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Abstract

Copy number variants (CNVs) are the most common form of structural genetic
variation, reflecting the gain or loss of DNA segments compared with a reference
genome. Studies have shown that CNVs are linked to various disorders like autism,
intellectual disability, and schizophrenia. Consequently, the interest in studying a
possible association of CNVs to specific disease traits is growing. However, due to
the specific multi-dimensional characteristics of the CNVs, methods for testing
the association between CNVs and the disease-related traits are still few and
underdeveloped. The research presented in this thesis addresses several aspects of
research on the association between CNVs and disease related traits , and the
broader concepts of the association between CNV sequential order with adverse
phenotype, and the association of the CNV and other genetic variation interactions
with disease related traits.

This work makes three contributions to knowledge, relating to the significance
of CNVs on some chromosomal regions in association with disease related traits.
Contribution 1 proposed a multi-dimensional CNV kernel based association test
(MCKAT). MCKAT performs better than the state of the art methods and was
evaluatd on both simulated and real data. MCKAT can identify chromosomal
regions at cytogenetic band level containing CNVs that are significantly associated
with disease related traits. MCKAT considers all CNV characteristics in testing
the association and can provide strong evidence, small p-values, to accept or reject
the association hypothesis. MCKAT is applicable to both frequent and rare CNV
data sets.

Contribution 2 is a sequential multi-dimensional CNV kernel based association
test (SMCKAT). SMCKAT tests the association between the CNV sequential order
and disease related traits. SMCKAT considers not only the CNV characteristics
but the CNV sequential order. SMKAT can identify the chromosomal regions that

the CNV sequential order is significantly associated with disease related traits.

Xix



XX ABSTRACT

Based on our knowledge, SMCKAT is the first such method to test the association
between the CNV sequential order and disease related traits.

Contribution 3 uses our proposed method to demonstrate that considering
the CNV-gene intersection along with the CNV characteristics in testing the
association between CNVs and disease related traits is informative and can
provide more insights about the disease development. This is because CNVs can
affect their intersected genes in different way like changing the gene expression or
disturbing their function. Our proposed methods can be used not only in testing
the association between the dual effect of CNVs and their intersected with disease
related traits but any other genetic variations based on data availability.

Overall, this research confirms that having association tests, specific to CNVs
and compatible with CNV characteristics, to identify the chromosomal regions
which contain CNVs that are significantly associated with disease related traits
are of biological significance. This work provides methods that can help biologists
to identify CNV hot spots associated with disease related traits without doing
extensive investigations at the individual level to find significant CNVs. The
results of these methods may also provide them with a better understanding of
how the interaction between CNVs and other genetic variations like genes can

have association with a disease related traits.



Chapter 1

Introduction

1.1 Background

One of the many significant discoveries made after the Human Genome Project
was the identification of single nucleotide polymorphisms (SNPs) as a significant
source of genetic variation (Hood and Rowen 2013). This led to the hypothesis
that single base changes cause the majority of phenotypic variability in human
populations. Consequently, intensive efforts were made to develop high-throughput
sequencing, genotyping platforms and SNP databases. Genetic research frequently
employs a number of conventional SNP genotyping techniques based on elec-
trophoresis systems, including CAPS (cleaved amplified polymorphic sequence),
dCAPs (derived CAPS), and AS-PCR (allele-specific PCR) (Zhang et al. 2021).
The development of some high-throughput SNP genotyping techniques, like the
Gene Chip microarray or the KASP platform, has been made easier by the on-
going advancements in high-throughput sequencing (competitive allele-specific
PCR) (Semagn et al. 2014). However, meeting the rapidly rising demand for SNP
genotyping is challenging (Wang et al. 2015).

Until recently, the vast majority of gene-mapping studies had primarily focused
on the role of SNPs in human diseases like (Visscher et al. 2021; Degtyareva et al.
2021; Rehman et al. 2022). In fact, dozens of SNP-based susceptibility variants
for human diseases have been identified using population-based studies to identify
genetic determinants of common disease.

However, research over the past ten years have led to a greater understanding

of the importance of structural genetic variation in modulating gene expression
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and disease phenotype. Copy number variation (CNV) is the most common form
of structural genetic variation (McCarroll and Altshuler 2007). CNV is a general
term for a molecular phenomenon in which stretches of DNA sequence are either
deleted or amplified. The number of deletions and repeats varies among individuals
of the same species and some of these differences may lead to disease related
traits.

In addition, the impact of CNVs on other genetic variations may have a
significant association with disease related traits. For example, when there is an
intersection between a CNV and a gene, the CNV can effect on gene expression
and has the potential to disrupt the gene structure and function. This suggests
that the dual effect of the CNVs and other genomic activities like gene disruption,
is very likely to have a significant association with disease related traits.

The first reported association of a CNV with a phenotype was in a non-
human species, a reduced-eye mutant Drosophila melanogaster, with the bar eyes
phenotype resulting from a single duplication of the bar gene (Pos et al. 2021).
Reports of microscopically visible chromosomal aberrations in the human genome
first released after the general human karyotype was established in the 1960s (Tijo
and Levan 2004). Then, cytogeneticists discovered the genetic basis for many
diseases, such as Cri-du-Chat syndrome linked to a partial deletion of chromosome
5’s short arm, as early as 1963 (Cerruti Mainardi 2006).

As is reported by Pés et al. (2021), the biological roles of the CNVs range from
seemingly no effect on common variability of physiological traits (Zhang et al.
2009), altered metabolic states (Elder et al. 2018), susceptibility to infectious
diseases (Gonzalez et al. 2005; Harteveld and Higgs 2010), and host-microbiome
interactions (Mohajeri et al. 2018; Poole et al. 2019; Greenblum et al. 2015), to
a substantial contribution to common and rare genetic disorders or syndromes
(Radvanszky et al. 2013).

In addition to their biological roles, CNV presence in our genomes may have a
number of technical implications for bio-medicine. CNVs may act as bio-markers
for specific pathological processes like cancer, as bio-markers of environmental
exposures like radiation (Arlt et al. 2014), or even as potential confounding
variables when analysing the results of specific genetic diagnostic tests (Kubiritova
et al. 2019).

Considering the CNV biological roles and technical implications, they are
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expected to have a significant impact on screening, diagnosis, prognosis, and
monitoring of several disorders. However, despite of the development of better
CNV genotyping platforms, we are still in the early stages of incorporating CNVs
in genome-wide association studies. In contrast to the well-developed resources
available for SNP-association studies, the methods for studying CNVs are still few
and underdeveloped. On one hand, the existing methods for studying SNPs are
not applicable to CNVs due to their multi-dimensional characteristics including
chromosomal position, type, dosage and heterogeneity effect. On the other hand,
a few existing methods that have been designed specifically to study CNVs, fall
short in dealing with CNV characteristics. Furthermore, the association between
the dual effect of CNVs and other genetic variations with disease related traits
has not been studied yet based on our knowledge. Therefore, development of novel
technical and statistical methods to optimally study CNVs will be necessary.
The research detailed in this thesis was aimed at developing statistical asso-
ciation tests to study the association between CNVs and disease related traits.
The remainder of this chapter provides an introduction to the research questions
considered (Section 1.2) and the resulting contributions to knowledge (Section

1.3). Finally, Section 1.4 outlines the structure of this thesis.

1.2 Research questions

As mentioned in the previous section, while there are lots of computational
association studies that have investigated the association between SNPs and
diseases or traits, methods for studying CNVs are underdeveloped due to the
multi-dimensional characteristics of the CNVs. Currently, biologists have to do
extensive investigation of affected individuals at whole genome level to identify
chromosomal regions that CNVs in them are significantly associated with disease
related traits. The examples are available in Table 2.1. There is also one more
open question around the association between CNVs’ sequential order and disease
related traits. Specifically, SNPs do not usually function individually, rather, they
work in coordination with other SNPs to manifest a disease or trait. Therefore,
many sequence studies have been done to test the association between SNPs and
disease or traits. However, the association between the sequential order of CNVs
and disease-related traits has not been studied, to our knowledge, and it is still

unclear if CNVs function individually or whether they work in coordination with
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other CNVs.

Furthermore, another important field that is worth investigating and has not
received much attention is the dual effects of CNVs and their intersected genes on
disease development. CNVs overlap over 7000 genes, many of which are pivotal in
biological pathways and can affect genes in different ways (De Smith et al. 2008).
Therefore, investigating the association between CNVs which are intersected
with the significant genes to a disease related traits can provide biologists with
meaningful insights about the disease development.

These open challenges motivated the following research questions, which this

project was designed to address:

RQ1: Can a kernel-based association test, deal with CNV multi-dimensional
characteristics and heterogeneity effect to identify CNV chromosomal regions

that are significantly associated with disease related traits?

RQ2: Can a sequential kernel-based association test, identify if there is any
significant association between CNVs’ sequential order and disease related

traits?

RQ3: Can considering the effect of CNV-gene intersections in addition to the
CNYV characteristics, be helpful and informative in testing the association
between CNVs and disease related traits?

1.3 Contributions to knowledge

The research presented in this thesis makes three corresponding contributions

to knowledge, corresponding to the above research questions:

Contribution 1: A multi-dimensional kernel-based CNV association test that
allows for the detection of CNV chromosomal regions significantly associated

with disease related traits and improves on currently available methods for

studying CNVs.

Contribution 2: A sequential multi-dimensional CNV kernel-based association

test that allows investigating whether CNVs are randomly distributed across
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the genome, or their order matters and have a significant association with

disease related traits.

Contribution 3: The demonstration that considering the effect of CNV-gene
intersections in addition to the CNV characteristics is informative and
helpful in identifying the significant association between CNVs and disease

related traits.

These contributions are briefly described below.

Contribution 1: A multi-dimensional CNV kernel-based association
test that allows for the detection of CNV chromosomal regions sig-
nificantly associated with disease related traits and improves on cur-
rently available methods for studying CNVs. The first contribution is a
multi-dimensional CNV kernel-based association test for the detection of CNV
chromosomal regions significantly associated with disease related traits. The
multi-dimensional nature of the test provides an advantage over existing tests for
considering all CNV characteristics in the association test. A multi-dimensional
kernel framework is capable of measuring the similarity between CNV profiles
utilizing CNV chromosomal region, type, dosage and heterogeneity effects. It
contains two kernels. The first kernel, the single-pair CNV kernel, measures the
similarity between a single CNV pair. The single-pair CNV kernel includes three
sub-kernels. Each sub-kernel is responsible for measuring the similarity between
two CNVs with respect to one of three CNV characteristics. The second sub-kernel,
the whole chromosome kernel, aggregates the similarity between every possible
CNV pair to measure the total similarity between the CNV profiles of the subjects.
Finally, the association between CNVs across a chromosome and disease-related
traits is tested by comparing the similarity in CNV profiles to that in the trait
using an association test.

The development and testing of the multi-dimensional CNV kernel-based
association test (MCKAT) are described in Chapter 3. The performance of the
MCKAT is assessed using the simulated CNV data, frequent CNV data and
rare CNV data. The results show that the multi-dimensional kernel-based model
provides a CNV association test that is competitive with existing methods. First,

MCKAT can identify chromosomal regions, at cytogenetic bands, that CNVs
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on them are significantly associated with disease related traits using all CNV
characteristics. Secondly, MCKAT is applicable to both CNV types: frequent and
rare CNVs. Finally, MCKAT is capable of indicating stronger evidence, lower
p-value, in detecting significant associations between CNVs and disease-related
traits compared to existing methods, which is crucial in genome-wide association

studies for multiple testing and avoiding false positive discoveries.

Contribution 2: A sequential multi-dimensional kernel-based CNV as-
sociation test that allows investigating whether CNVs are randomly
distributed across the genome, or their order matters and have a sig-
nificant association with disease related traits. The second contribution
is a sequential multi-dimensional CNV kernel-based association test to investigate
whether CNVs are randomly distributed across the genome or there are any sig-
nificant association between their orders and disease-related traits of interest. The
sequential and multi dimensional nature of the test provides an advantage over
existing methods for considering not only all CNV characteristics but CNV orders
in the association test. Based on the literature, the association between CNV
orders and disease-related traits has not been investigated in neither biological
nor computational studies. Therefore, our proposed test is the first such method
to test the association between the sequential order of CNVs and disease related
traits.

The development and testing of the sequential multi-dimensional CNV kernel-
based association test (SMCKAT) are described in Chapter 4. The performance of
the SMCKAT is assessed using the simulated CNV data, frequent CNV data and
rare CNV data. The results show that SMCKAT is applicable on both frequent
and common CNV data and capable of identifying hot-spots on the genome
where both CNV characteristics and the CNV sequential order are significantly
associated with disease related trait of interest. SMCKAT is capable of handling
both type I and type II errors. Using more strict rules in measuring similarity
among CNYV profiles, both CNV orders and characteristics, SMCKAT provides

more specific significant CNV regions compared to existing methods.

Contribution 3: The demonstration that considering the effect of CNV-
gene intersections in addition to the CN'V characteristics is informative

and helpful in testing the significant association between CNVs and
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disease related traits. The third contribution is an investigation into the
association of the dual effects of the CNVs and CNVs that are intersected with
the genes that have been identified important in developing a specific disease.
Both simulation and real data application results show that considering CNV-
gene intersection data in designing the association test can help to measure the
similarity between CNV profiles more precisely by using a CNV-gene intersection
kernel. Using this approach can provide us with a statistical association test with
higher power and better performance in handling both type I and II errors. This
approach can be used to investigate the dual effects of CNVs and other genetic
variations like SNPs to achieve more precise insights about the effect of different

genetic variations together on the disease development.

1.4 Thesis structure

The remainder of this thesis is structured as follows:

Chapter 2 provides a review of the literature relevant to this project, including
an overview of genetic variants and genetic association studies, with a focus
on sequence variants and copy number variants, challenges of studying copy
number variants, and a detailed review of the existing methods to test the

association between copy number variants and disease related traits.

Chapter 3 details the development of a multi-dimensional CNV kernel-based
association test and provides a comprehensive comparative assessment of

the developed test against existing methods.

Chapter 4 details the development of a sequential multi-dimensional CNV kernel-
based association test and provides a comprehensive comparative assessment

of the developed test against existing methods.

Chapter 5 presents an investigation into the dual effects of CNV characteristics

and the CNV-gene intersections on the disease development.

Chapter 6 concludes the thesis, discussing the implications of the results of this

work, limitations and directions for possible future research.






Chapter 2

Literature review

The following sections provide a review of the literature relevant to this project.
Section 2.1 reviews the biological domain of genetic variations, DNA sequence
variations and copy number variants. Section 2.2 reviews the algorithms developed
for testing the association between genetic variants, specifically collapsing methods.
Section 2.3 explores the challenges of studying copy number variants. Section 2.4
discusses the existing methods for studying CNVs. Section 2.5 provides a summary
of the gaps in the existing research and how they are addressed by the work

presented in this thesis.

2.1 Genetic Variations

Genetically speaking, humans are 99.8-99.9 percent the same (Consortium et al.
2015). The remaining 0.1-0.2 percent is what makes them all unique and is called
genetic variation. Genetic variation is a term used to describe the difference between
human genomes. Different genetic variations contribute to human variability, which
still needs to be fully characterized or properly understood. Genetic variation has
two primary forms: sequence variations and structural alterations. DNA sequence
variations and copy number variants are the most common form of sequence
variations and structural alterations in the human genome, respectively (Frazer
et al. 2009).

2.1.1 DNA sequence variations

DNA sequence variation or single nucleotide polymorphism (SNP) is the

most common form of sequence variations. A SNP represents a difference in a



10 CHAPTER 2. LITERATURE REVIEW

single DNA building block, called a nucleotide, anywhere in the genome between
members of a species or paired chromosomes in an individual. In humans, each
cell normally contains 23 pairs of chromosomes. Each chromosome is made up of
DNA. A nucleotide is one of the building blocks of DNA, and it consists of one
of four chemicals, including adenine, thymine, guanine, or cytosine. For example,
one person may have the base pair thymine-adenine at a specific location in a
specific chromosome, and another may have the base pair cytosine-guanine in
the same location as is shown in Fig. 2.1. This means that there is a SNP in this

particular position.

Individual 1

Individual 2

Figure 2.1: Single nucleotide polymorphism. A, T, G and C stand for adenine,
thymine, guanine and cytosine respectively.

SNPs are classified into two major types based on the gene region they fall
within: coding and non-coding regions. SNPs within a coding region do not always
change the amino acid sequence of the protein produced due to the degeneracy
of the genetic code. SNPs in the coding region have two types: synonymous and
nonsynonymous SNPs. Synonymous SNPs change the amino acid sequence of a

protein while nonsynonymous SNPs do not change the amino acid sequence of a
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protein.

As reported in the USA National library of medicine (Consortium et al. 2015),
SNPs occur almost once in every 1,000 nucleotides on average, which means
roughly 4 to 5 million SNPs are in a person’s genome. These variations may be
unique or occur in many individuals. Scientists have found more than 100 million
SNPs in populations around the world. These variations are commonly found
in the DNA between genes. When SNPs occur within a gene or in a regulatory
region near a gene, they may play a more direct role in disease by affecting gene
function. Therefore, they can act as biological markers, helping scientists locate

genes that are associated with the disease.

2.1.2 Copy Number Variations

Copy number variation (CNV) is the most common form of structural alter-
nation. CNVs are the gain or loss of DNA segments in the genome, ranging in
size from one kilo-base to several mega-bases. The CNVs result in more or fewer
copies of a DNA region with respect to the normal genome (Feuk et al. 2006).
CNVs are described by three characteristics: type, chromosomal position, and
dosage, as is shown in Fig. 2.2.

The type of the CNV is either amplification or deletion. The chromosomal
position of the CNV is described by the start and end position of the CNV in the
chromosome. Dosage represents the total number of copies of the CNV, with a
value less than two for deletion and greater than two for amplification. Besides,
CNVs have phenotypic heterogeneity effects. This means that different CNV types
and dosages at the same position in the chromosome can have a different impact
on the phenotype.

In general, biologists assign CNVs to one of two major groups, depending on
the length of the affected chromosomal region and occurrence frequency (Schrider
and Hahn 2010). The first group involves copy number polymorphisms (CNPs),
widespread in the general population, with an average occurrence frequency greater
than one percent. The second CNV group is rare variants that are much longer
than CNPs, ranging from hundreds of thousands of base pairs to over 1 million
base pairs.

In the clinical setting, each CN'V can be assigned to one of three main categories

of clinical significance (Nowakowska 2017):
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Duplication
of"c"

Deletion

of"c"
Start position

End position

1 and 3 copies of "C"

Figure 2.2: Characteristics of copy number variants: type, chromosomal position
and dosage.

e Benign variants: the CNV is repeatedly observed in the normal population,
and several peer-reviewed publications have reported there is no association

between the CNV and specific disease related traits.

e Pathogenic variants: the CNV is observed in both normal and case pop-
ulation, and multiple peer-reviewed publications have reported there is a

significant association between the CNV and specific disease related traits.

e Variants of uncertain significance (VOUS): the CNV is mostly not reported in
the peer-reviewed publications and if reported there is no sufficient evidence
for it’s significant association with specific disease related traits. All CNVs

that can not be classified as benign or pathogenic fall in this category.

There are several molecular mechanisms by which a CNV can convey a disease

phenotype (Lupski and Stankiewicz 2005) shown in Fig. 2.3 including:
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Figure 2.3: Molecular mechanisms of SNP phenotypes. The paired black lines
represent chromosomal regions. Squared brackets ([ ]) represent the CNV region,
both black and white squares show a gene, the dotted lines represent deletion or
amplification.

e Gene dosage, where the CNV happens in a region that contains a dosage
sensitive gene. The change in the copies of a dosage sensitive gene by deletion

or amplification causes a phenotypic effect.
e Gene interruption, where the CNV interrupts a gene.

e Gene fusion, where the CNV forms a fusion gene from two independent

genes existed in the CNV break-point.
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e Position effect, where the CNV affects the expression or regulation of the

gene that exists near the CNV break-point.

e Unmasking recessive allele, where the CNV caused to have only a single

copy of a gene instead of two copies which alters the gene function.

e Interrupting effects of transvection, where the CNV affects the interaction
between the alleles. Transvection is a phenomenon that occurs when an
allele on one chromosome interacts with the homologous chromosome’s
corresponding allele. Transvection can lead to either gene activation or

repression.

CNVs can cause a broad range of diseases through the above mentioned
mechanisms, including Mendelian diseases known as single-gene diseases, complex
diseases due to many genes, and cancer. Therefore, understanding the relationship
between CNVs and diseases may provide important insights into genetic causes,
leading to effective means in preventing and treating the diseases. As more CNVs
are detected throughout the human genome, their potential role in developing

diseases is being recognized based on the literature.

2.1.3 CNVs and Diseases

It has long been known that large chromosomal aberrations are identified
being associated with human diseases. Down syndrome caused by human chro-
mosome trisomy 21 is the best-known example which was revealed in 1959 by
Lejeune (Zigman 2013). Conventional microscopy can detect such large chromo-
some abnormalities. It was subsequently found that copy number changes caused
by submicroscopic genomic deletions were involved in human diseases and other
traits, including thalassaemia (Higgs et al. 1979) and red-green blindness (Nathans
et al. 1986). Besides deletions resulting in defects in gene function, duplication
involving a dosage-sensitive gene can also cause disease. In 1991, the first disease-
associated submicroscopic duplications were identified in the 17p12 locus. This
duplication can lead to Charcot-Marie-Tooth disease (Lupski et al. 1991). Table

2.1 contains some studies that examine disorders caused by CNVs.
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Table 2.1: Examples of disorders conveyed by CNVs

Disorder Studies

Alzheimer’s disease Cuccaro et al. (2017)
Song et al. (2015)

Autism Yingjun et al. (2017)

Vorstman et al. (2017)
Stefano et al. (2019)

Crohn’s disease McCarroll et al. (2008)
Fellermann et al. (2006)
HIV susceptibility Yim et al. (2015)
Gonzalez et al. (2005)
Parkinson’s disease La Cognata et al. (2017)
Schizophrenia Marshall et al. (2017)

Rees et al. (2016)

2.2 Genetic Association Studies

Genetic association studies are a major tool for studying the complex rela-
tionship between genetic variants and human health conditions. They test for a
correlation between genetic variants and disease-related traits to identify candidate
genome regions or genes that contribute to a specific disease-related trait. If an
association is present, the genetic variant will be seen more often than expected
by chance in an individual carrying the disease-related trait (Lewis and Knight
2012). Currently, SNPs are the most widely tested genetic variants in association
studies but CNVs are also used.

In recent years, numerous new statistical methods have been proposed for
detecting associations of genetic variants with diseases. Collapsing methods are
a dominant mode of genetic association analysis, which study the association

between a group of genetic variants and traits.

2.2.1 Collapsing Methods

There has been a surge in interest to find any associations between genetic
variants and disease related traits with the advent of new sequencing technologies.
Collapsing methods are the most common methods that are used to test the
association between genetic variants, specifically SNPs, and disease related traits.

Collapsing methods aggregate genetic variants in a specific chromosomal region
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or a set of regions. Then, the association between the variants and disease related
traits is tested by using statistical methods. So far, several association tests based
on the collapsing method have been proposed and evaluated (Dering et al. 2014).

This section includes an overview of how collapsing methods work following the
approach in Dering et al. (2011). First, the options in coding and analyzing genetic
variants are discussed. Then, statistical tests for testing the genetic variants under

the collapsing framework are explained.

Coding for Collapsing Methods

Generally, there are two fundamental ideas used for collapsing genetic variants:
indicator coding and proportion coding. Let n, and n, be the number of unaffected
and affected subjects respectively. n denotes the total of unaffected and affected
subjects as n = n, + n,. A region of interest (ROI) is an arbitrary chromosomal
region defined by base-pair positions on a chromosome, or a gene, a gene cluster,
a combination of different genes (e.g., several genes from the same pathway).

The first approach, indicator coding, produces a binary variable z;; as

1 if variant present at position %,
0 otherwise
which indicates whether a variant is present or not at the chromosomal position ¢
within the ROI in subject j. Then, x; denotes whether subject j carries any rare
variant in the ROI as
1if 38 >0,
T; = 21 T (2.2)
0 otherwise
where K denotes the number of sites with variants in the ROI.
In the second approach, proportion coding, the number of variants of subject

7 is counted over all the K sites as

1

where z7; is the number of variants at position i of the subject j.
In both Equations 2.2 and 2.3, all variants are weighted equally. However, the

frequency of a variant occurrence can affect on its effect size. Therefore, several
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approaches like Madsen and Browning (2009) and Price et al. (2010) have been
proposed to up or down variant weight in a ROI. Madsen and Browning (2009)
proposed a weighting approach in which variants are weighted according to their
occurrence frequency in unaffected subjects. More specifically, the position ¢ is

weighted inversely proportional to its variance as

@ = 1/\/npt (1-pY) (2.4)

where )
ny' u’
. Zj:l Ty + 1

v = 2.5
! 2nf +2 (25)
is an estimated frequency of a variant at position ¢ in unaffected subjects and :E?J/
is the number of the variants in the unaffected subject j. Similarly, Price et al.

(2010) proposed another weighting approach as

@ =1/\/p (1-7) (2.6)

where ﬁz‘ is the estimated frequency of a variant at position . However, the fact
that a rare variant is present only in affected subjects is not considered in this
coding approach.

Both the indicator and proportion coding approaches are flexible about the
units that are considered for collapsing. The units can be genes, gene clusters and
chromosomal regions as was explained previously. Furthermore, different variant
frequency thresholds can be utilized for collapsing like 0.01 or 0.05 based on Price
et al. (2010). In more details, only variants with occurrence frequency less than
the threshold are considered to be collapsed. However, the analysis in the ROI
can be done on common variants as well by considering greater thresholds. The
threshold can be either variable or fixed.

There are different approaches for grouping variants including grouping based
on the variant functionality or the variant predicted effect. In the grouping ap-
proach according to the variant functionality, only synonymous or non-synonymous
variants can be grouped and counted. Conversely in the grouping approach based
on the variant effect, variants with effects like beneficial, neutral or deleterious can
be grouped separately. There are different standard packages like PolyPhen2 (Ra-
mensky et al. 2002), SNAP (Bromberg et al. 2008) and SNPs3D (Yue et al. 2006)

that can be used for grouping.
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The different unit definitions, threshold types and variant groupings can be
implemented by integrating indicator variables that flag the presence of the variant

in Equations. 2.2 and 2.3.

Statistical Tests for Testing the Genetic Variants

There are several statistical approaches for genetic variants analysis under
collapsing framework like Standard methods, collapsing and summation test,
weighted-sum collapsing, and data-adaptive summation approaches. These ap-
proaches can be considered as the representatives for the similar existing ap-
proaches and are described briefly in the following.

Logistic regression or any other model from the family of generalized linear
models are examples of the standard methods that can be used in genetic variant

analysis as
E (y;) = Bo + iz + By (2.7)

where y; is the phenotype of the subject 7, and z; is a vector of covariates like age
and gender. The 8 = (5, f1, f2) is the parameter vector to be estimated using
likelihood ratio or score tests.

The collapsing and summation test (CAST) by Morgenthaler and Thilly (2007)
is a straightforward approach for comparing case subjects with control subjects.
In CAST, the number of control subjects with a variant is compared with the
number of case subjects with a variant in a 2 x 2 frequency table. A limitation of
the CAST is that it is restricted to rare variant analysis, and rare and frequent
genetic variants can not be investigated jointly in this approach.

The weighted-sum (WS) collapsing approach proposed by Madsen and Brown-
ing (2009), can investigate rare and frequent genetic variants jointly. In WS, more
weight is given to rare variants because they are expected to have stronger effects
than the frequent ones.

The data adaptive summation approach proposed by Han and Pan (2010), is
one the the first testing methods which can differentiate beneficial, neutral and
deleterious effects of the genetic variant. They have introduced data-adaptive
weights in which negative weights are allocated to the variant with beneficial effect
and a positive weight is assigned to the variants with deleterious effect. Then, all

variants are summed and used in the regression model.
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Collapsing methods have been widely used in testing association between SNPs
and disease related traits. However, due to the specific characteristics of CNVs

applying collapsing methods on CNV data is not a straightforward task.

2.3 Challenges of Studying CNVs

As explained in previous sections, CNVs are described by three characteristics:
type, chromosomal position and dosage. Each of these characteristics are multidi-
mensional. The CNV type could be either amplification or deletion. The CNV
chromosomal position is defined by start and end position. The CNV dosage can
be any value less than two for deletion and greater than two for duplication. There-
fore, SNPs collapsing methods can not be applied on CNV data straightforwardly
because of the following reasons.

First, based on the Equation 2.1 collapsing methods assume SNPs as bi-
nary events: mutation versus no mutation. However, this binary approach is not
applicable on CNVs considering their multidimensional characteristics.

Second, according to Equations 2.2 and 2.3 collapsing methods target only
one feature of the SNPs like the total number of mutations. However, each of the
three CNV characteristics can affect the CNV impact on the disease risk and are
required to be considered in the association test together.

Third, in addition to the mentioned three multidimensional characteristics,
CNVs often have both between loci and within locus etiological heterogeneity.
Conversely, SNPs only exhibit between loci heterogeneity. Between loci etiological
heterogeneity means CNVs in different loci, chromosomal positions, can have
different effect on disease risk. On the other hand, within locus etiological het-
erogeneity means that even CNVs at the same locus but with different types or
dosage can have different impact on disease risks. For example, Levinson et al.
(2011) have identified a CNV of the deletion type at 22q11.2 chromosomal position
as a risk factor for schizophrenia, whereas a CNV of the amplification type has
been detected as a potentially protective factor by Rees et al. (2014).

Due to all these reasons, applying most SNP collapsing methods to CNV

association analysis is not straightforward.
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2.4 Methods for Studying CNVs

There are two ways to address the aforementioned difficulties in CNV asso-
ciation analysis: using collapsing random effect method or using kernel-based
method. In the first strategy, multidimensional CNV information is broken into
pieces: chromosomal location, type and dosage. Then, some collapsing methods are
applied on a certain CNV information piece. In the second strategy, an appropriate
kernel function is used to summarize the similarity between two CNVs. Then, this
similarity is compared to the similarity in phenotypes to test whether there is any
association between genotype and phenotype. A high correspondence between
genotypic similarity and phenotypic similarity may suggest the existence of an
association.

In the following subsections, we discuss three state of the art methods that
have used these strategies to test the association between CNVs and disease
related traits: CNV collapsing random effects test, CNV kernel association test

and copy number profile curve-based association test.

2.4.1 CNYV Collapsing Random Effects Test

CNV collapsing random effects test (CCRET), which is proposed by Tzeng et al.
(2015), is an extension of collapsing methods applicable to CNV data. CCRET
deals with CNV multidimensional characteristics by breaking CNV information
into some pieces. Then, it applies the collapsing method on the chosen CNV
characteristic and tests it’s effect on disease related traits.

An overview of CCRET is shown in Fig. 2.4 and consists of four key steps
to test the association between the CNV dosage and disease related traits. First,
CCRET forms CNV regions (CNVRs) based on a predetermined amount of overlap
among CNV chromosomal positions of the CNVs existing in subjects’ CNV profiles
as is depicted in the part (I) of the figure. In the step (II), CNV information
of every subject in each CNVR is stored in a matrix. In more detail, CCRET
breaks down the CNV information into three pieces: dosage, length and gene
intersection. Then, each piece is stored in an input matrix. Z”%, Z%" and Z¢!
matrices are used to store dosage, length and gene intersection information of
the CNVs respectively. In the third step, CCRET chooses one CNV feature as

the feature of interest and creates a similarity matrix by measuring the similarity
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between CNV profiles based on the chosen feature. CCRET treats the other two
features as a binary event which is explained previously and only the feature of
interest can take different values. Finally, CCRET uses a score test to test the
association between the CNV feature of interest, which is dosage as an example
in Fig. 2.4 | and disease related traits.
Although CCRET is a more complex and modified version of the collapsing
method, it still falls short in some aspects:
e CCRET does not use all multidimensional CNV characteristics at the
same time. It is only capable of testing one of the CNV feature’s effect on
disease related traits at each time. Therefore, all CNV characteristics are

not considering in the association test.

e CCRET forms CNV regions using an arbitrary overlapping threshold (a
predetermined threshold). Since, there is not a unique overlapping pattern
among all studies, the arbitrary choice of the overlapping threshold impacts
the formation of CNV regions. Consequently, how the between and within

locus heterogeneous effects of CNVs are interpreted is not clear.

e CCRET only considers CNV length not the CNV chromosomal positions
which results in considering CNVs with the same length as similar to each

other without taking into account their chromosomal start and end positions.

e CCRET can consider at most one CNV for each sample in each CNV region.

Otherwise, it is not clear how to calculate input matrices.

Therefore, even an extension of collapsing methods is not capable of dealing
with CNV multidimensional characteristics and utilizing them in the association
test.

2.4.2 Kernel-based Association Tests

In statistics, a kernel refers to a function that measures the similarity or
dissimilarity between data points (Shawe-Taylor et al. 2004). Kernels play a
fundamental role in various statistical methods, particularly in kernel methods,
where they are used to transform data into higher-dimensional feature spaces to
capture complex patterns and relationships. Formally, a kernel function, denoted
as K(x,y), takes two data points, x and y, as input and outputs a real value that

represents the degree of similarity between them. The kernel function satisfies
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Figure 2.4: An overview of the CCRET with the dosage model as an example
from (Tzeng et al. 2015). Cy_4: cases, N1_4: controls, CNVR: copy number variation
region, red rectangle: deletion, blue rectangle: duplication, green rectangle: gene.
DS: dosage, Len: length, GI: gene intersection. In part (I), CNVRs are created, in
part (II) CNV information fir each subject is stored in a matrix, and in part (III)
the association between CNV characteristics and disease related traits is tested.
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certain properties, such as symmetry (K (z,y) = K(y,x)) and positive definiteness,
which ensures that it provides a valid measure of similarity. Kernels are commonly
used in statistical techniques such as kernel density estimation, kernel regression,
support vector machines (SVM), and kernel-based association tests. The choice
of the kernel function depends on the characteristics of the data and the specific
problem at hand.

Several popular kernel functions exist, each with its own properties and
applicability to different types of data. Some commonly used kernels include:
Gaussian kernel, Polynomial kernel and Laplacian kernel. These are just a few
examples of kernels, and there are numerous other types available. The choice of
the kernel depends on the specific problem, the underlying assumptions, and the
desired properties of the transformed feature space.

Kernels are a powerful tool in statistics as they enable the analysis of complex
data and the extraction of nonlinear patterns. They provide a flexible framework
for statistical modeling and inference, allowing researchers to uncover hidden
structures and relationships in diverse data sets.

In recent years, there has been a growing interest in leveraging kernel methods
to analyze and identify associations between variables in complex data sets.
One powerful tool that has emerged is the kernel-based statistical association
test (Pfister et al. 2018). Association testing is a fundamental task in statistics,
alming to assess the presence of a relationship or dependency between variables.
Traditional association tests, such as Pearson’s correlation coefficient or chi-square
test, are primarily designed for linear relationships. However, real-world data sets
often exhibit complex nonlinear patterns that cannot be adequately captured by
linear methods.

The kernel-based statistical association test extends traditional association
tests to handle nonlinear relationships by incorporating kernel functions. The test
operates by first transforming the data using a kernel function, which implicitly
maps the variables into a higher-dimensional space. Then, the test statistic is
computed based on the transformed data, capturing the strength and significance
of the association between the variables.

Kernels have been widely used in genetic association studies as a similarity
measure to conduct statistical tests like in Liu et al. (2007, 2008); Wu et al.
(2010, 2011); Zhan et al. (2015a,b). A typical kernel association test includes the
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following two steps. First, the similarities between two multidimensional genetic
variants are summarized by an appropriate positive semi-definite kernel. Then,
the calculated similarity between genetic variants is compared to the similarity
between disease related traits. A high correlation between genotypic similarity
and phenotypic similarity may indicate the presence of an association.

Two following methods are existing CNV kernel-based association tests that

use kernels to measure similarity between CNV profiles:

CNYV Kernel Association Test

CNV kernel association test (CKAT) is a kernel-based association test is
proposed by Zhan et al. (2016) to test the association between CNVs and disease
related traits. Motivated by kernel strategy, CKAT measures the similarity between
CNV profiles using two kernels: the single-CNV kernel and the CNV region kernel.
These two kernels are designed so that they are capable of dealing with both CNV
multidimensional characteristics and heterogeneity effects.

The single-CNV kernel, is responsible for measuring the similarity between
two CNVs. Lets assume that X = (XM, X®) denotes a CNV. X is the length
of the CNV which is calculated by subtracting CNV start position from CNV
end position. X is the type information of the CNV, taking values 1 and 3
for deletion and duplication respectively. The single-CNV kernel measures the

similarity between two arbitrary CNVs X; and X5 as

2
(X - x{) (X = x) +1
K (Xl,XQ) =eXp 4§ — X 5 (28)
p

The first term is the contribution of the CNV length. A Gaussian kernel function
and shape parameter p which is set to 1 in CKAT are used to measure the similarity
between two CNVs from length aspect. The second term is the contribution of
the CNV type. The I(-) is the identity function that takes the value 0 when the
two CNVs are of the different type and 1 otherwise.

The second kernel, the CNV region kernel, measures the similarity between
two CNV profiles with respect to all CNVs existing in a CNV region. In CKAT,
each chromosome is treated as a CNV region that can contain any number of
CNVs. Let R; and R; be the CNV profile of sample 7 and j. The CNV region
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kernel, Kg, in a particular region between sample ¢ and j is defined as

0 it pip; =0
kr (Ri, Bj) = § maxi—o1,...pi—p, dor1 b (Xip, Xt]) if p, > p; >0, (2.9)
max;—o,1,. p—p 2oy k (X7, X7)  ifp; >pi >0
where p; and p; are the number of CNVs in the CNV profile of subjects ¢ and j in
the region respectively and k(-, ) is the single-CNV kernel defined previously. The
maximum operation in the definition of kg(-, ) searches for the best CNV-to-CNV
correspondence in the CNV profiles of subjects 2 and 7 in the CNV region. The
output of kg(-,-) is a similarity matrix K, where k;; = kr(R;, R;) represents the
similarity between CNV profile of subjects ¢ and j in a specific region.
Finally, the association between CNVs and disease related traits is tested by a
logistic regression kernel-based model. The following logistic regression model is
used to relate disease to CNVs where Z are covariates such as age, gender, and

f(+) is a function calculated by the CNV region kernel and  and [, are intercepts

logit [Pr (y1 = 1)] = fo + ZB + f (R)) (2.10)

Using a biologically relevant region like a chromosome to define CNV regions
in CKAT bypasses the need for an arbitrarily defined locus in CCRET that there
was a need to define an arbitrary overlap threshold. Also, there is no limit to
the number of CNVs in each regions like CCRET. However, there are still some
limitations in CKAT:

o CKAT uses a shift-by-one scanning algorithm to align pairs of CNVs based

on their ordinal position rather than considering all possible pairs. This
strategy results in not optimally capturing the similarity between each

possible CNV pair especially when dealing with frequent CNVs.

e CKAT does not exploit the full information of a CNV when measuring
the similarity between two CNVs. The kernel function measures CNV
similarity based on type and length features between two CNV events and

the contribution of dosage is not considered.

e CKAT, like CCRET, considers CNVs with the same length to be similar to
each other without taking into account the exact chromosomal position of
the CNVs.
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Therefore, there is still a need to improve the kernel-based association tests so
that they be able to deal with CNV characteristics from all aspects.

Copy Number Profile Curve-based Association Test

Brucker et al. (2020) proposed the copy number profile curve-based associa-
tion test (CONCUR) to address aforementioned limitations in quantifying CNV
similarity using kernel-based methods. An overview of CONCUR is shown in
Fig. 2.5. CONCUR has two major components: copy number (CN) profile curve
and common area under the curve (cAUC) kernel. The CN profile curve describes
an individual’s CNVs across the genome or a region of interest. The cAUC kernel
measures the CNV similarity between two individuals. Then, the CNV effects on
the phenotype are characterized.

Copy number profile curves are a visualization of CNV activity across the
genomes. CNV dosage is shown on the y-axis with the baseline of 2 since there
is 2 copy of each segment in a normal genome. The start and end positions of
the CNV are shown on the x-axis. By superimposing two CN profile curves, the
same type of overlapping regions of CNVs are identified. Then, the common area
under the curve between two individuals is calculated as the sum of all areas of
commonality in their duplication profile curves plus the sum of all areas in their
deletion profile curves. Finally, CONCUR regresses the trait values of CNV effects
captured by the cAUC kernel and evaluates the association between traits and
CNYV profiles via a score-based variance component test. CONCUR outperforms
both CCRET and CKAT by being free from a definition of a CNV region and
exploiting all CNV characteristics for calculating the similarity between CNV
profiles of two individuals. However, it is still not able to capture the similarity in
an optimal way and deal with the CNV heterogeneity effect.

CONCUR calculates the similarity between CNV profiles by summing the
common area of the deletion and duplication curves separately. Therefore, the
case when two individuals have a CNV of different types in the same locus, is
not considered in the similarity measurement. This is because the common area
under the curve is not meaningful in this case. Although it is not clear when two
individuals have different types of CNV in a same chromosomal position may
result in more or less similarity between them, ignoring the occurrence of the CNV

in that position may lead to missing the CNV phenotypic heterogeneity effect.
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Figure 2.5: Diagram of copy number profile curves and common area under the
curve by Brucker et al. (2020). (a) Example of CNV data describing individuals’
CNV profile in chromosome 1. (b) Copy number (CN) profile curves of two
individuals with overlapping deletions of dosage 0. (¢) CN profile curves of two
individuals with overlapping with overlapping duplications of dosage 3 and 4. (d)
The cAUC between two individuals who have overlapping deletions of dosage 1 and
overlapping duplications of dosage 3, so that the cAUC between the individuals is
the sum of the two areas.

2.5 Research Gaps

Ongoing advances in high-throughput genomic technology have made possible
the rapid identification of several genetic variants possible, including CNVs.
Understanding the relationship between CNVs and diseases may provide important
new insights into the underlying genetic causes and may also lead to effective
methods of prevention and treatment. Therefore, there is increasing research
interest in the role of CNV in the etiology of many complex diseases. However, as
this literature review shows, although CNV data are available, methods to test
the association between CNV and disease-related traits are few and have yet to
be developed.

None of the methods in the literature, neither collapsing nor kernel-based,
can deal with CNV multidimensional characteristics. CCRET, an extension of
the collapsing method, is capable of testing the association between CNVs and
diseases considering only one CNV characteristic at a time. CKAT, a kernel-based

approach, not only ignores the CNV dosage in the association test but also it is

raqumy Gloy
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only applicable to rare CNVs, not frequent CNVs, based on the algorithm it uses
to compare CNV profiles. Similarly, CONCUR, the other kernel-based approach,
ignores the CNV heterogeneity effect.

In addition, to our knowledge, the CNV sequential order has not been studied
yet. Therefore, there is an open question around CNV sequential order. More
specifically, it is still unclear whether CNVs are randomly distributed across the
genome, or their order is significant and associated with the disease, like SNPs.

The work presented in this thesis addresses the existing gaps in studying
CNVs and answers open questions about the significance of the CNV sequential
order in association with disease related traits. Testing the association between
CNVs and disease-related traits based on all CNV characteristics is explored in
Chapter 3 using a multi-dimensional kernel-based association test called MCKAT.
In Chapter 4, a sequential multi-dimensional association test named SMCKAT is
developed which tests whether if there is any significant association between CNV
sequential order and disease related traits. In Chapter 5, our proposed association
tests are used to test if considering the dual effects of CNVs and other genetic
variation like genes is informative and helpful in testing the association between
CNVs and disease related traits.



Chapter 3

MCKAT, a multi-dimensional
copy number variant kernel
association test

3.1 Introduction

As discussed in section 2.2, most work on testing the association between genetic
variants and disease-related traits to date has focused on SNP data. However,
these methods are not applicable to CNV data due to the multi-dimensional
characteristics of CNVs. Therefore, there is a strong motivation to develop methods
that specifically account for the CNV data. Of the methods that are designed for
CNV data, CCRET (Tzeng et al. 2015) the random effect collapsing approach,
is not capable of dealing with CNV multidimensional characteristics. Similarly,
CKAT (Zhan et al. 2015b) and CONCUR (Brucker et al. 2020), the kernel based
approaches fall short in dealing with CNV data as discussed in sections 2.4.2 and
2.4.3 respectively.

This chapter presents a multi-dimensional copy number variant kernel associa-
tion test (MCKAT) which is not only capable of indicating stronger evidence in
detecting significant associations between CNVs and disease-related traits, but
is applicable to both rare and frequent CNV datasets. As with CONCUR and
CKAT, the MCKAT is based on the kernel approach and so an appropriate group
of kernels is used to summarize the similarity between CNV profiles. Then, this
similarity is compared to the similarity between the presence of the disease-related

trait in CNV profiles. A high correspondence between the CNV profiles’ similar-
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ity and the disease presence similarity may suggest existence of association. In
contrast to CONCUR and CKAT, the multidimensional nature of the kernels
presented in the MCKAT allows all CNV multidimensional characteristics plus the
CNYV heterogeneity effect be considered in the association test. Furthermore, the
algorithm that measures the similarity between CNV profiles in the MCKAT is
capable of capturing similarity between every possible CNV pair in CNV profiles
which makes the association test applicable to both rare and frequent CNV data.

MCKAT is described in Section 3.2, including the specification of the kernels
and the kernel based association test. The performance evaluation of the MCKAT
using simulated data is described in Section 3.3. Results on real data are presented
in Section 3.4. The results are discussed in Section 3.5 and Section 3.6 summarises
and concludes the chapter.

The R code used to implement the MCKAT is given in Appendix A and is
available at https://github.com/nesfehani/MCKAT. The work in this chapter
addresses Contribution 1 listed in the Chapter 1, proposing an association test to
deal with CNV multi-dimensional characteristics and the heterogeneity effect to
identify CNV chromosomal regions that CNVs on them are significantly associated
with disease-related traits. The contribution is addressed by developing a multi-
dimensional kernel-based CNV association test which is included in a published
article (Maus Esfahani et al. 2021b).

3.2 Model Development

We design a multi-dimensional kernel framework capable of measuring the
similarity between CNV profiles utilizing all CNV characteristics. It contains
two kernels. The first kernel, the single-pair CNV kernel, measures the similarity
between a single CNV pair. It includes three sub-kernels. Each sub-kernel is
responsible for measuring the similarity between two CNVs with respect to each of
three CNV characteristics. The second sub-kernel, the whole chromosome kernel,
aggregates the similarity between every possible CNV pair chromosome-wise to
measure the total similarity between the CNV profiles of the subjects. Finally,
the association between CNVs across a chromosome and disease-related traits is
tested by comparing the similarity in CNV profiles to that in the trait using an

association test.
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3.2.1 Single-pair CNV Kernel

All CNV features including chromosomal position, type and dosage are used to
measure the similarity between a single pair CNV. Let X = (X, X®) X3 x4)
denote a CNV, where X and X® are the start and end chromosomal positions
of the CNV respectively, X is the type information of the CNV taking the value
1 for a deletion and 3 for an amplification, and X® is the dosage information
of the CNV taking the value of 0 or 1 for deletion, and > 2 for amplification.
Considering two arbitrary CNVs X; and X5, we define the kernel function between
a CNV pair as

Ks (Xla X2) =

(3.1)

Z(DR(X{“)) DR (Xé‘”) ‘

the first term is the CNV chromosomal position’s contribution, which is described
by measuring the mutual presence of a CNV with a specific start and end chromo-
somal position. It is defined as the size of the intersection of two CNVs divided by
the size of their union. The maximum value for chromosomal position contribution
is 1 when two CNVs have the same start and end position and 0 when two CNVs
do not intersect.

The second term is the contribution from the CNV type. When two CNVs
have the same type (both deletion or amplification), it takes the value of 1 and
0 when CNVs are of different types. The last term is the contribution of CNV
dosage information. The similarity between two CNVs based on their dosage
information is measured by a function called the Difference from the Reference
(DR) as DR(dosage) = |dosage — 2|. We use 2 as a reference value. According to
equation (3.1), the smaller difference between the DR value of two CNVs results

in a greater similarity between them.

3.2.2 Whole Chromosome CNV Kernel

After measuring the similarity between two CNVs another kernel is needed to
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compare the whole CNVs in a specific chromosome of one subject with another
subject to calculate their similarity. To do this, we propose another kernel that
is capable of measuring the similarity between all CNVs of two subjects in a
chromosome.

Let R; = (X}, ...,X},) be the CNVs of subject 7 in a specific chromosome,
where CNVs are ordered according to their chromosomal position and p; is the
number of CNVs of the sample ¢ in the chromosome. Similarly, we have another
CNV series R; = (X7, ...,ng) for subject j. Then, the whole chromosome CNV

kernel between subject ¢ and j in a particular chromosome is defined as

0 if pixq=0
K. (R, R;) = (32)
?;1 i Ks(Xian) if pixq #0

=1

where K(-,-) is the single pair CNV kernel from (3.1). The whole chromosome
CNV kernel measures the similarity between every possible pair of CNVs in the
CNYV profiles of two subjects and aggregates these similarities to calculate the
total similarity in a particular chromosome. To build a kernel-based association
test described in the following section, we need to build a kernel similarity matrix
K. K is an x n matrix, where K;; = K,,(R;, R;). K;; expresses the similarity

between subject ¢ and subject j measured by K.

3.2.3 Kernel-based Association Test

We use the following logistic regression model to test the association between
CNVs and phenotype

logit[Pr(y; = 1)] = Bo + ZB + f(R;) (3.3)

Let i« = 1,2,...,n be the subjects and y; the status of phenotype for subject i.
y; = 1 denotes the existence of that phenotype and y; = 0 denotes its absence.
Z is the covariant matrix which could include phenotype contributing factors
such as certain inherited conditions, gender and age. f( . ) is a function of the
CNV information, such as the CNV type and dosage, characterized by the whole
chromosome CNV kernel K, ( ., .).

According to equation (3.3), the association between the existence of a pheno-
type and CNVs can be examined by testing the hypothesis Hy : f(-) = 0. To do
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this, we treat f(-) as a random effect vector with N(0,7K) distribution. 7 is a
variance component parameter and £ is the n x n similarity matrix generated by
the whole chromosome CNV kernel K,,. Demonstrated by Liu et al. (2008), testing
Hy: f(.) =0 is equivalent to test Hy : 7 = 0 under the logistic mixed effect
model. Following Wu et al. (2010), Zhan et al. (2016) and Liu et al. (2008), we use
a restricted maximum likelihood-based score test which is Q = (y — y)'K(y — y).

The ¥ is the estimate of y in equation (3.3) under the null model logit[Pr(y; =
1)] = Bo+ ZB. Then, we calculate the p-values of association between the status of
the phenotype and CNVs by using Davies method Davies (1980) as implemented
in the CKAT R package (Zhan et al. 2016).

3.3 Model Evaluation and Simulation Results

We conduct simulations to evaluate the performance of MCKAT and ensure
that it can properly handle type I and II errors as well as having relatively
high power in detecting existing associations. We focus on assessing MCKAT
performance in detecting associations using chromosomal region x type x dosage
effects in both rare and common CNV datasets. Apart from MCKAT, the CKAT
and CONCUR approaches are also studied. We conduct our simulation studies
under two main scenarios: rare CNVs and frequent CNVs. In the first scenario, we
apply MCKAT, CKAT and CONCUR on a random chromosome to have limited
number of CNVs for each subject to mimic a rare CNV dataset while in the
second scenario, we apply them on the CNVs across whole genome to assess their
performance in dealing with frequent CNV datasets. In the first scenario, each
subject can have a maximum of five CNVs in their CNV profile to mimic rare
CNYV profile and in the second scenario there is no restriction on the number of
CNVs to mimic frequent CNV profile. The dosage can take 0 or 1 for deletions
and any value greater than two for amplifications in both scenarios. We simulated
10% datasets for each simulation scenario.

The CKAT evaluates the association between CNVs and disease-related traits
through the following model (Zhan et al. 2015b):

logit(Pr(Y, = Bo + Z <5Delf X = 1] 4 gPwrx? = 3]) XV (34)

where X;; = (Xz(j ), X(Q)) is the jth CNV of ith subject, fy is the prevalence rate
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of the disease, and 5]]-) up B]Del are the log of the odd ratio of CNV j for duplication
and deletion respectively.

Similarly, CONCUR uses the following logistic model to generate disease-
related trait status (Brucker et al. 2020):

R R R
logit(Pr(Y; = 1)) = o + Bx Xi + Y 87" ZD" 43" pPel ZPel 7 pghen zlen
j=1 j=1 j=1

R R
Dup*Len r>Dup ryLen Del*Len r7Del r7Len
+E B; Zi " Zis +§ B; 25" 2y
=1 j=1
(3.5)

where 7y and Sx are roughly set to —2 and log(1.1) respectively based on the
baseline disease rate, ¢ = 1,..., N indexes individuals, and 7 = 1, ..., R indexes
the CNV of regions. BJ-DUP and BjDel are the log odds ratio for the presence of a
CNYV versus its absence in segment j. Likewise, BjLe“ controls the effect of the
CNV length and lets this effect differ by the CNV dosage value. ZP¢' | ZPW and
Zb are matrices which are generated based on CNV profiles. ZP% and ZP¢!
take value 1 for the CNV profiles that have a CNV in the CNV region j and 0
otherwise. Similarly, Z'" codifies the length of the CNVs in the CNV regions
and considers zero when a CNV profile is without CNVs in a specific region.

We use CNV datasets of 877 individuals with neurological deficits including
dyslexia and intellectual disability, as well as 337 controls for our simulation
studies. These datasets are publicly available in Girirajan et al. (2011). Briefly, the
dyslexia dataset has 1,041 CNVs for 376 individuals and the intellectual disability
dataset has 1,686 CNVs for 501 individuals. Similarly, the control dataset has
1,074 CNVs for 337 healthy subjects. The proportion of deletions to amplifications
is almost 0.35 to 0.65 in all three datasets. The dosage value is 1 and 3 for all
deletions and amplifications respectively in the datasets. Therefore, we randomly
generate other values for the CNV dosage to conduct our simulation study and
investigate the dosage effect in identifying existing associations. The simulated
dosage value can take 0 or 1 for deletion types and 3, 4, ..., 7 for amplification types.
We use equal probabilities when generating random dosage values for deletion
and amplification, 0.5 (1/2) and 0.2 (1/5) respectively.

After preparing the CNV data, we propose the following logistic model to gen-

erate the case-control label Y; using each CNV characteristics and their combined
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effect:

logit(Pr(Y; =1)) = fo+ »_ BF(X — X))+ > (8P11x) =1]
j=1 j=1

Am; 3 : Ds 4
+BIXG = 3) + Y a7 2
. (3.6)
+ Zﬁfen*Del*Dsg<Xi(j2) N Xf]l)) % [[XZ(JS) _ 1] % XZ(;L)
j=1
N ghensdmpsDso @)y 0y pi® _ gy
+Zﬁj ( iJ l])x [ ij ]X iJ
j=1
where ¢ = 1,..., N indexes individuals, and 7 = 1,...,m; indexes the CNVs of
individual 7. X;; = (X, X7, X7, X[V) is the jth CNV of the ith individual as
defined previously. 3, corresponds to a baseline disease rate. 5]’-:‘3” controls the
effect of chromosomal position, and /BJD ° and ﬁjD“p are the log ratios of a CNV j

for being related to a deletion versus an amplification and vice versa. Likewise,
5jDsg controls the effect of dosage in CNV j. BJ»LE"*Amp “Psg and Bfen*Dd*Dsg allow
the effect of the chromosomal position and CNV type to differ by dosage in CNV

J.

The Q-Q (quantile-quantile) plots are very important in statistics to graphically
analyze and compare two probability distributions by plotting their quantiles
against each other. The Q-Q plot’s points will flawlessly lie on the straight line y
= x (45 degree line) if the two distributions we are comparing are exactly equal.
When Q-Q plot’s points are above or below the 45 degree line means there is
the possibility to have type I error, rejecting the null hypothesis when it is true,
and type II error, failure in rejecting null hypothesis when it is actually false,
respectively. The QQ-plots of p-values of MCKAT versus CKAT and CONCUR
under both simulation scenarios are presented in Figure 3.1.

As is shown in QQ-plot (a), MCKAT lies on the 45-degree line under different
nominal significance levels even as low as 10~® which means observed p-values
calculated by MCKAT have the same value as the actual p-values. This indicates
that MCKAT can have the correct type I and II error rates when testing an asso-
ciation between rare CNVs and disease-related traits. CKAT is more conservative
when the significance level is small which means it is not capable of identifying

significant association and handling type II error. Conversely, CONCUR is less
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Figure 3.1: P-value based QQ-plots of MCKAT, CKAT and CONCUR, under first
(a) and second (b) simulation scenarios.

conservative when the significance level is small which means it identify significant
associations when there are not any and can not handle type I error properly.

QQ-plot (b) presents the p-values of MCKAT, CKAT and CONCUR under
the second simulation scenario. As shown, MCKAT can protect the correct type I
and II error rates in the second scenario as well by being on the 45-degree line
under different nominal significance levels. Similar with scenario one, CONCUR
is less conservative when the significance level is small. However, CKAT can not
identify any significant association in the frequent CNV data.

In statistics, the power of an statistical association test is the probability that
the test correctly rejects the null hypothesis when an alternative hypothesis is true.
Statistical power ranges from 0 to 1. As the power of a statistical test increases,
the probability of making a type II error by wrongly failing to reject the null

hypothesis decreases. The statistical test power is calculated using below equation:
Power = Pr (reject null hypothesis | alternative hypothesis is true )  (3.7)

The empirical powers of MCKAT and CKAT under the first and second

scenarios versus effect size are presented in Figures 3.2 and 3.3 respectively. The
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effect size is a magnitude of an effect. As the effect size increases so does the
likelihood of the detecting it which is essentially an increase in power. In more
detail, the effect size is the estimation of the overlap between two distributions
which is affected by both the distance between the population means and the

standard deviations. The effect size is calculated using below equation:

Effoct Si The estimated difference in the means (3.8)
ect Size = )
Pooled estimated standard deviations

We observe that MCKAT has better power, higher performance in handling
type II error, compared with CKAT under both scenarios. One reason might be
that the MCKAT is designed to detect the dosage and the chromosomal position x
type x dosage signals but CKAT struggles to pick up the signals due to its design.
Another reason for CKAT’s low power, especially under the second scenario,
could be its scanning algorithm for aligning CNVs. CKAT’s shift-by-one scanning
algorithm may result in not capturing signals when dealing with greater numbers
of CNVs in common CNV data.
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Figure 3.2: Empirical power of MCKAT and CKAT under first simulation scenario,
rare CNV data.

Likewise, the empirical powers of MCKAT and CONCUR under the first and
second scenarios are presented in Figures 3.4 and 3.5 respectively. We again observe
that MCKAT has better power compared with CONCUR under both scenarios.
One reason might be that CONCUR is not capturing the heterogeneity effect of
CNVs. CONCUR, measures the similarity among CNV profiles by summing up
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Figure 3.3: Empirical power of MCKAT and CKAT under second simulation
scenario, frequent CNV data.

the similarities with respect to the CNV types, deletion and amplification. This
approach may result in ignoring the within heterogeneity CNV effect specially
when two CNVs with different types have a different impact on disease-related

traits.
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Figure 3.4: Empirical power of MCKAT and CONCUR under first simulation
scenario, rare CNV data.
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Figure 3.5: Empirical power of MCKAT and CONCUR under second simulation
scenario, frequent CNV data.

3.4 Real Data Application Results

In real data applications we conduct the association test on autism and
rhabdomyosarcoma datasets as representative examples of rare and red frequent
datasets. First, we applied the MCKAT, CKAT and CONCUR on every chromo-
some to test if there is any association between CNVs and disease-related traits.
Then, we partitioned the chromosomes into smaller regions called cytogenetic
bands. We wanted to check if MCKAT can detect cytogenetic bands that CNVs
on them are significantly associated with disease-related traits. The datasets and

analysis results are described in the following.

3.4.1 Autism and Rhabdomyosarcoma Data

We apply MCKAT on both rare and frequent CNV public domain genome
sequencing data sets to evaluate the performance. The two CNV datasets used
in this study are from individuals with autism spectrum disorder (ASD) and
rhabdomyosarcoma (RMS) cancer. The ASD data set contains a total of 2359
CNVs of 588 subjects publically available (Girirajan et al. 2011). Most of the



CHAPTER 3. MCKAT, A MULTI-DIMENSIONAL COPY NUMBER
40 VARIANT KERNEL ASSOCIATION TEST

CNVs in the ASD data set are large and rare, while the RMS dataset contains
common and small CNVs. The raw RMS dataset is publicly available through
the National Institute of Health (NIH), database of Genotypes and Phenotypes
(dbGaP). We use 59,131 processed whole-genome CNV data of 44 subjects (Shern
et al. 2014). In both datasets, each CNV is presented by four characteristics: start
and end position in the chromosome, type, and dosage. The type is either deletion
or amplification, and the dosage is less than 2 for deletion and greater than 2 for
amplification. MCKAT, CONCUR and CKAT are applied to the RMS and ASD
CNYV data.

3.4.2 Real Data Results

We conduct MCKAT analysis on each of the 23 chromosome pairs to test the
association between CNVs in each chromosome and disease-related traits. The
disease-related traits are cancer subtype and disease status in RMS and ASD CNV
data sets, respectively. Then, we compare MCKAT results with those obtained
from CKAT and CONCUR.

CNYV Analysis on Rhabdomyosarcoma Data Set

First, we conduct the experiment on the RMS CNV data. The RMS occurs as
two major histological subtypes: embryonal (ERMS) and alveolar (ARMS). The
classification of the RMS subtype has a direct effect on the patients’ treatment
options. The RMS CNV data includes a total of 59,131 CNVs for 25 alveolar
and 19 embryonal cancers. The p-values of MCKAT and CKAT are reported in
Table 3.1. Bonferroni correction is used for adjusting the multiple testing to control
the family-wise error rate (FWER) of a = 0.05. Since 22 chromosomes and the
sex chromosome are being tested, the p-value threshold for a whole-chromosome
significance is calculated as 0.05/23 = 2.2 x 1073.

Based on the results reported in Table 3.1, MCKAT identifies CNVs in
four chromosomes significantly associated with distinguishing RMS subtype at
FWER= 2.2 x 1073: chromosomes 2, 8, 11, and 13. These results are consistent
with the existing biological knowledge, which shows the capability of the MCKAT
in identifying chromosomes significantly associated with specific disease-related
traits.

For example, El Demellawy et al. (2017) shows that RMS is associated with
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Table 3.1: P-values of testing the association between RMS subtype and CNVs
in each chromosome. (*) denotes significant association between RMS subtype
and CNVs by MCKAT, CKAT and CONCUR, (#) denotes the total number of

CNVs on that chromosome.

Chromosome # CNVs MCKAT CKAT CONCUR
chrl 4382  1.257 x 1071 4.427 x 107" 2.316 x 107!
chr2 5584  1.188 x 1073 * 3.757 x 10~' 1.512 x 102
chr3 2925 1424 x 107" 4502 x 107" 2.275 x 107!
chr4 3068  4.606 x 107*  4.110 x 107" 4.319 x 107!
chrb 3237  7.607 x 1072  4.505 x 107! 6.512 x 1072
chr6 2777 5.054 x 1071 4.200 x 107" 3.749 x 107!
chr? 3549 4421 x 107" 4.657 x 107" 4.021 x 107!
chr8 5365  4.308 x 1077*  4.064 x 10~' 2.125 x 1073*
chr9 2474 5.666 x 1072 4.584 x 10°' 4.925 x 1072
chrl0 2378  9.667 x 1072 4.436 x 10°' 5.041 x 1072
chrll 3449 1.107 x 1073%  3.655 x 10~! 2.112 x 1073*
chrl2 3773 3.638 x 107" 4875 x 107! 3.825 x 107!
chrl3 2462  1.241 x 1073*  3.916 x 10~* 2.352 x 1073
chrl4 1219 3187 x 107! 4.613 x 107! 4.015 x 107!
chrl5 1389 3.952 x 107'  4.659 x 1071 3.625 x 1071
chrl6 1565  2.002 x 107! 4.960 x 107! 2.628 x 107!
chrl? 1862  2.416 x 107! 4.658 x 107! 2.031 x 10!
chrl8 1120 1.961 x 107! 4.717 x 107! 2.512 x 10!
chrl9 1584  1.967 x 107! 4.948 x 10~ 2.003 x 10"
chr20 1835 5859 x 1073 4.237 x 107! 7.425 x 1073
chr21 648 3.531 x 1072 3.939 x 107! 4.107 x 1072
chr22 780 1.124 x 1071 4.327 x 107! 1.842 x 107!
chr X 1421 7495 x 10°' 4917 x 107! 6.023 x 10!
chr Y 250 6.802 x 1071 4.755 x 10~' 5.257 x 107!

specific chromosomal abnormalities that differentiate ARMS and ERMS. According
to their study, approximately 80% of ARMS tumors show translocation between
the FOXO1 transcription factor gene located on chromosome 13 and the PAXS
transcription factor gene on chromosome 2, and ERMS tumors demonstrate a
higher frequency of specific genetic mutation on chromosome 11 compared with
ARMS. The same has been revealed earlier in Sun et al. (2015). In addition to
the association between chromosomal abnormalities on chromosomes 2, 11, and
13, Nishimura et al. (2013) found the ARMS subtype is significantly associated

with amplifications on chromosome 8. Our findings show other mechanisms like
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CNVs have the potential to play a significant role in causing any disease-related
traits besides gene mutations and chromosomal translocations.

We apply CKAT and CONCUR on the RMS data set to compare their
performance with MCKAT. As shown in Table 3.1, CKAT has low performance
on the RMS data set, which includes common and small CNVs, and does not
identify any chromosomes significantly associated with the RMS subtype. CKAT
uses a parsimonious scanning algorithm to align pairs of CNVs based on their
ordinal position. Using this strategy, each CNV is compared only with a limited
number of adjacent CNVs resulting in sub optimal capture of the similarity
between all possible CNV pairs. Furthermore, CKAT does not utilize CNV dosage
and chromosomal position information in measuring the similarity between CNV
profiles. CONCUR has better performance on the RMS data comparing with
CKAT. It identifies CNVs in two chromosomes, 8 and 11, significantly associated
with distinguishing RMS subtypes. These two chromosomes are identified by
MCKAT as well. However, the MCKAT indicates stronger evidence and smaller
p-value than CONCUR.

CNYV Analysis on Autism Data Set

We apply MCKAT on the ASD data set to evaluate its performance on data
sets that include large and rare CNVs. We aim to test if there is any association
between CNVs and disease status. The ASD data set contains 1285 rare CNVs on
310 individuals with ASD and 1074 rare CNVs on 278 healthy individuals. Three
factors characterize each CNV: the start and end chromosomal position and the
type information.

As shown in Table 3.2, MCKAT, CKAT and CONCUR detect some chromo-
somes significantly associated with ASD status. The performance of MCKAT and
CKAT are similar for the ASD dataset since this data set only contains rare and
large CN'Vs. Therefore, the parsimonious scanning algorithm used in CKAT has
a smaller adverse effect in measuring optimal similarity between CNV profiles.
However, CKAT shows the similar low performance when the number of frequent
CNVs are high in a chromosome like number 8. The performance of MCKAT and
CONCUR are similar for the ASD dataset. However, MCKAT provides stronger
evidence and a smaller p-value than CONCUR for the same chromosome. Among

the detected chromosomes, all three methods, identify CNVs in chromosomes 3
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and 22 as the most significant associated CNVs with ASD status. These results
are consistent with previous biological studies, which identify chromosomes 3 and
22 being widely associated with the autism (Girirajan et al. 2011; Glessner et al.
2009; Freitag et al. 2010). A systematic review of the CNVs involved in ASD
development which has the CNVs identifies by the MCKAT on other chromosomes
2, 11 and 16 has been done by Sener (2014).

Table 3.2: P-values of the testing association between ASD status and CNVs
in each chromosome by MCKAT, CKAT and CONCUR. (*) denotes significant
association between ASD and CNVs, (#) denotes the number of total CNVs on
that chromosome.

Chromosome # CNVs  MCKAT CKAT CONCUR
chrl 175 75x107Y 82x107% 93 x107!
chr2 45 23x 1075 *% 1.7x107** 2.1 x 1073%
chr3 49 0.0 * 0.0 * 1.5 x 1073*
chr4 112 75x 1071 82x107' 83 x 107!
chrb 242 51x 1072 23x1072  4.5x 1072
chr6 17 290x1073 1.2x1074* 3.1x1073
chr? 25 1.0x107Y  12x10** 14x10°2
chr8 3 26x107"  0.1x107' 2.0x 107!
chr9 13 1.0x 107" 77x107"  53x10°!
chrl0 130 43x 107" 47x107'  49x 107!
chrll 257 1.6 x 1073 88 x 107! 2.1 x 1073*
chrl2 3 38x 1071 27x107'  42x107t
chrl3 5 42x107"  74x107' 53 x107!
chrl4 2 40x 107" 1.8x107' 3.3x10°!
chrl5 919 40x 107" 54x107'  45x 107!
chrl6 140 1.7x 1073 37x107" 2.1 x 107%*
chrl7 27 28%x 1072  23x10% 24x1073
chrl8 6 42x1071 1.0 1.0
chrl9 1584 19x107' 49x107' 23x10°!
chr20 17 44x107"  13x107'  3.5x10°!
chr2l 0 1.0 1.0 1.0
chr22 166 0.0 * 0.0 * 1.2 x 10~
chr X 2 32x107"  14x1072 45x107!
chr Y 1 29x 107" 29x107' 3.1x107!

CNYV Analysis on Cytogenetic Bands in RMS

We partitioned each chromosome into smaller regions based on the cytogenetic
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bands. We applied MCKAT on each chromosome band to check if MCKAT is
capable of detecting more specific regions rather than whole chromosomes. Figure
3.6 shows the significance level of all cytogenetic bands across each chromosome
in the RMS dataset. We consider the p-value threshold for each chromosome
as 2.1 x 1073 calculated by dividing 0.05 by 23 chromosomes. CNVs within the
bands with a calculated p-value above this threshold have a statistically significant
association with the two main RMS subtypes. As is shown in figure 3.6 there are
22 cytogenetic bands across the genome, specifically across chromosomes 2, 8,
11, and 13, that CNVs in these bands are significantly associated with the RMS

subtype.
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Figure 3.6: Manhattan plot showing the -log(pvalue) of testing association between
CNVs on the chromosome cytogenetic bands and RMS sub types. Those with
-log(pvalue) above the threshold line, are significantly associated with the RMS
subtype

We use chromosomal ideograms to visualize the chromosomal position of these
22 cytogenetic bands identified as significantly associated with the RMS subtype.

In Figure 3.7, we plot the calculated p-values against cytogenetic bands. It includes
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the five identified significant chromosomes shown in Figure 3.6: 2, 4, 8, 11, and
13. The CNVs within the bands with a p-value that passes the threshold are
significantly able to distinguish the RMS subtype.

-log (pvalue) -log (pvalue)

-log (pvalue)

Figure 3.7: Chromosomal ideograms showing statistically significant cytogenetic
bands that CNVs on them are associated with the RMS subtype for chromosomes
2,8, 11 and 13.

More details regarding the p-values of these cyctogenetic bands are reported
in Table 3.3 and Table 3.4. Table 3.3 contains the p-values of the association test
between the RMS subtype and CNVs in each cytogenetic bands in chromosome 8.
We chose Chromosome 8 since it was identified as the most significant one with
the lowest p-value of 4.308 x 10~7 based on the results reported in Table 3.1.

Table 3.4 contains the p-values of all other bands across the genome that are
identified as significantly associated with the RMS subtype.

Figures 3.8 to 3.13 shows the chromosomal ideograms for the other chromo-
somes where CNVs were not identified as statistically significantly associated with
the RMS subtype by the MCKAT. As shown in these figures, none of the bands

chr2

chrg

chrll

chrl3
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Table 3.3: P-values of the testing association between RMS subtype and CNVs
in each cytogenetic bands of chromosome 8 by MCKAT. (*) denotes significant
association between RMS subtype and CNVs, (#) denotes the number of total
CNVs on the band.

Arm Band Start Stop #CNVs P-value
p 233 1 2,300, 000 113 3.4 x 1074 *
p 232 2,300,001 6, 300, 000 85 2.0 x 1072
p 231 6,300,001 12,800, 000 304 4.7 x 1078 *
p 220 12,800,001 19,200,000 101 8.2 x 1073
p 213 19,200,001 23,500,000 102 2.5 x 1072
p 212 23,500,001 27,500,000 82 3.6 x 1072
p 211 27,500,001 29,000,000 50 1.6 x 1072
p 12.0 29,000,001 36,700,000 190 3.7x 1070 *
p 11.23 36,700,001 38,500,000 48 3.7 x 1073
p 11.22 38,500,001 39,900,000 o7 8.4 x 1073
p 11.21 39,900,001 43,200,000 147 1.0 x 1073
p 111 43,200,001 45,200,000 72 2.8 x 1072
q 111 45,200,001 47,200,000 41 2.1 x 1072
q 11.21 47,200,001 51,300,000 200 8.4 x 1075 *
q 11.22 51,300,001 51,700,000 6 4.7 x 1072
q 11.23 51,700,001 54,600,000 61 6.1 x 1072
q 121 54,600,001 60,600,000 177 7.0 x 1074 *
q 122 60,600,001 61,300,000 18 3.3 x 1072
q 123 61,300,001 65,100,000 134 1.1 x 1072
q 131 65,100,001 67,100,000 71 5.8 x 1073
q 132 67,100,001 69,600,000 54 4.3 %1073
q 133 69,600,001 72,000,000 62 1.8 x 1073
q 21.11 72,000,001 74,600,000 144 8.4 x 1073
q 21.12 74,600,001 74,700,000 1 1.0
q 21.13 74,700,001 83,500,000 308 2.6 x 1073*
q 212 83,500,001 85,900, 000 26 2.9 x 1072
q 213 85,900,001 92,300, 000 185 1.0 x 107* *
q 221 92,300,001 97,900, 000 182 1.0 x 1072
q 222 97,900,001 100, 500, 000 103 3.9x 1073
q 223 100,500,001 105,100,000 162 4.6 x 1073
q 23.1 105,100,001 109,500,000 135 2.5 x 1073*
q 232 109,500,001 111,100,000 33 8.0 x 1071
q 233 111,100,001 116,700,000 185 2.3 x 1073%
q 24.11 116,700,001 118,300,000 53 2.6 x 1072
q 24.12 118,300,001 121,500,000 109 2.2 x 1073%*
q 24.13 121,500,001 126,300,000 151 6.0 x 1073
q 24.21 126,300,001 130,400,000 208 1.9 x 1072
q 24.22 130,400,001 135,400,000 155 1.5 x 1072
q 24.23 135,400,001 138,900,000 162 7.7 %1073
q 24.3 138,900,001 145,138,636 354 2.5 x 1078 *
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Table 3.4: The cytogenetic bands across the whole genome identified as significantly
associated with the RMS subtype by MCKAT. (#) denotes the number of CNVs
on the band.

Chr. Arm Band Start Stop #CNVs  P-value
2 p 253 1 4,400, 000 111 1.0 x 107*
2 p 223 31,800,000 36,300,000 117 1.0 x 107*
2 p 11.2 83,100,001 91,800,000 314 2.0 x 1074
11 p 155 1 2,800,000 304 4.7 x 1078
11 p 154 2,800, 001 11,700,000 269 3.0 x 1074
11 q 14.1 27,200,001 31,000,000 100 2.0 x 1074
11 q 13.3 68,700,001 70,500,000 46 1.0 x 107*
11 q 223 103,000,001 110,600,000 145 1.9 x 1073
13 q 34.0 109,600,001 114,364,328 115 4.0 x 1074

in these chromosomes has a p-value that passes the threshold which means CNVs
on them are not able to distinguish the RMS subtype statistically.

We form a new CNV profile for each subject for more investigation. These
new CNYV profiles include only CNVs in the 22 cytogenetic bands that have been
identified significantly associated with RMS subtype shown in Tables 3.3 and 3.4.
Then, we applied the MCKAT on these manually created CNV profiles. Based on
the results, the combination of CNVs located in these bands has a statistically
higher significant association with the RMS subtype of p-value equals to zero.
This finding shows the combination of CNVs in cytogenetic bands that have been
identified significantly associated with the RMS subtype has a high potential to
be used in RMS subtype identification. We do not do cytogenetic band analysis
on the ASD CNV data set, since it contains only rare CNVs and the frequency of
the CNVs in chromosomes is too low which results in no existence of any CNVs

on cytogetetic bands for most of the subjects.
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Figure 3.8: Chromosomal ideograms showing not statistically significant associated
CNVs with the RMS subtype on cytogenetic bands for chromosomes 1, 3 and 4.
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Figure 3.9: Chromosomal ideograms showing not statistically significant associated
CNVs with the RMS subtype on cytogenetic bands for chromosomes 5, 6 and 7.
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Figure 3.10: Chromosomal ideograms showing not statistically significant associ-
ated CNVs with the RMS subtype on cytogenetic bands for chromosomes 9, 10
and 12.
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Figure 3.11: Chromosomal ideograms showing not statistically significant associ-
ated CNVs with the RMS subtype on cytogenetic bands for chromosomes 14, 15
and 16.
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Figure 3.12: Chromosomal ideograms showing not statistically significant associ-
ated CNVs with the RMS subtype on cytogenetic bands for chromosomes 17, 18
and 19.
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Figure 3.13: Chromosomal ideograms showing not statistically significant associ-
ated CNVs with the RMS subtype on cytogenetic bands for chromosomes 20, 21
and 22.
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3.5 Discussion

MCKAT is an advanced approach to test the association between CNVs and
disease-related traits. Our approach has several advantages over the existing
methods. Firstly, as the CNVs have more complicated multi-dimensional features
in comparison with other types of genetic variants like SNPs, this is the first
time that all multi-dimensional features, including chromosomal position, type,
dosage, and heterogeneity effect of the CNVs are utilized in testing the association
between CNVs and disease-related traits.

Secondly, the previous kernel-based methods do not measure the similarity
between CNV profiles in an optimal way due to deficiencies in the algorithm they
used to pair CNVs. In our proposed approach, we measure the similarity between
CNVs profiles in an optimal way by considering the similarity between all possible
CNV pairs in two CNV profiles.

Thirdly, as the result of two aforementioned advantages, MCKAT provides
smaller p-values compared to the other methods. As the p-value is a statistical
measure used in hypothesis testing, it quantifies the strength of evidence against
a null hypothesis. The smaller p-value can provide strong evidence to reject the
null hypothesis and accept the alternative one. In almost all experiments that
we have done to evaluate the performance of MCKAT, it provides us with the
smaller p-values, stronger evidence, to check the association between CNVs and
disease related traits. However, this improvement varies from one CNV data set
to another one and can not be quantified as a constant value for all experiments.

Fourthly, the previous methods can only deal with a limited number of CNVs
in chromosomal regions or rare CNV datasets. The results show that MCKAT is
applicable to not only rare and large CNVs but also common and small CNVs.

Finally, MCKAT can help biologists detect significantly associated CNVs with
any disease-related trait across a patient group instead of examining the CNVs
case by case in each subject.

Although our experimental results are promising and based on these results
MCKAT shows a better performance in most cases compared to the state-of-
the-art CNV kernel approach, this study has limitations. There are not many
publicly available CNV data sets. Besides, most available ones do not contain
all CNV features together, in particular the dosage information. Consequently,

our method is tested only on few publicly available datasets that include all
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multi-dimensional CNV characteristics. However, for some of them, we had to
simulates CNV features to be able to evaluate the performance of our proposed
method. Applying MCKAT to more datasets containing all CNV features can
help to determine its strengths and weakness.

Our study shows that CNVs in some chromosomal regions can have statistically
significant association with disease-related traits, but it has the potential to reveal

more new findings by conducting more comprehensive analysis.

3.6 Conclusion

The results presented in this chapter demonstrate that our method, MCKAT,
provides improved outcomes for detecting significant associations between CNVs,
both rare and frequent, and disease-related traits by indicating stronger evidence
and smaller p-values than the existing methods. MCKAT can provide biologists
with CNV hot spots on the genome at the cytogenetic band level for further
investigation. Therefore, instead of examining all chromosomal regions across
the genome which includes an enormous number of CNVs, they can narrow
down their research to the identified regions by the MCKAT. This work forms
Contribution 1 of this thesis which is proposing a multi-dimensional CNV kernel-
based association test that allows for the detection of CNV chromosomal regions
significantly associated with disease-related traits and improves on currently
available methods for studying CNVs.

The method developed here allows for the more detailed exploration of chro-
mosomal regions that CNVs on them have statistically significant association with
disease-related traits. One such exploration is investigating the dual effect of the
CNVs and their intersected genes on the disease development. This exploration is
detailed in Chapter 5 of this thesis.

In the next chapter we will investigate if the CNV sequential order has any
significant associations with disease-related traits by proposing a sequential multi-

dimensional CNV kernel based association test.






Chapter 4

SMCKAT, a sequential
multi-dimensional copy number
variant kernel association test

4.1 Introduction

As discussed in section 2.5, there is an open question around the association
of CNV sequential order and disease-related traits. More specifically, to our
knowledge, it is still unclear whether CNVs are randomly distributed across the
genome, or if their order is significant and associated with the disease, like SNPs.
Consequently, we propose the first such method to test the association between
the sequential order of CNVs and diseases.

Starting from MCKAT, we propose a sequential multi-dimensional CNV
kernel-based association test (SMCKAT) for investigating the association between
CNVs and disease or traits. SMCKAT is not only utilizing all multi-dimensional
characteristics of CNVs but also the sequential order of CNVs in testing the
association between CNVs and disease or traits. Based on the results in this
chapter, SMCKAT is applicable on both rare and common datasets and is capable
of identifying hot-spots on the genome where both CNV characteristics and the
CNV sequential order are significantly associated with disease or traits.

The SMCKAT algorithm is described in Section 4.2, including the specification
of the kernels and the kernel-based association test. The performance evaluation
of the SMCKAT by using simulated data is described in Section 4.3. The results

on real data are presented in Section 4.4. The results are discussed in Section 4.5

o7
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and Section 4.6 summarises and concludes the chapter.

The R code used to implement the SMCKAT is given in Appendix B and is
available at https://github.com/nesfehani/SMCKAT. The work in this chapter
addresses Contribution 2 listed in the Chapter 1, proposing an association test
to investigate if CNVs’ order matters and has a significant association with
disease-related traits. The contribution is addressed by developing a sequential
multi dimensional kernel based association test (SMCKAT) which is included in
published article (Maus Esfahani et al. 2021a).

4.2 Model Development

We design a sequential multi-dimensional kernel framework capable of mea-
suring the similarity between CNV profiles utilizing all CNV characteristics and
the CNV sequential order. It contains two kernels. The first kernel, the pair
group kernel, measures the similarity between two groups of CNVs at the same
ordinal position of CNV profiles. It contains three sub-kernels. Each sub-kernel is
responsible for measuring the similarity between two CNVs with respect to one of
the three CNV characteristics. The second kernel, the whole genome group kernel,
aggregates the similarity between every possible CNV pair group to measure the
total similarity between the CNV profiles of the subjects. Finally, the association
between CNV sequential order across a chromosome and disease-related traits is
tested by comparing the similarity in CNV profiles to that in the trait using an

association test. The SMCKAT workflow is summarized in Figure 4.1.

4.2.1 Pair CNV Group Kernel

AS in Chapter 3, let X denote a single CNV which is defined by four character-
istics as X = (XM, X@ XO X®) where XV and X® are the CNV starting
and ending positions on the chromosome, X®) is the CNV type, and X* is the
CNV dosage. First, we generate the CNV profile R for subject ¢ with [ CNVs
as R, = (X¥, X3, leZZ) where CNVs are sorted based on their chromosomal
position. Secondly, we extract a CNV group of size n out of the CNV profile as
G = (X}, X! i1s o X)) where m is the CNV of the first place in CNV group

G and n is the group size that can take any value between 1 and [, the number of
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Figure 4.1: SMCKAT workflow diagram. Firstly, preparing CNV groups for
each CNV profiles and aligning relevant CNV groups of each subject. Secondly,
measuring the similarity between CNV groups by the pair CNV group kernel.
Thirdly, extracting CNV group series for each subject and measuring the similarity
between all CNV profiles by the whole genome CNV group kernel. Finally, testing
the association between CNV characteristics and sequential order with disease-
related traits.
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Figure 4.2: Generating CNV profile R; where CNVs are sorted with respect to

their chromosomal position. A, B,..., and F are arbitrary CNVs at m'*, m!+1 .

and m!*" positions and G; is a group of CNVs of size n.
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existing CNVs in a CNV profile as is shown in Fig. 4.2.

We propose a pair CNV group kernel, Kpg, to measure the similarity between
two CNV groups of size n, G; and G}, in two CNV profiles. First, K p¢ aligns each
CNV in the G; with its relevant CNV in the G; with respect to their position to
generate n CNV pairs as is shown in Fig. 4.3.

_________________________________________________

__________________________________________________

mth mth+l mth+2 mth+3 . mth+n

G

J

Figure 4.3: Aligning CNVs within two CNV groups of size n, G; and G, to
generate n CNV pairs.

Then, Kpg measures the similarity between each CNV pair using the single
pair CNV kernel, Kg, we proposed in (Maus Esfahani et al. 2021b). Kg measures
the similarity between a CNV pair by three sub-kernels considering all CNV
features including chromosomal position, type and dosage. Finally, Kpg averages
the similarities calculated by Kg between all generated CNV pairs to measure

the similarity between two CNV groups, G; and G, as

" K (XD XD,
Kr(G Gy) = 3 2ol ) (4.)
m=1
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where K is defined in (Maus Esfahani et al. 2021b) as
Intersection <<X,,Z',(Ll) Xff)) < I 3}@))
Union (X7, x3) , (x4, x32)) )

(X — xi?) +1 !
2 % [2’DR(X3,§4))—DR<X$;S4>)’]

K, (XL, X1) =

X

(4.2)

the first term measures the mutual presence of a CNV with a specific start and
end position by dividing the size of the intersection of two CNVs to their union
size. The intersection function calculates the length of the chromosomal region
that belongs to both CNVs. Similarly, the union function calculates the length of
the chromosomal region that consists of both regions that belong to the first CNV
and to the second CNV. The second term compares the CNV type of two CNVs
to calculate the similarity between them. The third term measures the similarity
between two CNVs with respect to their dosage. The DR is the difference from
the reference function we proposed in Chapter 3 as DR(dosage) = |dosage — 2|.
D R measures the difference between a CNV dosage and the reference dosage value
2.

4.2.2 Whole Genome CNV Group Kernel

Next, we create a window of size n which is the size of the CNV groups. We
slide this window across the CNV profile R; as is shown in Fig. 4.4 to extract all
possible CNV groups of size n as P, = (G, ..., G;'n) where CNV groups are sorted
based on their position and pi is the number of extracted CNV groups for the
CNV profile R;. Similarly, we have another CNV group series P; = (G{, e ng)
for CNV profile R;.

Then, we propose the whole genome CNV group kernel, Ky ¢, to measure the

similarity between two CNV group series F; and P; as
0 if pi x qi =0

Kwa(P. P;) = - - o o
welP )= Somestvia o (Koo G ), Kpal G GE), KpalGEL G )
if pi X qi £ 0

(4.3)
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Figure 4.4: Sliding window of size n across CNV profile to extract CNV groups of
size n.

where Kpg(-,-) is the pair CNV group kernel from Equation 4.1. Ky ¢ measures
the similarity between the pair of CNV groups at the same position and aggregates
these similarities to calculate the similarity in two CNV group series. The second
maximum operation in the definition of Ky searches for the the group pair
among the existing the three pairs which has the highest similarity to align CNV
groups in two CNV group series as shown in Fig. 4.5.

The kernel-based association test described in the following section, requires a
kernel similarity matrix K. K is a d x d matrix, where K;; = Kwq(P;, P;) and d
is the number of existing CNV profiles. K;; expresses the similarity between CNV
profile ¢ and j measured by Ky ¢.

e et o

Figure 4.5: Aligning G? to either of G?_,, GJ or G’ 41 of the highest similarity.
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4.2.3 Kernel-based Association Test

We use the following logistic regression model to test the association between

CNV sequential order and a disease-related trait
logit[Pr(y; = 1)] = Bo + ZB + [(P) (4.4)

where y; is the status of the disease-related trait with y; = 1 denoting the existence
of the trait and y; = 0 denoting otherwise, and 7 is indexing the CNV profiles,
and Z is the covariate matrix including information such as age and gender. P; is
the CNV group series of the profile R; as explained previously. f(-) is a function
spanned by the whole genome CNV group kernel Ky (-, ). According to equation
(4.4), the hypothesis of no association between the CNV sequential order and the
existence of a disease-related trait can be tested as Hy : f(-) = 0. To test this, one
way is to treat the f(-) as a random effect vector which is distributed as N (0, 7K),
where 7 > 0 and K is the d x d similarity matrix, treated as covariance matrix of
the random effect, generated by Ky as defined in Zhan et al. (2016). Liu et al.
(2008) has shown that testing Hy : f(+) is equivalent to testing Hy : 7 = 0 in the
logistic mixed effect model. Moreover, 7 is a variance component parameter in
the logistic mixed effect model, which can be tested using a restricted maximum
likelihood-based score test Liu et al. (2008); Wu et al. (2010).

We use the following score test statistic where ¥ is estimated under the null
model logit[Pr(y; = 1)] = o+ Zp and K is the similarity matrix explained in
the previous section.

Q=(y— §YKy— 7) (4.5)

Then, we used the Davies method (Davies 1980) as implemented in the CKAT
R package (Zhan et al. 2016) to calculate the p-value of the proposed kernel based

assoclation test.

4.3 Model Evaluation using Simulated Data

As done in Chapter 3, we conduct simulations to evaluate the performance
of SMCKAT and to ensure that it can properly handle type I and II errors as
well as having relatively high power in detecting existing associations. Besides
SMCKAT, MCKAT, CONCUR and CKAT are also studied. We conduct our

simulation studies under two main scenarios. In the first scenario, we evaluate the
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performance of the SMCKAT on the rare CNV data. In the second scenario, we
evaluate the performance of the SMCKAT on the common CNV data.

We use the ASD dataset and the RMS dataset in the first and second simulation
scenarios respectively. These datasets are studied in the real data analysis and
further details regarding them are shared in the section 3.4.1. We simulated 10°
datasets for each simulation scenario.

The ASD dataset has the same dosage value for all deletions and similarly
the same dosage value for all amplifications. Therefore, other values for the CNV
dosage are randomly generated to conduct our simulation studies and investigate
the dosage effect in identifying existing associations. The simulated dosage value
can take 0 or 1 for deletion types and 3, 4, ..., 7 for amplification types. We use
uniform probabilities when generating random dosage values for deletion and
amplification, 0.5 and 0.2 respectively, for the two and five respective values the
dosage may take.

A case-control phenotype is generated for both SMCKAT and MCKAT from
the following logistic model that we proposed in Chapter 3,

gitPr(Y, = 1)) = B+ D A (X — XL
7=1

DB =1+ BT = 3) 4+ 087X 2
= = (4.6)

+ ZBJLen*Del*Dsg(Xi(jQ) o XZ(;)) > I[Xz(g3) _ 1] % Xz(g4)
+ ZﬁLen*Amp*Dsg X(?) Xl(;)) « [[XZ(;) _ 3] % Xz(;l)

where X;; = (X, X7, XV, X)) is the jth CNV of the ith individual as
defined previously. [y corresponds to a baseline disease rate. B]Le” controls the
effect of chromosomal position, and ﬁjpel and 5;3“” are the log ratio of a CNV j
for being deletion versus amplification and vice versa. 37 and BJD “P share the
same values but different signs. ﬁjL enxAmp=Dsg and 5]-L enxDel<Dsg allow the effect of
the chromosomal position and CNV type to differ by dosage in CNV j.

After generating phenotypes for SMCKAT and MCKAT, we use following

logistic model that is proposed by Zhan et al. (2015a) to generate the phenotypes
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under the CKAT method,

v

logit(m) = Bo+ >_(BPUIIXT = 1]+ pPPIXY =3) X)) (47)
j=1

where X;; = (Xi(jl), Xi(f)) is the jth CNV of ith subject, m; = Pr(Y; = 1), (o is the
prevalence rate of the disease, and BJD “p 5}3 ¢l are the log of the odd ratio of CNV
j for duplication and deletion respectively.

Similarly, we use following logistic model that is proposed by Brucker et al.

(2020) to generate the phenotype under the CONCUR method,

R R
logit(Pr(Y; = 1) = 0+ Bx Xi + 3 )" 20" + Y P! 2D
j=1 Jj=1

4.8
R R R ( )
Len r7Len Dup*Len ~Dup rrLen Del*Len r7Del r7Len
+ E B 2" + E B; Zi; " Zii o+ E B; Zii" Zij
Jj=1 Jj=1 Jj=1

where vy and Sy are roughly set to —2 and log(1.1) respectively based on the
baseline disease rate. ¢+ = 1, ..., N indexes individuals, and j = 1, ..., R indexes the
CNV regions. B]-D"p and /BJD ¢ are the log odds ratio for the presence of a CNV
versus its absence in the segment j. Likewise, ﬁjLe“ controls the effect of the CNV
length and lets this effect differs by the CNV dosage value. ZP¢ | ZPuw and Zken
are matrices which are generated based on CNV profiles. ZP" and ZP¢ take
value 1 for the CNV profiles that have a CNV in the CNV region j and 0 otherwise.
Similarly, Z%" codifies the length of the CNVs in the CNV regions and considers
zero when a CNV profile is without CNVs in a specific region.

4.3.1 Simulation Results

The QQ-plots of comparing p-values of SMCKAT with MCKAT, CONCUR
and CKAT under the first simulation scenario are presented in the following
figures.

Based on the QQ-plots in Figures 4.6, 4.7 and 4.8, SMCKAT is on the 45
degree line under the first simulation scenario. This indicates that SMCKAT can
properly handle the type I and II error rates under different nominal significance
levels even as low as 107% when dealing with the rare CNV dataset. Similarly,
MCKAT is capable of handling the type I and II error by being on the 45 degree

line as is shown in Figure 4.6. However, SMCKAT is more conservative when



CHAPTER 4. SMCKAT, A SEQUENTIAL MULTI-DIMENSIONAL COPY

66 NUMBER VARIANT KERNEL ASSOCIATION TEST

| | | |

— []

Q

S 5 -

m L]

>

o 4 - -

=

g s- s

|

3 27 -

=

S 1 SMCKAT =« [

8 MCKAT -«

1 T I 1 T
1 2 3 4 5

Expected (- log,, p-valug)

Figure 4.6: P-value based QQ-plots of SMCKAT and MCKAT under the first
simulation scenario, the rare CNVs application.
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Figure 4.7: P-value based QQ-plots of SMCKAT and CONCUR under the first
simulation scenario, the rare CNVs application.
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Figure 4.8: P-value based QQ-plots of SMCKAT and CKAT under first simulation
scenario, the rare CNVs application.

the significance level is lower than 10™* compared to MCKAT. This is due to
more strict rules that SMCKAT takes into account to measure the similarity
between CNV profiles. It uses not only the CNV characteristics but also the
CNV sequential order in CNV profiles to test the association between CNVs and
disease-related traits. We have the same observation when comparing SMCKAT
with CONCUR. As shown in Figure 4.7, both SMCKAT and CONCUR can
properly handle the type I and II error rates under different nominal significance
levels even as low as 10~* when dealing with the rare CNV dataset. SMCKAT
is again more conservative when the significance level is lower than 10~* while
CONCUR is showing higher chance of committing type I error by being above
the 45 degree line. However, as is shown in Figure 4.8, CKAT indicates a higher
chance of committing type II errors by being below the 45 degree line for nominal
significance levels as low as 1073.

The QQ-plots comparing p-values of SMCKAT with MCKAT, CONCUR and
CKAT under the second simulation scenario are presented in the following. Based
on the QQ-plots in Figures 4.9, 4.10 and 4.11, SMCKAT is on the 45 degree line
under the second simulation scenario. This indicates that SMCKAT can properly
handle the type I and II error rates under different nominal significance levels even
as low as 10™* when dealing with the frequent CNV dataset. Similarly, MCKAT is



CHAPTER 4. SMCKAT, A SEQUENTIAL MULTI-DIMENSIONAL COPY
68 NUMBER VARIANT KERNEL ASSOCIATION TEST

capable of handling the type I and II error by being on the 45 degree line as shown
in Figure 4.9. However, SMCKAT is more conservative when the significance level
is lower than 10~* compared to with MCKAT. It is the same behaviour observed
in the first scenario from SMCKAT.

We have the same observation when comparing SMCKAT with CONCUR as
is shown in Figure 4.10. Both SMCKAT and CONCUR can properly handle the
type I and II error rates under different nominal significance levels even as low
as 107* when dealing with the frequent CNV dataset. SMCKAT is again more
conservative when the significance level is lower than 10~* while CONCUR shows
a higher chance of committing type I error by being above the 45 degree line. As
is shown in Figure 4.11, unlike other three methods, CKAT has weak performance
in handling type II errors when dealing with frequent CNVs. This means that
CKAT is not capable of detecting any association between frequent CNVs and

disease-related traits in this scenario.
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Figure 4.9: P-value based QQ-plots of SMCKAT and MCKAT under the second
simulation scenario, the frequent CNVs application.

The empirical powers of SMCKAT, MCKAT, CONCUR and CKAT under
the first and second scenarios are presented in Figures 4.12 and 4.13 respectively.
The statistical association test power and how it is calculated are explained in
details in Section 3.3. As shown in Figure 4.12, SMCKAT and MCKAT have
almost similar powers when dealing with rare CNVs. However, CONCUR and
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Figure 4.10: P-value based QQ-plots of SMCKAT and CONCUR under the second
simulation scenario, the frequent CNVs application.
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Figure 4.11: P-value based QQ-plots of SMCKAT and CKAT under the second
simulation scenario, the frequent CNVs application.
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CKAT show lower power compared with SMCKAT and MCKAT. The reason is
that the CONCUR and CKAT are not considering all CNV characteristics when
testing the association. CKAT considers neither CNV dosage nor heterogeneity
effect when calculating similarity between CNV profiles. Furthermore, based on
the CKAT design all possible CNVs in the CNVs profiles are not included in
measuring the similarity between CNV profiles. Similarly, CONCUR ignores CNV
heterogeneity effect by calculating similarities for deletion and amplification CNV
types separately. These approaches may result in having lower power for both
CKAT and CONCUR.

Similarly, in the second simulation scenario, SMCKAT and MCKAT have
similar powers. CONCUR indicates lower performance compared with SMCKAT
and MCKAT due to the same reason as in the first scenario. However, CKAT
is showing too low power when dealing with frequent CNV data. As explained
in the first scenario, CKAT shift-by-one scanning CNV algorithm, results in not
measuring the similarity between the CNV profiles in an optimal way. This design
type has bigger effect when we are dealing with more amount of CNVs that exist
in the frequent CNV dataset.
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Figure 4.12: Empirical power of SMCKAT, MCKAT, CONCUR and CKAT under
the first simulation scenario, rare CNV data.
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Figure 4.13: Empirical power of SMCKAT, MCKAT, CONCUR and CKAT under
the second simulation scenario, frequent CNV data.

4.4 Real Data Application Results

We conduct SMCKAT analysis, for different CNV group sizes, on single chro-
mosomes and the whole genome to test the association between CNV sequential
order and disease-related traits. The disease-related traits studied in this thesis
are cancer subtype for the RMS data set and disease status for the ASD data set.
We compare SMCKAT results with those obtained from MCKAT and CKAT to
evaluate SMCKAT performance on real CNV data.

4.4.1 CNV Analysis on Rhabdomyosarcoma Data Set

First, we conduct the experiment on the RMS data. The RMS occurs as two major
histological subtypes, embryonal (ERMS) and alveolar (ARMS). The classification
of the RMS subtype has a direct effect on the patient treatment options. The
RMS data, which is explained in details in Section 3.4.2, includes a total of 59,131
CNVs for 25 alveolar and 19 embryonal cancers. We apply SMCKAT to each
of 23 chromosome pairs, with different CNV group sizes, to test the association
between CNV sequential order and RMS sub-type. Bonferroni correction is used
for adjusting the multiple testing to control the family-wise error rate (FWER) of
a = 0.05. As in Chapter 3, since 22 chromosomes and sex chromosome are being

tested, the p-value threshold for a whole-chromosome significance is calculated as



CHAPTER 4. SMCKAT, A SEQUENTIAL MULTI-DIMENSIONAL COPY
72 NUMBER VARIANT KERNEL ASSOCIATION TEST

0.05/23 = 2.2 x 1073. SMCKAT identifies four chromosomes out of existing 23
chromosomes where the CNV sequential order in these chromosomes is significantly
associated with the RMS sub-type. The p-values of SMCKAT for these four

chromosomes are reported in Table 4.1.

Table 4.1: P-values of the chromosomes that their CNV sequential orders are
identified significantly associated with the RMS sub types for the different CNV
group sizes.

Chr. #CNV n=1 n=2 n=3 n=4 n=>5 n=>6

2 5584 245 x 1072 510 x 1072 831 x 1072 349 x 1073 4.25 x 1072 3.21 x 1072

8 5365 2.61 x 107° 7.37x107% 1.13x 107 7.63 x 1077 4.99 x 108 0

11 3449 2.03x107% 826x107® 293 x107% 1.54x107® 582x107* 1.20 x 10~*
13 2462 1.80x107% 3.56 x 107® 4.86 x 10~* 6.06 x 10~® 7.89 x 107% 6.23 x 10~?

Based on the results, SMCKAT identifies CNV sequential order in chromosomes
2, 8, 11, and 13 significantly associated with distinguishing RMS subtype at
FWER =22 x 1073

Based on the literature, El Demellawy et al. (2017) shows that RMS is associ-
ated with specific chromosomal abnormalities that differentiate ARMS and ERMS.
Based on their study, approximately 80% of ARMS tumors display a translocation
between the FOXO1 transcription factor gene located on chromosome 13 and
the PAXS transcription factor gene on chromosome 2, and ERMS tumors show a
higher frequency of specific genetic mutation on chromosome 11 than ARMS. Sun
et al. (2015) has revealed the same earlier. Furthermore, Nishimura et al. (2013)
has found the ARMS subtype is significantly associated with amplifications on
chromosome 8.

Our findings show another mechanism like CNV sequential orders along with
the CNV characteristics can play a significant role in causing any disease-related
traits besides gene mutations, chromosomal translocations and any other genetic
variations. However, since based on the literature, SMCKAT is the first study,
both biological and computational, that is investigating the significance of CNV
sequential order and it’s association with disease-related traits, we are not capable
of validating our results using the existing biological knowledge more precisely.

We test different CNV group sizes when applying SMCKAT to RMS data
set. Based on the results reported in Table 4.4, SMCKAT shows the strongest

evidence and smallest p-value, for chromosome 8 for all CNV group sizes. It means
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subjects with the same RMS subtype may have the similar CNV sequential order
on their chromosome 8.

We test SMCKAT on the RMS data set for group sizes greater than five. As
is shown in for the gruop size 6 as an example, We observe an increasing trend
in p-values, except for chromosome 8, by increasing the group size, which means
there is a lower chance of having association between CNV sequential orders and

disease-related traits for the larger group sizes.

4.4.2 CNYV Analysis on Cytogenetic Bands in RMS

Based on the result reported in Table 4.4, there is strong statistical evidence, as
supported by a p-value near to zero, that the CNV sequential order of chromosome
8 with group size of 6 is significantly associated with RMS sub-type. So, we choose
chromosome 8 with CNV group size of 6 for further analysis. We partition
chromosome 8 into smaller regions based on the cytogenetic bands. We apply
SMCKAT on each cytogenetic band to check if SMCKAT is capable of detecting
more specific regions rather than chromosomes. Then, we compare the results
with MCKAT and CKAT. Table 4.2 contains the p-values of the association test
in each cytogenetic bands in chromosome 8. Since 40 cytogenetic bands are being
tested in chromosome 8, the p-value threshold for a band significance is calculated
as 0.05/40 = 1.2 x 1073.

As is shown in Table 4.2, SMCKAT, MCKAT and CONCUR detect significantly
associated cytogenetic bands with the RMS subtype while CKAT does not identify
any significant regions. As we discussed in simulation study, this might be due
to the CKAT scanning algorithm for aligning CNVs in the CNV profiles. The
CKAT shift-by-one scanning algorithm can capture similarity only between a
limited number of CNVs, which may result in low performance when dealing
with frequent CNVs. MCKAT has identified 8 cytogenetic bands with CNVs
that are significantly associated with RMS sub type. Four out of these eight
cytogenetic bands, 8p23.1, 8p12.0, 8¢11.21 and 8¢24.3, are identified by CONCUR
as well. Similarly, SMCKAT identifies two of these eight cyotogenetic bands,
8p23.1 and 8p12.0, significantly associated with the RMS sub type. Based on
the results, SMCKAT is more conservative in identifying cytogenetic bands with
CNVs that are significantly associated with disease-related traits. This might be
due to considering not only CNV characteristics but the CNV order in testing



CHAPTER 4. SMCKAT, A SEQUENTIAL MULTI-DIMENSIONAL COPY
NUMBER VARIANT KERNEL ASSOCIATION TEST

74

the association. Therefore, SMCKAT has the potential to provide us with more

specific CNV regions when we are testing the association between CNVs and

disease-related traits comparing with MCKAT, CONCUR and CKAT.

Table 4.2: P-values of the testing association between RMS subtype and CNVs
in the chromosome 8 cytogenetic bands by SMCKAT, MCKAT and CKAT. (*)
denotes significant association between RMS subtype and CNVs, (#) denotes the
number of total CNVs on the band.

Arm Band Start Stop #CNVs  SMCKAT MCKAT CKAT CONCUR
p 233 1 2,300, 000 113 9.6 x 1072 34x107%*% 49x107t 25x 1072
p 232 2,300,001 6, 300, 000 85 3.0 x 1072 2.0 x 1072 3.9x 107! 3.5x 1072
P 23.1 6,300,001 12,800, 000 304 1.8 x 1074 47x 1078 % 47x 107" 1.6x 1074 *
p 220 12,800,001 19,200,000 101 2.8 x 1072 8.2x107% 43 x107! 3.4 x 1072
p 213 19,200,001 23,500,000 102  1.1x 107" 25x1072 42x 107" 4.9x 102
p 21.2 23,500,001 27,500,000 82 3.4 x 1072 3.6x1072 4.7x 107! 2.6 x 1072
p 21.1 27,500,001 29,000,000 50 2.5 x 1072 1.6x1072  49x1071 1.3x1072
p 120 29,000,001 36,700,000 190 13 x107* 3.7x107°* 4.6x10"" 9.5 x 10~**
p 11.23 36,700,001 38,500,000 48 1.0 3.7x 1073 3.9x107! 1.5x 107!
p 11.22 38,500,001 39,900,000 57 9.3 x 1072 84x107% 46x107t 1.6x 1073
p 11.21 39,900,001 43,200,000 147 4.4 %1073 1.0x1074* 36x1071 83x1073
p 111 43,200,001 45,200,000 72 88x1072  28x102  45x 107" 9.1x 1072
q 11.1 45,200,001 47,200,000 41 1.0 21x1072 44x107! 3.4 x 107!
q 11.21 47,200,001 51,300,000 200 4.4 %1073 8.4 x107°* 4.0x 1071 2.5 x 107**
q 11.22 51,300,001 51,700,000 6 9.3 x 107! 47x1072  42x107! 83 x 1072
q 11.23 51,700,001 54,600,000 61 1.0 6.1x1072  46x107t 9.7x 1072
q 12.1 54,600,001 60,600,000 177 9.1 x 1073 7.0x107** 45x 107! 54 x 1073
q 122 60,600,001 61,300,000 18 1.0 3.3x1072 45x 107! 23 x 107!
q 123 61,300,001 65,100,000 134 4.9 x 1072 11x1072  41x107' 3.1x1072
q 13.1 65,100,001 67,100,000 71 4.4 x 1072 58 x 1072 44 x 107! 2.5 x 1072
q 132 67,100,001 69,600,000 54 5.8 x 1072 43x107%  46x 107t 34x1072
q 13.3 69,600,001 72,000,000 62 1.4 x 1072 1.8 x 1073 3.7x 107! 1.0 x 1072
q 21.11 72,000,001 74,600,000 144 4.8 x 1071 8.4 x 1073 3.3x 107! 3.9x 1072
q 21.12 74,600,001 74,700,000 1 1.0 1.0 1.0 1.0
q 21.13 74,700,001 83,500,000 308 1.0 x 1072 2.6 x107% 4.9x107! 4.4x107®
q 21.2 83,500,001 85,900,000 56 4.8 x 1072 29%x1072 41x107' 3.5x1073
q 213 85,900,001 92,300,000 185 47x 1070  1.0x 107 * 42x10~' 2.8x 1073
q 221 92,300,001 97,900,000 182 1.7 x 1072 1.0 x 1072 3.0x 107! 1.3 x 1072
q 222 97,900,001 100,500,000 103 4.5 x 1072 3.9%x 1072  43x107! 2.6 x 1072
q 223 100,500,001 105,100,000 162 1.2 x 1072 46x107%  44x107t 09x1073
q 231 105,100,001 109,500,000 135 2.8 x 1073 25x107%  4.0x107! 1.4x1073
q 232 109,500,001 111,100,000 33 9.8 x 107! 8.0 x 107! 3.0x 107! 4.3 x 107!
q 233 111,100,001 116,700,000 185 L1x 1072 23x1073 44x 107! 0.4 x 102
q 24.11 116,700,001 118,300,000 53 4.6 x 1072 2.6 x1072 47x107! 2.3 x 1072
q 24.12 118,300,001 121,500,000 109 2.5 x 1073 2.2x1073 4.0x 107t 2.0x 1073
q 24.13 121,500,001 126,300,000 151 2.2 x 1072 6.0 x 1073 48 x 107" 54x1073
q 24.21 126,300,001 130,400,000 208 5.0 x 1072 1.9 x 1072 3.9x 107! 3.2x 1072
q 24.22 130,400,001 135,400,000 155 5.5 x 1072 1.5x 1072 46x 1071 4.6 x 1072
q 24.23 135,400,001 138,900,000 162 2.8 x 1071 77x107% 45x 107! 83 x 1072
q 243 138,900,001 145,138,636 354 8.8 x 1073 25 x 1078 42x 107t 5.5 x 107%*




4.5. DISCUSSION 5

4.4.3 CNV Analysis on Autism Data Set

We apply SMCKAT on the ASD data set to evaluate its performance on the
rare CNV type. We aim to test if there is any association between the sequential
order of CNVs and ASD status. The ASD data set which is explained in details
in section 3.4.2 contains 1285 rare CNVs on 310 individuals with ASD and 1074
rare CNVs on 278 healthy individuals. Since the ASD data set contains only rare
and large CNVs, an arbitrary CNV profile may have no or few CNVs on some
chromosomes. Therefore, instead of applying SMCKAT to all 23 chromosomes, we
apply it to the whole genome. Then, we test if there is any association between
the whole genome CNV sequential order and the ASD status. We consider 0.05
as the p-value threshold for the whole-chromosome significance. As in Table 4.3,
there is strong statistical evidence, up to CNV group size of four, that subjects
with the same disease status have similar CNV order in their CNV profiles. We
test SMCKAT on the ASD data for the larger group sizes, five and six as well. We
observe an increasing trend in p-values by increasing the group size as is shown in
Table 4.3. which shows declining in the significance level of the CNV sequential
order associated with the ASD status.

Table 4.3: P-values of testing the association between CNV sequential order and
ASD status trying different CNV group sizes.

n 1 2 3 4 ) 6

pvalue 0 7.01x10° 3.00x 10° 3.62x 10 % 489 x 103 1.03 x 10 °

4.5 Discussion

SMCKAT tests the association between the CNV sequential orders and disease-
related traits. It checks if CNV sequential orders, have a significant association
with disease-related traits. Our approach has several advantages over the existing
methods. Firstly, it measures the similarity between CNV profiles by considering
not only all CNV characteristics but also the CNV sequential order. It is the first
approach to study the association between CNV sequential order and disease-

related traits to our knowledge. Secondly, it is applicable to both rare and frequent
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CNYV data sets while previous methods like CKAT can only deal with common
CNV data sets. Thirdly, SMCKAT is more stringent compared with the state-of-
the-art approaches in detecting significant CNV regions due to more strict rules
used in its design for measuring the similarity between the CNV profiles. Finally,
SMCKAT has the potential to help biologists detect significantly associated CNV
regions, more specific regions compared with the state-of-the-art kernel approach,
with any disease-related trait across a patient group instead of examining the
CNVs case by case in each subject.

Although our experimental results are promising and we were able to investigate
if there is any association between the CNV sequential order and disease-related
traits for the first time by achieving strong evidences, small p-values, this study has
some limitations. There are not many publicly available CNV datasets. In more
details, most of the available ones do not contain all CNV features: chromosomal
regions, type and dosage. We test our method on available datasets and our
simulated CNV data that includes all multi-dimensional CNV characteristics. For
ASD data set that is used in this thesis, we had to simulate CNV dosage to be
able to evaluate the performance of our proposed method. Applying SMCKAT to
more data sets containing all CNV features can help to determine its strengths
and weakness.

Our study shows that CNV sequential order has the potential to play a
significant role in causing disease-related traits, but more new findings can be

revealed by conducting more comprehensive analysis upon the availability of data.

4.6 Conclusion

The results presented in this chapter demonstrate that our method SMCKAT,
provides the answer to the question of whether CNV sequential orders are sig-
nificantly associated with disease-related traits. SMCKAT improves outcomes
for detecting significant associations between CNVs, both rare and frequent, and
disease-related traits. While MCKAT tests the association between CNVs and
disease-related traits by using only CNV characteristics, SMCKAT utilizes both
CNYV characteristics and sequential order in the association test. SMCKAT has the
potential to provide biologists with more specific CNV hot spots on the genome
by being more stringent compared with existing methods. This work forms Con-

tribution 2 of this thesis which is proposing a sequential multi-dimensional CNV
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kernel based association test to investigate whether CNV sequential order has a
significant association with disease-related traits.
In the next chapter we will do further explorations to investigate the dual

effect of CNVs and other genetic variations like genes in disease development.






Chapter 5

CNV-gene intersection effect on
testing the association between

CNVs and disease-related traits

5.1 Introduction

Previous works, discussed in Chapters 3 and 4, have clearly demonstrated that
there is an association between CNV characteristics and disease-related traits. The
results presented in these chapters have shown that both MCKAT and SMCKAT
can be used to identify chromosomal regions which CNVs on them have significant
associations with disease-related traits. These chromosomal regions, as small as
cytogenetic bands, can provide biologists with more specific CNV hot spots to
identify CNVs that have the potential to cause any disease-related traits without
the need to conduct an extensive investigation of the whole genome in affected
individuals.

Another important field that is worth investigating and has not received much
attention is the dual effects of CNVs and genes on disease development. It is
believed that the distribution of CNVs in the genome is not random, and several
hot spots of CNVs have been found. For example, as is reported by Cooper
et al. (2007), 250 regions of 1 Mb DNA sequence have been found in which
> 50% bases are within copy number variants. In particular, CNVs are more
common near telomeres and centromeres, possibly because these genomic regions
are repetitive (Nguyen et al. 2006). It has also been reported that there is a

significant relationship between CNV regions and genes, with CNV-rich genomic

79
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regions enriched with genes and vice versa (Cooper et al. 2007).

Numerous published studies have shown that the genome contains many CNV
loci that have intersections with many genes. In this chapter, the association
between the dual effects of CNVs and their intersected genes with disease-related
traits is investigated. We test whether the CNVs that have intersections with a
gene or gene set which are previously identified as significant to a disease-related
trait in the biological literature, are significantly associated with that trait or
not. The work in this chapter addresses Contribution 3 listed in the Chapter 1,
which is the demonstration that considering the effect of CNV-gene intersections
in addition to the CNV characteristics is informative and helpful in identifying

the significant association between CNVs and disease-related traits.

5.2 Effects of CNVs on Gene Expressions

CNVs are responsible for at least 17.7% of the heritable variation in gene expression
as is reported by Stranger et al. (2007). Genes can be impacted by copy number
variation in various ways, which can be seen in how they affect phenotypes. First,
variation in gene expression can happen simply through the dosage effects where
whole genes vary in copy number. Losses or gains in copy number would decrease
or increase expression levels, respectively. However, variation in expression due to
CNVs may differ from one gene to another gene.

Gene expression variation is not only due to consequences of copy number
variation on gene dosage. According to Stranger et al. (2007), approximately half
of the effects of CNVs on gene expression levels are brought on by disruptions in
the gene coding sequences, such as the deletion of exons, or by affecting regulatory
elements and other functional regions. CNVs that affect a portion of a gene may
also result in the formation of variant proteins by the creation of splice variants
or exon shuffling (Korbel et al. 2007; Masson et al. 2008).

Gene expression may also be affected by amplifications or deletions lying
outside coding sequences. The affect can be done by changing the efficiency or
location of important regulatory elements through position effects. Furthermore,
Stranger et al. (2007) found several significant CNV associations with genes that
were more than 2 Mb away from them, providing evidence that CNVs can impact
long-range gene regulation.

The impact of CNVs on gene expression and their potential to disrupt gene
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structure and function, lead to the belief that they are very likely to play a
significant role in developing human diseases. Based on the literature, a few
investigations have been carried out so far to examine the dual effects of CNVs
and genes on the disease development. Therefore, we conduct simulation studies
to investigate the dual effects of CNVs and their intersected genes on the disease
development using our proposed methods MCKAT and SMCKAT. We do not
consider neither CONCUR nor CKAT in our simulation studies in this chapter,
as they do not take the CNV-gene intersection information as input data and are

not capable of using it in the association test.

5.3 Simulation studies

We conduct our simulation studies under four main scenarios. The simulation
scenarios are based on the existence of CNV-gene intersections and the type of
the CNV that intersects with a gene in a chromosomal region. In the first scenario
we investigate the association between the CNVs and disease-related traits where
there is no CNV-gene intersection. Whereas, in the other three scenarios we
investigate the dual effects of CNVs and intersected genes on disease-related traits.
In the first scenario, we have copy number variation regions with no intersection
between CNVs and genes. Therefore, no genes are affected by any CNVs and
the association between CNVs and disease-related traits are investigated on their
own. In the second scenario, we have copy number variation regions with deletions
only to investigate the association of CNVs with amplification type and their
intersected gene with disease-related traits. In the third scenario we have copy
number variation regions with amplifications only to investigate the association
of CNVs with deletion type and their intersected gene with disease-related traits.
Finally, in the fourth scenario, we have copy number variation regions in which
both amplification and deletion CNVs intersect with genes. Under this scenario we
investigate the effect of CNV types on their intersected genes and their association
with disease-related traits. These four scenarios are depicted in Figures 5.1 to 5.4.

We use RMS CNV data set which is described in Section 3.4.2 as the base for
simulating CNV data as it has frequent CNVs which increases the probability
of the CNV-gene intersections. Briefly, the RMS CNV dataset includes 59,131
CNVs of 44 individuals, both frequent and rare CNVs, with different RMS cancer
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Figure 5.1: Scenario 1, no intersections between CNVs and genes. Each row is a
CNV profile of a subject. CNVR: copy number variation region, blue rectangle:
amplification and red rectangle: deletion.
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Figure 5.2: Scenario 2, genes have intersection only with CNVs of amplification
type. Each row is a CNV profile of a subject. CNVR: copy number variation
region, red rectangle: deletion.
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Figure 5.3: Scenario 3, genes have intersection only with CNVs of deletion type.
Each row is a CNV profile of a subject. CNVR: copy number variation region,
blue rectangle: amplification.
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Figure 5.4: Scenario 4, genes have intersection with CNVs of both amplification
and deletion types. Each row is a CNV profile of a subject. CNVR: copy number
variation region, blue rectangle: amplification and red rectangle: deletion.
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subtypes. The chromosomal position, dosage and type information are available for
each CNV in RMS data. To simulate some chromosomal positions for genes across
the genome we use the chromosomal positions of the genes that are reported by
Shern et al. (2014) with significant frequency of somatic mutation in RMS patients.
Table 5.3 contains these genes and their chromosomal position on the genome.
Then, based on the intersection between chromosomal position of these genes and
CNVs we split the RMS CNV data into three groups to perform four simulation
scenarios explained previously. CNVs intersected with all 8 genes, where 3 genes
are intersected by amplifications only, 2 genes are intersected by deletions only

and 2 genes are intersected by both deletions and amplifications.

Gene Chromosome | Cytogenetic Start position | End position
band
NRAS 1 pl3.2 114,704,469 114,716,771
FGFR4 5 q35.2 177,086,915 177,098,144
PIK3CA 3 q26.32 179,148,357 179,240,093
FBXW7 4 q31.3 152,320,544 152,536,092
HRAS 11 pl5.5 532,242 535,576
KRAS 12 pl2.1 25,205,246 25,250,929
TP53 17 pl3.1 7,668,421 7,687,490
NF1 17 qll.2 31,094,977 31,377,675

Table 5.1: Genes with significant frequency of somatic mutation across RMS
patients

After dividing the CNV data based on the criteria we consider for each scenario,
we simulated 10° datasets for each scenario. Then, we propose the following logistic

model which includes CNV-gene intersection effects to generate the case-control
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(5.1)
+ Zﬁfen*Del*Dsg(Xi(j?) _ X’L(jl)) % I[Xz(JS) — 1] % Xz(]4)

j—l

. ZﬂLm*Amp*Dsg X(Q) Xi(jl)) % ][Xi(;’) =3] x Xi(;*)

+ Z Z(ﬁfezall[Xi(f) =1 x ngelGI + B;mpG’I[[Xi(j’) = 3] x ij‘;mpGI)
j=1 G=1
where i = 1,..., N indexes individuals, and 7 = 1,...,m; indexes the CNVs of
individual ¢. X;; = (Xl(Jl), Xz(f), Xl(]?’), XZ] )) is the ]th CNV of the 7th individual as
defined previously. [y corresponds to a baseline disease rate. BJLE” controls the
effect of chromosomal position, and 5}761 and ﬁjpu‘” are the log ratio of a CNV j for
being deletion versus amplification and vice versa defined based on thr CNV data

including in each scenario. Likewise, BJD 9 controls the effect of dosage in CNV j.
ﬂLen*Amp*Dsg and 5Len*Del*Dsg

j j
CNYV type to differ by dosage in CNV j. G =1, ..., g indexes the genes included

in our simulation study. ZP““! = 1 if CNV j is intersected gene g by deletion and

allow the effect of the chromosomal position and

0 when there is no intersectlon. Similarly, Zj/;mP “I'— 1 if CNV j is intersected
gene g by amplification and 0 when there is no intersection. 59D“’IGI and B;mpGl
are the log odd ratios of the gene g for a deletion intersection and a amplification

BgDelG[

intersection, respectively. and share the same absolute values but

5;1mpGI
are positive if we assume CNV-gene intersections have risk associated effects and
negative if protective effects.

Finally, following the approach in Chapters 3 and 4, we apply MCKAT and
SMCKAT on the CNV data that we prepare for each scenario. We check if they
are capable of handling type I and II errors when we are considering CNV-gene
intersection effect besides CNV characteristics in testing association between CNVs

and disease-related traits. The QQ-plots of p-values of MCKAT and SMCKAT
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under each simulation scenario are presented in Figures 5.5 to 5.8. The usage of

QQ-plot and its meaning is explained in details in section 3.3.
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Figure 5.5: P-value based QQ-plots of MCKAT and SMCKAT under the first

simulation scenario, no CNV-gene intersections.

As is shown in Figure 5.5, under the first scenario when there is no CNV-gene
intersections, both MCKAT and SMCKAT p-values are on the 45-degree line
under different nominal significance levels even as low as 107°. This means the
observed p-values calculated by MCKAT and SMCKAT are the same as the
expected p-values. This indicates that both methods are capable of handling type
[ and IT errors in testing the association between CNVs and disease-related traits
when there is no CNV-gene intersections. We had observed similar results for
both MCKAT and SMCKAT under simulation studies and real data application
studies in the Chapters 3 and 4.

In Figure 5.6, under the second scenario when there is only CNV-gene am-
plification intersections, both MCKAT and SMCKAT calculated p-values are on
the 45-degree line under different nominal significance levels up to 10~* are on
the 45-degree line. This indicates that both methods are capable of handling the
type I and II error in testing the association. We observe for significance levels

lower than 10~% both methods’ p-values are slightly below or above the 45-degree
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Figure 5.6: P-value based QQ-plots of MCKAT and SMCKAT under the second
simulation scenario, only CNV-gene amplification intersections.

line. This means in some cases both MCKAT and SMCKAT may not identify any
associations between CNV profiles and disease-related traits and vice versa when
we need very low p-value significance level lower than 10~°. However, a p-value
less than 0.05 is typically considered to be statistically significant, in which case
the null hypothesis should be rejected.

In Figure 5.7, under the third scenario when there is only intersections between
CNV deletions and genes, we observe same results as of the second scenario.
Both MCKAT and SMCKAT calculated p-values are on the 45-degree line under
different nominal significance levels up to 10~%. This indicates that both methods
are capable of handling type I and II errors in testing the association in CNV-
gene amplification intersection scenario as well. We observe for the significance
level lower than 10~* both methods’ p-values are slightly below or above the
45-degree line. This means that in some cases both MCKAT and SMCKAT may
not identify any associations between CNV profiles and disease-related traits
and vice versa when we need very low p-value significance level lower than 107°.
However, as mentioned previously, a p-value less than 0.05 is typically considered

to be statistically significant, in which case the null hypothesis should be rejected.
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Figure 5.7: P-value based QQ-plots of MCKAT and SMCKAT under the third
simulation scenario, only CNV-gene deletion intersections.
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Figure 5.8: P-value based QQ-plots of MCKAT and SMCKAT under the fourth

simulation scenario, CNV-gene both deletion and amplification intersections.
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As shown in Figure 5.8, under the fourth scenario when there are CNV-gene
intersections, no matter deletion or amplification, both MCKAT and SMCKAT
calculated p-values are on the 45-degree line for the nominal significance as low as
10~3. This means both MCKAT and SMCKAT are capable of handing type I and II
errors up to this significance level. The slight drop in both MCKAT and SMCKAT
in handling type I and type II errors may be result of CNV-gene intersection
heterogeneity effect which is considered in this simulation scenario. The CNV-gene
intersections heterogeneity effect means a CNV-gene amplification intersection
can have a different effect on disease-related traits compared with a CNV-gene
deletion intersection. One can have risk associated effects to a disease-related
traits while other can have protective effects.

The empirical powers of MCKAT and SMCKAT, in the other words, the
probability that they correctly reject the null hypothesis when the alternative
hypothesises true, under two scenarios are presented in Figures 5.9 and 5.10
respectively. The null hypothesis is that there is no association between CNV
characteristics and CNV-gene intersections with disease-related traits. In the first
scenario there is no CNV-gene intersections in CNV profiles while in the second
scenario there are CNV-gene intersections in CNV profiles. In both scenarios we
observe that both MCKAT and SMCKAT ensure sufficient power, above 0.80,
in detecting significant association between CNV profiles and the disease-related
trait. We also observe that both MCKAT and SMCKAT show higher power
when there are no gene intersections compared with the scenarios where CNV-
gene intersections exist which could be due their designs. The built-in kernels
in both MCKAT and SMCKAT are designed to measure the similarity between
CNV profiles based on CNV chromosomal region, type and dosage, not CNV-
gene intersection characteristics. Consequently, both methods struggle to pick up
the CNV-gene intersection effect signals due to their kernels’ design in testing
the association. This situation can be improved by revising both MCKAT and
SMCKAT kernels and adding another kernel to consider CNV-gene intersection

effect in testing the association between CNV profiles and disease-related traits.



CHAPTER 5. CNV-GENE INTERSECTION EFFECT ON TESTING THE
ASSOCIATION BETWEEN CNVS AND DISEASE-RELATED TRAITS

90

Empirical Power

1.00 4

0.75 1

0.50 -

0.25 -

1 2 3 4 5
Effect Size
colour — CNV-Gene Intersections — Mo CNV-Gene Intersections

Figure 5.9: Empirical power of MCKAT under CNV-gene intersections and no
CNV-gene intersections simulated scenarios.
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Figure 5.10: Empirical power of SMCKAT under the CNV-gene intersections and
the no CNV-gene intersections simulated scenarios.
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5.4 Real data application results

We next conduct an investigation into the dual effect of CNV and genes intersec-
tions on the rhabdomyosarcoma CNV data. As explained previously, RMS occurs
as two major histological subtypes: embryonal (ERMS) and alveolar (ARMS). The
classification of the RMS subtype has a direct effect on the patients’ treatment
options. The RMS CNV data includes a total of 59,131 CNVs for 25 alveolar and
19 embryonal cancers. We investigate the association between RMS cancer sub
type with CNVs, including all CNV characteristics and CNV-gene intersections.
We use the list of genes that are identified by Shern et al. (2014) as the embryonal

and alveolar classifier genes. These genes are reported in Table 5.4.

Embryonal classifier genes Alveolar classifier genes
EFI4EBP1 TFAP2B
SAE1 CNR1
MFAPP2 NELL1
CPSF1 PIPOX
PGRMC1 CELA2A
PAFAH1B3 ALK
GPXT7 NRCAM
FBN2 ASS1
Z1C1 DAPK1
KAZN WSCD1
HMGA2 PGBD5
ASAP1 FAN1
TRPS1 TOX3
MAK16 TULP4
FZD7 NRN1
CAD ABCG1
WDYHV1 JARID2
HOXC6 TAGLN3
ARHGEF40 MAGI1
GALNT?2 PTBP2

Table 5.2: Genes reported by Shern et al. (2014) as embryonal and alveolar RMS
cancer sub types classifier genes.

We divide the RMS CNV profiles into four groups based on whether they
have CNV-gene intersections with the genes listed in Table 5.4 or not. This

follows the four scenarios designed in the simulation studies. In the first CNV
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profile group, there are no CNVs in the profiles that are intersected with the
genes. In contrast, for the second and third CNV profile groups, profiles have
CNVs that have CNV-gene only deletion or amplification intersections. The fourth
CNV profile group, includes all CNV profiles that have CNVs, either deletion or
amplification, intersected with the genes. Then, we apply MCKAT and SMCKAT
on CNV profile groups to test the association between CNVs and the RMS cancer
sub type considering both CNV characteristics and the CNV-gene intersection
effect.

First, we conduct MCKAT analysis on each of 23 chromosomes. The p-values
of testing the association between RMS subtype and CNVs in each chromosome
and for each CNV profile group are reported in Table 5.3. Bonferroni correction
is used for adjusting the multiple testing to control the family-wise error rate
(FWER) of a@ = 0.05. Since 22 chromosomes and a sex chromosome are being
tested, the p-value threshold for a whole-chromosome significance is calculated as
0.05/23 =2.2 x 1073,

Then, we conduct SMCKAT analysis on chromosomes which contain CNVs
that are identified as being significantly associated with the RMS sub types that
are, chromosomes 2, 11, 8 and 13, as reported in Table 5.3. The p-values of
applying SMCKAT on the aforementioned chromosomes for each CNV profile
group with group size of 5 are reported in Table 5.4.
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Table 5.3: P-values of testing the association between RMS subtype and CNVs,
both CNV characteristics and CNV-gene intersection, in each chromosome. (*)

denotes significant association identified by MCKAT.

Chromosome Scenario 1 Scenario 2 Scenario 3 Scenario 4
chrl 1.032 x 1071 1.637 x 10°Y  1.727 x 10°'  4.316 x 107!
chr2 1.022 x 1073 * 3.129 x 1072 * 3.245 x 1073* 5.312 x 1073 *
chr3 1.634 x 107! 1.829 x 107! 1.902 x 107! 2.175 x 107!
chr4 4001 x 1071 6.023 x 107 6.537 x 107" 8.329 x 10!
chrb 7325 x 1072 4.021 x 1071 4592 x 107! 6.212 x 107!
chr6 4554 x 1071 5.031 x 1071 5.200 x 10~!  7.324 x 107!
chr? 4521 x 1071 6.635 x 1071 6.472x 107" 7.098 x 10!
chr8 5.821 x 107°*  6.221 x 107%*  6.011 x 10™** 2.525 x 1073*
chr9 4221 x 1072 5.887 x 107 5.925 x 107" 8211 x 107!
chrl0 9.875 x 1072 8.041 x 107! 8425 x 10~'  9.025 x 10!
chrll 1.527 x 1073*  1.857 x 1072 1.655 x 1072 2.652 x 10!
chrl?2 4524 x 1071 5788 x 1071 5882 x 107!  7.354 x 101
chrl3 2.462 x 1073*  1.241 x 1073* 3916 x 107! 2.352 x 1073
chrl4 1.219 x 107! 3187 x 107! 4613 x 107"  4.015 x 107!
chrlh 4.002 x 1071 5.992 x 107 5.679 x 10~'  7.005 x 107!
chrl6 1.565 x 1071 2.002 x 10°'  4.960 x 10°*  2.628 x 10!
chrl? 3.613 x 107 4474 x 1071 4788 x 10! 5.402 x 101
chrl8 2.021 x 107 3.861 x 107*  3.723 x 107"  4.217 x 107!
chrl9 1.995 x 1071 2.032 x 107! 2.045 x 107! 3.211 x 107!
chr20 6.032 x 1073 5.559 x 1072 5.487 x 1072  7.425 x 102
chr2l 4231 x 1072 5802 x 107" 5922 x10~! 7.164 x 107!
chr22 2332 x 1071 3444 x 1071 3.827 x 107! 5.222 x 10!
chr X 8.035 x 1071 8525 x 107" 8917 x 107" 9.322 x 107!
chr Y 7.622 x 107 8.002 x 107! 8515 x 107! 1.114 x 10!

Table 5.4: P-values of testing the association between RMS subtype and CNVs,
both CNV characteristics and CNV-gene intersections, in chromosomes 2, 11,
8 and 13 with group size of 5. (*) denotes significant association identified by

SMCKAT.
Chr. Scenario 1 Scenario 2 Scenario 3 Scenario 4
2 2.023 x 1073* 0.4533 x 1072 0.635 x 1072 2.237 x 1072
8 1.153 x 1076* 2.232 x 107°* 2452 x 107°* 3.091 x 10~**
11 2311 x107% 1.031 x 1073 1.852 x 107%  6.935 x 1072
13 1.095 x 1073*  1.211 x 1072  1.529 x 1072 4.863 x 10!
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5.5 Discussion

Due to the unavailability of the public data that has both CNV characteristics
and CNV-gene intersection information, we were not able to investigate the effect
of CNV-gene intersection directly by adding another kernel to MCKAT and
SMCKAT. However, we were able to investigate this with an indirect approach
by conducting four different simulation scenarios.

Comparing the results reported in Tables 5.3 and 5.4 with the results reported
in Tables 3.1 and 4.4, both MCKAT and SMCKAT identify the same chromo-
somes, chromosomes 2, 8, 11 and 13, that contain CNVs having a significant
association with the RMS sub type under both scenario types: considering both
CNV characteristics and CNV-gene intersection information in testing the associ-
ation with the disease-related traits, and considering only CNV characteristics in
testing the association which we have done in Chapters 3 and 4 as well.

The results are in line with what we observed in the simulation study. As we
discussed in Section 5.3, under the scenario that there is no CNV-gene intersection,
both MCKAT and SMCKAT, have the same performance as we observed in
Chapters 3 and 4 by providing strong evidence, very low p-value significance level,
to prove there a significant association between CNVs and disease-related traits.

In scenarios where CNV-gene intersections occur, both MCKAT and SMCKAT
provide larger p-values compared to the scenario where no CNV-gene intersections
are present. As discussed earlier, we hypothesize that this is because CNV-gene
intersection data may be informative in testing the association between CNVs and
disease-related traits. However, due to the kernel designs used in both MCKAT
and SMCKAT, this information is not utilized.

Neither MCKAT nor SMCKAT, has a kernel to consider CNV-gene intersec-
tions data in measuring the similarity between CNV profiles for and use in an
association test. We were not able to design a CNV-gene intersection kernel in
both MCKAT and SMCAT design due to the unavailability of public data. In
more details, we were not able to find CNV datasets that not only have all CNV
multi-dimensional characteristics but the CNV interactions with other genetic
variations like genes. Therefore, we designed both MCKAT and SMCKAT based
on the availability of the the data. However, both MCKAT and SMCKAT can
provide a powerful evidence, very small p-value, in testing the association between

CNVs and disease-related traits considering a p-value less than 0.05 is typically
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considered to be statistically significant, in which cases the null hypothesis should

be rejected.

5.6 Conclusion

The results in this chapter provide a demonstration that considering CNV-gene
intersection data in addition to the CNV characteristics including chromosomal
regions, type and dosage is informative for testing the association between the
CNVs and disease-related traits. This is due to the effects of CNVs on their
intersected genes that eventually can lead to an association between CNV-gene
intersections and the disease-related traits. This works forms Contribution 3 of
this thesis which is the demonstration that considering the dual effects of CNV
characteristics and CNV-gene intersection is informative in testing the association
between CNVs and disease-related traits. This approach can be used to investigate
the effects of the CNVs and other genetic variations to achieve more precise insights
about the association of the CNVs and different genetic variations together with

disease-related traits.






Chapter 6

Conclusion

The study of the copy number variants, their association with disease related
traits and their interaction with other genomics events, are developing fields. The
research presented in this thesis was aimed at addressing some different, but
inter-related, questions in this area. In Chapter 3, the development and assessment
of the multidimensional CNV kernel based association test to test the association
between the CNVs and disease related traits is presented. In the Chapter 4, the
development and assessments of the sequential multidimensional CNV kernel
based association test for testing the association between the sequential order of
CNVs in addition to their characteristics with disease related traits is presented.
Chapter 5 presented an investigation into the association between the dual effects
of CNVs and their intersected genes with disease related traits.

In addressing these questions, this research has made three corresponding

contributions to knowledge:

Contribution 1: A multi-dimensional kernel-based CNV association test that
allows for the detection of CNV chromosomal regions significantly associated
with disease related traits and improves on currently available methods for
studying CNVs.

Contribution 2: A sequential multi-dimensional CNV kernel-based association
test that allows investigating whether CNVs are randomly distributed across
the genome, or their order matters and have a significant association with

disease related traits.

Contribution 3: The demonstration that considering the effect of CNV-gene

intersections in addition to the CNV characteristics is informative and
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helpful in identifying the significant association between CNVs and disease

related traits.

The following sections discuss the interpretation, significance and limitations
of these contributions, along with potential directions for further research, and

last section provides a final conclusion to this thesis.

6.1 Identifying the Association between Copy
number Variants and Disease related Traits

The multidimensional and sequential multidimensional CNV kernel based
association test developed in Chapter 3 and 4 provide a way to identify CNV hot
spots at the cytogenetic band level significantly associated with disease related
traits. The first method, MCKAT, improves on existing methods by using kernels
that are capable of dealing and utilizing the CNV multidimensional characteristics
and providing stronger evidence to prove the existence of the associations. MCKAT
can provide biologists with a list of CNV chromosomal region that contains CNVs
which are significantly associated with a disease related traits, like disease status
or cancer sub-type. Currently, biologists conduct an extensive investigation of the
whole genome in affected and unaffected individuals to identify these CNV hot
spots. MCKAT is applicable to both rare and frequent CNV data related to any
diseases.

The second method, SMCKAT, tests the association between the CNV se-
quential orders and disease-related traits in addition to considering the CNV
multi dimensional characteristics. It is the first approach to study the association
between CNV sequential order and disease related traits to our knowledge. The
motivation behind developing SMCKAT is that SNPs do not usually function
individually. They work in coordination with other SNPs to manifest a disease
or trait. Therefore, many sequence studies have been done to test the associa-
tion between SNPs and disease or traits. However, the association between the
sequential order of CNVs and disease-related traits had not been studied, to our
knowledge, and it had been unclear that CNVs function individually or whether
they work in coordination with other CNVs. Applying SMCKAT on CNV data,
we observe the CNV sequential order has a significant association with disease

related traits in some chromosomal regions. SMCKAT is more stringent compared
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with the state-of-the-art approaches in detecting significant CNV regions due to
stricter rules used in its design for measuring the similarity between the CNV
profiles. Like MCKAT, SMCKAT is applicable to both rare and frequent CNV
data related to any diseases.

While the main aim of this work is the development of association tests
to test the association between CNVs and disease related traits, we conduct
an investigation into the association between dual effects of CNVs and their
intersected genes. The motivation of this investigation was the effect of CNVs on
genes when they are intersected, which is explained in detail in Chapter 5. Based
on the results, considering the dual effects of CNV characteristics and CNV-gene
intersections is informative in testing the association between CNVs and disease
related traits. This approach can be used to investigate the effects of the CNVs
and other genetic variations to achieve more precise insights about the association

of the CNVs and different genetic variations together with disease related traits.

6.2 Work Limitations and Future Works

There are some limitations to the work presented in Chapters 3, 4 and 5. Firstly,
due to the existence of few CNV association tests, based on the literature, our
proposed methods were compared to few methods. Our methods were applied on
both simulated and real data. Their performances were evaluated and compared
with all existing methods. However, testing our proposed methods on more
available CNV data can help us to find out our proposed methods’ limitations if
there is any.

Secondly, there are few publicly available CNV datasets, specifically frequent
CNV datasets. In addition, the available ones do not have all CNV characteristics
including chromosomal regions, type and dosage. Therefore, for both MCKAT
and SMCKAT, we had to simulate CNV data for our analysis in addition to using
real datasets.

Last but not least, based on our knowledge, there is no data available including
interactions between CNVs and other genetic variations like genes and SNPs.
Having this type of data would be a good opportunity for further exploring of the
association between the dual effect CNVs and other genomic events with disease

related trait.
In our future work, we will expand both the MCKAT and SMCKAT frameworks
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to be applicable to both qualitative and quantitative traits by using other methods
other than logistic regression. Furthermore, we will revise MCKAT and SMCKAT
designs by adding another kernel which is responsible for measuring the similarity
between CNV profiles with respect to the interaction between CNVs and other

genetic variations.

6.3 Conclusion

The research presented in this thesis represents advances in several different
aspects of the analysis of the association between CNVs and disease related
traits. The potential applications and extensions of this work are varied, with
relevance to the through understanding of the biology of the CNVs, the continuing
improvement of methods to detect precise CNVs, the availability of CNV data

and their interactions with other genetic variations.



Chapter 7

Appendix

The R code for the MCKAT and SMCKAT models are given in the following
pages. The main kernels are single-pair CNV kernel, whole chromosome CNV
kernel, pair CNV group kernel and whole genome CNV group Kernel. The code
for kernel-based association test is adapted from Zhan et al. (2016).

101



102

32

34
35
36
37
38
39
40
41
42

CHAPTER 7. APPENDIX

SinglePairCNVKernel <-
function(x,y){ ##x,y are 4-d vectors
if (length(interval_intersection(interval(x[1],x[2]),interval(y[1],y[2])))==0)

}

{ TotalSmilarity=e }

if (length(interval_intersection(interval(x[1],x[2]),interval(y[1],y[2])))!=@)

{

JacIndex= interval_measure(interval_intersection(interval(x[1],x[2]),interval(y[1],y[2])))/

interval_measure(interval_union(interval(x[1],x[2]),interval(y[1],y[2])))

TypeCont= (((x[3]==y[[3]])+1)/2) ##Contribution of type

DosCont= 1/2"abs((abs(2-x[4])-abs(2-y[4]))) ##contribution of dosage

TotalSmilarity= JacIndex*TypeCont*DosCont

}
return(TotalSmilarity)

WholeChromosomeCNVKernel <-
function(x,y){ ## x,y are matrices

}

p=nrow(x)

g=nrow(y)

Pairsim=matrix(@,nrow =p,ncol =q)
if(p*q==0){TotalSim=0}

if(p*ql=0){
for ( i in 1:p)
{
for (j in 1:q)
{
Pairsim[i,j]=KCNVPairSim(x[1i,],y[3,])
}
¥
TotalSim=sum(rowSums(Pairsim))
¥
return(TotalSim)

MakeSimMatrix <-
function(InputCNVData){

SimMat=matrix(,nrow = length(InputCNVData),ncol=length(InputCNVData))
for(i in 1:length(InputCNVvData)) {
for(j in 1:length(InputCNVvData)){
SimMat[i,j]=KCNVTotal(InputCNVData[[i]],InputCNvData[[]j]])
¥
}

return(SimMat)

##Contribution of length
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PairCNVGroupKernel <- function(x,y,mersize){  ##x,y are matrices with 4 columns and kmersize rows
Pairsim=1list()
for(m in l:mersize){
if (length(interval_intersection(interval(x[m,1],x[m,2]),interval(y[m,1],y[m,2])))==0)
{ Pairsim[m]=0 }
if (length(interval_intersection(interval(x[m,1],x[m,2]),interval(y[m,1],y[m,2])))!=8)
{
JacIndex= interval_measure(interval_intersection(interval(x[m,1],x[m,2]),interval(y[m,1],y[m,2])))/
interval_measure(interval_union(interval(x[m,1],x[m,2]),interval(y[m,1],y[m,2])))
##Contribution of length

TypeCont= (((x[m,3]==y[[m,3]])+1)/2) ##Contribution of type
DosCont= 1/2%abs((abs(2-x[m,4])-abs(2-y[m,4]))) ##contribution of dosage
Pairsim[m]= (JacIndex*TypeCont*DosCont)/mersize
}
}
return((Reduce("+",Pairsim)))

iy
WholeGenomeCNVGroupKernel <-
function(x,y){ ## x,y are list of matrices
p=length(x)
g=length(y)
if(p*g==0){TotalSim=6}
if(p==9&qg>@){
Pairsim=rep(®,p)
for (i in 1:p)
{
Pairsim[i]=KmerPairsSim(x[[i]],y[[1]],1)
}
TotalSim=sum(Pairsim)
}
if(p>q&q>@){
SPairsim=rep(@,p-q+1)
for (1 in @:(p-q)){
Pairsim=rep(@,q)
for ( k:in 1:q)
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36
37
38
39
40
a1
42
43
a4
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68

{
Pairsim[k]=KmerPairsim(x[[k+1]],v[[k]]1,1)

}
SPairsim[(1+1)]=sum(Pairsim)
}
TotalSim=max(SPairsim)
}
if(q>p&p>0){
SPairsim=rep(9,q-p+1)
for (1 in ©:(qg-p)){
Pairsim=rep(@,p)
for ( k in 1:p)
{
Pairsim[k]=KmerPairsim(x[[k]],y[[k+1]1]1,1)

}
SPairsim[(1+1)]=sum(Pairsim)
}

TotalSim=max(SPairsim)

}

return(TotalSim)

}

MakeSimMatrix <-
function(InputCNVData)q{

CHAPTER 7. APPENDIX

SimMat=matrix(,nrow = length(InputCNvData),ncol=length(InputCNVData))

for(i in 1:length(InputCNVData)) {
for(j in 1:length(InputCNVData)){

SimMat[i,j]=KCNVTotal(InputCNvData[[i]],InputCNvData[[]j]])

}
}

return(SimMat)



CNVAssociationTest <-

function (y, K, X=NULL) {
n <- length(y)
if (is.null(X)) {
X1 <- matrix(rep(1l, length(y)), ncol=1)
} else {
X1 <- model.matrix(~. , as.data.frame(X))

}
glmfit <- glm(y ~ X1-1, family = binomial)

betas <- glmfit$coef

mu  <- glmfit$fitted.values

eta <- glmfit$linear.predictors
res.wk <- glmfit$residuals

res <-y - mu

W <- mu*(1l-mu)
sqrtw <- sqrt(w)

adj <- sum((sgrtw * res.wk)”2)

DX12 <- sqrtw * X1

qrXx <- gr(DX12, tol = 1e-7)
Q <- qr.Q(grX)
Q <- Q[, 1l:grX$rank, drop=FALSE]

Pe <- diag(length(y)) - Q %*% t(Q)

DKD <- tcrossprod(sqrtw) * K

tQK <- t(Q) %*% DKD

QtOK <- Q %*% tOK

PKP1 <- DKD - QtQK - t(QtQK) + Q %*% (tOK %*% Q) %*% t(Q)
ql <- as.numeric(res %*% K %*% res)

ql = g1 / adj

eel = eigen(PKP1 - ql * Pe, symmetric = T, only.values=T)
lambdal = eel$values[abs(eel$values) >= le-18]

pl <- davies(®, lambda=lambdal, acc=le-6)%Qq

return(pl)
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