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Abstract

This thesis aims to evaluate the performance of deep learning artificial neural network (ANN)
(multi-layer perceptron (MLP) and long short-term memory (LSTM)) models and parametric
(Black—Scholes—Merton, Heston, Heston jump diffusion and finite moment log stable) models in
the daily prediction of Standard and Poor’s (S&P) 500 call option prices and delta and optimally
trading ETF pairs. We use multiple specifications of hidden layers and neurons for ANN models
that reflect a more granular level of deep learning, aiming to provide insight into the efficacy of
increasing granularity in improving performance. For comparison, we employ classical option
parametric pricing models widely used in academia and practice to comprehensively assess the

models’ performance based on their practical relevance.

In the first study, an extensive empirical assessment of the forecasting performance of daily
S&P 500 call option prices/moneyness is performed, and we experiment with single, double, and
triple hidden layers specifications of ANN and parametric models. Deep learning ANN models
are trained on lagged and one-trading-day-ahead input variables. The numerical investigations
reveal that the best-performing models for daily forecasts of call option prices and moneyness
are LSTM models (with lagged input variables) and MLP models (with one-trading-day-ahead
input variables) compared to parametric models. Moreover, most triple hidden layer ANN
models outperform single and double hidden layer ANN models. These results have practical
implications for pricing options without look-ahead bias and for network architectures that
empirically demonstrate performance improvement from single to triple hidden layers ANN

models.

In the second study, the empirical performance of triple hidden layer deep learning ANN and
parametric models (with lagged and one-trading-day-ahead input variables) is assessed by pre-
dicting daily S&P500 call option delta and the corresponding replicating portfolio value. The
delta is computed directly and may also be analytically inferred from option prices. We find
that the Black—Scholes—Merton model and the LSTM models typically outperform the other
parametric and ANN models. In particular, the LSTM models outperform when the delta is
analytically inferred from option prices. The results of this chapter have practical relevance for

short-term dynamic hedging applications of options portfolios.

The third study amalgamates the models discussed in the first and second studies by comparing
model averaging predictions of prices, deltas and replicating portfolios from deep learning ANN

and parametric models. It is shown that the average triple hidden layer MLP models tend to



perform the best in forecasting option prices, with the parametric models performing better
in forecasting delta. For the replicating portfolio, the pricing forecasts seem to dominate the
delta forecasts, revealing the superiority of the average triple hidden layer MLP models. These
findings provide empirical evidence of the effectiveness of model averaging techniques for fore-
casting options prices and delta risks, which would be helpful in short-term risk management

and derivatives evaluation.

The fourth study introduces a new methodology for pair trading equity ETFs, which is for-
mulated by effectively applying commonly used technical indicators and machine learning algo-
rithms (decision tree and deep learning MLP models) to the spreads generated by traditional
approaches, thereby generating unique ways to enhance returns. We perform a comparative
analysis based on actual PnL(Profit and Loss), returns, Sharpe ratios, and other performance
indicators. Eight ETF pairs across three rolling windows (30 days, 50 days and 100 days) yield
3,084 pair trading strategies, which are back-tested. We find that there are alternate and prof-
itable ways to trade pairs that provide a practitioner with many profitable opportunities, unlike
traditional approaches in which one is confined to a limited number of opportunities. A pair
of ETFs can be traded irrespective they are cointegrated or correlated, thereby enabling hedge
funds, institutional investors and retail traders to deploy this strategy as a long/short equity

investment tool.



Chapter 1

Introduction

1.1 Motivation and Literature Review

“The most valuable commodity I know of is information."
- Gordon Gekko, Wall Street (1987)

In this era of big data, surplus computing power, and the recent advanced developments in
GPU(graphics processing unit) computations, deep learning techniques for forecasting asset
prices have been extensively used by practitioners and academicians. Also, it is now econom-
ically possible to address large-scale optimisation problems because of the falling cost of com-
puting power. In recent years, researchers have developed several machine learning algorithms
to predict asset prices and trading strategies around them for short- and long-term investing.
The research presented in this thesis was motivated by a desire to address some of the problems
that practitioners, derivative and retail traders face, particularly issues with pricing and hedg-
ing S&P 500 Index options and optimally trading statistical arbitrage strategies on Exchange
Traded Funds (ETFs).

The landmark Black—Scholes (BS) option pricing model was introduced by the celebrated au-
thors in Black and Scholes (1973). Their so-called BS option pricing formula is still a prominent
conventional model for pricing options and is considered the most crucial achievement in fi-
nancial theory in the last five decades. Empirical research has shown that the formula suffers
from systematic biases compared to options market prices, particularly failing to account for the

so-called volatility smile in observed option price data (see Black and Scholes (1975), Rubinstein



(1985), Bakshi et al. (1997a) and Andersen et al. (2002)). Several parametric option pricing
models have attempted to generalise the BS assumptions. The Stochastic Volatility (SV) model
introduced by Heston (1993) incorporates a second parametric process to model the underly-
ing volatility. This model seems to provide results more consistent with the volatility smile
of observed market data. The SV model was further extended by Bakshi et al. (1997a), who
concluded that incorporating stochastic volatility and jumps is essential for pricing and internal
consistency and can improve on BS prices. Despite its limitations, the BS model is still fre-
quently used in many practical contexts to price European options despite the many alternative
parametric models that have been proposed, whether they incorporate parametric modelling of
stochastic volatility as in Heston (1993) or a jump-diffusion component, as proposed in Merton
(1976). More complicated models, such as that of Bates (1996), include parametric modelling
of stochastic volatility and add a jump-diffusion component to the underlying asset process,
and modelling stochastic interest rates, as in Bakshi et al. (1997b). However, one criticism of
such approaches is that using the aforementioned parametric models involves complex empirical
modelling. These models often prove challenging to implement for use in “real-world” pricing,

hedging and trading applications.

Various non-parametric models have been introduced in the literature to remedy the perceived
defects of the parametric models and to provide alternative approaches for pricing and hedging
applications. The most important non-parametric models in recent years employ artificial neural
networks (ANN). Such models propose a purely data-driven modelling approach and have been
extensively used in forecasting, pricing and hedging options, bankruptcy prediction, and stock
market prediction. ANNs do not make any distributional assumptions about the stock process,
thereby avoiding imposing a rigid model structure, unlike parametric models. This makes the

ANNs universal function approximators (Hornik et al. (1990)).

The single-layer perceptron neural network, which has an input layer, a hidden layer and an
output layer, is by far the most common and, in many ways, the most basic. The multi-layer
perceptron (MLP) neural network is an extension of the single-layer perceptron neural network
with multiple hidden layers, where nodes in each hidden layer are connected to nodes in the next
hidden layer. Similarly, recurrent neural networks (RNNs) are neural networks that generalise
and extend the MLP model. In the case where we have a Deep ANN model with several network
layers, the RNN variant of an ANN model allows previous outputs in network layers to be used
as inputs to subsequent layers while also allowing hidden states. In contrast to a conventional

MLP deep network where every layer is independent, in an RNN, the previous layer’s output



is vital in predicting the output from the next layer. In this regard, RNNs introduce memory
into the network model. The architectures employed in the early generations of RNNs displayed
practical implementation issues mainly related to their limited memory capacity, which is less of
an issue with current hardware. However, more serious problems would arise due to pathological

features caused by the vanishing or exploding gradient problem(Hihi and Bengio (1995)).

The long short-term memory (LSTM) Network is a specific form of RNN proposed by Sepp
and Jurgen (1997). The architecture of the LSTM network tries to solve the latter problem
by not imposing any bias towards recent observations but instead keeping the constant error
flowing back through time. The LSTM network avoids long-term dependence problems and is
likely suitable for processing and predicting time-dependent data encountered in financial time
series. The LSTM network can handle long sequences of inputs compared to other RNNs, which
can only deal with short sequences. Outstanding results have been achieved using LSTM and
RNNs as documented in Alex and Jurgen (2008) for unsegmented connected handwriting, for
automatic speech recognition in Alex (2014), for music composition by Douglas E. (2002), and in
the context of grammar learning by Gers and Schmidhuber (2001). Similarly, exceptional results
were achieved in Meire et al. (2017) when LSTM networks were paired with convolutional neural
networks (CNN) to automatically provide annotations for images. In the area of financial time
series prediction, very few studies have applied LSTM networks, and even where they have
been applied, most of the studies have been in the area of stock price prediction. Chen et al.
(2015) proposed an LSTM-based system to predict stock returns on the Chinese stock market
using historical price data of stock and market indexes and found that, as the number of inputs
increased, the LSTMs showed improvements in forecasting accuracy. A stock trading simulation
based on a method using LSTM was demonstrated by Nelson et al. (2017), where the forecast
performance of the LSTM was compared to baseline models, such as the MLP, random forest
(RF), pseudo-random model and results showed that the LSTM-based model was comparatively
more accurate than other machine learning models. Moreover, it also had a lower risk-adjusted
return. Similarly, Bao et al. (2017) used a three-stage process to predict six market index
futures. They initially used a wavelet transformation to reduce high-dimensionality stock data
to low-dimensionality signal data, which was reproduced using a stacked auto-encoder and then
finally used the LSTM network to predict stock prices. They concluded that the forecasting
performance of the LSTM was better than the RNN, LSTM, and Wavelet-LSTM models. In
addition to using time series data with the LSTM network, Jiahong et al. (2017) extracted
investor sentiment from forum posts and fed it to the LSTM network along with historical

market data to predict the next day’s China Securities Index (CSI) 300 open price. They



concluded that LSTM networks outperformed Support Vector Machines (SVM), and adding
the sentiment as a feature to the LSTM network led to a remarkable improvement in accuracy
(from 78.57% to 87.86%). Along similar lines, Akita et al. (2016) used textual data from the
Nikkei newspaper as input for the LSTM network together with time-series data to predict the
open prices of 10 companies. They concluded that the LSTM model trained with numerical and
textual representations made higher profits (1.67 times higher) than the LSTM model otherwise
trained with only numerical data. Motivated by these findings, this thesis uses MLP and LSTM
networks and compare performance relative to parametric models in a variety of applications
involving S&P 500 Index options, including forecasting option prices and deltas and identifying

optimal trading strategies.

1.1.1 European Options Pricing Using Machine Learning:

The architectures of ANN models applied to forecast S&P 500 Index options prices have typically
been a single hidden layer ANN (Ghaziri et al. (2000) is an exception), as shown in the list of
papers in Table 1.1.

In one strand of literature, the target forecasting variable is the call price or the call price scaled
by the strike price, which reflects the option’s ‘moneyness’ (employing the ‘homogeneity hint’
of Merton (1976)). By using the ‘homogeneity hint’, Hutchinson et al. (1994) showed that the
rate of convergence of non-parametric estimators is accelerated as fewer inputs to the model
are used. Furthermore, Hutchinson et al. (1994) applied three non-parametric models on S&P
500 futures options for both option pricing and hedging. They used the Radial-Basis Function
(RBF) network, the MLP and the Projection Pursuit (PP) networks and showed that all three
networks exhibited superior performance to the BS model. However, these networks were trained

on artificially generated BS option prices rather than traded prices.

Hutchinson et al. (1994), Lajbcygier et al. (1997), Anders et al. (1998), Garcia and Gengay
(1998), and Garcia and Gengay (2000) show that the ‘homogeneity hint’ helps to reduce overfit-
ting. The study by Hutchinson et al. (1994) was extended by Garcia and Gengay (1998, 2000),
who found that an ANN using S;/K; was superior to an ANN using S; and K; separately and
that the ‘homogeneity hint’ consistently reduced the out-of-sample mean squared prediction
error compared with a feed-forward neural network with no hint. Bennell and Sutcliffe (2004)
concluded that for out-the-money (OTM) options, an ANN is superior to BS, whereas, for in-the-
money (ITM) options, the performance of BS is better than that of the ANN. The effectiveness



of ANN models was further enhanced in Gengay and Qi (2001), who introduced cross-validation,
Bayesian regularisation, early stopping and bagging to mitigate overfitting. They concluded that
bagging is computationally intensive but provides the most accurate pricing and delta-hedging.
As the BS model is known to under-price (over-price) in-the-money (out-of-the-money) options
and this error increases with the extent to which the option is in-the-money (out-of-the-money)
and decreases as time-to-maturity decreases, Gengay and Salih (2003) concluded that for the
deeper out-of-the-money call and put options, an ANN provides more accurate pricing estimates
and performs better during high volatility periods. The homogeneity hint was also applied in
an inverted manner by Carverhill and Cheuk (2003) as K/S on options based on the S&P 500
Index futures using a single hidden layer neural network with two outputs, the delta and the
volatility. They concluded that by inverting the homogeneity hint, an ANN still outperforms

the Cox—Ross—Rubinstein (CRR) model in terms of forecasting performance.

Though most literature is supportive of the use of ANNs and the application of the homogeneity
hint to their inputs, Gradojevic and Kukolj (2011) found contradictory effects. They introduced
a fuzzy rule-based parametric model, known as the Takagi-Sugeno—Kang (TSK) model, that
accounts for the non-normality in S&P 500 Index returns. The TSK model exhibits an option
pricing performance similar to that of non-parametric ANN models, and this holds true despite
providing the ANNs with inputs possessing the homogeneity hint. Furthermore, Hamid and
Habib (2005) studied the pricing of call S&P 500 Index futures options finding that ANNs
display a similar lack of performance when the single hidden layer ANN model is compared to
the Black (1976) model. They also found that, in shorter horizons, the ANNs fail to generate
output close to the market call price. Accordingly, in this thesis, the forecasting performance
of both prices and moneyness is considered while we extend this strand of literature to multiple

layers in order to assess the relative performance of increased granularity in ANN networks.

In another literature strand, ANNs are employed to provide estimates of the parameters of
parametric option pricing models required to implement these models—for example, estimating
volatility as an input to the BS model. Qi and Maddala (1996) extended Hutchinson et al.
(1994)’s study on pricing S&P 500 Index options by training single hidden layer feed-forward
neural networks using input variables from the BS model but excluding volatility and including
open interest instead. They reported a minor improvement of ANNs in pricing S&P 500 call
options compared to the BS model. The usage of open interest was referred to as a crucial factor
in the improvement in pricing, as the usage of open interest is not affected by the variance of

the target variable. Andreou et al. (2002) extended the Lajbcygier and Flitman (1996) model



for option pricing by training ANNs on the difference between the actual market price and the
BS option price. They concluded that while ANNs are superior to BS models, no input variable
combinations rendered either a specific BS or ANN model superior. As the SV, stochastic
volatility with Jumps (SVJ) and stochastic interest rates (SI) models could not manage to
provide results consistent with the observed market data, and as they were too complex to
implement, Andreou et al. (2004) extended their study to SVJ models with one jump and two
jump components. They also considered the model of Corrado and Su (1997) (CS), which allows
for excess skewness and kurtosis. They found that these advanced parametric option pricing
models (POPMs) perform better in pricing and trading than ANNs, which use parametric

models’ implied parameters.

Andreou et al. (2008) compared the BS, the semi-parametric CS models, with several ANN
configurations in which the target function of the ANNs was the residual between the actual
call market price and the parametric option price estimate. They concluded that, in the pres-
ence of transaction costs, the BS-based hybrid ANN models with contract-specific volatility
are the best-performing ANN models. Dumas et al. (1996) formulated a quadratic form for
estimating per-contract volatility called deterministic volatility regression functions (DVF) to
predict option prices, finding that an interpolative regression approach produces more accurate
option prices than the Crank-Nicholson finite-difference method. This method of pricing was
extended by Andreou et al. (2010), who designed a nonparametric method of enhancing the
parameter values used in parametric option pricing models, thereby creating a semi-parametric
method to price options. They propose a method (that outperforms Dumas et al. (1996)’s DVF
method) for estimating parameters such as volatility, skewness, and kurtosis using the Gener-
alised Parameter Functions (GPF). The semi-parametric/enhanced-parametric option pricing
models (i.e. ePOPMs) are simpler and three times faster to compute than SVJ models. The
parameter enhancement (in ePOPMSs) provides volatility to the BS model and skewness or kur-
tosis to the CS model. To estimate the GPFs nonparametrically, they used a single hidden
layer feed-forward ANN. Among parametric models (i.e. non-DVF versions of the BS, CS, SVJ
and SV models), the SVJ model, followed by the SV model, exhibited superior performance in
pricing. During in-sample and out-of-sample performance, the DVF-based CS models provided
better pricing performance than other corresponding DVF-based models, but the parametric
SVJ model outperformed all of them. The ePOPMs have an excellent out-of-sample pricing
performance, where the root mean square error (RMSE) for all the models ranged between 1.50

to 1.75.



ANN techniques can estimate option prices inductively using historical or implied input variables
and option market data. These nonparametric methods do not make any theoretical assump-
tions about the underlying process or directly involve any financial theory in their approaches.
Kim et al. (2004) observed that the impact of the stationarity on the forecasting power of ANNs
was minuscule and that it was feasible to relax the stationarity condition to non-stationary time
series when using ANNSs for forecasting. Since option pricing functions are necessarily multivari-
ate and highly nonlinear, ANNs may be desirable approximators of the empirical option pricing
function. In addition, approaches based on parametric models necessarily describe a stationary
nonlinear relationship between a theoretical option price and the various input variables. It
is well known that market participants may change their option pricing attitudes over time, so
any stationary model may fail to adjust to such changing market behaviour (Rubinstein (1985)).
Frequently re-trained ANNs may also be able to adapt to changing market conditions and correct
for parametric model biases, particularly for the BS model (see Lajbcygier and Flitman (1996),
Garcia and Gengay (2000), andYao et al. (2000)). Since non-parametric pricing methods do
not rely on specific assumptions about the underlying asset price dynamics, they are therefore

robust to specification errors that might adversely affect any parametric pricing model.!

1.1.2 Forecasting volatility using Machine Learning

Regarding applications related to forecasting volatility, initially, Donaldson and Kamstra (1997)
studied the application of ANN to capture the volatility effects overlooked by GARCH, EGARCH
and GJR models for the S&P 500, Toronto Stock Exchange Composite Index, the Nikkei Index,
and the FTSE Index. In-sample comparisons concluded that the GARCH model often fails
to capture the empirical regularity, and the EGARCH model may not be appropriate since

it sometimes produces erratic volatility estimates; the GJR model seems more able to fit the

IThe use of ANNs has been extensively extended in several related directions, including
pricing and/or hedging of American and exotic style of options, warrants, etc. For example,
recent contributions include Pires and Marwala (2004, 2005) used an SVM to price American
options; Kohler et al. (2010) employed a modified version of the ANN to price American put
options on several instruments and used the least-squares Monte Carlo algorithm instead of
regressions; Ferguson and Green (2018) applied the Monte Carlo algorithm to price American
call options on a basket of stocks; Ye and Zhang (2019) presented techniques for using a stochastic
process and ANNs to price American options, Jang and Lee (2019) applied generative Bayesian
Neural Networks (BNN) for pricing away out-of-the-money S&P 100 American put options;
Becker et al. (2019) use ANNs to price American and Bermudan max-call, callable multi-barrier
reverse convertibles and estimate optimal values for stopping time problems, a study that was
extended by Fécamp et al. (2019).



asymmetric heteroskedasticity in the data than either GARCH or EGARCH and thus, the best-
performing model appeared to be the ANN model. Mantri et al. (2014) builds on Donaldson
and Kamstra (1997)’s work by using a similar set of models, which includes an ANN, GARCH,
EGARCH, IGARCH, and GJR-GARCH model, to forecast volatility for the BSE Sensex and
NSE Nifty. But, they found that the volatility forecasts from ANNs are no different than those
from GARCH, EGARCH, IGARCH, and GJR-GARCH models, which was confirmed by an
ANOVA test. A similar set of econometric models was also used by Kumar and Patil (2015)
to forecast volatility for the S&P 500 index for ten years using five types of historical implied
volatility estimating techniques, namely the Close, Garman Klass, Parkinson, Roger, and Yang
methods, as well as the MLP and econometric models, namely the ARIMA, ARFIMA. The
Garman Klass estimation technique and the ARIMA forecasting technique were found to have
the highest forecasting accuracy. Similar performance of the ANNs was also reported by Hamid
and Igbal (2004), where they forecast volatility for the S&P 500 Index futures options using
ANNSs and Barone-Adesi and Whaley options pricing model. They conclude that, while forecasts
from ANNs outperform implied volatility forecasts, but do not differ significantly from realised
volatility. However, a recent study by Cao et al. (2020) has shown to differ in the forecasting
performance of ANNs, where they examined the S&P 500 index option volatility surface using
MLPs, and on a daily basis, and derived a relationship between the expected change in implied
volatility, the return on the index, the option’s moneyness, and the option’s time to expiry. They
conclude that the MLP model outperforms the Hull and White (2017) model by 10.72%, and a
further improvement of 62.12% was possible if the MLP model was given the level of the VIX
index as an additional input. Some of these studies have considered Support Vector Regression
(SVR) to estimate the dynamics of parametric volatility models. For instance, for modelling
the E-mini S&P 500 options implied volatility surface, Zeng and Klabjan (2019) used a variety
of support vector regression models (EKPSVR, BKPSVR, KPSVR, NORMA, and BSGD) and
concluded that the EKPSVR algorithm not only outperforms other algorithms in terms of speed
but also in terms of pricing. Much of the literature also suggests that Support Vector Machines
(SVM) are one of the alternate best regression algorithms for forecasting volatility. Liu (2019)
puts this claim to the test by applying three modelling techniques, the v-SVR, LSTM and the
GARCH model, for forecasting the volatility of the S&P 500 and AAPL. For the S&P 500 and
AAPL, they found that LSTMs were just as good as v-SVR at forecasting volatility and that both
were much better than the GARCH model. A similar set of models was also used by Ramos-Pérez
et al. (2019), where they created hybrid models for forecasting S&P 500 volatilities using a set of

machine learning models (Gradient Descent Boosting, Random Forest, Support Vector Machine,

10



ANN) based on a combination of GARCH and EGARCH. They conclude that, in a highly volatile
regime period, the Stacked-ANN model generated more accurate volatility forecasts than other
hybrid models (ANN-GARCH or ANN-EGARCH), owing to model flexibility, and that under

and overvalued derivatives could be identified using the Stacked-ANNs volatility forecasts.

Recently, many studies have also considered LSTM models for forecasting the volatility surface.
Given the LSTMs ability to characterise the long memory of financial volatility, Chen et al.
(2019) applies an LSTM model with an attention mechanism to the S&P 500 options implied
volatility surface, which enhances the ability of LSTM networks to select input features. They
conclude that the LSTM forecasted implied volatility surface is more accurate than other pre-
dicting systems. Using this surface, they price options and back-test two trading strategies:
time spread and butterfly spread. These two strategies constructed using the predicted implied
volatility surfaces had higher returns and Sharpe ratios. A similar study based on LSTMs was
done to forecast the realised volatility surface for the S&P 500, 10-year Treasury note future
and 1-month Treasury bond future by Bucci (2020), who employs an Elman, Jordan, Nonlinear
Autoregressive Exogenous Neural Network models, LSTM model, and Cholesky decomposition.
They point out that as the number of hidden layers, hidden nodes, and inputs in these ANN
models grew, the risk of missing the local minimum grew as well. The out-of-sample tests reveal
that the Elman and Jordan Neural Network models could not strongly outperform the tradi-
tional econometric methods, like GARCH, and the Nonlinear Autoregressive Exogenous Neural
Network and the LSTM were the best forecasting models. Similarly, to forecast volatility for
the S&P 500, NASDAQ, German DAX, Korean KOSPI200, and Mexico IPC Index, Kyoung-
Sook and Hongjoong (2019) use technical indicators like Moving Average, Exponential Moving
Average, Momentum, and hybrid Momentum as inputs to an LSTM model. They conclude that

combining hybrid Momentums with traditional Momentums improves forecasting.

1.1.3 Hedging Options using Machine Learning

MLP ANN techniques have been used extensively to study empirical hedge ratios (specifically
delta). These ANN techniques involve inferring delta from ANN option prices or training an
ANN directly on the empirically observed hedge ratios or delta. Some studies inferring the delta
from call prices involve taking the partial derivative of the ANN call prices with respect to the
underlying index/futures price. For a representative list of such works, see Table 1.2. All of
these studies except Carverhill and Cheuk (2003) and Chen and Sutcliffe (2012) derived the

hedge ratios analytically from an ANN fitted to option prices. In Hutchinson et al. (1994), the
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hedging performance of three ANN models (RBF network, the MLP network, and PP network)
on the S&P 500 futures options is shown to be superior to the BS model. Herrmann and Narr
(1997) followed Hutchinson et al. (1994) approach to training an ANN model on German stock
index (DAX) options and found that the delta derived from ANN call option prices performs
slightly better (approximately 1%) than the BS delta. As systematic biases in BS implied
volatilities (BS implied volatilities tend to vary across moneyness and times to maturity) are
documented by Bates (1996) and Dumas et al. (1996), Lajbcygier and Flitman (1996) stated
that these biases could be reduced using a novel combination of bootstrap and bagging methods.
This approach was applied to a hybrid ANN option pricing model, which predicts the residuals
between the conventional parametric model option price (the modified-Black model) and the
actual transaction price. Through a delta trading strategy, the hybrid delta captures most of
the trading opportunities. Hutchinson et al. (1994)’s study was extended by Ormoneit (1999)
to implement an ANN regularised network weights using an Iterative Extended Kalman Filter
(IKEF) as the learning rule on DAX options. They find that training the ANN using IEKF
leads to more accurate option price predictions and superior hedging performance than that of

the BS model.

The Mixture Density Network (MDN) method is an alternative hybrid approach using both
parametric and non-parametric estimation. MDNs were first proposed by Schittenkopf and
Dorffner (2001) as an alternative method to estimate the risk-neutral density of assets using a
mixture of Gaussian distributions and thus overcome the shortcomings of the systematic errors
of the term structure of volatility or volatility smile in the BS model. The idea is to use MLPs
to determine the parameters of the mixtures as a non-linear function of the information set.
These authors found that the MDN model displayed higher pricing accuracy than the basic and

adjusted BS models. However, it did not necessarily display better hedging performance.

Using the ‘homogeneity hint’, Hutchinson et al. (1994) non-parametric models had fewer inputs,
leading to a faster convergence rate of the non-parametric estimators and superior outperfor-
mance. This method was later extended by Garcia and Gengay (2000), who found that using
an ANN model with the homogeneity hint (call prices scaled by the strike price) provides more
stable average delta hedging errors than ANN networks without it. Both have smaller delta-
hedging errors relative to the BS model. Similarly, Gengay and Qi (2001) concluded that an
ANN with Bayesian regularisation could effectively reduce overfitting and generate significantly
smaller pricing and delta-hedging errors than the BS model or an ANN model without Bayesian
regularisation. Amilon (2003) also extended Hutchinson et al. (1994)’s study by using additional
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inputs on two sets of MLP models (one set of MLP models using lagged historical variables and
the other using lagged implied parameters). With the help of bootstrap techniques, they showed
that hedging using both (BS and MLP) models result in losses, with loss in the MLP models
being considerably less than that in the BS model. At the bootstrapped 95% confidence in-
tervals, the MLP model (using lagged historical variables) performed significantly better than
the BS model (with implied volatility estimates). Carverhill and Cheuk (2003)’s study is an
extension of Hutchinson et al. (1994), which investigates if an MLP model could produce better
hedging parameters than the standard Cox-Ross-Rubinstein option pricing model. They found
that training MLP models on observed option prices and subsequently deriving the hedge ra-
tios from the resulting pricing equation is not the best strategy. It is better to train an MLP
model directly on delta and vega (inferred from observed option price changes). Moreover, they
mentioned that the hedging performance of the MLP model trained on option prices is always
inferior to that of the MLP model trained on delta/vega and performs worse than the Cox-Ross-
Rubinstein model. Similarly, Chen and Sutcliffe (2012) extended both Hutchinson et al. (1994)
and Carverhill and Cheuk (2003), as they derived hedge ratios (delta) for hedging short sterling
options positions using short sterling futures analytically from ANN option prices and also by
training ANNs directly on the empirical hedge ratios. They concluded that the performance
of hedge ratios from ANNSs directly trained on empirical hedge ratios is significantly superior
to those based on a pricing model or the parametric modified Black model. A similar exercise
of comparing the delta-hedging error of MLP models to that of the BS model was carried out
by Ko (2009). It was concluded that the derived average absolute delta-hedging error of the
ANN model is tenfold times smaller than that of the BS model, and the ANN model achieved
a 66.94% winning rate over the BS model, compared to Hutchinson et al. (1994)’s winning rate

of 38% over the BS model.

To improve on the ANNs ability to hedge out-of-sample options by learning the BS implied
volatility, Mostafa and Dillon (2008) compared the Generalised Autoregressive Conditional Het-
eroskedasticity Option Pricing Model (GOPM) to two types of MLP models. The first type of
MLP model followed the standard approach of using the option price as the target output of the
network, and in the second method, the MLP was directly trained on the BS implied volatility.
It then used the BS formula to derive the theoretical option price and subsequently derive the
delta analytically from the option price. They concluded that GOPM performs the worst, with

the BS model, on average, outperforming the others, except for the ITM options.

Reinforcement Learning (RL) involves the procedure of training machine learning models to
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make a series of decisions, which are to be made in a dynamic environment. The use of RL
for hedging options has been gaining prominence, and recently, Buehler et al. (2019) used the
Heston and modern deep RL methods to hedge a portfolio of derivatives in the presence of
market frictions such as transaction costs, liquidity constraints and risk limits. According to
them, parametric models are only a rough approximation of machine learning models, which
could produce more precise results using convex risk measures. They hedged a portfolio of
over-the-counter (OTC) derivatives by training the machine learning models with simulated
data. Based on synthetic data, the simulations used to train these RL models took into account
transaction costs and other market frictions to produce optimal hedge ratios. This study was
further expanded by Carbonneau and Godin (2021), where the authors applied deep reinforce-
ment learning models to hedge exotic options to implement an equal risk pricing and hedging
framework that relies on convex risk measures. Developed using the methodology introduced by
Buehler et al. (2019), this framework tries to optimally hedge the residual risk exposure asso-
ciated with the long and short positions in a contingent claim. Hence, this method could price
and hedge various types of contingent claims and underlying assets with different dynamics,
such as regime-switching, stochastic volatility, and stochastic volatility with jumps. Similarly,
Cao et al. (2021) also applied RL to optimally hedge a short position in an S&P 500 Index call
option while accounting for transaction costs. The RL uses an objective function based on the
first and second non-central moments of the probability distribution of the cost of hedging and
produces an optimal hedge when a stochastic process is used. The authors concluded that by
combining a simple pricing model with more complex asset-pricing processes, effective hedging
strategies could be developed. This method may also be useful for pricing exotic options, which
are difficult to hedge using Greeks. The use of an ANN to hedge options by replicating the
entire volatility surface of the rough Bergomi volatility model was also demonstrated recently
by Horvath et al. (2021). The ANN model used by the authors can calibrate an entire im-
plied volatility surface in a matter of milliseconds. This method could be used with a variety
of second-generation stochastic and rough volatility models, and it eliminates the bottleneck

caused by slow derivative contract pricing and hedging.

Zhang and Huang (2021) extended Buehler et al. (2019)’s study by introducing a hedging strat-
egy using the LSTM-RNN networks, which incorporates market frictions such as transaction
costs, liquidity constraints, trading limits and costs of funds for the 50 ETF options, Hang Seng
Index (HSI), Nikkei, S&P 500 and Financial Times stock exchange (FTSE) 100 Index Options.
The LSTM-RNN networks were benchmarked with the Leland (1985), Boyle and Vorst (1992),

and Wilmott et al. (1994) using simulated market data generated by geometric Brownian mo-
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tion (GBM) and real market data. They found that the LSTM-RNN model outperformed other
models for OTM moneyness when volatility is low or medium, and there is less than 80% risk
level in the models that use the simulated market data. Using real market data, for the 50 ETF
options, the LSTM-RNN model outperforms the benchmark for ATM options with low-risk lev-
els. For the HSI Index options, the LSTM-RNN model outperforms benchmark models when
transaction costs are smaller than 1.5%. For Nikkei and S&P 500 Index options, the LSTM-
RNN model always outperforms benchmark models, and finally, for the FTSE Index options,
the LSTM-RNN model outperforms benchmark models when moneyness is not too deeply I'TM.
Accordingly, we also employ LSTM models in this thesis.

Although ANNs have been widely used for hedging options, the use of linear regressions has
not been investigated, and Ruf and Wang (2021) compared linear regressions with their newly
designed neural network, known as ‘HedgeNet’, which incorporates the homogeneity hint by
training in two parts. They initially controlled for moneyness and then for time to maturity,
a procedure partially inspired by Garcia and Gengay (1998). The HedgeNet was designed for
the hedging of options and trained to minimise the hedging error instead of the pricing error.
The performance of HedgeNet was tested on several different datasets: (a) data simulated from
the standard BS stochastic integral equation, (b) data simulated from Heston’s model, and (c)
daily end-of-day mid-prices obtained from OptionMetrics (applied to end-of-day and tick prices
of S&P 500 and Euro Stoxx 50 options, respectively). The goal is to determine the hedging ratio
by minimising the variance over one period of the hedged portfolio. In doing so, they reduced
the mean squared hedging error of the BS benchmark significantly; however, similar results
were also obtained using simple linear regressions. They concluded that ANNs could not find
additional non-linear features, and option greeks—in particular, delta, vega, and vanna—combined
with a simple linear regression model are superior in hedging performance. The linear regression
models improvement over the hedging performance (without considering transaction costs) of
the BS model is about 15-20% for a daily re-balancing, but for the two-day re-balancing, all
regressions outperform the BS—Delta, where relative to the BS-Delta, the regressions are about

2% to 3% better.

1.1.4 Model Averaging Approach to ANN

Researchers have attempted to make predictive models robust, reduce model uncertainty and
increase the predictive power of parametric and non-parametric models. One such method,

called bagging, was introduced by Breiman (1996), where it involved taking an aggregate value
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of the predictions from multiple versions of a model through bootstrapping. The process of
bagging is computationally intensive, and Gengay and Qi (2001) noted that it provides the most
accurate pricing and delta hedging. To improve generalisation as per Gengay and Qi (2001),
multiple versions of the ANN were generated using a random seed, and the outputs of these
networks are aggregated to get an average predicted call price. As shown in Figure 2.4, in the
bagging process, iteration 1 would be performed multiple times to arrive at an average call price
or the average delta. The division of training, validation and test set data across the multiple
neural networks would randomly vary. Gengay and Qi (2001) also showed that using this bagging
approach, the standard deviation of the mean squared prediction errors (MSPEs) is significantly
smaller than that of forecasts of individual baseline models, while such regularisation methods
are effective on models implementing the homogeneity hint. Another drawback of large neural
networks is overfitting, especially when applied to small datasets, which can be managed by
employing bagging or boosting to combine several different models. Considering that this is a
computationally expensive exercise, Opitz et al. (2017) proposed a maximisation of individual
networks via the DivLoss loss function that avoids the training of expensive ANN models.
With a particular focus on financial series applications, such as stock indices and interest rate
yields, Ravazzolo et al. (2007b,a) used model averaging techniques and found that the benefits
of model averaging benefits in terms of parameter and model uncertainty improve the power to
forecast financial time series. Guo et al. (2021) demonstrated the capacity for model averaging to
significantly improve the performance of Apache Spark, a well-known slow engine for executing
data engineering. Motivated by this literature, we use the model averaging approach to assess

performance in pricing and hedging predictability of S&P 500 options.

1.1.5 Pairs Trading using Machine Learning

Since 1980, professional traders, institutional investors and hedge fund managers have been using
pairs trading (PT) as one of the most popular statistical arbitrage techniques (Vidyamurthy
(2004), Dunis et al. (2010), Gatev et al. (2006), Hogan et al. (2004)).

PT is a statistical arbitrage method that invests in the spread between two equities whose
prices have historically moved in unison (Gatev et al. (2006)). A long position is taken in one
stock, and a short position is taken in the other simultaneously. Trading signals are based on
deviations from the long-term equilibrium spread, and the spread between the two stocks creates
a stationary process. We act and profit from the momentary inconsistency if the spread deviates

from its historical equilibrium, believing it will revert shortly. PT is a market-neutral strategy
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(a crucial principle of PT) because it generates returns regardless of whether the market rises or
falls (see (Vidyamurthy (2004)) and (Krauss (2017)) for a comprehensive review). According to
Huck (2015), these strategies mitigate specific market risks by taking offsetting long and short

positions on instruments that are actually related.

Machine learning approaches are somewhat uncharted in the subject of PT, as most relevant pub-
lications only apply them to a few select securities, but they offer a promising avenue for future
research (Krauss (2017)). The MLP and the LSTM-based neural networks are two methodologies
that are pertinent to this study. Both methods are widely utilised and have been demonstrated
to be reliable when it comes to forecasting stationary time series. These methods have also been

applied to PT by Dunis et al. (2006, 2015) and Sarmento and Horta (2020).

The distance measure can be used to quantify the similarity of price series and was first intro-
duced by Gatev et al. (1999) for pairs selection. In this approach, each price series is paired
with the price series that has the minimum sum of the squared differences between the two
normalised stock price series. This approach could have a disadvantage, as minimising the sum
of the squared difference between two normalised prices series will also minimise the variance
of the spread (Van der Have et al. (2017)).? This distance method may also not be statistically
sound since the spread between two price series can theoretically have a small sum of squared
differences but still be non-mean reverting (Krauss (2017)). By back-testing the distance-based
PT strategy on US equities from 1967 to 1997, Gatev et al. (1999) generated an 11% excess re-
turn, which was unaffected by transaction costs. The same study was repeated in 2006, but this
time with a five-year data period, and the results were still positive. Broussard and Vaihekoski
(2012) looked into the practicalities of putting Gatev et al. (1999)’s self-financing pairs portfolio

trading approach into practice, and their annualised returns were as high as 12.5% on average.

The distance approach, proposed by Gatev et al. (2006), is the most well-known and widely used
method and dominates empirical work on PT (Krauss (2017)). This method entails starting the
price series at one and then normalising it. The purpose is to locate pairs with the lowest
possible sum of squared deviations or pairs with a small gap between the normalised price series
by subtracting one series from the other. In contrast to the distance approach, Alexander and
Dimitriu (2002), Vidyamurthy (2004), Lin et al. (2006), and Miao (2014) have emphasised that
only the cointegration-based approach can reliably estimate the size of a pricing differential that

deviates from the long-run equilibrium.

2The spread must have some variance to have more trade entry opportunities to profit.
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Nath (2003) used another distance measure to find potential pairs in the US Treasury securities
market. Instead of constructing a cumulative total return index (as proposed by Gatev et al.
(1999)), Nath (2003) normalised the prices by subtracting the sample mean and then dividing
by the sample standard deviation over a 40-day period. For each pair in the trading universe,
an empirical distribution of price differences (distance) is recorded, and trading signals are
triggered by the observed distance exceeding the 15th percentile (rather than in units of standard
deviations) during the subsequent 40-day trading period. The positions are unwound if the
distance narrows and crosses the empirical distribution’s median, the spread widens even more

to reach a stop loss trigger (to the 5th percentile) or if the trading period is complete.

Do et al. (2006) pointed out that Gatev et al. (1999)’s approach is model-free and is immune to
model misspecifications and misestimations. Moreover, it is simple to set up, resistant to data
snooping and generates statistically significant risk-adjusted excess returns. However, the use
of the Euclidean squared distance as a selection metric is analytically sub-optimal. According
to Krauss (2017), the distance method is one of the most studied PT frameworks because of its
simplicity, transparency and non-parametric nature, which make it relatively easy to implement
in practice. However, the distance method has a few major flaws (Krauss (2017)). Gatev
et al. (1999) may not have paired stocks from the proper asset universe, and thus it is likely
that trading with this pair will result in a loss. Second, minimising the variance of the spread
results in fewer deviations from the mean and, thus, fewer potential opportunities to trade and
profit. Finally, the methodology of pairing stocks was not based on any statistical criteria;
hence, the chosen pairs might not have a long-run mean-reverting relationship. The mean-
reverting behaviours of pairs were also assessed by Huck and Afawubo (2015), who showed that
pairs chosen based on the cointegration method are more likely than pairs chosen using the
distance method to exhibit mean-reverting behaviour, even though the pairs do not converge
until the end of the trading period. This increases the risk of divergence leading to less profitable
trades with pairs whose spreads do not converge back to the mean. Krauss (2017) also used
Gatev et al. (1999)’s methodology and found that 32% of pairs chosen by distance diverged.
Due to these flaws, using the distance method to select pairs may be a poor choice, and a
statistical relationship-based pair selection method should be used. On a similar note, Huck
(2013) also highlighted that the returns of the distance-based PT method are very sensitive to
key parameters such as the length of the formation period and the trigger used to open trades.
In our study, the distance method serves as a benchmark for our proposed strategies because it

is still the most commonly used trading strategy.
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Papadakis and Wysocki (2007) used Gatev et al. (1999)’s rules for pair selection and trading
on a subset of stocks from the US equity market to investigate the impact of accounting events
on PT profitability. They discovered that trades opened during periods of accounting events
are significantly less profitable than trades opened during periods of non-accounting events.
Gatev et al. (1999)’s methodology was replicated by Do and Faff (2010, 2012) on the same
stock universe with a longer sample period up to 2009. They found a decline in profitability
owing to an increase in the number of non-converging pairs. Moreover, using Gatev et al.
(1999)’s methodology is unprofitable when trading costs are factored in. Gatev et al. (1999)’s
selection criteria were further refined in Do and Faff (2010, 2012) by limiting the matching of
securities within the 48 Fama—French industries and pairs with a high number of zero-crossings.
The additional criterion of zero-crossings was used as a proxy to account for mean reversions.
Although these restrictions resulted in fewer spurious correlations and more meaningful pairs,
the result was only slightly more profitable than that of Gatev et al. (1999) after including
transaction costs. In addition, with 29 different combinations of selection algorithms, Do and
Faff (2012)’s methodology is more vulnerable to data snooping. Nonetheless, Do and Faff (2010),
in agreement with Gatev et al. (2006), claimed that PT performs particularly well during times
of financial crisis. Using the distance-based pairs trading methodology, Muslumov et al. (2009)
evaluated pairs on the Istanbul Stock Exchange (ISE) using the distance approach and found
that the top 20 best PT portfolios generated an average excess return of 5.4%. The distance-
based approach was also applied to a 60-minute-interval-based FTSE 100 stocks from January
2007 to December 2009 by Bowen et al. (2010), who discovered that the strategy’s returns were
affected by both transaction costs and execution speed. Chen et al. (2019) also extended Gatev
et al. (1999)’s study by using the same dataset and time frame, but for pair selection, they used
the Pearson correlation coefficient based on pair returns. They opted for the correlation-based
framework because return divergences could successfully be captured. The monthly pairwise
return correlations for all stocks were calculated over a five-year formation period. They reported

a 1.70% average monthly raw return, which was almost twice that of Gatev et al. (1999).

The concept of cointegration was introduced by Engle and Granger (1987) and applied in the
practical context of pairs selection by Vidyamurthy (2011). Cointegration is a statistical rela-
tionship in which two time series of the same order, i.e. I(1), are combined to produce stationary
time series. The Engle and Granger (1987) or Johansen (1991) tests are the most commonly
used cointegration tests. The two-step approach to TP using cointegration involves first per-
forming a linear regression on the two-time series to determine the hedge ratio and estimate

the residual time series and then using the Augmented Dicker-Fuller test to determine the esti-
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mated residual’s stationarity. Although Vidyamurthy (2011) formulates an explanation of why
it might work, the author did not provide empirical results for the cointegration method but a
framework that can be used as a foundation for cointegration-based PT research. Caldeira and
Moura (2013) used the cointegration-based method to select pairs on the Brazilian stock index
and found excess returns of more than 16% per year. The cointegration method outperforms

the distance method in terms of pair selection, according to Huck and Afawubo (2015).

Cointegration tests were also used by Schmidt (2009) to identify pairs of stocks in the Australian
Stock Market. Schmidt (2009) used the Vector Error Correction Model (VECM) to model resid-
uals, but he did not intend to backtest the trading strategy with the VECM, instead opting for
Johansen’s cointegration method. He found that PT is profitable if the residuals have a high
rate of zero-crossing and large deviations around the mean. Using the cointegration technique,
Puspaningrum et al. (2010) identified the optimal preset boundaries for the PT strategy. The
goal was to estimate the average trade duration, average inter-trade interval, and the average
number of trades and then find the best-preset boundaries for maximising the minimum total
profit for cointegration error in an AR(1) process. Bogomolov (2011) used three estimation tech-
niques—the distance, cointegration, and stochastic spread methods—to compare the profitability
of these PT strategies on the Australian stock market (ASX). Before transaction costs, all ap-
proaches showed statistically significant monthly excess returns. Transaction costs, however,

have a negative impact on all three strategies, particularly the stochastic spread method.

The performance of the distance and cointegration methods was also compared to Liu et al.
(2017)’s method, which provides a unique way of modelling spreads to search for temporary
market mispricing inefficiencies in a more dynamic way. They mainly focused on pairs of oil
companies listed on the New York Stock Exchange. Data were collected at 5-minute intervals
in 2008 and then at 10-minute intervals from June 2013 to April 2015, with the back-testing
in 2008 yielding overwhelmingly positive results. Their findings backed up previous research
(Gatev et al. (2006), Kim (2011), Do and Faff (2010) and Rad et al. (2016)) that found PT to
be profitable in bear markets. Similarly, Mikkelsen and Kjeerland (2018) used a small sample
of Oslo Bgrs All Share Index (OSE)-listed seafood companies to test the performance of both
the distance and cointegration approaches. The study compared the use of high-frequency data
to that of daily data and discovered that neither the distance nor the cointegration methods
produced significant profits. Relevant studies have found ambiguous results when it comes to
the profitability of PT. Gatev et al. (2006), Do and Faff (2010, 2012), Jacobs and Weber (2015),
Engelberg et al. (2009), and Krauss (2017) have all claimed that profits have fallen in recent
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years and that the profitability of PT is negatively correlated with market liquidity. Using 1-
minute-interval data for the constituents of the S&P 500 from January 1998 to December 2015,
Stitbinger and Bredthauer (2017) performed a pair selection using the distance and correlation
and Liu et al. (2017)’s approach. They tested these methods on three different thresholds: a
static and two dynamic threshold approaches, one of which used a running mean and standard
deviation and the other of which used Bollinger (1992)’s reverting thresholds approach. They
discovered that combining the distance approach with a dynamic threshold yielded a 50% annual
return, while the static method yielded only 21.5%. They also found that the returns for PT
have declined over time. This research was extended in Stiibinger and Endres (2018), who
modelled the spreads using a mean-reverting jump-diffusion model on 1-minute-interval data for
oil and gas companies listed on the S&P 500 from January to December of 1998, reporting an

annual return of 60% and a Sharpe ratio of 5.3 after accounting for transaction costs.

Dunis et al. (2010) also examined daily and high-frequency data, i.e. 10-, 20-, 30-, and 60-min
data on the constituents of the EuroStoxx 50 Index using the cointegration method. They limited
the formation of pairs to 10 industry groups, resulting in 176 possible pairs that may or may
not have been cointegrated. Time-varying parameters were estimated using the Kalman filter,
and the spreads of all pairs were later standardised and traded according to a simple standard
deviation logic similar to that of Gatev et al. (1999). They discovered that the cointegration
method is profitable by using the top five pairs with the most appealing in-sample indicators.
Kim et al. (2006) also used the cointegration approach with the Kalman filter to estimate the
time-varying coefficients for equities listed on the Korea composite stock price index (KOSPT)
100 Index and fund positive excess returns after transaction costs were factored in. The authors
also affirmed that during a financial crisis, such a strategy performs better. In a similar way,
Dunis et al. (2010) and Kim (2011) also used the Kalman filter to estimate the adaptive hedge
ratio. The change in the hedge ratio was modelled as a random walk, and the spread is modelled
as Gaussian white noise in the state space equations from the Kalman filter model. Vidyamurthy
(2011) also used the Kalman filter in PT but did not go into detail on how to use it for parameter
estimation (i.e. estimating the hedge ratio). Rad et al. (2016) applied the cointegration approach
to the US centre for research in security prices (CRSP) data from 1962 to 2014. Initially,
stock pairs with the lowest sum of square differences (SSD) are identified over a 12-month
formation period, and by using the Engle-Granger cointegration approach, they chose the top
20 cointegrated stocks from the SSD rankings. Later, they used Gatev et al. (1999)’s threshold
rule to generate trading signals, where one USD was invested in the long leg of each pair and

the dollar amount in the short leg. Prior to transaction costs, the cointegration approach had a

21



monthly excess return of 0.83%, whereas a similar trading approach using the distance method
had a return of 0.88%. According to Rad et al. (2016), the underperformance of the cointegration
approach may be due to the selection bias introduced by limiting cointegration to the subset of

pairs with the lowest SSDs.

According to Baur (2003), the correlation or cointegration technique can be used to measure the
co-movement of two assets, and the correlation technique has been suggested as an alternative to
the cointegration and distance methods. The methodology for trading pairs using the correlation
technique is fairly straightforward and is inherently a short-run measure, which means that a
correlation strategy would perform better with a lower-frequency trading strategy. Cointegration
and correlation are related but distinct concepts that refer to price changes rather than returns.
Cointegrated pairs can either be correlated or not. The correlation method, along with fuzzy
genetic algorithms, was proposed by Cao et al. (2006) as a method for mining stock pairs on
the Australian Stock Exchange. They used the correlation coefficient to find highly correlated
stocks, which led to the discovery of unexpected pairs of stocks from different sectors. Miao
(2014) used 15-minute interval data for 177 oil and gas stocks from the US market in a study
from May 2012 onwards to choose pairs using a two-stage approach based on the correlation and
cointegration methods. According to Miao (2014), the strategy generated a cumulative return

of 56.58% over a 12-month period.

The most cited article on principal component analysis (PCA) in PT was written by Avellaneda
and Lee (2010), who devised a statistical arbitrage strategy based on PCA and ETFs for US
stocks exceeding USD 1 billion in market capitalisation between 1997 and 2007. The results
of back-testing revealed that, after transaction costs were taken into account, the PCA-based
strategies had an average annual Sharpe ratio of 1.44, whereas the ratio was 1.1 for ETF-based
strategies. PCA filters out idiosyncratic noise by decomposing and extracting risk components.
On the other hand, the performance of PCA-based strategies declined after 2002. From 2003
to 2007, the average annualised Sharpe ratio of PCA-based strategies was only 0.9, and it was
1.1 for ETF-based strategies. They also found that from 2003 to 2007, the Sharpe ratio of ETF

strategies that use volume information increased to 1.51.

Neural networks have been shown to be a very good approximation to almost all nonlinear
functions, according to Franses et al. (2000). Given the nonlinear nature of time series data
and without specifying any nonlinear relationship beforehand, neural networks can detect non-
linearities in data. Hence, Franses et al. (2000) suggested that neural networks may be a better

choice for predicting and modelling stock prices than a traditional linear framework. Further-

22



more, according to Lam (2004), a neural network can incorporate new data without having to
reprocess old data, which is a significant benefit over more traditional methods, where the old

data need to be processed again.

In the past, classification techniques using neural networks, random forests, and gradient-boosted
trees have been widely used to predict whether a stock will rise or fall the next trading day.
They have also been widely used to identify stocks with the potential to outperform the market.
Sarmento and Horta (2020) used clustering to find the number of possible pair combinations
using density-based spatial clustering of applications with noise (DBSCAN) and ordering points
to identify the clustering structure (OPTICS). The classification algorithms were used to find
pairs that could generate the highest average portfolio Sharpe ratio of 3.79, compared to 3.58
when no clustering was done and 2.59 when grouping by category. Applying classification
algorithms to clustering pairs showed more consistency in terms of the percentage of profitable
pairs in the portfolio, with an average of 86% profitable pairs in the portfolio, compared to 80%
when grouping by category and 79% when doing no clustering at all. Finally, more consistent
portfolio drawdowns were achieved, thereby keeping the maximum drawdown (MDD) values
within an acceptable range. Our study also looks into using these algorithms but to determine

whether to buy or sell a pair instead of clustering them.

ANNS consisting of the feedforward neural networks (FNN) and RNNs were used by Dunis et al.
(2006) to model the spreads of gasoline and corn/ethanol. They showed that ANNs could be a
relatively simple and profitable trading strategy. Their RNNs could generate returns of up to
19%, while their FNNs could generate returns of up to 41% (excluding transaction costs). Only
Dunis et al. (2006, 2015) applied neural networks directly to PT, and their motivation stemmed
from the neural network’s superior abilities to detect nonlinearities in time series data. Due
to the profitability of these methods in specific applications, it would be interesting to see how
these neural networks would perform in the ETF equity markets. As a result, based on Dunis
et al. (2006, 2015) approach, we use the advanced versions of the FNNs, such as the MLP, and
LSTM models, instead of RNNs in this study. Fallahpour et al. (2016) also conducted a study
on high-frequency PT for stocks based on the S&P 500 from June 2015 to January 2016, and
they concluded that reinforcement learning outperformed other methods in obtaining the best

parameters for carrying out cointegration-based high-frequency PT strategies.
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1.2 Thesis Contributions

This thesis consists of four studies investigating the applications of machine learning techniques
in pricing and hedging options and optimally trading ETF pairs. A summary of the contributions

of the thesis per chapter is provided below.

e Daily Forecasting of S&P 500 Index Option Prices using Deep Learning Models
(Chapter 2)

— This chapter uses two Deep Learning ANN models, MLLP and LSTM networks, along
with four popular parametric models used in the industry, namely Black—Scholes—Merton,

Heston, Heston Jump Diffusion, and the Finite Moment Log Stable.
— The ANN networks are trained on lagged and one-trading-day-ahead input variables.

— The impact of the granularity of the networks is assessed. The effects of the single,
double and triple hidden layers are investigated.

— The empirical forecasting performance of S&P 500 call option prices and moneyness
is assessed from September 2012 to December 2017.

— LSTM models (with lagged input variables) have the best forecasting performance
of daily call option prices and moneyness, while MLP models (with one-trading-day-
ahead input variables) outperformed the forecasting for the daily option prices.

— Typically, three hidden layer ANN models outperform single and double hidden layer

ANN models in terms of pricing performance.

e Daily Forecasting of Delta for S&P 500 Index Options using Deep Learning
Models (Chapter 3)

— Two deep learning ANN models are used, the triple hidden layer MLP and LSTM
networks, along with four popular parametric models used in the industry, namely
the Black—Scholes—Merton, Heston, Heston Jump Diffusion, and the Finite Moment
Log Stable.

— The ANN networks are trained on lagged and one-trading-day-ahead input variables.

— The empirical forecasting performance of S&P 500 call option delta is assessed from

September 2012 to December 2017.

— The delta is predicted in two ways: directly from the network and analytically from

forecasted option prices.
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— The economic significance of the forecasts is evaluated by assessing the forecasting

performance of corresponding replicating portfolios.

— When predicting delta directly, the Black—Scholes—Merton model outperforms the
other parametric and deep learning ANN models. When the delta is computed ana-

lytically from option prices, the LSTM models outperform all other models.
e Can Model Averaging Improve Forecasting Performance? (Chapter 4)

— The model averaging techniques of deep learning ANN models, namely the triple
hidden layer MLP and LSTM networks with four popular parametric models used
in the industry, namely the Black—Scholes—Merton, Heston, Heston Jump Diffusion,
and the Finite Moment Log Stable. The ANN networks are trained on lagged and

one-trading-day-ahead input variables.

— The empirical forecasting performance of S&P 500 call option prices, moneyness and
delta is assessed from September 2012 to December 2017. The delta is predicted

directly from the network and analytically from forecasted option prices.

— The economic significance of the forecasts is evaluated by assessing the forecasting

performance of corresponding replicating portfolios.

— Model averaging tends to provide improved forecasts for prices and deltas.

e Optimal pairs trading - An Alternate Way of Trading Equity ETF Pairs Using
Deep Learning Models (Chapter 5)

— Nine different methods are used to obtain the spread, including five different versions
of the distance method, the cointegration method (using the Johansen and Engle-
Granger tests), the Kalman Filter, and the ratio methods.

— Several technical indicators, such as the Exponential Moving Averages (EMA), Rel-
ative Strength Index (RSI), Moving Average Convergence Divergence (MACD), and
Bollinger Bands (BB), are used to find an alternate way to trade the spread.

— Use Decision Trees (DT) and deep learning ANN models based on the MLP network
architecture to find alternate ways to trade the spread.

— A total of 3,084 trading strategies using the nine different methods for obtaining the
spread across the 30-, 50- and 100-day rolling windows (i.e. 381 strategies across

all three rolling windows for each ETF pair) are deployed and back-tested from 01
January 2019 to 31 January 2022.
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— The empirical forecasting performance of eight ETF pairs is assessed, of which four
ETF pairs, ITOT.N/IXUS.N, IWF.N/XLE.N, SCHB.N/SCHF.N, and
SCHF.N/VO.N, that are cointegrated/correlated, and four ETF pairs,
QQQ.N/XLE.N, USMV.N/XLE.N, VO.N/VXUS.N, and VWO.N/XLE.N that are

not cointegrated /uncorrelated as of 01 January 2019.

— Forecasting performance is assessed using a comparative analysis based on actual PnL

($ value), returns, Sharpe ratios, max drawdown and other performance indicators.

— The impact of the profitability of these tradings strategies is gauged across the 30-,
50- and 100-day rolling windows.

— The back-test /forecasting performance of the 3,084 trading strategies across the 30-
, 50-, and 100-day rolling windows demonstrates that the modified strategies can

provide significant returns compared to traditional strategies.

— Machine learning-based trading strategies tend to have more predictive power than

traditional strategies.

— The modified set of strategies can be applied regardless of whether the pairs are
cointegrated or correlated. These strategies are designed to have a dynamic stop-loss
barrier rather than the fixed stop-loss barriers that traditional strategies have. Thus,

traders can hold the trade for a long duration.

1.3 Thesis Structure

This thesis consists of four studies investigating the applications of machine learning techniques
in pricing and hedging options and optimally trading ETF pairs. The list of the chapters in this

thesis is as follows:

Chapter 2: Daily Forecasting of S&P 500 Index Option Prices using Deep Learning Models

Chapter 3: Daily Forecasting of Delta for S&P 500 Index Options using Deep Learning
Models

Chapter 4: Model Averaging—Can Averaging Forecasts from Pricing and Hedging models

Improve Pricing/Hedging performance?

Chapter 5: Optimal Pairs Trading—An Alternate Way of Trading Equity ETF Pairs Using

Deep Learning Models
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Chapter 6 concludes the thesis and suggests avenues for future research.
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Table 1.1: Non-parametric models used for pricing S&P 500 Index options

() In (IIT) (IV) V) (VI) (VII) (VIII) (IX)

No. Author(s) Data Data Input Target Algorithm Forecasting Evaluation
period fre- variables variable horizon measure
quency

1  Garcia and January Daily S/K, T C/K Single 6 months training, MSPE
Gengay 1987— Hidden 3 months
(2000) October 1994 Layer validation, 3

ANN months test
2 Ghaziri et al.  January Daily S, K ,ry, C Multilayered Indexed RMSE
(2000) 1997— TTM, oeo, ANN (2 observations are
February open interest hidden split into varying
1997 Layers) sizes of training,
validation and
test set

3  Gengay and January Daily S/K, T C/K Modular 6 months training, MSPE, DM

Qi (2001) 1988 ANN 3 months test
December validation, 3
1993 months test

4  Dugas et al. January Daily S/K,T C/K Single 6 months training, MSE

(2001) 1988 Hidden 3 months
December Layer validation, 64
1993 ANN months test

5  Ghosn and January Daily S/K,T C/K Single 3, 6, 12 and 24 Genearlised
Bengio 1987~ Hidden months of MSE
(2002) December Layer training, 3 months

1993 ANN of validation,
followed by 12 of
test

6  Andreou May 1998— Daily Se=9T K, T, C/K and Single 6 months training, MSE, MAE
et al. (2002) December T365, 060, 030, (C/K — Hidden 6 months test

2000 and oy rx CB3/K) Layer
ANN
7  Gengay and January Daily S/K, 1, 020, C/K Single Indexed MSPE, DM
Salih (2003) 1988~ re, T Hidden observations are test
December Layer split into varying
1993 ANN sizes of training,
validation and
test set

8  Andreou January Daily Se 9T /K, vy, (C/K — Single 10 different RMSE,

et al. (2004) 1998- August T365, Uﬁr‘?pﬁ CBS/K), Hidden overlapping MAE,
2001 (C/K — Layer training and RMeSE
CYS/K), ANN validation sets,
(C/K —C17)y, separate and
(C/K —C?/, non-overlapping
(C/K —CSY), testing set
(C/K _ cSVJ)

9 Gengay and January Daily S, K, T, C Single Indexed Average
Gibson 1989~ OGARCH(1,1)» Hidden observations are absolute
(2007) December Ty Layer split into varying (AAE),

1991 ANN sizes of training, Average
validation and squared
test set errors (ASE)

10  Andreou April 1998- Daily Se=9T K, T, C/K and Single 9 different RMSE, MAE

et al. (2006) August 2001 Tigs, Uﬁfpﬁ (C;B/SK — Hidden ove.rl?,pping
C"°/K) Layer training and
ANN validation sets,
separate and
non-overlapping
testing set

11  Thomaidis 08/05,/2002 Daily 5, K,8,r;, c Single 08/05,/2002 : MAE

et al. (2006b)  and 045, T Hidden train and and
19/07,/2002 Layer 19/07/2002: test
ANN
12 Andreou January Daily ST /K | T, (C/K — Single 10 different RMSE,
et al. (2008) 1998- August Ties, Uﬁfpﬁ CBS/K) Hidden overlapping MAE, MeAE
2001 Layer training and
ANN validation sets,
separate and
non-overlapping
testing set
13 Gradojevic January Daily S/K,T C/K Modular Indexed MAPE, DM
et al. (2009) 1987— ANN observations are test
December split into varying
1994 sizes of training,
validation and
test set
14  Andreou January Daily Se—3T /K, T, (C/K — Single 12 months RMSE,
et al. (2010) 2002—- August oBS 508 CPS/K), Hidden training, 2 months MAE, MeAE
2004 (C/K — Layer validation, 1
CCYS/K), ANN month test
(C/K —
C’SVJ/K)
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Table 1.2: Non-parametric models used for hedging European Index options

() In (IIT) (IV) V) (VI) (VII) (VIII) (IX) (X)
No. Author(s) Asset Class Data Data Input Target  Algorithm Forecasting Method of
period fre- variables vari- horizon inferring
quency able Delta
1 Hutchinson S&P Future January 1987  Daily S/K, T—t C/K Single 10 different Derived from
et al. (1994) 500 Options — December Hidden Layer non-overlapping the ANN
1991 ANN train and test set option price

2 Herrmann DAX Index January 1995  Daily S, K, ry, C Single Unknow Derived from
and Narr — December T, o Hidden Layer the ANN
(1997) 1995 ANN option price

3 Lajbcygier SPI Futures January 1993  Daily F/K, C/K Single 6 months train, 6 Derived from
and Connor Option — December T—t o Hidden Layer  months test set the ANN
(1997) 1993 ANN option price

4 Ormoneit DAX Index March 1997 Daily S/K C/K Single Unknown Derived from
(1999) Hidden Layer the ANN

ANN option price

5  Garcia and S&P 500 January 1987  Daily S/K,T C/K Single 6 months train, 3 Derived from
Gengay Index — October Hidden Layer  months validation, the ANN
(2000) 1994 ANN 3 months test option price

6  Gengay and S&P 500 January 1988  Daily S/K, T C/K Single 6 months train, 3 Derived from
Qi (2001) Index — October Hidden Layer = months validation, the ANN

1994 ANN 3 months test set option price

7 Schittenkopf FTSE 100 January 1993  Daily T a, [ Three Single 10 days training, The three
and Dorffner Index — October and o Hidden Layer 10 days test set target
(2001) 1997 ANN’s variables «,

© and o are
later used in
the
risk-neutral
density to
infer the call
price

8  Amilon Swedish June 1997 — Daily LaggedS: /K, C/K Single 4 months train Derived from
(2003) OMX Index March 1999 r¢, T365, Hidden Layer  (which in later the ANN

T, U%Si’ ANN iterations option price
ohist, transforms into an

Lagged expanding set), 2

Chid/K, months validation

Lagged set, 1 month test

Ct““’k /K set

9  Carverhill S&P Futures January 1990  Daily S/K, ry, C, o, v Single Derived from
and Cheuk Option — December T, o Hidden Layer the ANN
(2003) 2000 ANN option price

and also from
ANN models
trained on
deltas

10  Andreou S&P 500 January 1998  Daily Se=9T /K , (C/K— Single 10 different Derived from
et al. (2008) Index — August ¢, T365, CPS/K) Hidden Layer overlapping the ANN

2001 oBS /T ANN training and option price
Zmpf validation sets,
separate and
nonoverlapping
testing set
11 Mostafa and FTSE 100 January 2000  Daily S/K, T C and Single 1. For ANN 1. Derived
Dillon (2008) Index — December and op;st ognsp Hidden Layer  model having from the
2001 ANN C/K as target - ANN option
ATM/ITM price.
Options: 168 days 2. Derived
train, 84 days from the C
validation, 1 day price after
test set and OTM  plugging in
Options: 64 days the ANN
train, 20 days predicted
validation, 1 day Uﬁf into the
test. 2. For ANN BS formula.
model having
afnf as target -
168 days training,
84 days
validation, 1 day
test
12 Ko (2009) Taiwan Stock  January 2005  Daily S, K, T, C Two Hidden 80% train, 20% Derived from
Exchange — December T, ohist Layer ANN test the ANN
Capitaliza- 2006 option price
tion
‘Weighted
Stock Index
13 Martel et al. IBEX 35 January 2006  Daily S/K, Tas2, C/K Single Expanding test Derived from
(2009) Index — February T365, 030, Hidden Layer set of 10 months, the ANN
2008 Ty ANN 6 months option price
validation and 2
months test set
14  Andreou S&P 500 January 2002  Daily ST /K, (C/K—  Single 12 months Derived from
et al. (2010) Index — August T, B3, CPBS/K), Hidden Layer training, 2 months the ANN
2004 oCs (C/K— ANN validation, 1 option price
CYS/K), month test
(C/K—
csvJ JK)

15 Chen and Short sterling  January 2005  Daily S, T,S/K C/K Single Expanding Derived from
Sutcliffe fu- — December Hidden Layer  window where the ANN
(2012) tures(NYSE 2006 indexed obs. are option price,

LIFFE) split into varying the bias
sizes of training between the
and test set parametric

model and
the ANN
model, and
from ANN
models
trained on
deltas.
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Table 1.3: Machine Learning based models used in Pairs Trading/Selection

No. Author(s) Asset Class Data Data Input Target Algorithm Forecasting
period frequency variables variables horizon
1 Dunis et al. (2006) Gasoline 19952005 Daily Percentage Percentage RNN, MLP One-day
crack spread returns of change in
WTI, and spread
NYMEX
Unleaded
Gasoline
2 Thomaidis et al. (2006a) 10 semicon- 2003-2012 Daily Unknown Unknown GA, Quarterly
ductor stocks Bollinger
listed on Bands
Taiwan Stock
Exchange
3 Dunis et al. (2009) Soybean/oil 1995-2005 Daily Percentage Percentage GARCH, One-day
crush spread change in change in ARMA,
spread spread RNN, MLP
4 Dunis et al. (2015) Corn/eth. 2005-2010 Daily Percentage Percentage Naive, One-day
crush spread change in change in ARMA,
spread spread MLP,
HONN, GPA
5  Huck (2009) U.S S&P 100  1992-2006 Weekly Direction, Pair selection ELECTRE Weekly
Excess IIT
Returns
6  Huck (2010) U.S S&P 100  1993-2006 Weekly Lagged Pair selection ELECTRE Weekly
returns IIT
7  Sarmento and Horta Commodity 2009-2018 Daily Lagged Percentage DBSCAN, Daily
(2020) linked ETF’s percentage change in Optics, MLP,
change in spread LSTM
spread
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Chapter 2

Daily Forecasting of S&P 500 Index
Option Prices Using
Deep Learning Models

2.1 Introduction

The Black—Scholes(BS) option pricing model introduced by Black and Scholes (1973) is a promi-
nent conventional model for pricing options, but it assumes constant volatility, thereby failing
to account for the volatility smile in observed option price data. This drawback was rectified
by the Stochastic Volatility (SV) model of Heston (1993), which incorporated a second para-
metric process to model the underlying volatility. Doing so provided results consistent with the
volatility smile of observed market data. Bakshi et al. (1997a) extended the models of Heston
(1993) and Black and Scholes (1973) by incorporating stochastic volatility and jumps. These
models capture more realistic features of the price dynamics, and there is empirical evidence that
incorporating jumps improves pricing performance (Eberlein and Raible (1999)). Despite many
alternative parametric models and the limitations in Black and Scholes (1973), the BS model
is still frequently used in price European options because of its simplicity in implementing and
achieving a closed-form pricing solution. However, these approaches involve complex empirical
modelling, which often proves challenging to implement in real trading situations. Artificial Neu-
ral Networks (ANNs) are considered an alternative to the standard parametric option models,
where the forecast of S&P 500 index option prices has typically performed using a single hidden
layer ANN (see Andreou et al. (2002, 2004, 2006, 2008, 2010), Dugas et al. (2001), Garcia and
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Gengay (2000), Gengay and Salih (2003), Ghosn and Bengio (2002), Thomaidis et al. (2006a)).

This chapter offers a comprehensive assessment of daily forecasting of European-style index op-
tions using parametric models, which practitioners commonly use compared to non-parametric
models. The non-parametric models used in this study are Deep Learning ANN models, includ-
ing the Multilayer Perceptron (MLP) and the Long Short-Term Memory (LSTM) networks .
MLPs are likely to perform best for high-frequency financial data for optimal results in pricing
and hedging of options (Hutchinson et al. (1994), Gengay and Qi (2001), Garcia and Gengay
(2000), Andreou et al. (2008), Thomaidis et al. (2006a)). Furthermore, LSTM addresses the
issue of the vanishing or exploding gradient with the first RNNs and has provided improved
time series forecasting (Masini et al. (2021), Lim and Zohren (2021), Figueiredo and Sapor-
ito (2022)). Thus, this study aims to empirically investigate the relative performance of deep
learning models compared to parametric models. To this end, an extensive data set of daily
data on S&P 500 index option prices from September 2012 to December 2017 is used to fore-
cast one-trading-day-ahead call option prices and moneyness. We investigate the forecasting
performance of single, double and triple hidden layer Deep Learning ANN models using MLP
and LSTM networks along with four parametric models (Black—Scholes—-Merton, Heston, Heston
Jump Diffusion, and the Finite Moment Log Stable(FMLS)). These MLP and LSTM networks
with single, double, and triple hidden layers are trained on various lagged and one-trading-day-
ahead input variables. More specifically, we forecast one-trading-day-ahead call option prices
and corresponding moneyness by comparing 72 MLP and 72 LSTM models, with 8 parametric
models having lagged input variables, 18 triple hidden layer MLP, and 18 triple hidden layer

L ANNs, technically speaking, can be called parametric since it has a fixed number of param-
eters, i.e. one for each weight that is tuned during training; as the number of weights generally
stays constant, they technically have fixed degrees of freedom. However, most ANNs have so
many parameters that they could be interpreted as non-parametric; it has been proven that in
the limit of infinite width, a deep neural network can be seen as a Gaussian process, which is
a non-parametric model(Lee et al. (2017)) (the Gaussian processes here uses each observation
as a new weight and as the number of points goes to infinity so do the number of weights).
Nevertheless, ANNs would not be considered parametric as parametric models are defined as
models which are based on an a priori assumption about the distributions that generate the data,
which tends to be a hallmark of non-parametric models. ANNs do not make assumptions about
the data-generating process; rather, they use large amounts of data to learn a function that
maps inputs to outputs. Alternatively, parametric models force the data to fit into the assumed
distribution, whether correct or not. In past literature the following studies have considered
MLPs: Lee et al. (2017), Umeorah et al. (2023), Hutchinson et al. (1994), Ince (2006), Ivascu
(2021), Hajizadeh (2020), Bloch (2019), and Khaldi et al. (2019), and LSTMs: Lee et al. (2017),
Gupta et al. (2020), Ouyang et al. (2018), Gautam and Singh (2020), and Gu et al. (2021) to
be non-parametric because they can represent such a wide range of input-output mappings that
they effectively do not share the distributional assumptions. Hence, ANN models can be termed
as non-parametric by reasonable definition.
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LSTM models with 8 parametric models having one-trading-day-ahead input variables.

These different input variable specifications would allow comparing forecasting performance
based on the selection of input variables. Furthermore, we perform robustness tests based on
bounds assessments and DM tests to assess the significance of pairwise comparisons between the
corresponding ANN and parametric models. This study focus on (only) one-trading-day-ahead
forecasts aiming to provide an assessment suitable for short-term trading and risk-management
applications. These methodologies can be extended to longer forecast windows, but it is beyond
the purpose of this thesis. The purpose of only using one-trading-day-ahead forecast is to tackle
look-ahead bias, and more importantly, forecasting on a short-term window enables traders to

quickly adjust their positions to changing market conditions.

We find that forecasting one-trading-day-ahead call option prices and moneyness with various
inputs provide considerable improvement in the out-of-sample forecasting performance of these
networks. Even though the comparison between a large number of models was not conclusive,
regarding the forecasting performance of (one-trading-day-ahead) call option prices or money-
ness, the overall best-performing models are the LSTM models using lagged input variables and
the MLP models using one-trading-day-ahead input variables. When the comparison is con-
fined only to parametric models, the Heston Jump Diffusion model has the lowest RMSEs than
other parametric models (when using lagged or one-trading-day-ahead input variables). We also
demonstrate that when we re-scaled the moneyness of models that use lagged input variables
to forecast the call option price, these re-scaled models perform poorly to the models that di-
rectly forecast the call option price using lagged input variables, with again the LSTM models
outperforming the other models. The results remain the same based on a bound assessment of
performance, while the DM tests showed that out of the 3768 model pairs, only 1.69% of the

pairs had insignificant forecasting power.

Compared to previous literature,? this study makes the following key contributions: a) It pro-
vides daily forecasts of S&P 500 option prices, while most of the literature is based on longer
forecasting windows; thus, this study has relevance to short-term trading and investment appli-
cations. b) It considers a wider range of explanatory variables and network sizes,? e.g. employing
triple hidden layers networks. c) It introduces lagged input variables to tackle look-ahead bias
while using a test set for the parametric, MLP and LSTM models. We benchmarked our model

performance against the performance achieved by Andreou et al. (2010) (Andreou et al. (2010)

2Refer to the list of papers in Table 1.1
3Refer to Tables A.1.1, A.1.2, A.1.3, A.1.4

33



extended the models of Andreou et al. (2004), Andreou et al. (2006) and Andreou et al. (2008)),
as they studied pricing S&P 500 index options from January 2002—August 2004 and compared
an SV and SVJ with an ANN. They partitioned their data set into 18 different training/es-
timation validation sets, each followed by a separate and non-overlapping test set. Although
Andreou et al. (2010) had a test set, which was non-overlapping and distinct from other data
sets (train and validation) and termed as an out-of-sample set, this method did not use lagged
variables in the test set, resulting in a look-ahead bias. Consequently, their SV model displayed
an out-performance compared to the best-performing ANN models used in their study. Andreou
et al. (2010) (and much of the associated literature) used input variables, for example, the end-
of-day index close prices belonging to the test set to forecast the end-of-day call option prices
or moneyness, where the index price was only available at the close of that trading day, thus
inducing look-ahead bias. Similarly, Ghaziri et al. (2000) used the BSM model and the MLP
model for pricing S&P 500 index call options (excluding deep ITM options) and found that the
ANN models outperformed the BSM model. Most other similar studies? have presented their
results in an evaluation measure other than RMSE. However, as our study assessed the daily
forecast of call option prices and moneyness, and we used RMSE as a measure. The RMSEs
were reported on a daily basis for 1,328 days, unlike, for example, Andreou et al. (2010), who
had eighteen tests set forecasts. Thus, if we calculate the overall RMSE (from the respective
models’ daily RMSEs for a window spanning from September 2012 to December 2017) of all
that use one-trading-day-ahead input variables for forecasting call option prices and moneyness,

we can see at par forecasting performance.

This chapter is organised into six sections. Section 2.2 provides the theoretical aspects of the
parametric and non-parametric ANN pricing models used in the study, namely, MLP and LSTM
models. Section 2.3 describes the data and methodology, including the calibration procedures
used in the parametric models and the network parameters, the division of the data set, and the
optimisation and generalisation procedures to improve the accuracy of ANN models. Section 2.4
presents the findings of comparing the forecasting performance of the parametric models with
the MLP and LSTM models and the robustness tests performed on these models. The chapter

concludes with Section 2.5.
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2.2 Pricing Models

In this section, we discuss the theoretical aspects of the parametric (Black—Scholes—Merton
(BSM), Heston, Bates Model (Heston Jump Diffusion (HJD)), and Finite Moment Log Stable
(FMLS)) and non-parametric models (Multilayer Perceptron and Long Short Term Memory

Network) used for forecasting call option prices.

2.2.1 Black—Scholes—Merton Model

The simplest parametric model we consider is the so-called Black—Scholes—Merton model of
option pricing, proposed in the seminal papers of Black and Scholes (1973) and Merton (1973).
This model proposes that the underlying (index spot price) S; is a random process modelled
by the stochastic dynamics of geometric Brownian motion, given by the stochastic differential

equation:

‘;S: = pdt +adWi, (2.1)
where W; is a standard Wiener process. The parameter u is referred to as the instantaneous
expected total return of the index, and the parameter o is referred to as the instantaneous
standard deviation of index price returns. The choice 4 = r — ¢ is required under so-called
risk-neutral dynamics for risk-free rate r and continuous dividend yield rate ¢g. The prices of

European call options on a continuous dividend-paying stock/index are well known and are given

by:

Ct = Ste_q(T_t)N(dl) — KG_T(T_t)N (dg), (22)

where, K is the strike price, T" is the time to expiration and N(-) is the cumulative normal

distribution, and d; and ds are given by

In(S¢/K)+ (r —q+0%/2) (T —t)

di = o ST , (2.3)
B ln(St/K)—i-(r—q—JQ/?) (T —1t)
dy = T D) . (2.4)
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We used the approach of using characteristic functions for contingent claims pricing to have
a consistent approach across all the parametric models discussed in this chapter. The use of
characteristic functions was proposed by Martin (2006), and Bakshi and Madan (2000). They
showed how Fourier transformed state price densities or Arrow—Debreu securities could be used
to reduce the valuation problem of Black and Scholes (1973) by using appropriately modified

equivalent probability measures. Thus, the call option formula reduces to

i i

C = 1 (St _ e—rTK) + L goR {W} _ e TKR [M} du (2.5)

where, R is the real part of the complex-valued integrand, k = In(K), and the characteristic

function has the form,

¢r(u) =E {ei“XT} = exp liqu — UZUZ T] (2.6)

where, u is an arbitrary real number, w = —%0‘2, Xr =1In(S7), i = /—1 is the imaginary unit.

2.2.2 Heston Model

Heston (1993) proposed a model that extended the model of Black and Scholes (1973) and
considered the non-lognormality of asset returns, the leverage effect, and the mean-reverting

property of volatility. The model is defined by a coupled set of stochastic differential equations:

dsS;

= = pudt+ \/thWLt (2.7)
t
AV, = w(0—Vy)dt + o/ VidWa, (2.8)

where the Wiener processes (W1, W) are correlated with a quadratic variation given by
dWl,tdW2,t = pdt (2.9)

where V; is the variance, k > 0 is the mean reversion speed for the variance, § > 0 is the mean
reversion level for the variance, o > 0 is the volatility of the variance, Vj > is0 the initial (time
zero) level of the variance, p € [—1, 1] is the correlation between the two Brownian motions Wi ;
and Ws (see Rouah (2013)). According to Rouah (2013), at time ¢, the price Ct, of a European
call on a dividend-paying index with spot price S;, when the strike price is K and the time to

maturity is 7' is
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o (St, K, V4, T) = E[ex]Pl —Ke P,y R (210)

where the time maturity 7 =T —t, x = z; = In .Sy, and P; and P» are the conditional risk-neutral
probability /in-the-money probabilities that can be derived from the characteristic function using
the Gil-Pelaez (1951) inversion theorem, when the characteristic functions f(¢;x,v) are known

as below,

e R f(p—isa,v)
PL=E [Tz 1) /E[e" 7+ / [ S ]d¢>, (2.11)

K (g5, v)
i¢

0

where the characteristic functions, f(¢;x¢,v¢) for the logarithm of the terminal stock price

xp = In ST have the form,

f($5a,00) = B [e977] = exp (C(7, 6) + D(7, $)vy + igpmy) (2.13)

where, C(7, ¢) and D(T, ¢) are defined as:

o dr
C(r,¢) = rigpr+ % (bi — poip +d) T —21n (113(;)1 , (2.14)
_ b—ypoio+d [ 1 —edr
D(r,¢) = 3 (1 — gedT> : (2.15)
where, a = k0, and
_ b—poip+d
g = b— poid—d (2.16)
d = \/(poio —b)* — 02 (2uip — ¢2) , (2.17)
b = kK+A—po , (2.18)
¢ = —0.5. (2.19)

2.2.3 Bates Model (Heston Jump Diffusion (HJD))

The Bates (1996) option pricing model was designed to capture the conditional volatility, which

evolves in a stochastic but mean-reverting fashion, and the presence of occasional substantial
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outliers in asset returns. The Stochastic Differential Equations (SDEs) for the asset follow
a geometric jump diffusion with the instantaneous conditional variance (V;) following a mean

reverting square root process, which are given by,

ds .
& = (= Mk)dt + /VidWa s + kdg (2.20)

t
dVy = (a — BVi)dt + o/ VidWay (2.21)

where, X is the annual frequency of jumps and k is the random percentage jump conditional on
a jump occurring, with the Brownian motions correlated as in Eq.2.9 and the Poisson process

(dq) given by,

J 0 with probability 1 — Adt
q _=
1 with probability A\dt

According to Martin (2006), the value of a European call option evaluated using Bates (2006)’s

approach of using a characteristic function is,

00 —iuln%
C(S(),T, K) — SO _ e—rTK (1 + 1/ R |:6¢T(u)] du) , (222)
0

2 iu(l — iu)

where the characteristic function ¢ is the expected value of the complex exponential of the

logarithmic price = In St and is defined as

. e°] .
or(u) =E [emx} :/ e"qr(r)dx (2.23)
—0o0
and gp is the risk-neutral density of = relative to the martingale measure Q,
1 _{lnST—(lnSO+<r—§0’2)T)}2
q(St) = 2077 : (2.24)

SToV 27rT6
2.2.4 Finite Moment Log Stable (FMLS) Model

Carr and Wu (2003) addresses the volatility skew for S&P 500 index options, which does not
flatten as the time to maturity increases. According to Martin (2006), Carr and Wu (2003)

defines the characteristic function as follows:

or(u) =E {ei“XT} = exp [iuwT — (iuo)*T sec % , (2.25)
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where the convexity adjustment term is introduced to maintain the martingale property as,

w = o0%sec % , (2.26)

and the tail index o € (1, 2] controls the tail behaviour and o controls the width of the risk neutral
density. When o = 2, the FMLS model coincides with the Black—Scholes—Merton model, and
the Black—Scholes—Merton volatility (opgas) relates to risk-neutral on measure (opasrs) where

oBs = oFMLSV 2.

2.2.5 Deep Learning Neural Networks

Ruf and Wang (2021) cite that ANNs have been used as a non-parametric method for partial
differential equations, option pricing and hedging, and model calibration since they do not
assume an underlying stochastic model, and they eliminate unrealistic assumptions present in
pricing methods based on modelling the movement of underlying assets. They are also capable
of learning the pricing function directly from data, and this method of pricing European options
is known as the nonparametric pricing approach. Even though training ANNs takes time, they
have a significant computational advantage over more conventional numerical pricing techniques

like Monte Carlo and partial differential equations.

2.2.5.1 Multilayer Perceptron (MLP)

The multilayer perceptron network model belongs to the class of feedforward artificial neural
networks (ANN). The MLP network has multiple inputs, which are connected to hidden layers
having multiple neurons and to the output layer. An ANN consists of a set of input variables
(X;),i = 1,..., N, to an output variable y, and uses functions to transform the X; using one
or more hidden layers. This hidden layer approach is an efficient way to model non-linear
statistical processes. The architecture of an ANN consisting of a single hidden layer and j
number of neurons can be represented as:
J K
y=" + Z’ijj <ﬁj,0 + Z 5j,1ch> (2.27)
j=1 k=1
The linear regression model can also be stated as a variant of the feedforward ANN, in which
the hidden layer consists of a single neuron using a linear function (having a weight of one) that
connects to the output layer or target variable. In Eq.(2.27), the parameters o and ;0, for

Jj =1,..,J, are called biases, while the parameters v; and 3, for j = 1,..,J and k = 1,.., K,
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are known as the weights. These parameters are generally estimated by specialised non-linear
optimisation methods known as back-propagation algorithms, which are implemented in many

software packages.

Many of the networks used in past literature in modelling S&P 500 Index options were single-
layer artificial neural networks. Table 1.1 provides a summary of a representative selection of
these studies, with details of the data period, the data frequency, the input and target variables,

the prediction or forecasting horizon, and as the architecture of the study’s network.

According to Heaton (2008), an ANN with a single hidden layer can approximate any function
that contains a continuous mapping from one finite space to another, whereas a network with two
hidden layers can represent functions of any shape. The recommended rule-of-thumb method of
Heaton (2008) for determining the number of neurons to use in the hidden layers is to have the
total number of neurons in the hidden layers between the size or dimension of the input layer
and the size or dimension of the output layer. As a result, Heaton (2008) preferred having the
total number of hidden neurons to be two-thirds the size of the inputs used in the input layer
plus the size of the output layer, thereby ensuring that the total number of neurons in the hidden
layer be less than twice the size of the input layer. Though these rules for selecting the number
of hidden neurons are based on modelling experience, ultimately, in any application, selecting
an architecture of the ANN will come down to trial and error. Thus, in this study, we follow
Heaton (2008) and also try to simplify the process of selecting the total number of neurons by
comparing three network architectures: a single, double and triple hidden layer network having
the total number of neurons in each hidden layer equal to the number of inputs. For the purpose
of pictorially illustrating an ANN having the total number of neurons in each hidden layer equal
to the number of inputs, we depict the network architecture of the three hidden layer MLP model
in Figure 2.1, which has an input layer with 10 input variables, three hidden layers, each having
10 neurons, and a single neuron output layer. Each neuron is connected with all neurons in the
previous layer and in the forward layer. Each layer has one or more neurons, and the output
of each layer passes through a transfer function. In the MLP models used in this study, the
transfer function employed is the hyperbolic tangent sigmoid (tansig) function, as Hahn (2013)
used the tansig function in their MLP models and also because, after comparing a number of
transfer functions, we concluded the tansig function to be the best at forecasting. The number of
neurons across each hidden layer uses the same type of activation function, whereas we employ

a simple linear activation function for the output neuron.
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layer layer 1 layer 2 layer 3 layer
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Input#2 —

Input#3 —
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Figure 2.1: Deep Learning Network: A three hidden layer network and a single neuron output
layer. The hidden layers use the tansig activation function and the output layer a simple linear
activation function.

2.2.5.2 Long Short-Term Memory (LSTM) Network

The fundamental characteristic of a Recurrent Neural Network (RNN) is that it has at least one
feedback connection, which means that the hidden layer (layer A in Figure 2.2) forms a loop
and this looping makes the RNNs memorise the previous state. A simple unfolded RNN with

multiple loops is shown in Figure 2.2, which illustrates unrolling at times 0 to t.

Figure 2.2: The structural diagram of a folded /unfolded Recurrent Neural Network.

The RNN can be described using the following equations:

he = fi(wixs +wihe—q)

Yy = fo(woht)

where x; is the input, h; is the memory of the RNN, w; is the weight matrix between the input

and the hidden layer, wy is the weight matrix between the delayed hidden layer and current
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hidden layer, f; is the hidden layer activation function, y; is the final output from the RNN (as
shown in the unfolded RNN, Figure 2.2), f, is the output hidden unit activation function, and

W, is the weight matrix between the output hidden layer and final output.

LSTMs are a variation of RNN, which are composed of long short-term memory blocks. The
LSTMs help the error to be back-propagated through time and layers, which allows the network
to learn over multiple time steps. Although the LSTM model has been explained in the past
literature, we use the notations and explanations provided by Hou and Edara (2018), and Zhang
et al. (2019). The LSTM network has two states: cell state and hidden state, as well as three
gates: input gate, forget gate, and output gate. The forget and input gates are based on sigmoid

functions. The procedures during a single pass are as follows:

Current H
Hidden State !

Previous Memory /
Cell State Current Cell State
Ct»l Ci
Previous Current
Hidden State Hidden State
HH

Input
Gate

Figure 2.3: The structural diagram of a single LSTM node.

1. The forget gate (F}) selectively adds or removes information to the memory cell state.
The network initially commences by deciding the amount of information that needs to be
discarded, for which the information is initially funnelled through the forget gate (sigmoid
function) and along with that it also uses the output from the previous LSTM cell (H;—1),
also known as the hidden state. The output from the forget gate is as below (wp is the

weight and b is the bias matrix associated with the forget gate layer):

F, =0 (wp - [Hi—1, X¢] + bp)

2. Later, the new information that needs to be added and stored to the previous cell state
(Ci—1) happens in two steps. The input gate (I;) (which is a sigmoid function) first

determines which values ought to be updated, and the output is as follows (w; is the
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2.3

2.3.1

weight and by is the bias matrix associated with the information gate layer):

It = o (wr - [He—1, X¢] + br)

The output from the tanh function creates a set of candidate values (C;), which updates
the previous cell state (C;—1), as follows (wg is the weight and bs is the bias matrix

associated with the candidate gate layer):

Cy = tanh (we - [He—1, X¢] + bg)

This creates the new memory cell state (C}), which is passed onto the next LSTM cell as

follows:

Ct = Ft*Ct—1+It*ét

. Finally, using the new memory cell state and the information from O, we get the outcome

from the output gate as (wo is the weight and bp is the bias matrix associated with the
output gate layer),

Oy = o(wo[Hi-1,X¢] +bo)

H; = Oy xtanh (Cy)

where the activation function tanh is the hyperbolic tangent function, which squeezes the

value between -1 and 1.

1
ofz) = 14e2
r __ -
tanh(l’) = %
et +e

Data and Methodology

Optionmetrics

The S&P 500 Index is widely regarded as the best gauge of the US large capitalisation equity

market. The Chicago Board Options Exchange offers a suite of highly liquid S&P option prod-

ucts on this index. This chapter focuses on the traditional SPX options that are AM-settled

on the third Friday of every month. These are European-style options with a large contract

size and with a cash settlement. It is a highly liquid market, with the average daily volume ex-

ceeding a million contracts since 2016. The data source is end-of-day data from OptionMetrics,
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which compiles option data and the corresponding spot S&P 500 index level at 3:59 pm each
day (which avoids any non-synchronicity issues). The options data period is from September
2012 to December 2017. * The call prices used for this study are defined as the mid-point price
calculated from the best bid and best offer prices. Another advantage of this data source is
that data and methodology to obtain daily interest rate curves are provided as well as the daily
S&P 500 Index dividend yield. The variables and their field descriptions from the OptionMetrics

database are listed in Appendix A.1.1.

2.3.2 Data Filtering

The study focuses on SPX call options. The data period is from September 9, 2012, through
December 31, 2017, and the database has a total of 1,669,494 observations on SPX call options.

The following filters have been applied:

o All trades having a bid price equal to zero are deleted (75,746 observations).

e The maturity of the options is limited to the range of 7 days to 365 days inclusive. This
is a common restriction in the literature and is usually justified by the illiquidity of the

options excluded (53,739 observations).

e As the trading volume tends to concentrate on options close to being at-the-money, we
delete 55,647 options with a moneyness (i.e. S;/K;) less than 0.8 (55,647 observations)
and greater than 1.2 (832,892 observations).

As the previous trading day’s call price is used as an input to the neural networks, we

remove those observations having no previous day option price (16,393 observations).

4The options data were obtained from OptionMetrics via Wharton Research Data Services
(WRDS), which is the most clean and reliable historical data provider. OptionMetrics provides
the best bid and ask quotes for each strike and expiration, underlying prices, implied volatility
and greeks for each option, CUSIP and ticker information for each option, and the daily index
dividend yield for S&P 500 Index options. Also, OptionMetrics provides the daily zero curves
which are crucial for interpolating interest rates. Users of WRDS could access S&P 500 Index
options data through OptionMetrics only as of September 2012. This is a representative pe-
riod for the study to investigate the performance of such models. Under more volatile market
conditions, such as the 2008 global financial crisis (GFC), more advanced models may be more
suitable (e.g. incorporating stochastic volatility features). We also do not expect results to
change significantly, as the thesis considers a wide range of model specifications.
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Thus, the total number of observations on call options used in this study is 560,526. For each
option on each trading day, N, we have available the call price C}, the call price on the previous
trading day Cn_1, the index price Sy, the exercise price Ky, the time to maturity T, the risk-

free rate of interest matching that time to maturity Ry, and, the S&P 500 Index dividend yield
QN

2.3.3 Summary Statistics

Table A.1.17 provides the summary statistics for the call option prices used in this chapter. The
monthly summary statistics show that the total number of daily option prices each month varies
from 2,005 to 10,956, with the number of transactions growing from about 6,500 in 2012 to
about 10,000 in 2017. The monthly average call price varies from $67.11 to $156.71, so we see
that these average prices have more than doubled from 2012 to 2017. In contrast, the average
bid-ask spread, which varies from $0.81 (in December 2012) to $1.84 (in November 2017), has
increased by a smaller percentage. The CBOE reports that the annual average daily volume has

increased from 698, 000 SPX contracts in 2012 to 1,163,000 SPX contracts in 2017.

2.3.4 Forecasting Errors

Consider the situation of modelling or forecasting call prices (Cny41) on day N + 1 based on
information sets Fn41, Xn+1, or Xy, where F' represents all available information and X is
a subset of F. If there is a true model relating the call prices to the information set, then we

represent this functional form as:

Cnt1 =g (Fny1;0n41) + ulyyg (2.28)

for some function g(.), and parameter vector 61, where ufy,, is a random error caused by

market frictions such as the bid-ask spread. Let any model be represented as:

Cn1 = h(Xni156n11) (2.29)

for some function h(.), where Xy is the con-current information set and ¢ny; a parameter

vector. All of the parametric and non-parametric models could be represented in this manner.

By considering various decompositions of Eq. (2.28) we can carefully describe a number of types
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of forecast errors. First, consider:

Cnt1 = h(Xng130N+1) + [0 (FNa1;0n+1) — A (XNg1; On41)] + ulv gy (2.30)

Cny1 = h(Xnt150N+41) -l-u?\H_l + Uy (2.31)

where u%, 41 can be considered an error in not using the unknown true model. Second, consider:

Cny1=h (XN+1; @NH) + [h (XNt1:0N41) — D (XN+1; ¢3N+1)]

Cny1=h (XN+1; <5N+1) + U}@H + Uy + U (2.33)

where uﬁ, 41 can be considered the error made in using the estimated or calibrated parameters

rather than the true parameter values. Third, consider:

Cny1=h (XN; €5N+1) + {h (XN+1; €5N+1> —h (XN; €5N+1)}

+ U F U + Ui (2.34)
Cny1=h (XN; QEN—H) FuN gy Uy Ul Ul (2.35)
Cny1=h (XN; CZ;N+1) +enyt (2.36)

where u])\(] 1 is the error caused by using Xy rather than X1, which is interpreted as forecasting
using observations from the previous trading day rather than the trading day that the call
option is observed. The decomposition of the out-of-sample forecast errors demonstrates that
there are four components (see Eq. (2.35)). It may be that the error caused by having to
forecast the inputs (that is, using Xy as the input variables rather than Xpy;) is the dominant
source of error. If the forecast errors are computed using (the unobserved) actual values of the
input variables (that is, using Xy41 as the input variables), then these errors have only three
components (see equation (2.33)). In the analysis presented in Sections 2.4.1, and 2.4.2, we
consider the forecast errors as defined by ey41 so that the forecasts are made for the trading
day N + 1 based on information available at the end of the trading day N. Similarly, in the
above-mentioned sections, we also consider the forecast errors as defined by eny1, so that the
forecasts are made for the trading day N 4+ 1 based on information available at the end of the
trading day N 4+ 1. The definition of this forecasting error shows that there are a number of

potential sources of forecasting errors, only one of which is due to the choice of model type —
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that is parametric or non-parametric. By applying these techniques, we can get some insight into
whether the global approximation property of Deep Learning ANN models is able to produce
some advantage over parametric models in forecasting, along with considering the performance

of other parametric models. This question is the focus of current research.

2.3.5 Information Sets for Models

The focus of this chapter is the forecasting performance of parametric option pricing models
relative to Deep Learning ANN (MLP and LSTM) models. The calibration of parametric models
is performed under two different specifications: use option prices as input variables, called the C-
M odels, and use option prices scaled by the strike price as input variables called the C K-M odels.
Thus we have parametric and non-parametric models that fall under two categories, C-M odels
and C'K-Models. In this section, we discuss the information sets employed for calibration and
parameter estimation of each type of these models and for subsequently forecasting the one-

trading-day-ahead option price Cn41 or Cny1/Kn41.

2.3.5.1 Information Sets for C-Models

We define the information sets required for each model for calibration or estimation of parameters
and for forecasting the call option price (Cny1). We implement a single forecasting horizon,
that is one-trading-day-ahead forecasts, so we use the information available on day ¢t = N to
forecast option prices for day ¢t = N + 1. The parametric models are calibrated daily, based
only on the data available for day N. In contrast, the MLP models use an expanding window,
the LSTM models use a fixed window, and both the MLLP and LSTM use data for t =1,.... N
for estimation and forecast for day ¢t = N + 1. Thus the parametric models follow the usual
convention of daily calibrations, whereas the expanding (for the MLP) and fixed-sliding (for the
LSTM) window allows the ANNs to cover a wide range of values for its input variables. We use

¢ to represent a generic parameter scalar or vector for each model.

2.3.5.1.1 (C-Models: Parametric Models (Black—Scholes—Merton, Heston, Heston
Jump Diffusion, and Finite Moment Log Stable Model)

For the parametric models that fall under the C-Models category, on day N the information

used to calibrate the model parameters for each option (Cn, Sy, Kn, T,
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Ry, QnN; gb]]‘\/ff odel) "and we define the in-sample pricing error, E%Odeh\’ for each option under each

model as:
enOtIN — Oy — fModel (SN,KN,TN, Ry, Qn; ¢%Odd) (2.37)

where ¢Afedel and fModel for each model are as follows:

o Black-Scholes-Merton model: gifodel = ¢BSM ‘= (U%ALIBC), and fMedel(\) is the

Black-Scholes-Merton with the characteristic function (see Eq. (2.6)).

Model ALIBS®.  HC ALIBC® ALIB®
o = (U]C\; ; ON ) ]C\Vf ]?/

e Heston model: , where o is the square of o
which is used as the initial value for the long-term variance parameter and ¢§C =
HParams§ = (K%Caaﬁcaeﬁc»m]{vc,%{[]\?)» and fModel()) is the Heston with the char-

acteristic function (see Eq. (2.13)).

2
o Heston Jump Diffusion model: ¢Af/o%! = (U%ALIBC ; gb%JDC), where qb%‘]Dc = HJDParams$

_ (.HJD®¢ _HJD®¢ pHJD¢ _HJD® v /HJD®¢ _HJD®¢ , HJD®
= (ky »ON 0N ' PN Von© soN » N

9

NP C), and fMedel()) is the Heston Jump Diffusion with the characteristic function (see

Eq. (2.22)).

o Finite Moment Log Stable model: ¢A/od! = gbﬁMLSC = (affMLSC, crﬁMLSC), and fModel( )

is the Finite Moment Log Stable with the characteristic function (see Eq. (2.25)).

We calibrate each model for each day (over historical empirical call option prices) by choosing
gﬁ% odel 6 minimise the mean square error. In this case, we retain the fitted option prices and

the calibrated parameters for each respective model are as follows:

. a]C\}ALI B for the Black-Scholes-Merton model,
e H Params% for the Heston model,
. HJDParams% for the Heston Jump Diffusion model,

. a%MLSC, and U]%MLSC for the Finite Moment Log Stable model,

We compute the one-trading-day-ahead forecast errors, e%[ﬁem , for each of the respective model

as:

NIV = Oy — fModel (SN, KN, TN, BN, QnN; ¢%Odel) (2.38)
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where fModel i a pricing function under a generic model. We evaluate the option price at
the index value on the previous trading day and use the known exercise price and time to
maturity, as well as the previous day’s interest rate, dividend yield and respective calibrated
parameters for each of the respective models. Finally, for the parametric models that fall under
the C-Models category that use one-trading-day-ahead input variables for forecasting the one-

trading-day Cn 41, we compute the one-trading-day-ahead forecast errors as:

Model N +1 Model Model
eney o =COngr— [ (SNH,KNH,TNH,RN+17QN+1; oN° e) . (2.39)

We report the root mean square error of these forecast errors.

2.3.5.1.2 (C-Models: Deep Learning Neural Network Models

A total of 72 MLPs and LSTMs are estimated and reported under the C-Models category.
In this section, we list the 72 ANN models (36 MLPs and 36 LSTMs), which were trained on
empirical call option prices of the S&P 500 Index (Cy). These models forecast the call option
prices of the S&P 500 Index for the next trading day. Amongst the 36 MLPs and 36 LSTMs,

we analysed the performance of:

e Using the information available on day ¢ = N to forecast one-day-ahead option prices Cn 41
with nine single hidden layer MLP M 1Cn-Models (M 1C1y to M1C9y ), nine single hidden
layer LSTM L1Cn-Models (L1C1y to L1C9y), nine double hidden layer MLP M2Cn-
Models (M2C1y to M2C9y), nine double hidden layer LSTM L2Cn-Models (L2C1y to
L2C9y), nine triple hidden layer MLP M3Cxn-Models (M3C1y to M3C9y), and nine
triple hidden layer LSTM L3Cn-Models (L3C1y to L3C9y). (3 x 9 = 27 MLPs and
3 x 9 = 27 LSTMs)

o Use the information available (except for calibrated model parameters) on day t = N+1 to
forecast one-day-ahead option prices Cny1 with nine triple hidden layer MLP M3Cn -
Models (M3C1y4+1 to M3C9yn41) and nine triple hidden layer LSTM L3Cy1-Models
(L3C1N4+1 to L3C9N+1). (9 MLPs and 9 LSTMs)

The nine MLP and nine LSTM models under each of the categories above are differentiated by
choice of input variables and the network architecture. As in the parametric models, each model
here has a set of input variables and a set of parameters, ¢, called biases and weights. The

input variables for the MLP models (M1Cy-Models, M2Cyn-Models, and M3Cxn-Models) and
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the LSTM models (L1Cy-Models, L2Cyn-Models, and L3Cn-Models) that use the information
available on day ¢ = N to forecast the call option price for day ¢ = N + 1 are mentioned
in Table A.1.1. Similarly, the input variables for the MLP models (M 3Cy41-Models) and the
LSTM models (L3Cn1-Models) that use the information available (except for calibrated model
parameters) on day ¢t = N +1 to forecast the call option price for day t = N 41 are mentioned in
Table A.1.2. We compute the one-trading-day-ahead forecast errors under the respective models

as follows:

1. MLP MnCy-Models (MnCly to MnC9x):

6%I?N—M0dels — CN—|—1 _ f <XN7 ¢MnCN-MOdelS) , (240)

where n = 1,2,3

2. LSTM LnCn-Models (LnCly to LnC9y):

enMedels — Oy — f (XN; ¢L”CN'M°dels> ; (2.41)

where n = 1,2,8

3. MLP M3CN+1-Models (M301N+1 to M309N+1)!

M3Cni1-Models M3C -Model
enit =Cnp1— f (XN+1; PPN es) ; (2.42)

4. LSTM L3Cn+1-Models (L3C1n+1 to L3C9n1):

L3CN+1-Models . L L3C -Model
NGt =Cnp1— f (XN+1,¢> Ve ) (2.43)

where f(.) represents a Deep Learning MLP model in Egs. (2.40) and (2.42), and f(.) represents
a Deep Learning LSTM model in Egs. (2.41) and (2.43). We estimate these models each day
(over historical empirical call option prices) by choosing their respective ¢ to minimise the
mean square error. We report the root mean square error of these forecast errors. Thus, the
above models are defined by identifying the inputs of each model (Xy) for the MLP (M1Cn-
Models, M2Cyn-Models, and M3Cxn-Models) and LSTM (L1Cy-Models, L2Cn-Models, and
L3Cn-Models) models. Similarly, models that have defined by having Xy as their inputs are
the MLP (M3Cx1-Models) and LSTM (L3Cy1-Models) models.

Unlike the parametric models, the MLP models (M 1Cn-Models, M2Cn-Models, M 3Cn-Models,

and M3Cn41-Models) are estimated with an expanding window of observations, whereas, the
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LSTM models (L1Cy-Models, L2Cy-Models, L3Cxn-Models, and L3Cy41-Models) are esti-
mated with a fixed-sliding window of observations. However, the forecast horizon remains one
trading day for all the models, so we compute the one-trading-day-ahead forecasts and re-
port the root mean square error of the forecast errors. We have hierarchically classified the
non-parametric MLP models (M 1Cn-Models, M2Cy-Models, M3Cy-Models, and M3Cp1-
Models) and LSTM models (L1Cy-Models, L2Cy-Models, L3Cy-Models, and L3Cy1-Models)

into the following nine series:

1. Series 1: MnCly, M3C1n+1, LnCly, and L3C1y4+1 models, where n = 1, 2, 3.
2. Series 2: MnC2y, M3C2n+1, LnC2N, and L3C2n+1 models, where n = 1, 2, 3.
3. Series 3: MnC3y, M3C3n11, LnC3x, and L3C3x1 models, where n = 1, 2, 3.
4. Series 4: MnC4y, M3C4n11, LnC4x, and L3C4x,1 models, where n = 1, 2, 3.
5. Series 5: MnCb5y, M3C5n11, LnC5x, and L3C5x41 models, where n = 1, 2, 3.
6. Series 6: MnC6y, M3C6n+1, LnC6N, and L3C6x+1 models, where n = 1, 2, 3.
7. Series 7: MnC7x, M3CT7ny1, LnC7n, and L3CT7n41 models, where n = 1, 2, 3.
8. Series 8: MnC8y, M3C8n+1, LnC8N, and L3C8y+1 models, where n = 1, 2, 3.

9. Series 9: MnC9y, M3C9n+1, LnC9N, and L3C9n 1 models, where n = 1, 2, 3.

The Series 1 set of models uses the inputs required to calibrate the Black—Scholes—Merton
model. The input variables are extended further by the Series 2 set of models by adding the
lagged call option price of the S&P 500 Index. The Series 3 set of models extends the input
variables of Series 2 models by adding the lagged Black—Scholes—Merton greeks. The Series
4 set of models extends the input variables of Series 3 models by adding the lagged calibrated
Heston model parameters. The Series 5 set of models extends the input variables of Series 4
models by adding the lagged in-sample Heston model call option price. From Series 6 onwards,
apart from the standard information/input vector (Sy, Kn+1,Tn+1, Ry, @n), we provide input
parameters to the ANN models that are specific to a particular parametric model. Thus, in
addition to the standard input vector, Series 6 would be provided with the lagged calibrated
Heston model parameters and the lagged in-sample Heston model call option price. Series 7
models replicate the Black—Scholes—-Merton model, and hence along with the standard input

vector, they would be provided with the lagged Black—Scholes—Merton greeks and the lagged
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in-sample Black—Scholes—Merton model call option price. Similarly, Series 8 models would
replicate the information set available to the Heston Jump Diffusion model, whereby, along with
the standard input vector, they would be provided the lagged calibrated Heston Jump Diffusion
model parameters and the lagged in-sample Heston Jump Diffusion model call option price.
Finally, the Series 9 models would replicate the information set available to the Finite Moment
Log Stable model, whereby, along with the standard input vector, they would be provided the
lagged calibrated Finite Moment Log Stable model parameters, and the lagged in-sample Finite

Moment Log Stable model call option price.

2.3.5.2 Information Sets for CK-Models

Next, we define the information sets required for each model for calibration or estimation of
parameters and for forecasting the call option price scaled by the strike price (Cn/Ky). We
implement a single forecasting horizon, that is one-trading-day-ahead forecasts, so we use the
information available on day ¢ = N to forecast option prices for day t = N + 1. The parametric
models are calibrated daily, based only on the data available for day N. In contrast, the MLP
models use an expanding window, the LSTM models use a fixed window, and both the MLP
and LSTM use data for t = 1,..., N for estimation and forecast for day ¢t = N + 1. Thus the
parametric models follow the usual convention of daily calibrations, whereas the expanding (for
the MLP) and fixed (for the LSTM) window allows the ANNs to cover a wide range of values for
its input variables. In what follows we use ¢ to represent a generic parameter scalar or vector

for each model.

2.3.5.2.1 CK-Models: Parametric Models (Black—Scholes—Merton, Heston, Heston
Jump Diffusion, and Finite Moment Log Stable Model)

For the parametric models that fall under the CK-Models category, on day N the informa-

tion used to calibrate the model parameters for each option is (Cn /Ky, Sn/Kn, TN,

Ry, QnN; gb]]‘\/[[ odel) "and we define the in-sample pricing error, E%Odeh\’ for each option under each

model as:

NN — O /Ky — (fModel (SN/KN,TN> Ry, Qn; ¢%Odd) /KnN) (2.44)

(b%odel fModel

where and are for each model as follows:
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o Black-Scholes-Merton model: ¢/edel = qbﬁSMCK = (U%ALIBCK), and fModel( ) is the

Black—Scholes-Merton with the characteristic function (see Eq. (2.6)).

CcK?2 CK cK? | CK
o Heston model: qb%’ odel — (O'%AL] B¥E ]{I, ), where 0](\’}‘4“ B is the square of O']%ALI B

which is used as the initial value for the long-term variance parameter and gb%CK =

CK CK CK CK CK . .
HParams§K = (w877 o177 0077 plT77 AT, and fModel( ) is the Heston with the

characteristic function (see Eq. (2.13)).

(UCALIBCK2 . L HJDCK
N

CK
;N ), where (ZS%JD =

e Heston Jump Diffusion model: qﬁ%o‘iel =
CK _ (. HJD¢K _HJDC¢K pHJDCK HJDCK y,HJDCK
HJDParamsy"* = (ky O NS PN VoN

ult’ DCK,)\%‘] DCK), and fModel( ) is the Heston Jump Diffusion with the characteristic

HJDCK
ON

) Y

function (see Eq. (2.22)).

o Finite Moment Log Stable model: ¢3/odel = QS%MLSCK = (aﬁMLSCK,UﬁMLSCK), and

fModel( ) is the Finite Moment Log Stable with the characteristic function (see Eq. (2.25)).

We calibrate each model for each day (over historical empirical call option prices) by choosing
QSJ\N/[ odel to minimise the mean square error. In this case, we retain the fitted option prices, and

the calibrated parameters for each respective model are as follows:

. J]C\}ALI BYY for the Black Scholes Merton model
« H Pamms%K for the Heston model
« HJ DParams%K for the Heston Jump Diffusion model

. aEMLSCK, and af,MLSCK for the Finite Moment Log Stable model

We compute the one-trading-day-ahead forecast errors, e%_ﬁel}v , for each of the respective model

as:

NN = Cia [ Knvr = (£ (Sn/Kn, T, Ry, Qu; oM ) / Ky) (2.45)

Here we evaluate the option price at the index value on the previous trading day and use the
known exercise price and time to maturity, as well as the previous day’s interest rate, dividend
yield, and respective calibrated parameters for each of the respective model. Finally, for the

parametric models that fall under the C'K-Models category that use one-trading-day-ahead
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input variables for forecasting the one-trading-day Cny1/Kn+1, we compute the one-trading-

day-ahead forecast errors for these models as:

M odel M
ENJOrle M= CN+1/KN+1 - (f Odel(5N+1/KN+1,TN+1, Ryyq,

Qn11; N /K ) (2.46)

where fMedel is 3 pricing function under a generic model. We report the root mean square error

of these forecast errors.

2.3.5.2.2 Deep Learning Neural Network Models

In this section, we analyse the performance of models that use the homogeneity hint of Merton
(1973), i.e. the call price scaled by its strike price (Cn/Kn) as the target (yn) variable. 72
ANN models (36 MLPs and 36 LSTMs) are trained on empirical call option prices scaled by the
strike price of the S&P 500 Index scaled by their respective strike price (Cny/Ky) and forecast
the (Cn41/Kn41) for the next trading day. Amongst the 36 MLPs and 36 LSTMs, we analysed

the performance of:

e Using the information available on day ¢ = N to forecast one-day-ahead moneyness
(CN+1/Kn+1) with nine single hidden layer MLP M1C K n-Models (M1C K1y to M1CK9y),
nine single hidden layer LSTM L1CKy-Models (L1ICK1y to L1CK9y), nine double
hidden layer MLP M2C K n-Models (M2C K1y to M2CK9y), nine double hidden layer
LSTM L2CKy-Models (L2CK1y to L2CK9y), nine triple hidden layer MLP M3C K -
Models (M3CK1y to M3CK9y), and nine triple hidden layer LSTM L3CK y-Models
(L3CK1y to L3BCK9y). (3 x9 =27 MLPs and 3 x 9 = 27 LSTMs)

o Using the information available (except for calibrated model parameters) on day ¢t = N +1
to forecast one-day-ahead moneyness (Cni1/Kpn+1) with nine triple hidden layer MLP
M3CKpn41-Models (M3CK1xn41 to M3CK9x4+1) and nine triple hidden layer LSTM
L3CKn+1-Models (L3CK1n41 to L3CK9n41). (9 MLPs and 9 LSTMs)

The nine MLP and nine LSTM models under each of the categories above are differentiated by
the choice of input variables and the network architecture. As in the parametric models, each
model here has a set of input variables and a set of parameters, ¢, called biases and weights.
The input variables for the MLP models (M1CKy-Models, M2C K y-Models, and M3CK y-
Models) and the LSTM models (L1CKy-Models, L2C K y-Models, and L3C K n-Models) use
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the information available on day ¢ = N to forecast the Cn41/Kpn41 for day t = N + 1 are
mentioned in Table A.1.3. Similarly, the input variables for the MLP models (M3CK ;-
Models) and the LSTM models (L3C K 4+1-Models) that use the information available (except
for calibrated model parameters) on day t = N 41 to forecast the Cy11/Kny1 forday ¢t = N+1
are mentioned in Table A.1.4. We compute the one-trading-day-ahead forecast errors under the

respective models as follows:

1. MLP MnCKy-Models (MnCK1ly to MnCK9y):

65\\74_T_L16’KN-Models _ CN+1/KN+1 —f (XN§ (anCKN—Models) 7 (2‘47)

where n = 1,2,3

2. LSTM LnCKy-Models (LnCK1x to LnCK9n):

enfin-Models — Oy [ Ky — f (XN; ¢L"CKN'MOdel8) ; (2.48)

where n = 1,2,8

3. MLP M3CKx.1-Models (M3CK1xn11 to M3CK9y11):

M3CKN41-Models . M3CK _Model
eyl =Cny1/KEny1— f (XN+17 ¢ N1me 68) , (2.49)

4. LSTM L3CKN+1-M0dels (L30K1N+1 to L3CK9N+1):

L3CKN 1—M0d€l8 3 L3CK M dl
Nt =COnt1/Kny1 — f (XN+1, ProT TR ede S) , (2.50)

where f(.) represents a Deep Learning MLP model in Egs. (2.47) and (2.49), and f(.) represents
a Deep Learning LSTM model in Egs. (2.48), and (2.50). We estimate these models each
day (over historical empirical call option prices scaled by the strike prices) by choosing their
respective ¢ to minimise the mean square error. We report the root mean square error of these
forecast errors. Thus, the above models are defined by identifying the inputs of each model (X )
for the MLP (M1CKy-Models, M2C K n-Models, and M3C K y-Models) and LSTM (L1CK y-
Models, L2C K y-Models, and L3C K y-Models) models. Similarly, models that have been defined
by having Xy.41 as their inputs are the MLP (M3CKy1-Models) and LSTM (L3CKpn41-
Models) models.

Unlike the parametric models, the MLP models (M 1CK n-Models, M2C K y-Models, M3C K y-

Models, and M3CKyi1-Models) are estimated with an expanding window of observations,
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whereas, the LSTM models (L1C K y-Models, L2C K y-Models, L3C K y-Models, and L3C' Ky 1-
Models) are estimated with a fixed-sliding window of observations, but the forecast horizon
remains one trading day for all the models, so we compute the one-trading-day-ahead forecasts
and report the root mean square error of the forecast errors. We have hierarchically classified
the non-parametric MLP models (M 1CKy-Models, M2C K y-Models, M3C K y-Models, and
M3CK n+1-Models) and the LSTM models (L1C K y-Models, L2C K y-Models, L3C K y-Models,

and L3C K y41-Models) into nine categories:

1. Series 1: MnCKly, M3CK1In+1, InNCK1n, and L3CK1n41 models, where n = 1, 2, 3.
2. Series 2: MnCK2y, M3CK2n4+1, InCK2N, and L3CK2n41 models, where n = 1, 2, 3.
3. Series 3: MnCK3y, M3CK3n+1, InCK3y, and L3CK3y41 models, where n = 1, 2, 3.
4. Series 4: MnCK4y, M3CK4n 1, InCK4y, and L3CK4n 41 models, where n = 1, 2, 3.
5. Series 5: MnCK5y, M3CK5n+1, InCK5y, and L3CK5n+1 models, where n = 1, 2, 3.
6. Series 6: MnCK6y, M3CK6n+1, InCK6y, and L3CK6y1 models, where n = 1, 2, 3.
7. Series 7: MnCK7n, M3CKTny1, InCK7x, and L3CKT7yx41 models, where n = 1, 2, 3.
8. Series 8: MnCK8y, M3CKS8Nn+1, InCK8y, and L3CK8y1 models, where n = 1, 2, 3.

9. Series 9: MnCK9y, M3CK9Nn+1, InCK9y, and L3CK9y1 models, where n = 1, 2, 3.

The Series 1 set of models uses the inputs required to calibrate the Black—Scholes—Merton
model (except that the index price is scaled by the strike price, i.e. Sy/Kn,Tn+1,

Rpy,Qn). The input variables are extended further by the Series 2 set of models by adding the
lagged call option price of the S&P 500 Index scaled by the strike price. The Series 3 set of mod-
els extends the input variables of Series 2 models by adding the lagged Black—Scholes—Merton
greeks. The Series 4 set of models extends the input variables of Series 3 models by adding the
lagged calibrated Heston model parameters. The Series 5 set of models extends the input vari-
ables of Series 4 models by adding the lagged in-sample Heston model call option price scaled by
the strike price. From Series 6 onwards, apart from the standard information/input vector, we
provide input parameters to the ANN models that are specific to a particular parametric model.
Thus, in addition to the standard input vector, Series 6 would be provided with the lagged
calibrated Heston model parameters and lagged in-sample Heston model call option price scaled

by the strike price. Series 7 models replicate the Black—Scholes—Merton model, and hence along
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with the standard input vector, they would be provided with the lagged Black—Scholes—Merton
greeks, and the lagged in-sample Black—Scholes—Merton model call option price scaled by the
strike price. Similarly, Series 8 models would replicate the information set available to the
Heston Jump Diffusion model, whereby, along with the standard input vector, they would be
provided the lagged calibrated Heston Jump Diffusion model parameters, and the lagged in-
sample Heston Jump Diffusion model call option price scaled by the strike price. Finally, the
Series 9 models would replicate the information set available to the Finite Moment Log Stable
model, whereby, along with the standard input vector, they would be provided the lagged cali-
brated Finite Moment Log Stable model parameters, and the lagged in-sample Finite Moment

Log Stable model call option price scaled by the strike price.

2.3.6 Random Walk Models

It is generally accepted that the time series realisations of many asset price processes are well-
modelled by a simple random walk process. In these models, the minimum means square error
forecast of the next period price is simply the current period price. We introduce two random
walk models to benchmark forecast models for our parametric and non-parametric models. With
two definitions of the target variable, we have two models: the §C-Model and the §C K-M odel.

We compute the one trading day ahead forecast errors as,

§Cn-Model : € = Cni1—Cn (2.51)

SOK n-Model : N1\ = Cni1/EKni1 — On/Ey. (2.52)

We report the root mean square error of the forecast errors from these two models.

2.3.7 Model Calibration and Performance Criteria
2.3.7.1 Performance Criterion

The forecasting performance of each model is measured using Root Mean Square Error (RMSE)
in the test sample, that is, in out-of-sample prediction. For each day, as we cycle through the
observations, we retain the pricing errors for each model. Below, we use these errors to compute

A~

the RMSE on a daily, monthly, and annual basis.> Defining the pricing errors as € = y; — i,

5In the Electronic Appendix, the RMSEs of the C'— Models that use lagged input variables to
forecast the Cn1 for the next trading day on a monthly, yearly, and overall basis can be found
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where y; is the target value and ; is its predicted value, then the RMSE for a series of N pricing

errors is calculated by

RMSE = ||~ Z €. (2.53)

We should choose the model with the lowest out-of-sample RMSE. Diebold and Mariano (1995)
have provided a test procedure to determine if the out-of-sample fit of one model is significantly
worse than the out-of-sample fit of another model. The Diebold-Mariano (DM) test statistic is
distributed as a standard normal distribution under the null hypothesis of no difference in the

predictive accuracy of the two models.

To compute the DM statistic from the errors of two competing models, we calculate d; =
h(€i1) — h(€i2), where h(-) can be any loss function. The DM test statistic null hypothesis is
Hp : E(d;) = 0. The DM test statistic is computed as
d
DM = ————, (2.54)
2m f4(0)/T
(2.55)

where d = SN | (h(e;1) — h(€i2)) /N and fy(-) is the spectral density of {d;}.

2.3.7.2 Calibration of Parametric Option Pricing Models

The parametric option pricing models have unknown parameters. To implement the models
for in-sample and out-of-sample prediction, values are required for these parameters. These
values are calibrated for each day of the sample by choosing the parameter values to minimise
the mean squared error of the in-sample pricing errors. This non-linear optimisation exer-
cise is implemented differently and separately for parametric models under the C' — Models
(BSMCy, HCyN, HIDCy, and FMLSCx models) and for each model under CK — Models
(BSMCKy, HCKy, HIDCK y, and FM LSCK  models) using the Matlab Optimization

Toolbox function lsgnonlin. Similarly, To impose inequality restrictions on the parameters,

in Tables 1, 5, and 9, respectively. The RMSEs of the C — Models that use one-trading-day-
ahead input variables to forecast the Cny1 for the next trading day on a monthly, yearly, and
overall basis can be found in Tables 2, 6, and 10, respectively. The RMSEs of the CK — Models
that use one-trading-day-ahead input variables to forecast the Cny1/Kn41 for the next trading
day on a monthly, yearly, and overall basis can be found in Tables 3, 7, and 11, respectively.
The RMSEs of the C K — Models that use one-trading-day-ahead input variables to forecast the
Cn11/Kpn41 for the next trading day on a monthly, yearly, and overall basis can be found in
Tables 4, 8, and 12, respectively.
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the trustregion option is employed. For the Black—Scholes—Merton, the calibrated parameter
U%ALI B (used by the BSM Cy and BSM Cy41 model) and the calibrated parameter O']%ALI BOK
(used by the BSMCK y and the BSMCK 41 model) for day N are retained for use in comput-
ing the greeks, and as an input to other parametric and various ANN models. For the Heston
model, calibrated parameters H Paramsjc\} (used by the HC and the HCy1 model) and the
calibrated parameters H Params$X (used by the HCKy and the HCK .1 model) for day N
are retained as inputs for some ANN models. For the Heston Jump Diffusion model, calibrated
parameters HJ DParams% (used by the HJDCy and the HJDCn 41 model) and the calibrated
parameters H.JDParams$ (used by the HIDCKy and the HJDCK y 41 model) for day N
are retained as inputs for some ANN models. Similarly, for the Finite Moment Log Stable
model, calibrated parameters FMLSParams](f, (used by the FMLSCy and the FMLSCn41
model) and the calibrated parameters FM LSParams§E (used by the FMLSCKy and the
FMLSCK N1 model) for day N are retained as inputs for some ANN models. The parametric
models under the C' — Models category (having target variable C) are calibrated separately
to the CK — Models (having target variable Cy/K ) for each of the 1,328 trading days in the

sample.

2.3.7.3 Estimating Deep Learning Neural Network Models

2.3.7.3.1 Network Parameters This study seeks to compare various networks by varying
the number of neurons in each layer, as well as the number of hidden layers, to find the optimal
network architecture size that outperforms the out-of-sample prediction of option prices and
option price scaled by the strike price. The various network configurations are listed in Table
A.1.1 for models that use the information available on day ¢ = N to forecast the call option
price for day t = N + 1, in Table A.1.2 for models that use the information available (except
for calibrated model parameters) on day ¢t = N + 1 to forecast the call option price for day
t = N+1, in Table A.1.3 for models that use the information available on day ¢ = N to forecast
the Cn41/Kn41 for day ¢ = N 4 1, and in Table A.1.4 for models that use the information
available (except for calibrated model parameters) on day ¢t = N +1 to forecast the Cn41/Kn+1
for day t = N+1. Root mean squared error is the performance evaluation criteria for all the ANN
(MLP and LSTM) models. In the MLP models (M1Cy — Models, M2Cn — Models, M3Cn —
Models, M3Cny1 — Models, M1CKpyn — Models, M2C K — Models, M3C K — Models, and
M3CK n+1—Models) the layer biases and weights of the various network are estimated following

using Bayesian Regularisation (see Mackay (1992) and Forsee F.D. (1997)), whereas, for the
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LSTM models (L1Cy—Models, L2Cy—Models, L3Cn—Models, L3Cn+1—Models, LICK n—
Models, L2CKn—Models, L3C K — M odels, and the L3CK 1 —Models), Adaptive Moment
Estimator (ADAM) (see Kingma and Ba (2005)) has been used. Finally, as Klimasauskas (1991)
and Baughman and Liu (1995) state that the hyperbolic tangent function (also called “tanh”
function) performs better in ANN forecasting problems, the hyperbolic tangent function is used
in our study for the hidden layer squashing functions for all the MLP models. % Since the LSTM
models were implemented in Python (using TensorFlow), the hyperbolic tangent function is not
available. Xavier et al. (2011) showed that the tanh function does not have necessary and
desirable properties; moreover, it often does not deactivate, and it is shown both biologically
and in deep nets that deactivation (or activation sparsity) is necessary, where L1 regularisation
helps with this and rectified linear unit (ReLUs) have it built in. Thus, for the LSTM models
the ReLU was used as the squashing function. © The output layer for the MLP and LSTM

models uses a simple linear transfer function that returns the forecast variable.

2.3.7.3.2 Data Division As mentioned earlier, the data set covers the period from Septem-
ber 2012 to December 2017 and includes 1,328 trading days. The ANN (MLP and LSTM)
methodology requires data for a training set, a validation set and a test set. The training set is
used to estimate the parameters, the validation set is used to evaluate under-fitting and over-
fitting, and the test set is used for out-of-sample prediction. In this study for the MLPs, we
utilise an expanding window (in terms of the number of days) for the training and validation sets

and a fixed size (of one-trading-day) for the test set, whereas for the LSTMs, we utilise a fixed-

6The MLP models designed in Matlab that use the in-built activation functions do not sup-
port having the ReLLU function for time series forecasting. Only until recently, Nguyen et al.
(2022) has implemented custom-built ReLU as the activation function in Matlab in conjunc-
tion with Recurrent Neural Networks. The documentation states that the ReLU function in
Matlab is used for image classification purposes. The available transfer/activation functions
compatible with the MLP networks designed using the Matlab Neural Network Toolbox are
the Log-Sigmoid Transfer function(logsig), Tan-Sigmoid Transfer Function(tansig), and Linear
Transfer Function(purelin) (refer to the following link). The “tanh” activation function is equiv-
alent to the “tansig” function (refer to the following link). The following studies have used a
“tanh” activation function with their MLP networks: Andreevna (2022), Liang et al. (2009a),
Liang et al. (2009b), Vejendla and Enke (2013), Liang et al. (2006), Shin and Ryu (2012), Ab-
hishek et al. (2012), and Wang et al. (2012). De Ryck et al. (2021) cites that tanh networks
with two hidden layers are at least as expressive as deeper ReLLU networks and has improved
convergence rate for neural network approximation of analytic functions.

"The following studies that have used a “ReLU” activation function with their LSTM net-
works are: Liu and Zhang (2023), Paredes and Kadry (2022), Chang (2022), Ke and Yang (2019),

Zhao et al. (2022), Kavinnilaa et al. (2021), Pathan et al. (2020), Karakoyun and Cibikdiken
(2018), and Liang and Cai (2022).
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Figure 2.4: MLP Data Division: The data set covering from September 2012 to December
2017 is divided into a training set, a validation set, and a test set. The training set is used to
estimate the parameters, the validation set is used to evaluate under- and over-fitting, and the
test set is used for out-of-sample prediction. The MLP M1Cy-Models (M1C1y to M1C9y),
MLP M2Cn-Models (M2C1y to M2C9y), MLP M3Cxn-Models (M3C1y to M3C9y), and
the MLP M3Cny1-Models (M3C1xn41 to M3C9x41) utilise an expanding window (in terms of
the number of days) for the training and fixed size (of one trading day) for the validation and
test sets. For example, in the first iteration of the expanding window, the observations in 11
days (1 to 10 days as training set and 1 day as validation set) are randomly split into 80%:20%
as the training set, and the validation set and the test set is fixed at one trading day. This
format of data division is based on Andreou et al. (2008).
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sliding window (in terms of the number of days, 10 trading days) for the training and validation
sets and a fixed size (of one-trading-day) for the test set. Due to computational limitations, it
was not feasible to have an expanding window for the LSTM models. Thus, the training and
validation sets comprise trading days (1 to N) and the test set trading days (N + 1). This is
repeated for the trading days N = 11, 12,..., 1,327. At each iteration, the observations in days
1 to N are randomly split into 80%:20% as the training and validation sets. The expanding
window method for the MLPs is chosen over a fixed number of trading days for the training
and validation sets so that the MLPs are exposed to a large variable and parameter space. The
pictorial representation of the MLPs data division is presented in Figure 2.4. For the LSTM
models, for each iteration, the combined set of training and validation of observations, which
consists of trading days from 1 to N, stays fixed, and this fixed window (number of days) keeps
sliding on each iteration and is not randomly split, which is the case with MLPs. The test
set for the MLPs and the LSTMs is fixed at one trading day as the focus of this study is on
one-trading-day-ahead prediction. The pictorial representation of the LSTMs data division is

presented in Figure 2.5.



Figure 2.5: LSTM Data Division: The data set covering from September 2012 to December
2017 is divided into a training set, a validation set and a test set. The training set is used
to estimate the parameters, the validation set is used to evaluate under- and over-fitting, and
the test set is used for out-of-sample prediction. The LSTM L1Cy-Models (L1C1y to L1C9y),
LSTM L2Cn-Models (L2C1y to L2C9y), LSTM L3Cn-Models (L3C1y to L3C9y), and LSTM
L3Cn1-Models (L3C1 N1 to L3C9n41) utilise a fixed window (in terms of the number of days)
for the training, validation, and test sets. For example, in the first iteration of the fixed window,
the observations in 10 days are considered as the training set, 1 day as the validation set, and
the test set is fixed at 1 trading day. This procedure is repeated over the entire data set. This
format of data division is based on Andreou et al. (2008).
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2.3.7.3.3 Training the Neural Network Models A problem that occurs during neural
network training is called overfitting. The performance or loss function on the training set is
driven to a minimal value, but when test set data is presented to the trained network, the loss
function gets large. The network has identified the training examples, but it does not generalise
to new data. Early stopping is a method for improving generalisation. The available data is
divided into three subsets (i.e. training, validation and test sets). The training set is used for
updating the network weights and biases. The validation set is monitored during the training
process, and its loss function normally decreases during the initial phase of training, but when
the network begins to overfit the data, its loss function typically begins to rise (as illustrated in
Figure 2.6). When the validation loss function increases for a specified number of iterations, the
training is stopped, and the weights and biases at the minimum of the validation loss function are
used to evaluate the loss function in the test data. Another method for improving generalisation
is called regularisation. This involves modifying the loss function, which is normally chosen to
be the mean square error of the training set. To improve generalisation, the mean square error
loss function is modified by adding a term that consists of the mean of the sum of squares of

the network weights and biases (wg).
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Figure 2.6: Early Stopping Method: Training reduces the loss function on the training set with
an increase in the number of epochs, while the validation set loss function normally decreases
during the initial phase of training. The problem of over-fitting comes into play when the
loss function on the validation set begins to rise. In this study, training is stopped when the
validation loss function increases consecutively for 100 epochs. The weights and biases at the
minimum point of the validation loss function are used for predicting the call option prices in
the test set.
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where 7y is called the performance ratio (refer to Beale et al. (2010)). Using this loss function
causes the network to have smaller weights and biases, with the result that the network is less
likely to overfit. The problem with the method is the difficulty in determining the optimum value
for the performance ratio parameter. One solution is the Bayesian framework of Mackay (1992).
The detail of this Bayesian regularisation method is beyond the scope of this paper, but it has
been implemented in MATLAB in the function trainbr and has been employed in training the
MLP models reported in this paper, whereas for the LSTM models, we use the adam function
in Python(as the Bayesian regularisation optimiser was not available in Tensorflow), which is
an extended version of stochastic gradient descent. Based on several experiments, we set the
learning rate to 1073, and batch size to 10, we train each ANN for 500 epochs, and we set early

stopping to 250 epochs.
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2.4 Empirical Results

We evaluate the forecasting performance of the various parametric and ANN models and the
impact of ANN architecture on the forecasting performance of the network models in predicting
one-trading-day-ahead call option prices and moneyness. The out-of-sample forecasting perfor-

mance of C-Models and CK-Models are discussed, together with several robustness tests.

2.4.1 (C-Models: Results

All of the studies listed in Table 1.1 and recent studies such as Ruf and Wang (2021) have a
look-ahead bias; even though they use a test set, they fail to provide lagged input variables to
their models to forecast option prices. Our study tackled this by proposing the following set of
C-Models that use lagged input variables for forecasting one-trading-day-ahead option prices

CNy1-

e (C-Models using lagged input variables

— Parametric models:

* Black—Scholes-Merton (BSMCy) model

* Heston (HC) model

* Heston Jump Diffusion (H.JDC) model

* Finite Moment Log Stable (FM LSCy) model

— MLP models:
* Single hidden layer MLP M1Cn-Models (M1C1y to M1C9y)
* Double hidden layer MLP M2Cn-Models (M2C1y to M2C9y)
* Triple hidden layer MLP M3Cn-Models (M3C1y to M3C9y)
— LSTM models:
* Single hidden layer LSTM L1Cy-Models (L1C1x to L1C9y)
* Double hidden layer LSTM L2Cy-Models (L2C1x to L2C9y)

* Triple hidden layer LSTM L3Cn-Models (L3C1y to L3C9y)

Following previous literature and for comparison purposes, we also perform the exercise of using

one-trading-day-ahead input variables for forecasting the one-trading-day-ahead call option price
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Cny1. For this exercise, we only consider triple hidden layer C-Models, as the triple hidden
layer models have shown to largely out-perform the single and double layer C-Models, that use
lagged input variables (see extended results in Appendix A.2). Also, most of the traditional
literature® focuses on single hidden layer MLP models, aside from Ghaziri et al. (2000), where
they studied the double hidden layer MLP models; thus, this analysis provides insights into the

performance of higher dimensional ANN models.

e (C-Models using one-trading-day-ahead input values

— Parametric models:

* Black—Scholes-Merton (BSMCpn41) model
* Heston (HCn41) model
* Heston Jump Diffusion (HJDCx41) model

* Finite Moment Log Stable (FMLSCy41) model
— MLP models:

* Triple hidden layer MLP M3Cy1-Models (M3C1n41 to M3C9n41)
— LSTM models:

* Triple hidden layer LSTM L3Cyy1-Models (L3C1n4+1 to L3C9IN 1)

2.4.1.1 Forecasting Performance of C-Models Using Lagged Input Variables

Table 2.1 presents the relative out-of-sample forecasting performance amongst all parametric
and ANN models? that use lagged input variables to forecast the one-trading-day-ahead call
option prices. The performance metric is the RMSE of the one-trading-day-ahead forecast
errors of C'y41, which is computed for each model utilising all of the errors in each day or each
month. Amongst all of the models, columns V and VI record the number of months and days,

respectively, that each model has the lowest RMSFE when including the random walk model

8See examples in Table 1.1.

9As explained in Section 2.4.1, the models using lagged input variables to forecast the call op-
tion price are the random walk model (6Cy ), the parametric models (BSMCy, HCyn, HJDCl,
and FMLSCYy), the single hidden layer MLP models (M 1Cn-Models), the single hidden layer
LSTM models (L1Cn-Models), the double hidden layer MLP models (M2Cy-M odels), the dou-
ble hidden layer LSTM models (L2Cy-Models), the triple hidden layer MLP models (M 3Cy-
Models), and the triple hidden layer LSTM models (L3Cn-Models).
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(0Cn)), while columns VII and VIII record the number of months and days that each model
has the lowest RMSE when excluding the dCx model.

There are three key findings from these out-of-sample forecasting performance comparisons.
Firstly, the triple hidden layer LSTM models typically outperform all the other models, and
in particular, the L3C9y model out-perform all the other models with the lowest RMSFE for
122 days. Secondly, collectively out of 1326 forecasting days, the LSTM models outperform for
863 days (65%), the MLP models for 356 days (27%), while the parametric models only for 109
days (8%). Also, from the monthly RMSE from daily forecasts, we find similar out-performance
of the LSTM models, where the L3C8y model outperforms. The daily RMSEs have been the
focus of this study since we forecast daily. Note that when comparing results from daily and
monthly RMSEs, we do not always obtain consistent results, which highlights the importance of
using daily measures when assessing daily forecast. Thirdly, the best performing LSTM model
outperforms the random walk model (§Cy) (refer to column V in Table 2.1). However, in various
other such comparisons discussed in the Appendix A.2, the random walk model outperforms all

the C-Models - except for the L2C9y, L3C9y and the FM LSCy models.

We have also performed a more comprehensive analysis by exclusively comparing the parametric
models to the single layer ANN (MLP and LSTM) models, the parametric models to the double
layer ANN models, and the parametric models to the triple layer ANN models. The associated
tables are presented in Appendix A.2 for the sake of brevity. In particular, we consider the
following nine comparisons. Firstly, we compare the parametric models with the single hidden
layer MLP and LSTM models (in Table A.2.1), the parametric models with the double hidden
layer MLP and LSTM models (in Table A.2.4), and the parametric models with the triple hidden
layer MLP and LSTM models (in Table A.2.7). We find the LSTM models consistently outper-
form all other models regardless of the number of layers used by the models. More specifically,
the best outperforming LSTM models include the one-layer L1C8y belonging to the Series 8
set of models that uses an input information set replicating the HJD model, while the other two
out-performing LSTM models are the two-layer L2C'9y and the three-layer L3C9x belonging to
Series 9 set of models, which use an input information set replicating the FMLS model.'® Fur-
thermore, we observe an improvement in forecasting performance of the outperforming LSTM
models from a single hidden layer (L1C8y model) to a double hidden layer (L2C9y model) by
an additional 19.2% and from a double hidden layer to a triple hidden layer (L3C9y model)
by an additional 5%. The LSTM models also outperform on the basis of monthly RMSEs in

10Gee Section 2.3.5.1.2 for the details of each series.
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the above-mentioned set of comparisons.!! The Series 8 set of LSTM models has consistently
outperformed when we gauge models based on monthly RMSEs. Thus to summarise, the LSTM
models typically outperform other models across various layers with triple layer providing the
best performance, and mainly the LSTM models belonging to the Series 8 and Series 9 set of

models.

The outperformance of LSTM models (single, double, and triple hidden layers) is also evident
when we consider the three combinations of comparing the parametric models with the single
hidden layer LSTM models only, the double hidden layer LSTM models only, and the triple
hidden layer LSTM models only; see Tables A.2.3, A.2.6, and A.2.9, respectively. We find
again that the Series 8 and Series 9 sets of LSTM models outperform the parametric models.'?
However, we lastly compare the MLP models (single, double, and triple hidden layers) with the
parametric models; the MLP’s show poor performance, as they fail to outperform the parametric
models in Tables A.2.2, A.2.5, and A.2.8, respectively. In these tables, the FMLSCy model

has consistently outperformed other parametric and MLP models.!?

2.4.1.2 Forecasting Performance of C-Models Using One-trading-day-ahead Input

Variables

Table 2.2 shows the relative out-of-sample forecasting performance (in RMSFE) amongst all
parametric and triple layer ANN models'® that use one-trading-day-ahead input variables to
forecast the one-trading-day day ahead call option prices. For this analysis, along with the
parametric models, we only experiment with triple layer ANN (MLP and LSTM) models because
the triple hidden layer LSTM (L3C9y model) outperforms the single and double hidden layers

models, as demonstrated in Section 2.4.1.1. Similarly, columns V and VI record the number

UThe L1C8y model outperforms for 11 months (Table A.2.1), L2C8y for 12 months (Ta-
ble A.2.4), and L3C8y for 13 months (Table A.2.7) out of 64 months.

12The single hidden layer L1C8y, the double hidden layer L2C9y and the triple hidden
layer L3C9yn models outperformed all the other models, see Tables A.2.3, A.2.6, and A.2.9,
respectively.

13The FMLSCy outperforms the single hidden layer MLP models by 229 days, other para-
metric models and the double hidden layer MLP models by 230 days, and other parametric
models and the triple hidden layer MLP models by 229 days.

MAs explained in Section 2.4.1, the models using one-trading-day-ahead input variables
to forecast the call option price are the random walk model (§Cy), the parametric models
(BSMCn41, HCny1, HIDCNy1, and FMLSCpy1), the triple hidden layer MLP models
(M3Cn41-Models), and the triple hidden layer LSTM models (L3Cny1-Models).
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of months and days, respectively, that each model has the lowest RM SFE when including the
random walk model (6Cy)), while columns VII and VIII record the number of months and
days that each model has the lowest RMSE when excluding the 6Cy model (amongst all the

models).

This analysis reveals different results. When comparing the parametric models with the triple
hidden layer MLP and LSTM models, the MLP model, M3C4x,1 has the lowest RMSFE for
232 days and outperforms all other models. The out-performance is not just limited to the
M3C4pn41 model but can be seen across other MLP models (i.e. across M3Cn.1-Models,
which consists of models M3C1y41 to M3C9n41) too.

We perform further investigations to compare the use of one-trading-day-ahead input variables
with the use of lagged input variables. From Table 2.2, all the nine triple hidden layer MLP
models with one-trading-day-ahead input variables significantly outperform all the corresponding
nine triple hidden layer MLP models with lagged input variables in Table A.2.7 (this table
presents the comparison between the parametric, triple hidden layer MLP and LSTM models
that use lagged input variables), with the improvement reaching up to 419% for MLP Series
9 models.'®> Thus, a substantial improvement in forecasting performance can be noticed by
using one-trading-day-ahead input variables compared with the use of lagged input variables to
forecast C'y41. We also observe an out-performance of the M3Cn1-Models when considering
monthly RMSEs. The parametric and the LSTM L3Cny1-Models from Table 2.2 have fared

poorly compared to their counterparts in Table A.2.7.

Tables A.2.16 and Table A.2.17 consider the comparison between the parametric and triple
hidden layer MLP only and between the parametric and triple hidden layer LSTM models only,
respectively. We find that the MLP M3C4y41 model again has the lowest RM SFE for 240 days.
The LSTM L3Cpny1-Models fail to out-perform in any of the comparisons mentioned above
and also fail when they are compared to the parametric models, where the HJDCpy 1 model
has the lowest RMSE for 878 days, and none of the LSTM L3Cpny1-Models has shown any

out-performance.

Indeed, the forecasting performance of the MLP models can be summarised as follows:
M3C1yy1 has an improvement of 74% over the M3C1y, M3C2x.1 has an improvement of
300% over M3C2y, M3C3y1 has an improvement of 274% over M3C3y, M3C4y41 has an
improvement of 362% over M3C4y, M3C5y41 has an improvement of 300% over M3C5Hy,
M3C6x41 has an improvement of 314% over M3C6y, M3CTxn411, however, has a decrease of
3% in forecasting performance compared to M3C7y, M3C8x41 has an improvement of 138%
over M3C8y, and M3C9y,1 has an improvement of 419% over M3C9y.
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The improvement seen in the MLP models that use one-trading-day-ahead input variables rather
than lagged input variables may explain why previous studies find MLP models to outperform
other parametric models (Andreou et al. (2002), Andreou et al. (2004), Andreou et al. (2008),
Ghaziri et al. (2000), Gencay and Gibson (2007), Thomaidis et al. (2006a), and Ghaziri et al.
(2000)).16

16We discuss in depth the relative out-of-sample forecasting performance amongst the models
that lagged variables and one-trading-day-ahead input variables to forecast the one-trading-day-
ahead Cny1 in sections A.2.1 and A.2.2, respectively. The RMSEs for the C-Models that use
lagged input variables to forecast the Cy41 for the next trading day on a monthly, yearly, and
overall basis can be found in Tables 1, 5, and 9, respectively and for the C-Models that use one-
trading-day-ahead input variables to forecast the Cny1 for the next trading day on a monthly,
yearly, and overall basis can be found in Tables 2, 6, and 10, respectively, of the Electronic
Appendix.
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Table 2.1: This table presents the forecasting performance comparison using both daily and monthly statistics amongst C-Models that use lagged input variables to forecast
the one-trading-day-ahead call option price (Cn41). The one-day-ahead forecast errors of Cy41 are used to compute the Root Mean Square Error (RMSE). Column I identifies
the models, and columns II, ITI, and IV describe the network architecture of the MLP and LSTM models. Forecasts are made for 1,326 trading days, and there are 64 months
covered in the sample using the monthly data. When comparing all models simultaneously (i.e. including the random walk model (6Cy)), column V reports the number of
months out of the 64 months that each model has the smallest RMSE, while column VI reports the number of days out of the 1,326 days each model has the smallest RMSE.
Similarly, when the dCn model was excluded in the comparison, column VII reports the number of months out of the 64 months that each model has the smallest RMSE, while
column VIII reports the number of days out of the 1,326 days each model has the smallest RMSE.

Incl. random walk Excl. random walk

(D) (1II) (11I1) (IV) V) (VI) (VII) (VIII)
Model No. No. of Network Performance Performance Performance Performance

of hidden architecture amongst amongst amongst amongst

hidden nodes all models all models all models all models

layers per layer (Monthly) (Daily) (Monthly) (Daily)
6Cn - - - 6 106 - -
BSMCn - - - 0 53 0 53
HCyN - - - 1 40 1 40
HJDCN - - - 0 1 0 9
FMLSCy - - - 0 7 0 7
M1C1ly 1 6 6 0 6 0 6
M1C2N 1 7 7 1 8 1 8
M1C3 N 1 12 12 1 19 1 24
M1C4 N 1 17 17 0 20 0 26
M1C5H N 1 18 18 2 5 2 6
M1C6yn 1 11 11 2 4 3 5
M1CTN 1 12 12 2 14 2 15
M1C8yN 1 14 14 0 3 0 6
M1C9n 1 8 8 0 5 0 6
M2C1y 2 6 6 X6 0 1 0 1
M2C2 N 2 7 7TX7 0 17 0 17
M2C3N 2 12 12 X 12 0 13 0 13
M2C4N 2 17 17X 17 0 28 0 28
M2C5N 2 18 18 X 18 4 32 4 32
M2C6 N 2 11 11X 11 0 14 0 14
M2CTN 2 12 12 X 12 2 26 3 27
M2C8n 2 14 14 X 14 1 21 1 22
M2C9yN 2 8 8X8 0 4 0 4
M3C1ly 3 6 6X6X6 0 11 0 11
M3C2n 3 7 TXT7TXT7 0 13 0 14
M3C3n 3 12 12X 12X 12 3 17 3 21
M3C4n 3 17 17X 17X 17 1 18 1 24
M3C5N 3 18 18X 18X 18 0 2 0 4
M3C6n 3 11 11X11X11 1 3 2 6
M3CTn 3 12 12X 12X 12 1 4 1 8
M3C8n 3 14 14X14X14 O 1 0 2
M3C9N 3 8 8§X8X8 0 4 0 6
L1C1y 1 6 0 3 0 3
L1C2yN 1 7 7 0 45 0 45
L1C3yN 1 12 12 0 27 0 27
L1C4N 1 17 17 0 28 0 28
L1C5N 1 18 18 1 29 1 33
L1C6n 1 11 11 2 11 2 13
L1C7N 1 12 12 3 21 3 22
L1C8y 1 14 14 2 25 3 27
L1C9y 1 8 8 0 33 0 34
L2C1yN 2 6 6 X6 0 8 0 11
L2C2yN 2 7 TX7 1 21 1 23
L2C3N 2 12 12 X 12 4 32 4 37
L2C4N 2 17 17 X 17 2 17 2 23
L2C5 N 2 18 18 X 18 0 2 0 5
L2C6 2 11 11 X 11 0 2 0 5
L2CTyN 2 12 12 X 12 4 8 4 16
L2C8yN 2 14 14 X 14 1 2 2 8
L2C9N 2 8 8 X8 0 7 1 13
L3C1n 3 6 6X6X6 0 34 0 34
L3C2yN 3 7 TXTXT 0 86 0 86
L3C3y 3 12 12X 12X 12 0 38 0 38
L3C4yN 3 17 17X 17X 17 0 73 0 73
L3C5N 3 18 18X 18X 18 1 39 1 40
L3C6n 3 11 11X11X11 1 22 1 22
L3CTn 3 12 12X 12X 12 5 24 5 25
L3C8yn 3 14 14X14X14 9 49 9 50
L3C9y 3 8 8§X8X38 0 122 0 122
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Table 2.2: This table presents the forecasting performance comparison using both daily and monthly statistics amongst C-M odels that use one-trading-day-ahead input variables
to forecast the one-trading-day-ahead call option price (Cn41). The one-day-ahead forecast errors of Cy11 are used to compute the Root Mean Square Error (RMSE). Column
I identifies the models, and columns II, III, and IV describe the network architecture of the MLP and the LSTM model. Forecasts are made for 1,326 trading days, and there
are 64 months covered in the sample using the monthly data. When comparing all models simultaneously (i.e. including the random walk model (§Cy)), column V reports
the number of months out of the 64 months that each model has the smallest RMSE, while column VI reports the number of days out of the 1,326 days each model has the
smallest RMSE. Similarly, when the §C'y model was excluded in the comparison, column VII reports the number of months out of the 64 months that each model has the
smallest RMSE, while column VIII reports the number of days out of the 1,326 days each model has the smallest RMSE.

Incl. random walk Excl. random walk
(D) (II) (11I1) (IV) V) (VI) (VII) (VIII)
Model No. No. of Network Performance Performance Performance Performance
of hidden architecture amongst amongst amongst amongst
hidden nodes all models all models all models all models
layers per layer (Monthly) (Daily) (Monthly) (Daily)
6Cn - - - 0 89 - -
BSMCny1 - - - 0 0 0 0
HCN1 - - - 0 9 0 9
HJDCN41 - - - 4 56 4 57
FMLSCny1 - - - 0 0 0 0
M3Clny1 3 6 6X6X6 3 87 3 87
M3C2n41 3 7 TXTXT7 24 210 24 212
M3C3n41 3 12 12X 12X 12 8 228 8 232
M3C4n41 3 17 17X 17X 17 16 232 16 245
M3C5hn41 3 18 18X 18X 18 4 112 4 124
M3C6ny1 3 11 11X11X11 0 76 0 87
M3CTn41 3 12 12X 12X 12 0 21 0 35
M3C8ny1 3 14 14X14X14 0 17 0 38
M3CI9Ny1 3 8 8X8X8 5 162 5 166
L3C1N 41 3 6 6X6X6 0 0 0 0
L3C2N 41 3 7 TXT7TXT7 0 4 0 4
L3C3N 41 3 12 12X 12X 12 0 3 0 4
L3C4N 41 3 17 17X 17X 17 0 5 0 5
L3C5N 41 3 18 18X 18X 18 0 8 0 9
L3C6n+1 3 11 11X11X11 0 4 0 6
L3CTN 41 3 12 12X 12X 12 0 2 0 4
L3C8N 41 3 14 14X14X14 0 2 0 3
L3C9N 41 3 8 8§X8X8 0 1 0 1
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2.4.2 (K-Models: Results

We continue with the evaluation of the forecasting performance of the following set of CK-
Models, that use lagged and one-trading-day-ahead input variables to forecast one-trading-day-

ahead call option prices scaled by the strike price Cy41/Kn41.

e CK-Models using lagged input variables

— Parametric models:
% Black—Scholes-Merton (BSMCK ) model
* Heston (HCKy) model
* Heston Jump Diffusion (H.JDCK ) model
* Finite Moment Log Stable (FM LSCK ) model
— MLP models:
* Single hidden layer MLP M1CKyn-Models (M1C1Ky to M1C9K )
* Double hidden layer MLP M2C K n-Models (M2C1Ky to M2C9K )
* Triple hidden layer MLP M3CKy-Models (M3C1Ky to M3C9IK )
— LSTM models:
* Single hidden layer LSTM L1CKy-Models (L1C1Ky to LIC9K )
* Double hidden layer LSTM L2C K n-Models (L2C1Ky to L2C9K )
* Triple hidden layer LSTM L3CKn-Models (L3C1Ky to L3C9K )

e CK-Models using one-trading-day-ahead input values

— Parametric models:

* Black—Scholes-Merton (BSMCK 1) model

* Heston (HCKp41) model

* Heston Jump Diffusion (HJDCK 1) model

* Finite Moment Log Stable (FMLSCK 1) model

— MLP models:

* Triple hidden layer MLP M3CKyi1-Models (M3C1K 41 to M3CIK n41)
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— LSTM models:

* Triple hidden layer LSTM L3CKyy1-Models (L3C1K 1 to L3CIK N 1)

In this section, we also discuss the forecasting performance of the rescaled C'K-Models that
involves multiplying the strike price (K1) to the forecasted Cn41/Kn+1 from the CK-Models
considered above. These models, thereby, provide an evaluation of forecasting one-trading-day-
ahead option prices Cn41, which are inferred from the forecasting of Cn1/Kn41 prices. The

rescaled C K-M odels makes the forecasts comparable to that of the C-Models.

e Rescaled CK-Models using lagged input variables

— MLP models:

x Single hidden layer MLP M1CKy-Models-Rescaled (M1C1K y-Rescaled to
M1C9K n-Rescaled)

* Double hidden layer MLP M2C K n-Models-Rescaled (M2C1K n-Rescaled to
M2C9K n-Rescaled)

* Triple hidden layer MLP M3CK y-Models-Rescaled (M3C1Kn-Rescaled to
M3CIK n-Rescaled)

— LSTM models:

* Single hidden layer LSTM L1C K n-Models-Rescaled (L1C1K n-Rescaled to L1CIK y-
Rescaled)

* Double hidden layer LSTM L2CK n-Models-Rescaled (L2C1K n-Rescaled to
L2C9K N-Rescaled)

* Triple hidden layer LSTM L3C K y-M odels-Rescaled (L3C1K y-Rescaled to L3CIK -
Rescaled)

The benefits of scaling, such as convergence and faster training of ANN models, have been dis-
cussed in the literature!” that forecasts call option prices scaled by the strike price (Cn.1 /EKN+1),
but none of these studies have compared the performance of directly forecasting option prices

with the re-scaling of the forecasts of Cn41/Kn41.

I"Examples include Dugas et al. (2001), Andreou et al. (2002), Gengay and Salih (2003),
Andreou et al. (2008), Gradojevic et al. (2009), and Andreou et al. (2010).
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2.4.2.1 Forecast Performance of C'K-Models Using Lagged Input Variables

Table 2.3 summarises the relative out-of-sample forecasting performance amongst the models
that use lagged input variables to forecast the one-trading-day-ahead call option prices scaled
by the strike price (Cny1/Kny1).'® The performance metric is the RMSE of the one-trading-
day-ahead forecast errors of Cn41/Kn+1, which is computed for each model utilising all of the
errors in each day or each month. Amongst all of the models, including the random walk model
(0CKy)), columns V and VI record the number of months and days, respectively, that each
model has the lowest RM SFE and while excluding the §C Ky model amongst the comparison,
columns VII and VIII record the number of months and days that each model has the lowest

RMSE.

From these comparisons, there are two key findings. Firstly, we notice the forecasting out-
performance of the double hidden layer LSTM models, and in particular, the L2C K2y model
outperforms all the models and has the lowest RMSFE for 96 days out of 1326. When monthly
RMSE are used from daily forecasts, we find similar outperformance of the LSTM models, yet,
the double hidden layer LSTM model, L2C K6 outperforms. Secondly, the LSTM models based
on C'K-Models perform similarly to LSTM models based on C-Models. Out of 1326 forecasting
days, the LSTM models collectively outperform for 778 days (59%) compared to the parametric
models, where they collectively outperform for only 2 days (0%). The MLP models also collec-
tively outperform for 549 days (41%). However, unlike the C-Models, none of the CK-Models

could outperform the random walk model.

As we did a comprehensive analysis for C-Models, we perform a similar analysis for C'K-
Models, where we consider the following nine comparisons of CK-Models. The associated
tables are presented in the Appendix A.2 for the sake of brevity. We start with comparing
the parametric models to the single hidden layer MLP and LSTM models (in Table A.2.19),
double hidden layer MLP and LSTM models (in Table A.2.22), and triple hidden layer MLP
and LSTM models (in Table A.2.25) in order to understand the forecasting performance across

different layers of the ANN. We find a similar outperformance of all LSTM models compared to

18As explained in Section 2.4.2, the models using lagged input variables to forecast
Cn+1/Kn4+1 are the random walk model (6C Ky ), the parametric models (BSMCKy, HCKy,
HJDCKp, and FMLSCKJy), the single hidden layer MLP models (M1CKy-Models), the
single hidden layer LSTM models (L1CKy-Models), the double hidden layer MLP models
(M2CKpn-Models), the double hidden layer LSTM models (L2CKy-Models), the triple hid-
den layer MLP models (M 3C K y-Models), and the triple hidden layer LSTM models (L3C K y-
Models).
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other models, regardless of the number of hidden layers used in the models. More specifically,
the single hidden layer LSTM model, L1C K2y model outperforms all other models and has the
lowest RM SE for 218 days (daily bootstrap winning percentage from 14% to 18%), the double
hidden layer LSTM model, L2C' K2y model outperforms all other models and has the lowest
RMSE for 201 days (daily bootstrap winning percentage from 13% to 17%), and the triple
hidden layer LSTM model, L3C K2y outperforms all other models and has the lowest RMSFE
for 203 days (daily bootstrap winning percentage from 13% to 17%). These three LSTM models
belong to the Series 2 set of models, which uses the lagged call option price of the S&P 500
Index scaled by the strike price as an input along with inputs that replicate the BSM model
(refer to Section 2.3.5.2.2).

We also confirm the forecasting performance of the Series 2 set of LSTM models when we
compare them exclusively with all the parametric models. Tables A.2.21, A.2.24, and A.2.27
for the single, double and triple hidden layer LSTM models, respectively, show that the single
hidden layer L1C K2y model outperforms the parametric models for 439 days, the two-layer
L2C K2y model outperforms for 408 days, and the three-layer L3C' K2y model outperforms
for 410 days. The performance of the parametric models is also compared with MLP models
exclusively in Tables A.2.20, A.2.23, and A.2.26 for single, double, and triple hidden layer MLP
models, respectively. We find that the single hidden layer M 1C K3y model outperforms all other
models and has the lowest RMSE for 216 days; the two-layer M2C' K3y model outperforms
all other models and has the lowest RMSE for 179 days, and finally, the triple hidden layer
M3C K3y model outperforms all other models and has the lowest RMSE for 164 days. Thus,
the C K-Models-based MLP models (single, double and triple hidden layers) have consistently
out-performed the C K-M odels-based parametric models, and moreover, the parametric models
have fared poorly in comparison to the C K-M odels-based LSTM models (as discussed above in

this section).

2.4.2.2 Forecast Performance of CK-Models Using One-trading-day-ahead Input

Variables

Following the exercise of assessing the forecasting performance of one-trading-day-ahead money-
ness (CN + 1/Kn41) by using lagged variables above, we now asses its forecasting performance
by using one-trading-day-ahead input variables, and only for the triple layer ANN (MLP and
LSTM) models in order to make results comparable. Table 2.4 presents the relative out-of-

sample forecasting performance (in RMSE) amongst the models using one-trading-day-ahead
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input variables.'® Similarly with the results obtained for the C-Models in Section 2.4.1.1 and
Table 2.2, the C'K-M odels-based MLP models outperform, with the M3C K2y model having
the lowest RMSFE for 308 days and outperforming all other models.

Furthermore, a substantial improvement of up to 199% (for MLP Series 2 models) in forecasting
performance is evident for the models using one-trading-day-ahead input variables in the triple
hidden layer MLP M3CK n1-Models compared to the M3C K n-Models that use lagged input
variables (mentioned in Table A.2.25 presenting the comparison between the parametric, and
the triple hidden layer MLP and LSTM models using lagged input variables).?? These results
are in line with Garcia and Gengay (2000), Gengay and Qi (2001), Gengay and Salih (2003),
Ghosn and Bengio (2002), and Gradojevic et al. (2009) who find that the MLP models typically

outperform parametric models.

Next, we consider the comparison between the parametric and triple hidden layer MLP only
and between the parametric and triple hidden layer LSTM models only, respectively. We find
similar outperformance of the triple hidden layer MLP M3C Kpn41-Models when we compare
them to parametric models in Table A.2.34, where the M3C K211 model again has the lowest
RMSFE for 313 days. Furthermore, the triple hidden layer LSTM L3C K4 1-M odels outperform
the parametric models when they are compared in Table A.2.35, where the L3C K2y 1 model

outperforms all the parametric models.

2.4.2.3 Forecast Performance of Rescaled CK-Models Using Lagged Input Variables

Furthermore, when we compare the out-of-sample performance of the random walk model, the
class of models that use lagged input variables, which are the unscaled C-Models (from Section
2.4.1.1) and the rescaled CK-Models (called CK — Models — Rescaled in Section 2.4.2), in

Table 2.5, we observe that after rescaling the forecast variable, Cnyy1/Kn+1, of the CK-Models

9Recall that the models using one-trading-day-ahead input variables to forecast the mon-
eyness are the random walk model(6C Ky ), the parametric models (BSMCKy41, HCKn41,
HJDCKp+1, and FMLSCKp1), the triple hidden layer MLP models (M3CK n1-Models),
and the triple hidden layer LSTM models (L3C K n1-Models).

20For example, the forecasting performance of the M3C K1y, has an improvement of 58%
over M3C K1y, M3CK2y,1 has an improvement of 199% over M3C K2y, M3CK3x.1 has an
improvement of 107% over M3C K3y, M3C K4y, has an improvement of 29% over M3C K4y,
M3CKb5pn.11, however, has shown a decrease of 20% in forecasting performance compared to
M3CK5yN, M3CKG6y,1 has an improvement of 5% over M3C K6y, M3CKT7x41 has a decre-
ment of 56% in forecasting performance compared to M3C K7y, M3CK8y1 has an improve-
ment of 106% over M3C K8y, and M3CK9y,1 has an improvement of 82% over M3CK9y.

76



to Cny1, all of CK — Models — Rescaled fail to out-perform the C-Models. The L3C9y model,
which belongs to the category of C-Models, outperforms all other models and has the lowest
RMSE for 97 days. The L3C9y is also the out-performing model amongst all the models in
Section 2.4.1.1. As a result, we have demonstrated that training and forecasting call option

prices using ANN models with the homogeneity hint are inferior to models without it. 2!

To make the results comparable with previous studies that estimate an overall RMSE over their
corresponding sample periods,?? we provide an evaluation of the overall RMSE (for the period
from September 2012 to December 2017) of C-Models in Table A.1.6, and for CK-Models in
Table A.1.8. We compare only the models that use one-trading-day-ahead input variables to
forecast option prices/moneyness since past literature does not use lagged variables in the test
set. Andreou et al. (2010) forecast S&P 500 index option prices from January 2002 to August
2004 using an SV and SVJ with an ANN and found that their SV model (has a RMSE of 1.498)
outperforms by 2.21% over their best performing ANN enhanced model, namely the CS ePOMP
model (has a RMSE of 1.532), and by 1.46% over their best performing ANN enhanced model,
namely the BS ePOMP model (RMSE of 1.754). Our best performing ANN model based on
overall RMSE for a window spanning from September 2012 to December 2017 is the C-Models-
based triple hidden layer MLP M3C2y1 model, which has a RMSE of 2.1 (in Table A.1.6),
and the CK-M odels-based triple hidden layer MLP M3C K4py,1 model, which has a RMSE of
0.148 (in Table A.1.8).

21We also discuss in depth the relative out-of-sample forecasting performance amongst the
models that use lagged variables and one-trading-day-ahead input variables to forecast the one-
trading-day-ahead Cn41/Kpn+1 in Sections A.2.3 and A.2.4, respectively. The RMSEs for the
CK-Models that use lagged input variables to forecast the Cnyy1/Kn41 for the next trading
day on a monthly, yearly, and overall basis can be found in Tables 3, 7, and 11, respectively and
for the C K-Models that use one-trading-day-ahead input variables to forecast the Cn41/Kn+1
for the next trading day on a monthly, yearly, and overall basis can be found in Tables 4, 8, and
12, respectively of the Electronic Appendix.

22Gee, for example, Andreou et al. (2010), Andreou et al. (2010) extended the models of
Andreou et al. (2004), Andreou et al. (2006), and Andreou et al. (2008).
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Table 2.3: This table presents the forecasting performance comparison using both daily and monthly statistics amongst C K-M odels that use lagged input variables to forecast
the one-trading-day-ahead call option price scaled by the strike price(Cn4+1/Kn+1). The one-day-ahead forecast errors of Cni1/Kn+1 are used to compute the Root Mean
Square Error (RMSE). Column I identifies the models, and columns II, ITI, and IV describe the network architecture of the MLP and LSTM models. Forecasts are made for
1,326 trading days, and there are 64 months covered in the sample using the monthly data. When comparing all models simultaneously (i.e. including the random walk model
(0CKy)), column V reports the number of months out of the 64 months that each model has the smallest RMSE, while column VI reports the number of days out of the 1,326
days each model has the smallest RMSE. Similarly, when the dC Ky model was excluded in the comparison, column VII reports the number of months out of the 64 months
that each model has the smallest RMSE, while column VIII reports the number of days out of the 1,326 days each model has the smallest RMSE.

Incl. random walk Excl. random walk

(1) (1I1) (I11) (Iv) V) (VI) (VII) (VIII)
Model No. No. of Network Performance Performance Performance Performance

of hidden architecture amongst amongst amongst amongst

hidden nodes all models all models all models all models

layers per layer (Monthly) (Daily) (Monthly) (Daily)
0CKn - - - 18 202 - -
BSMCKyN - - - 0 1 0 1
HCKyN - - - 0 0 0 0
HJDCK N - - - 0 1 0 1
FMLSCKy - - - 0 0 0 0
M1CK1yn 1 5 5 0 13 0 14
M1CK2y 1 6 6 0 6 1 6
M1CK3yN 1 11 11 0 23 0 26
M1CKA4yn 1 16 16 3 15 3 16
MI1CK5N 1 17 17 2 15 2 23
M1CK6 N 1 10 10 0 14 1 14
M1CKT7yN 1 11 11 0 19 0 19
M1CKS8yN 1 13 13 0 18 0 19
M1CK9yN 1 7 7 0 16 0 16
M2CK1y 2 5 5X5 0 1 0 1
M2CK2yN 2 6 6 X6 0 89 0 89
M2CK3N 2 11 11 X 11 0 4 0 4
M2CKA4N 2 16 16 X 16 0 19 0 20
M2CK5 N 2 17 17 X 17 0 16 0 16
M2CK6 N 2 10 10 X 10 0 10 0 10
M2CKT7n 2 11 11 X 11 1 14 1 14
M2CK8y 2 13 13X 13 0 0 0 0
M2CK9N 2 7 7TX7 0 2 0 2
M3CKly 3 5 5X5X5 0 25 0 26
M3CK2yN 3 6 6X6X6 0 36 0 40
M3CK3yn 3 11 11X11X11 2 32 3 41
M3CK4N 3 16 16 X16 X 16 1 20 1 25
M3CKb5 N 3 17 17X 17X 17 0 15 0 17
M3CK6 3 10 10X 10X 10 4 12 5 15
M3CKTN 3 11 11X11X11 1 21 1 27
M3CKS8y 3 13 13X 13X 13 2 21 2 27
M3CK9n 3 7 TXTXT 0 16 0 22
L1CK1yN 1 5 5 0 6 0 6
LI1CK2yN 1 6 6 0 92 0 96
L1CK3N 1 11 11 0 8 0 8
L1CK4N 1 16 16 0 18 0 19
L1CK5 N 1 17 17 0 28 0 31
L1CK6 v 1 10 10 0 15 0 15
LI1CKT7N 1 11 11 0 17 0 18
L1CK8yN 1 13 13 0 0 0 0
L1CK9N 1 7 7 0 10 0 10
L2CK1N 2 5 5X5 2 25 2 26
L2CK2 N 2 6 6 X6 2 29 4 40
L2CK3 N 2 11 11 X 11 6 41 6 52
L2CK4 N 2 16 16 X 16 5 39 7 63
L2CK5N 2 17 17 X 17 3 22 7 55
L2CK6 v 2 10 10 X 10 3 30 8 52
L2CKT7 N 2 11 11 X 11 3 24 3 32
L2CK8 N 2 13 13X 13 4 24 4 35
L2CK9 N 2 7 7TX7 1 18 2 28
L3CK1N 3 5 5X5X5 0 7 0 7
L3CK2N 3 6 6X6X6 0 76 0 78
L3CK3N 3 11 11X11X11 1 12 1 12
L3CK4N 3 16 16 X16 X 16 0 25 0 26
L3CK5 N 3 17 17X 17X 17 0 25 0 26
L3CK6 N 3 10 10X 10X 10 O 14 0 14
L3CKT7n 3 11 11X11X11 0 15 0 16
L3CK8N 3 13 13X13X13 0 0 0 0
L3CK9N 3 7 TXTXT 0 13 0 13
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Table 2.4: This table presents the forecasting performance comparison using both daily and monthly statistics amongst the CK-Models that use one-trading-day-ahead input
variables to forecast the one-trading-day-ahead call option price scaled by the strike price(Cn11/Kn+1). The one-day-ahead forecast errors of Cy1/K 1 are used to compute
the Root Mean Square Error (RMSE). Column I identifies the models, and columns II, III, and IV describe the network architecture of the MLP and the LSTM models.
Forecasts are made for 1,326 trading days, and there are 64 months covered in the sample using the monthly data. When comparing all models simultaneously (i.e. including
the random walk model (6C' Ky )), column V reports the number of months out of the 64 months that each model has the smallest RMSE, while column VI reports the number
of days out of the 1,326 days each model has the smallest RMSE. Similarly, when the 6C' Ky model was excluded in the comparison, column VII reports the number of months
out of the 64 months that each model has the smallest RMSE, while column VIII reports the number of days out of the 1,326 days each model has the smallest RMSE.

Incl. random walk Excl. random walk

(1) (I1) (I11) (V) V) (VI) (VII) (VIII)
Model No. No. of Network Performance Performance Performance Performance

of hidden architecture amongst amongst amongst amongst

hidden nodes all models all models all models all models

layers per layer (Monthly) (Daily) (Monthly) (Daily)
0CKn - - - 0 183 - -
BSMCKn41 - - - 0 0 0 0
HCKn+1 - - - 0 2 0 2
HJDCKn41 - - - 0 0 0 0
FMLSCKN41 - - - 0 0 0 0
M3CK1n41 3 5 5X5X5 0 117 0 120
M3CK2n41 3 6 6X6X6 27 291 27 308
M3CK3N+1 3 11 11X11X11 12 181 12 203
M3CK4N4+1 3 16 16 X 16 X 16 18 120 18 143
M3CKS5N+1 3 17 17X 17X 17 0 49 0 71
M3CK6N4+1 3 10 10X10X10 3 79 3 106
M3CKTn41 3 11 11X11X11 0 25 0 52
M3CKS8N4+1 3 13 13X 13X 13 2 140 2 165
M3CKI9N41 3 7 TXTXT7T 2 131 2 140
L3CK1N4+1 3 5 5X5X5 0 0 0 0
L3CK2N4+1 3 6 6X6X6 0 5 0 10
L3CK3N+1 3 11 11X11X11 0 1 0 2
L3CK4N4+1 3 16 16 X16X16 0 1 0 2
L3CK5N4+1 3 17 17X 17X 17 0 2 0 2
L3CK6N4+1 3 10 10X10X10 O 0 0 0
L3CKTN4+1 3 11 11X11X11 0 1 0 2
L3CK8N4+1 3 13 13X13X13 0 0 0 0
L3CK9N 41 3 7 TXTXT 0 0 0 0
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Table 2.5: This table presents the forecasting performance comparison using both daily and monthly statistics amongst the parametric (BSMCy, HCy, HJDCy, and
FMLSCy) models, MLP M1Cn-Models, LSTM L1Cn-Models, MLP M2Cn-Models, LSTM L2Cy-Models, MLP M3Cx-Models, and the LSTM L3Cn-Models, MLP
M1CKpy — Models — Rescaled, MLP M2C K — Models — Rescaled, MLP M3C Ky — Models — Rescaled, LSTM L1CKpy — Models — Rescaled, LSTM L2C K — Models —
Rescaled, and the LSTM L3CKy — Models — Rescaled. The forecast variable for all the models is the one-day-ahead call option price (Cn41). The models denoted by the
N subscript use lagged input variables for forecasting Cn 1. The one-day-ahead forecast errors of Cyy; are used to compute the Root Mean Square Error (RMSE). Column I
identifies the models, and column II identifies whether the forecast variable of the model has been re-scaled to Cy1. Forecasts are made for 1,326 trading days, and there are
64 months covered in the sample using the monthly data. When comparing all models simultaneously (i.e. including the random walk model (6Cy), column III reports the
number of months out of the 64 months that each model has the smallest RMSE, while column IV reports the number of days out of the 1,326 days each model has the smallest
RMSE. Similarly, when the §Cn model was excluded in the comparison, column V reports the number of months out of the 64 months that each model has the smallest RMSE,
while column VI reports the number of days out of the 1,326 days each model has the smallest RMSE.

Incl. random walk Excl. random walk
) (1) (111 ) V) (VD)
Model Forecast Performance Performance Performance Performance
variable amongst amongst amongst amongst
re-scaled all models all models all models all models
to call (Monthly) (Daily) (Monthly) (Daily)
price
6Cn - 6 100 - -
BSMCy - 0 17 0 17
HCn - 1 9 1 9
HJDCyN - 0 0 0 6
FMLSCyn - 0 0 0 0
M1Clyn - 0 0 0 0
M1C2yN - 1 1 1 1
M1C3yn - 1 13 1 17
M1C4n - 0 13 0 19
M1C5N - 2 4 2 5
M1C6n - 1 2 2 3
M1CTN - 1 7 1 8
M1C8y - 0 2 0 5
M1C9yN - 0 2 0 2
M2C1y . 0 4 0 4
M2C2yN - 0 0
M2C3n - 1 9 1 13
M2C4n - 1 14 1 19
M2C5N - 0 1 0 3
M2C6N - 0 2 1 5
M2CT7n - 0 3 0 6
M2C8n - 0 0 0 1
M2C9N - 0 2 0 4
M3C1ly - 0 5 0 8
M3C2N - 0 13 0 15
M3C3n - 3 23 3 28
M3C4n - 2 10 2 16
M3C5n - 0 1 0 4
M3C6n - 0 0 0
M3CTn - 3 7 3 15
M3C8n - 0 1 1 7
M3C9N - 0 7 1 13
L1C1yn - 0 0 0
L1C2xn - 0 4 0 4
L1C3yN - 0 0
L1C4N - 0 17 0 17
L1C5N - 4 27 4 27
L1C6yN - 0 10 0 10
L1CT N - 0 19 1 20
L1C8y - 1 16 1 17
L1C9N - 0 1 0 1
L2C1 N - 0 0 0 0
L2C2N - 0 28 0 28
L2C3yN - 0 19 0 19
L2C4yN - 0 19 0 19
L2C5 N - 1 25 1 29
L2C6 N - 2 10 2 11
L2CTN - 3 12 3 13
L2C8y - 2 24 3 26
L2C9N - 0 26 0 27
L3C1x . 0 22 0 22
L3C2y - 0 57 0 57
L3C3N - 0 26 0 26
L3C4N - 0 45 0 45
L3C5n - 1 34 1 35
L3C6n - 1 17 1 17
L3CT7N - 4 17 4 18
L3C8yN - 9 40 9 41
L3C9yN - 0 97 0 97
M1CK1py — Rescaled Yes 0 3 0 3
M1CK2y — Rescaled Yes 0 1 0 1
M1CK3n — Rescaled Yes 0 9 0 9
M1CK4n — Rescaled Yes 1 4 1 4
M1CK5pxn — Rescaled Yes 1 4 1 4
M1CK6pxn — Rescaled Yes 0 3 0 3
M1CKT7pxn — Rescaled Yes 0 7 0 7
M1CKS8py — Rescaled Yes 0 2 0 2
MI1CK9yn — Rescaled Yes 0 8 0 8
M2CK1py — Rescaled Yes 0 5 0 5
M2CK2px — Rescaled Yes 0 18 0 18
M2CK3pxn — Rescaled Yes 1 14 1 14
M2CK4pyn — Rescaled Yes 0 8 0 8
M2CK5n — Rescaled Yes 0 8 0 8
M2CK6n — Rescaled Yes 0 2 0 2
M2CKT7n — Rescaled Yes 0 12 0 12
M2CKS8py — Rescaled Yes 1 5 1 5
M2CK9N — Rescaled Yes 0 5 0 5
M3CK1py — Rescaled Yes 2 5 2 5
M3CK2yn — Rescaled Yes 1 12 1 14
M3CK3n — Rescaled Yes 0 12 0 12
M3CK4pn — Rescaled Yes 1 10 1 10
M3CK5xn — Rescaled Yes 0 3 0 3
M3CKG6xN — Rescaled Yes 0 9 0 9
M3CKTpxn — Rescaled Yes 1 7 1 7
M3CK8y — Rescaled Yes 2 10 2 10
M3CK9n — Rescaled Yes 0 3 0 3
L1CK1y — Rescaled Yes 0 1 0 1
L1CK2y — Rescaled Yes 0 37 0 37
L1CK3xn — Rescaled Yes 0 2 0 2
L1CK4yn — Rescaled Yes 0 11 0 11
L1CK5xN — Rescaled Yes 0 7 0 7
L1CK6x — Rescaled Yes 0 8 0 8
LI1CK7xn — Rescaled Yes 1 7 1 7
L1CK8yN — Rescaled Yes 0 0 0 0
L1CK9yn — Rescaled Yes 0 0 0 0
L2CK1xN — Rescaled Yes 0 6 0 6
L2C K2y — Rescaled Yes 0 22 0 22
L2CK3xN — Rescaled Yes 0 5 0 5
L2CK4 N — Rescaled Yes 0 12 0 12
L2CK5n — Rescaled Yes 0 14 0 14
L2CK6xNn — Rescaled Yes 0 9 0 9
L2CK7xNn — Rescaled Yes 0 10 0 10
L2CK8N — Rescaled Yes 0 0 0 0
L2C K9 — Rescaled Yes 0 2 0 2
L3CK1y — Rescaled Yes 0 5 0 5
L3CK2yn — Rescaled Yes 0 27 0 27
L3CK3xn — Rescaled Yes 1 8 1 8
L3CK4N — Rescaled Yes 0 15 0 15
L3CK5N — Rescaled Yes 0 12 0 12
L3CK6xN — Rescaled Yes 0 10 0 10
L3CK7xn — Rescaled Yes 0 10 0 10
L3CK8yN — Rescaled Yes 0 0 0 0
L3CK9xn — Rescaled Yes 0 1 0 1
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2.4.3 Robustness tests for C-Models and CK-Models

2.4.3.1 The Diebold—Mariano(DM) Tests

In the DM tests, if the null can be rejected, a positive value (DM test statistic) suggests
the rejection may be due to the second model being the better forecast model. In contrast, a
negative value suggests the rejection may be due to the first model being the better forecast
model. The model pairs with statistically insignificant differences in their prediction accuracy
are reported in Table A.1.9. For the 1653 pairs created from models belonging to C-Models
that use lagged input variables, 1.69% of the pairs is insignificant for the 231 pairs created from
models belonging to C-Models that use one-trading-day-ahead input variables, 1.30% of the
pairs is insignificant, for the 1653 pairs created from models belonging to C K-Models that use
one-trading-day-ahead input variables, 0.91% of the pairs is insignificant, and for the 231 pairs
created from models belonging to C'K-Models that use one-trading-day-ahead input variables,
0.87% of the pairs is insignificant. Apart from the pairs mentioned in Table A.1.9, all the other

pairs have significant forecasting power. Thus, the results are vastly statistically significant.

2.4.3.2 Bootstrap Tests

To further assess the validity of the forecasting performance results, we perform bootstrap tests
using the daily and monthly RMSEs and discuss them in Sections A.2.1 through A.2.5, and
present them in Tables A.2.1 to A.2.36 in Appendix A.2.?% In these tables, columns IX (lower
bound) and X (upper bound) present the results from the bootstrap (with replacement) using
monthly RMSEs at a 95% confidence level and shows the winning percentage out of 64 months
for each model (including the §Cx model), and columns XI (lower bound) and XII (upper bound)
shows the 95% confidence intervals computed from bootstrapping of the daily RMSEs signifying
the winning percentage out of 1328 days for each model. We repeat the exercise of performing
the bootstrap by excluding the §C model in the comparisons, report the corresponding results
in columns XV (lower bound), XVI (upper bound) for monthly RMSEs and columns XVII
(lower bound), XVIII (upper bound) for the daily RMSEs. We conclude that the results from

23These results are summarised in Tables A.2.1 to A.2.14 for C-Models that use lagged input
variables, Tables A.2.15 to A.2.18 for C-Models that use one-trading-day-ahead input variables,
Tables A.2.19 to A.2.32 for CK-Models that use lagged input variables, and Tables A.2.33 to
A.2.36 for CK-Models that use one-trading-day-ahead input variables.
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the bootstrap tests typically support the results discussed in Sections 2.4.1 and 2.4.2.

2.4.3.3 Pairwise Test

We complement the model comparisons in this chapter with pairwise comparisons by performing
a pairwise bootstrap comparison, which is computed using the respective pair’s daily RMSEs.
The pairwise bootstrap results for C-Models pairs using lagged input variables are presented in
Table 17, for the C-Models pairs using one-trading-day-ahead input variables are presented in
Table 18, for the CK-Models pairs using one-trading-day-ahead input variables are presented
in Table 19, and for the C'K-Models pairs using one-trading-day-ahead input variables are
presented in Table 20 of the Electronic Appendix. We have summarised the results from all the
above-mentioned tables in Table A.1.10. The MLP class of models outperforms for over 68.1%,
the LSTM models for 24.2%, and parametric models a meagre 4.3% of the 1711 pairs created
from models belonging to C-Models that use lagged input variables. For the 253 pairs created
from models belonging to C-M odels using one-trading-day-ahead input variables, the MLP class
of models outperforms for over 60.9%, the LSTM models for 17.4%, and parametric models for
17.8% of the pairs. Similar to the C-Models, for the 1711 pairs created from models belonging
to CK-Models that use lagged input variables, again the MLP class of models outperforms for,
over 69.4%, the LSTM models outperform for 25.5% and parametric models with the lowest
outperformance of 1.7%. Also, similar out-performance of the MLP class of models is evident
when we created 253 pairs from models belonging to CK-Models that use one-trading-day-
ahead input variables, where the MLP class of models outperforms for over 64%, the LSTM
models for 25.3%, and parametric models for 5.5% of the pairs. Even though the comparisons
performed in Sections 2.4.1 and 2.4.2 show that the LSTM models consistently outperform other
models, the pairwise bootstrap comparison cannot reveal conclusive evidence on outperforming

models.

2.4.3.4 Computational Effort

This exercise of daily forecasting of index option prices has shown that the models that forecast
option prices are able to capture the non-linear dynamics of option prices with a high degree of
accuracy but are computationally very intensive compared to models that forecast moneyness.
We have documented the number of epochs required for training models which are similar to C-

Models and CK-Models in Table A.1.15. The models belonging to the category of C K-Models
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were faster than their C-Models-based counterparts, with typically large RMSE (i.e. when we
compare the RMSEs from the rescaled forecasts of C'K-Models with the RMSEs of forecasts of

call option prices from C-M odels.

2.5 Conclusion

In this chapter, the daily forecasting performance of European-style index options prices has
been empirically evaluated by using parametric (Black—Scholes-Merton, Heston, Heston Jump
Diffusion, and the Finite Moment Log Stable), MLP, and LSTM networks. The MLP and LSTM
networks are trained using both lagged and one-trading-day-ahead input variables to forecast
the one-trading-day-ahead option price and moneyness. An alternative approach is investigated,
where MLP and LSTM networks are trained using lagged input variables to forecast moneyness
and then via re-scaling option prices. Several robustness tests have also been used to further

validate the analysis.

We find that the ANN tends to provide a considerable improvement in daily out-of-sample
forecast performance of options prices and moneyness compared to the parametric models. More
specifically, LSTM models using lagged input variables to forecast the one trading-day-ahead
option price outperform the parametric and MLP models. However, the MLP models outperform
the parametric and LSTM models when using one-trading-day ahead input variables for daily
forecasts of option prices. Within the parametric models, the Heston Jump Diffusion model has
the lowest RMSEs among the other three parametric models. This result holds for both types of
inputs, namely lagged and one-trading-day ahead input variables. Moreover, when the models
that used lagged input variables to forecast moneyness are rescaled to option prices, the rescaled
models fare poorly to the models using lagged input variables to forecast option prices. Also,
the LSTM models tend to outperform other parametric and MLP models. The robustness tests

further support these results.

Furthermore, from all of these comparisons, it is evident that neither the parametric models nor
the non-parametric models (MLP and LSTM models) could improve on a simple random walk
forecasting model. This suggests that there may be some innate randomness that cannot be
effectively forecasted by either parametric or non-parametric models. Though the out-of-sample
performance of parametric models are not necessarily dominated, at least for forecasting, they
have an important role in developing inputs for the Deep Learning ANN models (MLPs and
LSTMs).
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The focus of this study is to perform a comprehensive assessment of the daily forecast of option
prices. Even though it is beyond the purpose of this thesis, this ANN methodology can be
extended for longer forecast windows. That exercise would involve recursively forecasting one-
trading-day-ahead options, using multiple times a one-step model, where the forecast for the
prior time step is used as an input for making a forecast on the following time step. Thereby, this
multi-step forecast approach would incur higher forecasting errors compared to the one-trading-
day forecast. One of the concerns of the approach used in this chapter is that the forecasting
performance comparison between models is biased by model and error uncertainty. To improve
this in Chapter 5, we also assess the forecasting performance of the models considered in this

study based on an averaging error approach as proposed by Gengay and Qi (2001).
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Chapter 3

Daily Forecasting of Delta for S&P
500 Index Options Using Deep
Learning Models

3.1 Introduction

Risk management practices for options positions are critically important, with delta hedges
being the most conventional yet fundamental type of hedges. Hedging short-term price risk
for options positions requires dynamic hedges, which may not always be effective, especially
during periods of high volatility. Parametric models, such as the Black and Scholes (1973)
(BS) option pricing model, and the stochastic volatility models of Heston (1993), Bakshi et al.
(1997a), Heston (1993), and Black and Scholes (1973) derive the delta hedge ratio based on the
distributional assumptions of the underlying process and have been providing effective hedges
(Andreou et al. (2010), Buehler et al. (2019)). However, Artificial Neural Networks (ANNs)
provide an alternative approach that does not impose a rigid model structure; instead, they are
based on universal function approximators (Gybenko et al. (1989), Hornik et al. (1990), Buehler
et al. (2019), Hornik et al. (1989)). Most studies derive the hedge ratios from an ANN fitted to
options prices.! Chen and Sutcliffe (2012), Carverhill and Cheuk (2003), Buehler et al. (2019),
and Ruf and Wang (2021) used ANNSs to hedge options by directly training the ANN on hedge

ratios rather than prices. An ongoing direction of this research is to extend this literature to

IRefer to the list of papers in Table 1.2
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daily S&P 500 index call options and to train the ANN models with additional input variables
to better capture the relationships between the hedge ratios and the underlying asset and to
potentially produce improved hedging performance. Furthermore, most of the existing studies
are limited in evaluating hedge ratios and assessing hedging performance using single hidden
layer ANN, including Gengay and Qi (2001), Andreou et al. (2008), Andreou et al. (2010), and
Ruf and Wang (2020).

This chapter investigates the forecasting performance of deltas? for European-style index op-
tions using triple hidden layer Deep Learning ANN models, in particular, the MLP and LSTM
networks. These multi-layer ANN models have the potential to achieve improved forecasting,
pricing, and hedging performance compared to single hidden layer ANN (Hutchinson et al.
(1994), Gengay and Qi (2001), Garcia and Gengay (2000), Andreou et al. (2008), Thomaidis
et al. (2006a)).> We assess the empirical forecasting performance of European-style index op-
tions delta of parametric models and ANN models using daily data on S&P 500 index option
prices from September 2012 to December 2017. Similarly to the pricing forecasting analysis in
Chapter 2, we have used the following four parametric models, Black-Scholes-Merton, Heston,
Heston Jump Diffusion, and the Finite Moment Log Stable, and the ANN models are trained
on various lagged and one trading-day-ahead input variables. This study focuses on (only) one-
trading-day-ahead forecasts aiming to provide an assessment suitable for short-term dynamic
hedging relevant to traders who re-balance their portfolios on a daily basis. In practice, dynamic

delta hedging requires daily re-balancing of the hedged portfolio.*

We obtain daily forecasts of European-style index options delta in two different ways. First, the
delta is directly evaluated using ANN models to forecast the one trading-day-ahead delta. For
this direct forecasting methodology of the delta, the ANN models may use lagged input variables
and also one-trading-day-ahead input variables. The lagged input variables specification allows
to incorporate information from longer horizons of input variables and consists of one of the

innovations of the current study. The one-trading-day-ahead input variables specifications have

2For this paper, the focus is only on delta hedge ratio as we assess only short-term effects
(daily forecasting). These ANN approaches can be extended to consider other greeks letters,
e.g. gamma, but these approaches require forecasting for longer horizons, which are beyond the
purpose of this thesis.

3Note that for this exercise, we only consider triple layer ANN (MLP and LSTM) models,
because previously in Chapter 2, we saw the triple hidden layer ANN models had broadly out-
performed the single and double hidden layers ANN models.

4These methodologies can be extended to longer forecast windows, but it is beyond the
purpose of this thesis.
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® Thus, we compare seven MLP models and seven LSTM

been widely used in other studies.
models having lagged input variables with four parametric models and seven MLP models and
seven LSTM models having one-trading-day-ahead input variables with four parametric models.
Second, we use the ANN models to forecast the one trading-day-ahead option price, from which
the delta is then analytically derived. For this indirect forecasting methodology of deltas, the
ANN models are trained on one-trading-day-ahead input variables only. Using lagged input
variables to obtain option prices to analytically derive the delta is not feasible because calculating
the delta analytically would require the one-trading-day-ahead index price. Therefore, we assess
seven MLP models and seven LSTM models having one-trading-day-ahead input variables with

four parametric models to forecast the one-trading-day-ahead call option price, from which the

delta is then analytically derived.

Lastly, we (re-)assess the daily forecasting performance of the deltas based on their ability to
forecast the replicating portfolio value. The replicating portfolio can be constructed by selling
one call option at time 0 and dynamically adjusting the number of stocks and bonds throughout
the option’s life. Thus, at expiration, the combined value of the positions of stocks and bonds
should exactly match the value of the call under the assumption that the adjustments can be
made continuously and at zero cost. The difference in terminal values between the call, stock,
and bond positions is the measure of the option-pricing model’s accuracy.® Robustness tests
based on bounds assessments and DM tests to assess the significance of pairwise comparisons

between the corresponding ANN and parametric models have also been performed.

We find that forecasting one trading-day-ahead delta using parametric models, specifically, the
BSM model outperforms other parametric models and ANN models (see also Andreou et al.
(2010) and Ruf and Wang (2021) for similar conclusions). The ANN models, independent of
the inputs used to be trained (lagged or one-trading-day-ahead input variables), have shown no
significant improvement in the out-of-sample forecasting performance of these networks. Hence,
deep learning models do not improve the forecasting performance of deltas or inferring the repli-
cating portfolio value compared to the parametric models. Indeed, the BSM model typically

displays the lowest RMSEs,” especially when the comparison is limited to only parametric mod-

SRefer to the list of papers in Table 1.2

6Practically, continuous hedging is not possible, and hence the process of delta hedging always
results in tracking error.

"Some works from Table 1.2 have presented their results in an evaluation measure other than
RMSE. However, since our study assesses the daily forecast of the hedge ratio and the associated
replicating portfolio value, we use RMSE as a measure, as reporting in RMSE provides insight
in terms of actual dollar value.
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els. We also find that both forecasting assessments —forecasting of the one trading-day-ahead
delta and forecasting the replicating portfolio value —provide consistent results in terms of the
outperforming models. The results are also robust based on a bound assessment of performance,
while the DM tests show that out of the 918 model pairs, only 1.95% of the pairs have insignif-
icant forecasting power. However, when the MLP and LSTM networks are used to predict the
one-trading-day-ahead delta indirectly by training the ANN models to predict prices and then
analytically infer the one-trading-day-ahead delta, the LSTM models produce forecasts with the

lower RMSE’s compared the four parametric and the MLP models.

This study makes several key contributions to the literature. Many previous studies have covered
the hedging performance of the Black-Scholes-Merton, Heston, Heston Jump Diffusion and the
Multi-Layer Perceptron,® but this is the first study to assess the performance of the Finite
Moment Log Stable and Long Short-Term Memory Networks. There is empirical evidence
(Masini et al. (2021)) that these ANNs, except for RNNs, deal with the vanishing or exploding

gradient and improve time series forecasting.

Secondly, we introduce lagged input variables to tackle look ahead bias while using a test set for
the parametric, MLLP, and LSTM models. Much of the associated literature uses input variables,
for example, the end-of-day index close prices belonging to the test set to forecast the end-of-
day delta or the other associated greeks. Then, the index price is required to compute that
it is only available at the close of that trading day, thus inducing look-ahead bias. Except for
a few studies (Carverhill and Cheuk (2003), Chen and Sutcliffe (2012), Ruf and Wang (2021),
and Buehler et al. (2019)), previous literature has derived the hedge ratios analytically from
an ANN fitted to option prices. Thus, another contribution of the study is the assessment of
hedging performance using hedge ratios, which are computed directly from the ANN, as well as

hedge ratios, which are computed analytically from an ANN fitted to option prices.

Lastly, the economic significance of option pricing models can be assessed by the hedging perfor-
mance of various replicating portfolios, which can be designed to delta-hedge an option position
(Hutchinson et al. (1994)). Amilon (2003) proposed a different exercise for evaluating a pricing

model’s performance by trading in mispriced options, where the under-priced according to the

8For example, Hutchinson et al. (1994) were the first to measure the hedging performance of
ANN models by introducing three ANN models, the Radial-Basis Function network, the MLP
network, and the Projection Pursuit network, on the S&P Futures 500 options. Herrmann and
Narr (1997) followed Hutchinson et al. (1994) by training an ANN model for hedging DAX
options.

9Refer to the list of papers in Table 1.2.
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respective pricing model is bought and is then delta hedged until the overpriced option become
under-priced, or if the under-priced option become overpriced, or the option expires. In doing
S0, a pricing model can identify mispriced options, and the terminal value of the position should
be positive. Similarly, Andreou et al. (2008) implemented a trading strategy for delta hedging,
whereby they create portfolios by buying (selling) options that are undervalued (overvalued) rel-
ative to the option price from the respective pricing model. Out-of-sample pricing performance
does not always prove to be better at delta hedging, according to Hutchinson et al. (1994),
Garcia and Gengay (2000) and Schittenkopf and Dorffner (2001). Ruf and Wang (2021) com-
pared linear regressions with their newly designed neural network known as ‘HedgeNet’, which
is designed for the hedging of options that was trained to minimise the hedging error instead of
the pricing error. This approach reduces the mean squared hedging error of the Black—Scholes
benchmark significantly; however, similar results were also obtained using simple linear regres-
sions. Thus, to investigate the economic significance of the option pricing models, we consider a
replicated portfolio constructed similar to Ruf and Wang (2021) and further assess the hedging

performance via the forecasting performance of the replicating portfolio.

This chapter is structured as follows. Section 3.2 explains the source of the data set, the filters
used to refine the data set, the summary statistics of the data set, and the inputs used. Section
3.3 presents the calibration procedures used in the BS, Heston, SVJ, and FMLS model and
the data fitting (network parameters, division of data set, the optimisation and generalisation
procedures used to improve the accuracy of ANN (MLP and LSTM) models). Section 3.4
compares the forecasting performance of deltas from the proposed deep learning models and the
parametric models and includes the findings of several robustness tests. The chapter concludes

with Section 3.5.

3.2 Data and Methodology

3.2.1 Optionmetrics and Data Filtering

This study uses the same Optionmetrics data set as mentioned in Section 2.3.1. In addition to
the filtering steps mentioned in Section 2.3.2, we also apply an additional filter as the previous
trading day’s call price is used to calculate the lagged empirical delta, which is an input to the
neural networks, and as a result, we remove those observations having no previous day option

price (16,716 observations), and thereby the total number of observations on call options used
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in this study is 547,011.

3.2.2 Summary Statistics

Appendix B.1.12 provides summary statistics for the call option delta used in this study. The
monthly summary statistics show that the total number of daily option prices included each
month varies from 1,975 in September 2012 to 8,281 in December 2017. The average delta
has been at around 0.406 from 2012 to 2017. Appendix B.1.13 provides summary statistics for
the call option prices used in this study. The monthly average call price varies from $76.89 to
$156.28, so we see that these average prices have doubled from 2012 to 2017. In contrast, the
average bid-ask spread, which varies from $1.46 in September 2012 to $1.81 in December 2017,
has increased by a smaller percentage. The CBOE reports that the annual average daily volume

has increased from 698,000 SPX contracts in 2012 to 1,163,000 SPX contracts in 2017.

3.2.3 Forecasting Errors

Using the methodology to decompose the forecasting errors discussed in Section 2.3.4, the errors

in forecasting the delta (6Cn41/dSn+1) on day (N + 1) can be defined as:

0CN+1
OSN+1

h (XN§<Z§N+1) FuN gy uf Ful U (3.1)

= h (XN; ¢§N+1) +eny1 (3.2)

where uﬁ 41 1s the error caused by using X rather than X1, and is interpreted as forecasting
using observations from the previous trading day, rather than the trading day that the delta is
observed. In the analysis below, we consider the forecast errors as defined by en41 so that the
forecasts are made for the trading day (N + 1) based on information available at the end of the

trading day N.

3.2.4 Information Sets (for Computing the Delta)

In this section, we discuss the information sets required for each model that falls under the
category of H — Models and CH — Models for calibration and estimation of parameters and for

forecasting the one-trading-day-ahead delta.
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3.2.4.1 Empirical Delta

The empirical delta is computed using

semp _ One1 = COn

= 3.3
N+1 SN+1 _ SN ( )

where, C is the call price and Sy is the index price of the S&P 500 Index.

3.2.4.2 H — Models: Parametric Models (Black—Scholes—Merton,
Heston, Heston Jump Diffusion, and Finite Moment Log Stable Model)

The focus of this chapter is on the delta forecasting performance of parametric option pricing
models relative to Deep Learning ANN models (MLP and LSTM). Here we define the information
sets required for each model for calibration or estimation of parameters and for forecasting the
hedge ratio (delta). We implement a single forecasting horizon, that is, one-trading-day-ahead
forecasts of the delta. We use the information available on day ¢ = N to forecast the delta for
day t = N + 1, and these models are denoted by an NN subscript. Similarly, models that we
use the information available on day ¢t = N 4+ 1 to forecast the delta for day t = N + 1 are
denoted by the N 4 1 subscript. The parametric models are calibrated daily, based only on the
data available for day N, whereas the MLP models use an expanding window, using data for
t =1,...,N for estimation and forecast for day ¢t = N + 1 and the LSTM models use a fixed-
sliding window, using data for ¢t = 1,..., N for estimation and forecast for day ¢t = N + 1. Thus,
the parametric models follow the usual convention of daily calibrations, whereas the expanding
window allows the MLP and the fixed-sliding window for the LSTM to cover a wide range of
values for its input variables. In what follows, we use ¢ to represent a generic parameter scalar

or vector for each model.

For the parametric models that fall under the H — Models category, on day N the information
used to calibrate the model parameters for each option is (Cy, Sy, Ky, T,
RN, Qn; pModel) and we define the in-sample error in forecasting the delta, e%OdelN , for each

option under each model as:

eNodeln: _ EMP _ sModel (SN7KN,TN7RNaQN§ %Odel) (3.4)

Model

where, ¢y and §Medel

are for each model as follows:
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o Black-Scholes-Merton model: ¢pfedel = BSMH ¢ = (a§ALIE C), and §Mo%l( ) is the delta

from the Black—Scholes—Merton model.

c? c c? c
e Heston model: qS%IOdel = (U%AL]B ; quHVH ), where JJ(S,ALIB is the square of JJ(S,ALIB

which is used as the initial value for the long-term variance parameter and (bﬁH ¢ =

HHParams$§;, = (mﬁHC,aﬁHc,HﬁHc,pﬁHc, 01’{]\1;10), and 0M°d€l( ) is the delta from the

Heston model.

. . c? c
o Heston Jump Diffusion model: ¢p¥/odel = (¢GALIB™  HIDHTY where

HJDHC® _ C HJDH®¢ _HJDH¢ pHJDH¢ _HJDHC y;HJDH¢ _HJDHC®
ON = HJDHParams (kN L ON 0N PN VoN onN

N:

M%JDHC ’ )\%JDHC)’ and 5Model(')

) )

is the delta from the Heston Jump Diffusion model.

o Finite Moment Log Stable model: ¢ifedel = qﬁﬁMLSHC = (QEMLSHC,JZ}\?,MLSHC), and

§Model () is the delta from the Finite Moment Log Stable model.

However, the models that have the one-day-ahead delta computed from the call prices (these

models are suffixed with C'Hy 1) are computed as:
Cafpfet = oMode (SN+17 Kny1, TN+, Bnt1, @Nas %Odel) (3.5)

M odel M odel
6Model — CN+1 — C(N

N1 Sn1 — S

(3.6)

We calibrate each model for each day (over historical empirical call option prices) by choosing
quN/l odel t6 minimise the mean square error. In this case, we retain the fitted option prices and

the calibrated parameters for each respective model are as follows:

. U%ALI B for the Black-Scholes—Merton model,
e H ParamsHﬁ; for the Heston model,
« HJ DParamst, for the Heston Jump Diffusion model,

. a%MLSHC, and JJI{}MLSHC for the Finite Moment Log Stable model,

We compute the one-trading-day-ahead forecast errors, eAN/[iC{dN , for each of the respective models

as:

En TN = SRALE — gModel (SN, Kn, Ty, Ry, Qn; ¢%Odel> : (3.7)
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Here we evaluate the delta at the index value on the previous trading day, using the known
exercise price and time to maturity, as well as the previous day’s interest rate, dividend yield, and
respective calibrated parameters for each of the respective models. Finally, for the parametric
models that fall under the H — Models category that use one-trading-day-ahead input variables
for forecasting the one-trading-day-ahead A1, we compute the one-trading-day-ahead forecast

errors for these models as:

Model N1 EMP Model . Model
EN+1 =0ny1 — O SN+1, Knt1, Tnt1, RN41, QN1 O : (3.8)

Finally, using the dy41 computed in Eq. (3.6), the one-trading-day-ahead forecast errors for

those models (models that are suffixed with CHy1) are:

Model __ sEMP Model
EN+1 = 5N+1 —5N+1 (3.9)

We report the root mean square error of these forecast errors.

3.2.4.3 Deep Learning Neural Network Models

A total of 21 MLPs and 21 LSTMs were estimated and reported in this study to compare the
one trading ahead delta. Amongst the 21 MLPs, we analysed the performance of 7 MLPs that
use the information available on day ¢ = N to forecast option delta for day t = N 41 (referred to
as MLP M3Hy-Models), 7 MLPs that use use the information available (except for calibrated
model parameters) on day ¢t = N + 1 to forecast option delta for day ¢ = N + 1 (referred to
as MLP M3Hp.i-Models), and the other 7 MLPs that use the information available (except
for calibrated model parameters) on day ¢ = N + 1 to forecast option prices for day t = N 4+ 1
(referred to as MLP M3C Hpy1-Models), and the delta for these is computed as,

CMSCHN+1—M0dels CM3CHN+1—MOdels
M3CH -Model -
b N1-Modsls  N41 N (3.10)

N+l - Sny1— SN

Similarly, the exercise conducted for MLP M3H y-Models is replicated for the LSTM L3H n-
Models and MLP M3H y41-Models for the LSTM L3H y41-Models.

The forecast variable (Cn4+1/0Sn+1), the target variable (6Cn/dSn) used while training,
and the inputs used to forecast dCn41/0Sn41 are the same for the MLP M3H y-Models and
LSTM L3Hpy-Models. Similarly, the forecast variable (6Cn41/0Sn+1), the target variable

(0Cn/6SnN) used while training, and the inputs used to forecast 6Cn1/dSn11 are the same for
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the MLP M3Hpyy1-Models and LSTM L3Hpy1-Models. Whereas, the seven MLP M3C Hp 4 1-
Models, LSTM L3CHp1-Models differ in the forecast variable (Cn41), the target variable
(Cn), but the input variable to forecast Cy 1, is similar and inline with the M3H y11-Models
and L3Hpy;1-Models. The input variables for the MLP M3H y-Models, LSTM L3H n-Models,
MLP M3Hp41-Models, LSTM L3Hy1-Models, MLP M3CHy41-Models, and the LSTM
L3CHpy+1-Models are mentioned in Table B.1.1. All the seven models under each category (i.e.
MLP M3Hpy-Models, LSTM L3Hy-Models, MLP M3Hpy1-Models, LSTM L3H y1-Models,
MLP M3CH y41-Models, and the LSTM L3C H 4+1-Models) are differentiated by the choice of
input variables and the network architecture. As in the parametric models, each model here has
a set of input variables and a set of parameters, ¢, called biases and weights. We compute the

one-trading-day-ahead forecast errors under the respective models as follows:

1. MLP M3Hy-Models (M3H1y to M3H7n):

6]\N/[i]l;[N—Models _ 5]€¥1P =5 (XN;¢M3HN*MOC!€ZS) (311)

2. LSTM L3Hy-Models (L3H1y to L3H7x):

eg?fiN*Models _ 55%}3 _s (XN;¢L3HN—Models> (3.12)

3. MLP M3HN+1-Models (M3H1N+1 to M3H7N+1):

M3HNy1—Models EMP . «M3HpN1—Model
ENF1 =041 — 0 (Xnqp; @t orv T edes (3.13)

4. LSTM L3HN+1-M0delS (L3H1N+1 to L3H7N+1):

L3HpN 1—Models EMP . . L3H —Models
ENF1 :5N+1 -0 XN+17¢ N (3‘14)

9. MLP M3CHyy1-Models (M3CH1n4+1 to M3CH7Nn11):

M3CHy11—Models EMP . tM3CHpN.y1—Model
Nyl =0nyi —0 (XNH, ¢ N odels (3.15)

6. LSTM L3CHpy+1-Models (L3CH1n4+1 to L3CHTN41):

L3CHpN 1—Models EMP L3CHpN_1—Model
Np =0nNy1 —0 (XN+1; ¢ N Afoders (3.16)

where f(.) represents the delta obtained from a Deep Learning ANN model. We estimate this

model each day (over historical empirical call option prices) by choosing ¢ to minimise the mean

square error. We report the root mean square error of these forecast errors. Thus, the models
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above are defined by identifying the inputs of each model Xy for the: MLP M3H n-Models
and LSTM L3H y-Models, and X1 for the: MLP M3H n.1-Models, LSTM L3H y1-Models,
MLP M3CHp+1-Models, and the LSTM L3CH n+1-Models.

Unlike the parametric models, the MLP Models (M 3H n-Models, M3H 1-Models, and M3CHpy 4 1-
Models) are estimated with an expanding window of observations, whereas, the LSTM Models
(L3Hy-Models, L3Hy+1-Models, and L3CHpy41-Models) are estimated with a fixed-sliding
window of observations, but the forecast horizon remains one trading day for all the models, so
we compute the one-trading-day-ahead forecasts and report the root mean square error of the
forecast errors. We denote the daily changes in the call and index prices as §Cy = Ci41 — Cn
and 0S5y = Sip1 — Sn, respectively. The empirical delta from the observed call prices C'y and
observed index prices Sy is defined as the quotient %‘ The empirical delta as defined above
are the target variable in the non-parametric models: M3H n-Models, L3H y-Models, M3H 4 1-
Models, and L3Hpy+1-Models, whereas the target variable for the M3C H y1-Models and the
L3CHp1-Models is the C. We have classified the non-parametric models (M3H y-Models,
L3Hy-Models, M3Hp1-Models, L3H y11-Models, M3C Hy+1-Models and L3C H y1-Models)

into seven categories:

1. Series 1: M3H1y, L3H1y, M3H1n1, L3H1n4+1, M3CH1y41, and L3CH1x1 models
2. Series 2: M3H2y, L3H2x, M3H2x 41, L3H2x 41, M3CH2x 1, and L3CH2x 41 models
3. Series 3: M3H3y, L3H3x, M3H3N+1, L3H3n+1, M3CH3N41, and L3CH3x41 models
4. Series 4: M3H4y, L3HAN, M3HA4N 1, L3H4n11, M3CHA4x 41, and L3CH4y 41 models
5. Series 5: M3H5y, L3H5y, M3H5Nn11, L3H5N+1, M3CH5n 41, and L3C H5n 41 models
6. Series 6: M3H6y, L3H6N, M3H6N11, L3H6N+1, M3CH6N4+1, and L3CH6x11 models

7. Series 7: M3H7y, L3HTxn, M3HTxn+41, L3HTNn+1, M3CH7xn+1, and L3CH7x-1 models

The Series 1 set of models uses the inputs required to calibrate the Black—Scholes—Merton
model. The input variables are extended further by the Series 2 set of models by adding
the lagged empirical delta. The Series 3 set of models extends the input variables of Series
1 models by adding the Black—Scholes—Merton delta. The Series 4 set of models extends the
input variables of Series 1 models by adding the Black—Scholes—Merton greeks. The Series 5 set
of models reduces the input variables of Series 1 models by removing the Black—Scholes—Merton

implied volatility and extends the input variables of Series 1 models by adding the calibrated
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parameters and the delta from the Heston model. The Series 6 set of models reduces the
input variables of Series 1 models by removing the Black—Scholes—Merton implied volatility and
extends the input variables of the Series 1 set of models by adding the calibrated parameters
and the delta from the Heston Jump Diffusion model. The Series 7 set of models reduces the
input variables of Series 1 models by removing the Black—Scholes—Merton implied volatility and
extends the input variables of Series 1 models by adding the calibrated parameters and the delta

from the Finite Moment Log Stable model.

3.2.5 Information Sets (for Computing the Replicating Portfolio Value)

In the second half of this paper, we focus on comparing the value of the replicated portfolio
using the forecasted hedge ratio from the models discussed in Section 3.2.4. Here we define the
information sets required for each model for forecasting the value of the replicated portfolio. We
implement a single forecasting horizon, that is one-trading-day-ahead forecasts of the replicated
portfolio value. We use the information available on day ¢ = N to forecast the replicated
portfolio value for day ¢t = N + 1, and these models are denoted by an N subscript. Similarly,
models that we use the information available on day ¢ = N +1 to forecast the replicated portfolio

value for day t = N + 1 are denoted by the N + 1 subscript.

3.2.5.1 Empirical Replicating Portfolio Value

The tracking/hedging error in the empirical replicating portfolio at time N, is computed as,
VEMP = SFMPSy 4 (14 Rxot) (Cyvoa = 5P Sy 1) = O (3.17)

where, on day N, Cy is observed call price of the S&P 500 Index, Sy is the S&P500 Index price,

0t = 1, Ry is the overnight rate, and 5%M P is the empirical delta, which is computed using the

Eq. (3.3). Similarly, we compute the error of the replicating portfolio value for all the models

covered in this study.

96



3.3 Fitting and Calibrating the Models

3.3.1 Performance Criterion

The hedging performance and the replicating portfolio value performance of each model are
measured using Root Mean Square Error (RMSE) in the test sample, that is, in out-of-sample
prediction. For each day, as we cycle through the observations, we retain the hedging and
replicating portfolio value errors for each model. Below, we use these errors to compute the
RMSE on a daily, monthly and annual basis. Defining the hedging and the replicating portfolio
value errors as €; = y; — ;, where y; is the target value and §; is its predicted value, the RMSE
for a series of J pricing errors is calculated using Eq. (2.53). We should choose the model with

the lowest out-of-sample RMSE.

3.3.2 Calibration of Parametric Option Pricing Models

A similar non-linear optimisation exercise mentioned in Section 2.3.7.2 is performed in this
chapter and is implemented differently and separately for parametric models under the H-
Models (BSMHy, HHy, HJDHy, and FMLSHy models) and for each model under C'H-
Models (BSMCHyy1, HCHyy1, HIDCHN41, and the FMLSCHpy4+1 models). For the
Black—Scholes—Merton models, the calibrated parameter, UJC\',ALI B¢ (used by the BSM Hy model,
BSMHp 1 model, and the BSMCH 1 model) for day N, are retained for use in computing
the greeks, and as an input to other parametric and various ANN models. For the Heston
model, calibrated parameters, H Params% (used by the HHy model, the HHp 1 model, and
the HC H 41 model) for day N, are retained as inputs for some ANN models. For the Heston
Jump Diffusion model, calibrated parameters, H JDParams]C\} (used by the HJDHy model,
the HJDH 41 model, and the HJDC Hp 1 model) for day N, are retained as inputs for some
ANN models.

Similarly, for the Finite Moment Log Stable model, calibrated parameters, F'M LSParams%
(used by the FM LSHy model, the FM LS Hpy 41 model, and the FM LSC H 1 model) for day
N, are retained as inputs for some ANN models. The parametric models under the H-M odels

category (having a forecast variable: Hpy 1) are calibrated separately to the C H-M odels (having

a forecast variable: Cyy1) for each of the 1,326 trading days in the sample.
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3.3.3 Estimating Deep Learning Neural Network Models

3.3.3.1 Network Parameters

The various network configurations to forecast the delta for day ¢t = N + 1 are listed in Part
I of Table B.1.1 for models using the information available on day t = N, in Part II of Table
B.1.1 for models using the information available (except for calibrated model parameters) on
day t = N 4 1, and in Part III of Table B.1.1 for models using the information available on day
t = N + 1 to forecast the Cn41 (from which the delta is later analytically derived using Eq.
(3.3)). The MLP (M Hn-Models, M Hy1-Models, MCHp1-Models) and the LSTM (LH -
Models, LHy1-Models, LCHyy1-Models) follows the network design of the MLP and LSTM
models mentioned in Section 2.3.7.3.1. The only difference in the set of models considered in this
chapter is that the MLP M Hy-Models, M Hy41-Models, LSTM LHpy-Models, and LHpn41-
Models use a simple linear transfer function, which returns the predicted delta while the MLP

MCHpN1-Models and the LSTM LCHpy41-Models returns the predicted call option price.

3.3.3.2 Data Division

Recall that the data set covers the period from September 2012 to December 2017 and includes
1,326 trading days. The MLP and LSTM methodologies require data for a training set, a val-
idation set, and a test set. The training set is used to estimate the parameters, the validation
set is used to evaluate under-fitting and over-fitting, and the test set is used for out-of-sample
prediction. In this study, for the MLP M3H n-Models, MLP M3Hy.1-Models, and the MLP
M3CHp1-Models, we utilise an expanding window (in terms of the number of trading days)
for the training and validation set (of one trading day) and a fixed size (of one trading day)
for the test set, and for the LSTM L3Hpy-Models, LSTM L3Hxy1-Models, and the LSTM
L3CHpN1-Models, we utilise a fixed-sliding window (of 10 trading days) for training and vali-
dation set (of one trading day) and a fixed test set (of one trading day). Thus, the training and
validation set for both MLP (M3HyN-Models, M3Hy1-Models, and the M3CHy1-Models)
and LSTM (L3Hyn-Models, L3Hn11-Models, and the L3C Hp1-Models) models comprise of
the trading day including (N) and the test set trading day (N + 1). This is repeated for the
trading days N = 11, 12,..., 1,326. For the MLP models, for each iteration, the combined set of
training and validation of observations temporarily consists of trading days from 1 to N but is
further randomly split into 80%: 20% as the training set and the validation set. The pictorial

representation of the MLP’s data division is presented in Figure 2.4. For the LSTM models,
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for each iteration, the combined set of training and validation of observations, which consists
of trading days from 1 to N, stays fixed throughout each iteration and is not randomly split,
which is the case with MLPs. The expanding window for the MLP models is chosen over a
fixed-sliding window for the training and validation set so that the MLP be exposed to a large
variable and parameter space. The fixed-sliding window is chosen for the LSTM models because
as the training size keeps expanding, it becomes computationally intensive for the LSTM. The
test set for the MLP and LSTM models is fixed at one trading day as the focus of this study is
on one-trading-day-ahead prediction. The pictorial representation of the LSTMs data division
is presented in Figure 2.5 and is similar for the LSTM (L3Hy-Models, L3Hy1-Models, and
the L3C Hpy1-Models) models discussed in this chapter.

3.3.3.3 Training the Neural Network Models

The procedure to train the neural network in this chapter is similar to the procedure followed

in Section 2.3.7.3.3.

3.4 Empirical Results

In this section, we evaluate the out-of-sample forecasting performance of the various parametric
and ANN models in predicting the one-trading-day-ahead delta and associated replicating port-
folio value. Accordingly, the out-of-sample forecasting performance of H-Models, C H-M odels,
HV-Models, and CHV-Models is analysed, together with several robustness tests.

3.4.1 H-—-Models: Results

We consider the following set of H-Models for forecasting one-trading-day-ahead delta (Any1).

e H-Models using lagged input variables:

— Parametric models:
* Black—Scholes—Merton (BSM H ) model
* Heston (H Hy) model
* Heston Jump Diffusion (HJDH y) model

99



* Finite Moment Log Stable (F'M LSHy) model
— MLP models:

« Triple hidden layer MLP M3Hy-Models (M3H1y to M3HT7y)
— LSTM models:

* Triple hidden layer LSTM L3Hy-Models (L3H1y to L3HTy)

o H-Models using one-trading-day-ahead input variables to forecast the delta (Ay4q1) for

the next trading day:

— Parametric models:

* Black—Scholes—Merton (BSM Hpy 1) model

* Heston (HHpy41) model

* Heston Jump Diffusion (HJDH 1) model

* Finite Moment Log Stable (FFM LSH 1) model
— MLP models:

* Triple hidden layer MLP M3Hy1-Models (M3H1n11 to M3H7n41)
— LSTM models:

* Triple hidden layer LSTM L3Hyi1-Models (L3H1n41 to L3H7n41)

3.4.1.1 Forecasting performance of H-Models with lagged input variables

Table 3.1 presents the relative out-of-sample forecasting performance amongst the H-Models
that use lagged input variables to forecast the one-trading-day-ahead delta (An;1).!% Amongst
all of the models, columns V and VI record the number of months and days, respectively, that
each model has the lowest RM SE.'! For parametric models, the Ay is calculated using each

model’s characteristic function, while the MLP and LSTM models forecast the Ay, 1 directly.

There are two key findings from these investigations. Firstly, the parametric BSM Hy model
has the lowest RM SFE for the most days compared to other models (166 days out of 1,326 days,

19T hese model include the parametric models (BSM Hy, HHy, HIDHy, and FMLSHy),
the triple hidden layer MLP models (M3H y-Models), and triple hidden layer LSTM models
(L3Hn-Models), as explained in section above.

UThe performance metric is the RM SE of the one-trading-day-ahead forecast errors of Apy,1,
which is computed for each model utilising all of the errors in each day or each month.
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12.5%). When we compute the monthly RMSE from daily forecasts, similar performance is
observed, where the BSM Hpy model outperforms for 19 months out of 64 months. Second, out
of 1,326 forecasting days, the MLP models collectively outperform the highest number of days,
for 685 days (52%), while the parametric models could collectively out-perform for only 463 days
(35%) and the LSTM models collectively outperformed the lowest, for 189 days (14%).

Next, we perform a more comprehensive analysis by comparing the parametric models to the
triple layer MLP models only, and to the triple layer LSTM models only, as in Tables B.2.2 and
B.2.3, respectively. We find that the BSM Hy outperformed all other M3Hn-Models for 188
days (having a daily bootstrap winning percentage of 12% to 16%) and all other L3H n-M odels
for 452 days (having a daily bootstrap winning percentage of 31% to 37%). The outperformance
of BSM H y model is also clear when compared to other parametric models in Table B.2.4 where
they have the lowest RM SE for 910 days (having a daily bootstrap winning % of 66% to 71%)
out of 1,326 days. Thus, when lagged input variables are used to forecast the one-trading-day-
ahead delta, the Black—Scholes—Merton is consistently the best outperforming model (among

other models).

3.4.1.2 Forecasting Performance of H-Models with One-trading-day-ahead Input

Variables

We also discuss the relative out-of-sample hedging performance (in RMSE)!! amongst the H-
M odels using one-trading-day-ahead input variables to forecast the one-trading-day-ahead delta.
These results are presented in Table 3.2. We observe that the BSM Hy 1 model (similar to
that of the BSM Hy model) outperforms. Indeed, the BSM Hpy 1 model outperforms other
models with the lowest RMSE for 196 days out of 1,326 days and the lowest RMSE for 37
months out of 64 months. This out-performance of the BSM Hy 41 is also seen in Table B.2.6,
where it outperforms other parametric and MLP models for 208 days (having a daily bootstrap
winning percentage of 14% to 18%), and in Table B.2.7, where it outperforms other parametric
and LSTM models for 486 days (having a daily bootstrap winning percentage of 34% to 39%)
out of 1,326 days. The BSM Hpy 1 model also outperforms when the comparison is restricted
to only parametric models in Table B.2.8, where the BSM Hy 41 model has the lowest RMSFE
for 936 days (having a daily bootstrap winning percentage of 68% to 73%) out of 1,326 days.
Thus, irrespective of using lagged or one-trading-ahead input variables to forecast the one-
trading-day-ahead delta, the Black—Scholes—Merton is consistently the best-performing model.

However, predictions from the H-M odels-based BSM with one trading-day-ahead input variables
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(from Table 3.2) provide the best improvement in forecasting performance, which represents an
improvement of 18% compared to deltas predicted from BSM H-M odels with lagged input (from
Table 3.1), 11% from Table B.2.6 and 8% from Table B.2.7.12 The hedging out-performance of
the BSM model has also been cited by Andreou et al. (2010) where the delta was inferred using

ANNs and by Ruf and Wang (2021) using linear regression.

The scope of this study is limited to daily forecasting, and hence to compare our results with
past literature (Andreou et al. (2010), Ruf and Wang (2021)), we perform a comparison based on
the overall RMSE (for the period from September 2012 to December 2017), which is computed
from daily forecast errors. We compare only the H-Models, that use one-trading-day-ahead
input variables to forecast the Apn.1, since past literature does not use lagged variables in the
test set to forecast deltas. Based on forecasting S&P 500 index options from January 2002 to
August 2004, Andreou et al. (2010) found that their BSM model (with a RMSE of 1.114) has
an out-performance of 17.7% over the CS model (RMSE of 1.354); however, the ANN-enhanced
CS ePOMP model (RMSE of 1.080) outperforms by 3.3% over the ANN-enhanced BS ePOMP
model (RMSE of 1.117). Our best performing model based on overall RMSE for a window
spanning from September 2012 to December 2017 is the BSM Hpy 1 model, which has a RMSE
of 2.474 (see Table B.1.4). Similarly, based on forecasting S&P 500 index options from January
2010 to June 2019, Ruf and Wang (2021) found that their regression-based BSM model had
an out-performance of 21.3% over the standard BSM model, and the ANN-based BSM model
has an out-performance of 23.4% over the standard BSM model. Our best-performing model,
the standard BSM model, BSM Hx1, based on overall RMSE for a window spanning from
September 2012 to December 2017, has an average out-performance of 46.3% over MLP models
and an average out-performance of 18.5% over LSTM models (see Table B.1.4).

3.4.2 (' H—Models: Results

We consider the following set of C'H-Models to forecast firstly the call option price (Cny1) for

the next trading day and then derive the delta analytically from the forecasted call option price

12We discuss in depth the relative out-of-sample forecasting performance amongst the models
that lagged variables and one-trading-day-ahead input variables to forecast the one-trading-day-
ahead An,1 in Section B.2.1, Section B.2.2, and Section B.2.3 respectively. The RMSEs for the
H-Models that use lagged input variables to forecast the Ay,1 for the next trading day on a
monthly, yearly, and overall basis can be found in tables 21, 27, and 33, for the H-Models that
use one-trading-day-ahead input variables to forecast the Ayy1 for the next trading day on a
monthly, yearly, and overall basis can be found in Tables 22, 28, and 34, and for the C H-M odels
in Tables 23, 29, and 35, respectively of the Electronic Appendix.
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(Cn41) as follows 6Cny1/0SN+1-

e CH-Models using one-trading-day-ahead input variables

— Parametric models:

* Black—Scholes-Merton (BSMCH 1) model

* Heston (HCHy+1) model

* Heston Jump Diffusion (HJDCHpy41) model

* Finite Moment Log Stable (FMLSCHp 1) model

— MLP models:
* Triple hidden layer MLP M3CHy1-Models (M3CH1n41 to M3CH7n41)
— LSTM models:

* Triple hidden layer LSTM L3CHy41-Models (L3CH1n4+1 to LACH7n41)

3.4.2.1 Forecasting Performance Using C'H-M odels

The CH-M odels derive analytically the delta (6Cn41/dSn+1) from forecasted call option prices
(Cn+1). These models use one-trading-day input variables to forecast C'y1, which is the target
variable for the MLP M3C Hy1-Models and the LSTM L3C Hpy41-Models, and later compute
the delta (6Cn41/0SN+1) using Eq. (3.3). The computation of §Cn41/dSN4+1 requires Syi1,
and is only possible if we use one-trading-day input variables. These out-of-sample forecasting

results are summarised in Table 3.3.13

We find that the triple hidden layer LSTM L3C' H4p .1 model outperforms other models with
the lowest RMSFE for 274 days out of 1,326 days. The LSTM model L3C' H4 41 however, fails
to outperform when the comparison is confined to the parametric and the LSTM L3CHp1-
Models only, in Table B.2.11, where the parametric HJDCH y1 model outperforms other
models for 385 days (having a daily bootstrap winning percentage from 27% to 32%). Similar
outperformance of the parametric models is observed when the comparison is made amongst
the parametric models and the MLP M3CHy11-Models only, in Table B.2.10. Now the para-
metric model FM LSCH 1 outperforms with the lowest RMSE for 226 days (having a daily
bootstrap winning percentage of 15% to 19%) out of 1,326 days. Interestingly, the HJDCH 41

13The models considered are the parametric models (BSMCHy 1, HCHN 41, HIDCHp 41,
and FMLSCHpy41), the triple hidden layer MLP models (M3C Hy+1-Models), and triple hid-
den layer LSTM models (L3C Hyn41-Models)
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again outperforms if the comparison is only made amongst the parametric models; see Table
B.2.12.'% Thus, when the delta is analytically computed using forecasted option prices, there is

no consistent outperforming model.

YHJIDCHN 1, has the lowest RMSE for 475 days (having a daily bootstrap winning per-
centage of 34% to 39%) out of 1,326 days.
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Table 3.1: This table presents the forecasting performance using both daily and monthly statis-
tics amongst the H-M odels that use lagged input variables to forecast the one-trading-day-ahead
delta. The forecast variable for the MLP and LSTM models is the delta that is directly fore-
casted from the respective model, whereas the delta for the parametric models is computed using
their respective characteristic functions. Column I identifies the models, and columns II, III,
and IV describe the network architecture of the MLP and the LSTM models. Column V reports
the number of months out of the 64 months that each model has the smallest RMSE, while
column VI reports the number of days out of the 1,326 days each model has the smallest RMSE.
The one-day-ahead forecast errors of the delta are used to compute the Root Mean Square Error
(RMSE).

) an @ (Iv) v) (V1)
Model No. No. of Network Performance Performance
of hidden architecture amongst amongst
hidden nodes all models all models
layers per layer (Monthly) (Daily)
BSMHyN - - - 19 166
HHy - - - 5 67
HJDHy - - - 0 69
FMLSHyN - - - 0 161
M3H1pn 3 6 6 X6 x 6 15 137
M3H2pN 3 7 TXTXT 8 105
M3H3N 3 7 7T XTXT 7 89
M3HA4N 3 11 11 x 11x 11 0 72
M3H5N 3 11 11 x 11x 11 0 93
M3H6yn 3 14 14 x 14 x 14 0 94
M3HTN 3 8 8x8x8 7 95
L3H1yn 3 6 6x6x6 0 19
L3H2pN 3 7 TXTXT 0 20
L3H3n 3 7 TXTXT 0 21
L3HA4pN 3 11 11 x 11x 11 3 78
L3H5N 3 11 11 x 11x 11 0 16
L3H6N 3 14 14 x 14 x 14 0 20
L3HT7n 3 8 8x8x8 0 15
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Table 3.2: This table presents the forecasting performance using both daily and monthly statis-
tics amongst the H-M odels that use one-trading-day-ahead input variables to forecast the one-
trading-day-ahead delta. The forecast variable for the MLP and LSTM models is the delta that
is directly forecasted from the respective model, whereas the delta for the parametric models is
computed using their respective characteristic functions. Column I identifies the models, and
columns II, ITI, and IV describe the network architecture of the MLP and the LSTM models.
Column V reports the number of months out of the 64 months that each model has the smallest
RMSE, while column VI reports the number of days out of the 1,326 days each model has the
smallest RMSE. The one-day-ahead forecast errors of the delta are used to compute the Root
Mean Square Error (RMSE).

) an (Iv) v) (VD)
Model No. No. of Network Performance Performance
of hidden architecture amongst amongst
hidden nodes all models all models
layers per layer (Monthly) (Daily)
BSMHpN 1 - - - 37 196
HHy 41 - - - 4 44
HJDHN 1 - - - 0 71
FMLSHnN4+1 - - - 0 162
M3H1n 1 3 6 6x6x6 8 157
M3H2pn 1 3 7 TXTXT 6 109
M3H3N 1 3 7 TXTXT 4 95
M3H4pN 11 3 11 11 x 11 x 11 0 66
M3H5n 1 3 11 11 x 11 x 11 0 84
M3H6N 1 3 14 14 x 14 x 14 0 96
M3H7N 1 3 8 8x8x8 1 98
L3H1pn 1 3 6 6xX6x6 0 12
L3H2n 41 3 7 TXTxT 0 18
L3H3n 1 3 7 TXTXT 0 15
L3H4N 41 3 11 11 x 11 x 11 3 73
L3H5N 41 3 11 11 x 11 x 11 1 12
L3H6N 41 3 14 14 x 14 x 14 0 15
L3HTN 1 3 8 8x8x8 0 13
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Table 3.3: This table presents the forecasting performance using both daily and monthly statis-
tics amongst the CH-Models that use one-trading-day-ahead input variables to forecast the
one-trading-day-ahead call option price (Cny1). The delta (6Cn41/dSn+1) is derived analyt-
ically from the forecasted Cn41 using equation 3.3. The one-day-ahead forecast errors of the
delta are used to compute the Root Mean Square Error (RMSE). Column I identifies the mod-
els, and columns II, III, and IV describe the network architecture of the MLP and the LSTM
models. Column V reports the number of months out of the 64 months that each model has the
smallest RMSE, while column VI reports the number of days out of the 1,326 days each model
has the smallest RMSE.

) anp () () v) (V1)
Model No. No. of Network Performance Performance
of hidden architecture amongst amongst
hidden nodes all models all models
layers per layer (Monthly) (Daily)
BSMCHpN 1 - - - 0 7
HCHpy 1 - - - 1 7
HJDCHN 41 - - - 2 39
FMLSCHny1 - - 0 120
M3CHIN41 3 6 6X6X6 3 69
M3CH2n41 3 7 TXTXT 5 72
M3CH3N41 3 7 TXTXT 4 80
M3CH4N 41 3 11 11X 11X 11 8 137
M3CHb N1 3 11 11X 11 X 11 20 107
M3CH6 41 3 14 14X 14X 14 7 80
M3CHT7N41 3 8 8§X8X8 14 87
L3CH1Nn 1 3 6 6X6X6 0 19
L3CH2n 1 3 7 TXTXT 0 13
L3CH3N 1 3 7 TXTXT 0 15
L3CH4N 11 3 11 11X 11 X 11 0 274
L3CHS5 N 41 3 11 11X 11X 11 0 19
L3CHG6N4+1 3 14 14X 14X 14 0 33
L3CHTN11 3 8 8§X8X8 0 6
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3.4.3 HV-Models and CHV-Models: Results

We evaluate the replicating portfolio value performance of the various parametric and ANN
models in terms of their one-trading-day-ahead replicating portfolio value forecast errors. The
HV-Models comprises the same set of H-Models (which uses lagged or one-trading day ahead
input variables to forecast delta) as mentioned in Sections 3.4.1.1 and 3.4.1.2; and the Vyi
is computed for these H-Models using the delta obtained from the respective models. CHYV -
Models, similarly comprises the same set of C H-M odels in Section 3.4.2.1. Thus, to differentiate
these models, we append the end of each model name for which we compute the replicating

portfolio value by the letter "V".

3.4.3.1 Forecasting Performance of HV-Models

Tables 3.4 and 3.5 present the relative out-of-sample forecasting performance (in RMSE)
amongst the models that use the delta from H-Models to compute the replicating portfolio
value (V1) using Eq. (3.17).'® The Table 3.4 is based on H-Models using lagged input
variables and Table 3.5 is based on H-Models using one-trading-day-ahead input to forecast
delta. Amongst all of the models, columns V and VI record the number of months and days,

respectively, that each model has the lowest RMSE.

The results are similar to what we document in Sections 3.4.1.1 and 3.4.1.2 regarding the fore-
casting of delta. More specifically, for the HV-Models in Table 3.4, the BSM HVy model
outperforms all models, with the lowest RMSFE in 166 days out of 1326 days. The BSM HVy
model also outperforms other models when the comparison is made amongst the parametric and
MLP models only, in Table B.2.14, and the parametric models and LSTM models only, in Table
B.2.15, and amongst parametric models, in Table B.2.16.16 From Table 3.5, we also observe the
outperformance of the parametric Black—Scholes BSM HVy 1 model produced from H-Models
using one-trading-day-ahead input to forecast delta. The BSM H V1 model outperforms with
the lowest RM SFE for 195 days out of 1,326 days and the lowest RMSE for 17 months out of 64

15The performance metric is the RM SE of the one-trading-day-ahead forecast errors of V1,
which is computed for each model utilising all of the errors in each day or each month.

16The BSM HVy model outperforms other parametric and MLP models for 188 days (having
a daily bootstrap winning percentage of 12% to 16%) out of 1,326 days, other parametric and
LSTM models for 451 days (having a daily bootstrap winning percentage of 31% to 37%) out of
1,326 days, and all parametric models for 909 days (having a daily bootstrap winning percentage
of 66% to 71%) out of 1,326 days.
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months. This out-performance of the BSM H V1 is also seen in Table B.2.18, where it outper-
forms other parametric and MLP models, in Table B.2.19, where it outperforms parametric and
LSTM models, and in Table B.2.20, where it outperforms parametric models.'” Thus, irrespec-
tive of using lagged or one-trading-ahead input variables to forecast the one-trading-day-ahead

delta, the BSM HVx 41 model has been the most outperforming model.

3.4.3.2 Forecasting Performance of CHV-Models

For the CHV-Models using delta from CH-Models to compute the Vi1 from Eq. (3.17), we
observe results similar to what is observed for the category of C H-Models in Section 3.4.2.1. Ta-
ble 3.6 compares the out-of-sample forecasting performance of these models, in which the delta
is computed analytically from option price forecasts. We find that the LSTM models outperform
other models (lowest RMSE for 276 days out of 1,326 days). However, comparing paramet-
ric models and the LSTM L3CHVyy1-Models in Table B.2.23, the parametric HJDCH V41
model outperforms, when comparing the parametric models and the MLP M3CHVy_1-Models
in Table B.2.22, the FMLSCHVy41 model outperforms and within the parametric models
shown in Table B.2.24, the HJDCHVy 1 out-perform all other parametric models.'® Thus,
when the value of the replicating portfolio is obtained from the delta that is analytically com-
puted using the forecasted option prices (from CH-M odels), the results do not reveal a consis-
tently outperforming model. This underscores the economic benefits of such approaches, which
imply that ANN models that cannot directly predict delta may not provide robust forecasting

performance.

1"The BSM HVy 11 model outperforms other parametric and MLP models for 207 days (hav-
ing a daily bootstrap winning percentage of 14% to 18%), other parametric and LSTM models
for 485 days (having a daily bootstrap winning percentage of 34% to 39%) out of 1,326 days,

and all parametric models for 934 days (having a daily bootstrap winning percentage of 68% to
73%) out of 1,326 days.

18When we compare parametric models and the LSTM L3C H Vy_1-Models only, the paramet-
ric HJDC H Vi1 model outperforms for 387 days (having a daily bootstrap winning percentage
from 27% to 32%) out of 1,326 days, when the parametric models and the MLP M3CHVy1-
Models are compared, the FMLSCHVyy1 model outperforms for 224 days (having a daily
bootstrap winning percentage from 15% to 19%) out of 1,326 days, and finally within all para-
metric models, the HJDCHVy 41 outperforms for 479 days (having a daily bootstrap winning
percentage from 34% to 39%) out of 1,326 days.
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Table 3.4: This table presents the forecasting performance using both daily and monthly statis-
tics amongst the HV-Models that uses the delta obtained from H-Models. The H-Models use
lagged input variables to forecast the one-trading-day-ahead delta, and the delta is directly fore-
casted from the MLP and LSTM models, and whereas for the parametric models, it is computed
using their respective characteristic functions. The forecasted delta from a model is later used
to compute the replicating portfolio value (V) using equation 3.17. The one-day-ahead forecast
errors of Viy are used to compute the Root Mean Square Error (RMSE). Column I identifies
the models, column II identifies the forecast variable, and columns II, III, and IV describe the
network architecture of the MLP and LSTM models. Column V reports the number of months
out of the 64 months that each model has the smallest RMSE, while column VI reports the
number of days out of the 1,326 days each model has the smallest RMSE.

) an @ (Iv) v) (V1)
Model No. No. of Network Performance Performance
of hidden architecture amongst amongst
hidden nodes all models all models
layers per layer (Monthly) (Daily)
BSMHVyN - - - 3 166
HHVy - - - 6 66
HJDHVN - - - 1 69
FMLSHVyN - - 1 162
M3HV 1N 3 6 6X6X6 7 137
M3HV2N 3 7 TXT7TXT7 5 105
M3HV3N 3 7 TXTXT7 5 89
M3HV4yN 3 11 11X 11X 11 5 72
M3HV5 N 3 11 11X 11X 11 8 93
M3HV6 N 3 14 14X 14X 14 4 94
M3HVTN 3 8 8§X8X8 10 95
L3HV 1N 3 6 6X6X6 0 18
L3HV2N 3 7 TXTXT 1 20
L3HV3N 3 7 TXTXT 0 22
L3HV 4N 3 11 11X 11X 11 6 7
L3HV5N 3 11 11X 11X 11 0 16
L3HV6N 3 14 14X 14X 14 1 20
L3HV TN 3 8 8§X8X8 1 15
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Table 3.5: This table presents the forecasting performance using both daily and monthly statis-
tics amongst the HV-Models that uses the delta obtained from H-Models. The H-Models
use one-trading-day input variables to forecast the one-trading-day-ahead delta and the delta
is directly forecasted from the MLP and LSTM models, whereas for the parametric models, it
is computed using their respective characteristic functions. The forecasted delta from a model
is later used to compute the replicating portfolio value (Vx41) using equation 3.17. The one-
day-ahead forecast errors of V41 are used to compute the Root Mean Square Error (RMSE).
Column I identifies the models, column II identifies the forecast variable, and columns II, III,
and IV describe the network architecture of the MLP and LSTM models. Column V reports the
number of months out of the 64 months that each model has the smallest RMSE, while column
VI reports the number of days out of the 1,326 days each model has the smallest RMSE.

) an @ (Iv) v) (V1)
Model No. No. of Network Performance Performance
of hidden architecture amongst amongst
hidden nodes all models all models
layers per layer (Monthly) (Daily)
BSMHVN 1 - - - 17 195
HHVy41 - - - 11 43
HJDHVN 41 - - - 0 71
FMLSHVN41 - - 3 165
M3HV1N41 3 6 6X6X6 9 158
M3HV2N41 3 7 TXT7TXT7 6 109
M3HV3N+1 3 7 TXTXT 2 95
M3HVA4N4+1 3 11 11X 11X 11 2 67
M3HV5n11 3 11 11X 11X 11 1 83
M3HV6N11 3 14 14X 14X 14 3 95
M3HVT N1 3 8 8§X8X8 0 97
L3HV1N41 3 6 6X6X6 0 12
L3HV2N41 3 7 TXTXT 1 18
L3HV3N41 3 7 TXTXT 0 15
L3HV 4N 3 11 11X 11X 11 6 72
L3HV5N 41 3 11 11X 11X 11 1 12
L3HV6N 41 3 14 14X 14X 14 0 15
L3HV TN 11 3 8 8§X8X8 1 13
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Table 3.6: This table presents the forecasting performance using both daily and monthly statis-
tics amongst the CHV-Models that uses the delta obtained from CH-Models. The CH-
Models use one-trading-day input variables to forecast the one-trading-day-ahead call option
price (Cn41). The delta (0Cn4+1/9Sn+1) is derived analytically from the forecasted Cyy; using
equation 3.3, and then used to compute the replicating portfolio value Vi1 using equation
3.17. The one-day-ahead forecast errors of Vi are used to compute the Root Mean Square
Error (RMSE). Column I identifies the models, column II identifies the forecast variable, and
columns III and IV describe the network architecture of the ANN models. Column V reports
the number of months out of the 64 months that each model has the smallest RMSE, while
column VI reports the number of days out of the 1,326 days each model has the smallest RMSE.
Forecasts are made for 1,326 trading days, and there are 64 months covered in the sample using
the monthly data.

) an @ av) v) (V1)
Model No. No. of Network Performance Performance
of hidden architecture amongst amongst
hidden nodes all models all models
layers per layer (Monthly) (Daily)
BSMCHVNy1 - - - 0 7
HCHVNi1 - - - 0 7
HJDCHVN1 - - - 2 39
FMLSCHVN41 - - 0 116
M3CHV1n41 3 6 6X6X6 5 70
M3CHV2N41 3 7 TXTXT 8 73
M3CHV3N41 3 7 TXTX7T 8 82
M3CHVA4N 41 3 11 11X 11X 11 8 141
M3CHV5N41 3 11 11X 11X 11 14 109
M3CHV6N41 3 14 14X 14X 14 5 81
M3CHV TN 3 8 8§X8X8 13 87
L3CHV1N4+1 3 6 6X6X6 0 20
L3CHV2n41 3 7 TXT7TXT7 0 14
L3CHV3n 41 3 7 TXT7TXT7 0 15
L3CHVAN 1 3 11 11X 11X 11 1 276
L3CHV5N 41 3 11 11X 11X 11 0 20
L3CHV6N 41 3 14 14X 14X 14 0 34
L3CHV TN 41 3 8 8X8X8 0 7
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3.4.4 Robustness tests

3.4.4.1 The Diebold—Mariano (DM) Tests

Similar to the DM tests performed in Chapter 2, the model pairs that are statistically insignif-
icant different in their prediction accuracy have been reported in Table B.1.9. For each model
category, 153 pairs are created, and for the models belonging to the category of H-Models that
use lagged input variables to forecast Ay.i1, 0% of the pairs are insignificant, for the models
belonging to H-Models that use one-trading-day-ahead input variables to forecast the An,1,
2.6% of the pairs are insignificant, for models belonging to C'H-Models that use one-trading-
day-ahead input variables to forecast the dn11, 2.6% of the pairs are insignificant, for the HV -
Models computed from the Ay obtained from H-Models (that uses lagged input variables for
forecasting), 3.9% of the pairs are insignificant, for the HV-Models computed from the Ay
obtained from H-Models (that uses one-trading-day-ahead input variables for forecasting), 0%
of the pairs are insignificant, and for the CHV-Models computed from the dyi0btained from
CH-Models, 2.6% of the pairs are insignificant. Apart from the pairs mentioned in Table B.1.9,
all the other pairs have significant forecasting power. Thus, the daily delta forecasting results

are vastly statistically significant.

3.4.4.2 Bootstrap Tests

To further assess the validity of the forecasting performance results, we perform bootstrap tests
using the daily and monthly RMSEs and discuss them in Sections B.2.1 through B.2.6, and
present them in Tables B.2.1 to B.2.4 for H-Models that use lagged input variables to forecast
the An11, Tables B.2.5 to B.2.8 for H-Models that use one-trading-day-ahead input variables
to forecast the An1q, Tables B.2.9 to B.2.12 for C H-Models that use one-trading-day-ahead
input variables to forecast the dy11, Tables B.2.13 to B.2.16 for HV-Models computed from
the An41 obtained from H-Models (that uses lagged input variables for forecasting), Tables
B.2.17 to B.2.20 for HV-Models computed from the Ay obtained from H-Models (that uses
one-trading-day-ahead input variables for forecasting), and Tables B.2.21 to B.2.24 for CHV-
Models computed from the dyiiobtained from CH-Models in Appendix B.2, presents the
results of the bootstrap performed using the daily and monthly RMSEs. In these tables, columns
IX (lower bound) and X (upper bound) present the results from the bootstrap performed (with
replacement) using monthly RMSEs at a 95% confidence level and shows the winning percentage

out of 64 months for each model and similarly, the 95 % confidence intervals computed from
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bootstrapping of the daily RMSEs signify the winning percentage out of 1328 days for each
model and are reported in columns XI (lower bound) and XII (upper bound). The results from

the bootstrap tests typically support the results discussed in Section 3.4.

3.4.4.3 Pairwise Test

In the above comparisons of Section 3.4, a particular model wins against a set of many models.
We also perform a pairwise bootstrap comparison which is computed using the respective pair’s
daily RMSEs. The pairwise bootstrap results for H-M odels pairs that use lagged input variables
are presented in Table 45, for H-Models that use one-trading-day-ahead input variables in Table
46, for C'H-M odels that use one-trading-day-ahead input variables in Table 47, for HV-Models
that use delta from H-Models (using lagged inputs for forecasting) in Table 48, for HV-Models
that use delta from H-Models (using one-trading-day-ahead inputs for forecasting) in Table 49,
and CHV-Models that use delta from CH-Models in Table 50 of the Electronic Appendix. We

summarise the results from all the above-mentioned tables in Table B.1.10.

The comparisons of Section 3.4 reveal the parametric class of models to be consistently out-
performing. When we compare models pair-wise, the results in forecasting performance change.
The MLP class of models outperforms for over 47.1%, the LSTM models for 37.9%, and para-
metric models for 15% of the 153 pairs created from models belonging to H-Models that use
lagged input variables. For the 153 pairs created from models belonging to H-Models that use
one-trading-day-ahead input variables, the MLP class of models outperforms by over 39.2%, the
parametric models similar to the MLP models, at 39.9%, and the LSTM models for 20.9% of
the pairs. For the 153 pairs created from models belonging to C H-M odels that use one-trading-
day-ahead input variables, the MLP class of models outperforms by over 62.7%, the parametric
models for 22.9%, and the LSTM models for 14.4% of the pairs. Thus, the pairwise bootstrap
comparison does not reveal conclusive evidence of outperforming models. Indeed, the pair-wise
bootstrap results for HV-Models and CHV-M odels are quantitatively similar to the results for
H-Models and C H-M odels, respectively.

3.5 Conclusion

This chapter empirically evaluates the daily forecasting performance of deltas for S&P 500

FEuropean-style index options using parametric models and triple hidden layer Deep Learning
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ANN models, namely the MLP and LSTM networks. One set of MLP and LSTM networks
is trained using lagged and one-trading-day-ahead input variables to directly forecast the one-
trading-day-ahead delta. Another set of MLP and LSTM networks is trained using one-trading-
day-ahead input variables to forecast the one-trading-day-ahead option price and then analyti-
cally the one-trading-day-ahead delta. The economic significance of these forecasts are further
gauged by assessing the daily forecast performance of the value of the corresponding replicating

portfolio.

We find that the Black—Scholes—Merton model produces one-trading-day-ahead delta forecasts
with the lower RMSEs than the three parametric (Heston, Heston Jump Diffusion, and the
Finite Moment Log Stable) models and the Deep Learning ANN (MLP and LSTM) models.
This result holds when the MLP and LSTM networks are used to predict directly the one-
trading-day-ahead delta and independent of the input variables used (e.g. for both lagged and
one-trading-day-ahead input variables). Based on the assessment of the forecasting performance
of the replicating portfolio, we find quantitatively similar results. Thus, deep learning models
would not typically improve (statistically or economically) the forecasting performance of deltas

compared to the parametric models.

However, we find contradicting results when the MLP and LSTM networks are used to predict
the one-trading-day-ahead delta indirectly by training the ANN models to predict prices and
then analytically infer the one-trading-day-ahead delta. Then, the LSTM models produced

forecasts with lower RMSEs compared to the four parametric and MLP models.

In summary, based on our empirical study, MLP and LSTM networks with a variety of input
variables and multiple hidden layers do not provide a clear advantage compared to parametric
models. Surprisingly, the most basic options pricing model tends to outperform all parametric
and the ANN models considered in this study in terms of predicting delta hedge ratios or the
value of corresponding replicating portfolios. This suggests that there may be some innate
randomness that confines MLP and LSTM networks from effectively forecasting deltas. As
mentioned in Chapter 2, the forecasting performance comparison between models may be biased
by model and error uncertainty. Thus, we also assess the forecasting performance of delta based

on an averaging error approach (Gengay and Qi (2001)) in the next chapter.
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Chapter 4

Can Model Averaging Improve

Forecasting Performance?

4.1 Introduction

Previous research has attempted to improve the predictability of non-parametric ANN models by
making them more robust, reducing model uncertainty, and increasing predictive power by using
a method called bagging introduced by Breiman (1996). This method proposes an aggregate
value of the prediction from multiple versions of the model through bootstrapping. According
to Gengay and Qi (2001), multiple versions of the ANN are generated using a random seed, and
the outputs of these networks are aggregated to get an average predicted call price. We aim
to replicate this process of aggregation by using average call prices to infer the prediction error
in Chapter 4, which is the most basic form of ensemble learning. Non-parametric ANN models
tend to over-estimate or under-estimate forecasts (Andreou et al. (2010), Ruf and Wang (2020),
Buehler et al. (2019)). By averaging the forecasts from several models, we could balance the
over-estimation and under-estimation, thereby reducing the variance of the forecast and possibly
reducing the generalisation error of the pricing/hedging ANN model. The forecasts based on
the average of several pricing/hedging models may also be more reliable than a forecast based

on a single pricing/hedging model.

In this study, we use averaging methods for forecasting prices and delta. The average call
price is employed to infer the call price prediction error, which is computed as the difference

between the actual mid-point call price and the average of the forecasted call prices from multiple
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models. Taking averages is the simplest form of ensemble learning. We effectively use the same
method to evaluate the forecasting performance of call price scaled by the strike price, delta,
and replicating portfolio values. We thus empirically assess the daily forecasting performance
of prices and delta for S&P 500 index options using averaging of parametric and ANN models.
For a more comprehensive assessment, we compare between averaging all parametric and all
ANN models, as well as between the best performing model and the averaging of all parametric
and all ANN models. The best-performing models are selected by the analysis in Chapters 2
and 3, while MLP and LSTM networks are trained using lagged and one-trading-day-ahead
input variables to forecast the one-trading-day-ahead prices and delta. Alternatively, MLP
and LSTM networks forecast the one trading-day-ahead option price, and then we compute
analytically the one-trading-day-ahead delta. Finally, we investigate the economic significance
of these forecasts by comparing the daily forecast performance of the value of the corresponding

replicating portfolio.

The forecasting performance of daily option prices and moneyness using lagged input variables
shows that the simple random walk outperforms all models. When the random walk model is
excluded, we find that the average of all the triple hidden layer MLP models outperforms any
combination of the average of all the parametric models, the average of all the single, double,
or triple hidden layer LSTM models, and the average of all the single, or the double hidden
layer MLP models. The average of all the triple hidden layer MLP models, which forecasts
the call option price, typically cannot outperform the individually best-outperforming model,
an LSTM model, identified in Chapter 2. However, the average of all the triple hidden layer
MLP models, which forecasts moneyness, can consistently outperform the individually best-
outperforming models in any combination of comparisons. Furthermore, for forecasting the call
option price/moneyness using one-trading-day-ahead input variables, we test only the triple
hidden layer models, and we find that the average of all triple hidden layer MLP models again is
typically the best performing model that also outperforms the random walk forecasting model.
However, the average of all triple hidden layer MLP models which forecast call option prices
do not consistently outperform the individually best out-performing models listed in Chapter
2, whereas the average of all triple hidden layer MLP models that forecasts moneyness could

outperform the individually best out-performing models.

In terms of measuring the forecasting performance of daily delta using lagged/one-trading-day-
ahead input variables, we find that the average of all the parametric models produces forecasts

with the lowest RMSEs, followed by the average of all the triple hidden layer models. However,
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the average of all parametric models fails to outperform the best outperforming models identified
in Chapter 3. Similar results are also seen while measuring the forecasting performance of daily
delta, which is analytically derived from call option prices, where the average of all the parametric
models has the lowest RMSEs, but unlike before, it outperforms the best out-performing models
identified from Chapter 2. To assess the economic significance of these delta models, we compare
the forecasting performance of their corresponding replicating portfolio value. The average of all
triple hidden layer MLP models and the average of all parametric models has at-par forecasting
performance, yet, the average of all triple hidden layer MLP models outperforms the best out-
performing models identified in Chapter 3. Comparatively, we can see that the average of all
parametric models has the lowest RMSEs when the performance of replicating portfolio value
forecasting is measured from models that use one-trading-day inputs to forecast the delta but
cannot outperform the best-performing models. When delta is derived analytically from call
option prices, then the average of all triple hidden layer MLLP models again displays the lowest
RMSEs and could outperform the best-performing models identified in Chapter 3 for replicating
portfolio value forecasting performance of models. The results are robust based on a bound
assessment of performance, while the DM tests show that out of the 66 model pairs, only 1.52%

of the pairs have insignificant forecasting power.

This chapter is organised into four sections. Section 4.2 presents the model averaging approach
for parametric and ANN models employed to assess forecasting performance for prices and delta.
The empirical results on the daily forecasting performance of S&P 500 index option prices using
model averaging are discussed in Section 4.3. The empirical comparison of the daily forecast-
ing performance of S&P 500 index option delta and replicating portfolio value performance is

discussed in Section 4.4. Robustness tests are summarised in Section 4.5. Section 4.6 concludes.

4.2 Methodology

We use a variety of models having different sets of predictors to get an average value of the
one-day-ahead call price and delta, as averaging can significantly improve the forecasting per-
formance of a model according to Breiman (1996) and Gengay and Qi (2001). We consider
two model averaging methods. In the first method, we compare the forecasting performance of
averaging for all parametric and ANN models. In the second method, we assess the forecasting
performance of the best performing model as indicated from Chapters 2 and 3 and the averaging

for corresponding parametric and ANN models.
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More specifically, to perform model averaging for the C-M odels using lagged input variables to
forecast option prices (defined in Section 2.3.5.1), we take the average call option price of the
following models:

o ParamC4V%-Models: all the parametric models (BSMCy, HCxn, HJDCy, and FM LSC\y)

o M1C{VE-Models: all the single hidden MLP models (M1C1y to M1C9y),

o M203VE-Models: all the double hidden MLP models (M2C1y to M2C9y),

o M3C{VE-Models: all the triple hidden MLP models (M3C1y to M3C9y),

o L1C{YE-Models: all the single hidden LSTM models (L1C1y to L1C9y),

o L2C{V%-Models: all the double hidden LSTM models (L2C1y to L2C9y),

o L3C{VE-Models: all the triple hidden LSTM models (L3C1y to L3C9y).

Similarly, for the C-M odels, which use one-trading-day-ahead input variables to forecast option

prices (defined in Section 2.3.5.1), we take the average of the following models: !
. Parame\‘,K?—Models: all the parametric models (BSMCn41, HCn11, HJDCny1, and
FMLSCn4+1)
. M3C]<‘,K?—Models: all the triple hidden MLP models (M3C1y41 to M3C9n41)

. LSCjé,K?—Models: all the triple hidden LSTM models (L3C1y41 to L3C9n41).

A similar exercise of computing the average forecast of Cny1/Kn41 from CK-Models using
lagged input variables and C'K-Models using one-trading-day-ahead input variables (defined in

Section 2.3.5.2) is also examined.

For the H-Models using lagged input variables to forecast delta (defined in Section 3.2.4), we

take the average delta of the following models:

. PammHj(‘,VG-Models: all the parametric models (BSMHy, HHy, HIDHy, and FM LSH )

1Since forecasting using single, and double layer ANN (MLP/LSTM) models is computation-
ally intensive, and as the triple hidden layer ANN models have shown to largely outperform the
single and double layer C-Models which use lagged input variables (see extended results in Ap-
pendix A.2), this exercise only considers triple hidden layer C-Models. In a similar manner, we
only take into account C K-M odels with triple hidden layers in order to maintain comparability
with C-Models.
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o M3H{VE-Models: all the triple hidden MLP models (M3H1y to M3H7y)

o L3H{VY Models: all the triple hidden LSTM models (L3H1y to L3H7y)

For the H-Models using one-trading-day-ahead input variables to forecast the A1 (see Section

3.2.4, we consider the average delta of the models below:

. ParamHj{‘,‘i?—Models: all the parametric models (BSM Hyy1, HHN4+1, HIDHy 1, and
FMLSHpy41)

o M3H{YS-Models: all the triple hidden MLP models (M3H1y41 to M3HTn41)

. LBHﬁK?—Models: all the triple hidden LSTM models (L3H 141 to L3HTN 1)

For the C H-Models using one-trading-day-ahead input variables to forecast the dy11 (see Sec-

tion 3.2.4, we take the average delta of the models:

. ParamC’Hf\‘,leG—Models: all the parametric models (BSMCHpy 11, HCHpy 41,
HJDCHy41, and FMLSCHy41)

« M3CHZYS-Models: all the triple hidden MLP models (M3CH1y1 to M3CHTn1)

o L3CH{Y{-Models: all the triple hidden LSTM models (L3CH1n41 to L3CHTn41)

A similar exercise is done to compute the average replicating portfolio value for the HV-Models

and CHV-Models (from Section 3.2.5).

For the second method, we compare the performance of the best out-performing models detected
of the analysis in Chapters 2 and 3 with the performance of the corresponding model averaging
results. More specifically, we compare the call option prices of the best out-performing C-M odels
(as detected in Section 2.4.1.1) with the call option prices from averaging the parametric, the
single, double, and triple hidden layer MLP /LSTM models. Furthermore, we compare the strike-
adjusted option prices of the best out-performing C'K-M odels discussed in Section 2.4.2 with the
adjusted option prices of the corresponding model averages. We perform similar comparisons for
the option’s delta and the associated replicating portfolios. These comparisons include the delta
of the best out-performing H-Models, C H-Models (as detected in Sections 3.4.1.1 , 3.4.1.2 and
3.4.2.1, respectively), and the replicating portfolio of the best out-performing HV-M odels and
CHV-Models (as detected in Sections 3.4.3.1 and 3.4.3.2, respectively) with the delta from the
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corresponding average parametric, MLP models, and LSTM models. The detailed list of these
model averaging options is discussed above. Note that the data used in the analysis are S&P
500 options prices from September 2012 to December 2017; see for more details in Sections 2.3

and 3.2.

4.3 Forecasting of S&P 500 Index Options Prices using Averag-
ing Models

In this section, we evaluate the forecasting performance of the averaging models in predicting
one-trading-day-ahead call option prices (C-Models) and moneyness (CK-Models). We use

lagged input variables and one-trading-day-ahead input variables.

4.3.1 Averaging Forecasts from C-Models
4.3.2 Using Lagged Input Variables

Table 4.1 shows the relative out-of-sample pricing performance (in RMSFE) amongst the aver-
aging models that forecast the one-trading-day-ahead call option price using lagged input vari-
ables. We compare the averages of the parametric (ParamC4¥ ¢-Models), the single (M 1C{V¢-
Models), double (M2C4V%-Models), and triple (M2C4Y¢-Models) hidden layer MLP models
and the single (L1C4YV%-Models), double (L2C 4V %-Models), and triple (L2C4" %-Models) hid-
den layer LSTM models belonging to C-Models from Table 2.1, separately, and present them
in the top panel of Table 4.1, namely under panel Method A. It is found that none of the av-
eraging models could outperform the random walk (§Cx) model. However, if the random walk
model is excluded from the comparison, the triple hidden layer MLP, M 3C]’3VG—M odels, is the

best-performing model.

We perform further set comparisons for the averages derived from the C-Models from Section
2.4.1 of Chapter 2 (presented in Table C.2.1). We perform 13 combinations of comparisons
among the parametric, single, double, and triple hidden layer MLP/LSTM models. There are
three key findings in these 13 comparisons. Firstly, none of the models could outperform the
random walk model. Secondly, if the random walk model is excluded from the comparisons, and

if we compare the average of the parametric models with the averages of the single, double, or
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triple hidden layer MLP models, the average of the MLP models outperforms all other models
(i.e. in Parts II, V, VIII, and XI of Table C.2.1). However, if the comparison is confined between
the average of the parametric models and the averages of the single, double, or triple hidden
layer LSTM models, the average of the parametric models outperforms all other models (i.e.
in Parts III, VI, IX, and XII of Table C.2.1). Third, the outperformance of the average of the
MLP models can also be noticed if we compared the average of the parametric models with
the averages of the single, double, and triple hidden layer MLLP models and the averages of the
single, double, and triple hidden layer LSTM models, where the average of the MLP models has
outperformed all other models (i.e. in Parts I, IV, X, XIII of Table C.2.1).

We next compare the best-performing C-Models (that use lagged input variables) from Section
2.4.1 of Chapter 2 with the model averages discussed above (i.e. in Tables 4.1 and C.2.1), which
sums up to 13 different combinations of comparisons. Method B panel of Table 4.1 presents the
results of comparing the best-performing model from Table 2.1 of Chapter 2, namely L3C9y
model, with the average of the parametric, and the single, double, and triple hidden layer MLP
and LSTM models. We find that this LSTM model (L3C9y model) outperforms all the above
models (for 311 days out of 1,328).

Furthermore, none of the models could outperform the random walk model, except in Parts I
and X of Table C.2.2. If the random walk model is excluded, and if we compared the best-
performing C-Models with the average of the parametric models, the averages of the single,
double, or triple hidden layer MLP models, then the average of the MLP models outperforms
all other models (i.e. in Parts I, V, and VIII of Table C.2.2).2 In addition, if the comparison is
confined between the best-performing C-Models with the average of the parametric models, the
averages of the single, double, or triple hidden layer LSTM models, the L1C8y, L2C9y, and
L3C9y model outperforms all other models (in Parts III and XII of Table C.2.2) — except in
Parts VI and IX, where the Paraijé,VG—M odels outperforms all other models. Finally, if the
comparison is made between the best-performing C-M odels with the average of the parametric
models, the averages of the single, double, and triple hidden layer MLP models, and the averages
of the single, double, and triple hidden layer LSTM models, then the average of the MLP models
has outperformed all other models (i.e. in Parts I, IV, and VII of Table C.2.2) — except in Parts
X and XIII, where the L3C9x model outperforms all other models.

2Except in Part XI, where the FAM LSCy model outperforms all other models.
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4.3.3 Using One-trading-day-ahead Input Variables

The relative out-of-sample performance (in RM SE) amongst the averaging C-M odels using one-
trading-day-ahead input variables is presented in Method A panel of Table 4.2. Method A com-
pares the average option prices of the parametric (Paraij(‘,KlG—M odels), the triple (M QC’JGK?—
Models) hidden layer MLP models and the triple (L2CJ<‘,K?—M odels) hidden layer LSTM models
from Table 2.2, separately. It is shown that the average of the triple hidden layer MLP models
outperforms all other models, including the random walk (for 987 days out of 1,328), and when
the random walk is excluded (for 1,114 days out of 1,328). This out-performance of the average
of the triple hidden layer MLP model is also seen when we compare it only with the parametric
models in Part II of Table C.2.3. The average of the parametric models however outperforms

only when the comparison is made with the average of the triple hidden layer LSTM models in

Part IIT of Table C.2.3 and for 1065 days out of 1,328.

Method B panel of Table 4.2 presents the comparisons of the best-performing C-Models (using
one-trading-day-ahead input variables) from Section 2.4.1 of Chapter 2 with the models discussed
above, i.e., models in Method A panel of Table 4.2. Here, the random walk model does not
outperform these comparisons. When the random walk model is excluded, and we compare
the best-performing model, namely M3C4y41, to the models in Method A panel of Table 4.2,
i.e., with the average of the parametric, and average of the triple hidden layer MLP and LSTM
models, we find that the M3C4y,1 model outperforms all the above models (for 683 days out
of 1,328). This is slightly better than the average of all the triple hidden layer MLP models,
which outperforms (for 610 days out of 1,328).

Now, if we compare the best-performing model, M3C4pn, 1, with the average of the parametric
models, the averages of the triple hidden layer MLP in Part II of Table C.2.4, it shows consistent
outperformance for 683 days out of 1,328. Third, if the comparison is made between the best-
performing parametric model, HCy41, with the average of the parametric models, and the
averages of the triple hidden layer LSTM models, in Part IIT of Table C.2.4, the parametric

model HC'n41 outperforms all other models.

Therefore, forecasting the call option prices derived from averaging models using lagged input
variables demonstrates that none of the pricing models could improve or outperform a simple
random walk forecasting model. The best approach is to average the forecast from several MLP
models, average from several parametric models, or use an individual LSTM model, like the

L3CIN model. Forecasting the call option prices derived from averaging models using one-

123



trading-ahead input variables shows that the random walk model does not outperform in any of
these comparisons, and the best approach is to use an individual MLP model like the M3C4 1
model, average the forecast from several MLP /parametric models, or use an individual para-

metric model, like the HC 1 model.

4.3.4 Averaging Forecasts from CK-Models
4.3.5 Using Lagged Input Variables

Panel Method A of Table 4.3 compares the average of the CK-Models including paramet-
ric (ParamCK{Y%-Models), the single (M1CK4&V%-Models), double (M2CK{VE-Models),
triple (M3C K4V %-Models) hidden layer MLP models and the single (L1CK &V %-Models), dou-
ble (L2C K{V¢-Models), triple (L3C K 4" %-Models) hidden layer LSTM models of CK-Models
from Table 2.3. None of the models outperforms the random walk, but if the random walk is

excluded, then the MLP M3CK4Y%-Models outperform (for 627 days out of 1,328).

Table C.2.5 shows the relative out-of-sample pricing performance (in RM SFE) amongst the CK-
Models (i.e. from section 2.4.2 of Chapter 2) using lagged input variables, which is divided
again into thirteen parts as different combinations of comparisons amongst the parametric,
single, double, and triple hidden layer MLP/LSTM models are considered. The key findings
of these comparisons are summarised next. None of the models could outperform the random
walk model. If the random walk model is excluded, and the average of the parametric models
are compared with the averages of the single, double, and triple hidden layer MLP and LSTM
models (i.e. in Parts I, IV, VII, and X of Table C.2.5), then the average of the MLP models
outperforms all other models. The out-performance of the average of the MLP models is also
evident when we compare the average of the parametric models with the averages of the single,
double, and triple hidden layer MLP models (i.e. in Parts II, V, VIII, and XI of Table C.2.5).
Lastly, if the comparison is confined between the average of the parametric models with the
averages of the single, double, or triple hidden layer LSTM models (i.e. in Parts III, VI, IX, and

XII of Table C.2.5), the average of the parametric models outperforms all other models.

Panel Method B of Table 4.3 compares the best-performing C'K-Models (using lagged input
variables) from Section 2.4.2 of Chapter 2 (which is the L1C K2y model) with the the average
of the parametric, the single, double, and triple hidden layer MLP and LSTM models. None of

the models could outperform the random walk model. If the random walk model is excluded, and
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the best-performing model compared to the models in Method A of Table 4.3, it is revealed that
the average of the triple hidden layer MLP models, namely the M3C K ]’(‘,VG model, outperforms
all the above models (for 492 days out of 1,328).

Comparing the best-performing CK-Models (that use lagged input variables) from Section
2.4.2 of Chapter 2 with the models discussed above in Table C.2.5 and present the comparison
in Table C.2.6, we draw the following conclusions (from these thirteen different comparisons). If
we compared the best-performing CK-Models with the average of the parametric models, the
averages of the single, double, and triple hidden layer MLLP and LSTM models, then the average
of the MLP models outperforms all other models (i.e. in Parts I, II, IV, V, VII, VIII, X, XI,
and XIII of Table C.2.6). However, if the comparison is confined between the best-performing
CK-Models with the average of the parametric models, and the averages of the single, double,
or triple hidden layer LSTM models, the LICK2y, L2C K2y, and L3C' K2y model outperforms
all other models (in Parts III, VI, IX, and XII of Table C.2.6).

4.3.6 Using One-trading-day-ahead Input Variables

We summarise the relative out-of-sample performance (in RMSFE) amongst the CK-Models
models using one-trading-day-ahead input variables in Table 4.4, where in panel Method A,
we compared the average Cnyy1/Kn41 of the parametric (ParamCK ]‘\‘,K?—M odels), the triple
(M3CK{Y$-Models) hidden layer MLP models and the triple (L3CK4{Y¢-Models) hidden
layer LSTM models of the C K-Models in Table 2.4. It is shown that the average of the triple
hidden layer MLP models outperforms all other models, including the random walk (for 1076
days out of 1,328) or excluding the random walk (for 1,328 days out of 1,328). This out-
performance of the average of the triple hidden layer MLP model is also seen when we compare
it only with the parametric models in Part IT of Table C.2.7. The average of the parametric
models, however, fails to outperform even when the comparison is made with the average of
the triple hidden layer LSTM models in Part III of Table C.2.7, where the average of the triple
hidden layer LSTM models outperform for 1,328 days out of 1,328.

There are three key findings when we compare the best-performing C' K-Models (that use one-
trading-day-ahead input variables) from Section 2.4.2 of Chapter 2 with the models discussed
above in Tables 4.4 and C.2.7. First, the random walk model does not outperform in any of these
comparisons. When we exclude the random walk model from the comparisons and compare the

M3CK2n41 model (i.e., the best outperforms model when compared to the models in Method
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A panel of Table 4.4) with the average of the parametric, and average of the triple hidden
layer MLP and LSTM models, the average of the triple hidden layer MLP models outperforms
all the above models (840 days out of 1,328). Second, when we compare the best-performing
CK-Models with the average of the parametric models, the average of the triple hidden layer
MLP models in Part I of Table C.2.8, then the best-performing model, the average of the triple
hidden layer MLP models, i.e. the M3CK J@Kf model, consistently outperforms (for 840 days
out of 1,328). Third, if the comparisons are made between the best-performing model from
CK-Models, the L3CK2x1 with the average of the parametric models, and the average of the
triple hidden layer LSTM models, in Part III of Table C.2.8, the L3C' K2x1 outperforms all

other models for 809 days out of 1,328 days.

A comparison between CK-Models with lagged input variables and C'K-Models models with
one-trading-day-ahead input variables reveals a substantial improvement in forecasting perfor-
mance of using one-trading-day-ahead input variables in the M 3Cjé,KlG—M odels from Table 4.2,
when compared to the corresponding M 3Cj§‘,VG-M odels using lagged input variables from Ta-
ble 4.1 —similarly for the M3C’K§K?-Models from Table 4.4, when compared to the MSCK]’%VG—
Models using lagged input variables from Table 4.3. For example, the forecasting performance
of the M 3C§K?—M odels has an improvement of 347.5% (based on daily RMSE) / 75.8% (based
on monthly RMSE) over M 3C’j§‘,VG-M odels, and the M3CK j{‘,‘ilG—M odels has an improvement
of 111.8% (based on daily RMSE) / 25.5% (based on monthly RMSE) over M3C K4 %-Models.
We also observe that the majority of the models that have outperformed based on daily RMSE
have outperformed based on their monthly RMSE.

Therefore, forecasting moneyness derived from averaging models using lagged input variables
demonstrates that none of the pricing models could improve or outperform the simple ran-
dom walk forecasting model. The best approach is to average the forecast from several MLP
models, average from several parametric models, or use an individual LSTM model, like the
L1CK2y, L2CK2y, and L3C K2y model. Forecasting moneyness from averaging models using
one-trading-ahead input variables also shows that the random walk model does not outperform
in any of these comparisons, and the best approach is to use an individual MLP model, like the

M3CK2pn41 model, average the forecast from several parametric/MLP/LSTM models.
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Table 4.1: This table, categorised into two parts, presents the out-of-sample forecasting perfor-
mance using daily and monthly statistics amongst the set of models, which averages the forecast
of the one-day-ahead call option price from models that use lagged input variables. Below, in
each of the parts, we compare the out-of-sample performance of the following models: Method
A: The average call option price from the parametric, the single, double, and triple hidden
layer MLP models, and the single, double, and triple hidden layer LSTM models. Method B:
The best out-performing model (L3C9y) from Table 2.1 with average call option price from
the parametric, the single, double, and triple hidden layer MLLP models, and the single, double,
and triple hidden layer LSTM models. The average one-day-ahead forecast errors of the call
option prices are used to compute the Root Mean Square Error (RMSE). Column I identifies the
models, and when comparing all models (i.e. including the random walk model (6Cy), column
II reports the number of months out of the 64 months that each model has the smallest RMSE,
while column III reports the number of days out of the 1,328 days each model has the smallest
RMSE. Similarly, when the dCy model is excluded in the comparison, column IV reports the
number of months out of the 64 months that each model has the smallest RMSE, while column
V reports the number of days out of the 1,328 days each model has the smallest RMSE. Fore-
casts are made for 1,328 trading days, and there are 64 months covered in the sample using the
monthly data.

Incl. random walk Excl. random walk

() (I1) (I11) Iv) V)
Model Performance Performance Performance Performance

amongst amongst amongst amongst

all models all models all models all models

(Monthly) (Daily) (Monthly) (Daily)

Method A
6CN 34 369 - -
ParamC4Y ¢-Models 0 174 0 184
M1C{VE-Models 10 126 16 185
M2C{YE-Models 14 97 19 196
M3C{YE-Models 6 86 29 249
L1C4{VE-Models 0 89 0 94
L2043V G-Models 0 161 0 176
L3C{YE-Models 0 226 0 244
Method B

L3C9y 0 311 0 333
ParamC]‘?,VG—Models 0 174 0 184
M1C{YG-Models 10 97 16 134
M2C#VE-Models 14 86 19 171
M3C{YE-Models 6 76 29 204
L1C{YE-Models 0 64 0 66
L2034V E-Models 0 116 0 123
L3C{YE-Models 0 105 0 113
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Table 4.2: This table, categorised into two parts, presents the out-of-sample forecasting per-
formance using daily and monthly statistics amongst the set of models, which averages the
forecast of the one-day-ahead call option price from models that use one-trading-day-ahead in-
put variables. Below, in each of the parts, we compare the out-of-sample performance of the
following models: Method A: The average call option price from the parametric, the triple
hidden layer MLP models, and the triple hidden layer LSTM models. Method B: The best
out-performing model (M3C4y41) from Table 2.2 with the average call option price from the
parametric, the triple hidden layer MLP models, and the triple hidden layer LSTM models.
The one-day-ahead forecast errors of the call option prices are used to compute the Root Mean
Square Error (RMSE). Column I identifies the models, and when comparing all models (i.e.
including the random walk model (6Cy), column II reports the number of months out of the 64
months that each model has the smallest RMSE, while column III reports the number of days
out of the 1,326 days each model has the smallest RMSE. Similarly, when the 6Cx model was
excluded in the comparison, column IV reports the number of months out of the 64 months that
each model has the smallest RMSE, while column V reports the number of days out of the 1,326
days each model has the smallest RMSE. Forecasts are made for 1,326 trading days, and there
are 64 months covered in the sample using the monthly data.

Incl. random walk Excl. random walk
D (1) (1) (Iv) v)
Model Performance Performance Performance Performance
amongst amongst amongst amongst
all models all models all models all models
(Monthly) (Daily) (Monthly) (Daily)
Method A
6CnN 0 129 - -
ParamC4Y¢-Models 13 208 13 208
M3COHY¢-Models 51 987 51 1114
L3C{Y G -Models 0 4 0 6
Method B
¢ 0 119 - -
M3C4N 11 35 650 35 683
Parame,K?-Models 0 34 0 34
M3COY¢-Models 29 525 29 610
L3C{Y G -Models 0 0 0 1
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Table 4.3: This table, categorised into two parts, presents the out-of-sample forecasting perfor-
mance using daily and monthly statistics amongst the set of models, which averages the forecast
of the one-day-ahead call option price scaled by the exercise price from models that use lagged
input variables. Below, in each of the parts, we compare the out-of-sample performance of the
following models: Method A: The average call option price is scaled by the exercise price from
the parametric, single, double, and triple hidden layer MLP models, and the single, double, and
triple hidden layer LSTM models. Method B: The best out-performing model (L1CK2y) from
Table 2.3 with the average call option price scaled by the exercise price from the parametric, the
single, double, and triple hidden layer MLP models, and the single, double, and triple hidden
layer LSTM models. The one-day-ahead forecast errors of call option prices scaled by the exer-
cise prices are used to compute the Root Mean Square Error (RMSE). Column I identifies the
models, and when comparing all models (i.e. including the random walk model (6C ), column
II reports the number of months out of the 64 months that each model has the smallest RMSE,
while column IIT reports the number of days out of the 1,326 days each model has the smallest
RMSE. Similarly, when the §Cy model was excluded in the comparison, column IV reports
the number of months out of the 64 months that each model has the smallest RMSE, while
column V reports the number of days out of the 1,326 days each model has the smallest RMSE.
Forecasts are made for 1,326 trading days, and there are 64 months covered in the sample using
the monthly data.

Incl. random walk Excl. random walk

@ I1) (I11) Iv) V)
Model Performance Performance Performance Performance

amongst amongst amongst amongst

all models all models all models all models

(Monthly) (Daily) (Monthly) (Daily)

Method A
SCKy 48 696 - -
ParamCK{VG-Models 0 26 0 27
MI1CK#{VE-Models 1 138 10 264
M2CK Y G-Models 2 227 3 349
M3CK#YE-Models 13 182 51 627
LICK{YE-Models 0 7 0 9
L2CK{VE-Models 0 26 0 26
L3CK{VE-Models 0 26 0 26
Method B

box 48 586 - -
LICK2Nn 0 250 0 290
ParamCK#VC-Models 0 16 0 16
M1CK{YE-Models 1 115 10 216
M2CK#{VE-Models 2 180 3 272
M3CK#{VE-Models 13 140 51 492
LICK{VE-Models 0 6 0 7
L2CK Y E-Models 0 16 0 16
L3CK#{YE-Models 0 19 0 19
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Table 4.4: This table, categorised into two parts, presents the out-of-sample forecasting perfor-
mance using daily and monthly statistics amongst the set of models, which averages the forecast
of the one-day-ahead call option price scaled by the exercise price from models that use lagged
input variables. Below, in each of the parts, we compare the out-of-sample performance of the
following models: Method A: The average call option price is scaled by the exercise price from
the parametric, the triple hidden layer MLP models, and the triple hidden layer LSTM models.
Method B: The best out-performing model (M3CK2x41) from Table 2.4 with the average
call option price scaled by the exercise price from the parametric, the triple hidden layer MLP
models, and the triple hidden layer LSTM models. The one-day-ahead forecast errors of the call
option prices scaled by the exercise prices are used to compute the Root Mean Square Error
(RMSE). Column I identifies the models, and when comparing all models (i.e. including the
random walk model (6Cy), column II reports the number of months out of the 64 months that
each model has the smallest RMSE, while column III reports the number of days out of the
1,326 days each model has the smallest RMSE. Similarly, when the dCx model was excluded
in the comparison, column IV reports the number of months out of the 64 months that each
model has the smallest RMSE, while column V reports the number of days out of the 1,326 days
each model has the smallest RMSE. Forecasts are made for 1,326 trading days, and there are 64
months covered in the sample using the monthly data.

Incl. random walk Excl. random walk
(I (I1) (I11) (Iv) V)
Model Performance Performance Performance Performance
amongst amongst amongst amongst
all models all models all models all models
(Monthly) (Daily) (Monthly) (Daily)
Method A
0CKpn 0 252 - -
ParamCK{Y{-Models 0 0 0 0
M3CK Y ¢-Models 64 1076 64 1328
L3CK{Y{-Models 0 0 0 0
Method B
doK 0 238 - -
M3CK2n41 14 443 14 488
ParamCK{Y{-Models 0 0 0 0
M3CK Y ¢-Models 50 647 50 840
L3CK{Y{-Models 0 0 0 0
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4.4 Forecasting of S&P 500 Index Options Delta Using Averag-

ing Models

We next evaluate the forecasting performance of the averaging models in predicting the deltas
for the H-Models, and CH-Models, and then the corresponding average replicating portfolio
value for the models HV-Models, and CHV-Models. We consider lagged and one-trading-day-
ahead input variables for the H-Models and the one-trading-day-ahead input variables for the
CH-Models.

4.4.1 Averaging Forecasts from H-Models and HV-Models
4.4.1.1 Using Lagged Input Variables

By following the approach of Section 4.3, we present the relative out-of-sample forecasting
performance (in RMSFE) amongst the H-M odels using lagged input variables in panel Method
A of Table 4.5. In this table, we compare the average of the parametric (ParamH jéfVG—M odels),
the triple (M3H4{YY-Models) hidden layer MLP models, and the triple (L3H{Y%-Models)
hidden layer LSTM models belonging to H-Models from Table 3.1, separately. We find that
the average of the parametric models outperforms all other models for 593 days out of 1,326.
Furthermore, in Table C.2.9, we compare the average derived from the H-Models from the
Section 3.4.1 of Chapter 3. In Part II of this table, we compared the average of the parametric
models with the average of the triple hidden layer MLP models, and we find contrasting results.
The average of the triple hidden layer MLP models outperforms for 675 days out of 1,326 days,
but the average of the parametric models outperforms similarly for 652 days out of 1,326 days.
In Part III of this table, we also compared the average of the parametric models with the average
of the triple hidden layer LSTM models, and we find that the average of the parametric models
outperforms for 907 days out of 1,326 days. Thus, the average of the parametric and the MLP

models exhibit similar at-par outperformance.

We summarise three key findings when we compare the best-performing H-M odels (using lagged
input variables) from Section 3.4.1 of Chapter 3 in Table 3.1, with the models discussed in
Method A of Table 4.5. Firstly, in panel Method B of Table 4.5, where we compare the BSM Hy
model (i.e. the best-performing model of models in Table 3.1) with the average of the parametric,

the triple hidden layer MLP and LSTM models, we conclude that the average of the triple hidden
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layer MLP models, the M3H f\‘,VG—M odels, outperforms all the above models (for 450 days out
of 1,326). In Part II of Table C.2.10, we compare the BSM Hy model with the average of the
parametric models, and the average of the triple hidden layer MLP models and find that the
average of the MLP models (again) outperforms all other models. Thirdly, in Part IIT of Table
C.2.10, where the comparison is confined between the BSM Hy model with the average of the
parametric models and the average of the triple hidden layer LSTM models, the BSM H model
outperforms all other models (for 565 days out of 1,326 days).

We observe consistently similar results for the one-trading-day-ahead replicating portfolio value
from the averaging HV-Models in Section 3.4.3 of Chapter 3, which is obtained from the
H-Models (with lagged inputs). The average of the parametric models, the ParamH Vﬁvc—
Models, outperforms all other models for 592 days out of 1,326 (in panel Method A of Table
4.8), and for 907 days out of 1,326 (in Part III of Table C.2.15), the average of the MLP models,
the M3H jé[VG—M odels, outperforms all other models for 675 days out of 1,326 days (in Part II
of Table C.2.15). Similar results are also observed while comparing the best-performing HV -
Models (with lagged input variables) from Section 3.4.3 of Chapter 3) with the models discussed
in Tables 4.8 and C.2.15. The average of the MLP models, the M3H V]’\?VG model, outperforms
for 448 days out of 1,326 days (in Method B of Table 4.8), and for 588 days out of 1,326 days
(in Part II of Table C.2.16), the BSM HVy model out-performs all other models for 561 days
out of 1,326 days (in Part III of Table C.2.16).

Therefore, forecasting the one-trading-ahead delta and the associated replicating portfolio value
from averaging models using lagged input variables demonstrates that the best approach is to

average the forecasts from the triple hidden layer MLP models or the parametric models.

4.4.1.2 Using one-trading-day-ahead Input Variables

Panel Method A of Table 4.6 shows the relative out-of-sample forecasting performance (in
RMSE) amongst the H-Models using one-trading-day input variables. We compare the aver-
age of the parametric (ParamHyY,¢-Models), the triple (M3H4Y,¥-Models) hidden layer MLP
models, and the triple (L3H ]‘\‘}LG—M odels) hidden layer LSTM models belonging to H-Models
from Table 3.2, separately. From these comparisons, we find that the average of the parametric
models outperforms all other models (for 653 days out of 1,326). We further compare the aver-
ages derived from the H-Models from Section 3.4.1 of Chapter 3 in Table C.2.9. Part II of this

table compares the average of the parametric models with the average of the triple hidden layer
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MLP models and finds that the average of the parametric models outperforms all other models
(for 754 days out of 1,326). The average of the parametric models also outperforms the average

of the triple hidden layer LSTM models in Part II of this table (for 907 days out of 1,326).

Comparing the best-performing H-M odels (using one-trading-day input variables) from Section
3.4.1 of Chapter 3 with the models discussed above in Tables 4.6 and C.2.11, we find that in
panel Method B of Table 4.6, where we compare the BSM Hy 1 model (i.e. the best-performing
model of the models in Table 3.2) with the average of the parametric, the triple hidden layer MLP
and LSTM models, the Black-Scholes BSM H 1 model, outperforms all the above models (for
391 days out of 1,326). The BSM Hy 1 model also outperforms in Part III of Table C.2.9 (for
595 days out of 1,326 days), where we compare the best-performing H-Models, the BSM Hpy 11
model, with the average of the parametric models and the average of the triple hidden layer
LSTM models. The average of the parametric models though outperforms for 595 days out of
1,326 days when the comparison is with the best-performing H-M odels, the BSM Hpy 11 model,
and the average of the MLP models in Part III of Table C.2.9.

The results regarding the one-trading-day-ahead replicating portfolio value of the averaging
HV-Models - obtained from the H-Models (using one-trading-day inputs) in Section 3.4.3 of
Chapter 3 are presented in Tables 4.9 and C.2.17. Panel Method A of Table 4.9 finds that the
average of the parametric models, the ParamH V](?_Yf -Models, outperforms all other models (for
653 days out of 1,326) and for 754 days out of 1,326 (in Part II of Table C.2.17), and 907 days
out of 1,326 (in Part III of Table C.2.17). Similar results are also observed when comparing the
best-performing HV-Models (using one-trading-day-ahead input variables) from Section 3.4.3
of Chapter 3, in Table 3.5, with the models discussed in Method A of Table 4.9. The parametric
model, BSM HVx ;1 model, outperforms for 389 days out of 1,326 days (in Method B of Table
4.9), and similar, for 591 days out of 1,326 days (in Part III of Table C.2.18), the average of
the MLP models, the M3H V]é_‘(f" model outperforms all other models for 487 days out of 1,326

days (in Part IT of Table C.2.18).

Thus, the best approach towards daily forecasting delta and the associated replicating portfolio
value from models using one-trading-ahead input variables is to average the forecasts from the

parametric models or use the BSM H 11 model.
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4.4.2 Averaging Forecasts from CH-Models and CHV-Models

Similar to above exercise, we present the relative out-of-sample forecasting performance (in
RMSE) amongst the CH-Models that forecast the one-trading-day-ahead average delta
(0CN+1/0SN+1) derived analytically from Cny; forecasted from models that use one-trading-
day-ahead input variables from Table 4.7. We find similar results as the ones obtained from
averaging forecasts of H-Models and HV-Models that use one-trading-day-ahead input vari-
ables. The average of the parametric models (ParamCH ]@K?—M odels) outperforms all other
models (for 1290 days out of 1,326) when compared to the triple (M3CH JGK?—M odels) hidden
layer MLP models and the triple (L3C'H ]@K?—M odels) hidden layer LSTM models in Method A
of Table 4.7, and outperforms for 1290 days out of 1,326 when compared only to the average of
the triple hidden layer MLP models in Part II of Table C.2.13, and for 1327 days out of 1,326
when compared only to the average of the triple hidden layer LSTM models in Part I1I of Table
C.2.13.

We perform the comparison of the best-performing C'H-Models (that use one-trading-day input
variables) from Section 3.4.2 of Chapter 3 with the models discussed above in Tables 4.7 and
C.2.14. Method B panel of Table 4.7 compares the best-performing model C H-M odels, namely
L3CH4 41 model from Table 3.3, with the average of the parametric, the triple hidden layer
MLP and LSTM models. The average of the parametric models, the ParamCH ]‘(‘,Kf model,
outperforms all the above models for 1,285 days out of 1,326, also for 1,289 days out of 1,326
days when comparing the best-performing C H-Models, the FMLSCH 11 model, with the
average of the parametric models and the average of the triple hidden layer MLP models in Part
IT of Table C.2.14. Finally, the ParamCH f\‘,zf model also outperforms when the comparison is
with the best-performing C'H-Models, the HJDCHpy41 model, and the average of the LSTM
models in Part IIT of Table C.2.14.

Contrasting results are observed in Tables 4.10 and C.2.19 when averaging the CHV-Models
obtained from the C H-Models (with one-trading-day inputs) in Section 3.4.3 of Chapter 3. The
average of the MLP models outperforms all other models for 912 days out of 1,326 (in panel
Method A of Table 4.10), and for 1,038 days out of 1,326 (in Part II of Table C.2.19), and 1,134
days out of 1,326 (in Part III of Table C.2.19). Similar results are also observed when comparing
the best-performing CHV-Models with the models in Tables 4.10 and C.2.19. The average of
the MLP model outperforms for 721 days out of 1,326 days (in panel Method B of Table 4.10)
and for 655 days out of 1,326 days (in Part II of Table C.2.20).
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Thus, the best approach to daily forecasting of the delta from predicted call prices is to average
forecasts from the parametric models, while forecasting the average replicating portfolios would

involve averaging forecasts from the MLP models.
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Table 4.5: This table, categorised into two parts, presents the out-of-sample forecasting per-
formance using daily and monthly statistics amongst the set of models, which averages the
forecast of the one-day-ahead delta from models that lagged input variables. Below, in each of
the parts, we compare the out-of-sample performance of the following models: Method A: The
average delta from the parametric, the triple hidden layer MLP models, and the triple hidden
layer LSTM models. Method B: The best out-performing model (BSM Hy) from Table 3.1
with the average delta from the parametric, the triple hidden layer MLP models, and the triple
hidden layer LSTM models. The one-day-ahead forecast errors of the call option prices are used
to compute the Root Mean Square Error (RMSE). Column I identifies the models, and when
comparing all models, column II reports the number of months out of the 64 months that each
model has the smallest RMSE, while column III reports the number of days out of the 1,326
days each model has the smallest RMSE. Forecasts are made for 1,326 trading days, and there
are 64 months covered in the sample using the monthly data.

(€9) Im (I11)

Model Performance Performance
amongst amongst
all models all models

(Monthly) (Daily)

Method A
Parame,VG—Models 37 593
M3HEYG-Models 25 519
L3HY G-Models 2 215

Method B
BSMHy 39 311
Parame,VG—Models 5 370
M3HZYE-Models 18 450
L3HY G-Models 2 195
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Table 4.6: This table, categorised into two parts, presents the out-of-sample forecasting perfor-
mance using daily and monthly statistics amongst the set of models, which averages the forecast
of the one-trading-day delta from models that use one-trading-day-ahead input variables. Be-
low, in each of the parts, we compare the out-of-sample performance of the following models:
Method A: The average delta from the parametric, the triple hidden layer MLP models, and the
triple hidden layer LSTM models. Method B: The best out-performing model (BSM Hp 1)
from Table 3.2 with the average delta from the parametric, the triple hidden layer MLP models,
and the triple hidden layer LSTM models. The one-day-ahead forecast errors of the delta are
used to compute the Root Mean Square Error (RMSE). Column I identifies the models, and
when comparing all models, column IT reports the number of months out of the 64 months that
each model has the smallest RMSE, while column III reports the number of days out of the
1,326 days each model has the smallest RMSE. Forecasts are made for 1,326 trading days, and
there are 64 months covered in the sample using the monthly data.

(€9) (11) (111)

Model Performance Performance
amongst amongst
all models all models

(Monthly) (Daily)

Method A
Parame,‘_(_?—Models 46 653
M3HRY F-Models 13 442
L3HRY G-Models 5 232

Method B
BSMHn 41 46 391
Parame,KlG—Models 6 353
M3HRY F-Models 10 373
L3HRY §-Models 2 209
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Table 4.7: This table, categorised into two parts, presents the out-of-sample forecasting perfor-
mance using daily and monthly statistics amongst the set of models, which averages the forecast
of the one-trading-day delta from models that use one-trading-day-ahead input variables to
forecast one-trading-day-ahead call option price from which the delta is derived analytically.
Below, in each of the parts, we compare the out-of-sample performance of the following models:
Method A: The average delta from the parametric, the triple hidden layer MLP models, and the
triple hidden layer LSTM models. Method B: The best out-performing model (L3CH4n41)
from Table B.2.9 with the average delta from the parametric, the triple hidden layer MLP mod-
els, and the triple hidden layer LSTM models. The one-day-ahead forecast errors of the delta
are used to compute the Root Mean Square Error (RMSE). Column I identifies the models, and
when comparing all models, column IT reports the number of months out of the 64 months that
each model has the smallest RMSE, while column III reports the number of days out of the
1,326 days each model has the smallest RMSE. Forecasts are made for 1,326 trading days, and
there are 64 months covered in the sample using the monthly data.

6 (1n (1)
Model Performance Performance
amongst amongst
all models all models

(Monthly) (Daily)

Method A
ParamCH;%ch-Models 64 1290
M3CHZY¢-Models 0 37
L3CHRY$-Models 0 0

Method B
L3CH4pN 11 0 4
ParamCHjeK?-Models 64 1285
M3CH Y ¢-Models 0 37
L3CHRY{-Models 0 0
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Table 4.8: This table, categorised into two parts, presents the out-of-sample forecasting perfor-
mance using daily and monthly statistics amongst the set of models, which averages the forecast
of the replicating portfolio value from models that use lagged input variables to forecast the
one-trading-day-ahead delta. Below, in each of the parts, we compare the out-of-sample per-
formance of the following models: Method A: The average replicating portfolio value from
the parametric, the triple hidden layer MLP models, and the triple hidden layer LSTM models.
Method B: The best out-performing model (BSM HVy) from Table 3.4 with the average repli-
cating portfolio value from the parametric, the triple hidden layer MLP models, and the triple
hidden layer LSTM models. The one-day-ahead forecast errors of the replicating portfolio value
are used to compute the Root Mean Square Error (RMSE). Column I identifies the models, and
when comparing all models, column IT reports the number of months out of the 64 months that
each model has the smallest RMSE, while column III reports the number of days out of the
1,326 days each model has the smallest RMSE. Forecasts are made for 1,326 trading days, and
there are 64 months covered in the sample using the monthly data.

6 (1n (1)
Model Performance Performance
amongst amongst
all models all models

(Monthly) (Daily)

Method A
ParamHV]’\?VG-Models 17 592
M3HVFVE-Models 39 519
L3HV{3VE-Models 7 215

Method B
BSMHVy 10 308
ParamHV]‘\?VG-Models 13 372
MBHVFYE-Models 35 448
L3HV{3VE-Models 6 198
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Table 4.9: This table, categorised into two parts, presents the out-of-sample forecasting perfor-
mance using daily and monthly statistics amongst the set of models, which averages the forecast
of the replicating portfolio value from models that use one-trading-day-ahead input variables to
forecast the one-trading-day-ahead delta. Below, in each of the parts, we compare the out-of-
sample performance of the following models: Method A: The average replicating portfolio value
from the parametric, the triple hidden layer MLP models, and the triple hidden layer LSTM
models. Method B: The best out-performing model (BSM HVy41) from Table 3.5 with the
average replicating portfolio value from the parametric, the triple hidden layer MLP models,
and the triple hidden layer LSTM models. The one-day-ahead forecast errors of the replicating
portfolio value are used to compute the Root Mean Square Error (RMSE). Column I identifies
the models, and when comparing all models, column II reports the number of months out of
the 64 months that each model has the smallest RMSE, while column IIT reports the number
of days out of the 1,326 days each model has the smallest RMSE. Forecasts are made for 1,326
trading days, and there are 64 months covered in the sample using the monthly data.

6 (1n (1)
Model Performance Performance
amongst amongst
all models all models

(Monthly) (Daily)

Method A
ParamHV]’\?J‘r/lc-Models 37 653
M3HVGYE-Models 16 443
L3HVYF-Models 10 230

Method B
BSMHVy 1 29 389
ParamHV]‘\?J‘r/lc-Models 15 354
M3HVGYE-Models 12 373
L3HVYF-Models 8 210
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Table 4.10: This table, categorised into two parts, presents the out-of-sample forecasting perfor-
mance using daily and monthly statistics amongst the set of models, which averages the forecast
of the replicating portfolio value from models that use one-trading-day-ahead input variables
to forecast one-trading-day-ahead call option price from which the delta is derived analytically.
Below, in each of the parts, we compare the out-of-sample performance of the following models:
Method A: The average replicating portfolio value from the parametric, the triple hidden layer
MLP models, and the triple hidden layer LSTM models. Method B: The best out-performing
model (L3CHV4x41) from Table 3.6 with the average replicating portfolio value from the para-
metric, the triple hidden layer MLP models, and the triple hidden layer LSTM models. The
one-day-ahead forecast errors of the replicating portfolio value are used to compute the Root
Mean Square Error (RMSE). Column I identifies the models, and when comparing all models,
column IT reports the number of months out of the 64 months that each model has the smallest
RMSE, while column III reports the number of days out of the 1,326 days each model has the
smallest RMSE. Forecasts are made for 1,326 trading days, and there are 64 months covered in
the sample using the monthly data.

(€9) Im (I11)

Model Performance Performance
amongst amongst
all models all models

(Monthly) (Daily)

Method A
ParamCHVﬁch— 0 284
Models
M3CHVGYF-Models 63 912
L3CHVGY G-Models 0 132
Method B
L3CHV4n41 1 369
ParamCHVGY - 0 153
Models
M3CHVYF-Models 63 721
L3CHV Y F-Models 0 87
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4.5 Robustness Tests

4.5.1 The Diebold—Mariano(DM) Tests

Similar to the DM tests performed in Chapters 2 and 3, the model pairs that are statistically
insignificant differences in their prediction accuracy have been reported in Table C.1.1. For the
66 pairs created from the averaging of models belonging to C-Models (using lagged /one-trading-
day-ahead input variables to forecast Cn41), CK-Models (using lagged /one-trading-day-ahead
input variables to forecast Cny1/Kn+1), H-Models (using lagged /one-trading-day-ahead input
variables to forecast dn 1), C H-Models (using one-trading-day-ahead input variables to forecast
OnN+1), HV-Models (using the 0y from H-Models), CHV-Models (using the oy from C H-
Models), only one pair is insignificant, and apart from that all the other pairs have significant

forecasting power.

4.5.2 Bootstrap Tests

To further assess the validity of the forecasting performance results, we perform bootstrap tests
using the daily and monthly RMSEs and discuss them in Sections C.2.1 through C.2.4, and
present them in Tables C.2.1 and C.2.2 for C-Models that use lagged input variables to forecast
the Cn41, Tables C.2.3 and C.2.4 for C-Models that use one-trading-day-ahead input variables
to forecast the C'n41, Tables C.2.5 and C.2.6 for CK-Models that use one-trading-day-ahead
input variables to forecast the Cny1/Kn+1, and Tables C.2.7 and C.2.8 for CK-Models that
use one-trading-day-ahead input variables to forecast the Cny1/Kny1, Tables C.2.9 and C.2.10
for H-Models that use lagged input variables to forecast the An,1, Tables C.2.11 and C.2.12
for H-Models that use one-trading-day-ahead input variables to forecast the Apniq, Tables
C.2.13 and C.2.14 for CH-Models that use one-trading-day-ahead input variables to forecast
the 641, Tables C.2.15 and C.2.16 for HV-Models computed from the Ay4; obtained from
H-Models (that uses lagged input variables for forecasting), Tables C.2.17 and C.2.18 for HV-
Models computed from the Any; obtained from H-Models (that uses one-trading-day-ahead
input variables for forecasting), Tables C.2.19 and C.2.20 for CHV-Models computed from
the dnyiobtained from CH-Models in Appendix C.2, presents the results of the bootstrap
performed using the daily and monthly RMSEs. In Tables C.2.1 to C.2.8, we present the
lower /upper bounds from the bootstrap performed (with replacement) using monthly RMSEs

at a 95% confidence level and shows the winning percentage out of 64 months for each model
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including/excluding the §Cy model and similarly, the 95 % confidence intervals computed from
bootstrapping of the daily RMSEs signify the winning percentage out of 1328 days for each
model and are reported as lower/upper bounds. In Tables C.2.9 to C.2.20, we repeat a similar
exercise of performing the bootstrap. The results from the bootstrap tests support the results

discussed in Section C.2.

4.5.3 Pairwise Test

In the several comparisons made in Sections 4.3 and 4.4, even though a particular model wins
by a higher percentage against other models, we investigate further these models pairwise by
performing a pairwise bootstrap comparison which is computed using the respective pair’s daily
RMSEs. Amongst the several comparisons performed in Sections 4.3, we find that the average of
the MLP class of models has consistently out-performed other classes of models, and in Section
4.4, the average of the MLP/Parametric class of models has consistently outperformed other
classes of models. We make similar conclusions when we compare the models’ average pairwise.
We summarise the results from the pairwise bootstrap tests from Table 91 (for the C-Models
that use lagged ahead input variables), Table 92 (for the C-Models that use one-trading-day-
ahead input variables), Table 93 (for the C K-Models that use lagged ahead input variables),
Table 94 (for the C K-Models that use one-trading-day-ahead input variables), Table 95 (for the
H-Models that use lagged input variables), Table 96 (for the H-Models that use one-trading-
day-ahead input variables), Table 97 (for CH-Models that use one-trading-day-ahead input
variables), Table 97 (for the HV-Models that use delta from H-Models, that uses lagged input
variables), Table 98 (for the HV-Models that use delta from H-Models, that uses one-trading-
day inputs variables) of the Electronic Appendix in Table C.1.2. We observe similar results
for the 28 pairs derived from averaging the models belonging to C-Models (that use lagged
input variables) and 28 pairs from averaging the models belonging to the CK-Models (that
use lagged input variables), where the MLP class of models outperforms for over 53.6%, the
parametric 10.7%, and the LSTM models for 10.7% of the pairs. Similar results can be seen for
the 6 pairs derived from averaging the models belonging to C-Models (that use one-trading-
day input variables) and the 6 pairs from averaging the models belonging to C K-Models (that
use one-trading-day input variables), where the MLP class of models outperforms for 50%, the
parametric 33.3%, and the LSTM models for 16.7% of the pairs. For the 3 pairs derived from
averaging the models belonging to H-Models (that use lagged input variables) and the 3 pairs

from HV-Models (that use lagged input variables), we observe similar results where the MLP
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class of models outperforms 66.7%, the parametric 33.3%, and the LSTM models for 0% of the
pairs. Finally, for the 3 pairs derived from averaging the models belonging to H-Models, 3 pairs
averaging the models belonging to HV-Models (that use one-trading-day input variables), 3
pairs derived from averaging the models belonging to CH-Models, and 3 pairs averaging the
models belonging to CHV-Models, we see exactly similar results, where the parametric class of
models outperforms 66.7%, the MLP 33.3%, and the LSTM class of models for 0% of the pairs.
Thus, the pairwise bootstrap comparison reveals conclusive evidence that a class of models could

consistently outperform.

4.6 Conclusion

This chapter introduces averaging methods for forecasting prices and delta and computing the
replicating portfolio value of the options positions. Furthermore, this chapter gauges the empir-
ical daily forecasting performance of prices and delta for S&P 500 index options using averaging
of parametric and ANN models. These investigations are based on comparisons between av-
eraging all parametric and averaging all the ANN models based on the class of hidden layers,
as well as comparing these models with the best performing models (as identified in Chap-
ters 2 and 3). The MLP and LSTM networks used in this study are trained using lagged and
one-trading-day-ahead input variables to forecast the one-trading-day-ahead option prices and
delta. Alternatively, we also analytically compute the one-trading-day-ahead delta from a class
of MLP and LSTM networks that forecasts the one-trading-day-ahead option price. The eco-
nomic significance of these forecasts is assessed by the daily forecast performance of the value

of the corresponding replicating portfolio.

With regards to the forecasting performance of daily option prices and moneyness, we find
that simple random walk outperforms all models. Furthermore, when we exclude the random
walk, we find that the average of all the triple hidden layer MLP models outperforms any
combination of the average of all the models considered in the study.? When using one-trading-
day-ahead input variables, we test only the triple hidden layer models, and we find that the
average of all triple hidden layer MLP models again is typically the best-performing model also
outperforming the random walk forecasting model. However, while the average of all the triple

hidden layer MLP models typically could not out-perform the individually best out-performing

3These models include the parametric models, the average of all the single, or the double,
or the triple hidden layer LSTM models, and the average of all the single or the double hidden
layer MLP models
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LSTM model (identified in Chapter 2) for forecasting prices, it outperforms the individually
best out-performing LSTM model when forecasting moneyness. This also holds for models that

average the forecasts from models that use one-trade-day ahead inputs to forecast moneyness.

With regards to the forecasting performance of daily delta using lagged/one-trading day ahead
input variables, we find that the average of all the parametric models is capable of producing
forecasts with the lowest RMSEs, and is closely followed by the average of all the triple hidden
layer models. Similar results are also seen while measuring the forecasting performance of
daily delta, which was analytically derived from call option prices. However, the average of all
parametric models does not perform better than the best outperforming models (identified in
Chapter 3) when forecasting daily delta directly but does perform better when forecasting daily

delta analytically.

The economic significance of these forecasts is measured by comparing the forecast performance
of their corresponding replicating portfolio value. The average replicating portfolio value (with
lagged inputs) reveals that the average of all triple hidden layer MLP models and the average
of all parametric models perform similarly, while the average of all triple hidden layer LSTM
models has the least forecasting accuracy. The out-performance of the average of all triple hidden
layer MLP models also remains when compared with the best-performing models identified in
Chapter 3, where it has the lowest RMSEs followed by the BSM model. The replicating portfolio
value forecasting performance of models that use one-trading-day ahead inputs to forecast the
delta reveals that the average of all parametric models has the lowest RMSEs, but when it is
compared to the best-performing models, it fails to outperform. For the replicating portfolio
value forecasting performance of models that derive the delta analytically from call option prices,
we see contrasting results where the average of all triple hidden layer MLP models has the lowest

RMSEs and could also perform better than the best-performing models identified in Chapter 3.

Overall, the average triple hidden layer MLP models tend to perform the best for forecasting
option prices, with the parametric models performing better in forecasting delta and even better
than the best-performing models when delta is computed analytically from prices. For the
replicating portfolio, the pricing forecasts seem to dominate the delta forecasts revealing an
outperformance for the average triple hidden layer MLP models. Thus, model averaging could

potentially benefit forecasting pricing and hedging applications with ANN.
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Chapter 5

Optimal Pairs Trading—An Alternate
Way of Trading Equity ETF Pairs
Using Machine Learning Models

5.1 Introduction

Pairs trading (PT) is a statistical arbitrage method that invests in the spread between two eq-
uities whose prices have historically moved in unison (Gatev et al. (2006)). A long position is
taken in one stock, and a short position is taken in the other simultaneously. Trading signals
are based on deviations from the long-term equilibrium spread, and the spread between the two
stocks creates a stationary process. Investors act and profit from the momentary inconsistency
created when spreads deviate from their historical equilibrium in the belief that they will revert
shortly. PT is a market-neutral strategy because it generates returns regardless of whether the
market rises or falls. PT studies have primarily been focused on traditional methods, where
statistical and parametric tools are used to improvise the trading strategy (Gatev et al. (2006,
1999), Nath (2003), Vidyamurthy (2011)). This chapter considers the more advanced applica-
tions of machine learning-based PT strategies to provide a comprehensive empirical assessment

of MS arbitrage methodologies.

In this study, we introduce a new methodology for PT equity ETFs that outperforms existing
traditional strategies by implementing several modified versions of the distance method, the

cointegration method (using the Johansen and the Engle-Granger tests), the Kalman filter and
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the ratio method as baselines for comparison with several technical indicators and modified
versions of the decision trees (DT) and deep learning ANN models based on the MLP network
architecture (Dunis et al. (2006, 2015), Sarmento and Horta (2020)). We perform a comparative
analysis based on actual PnL ($ value), returns, Sharpe ratios, and other performance indicators.
The modified versions of the aforementioned traditional approaches are formulated by effectively
applying commonly used technical indicators, such as the Exponential Moving Averages (EMA),
Relative Strength Index (RSI), Moving Average Convergence Divergence (MACD), and Bollinger
Bands (BB) to the spread generated by these traditional approaches, thereby generating ways
to enhance returns. We effectively apply the traditional and modified approaches to eight
equity ETF pairs—four of which are cointegrated/correlated and four of which are not. Finally,
we investigate the back-test performance of these eight equity ETF pairs across three rolling

windows of 30, 50 and 100 days.

The back-test/forecasting performance of the 3,084 trading strategies across the 30-, 50-, and
100-day rolling windows demonstrates that the modified (M OD) strategies have the potential
to provide significant returns over traditional (T'TRAD) strategies. However, the average number
of winning/losing trades and the average maximum drawdown (MDD) for the M OD strategies
are higher compared to those of the TRAD set of trading strategies. More specifically, out of
the 216 methods (i.e. 9 methods, across 3 rolling windows, used for back-testing each of the
eight ETF pairs), 8.8% of the methods belonging to TRAD trading strategies outperform the
methods belonging to the MOD, and machine learning (ML) strategies, 69.9% of the methods
belonging to M OD trading strategies outperform the methods belonging to the TRAD and ML
strategies, and 20.8% of the methods belonging to M L trading strategies had out-performed the
methods belonging to the MOD and TRAD strategies. Thus, the methods using M L-based

strategies tend to have more predictive power than methods using T"RAD-based strategies.

This study makes three contributions to the literature in that it assesses the sensitivity of rolling
windows, uses technical indicators and gauges the impact of cointegration between the pairs of
assets. In order to unfold more information on ways to trade ETF pairs in a high-frequency
setting, we compute three rolling windows (30, 50 and 100 days). Chaudhuri and Singh (2015)
proposed a framework for PT using technical analysis (Momentum, BBs and MACD), but they
were applied to the stock prices. This study is extended by Chaudhuri et al. (2017), who used
BBs on the ratios of stock prices as an input to the support vector regression (SVR), RF and
Adaptive Neuro-Fuzzy Inference System (ANFIS) to infer PT opportunities. The RSI, a tech-

nical indicator, is applied to spreads in PTF Pro’s software to find investment opportunities.
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However, there are no studies that apply these and other technical indicators to the spread/ratio
and use them along with machine learning techniques to infer PT opportunities. In addition,
the modified machine learning strategies that have been designed in this study have a dynamic
stop-loss barrier rather than fixed stop-loss barriers, which is different from traditional strate-
gies (Nath (2003), Huck and Afawubo (2015), Ramos-Requena et al. (2020) and Vidyamurthy
(2004)). These modified sets of strategies could also be applied regardless of whether the pairs

are cointegrated or correlated, thereby generating unique ways to enhance portfolio returns.

This chapter is organised into four sections. Section 5.2 provides the theoretical aspect of the
models and methods used in this study. Section 5.3 elaborates on the source of the dataset,
the filters used to refine the dataset, the summary statistics of the dataset, and the inputs used
in the models to forecast the spread. Section 5.4 examines the calibration procedures used in
the models, the data fitting (network parameters, division of datasets, the optimisation and
generalisation procedures used to improve the accuracy of the MLP and DT models and the
performance criteria used to evaluate the trading strategies. Section 5.5 discusses the empirical
results by comparing the performance of the proposed models, and finally, Section 5.6 concludes

the study.

5.2 Models

5.2.1 Distance Methods

There have been several variations on distance method-based pair selection, including Nath
(2003), Gatev et al. (2006), Huck (2015), Huck and Afawubo (2015), Ramos-Requena et al.
(2017, 2020). Gatev et al. (2006)’s distance method of pair selection can be considered the

baseline.

5.2.1.1 The Distance Method - Version 1

Gatev et al. (2006) selected pairs that minimised the distance criteria. The distance measure
is calculated by minimising the sum of squared differences between two normalised price series.

The Euclidean squared distance is defined as

ESD =Y (Px(t) — Py ()%, (5.1)
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where Px(t) is the cumulative return of price series X at time t and Py () is the cumulative
return of price series Y at time t. The pairs which minimise (5.1) were selected. The spread is

the price difference between series X and Y, and at time t, it is defined as
S(t) =Py (t) — Px(t). (5.2)

The spread generated using Eq. (5.2) is denoted as ‘DISTVY!-1-SPRD’ in this chapter. Since
the definition of the spread is vaguely mentioned and not written down mathematically, we also

follow the definition of spread provided in Ramos-Requena et al. (2017, 2020) as follows:
S(t) = log(Py (t) — Py(0)) — log(Px (t) — Px(0)). (5.3)

The spread generated using Eq. (5.3) is denoted as ‘DISTV!-2-SPRD".

5.2.1.2 The Distance Method - Version 2

Huck (2015)’s and Huck and Afawubo (2015)’s interpretations of Gatev et al. (2006)’s distance
method were slightly different. Initially, for each pair, they normalise the price series of X and
Y to start at $1, respectively, and then they formed pairs by finding the pairs that minimised
the sum of squared differences, as shown in Eq. (5.2). Although, Huck (2015) and Huck and
Afawubo (2015) did not specify a mathematical definition, Quantpedia® also follows the same

interpretation and defines the spread as
S(t) = Py(t) — Px(¢), (5.4)

which is denoted as ‘DISTV2-SPRD’.

5.2.1.3 The Distance Method - Version 3

Nath (2003) approached the distance method differently in terms of pairs selection and the
definition of trading signals. The author defined the distance measure as the sum of the square
of the daily differences in the normalised prices of the securities, where the price used is the
median of the mid-quote for each day. The normalisation of prices for each security is carried out
by subtracting the sample mean of the training period and dividing it by the sample standard
deviation over the training period. The spread defined by Nath (2003) is as follows:

S(t) = Py(t) — Px(t), (5.5)

and in this chapter, it is denoted as ‘DISTV3-SPRD’.

Follow the link: https://quantpedia.com/strategies/pairs-trading-with-stocks/
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5.2.1.4 The Distance Method - Version 4

The distance approach method proposed by Gatev et al. (2006) was identified as sub-optimal
by Krauss (2017). First, minimising the sum of the squared differences between two normalised
price series would also minimise the spread. Second, this results in the spread having fewer
deviations from the mean. For PT to be profitable, the spread should ideally exhibit some

variation. Krauss (2017) expressed the spread variance S%X_ py as

2

1 & 1 &
She_py = = > (Px(t) — Py (1)) - (T > (Px(t) — PY(t))> ; (5.6)

= t=1
which can be solved for the average sum of squared distances (SSDp, p, ) as

T 2

T
SSDpy p, = %Z (Px(t) — Py (t))* = S3 _p, + (; > (Px(t) — Py(t))> . (5.7)
t=1 t=1

In this chapter, we denote the spread interpreted by Krauss (2017) in Eq. (5.7) as ‘DISTV4-
SPRD’.

5.2.2 The Co-integration Methods

Three methods are used to assess cointegration, as discussed below.

5.2.2.1 Co-integration Method - Using ADF Test

Engle and Granger (1987) set in motion the concept of cointegration, which could be applied
to produce a stationary time series (S(¢)) by forming a specific linear combination of two non-

stationary time series (or I(1) processes) Px and Py as
S(t) = Px(t) — BPy (t) — p—e(t), (5.8)

where, S; is I(0) and exhibits a mean-reverting behaviour p denotes the intercept. e(t) was
further examined using the Dickey and Fuller (1979) test to test for cointegration. We denote
the spread in Eq. (5.8) as ‘ADF-SPRD.".

5.2.2.2 The Co-integration Method - Using Johansen’s Test
Johansen (1988, 1991) overcame the drawbacks of Engle and Granger (1987) by analysing the

cointegration relationship between variables simultaneously in one system by introducing a coin-

tegration test for a multivariate system, known as the Johansen test. This test uses the Vector
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Error Correction Model (VECM) to find the cointegration coefficient/vector(/3) and considers
every time series as an independent variable. Using the eigenvalue statistics and trace statistics,

we are able to determine whether the time series is statistically significantly cointegrated. We

denote the spread interpreted by Johansen (1988) as ‘JOHANSEN-SPRD".

5.2.3 Kalman Filter - State Space Regression Method

Drakos (2016) defined the multivariate Kalman filter process as a three-step process comprised
of prediction, observation and correction steps. The aim of the Kalman filter is to calculate at
each time step the updated hedge ratio (t) of the synthetic asset. Dunis et al. (2010) and Kim
(2011) applied the Kalman states space regression method, where the state-space model consists

of two matrix equations as shown below:

Y(t) = B(t)X (1) + (1), (5.9)

B(t) =Bt —1) +n(t), (5.10)

where Eq. (5.9) is known as the measurement equation, and the state variables are shown in Eq.
(5.10), which is also known as the state transition equation. They described the change in state
variables from one time period to the next. There is a linear dependence on the previous state
given by the transition matrix as well as normally distributed system noise. In the general sense,
this means that the transition matrix is itself time-dependent. Y'(¢) is the dependent variable,
B(t) is time-varying regression coefficient (hedge ratio) and X (t) is the independent variable at
time t. £(t) and 7n(t) are independent, uncorrelated error terms with standard deviations H and

@, respectively.

Kim (2011) mentioned that the variances of the noise process and other unknown parameters

could be estimated by maximising the following likelihood function:

Lv()'v(t) (5.11)

NT 1 &
logL = ———log2r — = > log F(t) —
og 5 log2m — 5 og F'(t) > F®

t=1
where v(t) is the one-step-ahead residual, which is calculated from the difference between Y'(t)
and its estimate, F'(¢) is its variance and N and T are the number of columns of X (¢) and the
number of elements of the time series Y (t), respectively. The set of regressions below is known

as the Kalman filter, and it provides an estimate of the coefficient 8 at time t given the estimate
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of 5 at t-1:

Blt—1) = B). (5.12)
o(t) = Y(H) - X(@)B({1), (5.13)
Fit) = X®PHX(®) + H, (5.14)

Bt+1) = ,B(t)+P(t)X(t)’;;((?), (5.15)

Plt+1) = P(O) = POXWXOPO 775 +Q (5.16)

The parameters H and Q are the error terms of the process. The higher the noise ratio (%), the
more adaptive the beta, and the lower the ratio, the less adaptive the beta. The most important
parameter of the Kalman filter procedure is the noise ratio.

After obtaining the estimate for 3(t), the spread is calculated using the equation
S(t) = Py (t) — B(t)Px (1), (5.17)

and it is denoted as ‘KALMAN-SPRD’.

5.2.4 The Ratio Method

The ratio method applied by Chaudhuri et al. (2017), Chaudhuri and Singh (2015), and PTF
Pro involves finding arbitrage opportunities from the movement in the ratio of the prices of two

stocks. The ratio between two stocks or two ETFs in a pair trading strategy can be defined as:

R(t) = (Px(t)/Py(t)) (5.18)

In this study, we denote the ratio in Eq. (5.18) as ‘RATIO-SPRD".

5.2.5 Machine Learning Algorithms
5.2.5.1 Decision Trees

We use the Python Scikit package to implement a DT for multi-class classification of trading
signals. The Scikit package uses an optimised version of the Classification and Regression Tree
(CART) algorithm, which is very similar to the C4.5 algorithm, which is the successor to the ID3

algorithm. As per the documentation on Scikit, the ID3 algorithm builds a multi-way tree and
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identifies the categorical feature for each node that provides the most information for categorical
targets. To enhance a tree’s capacity to generalise to new data, trees are typically pruned after
reaching their maximum size. As per Seni and Elder (2010) and Bai et al. (2019), an information
gain ratio is used by the ID3 algorithm to classify data. The information gain ratio (IGR) for
classifying the categorical variable(X) using the training set(7") is given as

1G(T, X)
Hx(T) ~

where IG(T, X) is the information gain to the entropy and Hx(T) is the eigenvalue X for the

IGR(T, X) = (5.19)

given T'. The information gain can be further expanded as
IG(T,X)=H(T)—- H(T | X), (5.20)

where H(T) is the entropy of T"and H (T | X) is the empirical conditional entropy of the training
set T" under the given condition X. H (T | X) can be further expanded as,

H(T | X) = PH(T | X = X)), (5.21)
=1
“H(T) =~ Pilog, P (522
=1

where P; is the probability of classification ‘7. Thus, the entropy of 7" under the eigenvalue X

is given as
n
Hx(T) = - P;log, P (5.23)
i=1
5.2.5.2 Multilayer Perceptron

The theoretical foundations of the MLP model are discussed in detail in Section 2.2.5.1.

5.2.6 Technical Indicators

To offer a comprehensive assessment, several technical indicators are used in the analysis, in-

cluding SMA, EMA, RSI, MACD, and BBs.

5.2.6.1 The Simple Moving Average

The simple moving average (SM A) calculates an average over a finite size window of n obser-

vations. The SM A for a window length (number of periods) of n is

SMAL(t) = % SS(t-1),
t=0
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where, in our study, S(¢) denotes the spread from the respective parametric models.

5.2.6.2 The Exponential Moving Average

The exponential moving average (EM A) scales each observation exponentially, which the SM A
fails to do. The EM A is preferred over the SM A because the SM A’s trendline is delayed by
a factor proportional to n, as it was calculated using the previous n observations. Moreover,
this also delays the detection of a change in the trend. The EM A scales each observation by an

exponential factor «, and an n-day EM A is defined as

EMA,(t) = a x S(t) + (1 — a) x EMA(t — 1),

where o = (%) and S(t) denotes the spread from the respective parametric models.

5.2.6.3 The Relative Strength Index

Wilder (1978) developed the RSI momentum oscillator, which measures the extent to which a

time series has a positive change to its negative change. The RST is defined as

100

where RS, (t) = the average positive change in the spread (S(t)) in the past n days and the
average negative change in the spread (S(¢)) in the past n days, while S(¢) denotes the spread
from the respective parametric models. According to Wilder (1978), the RSI fluctuates between
0 and 100. When the RSI rises above 70, the upper threshold, it is considered overbought, and

when it falls below 30, the lower threshold, it is considered oversold.

5.2.6.4 The Moving Average Convergence/Divergence Oscillator

Appel developed the MACD oscillator to trade the weekly cycles of the stock market. Zakamulin
(2017) and Stock Charts stated that the MACD oscillator consists of the M AC (which is a
combination of two EMAs) and the Signal (which is an EMA of the M AC). The MAC

indicator is defined as

MAC ) (t) = EM Ay (t) — EM A (1),
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where the default values for s and [ are taken as 12 days and 26 days, respectively. The Signal

indicator is defined as,
Signal ) (t) = EM A, (MAC (1)),

where n is 9 days. The M AC(,;(t) and the Signal(,)(t) are combined and denoted as M ACD ;) (t)-

5.2.6.5 Bollinger Bands

Bollinger (1992) introduced a set of three bands (upper, middle and lower bands) that uses
standard deviations to dynamically calculate whether a time series (or stock price) is at its
highest (if the price is at the upper band) or lowest (if the price is at the lower band). The

n-day Bollinger bands are computed as follows,

o Middle band: n-day simple/weighted moving average.
e Upper band: Middle band + 2 x n—day standard deviation.

e Lower band: Middle band - 2 x n—day standard deviation.

In this chapter, we denote the n-day BBs as BB(,).

5.3 Data

5.3.1 Dataset

According to Chan (2013), one of the biggest advantages of using ETF pairs instead of stock
pairs is that once a pair is cointegrated, it is less prone to fall apart due to the fundamental
economics of a basket of stocks. Changes in ETFs happen much more slowly compared to
the fundamental economics of a single stock. The focus of this paper is on a subset of equity
ETFs listed on the NYSE. NYSE Arca has the highest market share of traded volume and
liquidity depth and narrowest quoted spreads and quotes the most time at the best prices across
all US ETFs, according to the NYSE. Finding the number of possible pairs among the entire
universe of equity ETFs is computationally intensive. By limiting the subset to ETFs obtained
using the filters applied in Section 5.3.2, we select four ETF pairs with a cointegration and

correlation value of greater than 90%, of which we choose four ETF pairs. We also choose
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four ETF pairs having a cointegration and correlation value lesser than 10%. This makes
the strategy computationally faster and allows time for a thorough analysis of the selected
pairs. Thus, we choose the following four ETF pairs, ITOT.N/IXUS.N, IWF.N/XLE.N,
SCHB.N/SCHF.N, and SCHF.N/VO.N which had a cointegration and correlation value
of greater than 90% as of 31 January 2022. Similarly, we choose four ETF pairs, namely
QQQ.N/XLE.N, USMV.N/XLE.N, VO.N/VXUS.N, and VWO.N/XLE.N which had
a cointegration and correlation values of less than 10% as on 01 January 2019. We further
consider open-high-low-close (OHLC) time-series data with an end-of-day (EOD) frequency for
the period from 01 January 2019 to 31 January 2022, which includes 776 trading days for the
eight ETF pairs mentioned above. For back-testing, depending on the trading signals generated
by the strategies discussed in Section 5.3.4, we initiate a long/short position on the next day’s
open price of the respective pair, thereby allowing for the precise and practical entry and exit

points where EOD data are used. This approach prevents look-ahead bias.

5.3.2 Data Filtering

The following filtering steps are performed before a pair selection is carried out:

o ETFs with fund sizes greater than $500 million.

o After filtering for fund size, 50 ETFs are chosen on the basis of the fund size.

o ETFs traded since 2015 are selected.
After selecting the universe of the top 50 ETFs, we form 1,225 ETF pairs among the 50 individual
ETFs. Once 1,225 ETF pairs are formed, we then check for any missing quotes. If an individual

ETF in an ETF pair has a missing open, high, low or close value for a given date/time, we

consider the previous traded value.

5.3.3 Information Sets

5.3.3.1 Information Sets using Z-Score-Based Trading Models:

The inputs used in Z-Score-based trading strategies are tabulated in Table D.1.2 (refer to the
trading strategy codes mentioned in column I), from Al.1 to A1.6, B1.1 to B1.6, C1.1 to C1.6,
D1.1 to D1.6, E1.1 to E1.6, F1.1 to F1.6, G1.1 to G1.6, H1.1 to H1.6 and I1.1 to I1.6.
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5.3.3.2 Information Sets used for MLP- and DT-Based Trading Strategies:

For the various MLP- and DT-based strategies, we use a variety of variables as inputs, which

are modelled from the spreads using the methods mentioned below. We model the spread (S(t))

returns as
S(t)
SprdRet(t) = ———— 5.24
prfet(t) = 57 s, (5.21)
and the close price returns of each ETF in a given pair are computed as
Close(t)
l tt) = —. 2
CloseRet(t) Close(t — 1) (5.25)

We also compute the daily running profit and loss for each trade and denote them as ‘PnL()’
in the information sets used in the strategies mentioned below. The close price returns, spread

returns and PnL are further categorically encoded as follows:

° a value > 0 is categorised as 1,
. a value < 0 is categorised as -1,
° a value = 0 is categorised as 0.

(5.26)

In the information sets used in the strategies mentioned below, we denote the categorical columns
as ‘CATEG()’. Creating a target variable for the various MLP- and DT-based trading strate-
gies mentioned below involves a process of merging categorical values from two outputs. We
take the categorical values of the average PnL computed based on multiple trading strategies
(denoted as value__columnl in Egs. (5.27), (5.28), 5.29)) and the categorical values of those re-
spective trading strategies underlying spread returns (denoted as value__column2 in Egs. 5.27,
5.28, 5.29). The multiple trading strategies are used to compute the average PnL and the un-
derlying spread from which the spread returns are computed differently for the A3/A4, B3/B4,
C3/C4, F3/F4, G3/G4, H3/H4 and 13/14 trading strategies. Later, we apply a logical function,
which binds these two categorical variable inputs into a single categorical variable (denoted as
value__output in Egs. (5.27), (5.28) and (5.29)). The logical function has the following rules,

where a buy is categorised as follows:

° if value__columnl = 1 and value__column2 = 1, then value_ output = 1
° if value__columnl = 1 and value__column2 = 0, then value_output = 1
° if value__columnl = 0 and value__column2 = 1, then value_ output = 1

(5.27)
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a sell is categorised as follows:

° if value__columnl = -1 and value__column2 = -1, then value_output = -1
° if value__columnl = -1 and value__column2 = 0, then value_output = -1
° if value__columnl = 0 and value__column2 = -1, then value_ output = -1
(5.28)

and a hold is categorised as follows:

° if value_columnl = 0 and value_column2 = 0, then value_output = 0
° if value__columnl = 1 and value_ column2 = -1, then value_output = 0
° if value__columnl = -1 and value__column2 = 1, then value_output = 0

(5.29)

Below, we denote the first ETF in a given ETF pair as SY M1 and the second ETF in that pair
as SY M2. Also, in the above-mentioned sections, depending on the rolling window, i.e. 30, 50
or 100 days, we select the variables used for the train and test and target sets based on that
respective rolling window. The categorical values used as input in these train and test sets are
modelled using the logic presented in Eq. (5.26). Similarly, the logic used to model the target
variable is presented in Egs. (5.27), (5.28) and (5.29).

The training set for trading strategies A3 and A4 involves using the categorical values of the
close price returns of SY M1 and SY M2, the difference in close price returns between SY M1
and SY M2, the categorical values of the daily running PnL values of the trades generated
from trading strategies CLS — SY M 1.1 to CLS — SYM1.5 and the categorical values of the
daily running PnL values of the trades generated from trading strategies CLS — SY M2.1 to
CLS—SY M2.5. 2 These common inputs are also used for the training set of the B3/B4, C3/C4,
F3/F4, G3/G4, H3/H4 and 13/14 trading strategies. In addition to the above, the training set
of the A3 and A4 trading strategies also includes the categorical values of the daily running PnL
values of the trades generated from trading strategies A2.1 to A2.5 and the close price returns
of SYM1 and SY M2. For the other set of trading strategies, which are for the B3/B4, C3/C4,
F3/F4, G3/G4, H3/H4 and I3/14 models, apart from the common set of inputs (mentioned
above), the additional set of inputs used in the training set involves the categorical values of

the daily running PnlLi values of the trades generated from trading strategies 2.1 to 2.5 of the

2Refer to Section 5.4.3 for further details on CLS — SYM1.1 to CLS — SY M2.6 trading
strategies
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respective model category. For example, for the B3/B4 trading strategies, the additional set of
inputs used in the training set would involve using the categorical values of the daily running

PnL values of the trades generated from trading strategies B2.1 to B2.5.

The target set for the A3 and A4 trading strategies involves using the categorical values of the
average PnL of the daily running PnL values of the trades generated by trading strategies Al.1
to A1.6 and the categorical values of the underlying spread returns (DIST"V! — SPRD), which
are transformed to a single categorical target variable using the logic presented in Egs. (5.27),
(5.28) and (5.29). The target set for the other category of trading strategies, the B3/B4, C3/C4,
F3/F4, G3/G4, H3/H4 and 13/14 trading strategies, involves using the categorical values of the
average PnL of the daily running PnL values of the trades generated from trading strategies 1.1 to
1.6 and the categorical values of the underlying spread returns of that respective model category.
For example, for the B3/B4 trading strategies, the target set would have the categorical values
of the average PnL of the daily running PnL values of the trades generated by trading strategies
B1.1 to B1.6 and the categorical values of the underlying spread returns (DISTV'? — SPRD).

A detailed tabular representation of the variables used in the train, test and target sets for each

of the rolling windows, i.e. 30-, 50-, and 100-day, can be found in Table D.1.3.

5.3.4 Entry and Exit Thresholds

In this section, we discuss the entry and exit conditions for the z-score, technical indicator and

machine learning-based trading strategies.

5.3.4.1 Conditions for Z-Score-Based Trading Strategies:
The trade entry and exit conditions for the various trading strategies and the spread S(t)* for

each of the trading strategies listed in Table D.1.2 are given below, where ¢}7°%! and ¢d/°d are

the standard deviations for entering and exiting a trade,* respectively:

e Long threshold:

3Note that t = i,...,n, where, n = 30 for a 30-day rolling window, n = 50 for a 50-day rolling
window and n = 100 for a 100-day rolling window.

4These standard deviations can take the values 0.5, 1, 2, 2.7 and 3. We consider a combination
of these values to create scenarios for trading.
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— Entry: pgy) — ¢{\4Odel‘75(t)

— Exit: pgey — 037 o
e Short threshold:

— Entry: pgq) + o17%ogw

— Exit: pgp) + 3% og
where

o ¢pModel = 3 and ¢dfedel = 2 for the Al.1, B1.1, C1.1, D1.1, E1.1, G1.1, H1.1 and I1.1
trading strategies (i.e. trading strategies with the suffix 1.1).

o @Model — 3 and ¢dfodel — 1 for the A1.2, B1.2, C1.2, D1.2, E1.2, G1.2, H1.2 and 11.2
trading strategies (i.e. trading strategies with the suffix 1.2).

o pModel — 3 and @¢dfodel — (.5 for the A1.3, B1.3, C1.3, D1.3, E1.3, G1.3, H1.3 and 11.3
trading strategies (i.e. trading strategies with the suffix 1.3).

o pModel = 2.7 and ¢pd1o%l = 2 for the Al.4, B1.4, C1.4, D1.4, E1.4, G1.4, H1.4 and 11.4
trading strategies (i.e. trading strategies with the suffix 1.4).

o pModel — 2.7 and ¢dfo%l = 1 for the A1.5, B1.5, C1.5, D1.5, E1.5, G1.5, H1.5 and I1.5
trading strategies (i.e. trading strategies with the suffix 1.5).

o @fodel — 2.7 and ¢pdfodel = 0.5 for the A1.6, B1.6, C1.6, D1.6, E1.6, G1.6, H1.6 and I11.6
trading strategies (i.e. trading strategies with the suffix 1.6).

5.3.4.2 Conditions for Technical Indicator-Based Trading Strategies

For the SM A trading strategies (refer to Section 5.2.6.1), namely A2.1, B2.1, C2.1, D2.1, E2.1,
G2.1, H2.1 and 12.1, the trade entry and exit conditions are as follows:?
e Long threshold:

— Entry: SMA(10)(S(t — 1)) < SMA50)(5(t)) and
SMA10)(S(t)) > SM A20)(S(t))

>The long threshold refers to initiating a BUY condition, whereas the short threshold refers
to initiating a SELL condition.
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— Exit: SMA(10)(S(t — 1)) > SM A50)(S(t)) and
SMAn0)(S(t)) < SM A (S(t))

e Short threshold:

— Entry: SMA(10)(S(t — 1)) > SM A50)(S(t)) and
SMA10)(S(t) < SMA20)(S(2))

— Exit: SMAx10)(S(t —1)) < SMA20)(S(t)) and
SMA10)(S(t)) > SMA(20)(S(t))

For the EM A trading strategies (refer to Section 5.2.6.2), namely A2.2, B2.2, C2.2, D2.2, E2.2,

G2.2, H2.2 and 12.2 strategies, the trade entry and exit conditions are as follows:”

e Long threshold:

— Entry: EMA(10)(S(t — 1)) < EM A(20y(S(t)) and
EMAq0)(5(t)) = EM A (S(2))

— Exit: EMA(lO)(S(t - 1)) > EMA(QO)(S(t)) and
EMAq0)(S(8)) < EM A (5(1))

e Short threshold:

— Entry: EM A(10)(S(t — 1)) > EM A(90y(S(t)) and
EMAq0)(S(t)) < EM A(0)(S(1))

— Exit: EMAq10)(S(t — 1)) < EM A2)(S(t)) and
EMA(10)(S(t)) = EMA20)(5(t))

For the RSI trading strategies (refer to Section 5.2.6.3), namely A2.3, B2.3, C2.3, D2.3, E2.3,

G2.3, H2.3 and 12.3 strategies, the trade entry and exit conditions are as follows:?

e Long threshold:

— Entry: RST(14)(S(t — 1)) < Thresholdsy and RS1(14)(S(t)) > Threshold s

— Exit: RSI(14)(S(t — 1)) > Thresholdzo and RSI14)(S(t)) < Threshold o)
o Short threshold:

— Entry: RS1(14)(S(t — 1)) > Thresholdzo and RS1(14)(S(t)) < Threshold 7
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— Exit: RSI(14)(S(t —1)) < Thresholdsy and RSI14)(S(t)) > Threshold sy

For the M ACD trading strategies (refer to Section 5.2.6.4), namely A2.4, B2.4, C2.4, D2.4,

E2.4, G2.4, H2.4 and 12.4 strategies, the trade entry and exit conditions are as follows:°

e Long threshold:

— Entry: (MAC(12726)(S(LL—1)) < Szgnal(g)(S(t))) and (MAC(12726)(S(t—1)) > Szgnal(g)(S(t)))

— Exit: (MAC(12726) (S(t—l)) > Szgnal(g) (S(t))) and (MAC(:[Q’QG) (S(t—l)) < Szgnal(g) (S(t)))
¢ Short threshold:

— Entry: (M AC(19,96)(S(t—1)) > Signalg)(S(t))) and (M AC 19 96)(S(t—1)) < Signal(gy(S(t)))

— Exit: (MAC(12,26)(S(t—1)) < Signalgy(S(t))) and (M AC 1996y (S(t—1)) > Signalg)(S(t)))

Finally, for the BBy trading strategies (refer to Section 5.2.6.5), namely A2.5, B2.5, C2.5,
D2.5, E2.5, G2.5, H2.5 and 12.5 strategies, the trade entry and exit conditions are:®
e Long threshold:

— Entry: S(t —1) < Lower — band g and S(t) > Lower — band o)

— Exit: S(t —1) < Middle — band gy and S(t) >= Middle — band )
o Short threshold:

— Entry: S(t —1) > Upper — band ) and S(t) < Upper — band o)

— Exit: S(t — 1) > Middle — band ) and S(t) <= Middle — band,s)

5.3.4.3 Conditions for MLP- and DT-Based Trading Strategies

The MLP and DT strategies, namely A3/A4, B3/B4, C3/C4, F3/F4, G3/G4, H3/H4 and 13/14,

provide output as 0 (Hold), 1 (Buy Pair) or -1 (Sell Pair), and their trade entry and exit

conditions are as follows:?

e Long threshold:

— Entry: 1

— Exit: -1
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e Short threshold:

— Entry: -1

— Exit: 1

5.4 Model Calibration and Performance Criteria

5.4.1 Performance Criterion

The evaluation metrics used in this study to analyse the eight ETF pairs across the different

rolling windows are as follows.

5.4.1.1 The Sharpe Ratio

Sharpe (1994) defined the ratio for a given strategy as

Share Ratio = u, (5.30)

Op
where 1, is the average portfolio return, ry represents the risk-free rate and o), is the standard

deviation of the portfolio returns.

5.4.1.2 Maximum Drawdown

The Maximum Drawdown (MDD) calculates the maximum loss from a peak to a trough in a
given period to determine the downside risk. de Melo Mendes and Leal (2005) defined draw-down

as

Vi
D, = log (V}i) : (5.31)

where V) is the local minimum value of the portfolio at time ¢, and V;, ; is the local maximum
value of the portfolio at time ¢. The MDD for a strategy over the entire out-of-sample period

t=1,2,...1s

MDD = min (-Dt:h ey Dt:N) . (532)
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5.4.1.3 Other Performance Metrics

To assess the performance of these trading strategies, we use other performance metrics, includ-
ing the total number of trades, number of winning trades (i.e. trades with a PnL > 0), number
of losing trades (i.e. trades with a PnL < 0), total trade capital ($10,000 is the initial capital
used for each trade), average profit per trade (i.e. the average profit of all the trades with a
PnL > 0), average loss per trade (i.e. the average loss of all the trades with a PnL. < 0), gross
profit (i.e. the sum of the PnL of all trades having PnL > 0), gross loss (i.e. the sum of the PnL
of all trades having PnL. < 0), net profit (which is the difference between the gross profit and
gross loss), average return, minimum PnL, maximum PnL, the ROI (i.e. the net profit divided
by the total capital), hit ratio (i.e. the number of profitable trades divided by the number of
unprofitable trades), expectancy ratio,® profit factor (i.e. gross profit divided by the gross loss)

and the realised risk-reward ratio (i.e. the ratio of the average profit to the average loss).

5.4.2 Estimating Deep Learning MLP Network and DT Models

5.4.2.1 Network Parameters

This study uses a triple hidden layer MLP model (for models A4, B4, C4, D4, E4, F4, G4,
H4 and 14, mentioned in Tables D.2.1 to D.2.24), where the number of neurons in each hidden
layer is equivalent to the number of inputs to the respective triple hidden layer MLP model. We
solve a multi-class classification problem, where the output node of all of these MLP networks
has three neurons that predicts or classify the output as 1 (for buy), 0 (for hold) or -1 (for
sell). Since there are two or more label classes in these models, the cross-entropy loss function
is used as the loss function. The rectified linear unit (ReLU) function is used as the squashing
function between the hidden layers. The layer biases and weights of the different networks are
also estimated in these MLP models using the adaptive moment estimator (ADAM) (see Kingma
and Ba (2005)).

5.4.2.2 Data Division

The dataset covers EOD ETF prices for the period from 01 January 2019 to 31 January 2022 and

includes 776 trading days. The MLP methodology requires data for a training set, a validation

6(average profit per trade x hit ratio) - (average loss per trade x (1 - hit ratio))
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set and a test set. The training set is used to estimate the parameters, the validation set is used
to evaluate under-fitting and over-fitting, and the test set is used for out-of-sample prediction.
In this study, for the MLP and the DT models, we utilise an expanding window (in terms of
the number of days) for the training and a fixed size (of one trading day) for the test set. Thus,
the training set comprises trading days (1 to N) and the test set trading day (N + 1). This is
repeated for trading days N = 1, 2, ..., 776. A pictorial representation of the data division is

presented in Figure 5.1.

Figure 5.1: MLP and DT Data Division: The dataset spanning from 01 January 2019 to 31
January 2022 is divided into a training set and a test set. The training set is used to estimate
the parameters, and the test set is used for out-of-sample prediction.
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5.4.3 Approach

Each of the eight symbol pairs has been back-tested for three different rolling windows of 30,
50 and 100 days. For each pair and each window, there are 127 trading strategies created using
11 different models, and the bifurcation of these 127 trading strategies is detailed below. Each
of these 127 trading strategies has a unique trading strategy code, and these codes are similar

across the three different rolling windows.

« Distance Method (Version 1.1), denoted as DISTY!'! — SPRD: There are 13 trading
strategies that use the spread from DISTV!'! — SPRD, and they are denoted by trading

strategy codes from Al.1 to A4.

« Distance Method (Version 1.2), denoted as DISTV!? — SPRD: There are 13 trading
strategies that use the spread from DISTV!? — SPRD, and they are denoted by trading

strategy codes from B1.1 to B4.
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« Distance Method (Version 2), denoted as DISTV2—SPRD: There are 13 trading strategies
that use the spread from DISTV? — SPRD, and they are denoted by trading strategy
codes from C1.1 to C4.

« Distance Method (Version 3), denoted as DIST"V3—SPRD: There are 13 trading strategies
that use the spread from DISTV!3 — SPRD, and they are denoted by trading strategy
codes from D1.1 to DA4.

o Distance Method (Version 4), denoted as DISTV*—SPRD: There are 13 trading strategies
that use the spread from DISTY'* — SPRD, and they are denoted by trading strategy
codes from E1.1 to E4.

e Co-integration Method using the Johansen’s Test approach, denoted as JOHANSEN —
SPRD: There are 13 trading strategies that use the spread from JOHANSEN — SPRD,

and they are denoted by trading strategy codes from F1.1 to F4.

o Co-integration Method - using the ADF approach, denoted as JOHANSEN — SPRD:
There are 13 trading strategies that use the spread from ADF — SPRD, and they are

denoted by trading strategy codes from G1.1 to G4.

o Kalman Method, denoted as KALMAN — SPRD: There are 13 trading strategies that
use the spread from KALM AN — SPRD, and they are denoted by trading strategy codes
from H1.1 to H4.

e Ratio Method, denoted as RATI1O — SPRD: There are 13 trading strategies that use the
spread from RATIO — SPRD, and they are denoted by trading strategy codes from I1.1
to 14.

e Using Close Prices of individual instruments:

— Using close prices of Symbol 17 denoted as CLS — SY M — 1: There are five trading
strategies that use the close price from the first instrument in a given pair, and they

are denoted by trading strategy codes from CLS-SYM-1.1 to CLS-SYM-1.5.

— Using close prices of Symbol 27 denoted as CLS — SY M — 2: There are five trading
strategies that use the close price from the second instrument in a given pair, and

they are denoted by trading strategy codes from CLS-SYM-2.1 to CLS-SYM-2.5.

"Each pair consists of two ETFs. The first instrument in the pair is called ‘Symbol 1’, and
the second instrument is called ‘Symbol 2’.
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In this study, we compare two types of strategies, the traditional strategies (TRAD) and the
modified strategies (MOD). TRAD strategies are categorised based on the distance method
(versions 1.1,1.2,2 3 and 4), the co-integration methods (using the Johansen’s Test and the ADF),
and the Kalman Filter (refer to Sections 5.2.1, 5.2.2 and 5.2.3). Thus, the trading strategy codes
with suffixes 1.1 to 1.6 fall under the TRAD classification. Similarly, the categorisation of the
MOD trading strategies is based on machine learning algorithms (refer to Section 5.2.5) and
technical indicators (refer to Section 5.2.6), and the trading strategy codes with suffixes 2.1 to

4, fall under this classification.

5.5 Empirical Results

The back-test results of the comparisons of the eight pairs over the 127 trading strategies for
the three rolling windows on the basis of the various performance criteria (discussed in Section
5.4.1) are presented in Appendix D.2.® To assess the 127 trading strategies for each pair, we
summarise the results of the tables from Appendix D.2 according to their trading strategy codes.
For example, the trading strategy code 1.1 averages the performance of all the trading strategy
codes from Al.1 to I1.1, i.e. trading strategy codes with the suffixes 1.1. Similar exercises are

performed for the other trading strategy codes, namely from 1.2 to 4.

5.5.1 Performance Based on ROI

Table 5.1 presents the relative forecasting performance based on average ROI. We compare nine
different methods of obtaining the spread” and using the different sets of TRAD (in Panel 1)
and MOD (in Panel II) trading strategies.

We find that the MOD strategies have consistently superior returns compared to the TRAD
strategies. Specifically, for the DISTY!! — SPRD method, we find the MOD trading strategy

8The detailed results are presented as follows: for pair ITOT.N/IXUS.N in Table D.2.1
to D.2.3, for pair SCHB.N/SCHF.N in Table D.2.10 to D.2.12, for pair SCHF.N/VO.N
in Table D.2.13 to D.2.15, for pair VO.N/VXUS.N in Table D.2.19 to Table D.2.21, for pair
IWF.N/XLE.N in Table D.2.4 to Table D.2.6, for pair QQQ.N/X LE.N in Table D.2.7 to Table
D.2.7, for pair USMV.N/X LE.N in Table D.2.16 to Table D.2.18 and for pair VIWO.N/XLE.N
in Table D.2.22 to Table D.2.24.

9These methods are DISTY''!' —SPRD, DISTV'? - SPRD, DISTV?—SPRD, DIST"3 —
SPRD, DISTV*—SPRD, JOHANSEN —SPRD, ADF —SPRD, KALMAN — SPRD, and
RATIO — SPRD.
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2.3 has an excess return of 7.8% compared to the best-performing TRAD strategy.'® For the
DISTV!? — SPRD (DISTV? — SPRD) method, the MOD strategy 4 has an excess return of
15.4% (18%) compared to the the best performing TRAD strategy 1.3.'' For the DISTV? —
SPRD, DISTV3 — SPRD and DISTY* — SPRD methods, the improvement of the MOD
strategies compared to the TRAD is 18%, 23.1% and 23.1%, respectively.'?

For the cointegration methods JOHANSEN —SPRD (and ADF —SPRD), the MOD trading
strategy 2.5 (2.3) reaches excess returns of 829.1% (381.5%), respectively, compared to the best
performing TRAD strategy 1.6 (1.2). Finally, the KALM AN — SPRD and RATIO — SPRD
methods show similar results, where for the M OD strategies, the KALM AN — SPRD method’s
2.2 strategy (an ROI of 38.2% in a 100-day rolling window), and RATIO — SPRD method’s 2.2
strategy (an ROI of 40.4% in a 30-day rolling window) surpassed their corresponding TRAD

trading strategies.

The next step is to compare the above nine methods by aggregating them on the basis of the
three rolling windows (30, 50, and 100 days) in Panel I of Table 5.2 presenting the average of
the methods aggregated over all the different rolling windows in Panel II of Table 5.2.

Based on these tables, we conclude that the MOD strategies clearly outperform the TRAD
strategies. Three MOD methods (DISTV!2—~SPRD, DISTV?—~SPRD and DISTV3~SPRD)
perform better in the 30-day rolling window, two methods (DISTV* — SPRD, and ADF —
SPRD) in the 50-day rolling window and four methods (DISTV!'' — SPRD, JOHANSEN —
SPRD, KALMAN — SPRD and RATIO — SPRD) in the 100-day rolling window. The 100-
day rolling window provides the highest overall returns for M OD strategies. This can also be

observed in Panel IT of 5.2.13

Furthermore, we aim to gauge the ROI performance of the MLP and DT trading strategies

separately. Thus, we compare the 216 methods (nine methods to obtain the spreads across

The MOD trading strategy 2.3 has ROI of 20% for a 100-day rolling window. The best-
performing TRAD strategy is strategy 1.3 with an ROI of 12.2% in a 50-day rolling window.

UThe MOD strategy has an ROI of 26.2% in a 30-day rolling window, while the TRAD has
an ROT of 10.9% in a 100-day rolling window.

P2For the DISTY? — SPRD method, the MOD trading strategy 4 is compared to the best
performing TRAD strategy 1.3, and for the DISTY3 — SPRD and DISTV* — SPRD methods,
MOD trading strategy 2.4 is compared to the best-performing T'RAD strategy, 1.4.

13In Panel I of 5.2, the TRAD strategies have an average ROI of 5.7% in a 30-day rolling
window, 5.4% in a 50-day rolling window and 12.8% in a 100-day rolling window. The cor-
responding MOD strategies have 9.1% in a 30-day rolling window, 44.1% in a 30-day rolling
window and 34.5% in a 100-day rolling window.
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three rolling windows for eight ETF pairs) by clubbing the TRAD trading strategy codes with
the suffixes 1.1 to 1.6, clubbing the MOD trading strategy codes with the suffixes 2.1 to 2.5
and comparing them to the MLP and DT trading strategy codes with the suffixes 3 to 4. These

results are summarised in Table D.1.6.

We find that out of the 216 methods, 22 (10.2%) methods belonging to TRAD strategies out-
perform the MOD strategies, while 193 (89.8%) methods for M OD strategies outperform the
TRAD strategies (see columns IV and V). To assess how the ML (MLP and DT) strategies
compare to other strategies, see columns VI, VII and VIII. Out of the 216 methods, 19 (8.8%)
methods belonging to TRAD strategies outperform the methods used for MOD and M L strate-
gies, while 151 (70%) methods belonging to MOD strategies (excluding the methods used for
M L strategies) outperform the methods used for TRAD and M L strategies, and 45 (20.8%) ML
strategies outperform the methods used for MOD and TRAD strategies. Thus, a considerable
number of methods under the M OD- and M L-based strategies provide improved forecasting

power compared to T RAD-based strategies.

5.5.2 Performance based on Average Number Winning and Losing Trades

Panel I in Table 5.3 compares the methods based on the average number of winning and los-
ing trades, according to the three rolling windows. On the basis of the winning and losing
trades derived from Panel I, the improvement percentages of the MO D-based strategies over
the TRAD-based strategies are reported in Panel I1. In Panel II1, the average number of winning

and losing trades are aggregated over all the different rolling windows.

We find that the average number of winning trades for the MO D-based strategies is 13.08%
higher for the 30-day, 14.31% higher for the 50-day, and 23.61% higher for the 100-day rolling
windows (compared to the TRAD-based strategies). Similarly, the average losing number of
trades for the MOD-based strategies is higher by 20% for the 30-day, 16.36% for the 50-day
and 30.72% for the 100-day rolling windows compared to the T'RAD-based strategies. This high
number of trades implies higher transaction costs, but considering the rise of discount brokers,
this cost should be manageable. We also find that the overall number of winning and losing
trades (across all rolling windows) for M OD-based strategies is considerably higher compared

to that of TRAD-based strategies, as shown in Panel II of Table 5.3.
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5.5.3 Performance Based on the Profit Factor, Realised Risk-Reward Ratio,
Average Profit Per Trade and Max Drawdown

We compare the methods on the basis of the profit factor (i.e. the gross profit divided by the
gross loss) in Table 5.5, the realised risk-reward ratio (i.e. the ratio of the average profit to the
average loss) in Table 5.6, the average profit per trade in Table 5.4 and the Max drawdown in
Table 5.7. Panel I presents the aggregated effect over the three rolling windows, and Panel II

the aggregated effect over all the rolling windows.

We find contrasting results, where T'RAD-based strategies may offer a better profit factor and
realised risk-reward ratio. Within the T'RAD-based strategies, the ones back-tested on the 30-
and 100-day outperform the 50-day rolling window-based strategies. In Panel I of Table 5.5, for
the 30 and 100-day rolling window-based TRAD strategies, seven out of nine methods have a
double-digit profit factor. Similarly, in Panel I of Table 5.6, eight out of nine methods have a
double-digit realised risk-reward ratio, and for the 100-day rolling window, five methods have
a double-digit ratio. This phenomenon is also visible in Panel II of Table 5.5. A double-digit
ratio in these cases, however, does not indicate a higher return but rather a return that has
been adjusted for risk. This is clearly reflected in Panel I of Table 5.4, where the T"RAD-based
trading strategies (on the 30- and 100-day rolling windows) have higher profit factor/realised
risk-reward ratios but fail to yield profitable trading strategies when accounted for dollar value.
In Panel I of Table 5.4, the M OD-based 30-day rolling window produces 76% higher average
profit per trade compared to the T'RAD-based 30-day rolling window. Similarly, the MO D-
based 50- and 100-day rolling windows have 96% and 175% higher average profits per trade than
T RAD-based rolling window counterparts, respectively. The same reasoning holds true for the
average loss per trade in Panel II of Table 5.4, where the M OD-based 30- and 100-day rolling
windows result in a higher loss per trade than their T'"RAD-based rolling window counterparts.
This can also be prominently seen when it comes to comparing the average MDDs in Panel I
and II of Table 5.7, where the average MDDs are considerably higher for M O D-based strategies

across all rolling windows.

5.5.4 Performance of Individual Pairs

We performed further comparisons by reporting the performance of different methods aggregated
at the window/pair level by bifurcating the M OD- and T RAD-based trading strategies that

have positive returns in Table D.1.4, and listing the pair/window method-based comparisons,
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with aggregation performed across all rolling windows in Table D.1.5.

In Table D.1.4, the numbers of M OD- and T RAD-based trading strategies with positive returns
are typically the same in columns IIT and IV, but the number of T RAD-based trading strategies
having greater returns than the MOD-based trading strategies is virtually less than five or
close to zero trading strategies for all the eight ETF pair across all the rolling windows. The
number of M O D-based trading strategies having greater returns than the TRAD-based trading
strategies are prominently highlighted in column VI of this table, and columns VII and VIII
show that, even at a window-pair level, we see the M O D-based trading strategies outperforming
the TRAD-based trading strategies (except in one instance where for the IW F.N/X LE.N pair,
where 100-days rolling based TRAD trading strategies have outperformed the MOD trading

strategies).

Now for the pair/window method-based comparisons performed in Table D.1.5, we can no-
tice that, for the ITOT.N/IXUS.N pair, out of the 93 TRAD and 71 MOD strategies with
positive returns, only 2.2% of the TRAD-based strategies have returns greater than MO D-
based strategies, while 43.7% MO D-based strategies have positive returns greater than T RAD-
based strategies. Similarly, for the IW F.N/XLE.N pair, 67.7% of the M OD-based strategies
have returns greater than than those of the TRAD-based strategies; for the QQQ.N/XLE.N
pair, 66.3% of the M OD-based strategies have returns greater than those of the TTRAD-based
strategies; for the SCHB.N/SCHF.N pair, 27% of the M OD-based strategies have returns
greater than those of the TRAD-based strategies; for the SCHF.N/VO.N pair, 57.7% of the
MO D-based strategies have returns greater than those of the TRAD-based strategies; for the
USMV.N/XLE.N pair, 63.6% of the M O D-based strategies, have returns greater than those of
the TRAD-based strategies; for the VO.N/V XUS.N pair, 58.3% of the M OD-based strategies
have returns greater than those of the TTRAD-based strategies and for the VIWO.N/XLE.N
pair 68.8% of the MO D-based strategies have returns greater than those of the T'RAD-based

strategies.

Finally, for all 3,084 back-tested strategies (i.e. back-tests for the eight pairs), we calculate
the Sharpe and subsequently the annualised Share ratio and present these results in Appendix
D.1 (from Table D.2.1 to Table D.2.24). However, we summarise these results for the trading
strategies that have a positive Sharpe ratio in two tables: first in Table 5.8, where we present
the results for the various methods and their associated trading strategies categorised on the
basis of TRAD- and MO D-based trading strategies, and second in Table D.1.7, where these

methods and their associated trading strategies are presented on the basis of the eight pairs.
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Some trading strategies, despite having excellent returns, have negative Sharpe ratios and higher
drawdowns, which could indicate that these strategies are not consistent. However, the trades
in these trading strategies with higher drawdowns would or could see their drawdowns reverse
when the trade is closed, resulting in that trade having a profit. Thus, strategies that exhibit
larger volatility could have negative Sharpe ratios. The annualised Sharpe ratios in this study
are calculated based on a risk-free rate postulated as 1.5% (the average 3M treasury bill risk-free
rate prevailing from January 2019 to January 2022 was 0.81%). The results summarised in both
of the above-mentioned tables are computed before transaction costs. The results from Tables
5.8 and D.1.7 indicate that, for the 30-day rolling window, the highest annualised Sharpe ratio,
18.57 is achieved by the T RAD-based trading strategies belonging to the KALMAN — SPRD
method (for the QQQ.N/XLE.N pair, which has an ROI of 28.28%), whereas the MO D-based
trading strategies can attain a ratio of only 9.37 (for the IWF.N/XLE.N pair, which has an ROI
of 55.70%), which belongs to the DISTV? — SPRD method. However, for the 50-day rolling
window, the M OD-based trading strategies belonging to the ADF — SPRD method (for the
VWO.N/XLE.N pair, which has an ROI of 121.28%) have the highest annualised Sharpe ratio,
30.48, while the TRAD-based trading strategies belonging to the KALM AN — SPRD method
(for the IWF.N/XLE.N pair, which has an ROI of 11.07%) attain the highest annualised Sharpe
ratio, at 56.99.

Lastly, for the 100-day rolling window, the MOD-based trading strategies belonging to the
DISTV!! — SPRD method (for the ITOT.N/IXUS.N pair, which has an ROI of 12.95%) have
the highest annualised Sharpe ratio, 16.19, and the highest annualised Sharpe ratio, 18.41 is
attained by the TRAD-based trading strategies belonging, once again to the DISTV!1 —SPRD
method (for the USMV.N/XLE.N pair, which has an ROI of 12.10%). Though across the three
rolling windows, T'RA D-based strategies have better Sharpe ratios than MO D-based strategies
in some cases, they have lower returns than the M OD-based strategies. Additionally, in Table
D.1.7, there are numerous strategies that do not have the highest Sharpe ratios but are still
able to produce higher returns. To compare these results to past literature, Gatev et al. (2006)
attained Sharpe ratios of 0.35 and 0.59 for the top 5 and top 20 US stock pairs, respectively,
from 1962 until 2002. After accounting for transaction costs, Avellaneda and Lee (2010)’s PCA-
based strategies for US securities had an average annual Sharpe ratio of 1.44 from 1997 to 2007,
and from 2003-2007, it is 0.9. Their ETF strategies with volume information achieved a Sharpe
ratio of 1.51 from 2003 to 2007, while Huck (2009) using an ELECTRE III and neural networks
achieved a Sharpe ratio of 1.5. Dunis et al. (2009, 2015) did not report their performance

metrics in terms of the Sharpe ratio. For the top five pairs of securities from the NYSE, Lin
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(2018) calculated a Sharpe ratio of 0.078. Yang et al. (2017) achieved a Sharpe ratio of 0.94
with pairs based on Chinese commodity futures. Using annualised Sharpe ratios, Stiibinger and
Bredthauer (2017) reported that the best-performing pairs from the S&P 500 from 1998 to 2015
had an annualised Sharpe ratio of 8.14 (significant returns of 50.50% p.a.) after transaction
costs. The results of our back-testing show that our trading strategies have significant returns

with a better Sharpe ratio.
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Table 5.1: This table is divided into two panels; where in Panel I, we present the forecasting performance comparison on the basis of the average ROIs among the trading strategies
with suffixes 1.1 to 1.6, which are classified as ‘T RAD’ trading strategies, for the rolling windows of 30, 50 and 100 days. In Panel II, we present the forecasting performance
comparison on the basis of the average ROIs among the trading strategies with suffixes 2.1 to 4, which are classified as ‘M OD’ trading strategies, for the rolling windows of 30, 50

and 100 days.

Panel 1

"TRAD" trading strategies (Average ROI)

30 days ‘ 50 days ‘ 100 days
Model Category 1.1 1.2 1.3 1.4 1.5 1.6 ‘ 1.1 1.2 1.3 1.4 1.5 1.6 ‘ 1.1 1.2 1.3 14 1.5 1.6
DISTV1! — SPRD 1.6% 2.8% 2.4% 3.1% 3.3% 6.6% 2.8% 4.6% 12.2% 11.0% 6.5% 10.6% 4.6% 9.7% 9.5% 5.0% 7.3% 9.8%
DISTV12 — SPRD 2.4% 1.7% 3.2% 1.8% 3.8% 5.8% 4.1% 8.3% 7.6% 7.0% 7.7% 2.3% 10.9% 6.9%
DISTV? — SPRD 1.0% 1.8% 0.8% 3.1% 1.7% 2.2% 1.0% 3.6% 3.8% 2.0% 0.6% 1.6% 1.1% 1.4% 2.2% 0.7% 1.7% 2.3%
DISTV3 — SPRD 2.9% 1.5% 1.5% 4.6% 3.3% 3.4% 0.3% 1.1% 2.2% 0.4% 1.5% 3.1% 2.7% 2.9% 2.6% 3.4% 3.7%
DISTV4 — SPRD 2.9% 1.5% 1.5% 4.6% 3.3% 3.4% 0.3% 1.1% 2.2% 0.4% 1.5% 3.1% 2.7% 2.9% 2.6% 3.4% 3.7%
JOHANSEN — SPRD 4.9% 9.6% 8.9% 5.6% 14.7% 18.0% 11.7% 20.1% 17.9% 7.5% 16.3% 24.7% 5.1% 4.0% 6.9% 7.6% 5.7% 8.2%
ADF — SPRD 10.4% 10.9% 15.5% 33.0% 19.0% 17.5% 1.8% 17.9% 14.7% 0.5% 1.5% 2.1% 61.7% 118.2% 103.1% 73.3% 70.9% 35.2%
KALMAN — SPRD 11.1% 3.0% 8.6% 6.9% 3.9% 6.2% 5.8% 0.2% 1.8% 8.2% 0.2% 0.3% 5.0% 6.1% 8.6% 6.1% 5.7% 17.4%
RATIO — SPRD 1.2% 1.3% 1.4% 1.5% 2.4% 3.3% 1.9% 2.6% 3.1% 2.6% 4.6% 5.6% 1.0% 2.1% 3.2% 2.2% 3.7% 4.3%
Panel IT
"MOD" trading strategies (Average ROI)
30 ‘ 50 ‘ 100
Model Category 2.1 2.2 2.3 2.4 2.5 3 4 ‘ 2.1 2.2 2.3 2.4 2.5 3 4 ‘ 2.1 2.2 2.3 2.4 2.5 3 4
DISTV1l — SPRD 7.8% 6.5% 14.1% 17.8% 10.0% 15.0% 10.9% 5.9% 9.6% 16.5% 18.1% 8.7% 14.5% 13.9% 0.5% 5.9% 20.0% 18.9% 11.9% 15.5% 17.2%
DISTV12 — SPRD 6.9% 19.7% 5.4% 9.3% 23.8% 26.2% 11.6% 14.4% 9.7% 7.2% 15.1% 11.3% 13.5% 15.7% 10.1% 14.5% 4.2%
DISTV? — SPRD 15.5% 8.2% 1.3% 7.4% 7.3% 8.6% 16.6% 13.8% 7.1% 2.5% 7.8% 10.4% 2.7% 12.4% 12.3% 11.2% 1.8% 3.5% 9.9% 9.7% 21.7%
DISTV3 — SPRD 11.5% 12.2% 9.4% 2.9% 24.2% 14.8% 15.7% 2.0% 21.1% 27.7% 7.7% 5.3% 4.4% 13.3% 5.4% 2.7% 6.1% 8.1% 9.6%
DISTV* — SPRD 11.1% 12.2% 9.4% 2.9% 13.4% 13.0% 13.0% 2.0% 21.1% 27.7% 7.7% 9.6% 7.1% 4.4% 13.3% 5.4% 2.7% 6.1% 14.9% 9.6%
JOHANSEN — SPRD 19.8% 62.9% 12.9% 141.4%  51.3% 3.5% 12.4% 113.6% 175.1%  256.1%  64.1% 95.0% 16.3% 24.0% 78.8% 150.3% 110.4%  37.0% 853.9% 16.7% 13.9%
ADF — SPRD 66.7% 44.4% 52.4% 7.8% 29.1% 9.2% 24.8% 210.5%  342.7%  499.7% 28.7% 50.9% 15.6% 8.0% 75.2% 36.6% 72.6% 20.9% 138.1% 12.4% 10.0%
KALMAN — SPRD 37.5% 16.0% 23.4% 6.6% 7.7% 12.8% 9.0% 18.3% 13.2% 25.9% 21.8% 6.7% 6.9% 19.1% 38.2% 7.5% 0.7% 29.4% 20.7% 11.4%
RATIO — SPRD 7.3% 40.4% 25.5% 4.7% 3.6% 19.0% 7.5% 38.4% 22.0% 4.6% 7.5% 7.0% 11.1% 36.4% 33.7% 3.6% 9.1% 12.5%
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Table 5.2: In Panel I, we present the forecasting performance comparison
on the basis of the average ROIs among the trading strategies classified
as ‘TRAD’ from Panel I and the trading strategies classified as ‘M OD’
from Panel IT of Table 5.1, for the rolling windows of 30, 50 and 100 days.
In Panel IT of this table, we present the overall forecasting performance
comparison on the basis of the average ROI for the ‘TRAD’ and ‘MOD’
trading strategies presented in Panel I of this table.

Panel 1

TRAD (Average ROI) ‘ MOD (Average ROI)
Model Category 30 50 100 ‘ 30 50 100
DISTV1-l — SPRD 3.4% 7.5% 7.3% 12.9% 13.9% 14.0%
DISTV1-2 — SPRD 3.3% 5.8% 8.9% 14.9%  11.9% 11.3%
DISTV? — SPRD 1.9% 2.3% 1.6% 10.9%  9.4% 10.7%
DISTV3 — SPRD 3.1% 1.4% 3.0% 11.4%  11.0% 7.2%
DISTV4 — SPRD 3.1% 1.4% 3.0% 10.0% 11.0%  82%
JOHANSEN — SPRD 9.5% 15.7% 6.1% 42.9% 129.8%  165.2%
ADF — SPRD 18.8% 7.6% 74.6% 33.9% 180.1% 52.9%
KALMAN — SPRD 6.6% 3.2% 7.9% 18.3% 15.0% 22.6%
RATIO — SPRD 1.8% 3.3% 2.8% 16.9% 14.9% 17.8%

Panel 11
Model-Category TRAD MOD
(Average ROI) (Average ROI)

DISTV1-l! — SPRD 6.1% 13.6%
DISTV1-2 — SPRD 4.4% 12.5%
DISTV?2 — SPRD 2.0% 10.4%
DISTV3 — SPRD 2.7% 9.6%
DISTV4 — SPRD 2.7% 9.7%
JOHANSEN — SPRD 9.3% 117.6%
ADF — SPRD 42.4% 93.5%
KALMAN — SPRD 6.4% 18.7%
RATIO — SPRD 2.6% 16.5%
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Table 5.3: This table is divided into two panels, where in Panel I, we present the comparison on the basis of the average number of trades amongst the
trading strategies classified as ‘TTRAD’ (i.e. those trading strategies with suffixes 1.1 to 1.6), and the trading strategies which are classified as ‘M OD’
(i.e. those trading strategies with suffixes 2.1 to 4), for the rolling windows of 30, 50 and 100 days. In Panel II, we present the percentage increase in
winning and losing trades when using MOD over TRAD-based strategies. These percentages are inferred from Panel I of this table. In Panel III, we
present the overall comparison on the basis of the average number of trades for the ‘TTRAD’ and ‘M OD’ trading strategies presented in Panel I of this
table.

Panel I

TRAD ‘ MOD

Avg. Number of Winning Trades ‘ Avg. Number of Loosing Trades ‘ Avg. Number of Winning Trades ‘ Avg. Number of Loosing Trades

Model-Category 30 50 100 ‘ 30 50 100 ‘ 30 50 100 ‘ 30 50 100
DISTVY-! — SPRD 2 2 1 2 2 1 51 49 45 56 53 49
DISTV1-2 — SPRD 5 4 1 5 4 3 45 42 34 47 41 35
DISTVY?2 — SPRD 2 2 1 2 2 1 48 44 40 59 54 51
DISTV3 — SPRD 6 4 3 2 4 2 43 42 38 54 52 48
DISTV* — SPRD 6 4 3 2 4 2 42 41 38 54 52 48
JOHANSEN — SPRD 12 8 7 11 9 7 49 47 45 51 48 44
ADF — SPRD 3 3 2 4 4 2 46 44 44 46 45 48
KALMAN — SPRD 2 2 1 2 2 1 48 43 39 49 47 42
RATIO — SPRD 3 3 2 2 3 1 42 37 34 67 58 53
Panel 11

Percentage increase in winning and losing trades when using

MOD over TRAD strategies

Avg. Number of Winning Trades ‘ Avg. Number of Loosing Trades
Model-Category 30 50 100 ‘ 30 50 100
DISTV1-! — SPRD 26.08 28.64 51.24 25.48 24.72 46.16
DISTV1-2 — SPRD 8.47 10.40 27.68 9.07 9.80 11.27
DISTV2 — SPRD 21.60 20.40 37.25 30.39 31.22 58.52
DISTV3 — SPRD 6.45 8.37 9.99 21.54 11.87 24.66
DISTV4 — SPRD 6.33 8.26 9.99 21.61 11.85 24.71
JOHANSEN — SPRD 3.08 5.14 5.80 3.64 4.04 5.69
ADF — SPRD 14.34 15.51 28.45 12.13 10.50 21.74
KALMAN — SPRD 19.13 20.83 25.76 28.62 21.33 35.26
RATIO — SPRD 12.31 11.31 16.43 27.52 21.98 48.53
Average % 13.09 14.32 23.62 ‘ 20.00 16.37 30.73

Panel II1
TRAD ‘ MOD

Model Category Avg. Number Avg. Number Avg. Number Avg. Number

Of Winning Of Loosing Of Winning Of Loosing

Trades Trades Trades Trades
DISTV11 — SPRD 1 2 48 53
DISTV1-2 — SPRD 3 4 40 41
DISTV?2 — SPRD 2 1 44 54
DISTV3 — SPRD 5 3 41 51
DISTV* — SPRD 5 3 41 51
JOHANSEN — SPRD 9 9 47 47
ADF — SPRD 2 3 45 46
KALMAN — SPRD 2 2 43 46
RATIO — SPRD 3 2 37 59

176



Table 5.4: This table is divided into two panels, where in Panel I, we present the comparison on the basis of the average profit per trade amongst the trading strategies classified as ‘T RAD’ (i.e.
those trading strategies with suffixes 1.1 to 1.6), and the trading strategies which are classified as ‘M OD’ (i.e. those trading strategies with suffixes 2.1 to 4), for the rolling windows of 30, 50 and
100 days. In Panel 11, we do a similar exercise by presenting a comparison based on the basis of the average loss per trade.

Panel 1

TRAD | MOD

Avg. Average Profit Per Trade ($) ‘ Avg. Average Profit Per Trade ($)

Model Category 30 50 100 ‘ 30 50 100
DISTV1l — SPRD 156 180 397 264 244 282
DISTV1-2 _ SPRD 181 253 134 185 220 278
DISTV?2 — SPRD 118 109 87 245 249 253
DISTV3 — SPRD 136 146 158 220 214 231
DISTV4 — SPRD 136 146 158 222 214 231
JOHANSEN — SPRD 132 157 139 550 780 1,670
ADF — SPRD 704 986 2,326 512 1,596 1,024
KALMAN — SPRD 346 252 375 568 545 504
RATIO — SPRD 173 146 98 224 212 220
Panel I1
TRAD \ MOD

Avg. Average Loss Per Trade ($) ‘ Avg. Average Loss Per Trade ($)

Model Category 30 50 100 30 50 100
DISTV1l — SPRD 118 109 87 244 248 251
DISTV12 — SPRD 154 316 365 212 240 290
DISTV? — SPRD 156 180 397 264 244 273
DISTV3 — SPRD 215 201 265 217 203 275
DISTV* — SPRD 215 201 265 217 203 275
JOHANSEN — SPRD 406 124 77 873 1,576 821
ADF — SPRD 646 2,207 1,211 1,841 3,700 11,041
KALMAN — SPRD 399 408 291 846 854 577
RATIO — SPRD 263 230 553 311 286 325
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Table 5.5: This table is divided into two panels, where in Panel I, we present the compar-
ison on the basis of the average profit factor amongst the trading strategies classified as
‘TRAD’ (i.e. those trading strategies with suffixes 1.1 to 1.6), and the trading strategies
which are classified as ‘M OD’ (i.e. those trading strategies with suffixes 2.1 to 4), for the
rolling windows of 30, 50 and 100 days. In Panel II, we present the overall comparison on
the basis of the average number of trades for the ‘TTRAD’ and ‘M OD’ trading strategies
presented in Panel I of this table.

Panel 1
TRAD \ MOD
Model Category 30 50 100 ‘ 30 50 100
DISTV1-l — SPRD 32.4 12.9 226.2 1.6 2.3 24.7
DISTV1-2 _ SPRD 1.2 1.0 0.3 1.0 1.1 1.0
DISTV? — SPRD 37.1 65.1 60.8 1.4 1.3 1.4
DISTV3 — SPRD 34.0 1.1 21.7 11.1 1.1 1.1
DISTV* — SPRD 34.0 1.1 21.7 11.1 1.1 1.1
JOHANSEN — SPRD 1.8 1.5 4.1 1.4 3.2 2.3
ADF — SPRD 140.2 10.6 20.9 4.5 224.0 54.5
KALMAN — SPRD 178.3 44.3 327.4 1.2 1.1 1.9
RATIO — SPRD 17.8 68.9 46.8 1.1 1.0 1.0

Panel I1
Model Category TRAD | MOD
DISTV1l — SPRD 90.5 9.5
DISTV12 — SPRD 0.8 1.0
DISTV? — SPRD 54.3 1.4
DISTV3 — SPRD 18.9 4.4
DISTV* — SPRD 18.9 4.4
JOHANSEN — SPRD 2.5 2.3
ADF — SPRD 57.2 94.9
KALMAN — SPRD 180.1 1.4
RATIO — SPRD 44.5 1.1
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Table 5.6: This table is divided into two panels, where in Panel I, we present the compar-
ison on the basis of the average realised risk-reward ratio amongst the trading strategies
classified as ‘TRAD’ (i.e. those trading strategies with suffixes 1.1 to 1.6), and the trading
strategies which are classified as ‘MOD’ (i.e. those trading strategies with suffixes 2.1 to
4), for the rolling windows of 30, 50 and 100 days. In Panel II, we present the overall
comparison on the basis of the average number of trades for the ‘T’T'RAD’ and ‘MOD’
trading strategies presented in Panel I of this table.

Panel 1
TRAD \ MOD
Model Category 30 50 100 ‘ 30 50 100
DISTV1-l — SPRD 38.9 13.4 324.3 1.2 1.4 8.9
DISTV1-2 _ SPRD 1.1 1.0 0.6 1.0 1.0 1.0
DISTV?2 — SPRD 28.1 38.1 69.2 1.4 1.3 1.5
DISTV3 — SPRD 6.2 0.8 7.3 11.3 1.3 1.3
DISTV4 — SPRD 6.2 0.8 7.3 11.4 1.3 1.3
JOHANSEN — SPRD 1.8 1.7 3.3 1.2 2.1 2.3
ADF — SPRD 43.0 4.4 19.8 4.6 95.8 54.5
KALMAN — SPRD 140.3 26.5 258.8 1.5 1.4 1.6
RATIO — SPRD 8.5 25.8 25.1 1.3 1.3 1.3

Panel I1
Model Category TRAD | MOD
DISTV1l — SPRD 114.0 3.9
DISTV12 — SPRD 0.9 1.0
DISTV? — SPRD 44.4 1.4
DISTV3 — SPRD 4.8 4.7
DISTV* — SPRD 4.8 4.7
JOHANSEN — SPRD 2.3 1.9
ADF — SPRD 22.5 52.8
KALMAN — SPRD 141.8 1.5
RATIO — SPRD 19.2 1.3
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Table 5.7: This table is divided into two panels, where in Panel I, we present the compari-
son on the basis of the average max drawdown amongst the trading strategies classified as
‘TRAD’ (i.e. those trading strategies with suffixes 1.1 to 1.6), and the trading strategies
which are classified as ‘M OD’ (i.e. those trading strategies with suffixes 2.1 to 4), for the
rolling windows of 30, 50 and 100 days. In Panel II, we present the overall comparison on
the basis of the average number of trades for the ‘TTRAD’ and ‘M OD’ trading strategies
presented in Panel I of this table. The number presented below are dollar values.

Panel 1
TRAD | MOD

Model Category 30 50 100 ‘ 30 50 100
DISTV1-l — SPRD -239 -256 -111 -1,362  -1,342 -1,255
DISTV1-2 — SPRD -434 -646 -772 -1,779  -1,283 -1,249
DISTV? — SPRD -316 411 -473 -1,606 -1,640 -1,391
DISTV3 — SPRD -547 =718 -490 -1,873  -1,713 -1,316
DISTV4 — SPRD -547 =718 -490 -1,891  -1,758 -1,325
JOHANSEN — SPRD -3,333 -887 -320 -9,521 -14,914  -7,676
ADF — SPRD -2,100 -7,424 -2,244 -14,356  -30,213 -20,146
KALMAN — SPRD -656 -815 -487 -2,850  -2,781 -2,290
RATIO — SPRD -614 758 -659 -1,600  -1,486 -1,333

Panel I1
Model Category TRAD MOD
DISTV1l — SPRD -202 -1,320
DISTV12 — SPRD -617 -1,437
DISTV? — SPRD -400 -1,546
DISTV3 — SPRD -585 -1,634
DISTV4 — SPRD -585 -1,658
JOHANSEN — SPRD -1,513 -10,704
ADF — SPRD -3,923 -21,572
KALMAN — SPRD -653 -2,640
RATIO — SPRD -677 -1,473
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Table 5.8: This table presents the summary of the Sharpe Ratios, which are categorised on the
basis of Window- and Method-wise)

MOD TRAD
Window Model Category Max. Annualized Sharpe Ratio
30 DISTV!! — SPRD 7.14 2.06
DISTV? — SPRD 9.37
DISTV3 — SPRD 4.76
DISTV* — SPRD 4.76
JOHANSEN — SPRD 5.87 1.27
ADF — SPRD 5.08 11.91
KALMAN — SPRD 3.81 18.57
RATIO — SPRD 4.76
50 DISTV!l — SPRD 6.67 4.60
DISTV12 — SPRD 3.97 1.43
DISTV? — SPRD 9.37 9.37
DISTV3 — SPRD 6.19
DISTV* — SPRD 6.19
JOHANSEN — SPRD 9.05 5.56
ADF — SPRD 30.48
KALMAN — SPRD 3.33 56.99
100 RATIO — SPRD 4.44 5.87
DISTV11 — SPRD 16.19 18.41
DISTV'-2 — SPRD 2.38 1.59
DISTV2 — SPRD 10.48 13.49
DISTV3 — SPRD 0.32
DISTV* - SPRD 0.32
JOHANSEN — SPRD 8.25 5.71
ADF — SPRD 7.14 11.43
KALMAN — SPRD 6.83 2.86
RATIO — SPRD 3.49
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Table 5.9: This table presents the back-test metrics for the pair QQQ.N/XLE.N for the 30 days rolling window.The table is subdivided into two parts, where in Part I, we present the back-test metrics for the trading strategies using the spread from the DISTV1!

model, and in Part II, the trading strategies use the JOHANSEN — SPRD model.

(1) (I1) (II1) av) V) (VI) (VII) (VIII) (IX) (X) (X1) (XII) (XIII) (X1V) (XV) (XVI) (XVII) (X VIII) (XIX) (XX)
Trading Model Total Number Number Average Average Gross Gross Net Profit ROI (%) Max P&L Min P&L Daily Annualized Hit Ratio Expectancy Profit Realized Max
Strategy Name Number of of Loosing Profit Loss per Profit Loss (%) (%) (%) Sharpe Sharpe Factor Risk Drawdown
Code of Winning Trades per Trade Trade (3) (%) Ratio Ratio Reward (%)
Trades Trades (%) (%) Ratio
Part I: Models derived using the spread obtained from DISTV!l — SPRD30D
Al.l DISTV11 — ZSPRD?;% - - - - - - - - - - - . - - i i, i -
Al1.2 DISTV11 — ZSPRD?Q% - - - - - - - - - - - - - - - - - -
Al3 DISTV'! — ZSPRDYT o - - - - - - - - - - - - - - - - - -
Al.4 DISTV11 — ZSPRD?S?Q) 4 1 3 262.05 171.53 262.05 514.6 -252.55 -2.53 262.05 -226.15 -0.98 -15.56 25 -63.14 0.51 1.53 -514.6
A15 DISTV11 — ZSPRD?ZD'?U 3 1 2 325.1 361.47 325.1 722.94 -397.84 -3.98 325.1 -623.79 -0.6 -9.52 33.33 -132.64 0.45 0.9 -722.94
Al1.6 DISTV11 — ZSPRD?S?YO@ 3 1 2 318.02 354.12 318.02 708.24 -390.21 -3.9 318.02 -374.34 -0.73 -11.59 33.33 -130.09 0.45 0.9 -708.24
A2.1 DISTV! — SPRD3D — SM A 10 20) 12 7 5 441.77 641.08 3092.42 3205.4 -112.98 -1.13 1112.86 -1432.79 -0.22 -3.49 58.33 -9.45 0.96 0.69 -2287.18
A2.2 DISTV1t — SPRD3P — EM A 10,20 22 16 6 409.95 851.33 6559.27 5107.97 1451.3 14.51 2101.89 -2011.03 -0.1 -1.59 72.73 66 1.28 0.48 -2246.75
A2.3 DISTV11 — SPRD3P — MACD 13 26,9 37 25 12 264.16 281.91 6603.91 3382.98 3220.94 32.21 1422.9 -887.69 -0.16 -2.54 67.57 87.07 1.95 0.94 -2533.12
A24 DISTV!! — SPRD30D — RSI(14 5 3 2 1618.7 576.95 4856.11 1153.9 3702.21 37.02 4771.09 -1099.04 0.26 4.13 60 740.44 4.21 2.81 -1099.04
A2.5 DISTV1! — SPRD30D — BBy, 9 6 3 304.87 574.76 1829.24 1724.28 104.96 1.05 968.03 -1324.15 -0.23 -3.65 66.67 11.69 1.06 0.53 -1558.57
A3 DISTV'! — SPRD3%P — DECTREE 350 166 184 106.66 79.59 17705.79 14645.45 3060.34 30.6 673.13 -420.52 -1.05 -16.67 47.43 8.75 1.21 1.34 -1310.27
A4 DISTV'! — SPRD3P — MLP 313 145 168 124.37 87.49 18034.15 14698.76 3335.39 33.35 1044.96 -675.27 -0.88 -13.97 46.33 10.66 1.23 1.42 -1229.09
Part VI: Models derived using the spread obtained from JOHANSEN — SPRD30D
Fl1.1 JOHANSEN — ZSPRD?;% 21 13 8 42.9 61.55 557.7 492.38 65.32 0.65 131.41 -247.04 -0.28 -4.44 61.9 3.11 1.13 0.7 -490.63
F1.2 JOHANSEN — ZSPRD?&% 20 15 5 97.9 123.76 1468.48 618.79 849.69 8.5 532.09 -310.42 -0.27 -4.29 75 42.48 2.37 0.79 -617.95
F1.3 JOHANSEN — ZSPRD?%’ﬁ) 18 14 4 112.18 154.49 1570.49 617.95 952.53 9.53 651.81 -310.42 -0.28 -4.44 77.78 52.92 2.54 0.73 -617.95
F1.4 JOHANSEN — ZSPRD?S?Q) 26 15 11 48.16 183.84 722.4 2022.24 -1299.84 -13 131.41 -1396.83 -0.32 -5.08 57.69 -50 0.36 0.26 -1984.89
F1.5 JOHANSEN — ZSPRD?S‘?D 23 16 7 109.63 1046.69 1754.1 7326.84 -5572.73 -55.73 532.09 -6507.09 -0.32 -5.08 69.57 -242.24 0.24 0.1 -7325.99
F1.6 JOHANSEN — ZSPRD?S‘?,O'S) 19 14 5 132.17 1204.29 1850.4 6021.46 -4171.06 -41.71 651.81 -5052.73 -0.37 -5.87 73.68 -219.59 0.31 0.11 -6021.46
F2.1 JOHANSEN — SPRD3P — SMA 1 20 24 13 11 767.88 465.92 9982.38 5125.15 4857.23 48.57 3360.29 -1056.81 -0.08 -1.27 54.17 202.43 1.95 1.65 -1452.51
F2.2 JOHANSEN — SPRD3P — EM A 19 .20) 38 18 20 1195.49 401.04 21518.8 8020.86 13497.94 134.98 14284.7 -1008.03 0.19 3.02 47.37 355.23 2.68 2.98 -4489.25
F2.3 JOHANSEN — SPRD3D — MACD 12,26 9) 40 19 21 652.72 484 12401.66 10163.99 2237.66 22.38 6435.11 -2816.45 -0.06 -0.95 47.5 55.94 1.22 1.35 -3560.87
F2.4 JOHANSEN — SPRD30D — RSI(14 7 5 2 901.94 380.31 4509.72 760.62 3749.1 37.49 2162.65 -704.89 0.3 4.76 71.43 535.6 5.93 2.37 -704.89
F2.5 JOHANSEN — SPRD3%P — BB5) 22 12 10 1059.39 1215.26 12712.67 12152.61 560.06 5.6 10190.62 -8935.66 -0.09 -1.43 54.55 25.56 1.05 0.87 -10373.95
F3 JOHANSEN — SPRD3P — DECTREE 350 163 187 98.56 92.49 16065.71 17295.28 -1229.57 -12.3 547.34 -672.38 -1.11 -17.62 46.57 -3.52 0.93 1.07 -2932.04
F4 JOHANSEN — SPRD3P — MLP 236 116 120 114.34 136.11 13263.76 16332.81 -3069.05 -30.69 929.85 -1383.47 -0.79 -12.54 49.15 -13.01 0.81 0.84 -3737
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Table 5.10: This table presents the back-test metrics for the pair VO.N/V XUS.N for the 30 days rolling window.The table is subdivided into two parts, where in Part I, we present the back-test metrics for the trading strategies using the spread from the DISTV!! model,
and in Part II, the trading strategies use the JOHANSEN — SPRD model.

(I) (I1) (I1I1) (Iv) V) (VI) (VII) (VIII) (IX) (X) (XI) (XII) (XIII) (X1V) (XV) (XVI) (XVII) (XVIII) (XIX) (XX)

Trading Model Total Number Number Average Average Gross Gross Net Profit ROI (%) Max P&L Min P&L Daily Annualized Hit Ratio Expectancy Profit Realized Max

Strategy Name Number of of Loosing Profit Loss per Profit Loss (%) (%) (%) Sharpe Sharpe Factor Risk Drawdown

Code of Winning Trades per Trade Trade (3) (%) Ratio Ratio Reward (%)
Trades Trades (%) (%) Ratio

Part I: Models derived using the spread obtained from DISTV!l — SPRD30D

Al.1 DISTV11 — ZSPRD?;% 1 - 1 - 109.23 - 109.23 -109.23 -1.09 - -109.23 - - - -109.23 - - -109.23
A1.2 DISTV11 — ZSPRD?Q% 1 1 - 117.28 - 117.28 - 117.28 1.17 117.28 - - - 100 117.28 117.28 117.28 -
Al.3 DISTV11 — ZSPRD?;%’_S) 1 1 - 110.89 - 110.89 - 110.89 1.11 110.89 - - - 100 110.89 110.89 110.89 -
Al4 DISTV'' — ZSPRDY? ) 4 - 4 - 60.45 - 241.8 -241.8 -2.42 - -90.39 -8.92 -141.6 - -60.45 - - -241.8
Al5 DISTV11 — ZSPRD?ZD?J) 2 1 1 145.11 33.51 145.11 33.51 111.6 1.12 145.11 -33.51 -0.76 -12.06 50 55.8 4.33 4.33 -33.51
Al1.6 DISTVI! — ZSPRD?S_?YO'Q 2 1 1 138.65 67.69 138.65 67.69 70.96 0.71 138.65 -67.69 -0.8 -12.7 50 35.48 2.05 2.05 -67.69
A2.1 DISTV!t — SPRD3D — SM A (19 20) 17 7 10 91.49 88.61 640.45 886.11 -245.66 -2.46 216.07 -168.73 -1.47 -23.34 41.18 -14.44 0.72 1.03 -466.55
A2.2 DISTV1! — SPRD3P — EM A 10,20 20 11 9 56.99 92.23 626.86 830.1 -203.24 -2.03 159.89 -171.1 -1.75 -27.78 55 -10.16 0.76 0.62 -382.48
A2.3 DISTV ! — SPRD3P — MACD 12,26 0) 31 20 11 57.94 88.12 1158.85 969.31 189.54 1.9 108.8 -244.03 -1.74 -27.62 64.52 6.12 1.2 0.66 -649.89
A2.4 DISTV!-L — SPRD3P — RSI(yy) 3 2 1 713.67 236.17 1427.34 236.17 1191.17 11.91 736.97 -236.17 0.45 7.14 66.67 397.09 6.04 3.02 -236.17
A2.5 DISTV1! — SPRD30D — BBy, 17 9 8 91.57 26.85 824.09 214.81 609.28 6.09 222.43 -78.92 -1.45 -23.02 52.94 35.84 3.84 3.41 -145.98
A3 DISTV'! — SPRD3%P — DECTREE 385 181 204 27.08 22.44 4900.71 4578.23 322.48 3.22 163.09 -133.03 -4.31 -68.42 47.01 0.84 1.07 1.21 -778.42
A4 DISTV!! — SPRD3P — MLP 335 144 191 30.56 25.56 4400.02 4882.35 -482.33 -4.82 120.53 -183.49 -3.99 -63.34 42.99 -1.44 0.9 1.2 -1164.63
Part VI: Models derived using the spread obtained from JOHANSEN — SPRD30D
Fl1.1 JOHANSEN — ZSPRD?;% 21 9 12 74 20.92 666.04 251.04 415 4.15 421.03 -119.75 -0.32 -5.08 42.86 19.76 2.65 3.54 -136.81
F1.2 JOHANSEN — ZSPRD?Q% 21 9 12 81.91 24.75 737.2 296.97 440.23 4.4 421.03 -119.75 -0.32 -5.08 42.86 20.97 2.48 3.31 -182.59
F1.3 JOHANSEN — ZSPRD?S%’AE)) 21 9 12 87.75 27.21 789.73 326.53 463.2 4.63 421.03 -119.75 -0.32 -5.08 42.86 22.06 2.42 3.22 -189.15
F1.4 JOHANSEN — ZSPRD?S?Q) 25 11 14 93.56 28.96 1029.2 405.44 623.76 6.24 421.03 -130.04 -0.26 -4.13 44 24.95 2.54 3.23 -266.86
F1.5 JOHANSEN — ZSPRD?S‘?D 24 11 13 220.16 29.93 2421.81 389.12 2032.69 20.33 1621.5 -130.04 0.04 0.63 45.83 84.69 6.22 7.36 -250.39
F1.6 JOHANSEN — ZSPRD?S‘?,O'E)) 23 11 12 270.36 32.31 2973.92 387.77 2586.15 25.86 2040.55 -130.04 0.08 1.27 47.83 112.45 7.67 8.37 -250.39
F2.1 JOHANSEN — SPRD3P — SMA 1 ) 26 15 11 226.66 142.5 3399.89 1567.46 1832.43 18.32 772.66 -436.6 -0.27 -4.29 57.69 70.47 2.17 1.59 -436.6
F2.2 JOHANSEN — SPRD3P — EM A 10 .20) 29 16 13 295.76 227.58 4732.2 2958.55 1773.65 17.74 918.25 -800.52 0.18 2.86 55.17 61.15 1.6 1.3 -1365.5
F2.3 JOHANSEN — SPRD30D — MACD 12,26 9) 40 25 15 202.35 239.21 5058.68 3588.21 1470.47 14.7 2099.09 -652.27 -0.34 -5.4 62.5 36.76 1.41 0.85 -1130.56
F2.4 JOHANSEN — SPRD30D — RSI(14 8 5 3 1319.72 662.16 6598.6 1986.49 4612.11 46.12 5338.3 -1622.95 0.26 4.13 62.5 576.51 3.32 1.99 -1622.95
F2.5 JOHANSEN — SPRD3%P — BB5) 21 13 8 240.79 538.51 3130.32 4308.11 -1177.79 -11.78 1223.09 -2065.71 -0.11 -1.75 61.9 -56.12 0.73 0.45 -3424.52
F3 JOHANSEN — SPRD3P — DECTREE 338 160 178 25.5 27.79 4080.33 4946.92 -866.58 -8.67 174.23 -144.36 -4.15 -65.88 47.34 -2.56 0.82 0.92 -1154.62
F4 JOHANSEN — SPRD3P — MLP 266 117 149 28.33 29.59 3314.44 4409.49 -1095.05 -10.95 145.74 -165.24 -3.7 -58.74 43.98 -4.12 0.75 0.96 -1659.48
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5.6 Conclusion

This chapter presents a new modified approach for PT equity ETFs formulated by effectively
applying commonly used technical indicators and machine learning algorithms (DT and deep
learning MLP models) to spreads generated by traditional approaches. This study offers a
thorough analysis of this new modified approach which back-tests eight ETF pairs across three
rolling windows (30-, 50-, and 100-days) and also provides a detailed back-test of 127 trading
strategies using spreads derived from nine approaches, some of which are modified, and some
are traditional. Finally, we perform a comparative analysis of these trading strategies based on

actual PnL, returns, Sharpe ratios, and other performance indicators.

There are several key takeaways. First, modified strategies provide significant improvement in
returns over traditional strategies. Second, the average number of winning/losing trades and the
average maximum drawdown of modified strategies are higher than those of traditional strate-
gies, and modified strategies typically surpass traditional strategies when coming to profitability.
Third, by bifurcating the methods of modified strategies and gauging the trading performance
of methods based on machine learning-based trading strategies, we find that 21% of the ma-
chine learning-based strategies outperform the methods belonging to modified and traditional

strategies.

These results provide empirical evidence that machine learning-based strategies can be useful in
improving the performance of pair trading. Moreover, machine learning and modified strategies
are designed to have dynamic stop-loss barriers rather than fixed stop-loss barriers, which are
typical of traditional strategies, allowing traders to hold trades for a longer duration. Further-
more, these modified strategies can be applied regardless of whether the pairs are cointegrated
or correlated, thereby generating unique ways to enhance portfolio returns. Finally, the ap-
proaches discussed in this study are easy to implement and provide practitioners with a variety

of profitable opportunities to select from.
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Chapter 6

Conclusion

Machine learning algorithms are widely used by practitioners and academicians as risk manage-
ment tools to improve asset price predictions and hedging applications and to develop effective
trading strategies for short- and long-term investing. This thesis analyses the effectiveness of

associated financial applications using machine learning approaches.

6.1 Summary of Findings

This thesis starts with an extensive empirical assessment of the daily forecasting performance
of S&P 500 call option prices/moneyness from September 9, 2012, through December 31, 2017.
We experimented with parametric models and single, double, and triple hidden layered MLP
and LSTM models trained on lagged and one-trading-day-ahead input variables. The numerical
investigations reveal that ANNs tend to provide an improvement in the daily out-of-sample
forecast performance of options prices and moneyness compared to parametric models. More
specifically, LSTM models are the best-performing models when using lagged input variables,
while MLP models perform best when one-trading-day-ahead input variables are employed.
Within the parametric models, the Heston Jump Diffusion model had the lowest RMSEs than
the other three parametric models (the Black—Scholes—-Merton, Heston, and the Finite Moment
Log Stable), and this holds for both types of inputs: lagged and one-trading-day-ahead input
variables. In addition, forecasting prices directly offers improved performance compared to
forecasting prices with re-scaled models for moneyness (using lagged inputs), with LSTM models
outperforming other parametric and MLP models. The robustness tests further support these

findings. Finally, it is evident that neither parametric nor non-parametric models (such as MLP
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and LSTM models) can improve on a simple random walk forecasting model. This suggests
that there may be some intrinsic randomness that either parametric or non-parametric models
cannot effectively forecast. Although the out-of-sample performance of parametric models is not
necessarily dominant, at least for forecasting, they have an essential role in developing inputs

for the deep learning ANN models (MLPs and LSTMs).

In the second study, the ability to forecast the daily S&P 500 call option delta and the corre-
sponding replicating portfolio value using triple hidden layer deep learning ANN and parametric
models (with lagged and one-trading-day-ahead input variables) is empirically evaluated. Both
an analytical inference from option prices using one-trading-day-ahead input variables and a
direct forecast of the delta using lagged and one-trading-day-ahead input variables are made,
and the economic significance of these forecasts is further gauged by assessing the daily fore-
cast performance of the value of the corresponding replicating portfolio. We find that the
Black—Scholes—Merton model outperforms the parametric and ANN (MLP and LSTM) models,
whether using lagged or one-trading-day-ahead input variables. We find similar results when
evaluating these models’ performance in forecasting the replicating portfolio. However, when
the delta is estimated analytically from predicted option prices, then the LSTM models dis-
play the best performance relative to the other models. Within the parametric models, the
Black—Scholes—Merton model demonstrates the best performance in forecasting the delta di-
rectly, and the Heston Jump Diffusion model exhibits the best performance in predicting the
delta analytically. Thus, MLP and LSTM models typically do not enhance (statistically or

economically) the forecasting performance of delta compared to parametric models.

The third study assesses the empirical daily forecasting performance of averaging methods. We
compare the models by averaging the forecasts of prices, deltas and replicating portfolios from
deep learning ANN and parametric models discussed in the first two studies. We also compare
the performance of these models with the best-performing models from Chapters 2 and 3. The
models used in this study are trained using lagged and one-trading-day-ahead input variables to
forecast option prices/moneyness/delta, and one-trading-day-ahead input variables to forecast
the prices from which the delta is then analytically derived. The economic significance of the
delta forecasting models is assessed by comparing the forecasting performance of the value of the
corresponding replicating portfolio. We find that the simple random walk model provides the
best performance in forecasting daily option prices and moneyness (with lagged input variables),
while the average of all triple hidden layer MLP models is typically the best performing model,

even outperforming the random walk forecasting model (with one-trading-day-ahead input vari-
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ables). When the random walk is excluded, the average of all the triple hidden layer MLP
models outperforms any combination of the average of all the models considered in the study.
Furthermore, while the average of all the triple hidden layer MLP models typically cannot out-
perform the individually best-performing LSTM model (identified in Chapter 2) for forecasting
prices, it outperforms the individually best out-performing LSTM model when forecasting mon-
eyness. These results hold for models that average the forecasts from models that use lagged

and one-trade-day ahead inputs.

The averages of all parametric models and the average of all triple hidden layer MLP models
generate superior forecasts for delta (directly and analytically). Although the average of all
parametric models falls short compared to the best-performing models identified in Chapter
3 when forecasting the daily delta directly, it does perform better when forecasting the daily
delta analytically. The averages of all triple hidden layer MLP models and the averages of
all parametric models typically exhibit similar performance regarding the forecasting of their
corresponding replicating portfolio values, even when they are compared to the best-performing
models listed in Chapter 3 or when delta is computed analytically from option prices. Thus,
ANN model averaging can be advantageous for forecasting, pricing, and hedging applications,
but the ideal model depends on the application. Thus it is recommended not to automatically
prefer ANN models, as, on occasion, random walk or simple parametric models such as Black-

Scholes can provide better predictions in pricing and hedging.

The fourth study presents a new modified approach for PT equity ETFs, which is formulated by
effectively applying commonly used technical indicators and machine learning algorithms (deci-
sion tree and deep learning MLP models) to the spreads generated by traditional approaches.
We carry out an exhaustive comparison of this newly modified approach by back-testing eight
ETF pairs over three rolling windows over 127 trading strategies. The actual PnL, returns,
Sharpe ratios, and other performance indicators serve as the basis for our comparative analysis.
We find that the forecasting performance across the 30-, 50-, and 100-day rolling windows of the
MO D-based strategies have provided significant returns over T'RA D-based strategies, as well as
a higher average number of winning and losing trades and a higher average maximum drawdown
compared to T RAD-based trading strategies. The performance of methods based on machine
learning-based trading strategies obtained after bifurcating the performance of methods belong-
ing to MOD-based trading strategies shows that 21% of the machine learning-based strategies
outperform the methods belonging to both M OD- and T RAD-based trading strategies. Thus,

machine learning-based strategies can improve the performance of M O D-based strategies of pair

187



trading. The dynamic stop-loss barriers used by machine learning- and M O D-based strategies,
as opposed to the fixed stop-loss barriers used by T RAD-based strategies, make it easier for
traders to hold positions for extended periods of time. Additionally, M O D-based sets of strate-
gies could be used for correlated and non-correlated pairs, leading to novel ways of increasing
portfolio returns. Finally, unlike T'RAD-based approaches, which limit one to a finite number
of opportunities, the proposed MO D-based approaches are simple to use and offer practitioners

a wide range of lucrative opportunities.

The four chapters in this thesis provide investors with practical suggestions for improving and
managing their investment strategies. The empirical results presented in Chapter 2 could help
financial institutions and retail options traders design and adjust their pricing models based
on the improved understanding of parametric and non-parametric models covered in this study.
Chapter 3 discusses improvised techniques of hedging call options and arriving at the replicating
portfolio value for traders to hedge call options more effectively, Chapter 4 discusses methods
a trader could deploy to enhance the forecast of a pricing/hedging model through the use of
model averaging and Chapter 5 introduces a new approach to PT whereby a pair of ETFs can
be traded irrespective of whether they are cointegrated or correlated, thereby enabling hedge
funds and institutional investors and retail traders to deploy this strategy as a long/short equity

investment tool.

6.2 Avenues for Future Research

The focus of Chapters 2 to 3 is performing a comprehensive assessment of the daily forecasts
of option prices. In future research, this methodology could be extended over longer forecast
windows by recursively forecasting one-trading-day-ahead options using a multi-step model in
which the forecast for the prior time step is used as input for making a forecast on the following
time step. Thereby, this multi-step forecasting approach would incur higher forecasting error
rates compared to the one-trading-day forecast, and it would be a far more computationally
expensive exercise. In addition, the use of a Transformer Neural Network (TNN) could be used
to price and hedge options, which could solve sequence-to-sequence tasks, handle dependencies
among longer time series than LSTM models, and outperform traditional deep learning ANN
models by providing accurate forecasts (Ahmed et al. (2022), Jonsson and Deumic (2022), Li
et al. (2022), Nino (2020), Wang et al. (2022), Wen et al. (2022), Woo et al. (2022), Zhang et al.
(2022), Zeng et al. (2022), So et al. (2019)). Additionally, for the inputs used in these MLP
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and LSTM ANN models, a feature selection using a Least Absolute Shrinkage and Selection
Operator (LASSO) regularisation which ascertains the importance of each input variable using
a random forest model (i.e. computed using Gini importance or mean decrease accuracy) or
a dimensionality reduction using Principal Component Analysis (PCA) could be carried out.
An expansion of the averaging models discussed in Chapter 4 would involve running each ANN
several times and averaging the outputs to obtain an average forecasted call price (see Gengay
and Qi (2001)’s method). For example, as shown in Figure 2.4, Iteration 1 could be performed
multiple times to arrive at an average call price. Finally, in terms of the PT strategies in
Chapter 5, the spread could be further modelled by using a variety of other technical indicators
and different machine learning classification algorithms to generate a buy/sell condition. The
existing MLP and DT algorithms could be provided with additional features derived from the
use of additional technical indicators or lagged variables. These algorithms could then be applied
and examined on other market instruments that might provide higher returns or better Sharpe

ratios.
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Appendix A.1

Appendix for Chapter 2: Tables and
Graphs
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Table A.1.1: Model Definition for Call Price Comparison: This table presents the models with the N subscript that use lagged input variables for forecasting Cyy1. The forecast variable for all the models is the one-day-ahead call option price (Cn41). Column I identifies the models,
column IT identifies the number of hidden layers used for the MLP and LSTM models, column III identifies the forecast variable, column IV identifies the target variable used while training the respective MLP and LSTM models, column V lists the input variables used by the models to
obtain the one-trading-day ahead forecast of Cy1. Forecasts are made for 1,326 trading days, and there are 64 months covered in the sample using the monthly data.

0 (I1) (I1T) Iv) V) ¢y (I1) (I1T) Iv) V)

Model No. of hidden layers Forecast variable Target variable Inputs for training/forecasting Model No. of hidden layers Forecast variable Target variable Inputs for training/forecasting
Black-Scholes-Merton Models Heston Models
BSMC c H le]
BSMCn - Cyip v Cn Sn,Kn+1,Tn+1, Rnv, Qn, o GARIE Hy - Cniy Cn SN, Kn+1,Tn+1, B, Qn, oGAYI BT | HParams$,
Finite Moment Log Stable Models Heston Jump Diffusion Models
FMLSy - oo Cn Sn.En+1,Tn+1, BN, Qn, FMLSParams$, HJDy - onioN Cn SNy Kn 41, T 11, R, Qn, oSALES | HID ParamsS,
M1CxN Multi Layer Perceptron (MLP) Models L1Cyn Long Short Term Memory (LSTM) Models
M1C c LiCc c
M1Cl1y 1 C'N+111N Cn SNy EN41,Tn41, By, Qn, o GALIB L1C1ly 1 CNlﬂlN Cn SNy Eny1,Tn41, By, Qn, o GALIE
M1C c L1C le]
M1C2y 1 C'N+112N Cn Sn,Kn+t1,Tn41, B, Qn, oGARI BT Cn L1C2n 1 CN1+12N Cn SN, Kn+1,Tn+1, By, Qn, oGAVI BT Cn
M1C3y 1 ON 13N Cn SNy Knt1, Tnt1, B, @, 0SALTBS O, BSMGreeksS, L1C3y 1 NN Cn Sny Knt1, Tnt1, B, Qn, 0 SALTBS O, BSMGreeksS,
M1C4 N 1 C’ﬁ,ﬁf‘lN Cn SN,KN+1,TN+1,RN,QN,J]C\',ALIBO,CN,BSMGreeksg,HParamslc\} L1C4N 1 Cﬁ{ﬁ‘lN Cn SN,KN_H,TN_,_I,RN,QN,agALIBC,CN,BSMGreeks%,HParams%
M1C5y 1 CJI\V,ILC"’N Cn SNy Knt1, Tnt1, R, Qu, o SALIBS O, BSMGreeksS,, HParams§,, CHC L1C5y 1 cILvlff’N Cn Sny Kns1, Tnt1, R, @, oSALIBS O, BSMGreeksS,, HParams§,, CHC
M1C6 1 ONLToN Cn SnyKEnt1,Tn1, Ry, Qn, HParamsS,, CHC L1C6y 1 o Cn SnyKEnt1,Tny1, Ry, Qn, HParamsS,, CHC
MI1CTy 1 ON LT Cn SNy Kni1, Tn i1, R, Qu, 0 SALTES  BSMGreeks§,, CBSMC L1CTy 1 oNa™ Cn Sny Kni1, T i1, R, Qu, oSALTBS  BSMGreeks§,, CBSMC
M1C8x 1 ON Lo Cn SnyKnt1,Tny1, Ry, Qn, HID ParamsS,, CHIPC L1CSx 1 o Cn SnyKn+t1,Tn+1, Ry, Qn, HIDParams,, CHIDC
M1C9N 1 Ciﬁng Cn SN, Kn+1,Tn+1, Ry, Qn, FMLSParams$,, C{MLSC L109N 1 C]fjlﬁgN Cn Sn, Kns1, T 41, Ry, Qn, FMLS ParamsS,, CEMLSC
M2CpyN Multi Layer Perceptron (MLP) Models L2CN Long Short Term Memory (LSTM) Models
M2C1 c L2C1 c
M2C1y 2 Cnit ¥ Cn SN, Kn+1,Tn11, By, Qn, oGALIE L2C1n 2 Oy ™ Cn Sn,Kn+t1,Tn41, Ry, Qn, o GALIE
M2C c L2C" c
M2C2y 2 CN_,%I N Cn SN, Kn+1,Tns1, Ry, Qn, o GALIET Oy L2C2N 2 CN%HQN Cn SN, KN4+1,Tn41, Ry, Qn, o GALIET Oy
M2C3y 2 ON 3N Cn Sny Knt1, Tni1, R, Qn, 0 SALTES O, BSMGreeksS. L203y 2 oGy Cn Sny Kns1, T i1, R, @, oSALIBS O, BSMGreeksS,
M2C4N 2 ONZoN Cn SNy Knt1, TN i1, R, Qn, 0SALIBS Oy BSMGreeksS,, H Params§, L2C4 N 2 oo Cn SNy Knt1, TN i1, Ry, Qn, 0SALIBS Oy BSMGreeks,, HParams§,
M2C5N 2 C%ifSN Cn SN,KN+1,TN+1,RN,QN,UJQ,ALIBC,CN,BSMGT@&ICSJC\},HParams%,C’ﬁC L2C5N 2 016]16;51\1 Cn SN,KN+1,TN+1,RN,QN,O'JC\}ALIBC,C'N,BSMGreeks%,HParams%},CﬁC
M2C6y 2 ONZooN Cn SnyEKn+41,Tn+1, Ry, Qn, HParams$, CHC L2C6 2 oRiaeN Cn Sn.En+1,Tn+1, BN, Qn, HParams$, CHC
M2CTy 2 oNzy™ Cn SNy Knt1, Tni1, By Qu, 0 SALIBS  BSMGreeks§,, CBSMC L2007y 2 loj et Cn Sn, Knt1, Tnt1, R, Qn, o SALIBS  BSMGreeksS,, cBSMC
M208y 2 ONZTEN Cn SnyKnt1,Tn+1, Ry, Qn, HIDParamsS,, CHIDC L2008y 2 CRGEN Cn SnyKnt1,Tn+1, Ry, Qn, HIDParamsS,, CHIDC
M2C9x 2 ONZooN Cn SnyKn+t1,Tn i1, Ry, Qny FMLSParams§, CEMLSC L2C9y 2 oy Cn Sn,Knt1,Tn i1, Ry, Qn, FMLSParams§, CEMLSC
M3Cpn Multi Layer Perceptron (MLP) Models L3Cn Long Short Term Memory (LSTM) Models
C c C c
M3Cly 3 C%fl N Cn SNy En41,Tn41, By, Qn, o GALIE L3Cly 3 Cf,illN Cn SNy Eny1,Tn41, By, Qn, o GALIE
C c C c
M3C2y 3 C']]\ijil N Cn SNy En+1,Tn41, By, Qn, oGALIBT Oy L3C2y 3 Cf,g_’,_lzN Cn SNy Eny1,Tn41, By, Qn, o GALIET [ Cy
M3C3n 3 NSOy Cn SNy Kni1, Tn i1, B, @, 0 SALTES O, BSMGreeksS, L3C3xn 3 oRiaey Cn Sny Kns1, T i1, B, @, o SALTBS O, BSMGreeksS,
M3C4yn 3 OnoeN Cn SNy Kni1, T i1, R, Qu, o SALTES Oy, BSMGreeksS,, HParams$, L3C4y 3 o’at Cn Sny Kni1, T i1, R, Qu, oSALTES O, BSMGreeksS,, HParams$,
M3C5y 3 oNioeN Cn SN, Kni1, T i1, R, Qn, o SALTES O, BSMGreeksS,, HParamsS,, CHC L3C5y 3 o Cn Sny Kni1, T i1, R, @, 0SALTBS O, BSMGreeksS,, HParams§,, CHC
M3C6x 3 OnooN Cn Sn,Kn+t1,Tn1, Ry, Qn, HParams$, CHC L3C6x 3 oRiaty Cn Sn,Kn+t1,Tnt1, Ry, Qn, HParams$, CHO
M3CTx 3 ONOTN Cn SNy Knt1, Tnt1, Ry Qu, 0SALTBS BSMGreeks§,, CBSMC L3CT N 3 o~ Cn Sny Knt1, Tnt1, R, Qn, 0SALTBS  BSMGreeks,, cBSMC
M3C8x 3 ON2osN Cn SnsKn+1,Tn+1, Ry, Qny HIDParams$,, CH7DC L3CSn 3 o Cn Sns Knt1,Tn 41, Ry, Qny HID ParamsS, CHIPC
M3C9 N 3 M3y Cn SnyKnt1,Tn+1, Ry, Qn, FMLSParams$,, CEMLSC L3C9y 3 CL3OON Cn SnyKnt1,Tn1, Ry, Qn, FMLSParams$,, CEMLSC
N+1 + + N'~N N+1 + + N'~YN

191



Table A.1.2: Model Definition for Call Price Comparison: This table presents the models with the N + 1 subscript that use one-day-ahead input variables for forecasting Cn ;1. The forecast variable for all the models is the one-day-ahead call option price (Cn41). Column I identifies
the models, column II identifies the number of hidden layers used for the MLP and LSTM models, column III identifies the forecast variable, column IV identifies the target variable used while training the respective MLP and LSTM models, column V lists the input variables used by
the models to obtain the one-trading-day ahead forecast of Cn 1. Forecasts are made for 1,326 trading days, and there are 64 months covered in the sample using the monthly data.

(€9) (IT) (I11) (Iv) V) (I (I1) (I11) (Iv) V)
Model No. of hidden layers Forecast variable Target variable Inputs for training/forecasting Model No. of hidden layers Forecast variable Target variable Inputs for training/forecasting
Black-Scholes-Merton Models Heston Models
BSMCpN41 CALIBC Hpy 1 CALIB® e}
BSMCyN 1 - Cnia Cn SNy1, KNg1, TN+1, RNy1,@Ny1,0) Hpy 41 - Cnit Cn SNy1, KN41, TN41, RNy1,@N 11,0 , HParams%;
Finite Moment Log Stable Models Heston Jump Diffusion Models
FMLSN 11 c HJDN 1 CALIB® C
FMLSN+1 - CN+1 Cn SN+1,KN+1,TN+1,RN+]_,QN+1,FMLSP(ZTCLTTLSN HJDN+1 - CN+1 Cn SN+17KN+17TN+17RN+17QN+170N ,HJDParamsN
M3CN41 Multi Layer Perceptron (MLP) Models L3Cn4+1 Long Short Term Memory (LSTM) Models
M3C1 c L3C1 c
M3C1n41 3 Cni1 TH! Cn SN+1, Kny1, TN 11, B g1, Qugr, oGALTE L3CIN 41 3 Cyi "1 Cn SN+1, Kny1, TN 1, B g1, Qugr, o GALTE
M3C2 c L3C2 c
M3C2n 1 3 Cni1 N Cn Sn41, EN+1, TN+1, BN1, Qni1, 0GAYI BT Cn L3C2N41 3 Cni1 N Cn Sn41, KNt+1, TN41, BN1, Qny1, 0GAYI BT Cn
M3C3 c L3C3 C
M3C3n41 3 Cni1 N Cn SN+1, Knt+1, Tn4+1, Rv41, Q41,0 5AYI BT Oy, BSMGreeks$; L3C3n41 3 Cni1 Nt Cn SN+1, Kn+1, Tn41, Rv41, Q41,0 GAYI BT O, BSMGreeks$,
M3C4 c L3C4 c
M3C4N 11 3 CN+1 N+l Cn SN+1,KN+1,TN+1,RN+1,QN+1,O'JC\;ALIB ,CN,BSMGTeeksg,HParamsg L3C4N 11 3 CN+1 N+l Cn SN+1,KN+1,TN+1,RN+1,QN+1,UIC\;ALIB ,C’N,BSMGreeks%,HParamsg
M3C5 e} L3C5 le]
M3C5n 11 3 Cni1 7H! Cn SN+41, KN+1, TN+1, BN1, Qny1, 0GALI BT Cn, BSM Greeks$;, H Params§,, CEC L3C5n 41 3 Oy 1 Cn Sn41: KEN+1, TN+1, BN1, QN1 0GALI BT Cn, BSM Greeks$;, H Params§;, CE¢
M3C6 L3C6
M3C6N 1 3 Cni1 R Cn Sn+41, KN+1, TN+1, BNt1, Qny1, HParams$, CHC L3C6n 41 3 Cni1 A Cn Sn+41: Knt1, TN+1, BN1, Qny1, HParams$,, CHC
M3C7 c L3C7 c
M3CT7n11 3 Cni1 TH Cn Sn41: KNt+1, TN41, BN1, Qny1, 0GAYI BT  BSM Greeks$,, CESMCE L3CTN11 3 Cyia W1 Cn Sn41: Knt1, T4, Bn1, QN1 oGALI BT  BSM Greeks$,, CBSMC
M3C8 L3C8
M3C8n.11 3 Cni1 T 11 Cn Sn+41, KN+1, Tn+1, BNt1, QNi1, HIDParams$;, C11/PC L3C8n41 3 Cyir 01 Cn Sn+41: KNt1, TN+1, BNt1, Qny1, HIDParams$,, C11/PC
M3C9 L3C9
M309N+1 3 CN+1 N+t CN SN+1,KN+1,TN+17RN+1,QN+1,FMLSPG/T(1T)’LSJC\;,CJI\?A{LSC L309N+1 3 CN+1 N+1 CN SN+1,KN+1,TN+1,RN+1,QN+1,FMLSPCLT(ITTLS%,CII;AJLSC
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Table A.1.3: Model Definition for Call Price Scaled by the Exercise Price Comparison: This table presents the models with the N subscript that use lagged input variables for forecasting the one-day-ahead call option price scaled by the exercise price (Cny1/Kn+1). The forecast
variable for all the models is the one-day-ahead Cny1/Kny1. Column I identifies the models, column IT identifies the number of hidden layers used for the MLP and LSTM models, column III identifies the forecast variable, column IV identifies the target variable used while training
the respective MLP and LSTM models, column V lists the input variables used by the models to obtain the one-trading-day ahead forecast of Cn41/Kn+1. Forecasts are made for 1,326 trading days, and there are 64 months covered in the sample using the monthly data.

€] (I1) (111) (Iv) (V) (I (I1) (111) (Iv) (V)
Model No. of hidden layers Forecast variable Target variable Inputs for training/forecasting Model No. of hidden layers Forecast variable Target variable Inputs for training/forecasting
Black-Scholes-Merton Models Heston Models
CK CK
BSMCKnN - C’ﬁiMCKN/KNH CN/KN SNy EN41,Tn41, By, Qn, o GALIE HCKn - CﬁflKN/KNH CN/KN SNy Eny1, TNt By, Qn, o GAYI BT H ParamsGE
Finite Moment Log Stable Models Heston Jump Diffusion Models
FMLSCKy  — ORI ESCRN K Cn /KN SnyEni1,Tn 41, Ry, Qny FMLS Params$K HJDCKy - CulPORN K On/KN Sny Knt1, Tn i1, By Qu, o SALTBC™  HID ParamsSK
M1CKy Multi Layer Perceptron (MLP) Models L1CKy Long Short Term Memory (LSTM) Models
CK CK
M1CK1n 1 CJJ\V,IifKIN/KNH Cn/KnNn SN/KN,Tn41, RN, Qn,0{ALIE L1ICK1n 1 CJIQ{SKlN/KNH Cn/KNn SN/KN,Tn41, Ry, Qn,oALIE
MICK2y 1 CMICR2N jjey 1 Cn /KN SN /KN, Tn41, R, Qn, o SALTES (On /K ) LICK2y 1 CEIORN Ky On/Kn SN /KN, T 41, R, Qn, o SALTES (O /K )
MI1CK3y 1 ONIEON Ky On/Kn SN/KN,Tnt1, Ry, Qn, o SALBE™ (Cn /K n), BSMGreeksSK LICK3y 1 ORI I Ky Cn/Kn Sn/KN,Tnt1, Ry, Qn, oSALIBYS (Cn /K y), BSMGreeksSK
M1CK4y 1 ONITRY I KNy COn/En SNn/KN,Tns1, Ry, Qn, o SALIBE™ (O /K n), BSMGreeks$K , HParamsSK L1CK4y 1 OGN IR COn/KnN SN/KN,Tn11, Ry, Qn, o SALIBE™ (Cn /K n), BSMGreeksSK , H Params$K
M1CK5y 1 Cfﬂf“ﬁ’ /KN4t Cn/Kn SN/KN,Tns1, Ry, Qn, o SALI B (Cn /K N), BSMGreeksSK | HParamsSK | (CHOK [ K ) LICK5y 1 CRAGEN /Ky Cn/KnN Sn/KN,Tnt1, Ry, Qn, oSALI B (Cn /K N), BSMGreeksSK | HParamsSK | (CHOK K )
C C
M1CK6y 1 ONiTRON JKnyr Cn/Kn SN/KEN,Tnt1, RN, Qn, HParamsGE, (CHOK /K ) L1ICK6y 1 CNiSEON /Ky Cn/Kn Sn/KEN,Tnt1, Ry, Qn, HParamsGK, (CHOK /K )
CK CK
MI1CKT7y 1 O R™ /Knyr Cn/Kn Sn/KnyTn1, Ry, Qn, oSALIBYY | BSMGreeksK , (CBSMOK [ ) LICKTy 1 Ot SE™ /Ky Cn/KnN Sn/Kn,Tny1, Rny Qn, 0GALIBSY | BSMGreeks(K , (CBSMOK /¢ )
M1CKS8n 1 ONLTR®N JKnyr Cn/Kn Sn/Kn,Tn+1, Rv, Qn, HIDParamsSK  (CHIDOK /¢ ) LICKSy 1 CRASIEN /Ky Cn/KnN Sn/Kn,Tn+1, Rn, Qny HIDParamsQK  (CHIDOK [ ¢ )
MI1CK9y 1 ONLTE N [Knyr Cn/Kn Sn/En,Tn+1, Ry, Qn, FMLS ParamsSK , (CEMLSCOK /f¢ ) LICK9y 1 Ot SEON /Ky Cn/Kn Sn/En,Tn+1, Ry, Qn, FMLSParamsSK , (CEMLSCOK ¢ )
M2CK Multi Layer Perceptron (MLP) Models L2CKy Long Short Term Memory (LSTM) Models
CK CK
M2CK1y 2 CJI\\;[_?_?KIN/KNJA Cn/KN SN/KN,TN41,RN,Qn,0GALTE L2CK1n 2 CffzflKlN/KNH Cn/KN SN/KENn,Tnt1, RN, Qn, oA
M2CK2N 2 C%j?KQN/KNH Cn/KN SN/KNaTN+17RN7QN10'§]ALIBCK: (CN/KN) L2CK2N 2 Cﬁ%ﬁKQN/KNH CN/Kn SN/KNyTNJrlaRN»QN,O']C\;ALIBCK,(CN/KN)
M2CK3n 2 ONZTRN [Knyr Cn/Kn Sn/Kn,Txs1, R, Qn, o SALIES™ (O /K ), BSMGreeksSK L2CK3N 2 OGN Ky Cn/Kn Sn/Kn,Tn11, Ry, Qn, oSALIES™ (O /K y), BSMGreeks(K
M2CK4y 2 ONZORN Ky On/Kn SN/KN,Tn11, Ry, Qn, 0 SALIBES (Cy /K ), BSMGreeksSE , HParamsS K L2CK4y 2 ORI I Ky Cn/Kn Sn/KN,Tn11, Ry, Qn, 0 SALIBE™ (Cn /KN ), BSMGreeksSE, HParamsSE
M2CK5y 2 ONZORON /Ky On/Kn SNn/KN,Tnt1, Ry, Qn, o SAHBY™ (Cn /K n), BSMGreeksSK | HParamsSK | (CHOK K y) L2CK5y 2 NN [ Ky Cn/Kn Sn/KN,Tnt1, Ry, Qn, o SAHBYS (Cn K y), BSMGreeksSK | HParamsSK | (CHOK K )
M2CK6y 2 ONZIRON /Kny1 Cn/Kn Sn/Kn,Tn+1, RN, Qn, HParamsSE, (CHOK /K ) L2CK6y 2 CRZGEON Ky 1 Cn/KN Sn/Kn,Tn+1, Ry, Qn, HParamsSK, (CHOK /Ky )
C CK C CK
M2CKTN 2 OISR [ Ky Cn/Kn Sn/Kn,Tni1, BN, Qn, o GQALTBYY | BSMGreeks$E, (CBSMCOK JK ) L2CKTyN 2 O™ I KN Cn/KnN Sn/KN,Tn+1, BN, Qn, 0GB  BSMGreeks$i, (CRSMOK K )
M2CKS8y 2 Cj\”,fj‘fKSN /KN4t Cn/KnN Sn/Kn,Tn+1, BN, Qn, HIDParams$K  (CHIPCK [ K ) L2CKS8y 2 ORI K1 Cn/KN Sn/KN,Tn+1, BN, Qn, HIDParamsSK  (CHIPCK [k )
M2CK9N 2 ONZTEON [N Cn/KnN Sn/Kn,Tn+1, RN, Qn, FMLSParams{K , (CEMLSCK /) L2CK9y 2 CRGION Ky Cn/Kn Sn/Kn,Tn+1, Ry, Qn, FMLSParams{K , (CEMESCK /)
M3CKy Multi Layer Perceptron (MLP) Models L3CKyN Long Short Term Memory (LSTM) Models
CK CK
M3CK1y 3 C%ijlN/KNH CN/KN SN/KEN,Tn41, RN, Qn, oA L3CKl1n 3 CfqulKlN/KNH CN/KN SN/En,Tnt1, RN, Qun, o GALIE
M3CK2y 3 CJI\VrIich2N/KN+1 Cn/KN SN/KN,TN+17RN7QN,U§;ALIBCK, (CN/KN) L3CK2N 3 szri-cleN/KN-H Cn/KN SN/KN,TN+17RN,QN,UgALIBCK,(CN/KN)
M3CK3y 3 ONITEON [Kn Cn/Ky Sn/EN. Tns1, Ry, Qn, o GA BTN (Cn /K ), BSMGreeks$< L3CK3N 3 OGN Ky On/Ky SN/EN. Tns1, Ry, Qn, o GA BT (Cn /K N), BSMGreeks$<
M3CK4y 3 ONSTRIN [ Knyr Cn/Kn SN/KN,Tns1, B, Qn, o SALIBS™ (O /K n), BSMGreeksSK , H ParamsSK L3CK4y 3 OGN I Ky Cn/Kn Sn/KN,Tn11, Ry, Qn, o SALIBS™ (Cn /K n), BSMGreeksSK , H Params$K
M3CK5n 3 ONSTRON [Kvyr Cn/Kn Sn/Kn,Tns1, Ry, Qn, oSALIBS™ (Cn /K N), BSMGreeksSK | HParamsSK | (CHOK [ K ) L3CK5N 3 OGN K Cn/KnN Sn/Kn,Tn11, Ry, Qn, oSALIB™ (Cn /K N), BSMGreeksSK | HParamsSK | (CHOK K )
M3CK6y 3 ONZORON Ky On/Kn SN/KN,Tn 41, Ry, Qn, HParamsGR , (CHOK /K y) L3CK6y 3 OGN KNy COn/EN SN /KN, Tn+1, Ry, Qn, HParams$  (CHOK K y)
M3CKTy 3 ONPOR™N /Ky On/Kn SN/KN,Tnt1, Ry, Qn, o SAL B  BSMGreeksSHl , (CBSMCK /Ky L3CKTN 3 ORISR [ Ky Cn/Kn SN/KN,Tnt1, Ry, Qn, o SALI B BSMGreeksSHK, (CBSMCK [ y)
M3CKS8x 3 ONZIREN Koy 41 Cn/Kn Sn/En,Tn+1, RN, Qn, HIDParams$K, (CHIDOK /|0y L3CKSN 3 ORI Ky 1 Cn/Kn Sn/En,Tn+1, RN, Qn, HIDParamsSK, (CHIDOK /)
M3CK9x 3 ONZIRON Ky 41 Cn/Kn Sn/Kn,Tn+1, RNy Qny FMLSParams$K, (CEMLSOK /) L3CK9N 3 ORGSO I Ky 1 Cn/Kn Sn/KNn,Tn+1, Rny Qn, FMLSParams$K, (CEMLSOK /¢ )
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Table A.1.4: Model Definition for Call Price Scaled by the Exercise Price Comparison: This table presents the models with the N + 1 subscript that use one-day-ahead input variables for forecasting the one-day-ahead call option price scaled by the exercise price (Cny1/Kn+1). The forecast
variable for all the models is the one-day-ahead Cny1/Kn41. Column I identifies the models, column IT identifies the number of hidden layers used for the MLP and LSTM models, column III identifies the forecast variable, column IV identifies the target variable used while training the respective

MLP and LSTM models, column V lists the input variables used by the models to obtain the one-trading-day ahead forecast of Cny1/Kn41. Forecasts are made for 1,326 trading days, and there are 64 months covered in the sample using the monthly data.

0

Model No. of hidden layers

(ID)

(I11) (IV) V)

Forecast variable Target variable Inputs for training/forecasting

¢y

Model No. of hidden layers

(ID)

(I11) (IV) V)

Forecast variable Target variable Inputs for training/forecasting

Black-Scholes-Merton Models

BSMCK cK

BSMCKny, — Cni1  "H'/Kny1 COn/Kn SN+1, KEny1, TN 41, B g1, Qugr, oGALIE
Finite Moment Log Stable Models

FMLSCK

FMLSCKn4y1 — Cni1 Nt/ Kni1 ON/KN Sn+41: KEN+1, TN+1, BNt1, QN1 FM LS Params(E
M1CK 41 Multi Layer Perceptron (MLP) Models

M3CK1 cK
M3CKlny1 3 Cni1i T'/Kny1 Cn/Kn SN+1/KN+1,TN41, RN41, Q1,0 GALEE

M3CK2 cK
M3CK2n41 3 Cni1 Nt/ Kn+1 On/Kn Sn41/EN+1, Tnt1, Bng1, Qng, o GAFIETT (Cn /K N)

M3CK3 CK
M30K3N+1 3 CN+1 N+1/KN+1 CN/KN SN+1/KN+1,TN+1,RN+1,QN+1,O'J%ALIB ,(CN/KN),BSMGT‘EBICSJC\}K
M3CKiyni1 3 NI+ KN On/EN SN+1/KN+1, TN+ 1, BN a1, Qui1, 0SALIBYS (O /K ), BSMGreeksSK | HParams§K
M3CK5y41 3 NN Ky On /K Snt1/Ent1, T i1, Bt Quir, oSALIETS (O /K N), BSMGreeksSK | HParamsSE, (CHOK /K y)

M3CK6
M3CK6x41 3 Cn1 Nt/ Kni1 Cn/Kn Sn41/EN+1,Tnt1, Bng1, Qngt, HParamsSE, (CHOK /K )
M3CKTN 1 3 C;yich7N+l/KN+1 Cn/Kn SN+1/KN+17TN+17RN+1:QN+170']€]ALIBCK»BSMG"'eekSgKv(C]%S]WCK/KN)

M3CKS
M3CK8ny1 3 Cni1 '/Kny1 Cn/Kn Sn41/ENt1, TN 1, RNy1, Qny1, HIDParams§{E, (CRIPOK [Ky)

M3CK9
M3CK9Nn41 3 Cni1 Nt Kny1 Cn/Kn SN+1/KN+1»TN+17RN+17QN+1»FMLSPaTamSIC\}K, (C']{‘;MLSCK/KN)

Heston Models

HCK CK
HCKpN 11 - Cni1 VT /KN Cn/KnN SN+1, Eny1, TN 1, Bg1, Qngr, oGALI BT H Params(E
Heston Jump Diffusion Models
HJDCK CK
HIJDCKni1  — Cni1  V"'/Kny1 On/En SN+1, Kn+1, Tnt1, Bv1, Qn41, 0GALIB™" HID Params K
L1CKpn4+1 Long Short Term Memory (LSTM) Models
L3CK1 CK
L3CK1n11 3 Cni1i "T'/Kny1 Cn/Kn SN+1/KN+1,TN+1, RN41, @, o GALEE
L3CK?2 CK
L3CK2N41 3 Cni1 Nt/ Kn+1  COn/Kn Sny1/En+1, Tn+1, Bnt1, Qng, o GAHBTT (Cn/KN)
L3CK3 CK
L3CK3N+1 3 CN+1 N+1/KN+1 CN/KN SN+1/KN+1,TN+1,RN+1,QN+1,O'§,ALIB ,(CN/KN),BSMGTeekSJC\}K
L3CK4 CK
L3CK4N11 3 Oni1 Nt/ Knt1  Cn/Kn SN+1/En+1,Tn+1, By, @1, oGAHIB™" (Cn/KN), BSMGreeks(X, HParamsSK
L3CK5 CK
L3CK5Nn11 3 Cny1 T'/Kny1 On/En Sny1/Ent1,Tn+1, Rvg1, Quar, o GAFIB™Y (Cn /K N), BSMGreeksGE  HParamsGE, (CHOK /K )
L3CK6
L3CK6N+1 3 CN+1 N+1/KN+1 CN/KN S’N+1/KN+1,TN+1,RN+1,QN+1,HParams%K,(C]I;,ICK/KN)
L3CKT CK
L3CKTN11 3 Cni1 NH/Kny1  Cn/KnN Sny1/Ent1, Tn+1, Rvt1, @, o GAFI BT BSMGreeks(i, (CEBSMCOK [k )
L3CK8
L3CK8n41 3 Cni1i "''/Kny1 COn/Kn SN+1/En+1,Tn41, Bvt1, @1, HIDParamsSE (CHIPCK /Ky
L3CK9
L3CK9N 11 3 Cni1i "''/Kny1 COn/Kn SN+1/En+1,Tn+1, Bn41, @ny1, FMLSParamsGE, (CEMESCK K y)
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Table A.1.5: Overall Call Price Comparison (amongst Parametric, MLP M1Cy-Models, LSTM L1Cx-Models, MLP M2Cy-Models, LSTM L2Cy-Models, MLP M3Cn-Models, and LSTM L3Cxn-Models): This table presents the overall comparison of out-of-sample root mean square error (RMSE) amongst the Random Walk (6Cx) model, Black-Scholes-Merton (BSMCy) model, Heston (HCy) model, Heston Jump Diffusion (H.JDCy) model, Finite Moment Log Stable
(FMLSCy) model, MLP M1Cy-Models (M1C1y to M1C9y), MLP M2Cn-Models (M2C1y to M2C9y), MLP M3Cy-Models (M3C1y to M3C9y), LSTM L1CN-Models (L1C1y to L1C9y), LSTM L2CxN-Models (L2C1y to L2C9y), and the LSTM L3Cy-Models (L3C1y to L3C9y) from column IV to column LXII. The forecast variable for all the models is the one-day-ahead call option price (Cn41). The models denoted by the y subscript use lagged input variables for
forecasting C'n4+1. The one-day-ahead forecast errors of C'y41 are used to compute the Root Mean Square Error (RMSE). Forecasts are made for 1,326 trading days. The model having the lowest RM SE has been highlighted in red.

(1) (Im  (Im  (1Iv) (V) (VI) (VII) (VIII) (IX) (X) (XI) (XII) (XIII) (XIV) (XV) (XVI) (XVII) (XVII) (XIX) (XX) (XXI) (XXII) (XXIII) (XXIV) (XXV) (XXVI) (XXVII)(XXVIIIIXXIX) (XXX) (XXXI) (XXXII)(XXXOXXXIV(XXXV) (XXX VXXX VIIKXXVIIKXXIXYXL) (XLI) (XLII) (XLIII) (XLIV) (XLV) (XLVI) (XLVII) (XLVIII)(XLIX) (L) (LT)  (LII) (LIII) (LIV) (LV) (LVI) (LVII) (LVII) (LIX) (LX) (LXI) (LXII)

Size Mean  Std.Dev.iCy BSMCN HCyn HJDCn FMLSCNM1Cly M1C2y M1C3y M1C4n M1C5y M1C6y M1C7n M1C8Ny M1C9Ny L1C1ly L1C2N5 L1C3Ny L1C4y L1C5N5 L1C6Nny L1CT7TNy L1C8N L1C9Ny M2Cly M2C2Ny M2C3Nn M2C4ny M2C5y M2C6n M2CT7y M2C8y M2C9N L2C1y L2C2Ny L2C3Ny L2C4N L2C5Ny L2C6y L2CT7Nn  L2C8N L2C9y M3Cly M3C2y M3C3y M3C4ny M3C5y M3C6ny M3CT7y M3C8y M3C9y L3Cly L3C2y L3C3y L3C4ny L3C5y L3C6y L3CTy L3C8y L3C9yN
of CN OfCN

556395 113.541 109.059 8.809 13.544 9.076 8.885 9.372 9.118 8.984 8.897 8.845 8.836 8.838 8.871 8.829 8.868 44.623  34.810  15.058 11.258 10.666  20.835 15.380  11.690  33.750 8.899 8.907 8.852 8.843 8.829 8.832 8.835 8.835 8.853 49.144  36.552  16.235 11.567 9.310 16.773 13.186  11.929  29.700 8.889 8.891 8.854 8.856 8.834 8.841 8.839 8.833 8.849 49.803  36.097  13.891 11.335 10.309  15.765 11.879 11.078  26.518

Table A.1.6: Overall Call Price Comparison (amongst Parametric, M3Cxy1-Models and L3Cy1-Models): This table presents the overall comparison of out-of-sample root mean square error (RM SE) amongst the Random Walk (0Cx) model, Black-Scholes-Merton (BSMCpn41)
model, Heston (HCy41) model, Heston Jump Diffusion (HJDCy41) model, Finite Moment Log Stable (FM LSCx41) model, MLP M3Cy1-Models (M3C1y41 to M3C9n41), and the LSTM L3Cn1-Models (L3C1n4+1 to L3C9n+1) from column V to column XXVI. The
forecast variable for all the models is the one-day-ahead call option price (Cny1). The models denoted by the n41 subscript use one-day-ahead input variables for forecasting Cn41. The one-day-ahead forecast errors of Cyy1 are used to compute the Root Mean Square Error
(RMSE). Forecasts are made for 1,326 trading days. The model having the lowest RM SFE has been highlighted in red.

() (I  (IIm  (1Iv) (V) (VI) (VII) (VIII) (IX) (X) (XI) (XII) (XIII) (XIV) (XV) (XVI) (XVII) (XVIII) (XIX) (XX) (XXI) (XXII) (XXIII) (XXIV) (XXV) (XXVI)

Size Mean  Std.Dev.iCy BSMCny1 HCN41 HJDCn41  FMLSCny1 M3Clyn4a M3C2N 41 M3C3n 41 M3C4AN 41 M3C5N+1 M3C6nN 41 M3CTN+1 M3C8nN 41 M3CIN+1 L3C1n 41 L3C2N41 L3C3N 41 L3C4N 11 L3C5N 41 L3C6N 41 L3CTN 1 L3C8n 1 L3C9N 41
of Cn of Cn

556395 113.5 109.1 8.8 10.1 2.8 2.3 3.7 2.5 2.1 2.4 3.7 4.8 4.4 7.9 7.0 3.1 46.8 36.3 12.9 10.3 10.1 17.8 12.9 11.1 27.9

Table A.1.7: Overall Call Price Scaled by the Exercise Price Comparison (amongst Parametric, MLP M1C K y-Models, LSTM L1C K y-Models, MLP M2C K y-Models, LSTM L2C K y-Models, MLP M3C K y-Models, and LSTM L3C K y-Models): This table presents the overall comparison of out-of-sample root mean square error (RM SFE) amongst the Random Walk (6C K ) model, Black-Scholes-Merton (BSMCK ) model, Heston (HCK ) model, Heston Jump Diffusion (HJDCKy)
model, Finite Moment Log Stable (FM LSCK y) model, MLP M1CK y-Models (M1CK1y to M1CK9y), MLP M2CK yn-Models (M2C K1y to M2CK9y), MLP M3CK y-Models (M3CK1y to M3CK9y), LSTM L1CKy-Models (L1ICK1y to LICK9y), LSTM L2CKn-Models (L2CK1y to L2CK9y), and the LSTM L3C K yn-Models (L3C K1y to L3CK9y) from column V to column LXII. The forecast variable for all the models is the one-day-ahead call option price scaled by
the exercise price (Cn41/Kn+1). The models denoted by the y subscript use lagged input variables for forecasting Cn+1/Kn+1. The one-day-ahead forecast errors of Cyy1/Kn41 are used to compute the Root Mean Square Error (RMSE). Forecasts are made for 1,326 trading days. The model having the lowest RM SFE has been highlighted in red.

(I) (II) (I1I1) (Iv) V) (VI) (VII) (VIII) (IX) (X) (XI) (XII) (XIII) (XIV) (XV) (XVI) (XVII) (XVIII) (XIX) (XX) (XXI) (XXIT) (XXIII) (XXIV) (XXV) (XXVI) (XXVII) (XXVIII) (XXIX) (XXX) (XXXI) (XXXII) (XXXIII) (XXXIV) (XXXV) (XXXVI) (XXXVII) (XXXVIIT)XXXIX) (XL) (XLI) (XLII) (XLIII) (XLIV) (XLV) (XLVI) (XLVII) (XLVIII) (XLIX) (L) (LI) (LII) (LIII) (LIV) (LV) (LVI) (LVII) (LVIII) (LIX) (LX) (LXI) (LXII)
Size Mean Std.Dev. 6CKy BSMCKy HCKy HJDCKyny FMLSCKNM1CKly MICK2y MI1CK3y MI1CK4ny MI1CK5y MICK6y MI1CKT7ny MICK8y MICK9y LICKly L1CK2y LICK3y LICK4y L1CK5y LICK6y LICK7y LICK8y LICK9Ny M2CKly M2CK2Nny M2CK3y M2CK4ny M2CK5Nny M2CK6y M2CKT7ny M2CK8y M2CK9Ny L2CKly L2CK2y L2CK3ny L2CK4y L2CK5Ny L2CK6y L2CKT7n L2CK8Ny L2CK9y M3CKly M3CK2y M3CK3y M3CK4yxy M3CK5y M3CK6y M3CKTny M3CK8y M3CK9y L3CKly L3CK2y L3CK3y L3CK4y L3CK5y L3CK6y L3CKT7n L3CK8y L3CK9n
of of

Cn/Kn Cn/Kn

556395 6.167 6.052 0.490 2.087 3.051 1.571 1.593 0.509 0.502 0.511 0.501 0.501 0.507 0.514 0.530 0.558 3.890 2.397 0.977 0.935 0.872 1.582 0.896 5.739 2.152 0.545 0.519 0.508 0.503 0.501 0.500 0.507 0.509 0.530 3.557 2.591 0.974 0.903 0.835 1.531 0.942 5.690 2.076 0.525 0.510 0.496 0.495 0.494 0.495 0.503 0.501 0.522 3.528 2.517 1.068 0.944 0.829 1.523 0.980 5.644 2.139

Table A.1.8: Overall Call Price Scaled by the Exercise Price Comparison (amongst Parametric, MLP M3C K y1-Models and LSTM L3C K 11-Models): This table presents the overall comparison of out-of-sample root mean square error (RMSFE) amongst the Random Walk (6C'Ky)
model, Black-Scholes-Merton (BSMCK 1) model, Heston (HC K y41) model, Heston Jump Diffusion (HJDCK 1) model, Finite Moment Log Stable (FMLSCK 1) model, MLP M3CKy41-Models (M3CK1n4+1 to M3CK9yn41), and the LSTM L3Cy41-Models (L3CK1n41
to L3CK9n41) from column V to column XXVI. The forecast variable for all the models is the one-day-ahead call option price scaled by the exercise price (Cn4+1/Kpn+1). The models denoted by the n.y1 subscript use one-day-ahead input variables for forecasting Cyy1/Kn+1. The
one-day-ahead forecast errors of Cyy1/Kn41 are used to compute the Root Mean Square Error (RMSE). Forecasts are made for 1,326 trading days. The model having the lowest RM SE has been highlighted in red.

(1) (I  (Im  (IV) (V) (VI) (VII) (VIII) (IX) (X) (XI) (XII) (XIII) (XIV) (XV) (XVT) (XVII) (X VIII) (XIX) (XX) (XXI) (XXII) (XXIII) (XXIV) (XXV) (XXVI)
Size Mean Std.Dev.6CKy BSMCKn41 HCKniq HJDCKn41 FMLSCKny1 M3CKlny: M3CK2y41 M3CK3yiy, M3CKAyn,, M3CK5n41 M3CK6ny1 M3CKTny, M3CKS8yi1 M3CK9n4; L3CKlny: L3CK2y41 L3CK3yy, L3CKAn,, L3CK5ny41 L3CK6ny1 L3CKTny: L3CKS8yi1 L3CKIniq
of of

Cn/Kn Cn/Kn

556395 6.167 6.052 0.490 2.048 3.032 1.465 1.488 0.209 0.149 0.162 0.148 0.258 0.211 0.402 0.239 0.202 3.589 2.488 1.048 0.941 0.868 1.505 1.039 5.635 2.163
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Table A.1.9: This table presents the insignificant pairs for C' — Models and CK —
Models. The complete table consisting of the DM test statistic for C' — Models,
which use lagged input variables to forecast the Cn41 can be found in table 13, for
C — Models which use one-trading-day ahead input variables to forecast the Cn41
in table 14, for CK — Models that use one-trading-day ahead input variables to
forecast the Cyy1/Kn+1 in table 15 and for CK — Models that use one-trading-
day ahead input variables to forecast the Cn41/Kn41 in table 16 of the Electronic
Appendix.

Model Insignificant Pairs

For C — Models which use lagged
input variables to forecast
the CN+1

HJDCy, M3C1y), (M1C3y, M2C1y),
M1CA4y, M2C4y), (M1C5y, M2CTy),
M1C5y, M2C8y), (M1C5y, M3C8y),
M1C6x, M2CTy), (M1C6y, M3CTN),
M1CTy, M1C9y), (M1C8y, M2C5y),
L1C4N, L3C4y), (L1C8y, L2C4y),

(
(
(
(
(
(
(M2C3n, M2C9yN
(M2C3n, M3C9yN
(M2C6N, M3C5x
(M2CT7yN, M2C8yN
(M2CTxN, M3C8x
(M2C9yN, M3C3xN
(M3C1y, M3C2yN
(

)7
)7
)7
)7
)7
;7
M3C5y, M3C8y),

(M2C3yn, M3C3y),
(M2C6n, M2CTy),
(M2C6n, M3C8y),
(M2C7N, M3C5y),
(M2C8yn, M3C5y),
(L2C8y, L3CTy),

(M3C3n, M3C4n),

and (M3C6x, M3CTy)

C — M odels which use one-trading-day
ahead input variables to forecast the
Cni1

(BSMCn41, L3C5N41),
(FMLSCx1, M3C4Nn 1),
and (L3C3N+1, L307N+1)

CK —Models that use one-trading-day
ahead input variables to forecast the

Cn+1/KnNy1

(BSMCKy, L2CK9xn
(M1CK4y, MICK5y),
(M1CK5y, M3CK8y),

(M1CK8y, M2CK9y), (L1CK3yx, L2CK3y),
(LICK3y, L3CKTx), (LICK9y, L3CK9y),
(M2C K5y, M3CK8y), (L2CK3yx, L3CKTN),
L2CK6y, L3CK6y), (L2CKTy, L3CKAy),
and (M3CK4y, M3CK6x)

. (M1CK1y, M2CK8y),
(M1CK4y, M3CK8y),
(M1CK6y, M2CKTy),

(

CK — Models that use one-trading-
day ahead input variables to forecast
the CN+1/KN+1

(M3CK2n11, M3CK4n 1),
and (L3CK3n41, L3CKTN41)
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Table A.1.10: This table presents the summary of the pair-wise bootstrap tests
performed for C'— Models and CK — Models. The complete table consisting of the
results for the pair-wise bootstrap for C' — Models, which use lagged input variables
to forecast the C'yy1 can be found in table 17, for C'— Models which use one-trading-
day ahead input variables to forecast the Cy41 in table 18, for CK — Models that
use one-trading-day ahead input variables to forecast the Cy11/Kn41 in table 19
and for CK — Models that use one-trading-day ahead input variables to forecast
the Cny1/Kn41 in table 20 of the Electronic Appendix.

Model Number of pairs a model wins ‘ Winning %
C — Models (using lagged inputs)
M3CpN — Models 413 24.1%
M2C N — Models 403 23.6%
M1CpN — Models 349 20.4%
L2C N — Models 153 8.9%
L3CN — Models 137 8.0%
L1CN — Models 124 7.2%
Parametric 74 4.3%
oCn 58 3.4%
CK — Models (using lagged inputs)
M3CKyn — Models 450 26.3%
M2CK N — Models 393 23.0%
MI1CKyN — Models 345 20.2%
L3CK N — Models 154 9.0%
L2C KN — Models 153 8.9%
L1CKpN — Models 129 7.5%
0CKpn 58 3.4%
Parametric 29 1.7%
C — Models (using one-trading-day ahead inputs)
M3Cn41 — Models 154 60.9%
Parametric 45 17.8%
L3CN41 — Models 44 17.4%
0CnN 10 4.0%
CK — Models (using one-trading-day ahead inputs)
M3CKn41 — Models 162 64.0%
L3CKN4+1 — Models 64 25.3%
Parametric 14 5.5%
0CKpn 13 5.1%
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A.1.1 Fields from OptionMetrics

The OptionMetric manual is available to WRDS account holders and OptionMetric clients. The
direct link to the manual is https://wrds-www.wharton.upenn.edu/documents/755/IvyDB_
US_Reference_Manual.pdf

1. Option_ Price File

The Options Price file from OptionMetrics contains the historical price, implied volatility,
and sensitivity information for the options on an underlying security.

Field descriptions

(a Security ID = The Security ID for the underlying security.
(b) Date = The date of this price.

(C Symbol = The option symbol.

(d) Strike = The strike price of the option times 1000.
(e) Expiration = The expiration date of the option.
(f) Call/Put = C or P, where C is Call, P is Put.

(g Best Bid = The best, or highest, 15:59 EST bid price across all exchanges on which the option

trades.

(h) Best Offer = The best, or lowest, 15:59 EST ask price across all exchanges on which the option

trades.
(i) Special Settlement = 0 or 1 or E.

i. 0 - The option has a standard settlement (100 shares of underlying security are to be delivered
at exercise; the strike price and premium multipliers are $ 100 per tick).

ii. 1 - The option has a non-standard settlement. The number of shares to be delivered may be
different from 100 (fractional shares); additional securities and/or cash may be required, and
the strike price and premium multipliers may be different than $ 100 per tick.

iii. E - The option has a non-standard expiration date. This is usually due to an error in the

historical data, which has not yet been researched and fixed.

(J) Option ID = Option ID is a unique integer identifier for the options contract. This identifier can

be used to track specific options contracts over time.

2. Zero__Curve File

The Zero Curve file contains the current zero-coupon interest rate curve used by Option-
Metrics.

Field descriptions

(a) Date = The date of this zero curve
(b) Days = The number of days to maturity

(C) Rate = The continuously-compounded zero-coupon interest rate
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3. Index_ Dividend file

The Index Dividend file contains the current dividend yield used for implied volatility calculations on index

options.

Field descriptions

(a) Security ID = The Security ID of the underlying index
(b) Date = The date of this dividend yield
(c) Rate = The annualized dividend yield
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A.1.2 Optimization Methods

Trust-Region method for nonlinear optimization:

According to Yang et al. (2017), in the trust-region algorithm, the first step is to approximate
the nonlinear objective function by using truncated Taylor expansions

op(x) ~ f(xp) + VS (:ck)T u+ %uTHku

in a so-called trust region 2, which is defined by
Q ={z e R"||T (z — zp)|| < Ax}

where Ay is the trust-region radius, H is the local Hessian matrix, I' is a diagonal scaling
matrix that is related to the scalings of the optimization problem,zj is the next trial solution
from the current solution xy.

The minimization using trust-region follows a four-step process:

1. Start at an initial guess zo and radius 0 of the trust region Q.
2. Initialize algorithm constants: 0 < a1 < as < 1,0 < 81 < B2 < 1.

3. while (stop criterion)
Construct an approximate model ¢x(x) for the objective f (xx) in Q.
Find a trial point @1 with a sufficient model decrease inside Q
Calculate the ratio 7% of the achieved versus predicted decrease (This ratio measures how good the ap-

proximation ¢y is to the actual objective f(z)):

e = J(xx) = f (®r41)
&k (x1) — k(X i)

If v, > i (i.e. if the above ratio v, was close to unity, then we have a good approximation and we should

move the trust region to xx41) and perform the following steps:

e Accept the move and update the trust region: xy < Tr41;

o If v, > s (i.e. if , is about O(1) or v > a2 &~ 0.9, we say that decrease is significant, and we can
increase the trust-region radius) then  Ayy1 € [Ag, 00); end if

o If v € [a1,a2), (ie. if a1 < % < @z, we should shrink the trust region), then  Agyq € [B2Ak, Akl
end if

else (i.e. if the decrease is too small or 75 < a1, we should abandon the move as the approximation is not
good enough over this larger region and seek a better approximation on a smaller region by reducing the

trust-region radius)

e Discard the move and reduce the trust-region radius Ag1;

o Apti1 € [B1Ag, B2Ak] (where 0 < 1 < B2 < 1, typically f1 = B2 = 1/2
4. Update k =k + 1.

5. end

The typical values of the parameters are a; = 0.01, g = 0.9, f1 = 2 = %
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A.1.3 Rule-of-Thumb Evaluation

The Tables A.1.11, A.1.12 and A.1.13 contains output from exercises designed to evaluate the performance of the rules-of-thumb
proposed Heaton (2008) relative to the architecture proposed for the Cy — Models and C Ky — Models. The performance of a two
hidden layer MLP over a three hidden layer MLP is mentioned in table A.1.13 from columns IV to IX. Since the three hidden layer
MLPs perform marginally better than the two-layered network and are faster to train (as mentioned in table A.1.15, we choose
three hidden layered MLPs in this study. Note, the inputs of the MLP models in table A.1.11 are similar to the MLP models used
in section 2.4.1, and the inputs of the MLP models in table A.1.14 are similar to the MLP models used in section 2.4.2

Table A.1.11: Overall Call Price Comparison (amongst Parametric and MLP models to evaluate the performance of the rules-of-
thumb proposed by Heaton (2008)): This table presents the overall comparison of out-of-sample root mean square error (RMSFE)
amongst the Random Walk (6Cy) model, Black-Scholes-Merton (BSM Cy) model, Heston (HCy) model and the MLP models. The
one-day-ahead forecast errors of Cy1 are used to compute the Root Mean Square Error (RMSE). Column I identifies the models,
column II identifies the forecast variable, column III lists the input variables used by the models to obtain the one-trading-day
ahead forecast of Cy41, and columns IV, V and VI describe the network architecture of the MLP models, and column VII describe
the overall RMSE. The forecast variable for all the models is the one-day-ahead call option price (Cn41). The models denoted by
the n subscript use lagged input variables for forecasting C'y 1. Forecasts are made for 1,326 trading days.

¢9) (€8y) (I11) (Iv) V) (VI) (VII)
MLP Model Forecast Inputs No. No. of Network Overall
Variable of Hidden Architecture RMSE

Hidden Nodes

Lay- per layer

ers
5CnN Cni1 Cn - - - 8.807
BSMCy CN+1 SNy KN+1,TN+1, By, QN,UJC\;ALIBC - - - 13.542
HCy Cni1 SNy Eni1,Tni1, B, Qn, 0SALTES  HParamsS - - - 9.077
Cly Ont1 SnyEnsi1,Tni1, Ry, Qu, o§GALIBS 1 6 6 9.115

C

C2y CNn+1 SNy Ent1,Tn41, Ry, Qn, o GARIB™ Oy 1 7 8.982
C3y Cn+1 SN, Kn+1,TN+1, RN, QN,agALIBC,CN, BSMGreeks§ 3 12 12 x 12 x 12 8.852
Cdn Cni1 SnyKnt1, Tnt1, R, Qn, oSALIBS Oy BSMGreeksS., HParams§, 3 17 17 x 17 x 17 8.854
C5x Cni1 SN, Kn+1,TN+1, RN, QN,agAUBC,CN, BSMGreeks$,, HParams$,, C#¢ 3 18 18 x 18 x 18 8.831
Cén CON+1 SN, Kn+t1,Tn+1, Rnv, Qn, HParams$,, CHIC 3 11 11 x 11 x 11 8.838
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Table A.1.12: Heaton (2008) Methodology: This table presents the overall comparison of out-of-sample root mean square error (RMSE)
amongst the MLP JCx — Models (JC1y to JC6x) that follow the methodology of Heaton (2008) in choosing the number of hidden layers
and the number of hidden neuron in each hidden layer, on the S&P 500 Index from Sept. 2012 to Dec. 2017. Column I identifies the
models, column II identifies the forecast variable, column III lists the input variables used by the models to obtain the one-trading-day
ahead forecast of Cny1, and columns IV, V and VI describe the network architecture of the MLP models, and column VII describe the
overall RMSE. The forecast variable for all the models is the one-day-ahead call option price (Cn41). The models denoted by the y
subscript use lagged input variables for forecasting Cy11. Forecasts are made for 1,326 trading days.

9] (I1) (I11) (Iv) V) (V1) (VII)
Heaton (2008) Forecast Inputs No. No. of Network Overall
inspired Variable of Hidden Architecture RMSE
MLP Model Hidden Nodes

Lay- per layer

ers
JC1n Cni1 SNy Knt1,Tn 11, Ry, Qn, 0 GALTBS 1 5 5 9.231
JC2Nn CN+1 SN:KN+17TN+17RN,QNya'J%ALIBC»CN 1 6 6 9.012
JC3 N CNni1 SNy Kni1,Tnat, By, QN,af,ALIBC,C’M BSMGreeks 2 9 5X 4 8.826
JC4pn CN+1 SNy Kn+1,Tny1, BN, QN,agAUBC,CN, BSMGreeks§;, HParams$, 2 12 6 X6 8.860
JC5n CN41 Sn, Kn+1,TN+1, RN, QN,UJQ,ALIBC,CN, BSMGreeks§,, HParams$,, C¥C 2 13 7X6 8.863
JC6n CN+1 SN, Knt1,TN+1, By, Qn, HParams$,, CHC 2 8 4X4 8.866

Table A.1.13: Heaton (2008) Methodology: This table presents the overall comparison of out-of-sample root mean square
error (RMSE) amongst the MLP JCn — Models models (JC1y to JC6y) from table A.1.12 with the MLP models in the
table A.1.11. The performance of the JCn — Models, measured as a percentage reduction in RMSFE, relative to BSMCx
model, is reported in column II, relative to the HCy in column III and relative to the MLP Models from table A.1.11 from
column IV to column IX.

(I) (1I1) (111) (IV) V) (VI) (VII) (VIII) (IX)

MLP Performance of Performance of Performance Performance Performance Performance Performance Performance

Model JCN — Models JCN — Models of JC1y of JC2N  of JC3Ny  of JC4n  of of JC6 N
over BSMC\y over HCy over Cly over C2y over C3n over C4py over CHy over C6pn

JC1n 31.83% -1.70% -1.27% - - - - -

JC2n 33.45% 0.71% - -0.33% - - - -

JC3n 34.82% 2.76% - - 0.06% - - -

JC4 N 34.58% 2.39% - - - -0.24% - -

JC5N 34.55% 2.36% - - - - -0.10% -

JC6N 34.53% 2.32% - - - - - -0.16%
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A.1.4 Epochs

Table A.1.14: Overall Call Price Scaled by the Exercise Price Comparison (amongst Parametric and MLP models): This table presents the overall
comparison of out-of-sample root mean square error (RM SE) amongst the Random Walk (6CK ) model, Black-Scholes-Merton (BSMCK ) model,
Heston (HCK ) model and the MLP models. Column I identifies the models, column II identifies the forecast variable, column IIT lists the input
variables used by the models to obtain the one-trading-day ahead forecast of Cn11/Kn+1, and columns IV, V and VI describe the network architecture
of the MLP models, and column VII describe the overall RMSE. The forecast variable for all the models is the one-day-ahead call option price scaled by
the exercise price (Cn4+1/Kn+1). The models denoted by the yn subscript use lagged input variables for forecasting Cn41/Kn+1. The one-day-ahead
forecast errors of Cyy1/Kn+1 are used to compute the Root Mean Square Error (RMSE). Forecasts are made for 1,326 trading days.

9] (I1) (I11) (Iv) (V) (V1) (VII)
MLP Forecast Inputs No. of No. of Network Overall
Model Variable Hidden Hidden Architecture RMSE
Layers Nodes
per layer
SCKy Cny1/Ensy1  COn/KEn - - - 0.490
CK
BSMCKn Cny1/KEny1 SN/Kn,Tni1, Ry, Qn, oA E - - - 0.715
HCKy  Cny1/Kni1  Sn/Kn,Tni1, By, Qn,oSAL B HParamsSK - - - 0.502
CK
CKly Cnt1/KnN+1 SN/KN,TN41, RN, Qn,0SALIE 1 5 5 0.509
CK
CK2n Cny1/KENy1 SN/EN,Tn4+1, RN, Qn,oGAMIB™" [ Cn /KN 1 6 0.502
CK3N CN+1/KN+1 SN/KN,TN+1,RN,QN,O']%ALIBCK,CN/KN,BSMGT@@ICS%K 3 11 11 x 11 x 11 0.496
CK4y Cny1/Kns1 SN/KN,Tni1, R, Qn, oSALIBE™ Oy /Ky, BSMGreeksSK | H ParamsSK 3 16 16 x 16 x 16 0.494
CK5n Cni1/Kni1 SN/Kn,Tn+1, RN,QN,J%}A“BCK,CN/KN, BSMGreeksSK, HParams{K, (CHOK /K ) 3 17 17 x 17 x 17 0.494
CK6n Cni1/Kni1 SN/KEN,Tn+1, RN, Qn, HParams$E, (CHOK /K y) 3 10 10 x 10 x 10 0.495
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Table A.1.15: Observed Average Epochs: This table presents the average number of epochs,
over the whole sample, required to train the various MLP models. The number of epochs
observed depends on the early stopping criteria. Column I lists the models where the call price
(Cn — Models) is the forecast variable, and Column II records the average epochs required
for training these models. Similarly, column III lists the JCn — Models which follow the rule
of thumb of Heaton (2008), and column IV reports the average epochs required to train the
JCNn — Models. Column VI presents the average epochs required to train the C Ky — Models
listed in Column V.

(€9) Im (I11) av) (V) (V1)
Cn — Models  Average JCN — Models Average CKpyn — Models Average
from table no. of from table no. of from table no. of
A.1.11 epochs for A.1.12 epochs for A.1.14 epochs for

models in models in models in
column I column IT column III
Cly 1,545 JC1n 1,368 CKly 1,157
C2n 1,563 JC2n 1,542 CK2pn 1,884
C3n 1,248 JC3N 1,632 CK3n 10
C4pn 25 JC4n 583 CK4n 9
C5n 43 JC5N 205 CK5n 8
C6n 80 JC6nN 982 CK6n 9
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Table A.1.16: Table of variables for Chapter 2

Symbol Name Description

Ct Call price Call price calculated by taking the average of the bid and ask call price
from OptionMetrics

St S&P 500 Index Price S&P 500 Index Price from OptionMetrics

K Exercise price Option exercise price from OptionMetrics

T Time to Maturity Time to maturity calculated from option expiry date from OptionMetrics

R: Risk-free interest rate The interpolated interest rate using zero interest curves from
OptionMetrics

Q+ Dividend Yield S&P 500 Index dividend yield from OptionMetrics

St/ Kt Moneyness Moneyness is defined as the ratio of the S&P Index price and the option
strike price

Uf” Volatility Black-Scholes-Merton implied volatility

6? Delta Black-Scholes-Merton Delta.

'yzB Gamma Black-Scholes-Merton Gamma.

9? Theta Black-Scholes-Merton Theta.

pf Rho Black-Scholes-Merton Rho.

I/tB Vega Black-Scholes-Merton Vega.

Vobg Initial variance Initial variance in the Heston model

HtHZ Long term variance Long term variance in the Heston model

Hfl Mean reversion speed Mean reversion speed in the Heston model

crtH Volatility Volatility of variance in the Heston model

p{{ Correlation Correlation parameter in the Heston model

VO{ItJ D Initial variance Initial variance in the Heston Jump Diffusion model

GfIJD Long term variance Long term variance in the Heston Jump Diffusion model

nfl JD Mean reversion speed Mean reversion speed in the Heston Jump Diffusion model

o'tHJD Volatility Volatility of variance in the Heston Jump Diffusion model

p;H JD Correlation Correlation parameter in the Heston Jump Diffusion model

crtHJD Jump Volatility Jump volatility parameter in the Heston Jump Diffusion model

,utHJD Jump Mean Jump mean parameter in the Heston Jump Diffusion model

)\{JJD Jump Frequency Jump frequency parameter in the Heston Jump Diffusion model

oszLS Tail Parameter Tail parameter in the Finite Moment Log Stable model

of MLS Dispersion Parameter Dispersion parameter in the Finite Moment Log Stable model

BGreekst BSM greeks Black-Scholes-Merton greeks (6{3 , 'th , p?, GtB, I/tB)

HParamst Heston parameters Heston model parameters (m{{ , atH R 6’{1 , pf , VOHt

HJDParamst Heston Jump Diffusion Heston Jump Diffusion model parameters (ﬁfl‘“j R UfIJD, HtHJD, p{{JD,

parameters Voﬁ"D, oHID HID \NHJIDY
FMLSParams Finite Moment Log Stable FMLS model parameters (af MES | gFMLS)
parameters
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Table A.1.17: Month-wise summary statistics of the S&P 500 Index call options prices used
in Chapter 2.

Month Number of Observations Average Call Price Bid-Ask Spread
September 2012 2,005 $71.25 $1.46
October 2012 7,196 $71.38 $1.24
November 2012 6,918 $67.11 $0.78
December 2012 6,602 $71.51 $0.81
January 2013 6,526 $80.25 $0.87
February 2013 6,324 $81.94 $0.91
March 2013 6,768 $84.58 $0.95
April 2013 7,795 $84.04 $1.07
May 2013 8,189 $87.87 $1.02
June 2013 7,867 $84.84 $1.01
July 2013 8,672 $88.60 $1.13
August 2013 8,338 $85.23 $1.04
September 2013 7,461 $89.32 $1.00
October 2013 7,957 $93.49 $1.03
November 2013 6,884 $99.42 $1.05
December 2013 7,359 $97.48 $0.98
January 2014 7,676 $97.57 $0.98
February 2014 7,392 $96.73 $1.04
March 2014 8,235 $103.58 $1.08
April 2014 8,099 $101.67 $1.16
May 2014 7,809 $107.11 $1.05
June 2014 7,575 $113.44 $1.13
July 2014 8,264 $116.33 $1.28
August 2014 8,392 $109.66 $1.23
September 2014 8,115 $111.10 $1.21
October 2014 9,231 $104.16 $1.23
November 2014 7,070 $122.60 $1.23
December 2014 8,484 $120.37 $1.46
January 2015 8,667 $114.67 $1.39
February 2015 8,567 $120.67 $1.41
March 2015 10,283 $114.19 $1.19
April 2015 9,436 $119.03 $1.24
May 2015 9,082 $122.14 $1.30
June 2015 10,209 $119.98 $1.21
July 2015 9,840 $118.99 $1.32
August 2015 9,467 $112.70 $1.64
September 2015 10,956 $100.27 $1.47
October 2015 9,649 $114.73 $1.43
November 2015 8,575 $119.68 $1.24
December 2015 9,222 $114.99 $1.17
January 2016 8,297 $101.10 $1.02
February 2016 9,561 $105.90 $1.05
March 2016 9,992 $123.42 $1.04
April 2016 9,381 $119.88 $1.00
May 2016 9,820 $113.89 $0.98
June 2016 9,977 $114.51 $0.94
July 2016 9,036 $120.09 $0.95
August 2016 10,629 $121.10 $0.85
September 2016 9,597 $117.80 $0.96
October 2016 9,271 $118.89 $1.01
November 2016 9,542 $117.65 $1.14
December 2016 9,878 $125.01 $1.18
January 2017 9,514 $125.31 $1.14
February 2017 8,353 $132.58 $1.19
March 2017 10,939 $133.36 $1.41
April 2017 9,249 $132.04 $1.24
May 2017 10,424 $137.74 $1.36
June 2017 10,528 $133.50 $1.52
July 2017 10,076 $139.66 $1.41
August 2017 10,937 $141.37 $1.60
September 2017 9,403 $142.40 $1.66
October 2017 10,074 $151.84 $1.74
November 2017 9,833 $152.60 $1.84
December 2017 8,928 $156.71 $1.82
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Appendix A.2

Appendix for Chapter 2: Extended
Results

A.2.1 Pricing performance of C-Models that use lagged input
variables to forecast the call option price (Cy;1) for the

next trading day:

Table A.2.1 to Table A.2.14 shows the relative out-of-sample pricing performance (in RMSE)
amongst the models that use lagged input variables to forecast the one-trading-day-ahead call
option price(Cny1). For convenience, the models in table A.2.1 to table A.2.13, lists the forecast
variable and the input variables in columns II and III, respectively, and the architecture of the
MLP and LSTM models in columns IV, V and VI, respectively. The performance metric is
the RMSE of the one-trading-day-ahead forecast errors of Cny1, which is computed for each
model utilising all of the errors in each day or each month. Amongst all of the models (including
the random walk model (0C)), columns VII and VIII record the number of months and days,
respectively, that each model had the lowest RMSE. To be certain of our results, we performed
a bootstrap using the daily and monthly RMSEs. Columns IX (lower bound) and X (upper
bound) present the results from the bootstrap performed (with replacement) using monthly
RMSEs at a 95% confidence level and show the winning percentage out of 64 months for each
model (including the §Cx model), and similarly, the 95 % confidence intervals computed from
bootstrapping of the daily RMSEs signifies the winning percentage out of 1328 days for each
model and are reported in columns XI (lower bound), XII (upper bound). While excluding
the §Cn model amongst the comparison, columns XIIT and XIV record the number of months
and days that each model had the lowest RMSE. We repeat the exercise of performing the
bootstrap by excluding the §Cx model in the comparison, and thus, columns XV (lower bound)
and XVI (upper bound) present the results from the bootstrap performed (with replacement)
using monthly RMSEs at a 95% confidence level and shows the winning percentage out of 64
months for each model (excluding the §Cx model), and similarly, the 95 % confidence intervals
computed from bootstrapping of the daily RMSEs signifies the winning percentage out of 1328
days for each model and are reported in columns XVII (lower bound), XVIII (upper bound).
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In the below several comparisons, even though a particular model wins by a higher percentage
against other models, we investigated further these models pairwise by performing a pairwise
bootstrap comparison, which was computed using the respective pair’s daily RMSEs. The re-
sults are presented in Table 17 of the Electronic Appendix. Also, we examined the pairwise
Diebold-Mariano(DM) (Diebold and Mariano (1995)) tests on the and have presented the re-
sults in Table 13 of the Electronic Appendix. In constructing the DM tests, the model pairs are
reported in column I and column II, and the DM test statistics for a particular pair are reported
in column III. If the null can be rejected, a positive number suggests the rejection may be due
to the second model being the better forecast model. In contrast, a negative value suggests
the rejection may be due to the first model being the better forecast model. The model pairs
highlighted in a red state that their forecasts have statistically insignificant differences in their
prediction accuracy. The following model pairs have been shown to have statistically insignifi-
cant differences: (HJDCy , M3C1ly), (M1C3y , M2C1y), (M1C4y , M2C4y), (M1C5y
M2CT7y), (M1C5x , M2C8y), (M1C5x , M3C8y), (M1C6x , M2C7y), (M1C6x , M3CT7y),
(M1C7xn , M1C9y), (M1C8y , M2C5y), (L1C4yN , L3C4y), (L1C8y , L2C4y), (M2C3y ,
M2C9y), (M2C3xN , M3C3y), (M2C3xN , M3C9y), (M2C6xN , M2CT7y), (M2C6xn , M3C5y),
(M2C6y , M3C8y), (M2CT7y , M2C8y), (M2CTxN , M3C5y), (M2CTN , M3C8y), (M2C8y
, M3C5y), (M2C9y , M3C3y), (L2C8N , L3CTyN), (M3Cly , M3C2y), (M3C3x , M3C4y),
(M3C5y , M3C8y), and (M3C6x , M3CTy). The RMSEs for the C'— Models that use lagged
input variables to forecast the Cn 1 for the next trading day on a monthly, yearly, and overall
basis can be found in the Electronic Appendix, in Tables 1, 5, and 9, respectively.

A.2.1.1 Comparison amongst all Parametric Models with Single Hidden Layer
ANN Models:

In this section, we compare the out-of-sample pricing performance of the random walk model
(6Cn), the parametric models (BSMCy, HCy, HIDCy, and FMLSCYy), the single hidden
layer MLP models (M1Cx — Models) and single hidden layer LSTM models (L1Cn — Models),
then the parametric models with the M 1Cy — Models, and finally the parametric models with
the L1CN — Models.

The results for the parametric models with the MLP M1Cy — Models (M1C1y to M1C9y)
and LSTM L1Cy — Models (L1C1y to L1C9y) are presented in Table A.2.1. If all the models
are individually compared, then the 6Cx model had the lowest RMSE for 161 days (having a
daily bootstrap winning % of 10% to 14%) out of 1,328 days, while other variants of the LSTM
model, the L1C4x (118 days), L1C8x(135 days) have had a collective daily bootstrap winning
percentage from 7% (lower bound for the L1C4y model) to 12% (upper bound for the L1C8y
model). When the §Cy was excluded from the comparison, the L1C8 model outperformed all
other models for 142 days (having a daily bootstrap winning % of 9% to 12%) out of 1,328 days.
Though the L1C8y model outperformed, other variants of the LSTM model, like the L1C4y
(120 days), and the L1C5x (105 days), have shown similar outperformance to L1C8y model,
where they have a collective daily bootstrap winning percentage from 6% (lower bound for the
L1C5N model) to 11% (upper bound for the L1C4y model).

Table A.2.2 presents the results for the comparison of the parametric models with the MLP
M1Cy — Models (M1C1x to M1C9y). Accordingly, when all the models are compared, the
0CN model had the lowest RMSE for 234 days (having a daily bootstrap winning % of16% to
20%) out of 1,328 days, while another parametric model, the FM LSCy (221 days) had a similar
bootstrap winning % of15% to 19%). When the dCx was excluded from the comparison, the
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FMLSCy model outperformed all other models for 229 days (having a daily bootstrap winning
% of 15% to 19%) out of 1,328 days.

We present the comparison results of the parametric models with the LSTM L1Cy — Models
(L1C1y to L1C9y) in Table A.2.3. We find that the §Cn model had the lowest RMSE for
248 (having a daily bootstrap winning % of 17% to 21%) days out of 1,328 days when all the
models were compared together. When the 6Cy was excluded from the comparison, the L1C8y
model had outperformed all other models for 171 days (having a daily bootstrap winning % of
11% to 15%) out of 1,328 days. Though the L1C8y model outperformed, other variants of the
parametric model, the HCy (145 days), and the HJDCy (144 days), and other variants of the
LSTM model, the L1C4y (124 days), L1C5x (142 days), L1C6y (118 days), and the L1CTy
(123 days) have shown similar outperformance to L1C8y model, where they have a collective
daily bootstrap winning percentage ranging from 7% (lower bound for the L1C6y model) to
13%(upper bound for the HCy, HJDCy model).

Thus, when the parametric models are compared with the single hidden layer ANN models, we
conclude that an LSTM model (L1C8y) could outperform all other models. If the parametric
models were compared with the single hidden layer MLP models (in Table A.2.2), a parametric
model (FMLSCy) had outperformed all the single hidden layer MLP models, but when the
parametric models were compared with the single hidden layer LSTM models (in Table A.2.3),
an LSTM model (L1C8y) had still outperformed them all.

A.2.1.2 Comparison amongst all Parametric Models with Double Hidden
Layer ANN Models:

In this section, we compare the out-of-sample pricing performance of the random walk model
(6Cn), the parametric models (BSMCy, HCy, HIDCy, and FMLSCy), the double hidden
layer MLP models (M2Cx — Models) and double hidden layer LSTM models (L2Cx — M odels),
then the parametric models with the M2Cy — Models, and finally the parametric models with
the L2CN — Models.

The results for the parametric models with the MLP M2Cx — Models (M2C1y to M2C9y) and
the LSTM L2CyN — Models (L2C1y to L2C9y) are presented in Table A.2.4. If all the models
are individually compared, then the L2C9y model had the lowest RM SE for 160 days (having
a daily bootstrap winning % of 10% to 14%) out of 1,328 days, while other variants of the LSTM
model, the L2C2y (126 days), and the L2C4y (108 days) have had a collective daily bootstrap
winning percentage from 7% (lower bound for the L2C4y model) to 11% (upper bound for
the L2C2y model). When the 6Cy was excluded from the comparison, the L2C9y model still
outperformed all other models for 161 days (having a daily bootstrap winning % of 10% to
14%) out of 1,328 days. Though the L2C9x model outperformed, other variants of the LSTM
model, the L2C2x (126 days), and the L2C4y (109 days), have shown similar outperformance
to L2C9x model, where they have a collective daily bootstrap winning percentage from 7%
(lower bound for the L2C4y model) to 11% (upper bound for the L2C2x model).

Table A.2.5 presents the results for the comparison of the parametric models with the MLP
M2Cy — Models (M2C1y to M2C9y). Accordingly, the FMLSCx model had the lowest
RMSE for 223 days (having a daily bootstrap winning % of 15% to 19%) out of 1,328 days.
When the 6Cy was excluded from the comparison, the F'M LSCx model still outperformed all
other models for 230 days (having a daily bootstrap winning % of 15% to 19%) out of 1,328
days.
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We present the comparison results of the parametric models with the LSTM L2Cy — Models
(L2C1yN to L2C9y) in Table A.2.6. We find that the 6Cx model had the lowest RMSE for
231 days (having a daily bootstrap winning % of 15% to 19%) out of 1,328 days, while another
variant of the LSTM model, the L2C9y (164 days) had a daily bootstrap winning percentage of
11% to 14%. When the §C was excluded from the comparison, the L2C'9 model outperformed
all other models for 165 days (having a daily bootstrap winning % of 11% to 14%) out of 1,328
days. Though the L2C9y model outperformed, other variants of the parametric model, the
HCy (138 days), and the HJDCy (114 days), and other variants of the LSTM model, the
L2C2N (127 days), L2C4y (116 days), L2C5y (121 days), and the L2C8y (142 days) have
shown similar outperformance to L2C9y model, where they have a collective daily bootstrap
winning percentage from 7% (lower bound for the L2C4y model) to 12% (upper bound for the
HCn model).

Thus, when the parametric models are compared with the double hidden layer ANN models, we
conclude that an LSTM model (L2C9y) could outperform all other models (in Table A.2.4).
If the parametric models were compared with the double hidden layer MLP models (M2Cy —
Models)(in Table A.2.5), a parametric model (FMLSCy) outperformed all the double hidden
layer MLP models, but when the parametric models were compared with the double hidden
layer LSTM models (in Table A.2.6), an LSTM model (L2C9y) model had still outperformed
them all.

A.2.1.3 Comparison amongst all Parametric Models with Triple Hidden Layer
ANN Models:

In this section, we compare the out-of-sample pricing performance of the random walk model
(6Cx), the parametric models (BSMCy, HCy, HJDCy, and FMLSCy), the triple hidden
layer MLP models (M3Cy — Models) and triple hidden layer LSTM models (L3Cy — Models),
then the parametric models with the M3Cy — Models, and finally the parametric models with
the L3Cy — Models.

The results for the parametric models with the MLP M3Cy — Models (M3C1y to M3C9y) and
the LSTM L3Cx — Models (L3C1y to L3C9y) are presented in Table A.2.7. If all the models
are individually compared, then the L3C9y model had the lowest RM SE for 169 days (having
a daily bootstrap winning % of 11% to 15%) out of 1,328 days, while the 0Cx (128 days)
and another variant of the LSTM model, the L3C2y (138 days) have had a collective daily
bootstrap winning percentage from 9% (lower bound for the L3C2xy model) to 11% (upper
bound for the §Cn model). When the §Cn was excluded from the comparison, the L3C9y
model still outperformed all other models for 169 (having a daily bootstrap winning % of 11%
to 15%) days out of 1,328 days. Though the L3C9y model outperformed, another variant of
the LSTM model, the L3C2y (138 days), had a daily bootstrap winning percentage of 9% to
12%).

Table A.2.8 presents the results for the comparison of the parametric models with the MLP
M3Cy — Models (M3C1y to M3C9y). Accordingly, the FMLSCx model had the lowest
RMSE for 224 days (having a daily bootstrap winning % of 15% to 19%) out of 1,328 days,
but the §Cn model similarly out-performed for 206 days and had a daily bootstrap winning
percentage of 14% to 17%). When the dCy was excluded from the comparison, the FMLSCy
model (having a daily bootstrap winning % of 15% to 19%) still outperformed all other models
for 229 days out of 1,328 days. Though the FM LSCy model outperformed, another variant of
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the parametric model, the HCy (159 days), had a daily bootstrap winning percentage of 10%
to 14%).

We present the comparison results of the parametric models with the LSTM L3Cyn — Models
(L3C1n to L3C9y) in Table A.2.9. We find that the §Cn model had the lowest RMSE for
234 days (having a daily bootstrap winning % of 16% to 20%) out of 1,328 days, while another
variant of the LSTM model, the L3C9y (176 days) had a similar daily bootstrap winning
percentage of 11% to 15%). When the 6Cy was excluded from the comparison, the L3C9y
model outperformed all other models for 180 days (having a daily bootstrap winning % of
12% to 15%) out of 1,328 days. Though the L3C9y model outperformed other variants of the
parametric model, the HCy (144 days), and the HJDCy (126 days), and other variants of
the LSTM model, the L3C2x (144 days), L3C5y (127 days), and the L3C8y (121 days) have
shown similar outperformance to L3C9y model, where they have a collective daily bootstrap
winning percentage from 8% (lower bound for the HJDCy, L3C5y, L3C8y model) to 13%
(upper bound for the HCy, L3C2x model)

Thus, when the parametric models are compared with the triple hidden layer ANN models, we
conclude that an LSTM model (L3C9y) could outperform all other models. If the parametric
models were compared with the triple hidden layer MLP models (M3Cx — Models) (in Table
A.2.8), a parametric model (FMLSCy) outperforms, but when the parametric models were
compared with the triple hidden layer LSTM models (in Table A.2.9), the LSTM model (L3C9y)
had still outperformed them all.

A.2.1.4 Comparison amongst all Parametric Models with Single, Double and
Triple Hidden Layer ANN Models:

In this section, we compare the out-of-sample pricing performance of the random walk model
(6Cx), the parametric models (BSMCy, HCy, HJDCy, and FMLSCYy), the single, double,
triple hidden layer MLP models (M1Cy — Models, M2Cyn — Models, and M3Cyn — Models)
and single, double, triple hidden layer LSTM models (L1Cy — Models, L2C — Models, and
L3CN — Models), then the parametric models with the M 1Cy — Models, M2Cy — Models, and
M3Cn — Models, and finally the parametric models with the L1Cy — Models, L2Cn — M odels,
and L3Cy — Models.

The results for the parametric models with the M 1Cx—Models (M1C1y to M1C9y), M2Cy —
Models (M2C1y to M2C9y), M3Cn—Models (M3C1y to M3C9y), L1CNn—Models (L1C1y
to L109y), L2Cy — Models (L2C1y to L2C9y), and L3Cy — Models (L3C1y to L3C9y)
are presented in Table A.2.10. If all the models are individually compared, then the L3C9y
model had the lowest RMSFE for 122 days (having a daily bootstrap winning % of 8% to 11%)
out of 1,328 days. Although the L3C9y model had outperformed, the 6C'y model had similarly
out-performed for 106 days (having a daily bootstrap winning % of 7% to 9%) days out of 1,328
days. When the 6Cn was excluded from the comparison, the L3C'9yx model still outperformed
all other models for 122 days (having a daily bootstrap winning % of 8% to 11%) out of 1,328
days, while there was another variant of the LSTM model, the L3C2y(86 days), that had a
daily bootstrap winning percentage of 5% to 8%).

Table A.2.11 presents the results for the comparison of the parametric models with the M1Cy —
Models (M1C1y to M1C9y), M2CN — Models (M2C1y to M2C9y), M3Cyn — Models
(M3C1y to M3C9y). Accordingly, the FFM LSCy model had the lowest RMSFE for 195 (hav-
ing a daily bootstrap winning % of 13% to 17%) days out of 1,328 days, while the 6C had
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similarly out-performed for 158 days (having a daily bootstrap winning % of 10% to 14%) out
of 1,328 days. When the §dCn was excluded from the comparison, the FMLSCy model still
outperformed all other models for 198 days (having a daily bootstrap winning % of 13% to 17%)
out of 1,328 days.

We present the comparison results of the parametric models with the L1Cy — Models (L1C1y
to L1C9y), L2CN — Models (L2C1y to L2C9y), and L3Cxn — Models (L3C1y to L3C9y) in
Table A.2.12. We find that the §Cy model had the lowest RMSE for 200 days (having a daily
bootstrap winning % of 13% to 17%) out of 1,328 days. When the §Cy was excluded from the
comparison, the L3C9y model still outperformed all other models for 130 days (having a daily
bootstrap winning % of 8% to 11%) out of 1,328 days, although there were other variants of
the parametric model, the HCx (93 days), and the HJDCy (87 days) have had a collective
daily bootstrap winning percentage from 5% (lower bound for the H.JDCy model) to 8% (upper
bound for the HCy model)).

Thus, when the parametric models are compared with the single, double and triple hidden layer
ANN models (in Table A.2.10), we notice that a three-hidden layer LSTM model (L3C9y) had
outperformed all other models, including the §Cx model, which had shown similar outperfor-
mance to the L3C9y model. If the parametric models were compared with the single, double
and triple hidden layer MLP models (in Table A.2.11), then a parametric model (FMLSCy)
outperforms all the single, double and the triple hidden layer MLP models, but when the para-
metric models were compared with the single, double and the triple hidden layer LSTM models
(in Table A.2.12), a three-hidden layer LSTM (L3C9y) model had still outperformed them all.

A.2.1.5 Comparison amongst Single, Double and Triple Hidden Layer ANN
Models:

In this section, we compare the out-of-sample pricing performance of the random walk model
(6Cn), the single, double, and triple hidden layer MLP models (M 1Cy — Models (M1C1y to
M1C9y), M2Cn — Models (M2C1x to M2C9y), and M3Cn — Models (M3C1y to M3C9y))
and the single, double, triple hidden layer LSTM models (L1Cy — Models (L1C1y to L1C9y),
L2CN — Models (L2C1y to L2C9y), and L3Cn — Models (L3C1y to L3C9y)), and present
the results in Table A.2.13. We find that the L3C'9y model had the lowest RM SE for 125 days
(having a daily bootstrap winning % of 8% to 11%) out of 1,328 days. Although the L3C9y
model outperformed, the §Cy (107 days) and other variants of the LSTM model, the L3C2y
(86 days), and the L3C4y (85 days) have had a collective daily bootstrap winning percentage
from 5% (lower bound for the L3C2y, and the L3C4y model) to 10% (upper bound for the 6Cy
model). When the §Cy was excluded from the comparison, the L3C9y model still outperformed
all other models for 125 days (having a daily bootstrap winning % of 8% to 11%) out of 1,328
days, while other variants of the LSTM model, the L3C2y (86 days), and the L3C4y (85 days)
have had a collective daily bootstrap winning percentage from 5% (lower bound for the L3C2y,
and the L3C4x model) to 8% (upper bound for the L3C2y, and the L3C4y model).

Thus, when comparing the out-of-sample pricing performance amongst the single, double and
triple hidden layer ANN models (in Table A.2.13), a triple hidden layer LSTM(L3C9y) model
outperforms the single, double and the triple hidden layer MLP models and also the single,
double hidden layer LSTM models.
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A.2.1.6 Comparison amongst all Parametric models:

In this section, we compare the out-of-sample pricing performance of the random walk model
(6Cx), and the parametric models (BSMCy, HCyn, HJDCy, and FM LSCy) in Table A.2.14.
We find that the 0Cy model had the lowest RM SFE for 498 days (having a daily bootstrap win-
ning % of 35% to 40%) out of 1,328 days. When the dCy was excluded from the comparison,
the HJDCy model still outperformed all other models for 458 days (having a daily boot-
strap winning % of 32% to 37%) out of 1,328 days. Though the H.JDCx model outperformed
other parametric models, other variants of the parametric model, the HCy (376 days) and the
FMLSCy (362 days), have shown similar outperformance to H.JDCy model, where they have a
collective daily bootstrap winning percentage from 25% (lower bound for the F M LSCy model)
to 31% (upper bound for the HCy model).

Thus, when comparing the out-of-sample pricing performance amongst the parametric models,

the HJDCy model had outperformed all other parametric models, followed by the FMLSCy
and HCy model (in Table A.2.14).

213



Table A.2.1: Call Price Comparison (amongst Parametric, MLP M1CyN — Models and LSTM L1Cy — Models): This table presents a performance comparison using both daily and monthly statistics amongst the Black-Scholes-Merton (BSMCy) model,
Heston (HCn) model, Heston Jump Diffusion (H.JDCy) model, Finite Moment Log Stable (FM LSCy) model, MLP M1Cy — Models (M1C1y to M1C9y) and the LSTM L1Cy — Models (L1C1y to L1C9y). The forecast variable for all the models is the
one-day-ahead call option price (Cn41). The models denoted by the n subscript use lagged input variables for forecasting Cn41. The one-day-ahead forecast errors of Cy41 are used to compute the Root Mean Square Error (RMSE). Column I identifies the
models, column II identifies the forecast variable, column III lists the input variables used by the models to obtain the one-trading-day ahead forecast of Cn41, and columns IV, V and VI describe the network architecture of the MLP M1CxN — Models and
the LSTM L1Cy — Models. Forecasts are made for 1,328 trading days, and there are 64 months covered in the sample using the monthly data.

When comparing all models simultaneously (i.e. including the random walk model (60Cy), column VII reports the number of months out of the 64 months that each model has the smallest RMSE, while column VIII reports the number of days out of the
1,328 days each model has the smallest RMSE. Columns IX (lower bound) and X (upper bound) present the winning percentage out of 64 months for each model, evaluated using the bootstrap sampling technique. The statistical bootstrap performed (with
replacement) at a 95% confidence level is computed from the monthly RMSE values of the respective models below. Columns XI (lower bound), XII (upper bound) presents the winning percentage out of 1326 days for each model computed from bootstrapping
the daily RMSE values of the respective models at a 95% confidence level.

Similarly, when the dCn model was excluded in the comparison, column XIII report the number of months out of the 64 months that each model has the smallest RMSE, while column XIV reports the number of days out of the 1,328 days each model has
the smallest RMSE. Columns XV (lower bound) and XVI (upper bound) present the winning percentage out of 64 months for each model, evaluated using the bootstrap sampling technique. The statistical bootstrap performed (with replacement) at a 95%
confidence level is computed from the monthly RMSE values of the respective models below. Also, columns XVII (lower bound) and XVIII (upper bound) present the winning percentage out of 1326 days for each model computed from bootstrapping the daily
RMSE values of the respective models at a 95% confidence level.

Including the random walk Excluding the random walk

(1) (I1) (I11) (Iv) (V) (VT) (VII) (VIII) (IX) (X) (XT1) (XII) (XIII) (XIV) (XV) (XVI) (XVII) (X VIII)
Model Forecast Inputs No. No. of Network Performance Performance 2.5% 2.5% up- 2.5% 2.5% up- Performance Performance 2.5% 2.5% up- 2.5% 2.5% up-

of hidden architecture amongst amongst lower per lower per amongst amongst lower per lower per

hidden nodes all models all models bound- bound- bound- bound- all models all models bound- bound- bound- bound-

layers per layer (Monthly) (Daily) (for (for (for (for daily) (Monthly) (Daily) (for (for (for (for daily)

monthly) monthly) daily) (%) monthly) monthly) daily) (%)
(%) (%) (%) (%) (%) (%)

5CN Cn11 Cn - - - 13 161 1% 31% 10% 14% - - - - - -
BSMCy  ONYON Sy Kn41,Tns1, Ry, Qn, 0GALIBS - - - 0 70 0% 0% 4% 7% 0 70 0% 0% 4% 6%
HCy Onow SNy K41, T i1, Ry, Qn, 0 SALBS | HParamsS, - - - 2 79 0% 8% 5% 7% 2 81 0% 8% 5% 7%
HIDCy — ONIVON Sy, Kni1,Tni1, Ry, Qn, 0 QALBS  HIDParamsS, - - - 0 6 0% 0% 0% 1% 0 27 0% 0% 1% 3%
FMLSCy  CNMIPON Sy Ky, Tvy1, Ry, Qn, FMLSParams$, - - - 0 45 0% 0% 2% 4% 0 46 0% 0% 2% 4%
M1Cly Onst Sn, Knt1, Tn 11, R, Qn, o GALTBS 1 6 0 14 0% 0% 1% 2% 0 14 0% 0% 1% 2%
M1C2y  ONIOPN Sn, K1, Tt Ry, Qs oGALIBS Oy 1 7 7 4 16 2% 13% 1% 2% 4 16 0% 13% 1% 2%
M1C3x ONLTPN SN, Kni1,Tn+1, BN, QN oGALIBY Oy BSMGreeksS, 1 12 12 1 61 0% 5% 4% 6% 1 73 0% 5% 4% 7%
M1C4y ONLS™ SN, Kni1,Tn+1, BN, QN oSALIBS Oy BSMGreeksS,, HParamsS, 1 17 17 1 53 0% 5% 3% 5% 6 87 3% 17% 5% 8%
M1C5y ONITPN  Sn, Kng1, Tngt, Ry, Qn, 0QALIBS O, BSMGrecksS,, HParamsS;, CHC 1 18 18 5 16 2% 16% 1% 2% 5 43 2% 16% 2% 4%
M1C6y ONICON Sy, K1, Tn41, Ry, Qn, HParams$, CRC 1 11 11 5 12 2% 16% 0% 2% 7 21 5% 19% 1% 2%
MiCTy  ONICT™N SN Kni1, Tt Ry, Qn . oGAL B BSMGreeksS;, CRSMC 1 12 12 10 43 8% 25% 2% 4% 10 51 7% 25% 3% 5%
M1C8x O8N SN, Kng1,Tn+1, By, Qn, HIDParamsS;, CR7PC 1 14 14 2 6 0% 8% 0% 1% 5 24 2% 14% 1% 3%
M1C9x ONLTON SN, Kni1,Tn1, By, Qn, FMLS Params,, CEMESC 1 8 8 0 17 0% 0% 1% 2% 0 22 0% 0% 1% 2%
L1Cly ONIN Sn, Kn41,Tn41, R, Qu, o GALIBS 1 6 6 0 2 0% 0% 0% 0% 0 2 0% 0% 0% 0%
L102y CNSPY SN KN, T, R, Qo o §AF B Oy 1 7 7 0 93 0% 0% 6% 8% 0 93 0% 0% 6% 8%
L1C3y CNPN SN Kny1, Tni1, R, Qu, o §AFBS Oy, BSMGreeks§, 1 12 12 0 85 0% 0% 5% 8% 0 85 0% 0% 5% 8%
L1C4y CNSIN SN Kny, T, R, Qu, 0 §A BS Oy, BSMGreeks$,, HParams§, 1 17 17 0 118 0% 0% 7% 1% 0 120 0% 0% % 1%
L1C5n cfvffN SN,KNH,TNH,RN,QN,UJCV‘AUBC,CN,BSMGreeksg,HPammsg,C}jC 1 18 18 6 101 3% 17% 6% 9% 6 105 3% 17% 6% 9%
L1C6y OGN SN, Kni1,Tn41, Bn, Qn, HParamsS,, CHC 1 11 11 2 93 0% 8% 6% 8% 2 96 0% 8% 6% 9%
L1CTN ON'OT™ SN, Kny1. Tt Ry, Qn, 0 GALIBS  BSMGreeksS,, CRSMC 1 12 12 4 67 2% 13% 4% 6% 5 75 2% 16% 4% %
L1C8y ONGEN SN, Kni1,Tn41, By, Qn, HIDParams$,, CR7PC 1 14 14 9 135 6% 23% 9% 12% 11 142 8% 27% 9% 12%
L1099y OSSN SN, K1, Tng1, By, Qn, FMLSParams,, CEMESC 1 8 8 0 35 0% 0% 2% 4% 0 35 0% 0% 2% 3%
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Table A.2.2: Call Price Comparison (amongst Parametric and MLP M1Cy — Models): This table presents a performance comparison using both daily and monthly statistics amongst the Black-Scholes-Merton (BSM Cy) model, Heston (HCy) model, Heston
Jump Diffusion (HJDCy) model, Finite Moment Log Stable (FMLSCy) model and the MLP M1Cy — Models (M1C1y to M1C9y). The forecast variable for all the models is the one-day-ahead call option price (Cn1). The models denoted by the y
subscript use lagged input variables for forecasting Cy41. The one-day-ahead forecast errors of Cn41 are used to compute the Root Mean Square Error (RMSE). Column I identifies the models, column II identifies the forecast variable, column IIT lists the
input variables used by the models to obtain the one-trading-day ahead forecast of Cny41, and columns IV, V and VI describe the network architecture of the MLP M1Cyn — Models. Forecasts are made for 1,328 trading days, and there are 64 months covered
in the sample using the monthly data.

When comparing all models simultaneously (i.e. including the random walk model (6Cy), column VII reports the number of months out of the 64 months that each model has the smallest RMSE, while column VIII reports the number of days out of the
1,328 days each model has the smallest RMSE. Columns IX (lower bound) and X (upper bound) present the winning percentage out of 64 months for each model, evaluated using the bootstrap sampling technique. The statistical bootstrap performed (with
replacement) at a 95% confidence level is computed from the monthly RMSE values of the respective models below. Columns XI (lower bound), XII (upper bound) presents the winning percentage out of 1326 days for each model computed from bootstrapping
the daily RMSE values of the respective models at a 95% confidence level.

Similarly, when the dCn model was excluded in the comparison, column XIII report the number of months out of the 64 months that each model has the smallest RMSE, while column XIV reports the number of days out of the 1,328 days each model has
the smallest RMSE. Columns XV (lower bound) and XVI (upper bound) present the winning percentage out of 64 months for each model, evaluated using the bootstrap sampling technique. The statistical bootstrap performed (with replacement) at a 95%
confidence level is computed from the monthly RMSE values of the respective models below. Also, columns XVII (lower bound) and XVIII (upper bound) present the winning percentage out of 1326 days for each model computed from bootstrapping the daily
RMSE values of the respective models at a 95% confidence level.

Including the random walk Excluding the random walk
() (I1) (I11) (Iv) (V) (V1) (VII) (VIII) (IX) (X) (XI) (XI1) (XIII) (XIV) (XV) (XVI) (XVII) (X VIII)
Model Forecast Inputs No. No. of Network Performance Performance 2.5% 2.5% up- 2.5% 2.5% up- Performance Performance 2.5% 2.5% up- 2.5% 2.5% up-
of hidden architecture amongst amongst lower per lower per amongst amongst lower per lower per
hidden nodes all models all models bound- bound- bound- bound- all models all models bound- bound- bound- bound-
layers per layer (Monthly) (Daily) (for (for (for (for daily) (Monthly) (Daily) (for (for (for (for daily)
monthly)  monthly) daily) (%) monthly)  monthly) daily) (%)
(%) (%) (%) (%) (%) (%)
§Cn CN41 Cn - - - 18 234 17% 39% 16% 20% - - - - - -
BSMC CBSMON g K Tni1, R cALIBC 0 124 0% 0% 8% 11% 0 124 0% 0% 8% 11%
N Nl Ny KNt1, TNy1, BN, QN, oy - - - 0 0 0 0 o 0 0 0
HCy Onew SNy KN 41, TN i1, Ry, Qn, 0SALIBS  HParams$) - - - 3 163 0% 11% 11% 14% 3 170 0% 11% 11% 15%
HIDCy — ONIVON Sy, Kny1,Tni1, Ry, Qn, 0 QAL B HIDParamsS, - - - 0 16 0% 0% 1% 2% 0 52 0% 0% 3% 5%
FMLSCy  CyMFSON Sy Kni1,Tni1, Ry, Qn, FMLSParams$, - - - 0 221 0% 0% 15% 19% 0 229 0% 0% 15% 19%
M1C1y ONIE™ SN Kny1, T, R, Qu, o GATTBS 1 6 6 0 50 0% 0% 3% 5% 0 50 0% 0% 3% 5%
M1C2y O Sy, Kni1, i1, R, Qn, oSALIBS oy 1 7 7 6 49 3% 17% 3% 5% 6 50 3% 17% 3% 5%
M1C3x ONLTPN SN, Kni1,Tn1, BN, QN oSCALIBS On BSMGreeks§, 1 12 12 4 124 2% 13% 8% 11% 4 144 2% 13% 9% 13%
M1C4x O™ Sy, Kni1,Tn+1, BN, QN oSALIBS Oy BSMGreeksS,, HParamsS, 1 17 17 3 93 0% 9% 6% 8% 8 140 6% 22% 9% 12%
M1C5y ONLPN SN, Knt1,Tn+1, BN, QN oSALIBS Oy BSMGreeksS,, HParamsS,CHC 1 18 18 7 45 5% 19% 3% 4% 11 81 8% 27% 5% 7%
M1C6 ONACON SN, K1, Ths1, Ry, Qn, HParams$, CRC 1 11 11 6 37 3% 17% 2% 4% 8 54 5% 20% 3% 5%
MiCTy  ONIUT™N SN Kni1, Tt Ry, Qn . oGAYBS  BSMGreeksS;, CRSMC 1 12 12 13 104 11% 31% 6% 9% 13 117 11% 30% 7% 10%
MiC8y  CNITPN Sn Ky, T, By, Qn, HIDParams§,, CIPC 1 14 14 3 23 0% 11% 1% 2% 10 59 8% 25% 3% 6%
M1C9x ONLTON SN, Kni1, Tn1, By, Qn, FMLS ParamsS,, CEMESC 1 8 8 1 45 0% 5% 2% 4% 1 58 0% 5% 3% 5%
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Table A.2.3: Call Price Comparison (amongst Parametric and LSTM L1Cy — Models): This table presents a performance comparison using both daily and monthly statistics amongst the Black-Scholes-Merton (BSM Cy) model, Heston (HCy) model, Heston
Jump Diffusion (HJDCy) model, Finite Moment Log Stable (FMLSCy) model and the LSTM L1CyN — Models (L1C1y to L1C9y). The forecast variable for all the models is the one-day-ahead call option price (Cnyy1). The models denoted by the y
subscript use lagged input variables for forecasting Cy41. The one-day-ahead forecast errors of Cn41 are used to compute the Root Mean Square Error (RMSE). Column I identifies the models, column II identifies the forecast variable, column IIT lists the
input variables used by the models to obtain the one-trading-day ahead forecast of Cny1, and columns IV, V and VI describe the network architecture of the LSTM L1Cy — Models. Forecasts are made for 1,328 trading days, and there are 64 months covered
in the sample using the monthly data.

When comparing all models simultaneously (i.e. including the random walk model (§Cy), column VII reports the number of months out of the 64 months that each model has the smallest RMSE, while column VIII reports the number of days out of
the 1,328 days each model has the smallest RMSE. Columns IX (lower bound) and X (upper bound) present the winning percentage out of 64 months for each model, evaluated using the bootstrap sampling technique. The statistical bootstrap performed
(with replacement) at a 95% confidence level is computed from the monthly RMSE values of the respective models below. Columns XI (lower bound) and XII (upper bound) present the winning percentage out of 1326 days for each model computed from
bootstrapping the daily RMSE values of the respective models at a 95% confidence level.

Similarly, when the dCn model was excluded in the comparison, column XIII report the number of months out of the 64 months that each model has the smallest RMSE, while column XIV reports the number of days out of the 1,328 days each model has
the smallest RMSE. Columns XV (lower bound) and XVI (upper bound) present the winning percentage out of 64 months for each model, evaluated using the bootstrap sampling technique. The statistical bootstrap performed (with replacement) at a 95%
confidence level is computed from the monthly RMSE values of the respective models below. Also, columns XVII (lower bound) and XVIII (upper bound) present the winning percentage out of 1326 days for each model computed from bootstrapping the daily
RMSE values of the respective models at a 95% confidence level.

Including the random walk Excluding the random walk
() (I1) (I11) (Iv) (V) (V1) (VII) (VIII) (IX) (X) (XI) (XI1) (XIII) (XIV) (XV) (XVI) (XVII) (X VIII)
Model Forecast Inputs No. No. of Network Performance Performance 2.5% 2.5% up- 2.5% 2.5% up- Performance Performance 2.5% 2.5% up- 2.5% 2.5% up-
of hidden architecture amongst amongst lower per lower per amongst amongst lower per lower per
hidden nodes all models all models bound- bound- bound- bound- all models all models bound- bound- bound- bound-
layers per layer (Monthly) (Daily) (for (for (for (for daily) (Monthly) (Daily) (for (for (for (for daily)
monthly)  monthly) daily) (%) monthly)  monthly) daily) (%)
(%) (%) (%) (%) (%) (%)
6CN CN41 Cn - - - 27 248 31% 55% 17% 21% - - - - - -
BSMC CEBSMEN oy Kni1,Tni1, R CALIBC 0 72 0% 0% 4% 7% 0 72 0% 0% 4% 7%
N Nl Ny EKN+1, TN+1, RN, QN5 0 - - - 0 b o o b b o o
HCy Onew Sny Knt1, Tnt1, R, @, 0 SALTES  HParamsS, - - - 6 133 3% 17% 8% 12% 7 145 5% 19% 9% 13%
HIDCy — ONIVON Sy, K1, Tyt Ry, Qn, 0 QAL B HIDParamsS, - - - 1 18 0% 5% 1% 2% 16 144 15% 36% 9% 13%
FMLSCy  CMFSON Sy Kni1,Tni1, Ry, Qn, FMLSParams$, - - - 0 61 0% 0% 4% 6% 0 65 0% 0% 4% 6%
L1C1y ONIY SN KN, T, R, Qu, o GAT BS 1 6 6 0 2 0% 0% 0% 0% 0 2 0% 0% 0% 0%
L102y CNPN Sy Kns1, T, Ry, Qn, o §AH B Oy 1 7 7 0 93 0% 0% 6% 8% 0 93 0% 0% 6% 8%
L1C3n CJLVIffN SN, Kn+1,Tn+1, RN, QN, agA“BC ,Cn, BSMGreeks§ 1 12 12 0 87 0% 0% 5% 8% 0 88 0% 0% 5% 8%
L1C4N CILVfl“N SnyKn+1,Tni1, Ry, Qn, agAUBC ,Cn, BSMGreeksS,, HParams$; 1 17 17 0 122 0% 0% 8% 11% 1 124 0% 5% 8% 11%
L1C5y ONEPN SN, Kni1,Tn+1, BN, QN oSALIBS Oy BSMGreeksS,, HParamsS,CHC 1 18 18 8 116 5% 20% 7% 10% 11 142 9% 27% 9% 12%
L1C6 N CNGY SNy K1, T, Ry, Qn, HParams$, CRC 1 11 11 5 103 2% 14% 6% 9% 5 118 2% 16% 7% 10%
L1CTy O SN KNy, Tt R, Qu, 0 GAF BS  BSMGreeks§, CRSMC 1 12 12 7 92 3% 19% 5% 8% 9 123 6% 22% 8% 1%
L1C8y ON SN SN, Kng1,Tn+1, By, Qn, HIDParamsS;, CR7PC 1 14 14 10 142 8% 25% 9% 12% 15 171 14% 34% 1% 15%
L1C9N ONEON SN, Kng1,Tn1, By, Qn, FMLS ParamsS,, CEMESC 1 8 8 0 39 0% 0% 2% 4% 0 41 0% 0% 2% 4%
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Table A.2.4: Call Price Comparison (amongst Parametric, MLP M2Cy — Models and LSTM L2Cy — Models): This table presents a performance comparison using both daily and monthly statistics amongst the Black-Scholes-Merton (BSMCy) model,
Heston (HCn) model, Heston Jump Diffusion (H.JDCy) model, Finite Moment Log Stable (FM LSCy) model, MLP M2Cy — Models (M2C1y to M2C9y) and the LSTM L2Cy — Models (L2C1y to L2C9y). The forecast variable for all the models is the
one-day-ahead call option price (Cn41). The models denoted by the n subscript use lagged input variables for forecasting Cn41. The one-day-ahead forecast errors of Cy41 are used to compute the Root Mean Square Error (RMSE). Column I identifies the
models, column II identifies the forecast variable, column III lists the input variables used by the models to obtain the one-trading-day ahead forecast of Cn41, and columns IV, V and VI describe the network architecture of the MLP M2CyN — Models and
the LSTM L2Cy — Models. Forecasts are made for 1,328 trading days, and there are 64 months covered in the sample using the monthly data.

When comparing all models simultaneously (i.e. including the random walk model (§Cy), column VII reports the number of months out of the 64 months that each model has the smallest RMSE, while column VIII reports the number of days out of
the 1,328 days each model has the smallest RMSE. Columns IX (lower bound) and X (upper bound) present the winning percentage out of 64 months for each model, evaluated using the bootstrap sampling technique. The statistical bootstrap performed
(with replacement) at a 95% confidence level is computed from the monthly RMSE values of the respective models below. Columns XI (lower bound) and XII (upper bound) present the winning percentage out of 1326 days for each model computed from
bootstrapping the daily RMSE values of the respective models at a 95% confidence level.

Similarly, when the dCn model was excluded in the comparison, column XIII report the number of months out of the 64 months that each model has the smallest RMSE, while column XIV reports the number of days out of the 1,328 days each model has
the smallest RMSE. Columns XV (lower bound) and XVI (upper bound) present the winning percentage out of 64 months for each model, evaluated using the bootstrap sampling technique. The statistical bootstrap performed (with replacement) at a 95%
confidence level is computed from the monthly RMSE values of the respective models below. Also, columns XVII (lower bound) and XVIII (upper bound) present the winning percentage out of 1326 days for each model computed from bootstrapping the daily
RMSE values of the respective models at a 95% confidence level.

Including the random walk Excluding the random walk

(1) (I1) (I11) (Iv) (V) (VT) (VII) (VIII) (IX) (X) (XT1) (XII) (XIII) (XIV) (XV) (XVI) (XVII) (X VIII)
Model Forecast Inputs No. No. of Network Performance Performance 2.5% 2.5% up- 2.5% 2.5% up- Performance Performance 2.5% 2.5% up- 2.5% 2.5% up-

of hidden architecture amongst amongst lower per lower per amongst amongst lower per lower per

hidden nodes all models all models bound- bound- bound- bound- all models all models bound- bound- bound- bound-

layers per layer (Monthly) (Daily) (for (for (for (for daily) (Monthly) (Daily) (for (for (for (for daily)

monthly) monthly) daily) (%) monthly) monthly) daily) (%)
(%) (%) (%) (%) (%) (%)

5CN Cn11 Cn - - - 10 142 8% 25% 9% 12% - - - - - -
BSMCy  ONYON Sy Kn41,Tns1, Ry, Qn, oGALIBS - - - 0 67 0% 0% 4% 6% 0 67 0% 0% 4% 6%
HCy Onow Sny K41, Tnt1, Ry, Qn, o SALBS | HParamsS) - - - 3 66 0% 9% 4% 6% 3 67 0% 11% 4% 6%
HIDCy — ONIVON Sy, Kni1,Tni1, Ry, Qn, 0 QALBS  HIDParamsS, - - - 0 5 0% 0% 0% 1% 0 21 0% 0% 1% 2%
FMLSCy  CNMIPON Sy Ky, Tvy1, Ry, Qn, FMLSParams$, - - - 0 29 0% 0% 1% 3% 0 29 0% 0% 1% 3%
M2C1ly ONTOMN SN, Knt1,Tn+1, BN, QN oGALIBC 2 6 6 X 6 3 38 0% 11% 2% 4% 3 40 0% 9% 2% 4%
M202y  ONZOPN Sn, K1, Tvir, Ry, Qs oGALIBS Oy 2 7 TX7 0 38 0% 0% 2% 4% 0 43 0% 0% 2% 4%
M2C3x ONZON SN, Knt1,Tn+1, BN, QN oSALIBY Oy BSMGreeksS, 2 12 12 X 12 5 54 2% 14% 3% 5% 5 70 2% 14% 4% 7%
M2C4y ONZI™ SN, Kni1,Tn+1, BN, QN oSALIBS Oy BSMGreeksS,, HParamsS, 2 17 17 X 17 4 43 2% 13% 2% 4% 6 56 3% 17% 3% 5%
M2C5y ONZOPN  Sn, Kng1,Tns1, R, Qn, 0GALIBS Oy, BSMGrecksS,, HParamsS;,CC 2 18 18 X 18 2 16 0% 8% 1% 2% 3 30 0% 11% 2% 3%
M2C6 CONZCON Sy, K1, Tn41, Ry, Qn, HParams$, CRC 2 11 11X 11 3 12 0% 11% 0% 1% 4 30 2% 13% 2% 3%
M20Ty  ONEPU™N SN Kni1, Tt Ry, Qn . oGALBS  BSMGreeksS;, CRSMC 2 12 12 X 12 6 26 3% 17% 1% 3% 7 41 3% 19% 2% 4%
M2C8x ONGZON SN, Knt1,Tn41, By, Qn, HIDParams$;, CH7PC 2 14 14 X 14 0 3 0% 0% 0% 1% 4 15 2% 13% 1% 2%
M2C9y cj‘fflcgN SN, Kn+1,Tn+1, Rnv, Qn, FM LS Params§,, CEMLSC 2 8 8X 8 3 16 0% 11% 1% 2% 3 26 0% 11% 1% 3%
L2C1y ONIN Sn,Kn41,Tn+1, Ry, Qn, o GALIBS 2 6 6X 6 0 22 0% 0% 1% 2% 0 22 0% 0% 1% 2%
L202y CNN SN KN, T, R, Qo o §AF B Oy 2 7 TX7 0 126 0% 0% 8% 11% 0 126 0% 0% 8% 11%
L203y CRNPN SN Kng1, Tnt1, R, Qu, o GAFBS Oy, BSMGreeks§, 2 12 12 X 12 0 81 0% 0% 5% 7% 0 83 0% 0% 5% 8%
L2C4y OGN SN Kny1, T, R, Qu, 0§ABS Oy, BSMGreeks$,, HParams§, 2 17 17 X 17 0 108 0% 0% 7% 10% 0 109 0% 0% % 10%
L2C5 N cfvrffN Sn,Kn+1,Tn+1, RN, QN, UJCV‘AUBC,CN, BSMGreeks§,, HParams§,,CiI¢ 2 18 18 X 18 2 74 0% 8% 4% 7% 2 79 0% 8% 5% %
L2C6y ONEON SN, Kni1,Tn41, Bn, Qn, HParamsS,, CHC 2 11 11 X 11 6 57 3% 17% 3% 6% 6 62 3% 17% 4% 6%
L2CTy ONN SN, Kny1, Tt Ry, Qn, 0 GALT B BSMGreeksS,, CRSMC 2 12 12X 12 5 44 2% 14% 2% 4% 5 47 2% 14% 3% 4%
L208y ONEEN SN, Knt1,Tn41, By, Qn, HIDParams$,, CR7PC 2 14 14X 14 11 101 9% 27% 6% 9% 12 104 9% 30% 6% 9%
L209y OGN SNy K41, Tng1, By, Qn, FMLSParams,, CEMESC 2 8 8X 8 1 160 0% 5% 10% 14% 1 161 0% 5% 10% 14%
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Table A.2.5: Call Price Comparison (amongst Parametric and MLP M2Cy — Models): This table presents a performance comparison using both daily and monthly statistics amongst the Black-Scholes-Merton (BSM Cy) model, Heston (HCy) model, Heston
Jump Diffusion (HJDCy) model, Finite Moment Log Stable (FMLSCy) model and the MLP M2Cy — Models (M2C1y to M2C9y). The forecast variable for all the models is the one-day-ahead call option price (Cn1). The models denoted by the y
subscript use lagged input variables for forecasting Cy41. The one-day-ahead forecast errors of Cn41 are used to compute the Root Mean Square Error (RMSE). Column I identifies the models, column II identifies the forecast variable, column IIT lists the
input variables used by the models to obtain the one-trading-day ahead forecast of Cny41, and columns IV, V and VI describe the network architecture of the MLP M2CyN — Models. Forecasts are made for 1,328 trading days, and there are 64 months covered
in the sample using the monthly data.

When comparing all models simultaneously (i.e. including the random walk model (§Cy), column VII reports the number of months out of the 64 months that each model has the smallest RMSE, while column VIII reports the number of days out of
the 1,328 days each model has the smallest RMSE. Columns IX (lower bound) and X (upper bound) present the winning percentage out of 64 months for each model, evaluated using the bootstrap sampling technique. The statistical bootstrap performed
(with replacement) at a 95% confidence level is computed from the monthly RMSE values of the respective models below. Columns XI (lower bound) and XII (upper bound) present the winning percentage out of 1326 days for each model computed from
bootstrapping the daily RMSE values of the respective models at a 95% confidence level.

Similarly, when the dCn model was excluded in the comparison, column XIII report the number of months out of the 64 months that each model has the smallest RMSE, while column XIV reports the number of days out of the 1,328 days each model has
the smallest RMSE. Columns XV (lower bound) and XVI (upper bound) present the winning percentage out of 64 months for each model, evaluated using the bootstrap sampling technique. The statistical bootstrap performed (with replacement) at a 95%
confidence level is computed from the monthly RMSE values of the respective models below. Also, columns XVII (lower bound) and XVIII (upper bound) present the winning percentage out of 1326 days for each model computed from bootstrapping the daily
RMSE values of the respective models at a 95% confidence level.

Including the random walk Excluding the random walk
(1) (I1) (I11) (Iv) (V) (V1) (VII) (VIII) (IX) (X) (XI) (XI1) (XIII) (XIV) (XV) (XVI) (XVII) (X VIII)
Model Forecast Inputs No. No. of Network Performance Performance 2.5% 2.5% up- 2.5% 2.5% up- Performance Performance 2.5% 2.5% up- 2.5% 2.5% up-
of hidden architecture amongst amongst lower per lower per amongst amongst lower per lower per
hidden nodes all models all models bound- bound- bound- bound- all models all models bound- bound- bound- bound-
layers per layer (Monthly) (Daily) (for (for (for (for daily) (Monthly) (Daily) (for (for (for (for daily)
monthly) monthly) daily) (%) monthly) monthly) daily) (%)
(%) (%) (%) (%) (%) (%)
§CN CN41 Cn - - - 15 217 14% 34% 15% 18% - - - - - -
BSMC CBSMON g Knit, Tni1, R CALIBC 122 % % % % % % % %
N Nl Ny EKN+1, TN+1, RN, QN 0 - - - 0 0% 0% 8% 11% 0 122 0% 0% 8% 11%
HCy Onew Sny Knt1, Tnt1, R, @, 0SALT B HParamsS - - - 3 153 0% 10% 10% 13% 3 155 0% 11% 10% 13%
HIDCy — ONIVON Sy, K1, T4t Ry, Qn, 0 QAL B HIDParamsS, - - - 1 16 0% 5% 1% 2% 2 40 0% 8% 2% 4%
FMLSCy  CMFSON Sy Kni1,Tni1, Ry, Qn, FMLSParams$, - - - 0 223 0% 0% 15% 19% 0 230 0% 0% 15% 19%
M2C1y ONZE™ SN Kni1, Tnt1, R, Qu, o GATTBC 2 6 6X6 4 99 2% 13% 6% 9% 4 102 2% 13% 6% 9%
M202y ONZON Sy Kns1, T, Ry, Qu, o §AE B Oy 2 7 7X 7 0 87 0% 0% 5% 8% 1 97 0% 5% 6% 9%
M2C3x ONZON 8y, Kni1, T i1, Ry, Qn, 0SALIBS  COn BSMGreeks§, 2 12 12 X 12 7 96 3% 19% 6% 9% 7 116 5% 19% 7% 10%
M2C4x ONZI™ SN, Kni1,Tn+1, BN, QN oSALIBY Oy BSMGreeksS,, HParamsS, 2 17 17X 17 5 91 2% 16% 5% 8% 8 111 5% 22% 7% 10%
M2C5y ONZON 8y, Kni1, i1, R, Qn, 0SALIBS O, BSMGreeksS,, HParams§, CHC 2 18 18 X 18 4 45 2% 13% 2% 4% 6 69 3% 17% 4% 6%
M206y  CNEUON Sy Kni1, T4t Ry, Qn, HParams$,, CHC 2 11 11X 11 5 36 2% 16% 2% 4% 6 63 3% 17% 4% 6%
M20Ty  ONEPUTN SN Kni1, Tt By, Qn . oGAY B BSMGreeksS;, CRSMC 2 12 12 X 12 14 78 11% 30% 5% 7% 16 99 13% 33% 6% 9%
M2C8y  CNEUSN Sn Knit,Tn1, Ry, Qn, HIDParams§,, C/PC 2 14 14 X 14 3 26 0% 11% 1% 3% 7 64 3% 19% 4% 6%
M2C9y cj\‘ﬁng SN, Kn+1,Tn+1, R, Qn, FM LS Params§,, CEMLSC 2 8 8X 8 4 39 2% 13% 2% 4% 5 60 2% 14% 3% 6%
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Table A.2.6: Call Price Comparison (amongst Parametric and LSTM L2Cy — Models): This table presents a performance comparison using both daily and monthly statistics amongst the Black-Scholes-Merton (BSM Cy) model, Heston (HCy) model, Heston
Jump Diffusion (HJDCy) model, Finite Moment Log Stable (FMLSCy) model and the LSTM L2CyN — Models (L2C1y to L2C9y). The forecast variable for all the models is the one-day-ahead call option price (Cnyy1). The models denoted by the y
subscript use lagged input variables for forecasting Cy41. The one-day-ahead forecast errors of Cn41 are used to compute the Root Mean Square Error (RMSE). Column I identifies the models, column II identifies the forecast variable, column IIT lists the
input variables used by the models to obtain the one-trading-day ahead forecast of Cny1, and columns IV, V and VI describe the network architecture of the LSTM L2Cy — Models. Forecasts are made for 1,328 trading days, and there are 64 months covered
in the sample using the monthly data.

When comparing all models simultaneously (i.e. including the random walk model (§Cy), column VII reports the number of months out of the 64 months that each model has the smallest RMSE, while column VIII reports the number of days out of
the 1,328 days each model has the smallest RMSE. Columns IX (lower bound) and X (upper bound) present the winning percentage out of 64 months for each model, evaluated using the bootstrap sampling technique. The statistical bootstrap performed
(with replacement) at a 95% confidence level is computed from the monthly RMSE values of the respective models below. Columns XI (lower bound) and XII (upper bound) present the winning percentage out of 1326 days for each model computed from
bootstrapping the daily RMSE values of the respective models at a 95% confidence level.

Similarly, when the dCn model was excluded in the comparison, column XIII report the number of months out of the 64 months that each model has the smallest RMSE, while column XIV reports the number of days out of the 1,328 days each model has
the smallest RMSE. Columns XV (lower bound) and XVI (upper bound) present the winning percentage out of 64 months for each model, evaluated using the bootstrap sampling technique. The statistical bootstrap performed (with replacement) at a 95%
confidence level is computed from the monthly RMSE values of the respective models below. Also, columns XVII (lower bound) and XVIII (upper bound) present the winning percentage out of 1326 days for each model computed from bootstrapping the daily
RMSE values of the respective models at a 95% confidence level.

Including the random walk Excluding the random walk
6y (I1) (I1I) av) (V) (VI) (VII) (VIII) (IX) (X) (XI) (XII) (XIII) (XIV) (XV) (XVI) (XVII) (XVIII)
Model Forecast Inputs No. No. of Network Performance Performance 2.5% 2.5% up- 2.5% 2.5% up- Performance Performance 2.5% 2.5% up- 2.5% 2.5% up-
of hidden architecture amongst amongst lower per lower per amongst amongst lower per lower per
hidden nodes all models all models bound- bound- bound- bound- all models all models bound- bound- bound- bound-
layers per layer (Monthly) (Daily) (for (for (for (for daily) (Monthly) (Daily) (for (for (for (for daily)
monthly)  monthly) daily) (%) monthly)  monthly) daily) (%)
(%) (%) (%) (%) (%) (%)
§Cn CN41 Cn - - - 22 231 22% 45% 15% 19% - - - - - -
BSMC CBSMON gy Kni1,Tni1, R cALIBC 0 68 0% 0% 4% 6% 0 68 0% 0% 4% 6%
N Nl Ny KN+1, TN+1, RN, QN, 0 - - - 0 b o o b b o o
HCy Onow SNy KN i1, TN i1, Ry, Qn, 0SALIBS  HParams$) - . - 10 122 8% 25% 8% 1% 11 138 8% 27% 9% 12%
HIDCy — ONIVON Sy, Kny1,Tni1, Ry, Qn, 0 QAL B HIDParamsS, - - - 2 16 0% 8% 1% 2% 15 114 13% 33% % 10%
FMLSCy  CMFSON Sy Kni1,Tni1, Ry, Qn, FMLSParams$, - - - 0 38 0% 0% 2% 4% 0 38 0% 0% 2% 4%
L2C1y OGN SN Kni1, Tnt1, R, Qu, o GALTBS 2 6 6X6 0 22 0% 0% 1% 2% 0 22 0% 0% 1% 2%
L2C2y ONGN SN, Knt1,Tn+1, BN, QN oSALIBC oy 2 7 7X 7 0 126 0% 0% 8% 11% 0 127 0% 0% 8% 11%
L203 N ONEN SN, Kni1,Tn1, BN, QN oCALIBS On BSMGreeks§, 2 12 12 X 12 0 83 0% 0% 5% 8% 0 86 0% 0% 5% 8%
L2C4 N cfff{‘N SnyKn+1,Tny1, R, Qn, a]CV‘ALIBC,cN, BSMGreeks§,, HParams, 2 17 17 X 17 0 113 0% 0% % 10% 0 116 0% 0% % 10%
L2C5y oSN Sy, Kni1,Tni1, R, Qn, 0SALIBS O, BSMGreeksS,, HParams§, CHC 2 18 18 X 18 4 102 2% 13% 6% 9% 4 121 2% 13% 8% 11%
L2C6 N OGN SNy K1, T, Ry, Qn, HParams$, CRC 2 11 11X 11 7 66 3% 20% 4% 6% 8 87 5% 20% 5% 8%
L2CTy NN SN KN, Tnt1, R, Q, 0§A BS  BSMGreeks§, CRSMC 2 12 12 X 12 6 63 3% 17% 4% 6% 9 104 6% 23% 7% 9%
L2C8y ONGEN SN, Knt1,Tn+1, By, Qn, HIDParamsS;, CR7PC 2 14 14 X 14 12 114 9% 28% 7% 10% 16 142 16% 36% 9% 12%
L2C9N cﬁfﬁgN SN, Kn+1,Tn+1, Rnv, Qn, FM LS Params§,, CEMLSC 2 8 8X 8 1 164 0% 5% 11% 14% 1 165 0% 5% 11% 14%
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Table A.2.7: Call Price Comparison (amongst Parametric, MLP M3Cy — Models and LSTM L3Cyx — Models): This table presents a performance comparison using both daily and monthly statistics amongst the Black-Scholes-Merton (BSMCy) model,
Heston (HCy) model, Heston Jump Diffusion (H.JDCy) model, Finite Moment Log Stable (F'M LSCy) model, MLP M3Cy — Models (M3C1y to M3C9y) and the LSTM L3Cy — Models (L3C1y to L3C9y). The forecast variable for all the models is the
one-day-ahead call option price (Cn41). The models denoted by the n subscript use lagged input variables for forecasting C'yy1. The one-day-ahead forecast errors of Cy41 are used to compute the Root Mean Square Error (RMSE). Column I identifies the
models, column II identifies the forecast variable, column III lists the input variables used by the models to obtain the one-trading-day ahead forecast of Cnx1, and columns IV, V and VI describe the network architecture of the MLP M3CyN — Models and the
LSTM L3Cy — Models. Forecasts are made for 1,328 trading days, and there are 64 months covered in the sample using the monthly data.

When comparing all models simultaneously (i.e. including the random walk model (6C'y), column VII reports the number of months out of the 64 months that each model has the smallest RMSE, while column VIII reports the number of days out of the 1,328 days
each model has the smallest RMSE. Columns IX (lower bound) and X (upper bound) present the winning percentage out of 64 months for each model, evaluated using the bootstrap sampling technique. The statistical bootstrap performed (with replacement)
at a 95% confidence level is computed from the monthly RMSE values of the respective models below. Columns XI (lower bound) and XII (upper bound) present the winning percentage out of 1326 days for each model computed from bootstrapping the daily
RMSE values of the respective models at a 95% confidence level.

Similarly, when the §Cn model was excluded in the comparison, column XIII report the number of months out of the 64 months that each model has the smallest RMSE, while column XIV reports the number of days out of the 1,328 days each model has the
smallest RMSE. Columns XV (lower bound) and XVI (upper bound) present the winning percentage out of 64 months for each model, evaluated using the bootstrap sampling technique. The statistical bootstrap performed (with replacement) at a 95% confidence
level is computed from the monthly RMSE values of the respective models below. Also, columns XVII (lower bound) and XVIII (upper bound) present the winning percentage out of 1326 days for each model computed from bootstrapping the daily RMSE values
of the respective models at a 95% confidence level.

Including the random walk Excluding the random walk

(I (I1) (I11) (Iv) (V) (VI) (VII) (VIII) (IX) (X) (XI) (XI1) (XIII) (XIV) (XV) (XVI) (XVII) (XVIII)
Model Forecast Inputs No. No. of Network Performance Performance 2.5% 2.5% up- 2.5% 2.5% up- Performance Performance 2.5% 2.5% up- 2.5% 2.5% up-

of hidden architecture amongst amongst lower per lower per amongst amongst lower per lower per

hidden nodes all models all models bound- bound- bound- bound- all models all models bound- bound- bound- bound-

layers per layer (Monthly) (Daily) (for (for (for (for daily) (Monthly) (Daily) (for (for (for (for daily)

monthly) monthly) daily) (%) monthly) monthly) daily) (%)
(%) (%) (%) (%) (%) (%)

6CN CN41 Cn - - - 9 128 6% 22% 8% 11% - - - - - -
BSMCy  ONYON Sy Kni1,Tn+1, Ry, Qn, oGALIBS - - - 0 55 0% 0% 3% 5% 0 55 0% 0% 3% 5%
HCn Onox Sny K41, T i1, Ry, Qn, 0 SALBS | HParamsS, - - - 1 71 0% 5% 4% 7% 1 71 0% 5% 4% 6%
HIDCy — ONIPON Sy, Kni1,Tni1, Ry, Qn, 0 QALBS HIDParamsS, - - - 0 5 0% 0% 0% 1% 1 17 0% 5% 1% 2%
FMLSCy  CNMEPON Sy Ky, Tny1, Ry, Qn, FMLSParams$, - - - 0 13 0% 0% 1% 2% 0 13 0% 0% 0% 2%
M3Cly  ONPO™ SN Kni1,Tni1, Ry, Qn,oGALIBS 3 6 6X6X6 3 44 0% 11% 2% 4% 3 50 0% 9% 3% 5%
M3C2y  ONTOPN Sn, K1, Tt Ry, Qu, o GALIBS Oy 3 7 TXTXT 1 45 0% 5% 2% 4% 1 53 0% 5% 3% 5%
M3C3x ONZON 8y, Kni1,Tnt1, R, Qn, 0SALIES O, BSMGreeksS, 3 12 12X 12 X 12 7 50 5% 20% 3% 5% 7 62 3% 19% 4% 6%
M3C4y ONZO™ SN, Kni1,Tn+1, BN, QN oGALIBY Oy BSMGreeksS,, HParamsS, 3 17 17X 17X 17 3 40 0% 11% 2% 4% 4 53 2% 13% 3% 5%
M3C5y  ONPOPN Sn, Ky, Tnir, Ry, Qn, oQALBS Oy, BSMGrecksS,, HParamsS,, CHC 3 18 18X 18X 18 1 12 0% 5% 0% 1% 3 31 0% 10% 2% 3%
M3C6y  CAPUON SN Kni1,Tn41, Ry, Qn, HParams$,, CHC 3 11 11X11X11 4 13 2% 13% 0% 2% 4 21 2% 13% 1% 2%
M3CTy  ONPUT™N SN Kni1,Tniis Ry, Qn . oGAY B BSMGreeksS;, CRSMC 3 12 12X12X12 8 21 5% 22% 1% 2% 8 36 5% 22% 2% 4%
M3C8y ONSTSN SN, Knt1,Tn+1, By, Qn, HIDParamsS;, CR7PC 3 14 14X 14 X 14 1 6 0% 5% 0% 1% 3 16 0% 11% 1% 2%
M3C9x ONZOON SN, Knt1, Tn 1, By, Qn, FMLS ParamsS,, CEMESC 3 8 §X8XS 2 19 0% 8% 1% 2% 4 32 2% 13% 2% 3%
L3C1y ONIN Sn,Kn41,Tn+1, Ry, Qn, o GALIBS 3 6 6X6X6 0 37 0% 0% 2% 4% 0 37 0% 0% 2% 4%
L3C2y CRN SN KN, T, R, Qu, o GAF B Oy 3 7 TXTXT 0 138 0% 0% 9% 12% 0 138 0% 0% 9% 12%
L3C3y CRAPN SN Kng1, Tnt1, R, Qu, o GAFBS Oy, BSMGreeks§, 3 12 12X12X12 0 86 0% 0% 5% 8% 0 86 0% 0% 5% 8%
L3C4y ORI SN K1, T, R, Qu, 0§ABC Oy, BSMGreeks$,, HParams§, 3 17 17X17X17 0 105 0% 0% 6% 9% 0 105 0% 0% 6% 9%
L3C5n cfvich SN,KNH,TNH,RN,QN,UJCV‘AUBC,CN,BSMGreeksg,HPammsg,ch 3 18 18 X 18 X 18 2 89 0% 8% 5% 8% 2 91 0% 8% 6% 8%
L3C6y OGN SN, Knt1,Tn41, Bn, Qn, HParamsS,, CHC 3 11 11X 11 X 11 3 53 0% 11% 3% 5% 3 55 0% 11% 3% 5%
L3CTyN oRE™N sy, Kni1,Tni1, R, Qn, 0SALIBS  BSMGreeks§,, CBSMC 3 12 12X 12X 12 6 39 3% 16% 2% 4% 7 41 5% 19% 2% 4%
L3C8y OGN SN, Kni1,Tn41, By, Qn, HIDParams$,, CR7PC 3 14 14X14X14 13 90 1% 31% 5% 8% 13 96 1% 30% 6% 9%
L3C9N OGN SNy K1, Tng1, By, Qn, FMLSParams§,, CEMESC 3 8 8X8X38 0 169 0% 0% 11% 15% 0 169 0% 0% 11% 15%
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Table A.2.8: Call Price Comparison (amongst Parametric and MLP M3Cx — Models): This table presents a performance comparison using both daily and monthly statistics amongst the Black-Scholes-Merton (BSM Cy) model, Heston (HCy) model,
Heston Jump Diffusion (HJDC) model, Finite Moment Log Stable (FMLSCy) model and the MLP M3Cx — Models (M3C1y to M3C9y). The forecast variable for all the models is the one-day-ahead call option price (Cn41). The models denoted
by the n subscript use lagged input variables for forecasting Cn41. The one-day-ahead forecast errors of C41 are used to compute the Root Mean Square Error (RMSE). Column I identifies the models, column II identifies the forecast variable, column
IIT lists the input variables used by the models to obtain the one-trading-day ahead forecast of Cx 41, and columns IV, V and VI describe the network architecture of the MLP M3Cy — Models. Forecasts are made for 1,328 trading days, and there are
64 months covered in the sample using the monthly data.

When comparing all models simultaneously (i.e. including the random walk model (6Cy ), column VII reports the number of months out of the 64 months that each model has the smallest RMSE, while column VIII reports the number of days out of the
1,328 days each model has the smallest RMSE. Columns IX (lower bound) and X (upper bound) present the winning percentage out of 64 months for each model, evaluated using the bootstrap sampling technique. The statistical bootstrap performed
(with replacement) at a 95% confidence level is computed from the monthly RMSE values of the respective models below. Columns XI (lower bound) and XII (upper bound) present the winning percentage out of 1326 days for each model computed from
bootstrapping the daily RMSE values of the respective models at a 95% confidence level.

Similarly, when the 6Cn model was excluded in the comparison, column XIII report the number of months out of the 64 months that each model has the smallest RMSE, while column XIV reports the number of days out of the 1,328 days each model has
the smallest RMSE. Columns XV (lower bound) and XVI (upper bound) present the winning percentage out of 64 months for each model, evaluated using the bootstrap sampling technique. The statistical bootstrap performed (with replacement) at a
95% confidence level is computed from the monthly RMSE values of the respective models below. Also, columns XVII (lower bound) and XVIII (upper bound) present the winning percentage out of 1326 days for each model computed from bootstrapping
the daily RMSE values of the respective models at a 95% confidence level.

Including the random walk Excluding the random walk

(I (I1) (I11) (Iv) (V) (VI) (VII) (VIII) (IX) (X) (XI) (XI1) (XIII) (XIV) (XV) (XVI) (XVII) (XVIII)
Model Forecast Inputs No. No. of Network Performance Performance 2.5% 2.5% up- 2.5% 2.5% up- Performance Performance 2.5% 2.5% up- 2.5% 2.5% up-

of hidden architecture amongst amongst lower per lower per amongst amongst lower per lower per

hidden nodes all models all models bound- bound- bound- bound- all models all models bound- bound- bound- bound-

layers per layer (Monthly) (Daily) (for (for (for (for daily) (Monthly) (Daily) (for (for (for (for daily)

monthly) monthly) daily) (%) monthly) monthly) daily) (%)
(%) (%) (%) (%) (%) (%)
5Cn CN41 Cn - - - 15 206 13% 36% 14% 17% - - - - - -
BSMCy CALIB®

BSMCy  CR3) SnyKnt1,Tn 41, Ra, Qn, 0 - - - 0 124 0% 0% 8% 11% 0 124 0% 0% 8% 11%
HCn Onow Sny Kn41, T 11, Ry, Qn, o SALES | HParamsS, - - - 3 157 0% 11% 10% 13% 3 159 0% 11% 10% 14%
HIDCy — ONIPON  Sn, K1, T4t Ry, Qn, 0 QALBS  HIDParamsS, - - - 0 19 0% 0% 1% 2% 2 46 0% 8% 3% 5%
FMLSCy  CNMIPON Sy Ky, Tny1, Ry, Qn, FMLSParams$, - - - 0 224 0% 0% 15% 19% 0 229 0% 0% 15% 19%
M3C1ly ONSTMN SN, Knt1, Tns1, BN, QN oGALIBE 3 6 6X6X6 5 107 2% 15% 7% 9% 5 114 2% 14% 7% 10%
M3C2y  ONTOPN Sn, K1, Tvir, Ry, Qu, o GALIBS Oy 3 7 TXTXT 1 91 0% 5% 5% 8% 2 101 0% 8% 6% 9%
M3C3x ONZN 8y, Kni1, Tnt1, R, Qn, 0SALIBS Oy, BSMGreeksS, 3 12 12X 12 X 12 10 99 8% 25% 6% 9% 11 116 8% 27% 7% 10%
M3C4y ONZOM™N Sy, Kni1,Tn+1, BN, QN oGALIBS Oy BSMGreeksS,, HParamsS, 3 17 17X 17X 17 6 71 3% 17% 4% 7% 7 90 5% 19% 5% 8%
M3C5y  ONPOPN Sn, K, Tnir, Ry, Qn, oQALBS Oy, BSMGrecksS,, HParamsS,, CHC 3 18 18X 18X 18 3 38 0% 9% 2% 4% 6 68 3% 17% 4% %
M3C6y  CAPUON SN Kni1,Tn41, Ry, Qn, HParams$,, CHC 3 1 11X11X11 6 48 3% 17% 3% 5% 6 65 3% 17% 4% 6%
M3CTy  ONPU™N SN Kni1, Tt Ry, Qn . oGAL B BSMGreeksS;, CRSMC 3 12 12X12X12 11 73 9% 27% 4% 7% 11 94 8% 27% 6% 9%
M3C8x ONSTSN SN, Knt1,Tn+1, By, Qn, HIDParamsS;, CR7PC 3 14 14X 14 X 14 2 24 0% 8% 1% 3% 6 57 3% 17% 3% 5%
M3C9x ONZOON SN, Knt1, Tn 1, B, Qn, FMLS Params,, CEMESC 3 8 §X8XS 2 47 0% 8% 3% 5% 5 65 2% 16% 4% 6%
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Table A.2.9: Call Price Comparison (amongst Parametric and LSTM L3Cy — Models): This table presents a performance comparison using both daily and monthly statistics amongst the Black-Scholes-Merton (BSMCy) model, Heston (HCy) model,
Heston Jump Diffusion (H.JDCy) model, Finite Moment Log Stable (F M LSCy) model and the LSTM L3Cy — Models (L3C1y to L3C9y). The forecast variable for all the models is the one-day-ahead call option price (Cny1). The models denoted
by the n subscript use lagged input variables for forecasting Cn41. The one-day-ahead forecast errors of C41 are used to compute the Root Mean Square Error (RMSE). Column I identifies the models, column II identifies the forecast variable, column
IIT lists the input variables used by the models to obtain the one-trading-day ahead forecast of Cn1, and columns IV, V and VI describe the network architecture of the LSTM L3CxN — Models. Forecasts are made for 1,328 trading days, and there are
64 months covered in the sample using the monthly data.

When comparing all models simultaneously (i.e. including the random walk model (6Cy ), column VII reports the number of months out of the 64 months that each model has the smallest RMSE, while column VIII reports the number of days out of the
1,328 days each model has the smallest RMSE. Columns IX (lower bound) and X (upper bound) present the winning percentage out of 64 months for each model, evaluated using the bootstrap sampling technique. The statistical bootstrap performed
(with replacement) at a 95% confidence level is computed from the monthly RMSE values of the respective models below. Columns XI (lower bound) and XII (upper bound) present the winning percentage out of 1326 days for each model computed from
bootstrapping the daily RMSE values of the respective models at a 95% confidence level.

Similarly, when the dCn model was excluded in the comparison, column XIII report the number of months out of the 64 months that each model has the smallest RMSE, while column XIV reports the number of days out of the 1,328 days each model has
the smallest RMSE. Columns XV (lower bound) and XVI (upper bound) present the winning percentage out of 64 months for each model, evaluated using the bootstrap sampling technique. The statistical bootstrap performed (with replacement) at a
95% confidence level is computed from the monthly RMSE values of the respective models below. Also, columns XVII (lower bound) and XVIII (upper bound) present the winning percentage out of 1326 days for each model computed from bootstrapping
the daily RMSE values of the respective models at a 95% confidence level.

Including the random walk Excluding the random walk

6y (I1) (I1I) av) (V) (VI) (VII) (VIII) (IX) (X) (XI) (XII) (XIII) (XIV) (XV) (XVI) (XVII) (XVIII)
Model Forecast Inputs No. No. of Network Performance Performance 2.5% 2.5% up- 2.5% 2.5% up- Performance Performance 2.5% 2.5% up- 2.5% 2.5% up-

of hidden architecture amongst amongst lower per lower per amongst amongst lower per lower per

hidden nodes all models all models bound- bound- bound- bound- all models all models bound- bound- bound- bound-

layers per layer (Monthly) (Daily) (for (for (for (for daily) (Monthly) (Daily) (for (for (for (for daily)

monthly) monthly) daily) (%) monthly) monthly) daily) (%)
(%) (%) (%) (%) (%) (%)
§Cn Cni1 Cn . . . 24 234 27% 50% 16% 20% - - - - - -
BSMCy CALIB®

BSMCy  CN3Y Sny Kn+1, Tni1, R, Qn, 0§ - - - 0 55 0% 0% 3% 5% 0 55 0% 0% 3% 5%
HCn Onox SnyKn41, T i1, Ry, Qn, o SALES | HParamsS) - - - 8 129 5% 20% 8% 11% 9 144 6% 23% 9% 13%
HJDCN CnIPON SN, Kni1,Tn+1, BN, QN oSALIBS [ JDParams$, - - - 0 17 0% 0% 1% 2% 15 126 13% 34% 8% 11%
FMLSCy  CNMEPON Sy Ky, Tny1, Ry, Qn, FMLSParams$, - - - 0 18 0% 0% 1% 2% 0 18 0% 0% 1% 2%
L3C1xn OGN SN, Knt1,Tn1, BN, QN oGALIBC 3 6 6X6X6 0 37 0% 0% 2% 4% 0 37 0% 0% 2% 4%
L3C2xn OGN SN, Kni1,Tn+1, BN, QN oGALIBS oy 3 7 TXTXT 1 143 0% 5% 9% 12% 1 144 0% 5% 9% 13%
L3C3y ONPN SN, Eng1, Tt Ry, Qn, 0 GALIBS O, BSMGreeks§, 3 12 12X12X12 0 92 0% 0% 6% 8% 0 95 0% 0% 6% 9%
L3C4y OGN SN, Kni1,Tn+1, BN, QN oGALIBS Oy BSMGreeksS,, HParamsS, 3 17 17X17X17 0 112 0% 0% 7% 10% 0 115 0% 0% 7% 10%
L3C5y ONPN Sn, Kng1, Tt Ry, Qn, 0 GALIBS O, BSMGrecksS,, HParamsS,, CHC 3 18 18X 18X 18 3 103 0% 11% 6% 9% 3 127 0% 11% 8% 11%
L3C6y OGN SNy K1, Tn41, Ry, Qn, HParams$, CRC 3 1 11X11X11 7 58 5% 19% 3% 6% 11 75 8% 27% 4% %
L3CTy RN SN Kn1, T, R, Qu, 0§A BS  BSMGrecks§, OBSMC 3 12 12X12X12 6 56 3% 17% 3% 5% 9 91 6% 23% 5% 8%
L3C8y OGN SN, Knt1,Tn+1, By, Qn, HIDParamsS;, CR7PC 3 14 14X14X14 15 98 14% 33% 6% 9% 16 121 16% 36% 8% 11%
L3C9N cfviclgN SN, Kn+1,Tn+1, Rv, Qn, FMLSParams§,, CEMLSC 3 8 8X8X8 0 176 0% 0% 11% 15% 0 180 0% 0% 12% 15%
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Table A.2.10: Call Price Comparison (amongst Parametric, MLP M1Cy — Models, LSTM L1CyN — Models, MLP M2Cx — Models, LSTM L2CyN — Models, MLP M3Cx — Models, and LSTM L3Cx — Models): This table presents a performance
comparison using both daily and monthly statistics amongst the Black-Scholes-Merton (BSM Cy) model, Heston (HC) model, Heston Jump Diffusion (HJDCy) model, Finite Moment Log Stable (FM LSCy) model, MLP M1Cy — Models (M1C1y
to M1C9y), LSTM L1CN — Models (L1C1y to L1C9y), MLP M2CyN — Models (M2C1y to M2C9y), LSTM L2Cy — Models (L2C1y to L2C9y), MLP M3CxN — Models (M3C1ly to M3C9y) and the LSTM L3Cy — Models (L3C1y to L3C9y).
The forecast variable for all the models is the one-day-ahead call option price (Cn11). The models denoted by the n subscript use lagged input variables for forecasting Cyy1. The one-day-ahead forecast errors of Cn4q are used to compute the Root
Mean Square Error (RMSE). Column I identifies the models, column II identifies the forecast variable, column III lists the input variables used by the models to obtain the one-trading-day ahead forecast of Cy 1, and columns IV, V and VI describe the
network architecture of the MLP M1Cy — Models, LSTM L1Cy — Models, MLP M2Cyn — Models, LSTM L2Cy — Models, MLP M3Cy — Models, and the LSTM L3Cx — Models. Forecasts are made for 1,328 trading days, and there are 64 months
covered in the sample using the monthly data.
When comparing all models simultaneously (i.e. including the random walk model (§Cy ), column VII reports the number of months out of the 64 months that each model has the smallest RMSE, while column VIII reports the number of days out of the
1,328 days each model has the smallest RMSE. Columns IX (lower bound) and X (upper bound) present the winning percentage out of 64 months for each model, evaluated using the bootstrap sampling technique. The statistical bootstrap performed
(with replacement) at a 95% confidence level is computed from the monthly RMSE values of the respective models below. Columns XI (lower bound), and XII (upper bound) presents the winning percentage out of 1326 days for each model computed
from bootstrapping the daily RMSE values of the respective models at a 95% confidence level.
Similarly, when the dCn model was excluded in the comparison, column XIII report the number of months out of the 64 months that each model has the smallest RMSE, while column XIV reports the number of days out of the 1,328 days each model has
the smallest RMSE. Columns XV (lower bound) and XVI (upper bound) present the winning percentage out of 64 months for each model, evaluated using the bootstrap sampling technique. The statistical bootstrap performed (with replacement) at a
95% confidence level is computed from the monthly RMSE values of the respective models below. Also, columns XVII (lower bound) and XVIII (upper bound) present the winning percentage out of 1326 days for each model computed from bootstrapping
the daily RMSE values of the respective models at a 95% confidence level.

Including the random walk

Excluding the random walk

@ (Im) (111) v) (V) (VI) (VII) (VIII) (IX) (X) (XI) (XII) (XIII) (XIV) (XV) (XVI) (XVII) (XVIII)
Model Forecast Inputs No. No. of Network Performance Performance 2.5% 2.5% up- 2.5% 2.5% up- Performance Performance 2.5% 2.5% up- 2.5% 2.5% up-
of hidden architecture amongst amongst lower per lower per amongst amongst lower per lower per
hidden nodes all models all models bound- bound- bound- bound- all models all models bound- bound- bound- bound-
layers per layer (Monthly) (Daily) (for (for (for (for daily) (Monthly) (Daily) (for (for (for (for daily)
monthly) monthly) daily) (%) monthly) monthly) daily) (%)
(%) (%) (%) (%) (%) (%)
§Cn Cnt1 Cn - - - 6 106 3% 17% % 9% - - - - - -
BSMCy  CR3YON  Sn,Kni1,Tn41, BN, Qn, oGALIBC - - - 0 53 0% 0% 3% 5% 0 53 0% 0% 3% 5%
HCy Onox Sny K41, T i1, R, Qn, o §ALBS  HParamsS) - - - 1 40 0% 5% 2% 4% 1 40 0% 5% 2% 4%
HIDCy — ONIVON  Sn, K1, T4t Ry, Qn, 0 QAL B HIDParamsS, - - - 0 1 0% 0% 0% 0% 0 9 0% 0% 0% 1%
FMLSCy  CyMFSON Sy Ky, Tni1, Ry, Qn, FMLSParams$, - - - 0 7 0% 0% 0% 1% 0 7 0% 0% 0% 1%
M1C1y ONIE™ SN Ky, T, R, Qu, o GATTBS 1 6 0 6 0% 0% 0% 1% 0 6 0% 0% 0% 1%
M102y CONIOPN Sy Kni1, T, Ry, Qu, o §AE B Oy 1 7 7 1 8 0% 5% 0% 1% 1 8 0% 5% 0% 1%
M1C3x ONLTPN sy, Kni1, T i1, Ry, Qn, 0SALIBS Oy BSMGreeks§, 1 12 12 1 19 0% 5% 1% 2% 1 24 0% 5% 1% 3%
M1C4y Cj‘ﬁf“N SnyKn+1,Tn+1, RN, Qn, agAUBC ,Cn, BSMGreeksS,, HParams$; 1 17 17 0 20 0% 0% 1% 2% 0 26 0% 0% 1% 3%
M1C5y  ONIOPN  Sn, K1, Tnit, Ry, Qn, 0QALIBS O, BSMGrecksS,, HParamsS;, CHC 1 18 18 2 5 0% 8% 0% 1% 2 6 0% 8% 0% 1%
Mi1C6y  CNICON SN Kni1,Tn41, Ry, Qn, HParams$,, CHC 1 11 11 2 4 0% 8% 0% 1% 3 5 0% 11% 0% 1%
MiCTy  ONIU™N SN Kni1, Tngts Ry, Qn . oGAL B BSMGreeksS;, CRSMC 1 12 12 2 14 0% 8% 1% 2% 2 15 0% 8% 1% 2%
M1C8x O SN, Knt1,Tn+1, By, Qn, HIDParamsS;, CR7PC 1 14 14 0 3 0% 0% 0% 1% 0 6 0% 0% 0% 1%
M1C9x ONLTON SN, Knt1,Tn1, By, Qn, FMLS ParamsS,, CEMESC 1 8 8 0 5 0% 0% 0% 1% 0 6 0% 0% 0% 1%
M201y  ONZO'™  Sn K1, Twi1, Ry, Qn, oGALIBS 2 6 6X 6 0 1 0% 0% 0% 0% 0 1 0% 0% 0% 0%
M202y ONZOPN  Sn, Kng1, Tt Ry, Qn, o GALBS Oy 2 7 TX7 0 17 0% 0% 1% 2% 0 17 0% 0% 1% 2%
M2C3y  ONTOPN SN Kng1,Tne1, Ry, Qn, o QAHBC Oy, BSMGreeks§, 2 12 12X 12 0 13 0% 0% 1% 2% 0 13 0% 0% 1% 2%
M2Cay  ONZOMW SN K1, Tni1, Ry, Qn, 0 QA BC Oy, BSMGrecksS, HParamsS, 2 17 17 X 17 0 28 0% 0% 1% 3% 0 28 0% 0% 1% 3%
M2C5x ONTON SN, Knt1,Tn+1, BN, QN oSALIBY \Cn BSMGreeksS,, HParamsS,, CHC 2 18 18 X 18 4 32 2% 13% 2% 3% 4 32 2% 13% 2% 3%
M2C6x ONZOON SN, Knt1, Tn1, By, Qn, HParamsS,, CHC 2 11 11X 11 0 14 0% 0% 1% 2% 0 14 0% 0% 1% 2%
M2C7y Cj‘fff”v SN, KN+1,TN+1,RN,QN,UJC\’,ALIBC, BSMGreeks$,, CESMC 2 12 12 X 12 2 26 0% 8% 1% 3% 3 27 0% 11% 1% 3%
M2C8y  CNEUPN Sn, Kni1,Tw+1, Ry, Qn, HIDParams$, C57PC 2 14 14 X 14 1 21 0% 5% 1% 2% 1 22 0% 5% 1% 2%
M209y CNZCON Sy, K1, Tn1, By, Qn, FMLSParamsS,, CEMESC 2 8 8X 8 0 4 0% 0% 0% 1% 0 4 0% 0% 0% 1%
M3Cly  ONPO™ Sy Kni1,Tni1, Ry, Qn,oGALIBC 3 6 6X6X6 0 11 0% 0% 0% 1% 0 11 0% 0% 0% 1%
M3C2x ONZTN SN, Knt1, Tn+1, BN, QN oSALIBC oy 3 7 TXTXT 0 13 0% 0% 1% 2% 0 14 0% 0% 1% 2%
M3C3y Cj‘fflcSN SN, Kn+1,Tn+1, RN, QN, a]CV‘AUBC,CN, BSMGreeks§ 3 12 12X12X12 3 17 0% 11% 1% 2% 3 21 0% 11% 1% 2%
M3C4y ONZOMWN SN, Kni1,Tn+1, BN, QN oSALIBS \Cn BSMGreeksS,, HParamsS, 3 17 17X17X17 1 18 0% 5% 1% 2% 1 24 0% 5% 1% 3%
M3C5y  ONPOPN Sn, Ky, Tnir, Ry, Qn, oSALBS Oy, BSMGrecksS,, HParamsS,, CHC 3 18 18X 18X 18 0 2 0% 0% 0% 0% 0 4 0% 0% 0% 1%
M3C6y  CAPUON Sy Ky, T+t Ry, Qn, HParams$,, CHC 3 11 MX1IIX1 1 3 0% 5% 0% 1% 2 6 0% 8% 0% 1%
M3CTy  ONPU™N SN Kni1,Tni1, Ry, Qn . oGAY B BSMGreeksS;, CRSMC 3 12 12X12X12 1 4 0% 5% 0% 1% 1 8 0% 5% 0% 1%
M3C8x OB Sny Kng1, T, By, Qn, HIDParams$,, CH7PC 3 14 14X14X14 0 1 0% 0% 0% 0% 0 2 0% 0% 0% 0%
M3C9y Cj‘ffng SN, Kn+1,Tn+1, BN, Qn, FMLSParams§;, CLMESC 3 8 8X8X8 0 4 0% 0% 0% 1% 0 6 0% 0% 0% 1%
Li1Cly ONGIN Sn,Kn41,Tns1, Ry, Qn, o GALIBS 1 6 6 0 3 0% 0% 0% 1% 0 3 0% 0% 0% 1%
L102y ONEN Sn,Kni1,Tns1, Ry, Qn, 0§ALIBS Oy 1 7 7 0 45 0% 0% 2% 4% 0 45 0% 0% 2% 4%
L1C3y ON'SEN SN Kn41.Tni1, Ry, Qo o QA BS Oy, BSMGreeks§, 1 12 12 0 27 0% 0% 1% 3% 0 27 0% 0% 1% 3%
L1C4y ON'GIN SN Kn41.Tni1, Ry, Qo o QA BC Oy, BSMGreeks,, HParams§, 1 17 17 0 28 0% 0% 1% 3% 0 28 0% 0% 1% 3%
L1C5N Cfvffw SN, Kna1,Tni1, Ry, Qn, o—]C\‘,A“BC ,Cn, BSMGreeks$,, HParams$,,CHC 1 18 18 1 29 0% 5% 1% 3% 1 33 0% 5% 2% 3%
L1C6y Oy SN SN, Kni1, T+, By, Qn, HParamsS,, CHC 1 11 11 2 11 0% 8% 0% 1% 2 13 0% 8% 1% 2%
L1CTN ON TN Sn Kni1,Tns1, Ry, Qn, 0GALI B BSMGreeksS;, CBSMC 1 12 12 3 21 0% 9% 1% 2% 3 22 0% 11% 1% 2%
L1C8y ORI SN, Kng1. T4, Ry, Qn, HIDParams$,, Ci7PC 1 14 14 2 25 0% 8% 1% 3% 3 27 0% 11% 1% 3%
L1C9y CRIN Sy, Kni1.Tn+1, By, Qn, FMLSParams§,, CEMLSC 1 8 8 0 33 0% 0% 2% 3% 0 34 0% 0% 2% 3%
L2C1y OGN SN, Kng1,Tn+1, BN, Qn, oGALIBC 2 6 6 X 6 0 8 0% 0% 0% 1% 0 11 0% 0% 0% 1%
L202y ONPN Sn Kni1, T, Ry, Q. oGALIBS Oy 2 7 TX7 1 21 0% 5% 1% 2% 1 23 0% 5% 1% 3%
L2C3 N cffff‘N SN, Kn+1,TN+1, RN, QN,UJQ,ALIBC,CN, BSMGreeks§ 2 12 12 X 12 4 32 2% 13% 2% 3% 4 37 2% 13% 2% 4%
L2C4y CRS™N SN, Kni1,Tn+1, BN, Qn, oGALIBY Oy BSMGreeksS,, HParamsS, 2 17 17 X 17 2 17 0% 8% 1% 2% 2 23 0% 8% 1% 2%
L2C5y O Sn Kni1,Tva1, R, Q. 0GALIBS Oy, BSMGrecksS,, HParamsS,,CHC 2 18 18 X 18 0 2 0% 0% 0% 0% 0 5 0% 0% 0% 1%
L2C6 N CRSN SN, Kni1,Tn+1, Ry, Qn, HParams$,, CHC 2 11 11X11 0 2 0% 0% 0% 0% 0 5 0% 0% 0% 1%
L2CTy ONE™N SN Kn41.Tni1, R, Qu, 0 GA BS  BSMGrecks§, CBSMC 2 12 12X 12 4 8 0% 13% 0% 1% 4 16 1% 13% 1% 2%
L2C8y OGN SN, Kng1,Tv+1, Ry, Qn, HIDParams$,, C17PC 2 14 14 X 14 1 2 0% 6% 0% 0% 2 8 0% 8% 0% 1%
L2099y CRZSN SN, Knt1,Tn+1, Bn, Qn, FMLSParams,, CEMESC 2 8 8X8 0 7 0% 0% 0% 1% 1 13 0% 5% 0% 2%
L3Cly OGN Sy Kni1,Tns1, Ry, Qn, 0GALTBS 3 6 6X6X6 0 34 0% 0% 2% 3% 0 34 0% 0% 2% 3%
L3C2y ONPN Sy Kni1,Tns1, Ry, Qn, o§GALIBS Oy 3 7 TXTXT 0 86 0% 0% 5% 8% 0 86 0% 0% 5% 8%
L3C3y OGN SN, Kn41,Tnt1, R, Qn, o GA B O, BSMGreeks§, 3 12 12X12X12 0 38 0% 0% 2% 4% 0 38 0% 0% 2% 4%
L3C4n C’S™N SN, Kni1,Tnsr, Ry, Qn,0SALIBS Oy BSMGreeksS,, HParamsS, 3 17 17X17X17 0 73 0% 0% 4% 7% 0 73 0% 0% 4% 7%
L3C5n C]Lvich SN, Kna1,Tnt1, RN, QN,agA“BC,CN, BSMGreeks§, HParams$,,CiI¢ 3 18 18X 18X 18 1 39 0% 5% 2% 4% 1 40 0% 5% 2% 4%
L3C6y OSSN, Kni1,Tn+1, Bn, Qn, HParamsS,, CHC 3 11 IIX11X11 1 22 0% 5% 1% 2% 1 22 0% 5% 1% 2%
L3CTN CRPS™ SN, Kni1,Tn+1, BN, Qn,0SALIBS  BSMGreeksS,, CBSMC 3 12 12X12X12 5 24 2% 14% 1% 3% 5 25 2% 14% 1% 3%
L3C8y CRSNY Sn,Kni1.Tn+1, Ry, Qn, HIDParams$,, Ci7PC 3 14 4X14X14 9 49 6% 23% 3% 5% 9 50 6% 23% 3% 5%
L3C9y CBON 9y Kni1,Tni1, Ry, Qn, FMLSParams§,, CEMLSC 3 8 8X8X8 0 122 0% 0% 8% 11% 0 122 0% 0% 8% 11%

N+1
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Table A.2.11: Call Price Comparison (amongst Parametric, MLP M1Cyx — Models, MLP M2Cy — Models, and MLP M3Cx — Models): This table presents a performance comparison using both daily and monthly statistics amongst the Black-Scholes-
Merton (BSMCy) model, Heston (HCy) model, Heston Jump Diffusion (HJDCy) model, Finite Moment Log Stable (FMLSCy) model, MLP M1Cy — Models (M1C1y to M1C9y), MLP M2Cy — Models (M2C1y to M2C9y), and the MLP
M3Cyn — Models (M3C1y to M3C9y). The forecast variable for all the models is the one-day-ahead call option price (Cn+1). The models denoted by the n subscript use lagged input variables for forecasting Cn41. The one-day-ahead forecast errors
of Cn41 are used to compute the Root Mean Square Error (RMSE). Column I identifies the models, column IT identifies the forecast variable, column IIT lists the input variables used by the models to obtain the one-trading-day ahead forecast of Cn41,
and columns IV, V and VI describe the network architecture of the MLP M1Cx — Models, MLP M2CyN — Models, and MLP M3Cy — Models. Forecasts are made for 1,328 trading days, and there are 64 months covered in the sample using the monthly
data.

When comparing all models simultaneously (i.e. including the random walk model (6Cy ), column VII reports the number of months out of the 64 months that each model has the smallest RMSE, while column VIII reports the number of days out of the
1,328 days each model has the smallest RMSE. Columns IX (lower bound) and X (upper bound) present the winning percentage out of 64 months for each model, evaluated using the bootstrap sampling technique. The statistical bootstrap performed
(with replacement) at a 95% confidence level is computed from the monthly RMSE values of the respective models below. Columns XI (lower bound), and XII (upper bound) presents the winning percentage out of 1326 days for each model computed
from bootstrapping the daily RMSE values of the respective models at a 95% confidence level.

Similarly, when the dCx model was excluded in the comparison, column XIII report the number of months out of the 64 months that each model has the smallest RMSE, while column XIV reports the number of days out of the 1,328 days each model has
the smallest RMSE. Columns XV (lower bound) and XVI (upper bound) present the winning percentage out of 64 months for each model, evaluated using the bootstrap sampling technique. The statistical bootstrap performed (with replacement) at a
95% confidence level is computed from the monthly RMSE values of the respective models below. Also, columns XVII (lower bound) and XVIII (upper bound) present the winning percentage out of 1326 days for each model computed from bootstrapping
the daily RMSE values of the respective models at a 95% confidence level.

Including the random walk Excluding the random walk

@ (I1) (111) wv) (V) (VI) (VII) (VIII) (IX) (X) (XI) (XII) (XIII) (XIV) (XV) (XVI) (XVII) (XVIII)
Model Forecast Inputs No. No. of Network Performance Performance 2.5% 2.5% up- 2.5% 2.5% up- Performance Performance 2.5% 2.5% up- 2.5% 2.5% up-

of hidden architecture amongst amongst lower per lower per amongst amongst lower per lower per

hidden nodes all models all models bound- bound- bound- bound- all models all models bound- bound- bound- bound-

layers per layer (Monthly) (Daily) (for (for (for (for daily) (Monthly) (Daily) (for (for (for (for daily)

monthly)  monthly) daily) (%) monthly)  monthly) daily) (%)
(%) (%) (%) (%) (%) (%)

§Cn Cnt1 Cn - - - 11 158 9% 27% 10% 14% - - - - - -
BSMCy  ONIVON Sy, Kni1,Tni1, Ry, Qn, o GALIBE - - - 0 121 0% 0% 8% 11% 0 121 0% 0% 8% 11%
HCN Cﬁf{v Sny Knt1, Tn i1, R, @, oSALTBS | HParamsS) - - - 2 108 0% 8% 7% 10% 2 108 0% 8% 7% 10%
HIDCy  ONIPON Sy Kni1,Tni1, Ry, Qn,oGAY B HIDParamsS, - - - 0 10 0% 0% 0% 1% 0 24 0% 0% 1% 3%
FMLSCy  C\M S9N Sy Ky, Tni1, Ry, Qn, FMLSParams$, . . . 0 195 0% 0% 13% 17% 0 198 0% 0% 13% 17%
M1C1ly  ONIC'™  Sn K1, Twns1, Ry, Qn, oGALIBS 1 6 6 0 35 0% 0% 2% 4% 0 35 0% 0% 2% 4%
M102y ONIOPN  Sn, Kng1, Tt Ry, Qn, o GALBS Oy 1 7 7 3 28 0% 11% 1% 3% 3 28 0% 9% 1% 3%
M1C3y  ONIOPN SN Kni1,Tni1, Ry, Qn, o QA BC Oy, BSMGrecks§, 1 12 12 1 50 0% 5% 3% 5% 1 57 0% 6% 3% 5%
MiCiy  ONIO™  Sn,Kni1,Tni1, Ry, Qn, o QA B Oy, BSMGrecks§,, HParamsS, 1 17 17 0 38 0% 0% 2% 4% 0 46 0% 0% 2% 5%
M1C5y Cj‘ﬁlcsN Sn,Kni1,Tn+1, RN, QN, a]CV‘A“BC ,Cn, BSMGreeks$,, HParams$,,CHC 1 18 18 2 16 0% 8% 1% 2% 2 22 0% 8% 1% 2%
M1C6x OO SN, Kni1,Tn41, Bn, Qn, HParams$,, CHC 1 11 11 2 11 0% 8% 0% 1% 3 12 0% 11% 0% 2%
M1CTNy  ONIC™  Sn, K1, Tnet, Ry, Qn, oGAY B BSMGreeksS,, CRSMC 1 12 12 5 48 2% 16% 3% 5% 5 50 2% 16% 3% 5%
MiC8y  CNIUPN Sn Kni1,Tw+1, Ry, Qn, HIDParams$, C57PC 1 14 14 1 12 0% 5% 0% 1% 2 19 0% 8% 1% 2%
M109y CNITON Sy, K1, Tni1, By, Qn, FMLSParams,, CEMESC 1 8 8 0 16 0% 0% 1% 2% 0 20 0% 0% 1% 2%
M2C1y N Sy K1, Tnt1, R, Qu, o GALTBS 2 6 6X6 1 39 0% 5% 2% 4% 1 40 0% 5% 2% 4%
M202y  ONTOPN Sn, K1, Tvi1, Ry, Qu, o GALIBS Oy 2 7 TX7 0 35 0% 0% 2% 4% 0 36 0% 0% 2% 4%
M2C3x ONZOPN SN, Kni1,Tn+1, BN, QN oGALIBY On BSMGreeksS, 2 12 12 X 12 4 47 2% 13% 3% 5% 4 53 2% 13% 3% 5%
M2C4y ONZI™ SN, Kni1,Tn+1, BN, QN oSALIBY Oy BSMGreeksS,, HParamsS, 2 17 17 X 17 3 46 0% 9% 2% 4% 4 53 2% 13% 3% 5%
M205y  ONZOPN Sn, K1, Tni1, Ry, Qn, 0GALIBS Oy, BSMGrecksS,, HParamsS;, CHC 2 18 18 X 18 1 8 0% 5% 0% 1% 2 12 0% 8% 0% 1%
M2C6 ONZCON Sy, K1, Tns1, Ry, Qn, HParams$, CRC 2 11 11X 11 1 10 0% 5% 0% 1% 2 13 0% 8% 0% 2%
M2CTy  ONTUT™N SN K1, Tt Ry, Qn, oGAYBS  BSMGreeksS;, CRSMC 2 12 12 X 12 4 30 2% 13% 2% 3% 4 36 2% 13% 2% 4%
M2C8x ONZON SN, Knt1,Tn41, By, Qn, HIDParams$;, CH7PC 2 14 14 X 14 1 12 0% 5% 0% 1% 3 21 0% 11% 1% 2%
M2C9y Cj‘ffng SN, Kn+41,Tn+1, Rn, Qn, FM LS Params§;,, CEMLSC 2 8 8X 8 2 14 0% 8% 1% 2% 2 20 0% 8% 1% 2%
M3Cly  ONPU'™ Sn, K1, T+t Ry, Qn, oGALIBS 3 6 6X6X6 2 27 0% 8% 1% 3% 2 30 0% 8% 2% 3%
M3C2y  ONPOPN SN Kni1,Tni1, Ry, Qn,oGALBY Oy 3 7 TXTXT 1 35 0% 5% 2% 4% 1 38 0% 5% 2% 4%
M3C3y  ONPOPN SN Knig1,Tni1, Ry, Qn, o QA PC Oy, BSMGreeks§, 3 12 12X12X12 6 63 3% 17% 4% 6% 7 72 5% 19% 4% 7%
M3Ciy  ONPO™W Sy K1, Tni1, Ry, Qn, o QA BC Oy, BSMGreeksS,, HParamsS, 3 17 17X 17X17 4 33 2% 13% 2% 3% 4 41 2% 13% 2% 4%
M3C5x CNSTPN Sn, Kng1, Tn+1, BN, QN oSALIBY Oy BSMGreeksS,, HParamsS, CHC 3 18 18X 18X 18 1 9 0% 5% 0% 1% 1 14 0% 5% 1% 2%
M3C6 ONZTON SN, Kni1, Tn1, Bn, Qn, HParamsS,, CHC 3 11 11X11X11 0 15 0% 0% 1% 2% 0 21 0% 0% 1% 2%
M3CTyN CONZS™  Sn, Kng1, T, Ry, Qn,0SALIBS  BSMGreeksS,, cBSMC 3 12 12X12X12 5 28 2% 16% 1% 3% 5 37 2% 16% 2% 4%
M3C8y  CNPUPN Sn Kni1,Tw+1, R, Qn, HIDParams$, C57PC 3 14 “UX14X14 1 8 0% 5% 0% 1% 2 19 0% 8% 1% 2%
M3C9 N CNZTN Sn, Kni1,Tni1, By, Qn, FMLSParams,, CEMESC 3 8 8X8X8 0 23 0% 0% 1% 2% 2 32 0% 8% 2% 3%
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Table A.2.12: Call Price Comparison (amongst Parametric, LSTM L1Cy — Models, LSTM L2Cy — Models, and LSTM L3Cx — Models): This table presents a performance comparison using both daily and monthly statistics amongst the Black-
Scholes-Merton (BSMC) model, Heston (HCy) model, Heston Jump Diffusion (H.JDCy) model, Finite Moment Log Stable (FM LSCy) model, LSTM L1CyN — Models (L1C1x to L1C9y), LSTM L2Cy — Models (L2C1y to L2C9y), and the LSTM
L3CN — Models (L3C1y to L3C9y). The forecast variable for all the models is the one-day-ahead call option price (C'ny4+1). The models denoted by the n subscript use lagged input variables for forecasting Cn41. The one-day-ahead forecast errors of
Cn41 are used to compute the Root Mean Square Error (RMSE). Column I identifies the models, column II identifies the forecast variable, column III lists the input variables used by the models to obtain the one-trading-day ahead forecast of Cn41, and
columns IV, V and VI describe the network architecture of the LSTM L1Cyn — Models, LSTM L2Cy — Models, and LSTM L3Cx — Models. Forecasts are made for 1,328 trading days, and there are 64 months covered in the sample using the monthly
data.

When comparing all models simultaneously (i.e. including the random walk model (§Cy ), column VII reports the number of months out of the 64 months that each model has the smallest RMSE, while column VIII reports the number of days out of the
1,328 days each model has the smallest RMSE. Columns IX (lower bound) and X (upper bound) present the winning percentage out of 64 months for each model, evaluated using the bootstrap sampling technique. The statistical bootstrap performed
(with replacement) at a 95% confidence level is computed from the monthly RMSE values of the respective models below. Columns XI (lower bound), and XII (upper bound) presents the winning percentage out of 1326 days for each model computed
from bootstrapping the daily RMSE values of the respective models at a 95% confidence level.

Similarly, when the dCx model was excluded in the comparison, column XIII report the number of months out of the 64 months that each model has the smallest RMSE, while column XIV reports the number of days out of the 1,328 days each model has
the smallest RMSE. Columns XV (lower bound) and XVI (upper bound) present the winning percentage out of 64 months for each model, evaluated using the bootstrap sampling technique. The statistical bootstrap performed (with replacement) at a
95% confidence level is computed from the monthly RMSE values of the respective models below. Also, columns XVII (lower bound) and XVIII (upper bound) present the winning percentage out of 1326 days for each model computed from bootstrapping
the daily RMSE values of the respective models at a 95% confidence level.

Including the random walk Excluding the random walk

) (1) (I11) (Iv) (V) (V) (VII) (VIII) (IX) (X) (XI) (XII) (XIII) (XIV) (XV) (XVI) (XVII) (X VIII)
Model Forecast Inputs No. No. of Network Performance Performance 2.5% 2.5% up- 2.5% 2.5% up- Performance Performance 2.5% 2.5% up- 2.5% 2.5% up-

of hidden architecture amongst amongst lower per lower per amongst amongst lower per lower per

hidden nodes all models all models bound- bound- bound- bound- all models all models bound- bound- bound- bound-

layers per layer (Monthly) (Daily) (for (for (for (for daily) (Monthly) (Daily) (for (for (for (for daily)

monthly)  monthly) daily) (%) monthly)  monthly) daily) (%)
(%) (%) (%) (%) (%) (%)

6CN CN+1 Cn - - - 17 200 17% 38% 13% 17% - - - - - -
BSMCy  ONIVON Sy, Kni1,Tni1, Ry, Qn, o GALIBE - - - 0 53 0% 0% 3% 5% 0 53 0% 0% 3% 5%
HCN Cﬁf{v Sny Kns1, Tn i1, R, Qn, o SALTBS  HParamsS, - - - 5 86 2% 14% 5% 8% 6 93 3% 17% 6% 8%
HIDCy  ONIPON Sy, Kni1,Tni1, Ry, Qn,oGAY B HIDParamsS, - - - 0 12 0% 0% 0% 1% 7 87 5% 19% 5% 8%
FMLSCy  C\M SN Sy Ky, Tni1, Ry, Qn, FMLSParams$, . . . 0 9 0% 0% 0% 1% 0 9 0% 0% 0% 1%
Li1Cly ONIN  Sn, Kn41,Tns1, Ry, Qn, o GALIBS 1 6 6 0 1 0% 0% 0% 0% 0 1 0% 0% 0% 0%
L102y ONPN Sn, Kn1, Tt Ry, Qn, o GALBS Oy 1 7 7 0 17 0% 0% 1% 2% 0 17 0% 0% 1% 2%
L1C3y CNSPN SN Kng1, Tng1, R, Qn, o §ABS Oy, BSMGreeks§, 1 12 12 0 13 0% 0% 0% 2% 0 13 0% 0% 0% 2%
L1C4y CNSIN SN KNy, T, R, Qu, o§AMBS Oy, BSMGreeks,, HParams§, 1 17 17 0 29 0% 0% 1% 3% 0 29 0% 0% 1% 3%
L1C5N le,lffN Sn,Kni1,Tn+1, RN, QnN, UJCV‘A“BC,CN, BSMGreeksS,, HParams§,, CHC 1 18 18 5 38 2% 14% 2% 4% 6 44 3% 17% 2% 4%
L1C6x OGN SN, Knt1,Tn41, Bn, Qn, HParamsS,, CHC 1 11 11 2 21 0% 8% 1% 2% 2 24 0% 8% 1% 3%
L1CTx O™ SN, Eny1, Tt Ry, Qn, 0 GALI B BSMGreeksS,, CRSMC 1 12 12 4 50 2% 13% 3% 5% 6 60 3% 17% 3% 6%
L1C8y ONGEN SN, Kni1,Tn41, By, Qn, HIDParams$,, CR7PC 1 14 14 1 23 0% 5% 1% 2% 1 27 0% 5% 1% 3%
L109N OSSN SNy K41, Tni1, By, Qn, FMLSParams,, CEMESC 1 8 8 0 4 0% 0% 0% 1% 0 4 0% 0% 0% 1%
L2C1y ON G SN, Knt1,Tn1, BN, QN oGALIBE 2 6 6 X 6 0 3 0% 0% 0% 1% 0 3 0% 0% 0% 1%
L2C2y ON G SN, Knt1,Tn+1, BN, QN oGALIBS op 2 7 7X 7 0 45 0% 0% 2% 4% 0 45 0% 0% 2% 4%
L2C3 N CILVin’N SnyKn+1,Tny1, Ry, Qn, agAUBC,cN, BSMGreeks§ 2 12 12 X 12 0 27 0% 0% 1% 3% 0 29 0% 0% 1% 3%
L2C4y ONEIN SN, Kni1,Tn+1, BN, QN oSALIBY Cn BSMGreeksS,, HParamsS, 2 17 17 X 17 0 30 0% 0% 2% 3% 0 31 0% 0% 2% 3%
L205 N ONPN  Sn, Kng1, Tt Ry, Qn, 0GALIBS Oy, BSMGrecksS,, HParamsS;,CC 2 18 18 X 18 2 38 0% 8% 2% 4% 2 47 0% 8% 3% 5%
L2C6y OGN SNy K1, T4, Ry, Qn, HParams$, CRC 2 11 11X 11 4 15 2% 13% 1% 2% 5 27 2% 16% 1% 3%
L2CTy RN SN Kn1, T, R, Qu, 0§A BS  BSMGrecks§,, CBSMC 2 12 12 X 12 3 25 0% 9% 1% 3% 3 39 0% 11% 2% 4%
L208 N ONGEN SN, Knt1,Tn41, By, Qn, HIDParams$,, CH7PC 2 14 14X 14 3 28 0% 11% 1% 3% 6 41 3% 17% 2% 4%
L2C9N cfvriclgN SN, Kn+1,Tn+1, BN, Qn, FMLSParams§;, CHMESC 2 8 8X 8 0 37 0% 0% 2% 4% 0 38 0% 0% 2% 4%
L3C1y ONIN Sn, Kn41,Tn41, Ry, Qn, o GALIBS 3 6 6X6X6 0 34 0% 0% 2% 3% 0 34 0% 0% 2% 3%
L3C2y O Sy Kni1,Tsr, Ry, Qn, 0§GALIBS Oy 3 7 TXTXT 0 89 0% 0% 5% 8% 0 90 0% 0% 5% 8%
L3C3y ONBN SN Kn41.Tni1, Ry, Qn, o QA BS Oy, BSMGreeks§, 3 12 12X12X12 0 39 0% 0% 2% 4% 0 39 0% 0% 2% 4%
L3C4y OGN SN Kng1, T, Ry, Qo o GABC Oy, BSMGreeks$,, HParams§, 3 17 17X17X17 0 76 0% 0% 5% % 0 77 0% 0% 5% %
L3C5n Cfvicl"w SN, Kni1,Tni1, Ry, Qn, agAUBC ,Cn, BSMGreeks$,, HParams§