the hybrid channel into the fully quantum
setting. This is because interconversion of clas-
sical and quantum communication channels re-
quires the use of entanglement resource, which is
not allowed e.g. in the fully classical scenario.

This paper is organized as follows. In Section
2, we introduce notations and definitions that will
be used throughout this paper. In Section 3,
we provide the formulation of the problem and

present the main results. The results are applied
in Section 4 to special cases, and compared with
the results in the previous literatures. The proofs
of the direct part and the converse part are pro-
vided in Section 5 and 6, respectively. Conclu-
sions are given in Section 7. The properties of
the smooth entropies used in the proofs are sum-

marized in Appendix A.

2 Preliminaries

We summarize notations and definitions that will
be used throughout this paper.

2.1 Notations

We denote the set of linear operators on a Hilbert
space H by L(H). For normalized density oper-
ators and sub-normalized density operators, we
use the following notations, respectively:

S_(H)={pe L) : p=0.Tx[g =1}, (1)
S<(H)={pe L) : p=0.Tx[g <1}.  (2)

A Hilbert space associated with a quantum sys-
tem A is denoted by H4, and its dimension is
denoted by d4. A system composed of two sub-
systems A and B is denoted by AB. When M
and N are linear operators on H* and HZ, re-
spectively, we denote M ® N as M4 ® NB for
clarity. In the case of pure states, we abbreviate
) ®1¢) 7 as [1))4]¢)”. We denote [¢)(| simply
by .

For pAB € L(HAPB), p? represents Trg[pAP].
The identity operator is denoted by I. We de-
note (M4 @ IB)|Y)P as MA|)AP and (M4 ®
IBYpAB(MA @ IP)t as MApABMAT. When &
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is a supermap from L(H?) to L(HP), we de-
note it by £478. When A = B, we use £4
for short. We also denote (£47F © id)(pA°)
by €478 (pAC). When a supermap is given by
a conjugation of a unitary U4 or a linear oper-
ator W48 we especially denote it by its calli-
graphic font such as U4(X4) = (U XAUA)!
and WA—)B(XA) = (WA—>B)XA(WA—>B)T_

The maximally entangled state between A and
A’ where HA = HA' | is defined by

)4 = mzra o)™ (3)

with respect to a fixed orthonormal basis
{lav) i“‘zl. The maximally mixed state on A is
defined by 74 := I /d,.

For any linear CP map 7475, there exists
a finite dimensional quantum system F and a
linear operator WA7BE such that T47B(:) =
TrE[WT(-)WFJH. The operator Wy is called a
Stinespring dilation of 7475 [25], and the lin-
ear CP map defined by Trp [WT()W:H is called
a complementary map of TA=B  With a slight

abuse of notation, we denote the complementary
map by 747,

2.2 Norms and Distances

For a linear operator X, the trace norm is defined
as | X |1 = Tr[VXTX]. For subnormalized states
p,0 € S<(H), the trace distance is defined by
lo—oll1. The generalized fidelity and the purified
distance are defined by

F(p,0) = [ Vav/alh + /(1 = Telp)) (1 = Txo]

)
(4)
and

P(p70) =Y 1- F(p,0)27 (5)

respectively (see Lemma 3 in [29]). The trace
distance and the purified distance are related as

1
QHP—UHlSP(P,§)§\/2HP—0H1 (6)

for any p,o € S<(#). The epsilon ball of a sub-
normalized state p € S<(H) is defined by

B(p) :=={r € S<(H)[ P(p,7) <€} (7)

2.3 One-Shot Entropies

For any subnormalized state p € S<(HAP) and
normalized state ¢ € S—(H?), define

Huin(A|B) s := sup{\ € R2 1 @ ¥ > pP}
(8)

and
Hinax (A B) s = log [[\/ pABVTA @ SB|7. - (9)

The conditional min- and max- entropies (see
e.g. [26]) are defined by

Hmin(A|B)p = sup Hmin(A‘B)ma? (10)
ocBeS_(HB)

Hmax(A|B)p = - ?SUI()’HB) HmaX(A‘B)pkﬂ (11)
g ed=

and the smoothed versions thereof are given by

mln(A’B)P - sup HmiH(A’B)ﬁ7 (12)
pABEBE(p)
Hf .« (A|B), inf  Hyax(A|B),  (13)

 pABeB(p)

for € > 0. In the case where B is a trivial (one-
dimensional) system, we simply denote them as
Hiin(A), and HY , (A),, respectively. We define

min max

H™(A|B),

= max{H};,(A|B),, H}.«(A|B),} (14)
and
Liin(A: C|B),
= Hiyin(A[B)p — Hipin (A|BC)p. (15)

We will refer to (15) as the smooth conditional
min mutual information. For 7 € S(H?A), we
also use the “max entropy” in the version of [23]
(see Section 3.1.1 therein). Taking the smoothing
into account, it is defined by

(A); = inf
ILTr[II7]>1—€

€
Hmax

logrank[II],  (16)

where the infimum is taken over all projections
IT such that Tr[II7] > 1 — e. The von Neumann
entropies and the quantum mutual information
are defined by

H(A), = —Tr[p" log p], (17)
H(AIB), = H(AB), — H(B),,  (18)
I(A:B),:=H(A), — H(A|B),. (19)

The properties of the smooth conditional en-

tropies used in this paper are summarized in Ap-
pendix A.
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Figure 2: The task of state redistribution for the classical-quantum hybrid source is depicted in the diagram. The
black lines and the dashed lines represent classical and quantum systems, respectively.

3 Formulation and Results

Consider a classical-quantum source state in the
form of

\PABCRXYZX/Y’Z/ N
S T

> pyelzial® @ ly)yl” ® |2zl
T, Y,z
® [y N thaye| 7 © Jayziayz
(20)

Here, {pasy:}z,y.- is a probability distribution,
|¥ay=) are pure states, and {[z)}a, {|y)}y, {[2)},
{lzy2z)}s,y,» are orthonormal bases. The systems
X', Y’ and Z’' are assumed to be isomorphic to
X, Y and Z, respectively. For the simplicity
of notations, we denote AX, BY, CZ, X'Y'Z'
and RX'Y'Z' by A, B, C, T and R, respectively.
Accordingly, we also denote the source state by

We consider a task in which the sender trans-
mits C' to the receiver (see Figure 1 and 2). The
sender and the receiver have access to systems
A and B, respectively, as side information. The
system R is the reference system that is inaccessi-
ble to the sender and the receiver. The available
resources for the task are the one-way noiseless
classical and quantum channels from the sender
to the receiver, and an entangled state shared in
advance between the sender and the receiver. We
describe the communication resources by a quan-
tum system @ with dimension 2¢ and a “classical”
system M with dimension 2¢. The entanglement
resources shared between the sender and the re-
ceiver, before and after the protocol, are given

by the maximally entangled states (I>2E€f‘£()3 and

@;%FB with Schmidt rank 2¢7¢ and 2°, respec-
tively.

Definition 1 A tuple (c,q,e,ey) is said to be
achievable within an error § for Vs, if there exists
a pair of an encoding CPTP map SAACEA—}A?{V[FA
and a decoding CPTP map DBPQME—BCFs,
such that

HD ° g(q,;&BOR@@EAEB)_\I,?Béz%@@g&%f«“s

2€+60 1

<d. (21)
Note that, since M is a classical message, the en-
coding CPTP map & must be such that for any
input state 7, the output state EACFA=ARMFa (1)
is diagonal in M with respect to a fixed orthonor-
mal basis. Note also that we implicitly assume
that ¢, q,eq > 0, while the net entanglement cost
e can be negative.

Our goal is to obtain necessary and sufficient
conditions for a tuple (¢, g, e, eg) to be achievable
within the error § for a given source state W.
The direct and converse bounds are given by the
following theorems:

Theorem 2 (Direct part.) A tuple
(c,q,e,e0) is achievable within an error

4126 + 66 + 2¢ for U, if do > 2 and it
holds that

ot 2q > max{ﬁl(3e/2,e/2)’ ﬁ};/Q)}
—log (6%/2), (22)
c+q+e> HYZ(CZ|BY )y, —log(62/2), (23)

q+e> HI2(C|BXYZ)y, —logd?, (24)
1, _ 2 c
e0 > 5 (H, [ (Chu, — HE(CIBXY Z)u,)

+ log 6, (25)
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where
A =H"(CIAXY Z)4,
+ Hx (CZ|BY )u,, (26)
Hyy i =H}o (ClAX Z),
+ Hpoy (C|BXY Z) (27)

and H,EL’E) is defined by (1/).
In the case where do = 1, a tuple (c,0,0,0)
is achievable for Vg within the error § if it holds

that
2

c> Hf —10g%. (28)

max

(Z|BY ),

Theorem 3 (Converse part.) Suppose that
a tuple (c,q,e,eq) is achievable within the error
0 for Wy, Then, regardless of the value of eg, it
holds that

c+2q> max{ﬁ}(e’d), 1:156’5) A(E"S)}—Gf(e),
(29)

ct+q+e>H:, (BYCZ)y,

— HR2HVI(BY )y — f(e),  (30)

min

qg+e>H, (BC|XYZ)y,
—HIHSY(BIXY Z)y, —2f(e) (31)

for any e > 0. Here,  f(x) =
—log (1 — V1= 22),
HY = mm(AC\XYZ)\pS
Hf (AIXYZ)y,
+ H. i (BYCZ) g,
Hﬁ;Jrﬁf(By) (32)
A — mm(AXCZ)\ps
H (AXZ)y,
+ H(BC|XY Z),
— HIHSVY(BIXY Z)y. (33)
and
A6 . supI,Zfl#\[(GA Y'|MAAX'Z") p(w,)-

(34)

The supremum in (34) is taken over all CPTP
maps F : AC — AGAMy such that F(7) is di-
agonal in My with a fized orthonormal basis for
any T € S(HAC), and

nf P (]-" (WACR), 3 poyevitl @ wfg‘é“)
zyz 7y’

<2V45, (35)

where we informally denoted Q,Z)myz ® |wyzXzyz|"
by wxyz

The proofs of Theorem 2 and Theorem 3 will be
provided in Section 5 and Section 6, respectively.

We also consider an asymptotic scenario of in-
finitely many copies and vanishingly small error.
A rate triplet (c, g, e) is said to be asymptotically
achievable if, for any § > 0 and sufficiently large
n € N, there exists eg > 0 such that the tuple
(nc,ng,ne,nep) is achievable within the error ¢
for the one-shot redistribution of the state U&".
The achievable rate region is defined as the clo-
sure of the set of achievable rate triplets. The
following theorem provides a characterization of
the achievable rate region:

Theorem 4 (Asymptotic limit.) In the
asymptotic limit of infinitely many copies and
vanishingly small error, the inner and outer
bounds for the achievable rate region are given

by

¢+ 2q > max{Hy, Hy}, (36)
c+q+e>H(CZ|BY)y,, (37)
gte> HCBXYZ)y,  (39)

1
ey > 5](0 :BXYZ)y, (39)

and

c+2q>max{Hy, Hy — A}, (40)
c+q+e>H(CZ|BY)y,, (41)
g+e>H(C|BXYZ)y,, (42)

respectively. Here,

H;:= H(C|AXY Z)y, + H(CZ|BY)y,, (43)
Hy == H(C|AXZ)y, + H(C|BXY Z)y, (44)
and

A :=lim lim A(e UCON (45)

d—=+0n—oon
where A% is defined in Theorem 3.

Theorem 4 immediately follows from the one-
shot direct and converse bounds (Theorem 2 and
Theorem 3). This is due to the fully-quantum
asymptotic equipartition property [28], which im-
plies that the smooth conditional entropies are
equal to the von Neumann conditional entropy
in the asymptotic limit of infinitely many copies.
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That is, for any p € S_(HF?) and € > 0, it holds
that

: Lo n|Hn
nh—>ngo EHmin(P |Q )p®"
. Lo e n|yn
= nh—>H<}o EHmaX(P Q )p®" (46)
= H(P|Q),- (47)

A simple calculation using this relation and the
chain rule of the conditional entropy implies that
the R.H.S:s of (22)-(25) and (29)-(31) coincide
with those of (36)-(39) and (40)-(42), respec-
tively, in the asymptotic limit of infinitely many
copies.

Due to the existence of the term A in Inequal-
ity (40), the direct and converse bounds in The-
orem 4 do not match in general. In many cases,
however, it holds that A = 0 and thus the two
bounds matches. This is due to the following
lemma about the property of A(©9):

Lemma 5 The quantity A% defined in Theo-
rem 3 is nonnegative, and is equal to zero if there
is no classical side information at the decoder
(i.e. dimY = dimY’ = 1) or if there is neither
quantum message nor quantum side information
at the encoder (i.e. dimA = dimC = 1). The
quantity A satisfies the same property due to the
definition (45).

A proof of Lemma 5 will be provided in Section
6.4. To clarify the general condition under which
A = 0 is left as an open problem.

Remark. The results presented in this section
are applicable to the case where the sender and
the receiver can make use of the resource of clas-
sical shared randomness. To this end, it is only
necessary to incorporate the classical shared ran-
domness as a part of classical side information X
and Y.

4 Reduction to Special Cases

In this section, we apply the results presented in
Section 3 to special cases of source coding (see
Figure 3 in the next page). In principle, the re-
sults cover all special cases where some of the
components A, B, C, X, Y or Z are assumed
to be one-dimensional, and where ¢, q or e is as-
sumed to be zero.

Among them, we particularly consider the
cases with no classical component in the source
state and with no side information at the en-
coder, which have been analyzed in previous lit-
eratures. We also consider quantum state redis-
tribution with classical side information at the
decoder, which has not been addressed before.
We investigate both the one-shot and the asymp-
totic scenarios. The one-shot direct and converse
bounds are obtained from Theorem 2 and Theo-
rem 3, respectively, and the asymptotic rate re-
gion is obtained from Theorem 4. The analysis
presented below shows that, for the tasks that
have been analyzed in previous literatures, the
bounds obtained from our results coincide with
the ones obtained in the literatures. It should be
noted, however, that the coincidence in the one-
shot scenario is only up to changes of the types
of entropies and the values of the smoothing pa-
rameters. All entropies are for the source state
U,. We will use Lemma 21 in Appendix A for
the calculation of entropies.

4.1 No Classical Component in The Source
State

First, we consider the case where there is no clas-
sical component in the source state. It is de-
scribed by setting X =Y = Z = (). By imposing
several additional assumptions, the scenario re-
duces to different protocols.

4.1.1 Fully Quantum State Redistribution

Our hybrid scenario of state redistribution re-
duces to the fully quantum scenario, by addition-
ally assuming that ¢ = 0. The one-shot direct
part is given by

2q > HP*?)(C|A) + HY{2.(C|B)

“log(54/2). (48)
g+e> HZ (C|B) —log (6°/2), (49)
0 > S (Hol%(C) — H32(C1B)) + Togs. (50)
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hybrid state
redistribution

X=Y=Z=0

A=

=

state redistribution for
fully quantum source

CQ Slepian-Wolf
(no Sl at the encoder)

c=0

-

fully quantum

quantum state
redistribution with
classical SI-D

B=1

state redistribution classical data quantum data fully quantum quantum state
A=10 compression with compression with Slepian-Wolf with splitting with
A= (7]/ \Bi =0 quantum SI-D classical SI-D classical SI-D classical SI-D
quantum _| fully quantum l__,lquantum state B=C=10 B=10 e
state merging Slepian-Wolf splitting -
o g=e=0
PO T fully classical fami
) amily of quantum protocols
Slepian-Wolf with classical SI-D?

family of quantum protocols

Figure 3: The relation among special cases of communication scenario analyzed in Section 4 are depicted. “SI" and
“SI-D" stand for “side information” and “side information at the decoder”, respectively. See Table 1 below for the

notations.
information source available resources
side information | side information information .. shared
communication
at the encoder at the decoder | to be transmitted correlation
quantum A B C q e
classical X Y A c -
Table 1
An example of the tuple satisfying the above con- which yields
ditions is
g = E(H(36/2’€/2)(C|A) L HE (C|B) 2q > H(C|A) + H(C|B)v (56)
2 max q+e>H(C|B). (57)
~log (6*/2)), (51)
o — 1(_H§1ax(C’A) L HS, (C|B)+1), (52) A s.imp.le calculation implies .that .the above rate
% region is equal to the one obtained in Ref. [13, 35].
E2
eo = 5 (H, [ (C) — HX/2(C|B)) +logd.  (53)

2

The achievability of ¢ and e given by (51) and
(52) coincides with the result of 7] (see also [2]).
The one-shot converse bound is represented as

2q 2 Hrenln(AC) - Hrenax(A) + Hlenln(BC)
— H25V(B) —8f(e), (54)
q+e> Hn(BO) — HI2HV3(BY — f(e). (55)

The condition (54) in the above coincides with
Inequality (104) in [7]. The rate region for the
asymptotic scenario is obtained from Theorem 4,

4.1.2 Fully Qu

antum Slepian-Wolf

The fully-quantum Slepian-Wolf protocol is ob-
tained by setting A = (), ¢ = 0. The one-shot
direct part obtained from Theorem 2 reads

2q > H*P(0) + HY2(C|B)
—log(6%/2),  (58)
¢+ e > HiZ(C|B) —log (6%/2), (59)
o > S(HlS(C) — H2(C1B) + log 6. (60)
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An example of the rate triplet (g, e, ep) satisfying
the above inequalities is

1 € € €
q = S(HPC) + HYZ (C|B)

max

—log (64/2)),  (61)
o %(_Hige/z,e/z)(c) + HY2.(C|B) + 1), (62)

max
1

eo = 5 (s (C) = HIJ(CIB)) + logo.  (63)
The result is equivalent to the one given by [9]
(see Theorem 8 therein), with respect to ¢ and e.
Note, however, that our achievability bound re-
quires the use of initial entanglement resource of
e+ eq ebits, whereas the one by [9] does not. The
one-shot converse bound is obtained from Theo-
rem 3, which yields

— H2HV(B) —6f(e),  (64)

min
4+ e > Hyy(BO) — HIEV(B) = f(0). (65)
From Theorem 4, the two-dimensional achievable

rate region for the asymptotic scenario is given
by

2¢q > H(C)+ H(C|B), (66)
qg+e>H(C|B), (67)

which coincides with the result obtained in [1].
It should be noted that various coding theorems
for quantum protocols are obtained from that for
the fully quantum Slepian-Wolf protocol, which
is referred to as the family of quantum protocols

[1, 12)].
4.1.3 Quantum State Splitting

The task in which B = ), ¢ = 0 is called quan-
tum state splitting. The one-shot direct part is
represented as

2 > HE(C14) + HYZ(C)

—log (6%/2),  (68)
q+e > HY2(C) —log (6%/2), (69)

co > L(HEI(C) — HY2(C)) + logs. (70)

9 max’ max

Note that if a triplet (g, e, eg) is achievable, then
(g, e+ ep,0) is also achievable. Thus, an example

of an achievable rate pair (g, e) is

1 €/2,€ €
a = 5(HPD(C14) + HIZ(C) ~ log (6/2),

(71)

1 3e/2,e
¢ = S(=H*D(C14) + H2(C) + 1) + deq,
(72)

where we have denoted the R.H.S. of (70) by deo.
This coincides with Lemma 3.5 in [6], up to an
extra term deg. The one-shot converse bound is

given by
2q > Hanln(AC) - Hrenax(A) + Hrenm<c)
+log (1 — 22¢ — 16V8) — 6f(e), (73)

q+e> HE, (C) +log (1 — 22e — 16V3) — f(e).

(74)

The rate region for the asymptotic scenario yields
2q = H(C|A) + H(C), (75)
g+e>H(C). (76)

An example of a rate pair satisfying this condition
is

(= JHO) +HCLA), (1)
¢ = %(H(C) — H(C|A)), . (78)

This result coincides with Equality (6.1) in
[1], under the correspondence |¥,)ACE
UA}},HAC\@RR with UfF 74C being some isom-
etry.

4.1.4 Quantum State Merging

Quantum state merging is a task in which A = (),
q = 0. The one-shot direct part is given by

¢ > HE(C) + HY2(C|B) —log (6/2),

(79)
e > Hi/% (C|B) —log 8, (80)
L e
e0 2 S(HL(C) = HE2(C|B)) +logs. (81)
The achievability of the entanglement cost (80)

is equal to the one given by [15] (see Theorem
5.2 therein). The one-shot converse bound is ob-
tained from Theorem 3, which yields
cz= Hremn(C) + Hri'un(BC)
— HEOPB) 6, (82)

e > He(BO) — HESHYI(B) — 2f(c).  (83)

min
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The rate region for the asymptotic setting is ob-
tained from Theorem 4 as

¢ > H(C)+ H(C|B), (84)
e > H(C|B). (85)

This rate region is equivalent to the results in [16,
17]. Note, however, that the protocols in [16, 17]
are more efficient than ours, in that the catalytic
use of entanglement resource is not required.

4.2 No Side Information At The Encoder

Next, we consider scenarios in which there is
no classical or quantum side information at the
encoder. This corresponds to the case where
A = X = (. We consider three scenarios by
imposing several additional assumptions.

4.2.1 Classical Data Compression with Quantum
Side Information at The Decoder

The task of classical data compression with quan-
tum side information was analyzed in [11]. This
is obtained by additionally setting Y = C = (),

= e = ey = 0. The one-shot direct and converse
bounds are given by

2
¢ > Hyyo(Z1B) ~log (36)
¢> Ho(BZ) — HE2HYO(B) — f(e),  (87)

respectively. This result is equivalent to the one
obtained in [21] (see also [27]). In the asymptotic
limit, the achievable rate region is given by ¢ >
H(Z|B), which coincides with the result by [11].

4.2.2 Quantum Data Compression with Classical
Side Information at The Decoder

The task of quantum data compression with clas-
sical side information at the decoder was analyzed
in [4]. This is obtained by imposing additional
assumptions Z = B = (), ¢ = 0. In the entangle-
ment “unconsumed” scenario (e = 0), the direct
bounds for the one-shot case is given by

1 € € 64

q = S(HZTD(C) + HYZ(CY) —log 7,
(38)
0 > S(HOLS(C) — HE2(CIY) +logs. (89)

Note that the entanglement is used only catalyti-
cally. Thus, in the asymptotic regime, the achiev-
able quantum communication rate in the entan-
glement unassisted scenario (e = ey = 0) is ob-
tained due to the cancellation lemma (Lemma 4.6
in [14]), which reads

q = 5 (H(C)+ H(C]Y)). (90)

N | =

In the case where the unlimited amount of entan-
glement is available, the converse bounds on the
quantum communication cost in the one-shot and
the asymptotic scenarios read

02 5 (HiinlC) + Hiyo (1Y) = A) — 67(0),
(o1)
42 S (H(C) + H(CY) - &)
+ %log (1 — 22¢ — 16V/9). (92)

The asymptotic result (90) coincides with Theo-
rem 7 in [4], and (92) is similar to Theorem 5
therein. It is left open, however, whether the
quantity A is equal to the function I, s) that
appears in Theorem 5 of [4] (see Definition 2 in
the literature).

4.2.3 Fully Classical Slepian-Wolf

In the fully classical scenario, the Slepian-Wolf
problem is given by B = C = () in addition to
X =A=10,and g = e = ey = 0. The one-shot
achievability is given by

2

c¢> Hf (Z]Y)—log%, (93)

max
and the one-shot converse bound reads

(Y Z) = HE2HOV(Y) — f(e),  (94)

min

c> Hp,
which are equivalent to the result obtained in [22].
It is easy to show that the well-known achievable
rate region ¢ > H(Z|Y') follows from Theorem 4.

4.3 Quantum State Redistribution with Clas-
sical Side Information at The Decoder

We consider a scenario in which X = Z = () and
¢ = 0. This scenario can be regarded as a general-
ization of the fully quantum state redistribution,
that incorporates classical side information at the
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decoder [3]|. The one-shot direct bound is repre-
sented by

2¢ > max{H{>? AP}~ log (51/2),
(95)
q+e> HY2(C|BY) —log (62/2), (96)

o > 5 (HELS(0) ~ HE(CIBY) + logs,
(97)

where

A2 = gEPAP(ClAY ) + HEZ(C|BY ),
(98)
aY/? .= HY2(C|A) + H{2(C|BY). (99)

The converse bound is also obtained from Theo-
rem 3. The inner and outer bounds for the achiev-
able rate region in the asymptotic limit is given
by

2q > Hy, (100)
q+e> H(C|BY), (101)
co > %I(C . BY), (102)
and
2¢ > max{H, Hy — A},  (103)
q+e> H(C|BY), (104)
respectively, where
H;:= H(C|AY) + H(C|BY), (105)
Hy := H(C|A) + H(C|BY). (106)

We may also obtain its descendants by further as-
suming A = 0 or B = 0, which are generalizations
of the fully quantum Slepian-Wolf and quantum
state splitting.

It is expected that various quantum communi-
cation protocols with classical side information
only at the decoder are obtained by reduction
from the above result, similarly to the family of
quantum protocols [1, 12]. , however, leave
this problem as a future work.

5 Proof of The Direct Part (Theorem
2)

We prove Theorem 2 based on the following
propositions:

Proposition 6 A tuple (c,q,e,eq) is achievable
within the error 4/12¢ 4+ 66 for ¥, if do > 2 and
it holds that

52
ctq—e> Hiy(CZ|AX)y, —log -, (107)
q—e>HS, (CIAXY Z)y, —logd?, (108)

52
c+q+e>Hy, (CZ|BY )y, —log—, (109)

2’
q+e>HS, (CIBXYZ)y, —logd?, (110)

1
ey = §(logd(;—q—e). (111)
In the case where do =1 and ¢ = e = eg = 0,
the classical communication rate ¢ is achievable
within the error § if it holds that
¢ > max{H{ (Z|AX)y,, H Z|BY )y, }
52
—log —.
og 5

max (

(112)

Proposition 7 A tuple (c,q, e, e) is achievable
within an error 4v/12¢ 4+ 60 for ¥y if do > 2 and
it holds that

c+2q > max{A7, A} —log (5/2), (113)
c+q+e>HS, (CZ|BY)y, —log(6?/2),(114)
q+e> Hélax

(log de — H} . (C|BXYZ)y

S

(

(
(C|BXY Z)y, —log 6%, (115)

)

(

+ log 6, 116)

where

H :=H(C|AXY Z)q,

+ Hyox(CZ|BY )y, (117)
FI}IG) = max(C’AXZ)
—1_I{IEnaX(C’|B*XVYTZ)\I/é (118)
and
H{(CIAXY Z), :=
max{HS; (ClAXY Z),, Hy,..(C|IAXY Z),}.
(119)

In the case where dc = 1, a tuple (c,0,0,0)
is achievable for Uy within the error ¢ if it holds
that

2

J
c¢> Hy,.(Z|BY )y, — log 5 (120)
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Proofs of Proposition 6 and Proposition 7 will
be given in the following subsections. In Section
5.1, we prove the partial bi-decoupling theorem,
which is a generalization of the bi-decoupling the-
orem [36, 7]. Based on this result, we prove
Proposition 6 in Section 5.2. We adopt the idea
that a protocol for state redistribution can be
constructed from sequentially combining proto-
cols for the (fully quantum) reverse Shannon and
the (fully quantum) Slepian-Wolf. In Section
5.3, we extend the rate region in Proposition 6
by incorporating teleportation and dense coding,
thereby proving Proposition 7. Finally, we prove
Theorem 2 from Proposition 7 in Section 5.4.

5.1 Partial Bi-Decoupling

The idea of the bi-decoupling theorem was first
introduced in [36], and was improved in [7] to fit
more into the framework of the one-shot informa-
tion theory. The approach in [7] is based on the
decoupling theorem in [15]. In this subsection, we
generalize those results by using the direct part of
randomized partial decoupling [33] to incorporate
the hybrid communication scenario.

5.1.1 Direct Part of Partial Decoupling

We first present the direct part of randomized
partial decoupling (Theorem 3 in [33]). Let ¥©°
be a subnormalized state in the form of

ZouSS e lik”.  (121)

J,k=1

Here, Z and Z' are J-dimensional quantum sys-
tem with a fixed orthonormal basis {|j>}J LC=
ZC, S = 7'S and 9y € L(HE @ H5) for each
j and k. Note that the positive-semidefiniteness
of WCS implies 1;; > 0 for all j and the subnor-
malization condition implies Zle Tr[yj;] < 1
Consider a random unitary U on C in the form
of

“@UY, (122)

where U; ~ H; for each j, and H; is the Haar
measure on the unitary group on #¢. The aver-
aged state obtained after the action of the random

S =57

U Go T %
C=0z c C

Figure 4: The situation of partial decoupling is depicted.

unitary U is given by
(123)

J
=Y piliNil? @ 7€ @y @ 5}, (124)

where p; := Tr[t);] and ¢, := p;1¢jj. Consider
also the permutation group P on [1,---,J], and
define a unitary G, for any o € P by

J
= le())l”. (125)
=1

We assume that the permutation o is chosen at
random according to the uniform distribution on
P. o

Suppose that the state ¥ is transformed by
unitaries U and Gy, and then is subject to the
action of a quantum channel (linear CP map)
TO—E (see Figure 4).
sented as

The final state is repre-

TCA’AE((GZUCA’)\I]C'S'(GZ ) )

= TO=E 5 gZ o Yy (w°%). (126)
We consider how close the final state is, on av-
erage over all U, to the averaged final state
TE=E 0 GZ(WE9), for typical choices of the per-
mutation o. The following theorem is the direct
part of the randomized partial decoupling theo-
rem, which provides an upper bound on the aver-
age distance between T7¢7# 0 GZ oY% (¥?) and
TO=E o gf(\lffﬁ) Although the original version
in [33] is applicable to any J > 1, in this paper
we assume that J > 2.

Lemma 8 (Corollary of Theorem 3 in
[33]) Consider a subnormalized state oS ¢
S< (HCS) that is decomposed as (121). Let TO—E
be a linear trace non-increasing CP map with the
complementary channel TC=F . Let U and Go

be random unitaries given by (122) and (125),
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v C=CLCr C

Crzy,

Z:ZLZR 7 y
CrZR

Figure 5: The situation of partial decoupling under par-
tial trace is depicted.

respectively, and fix arbitrary €, > 0. It holds
that

EO’,U [HTCA'AE o gZ oué(\Ilé‘é)
7—0—>E ng \I,cs H }

[ e (et it ) (do > 2),
= |2z +4(e+ p+ep) (de =1),

(127)
where qlg,s :=Ey [Ué(\Ilég)]. The exponents Hr
and Hy are given by

A

Hp = log (‘] - 1) + anm( |

(128)
- (129)

max (

S)w

C| ) C(7)»
Hy = mm(C|S)C(\If (C|FZ)C(T
Here, C is the completely dephasing operation on
Z with respect to the basis {|j>}j:1, and T is

the Choi-Jamiolkowski state of TO—F defined by
7CF = TU=F(@CC), The state ®CC is the
mazximally entangled state in the form of

CC/ Z |j] ZZ CC/ (130)

5.1.2 Partial Decoupling under Partial Trace

We apply Lemma 8 to a particular case where the
channel 7 is the partial trace (see Figure 5).

Lemma 9 Consider the same setting as in
Lemma 8, and suppose that Z = ZpZg,
C = CCr. We assume that Zj and Zg are
equipped with fixed orthonormal bases {|zr) ile
and {|ZR>}iR 1, respectively, thus J = JrJgr
and the orthonormal basis of Z is given by
{lze)\2R) } 2, 25~ Fiz arbitrary e > 0. If do > 2

and
2 R 52
log H, . (Cl1S)y + log —, (131)
ZRdC 2
1 dCL € A& 2
og —— < Hmln(C|S)C(\I!) + 10g5 ) (132)
do

then it holds that
ECEU HTrZRCR 0 gaZ © ué(\llég)

—Trzpcp 0 gf(\l/ff)Hl <4e+26, (133)

where \Ilg,s = EUNHX[UC(\I/ég)]. The same
statement also holds in the case of do = 1, in
which case the condition (132) can be removed.

Proof: We apply Lemma 8 by the correspon-
dence H = 0, E = ZLCL, F = ZRCR, J = dZ
and T¢72C = {d%t% @ Try.cp.. It follows
that Ineq. (133) holds if dc > 2 and

log (dz — 1) + Hipin(C[S)w
maX(C‘ZRCR)C(T) +logd® >0, (134)
C18)e(wy = Hmax(C|ZRCRZ)e(r
+log 6% > 0. (135)

mln(

Here, 7 is the Choi-Jamiolkowski state of the

complementary channel of TCY%ZLCL, and is
given by
7CZRCh = 771 @ 701 @ ®Zr7h @ $RCR . (136)

Using the additivity of the max conditional en-
tropy (Lemma 15 in Appendix A), the entropies
are calculated to be

Hnax(ClZRCR)e(r)

= log dZL + log ch — log ch, (137)
aX(C|Z}?C}%Z)C(T)
=logdc, —logdc,,. (138)

Thus, Inequalities (134) and (135
to

) are equivalent

log (dz — 1) + H, (C19)w

“log 9290 {10652 > 0, (130)

dc,,

e de,
H1§11n(0|S)C( v) — log —= d L+ log & > 0. (140)

Cr

Noting that dz = dz,dz,, dc = dc,dc, and
that (dz — 1)/dz > 1/2, the above two inequal-
ities follow from (131) and (132), respectively.
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Thus, the proof in the case of do > 2 is done.
The proof for the case of do = 1 proceeds along
the same line. |

5.1.3 Partial Bi-Decoupling Theorem

Based on Lemma 9, we introduce a generalization
of the “bi-decoupling theorem”[36, 7] that played
a crucial role in the proof of the direct part of
one-shot fully quantum state redistribution. We
consider the case where systems C' and S are com-
posed of three subsystems. The following lemma
provides a sufficient condition under which a sin-
gle pair of ¢ and U simultaneously achieves par-
tial decoupling of a state, from the viewpoint of
two different choices of subsystems (see Figure 6
in the next page).

Lemma 10 (Partial bi-decoupling.) Con-
sider the same setting as in Lemma 8, assume
Z = ZLZR, C = 010203, S = 515253 and ﬁI
arbitrary € > 0. If do > 2 and

d2 R 62
log ——— < Hii (C|2'S585)w +log -, (141)
dz,dc 2

d? -
log % < Hyin(C1Z'8285)c(w) +Hog 67 (142)
C

d2 R 52
log —2— < He,(C|Z'S1S3)w +log -, (143)
dz,dc 2

2 .
log % < Hiin(C125155)c(w) +log 8% (144)
C

there exist o and U such that

HTrZRC203 © Qf ° UC(WCS%%Z,)
—Trz,0005 © Qf(\llfVSQS?'Z/)HI < 12¢ + 64,
(145)
HTrZRC1C3 © gf © UC(WCSISBZ,)
~Trzyci0s 0 GE(UEIHZ)| <12+ 66,
(146)
The same statement also holds if dog = 1, in

which case the conditions (142) and (144) can
be removed.

Proof: Suppose that do > 2 and the inequali-
ties (141)-(144) are satisfied. We apply Lemma 9
under the correspondence Cr = C,,C3, S = 5,53

and Cp = Cg, where « = 1,2 and a = 2,1 for
each. It follows that

z C (7,0 80532
EU,UHTTZRCQCP,OQU olU™ (W )

Tt 2,C0Cs © gf(ngvsaSﬂ’)Hl < e+ 20.
(147)

Markov’s inequality implies that there exist o
and U that satisfy both (145) and (146), which
completes the proof in the case of do > 2. The
proof in the case of do = 1 proceeds along the
same line. [ ]

5.2 Proof of Proposition 6

To prove Proposition 6, we follow the lines of the
proof of the direct part of the fully quantum state
redistribution protocol in [36]. The key idea is
that a protocol for state redistribution can be
constructed from sequentially combining a pro-
tocol for the fully quantum reverse Shannon and
that for the fully quantum Slepian-Wolf. We gen-
eralize this idea to the “hybrid” scenario (see Fig-
ure 9 in page 34). We only consider the case
where do > 2. The proof for the case of dg =1
is obtained along the same line.

5.2.1 Application of The Partial Bi-Decoupling
Theorem

Consider the “purified” source state

Z \/pxyz|x>X |y>Y ‘Z>Z|wzyz>ABCR’xyz>Ta

1’7y’z

ABCRXYZT
W) =

(148)

where we denoted X'Y’Z’ simply by T'. Let C be
isomorphic to C1C2C3 and Z to Z;Zpr. Fix an
arbitrary € > 0. We apply Lemma 10 under the
following correspondense:

Sy =B, S;=RX'Y'

S; = A, (149)

Note that R = RX'Y'Z'. It follows that if the
dimensions of Cy and C5 are sufficiently small (see
the next subsection for the details), there exist o
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Figure 6: The situation of partial bi-decoupling is depicted. As represented by the rotary, we consider two cases

where S71C5 or SoC4 are traced out.

and U that satisfy
HTI‘ZR0203 0 GZ o YC(WUBR)
_TrZRCQCb © gaZ(qjngR)“l < 12¢ + 69,
(150)
HTI‘ZR0103 0 GZ oUY” (WAl
—Trzpci05 0 gf(\lfgvAR)Hl < 12¢ + 66.
(151)

Let Wy )1#eBRPA he o purification  of

Trzcocs © GZ(WOBR) with Dy being the

purifying system. Similarly, let ‘\I/U’2>C2ZLARDB

be a purification of Trz,c,c, © QUZ(\I/g,AR)
with Dp being the purifying system. Due to
Uhlmann’s theorem ([30]; see also e.g. Chapter
9 in [34]), there exist linear isometries

VDA%ZRCQCSA WZRclc’BB_)DB (152)
such that

HgoZ o Z/[é(\IléABR) . VD,4~>Z30203A(\I/071)"1

< 212 + 60, (153)
i1 2 o 0150 .,

< 2v/12¢ + 66. (154)

We particularly choose C', Cs, C'5 and Zg so that
they satisfy the isomorphism

C1 2 ER,Cy =2 Fy,C3=Q,Zp = M. (155)

In addition, we introduce systems C”, Z”, Ay and
By such that

C’”%C,Z”%Z,fh = F4, By = Fp. (156)

We consider the purifying systems to be Dy =
ZrC"AA1 and D = ZrC"BB>, where C" =
C//Z//.

5.2.2 Explicit Forms of The Purifications

To obtain explicit forms of the purifications ¥, 1
and ¥, o, we define a state ¥, by

(W VAP R = N ) K )Y o (2)) P ]2)

x7y7z

@ [aye) P wy2) T (157)

From the definition (20) of the source state Wy,
(148) of the purified source state ¥ and (157) of
the state U,, it is straightforward to verify that
the states are related simply by

‘\IIU>ABO,,RZ _ Gg o PZ”—)Z”Z’\I/>ABC"'R (158)

and
Try; ® CT(\I/fEéNEZ) = \Ilfééﬁé (159)
(160)

Here, Let PZ"2"Z e a linear isometry defined
by

P72 =N 1 1 ()7 (161)
4

and C be the completely dephasing operation on
T with respect to the basis {|zyz) }2.4,.. The state
U, is simply represented as

ABC"RZ z ABC"RX'Y'| \Z'
|¥s) = Vp:lo(2)) 1) )7
4

(162)
where
| ¢Z>ABC”RX/Y’
=2 e
@ [Yhay) P ) )" (163)
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It is convenient to note that

ABRX'Y' _ Pxyz
. =2/ =

T,y z

(164)

Due to (148) and (124), the averaged state in
(150) is calculated to be

AR D 7 > 1AV VA
VePE=Y palefz?@n @y PN @) 2) =7
z

(165)
where p, =3, Puy.. It follows that
TrZRC2C3 © gf(q/ngR)
= p:Trz,llo(2))o(2)]] @ 7
z
@ PR @ |27, (166)

Thus, a purification ¥, 1 of this state is given by

[0y A RNCT g ) ABCTRZ| ) 1 (167)

)

where ¢; is the maximally entangled state of
Schmidt rank d¢,. In the same way, the purifica-
tion W, 9 is given by

[,0) WP IBCZ |y ) ABCIRZ ) P22 (168)

with ¢o being the maximally entangled state of
Schmidt rank de,. Substituting these to (153)
and (154), we arrive at

[9CABR (g7 oty o V(@A R g i |
< 2V/12¢ + 65, (169)

W o G2 ol (uoiBR) _ yiBe iz g e
g ag 1
< 2v/12¢ + 6. (170)

Inequality (169) implies that the operation

(gf o L[C)Jf o)V is a reverse Shannon protocol for
the state WCABE)  yp to the action of a linear
isometry GZ o PZ"=%"Z Yy which WU, is obtained
from ¥ as (158). Similarly, Inequality (170) im-
plies that the operation WoGZ ol is a Slepian-
Wolf protocol for the state WCBMAR) yp to the
action of Gf o pZ'—2"z (see Figure 9 in page
34). We combine the two protocols to cancel out
(GZ o UO)T and GZ o UC. Due to the triangle
inequality, it follows from (169) and (170) that

[ o VB e g€ty - w R g g |

< 4V12¢ +65. (171)

ABR X' Y’
e @ lz)zT @ ly)yl™

5.2.3 Construction of The Encoding and Decod-
ing Operations

Define a partial isometr
p Yy
VAC'"A1—>AZ62C3
g
= VZRAlAé"%ZRCQCgAA o Gg 1o PZ”*)ZNZ'

(172)

Applying the map Trz ® CT to Inequality (171),
and using (158) and (160), it follows that
[ Tez oW 0 v, (WBC R g i)

_\pféé”é ® ¢ . < 4v12€ + 66.
(173)

We construct a protocol for state redistribution
as follows: In the first step, the sender performs
the following encoding operation:

((,:ACAWAl —)AZRCQ Csy

A A "
— rI\rZL o VOAC A1—AZC2C3 OCZ ,

(174)

where CZ" is the completely dephasing operation
on Z" with respect to the basis {|z1)|2r) }2, 25
The sender then sends the classical system Zp =
M and the quantum system C35 = @Q to the re-
ceiver, who performs the decoding operation de-
fined by

DZRClC:;B—}BQBéH

— TI'ZR o WZRCICBB’HZRBQBC"’_ (175)

Noting that Trz = Trz, ® Trz,, we obtain from
(173) that

Do st R s ) - wih i g
< 4v12€ + 66.

From (172) and (174), it is straightforward to ver-
ify that £(7) is diagonal in Zg for any input state
7. Thus, the pair (£,D) is a state redistribu-
tion protocol for the state ¥, within the error

4+4/12¢ + 66.

1
(176)

5.2.4 Evaluation of Entropies

We analyze conditions on the size of systems C}
and Cy, in order that inequalities (150) and (151)
are satisfied. We use the partial bi-decoupling
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theorem (Lemma 10) under the correspondence
(149), which reads
Si=A, S,=B, S3=RX'Y'. (177

It follows that inequalities (150) and (151) are
satisfied if it holds that
2, 2

o 5
log —— o dC HS,;.(C|B R)\p+log§, (178)
d A
log = < Hiyy(C1BR)c(w) +log 6%, (179)
C
d¢, A an 52
log —=— < Hy;in(C|AR)y +log —,  (180)
dZRdC 2
d? .
log dC2 < Heio(ClAR)c(yy + log 62 (181)
C

Using the duality of the smooth conditional en-
tropy (Lemma 12), and noting that WABC —
TABC the min entropies in the first and the third

inequalities are calculated to be

Hyin(C|BR)y = —Hyo (ClA)w (182)
= —H (CZIAX)y,, (183)
Hyin(CIAR)y = —Hy, (C1B)w (184)
= —Hux(CZ]BY )y, (185)

Similarly, due to Lemma 23 and Lemma 26 in
Appendix A, and noting that C(V) =
of (20) and (148), we have

HrEnin(é|B]:?“)C(\I/)

W, because

— H:(C|BRXY Z)eqw) (186)
=—H .(CIAXY Z)y, (187)
and
Hin(ClAR) ¢ qwy
— H(CIARXY Z)c(y) (188)
= —H{ .(C|BXY Z)y, (189)
In addition, the isomorphism (155) implies
logdc, = e+ e, logdc, = ep, (190)
logdec, = q, logdz, = c. (191)

Substituting these relations to (178)-(181), and
noting that do = d¢,dc,dc,, we arrive at

c+q—e>H  (CZIAX)y, — log(;2 (192)
q—e>HS, (CIAXY Z)y, —logé?, (193)
c+q+e>HE, (CZ|BY)y, —log 522, (194)
q+e>HS, (CIBXYZ)y, —logé* (195)

and ¢ + e + 2¢9 = logdc. Combining these all
together, we obtain the set of Ineqgs. (107)-(111)
as a sufficient condition for the tuple (c,q,e) to
be achievable within the error 41/12¢ 4 64. |

5.3 Proof of Proposition 7 from Proposition 6

We prove Proposition 7 based on Proposition 6 by
(i) modifying the first inequality (107), and (ii)
extending the rate region by incorporating tele-
portation and dense coding.

5.3.1 Modification of Inequalities (107) and (112)

We argue that the smooth conditional max en-
tropy in the R.H.S. of Inequality (107) is modified
to be Hf . (C|AXZ)y,. Consider a “modified”
redistribution protocol as follows: In the begin-
ning of the protocol, the sender prepares a copy
of Z, which we denote by Z. The sender then
uses X Z as the classical part of the side informa-
tion, instead of X alone, and apply the protocol
presented in Section 5.2.1. The smooth max en-
tropy corresponding to the first term in (107) is
then given by (see Lemma 24)

CZ|AXZ)y, = H¢

maX(C|AXZ)‘I’s' (196)

max (

For the same reason, the term HS .. (Z|AX)y,
in the condition (112) is modified to be
H¢,. (Z|AX Z)y,, which is no greater than zero
(see Lemma 21 and Lemma 24). It should be
noted that the entropies in the other three in-

equalities are unchanged by this modification.

5.3.2 Extension of the rate region by Teleporta-
tion and Dense Coding

To complete the proof of Theorem 2, we extend
the achievable rate region given in Proposition 6
by incorporating teleportation and dense coding.
More precisely, we apply the following lemma
that follows from teleportation and dense coding
(see the next subsection for a proof):

Lemma 11 Suppose that a rate  tuple
(¢,4,é,¢é0) is achievable within the error 0.
Then, for any A, 1 >0 and ey > 0 such that

<A—p<q, (197)

N)\Q>

the tuple (¢, q,e,eq) == (E+2X—2u,G— N+ p, é+
A+, eq) is also achievable within the error §.
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Proof of Proposition 7: Due to Proposition 6
and Lemma 11, a tuple (c,q,e,ep) is achievable
within the error ¢ if there exists A\, > 0 and
€y < eg such that the tuple

(67 qA7 éa éO) =

(c=2X4+2u,q+ X — pe — X — p,é9)  (198)
satisfies

¢+q—é> H, (199)

qg—é> Hy, (200)

¢+ q+é> Hs, (201)

G+e>H, (202)

G+ é+2éy =logdce (203)

and ¢,§ > 0. Here, we have denoted the R.H.S.s
of Inequalities (108)-(110) by Ha, H3 and Hy, re-
spectively, and that of (196) by H;. Substituting
(198) to these inequalities yields

c+q—e> Hy -2, (204)
qg—e> Hy— 2\, (205)
c+q+e> Hs+2)\, (206)
q+e> Hy+ 2y, (207)
(208)

q+e+2éy=logdc +2u 208

and
c—2\+2pu >0, (209)
g+A—pu>0. (210)

Thus, it suffices to prove that, for any tu-
ple (¢, q, €, eg) satisfying Inequalities (113)-(116),
there exist ég < ep and A, > 0 such that the
above inequalities hold. This is proved by noting
that the inequality (113) is expressed as

c+q+e— Hs>max{Hs, Hy} —q+e, (211)
g+e—Hy>Hi—c—qg+e, (212)

where

H,:= H, (CIAXY Z)y, —logd?.  (213)

The L.H.S. of (211) and (212) are nonnegative be-
cause of Inequalities (114) and (115). Thus, there
exists A, u > 0 such that 2\ and 2 are in between
both sides in (211) and (212), respectively. This
implies (204)-(207). We particularly choose

1
p=-(q+e— Hy),

1
5 éo = §(log dc — H4).

(214)

A simple calculation leads to (208). Noting that
Hs > Hy by the data processing inequality, it
follows from (206) that

c—2A\>Hs—q—e>Hy—q—e=—2u,
(215)

which implies (209). Inequality (210) is obtained
by combining (207) with 2\ > max{Hs, H}} —
q + e. Note that

H) + Hy
= H (ClAXY Z) g,
+ HS, (C|BXY Z)y, —2logd?  (216)
= anin(C’AXYZ)\IJS
HS, (CIARXY Z)y, — 2logd®  (217)
>0, (218)

where the third line follows from Lemma 26. This
completes the proof of Theorem 2. |

5.3.3 Proof of Lemma 11 (see also Section IV in

[18])

We first consider the case where A — p > 0,
and prove that the tuple (c,q, e, eq,9) := (¢ +
2N — 20,4 — AN+ p,é + A+ p,é0,0) is achiev-
able if a rate tuple (¢, 4, é, éy, d) is achievable and
¢,§ > 0. Suppose that there exists a protocol
(€,D) with the classical communication cost ¢,
the quantum communication cost ¢, the net en-
tanglement cost € and the catalytic entanglement
cost €y that achieves the state redistribution of
the state Wy within the error §. We construct
a protocol (&', D) such that the A — pu qubits of
quantum communication in the protocol (£, D) is
simulated by quantum teleportation, consuming
A — i ebits of additional shared entanglement and
2 — 2 bits of classical communication. The net
costs of the resources are given by ¢+ 2\ — 2u,
q— A+, é+X—p and the catalytic entanglement
cost is €y, which implies achievability of the tuple
(642X — 20,4 — A+ 11, + A+ p, 60, 6).

Second, we consider the case where A — u < 0.
Suppose that there exists a protocol (€, D) with
the classical communication cost ¢, the quantum
communication cost ¢ and the net entanglement
cost € that achieves the state redistribution of the
state W, within the error 6. We construct a pro-
tocol (£”,D") such that the 2u— 2 bits of classi-
cal communication in (&€, D) is simulated by dense
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coding, consuming g — A ebits of shared entangle-
ment and p — A qubits of quantum communica-
tion. The net costs of the resources are given by
C—2u~42\, §+p—A, é4+p—X and the catalytic en-
tanglement cost is éyg, which implies achievability
of the tuple (¢—2u+2X, G+ pu— N, é+pu+ A, ép,0).
|

5.4 Proof of Theorem 2 from Proposition 7

The achievability for the case of do = 1 immedi-
ately follows from the condition (120) in Propo-
sition 7. Thus, we only consider the case where
do > 2.

Let II be a projection onto a subspace Hn C

52/8
#C such that dim[HC1] = 2Hma (9% and that
Tr[IT¥¢] > 1—¢€2/8. Such a projection exists due
to the definition of H .y given by (16). Consider
the “modified” source state defined by
ABCnR
\IIS,H =

(wABCRT, (219)

From the gentle measurement lemma (see Lemma
32 in Appendix B), it holds that

€
W5 = Wsnlh < —=.

V2

Thus, due to the definitions of the smooth en-
tropies (12) and (13), we have

P(U,, W) < (220)

€
27

HY2(CZ|BY )y, > Hu(CuZ|BY )y,
“(221)
> Hy[2(CZ|BY )y,, (222)
HE2(CIAXY Z)y, 2 Hon(CulAXY Z)y,
(223)

and so forth.
Suppose that the tuple (c,q, e, eg) satisfies In-
equalities (22)-(25) in Theorem 2. It follows that

c+2q> max{ﬁ}e’e), HI(IE)}\I/S,H — log (54/2)7

(224)
c+q+e>H . (CuZ|BY )y, , —log(6%/2),
(225)
q+e>HS, (Cu|BXYZ)y, , —logd?,
(226)
%(bg dey — Huyax(Cu| BXY Z)w, 1)
+logd. (227)

Thus, due to Proposition 7, the tuple (c, g, ¢, ep)
is achievable within an error 44/12¢ + 6§ for the
state W, 1. That is, there exists a pair of an en-

coding CPTP map EI’—?CHEA 2AQMFEA a1d a decod-
ing CPTP map DgQMEB_}BCHFB, such that

ABC R EAEp
|Pr o En(w @ 0y4%)

—u RO g e < avi2e 465, (228)

Define an encoding map SACEA—AQMF4 apd o
decoding map DBRMEs—BCFp {4 the state U,
by

EAC*EA—>AQMFA (1)

= En(MCrIC) + Te[(1€ — T19) 7]y,  (229)

where &) is an arbitrary fixed state on AQM Fa,
and D = Dy. Note that the system Cpy is natu-
rally embedded into C'. By the triangle inequal-
ity, we have

pFaFE
25+50

250

2e+eo

< HD ° g(q];@BC’R ® (DEAEB)
Do g(\I,ABC‘R ® CI)EAEB)H

2€+eo 1

q)EAEB)

¢ [poswiion o abar

_\IJAECR pFaFs H
S,

260

2¢€0

+ H\IIABCR @ dLaks Fa

(230)
< ||Pn o en(wifR @ oyt
\I,ABCR ® dLAs H
+ 2| wiBOR — wlfeR| (231)
< 4V126 + 60 + V2, (232)
Here, Inequality (231) follows from Dy o
gn(\I,ABCR ® (I)QEE,A:LEOB) Do g(\I,ABCR ® (I)QE;‘FEOB)

and the monotonicity of the trace distance, and
the last line from (220) and (228). Hence, the
tuple (c,q,e,eq) is achievable within an error

4y/12¢ + 66 + \/2¢ for the state ¥, which com-
pletes the proof of Theorem 2. [ |

6 Proof of The Converse Part
(Theorem 3 and Lemma 5)

We prove the one-shot converse bound (Theo-
rem 3). The proof proceeds as follows: First, we
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____________________________________________ > R=RX'Y'Z
XY'Z

T

A=Ax = 3 A=Ax
C=Cz = 3 Ue Fa
Ga=GaMsZ"
EA —>
Gp =GpMp
Fp
Ep U’D """""" > =0z
B = BY i K [ B = BY

Figure 7: The purified picture of the task is depicted in the diagram. The black lines and the dashed lines represent

classical and quantum systems, respectively.

construct quantum states that describe the state
transformation in a redistribution protocol in a
“purified picture”. Second, we prove four entropic
inequalities that hold for those states. Finally, we
prove that the four inequalities imply the three in-
equalities in Theorem 3, thereby completing the
proof of the converse bound. We also analyze
the properties of the function A9 and prove
Lemma 5

6.1 Construction of States

Let USCEAHAQMFAGA d UBQMEB%BCFBGB

be the Stinespring dilations of the encoding op-
eration £ and the decoding operation D, respec-
tively, i.e.,

& ="Tra D="Tr (233)

A Oug, GB OZ/{'D.

We define the “purified” source state |¥) b

Z vpzyz‘ﬂf')X

x?yVZ

’\I/>ABCRXYZT o

1) 12)Z [ty ) AP 2y 2) T
(234)

and consider the states

’\TI>AQMFAGABREB L Ug‘\I/> BCR|(I)2E+EO>EAEB,
(235)
| ) ABCREAFRGAGE 17| 5, (236)

The state U is a purification of the state after the
encoding operation, and W, is the one after the
decoding operation. See Figure 7 for the diagram.

Due to the relation (6) between the trace dis-
tance and the purified distance, the condition
(21) implies that

P(CT(\IIf)ABé FuFp \I,;fiB R®¢§;%FB) < 2\/5,
(237)

with CT being the completely dephasing oper-
ation on T with respect to the basis {|zyz)}.
Due to an extension of Uhlmann’s theorem (see
Lemma 30 in Appendix B), there exists a pure

state ]I‘>ABCGAGBR, which is represented in the
form of

) =" agel2) S [9) " [2)7

T,Y,%

W:vyZ>ABCR|¢zyZ> |xyz> . (238)
such that
p (\I,ABCRFAFBGAGB [ABCGAGRER ® q);%FB)
< 2V/6. (239)
Using this state, we define
’1;>AQMFAG’ABREB
= UL|)ABCCACER g, \FaFs  (940)

Due to the isometric invariance of the purified

distance, it follows from (239) and (236) that

p (@AQMFAGABRE37 fAQMFAGABREB) < 2/3.
(241)

Relations among the states defined as above are

depicted in Figure 8. Some useful properties of

these states are presented in the following, and
will be used in the proof of the converse part.
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Iy

2V X

U]L TrGAGB ®CT

ITY | @0 ) U, ® oo

X 2v/5

\I]S ® ®2€+60
&

qj@eso i’
L

o
= W)

Figure 8: Relations among the states \il, f, W, T" and U, are depicted.

6.1.1 Decomposition of Ug and Up

Since M is a classical system, we may, without
loss of generality, assume that Ug and Up are
decomposed as

Ug—Z’m

UD:Z\m MB

MA®,UACEA~>AQFAGA (242)

‘ ®uBQEB—>BCFBGB (243)

Here, M4 and Mp are quantum systems iso-
morphic to M with the fixed orthonormal basis
{Im)}m, the operators w,, are linear isometries,
and GA and GB are such that GA = G4M4 and
Gp = GpMpg. It follows that

UpoUs = > [m)Mm)M2 @ (u, 0 v). (244)

m

Since Z is a classical system, we may further as-
sume that v, are decomposed as

- Z |Z Z” ;?LC;EA%AQFAGA (245)

where Z” is a system isomorphic to Z with the
fixed orthonormal basis {|2)}, and G4 = G4Z".
The operators vy, . are linear operators such that

m")jngvm,z = I for all z. It should be noted

that GA = GaMqZ".

6.1.2 Properties of ¥ and Uy
Since |¥) is defined as (235) by Ug that is in the

form of (242), it is decomposed into

=" Vamm)M m) M), (246)

with some probability distribution {gm,}. and
pure states {|W,,)}m. Thus, we have

ZQm|m

M @m)m| " @ T} U,

(247)

where CM is the completely dephasing operation
on M with respect to the basis {|m)},. Similarly,
due to (244), (235) and (236), the state |¥y) is
decomposed into

(W) = Vamlm) A m)MP [y ). (248)

From (245), it holds that <21]Z/<ZQ|Z“\\I/f) x
0z1,2- Thus, the states |Wy,,) are further de-
composed into

|‘11f,m> = Z V q,z|m‘Z>Z ‘\I’f,m,z>‘z>z . (249)
6.1.3 Properties of '
From the definition (238), it follows that
cr(r) =
Z pﬂcy2|xyz><xy2’xyz ® |¢xyz><¢wyZ‘ABCR
T,Y,z
® ’¢xyZ><¢xyz|GAGB ® ]xyz><$y2|T (250)
and that
Trp(T) = D payelwyz)ayz[*7
Y,z
® [Way=Xayz| P @ |doyz N bay=| 492,
(251)

Both states are ensembles of pure states on
ABCRGAGp, classically labelled by zyz on
XY Z or T, that are decoupled between ABCR
and GaoGp. It follows from (250) that
Tre, o, ©CT(T) = W{PCR, (252)
Due to (248), (249) and Lemma 31 in Appendix
B, we may, without loss of generality, assume that
|¢zy=) s in the form of

GaMaG VA
|Qy) AP |2)

|ay=) G1CE = (253)
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and
[0 GaMACs
zyz
= Z \/pm|$yz|m>MA |m>MB |¢m,IyZ>GAGB :
(254)

Substituting this to (250), we have
T (I)AGAMAXY ZT

XYZ o z"
= D Payslayzfayz" "7 @ ||

T,Y,2

© Ve © GG ® lzy2)eyz|". (255)

Thus, the state C*(I") given by is classically co-
herent in ZZ". Denoting pry:pm|zy> DY Pm.azyz, it
follows from (250) that

cT o cMa (PAGAMAGBT)

A M M
=D Dmayz Yay= © [m)m| "4 @ [m)(m| P

1:1y7z

® |¢m,wy2><¢m,myz|GAGB ® |1‘yz><xyz|T,
(256)
with CM4 being the completely dephasing opera-
tion on M4 with respect to the basis {|m)}.,. It
should also be noted that
[AGAMAXYZ

= D Pmay:lm)m

T,Y,2

M A
| 4 ®¢wyz

XYZ

® Gy @y z)zyz| (257)

6.2 Inequalities for Proving Theorem 3

As an intermediate goal for the proof of Theorem
3, we prove that the following four inequalities
hold for the states ¥, and I" defined by (20) and
(238), respectively:

c+q—e> > H, mm(AXCZ)‘I’s max(AXZ)\I’s
— HISV3 (G4 MaAX Z)r — Af (o),
(258)
q—e=> mm(AC|XYZ) max(A’XYZ)‘I/s
1ﬁ$“7G<MMXYZk—3ﬂ)
(259)
c+q+e> Ho(BYCZ)y, — H2XV(BY )y,

+ HOY(GyMA| XY Z)r — fe),
(260)

q + € > mln(BC’XYZ) min

+ HISHV (G MAAXY Z)r — 2/ (),
(261)

H116+8\f(B‘Xyz)

where f(x) := —log (1 — /1 — z2). The proof of
these inequalities will be given in the following
subsections. We will extensively use the proper-
ties of the smooth conditional entropies, which
are summarized in Appendix A.

6.2.1 Proof of Inequality (258)
We start with

e+ey+ HS i (AXCZ)y,

=e+e+ H i, (AXCZ)g (262)
< Hrenln(AXCZEA)‘Ps®¢2e+eO (263)

< HrEnaX(QM) + Héﬁn(AXFAéA‘QM)\I!
+2f(e) (265)
)

<c+q+HE +2f(e), (266)

min

(AXFaGa|M)g

where (262) follows from \I/AC \IIAC (263) from
the superadditivity of the smooth conditional min
entropy for product state (Lemma 16); (264) from
the fact that |¥) is obtained from |¥)|®gere,)
by an isometry Ug as (235), under which the
smooth conditional entropy is invariant (Lemma
14); (265) from the chain rule (360); and (266)
from the dimension bound (Lemma 19).

The third term in (266) is further calculated as

HSn(AXFaGa| M)y (267)
Héﬁn(AXFAéMM)cM(@) (268)
= Ho(AX Z"FAG AM A M) g, (269)
= Ht5,(AX Z"FaGa|Ma)y (270)
< HY2VO(AX Z"FyG | Mg (271)
— BV (AXZ'FaGalMa)res,, — (272)
< HI2O(AX Z"G Al Ma)r + e (273)
= HIHV(AXZG A Ma)r + e (274)
< Hiax(AX Z|Ma)r
+ HIEY (G 4| MAAX Z)r + €9+ 2f ()
(275)
< Hiox(AX Z)r
+ HI 2V (Ga|MAAX Z)p + o + 2 (€)
(276)
= Hpax (AX Z)w,
+ HIG (G A|MAAX Z)p + €9 + 2/ (€).
(277)
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Here, (268) follows from the monotonicity of the
smooth conditional entropy (Lemma 13); (269)
from Ga = GaMaZ": (270) from Lemma 23 and
the fact that M4 is a classical copy of M as (247);
(271) from the continuity of the smooth condi-
tional entropy (Lemma 20) and the fact that T
and ¥ are 2v/d-close with each other as (241);
(272) from the fact that T is converted to I by Up
as (240), which does not change the reduced state
on AXZ"FAGaMy; (273) from the dimension
bound (Lemma 19); (274) from the fact that Z” is
a classical copy of Z, due to (255); (275) from the
chain rule (360); (276) from the fact that condi-
tioning reduces the entropy due to the monotonic-
ity of the smooth conditional entropy (Lemma

13); and (277) from the fact that T4X% = g4X2,

Combining these inequalities, we obtain

e+ eg+ mm(AXCZ)\IIS
<c+q+2f(€) + Hupax (AX Z)w,

+ HT 2V (G IMAAX Z)r + eo + 2f(e),

(278)
which implies (258).
6.2.2 Proof of Inequality (259)
We have
eo + H2 2 (AGA|T)or 1y (279)
= e + H2 29 (BORG|T) er 1y (280)
> B2 (BCRFRGEIT)er gy, — (281)
= B2 (BREGQMIT) o 7 (282)
> Hif 2V (BREgM|T)er gy
+ Huin(QIBREMT) o 7y — f(€)  (283)

> HE 2V (BREpM|T)or () — q — f(e). (284)

min

Here, (280) is from the fact that I is a pure state
on AECA'}A%CAJAGB as (238), which is transformed
by CT to an ensemble of classically-labelled pure
states, to which Lemma 27 is applicable; (281)
from the dimension bound (Lemma 19); (282)
from the fact that I is obtained from I' ® ®o¢o by
an isometry as (240) under which the smooth con-
ditional entropy is invariant (Lemma 14); (283)
from the chain rule (359); and (284) from the di-

mension bound (Lemma 18).

The first term in (284) is further calculated to
be

HE2Y(B BREM|T)cr (285)
> Hyn(BREgM|T)or g (286)
=H. (A FAGAQ|T)CT (287)
= HS, (A FAGAQM|T)CT®CM( ¥ (289)
> HS, (A FAGAQM|T)CT(‘I,) (289)
(A (290)
(A (291)
( (292)

Q>

min

= HE A|T)CT )®‘I)e+eo
> HS, (AC|T)cr (v) +e+eg 201
292

= H{;,(AC|XY Z)y, + e + eo.
Inequality (286) is from the continuity of the
smooth conditional entropy (Lemma 20) and the
fact that I' and ¥ are 2+/0-close with each other
as (241); (287) from Lemma 27 and the fact
that ¥ is a pure state on ABRQMFAGAEB as
(235), which is transformed by CT to an ensem-
ble of classically-labelled pure states; (288) from
G A = GaM4Z" and the fact that M is a classical
copy of My as (247); (289) from the monotonic-
ity of the smooth conditional min entropy under
unital maps (Lemma 13); (290) from the isomet-
ric invariance of the smooth conditional entropy
(Lemma 14) and the fact that W is obtained by an
isometry Ug from U as (235); (291) from the su-
peradditivity of the smooth conditional entropy
(Lemma 16); and (292) from CT(¥) = ¥, and
the property of the smooth conditional entropy
for CQ states (Lemma 23).

The second term in (279) is bounded as

H22V(AGAIT)or 1y
= H22VO(AGAMA|XY Z)r
< HS, (AIXY Z)r
+ HYY (G AMA|AXY Z)p + 2/ (¢)
= Hox (AIXY Z) g,
+ HPS2V (G MA|IXY Z)p + 2f(e). (295)

min

(293)

(294)

Here, (293) follows from Gi=GaMsZ" and the
fact that CT'(I") is classically coherent in X X’ and
in ZZ" because of (255); (294) from the chain rule
(360); and (295) from T'AXYZ = §AXYZ and the
fact that the system A in the conditioning part
is decoupled from G4M4 when conditioned by
XY Z as (251) in addition to Lemma 25.
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Combining these all together, we arrive at

€0+ max(A’XYZ)

FHP2V (G MAIXY Z)p+2f(e)

> HSW(ACIXY Z)y, +e+eg—q— f(e).

(296)

This completes the proof of Ineq. (259).

6.2.3 Proof of Inequality (260)
We first calculate
Hrenm(BYCZ)\I’s
= H;,(BYCZ)r
< B2 (BY CZFpGp)ra,.,

— HY(FpGp|BY CZ)ron,., + f(€)
(298)

(297)

< H126+4\/S<BYCZFBGB)F®‘1>260
H5e+2f(GB\BYCZ) + f(e)

(299)
= Hﬁ;*‘*f (BYEQM);
0= Hign?*(GulBYCZ)r + f(e).
(300)

Here, (297) follows from WBYCZ = 'BYCZ, (29g)
from the chain rule (359); (299) from the super-
additivity of the smooth conditional entropy for
product states (Lemma 16); and (300) from the
fact that I is obtained by an isometry U% from
['® Pgep as (240).

The first term in (300) is further calculated to
be

HY2HVO(BY EgQM); (301)
< H12€+6I(BYEBQM)¢, (302)
Hﬁfl%\[(BYEB)@ +c+q (303)
= H2Y(BY Ep)yge,,,, +c+q  (304)
< HEHOV(BY )y, +etegtetg,  (305)

where (302) follows from the continuity of the
smooth conditional entropy (Lemma 20) and
the fact that ' and ¥ are 2+/0-close with each
other as (241); (303) from the dimension bound
(Lemma 19); (304) from the fact that ¥ is con-
verted to U ® ®c4¢, by an operation Ug by Alice
as (235), which does not change the reduced state

on BY Ep; and (305) from the dimension bound
(Lemma 19) and ¥BY = ¢BY,
For the third term in (300), we have

H 2V (Gp|BYCZ)p (306)
> P2V (Qp|BCXY Z)r (307)
= HI5HY°(GpIXY 2)r (308)

= BV (GalXY Z)r (309)

= H352V3(G 4 MAIXY Z)r (310)

Here, (307) is from the monotonicity of the
smooth conditional entropy (Lemma 13); (308)
from the fact that I' is decoupled between BC
and Gp when conditioned by XY Z as (251),
and the property of the smooth conditional en-
tropy (Lemma 25); (309) from Lemma 27 and the
fact that TGAGBXYZ is an ensemble of classically-
labelled pure states on G4Gp as (251); and (310)
from G4 = GaMaZ", Lemma 23 and the fact
that Z” is a classical copy of Z due to (255).
Combining these all together, we arrive at

HE, . (BYCZ)y,

min

< H2H6VS(BY)y tetctq+ fle)

min

— HP2VE (G MA|XY 2)r.

min

(311)

6.2.4 Proof of Inequality (261)

We have
e+eo+ HISVO(BIXY Z)q, (312)
—e+ep+ HIAHYVI(ACRIXY Z)g,  (313)
= e+ eo + HEHVOACR|T) . (314)
= e+ e+ HLSVO(ACRIT) or g (315)
> HIVS(ACEAR|T)erwyse,,,,,  (316)
= BV (AQMFAG ARIT) cr g (317)
> BNV (AMFAGARIT)or g,
+ Hunin(QIAM FAGART) o1 () — f(€) (318)
> BNV (AMFAGARIT)or () — 4 — f(€)
(319)
= HNSVY(BERQIT) or g f(e), (320)

where (313) follows from Lemma 27; (314) from
Lemma 23 and the fact that T = X'Y'Z" is a clas-
sical copy of XY Z; (315) from ¥, = CT (), (316)
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from the dimension bound (Lemma 19), (317)
from the fact that W is obtained from ¥ ® ®gere,
by applying the isometry Ug as (235),
which the smooth conditional entropy is invari-
ant (Lemma 14), (318) from the chain rule (359),
(319) from the dimension bound (Lemma 18),
and (320) from Lemma 27 and the fact that ¥ is a
pure state on ABRF,GAQMEp as (235), which
is converted by CT to an ensemble of classically-
labelled pure states.

The first term in (320) is further calculated to
be

under

HYHY (BERQIT)er g, (321)
= YV BERQIT)ergem i) (322)
> HOV (BEsQITM)ergony  (323)
= BNV (BESQM|TMa)rgoria gy (324)

= HYV(BOFGBIT M) ergemay,)
(325)
= Hrln(;fl—i_G\/g(‘ééFBéB|TMA)CT®CMA (M) @®,eo
(326)

2 Hr7n€+6\[(GB‘TMA)CT®CMA(F)®‘I>260

+ Hyyio(BOFR|ITGBMa)crgema oy,
~fe). (327)

Inequality (322) is due to the fact that CM does
not change the reduced state on BEQT), (323)
from the monotonicity of the conditional entropy
(Lemma 13); (324) from the property of the
conditional entropy for classical-quantum states
(Lemma 23) and the fact that My is a classical
copy of M as (247); (325) from the fact that Wy
is obtained from W by the isometry Up as (236),
under which the smooth conditional entropy is
invariant; (326) from the continuity (Lemma 20)
and the fact that I' ® P9 is 2+/6-close to Uy as
(239); and (327) from the chain rule (359).

The second term in (327) is further calculated
as

Hiin(B BCF ’TGBMA)CT®CMA( INQ@Pyeq (328)
> Hn(BC|ITGpMa)orgemary + €0 (329)
> Hiy(BC|ITG s Ma)er ) + eo (330)
= Hiyn(BC|T)er(ry + €0 (331)
= Hyyin(BO|T)w, + o (332)
= Hp (BC|XY Z)w, + eo, (333)

where (329) follows from the superadditivity of
the smooth conditional entropy (Lemma 16);
(330) from the monotonicity of the smooth con-
ditional entropy (Lemma 13); (331) from Lemma
25 and the fact that the state CT(T) is decoupled
between BC and G BM 4 when conditioned by T

s (250); (332) from Equality (252); and (333)
from Lemma 23.

The first term in (327) is calculated as

HZEQFG\[(GB\TMA)CT@)CMA( r) (334)
= HISHVP (GAIT M)y (335)
= HTHVO (G| MAXY Z)p (336)

= HTHVO (G| MAAXY Z)r, (337)

where (335) is from Gp = GgMpg, Equality (256)
and Lemma 27; (336) from Lemma 23 and the
fact that T'= X'Y'Z’ is a copy of XY Z as (238);
and (337) from Lemma 25 and the fact that the
state I' is decoupled between A and G4 when
conditioned by M4 XY Z as (257).

Combining these all together, we arrive at

e+ eo+ HIVO(BIXY 7).

> —q+ HIS V3 (G LI MAAXY Z)p
+ H (BCO|XY Z)g, +eo — 2f(e).  (338)

This completes the proof of Inequality (261). B

6.3 Proof of Theorem 3 from Inequalities
(258)-(261)

Since T is diagonal in M4 XY Z as (257), and due
to the properties of the smooth conditional en-
tropies for classical-quantum states (Lemma 25),
we have

HISHYY (G AMA|IXY Z)r 2 0, (339)
HIGHV(GAIMAAXY Z)r > 0. (340)

Thus, Inequalities (260) and (261) implies In-
equalities (30) and (31) in Theorem 3, respec-
tively. Summing up both sides in (259) and (260)
yields

c+2¢ > H (AC|IXY Z)g, — Ho (AIXY Z)y,
+H;JBYCZMS
— H2VO(BY )y, — 4f(e)

a1 — 4f(e). (341)
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Similarly, combining Inequalities (258) and (261),
we obtain
c+2q2 mm(AXCZ>‘1/s max(AXZ)

+ HE, (BC|XY Z)q,

H11€+8\/>(B|XYZ)\I/S

min

— HT2VO (G MAAX Z)p

min

+ HIHV (G MAAXY Z)r — 6 (c)

min

(342)
rr!(e,0 €,0
= Hj ) = AR =6 £ (), (343)
where we have defined
ALY =HIHV (G 4| My AX Z)r

— HTHOVS (GAIMAAXY Z)pr. (344)

In the following, we prove that
Al < Ale9), (345)

Combining this with (343) in addition to (341),
we arrive at Inequality (29) in Theorem 3.

We start by noting that
HTP2Vo (G MAAX' Z))r

min

— HIHVO (G IMAAX'Y' Z')r

min

AL®) —

(346)

< IO (G, Y\ MAAX'Z') g (347)

The first line follows from Lemma 23 and the fact
that XY Z is a copy of X'Y'Z" as (238), and the
second line from the continuity bounds for the
smooth conditional entropy (Lemma 20) and the
definition of the smooth conditional min mutual
information (15). Hence, it suffices to prove that
there exists an operation F : AC — AG A M 4
satisfying

J-,_-(\I,;aiéf%) — GAGAMAR  oMa o _ F (348)

and that U satisfies the condition
inf P (@AGAMAR, Z pzyz'(/}?yz &® szyAZMA>

Wayz T,Y,z
< 2V6. (349)

Recall that the state |¥) is obtained by

L ACEA—AQMF 4G
an encoding isometry Ugc A= AQMEACGA 0

) [ Boereq) as (235), where Gy = GaM4Z". We
define an operation F : AC — AG M4 by

F(1) :=Trogmryxzr o Us (T ® ﬂzeﬁeo). (350)

Noting that Uy is in the form of (242), this implies
(348). To obtain the decoupling condition (349),
note that, since ¥ is converted by an operation
by Bob to W as (236), it holds that WAGaMak =
\II?GAMAR. Thus, tracing out BCFAFgGpXZ"
n (239), we obtain

P (@AQGAMA,FARGAMA) <2/5. (351

Due to (238), the state I' is in the form of

A M
r RGAMa — Z p:pyz"l}zyz

T,Y,%

® pSAMA® [wyz)wyz|".
(352)

This implies (349) and completes the proof of In-
equality (29). [ |

6.4 Property of A9 (Proof of Lemma 5)

Due to the definition of the smooth conditional
min mutual information (15) and (34), it is
straightforward to verify that A > 0. The
equality holds if Y/ = Y is a one-dimensional
system, that is, if there is no classical side infor-
mation at the decoder.
is neither quantum message nor quantum side in-
formation at the encoder, i.e.

In the case where there

da=dc=1, A=X, C=2, (353)

the source state Wy is represented as

WXZBR_N" o) o lyXyl @ |2 )2 Zo » R,

x7y7z

(354)

Thus, for any CPTP map F : XZ — GA M4, we
have

f( GAMAR szyzw AMA

?yz

¢:cyz7 (355)

where w,, = F(|z)z|¥ @|2)(z|?). It follows that
]:(\I’ )GAMAX'Y/Z'

_ prszAMA ® |$Z><,CL'Z|X/Z/

® (zpymryxmy’) ,

and consequently, I;fl#\f(GA Y|\ MaX'Z') =

0. This implies A% = 0, and completes the proof
of Lemma 5. |

(356)
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7 Conclusion

In this paper, we investigated the state redistri-
bution of classical and quantum hybrid sources
in the one-shot scenario. We analyzed the costs
of classical communication, quantum communi-
cation and entanglement. We obtained the direct
bound and the converse bound for those costs in
terms of smooth conditional entropies. In most of
the cases that have been analyzed in the previous
literatures, the two bounds coincide in the asymp-
totic limit of infinitely many copies and vanish-
ingly small error. Various coding theorems for
two-party source coding tasks are systematically
obtained by reduction from our results, includ-
ing the ones that have not been analyzed in the
previous literatures.

To investigate the protocol that are covered by
our result, but have not been addressed in the
previous literature, in detail is left as a future
work. Another direction is to explore the fam-
ily of quantum communication protocols in the
presence of classical side information only at the
decoder. It would also be beneficial to analyze
the relation between our results and the one-shot
bounds for entanglement-assisted communication
of classical and quantum messages via a noisy
quantum channel [32].
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A Definitions and Properties of Smooth Entropies

In this appendix, we summarize the properties of the smooth conditional entropies that are used in
the main text. For the properties of the purified distance used in some of the proofs, see Appendix B.

A.1 Basic Properties

Lemma 12 (duality: see e.g. [29]) For any subnormalized pure state 1)) on system ABC, and
for any e > 0, A|B)y = A|C)y.

max( mln(

Lemma 13 (monotonicity: Theorem 18 in [29] and Theorem 6.2 in [26]) For any pA? €

S<(HAB), 0 < e < /Tr[p], any unital CPTP map € : A — C and any CPTP map F : B — D, it
holds that HS; (A|B), <HE (CID)esr(p)-

min min

Lemma 14 (isometric invariance: Lemma 13 in [29]) For any e > 0, p*? € S<(HAP) and
any linear isometries U : A — C and V : B — D, Hy;, (A|B), = Hbin (ClD)ugy(p)-

Lemma 15 (additivity: see Section I C in [19]) For any p € S(HAP) and 0 € S(HCP), it
holds that

Honax (AC|BD) py = Hina(A|B) ) + Hunax (C| D). (357)

O‘CD

Lemma 16 (superadditivity: Lemma A.2 in [15]) For any states p*B and any €,€ >0,

it holds that
HE (ACIBD)ygo > Hin(AlB)p+ He (C1D),. (358)

min

Lemma 17 (chain rule: see [31]) For any e >0, €,¢’ >0 and p € S<(HABY), it holds that

H 2 (AB|C), > Hyyin(B|C)p + Hipin(AIBC), — [(e), (359)
Hin(AB|C), < Hipo(BIO)p + Hih 7> (A[BC), + 21 (e), (360)

where
fe) :== —log (1 — /1 —62). (361)

Lemma 18 (dimension bounds: Corollary of Lemma 20 in [29]) For any state p? and e > 0,
it holds that

Hrenm(A‘B)P > — log dA7 (362)
HIEnaX(A‘B)P < log da. (363)

Lemma 19 (dimension bound: Lemma 21 in [9]) For any state pBC and € > 0, it holds that
AB|C), < Hy;, (A|C), + log dp. (364)

InlIl(

Lemma 20 (continuity) For any €,6 > 0, any pAZ and o8 € B%(p), it holds that
HSP(A|B), > HE o (A|B),. (365)

min min

Proof: Let 648 € B(0) be such that H

cin(A|B)o = Huin(A|B)s. Due to the triangle inequality
for the purified distance, it holds that

P(p,6) < P(p,0) + P(0,6) < e+, (366)
which implies & € BT(p). Thus, we obtain Inequality (365) as
Hfin(A|B)o = Hmin(A|B)s < sup  Hmin(A|B), = HI;TI(E(A|B)p' (367)

pEBH (p)
[ |

Accepted in (Yuantum 2021-12-24, click title to verify. Published under CC-BY 4.0. 28



Lemma 21 (one-dimensional system.) Suppose that dy = 1. For any ¢ > 0 and p € S(HAP), it
holds that

0 < Hf i, (A|B), < —log (1 — 2e), (368)
0> Hf .«(A|B), > log (1 — 2¢). (369)

Proof: Since dq = 1, there exists a fixed vector |e) € HA such that I4 = |e)e| and that any
p € S<(HAB) is represented as |e)e|” @ 5B. Due to the definition of the smooth conditional min
entropy, we have

Hiin(AlB)y 2 Hmin(A|B), (370)

= sup  Huin(AlB),s (371)
ocBeS_(HB)

> Huin(A|B) 45|, (372)

= sup{\ € R]27*[* @ pP > p1B} (373)

= sup{A € R|27|e)e|” @ pP > |e)e|” @ pP} (374)

= 0. (375)

This implies the first inequality in (368). To prove the second inequality in (368), let p € B(p) and
oP € S_(HP) be such that

Hiyin(A|B)p = Huin(A|B)s = Humin(A|B) jjor- (376)
By definition, it holds that
2~ i (AIB)o [A & B > pAB. (377)
which is equivalent to
2~ Hoin(AB) |e)e|t @ oF > |e)el? @ pP. (378)
By taking the trace in both sides, we obtain
9~ M (A1B)e > Ty [p]. (379)
The R.H.S. of the above inequality is evaluated as
Tr[p] = [[plle = llplly = llp = Al = 1 = 2, (380)

where the last line follows from (6) and the condition p € B(p). This implies the second inequality
n (368). Inequality (369) follows due to the duality relation (Lemma 12). [ |

A.2 Classical-Quantum States

Lemma 22 (Lemma A.5 in [15]) For any state pAB% € S_(HABK) in the form of

Zpkp ® k)|, (381)
where p, € S—(HAB), (k|k') = p1r and {py}x is a normalized probability distribution, it holds that

k
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Lemma 23 (Lemma A.7 in [15]) For any state pABK152 ¢ S_(HABKIE2) jn the form of

p PR =3 it @ Rk © [R)k["2, (383)
k

where (k|k') = 0y, and for any € > 0, it holds that

AK1|BK3), = A|BE3)p = Hyyin (A|BEKY ). (384)

mll’l( mll’l(

Lemma 24 (Lemma 29 in [33]) In the same setting as in Lemma 253, it holds that

max(AKl,BKZ)P - max(A|BK2)P - max(A|BK1) (385)
Lemma 25 Consider a state in the form of
PN = ook @ of @ [k(K[". (386)
k
For any € > 0, it holds that

Proof: It is straightforward to verify that there exists a quantum operation £ : K — C'K such that

pACK = ¢ (,oAK ). Due to the monotonicity of the smooth conditional min entropy under operations
on the conditioning system, we have

Hipin(AlK) pax < Hy (A|CK) pack = Hyyin (A|CK) g(pany < Hypy (AlK) par, (388)
which implies Hf;, (A|CK), = HS;,(A|K),. The non-negativity follows due to Lemma 22 as

mln(A‘K) > HmiH(A‘K)p - _10g (Zpk 2- Hmm( ) ) - —log (Zpk) - 0 (389)

k

which completes the proof. |

A.3 Classically-labelled Pure States

Lemma 26 Consider a state in the form of

pABCK Zpkm (W *PC @ [k) k|~ (390)

For any e > 0, it holds that

A|BK), = AICK),. (391)

max( mln(

Proof: It is straightforward to verify that a purification of the state p, defined by (390), is given by

) PE = 37 rloe) P ) ) (392)
k
Due to the duality of the smooth conditional entropies (Lemma 12), we have
max(A’BK)P - max(A’BK) - mln(A‘CK/) - mln(A‘CK) (393)
which completes the proof. |
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Lemma 27 Consider the same setting as in Lemma 26. For any € > 0, it holds that

mll’l(

Proof: To prove (394), let pA% € B(p) and ¢ € S—(HX) be such that
AIK), = Huin(A|K)j = Huin(A|K) e (395)

mln(

With C being the completely dephasing operation on K with respect to the basis {|k)}, it holds that

P(C(p),C(p)) < P(p),p) < e (396)
In addition, if
9 A @ K > pAK. (397)
then
272 1 @ (o) > id? @ cK(pAK). (398)

Thus, without loss of generahty, we may assume that both pAK

we may assume that p2% and ¢ are in the form of

Zpkpk ® [k)k™, <= qulk (399)

and ¢ are diagonal in {|k)};. That is,

Suppose that the Schmidt decomposition of |¢) is given by
A
) =D Eles) i), (400)
J

Define linear operators v : HA — HE and V : HA @ HE — 1B @ HE by

ok = > | fi P lesl® (V) (401)
J

and V := 3, v, @ |kXE|™. Tt is straightforward to verify that pBX = VpAKVT, Thus, due to the
monotonicity of the purified distance under trace non-increasing CP maps (Lemma 7 in [29]), it holds
that

P(pPR VARV < P(pR, pAF) <. (402)
Applying V to the both sides in condition (397), it follows that
27U @ WV > vpAKYT (403)

Noting that I” > (vlvk)B, this implies that

27 P @ K > vtk (404)
Thus, we arrive at
mln(A‘K) < Hrenln(B‘K)P (405)

By exchanging the roles of A and B, we also obtain the converse inequality. This completes the proof
of Equality (394).
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B Properties of The Purified Distance

We summarize the properties of the purified distance, used in Appendix A to prove the properties of
the smooth conditional entropies.

Lemma 28 (monotonicity: Lemma 7 in [29]) For any subnormalized states p,o € S<(H) and
for any completely positive trace non-increasing map €, it holds that P(p,0) > P(E(p),E(0)). Conse-
quently, for any linear isometry U, it holds that P(p,o) = P(U(p),U(0))

Lemma 29 For any normalized state p on system A and any normalized pure state |¢) on system
AB, the purified distance satisfies

P(p*,¢") = min P01, [9)d)) = w — max [(¢[¢)[?, (406)

o)Az

where the minimum and the maximum are taken over all purifications |¢) of p.
Proof: Follows from Definition 4 and Lemma 8 in [29]. [ |

Lemma 30 Consider a state I' on KAB and a pure state |¥) on KABC' in the form of

= ; VORIR) S )PP T = ;pk|k><k|K @ [y )vel 42 (407)
There exists a set of pure states {|¢x)}r, on CD such that, for the state
Ty = zk: VRIS 1) 1) P (408)
it holds that
P (ICXTL W) ]) = P (TKAP, X oTrop (W) w])) | (409)

where C is the completely dephasing operation on K with respect to the basis {|k)}.

Proof: It is straightforward to verify that a purification of the state CXoTrop (|¥)X¥|) is given by

W) = D2 Vil ) P (410)
k
and that any purification of the state T545 to the system KABCDK' is in the form of
Tp) = > V/prlk) i) P16 P (411)
k
with {|{x)}x being a set of orthogonal states. A simple calculation yields
(@pIT)| = D il (Wl APP R) (e) 221600 TP (412)
k

The maximum of the above quantity over all orthogonal {|{) } is achieved by {|{x)}x that is decom-
posed into |&,)PK" = | )P k)K", Using this {|¢r) }x, we define a state |T') by

) o= > v/rlk) ™ Jye) P o) P (413)
k
and a purification of TK48 by
IT5) = > /owl kY i) 2 o) P k). (414)
k
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It follows that

max [(Wp[Tp)| = [(Tp[T)] (415)

= > ol (Wl PP ) AP |or) P (416)
k

= |(¥[D)]. (417)

In addition, the states [¥)) and [I';) are obtained by a linear isometry PE—=KE" . s~ ]k>K|k)Kl<k‘|
from |¥) and |T)as

|0,) = PKREw) gy = PRERRD) (418)

Thus, due to the property of the purified distance (Lemma 29 and Lemma 28), it follows that
P (IDYD], [w)w]) = P (003, (@)XW, ) = P (TEAE cRoTrop(yw)),  (419)
which completes the proof. |

Lemma 31 Consider the same setting as in Lemma 30, and assume that C and D are composite
systems CoMc and DoMp, respectively, where Mo and Mp are isomorphic quantum systems with an
orthonormal basis {|m)}n,. In addition, suppose that the state U is classically coherent in McMp,
i.e., that

[[(m] M (m M2 [ W) | ¢ Sy (420)
Then, without loss of generality, we may assume that the states |pr) are classically coherent in McMp.

Proof: It is straightforward to verify that the state W is classically coherent in McMp if and only
if all v, are classically coherent in McMp. Consequently, the maximum of each term in (416) is
achieved by ¢ that is classically coherent in Mo Mp, which completes the proof. |

Lemma 32 (gentle measurement: Lemma 5 in [20] and Corollary of Lemma 7 in [5]) Let
e€ (0,1], pe S(H) and A € L(H) be such that 0 < A < T and Tr[Ap] > 1 — €. It holds that

lp— VApVAllL < 2vE,  P(p, VApVA) < V2. (421)
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hybrid reverse Shannon hybrid Slepian-Wolf
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Figure 9: The construction of encoding and decoding operations in the proof of the direct part is depicted. (i) is
obtained by cancelling out G,U and (G,U)T, corresponding to Inequality (171) obtained from (153) and (154). (ii)
follows from the fact that the state |¥,) is obtained from |¥) by applying P and G, due to (158). In (iii), we trace
out Z = Z;Zr and apply the completely dephasing operation C to X'Y'Z’. See Inequalities (173) and (176) that
are obtained from (171). Note that the source state U, is obtained from |¥) and |¥,) as (160).
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