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Abstract

Graph problems are one of the most important and interesting areas in computer science. This

thesis focuses on two graph problems: connectivity and s-t-minimum cut. We study query algo-

rithms to solve these problems. With query algorithms, we assume that we do not have access to

the graph, but instead, we have access to an oracle that gives some information about the graph.

There are two types of query models: local query and global query model. With local queries, we

can only get information about a single vertex or edge slot, whereas with global queries, we can

get information about many vertices and edge slots.

The aim of the proposed thesis is to develop query-efficient algorithms for connectivity and s-t-

minimum cut problems. We use global query model to develop algorithms for connectivity prob-

lem by finding a spanning forest of the graph. Our algorithm uses the boolean matrix-vector

multiplication queries as a master model, then we simulate this master query by other query mod-

els such as cut queries and bipartite independent set (BIS) queries. As a result, we give query

efficient quantum cut and quantum BIS algorithms for connectivity. We also show lower bound on

the zero-error randomized linear query complexity for connectivity. Lower bounds for unrestricted

linear queries are difficult to show because the answer to a query can have an unbounded number

of bits. We adapt certificate complexity technique to the connectivity problem and show an ⌦(n)

lower bound for zero-error randomized algorithms.

For the s-t-minimum cut problem, we use the local query model. We give a query-efficient quan-

tum algorithm that follows an algorithm by Rubinstein, Schramm, and Weinberg (RSW). The idea

of the algorithm is to find a sparser graph that still has approximately the same cut values as the

original graph, which we call cut sparsifier, then find a minimum s-t cut in this sparser graph.

We use quantum tools in our algorithm to speed up the whole procedure. We include an easier

self-contained proof for the query complexity of quantum cut sparsification algorithm. We also fix

the gap in the RSW analysis for cut query algorithm for the sparsifier.





Chapter 1

Introduction

1.1 Background

Graph problems are one of the fundamental areas of algorithms. Two important graph problems are

connectivity and s-t-mincut. In this thesis, we study query algorithms for these two problems. We

categorize the query models we study into two types; local queries and global queries. With local

queries, one can access information about a vertex or edge slot. For example, in the adjacency

matrix model, one can query if there is an edge between two vertices, and in the adjacency list

model, one can ask the degree of a vertex. Global queries are more powerful than local queries, in

which a single query can aggregate information about many vertices and edge slots. Solving graph

problems with global queries have been studied extensively in the past few years, such as additive

queries [1–7], cross queries [1, 4], independent set queries [7–9, 9–13], bipartite independent

set queries [11], cut queries [14], matrix-vector queries [15], and linear queries [16]. The study

of global queries is motivated by many applications. Matrix-vector multiplication queries have

applications to streaming algorithms [17], cut queries are motivated by connections to submodular

function minimization, bipartite independent set queries have been studied in connection with

reductions between counting and decision problems [18], additive queries have applications in

bioinformatics, and independent set queries are motivated by genome sequencing.

Let A be the adjacency matrix of a simple graph G = (V,E). Some global query models can

be interpreted as matrix-vector or vector-matrix-vector multiplication. For example, the answer to

1



2 Chapter 1. Introduction

one matrix cut query S ✓ V is A�S , where �S is the characteristic vector of S. A cut query S,

which returns the number of edges between S and V \ S, can be represented as (1 � �S)A�S ,

where 1 is all ones vector. An additive query S returns �T

S
A�S , which is twice the number of

edges with both endpoints in S. And a bipartite independent set query (S, T ), where S and T are

disjoint, will return 1 if there is at least an edge connecting S and T , that is, |�|
S
A�T | > 0, and

0 otherwise. There are also global queries that do not involve adjacency matrix A, for example,

linear queries. Let G = (V,w) be a weighted graph where w is the edge weight vector of G. A

linear query x 2 {0, 1}(
n
2) to G returns hw, xi.

The query complexity of a problem is measured by taking the minimum number of queries over all

algorithms that solve the problem. Several techniques have been introduced to compute the lower

bounds of graph problems. Eden and Rosenbaum [19] developed a framework for proving query

complexity lower bounds for graph properties with local queries via reductions from communica-

tion complexity. Communication complexity is well-studied and has numerous applications, such

as in proving lower bounds for Turing machines [20], streaming algorithms [21], circuit com-

plexity [22], distributed algorithms [23], and algorithmic game theory [24]. We discuss Eden and

Rosenbaum’s technique in Chapter 4 and give a proof for local query lower bound for computing

the size of the minimum cut. Communication complexity has also been used to prove global query

lower bounds for connectivity. Harvey [25] proved that the deterministic cut query lower bound

for connectivity is ⌦(n), which follows from the deterministic communication complexity lower

bound of ⌦(n log n) for connectivity [26], and the fact that the answers to cut queries can be com-

municated with O(log n) bits. The randomized communication lower bound for connectivity is

⌦(n), giving an ⌦(n/ log n) lower bound for any randomized algorithm solving connectivity with

cut queries. We give a self-contained proof in Chapter 5.

The communication complexity approach, however, does not apply to the linear query model. The

family of instances used to show the communication complexity lower bound for connectivity

are simple graphs. We cannot use simple graphs as ”hard” inputs for a linear query lower bound

since a simple graph can be learned with a single linear query by querying the vector of powers

of 2 of the appropriate dimension. A lower bound technique that goes beyond considering sim-

ple graphs is the cut dimension [27]. It was observed in [28] that the lower bound applies to the

linear query model, and a strengthening of the technique was given, called the `1-approximate cut

dimension. We observe that the `1-approximate cut dimension characterizes, up to an additive+1,
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a well-known query complexity lower bound technique applied to the minimum cut problem, the

certificate complexity. We further adapt this certificate complexity technique to the connectivity

problem in Section 5.2, allowing us to show an ⌦(n) lower bound (Corollary 5.13) for determin-

istic linear query algorithms solving connectivity. As far as we are aware, this is the first lower

bound for connectivity in the unrestricted linear query model.

In Chapter 6, we propose global query algorithms to solve connectivity. Most algorithms that

study connectivity typically use the local query model [29–33]. It is known that in the local

query model, solving connectivity for n-vertex simple graphs by classical randomized algorithms

requires ⌦(n2
) queries [29] in the adjacency matrix model and ⇥(m) queries in the adjacency

list model where m is the number of edges. The quantum query complexity of connectivity is

⇥(n3/2
) in the matrix model and ⇥(n) in the list model, as shown by Dürr et al. [29]. In the case

of weighted graphs, finding the minimum spanning tree requires ⇥(n3/2
) queries in the matrix

model and ⇥(
p
nm) in the list model. In the global query model, Sun et al. [15] observe an

O(log
4
(n)) matrix-vector multiplication queries to the signed vertex-edge incidence matrix A± 2

{�1, 0, 1}n⇥(
n
2) for finding a spanning forest. For a bipartite graph G with bipartition V1, V2,

we define the bipartite adjacency matrix as the submatrix of the adjacency matrix where rows

are restricted to V1 and columns to V2. Sun et al. show that to determine if a bipartite graph is

connected, we need ⌦(n/ log n) matrix-vector multiplication queries to the bipartite adjacency

matrix, where the multiplication of the vector is on the right. However, the family of instances

they give can be solved by a single matrix multiplication query on the left side of the bipartite

adjacency matrix.

We present a randomized algorithm that can output a spanning forest of a weighted graph with

constant probability after O(log
4
(n)) matrix-vector multiplication queries to the adjacency ma-

trix, which complements the algorithm by Sun et al. We use the matrix-vector multiplication query

model as a master model that can be simulated by other query models to give non-trivial results.

We then show applications to quantum algorithms using cut and BIS queries. Our quantum algo-

rithm can output a spanning forest of an unweighted graph afterO(log
5
(n)) cut queries, improving

and simplifying a result of Lee, Santha, and Zhang [34], which gave the bound O(log
8
(n)). We

also show that a quantum algorithm can output a spanning tree after O(
p
n) BIS queries.

Another problem we study is s-t-minimum cut (Chapter 8). The minimum cut problem has been
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extensively studied since at least the 1950s [35]. In the global minimum cut problem, we are

interested in finding a cut of minimum size, whereas in the s-t-minimum cut problem, we are

looking for a minimum cut that separates the vertices s and t. For unweighted graphs, the size

of the global minimum cut can be computed in nearly linear time by deterministic algorithms

classically [36]. For weighted graphs with m edges, the weight of a global minimum cut can be

determined in nearly linear time Õ(m) by a randomized algorithm [37, 38] and in almost linear

time O(m1+o(1)
) by a deterministic algorithm [39]. Recent work by Apers and Lee [40] gave a

quantum algorithm to solve the global minimum cut problem for undirected and weighted graphs

whose weights are at least 1 and at most ⌧ , using Õ(n3/2p⌧) queries and time in the adjacency

matrix model.

By the max-flow min-cut theorem [35], the size of the s-t-mincut is equal to the maximum value

of the s-t-flow. One can compute an s-t-mincut from a maximum s-t-flow in linear time. How-

ever, no such reduction is known the other way around. There has been a surprising lack of

work on quantum algorithms for the exact maximum flow or minimum s-t cut problem, which

motivates us to study this problem. As far as we are aware, the only work on the quantum com-

plexity of these problems is by Ambainis and Špalek [41], who gave a quantum algorithm for

max flow in a directed graph with integral capacities bounded by W  n1/4 with running time

Õ(min{n7/6pmW 1/3,m
p
nW}), given adjacency list access to G. However, current classical

randomized algorithms give better results.

Rubinstein, Schramm, and Weinberg (RSW) [14] give query-efficient algorithms for the global

min-cut and the s-t-mincut problem in simple graphs in the cut query model. A key idea of their

s-t-mincut algorithm is to transform the graph G into a sparser graph G0 while preserving the cut

values. Following their construction, we develop a quantum algorithm for s-t-mincut that is both

query and time-efficient. In our algorithm, we first find a "-cut sparsifier ofG by using the quantum

algorithm of Apers and de Wolf [42] which is faster than the classical sparsification algorithm that

needs O(m) time. Then, we use Grover’s algorithm to learn all the edges in the sparser graph

G0. After we explicitly know the graph G0 we use a classical randomized algorithm to compute a

minimum s-t cut in G0. Our s-t-mincut algorithm computes with high probability the weight of a

minimum s-t cut with Õ(
p
mn5/6W 1/3

+ n5/3W 2/3
) queries, given adjacency list access to G.

For simple graphs this bound is always Õ(n11/6
), even in the dense case when m = ⌦(n2

).
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Apers and de Wolf’s algorithm [42] is constructing a spectral sparsifier that is stronger than a cut

sparsifier. In the construction of our algorithm, we only need a cut sparsifier. Since the proof

for the quantum algorithm for spectral sparsification in [42] is quite complicated, we include an

easier self-contained proof for the query complexity of quantum cut sparsification algorithm in

Chapter 7. We also found a gap in the RSW analysis for cut query algorithm for the sparsifier, and

fixed the gap as a contribution in this thesis.

1.2 Thesis Outline

The rest of the thesis is organized as follows. Chapter 2 covers the essential mathematical back-

ground. Chapter 3 covers communication complexity, which we will use to prove some lower

bounds. Chapter 4 discusses the query models that we use throughout the thesis, as well as some

lower bounds for the local query model. Starting with Chapter 5, we present novel contributions in

this thesis. We discuss the global query lower bound for connectivity in Chapter 5 and introduce

a technique to compute the deterministic linear query lower bound for connectivity and minimum

cut problems. Chapter 6 presents our results for connectivity with global queries. In Chapter 7, we

discuss some algorithms to construct a sparsifier. We present our quantum algorithm for the s-t

minimum cut problem in Chapter 8. Finally, in Chapter 9, we provide a summary and an outlook

on the future work of this thesis.





Chapter 2

Preliminaries

This chapter provides the necessary background for presenting the results in this thesis. It begins

with preliminaries from graph theory in Section 2.1. In Section 2.3, an overview of combinatorial

group testing is given. Then, linear programming and its duality are discussed in Section 2.4.1.

Finally, the chapter concludes with a discussion of the quantum algorithms used in this thesis in

Section 2.5.

2.1 Graph theory

Let V be a finite set and V (2) the set of all two-element subsets of V . A graph is a pairG = (V,E)

where V is the set of vertices and E ✓ V (2) is the set of edges. For e = {i, j} 2 E, the vertices i

and j are neighbors and we call them the endpoints of edge e. The degree of a vertex v 2 V is the

number of edges incident to that vertex.

A weighted graph G = (V,w) is a graph with an
�
n

2

�
-dimensional real vector w representing the

edge weights. A simple graph is an undirected and unweighted graph with no self-loops and at

most one edge between any pair of vertices. The complete graph on n vertices, denoted by Kn, is

a simple graph in which every pair of vertices is connected by an edge. If the vertices of a graph

G = (V,E) can be partitioned into sets U1 and U2 such that there is no edge with both endpoints

in U1 or both endpoints in U2, then G is said to be bipartite.

7
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A subgraph of a simple graph G = (V,E) is a pair (V 0, E0
) where V 0 ✓ V and E0 ✓ E, such

that if e = {u, v} 2 E0 then {u, v} 2 E and u, v 2 V 0. Given a subset S ✓ V , G[S] = (S,ES)

denotes the induced subgraph of G, that is, ES is the set of all edges e 2 E that have both

endpoints in S.

Definition 2.1 (Path). A path is a sequence of distinct vertices (v1, v2, . . . , vn) such that vi and

vi+1 are adjacent for i = 1, . . . , n� 1.

An undirected graph G is said to be connected if for any two vertices i, j 2 V , there exists a path

connecting i and j. Otherwise, G is disconnected. We say we disconnect G if we remove edges to

produce a disconnected graph. A connected component of an undirected graph G is a maximal set

of nodes such that each pair of nodes is connected by a path.

Definition 2.2. Let G = (V,E) be a graph. For ; 6= S ( V , the cut defined by S is �G(S) =

{{i, j} : i 2 S, j 2 V \ S, {i, j} 2 E}. We call S and V \ S as the shores of the cut.

Definition 2.3. Let G = (V,w) be a weighted graph. The weight of a cut is

w(�G(S)) =
X

e2�G(S)

w(e) (2.1)

Definition 2.4. We define �(G) as the minimum weight of a cut in G, that is

�(G) = min
;6=S(V

w(�G(S)) (2.2)

Definition 2.5 (Minimum cut). Let G be a graph. A global minimum cut is a cut�G(S) such that

w(�G(S)) = �(G) (2.3)

Given two vertices s, t 2 V . A minimum s-t cut is a cut �G(S) with minimum weight such that

s 2 S and t 2 V \ S.

A tree is a connected graph with no cycles. A forest is a disjoint union of trees. A spanning tree

of a graph G is a subset of G that covers all of its vertices using the minimum number of edges.

A spanning forest of a graph G is a collection of spanning trees across its connected components.

We can easily prove that a weighted graphG = (V,w) is connected if and only if it has a spanning

tree, and that spanning tree must have exactly |V |� 1 edges.



Chapter 2. Preliminaries 9

2.1.1 Graph representation

The two most common representations of a graph are the adjacency matrix and the adjacency list.

An adjacency matrix is a square matrix where the rows and columns correspond to the vertices of

the graph. The entries of the matrix indicate whether pairs of vertices are adjacent or not in the

graph, and for an undirected graph, the matrix is symmetric.

Definition 2.6 (Adjacency matrix). For a simple graph G = (V,E) with n vertices and m edges,

the adjacency matrix A is an n⇥ n matrix such that

A[i, j] =

8
><

>:

1 if {i, j} 2 E

0 otherwise
(2.4)

Definition 2.7 (Adjacency matrix for weighted graphs). LetG = (V,w) be a weighted graph with

n vertices andm edges. The adjacency matrix A of G is given by

A[i, j] =

8
>>>>><

>>>>>:

w[{i, j}] if i < j

w[{j, i}] if i > j

0 if i = j

(2.5)

An adjacency list is a collection of unordered lists where each list is indexed by the vertices and

describes the set of neighbors adjacent to the corresponding vertex.

Definition 2.8 (Adjacency list). Let G = (V,w) be a weighted graph with n vertices and m

edges. The adjacency list L consists of n arrays such that for each array Li where i 2 [n], we have

Li[k] = j if j is the k-th neighbour of vertex i.

Another graph representation we consider is called the signed vertex-edge incidence matrix. The

rows of this matrix are indexed by the vertices, and the columns are indexed by the edge slots.

Each entry in the matrix is either 0, 1 or �1. The entry at row i and column j is 1 if vertex i

is an endpoint of edge j, �1 if vertex i is the other endpoint of edge j, and 0 otherwise. This

representation is particularly useful in directed graphs, as it allows us to represent the direction of

the edges as well as their weights.



10 Chapter 2. Preliminaries

Definition 2.9 (Signed vertex-edge incidence matrix). Let G = (V,E) be a simple graph. The

signed vertex-edge incidence matrix A± is an n ⇥
�
n

2

�
matrix whose rows are indexed by the

vertices and columns indexed by the edge slots such that,

A±(u, {v, w}) =

8
>>>>><

>>>>>:

0 if {v, w} 62 E or u 62 {v, w}

1 if {v, w} 2 E and u is the smallest element in {v, w}

�1 if {v, w} 2 E and u is the largest element in {v, w} .

(2.6)

2.1.2 Several graph problems

In this thesis, we consider two graph problems: the s-t minimum cut problem and the graph

connectivity problem, which is a special case of the minimum cut problem.

Definition 2.10 (CONN). The graph connectivity problem, denoted by CONN, is a decision

problem that decides whether a graph G is connected or not. Note that a graph G is connected iff

�(G) > 0.

Definition 2.11 (MINCUT). The input in the MINCUT problem is an n-vertex weighted undi-

rected graph G = (V,w) and the goal is to output �(G).

Definition 2.12 (s-t MINCUT). Let G = (V,w) be a weighted and undirected graph. Let s, t 2

V . The goal of the s-tMINCUT is to output the minimum s-t cut of G.

2.2 Strong connectivity

Definition 2.13. A graph G = (V,w) is k-connected if there is no cut of weight less than k in G.

The connectivityKG of G is the weight of G’s minimum cut.

Definition 2.14. A k-strong component of G is a maximal k-connected vertex-induced subgraph

of G. Individual vertices are defined to be1-strong components.

Definition 2.15. The connectivity of an edge is the minimum value of a cut separating its end-

points.
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s

v1

v2

v3

...

vn

t

FIGURE 2.1: Graph with edge strength 2 and connectivity n+ 1

Definition 2.16 (Edge strength). Let G = (V,w). The edge strength ke of e is the maximum k

such that a k-strong component contains both endpoints of e,

ke = max
S⇢V :u,v2S

KG(G[S]) (2.7)

whereG[S] denotes the vertex-induced subgraph ofG on S. We say that e is k-strong if its strength

is at least k, and k-weak otherwise.

Note that the edge strength of e is always at most its connectivity. Consider a simple graph with set

of vertices V = {s, t}[{v1, . . . , vn} and edgesE = {{s, t}, {s, v1}, . . . , {s, vn}, {v1, t}, . . . , {vn, t}}

(Fig. 5.1). The connectivity of edge {s, t} is n + 1, whereas its edge strength is 2 since in any

induced subgraph with set of vertices {s, v1, . . . , vk, t} for k  n, we can remove 2 edges ({s, vi}

and {vi, t}) to disconnect the subgraph.

Lemma 2.17 ([43]). Let G = (V,w) be a weighted graph. Then,

X

e2E

w(e)

ke
 n� 1 (2.8)

Lemma 2.18 ([14]). If a graph G has strong connectivity k and no components with strong con-

nectivity � 2k, there G has ⇥(nk) edges.

Definition 2.19 (k-strong partition). For a graph G = (V,w), a k-strong partition of G is a parti-

tion P = {S1, . . . , St} of V such that

1. The subgraph G[Si] is k-connected for each i = 1, . . . , t.
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2.
P

{i,j}2[t](2) w(Si, Sj) = O(kn).

2.3 Combinatorial group testing

Robert Dorfman proposed group testing in the 1940s to help identify soldiers with syphilis during

the Second World War. To identify an individual with syphilis, a blood sample must be drawn

and analyzed. Testing each soldier’s blood sample was very expensive at the time, and only a

tiny proportion of soldiers were likely to be infected. A more efficient testing scheme was to pool

soldiers into groups and combine the blood samples in each group. If the combined sample was

negative, it indicated that everyone in the group was not infected, and many tests were saved.

Otherwise, if the combined sample was positive, at least one person in the group was infected, and

more tests were needed.

In combinatorial group testing, it is often assumed that the number of defectives among items is

equal to or at most some fixed positive integer [44]. Consider a set S of n items, of which d items

are defective. We perform error-free tests to identify the defective items. Each test is applied to

a subset of S with size less than n. If the result is negative, then all elements in the subset are

safe. But if the result is positive, then at least one element is defective. Our goal is to identify

all defective items with a small number of tests. This problem is called the (d, n)-combinatorial

group testing problem.

Input: x 2 {0, 1}n. The j-th item is called defective iff xj = 1.

Test: T ✓ {1, . . . , n}. The result is positive if there exists j 2 T such that xj = 1.

Goal: Find defective items in x.

There are two types of algorithms for solving combinatorial group testing problems: adaptive and

non-adaptive. With adaptive algorithms, the outcome of previous tests is assumed to be known at

the time of determining the current test. On the other hand, in non-adaptive algorithms, the choice

of which test to perform does not depend on the outcomes of previous tests. Suppose we want to

test n items with a non-adaptive testing procedure that consists of tests S1, S2, . . . , St for some

non-negative integer t. We can set up a testing matrix M of size t ⇥ n where M [i, j] = 1 if and

only if j 2 Si. Let x be a vector of length n where xi = 1 if and only if item i is defective and
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xi = 0 otherwise. Then, the result vector y = (y1, . . . , yt) is defined as yi = M [i]_x whereM [i]

is the i-th row vector ofM , and a _ b = a · b mod 2, which is the dot product between a and b.

1 0 0 1 0 0 0

0 0 0 0 0 1 1

0 0 1 0 0 0 1

0 0 1 1 1 0 0

1 0 0 0 0 0 0

0 1 1 0 0 0 0

0 1 0 0 1 1 0

1

0

1

0

1

0

M

x

y

Test includes
item 2 and 3
Test includes
item 1

Non-defective
item

Defective
item

Test contains at
least 1 defective
Test contains
no defectives

FIGURE 2.2: Non adaptive algorithm for combinatorial group testing. The color blue indicates a
defective item, while the color red indicates a test item that is not defective.

2.4 Linear programming

Linear programming is a mathematical optimization problem involving a linear objective function

with linear constraints. The problem can be expressed as

minimize
x

cTx

subject to Ax = b

x � 0 .

(2.9)

where c, b 2 Rn and A 2 Rm⇥n are given. The value x 2 Rn is to be determined. The first

line of Eq. (2.9) is called the objective function, while the second and the third lines are called the

constraint functions.

2.4.1 Linear programming duality

We can obtain a dual problem of Eq. (2.9) by computing its Lagrange dual function [45]. The dual

problem is as the following
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maximize
⌫

� bT ⌫

subject to AT ⌫ + c � 0

(2.10)

2.5 Quantum algorithms

A quantum query algorithm with T queries is defined as a series of unitary transformations alter-

nating between a unitary operator and a query operation. In each query operation, the algorithm

is allowed to access an input function f : {0, 1}n ! {0, 1} by querying the function on a quan-

tum superposition of inputs. The goal of the algorithm is to determine some property of the input

function with high probability, such as finding a satisfying assignment for a Boolean formula. The

number of queries T is a measure of the efficiency of the algorithm, and a lower bound on T is

often used to prove hardness results for quantum algorithms.

U0 ! Ox ! U1 ! Ox ! . . . ! UT�1 ! Ox ! UT (2.11)

The unitary operators U0, . . . , UT are arbitrary and independent of the input. The oracle Ox de-

pends on the input string x = x1x2 . . . xN and performs the following transformation:

Ox |i, ai 7! |i, a� xii , (2.12)

where � denotes the bitwise XOR operation. The computation starts from the initial state |0i, and

the final state is measured to obtain the outcome. We say that a quantum algorithm A computes a

function f if the result of the measurement after termination is f(x) with probability at least 2/3.

The query complexity of A is T if A terminates after T oracle calls.

2.5.1 Quantum search algorithm

Grover[46] introduced a quantum algorithm to solve the unstructured (not sorted) search problem,

which provides a quadratic speed-up over the best possible classical algorithms. Let us define the

search problem as follows:
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Given a set S = 0, 1, . . . , N � 1 for some integerN , and a function f : S ! 0, 1 such that

|f�1
(1)| = 1, find the unique x 2 S such that f(x) = 1. We call x the marked element.

INPUT: Oracle access to f .

OUTPUT: The marked element.

In the Grover algorithm, we have access to an oracle that adds a negative phase to the solution

state:

U! |xi =

8
><

>:

|xi if x 6= !

� |xi if x = !
(2.13)

Grover’s search algorithm can find a marked element after O(
p
N) calls to U! [46]. If there are

0 < M  N marked elements, we can find one marked element after O(
p
N/M) oracle calls.

Theorem 2.20 ([47], Theorem 3). Suppose the number of marked elementsM amongN elements

is unknown. We can find a marked element in expected time O(
p
N/M).

To find all marked elements, we can repeat Grover’s search algorithm and remove the element that

we find in the input set after each application. Hence, to find all M marked elements, we can

apply Theorem 2.20 M times. The total number of calls to the oracle is O(
p
NM), as stated in

the following theorem.

Theorem 2.21 ([? ], Repeated Grover Search). Let f : {0, 1, . . . , N � 1} ! {0, 1}. Suppose

|f�1
(1)| = M . Then there is a quantum algorithm that finds all x such that f(x) = 1 with

probability 2/3 after O(
p
NM) oracle calls.

Theorem 2.22 (cf. [40, Theorem 13]). Given t,N 2 N with 1  t  N and oracle access to

x 2 {0, 1}N , there is a quantum algorithm such that

• if |x|  t then the algorithm outputs x with certainty, and

• if |x| > t then the algorithm reports so with probability at least 9/10.

The algorithm makes O(
p
tN) queries to x and has time complexity O(

p
tN log(N)).
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2.5.2 Bernstein-Vazirani’s algorithm

Given an oracle access to a function f : {0, 1}n ! {0, 1} and a promise that f(x) = s · x, where

s is a secret string. Bernstein-Vazirani’s algorithm tries to learn this secret string. We have access

to an oracle Uf that transforms |xi ! (�1)
f(x) |xi.

Theorem 2.23 ([48]). Let f : {0, 1}n ! {0, 1} such that f(x) = x · s for some s 2 {0, 1}n. With

access to Uf , we can find s correctly with one oracle call.

2.5.3 Belov’s combinatorial group testing

Let k  n be a fixed positive integer, and let C denote the set of all subsets of [n] of size at most

k. For each A 2 C, define fA : 2
[n] ! {0, 1} as

fA(S) =

8
><

>:

1 , if A \ S 6= ;

0 , otherwise
(2.14)

The goal of the combinatorial group testing problem is to determine A given oracle access to fA.

Belovs showed that this problem can be solved with ⇥(
p
k) queries quantumly.

Theorem 2.24 (Belovs [49]). Let A 2 {0, 1}n. There is a quantum algorithm with oracle access

to fA that outputs A with probability at least 2/3 after O(
p
k) queries to A.

2.5.4 Quantum minimum finding

Let T [0, . . . , N � 1] be an unordered table of N items where each item holds a value from an

ordered set. The minimum search problem is to find an index y such that T [y] is minimum.

Classically, this problem requires linear time to solve. However, with a quantum algorithm, we

can find the index of the minimum value in time O(
p
N) [50].

Theorem 2.25 ([50], Theorem 1). Algorithm 1 returns the index of the minimum value in T in

time O(
p
N) with probability at least 1/2.
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Algorithm 1 Quantum minimum finding
Input:
Output: An element with minimum value.

1: y  R {0, 1, . . . N � 1}.
2: while Total running time  22.5

p
N + 1.4 log2N do

3: Initialize | i =
P

i

1p
N
|ii |yi. Mark every item i for which T [i] < T [y].

4: Apply ??.
5: Observe the first register and let y0 be the outcome.
6: if T [y0] < T [y] then
7: y  y0.
8: end if
9: end while
10: Return y.





Chapter 3

Communication Complexity

In this chapter, we discuss communication complexity, which is a useful tool for proving lower

bounds for some graph problems. We begin the chapter with an introduction to Möbius inversion

in Section 3.1, which will be used later in Theorem 3.5 to prove the deterministic communication

complexity lower bound. In Section 3.2, we discuss both deterministic and randomized communi-

cation complexity.

3.1 Möbius inversion

A partially ordered set or poset is a setP equipped with a binary relation satisfying the following

properties for all x, y, z 2 P :

(1) x  x (reflexivity).

(2) if x  y and y  z then x  z (transitivity).

(3) if x  y and y  x then x = y (anti-symmetry).

Two elements x, y 2 P are comparable if x  y or y  x, and incomparable otherwise. A

poset without incomparable elements is a total order. A maximal element z of a poset (P,) is an

element that is not less than any other element in the poset, that is, for any x 2 P if z  x then

x = z. Minimal elements are similarly defined.

19



20 Chapter 3. Communication Complexity

A poset P can be represented by a Hasse diagram, which is a graph where the vertices represent

the elements of P . Each element x is placed above y if x > y and x, y are joined by an edge if x

covers y (there does not exist z distinct from both x and y such that x � z � y).

;

{1} {2} {3}

{1, 2} {1, 3} {2, 3}

{1, 2, 3}

FIGURE 3.1: Hasse diagram for the set of subsets of [3] ordered by inclusion.

A lattice is a partially ordered set L = (L,) such that for any x, y 2 L:

(1) The subset Z = {z : z � x and z � y} ✓ L, with induced ordering has a unique minimal

element, denoted by x _ y. We call this element the least upper bound or join of x and y.

(2) The subset Z 0
= {z : z  x and z  y} ✓ L, has a unique maximal element, denoted by

x ^ y. This element is called the greatest lower bound or meet of x and y. An element is

irreducible if x = y _ z =) y or z = x.

Both ^ and _ are commutative, associative, and idempotent. A lattice is said to be finite if the

set L is finite. Every finite lattice has a unique least element denoted by 0 and a unique greatest

element denoted by 1.

Definition 3.1 (Möbius function). Let P = (P,) be a partially ordered set. Möbius function

µ : P ⇥ P ! Z is defined by

µ(x, x) = 1 x 2 P (3.1)

µ(x, y) = 0 x ⇥ y (3.2)

µ(x, y) = �
X

xz<y

µ(x, z) x < y (3.3)
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Theorem 3.2 (Möbius inversion). Let P = (P,) be a finite partially ordered set and f : P ! R

be a function.

1. Suppose for all x 2 P , g is defined by

g(x) =
X

yx

f(y) (3.4)

Then,

f(x) =
X

yx

g(y)µ(y, x) (3.5)

2. If g is defined by

g(x) =
X

y�x

f(y) (3.6)

Then,

f(x) =
X

y�x

g(y)µ(x, y) (3.7)

Lemma 3.3 ([51], Problem 25D). Let L be a finite lattice and. For any a 2 L� {1} we have

X

x^a=0

µ(x, 1) = 0 (3.8)

Lemma 3.4 ([51]). Let⇧n be a partially ordered set of partitions of n ordered by refinement (P is

defined as the refinement of Q if all elements of P is contained in Q). Then for all ↵ 2 ⇧n,↵ < 1

we have

µ⇧n(↵, 1) = (�1)
��1

(�� 1)! (3.9)

where � = |↵|.

Proof. Let [x, y] denote all z such that x  z  y. For all ⌧ 2 [↵, 1], every set S 2 ⌧ is a union

of some sets in ↵. Therefore [↵, 1] ⇠= ⇧� and µ⇧n(↵, 1) = µ⇧�(0, 1). Pick a maximal element

a 2 ⇧� such that a is a partition of the form (i, [�] � i). If x ^ a = 0 then x = 0 or x contains

� � 1 blocks of � � 2 singleton and one 2-element set where one of them is i. Let x1, . . . , x��1
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be such partitions. Note that [xi, 1] ⇠= ⇧��1. Then, from Lemma 3.3 we have

X

x2⇧�
x^a=0

µ⇧�(x, 1) = µ⇧�(0, 1) +
��1X

i=1

µ⇧�(xi, 1) = 0 (3.10)

Hence,

µ⇧�(0, 1) = �
��1X

i=1

µ⇧�(xi, 1) (3.11)

= �(�� 1)µ⇧��1(0, 1) (3.12)

= (�1)
��1

(�� 1)! (3.13)

Let L be a lattice and V (L) be the free vector space over Q generated by elements in L, i.e., the

set of all mappings f : L ! Q with addition and scalar multiplication. Define Ix, Jx, Kx as:

Ix(y) =

8
><

>:

1 if y = x

0 otherwise
(3.14)

Jx =

X

y:y_x=1

Iy (3.15)

Kx =

X

y:yx

Iy (3.16)

Theorem 3.5 ([52], Dowling-Wilson). Let L be a finite lattice. For each x 2 L the following

equations hold in V (L),

(1) Ix =
P

y:yx
µ(y, x)Ky.

(2) Jx =
P

y:y�x
µ(y, 1)Ky.

(3) µ(x, 1)Kx =
P

y:y�x
µ(x, y)Jy.
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(4) If µ(↵, 1) 6= 0 for all a 2 L, then

Ix =

X

y

�(x, y)Jy (3.17)

where

�(x, y) =
X

↵:↵x^y

µ(↵, x)µ(↵, y)

µ(↵, 1)
(3.18)

Proof. (1) We apply Möbius inversion to the definition of Kx. From Eq. (3.19), we have

Kx =

X

y:yx

Iy

The Möbius inversion of Kx according to Eq. (3.5) is

Ix =

X

y:yx

Kyµ(y, x) (3.19)

(2) Observe that X
µ(y, 1)Ky =

X

y:y�x

µ(y, 1)
X

z:zy

Iz

=

X

z

0

@
X

y:y�x_z
(µ(y, 1))

1

A Iz = Jx

(3.20)

since

X

y:y�x_z
µ(y, 1) =

8
><

>:

1 if x _ z = 1

0 otherwise
(3.21)

(3) Apply Möbius inversion to (2) (Similar to (1)).

(4) By applying Möbius inversion to Eq. (3.19) and from (1) and (3) we get,

Ix =

X

↵:↵x

µ(↵, x)K↵ (3.22)

=

X

↵:↵x

µ(↵, x)

µ(↵, 1)
µ(↵, 1)K↵ (3.23)

=

X

↵:↵x

µ(↵, x)

µ(↵, 1)

0

@
X

y:y�↵

µ(↵, y)Jy

1

A (3.24)
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3.2 Communication Complexity

Suppose we have finite sets X and Y , and a function f : X ⇥ Y ! {0, 1}. Two players, Alice

and Bob, are given the task of computing f(x, y), where x 2 X and y 2 Y . Alice holds input x

while Bob holds input y, and neither knows the other’s input. We are interested in determining the

minimum amount of communication between Alice and Bob required for them to both know the

value of f(x, y). We define a communication protocol as follows.

Definition 3.6. Let f : X ⇥ Y ! {0, 1} be a function. A t-round communication protocol

⇧ is a sequence of functions P1, . . . , Pt : {0, 1}⇤ ! {0, 1}⇤. For all i � 1, Alice com-

putes ai = Pi(x, a1, . . . , ai�1) if i is odd and sends ai to Bob. Whereas Bob computes ai =

Pi(y, a1, . . . , ai�1) if i is even and sends ai to Alice. The protocol ⇧ is valid if ⇧(x, y) = f(x, y)

for every pair x, y, i.e., the last message is the value f(x, y).

3.2.1 Deterministic communication

Definition 3.7. Let ⇧ be a deterministic communication protocol. The communication cost of ⇧

is defined as

cost(⇧) = max
x,y

|⇧(x, y)| (3.25)

where |⇧(x, y)| is the number of bits communicated on inputs x and y, i.e.,
P

t

i=1 |ai|.

Definition 3.8. Let f : X ⇥ Y ! {0, 1} be a function and ⇧ be a deterministic communication

protocol computing f . The deterministic communication complexity of f is defined as

D(f) = min
⇧

cost{⇧|⇧ computes f} (3.26)

Definition 3.9. Let f : X⇥Y ! {0, 1} be a function. A communication matrixMf is a |X|⇥ |Y |

matrix such that

Mf [x, y] = f(x, y) (3.27)

We have the following lower bound for deterministic communication complexity.
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Theorem 3.10. D(f) � log(rk(Mf ))

By using Theorem 3.10 we can compute the lower bound for graph connectivity, as we can see in

the following theorem.

Theorem 3.11 ([53]). The deterministic communication complexity of connectivity is⇥(n log(n)).

Proof. Suppose we have n vertices, and we partition these vertices into three sets A,B,C. Alice

gets edges in A⇥B and Bob gets edges in B ⇥C. Let P = {S1, . . . , Sk} and Q = {T1, . . . , Tk}

be partitions of B. Define graph GP as follows: for each Si, choose vi 2 A that does not connect

to Sj for any j, and connect all vertices in Si to vi. So we have each distinct Si connects with

distinct vi. Connect all vertices in A� {v1, . . . , vk} to some vertex in B. Define GQ in the same

way for C and partition Q. Then G = GP [GQ is connected iff P _Q = 1. To see this, suppose

P _ Q = R where R 6= 1, then there exist X,Y partitions of R and we have two disconnected

graphs (XA � X � XC) and (YA � Y � YC), where Zr is the set of vertices in r 2 {A,C}

connected to vertices in Z 2 {X,Y }.

Let P1, . . . Pt be partitions of B. Let M 2 Zt⇥t

2 where M [Pi, Pj ] = 1 iff Pi _ Pj = 1 (i.e. the

graph GPi [ GPj is connected). Let J1, . . . , Jt be the column vectors of M . Since Jx(y) = 1 iff

x ^ y = 1 we have Jx =
P

y:y^x=1 Iy. From Theorem 3.5 and the fact that µ(↵, 1) 6= 0 for all

↵ < 1 (Lemma 3.4), every basis vector Ix can be represented as a linear combination of J1, . . . , Jt.

Hence,M is a full rank matrix. Consider the worst case where |B| = ⌦(n). Therefore, we have

D(CONN) � log(rk(M)) = log(t) = ⌦(log(Bn)) = ⌦(n log(n)) (3.28)

where Bn is the n-th Bell number.

3.2.2 Randomized communication

In this setting, we allow for some error " when computing the value f(x, y). Both Alice and Bob

have access to a shared random string r that they will use to determine the message they send at

each round. Now, we can define the randomized communication protocol as follows.
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Definition 3.12. A randomized communication protocol ⇧ computes f : X ⇥ Y ! {0, 1} iff for

all (x, y) 2 X ⇥ Y ,

Pr" [⇧(x, y; r) = f(x, y)] � " (3.29)

Definition 3.13. Let ⇧ be a randomized communication protocol. The (expected) communication

cost of ⇧ is defined by

cost✏(⇧) = sup
x,y

E
r
(|⇧(x, y; r)|) (3.30)

Definition 3.14. The randomized communication complexity of f , denoted by R(f), is the mini-

mum cost of any protocol that computes f :

R(f) = min{cost✏(⇧)|⇧ computes f} (3.31)

Babai, Frankl, and Simon [26] proved that the randomized communication complexity for the

graph connectivity problem is ⌦(n).

Theorem 3.15 ([26], Corollary 7.5). The randomized communication complexity of graph con-

nectivity is ⌦(n), where n is the number of vertices.

The following problem will be useful in Chapter 4 where we prove the lower bound for the size of

minimum cut with local queries.

Definition 3.16 (k-Intersection). Let k,N such that k  N . Let S = {(x, y) 2 {0, 1}N ⇥

{0, 1}N :
P

N

i=1 xiyi = k or k � 1}. The k-Intersection function INTN

k
: S ! {0, 1} is defined

as

INTN

k
(x, y) =

8
><

>:

1 if
P

N

i=1 xiyi = k

0 otherwise
(3.32)

Theorem 3.17 ([54]). The randomized communication complexity of the k-Intersection function

on N bits is ⌦(N).
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Query Models

In the query access model, the algorithm only has limited access to the input. The input is con-

cealed behind an oracle, and to access it, an algorithm is allowed to query the oracle for some

information about the input. In the query complexity model, the goal is to minimize the number

of queries. One important assumption is that, unlike the time complexity model, we do not have

any constraints on the amount of computation between queries. We divide the query model into

two categories: the local query model and the global query model. In Section 4.1, we show some

examples of local query models. Then we provide some lower bounds for graph problems for both

classical and quantum local queries in Section 4.2. In Section 4.3, we discuss the global query

model and the relationship between global queries in Section 4.4.

4.1 Local queries

Graph algorithms with local queries have been studied extensively. Local queries allow us to

access information about one vertex or edge slot with a single query. There are two models that

we consider: adjacency matrix and adjacency list models.

Let G = (V,E) be a graph with |V | = n and |E| = m. Let Gn denote the set of all graphs with n

vertices and we define G =
S

n2N Gn. A query is defined as an arbitrary function q : G ! {0, 1}⇤.

Adjacency matrix

27
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• Pair queries: A function pair : V (2) ! {0, 1}, where pair(u, v) returns 1 if {u, v} 2 E

and 0 otherwise.

Adjacency list

• Degree queries: A function d : V ! [n� 1], where d(u) is the degree of vertex u.

• Neighbor queries: A function nbri : V ! V [ ;, where nbri(u) returns the i-th neighbor

of vertex u if exists and ; otherwise.

The local query model has been extensively used to solve graph problems. Goldreich, Goldwasser,

and Ron [55] solved the property testing problem using the adjacency matrix model, which is

appropriate for dense graphs. Later, Goldreich and Ron introduced the adjacency list model [56],

which allows accessing the graph through neighbor queries, assuming the maximum degree of the

graph is bounded. Another model for sparse graphs without the bounded degree assumption was

introduced by Parnas and Ron [57] through degree queries.

4.2 Lower bounds for graph problems

4.2.1 Classical lower bound

Eden and Rosenbaum (ER) [19] introduced a technique for proving lower bounds on the number of

queries required to solve various graph problems, including counting subgraphs, sampling edges,

estimating the number of triangles, and estimating edge-connectivity. Their technique adapts the

property testing lower bound technique introduced by Blais, Brody, and Matulef [58], which es-

tablished a connection between communication complexity and property testing. Bishnu et al.

[54] recently adapted ER’s lower bound technique to prove a query lower bound for computing

the exact global minimum cut of a graph.

Our focus is on the local query model, where we aim to characterize the query complexity of

graph problems. We consider randomized algorithms where the randomness is provided by a

random string r 2 {0, 1}⇤. We use the worst-case query complexity.
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Definition 4.1. A graph parameter is a function g : G ! R that is invariant under any permutation

of vertices of each G 2 G.

Definition 4.2. Let g : G ! R be a graph parameter. We say that an algorithm A computes a

(1± ")-approximation of g for " > 0, if for all G 2 G, the output of A satisfies

Prr(|A(G)� g(G)|  "|g(G)|) � 2

3
(4.1)

Definition 4.3. Let P ✓ {0, 1}N ⇥ {0, 1}N . Suppose f : P ! {0, 1} is an arbitrary (partial)

function and let g : Gn ! {0, 1}. Let E : {0, 1}N ⇥ {0, 1}N ! Gn. We call the pair (E , g) an

embedding of f if for all (x, y) 2 P we have f(x, y) = g(E(x, y)).

Definition 4.4. Let q : Gn ! {0, 1}⇤ be a query and (E , g) be an embedding of f . The query q

has communication cost costE(q)  B if there exists a (zero-error) communication protocol ⇧q

such that for all (x, y) 2 P we have ⇧q(x, y) = q(E(x, y)) and |⇧q(x, y)|  B.

Theorem 4.5. Let Q be the set of queries, f : P ! {0, 1} and (E , g) be an embedding of f .

Suppose costE(q)  B, for all q 2 Q. Then any randomized algorithm A that computes g with

probability at least 2/3 using queries fromQ will have expected query complexity of ⌦(R(f)/B).

Proof. Suppose A computes g using T queries. Define a randomized communication protocol

⇧f with a shared randomness r where for all x, y 2 P , Prr[⇧f (x, y) = f(x, y)] � 2/3 from

A as follows: Let x, y be inputs for Alice and Bob respectively. Both of them invoke A on

E(x, y) and let their shared randomness r be the randomness of A. They invoke ⇧q to compute

the response to a query q. The protocol terminates when A halts and returns A(E(x, y)). Since

Prr(A(E(x, y)) = g(E(x, y))) � 2/3 and g(E(x, y)) = f(x, y), we know that ⇧f computes f .

Since costE(q)  B, the communication cost of ⇧f is at most BT . Hence, T � R(f)/B.

From Theorem 4.5, we can construct the following framework for computing the lower bound of

graph problems:

1. Choose a ”hard” communication problem f .

2. Define E : f ! Gn and g : Gn ! {0, 1} such that (E , g) is an embedding of f .

3. For each query q 2 Q bound B.
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We can now use the above technique to compute the lower bound for the minimum cut.

Theorem 4.6 (Size of minimum cut[54]). The randomized lower bound to decide if �(G) = t or

�(G) = t� 2 with probability 2/3 with degree, neighbor, and pair queries is ⌦(m).

To prove the lower bound, we choose the k-Intersection problem (Definition 3.16) as our hard

communication problem.

Proof of Theorem 4.6. We will prove by giving a reduction from INTN

t/2 (Definition 3.16). Let

s = t +
p
t2 + (m� nt)/2 and N = s2. Then we have s = ⇥(

p
m). We identify {0, 1}N

as {0, 1}s⇥s, so that elements of x 2 {0, 1}N are indexed by two parameters x = (xij) where

1  i, j  s . Suppose x is Alice’s input and y is Bob’s input and
P

N

i=1 xiyi = t/2. Construct the

graph E(x, y) = (V,E) as follows:

1. Partition V into sets A, A0, B, B0, C such that |A| = |A0| = |B| = |B0| = s and |C| =

n� 4s.

2. Each v 2 C is connected to 2t distinct vertices in A arbitrarily.

3. Construct the following edges:

8
><

>:

{ai, b0j}, {bi, a0j} 2 E if xij = yij = 1

{ai, a0j}, {bi, b0j} 2 E otherwise
(4.2)

We define the partial function g : Gn ! {0, 1} by

g(G) =

8
><

>:

1 if �(G) = t

0 if �(G) = t� 2

(4.3)

We claim that (E , g) is an embedding of INTN

t/2.

By construction, the degree of every v 2 C is 2t. For any v /2 C, the neighbors of every v in C is

fixed irrespective of x and y, and the number of neighbors outside C is s � 2t. In the case where

INTN

t/2 = 0, there are t� 2 edges between C [A[A0 and B [B0, whereas for INTN

t/2 = 1, there

are t edges, and removing them will disconnect E(x, y).
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We need to prove the following claims to show that (E , g) is an embedding of INTN

t/2.

Claim 4.7. Every pair of vertices in A[A0 [C is connected by at least 3t/2 edge-disjoint paths.

And every pair of vertices in B [B0 is also connected by at least 3t/2 edge disjoint path.

Proof. We consider the following cases:

Case 1: u, v 2 A. Since t

2 �
P

N

i=1 xiyi �
t�2
2 , then u, v have at least s � t � 3t/2 common

neighbors in A0. Thus, there are at least 3t/2 edge-disjoint paths connecting them.

Case 2: u 2 A and v 2 A0. Let u1, . . . , u3t/2 be 3t/2 distinct neighbors of v 2 A. Since u has

3t/2 common neighbors with each ur, r 2 [3t/2], there is a matching of size 3t/2. Denote this

matching by (vr, ur). Thus, {u, vr}, {vr, ur}, {ur, v} forms a set of edge-disjoint paths of size

3t/2 from u to v, each of length 3. If u is one of the neighbors of v, then one of the 3t/2 paths

gets reduced to {u, v}, a length 1 path that is edge-disjoint from the remaining paths.

Case 3: u, v 2 C. Let u1, . . . , u2t 2 A and v1, . . . , v2t 2 A0 be the neighbors of u and v re-

spectively. If for some i, j 2 [2t], ui = vj , then {u, ui}, {ui, vj}, {vj , v} is a path. Thus, assume

ui 6= vj for all i, j 2 [2t]. Since ui and vi have at least 3t/2 common neighbors in A0, we can

find 3t/2 edge disjoint paths {ui, v0}, {v0, vi} where v0 2 A0. The existence of 3t/2 edge disjoint

paths from u 2 C to v 2 A can be proved as in Case 1, and from u 2 C to v 2 A0 as in Case 2.

The proof for every pair of vertices in B [B0 is similar.

Claim 4.8. Let X = C [A [A0 and Y = B [B0. The following statements hold:

(1) If INTN

t/2 = 1, then the set of t edges between X and Y forms the unique global minimum

cut of E(x, y).

(2) If INTN

t/2 = 0, then the set of t � 2 edges between X and Y forms the unique global

minimum cut of E(x, y).

(3) For any i, j 2 [s], xij = yij = 1 if and only if {ai, b0j}, {bi, a0j} are edges in the unique

global minimum cut.
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Proof. To prove (1), if INTN

t/2 = 1, there are t edges between C [ A [ A0 and B [ B0 that

disconnect E(x, y). By Claim 4.7, it is clear that �(E(x, y)) = t, and thus these edges form the

unique global minimum cut. We prove (2) similarly. (3) follows from the construction of E(x, y)

and (1) & (2).

Now, the degree, neighbor, and pair queries can be simulated by at most 2 bits of communication.

Hence, by Theorem 3.17 and Theorem 4.5, any algorithm A requires ⌦(N) = ⌦(s2) = ⌦(m)

queries to compute the size of minimum cut of G.

4.2.2 Quantum lower bound

Lower bounds for connectivity in the quantum setting were proven by Dürr et al. [29]. In the

adjacency list model, the proof for the connectivity lower bound is by reduction from the parity

problem.

Definition 4.9. Let x 2 {1,�1}n. The PARITY problem is defined as

PARITY(x) =
nY

i=1

xi (4.4)

Theorem 4.10 ([59]). The quantum query complexity of PARITY is ⌦(n).

Theorem 4.11 ([29]). The graph connectivity problem requires ⌦(n) in the adjacency list model.

Proof. Let x 2 {1,�1}p be an instance of PARITY. We construct a permutation ⇡ on V =

{v0, . . . , v2p�1} according to x where for all i 2 [p] and b = xi,

⇡(v2i) = v2i+ 5
2�

b
2

⇡(v2i+1) = v2i+ 5
2+

b
2

The graph defined by ⇡ has two levels and p columns where v1, v3, . . . v2p�1 are on the upper level

and v0, . . . , v2p�2 are on the lower level, as we can see in Fig. 4.1. A walk starting from v0 and
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x = 0 1 0 0 1 1 . . .

. . .

v1 v3 v5 . . .

v0 v2 v4 . . .

FIGURE 4.1: Reduction from parity

v1 corresponds to ⇡. If xi = 1, then it stays on the same level, otherwise, it changes level. Then,

if the parity of x is even, the walk will return to v0 after exploring half of the graph, otherwise it

returns to v1, and after another p more steps, it connects back to v0. Theorem 4.10 concludes the

proof.

For the adjacency matrix model, we use the Ambainis’ adversary bound technique [60] to prove

the connectivity lower bound.

Theorem 4.12 (Basic Adversary Bound, [60]). Let f : [q]n ! {0, 1}n be a function. Let X ✓

f�1
(1), Y ✓ f�1

(0), and R ✓ X ⇥ Y be a relation such that

• for every x 2 X there are at least m different y 2 Y such that xRy.

• for every y 2 Y there are at least m0 different x 2 X such that xRy.

• for every x 2 X and i 2 [n] there are at most lx,i different y 2 Y such that xRy and

xi 6= yi.

• for every y 2 Y and i 2 [n] there are at most l0
y,i

different x 2 X such that xRy and

xi 6= yi.

Then any quantum algorithm computing f uses ⌦(
mm

0

lmax
) where lmax is the maximum of lx,il0y,i

subject to xRy and xi 6= yi.

The graph connectivity lower bound in the adjacency matrix model is proven in the following

theorem.
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Theorem 4.13 ([29]). The problem CONN requires ⌦(n3/2
) queries in the adjacency matrix

model.

Proof. We use the basic adversary method to prove the lower bound. LetX be the set of n-vertex

graphs with one cycle going through all the vertices and Y be the set of graphs formed by two

cycles with each cycle has length between n/3 and 2n/3. We can see that X is connected and Y

is disconnected. Let R ✓ X ⇥ Y be a relation such that for all x 2 X, y 2 Y, xRy if there exists

a, b, c, d 2 [n] such that ab, cd are edges in x but not in y and ac, bd are edges in y but not in x.

For any x 2 X and any edge ab in x, we have lx,ab = n/3 because there are n/3 edges that we can

choose as cd. If ab is not an edge in x then lx,ab  2. For any y 2 Y, l0y,ac = ⇥(n) if ac is an edge

and l0y,ac  4 otherwise. We have m = O(n2
) because we can choose n � 1 edges for the first

edge and n/3 edges for the second edge. Also, m0
= O(n2

) because we have to choose one edge

in each cycle, and cycle length is at least n/3. If xab 6= yab, then one of lx,ab, l0y,ab is O(1) and the

other is O(n), so lmax = O(n). Thus, the query complexity is ⌦
⇣q

mm0
lmax

⌘
= ⌦(n3/2

).

4.3 Global queries

The global query model is a more powerful model compared to the local query model. This model

involves the relation between sets of vertices or edge slots. There is a rich literature on graph

algorithms with global queries. For example, learning a graph via additive and cross queries has

been studied in [1–7], with Choi [1] showing a O(
m logn
logm ) query adaptive randomized algorithm.

Choi and Kim [4] proved the existence of a non-adaptive deterministic algorithm with the same

number of queries. However, constructing an algorithm with this optimal query complexity is still

an open problem.

There are also studies involving independent set queries (which is also referred to as edge-detecting

queries) [7–9, 9, 10] with O(1)-round algorithm that asks m log n +
p
m log

k n queries, and

O(log n)-round algorithm that asks O(m log n) queries [8]. No deterministic algorithm can solve

this problem in a constant number of rounds. A stronger model, called bipartite independent set

queries, has been used to solve the problem of counting edges of a graph [11], matching [12], and



Chapter 4. Query Models 35

triangle estimation [13]. Recently, Assadi, Chakrabarty, and Khanna [16] studied the connectivity

problem via linear and OR queries.

There are many applications that motivate the study of global queries. For example, the cross query

model is motivated by the problem of finding Fourier coefficients of bounded pseudo-boolean

functions, which has applications to evolutionary computation and population genetics. Additive

queries have applications in bioinformatics, while the study of independent set queries is motivated

by genome sequencing. Matrix-vector multiplication queries have applications to streaming algo-

rithms [17], and cut queries are motivated by connections to submodular function minimization.

Additionally, bipartite independent set queries have been studied in connection with reductions

between counting and decision problems [18].

4.3.1 Matrix-vector multiplication queries

Let G = (V,E) be a graph with n vertices and m edges and A be its adjacency matrix. Suppose

we want to query some set of vertices S ✓ [n]. Let �S 2 {0, 1}n be the characteristic vector of S

where �S [i] = 1 iff i 2 S. The matrix-vector queries involve both A and �S . Some examples of

matrix-vector queries are as follows:

1. Matrix-vector multiplication mv : 2
V ! Z where mv(S) = A�S .

2. Boolean multiplication queries b : 2S ! {0, 1}n where b(S) = A _ �S .

4.3.2 Vector-matrix-vector queries

Let A be the adjacency matrix of G = (V,E) with n vertices andm edges. We want to query two

sets of vertices S, T toA. Suppose �S 2 {0, 1}n is the characteristic vector of S and �T 2 {0, 1}n

is the characteristic vector of T . Vector-matrix-vector queries involve the two vectors �S ,�T (�S

and �T can be equal) and the adjacency matrix A where we multiply the vectors on the left and

the right side of A. The following are examples of vector-matrix-vector queries:

1. Matrix cut queriesmc : 2
V ⇥ 2

V ! Z wheremc(S, T ) = �|
S
A�T . A matrix cut query will

return the total weight of edges with one endpoint is in S and the other endpoint is in T .
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2. Additive queries add : 2
V ! Z where add(S) = �|

S
A�S . The answer to an additive query

S ✓ V is the total weight of edges (the number of edges if the graph is unweighted) with

both endpoints in S times two.

3. Cross queries cross : 2V ⇥2
V ! Zwhere for S, T ✓ V such that S\T = ;, cross(S, T ) =

�|
S
A�T . A cross query will return the total weight of edges between two independent sets

of vertices.

4. Cut queries cut : 2
V ! Z where cut(S) = (1 � �S)

|A�S . This can be interpreted as

�G(S).

5. Independent set queries is : 2
V ! Z where is(S) = 1 if |�|

S
A�S | > 0, and 0 otherwise.

This model is also called edge-detecting queries in several literatures. The query will answer

if a set of vertices induces an edge of the graph.

6. Bipartite independent set queries bis : 2
V ⇥ 2

V ! Z where for S, T ✓ V such that

S \ T = ;, bis(S, T ) = 1 if |�|
S
A�T | > 0, and 0 otherwise. One BIS query will answer if

there is an edge between two independent sets of vertices.

4.3.3 Other global queries

Some global queries do not involve the adjacency matrix A. For example linear queries. Let

G = (V,w) be a weighted graph with n vertices and m edges. Suppose we want to query a set

of edge slots S. Let �S 2 {0, 1}(
n
2) be the characteristic vector of S. A single linear query �S

will return the inner product hw,�Si. Another query model is OR queries. A single OR query �S

returns 1 if hw,�Si > 0 and 0 otherwise.

4.4 Relationship between global query models

Relationship between global query models is illustrated in Fig. 4.2 and we prove some of them in

Lemma 4.14 - 4.17.

Lemma 4.14. Cross queries and cut queries are constant equivalents.
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Proof. To simulate a cut query x|A(1 � x) we only need one cross query x|Ay by choosing

y = 1 � x. For the reverse direction, let z = x + y. Since x, y are disjoint, we have z 2 {0, 1}n

and A(x + y) = Ax + Ay. Then, to simulate one cross query xTAy, we need three cut queries,

as we can see below.

1

2
(x|A(1� x) + y|A(1� y)� z|A(1� z)) =

1

2
(x|Ay + y|Ax) (4.5)

= x|Ay (4.6)

Lemma 4.15 ([34], Lemma 23). Matrix cut queries and additive queries are constant equivalent.

Proof. One additive query x|Ax can be simulated by one matrix cut query x|Ay by choosing

y = x. We will prove that we can simulate one matrix cut query with five additive queries. Let

z = x � y, x̄ = x� z, and ȳ = y � z. Then,

x|Ay = (x̄+ z)|A(ȳ + z) (4.7)

= x̄|Aȳ + x̄|Az + z|Aȳ + z|Az (4.8)

=
1

2
((x̄+ ȳ)|A(x̄+ ȳ)� x|Ax� y|Ay)� x̄|Ax̄� ȳ|Aȳ (4.9)

We can get Eq. (4.8) from Eq. (4.7) because x̄, ȳ, z are pairwise disjoint. Eq. (4.9) is obtained

from the fact thatA is symmetric and u|Av =
1
2 ((u+ v)|A(u+ v)� u|Au� v|Av) for disjoint

u, v.

Lemma 4.16 ([34], Lemma 25). A cut query can be simulated by a constant number of additive

queries.

Proof. A cut query can be simulated by three additive queries.

(1� x)|Ax =
1

2
(1

|A1� x|Ax� (1� x)|(1� x)) (4.10)
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Lemma 4.17 ([34],Theorem 26). Let G = (V,E) be an n-vertex graph with A as its adjacency

matrix. We need at least n/2 cut queries to simulate an additive query.

Proof. Let x be the characteristic vector of a subset X ✓ V and add(X) = x|Ax. Let Sym0
n

be a vector space of symmetric n ⇥ n matrices with zeros along the diagonal. Define symvec :

Sym
0
n ! R(

n
2) by symvec(C) = [C(2 : n, 1);C(3 : n, 2); . . . ;C[n, n � 1]]

|. Let B = J � I

where J is the all-ones matrix and I is the identity matrix, and b = symvec(B). Then, we have

add(V ) = symvec(A)|b and

(1� x)|Ax = symvec(A)|symvec(x(1� x)| + (1� x)x|) (4.11)

Note that the rank of (x(1� x)| + (1� x)x|) is 2.

Consider a deterministic cut query algorithm making k < n/2 queries. Letm = n2k+1 · kk/2 and

G0 be a graph whose adjacency matrix isA0
= m ·B. Set a = symvec(A0

). Suppose the algorithm

makes queries X1, . . . , Xk ✓ V in G0 with characteristic vectors x1, . . . , xk respectively. Let

di = symvec(xi(1 � xi)| + (1 � x1)x
|
1) for i = 1, . . . , k and D be an

�
n

2

�
matrix whose ith-

column is di. Since rk(B) = n and k < n/2, there is no solution y toDy = b, otherwise b can be

expressed as linear combination of k matrices of rank 2.

Let ŷ 2 Z(
n
2) be the vector given by Lemma 4.18 satisfying ŷ|D = 0 and ŷ|b 6= 0. By the

choice ofm and Lemma 4.18, a+ ŷ will be a non-negative integer vector. Let G00 be a graph with

adjacency matrix A00 such that symvec(A00G00
) = a1 + ŷ. Since a|1D = (a1 + ŷ)|D, both G0 and

G00 give the same answers on all queries. But a|1b 6= (a1 + ŷ)|b, which means the total sum of

weights in G0 and G00 are different. Thus, a contradiction and any deterministic algorithm must

make at least n/2 cut queries.

Lemma 4.18 (Fredholm alternative). Let A 2 {0, 1}N⇥k have independent columns and let b 2

{0, 1}N . Suppose Ax = b has no solutions x 2 Rk. Then the integer vector y = det(A|A)(I �

A(A|A)�1A|
)b 2 ZN satisfies

(1) y|A = 0.

(2) y|b 6= 0.
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(3) ||y||1  Nk+1/2kk/2.

Linear

Cross

Cut
BIS

Additive

Matrix cut

O(n2)

⇥(1)

⇥(1)O(n)

⇥(n)

⇥(1)

FIGURE 4.2: Relationship between global queries





Chapter 5

Global query lower bounds

This chapter provides a deterministic lower bound for graph connectivity problem with cut queries

in Section 5.1. In Section 5.2, we adapt the technique from certificate complexity to prove a

deterministic linear query lower bound.

5.1 Cut queries

Harvey [25] shows a deterministic cut query lower bound for the connectivity problem through

communication complexity lower bound.

Theorem 5.1. Let G = (V,E) be a graph on n vertices. Any deterministic algorithm A requires

⌦(n) cut queries to solve connectivity. Furthermore, any randomized algorithm solving connec-

tivity requires ⌦(n/ log(n)) cut queries.

Proof. Let GA and GB be graphs with vertex set V such that every edge (u, v) 2 E is exactly

in one of GA and GB . Suppose Alice is given the subgraph HA = (V,EA) ✓ GA and Bob is

given the subgraph HB = (V,EB) ✓ GB . From Theorem 3.11, the deterministic communication

complexity to decide the connectivity of graph H = (V,EA [ EB) is ⌦(n log n).

41
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For U ✓ V , let �(U) denotes the set of edges with one endpoint in U and the other in V \ U and

cut(U) denotes the cut function of U . Then

cut(U) = |�H(U)| = |�HA(U)|+ |�HB (U)| (5.1)

We can transform the algorithm A with access to cut(U) into a communication protocol for con-

nectivity. The protocol works as follows: Alice and Bob simulate the algorithm independently.

Every time the algorithm makes query cut(U), Alice communicates |�HA(U)| to Bob and Bob

communicates |�HB (U)| to Alice. Since |EA|, |EB|  n2, the number of bits transmitted each

time is less than 4 log n. Suppose the algorithm makes q queries in total. Hence, the number of

bits in the communication protocol is 4q log n. The lower boundD(CONN) = ⌦(n log n) implies

q = ⌦(n).

By the same argument, the number of cut queries for any randomized algorithm is at least q =

⌦(n/ log(n)), since R(CONN) = ⌦(n) by Theorem 3.15.

5.2 Linear queries

This section is taken from the following arXiv paper [61]

In this section, we show that any deterministic, or even zero-error randomized, algorithm for

connectivity must make ⌦(n) linear queries. As far as we are aware, this is the first lower bound of

any kind for connectivity in the unrestricted linear query model. The reason lower bounds against

linear queries are difficult to show is because the answer to a query can have an unbounded number

of bits. The “hard” inputs for a linear query lower bound cannot be limited to simple graphs, as

given the promise that a graph is simple, it can be learned with a single linear query, by querying

the vector [1, 2, 4, . . . , 2(
n
2)�1

]
T . Then, the graph can be obtained from the binary expansion of

the answer.

Most global query lower bounds for connectivity are derived from communication complexity. It is

known that the communication complexity of connectivity is ⇥(n log n) in the deterministic case

[53] and ⌦(n) in the bounded-error randomized case [26]. Moreover, the family of instances used

to show these lower bounds are all simple graphs. If the answer to a global query on a simple graph
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can be communicated with at most b bits, then these communication results imply ⌦(n log(n)/b)

and ⌦(n/b) deterministic and randomized lower bounds on the query complexity of connectivity

in this model, respectively. In particular, this method gives an ⌦(n) deterministic and ⌦(n/ log n)

randomized lower bound on the cut query complexity of connectivity. This approach, however,

cannot show any lower bound against linear queries.

A lower bound technique that goes beyond considering simple graphs is the cut dimension [27].

This technique was originally developed by Graur et al. for showing cut query lower bounds

against deterministic algorithms solving the minimum cut problem. In [28], it was observed that

the lower bound also applies to the linear query model, and a strengthening of the technique was

given called the `1-approximate cut dimension. Here we observe that the `1-approximate cut

dimension characterizes, up to an additive +1, a well-known query complexity lower bound tech-

nique applied to the minimum cut problem, the certificate complexity. We further adapt this certifi-

cate complexity technique to the connectivity problem, allowing us to show an ⌦(n) lower bound

for deterministic linear query algorithms solving connectivity. By its nature, certificate complexity

also lower bounds the query complexity of zero-error randomized algorithms. Thus we get a lower

bound of ⌦(n) for connectivity in this model as well.

We show that any zero-error randomized algorithm that correctly solves connectivity must make

⌦(n) linear queries in expectation (Corollary 5.13). We do this by building on the `1-approximate

cut dimension approach. The `1-approximate cut dimension was originally applied to show lower

bounds on the deterministic linear query complexity of the minimum cut problem. We show that

this method actually characterizes, up to an additive +1, the linear query certificate complexity

of the minimum cut problem. Certificate complexity is a well-known lower bound technique

for query complexity. The certificate complexity of a function f on input x is the minimum

number of queries q1, . . . , qk needed such that any input y which agrees with x on these queries

q1(x) = q1(y), . . . , qk(x) = qk(y) must also satisfy f(x) = f(y). The maximum certificate

complexity over all inputs x is a lower bound on the query complexity of deterministic and even

zero-error randomized algorithms for f .

In our context, the linear query certificate complexity of connectivity on a graph G = (V,w) is

the minimum k for which there are queries q1, . . . , qk such that for any graph G0
= (V,w0

), if

hw|qii = hw0|qii for all i = 1, . . . , k then G0 is connected iff G is. We adapt the `1-approximate
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cut dimension approach to give a linear algebraic characterization of the linear query certificate

complexity of connectivity. We then show that the linear query certificate complexity for connec-

tivity of the simple n-vertex cycle is⌦(n), giving the⌦(n) linear query lower bound for zero-error

algorithms solving connectivity.

We first define the linear query certificate complexity in Section 5.2.1 and show that it is equivalent

to the `1-approximate cut dimension of [28]. Then in Section 5.2.1.1 we apply this method to show

an ⌦(n) lower bound on the linear query certificate complexity of connectivity.

5.2.1 Certificate complexity

A deterministic algorithm correctly solves the MINCUT problem if it outputs �(G) for every n-

vertex input graph G. We let Dlin(MINCUT) denote the minimum, over all deterministic linear

query algorithmsA that correctly solveMINCUT, of the maximum over all n-vertex input graphs

G = (V,w) of the number of linear queries made by A on G. The deterministic linear query

complexity of connectivity, Dlin(CONN), is defined analogously.

We will also consider zero-error randomized linear query algorithms. A zero-error randomized

linear query algorithm for MINCUT is a probability distribution over deterministic linear query

algorithms that correctly solve MINCUT. The cost of a zero-error randomized algorithm A on

input G = (V,w) is the expected number of queries made by A. We let R0,lin(MINCUT) denote

the minimum over all zero-error randomized algorithms A for MINCUT of the maximum over

all G of the cost of A on G. R0,lin(CONN) is defined analogously. Clearly R0,lin(MINCUT) 

Dlin(MINCUT) and R0,lin(CONN)  Dlin(CONN)

We will investigate a lower bound technique called certificate complexity.

Definition 5.2 (Certificate complexity). Let f : {0, 1}n ! {0, 1}. A certificate for input x is a set

S ✓ {1, . . . , n} such that for all input y, if yi = xi for all i 2 S then f(x) = f(y). The certificate

complexity of x for f is the minimum size of a certificate for x.

Now, we can define certificate complexity for the minimum-cut problem.
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Definition 5.3. Let G = (V,w) be an n-vertex graph. The minimum-cut linear-query certificate

complexity of G, denoted mincut-cert(G), is the minimum k such that there is a matrix A 2

Rk⇥(n2) with the property that, for any graph G0
= (V,w0

), if Aw = Aw0 then �(G) = �(G0
).

The connectivity linear-query certificate complexity, denoted con-cert(G), is the minimum k such

that there is a matrixA 2 Rk⇥(n2) with the property that, for any graphG0
= (V,w0

), ifAw = Aw0

then �(G0
) > 0 iff �(G) > 0.

It is a standard fact that certificate complexity is a lower bound on zero-error randomized query

complexity [62]. We reproduce the proof here for completeness.

Lemma 5.4. For any n-vertex graph G = (V,w)

R0,lin(MINCUT) � mincut-cert(G)

R0,lin(CONN) � con-cert(G) .

Proof. We treat the minimum cut case, the connectivity case follows similarly.

First consider a deterministic linear query algorithm for minimum cut on input G. This algorithm

must make at leastmincut-cert(G) many queries. If not, there is a graph G0 which agrees with G

on all the queries but such that �(G0
) 6= �(G). As the algorithm does not distinguish G from G0 it

cannot answer correctly.

Consider now a zero-error randomized linear query algorithm A for minimum cut. Each de-

terministic algorithm in the support of A correctly solves MINCUT and so must make at least

mincut-cert(G) many queries on input G. Thus expected number of queries made by A on input

G is at least mincut-cert(G) as well.

Let A 2 Rk⇥(n2) be a minimum cut certificate for G. Then for any G0
= (V,w0

) with Aw = Aw0

it must hold that �(G) = �(G0
). The condition that �(G0

)  �(G) can be certified with a single

query. If S is the shore of a minimum cut inG then we can query �S 2 {0, 1}(
n
2), the characteristic

vector of �Kn(S) where Kn is the complete graph. Then h�S |wi = �(G), and including �S as a

row of A guarantees that if Aw = Aw0 then �(G0
)  �(G).
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The more challenging problem is certifying that the minimum cut of any G0
= (V,w0

) with

Aw = Aw0 is at least �(G). We single out a more general version of this lower bound certification

problem, which will be useful to treat the minimum cut and connectivity cases together.

Definition 5.5. Let G = (V,w) be a graph and let 0  ⌧  �(G) be a parameter. The

at-least-⌧ -cert of G is the least k such that there is a matrix A 2 Rk⇥(n2) such that for any

G0
= (V,w0

) with Aw = Aw0 it holds that �(G0
) � ⌧ .

Lemma 5.6. Let G = (V,w) be a graph. Then

at-least-�(G)-cert(G)  mincut-cert(G)  at-least-�(G)-cert(G) + 1 .

If G is connected then con-cert(G) = inf⌧>0 at-least-⌧ -cert(G).

Proof. If A is a mincut-cert for G then in particular it certifies that �(G0
) � �(G) for any

G0
= (V,w0

) with Aw = Aw0. This shows the first lower bound. For the other direction, suppose

A is an at-least-�(G)-cert for G. Let S be the shore of a minimum cut in G and �S 2 {0, 1}(
n
2),

the characteristic vector of the cut corresponding to S in the complete graph. Then adjoining �S

as an additional row to A creates a minimum cut certificate for G.

Now we show the second part of the lemma. Let G be a connected graph. For any 0 < ⌧ 

�(G), if A is an at-least-⌧ -cert certificate for G then it holds that for any G0
= (V,w0

) with

Aw = Aw0 that �(G0
) � ⌧ > 0 so G0 is also connected. This shows that con-cert(G) 

inf⌧>0 at-least-⌧ -cert(G).

For the other direction, let A be a connectivity certificate for G. We claim that A is also a

at-least-⌧ -cert for some ⌧ > 0. For ; 6= S ( V let �S 2 {0, 1}(
n
2) be the characteristic

vector of �Kn(S), whereKn is the complete graph on n vertices. Define

◆(S) =minimize
w0

⌦
�S

��w0↵

subject to Aw = Aw0

w0 � 0 .
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As ◆(S) is defined by a linear program, the minimum is achieved, and is strictly positive as A is

a connectivity certificate. Thus letting ⌧ = min;6=S(V ◆(S) we see that A is an at-least-⌧ -cert.

This shows inf⌧>0 at-least-⌧ -cert(G)  con-cert(G).

We now proceed to give a linear-algebraic characterization of these certificate complexities. First

a definition.

Definition 5.7 (universal cut-edge incidence matrix). Let Kn be the complete graph on vertex

set {1, . . . , n}. The universal cut-edge incidence matrix Mn is a Boolean (2
n�1 � 1)-by-

�
n

2

�

matrix with rows indexed by non-empty sets S with 1 62 S and columns indexed by edges e and

Mn(S, e) = 1 iff e 2 �Kn(S).

Definition 5.8. Let G = (V,w) be a graph on n vertices andMn the universal cut-edge incidence

matrix. For ⌧ 2 R with 0  ⌧  �(G) define

⌧ -cut-rank(G) = minimize
X

rank(X)

subject to X  Mn

Xw � ⌧ · 1 .

where X  Mn denotes coordinate-wise inequality.

Lemma 5.9. The �(G)-cut-rank(G) is equivalent to the `1 approximate cut dimension defined in

[28].

Proof. We have defined the cut rank where X is a matrix with
�
n

2

�
columns as this will be more

convenient in the proof of Theorem 5.10. If G has m edges, one could instead restrict Mn and X

to matrices withm columns, corresponding to the edges of G.

Indeed, let cMn be the (2n�1 � 1)-by-m matrix that is Mn with columns restricted to edges of G

and similarly ŵ 2 Rm be w restricted to edges of G. One can see that the program

minimize
Y

rank(Y )

subject to Y  cMn

Y ŵ � ⌧ · 1
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has value equal to ⌧ -cut-rank(G). It is clear that ⌧ -cut-rank(G) is at most the value of this

program as any feasible Y can be turned into a feasible X by populating the additional columns

with zeros.

For the other direction, let let X⇤ realize ⌧ -cut-rank(G) and let Y ⇤ be X⇤ with columns corre-

sponding to non-edges ofG deleted. Then rk(Y ⇤
)  rk(X⇤

), Y ⇤  cMn and Y ⇤ŵ � ⌧ because w

is zero on all entries corresponding to the deleted columns. When we are actually proving lower

bounds in Section 5.2.1.1, it will be more convenient to use this formulation where columns are

restricted to edges of G.

Theorem 5.10. For any n-vertex graphG = (V,w) and 0  ⌧  �(G)we have at-least-⌧ -cert(G) =

⌧ -cut-rank(G).

Proof. We first show at-least-⌧ -cert(G) � ⌧ -cut-rank(G). Suppose the at-least-⌧ -cert certifi-

cate complexity of G is k and let A be a k-by-
�
n

2

�
matrix realizing this. Let G0

= (V,w0
) be such

that Aw = Aw0. Let us write w0
= w � z � 0 where Az = 0.

Consider a shore ; 6= S ( V . Let �S 2 {0, 1}(
n
2) be the characteristic vector of �Kn(S), where

Kn is the complete graph. Thus w(�G(S)) = h�S |wi and

w0
(�G0(S)) = h�S |w � zi = w(�G(S))� h�S |zi .

As A is an at-least-⌧ -cert certificate, we must have w(�G(S)) � h�S |zi � ⌧ which means

h�S |zi  w(�G(S))� ⌧ .

Consider the optimization problem

↵(S) =maximize
z

h�S |zi

subject to Az = 0

w � z � 0 .

As we have argued, ↵(S)  w(�G(S))� ⌧ . The dual of this problem is

�(S) =minimize
v

⌦
w
���S �AT v

↵

subject to �S �AT v � 0 .
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The primal is feasible with z = 0 so we have strong duality and ↵(S) = �(S). This means there

exists a vector XS in the row space of A with �S � XS and hw|�S �XSi  w(�G(S)) � ⌧ ,

which implies hXS |wi � ⌧ .

As S was arbitrary, this holds for every shore. Package the vectors XS as the rows of a matrix X .

This matrix satisfies X  Mn, since XS  �S , and Xw � ⌧ . Further, rk(X)  k as every row

of X is in the row space of A.

Now we show ⌧ -cut-rank(G) � at-least-⌧ -cert(G). Let X be a matrix realizing ⌧ -cut-rank(G)

and let k = rk(X). Let A be a matrix whose rows are a basis for the row space of X , and so

rk(A) = k. To show that A is an at-least-⌧ certificate for G it suffices to show that ↵(S) 

w(�G(S))� ⌧ for every shore S.

Let XS be the row of X corresponding to shore S. We have that XS  �S and that XS is in the

row space of A. Thus ↵(S) = �(S)  hw|�S �XSi  w(�G(S)) � ⌧ . This completes the

proof.

Corollary 5.11. Let G = (V,w) be a graph. Then

�(G)-cut-rank(G)  mincut-cert(G)  �(G)-cut-rank(G) + 1 .

If G is connected then con-cert(G) = inf⌧>0 ⌧ -cut-rank(G).

5.2.1.1 Application to connectivity

Theorem 5.12. Let n be even and Cn = ([n], w) be a cycle graph on n vertices where all edge

weights are 1. Then con-cert(Cn) � n/4.

Proof. We will show that inf⌧>0 ⌧ -cut-rank(Cn) � n/4 which will give the theorem by Corol-

lary 5.11.

Let w be the weight vector of Cn and let X be a (2n�1 � 1)-by-
�
n

2

�
matrix satisfying X  Mn

and Xw > 0. We want to show that rk(X) � n/4. Let Y be a n/2-by-n submatrix of X where

the rows are restricted to the singleton shores {2}, {4}, . . . , {n} at even numbered vertices, and
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the columns are restricted to the edges e12, e23, . . . , en1 of Cn. To show a lower bound on the rank

of X it suffices to show a lower bound on the rank of Y .

1

2 3

56

4

e12 e23 e34 e45 e56 e61

{2}
{4}
{6}

Y =

1 �1 0 0 0 0

0 0 1 �1 0 0

0 0 0 0 1 �1

0

BB@

1

CCA

FIGURE 5.1: Example with C6

The cuts �({2}),�({4}), . . . ,�({n}) partition the edges of Cn, therefore every pair of rows

of Y are disjoint. Note that Xw only depends on the columns of X corresponding to edges of

Cn. These are the columns we have restricted to in Y , therefore since Xw > 0, every row sum

of Y must be positive. Also note that entries of Y in the row corresponding to shore {2i} can

only potentially be positive in the columns labeled by e2i�1,2i and e2i,2i+1, where addition on the

subscripts is taken modulo n.

We further modify Y to a square n/2-by-n/2 matrix Y 0 by summing together columns 2i� 1 and

2i for i = 1, . . . , n/2. Note that rank(Y 0
)  rank(Y ) and now Y 0 has strictly positive entries

on the diagonal, and must be non-positive everywhere else. Next we multiply each row by the

appropriate number so that the diagonal entry becomes 1. This preserves the property that in each

row the sum of the positive entries (which is now 1) is strictly greater than the sum of the negative

entries, and does not change the rank. Thus in each row the `1 norm of the off-diagonal entries is

at most 1, and by the Gershgorin circle theorem all eigenvalues of Y 0 are at most 2. On the other

hand, the trace of Y 0 is n/2, thus the rank must be at least n/4.

Corollary 5.13. R0,lin(CONN) � n/4.

Proof. Follows by Lemma 5.4 and Theorem 5.12.
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Connectivity with Global Queries

This chapter is taken from the following arXiv paper: [61]

Abstract We study the query complexity of determining if a graph is connected with global

queries. The first model we look at is matrix-vector multiplication queries to the adjacency matrix.

Here, for an n-vertex graph with adjacency matrix A, one can query a vector x 2 {0, 1}n and

receive the answer Ax. We give a randomized algorithm that can output a spanning forest of a

weighted graph with constant probability after O(log
4
(n)) matrix-vector multiplication queries

to the adjacency matrix. This complements a result of Sun et al. (ICALP 2019) that gives a

randomized algorithm that can output a spanning forest of a graph after O(log
4
(n)) matrix-vector

multiplication queries to the signed vertex-edge incidence matrix of the graph. As an application,

we show that a quantum algorithm can output a spanning forest of an unweighted graph after

O(log
5
(n)) cut queries, improving and simplifying a result of Lee, Santha, and Zhang (SODA

2021), which gave the bound O(log
8
(n)).

6.1 Introduction

Determining whether or not a graph is connected is a fundamental problem of computer science,

which has been studied in many different computational models [63]. In this chapter, we study

query algorithms for connectivity that make use of global queries. Traditionally, the most common

51
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query models for studying graph problems have been local query models. It is known that the

randomized query complexity of connectivity on a graph with n vertices andm edges is ⇥(n2
) in

the adjacency matrix model and ⇥(m) in the adjacency array model [29, 54].

There has recently been a lot of interest in the complexity of graph problems with various global

queries: matrix-vector multiplication queries to the adjacency or (signed) vertex-edge incidence

matrix [15, 64], cut queries [14, 16, 34], and bipartite independent set (BIS) queries [11], to name

a few. Motivation to study each of these models comes from different sources: matrix-vector

multiplication queries have applications to streaming algorithms [17], cut queries are motivated

by connections to submodular function minimization, and bipartite independent set queries have

been studied in connection with reductions between counting and decision problems [18].

Let us take the example of matrix-vector multiplication queries to the adjacency matrix, which is

the primary model we study. This is a very powerful model, as one learns an n-dimensional vector

with a single query. On the other hand, this model can also lead to very efficient algorithms: we

show that a randomized algorithm making O(log
4
(n)) many matrix-vector queries to the adja-

cency matrix of G can output a spanning forest of G with constant probability (see Corollary 6.9).

This result answers a natural question left open by Sun et al. [15]. They introduce the study of the

complexity of graph problems with matrix-vector multiplication queries, and ask if the particular

representation of a graph by a matrix makes a difference in the complexity of solving certain

problems.

Besides the adjacency matrix, another natural representation of an n-vertex simple graph G =

(V,E) is the signed vertex-edge incidence matrix A± 2 {�1, 0, 1}n⇥(
n
2) (Definition 2.9). Sun et

al. observe that a beautiful sketching algorithm of Ahn, Guha, and McGregor [17] to compute a

spanning forest of a graphG viaO(n log
3
(n)) non-adaptive linear measurements also gives a non-

adaptive randomized query algorithm that finds a spanning forest after O(log
4
(n)) matrix-vector

multiplication queries to A±.

For a bipartite graph G with bipartition V1, V2, the bipartite adjacency matrix is the submatrix

of the adjacency matrix where rows are restricted to V1 and columns to V2. Sun et al. show that
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⌦(n/ log n) matrix-vector multiplication queries to the bipartite adjacency matrix (where mul-

tiplication of the vector is on the right) can be needed to determine if a bipartite graph is con-

nected or not. However, the family of instances they give can be solved by a single query to the

full adjacency matrix of the graph (or a single matrix-vector multiplication query on the left to

the bipartite adjacency matrix). The arguably more natural question of comparing the complex-

ity of matrix-vector multiplication queries in the signed vertex-edge incidence matrix versus the

adjacency matrix model was left open. Our results mean that connectivity cannot show a large

separation between these models.

While the matrix-vector multiplication query model is very powerful, as one can also hope for

very efficient algorithms it still has interesting applications to weaker models, like cut queries. As

an example, it is not hard to see that each entry of A±x can be computed with a constant num-

ber of cut queries, and therefore a matrix-vector multiplication query to A± can be simulated by

O(n) cut queries. Thus the randomized non-adaptive O(log
4
(n)) matrix-vector query algorithm

for connectivity in this model implies a randomized non-adaptiveO(n log
4
(n)) algorithm for con-

nectivity in the cut query model, which is state-of-the-art for the non-adaptive cut query model

[16]. For the adaptive case, recent work by [65] showed that the cut query complexity of graph

connectivity is O(n) for zero-error randomized algorithms. The deterministic query complexity

for connectivity is O(n log n) as shown by Harvey [[25], Theorem 5.10].

We look at applications of matrix-vector multiplication algorithms to quantum algorithms using cut

and BIS queries. Note that our algorithms are adaptive. Recent work of Lee, Santha, and Zhang

showed that a quantum algorithm can output a spanning forest of a graph with high probability

after O(log
8
(n)) cut queries [34]. This is in contrast to the randomized case where ⌦(n/ log n)

cut queries can be required to determine if a graph is connected [26]. A key observation made in

[34] is that a quantum algorithm with cut queries can efficiently simulate a restricted version of a

matrix-vector multiplication query to the adjacency matrix. Namely, if A is the adjacency matrix

of an n-vertex simple graph, a quantum algorithm can compute Ax � (1� x) for x 2 {0, 1}n with

O(log n) cut queries (Corollary 6.11). Here � denotes the Hadamard or entrywise product. Let

z = Ax � (1 � x). Then we can compute Ax from z � (1 � x). In other words, the quantum

algorithm can efficiently compute the entries of Ax where xi is 0.
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We quantitatively improve the Lee et al. result to show that a quantum algorithm can output a span-

ning tree of a simple graph with constant probability afterO(log
5
(n)) cut queries (Theorem 6.12).

We do this by showing that the aforementioned O(log
4
(n)) adjacency-matrix-vector multiplica-

tion query algorithm to compute a spanning forest also works with the more restrictiveAx�(1�x)

queries. In addition to quantitatively improving the result of [34], this gives a much shorter proof

and nicely separates the algorithm into a quantum part, simulating Ax � (1 � x) queries, and a

classical randomized algorithm using Ax � (1� x) queries.

This modular reasoning allows us to extend the argument to other models as well. We also show

that a quantum algorithm can compute a spanning forest with constant probability after Õ(
p
n)

BIS queries. This is done by simulating an Ax � (1� x) by a quantum algorithm making O(
p
n)

BIS queries (Theorem 6.8).

6.2 Basic spanning forest algorithm

In this section, we give a template spanning forest algorithm based on Borůvka’s algorithm [66].

In Borůvka’s algorithm on input a graph G = (V,w), one maintains the invariant of having a

partition {S1, . . . , Sk} of V and a spanning tree for each Si. At the start of the algorithm this

partition is simply V itself. In a generic round of the algorithm, the goal is to find one outgoing

edge from each Si which has one. One then selects a subset H of these edges which does not

create a cycle among S1, . . . , Sk, and merges sets connected by edges from H while updating the

spanning trees for each set accordingly. If q of the k sets have an outgoing edge, then the cycle free

subsetH will satisfy |H| � q/2. Every edge fromH decreases the number of sets by at least 1, so

the number of sets after this round is at most k� q/2. In this way we see that k minus the number

of connected components of G at least halves with every round, and the algorithm terminates with

a spanning forest of G after O(log n) rounds.

The main work of a round of this algorithm is the problem of finding an outgoing edge from each

Si. We abstract out performing this task by a primitive called RecoverOneFromAll. Given oracle

access to a non-negative matrix A 2 Rm⇥n, a set of rows R, a set of columns S, and an error

parameter �, with probability at least 1 � � RecoverOneFromAll does the following: for every
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i 2 R for which there is a j 2 S with A(i, j) > 0 it outputs a pair (i, j0) with A(i, j0) > 0. We

record the input/output behavior of RecoverOneFromAll in this code header.

Algorithm 2 RecoverOneFromAll[A](R,S, �)

Input: Oracle access to a non-negative matrix A 2 Rm⇥n, subsets R ✓ [m], S ✓ [n], and an

error parameter �.

Output: With probability at least 1� � output a set T ✓ R⇥ S such that for every i 2 R for

which 9j 2 S with A(i, j) > 0 there is a pair (i, t) 2 T with A(i, t) > 0.

Assadi, Chakrabarty, and Khanna [16] study a similar primitive for connectivity called single

element recovery. In this problem one is given a non-zero non-negative vector x 2 RN and the

goal is to find a coordinate j with xj > 0. RecoverOneFromAll is exactly the matrix version

of this problem, where one wants to solve the single element recovery problem on every row of

a matrix. This version is more suitable for the matrix-vector multiplication query algorithms we

study here where we want to implement a round of Borůvka’s algorithm in a parallel fashion.

In the subsequent sections we will see how RecoverOneFromAll can be implemented in various

global models. First we analyze how many calls to RecoverOneFromAll are needed to find a

spanning forest.

Theorem 6.1. Let G = (V,w) be a weighted graph with n vertices, and A its adjacency matrix.

There is a randomized algorithm that finds a spanning forest of G with probability at least 49/50

after making 3(log(n) + 10) calls to RecoverOneFromAll[A](R,S, �) with error parameter � =

(300(log(n) + 10))
�1. Moreover, all calls to RecoverOneFromAll involve sets R,S ✓ V that

are disjoint.

Proof. The algorithm is given in Algorithm 4. We use a Union-Find data structure to maintain

a partition of the vertices into sets which are connected. This data structure has the operations

MakeSet to create a set of the partition, FindSet which takes as argument a vertex and returns a

representative of the set containing the vertex, and Union which takes as arguments two vertices

and merges their corresponding sets. We also suppose the data structure supports the operation

Elts which, given a vertex v 2 V , returns all the elements in the same set of the partition as v.

The algorithm makes one call to RecoverOneFromAll in each iteration of the for loop. There are

T = 3(log(n) + 10) iterations of the for loop, giving the upper bound on the complexity. Let us
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Algorithm 3 FindSpanningForest
Input: Subroutine RecoverOneFromAll[A](R,S), where A is the adjacency matrix of a

weighted graph G = (V,w).
Output: Spanning forest F of G.

1: B  ;, F  ;, �  (300(log(n) + 10))
�1, T = 3(log(n) + 10)

2: for v 2 V do
3: B  B [MakeSet(v) . Set up Union-Find data structure
4: end for
5: for i = 1 to T do
6: R  ;, S  ;
7: for v 2 B do
8: Flip a fair coin. If heads R  R [ Elts(v), else S  S [ Elts(v).
9: end for
10: RoundEdges  RecoverOneFromAll[A](R,S, �) . Note R \ S = ;
11: EdgesToAdd  ; . EdgesToAdd will hold one outgoing edge from each set
12: for v 2 B do
13: Outgoing  {e 2 RoundEdges : |e \ Elts(v)| = 1}
14: if Outgoing 6= ; then
15: Add one edge from Outgoing to EdgesToAdd.
16: end if
17: end for
18: F  F [ EdgesToAdd

19: for {u, v} 2 EdgesToAdd do
20: Union(u, v) .Merge sets connected by an edge of EdgesToAdd
21: end for
22: Temp  ;
23: for v 2 B do
24: Temp  Temp [ FindSet(v) . Create updated partition
25: end for
26: B  Temp

27: end for
28: Return F

now show correctness. We will first show correctness assuming the procedureRecoverOneFromAll

has no error.

In an arbitrary round of the algorithm we have a partition B1, . . . , Bk of V and a set of edges F

which consists of a spanning tree for each Bi. For i = 1, . . . , k we color Bi red or blue indepen-

dently at random with equal probability. All vertices in Bi are given the color of Bi. Let R be the

set of red vertices and S the set of blue vertices. We then call RecoverOneFromAll[A](R,S, �).

Note thatR\S = ;, showing the “moreover” part of the theorem. Assuming thatRecoverOneFromAll

returns without error, this gives us an edge in the red-blue cut for every red vertex which has such

an edge. The set of all these edges is called RoundEdges. We then select from RoundEdges one
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edge incident to each red Bi which has one, and let the set of these edges be EdgesToAdd. This

set of edges necessarily does not create a cycle among the sets B1, . . . , Bk as we have chosen at

most one edge from only the red Bi. We add EdgesToAdd to F and merge the sets connected

by these edges giving a new partition B0
1, . . . , B

0
k0 . Assuming that RecoverOneFromAll returns

without error, so that all added edges are valid edges, and as we have added a cycle free set of

edges, we maintain the invariant that F contains a spanning tree for each set of the partition.

To show correctness it remains to show that with constant probability at the end of the algorithm

the partition B1, . . . , Bk consists of connected components. The key to this is to analyze how the

number of sets in the partition decreases with each round. Let Qi be a random variable denoting

the number of sets of the partition that have an outgoing edge at the start of round i. Thus, for

example Q1 is equal to n minus the number of isolated vertices with probability 1. In particular

E[Q1]  n.

Consider a generic round i and say that at the start of this round qi many sets of the partition

have an outgoing edge. In expectation qi/2 of the sets with an outgoing edge are colored red, and

each outgoing edge has probability 1/2 of being in the red-blue cut. Thus the expected size of

EdgesToAdd is at least qi/4. As each edge in EdgesToAdd reduces the number of sets in the

partition of the next round by at least one this means E[Qi+1 | Qi = qi]  3qi/4. Therefore we

have

E[Qi+1] =
X

qi

E[Qi+1 | Qi = qi] Pr[Qi = qi] 
3

4

X

qi

qi Pr[Qi = qi]

=
3

4
E[Qi] .

From this it follows by induction that E[Qi]  (3/4)i�1n. Taking T = 3(log(n) + 10) we have

E[QT ]  1/100, and therefore by Markov’s inequality the algorithm will terminate with all sets

being connected components except with probability at most 1/100.

Finally, let us remove the assumption thatRecoverOneFromAll returns without error. We have set

the error parameter inRecoverOneFromAll to be � = (300(log(n)+10))
�1. AsRecoverOneFromAll

is called T times, by a union bound the probability it ever makes an error is at most T �  1/100.

Therefore adding this to our error bound, the algorithm will be correct with probability at least

49/50.
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6.3 Master Model

Given Algorithm 4, the task now becomes to implement RecoverOneFromAll[A](R,S, �). There

is a natural approach to do this following the template of `0 samplers [67]. Let B = A(R,S) be

the submatrix of interest, and assume for the moment that A 2 {0, 1}n⇥n is Boolean.

1. Estimate the number of ones in each row of B.

2. Bucket together the rows whose estimate is in the range (2i�1, 2i] into a set Gi.

3. For each Gi, randomly sample ⇥(n log(n)/2i) columns of B. With high probability every

row of Gi will have at least one and at most c · log(n) ones in this sample, for a constant c.

4. For each i and row in Gi learn the O(log(n)) ones in the sampled set.

We now want to find a “master query model” that can efficiently implement this template, yet

is sufficiently weak that simulations of this model by other global query models give non-trivial

results. To do this we take inspiration from combinatorial group testing. In combinatorial group

testing one is given OR query access to a string x 2 {0, 1}n. This means that one can query any

subset S ✓ [n] and receive the answer _i2S xi. Both the problems of estimating the number of

ones in xwe need for step 1 and learning a sparse string xwe need for step 4 have been extensively

studied in the group testing setting. A natural kind of query to implement group testing algorithms

in the matrix setting is a Boolean matrix-vector multiplication query, that is forA 2 {0, 1}n⇥n one

can query x 2 {0, 1}n and receive the answer y = A _ x 2 {0, 1}n where yi = _j(A(i, j) ^ xj).

With this kind of query one can implement a non-adaptive group testing algorithm in parallel on

all rows of A.

We will define the master model to be a weakening of the Boolean matrix-vector multiplication

query, in order to accomodate quantum cut queries later on. In the master model one can query

x 2 {0, 1}n and receive the answer (A_ x) � (1� x). Here � denotes the Hadamard or entrywise

product of vectors. In other words, in the master model one only learns the entries of A _ x in

those coordinates where x is zero. This restriction allows one to efficiently simulate these queries

by a quantum algorithm making cut queries.
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If A is non-Boolean then in the master model one can again query any x 2 {0, 1}n and receive

the answer [Ax]>0 � (1 � x), where [y]>0 2 {0, 1}n is a Boolean vector whose ith entry is 1 if

yi > 0 and 0 otherwise. The following proposition shows that it suffices to restrict our attention to

Boolean matrices.

Proposition 6.2. Let A 2 Rn⇥n be a non-negative matrix and x 2 {0, 1}n. Then [Ax]>0 =

[A]>0 _ x.

Algorithm 4 Implementation of RecoverOneFromAll in the master model.
Input: (A _ x) � (1 � x) query access to a Boolean matrix A 2 {0, 1}n⇥n, disjoint subsets

R,S ✓ [n], and an error parameter �
Output: A set T ✓ R⇥ S such that for every i 2 R if there is a j 2 S with A(i, j) = 1 then

there is a pair (i, t) 2 T with A(i, t) = 1, except with error probability at most �.
1: Estimate |A(i, S)| for all i 2 R using Theorem 6.6.
2: for i = 1, . . . , dlog ne do
3: Let Gi be the set of rows of R whose estimate is in the range (2i�1, 2i]
4: Randomly sample min{n,

⌃
32|S| ln(n)/2i

⌥
} elements from S with replacement, and let

the selected set be Hi

5: Learn the submatrix A(Gi, Hi)

6: end for

The main result of this section is the following.

Lemma 6.3. Let A 2 Rn⇥n be a non-negative matrix. RecoverOneFromAll[A](R,S, 1/n2
) on

disjoint subsets R,S ✓ [n] can be implemented with O(log(n)3) many [Av]>0 � (1� v) queries.

The procedure RecoverOneFromAll is implemented using (A _ x) � (1 � x) queries. Suppose

S = i : xi > 0. Then the query (A _ x) � (1� x) can only access the sub-matrix of A where the

columns are in S and the rows are in R = {j : xj = 0}. In other words, S and R are disjoint.

At a high level, Lemma 6.3 will follow the four steps given at the beginning of the section. Step 2

does not require any queries. Step 3 follows easily by a Chernoff bound, as encapsulated in the

following lemma.

Lemma 6.4 ([34, Lemma 8]). Let x(1), . . . , x(k) 2 {0, 1}` be such that t

8  |x(i)|  2t for all

i 2 {1, . . . , k}. For � > 0, sample with replacement 8` ln(k/�)
t

elements of {1, . . . , n}, and call the

resulting set R. Then

• PrR[9i 2 {1, . . . , k} : |xi(R)| = 0]  �
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• PrR[9i 2 {1, . . . , k} : |xi(R)| > 64 ln (k/�)]  �

The interesting part are steps 1 and 4, both of which will be done using non-adaptive group testing

algorithms. Towards step 1 we make the following definition.

Definition 6.5 (Good estimate). We say that b 2 Rk is a good estimate of c 2 Rk iff b(i)  c(i) 

2b(i) for all i 2 {1, . . . , k}.

The next theorem gives a randomized non-adaptive group testing algorithm for estimating the

number of ones in a string x.

Theorem 6.6 ([68, Theorem 4]). Let n be a positive integer and 0 < � < 1 an error parameter.

There is a non-adaptive randomized algorithm that on input ↵ 2 {0, 1}n outputs a good estimate

of |↵| with probability at least 1� � after O(log(1/�) log(n)) many OR queries to ↵.

The problem of learning a string ↵ by means of OR queries is the central problem of combinatorial

group testing and has been extensively studied [69]. It is known that non-adaptive deterministic

group testing algorithms must make ⌦
⇣
d
2 log(n)
log(d)

⌘
queries in order to learn a string with at most d

ones [70, 71]. However, there are non-adaptive randomized group testing algorithms that learn any

↵ 2 {0, 1}n with |↵|  d with probability at least 1 � � after O(d(log(n) + log(1/�))) queries.

This is what we will use.

Theorem 6.7 ([72, Theorem 2]). Let d, n be positive integers with d  n, and 0 < � < 1. There

is a distribution D over n-by-k Boolean matrices for k = O(d(log(n) + log(1/�))) such that for

any x 2 {0, 1}n with |x|  d, the string x can be recovered from [xTR]>0 with probability at

least 1� � when R is chosen according to D.

We are now ready to give the proof of Lemma 6.3

Proof of Lemma 6.3. By Proposition 6.2 we may assume that A is Boolean and we have (A_x) �

(1 � x) query access to A. Let k = |R|, ` = |S| and B = A(R,S) be the submatrix of interest.

Let b 2 Nk where b(i) is the number of ones in the ith row of B. By Theorem 6.6 applied with

� = 1/n4 and a union bound, there is a distribution Rcount over Boolean `-by-t matrices with

t = O(log(n)2) such that from [BK]>0 we can recover a good estimate of b with probability at
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least 1 � 1/n3 when K is drawn from Rcount. We add 1/n3 to our error bound and continue the

proof assuming that we have a good estimate of b. As R and S are disjoint we can simulate the

computation of [BK]>0 with O(log(n)2) many (A _ x) � (1� x) queries.

Next, for i = 1, . . . , dlog ne we bucket together rows of B where the estimated number of non-

zero entries is in the interval (2i�1, 2i] into a set Gi. As the estimate is good, for every j 2 Gi

the number of non-zero entries in the jth row of B is actually in the interval (2i�3, 2i+1
]. For each

i = 1, . . . , dlog ne randomly sample 32` ln(n)
2i elements of S with replacement and let Hi be the

resulting set. By Lemma 6.4, with probability at least 1 � 1/n3 there is at least 1 and at most

O(log (n)) ones in each row of the submatrix A(Gi, Hi). We add log(n)/n3 to our error total and

assume this is the case for all i = 1, . . . , dlog ne.

For each i = 1, . . . , dlog newe next learn the non-zero entries ofA(Gi, Hi) via Theorem 6.7. This

theorem states that for t = O(log(n)2) there is a family of |Hi|-by-t matrices D such that from

[A(Gi, Hi)D]>0 we can learn the positions of all the ones of A(Gi, Hi) with probability at least

1� 1
n3 , whenD is chosen fromD. Again by a union bound this computation will be successful for

all i except with probability log(n)/n3. As R and S are disjoint we can simulate the computation

of [A(Gi, Hi)D]>0 with O(log
2 n) many (A _ x) � (1 � x) queries. Over all i, the total number

of queries is O(log(n)3) and the error is at most 3 log(n)/n3
= O(1/n2

).

Theorem 6.8. Let G = (V,w) be an n-vertex weighted graph and A its adjacency matrix. There

is a randomized algorithm that outputs a spanning forest of G with probability at least 4/5 after

O(log(n)4) many [Av]>0 � (1� v) queries.

Proof. This follows from Theorem 6.1 and Lemma 6.3.

6.4 Applications

In this section we look at consequences of Theorem 6.8 to algorithms with matrix-vector mul-

tiplication queries to the adjacency matrix, quantum algorithms with cut queries, and quantum

algorithms with bipartite independent set queries.
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6.4.1 Matrix-vector multiplication queries

Let G = (V,E) be a simple n-vertex graph. There are several different ways one can represent

G by a matrix, for example by its adjacency matrix A 2 {0, 1}n⇥n, or its signed vertex-edge

incidence matrix A± 2 {�1, 0, 1}n⇥(
n
2). Sun et al. study the complexity of graph problems with

matrix-vector multiplication queries, and ask the question if some matrix representations allow for

much more efficient algorithms than others [15, Question 4]. They point out that the sketching

algorithm for connectivity of Ahn, Guha, and McGregor [17] can be phrased as a matrix-vector

multiplication query algorithm to the signed vertex-edge incidence matrix A±. Specifically, the

AGM algorithm gives a randomized non-adaptive algorithm that can output a spanning forest of

an n-vertex graph after O(log
4
(n)) matrix-vector multiplication queries to A±, where the queries

are Boolean vectors.1

In contrast, Sun et al. show that there is a bipartite graph G such that when one is given matrix-

vector multiplication query access on the right to the bipartite adjacency matrix ofG,⌦(n/ log(n))

matrix-vector multiplication queries are needed to determine if G is connected. However, the in-

stances they give can be solved by a singlematrix-vector multiplication query to the full adjacency

matrix of G (or a single matrix-vector multiplication query on the left to the bipartite adjacency

matrix).

This leaves open the natural question if connectivity can be used to separate the matrix-vector

multiplication query complexity of the adjacency matrix versus the signed vertex-edge incidence

matrix representation. As one can clearly simulate a query [Ax]>0 � (1 � x) in the master model

by a matrix-vector multiplication query, our results show that connecitivity does not separate these

models with the current state-of-the-art.

Corollary 6.9. LetG = (V,w) be an n-vertex weighted graph. There is an randomized algorithm

that outputs a spanning forest ofG with probability at least 49/50 after O(log(n)4) matrix-vector

multiplication queries to the adjacency matrix of G.

The O(log(n)4) complexity matches the upper bound in the signed vertex-edge incidence matrix

representation, however, the latter algorithm is non-adaptive while the adjacency matrix algorithm
1The literal translation of the AGM algorithm uses O(log3(n)) many queries by vectors whose entries have

O(log n) bits. When translated to queries by Boolean vectors this results in O(log4(n)) queries.



Chapter 6. Connectivity with Global Queries 63

is not. It is still possible that connectivity provides a large separation between the non-adaptive ad-

jacency matrix-vector multiplication and non-adaptive signed vertex-edge incidence matrix-vector

multiplication models.

6.4.2 Quantum cut queries

Let G = (V,w) be an n-vertex weighted graph. In this section, we will assume that the edge

weights are natural numbers in {0, . . . ,M � 1}. Let A 2 {0, . . . ,M � 1}n⇥n be the adjacency

matrix of G. In a cut query, one can ask any z 2 {0, 1}n and receive the answer (1 � z)TAz. A

very similar query is a cross query. In a cross query one can query any y, z 2 {0, 1}n that are

disjoint (i.e. y � z = 0) and receive the answer yTAz. It is clear that a cross query can simulate a

cut query. One can also simulate a cross query with 3 cut queries because for disjoint y, z

yTAz =
1

2

�
(1� y)TAy + (1� z)TAz � (1� (y + z))TA(y + z)

�
.

Because of this constant factor equivalence we will make use of cross queries when it is more

convenient.

Lee, Santha, and Zhang [34] give a quantum algorithm to find a spanning forest of a simple n-

vertex graph after O(log
8
(n)) cut queries. A key observation they make is that a quantum al-

gorithm can efficiently simulate a restricted version of a matrix-vector multiplication query to the

adjacency matrix. This follows from the following lemma, which is an adaptation of the Bernstein-

Vazirani algorithm [48].

Lemma 6.10 ([34, Lemma 9]). Let x 2 {0, 1, . . . ,K � 1}n and suppose we have access to an

oracle that returns
P

i2S xi mod K for any S ✓ [n]. Then there exists a quantum algorithm that

learns x with O(dlog(K)e) queries without any error.

Corollary 6.11 (cf. [34, Lemma 11]). LetG = (V,w) be an n-vertex weighted graph with integer

weights in {0, 1, . . . ,M � 1}, and let A be its adjacency matrix. There is a quantum algorithm

that for any z 2 {0, 1}n perfectly computes x = Az � (1� z) with O(log(Mn)) cut queries to A.

Proof. Let x = Az �(1�z). The entries of x are in {0, . . . , n(M�1)}, thus we can work modulo

K = 2Mn and preserve all entries of x. Moreover, x is zero wherever z is one. Thus for any
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y 2 {0, 1}n we have yTx = (y � (1 � z))Tx = (y � (1 � z))TAz, which can be computed with

one cross query. Thus we can apply Lemma 6.10 to learn x perfectly with O(log(Mn)) many cut

queries to A.

Using Corollary 6.11, classical algorithms using Az � (1 � z) queries give rise to quantum al-

gorithm using cut queries. Thus we can apply Theorem 6.8 to obtain the following quantitative

improvement of the result of [34].

Theorem 6.12. Given cut query access to an n-vertex graphGwith integer weights in {0, 1, . . . ,M�

1} there is a quantum algorithm makingO(log
4
(n) log(Mn)) queries that outputs a spanning for-

est of G with at least probability 49/50.

Proof. The proof follows from Corollary 6.11 and Theorem 6.8.

6.4.3 Quantum bipartite independent set queries

LetG = (V,E) be a simple graph andA its adjacency matrix. In a bipartite independent set query,

one can query any disjoint y, z 2 {0, 1}n and receive the answer [yTAz]>0 2 {0, 1}. A query in

the master model can be simulated by a quantum algorithm making Õ(
p
n) bipartite independent

set queries. The key to this result is Belovs’ theorem (Theorem 2.24) about combinatorial group

testing with quantum algorithms.

Corollary 6.13. Let G = (V,E) be an n-vertex simple graph, and let A be its adjacency matrix.

There is a quantum algorithm that for any z 2 {0, 1}n computes Az � (1� z) with probability at

least 1� 1/n3 after O(
p
n log(n)) bipartite independent set queries to G.

Proof. Let x = Az�(1�z). For any y 2 {0, 1}n we have yTx = (y�(1�z))Tx = (y�(1�z))Az,

thus [yTx]>0 can be computed with a single bipartite independent set query to G as y � (1 � z)

and z are disjoint. Therefore by Theorem 2.24 and error reduction, with O(
p
n log(n)) bipartite

independent set queries we can compute x with probability at least 1� 1/n3.

Theorem 6.14. Let G = (V,E) be an n-vertex simple graph. There is a quantum algorithm

which outputs a spanning forest of G with probability at least 4/5 after O(
p
n log(n)5) bipartite

independent set queries to G.
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Proof. Let A be the adjacency matrix of G. By Theorem 6.8 there is an algorithm that outputs

a spanning forest of G with probability at least 49/50 after O(log(n)4) many [Av]>0 � (1 � v)

queries. We can implement an [Av]>0 � (1 � v) with error at most 1/n3 by a quantum algorithm

making O(
p
n log(n)) bipartite independent set queries by Corollary 6.13. The probability any of

the O(log(n)4) many [Av]>0 � (1� v) queries is computed incorrectly is at most O(log(n)4/n3
).

Thus there is a quantum algorithm with success probability at least 4/5 that outputs a spanning

forest of G after O(
p
n log(n)5) bipartite independent set queries.





Chapter 7

Sparsifier

In this chapter, we discuss sparsifiers, which are reweighted subgraphs that approximately preserve

some properties of the original graph. Initially, works in this area focused on sparsifiers that pre-

serve the cut values of the original graph, which is called a cut sparsifier [73]. Benczur and Karger

showed that randomly sampling O(n log n) edges and reweighting them appropriately preserves

the cut values up to some approximation factor. Solving problems involving cuts in the resulting

sparsified graph gives better running time as the graph has fewer edges. The first idea to achieve

this (which does not achieve the desired number of edges) is to sample each edge in the graph with

probability inversely proportional to the size of a minimum cut in the graph. Let G be a weighted

undirected graph with minimum cut value c. If we sample each edge with probability ⌦̃(1/c), we

get a new graph with an expected number of edges Õ(m/c) with cut values close to their expected

values. To reduce the number of sampled edges, Karger and Benczur extend this idea by sampling

edges with different probabilities, namely with a probability that is inversely proportional to the

strength of an edge, which is the maximum k such that a component with a minimum cut of at least

k contains both endpoints of this edge. Suppose edge e in graph G has strength ke. We sample

each edge with probability ⌦̃(1/ke) and reweight the edge to w(e)/ke if sampled. This will give

us a graph with O(n log n/"2) edges, where each cut value approximates the original value within

a (1± ") factor.

Spielman and Teng [74] strengthened the notion of cut sparsifiers and introduced spectral sparsi-

fiers, which sparsify the graph and preserve the spectral structure or quadratic form defined by the

67
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Laplacian of the graph. They proved that a (1 ± ")-spectral approximation with Õ(n/"2) edges

can be constructed in Õ(m) time.

One of the existing cut-sparsification algorithms developed by Rubinstein, Schramm, and Wein-

berg (RSW) [14] relies on a sampling procedure by Benczur and Karger [43]. However, they did

not prove that their sampling procedure gives the same result as the one from Benczur and Kager.

Instead of sampling every edge from the original graph, RSW algorithm only subsamples some

edges. We show in Theorem 7.10 that their method still gives the same cut sparsifier as in Benczur

and Karger’s algorithm.

We begin this chapter by a brief overview of spectral sparsifiers in Section 2.2. Then, we discuss

various works on cut sparsifiers in Section 7.2. In Section 7.2.1, we discuss the cut sparsifier

algorithm by Rubinstein, Schramm, and Weinberg and fix the gap in their algorithm. Additionally,

we present another contribution in this thesis which is to show the query complexity of the quantum

cut sparsifier for unweighted graphs in the adjacency list model in Theorem 7.17

7.1 Spectral sparsifier

Definition 7.1 (Laplacian). Let G = (V,w) be a connected weighted undirected graph with edge

set E. We define the Laplacian L of G as L = BTWB where W is an m ⇥ m diagonal matrix

such thatW (e, e) = w(e) and B is the signed edge-vertex incidence matrix given by

B({v, w}, u) =

8
>>>>><

>>>>>:

0 if {v, w} 62 E or u 62 {v, w}

1 if {v, w} 2 E and u is the smallest element in {v, w}

�1 if {v, w} 2 E and u is the largest element in {v, w} .

(7.1)

L is positive semi-definite since for all x 2 Rn,

xTLx = xTBTWBx

= ||W 1/2Bx||22

=

X

{u,v}2E

w({u, v})(xu � xv)
2 � 0
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Definition 7.2. A subgraph H of G is called an "-spectral sparsifier of G if

(1� ")LG 4 LH 4 (1 + ")LG (7.2)

where LH and LG are the Laplacian of H and G, respectively.

Spielman and Teng [74] prove that a (1 ± ")-spectral approximation with Õ(n/"2) edges can be

constructed in Õ(m) time.

7.2 Cut sparsifier

The cut sparsifier is the main focus of this thesis. We use a cut sparsifier to solve the s-t minimum

cut problem with quantum algorithm in Chapter 8.

Definition 7.3. A subgraph H of G is called a cut-sparsifier if for all ; 6= S ( V ,

(1� ")wG(�G(S))  wH(�H(S))  (1 + ")wG(�G(S)) (7.3)

The value of any cut can be expressed by evaluating the quadratic forms in the Laplacian at

{0, 1}-vectors. Let S ✓ V and x(u) = 1 if u 2 S and x(u) = 0 otherwise. Then, (x(u) �

x(v))2w({u, v}) = w({u, v}) iff one of u, v is in S and the other is in V \ S. The quadratic

form of the Laplacian 1
2x

TLx =
1
2

P
{u,v}2E x(u) � x(v))2w({u, v}) = w(�G(S)). Therefore,

spectral sparsifiers are also cut sparsifiers.

Karger [75] shows that if we sample edges with probability p = ⌦(log(n)/c) from unweighted

graphs of n vertices and m edges with minimum cut c, then cut values can be computed in the

sparser sample because with high probability all cuts have values close to their expectations. The

sparsified graph will have expected number of edges Õ(m/c).

Lemma 7.4 ([73]). Let G = (V,E) be a multigraph with minimum cut c, and let G0
= (V,E0

)

be the result of sampling each edge of E with probability p � min
�
40 lnn

"2c
, 1
�
. Then with high

probability, every cut of value k in G has value (1± ")pk in G0.
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This approach, however, does not give much advantage when the graph has a large number of

edges and small minimum cut value, since we only reduce the number of edges to Õ(m/c). The

result can be even worse in weighted graphs. But a graph with a large total edge weight necessarily

contains a subgraph with large connectivity, as we can see in Lemma 7.5.

Lemma 7.5 ([73]). A graph with total edge weight at least k(n� 1) has a k-strong component.

Proof. We prove this by contradiction. Suppose G is a smallest counterexample with n vertices.

Since G is not k-connected, it has a cut C of size less than k. By removing C we have two

connected components G1 and G2 with n1 and n2 = n � n1 vertices respectively. Since G is

the smallest and Gi is not k-strong for i 2 {1, 2}, Gi must have total edge weight less than

k(ni � 1). Thus, the total edge weight of G is less than k(n1 � 1) + k(n2 � 1) + k = k(n� 1), a

contradiction.

From this observation, Benczur and Karger show that we can sample each edge with different

probability according to its edge strength. Suppose an n-vertex graph G with minimum cut c has

an induced subgraph K with connectivity k � c. We can sample edges in K with probability

⌦̃(1/k) and reweight this edge to w(e)/k if sampled, while preserving cut values in K (up to

some approximation factor). Thus, the sampled graph will have less edges and all cut values in

the sampled graph are concentrated around their expectations. In general, for each edge e with

strength ke, we sample e with probability ⌦̃(1/ke) and change the weight to w(e)/ke if sampled.

They show that the sampled graph will have Õ(n/"2) edges.

Theorem 7.6 (Theorem 6.2 [43]). LetG = (V,w) be a weighted graph and ke be the edge strength

of e 2 E. LetH be a graph formed by sampling each edge e with probability pe = min(
⇢"w(e)

ke
, 1),

where ⇢" = 3(d+ 3) lnn/"2 for some integer d, and including it with weight w(e)/pe. Then with

high probability:

1. H has O(n⇢") edges.

2. Every cut in H is within (1± ")-factor of its value in G.

In the above theorem, the edge strength ke is known for all edge e which can be computed by

maximum flow algorithm. However, we can also work without the exact edge strengths. Theo-

rem 7.7 shows that there exists an algorithm with running time Õ(m) to produce edge strength
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estimates. Then, Theorem 7.8 shows that Theorem 7.6 remains asymptotically correct even if we

use the edge strength estimates. After computing the edge strength estimates, "-cut sparsifier can

be constructed by sampling each of the m edges of G. The total running time is Õ(m).

Theorem 7.7 (Theorem 6.5 [43]). Let G = (V,w) be a weighted graph with n vertices and m

edges. There is a deterministic algorithm that in time O(m log
3
(n)) can produce edge strength

estimates k̃e such that

1. k̃e  ke for all e 2 E(G) and

2.
P

e2E(G)
w(e)

k̃e
= O(n) .

Theorem 7.8. Let G = (V,w) be a weighted graph. For each edge e 2 E, let ke be the edge

strength of e 2 E. Suppose we are given {k̃e}e2E such that 1
4ke  k̃e  ke. Let H be a graph

formed by sampling each edge ewith probability pe = min(
⇢"w(e)

k̃e
, 1), where ⇢" = 3(d+3) lnn/"2

and including it with weight w(e)/pe. Then with high probability,H has O(n lnn/"2) edges, and

every cut in H has value (1± ") of the original value in G.

Proof. The bound on the number of edges comes from the fact that
P

e2E(G)
w(e)

k̃e
= O(n). The

expected number of edges is
P

e2E
⇢"w(e)

k̃e
= O(⇢"n).

7.2.1 RSW cut sparsifier

Inspired by Benczur and Karger’s algorithms, Rubinstein, Schramm, and Weinberg (RSW)[14]

develop an algorithm to compute a cut sparsifier in an unknown graph with cut query access. They

showed that a cut sparsifier can be constructed from this graph with Õ(n/"2) cut queries. We have

seen that Benczur and Karger’s algorithm efficiently computes approximate edge strengths by

looking at each edge in a known graph. In contrast, the RSW algorithm (shown in Algorithm 7.9)

subsamples from the original graph in each iteration to avoid the expense of sampling each edge.

They refer to Theorem 7.6 to prove the correctness of their algorithm. However, the sampling in

Theorem 7.6 is done to every edge in the original graph, which is not the case in the RSW’s algo-

rithm. Therefore, to prove the correctness of their algorithm, we need to show that subsampling

some edges still yields the same result. This is shown in Theorem 7.10.



72 Chapter 7. Sparsifier

Algorithm 7.9 (Approximating edge strengths).

Input: An accuracy parameter ", and a cut query oracle for unweighted graph G.

Output: Edge strength approximate {k0e}e2E .

1. Initialize an empty graph H on n vertices.

2. For j = 0, · · · , log n, set j = n/2j and:

(a) Subsample G0 from G by taking each edge of G with probability qj = min(100 · 40 ·
lnn

j
, 1).

(b) In each connected component of G0:

i. While there exists a cut of size  qj · 4
5j , remove the edges from that cut, and

then recurse on the two sides. Let the connected components induced by removing

the cut edges be C1, . . . , Cr.

ii. For every i 2 [r], set k0e =
1
2j for all e with endpoints in Ci, and subsample

every edge in Ci ⇥ Ci with probability 2qj/"2 and add it to H with weight "
2

2qj
.

iii. Update G by contracting Ci for each i 2 [r].

Theorem 7.10. Let G = (V,w) be a weighted undirected graph. Sample an edge of G with prob-

ability pe = min(1, ⇢"w(e)/ke) add it to G0 with weight w(e)/pe, where ke is the edge strength

of e and ⇢" = 3(d + 2) lnn/"2. If we sample O(n lnn/"2) many times, then with probability

1�O(n�d
), every cut in G0 has value within (1± ") of its expectation.

To prove Theorem 7.10, we need the following lemmas.

Lemma 7.11 (Chernoff-Hoeffding bound). Given any set of independent random variables Xi

with values in [0, 1], let µ = E[
P

Xi] and " < 1. Then

Pr

⇣X
Xi /2 [(1� ")µ, (1 + ")µ]

⌘
 2e�"

2
µ/3 (7.4)

Lemma 7.12 ([76]). Over all n-vertex graphs with min-cut c an even integer, and for any deletion

probability p, the quantity E[2
R
] is maximized by a cycle on n vertices, where each adjacent pair

is connected by c/2 edges.
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Proof of Theorem 7.10. Let T =
P

e2G pe The probability that an edge e in G is added to G0 is

pe/T . Fix a cut C. LetX be the probability that we select an edge at C. Then,X =
P

e2C pe/T .

If we repeat this procedure T many times, then

µ = E[X] = T
X

e2C

pe
T

(7.5)

=

X

e2c
pe (7.6)

Now, since min(1, ⇢"we/ke) and by applying Lemma 2.17, we have

T =

X

e2G
pe =

X

e2G
⇢"

ue
ke

= O(n⇢")

= O

✓
n lnn

"2

◆

We apply the Chernoff-Hoeffding bound to each cut ofG0. From Lemma 7.11, the probability that

this cut deviates more than " < 1 of its expected value is at most

Pr(TX /2 [(1� ")µ, (1 + ")µ])  2e�"
2
µ/3 (7.7)

Let pC = 2e�"
2
µ/3. Then the deviation probability in Eq. (7.7) is at most pC . From the choice of

⇢" have pC < 2n�(d+2). So each cut is close to its expectation with high probability. However,

we wish to bound the probability that any cut deviates. By union bound, the probability is at most
P

C
pC . We consider an experiment to bound this probability.

Write qe = e�"
2
pe/3 and thus we have

pC = 2

Y

e2C
qe (7.8)
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ConsiderG and suppose that edge e is deleted with probability qe. Then pC is twice the probability

that every edge in C is deleted, i.e., that the graphs is disconnected at cut C. Thus,
P

pC is twice

the expected number of cuts that are left empty with the edge deletions in this experiment.

Consider the connected components induced by the edges that are not deleted. Then, the empty

cuts are those that partition the connected components into two parts without cutting any compo-

nent. Suppose there are R connected components. The number of empty cuts is 2R�1 � 1 (place

each component in one of the two sides, divide the total by two since reversing the sides gives the

same cut, and subtract by 1 since we want to avoid all components on the same side). Thus, the

expected number of the empty cuts is E[2
R�1�1] =

1
2E[2

R
]�1, where R is the random variable

denoting the number of connected components of G after deleting each edge e by probability qe.

We want to bound this quantity.

Suppose qe = p and the min-cut c is an even integer. Then, by Lemma 7.12, the n-vertex cycle

maximizes E[2
R
]. The number of connected components R on this cycle is equal to the number

of c/2-edge ”bundles” (edges connecting the same endpoints), and 1 if no bundle is deleted. Each

bundle is deleted with probability pc/2. Thus,

E[2
R
] = (1� pc/2)n · 21 +

nX

r=1

✓
n

r

◆
(pc/2)r(1� pc/2)n�r · 2r

= (1� pc/2)n + (1� pc/2)n +

nX

r=1

✓
n

r

◆
(2pc/2)r(1� pc/2)n�r

= (1� pc/2)n +

nX

r=0

✓
n

r

◆
(2pc/2)r(1� pc/2)n�r

= (1� pc/2)n + (2pc/2 + 1� pc/2)n

= (1� pc/2)n + (1 + pc/2)n

= 2 +O(n2pc) when n2pc  1

Therefore,

E[2
R�1 � 1] = O(n2pc) (7.9)
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Since 2n�(d+2) > pC = 2pc, we have pc < n�(d+2). Thus,

X

C

pC = 2E[2
R�1 � 1] = O(n�d

) (7.10)

Now, we want to generalize from pe = p to arbitrary probabilities. We can simulate edge e with

deletion probability pe by bundle of k = 2 dln pe/2 ln pe parallel edges with deletion probability p

for each edge. The probability that the entire bundle will be deleted is approaching pe from below

as p ! 1 (consequently, k ! 1). Thus, each pC in the simulated graph converges to its value in

the original graph. It follows that
P

C
pC also approaches the desired limit andmaxC pC  1. Let

� = maxC pC . In this simulated graph, we replace all edges with edges of uniform probability,

thus, the result in Eq. (7.9) applies and we have
P

C
pC = O(n2�). And since pC = 2e�"

2
µ/3, we

get the desired bound for the Chernoff bound in Eq. (7.7).

After we establish Theorem 7.10, we can now analyse Algorithm 7.9. The following theorem

shows that the algorithm outputs an "-cut sparsifier with Õ(n/"2) edges after Õ(n/"2) cut queries.

Theorem 7.13. Algorithm 7.9 produces an "-cut sparsifier H of G with Õ(n/"2) cut queries and

the number of edges of H is O(n log n/"2).

To prove the theorem, we use the following claims [14].

Claim 7.14. At iteration j = dlog(n/ke)e, e is either assigned k0e =
1
2j = n/2j+1 � ke/4 or

has been assigned a larger value of k0e.

Claim 7.15. At iteration j, no edges e with ke <
1
2j are assigned a strength approximation.

Proof of Theorem 7.13. From the two claims above, the approximate edge strength is within a fac-

tor of two of the true strength. Step 1, 2(b)i, and 2(b)iii do not require any query calls. Hence, we

only need to analyze Step 2a and Step 2(b)ii. In Step 2a, all components with strong connectiv-

ity larger than the current connectivity (j) have been contracted, so there are no 2j-connected

components. By Lemma 2.18, the current G has at most O(nj) edges. Therefore, we have

qj = Õ(n/|EG|), and the expected number of sampled edges is Õ(n). This step can be computed

in Õ(n) cut queries.
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Let C = C1 [ . . . Cr where C1, . . . Cr are the connected components of G0 obtained in step 2(b)i.

By Lemma 2.18, the number of edges in C is O(nj). In Step 2(b)ii, every edge is sampled with

probability 2qj/"2 = Õ
⇣

n

"2|EC |

⌘
. Thus, the number of sampled edges is Õ(n/"2) and the number

of cut queries to sample these edges is Õ(n/"2). Since the number of iterations is log n, the total

number of queries is Õ(n/"2). The correctness of the algorithm follows from Theorem 7.10.

For weighted graphs, we set qj = min(
w(e) lnn

j
, 1) in step 2a of Algorithm 7.9, and in step 2(b)ii,

the edge sampled is added with weight w(e)"2

2qj
.

Theorem 7.16. Let G = (V,w) be a weighted undirected graph. We can construct an "-cut

sparsifier H of G with Õ(n/"2) cut queries.

Proof. The expected number of edges that we select in step 2a of Algorithm 7.9 isO(
P

e2G
wG(e)
j

lnn).

At this point, all edges with strength greater than 2j have been contracted. Thus, by Lemma 2.17,

the number of expected edges is Õ(n). By the algorithm described in ??, we can find these edges

with Õ(n) cut queries.

In step 2(b)ii, the number of expected edges that we sample from Ci ⇥ Ci is O(

P
e2G wG(e)
"2j

lnn).

All edges in C = C1 [ . . . [ Cr have strength less than 2j . Thus, again by Lemma 2.17, the

number of edges is Õ(n/"2) . Therefore, the number of queries to sample these edges is Õ(n/"2).

The total number of queries in the algorithm is Õ(n/"2).

7.2.2 Quantum cut sparsifier

By following the construction in Algorithm 7.9, we show the query complexity for quantum algo-

rithm in the adjacency list model in the following theorem.

Theorem 7.17. A quantum algorithm can output an "-cut sparsifierH of an unweighted graph G

with O(
p
mn/") queries in the adjacency list model.

Proof. The proof is similar to Theorem 7.13. Thus, we only need to analyze the number of queries

in step 2a and 2(b)ii. The expected number of sampled edges in step 2a is Õ(n), hence with
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repeated Grover’s algorithm, we can find all these edges after Õ(
p
mn) queries. In Step 2(b)ii, the

number of edges to sample is Õ(n/"2). Thus, we can sample these edges after Õ(
p
mn/") and

the total number of queries is Õ
p
mn/".

This bound matches the upper bound shown by Apers and de Wolf [42], who give a quantum

algorithm that can produce an "-cut sparsifier in time ⌦̃(
p
mn/") in the adjacency list model.

Theorem 7.18 ([42, Theorem 1]). Let G be a weighted and undirected graph with n vertices

and m edges. There exists a quantum algorithm that outputs with high probability the explicit

description of an "-cut sparsifierH ofG with Õ(n/"2) edges in time Õ(
p
mn/") in the adjacency

list model and time Õ(n3/2/") in the adjacency matrix model. Moreover, ifG has integral weights

then so doesH , and if the largest weight of an edge of G is ⌧ then the largest weight of an edge of

H is Õ(⌧"2n).t

Apers and de Wolf also show a matching lower bound for constructing a sparsifier.

Theorem 7.19 ([42], Quantum lower bound). Let G be a weighted undirected graph with n ver-

tices andm vertices, and " �
p

n/m. Given adjacency list access toG, a quantum algorithm can

output an "-cut sparsifier of G with ⌦̃(
p
mn/") queries.





Chapter 8

s-t Minimum Cut

This chapter is taken from the following arXiv paper: [77]

Abstract An s-t minimum cut in a graph corresponds to a minimum weight subset of edges

whose removal disconnects vertices s and t. Finding such a cut is a classic problem that is dual

to that of finding a maximum flow from s to t. In this work we describe a quantum algorithm for

the minimum s-t cut problem on undirected graphs. For an undirected graph with n vertices, m

edges, and integral edge weights bounded by W , the algorithm computes with high probability

the weight of a minimum s-t cut after Õ(
p
mn5/6W 1/3

) queries, given adjacency list access to

G. For simple graphs this bound is always Õ(n11/6
), even in the dense case whenm = ⌦(n2

). In

contrast, a randomized algorithm must make ⌦(m) queries to the adjacency list of a simple graph

G even to decide whether s and t are connected.

8.1 Introduction

Let G be a graph with n vertices and m edges, and let s, t be two vertices of G. The problem of

determining the maximum amount of flow �st(G) that can be routed from s to t while respecting

the capacity constraints of G is one of the most fundamental problems in theoretical computer

science, whose study goes back at least to the 1950s and the pioneering work of Ford and Fulkerson

[35].

79
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By the max-flow min-cut theorem, �st(G) is equal to the minimum weight of a cut separating s

and t in G. From a maximum s-t flow one can compute a minimum s-t cut in linear time, but no

such reduction is known the other way around. The Goldberg-Rao [78] algorithm, with running

timeO(min{
p
m,n2/3}m log(n) log(W )), whereW is the largest weight of an edge, stood as the

best bound for both problems for many years. In the past decade, however, beginning with work

of Christiano et al. [79] there has been tremendous progress in max-flow algorithms by incorporat-

ing techniques from continuous optimization [80–86]. With a recent Õ((m + n3/2
) logW ) time

max-flow algorithm by Brand et al. [87], there are now near-linear time randomized max-flow

algorithms for dense graphs with polynomial weights.

Given its fundamental nature, there has been a surprising lack of work on quantum algorithms for

the exact maximum flow or minimum s-t cut problem. As far as we are aware, the only work on

the quantum complexity of these problems is by Ambainis and Špalek [41], who gave a quantum

algorithm for max flow in a directed graph with integral capacities bounded by W  n1/4 with

running time Õ(min{n7/6pmW 1/3,m
p
nW}), given adjacency list access to G. This bound is

completely subsumed by current classical randomized algorithms.

More recent work of Apers and de Wolf [42] gives a Õ(
p
mn/") time quantum algorithm for find-

ing a (1 + ")-approximation of the minimum s-t cut.1 This algorithm works by first constructing

an "-cut sparsifierH of the input graphG with a quantum algorithm in time Õ(
p
mn/"). An "-cut

sparsifier is a re-weighted subgraph of G that has only Õ(n/"2) edges but for which the weight of

every cut agrees with that of G up to a factor of 1 ± ". One can then run a classical randomized

s-t minimum cut algorithm on the sparse graph H to find an approximate s-t minimum cut of G.

The quantum sparsification algorithm also plays a key role in our work.

In this chapter, we give a quantum algorithm that computes �st(G) on dense simple graphs. More

generally, for an undirected and integral weighted graph G with maximum weight W , we give

a quantum algorithm with adjacency list access to G that with high probability outputs �st(G)

after Õ(
p
mn5/6W 1/3

+n5/3W 2/3
) queries (see Theorem 8.19). Thus for unweighted graphs the

number of queries is Õ(n11/6
) even for dense instances with m 2 ⌦(n2

) edges. On the other

hand, it is easy to show that in the worst case a randomized algorithm requires ⌦(m) queries to
1The bound quoted in [42, Claim 9] for finding a (1 + ")-approximate minimum s-t cut is Õ(

p
mn/" + n/"

5).
However, plugging into the proof the improved randomized approximate s-t minimum cut algorithm of [88] with
running time Õ(m+

p
mn/") improves this to Õ(

p
mn/").
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the adjacency list of a graph with m edges even to decide whether s and t are connected (see

Theorem 8.24). Our algorithm also works with adjacency matrix access to G, in which case

the number of queries becomes Õ(n11/6W 1/3
) (see Corollary 8.20). In addition to �st(G), our

algorithm can output the edges of a minimum s-t cut and the corresponding bipartition of the

vertex set. It does not however compute a maximum s-t flow, and finding a sublinear quantum

algorithm for this problem remains a tantalizing open question.

Our quantum algorithm follows an algorithm of Rubinstein, Schramm and Weinberg (RSW) [14],

which computes a minimum s-t cut in the cut querymodel. In the cut query model one can query a

subset of vertices S and receives as an answer the total weight of edges with exactly one endpoint

in S. The crux of the algorithm is a procedure to transform the input graph G into a sparser graph

G0 while preserving minimum s-t cuts. We use two quantum tools to improve this procedure.

The first is to use the quantum algorithm from [42] to find an "-cut sparsifier of G better than a

classical sparsification algorithm. The second is to use Grover’s algorithm to learn all the edges

in the sparser graph G0. Once we explicitly know the graph G0 we can use a classical randomized

algorithm to compute a minimum s-t cut in G0. This blueprint is similar to the global min cut

algorithm from [40], which is also based on a cut query algorithm by [14]. There as well a cut

sparsifier ofG is used to identify edges that can be contracted while preserving (non-trivial) global

minimum cuts, and then Grover search is applied to learn the edges in the sparser contracted graph.

The contracted graph in the RSW procedure is obtained by contracting edges that cannot partici-

pate in any minimum s-t cut. To get an intuition for the idea, suppose thatG is a simple graph and

first imagine that we compute a maximum s-t flow F in G. If we let GF be the graph whose edge

weights are those ofGminus the flow F , then s and t become disconnected inGF—otherwise we

could route more flow from s to t. Contracting all connected components of GF then results in

a sparser graph while preserving any edge that is part of a minimum s-t cut. This routine is also

how one can compute a minimum s-t cut from a maximum s-t flow: the connected component of

s in GF gives one side of a vertex bipartition corresponding to a minimum s-t cut.

Of course we did not save anything in this example as we had to compute a maximum s-t flow

in G. What RSW actually do is to first obtain an "-cut sparsifier H of G. This is where we

use the Õ(
p
mn/") time quantum sparsification algorithm from [42]. As H has only Õ(n/"2)

edges it is much cheaper to carry out the above plan on H instead: we compute a maximum flow
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F in H and consider the graph HF whose weights are those of H minus the flow F . As cuts

of H only approximate those in G we cannot fully contract the connected components in HF

and hope to preserve all minimum s-t cut of G. However, a key insight of RSW is that we can

still safely contract induced subgraphs of HF that are highly connected. Doing so results in the

desired contraction G0 of G that is relatively sparse—one can argue it has only O("n2
) edges—

yet preserves all minimum s-t cuts. We can learn the O("n2
) edges of G0 among the m edges

of G using Grover search with Õ(n
p
m") queries. We then again run a randomized max flow

algorithm on the now explicitly known G0 to compute �st(G). Balancing the terms
p
mn/" from

the sparsifier computation and n
p
m" for learning the edges of G0 leads to the choice " = n�1/3,

and total queries of Õ(
p
mn5/6

) .

8.2 Maximum flow

A flow network is a directed graph with two nodes marked as a source s and a sink t. Each edge

has an individual capacity which is the maximum limit of flow that edge could allow.

Definition 8.1. The capacity function of a graph G is a map c : V ⇥ V ! R�0. If e /2 E, the

capacity c(e) = 0 .

Definition 8.2. A flow network is a tuple (G, s, t, c), where G = (V,E) is a directed graph,

s, t 2 V are the source and the sink node respectively, and c is the capacity function.

Definition 8.3 (Flow). A flow is a function f : V ⇥ V ! R satisfying the following constraints:

1. (capacity) 8u, v 2 V, f(u, v)  c(u, v)

2. (conservation) 8u /2 {s, t},
P

v2V f(u, v) =
P

v2V f(v, u).

3. (skew symmetry) 8u, v 2 V, f(u, v) = �f(v, u)

Definition 8.4. The value of flow is the amount of flow passing from the source to the sink.

|f | =
X

v

f(s, v) (8.1)
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Definition 8.5 (Residual network). Let (G, s, t, c) be a flow network with flow f . The residual

capacity w.r.t flow f is cf (u, v) = c(u, v) � f(u, v). The residual network is given by Gf =

(V,Ef ) with capacity function cf where the arc set is Ef = {(u, v) : c(u, v) > 0}.

Definition 8.6 (Augmenting path). An augmenting path is a path (u1, u2, ..., uk) in the residual

network, where u1 = s, uk = t, and cf (ui, ui+1) > 0.

Definition 8.7 (Maximum flow). Given a flow network (G, s, t, c). The maximum flow problem is

to find a flow f that maximizes |f |.

Theorem 8.8 ([35], Min-cut/max-flow). Let G = (V,E) with a source s 2 V and a sink t 2 V

and capacity c. Then the maximum value of a flow is equal to the minimum value of a cut.

Given a graph G with n vertices and m edges, and a flow network (G, s, t, c), the maximum flow

problem is an optimization problem to find a flow of maximum value from the source s to the sink

t. This problem was formulated by Harris and Ross [] to model the Soviet railway traffic flow.

The first known algorithm to solve the maximum flow problem is due to Ford and Fulkerson [].

The idea behind the Ford-Fulkerson algorithm is to push the maximum possible flow along one

of the paths from the source s to the sink t as long as there exists an s-t path of positive residual

capacity. Suppose F is the value of the maximum flow. If the capacities are rational, the algorithm

is guaranteed to find the maximum flow in time O(F (m+ n)).

Algorithm 5 Ford-Fulkerson
Input: Flow network (G, s, t, c).
Output: Maximum flow f .

1: Initialize f(u, v)  0 for all u, v 2 V .
2:
3: while 9s-t path P in Gf do
4: Find g = min{cf (u, v) : (u, v) 2 P}.
5: f  f + g.
6: Update Gf based on f .
7: end while
8: Return f .

Theorem 8.9. Let (G, s, t, c) be a flow network with integer capacities and maximum flow F . The

Ford-Fulkerson algorithm (Algorithm 5) terminates in time O(F (m+ n)).
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The state of the art for maximum flow problem is an algorithm by Brand et al. [] with runtime of

Õ((m+ n1.5
) logW ) whereW is the maximum capacity. Their algorithm is a reduction from the

minimum cost maximum flow problem where the costs are set to 1.

Definition 8.10 (Minimum cost maximum flow). Let (G, s, t, c) be a flow network and u : E ! R

be a cost function of G. The minimum cost maximum flow problem computes a maximum flow

with minimum cost.

Theorem 8.11. Let G = (V,E) be a graph with n vertices and m edges, and (G, s, t, c) be a

network flow with integer capacities and costs u 2 ZE . There exists a randomized algorithm that

with high probability computes a minimum cost maximum flow in time O(m log(||c||1||u||1) +

n1.5
log

2
(||c||1||u||1)).

Let Gf be the residual graph of G w.r.t t, and Gf (�) is a graph obtained by removing all edges

with capacity less than � in Gf , for some � 2 Z.

Algorithm 6 Brand et al. Maximum flow algorithm
Input: Flow network (G, s, t, c) and cost u 2 ZE .
Output: Maximum flow f .

1: Find a flow f in G.
2: � = 2

blog2 ||c||1c

3: while � � 1 do
4: Find a maximum flow f 0 in Gf (�).
5: f  f + f 0.
6: �  �/2.
7: Update Gf based on f .
8: end while
9: Return f .

Theorem 8.12. Algorithm 6 computes a maximum flow in time Õ(m + n1.5
log ||c||1) with high

probability.

Proof. We can see that at the last iteration when � = 1, there is no augmenting path we can find

in Gf . Therefore, the algorithm correctly computes a maximum flow.

To compute the time complexity, first we will prove that in the beginning of each iteration, the

maximum flow in Gf is at most 2m�. This is true in the first iteration. For other iterations, note

that all edges in the augmenting paths in Gf have capacity less than 2� because of the previous
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iteration. Therefore, the maximum flow of Gf (2�) is zero. Since Gf can be obtained from

Gf (2�) by adding at mostm edges with capacity at most 2�, the maximum flow ofGf is at most

2m�.

Following the above observation, we can bound the capacity of each edge by 2m� to compute

a maximum flow in Gf (�). Therefore, by Theorem 8.11 and the fact that the ratio between the

maximum and the minimum capacity is at most 2m, we can compute a maximum flow in Gf (�)

in Õ(m + n1.5
). Since the number of iterations in the algorithm is log ||c||1, the total running

time of the algorithm is Õ((m+ n1.5
) log ||c||1).

Lemma 8.13 ([14, Lemma 5.4]). Let G = (V,w) be a graph with integral weights from [0,W ]

and let s, t 2 V . Let F be a non-circular s� t flow of value f in G. Then the total weight of flow
P

e2E(G) F (e)  10 · n
p
fW .

8.3 Lower bound for s-t mincut

Theorem 8.14. Any quantum algorithm that solves s-t mincut in the adjacency matrix model

requires at least ⌦(n1.5
) queries.

Proof. We will prove this by reduction from bipartite matching problem. Let B be an undirected

bipartite graph with n vertices in each side and we are interested in the maximum matching in B.

To reduce this problem to s-t maximum flow, we modify the graph as follows. Add new vertices

s, t and direct s to the left side of the graph, then direct all edges from the left side to the right side,

and finally direct all edges from the right side to t. We can see that there is a matching of size k

in B if and only if there is a flow of value at least k in B + {s, t}. We use directed graph in the

construction because if we do the same construction for undirected s-t maxflow, then we cannot

guarantee that if there exists a flow of value k then a matching of size k exists.

LetX be the set of the bipartite graphs in Fig. 8.1(a) where ⌧ and � are permutations of {1, . . . , n},

and n

3  k  2n
3 . Let Y be the set of the bipartite graphs in Fig. 8.1(b) where ⌧ 0 and �0 are

permutations of {1, . . . , n}, and n

3  k0  2n
3 . Let R ✓ X ⇥ Y where graph y 2 Y is obtained

from x 2 X by choosing horizontal edges (⌧(i),�(i)), (⌧(j),�(j)), removing them, and adding

two edges (⌧(i),�(j)), (⌧(j),�(i)).
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FIGURE 8.1: X and Y

We can see that the graphs in X + {s, t} have maximum flow n, therefore these graphs have

minimum cut of value n. On the other hand, the graphs in Y + {s, t} have minimum cut of value

n� 1. Therefore, these two instances have different minimum cut values.

From the proof of Theorem 4 in [89] and basic adversary bound (Theorem 4.12) , we get m =

m0
= O(n2

) and lmax = O(n) (the valuesm,m, lmax refer to Theorem 4.12). Then, the quantum

lower bound for bipartite matching is ⌦(n1.5
). Hence, this proves the theorem.

8.4 Algorithm for s-t mincut

Our s-tmincut algorithm is based on the following algorithm by Rubinstein, Schramm, and Wein-

berg [14, Algorithm 5.1], who used it to give a randomized cut query algorithm for the minimum

s-t cut problem.
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Algorithm 7 Algorithm for s-t-mincut on a weighted graph G

Input: Oracle access to a weighted graph G = (V,wG) with largest weight W , vertices

s, t 2 V , and a parameter 0 < " < 1/3.

Output: The shore of a minimum s-t cut in G and the value �st(G).

1: Compute an "-cut sparsifier H of G.

2: Compute a maximum s-t flow F in H and subtract F from H . Denote the result as H 0.

3: Compute a 3"nW -strong partition P = {A1, . . . , At} of H 0.

4: Let G0 be the graph formed from G by contracting the vertices in each Ai, and let a, b 2 P be

the sets containing s, t respectively. Compute a minimum a-b cut �G0(X 0
) in G0 and return

�ab(G0
) and the shore X = [A2X0A.

For completeness we show correctness of the template, largely following the discussion of [14].

In the next section we analyze the running time for a quantum algorithm that implements this

algorithm with adjacency list access to G.

Theorem 8.15. If every step of Algorithm 7 is performed correctly then the algorithm returns a

minimum s-t cut of G.

We first prove two claims from which the proof of Theorem 8.15 will easily follow.

Claim 8.16. Let G = (V,wG) be a weighted graph with the largest edge weight W and s, t 2 V .

For 0 < " < 1/3, letH = (V,wH) be an "-cut sparsifier ofG and let F be a maximum s-t flow in

H . Form the graph H 0
= (V,wH0) where wH0(e) = wH(e) � F (e) for all e 2 V (2). Let P be a

3"nW -strong partition of H 0. Then for any minimum s-t cut �G(X) of G and all A 2 P it holds

that either A ✓ X or A ✓ X .

Proof. Let fG = �st(G) and fH = �st(H). As H is an "-cut sparsifier of G we have fG 

fH/(1�"). Let�G(X) be a minimum s-t cut ofG, i.e. such that s 2 X, t 62 X andwG(�G(X)) =

fG. Then wH(X)  (1 + ")fG  1+"

1�"
fH . Further, we have wH(X) = wH0(X) + wF (X) by

definition ofH 0 and F . We must havewF (X) � fH since there is a flow of value fH from s to t in

H . Thus wH(X) � fH+wH0(X). Comparing inequalities we have wH0(X)  2"
1�"

fH < 3"nW ,

as " < 1/3.
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Now letA 2 P and letB = A\X . IfB is nontrivial, i.e. ; 6= B ( A, then there is a cut ofH 0
[A]

of weight less than 3"nW , a contradiction to the assumption that P is a 3"nW -strong partition of

H 0. Thus B must be trivial and either A ✓ X or A ✓ X .

Claim 8.17. Let G,H,H 0 and " be as in Claim 8.16. Let P = {A1, . . . , At} be a 3"nW -strong

partition of H 0 and G0 be the graph formed from G by contracting vertices in the same set of P .

Let a, b 2 P be the sets containing s and t respectively. Then �st(G) = �ab(G0
). Moreover, if X 0

is the shore of a minimum a-b cut of G0 then X = [A2X0X is the shore of a minimum s-t cut of

G.

Proof. Let G = (V,wG) and note that by the definition of G0 we have G0
= (P, w) where

w(Ai, Aj) = wG(E(Ai, Aj)) for i 6= j.

Let us show that �st(G0
)  �st(G). Let �G(X) be a minimum s-t cut in G. For every Ai 2 P

we either have Ai ✓ X or Ai ✓ X by Claim 8.16. Note that in particular this means a ✓ X and

b\X = ;. FromX we define a setX 0 where for every Ai 2 P we put Ai inX 0 iff Ai ✓ X . Note

that �G0(X 0
) is an a-b cut of G0 and wG(�G(X)) = w(�G0(X 0

)), thus �ab(G0
)  �st(G).

We next show the general fact that contraction cannot decrease the minimum s-t cut value. For any

set X 0 ✓ P we can define a set X ✓ V by X = [A2X0A. Further w(�G0(X 0
)) = wG(�G(X))

by the definition of w. Thus �ab(G0
) � �st(G).

This establishes �st(G) = �ab(G0
). To see the “moreover” part of the claim, letX 0 be a minimum

a-b cut of G0. We have just shown that w(�G0(X 0
)) = wG(�G(X)) for X = [A2X0A, thus X

will be a minimum s-t cut of G.

Proof of Theorem 8.15. If the steps of the algorithm are implemented correctly thenH,H 0 satisfy

the hypotheses of Claim 8.16. We can therefore invoke Claim 8.16 and Claim 8.17 to conclude

that �st(G) = �ab(G0
) and that X will be the shore of a minimum s-t cut in G.

8.4.1 Implementation by a quantum algorithm

We now discuss the implementation of Theorem 8.19 by a quantum algorithm with adjacency list

access to G. For the running time it is important to have an upper bound on the number of edges
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in the contracted graph G0 formed in step 4 of Algorithm 7. We do this by means of the following

claim.

Claim 8.18. Let G,H,H 0 and " be as in Claim 8.16, with the following additional conditions:

1. The largest edge weight of G isW � 1.

2. H has integral weights and the largest edge weight is WH 2 O("2nW ).

LetP = {A1, . . . , At} be a 3"nW -strong partition ofH 0. Then
P

t

i=1wG(�G(Ai)) = O("n2W ).

Proof. As H is an "-cut sparsifier of G we have

wG(�G(Ai)) 
wH(�H(Ai))

1� "

=
wH0(�H(Ai)) + wF (�H(Ai))

1� "
.

By the definition of a 3"n-strong partition (Definition 2.19), we have
P

t

i=1wH0(�H0(Ai)) =

O("n2
). Note also that wH0(�H0(Ai)) = wH0(�H(Ai)) because e 2 E(H 0

) implies e 2 E(H),

and so
P

t

i=1wH0(�H(Ai)) = O("n2W ). By Lemma 8.13 we also have that

tX

i=1

wF (�H(Ai))  20n
p
�st(H)WH

= O("n2W ) ,

using that �st(H)  (1 + ")nW and WH 2 O("2nW ). Thus,
P

t

i=1wG(�G(Ai)) = O("n2W ).

Theorem 8.19. LetG be a graph with n vertices andm edges where all edge weights are integral

and the largest weight of an edge is W . Given adjacency list access to G, there is a quantum

algorithm that with high probability computes �st(G) and the shore of a minimum s-t cut of G

with Õ(
p
mn5/6W 1/3

) queries.

Proof. We follow the algorithm given in Algorithm 7 with the choice " = (nW )
�1/3. As the

choice of " depends on W , we first need to know what the maximum weight of an edge of G is.

We can do this by the quantum minimum finding routine of Dürr and Høyer [50] (Algorithm 1)
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with high probability in time Õ(
p
m). With that settled, we now go over each step of the algorithm

to explain how it is implemented and its running time.

Line 1 We run quantum algorithm of Apers and de Wolf [42] given in Theorem 7.18 to find an

"-cut sparsifier H of G with Õ(n/"2) edges. As all edge weights of G are integral and the largest

weight of an edge isW , by the “moreover” part of this theorem the edge weights ofH are integral

and the largest weight of an edge ofH is O("2nW ). This step succeeds with high probability and

takes Õ(
p
mn/") queries.

Line 2 For this step we run the classical maximum s-t flow algorithm of [87] quoted in ?? to

compute a max flow F in H . This algorithm requires a graph with integral weights, which is

satisfied by H . This step does not need any oracle calls. As �st(H)  (1 + ")nW , the total

weight of edges in F is O("n2W ) by Lemma 8.13. Then we can compute H 0
= H � F .

Line 3 This step does not need any oracle calls.

Line 4 Let P = {A1, . . . , At} be the 3"nW -strong partition of H 0 computed in the previous

step. The graphG0 is formed by contracting vertices in the same set of this partition. By Claim 8.18

the graph G0 has O("n2W ) edges, assuming all previous steps have succeeded. Consider the

concatenation of all the lists in the adjacency list representation of G. This gives a vector of

dimension 2m and defines an ordering of edges of G where every edge appears twice. Define a

string x 2 {0, 1}2m using the same ordering where x(e) = 1 if the endpoints of e are in distinct

sets of the partition P and x(e) = 0 otherwise. A query to a bit of x can be answered with a

single query to the adjacency list of G. By Theorem 2.22 via Grover search with Õ(n
p
m"W )

queries, with high probability we can determine if x has at most O("n2W ) ones, and if so learn

the positions of all these ones. If the number of ones in x is larger than O("n2W ) then we abort.

With high probability we do not abort and once we learn the positions of all the ones in x we can

then classically learn the weight of the corresponding edges in G with O("n2W ) more queries.

Then we have explicitly learned the graph G0.
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Once we have an explicit description ofG0 we can run the max flow algorithm of [87] to compute a

maximum a-b flow F 0 inG0 where a, b 2 P are the sets of the partition containing s, t respectively.

The flow of F 0 gives �ab(G0
). To also compute the shore of a minimum a-b cut of G0 we consider

the residual graph of the flow F 0 and compute the connected component containing a.

Correctness and total queries Each step individually succeeds with high probability and so

with high probability all steps will be correct. We can thus invoke Theorem 8.15 to conclude that

the algorithm is correct with high probability.

Queries to G are only made in the quantum steps as all classical steps work on graphs explicitly

constructed by the algorithm. Thus the total number of queries is Õ(
p
mn5/6W 1/3

).

We have the following result for the adjacency matrix model.

Corollary 8.20. LetG be a graph with n vertices andm edges where all edge weights are integral

and the largest weight of an edge is W . Given oracle access to the adjacency matrix of G, there

is a quantum algorithm that computes �st(G) and the shore of a minimum s-t cut of G with high

probability after Õ(n11/6W 1/3
) queries.

Proof. As in the proof of Theorem 8.19 we first compute the maximum weight of an edge of G.

This can be done by the quantum minimum finding routine of Dürr and Høyer [50].

In Line 1 we run the adjacency matrix version of the sparsifier algorithm from [42] (quoted in

Theorem 7.18), which takes Õ(n3/2/") = Õ(n11/6W 1/3
) queries. In Line 4 we find theO("n2W )

edges of G0 by applying Theorem 2.22 over the O(n2
) entries of the adjacency matrix, rather than

the O(m) entries of the adjacency list. This takes Õ(n2
p
"W ) = Õ(n11/6W 1/3

) queries.

The remaining steps are performed classically on graphs explicitly constructed by the algorithm.

Thus, the total number of queries is Õ(n11/6W 1/3
).

Remark 8.21. After finding the shore of a minimum s-t cut via Theorem 8.19 or Corollary 8.20,

one can also learn the edges in the cut by a quantum algorithm in the same asymptotic running

time. If the maximum weight of an edge is W then in a graph with integral weights the number

of edges in a minimum s-t cut is at most nW . We can learn these O(nW ) edges by Grover’s
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algorithm (Theorem 2.22) in time Õ(
p
mnW ) in the adjacency list model or time Õ(n3/2

p
W ) in

the adjacency matrix model. In both cases this is low order to the Õ(n5/3W 2/3
) term.

8.5 Randomized lower bound

In this section we show that a randomized algorithm that computes �st(G)with success probability

at least 9/10 on simple graphs G with m edges must make ⌦(m) queries to the adjacency list of

G in the worst case. This holds true even for just determining if s and t are connected in G, which

we call the USTCON problem.

Definition 8.22 (USTCON). In the USTCON problem one is given adjacency list access to an

undirected graphG = (V,E) and two distinguished vertices s, t 2 V . The problem is to determine

if s and t are connected in G.

To show a lower bound on USTCON we will use the classical adversary method for randomized

query complexity [90–92], a randomized analog of the quantum adversary method [60]. We will

just need a simple unweighted version of the method, adapted from [90, Theorem 4.3].

Lemma 8.23 (cf. [90, Theorem 4.3]). For a finite set ⌃ and S ✓ ⌃
n, let f : S ! {0, 1}. Let

X ✓ f�1
(0) and Y ✓ f�1

(1). Let R ✓ X ⇥ Y be such that for every x 2 X there are at least t

different y 2 Y such that (x, y) 2 R and for every x 2 X and k 2 [n] there are at most ` different

y 2 Y such that (x, y) 2 R and xk 6= yk. Then any randomized algorithm that computes f with

success probability 9/10 must make ⌦(t/`) queries.

Theorem 8.24. A randomized algorithm that solves USTCON with success probability at least

9/10 on graphs withm edges edges requires ⌦(m) queries.

Proof. First we show the lower bound in the dense case wherem = ⌦(n2
) using Lemma 8.23. We

construct sets of negative instancesX and positive instances Y . Suppose that n is even. Excluding

s and t we partition the remaining n� 2 vertices into two sets A and B each of size (n� 2)/2. In

all instances, s will be connected to all vertices in A and t will be connected to all vertices in B.

X will consist of a single negative instance G where we additionally put a clique on the vertices

in A and a clique on the vertices in B and no further edges. Thus s and t will not be connected in

G. Note that apart from s and t, every vertex has degree (n� 2)/2 in G.
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For Y we create a family of 2
�
n�2
2

�2 positive instances. A positive instance will be labeled by

a = {a1, a2} 2 A(2), b = {b1, b2} 2 B(2) and a bit c 2 {0, 1}. Associated to a, b, c we construct

a graphGa,b,c as follows. Take the graphG and remove the edges a and b. If c = 0 then add edges

{min{a1, a2},min{b1, b2}} and {max{a1, a2},max{b1, b2}} to form Ga,b,c. Otherwise if c = 1

then add edges {min{a1, a2},max{b1, b2}} and {max{a1, a2},min{b1, b2}} to form Ga,b,c. In

both cases all vertices in A [ B have degree (n � 2)/2 in Ga,bc and there will be two edges

connecting A and B so �st(Ga,b,c) = 2. This completes the description of the instances.

The degree sequences of all instances are the same, thus we may assume this is known to the

algorithm and the algorithm does not need to make any degree queries. We thus focus on queries

to the name of the ith neighbor of a vertex v. For this it is important to specify the ordering of

vertices given in the adjacency lists. For all vertices we will use the same ordering in their list. Let

k = (n� 2)/2 and label the vertices of A as a1, a2, . . . , ak and the vertices of B as b1, b2, . . . , bk.

We use the ordering s < t < a1 < b1 < · · · < ak < bk.

We are now ready to show the lower bound using Lemma 8.23. We put G in relation with all

2
�
n�2
2

�2 of theGa,b,c. Now consider how many of theGa,b,c differ fromG in a specific location of

the adjacency list, specifically consider the ith neighbor of a vertex aj 2 A. In G the ith neighbor

of aj is

1. s if i = 1.

2. ai�1 if i  j.

3. ai if i > j.

The ith neighbor of aj in Ga,b,c will be the same unless

1. i  j and a = {ai�1, aj}.

2. i > j and a = {aj , ai}.

In either case, the number of a, b, c for whichGa,b,c differs fromG on the name of the ith neighbor

of aj is 2
�
n�2
2

�
, as one only has free choice of the edge b and the bit c. A similar argument holds

when considering the ith neighbor of a vertex bj 2 B. Thus for any position of the adjacency list
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the number of Ga,b,c that differ from G is at most 2
�
n�2
2

�
and by Lemma 8.23 we obtain a lower

bound of
�
n�2
2

�
= ⌦(m), proving the theorem in the dense case.

Finally, let us treat the general case of graphs with at mostm edges. We choose the largest integer

p such that 2(p+
�
p

2

�
)  m and then take disjoint sets of vertices A and B both of size p. We then

repeat the construction from the dense case on s, t, A,B. The lower bound will be
�
p

2

�
= ⌦(m) as

desired.
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Discussion

Connectivity and s-t minimum cut problems are fundamental in graph theory and have been stud-

ied extensively in several different models. We show interesting results in the global query model

for connectivity and the local query model for the s-t problem. We consider the following prob-

lems for future research.

1. We have shown that connectivity has an efficient algorithmwith matrix-vector multiplication

queries to the adjacency matrix. It remains an interesting question to find an example of a

graph problem that can be solved much more efficiently with matrix-vector multiplication

queries to the signed vertex-edge incidence matrix than with matrix-vector multiplication

queries to the adjacency matrix. Sun et al. [15] show that one can find a spectral sparsifier

of a graph with polylog(n) matrix-vector multiplication queries to the signed vertex-edge

incidence matrix. This means that one can solve the problem of determining if the edge

connectivity of a simple graph is at least 2k or at most k with polylog(n) matrix-vector

multiplication queries to the signed vertex-edge incidence matrix. It is an interesting open

question if this can also be done with polylog(n)matrix-vector multiplication queries to the

adjacency matrix.

2. What is the randomized non-adaptive complexity of connectivity with matrix-vector mul-

tiplication queries to the adjacency matrix? The O(log
4
(n)) query algorithm in the signed

95
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vertex-edge incidence matrix model is non-adaptive, but we do not see how to design a non-

adaptive algorithmmaking polylog(n)matrix-vector multiplication queries to the adjacency

matrix.

3. How large can the minimum-cut linear-query certificate complexity of a graph be?

4. What is the bounded-error randomized linear query complexity of connectivity? It seems

that new ideas are needed to show lower bounds for the bounded-error model.

5. We show a query efficient quantum algorithm for the s-t minimum cut problem in the local

query model. However, a time efficient quantum algorithm is still an open problem.
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[43] András A. Benczúr and David R. Karger. Randomized approximation schemes for cuts

and flows in capacitated graphs. SIAM Journal on Computing, 44(2):290–319, 2015. doi:

10.1137/070705970.

[44] Du Ding-Zhu and Frank K Hwang. Combinatorial group testing and its applications. World

Scientific Publishing Company, 1993.

[45] Stephen Boyd and Lieven Vandenberghe. Convex Optimization. Cambridge University Press,

2004. doi: 10.1017/CBO9780511804441.

[46] L. Grover. Quantum mechanics helps in searching for a needle in a haystack. Phys. Rev.

Lett., 78:325–328, 1997.

[47] Michel Boyer, Gilles Brassard, Peter Hoyer, and Alain Tappa. Tight Bounds on Quan-

tum Searching, volume 46, pages 187 – 199. 01 2005. ISBN 9783527603091. doi:

10.1002/3527603093.ch10.

[48] Ethan Bernstein and Umesh V. Vazirani. Quantum complexity theory. SIAM J. Comput., 26

(5):1411–1473, 1997. doi: 10.1137/S0097539796300921.

[49] Aleksandrs Belovs. Quantum algorithms for learning symmetric juntas via the adversary

bound. Computational Complexity, 24(2):255–293, 2015. doi: 10.1007/s00037-015-0099-2.
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