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Abstract

3D rigid point cloud registration dedicates to estimating rotation and translation that register

point clouds, potentially partially overlapped, into a coherent coordinate system. Registration

is an essential but challenging technique in robotics and visual computing. Several efforts have

been devoted to developing stable and efficient algorithms to improve registration efficiency and

accuracy. Especially learning-based approaches have monopolized recent advances due to the

development of point cloud representation learning and differentiable optimization. However,

most existing learning-based point cloud matching methods suffer one or more of the following

limitations: (1) depending on supervised information from manually labeled data, which is

tedious and labor-intensive, (2) suffering from performance degradation to handle point-cloud

pairs with large rotation, partial overlaps, and density variations, (3) without integrating point

and structure matchings into one stage for searching correspondences, and correspondences are

obtained by nearest neighbor search (NN) of local feature descriptors, resulting in high outlier

rates, (4) relying on attention mechanisms to simulate soft matching with high computation

and memory cost, mainly when being applied to points of a larger number.

This thesis is conducted using optimization theory and deep learning techniques to alleviate

the limitations mentioned above. For one thing, it aims to develop unsupervised methods

for learning feature representations of point clouds to reduce reliance on human annotations.

Another focus of this thesis is on formulating optimization techniques to address registration

tasks involving large rotations effectively. Finally, it is also dedicated to designing algorithms to

establish more accurate correspondences for point cloud registration with low partial overlaps

and density variations. To fulfill these goals, Chapter 3 proposes a soft clustering-based unsu-

pervised algorithm to learn distinctive point cloud representations. The proposed method does

not depend on data augmentation, which differs from previous unsupervised works. Chapter 4

extends a correspondence-free method to solve point cloud matching with large rotations and

partial overlaps. Expressly, a rotation-based unsupervised method is first provided to learn

rotation-sensitive features. Then, a beam search-based scheme incorporates networks to initial-

ize correspondence-free methods to solve large rotation registration. Finally, a clustering-based

soft-segmentation approach is employed to solve point cloud alignment with partial overlaps.
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Chapter 5 develops a fused optimal transport-based algorithm to establish more correct cor-

respondences in the detected overlapping regions for solving partial overlap registration by

integrating point and structure matching. Chapter 6 integrates the overlap scores into a prob-

abilistic registration method to cope with point cloud registration with partial overlaps and

density variations. Furthermore, it also provides a clustering-based attention model that simu-

lates matching with low computation and memory cost. All the proposed point cloud matching

methods are evaluated on many registration benchmarks, showing their potential to contribute

to registration development.

Keywords: Point cloud, registration, large rotation, partial overlaps, point matching, struc-

tural matching, unsupervised learning
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Chapter 1

Introduction

This chapter presents the prior background knowledge in point cloud registration, research

challenges, research significance and goals, as well as research contributions.

1.1 Background

The rapid progress of 3D-capturing sensors, including 3D scanners, LiDARs, and RGB-D cam-

eras, led to more convenient and effective ways to process 3D data, allowing us to understand

environments better. 3D data can be a depth image, a point cloud, a mesh, or a computed

tomography. In addition, the relatively mature reconstruction algorithms from 2D images make

the 3D point cloud accessible. Among all these modalities, this thesis dedicates to point cloud

data, one preferred data format representing the objects in the 3D world.

A point cloud comprises a discrete collection of unordered 3D points positioned in a 3D space,

depicted by their coordinates on axes and optional attributes like RGB color, normal, and

intensity information. Figure 1.1 provides six visual examples of point clouds captured by

different approaches, and the greater density of a point cloud means that the point cloud

contains more details of objects. The point clouds exhibit inherently unstructured and invariant

permutations of their members [1], but it contains much spatially geometrical information.

Compared to 2D data, 3D point clouds hold several advantages for machines and humans to

understand the surrounding environment better. For example, (i) 3D point cloud provides more

useful geometric, shape and scale information than 2D images. (ii) 3D pose of views estimated

from the 3D point cloud is more accurate than those recovered from 2D images. As such, these

characteristics of point cloud allow it to provide great value in a broad spectrum of applications,

ranging from the very large, such as in aero triangulation in smart city reconstruction, to the

very small, including particle physics or microbiology. Nevertheless, capturing the whole view

range of scans using a single sensor is only sometimes feasible. Therefore, transforming a
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Figure 1.1: Some examples of point clouds captured by different approaches or devices. The

greater density of a point cloud, the more detailed the scene representation is captured.

collection of raw point clouds into a large coherent 3D scene is required, usually involved in

point cloud registration.

Point cloud registration aims to calculate rotations as well as translations that align multiple

point clouds captured from different viewpoints of the same scene, potentially containing dif-

ferent densities, noise, outliers, missing data, and partial overlap, into the specified coordinate

system [2]. After being first introduced in the late 1990s, it has been a topic of intense research

and exploration for many years [3], and spurred the development of numerous algorithms. Ac-

cording to transformation types, the overall registration can be classified into rigid and nonrigid.

The former only involves rigid rotation and translation in the pose, while nonrigid registration

deals with the more complex problem of affine transformation, making it a more challenging

task. It also can be broadly described as either pairwise or group-wise point cloud registra-

tion, with consideration for the number of point cloud sets involved [4]. Pairwise registration

involves aligning two point clouds from the same scenes but in different coordinate systems.

On the other hand, group-wise registration entails matching point clouds from the same scenes

across more than two coordinate systems, and it can also be seen as a series of pairwise align-

ments. Furthermore, based on the type of features utilized, point cloud registration can be

categorized into two groups: non-learning and learning-based methods. Non-learning registra-

tion methods typically formulate an iterative optimization process to calculate and determine

the motion (rotation and translation). The representatives are the EM-type [5] approaches,

such as ICP [6] and its variants [7], [8]. EM-based strategies are developed by minimizing

a geometric projection error that alternatively solves two sub-problems: (i) estimating point

3



1.2. RESEARCH CHALLENGES

correspondences from the input point clouds using estimated transformation and (ii) searching

the transformation aligned to the point clouds using the estimated correspondences. How-

ever, most EM-type methods require an appropriate initialization and usually converge to the

local minima. Different from the non-learning methods, learning-based approaches calculate

the geometric transformation through the use of the features learned from the point clouds.

These approaches have monopolized current registration advances owing to the advancement

of differentiable optimization and the success of deep learning [9]. These approaches, such as

PointNetLK [1] and Deep Closet Point (DCP) [10], achieve notable performance since they are

more robust and faster than non-learning-based approaches on different datasets. This thesis

main focuses on learning-based pairwise registration under a rigid transformation.

Current learning-based registration techniques can be broadly categorized as correspondence-

free [1], [11] or correspondence-based [12]–[14]. The former seeks to minimize the discrepancy

between the global feature vectors derived from two given point clouds. These global fea-

tures are generally obtained by considering the whole points in a point cloud, which makes

correspondence-free approaches inadequate to handle real scenes with partial overlaps [3], [12]

or large rotation. Correspondence-based methods first extract local features used for estab-

lishing point-level [11], [12], [14], [15] or distribution-level [16] correspondences, and finally,

estimate the pose from those correspondences. However, point-level registration commonly un-

derperforms when conditions are involved in varying point densities or repetitive patterns [17].

The problem is particularly noticeable in indoor environments where the lack of texture or the

repetition of patterns can often dominate the field of view. For example, the feature-matching

recall of recent FCGF [18] on 3DMatch [19] dropped from 95% to 80% when the inlier ratio

was set to 0.2. That means more than 20% pairs contain more than 80% outliers. Distribution-

level registration compensates for the shortcomings of point-level methods and aligns two point

clouds without establishing direct point correspondences. Unfortunately, the most current

methods are inflexible and cannot effectively handle point clouds with partial overlaps in real

scenes [20]. Additionally, the effectiveness of learning-based techniques is heavily reliant on a

vast amount of accurate ground truth transformations or matches as guidance for the training

of the models. Obtaining the necessary ground truth is often challenging or expensive, which

hinders their practical use in the real world [21].

1.2 Research challenges

Point clouds are typically acquired through various time frames, views, or devices, which chal-

lenges the registration problem, including large rotation, noise and outliers, density variations,

and partial overlaps [22]. For instance, Kinect and LiDAR differ in the number of points they

capture in a specific area, resulting in varying densities. This can be seen in Figure 1.2, which
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3D sensor (Kinect) 3D sensor (Lidar)
Figure 1.2: Density variations attributed to the point clouds are caught from Kinect and Lidar,

respectively.

displays point clouds with different densities. LIDAR performs optimally in all types of lighting.

However, LIDAR experiences difficulties in severe weather conditions, including snow, fog, rain,

as well as air-borne dust particles. As a result, this leads to issues with missing data in certain

areas, causing partial overlaps. Figure 1.3 shows the point clouds with different overlap ratios.

The smaller overlap ratios result in more registration challenges. Additionally, point clouds

of large-scale scenes can have millions of points and require efficient algorithms to handle the

computational complexity of registration. To sum up, different data problems lead to various

registration difficulties. The section will introduce the challenges in detail. The mainstream

registration approaches of point clouds comprise three modules: feature extraction, correspon-

dence prediction, and pose estimation [23]. So, the challenges are introduced according to each

module. Finally, this section also presents the challenges of correspondence-free methods in

this section.

Overlap rate is 0.1 Overlap rate is 0.3 Overlap rate is 0.5
Figure 1.3: Point clouds with different overlap ratios. The smaller overlap ratios result in more

registration challenges. Image is from [14].
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1.2.1 Challenges on feature extraction

Learning discriminative and robust point cloud features is crucial in learning-based registra-

tion [24]. However, the effectiveness of these techniques is contingent mainly upon having

abundant ground truth, such as transformations or correspondences, to serve as the super-

vision signal for model training [25]. Needless to say, the required ground truth is typically

difficult or costly to acquire, thus hampering their application in the real world [21]. To handle

ground-truth labeling issues, great efforts [2], [11], [21], [26] have been devoted to unsupervised

deep point cloud registration. The existing methods mainly lie in auto-encoders [11], [21], [26]

with a reconstruction loss or contrastive learning [18], [27], [28] with data augmentation. Al-

though significant progress has been achieved, there are still certain obstacles that need to be

addressed. Firstly, some methods depend on the point-level loss, such as Chamfer distance in

auto-encoder [26], finding it challenging to handle large-scale scenarios due to computational

complexity. Secondly, many pipelines [2] apply fixed/handcrafted data augmentation to gener-

ate transformations or correspondences, leading to sub-optimal learning. This is because they

can only fully use the cross information of partially overlapping point clouds with geometric

labels, and the fixed augmentation neglects the shape complexity of the samples [29]. Sec-

ond, the accuracy of the alignment decreases significantly when used on new 3D scans that

have significant rotational changes because the features that have been learned are sensitive to

rotation [30].

1.2.2 Challenges on correspondence prediction

Pointwise feature matching is often used to establish matches of two input point clouds [31]. The

central concept behind pointwise matching is that a pair of points of two point clouds having

the most similar feature representations are identified as the corresponding points. However,

the putative correspondences produced by the pointwise feature similarity contain many false

matches and outliers [23]. This issue is especially prominent in indoor environments, where

the presence of low-texture areas or plain patterns often dominates the field of view. Many

recent works show that the following four factors will cause false matches and outliers: first of

all, some inliers are assigned to outliers because the inliers and outliers are equally treated in

the correspondence prediction stage [23]; second, some points of point clouds should be ignored

as they can not find a match due to partial overlap and density variations [24]; thirdly, the

scale of the correspondence search space increases quadratically with the number of points

of two given point clouds; finally, more than pointwise matching is needed to determine the

correct correspondences by reason of the ambiguous and repeated patterns in the 3D point

clouds [15]. However, eliminating the outliers and obtaining accurate correspondences are the

remaining challenges in the 3D point cloud alignment. It has been stated that more than relying
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solely on point-point feature similarity is required to estimate accurate correspondences in 3D

acquisition point clouds, as there are often instances of ambiguous and plain patterns present.

An alternative to finding point-to-point correspondences is using distribution-to-distribution

matching through probabilistic models [25]. These probabilistic registration techniques showed

greater robustness to noise and density variations than their point-to-point counterpart [32].

However, they usually do not distinguish the points in the overlap and non-overlap regions and

typically require their inputs to share the same distribution parameters (e.g., Gaussian Mixture

Models [33]). Therefore, these algorithms are limited to either registering two complete point

clouds or one complete and one partial point cloud. In real-world scenarios, partial-to-partial

registration is frequently necessary, but distribution matching-based methods can suffer from

suboptimal performance because of the differences in distribution parameters.

1.2.3 Challenges on pose estimation

Kabsch algorithm [34] is widely applied to calculate the transformation from a set of cor-

respondences and associated weights. The estimated correspondences in this field are often

contaminated by outliers caused by partial overlapping and other factors. In order to filter out

false matches, RANSAC [35] is commonly used. However, RANSAC is not suitable for training

pipelines as it is non-differentiable. This has led to the development of direct regression of

transformation parameters has emerged as a new trend.

1.2.4 Challenges on correspondence-free methods

Correspondence-free approaches minimize the discrepancy between the global feature vectors

derived from two given point clouds [36]. These global features are typically computed based

on all the points of a point cloud, making correspondence-free approaches inadequate to handle

real scenes with low partial overlap [3], [12]. This is because it is unreasonable to expect a

neural network to capture the same features from two given point clouds that have significant

differences. Besides, these methods exhibit inadequate performance when applied to point

clouds that contain multiple objects, such as indoor environments.

1.2.5 Summary

The success of deep learning has led to significant advancements in point cloud alignment

techniques [17]. These techniques have accomplished high precision and speed by integrat-

ing deep learning with traditional optimization. However, several limitations still impede the

effectiveness of practical applications. By way of illustration, training a feature extractor typi-

cally requires supervised information from manually labeled data, which is laborious and time-

consuming. For another, most existing registration approaches are locally optimal and tend to
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fail when the relative rotation is large or low over partial. Therefore, it would be beneficial to

develop registration algorithms to alleviate the dependence on labeled data and are suitable for

large rotations and low overlaps.

1.3 Research significance and goals

The significance of point cloud registration is evident due to its indispensable function in

various applications [22]. Specifically, in scenarios where multiple point clouds are captured

from different sources, it is possible to encounter situations where certain regions lack data

or have missing information. Therefore, registration techniques are required to complete the

point cloud missing areas. There is also an application in large-scale aircraft measurement. The

multi-station scanning strategy is commonly adopted to scan the entire aircraft surface since it is

sometimes impractical to capture the whole surface of an aircraft at a single location. Therefore,

a critical component of aircraft detection is transforming point clouds collected from different

coordinate systems into a global coordinate system. Further, the efficiency of the registration

process in real-time is essential for the navigation of robots and autonomous driving vehicles [24].

Besides, the utilization of various sensors has proven to be beneficial in constructing more precise

and extensive 3D models. LiDAR, in particular, is well-known for its accuracy in creating 3D

models, but increasing its resolution can be pretty expensive. Hence, a more cost-effective

solution is to combine different sensors and create a fused solution that generates accurate and

economical 3D point clouds. To achieve this, cross-source point cloud registration becomes an

essential tool [24]. This is because this technique involves registering point clouds obtained

from different sources, ensuring the accuracy of the 3D model and providing a comprehensive

representation of the object or scene [37].

In summary, developing registration algorithms to support applications such as robotic naviga-

tion [38], autonomous driving [39], and augmented and virtual reality [40] would be advanta-

geous as these applications require 3D registration as a critical component in their operation.

Additionally, point cloud registration can enable change detection and monitoring over time

and facilitate the analysis and interpretation of 3D data.

The primary objectives of this thesis involve the development of optimization and deep learning

methodologies that address the challenges associated with point cloud registration. To be more

detailed, the main goals are:

• To build some unsupervised methods to reduce the dependence on labeled data;

• To extend the learning-based local registration methods to solve large rotation cases;

• To devise some methods to establish more accurate correspondences for registration,
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especially for point clouds with low partial overlaps;

• To enable the distribution-based registration methods applied to partial overlap situa-

tions;

1.4 Research contributions

This thesis aims to develop algorithms based on deep learning and optimization to approximate

global solutions. To overcome previously discussed challenges and issues, this thesis has devised

corresponding solutions. The study contributions are presented as follows:

• Contribution 1: To avoid the inconvenience of building chains of ad-hoc combinations of

data augmentations for unsupervised learning, this thesis develops an augmentation-free

unsupervised approach to extracting informative point-level representations of 3D point

clouds without data augmentation. The algorithm can be utilized in any network designed

for extracting point-wise features. It is independent of large batch sizes and negative

samples (Chapter 3); This thesis also presents a rotation prediction-based approach to

extract rotation-awareness features for correspondence-free registration methods without

depending on any labeled data. The proposed method has the ability to detect rotational

changes, making it ideal for correspondence-free registration techniques (Chapter 4);

• Contribution 2: To address the challenge of registering large rotations utilizing corre-

spondence free local techniques, this thesis presents a hierarchical and greedy algorithm

that employs a beam search scheme. This algorithm offers a significant improvement

in solving large rotation registration problems. An unsupervised soft-segmentation algo-

rithm based on soft-clustering provided in Chapter 3 is also developed to achieve partial

shape alignment. This study is the pioneer in utilizing beam search to forecast transfor-

mations for deep point cloud registration that involves large rotations (Chapter 4);

• Contribution 3: To establish more accurate point correspondences for partial overlap

registration, this thesis presents a joint model that combines overlap scores and pointwise

and structural matchings. The model adopts a coarse-to-fine hierarchical structure based

on fused optimal transport. The pointwise matching-based correspondence estimation

is transformed into an optimization problem based on Wasserstein distance. On the

other hand, structural matching is expressed as a Gromov-Wasserstein distance-based

optimization problem that predicts matches. The structural difference is calculated in

both Euclidean and feature spaces. The model also includes an overlap detection module

to learn point-wise features and overlap scores. Ultimately, the correspondences can be

predicted by solving a fused Gromov-Wasserstein objective (Chapter 5);
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• Contribution 4: To overcome the limitations of pointwise correspondence-based meth-

ods in noise and density variations, this thesis presents a probabilistic registration ap-

proach, which calculates the optimal transformation from matched Gaussian Mixture

Model (GMM) components. The registration problem is reformulated as aligning two

Gaussian mixtures by minimizing a distribution discrepancy measure between them. Fur-

thermore, a Transformer-based detection module is also introduced to identify overlapping

regions. By doing this, the GMM representations of the input point clouds are under the

guidance of overlap scores computed by the proposed detection module. Additionally,

a cluster-based loss is introduced to ensure that the network learns a consistent GMM

representation across both feature and geometric spaces rather than fitting a GMM in a

single feature space (Chapter 6).

1.5 Thesis organization

This thesis is organized as follows:

Chapter 2 provides a comprehensive overview of the definition and methods of point cloud reg-

istration. The non-learning-based registration techniques and current learning-based methods

are discussed in detail.

Chapter 3 proposes a soft-clustering-based unsupervised approach to learning informative point-

level representations of 3D point clouds without data augmentation. The proposed method is

also applied to softly segment a point cloud into parts for Chapter 4 to solve partial overlap

registration in an unsupervised way.

Chapter 4 builds an unsupervised method to train feature extractors without labeled data

and extends correspondence-free methods to adapting large rotation and partial overlapping

registration based on Chapter 3.

Chapter 5 provides a correspondence prediction method based on fused optimal transport to

estimate correspondences in the detected overlap regions.

Chapter 6 presents a new overlap-guided probabilistic registration method that calculates the

optimal transformation based on matched Gaussian Mixture Model (GMM) components.
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Chapter 2

Literature Survey

This chapter reviews several related research in 3D point cloud registration, starting with

conventional non-learning methods and proceeding to the latest deep learning techniques. Ad-

ditionally, this chapter reviews works related to optimal transport, which have been extensively

used in this thesis. Lastly, this chapter analyzes the datasets utilized in point cloud registration

as well as the widely used data augmentation techniques on 3D point clouds.

2.1 Non-learning-based Point Cloud Registration

Non-learning-based registration adopts optimization algorithms to recover the transformation.

These methods have a long history of research and development. This review will examine

different types of optimization-based methods based on their optimization strategies, such as

EM [5]-based, RANSAC [41]-based, graph-based, and so forth.

2.1.1 EM-based registration

The prominent EM-based algorithm for pairwise registration is Iterative Closest Point (ICP)

[42], [43]. It iteratively alternates between estimating the transformation and searching for cor-

respondences [10], [37] by solving an L2-optimization problem. ICP is favored for its simplicity

and relatively fast processing time, especially when implemented with kd-trees for efficient

closest-point searching. However, vanilla ICP can converge to spurious local minima due to

the non-convexity of the objective function, requiring appropriate initialization. Addition-

ally, ICP faces challenges arising from differences in point densities, presence of noise, outliers

(unexpected points), occlusions (missing points), partial overlaps, and limited one-to-one cor-

respondences between two point clouds [24].

To overcome these limitations of ICP, researchers have proposed various variants. One such
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variant is the Levenberg-Marquardt ICP [44], which employs the Levenberg-Marquardt algo-

rithm [44], replacing singular value decomposition with gradient descent and Gauss-Newton [45]

approaches. This accelerates data registration convergence while maintaining high accuracy.

Point-to-plane and plane-to-plane criteria have also been developed to aid in constructing cor-

respondences and reduce the algorithm’s sensitivity to noise. The point-to-plane criterion

calculates the distance between a point in one point cloud and the plane defined by the nearest

neighbors in the other point cloud. The goal is to minimize this distance for all corresponding

points. The plane-to-plane criterion, on the other hand, calculates the distance between two

planes defined by their normal vectors and a point on each plane. The goal is to find the trans-

formation that minimizes the distance between the two planes, which is a more global approach

than the point-to-plane criterion. Generalized ICP [8] modifies the standard ICP algorithm by

representing each point as a Gaussian distribution during the optimization process, which leads

to a Maximum Likelihood Estimation (MLE) based loss function. Moreover, it uses KD-trees

to establish discrete correspondences based on the raw points, making the registration process

more robust in noise and outliers. In this modified algorithm, the optimization objective is a

weighted sum of point-to-plane and point-to-point distances, where the covariance matrices of

the corresponding points determine the weights.

While these methods are valuable for local registration, Go-ICP [46] stands out as a global ap-

proach that efficiently solves the point cloud alignment problem using the Branch-and-Bound

(BnB) optimization [47] framework, eliminating the need for prior information about corre-

spondences or transformations. The branches in BnB represent different choices for matching

points between the two point clouds. The algorithm evaluates the cost of each node based on

the sum of squared distances between the matched points and prunes branches that cannot lead

to a better solution than the best one found so far. Go-ICP has shown superior performance

over existing ICP algorithms on various benchmark datasets, especially for point clouds with

substantial noise or outliers and large rotations. However, the computational complexity of

Go-ICP makes it less practical for real-time applications. To address this limitation, several

extensions and variants of Go-ICP have been proposed, including parallelization, acceleration

techniques, and hybrid methods that combine BnB with other optimization approaches. These

efforts aim to make Go-ICP more suitable for real-time applications while preserving its global

registration capabilities. Non-linear ICP [48] leverages the smooth and differentiable properties

of the Huber loss function [49] to efficiently reduce the influence of outliers. The non-linear

aspect of the algorithm comes from the fact that it uses a non-linear optimization technique to

find the optimal transformation parameters, which enables it to handle more complex transfor-

mations than traditional linear ICP methods.

Nonetheless, real-time processing is a challenge for ICP-based methods due to their slow speed,
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and the models may get stuck in local minima if the initial estimate is not accurate. Addition-

ally, these methods may not be suitable for point clouds with partial overlap or contaminated

by outliers.

2.1.2 RANSAC-based registration

RANSAC-like randomized estimation [35], [50] is another widely used family of techniques for

robust finding the correct correspondences for registration. Initially, several control pairs are

picked randomly from two given point clouds, which are then used to compute the transfor-

mation matrix. Secondly, the estimated motion is applied to estimate the correspondences and

counts the number of inliers (consensus set), and the transformation matrix is recalculated.

Lastly, an iterative process is carried out to locate the most extensive consensus set, considered

the final solution. Compared with EM-based methods, it lies in its robustness against outliers

and its ability to handle challenging registration scenarios, such as low overlapping registration.

Many variants have been developed to enhance the specific elements of RANSAC, with the aim

of making the original algorithm more efficient. For example, MLESAC [51] and MAGSAC++

[52] generalize RANSAC by adopting more advanced scoring functions such as likelihood and

re-weighted least-squares. Unlike traditional methods like RANSAC, which rely on random

sampling, MLESAC uses a maximum likelihood approach to iteratively refine a model until

it fits the data optimally. This allows MLESAC to handle outliers and noise more effectively

than RANSAC, which tends to struggle when dealing with complex data sets with a large

number of outliers. MAGSAC improved MAGSAC++ by performing a two-step approach

to model fitting. The first step is the robust estimation of the initial model parameters using

MAGSAC, which is a geometric algorithm that is able to handle large amounts of outliers. In the

second step, MLESAC is used to refine the model parameters, which is a maximum likelihood

algorithm that is able to improve the accuracy of the initial estimates. GroupSAC [53] utilizes

a hierarchical sampling paradigm based on the assumption that inliers have more remarkable

similarities among themselves. Locally optimized methods, including LORANSAC [54] and

GC-RANSAC [55] perform the RANSAC step once the best model has been discovered so far.

The LORANSAC algorithm works by randomly selecting a subset of data points and fitting

a model to them. The model is then evaluated on the remaining data points, and the inliers

(points that fit the model) are used to update the model. This process is repeated until a

satisfactory model is found or a maximum number of iterations is reached. GC-RANSAC

uses a combination of graphical models and belief propagation to improve the accuracy and

efficiency of the model fitting process. It also includes a built-in outlier rejection mechanism,

which helps to identify and remove any erroneous data points that may negatively impact

the quality of the model. One-point RANSAC [56] aims to reduce the iterations of RANSAC
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by estimating scale and translation parameters separately. It begins by randomly selecting a

minimal set of points (in this case, a single 3D point) and estimating the camera pose using a

closed-form solution. Next, the algorithm evaluates the fit of the estimated model by counting

the number of inliers and outliers. If the number of inliers exceeds a certain threshold, the

algorithm terminates and returns the estimated camera pose. Otherwise, the algorithm repeats

the sampling and estimation process until a satisfactory result is obtained. DSAC [57] is the first

work that provides a differentiable RANSAC-like estimator using a soft probabilistic hypothesis

selection. Neural-guided RANSAC [58] uses the inlier probabilities provided by neural networks

to guide the hypothesis sampling. It utilizes both neural networks and RANSAC to boost object

detection and segmentation accuracy and speed. The neural network is then applied to predict

the shape and location of objects, while RANSAC is used to refine the objective parameters

based on the predicted location.

While RANSAC-like algorithms are generally efficient, their time complexity grows exponen-

tially with an increasing proportion of outliers [59]. Additionally, they may not always provide

the optimal solution. Despite these drawbacks, RANSAC remains a powerful tool for robust

point cloud registration tasks, particularly in the presence of outliers and challenging datasets.

2.1.3 Graph matching-based registration

The core concept behind utilizing graph matching (GM) for registration is to represent point

clouds as graphs. Graph matching is the process of determining the correspondences between

nodes of two graphs, typically composed of nodes and edges. This task involves utilizing

information from both nodes and edges to formulate an optimization problem. According to

the constraints of objective functions, GM methods can be coarsely classified into first-order,

second-order and high-order approaches. The former searches for correspondences by only

comparing the similarity nodes in a graph [60], involved in solving a linear assignment problem.

The comparison of the similarity of nodes and edges is referred to as the second-order GM

method. In contrast, the high-order GM method involves comparing more than two nodes,

wherein the similarity of triangle pairs is also considered [61].

Second-order optimization falls under quadratic assignment problems (QAP) [62], which is

burdensome to be solved since it is NP-hard. Numerous approximation algorithms have thus

been developed to tackle the QAP, resulting in various approaches that can be utilized to obtain

a locally optimal solution for graph matching. One widely explored approximation algorithms

are relaxation based, which can fall into three categories: double stochastic, spectral, and

semi-definite programming relaxations. The double stochastic relaxation involves transforming

the optimization of the GM into solving non-convex QAP, which is achieved by substituting

the integrity constraints with corresponding box constraints. Spectral relaxation is primarily
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focused on relaxing the permutation constraints inherent in graph matching, formulated through

the utilization of spectral features of adjacency matrices. The core concept behind semi-definite

relaxation involves linearizing quadratic terms by introducing new variables and adding a convex

semi-definite constraint to establish a connection between the original variables and the new

variables. Further, many improved variants of relaxation have also been explored. For example,

Leordeanu et al. [63] proposed a spectral graph matching method that uses spectral relaxation

to approximate the QAP problem by solving a semi-definite programming (SDP) relaxation

to relax the non-convex constraint using a convex semi-definite. For instance, Almohamad et

al. [64] applied linear programming techniques to approximate the quadratic cost function.

Zhou et al. [65] devised a factorized graph matching approach, which factorizes a large pairwise

affinity matrix into smaller matrices and utilizes a path-following optimization algorithm to

solve the GM problem.

High-order graph matching algorithms are advantageous as they are invariant to affine varia-

tions, such as scale differences. For example, Zass et al. [66] designed a probabilistic approach

to solve the high-order graph matching problem. Recently, Zhu and colleagues [67] developed

the elastic net method, which incorporates a flexible net constraint into the tensor-based graph

matching model to control the trade-off between sparsity and accuracy of the matching results.

All these methods are affine-invariant and have been applied in a variety of applications such as

image registration, object recognition, and machine learning. In the case of point cloud regis-

tration, the systematic graph matching (CSGM) method by Huang et al. [68] employs a linear

program to find correspondences by solving a second-order graph-matching problem. High-

order GM, proposed in [61], involves using a tensor power iteration algorithm to optimize the

relaxed form of high-order GM in the integer domain. The resulting solution is then projected

onto the feasible solution space.

In summary, graph matching-based methods for point cloud registration offer unique advan-

tages compared to RANSAC-based and ICP-based methods. These approaches leverage the

inherent structural information present in point clouds and represent them as graphs, where

nodes correspond to points and edges encode the relationships between points. By formulating

registration as a graph matching problem, these methods can exploit geometric constraints

and global contextual information, leading to more accurate and robust registration results,

especially in scenarios with partial overlaps and complex transformations.

2.1.4 Probability-based registration

Unlike traditional optimization-based approaches such as RANSAC, ICP, and graph match-

ing, probability-based registration algorithms can provide not only correspondences but also a

measure of confidence for each correspondence. It models the point clouds as probability dis-
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tributions, often via the use of GMMs, and performs registration either by solving correlation-

based or EM-based optimization pipelines [69], [70]. The correlation-based methods [16], [70]

first build GMM probability distributions for two given point clouds that need to be matched.

After that, the transformation is determined by minimizing the difference between the two dis-

tributions as measured by a specific metric or divergence. For example, GMMReg [70] assumes

that the data can be represented by a mixture of Gaussian distributions, and estimates the

parameters of the mixture model using the expectation-maximization (EM) algorithm. The

resulting model is then used to perform robust regression by minimizing a weighted sum of

squared errors, where the weights are determined by the likelihoods of the data points under

the mixture model. One of the key advantages of GMMReg is its ability to handle outliers

and non-Gaussian noise. The algorithm can identify and ignore outliers by assigning them low

weights in the regression objective function. This results in a complex optimization problem

that involves nonconvex constraints that are not guaranteed to have a unique solution [71].

Different from correlation-based methods, the EM-based approaches, such as Coherent Point

Drift (CPD) [72], JRMPC [73], and FilterReg [74], represent the geometry of one point cloud

using a GMM distribution over 3D Euclidean space. The transformation is then calculated by

fitting another point cloud to the GMM distribution utilizing the maximum likelihood estima-

tion (MLE) pipeline. The key feature of CPD is its ability to handle non-rigid deformations

between point sets. It can also handle missing data and outliers in the point sets. JRMPC is

based on joint registration and mutual principal component analysis, and it is able to handle

multi-modal images or point clouds.

In sum, the probability-based methods are robust to noise, outliers and density variation [16].

Most of them utilize robust discrepancies to mitigate the influence of outliers by greedily align-

ing the largest possible fraction of points while being tolerant of a small number of outliers.

However, if outliers dominate, the greedy behavior of these methods easily emphasizes outliers,

leading to degraded registration results [73]. Furthermore, the parameters of the distribution

are not ensured to be uniform across different views [16].

2.1.5 Other registration methods

There are several other conventional techniques used for registration that have also achieved re-

markable outcomes. For instance, FGR [75] takes a different approach from RANSAC-like meth-

ods by optimizing a Geman-McClure [76] cost-based correspondence objective function using

a graduated nonconvex strategy, resulting in outstanding performance. Meanwhile, TEASER

[77] redefines the registration problem as an intractable optimization and provides verifiable

conditions to determine whether the output solution is optimal. This method remains effective

even when dealing with extremely high outlier rates. Additionally, Chen et al. employed a
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novel two-stage strategy that focuses on maximizing the inlier set, as discussed in their publi-

cation [78].

2.2 Deep learning-based point cloud registration

The reliance on handcrafted features for distinguishing correspondences heavily depends on the

expertise of designers, leading to limited generalizability and robustness across various applica-

tions. To address these limitations, efforts have been made to develop and employ deep learning

algorithms for point cloud registration. This section examines key components in learning-based

point cloud registration pipelines, which have been instrumental in recent advancements in reg-

istration techniques. It commences with an exploration of deep learning models on 3D data,

as extracting features from the point cloud is a crucial aspect of learning-based approaches.

Lastly, the section delves into learning-based point cloud registration approaches, categorized

based on whether they utilize learned features for searching correspondences. These methods

are further divided into correspondence-free and correspondence-based approaches.

2.2.1 Deep learning on 3D point cloud

Deep learning has successfully solved a range of 3D point cloud problems. PointNet [79] and

DeepSets [80] are the pioneering architectures that directly process unordered and unstruc-

tured 3D points by independently extracting the features for each element in the point cloud

and combining them using invariant permutation operations. Though efficient, PointNet and

DeepSets only encode global representation aggregated from the pointwise features and fail to

capture local structures, impeding application to tasks involving local geometry [81].

The improved version of PointNet, PointNet++ [82], adopts sampling and grouping operations

to hierarchically extract features from point patches. PointNeXt [83] further improved Point-

Net++ by introducing an inverted residual bottleneck design and separable MLPs. Similarly,

PointCNN [84], PointConv [85], and Relation-Shape CNN [86] also focus on extracting more

semantic features from the local region by separating points into scales or bins, and then ag-

gregating these features by concatenation [87]. RPM-Net [88] has the ability to infer both

movable parts and their corresponding motions from a single 3D point cloud shape, which may

be un-segmented and incomplete. This is achieved through an encoder-decoder pair with LSTM

components that predict a sequence of pointwise displacements for the input shape. As a result,

the network is able to learn the movable parts and segment the shape based on its motion. By

recursively applying RPM-Net to the segmented parts, the network can further predict more

detailed motions and achieve a hierarchical object segmentation. DGCNN [89] handles point

clouds by utilizing a disordered graph neural network with dynamic graph construction that

17



2.2. DEEP LEARNING-BASED POINT CLOUD REGISTRATION

allows the model to capture the local and global structures of point clouds. This is achieved

by first constructing a k-nearest neighbor graph for each point in the input point cloud, then

using a graph convolution operation to update each point’s features based on its neighbors’

features. The graph is dynamically updated during training, allowing the model to adapt to

different structures and patterns in the point clouds. To improve DGCNN performance, PA-

Conv [90] uses a plug-and-play convolutional operation for deep representation learning on 3D

point clouds. It incorporates a learnable weighting function to adjust the filter’s receptive field

according to the input’s local geometry. This allows the network to handle position, orienta-

tion, and scale variations. AdaptConv [91] strives to establish the relationship by adaptively

learning features from point patches in a hierarchical manner and capturing the different re-

lationships between points from various semantic parts accurately. EC-Net [92] presents an

edge-conscious method to boost the merging of point cloud sets. This approach devises a re-

gression model capable of retrieving not only the 3D point coordinates but also the distances

from the points to edges using upsampled features. An edge-sensitive joint loss function is also

utilized to minimize the distances from the output points to both the surface and the edges.

KPConv [93] adopts discrete kernel points to imitate a continuous convolution kernel. The core

idea behind KPConv is to replace the standard convolutional kernel used in traditional CNNs

with a set of learnable kernel points that adapt to the local geometry of the input point cloud.

Each kernel point is associated with a weight and a radius, which defines the neighborhood of

points that contribute to the output of the KPConv layer. Sun et al. [94] proposed a point-

to-surface representation for 3D point cloud feature extraction considering both the point and

the geometric surface simultaneously. Ding et al. [95] developed a perturbation learning-based

point cloud upsampling method to generate uniform, clean, and dense point clouds. LGA [96]

aimed to a framework that aggregates geometries in a layer-by-layer manner to achieve lossless

compression of LiDAR point cloud geometry.

Transformer attention [97] has recently achieved great success in point cloud tasks, as it is

invariant to the permutation of input tokens and can learn long-range dependencies. Apply-

ing Transformer attention to 3D point clouds [98], [99] is thus natural since point clouds are

collections of permutation-invariant points in 3D space [98]. Figure 2.1 depicts a diagram of a

Transformer model that employs dot-product attention. The model takes a feature map F as

input and uses three MLPs to generate feature maps Q, K, and V from F . The dot-product

of Q and K is used to calculate attention weights, which are then applied to V to produce

a weighted feature map. The weighted feature map is added with the raw feature map, and

an MLP is applied to produce the final feature map FT . The pioneering work Point Trans-

former [98] applies self-attention to local neighborhoods around each point and the encoding of

positional information in the network. It achieved exceptional results in point cloud classifica-

tion and segmentation assignments. PATs [100] introduces a Self-Attention structure to capture
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Figure 2.1: The diagram of Transformer based on dot-product attention. It enhances the

feature representation of the point cloud by selectively attending to important points, which

improves the discriminative power of the feature extractor.

the good relations between points. Transformer3D-Det [101] proposed to tackle the challenge of

3D object detection by utilizing the attention mechanism to capture the relationships between

neighboring clusters, thereby generating more precise voting centers. 3DCTN [102] provided a

hierarchical structure with graph convolution to reduce the computational and memory costs

of traditional attention. Geometric Transformer [9] is a tool for acquiring knowledge about geo-

metric features in order to facilitate reliable feature matching. This is accomplished by encoding

both pairwise distances and triplet-wise angles, rendering the approach resilient in low-overlap

situations while also invariant to rigid transformations. AWT-Net [103] first generates point-

wise wavelet coefficients, which split each point into high or low sub-band components, followed

by Transformer to fuse features from different but integrated sub-bands.

Despite their impressive achievements, these methods necessitate supervised information for

feature learning. This reliance on annotated data hinders the integration of point cloud models

into new environments with limited labeled information. Thus, it becomes crucial to devise

techniques that lessen the need for annotated samples while maintaining satisfactory perfor-

mance in point cloud understanding tasks through deep learning. In this regard, the adoption of

an unsupervised learning approach shows promise in reducing the dependence on labeled data.

Current 3D sensing modalities have enabled the generation of extensive unlabeled 3D point

cloud data [104]. Therefore, recent efforts [21], [105]–[107] have been dedicated to exploring

methods for training a network by making full use of the unlabeled data. This has boosted a
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recent line of works on learning discriminative representations of 3D objects using unsupervised

approaches [104], [108], [109].

Unsupervised point cloud representation learning approaches can be classified into generative

and discriminative methods. The former applies self-reconstruction [87] or adversarial learning

to jointly learn representation and model point clouds. For example, FoldingNet [110] leverages

a graph-based encoder and a folding-based decoder to deform a standard 2D grid into the

surface of a point cloud. FoldingNet is based on the concept of folding a 2D sheet of paper

to create a 3D object. The model takes a 2D image of an object as input and generates a 3D

representation of the object by folding the image along its creases. L2G Auto-encoder [111]

employs a local-to-global autoencoder to capture the local and global information of point

clouds simultaneously. It further uses a loss function that combines the reconstruction error

and the group sparsity constraint. The group sparsity constraint promotes the learning of

feature representations that are not only sparse but also structured in a way that is meaningful

for the given task. In [112], a graph-based decoder with a learnable graph topology is used to

push the codeword to preserve representative features, which can help improve the quality of

the reconstructed data. In [113], a combination of hierarchical Bayesian and generative models

are trained to generate plausible point clouds. GraphTER [114] self-trains a feature encoder

by reconstructing node-level transformations from the representations of both the original and

altered graphs. However, generative models are sensitive to transformations, weakening the

learning of robust point cloud representations for different downstream tasks. Moreover, it is

not always feasible to reconstruct the shape from pose-invariant feature representations [115].

Contrastingly, discriminative methods are based on auxiliary handcrafted prediction tasks to

learn point cloud representations. For instances, Jigsaw3D [116] uses a 3D jigsaw puzzle ap-

proach as the self-supervised learning task. The key idea behind Jigsaw3D is to break down

a 3D shape into smaller, manageable pieces and then train a neural network to reconstruct

the original shape from these pieces, which is similar to solving a jigsaw puzzle. Recently,

contrastive approaches [27], [81], [115], [117], which are robust to transformation, achieved

sophisticated performance. Info3D [115] maximizes the mutual information between the 3D

shape and its altered version resulting from geometric transformation. PointContrast [27] is

the first to explore a unified paradigm of contrastive learning for self-training 3D point cloud

representation, which is achieved by maximizing the similarity between positive pairs of points

while minimizing the similarity between negative pairs. Many works show that the effective-

ness of contrastive methods is contingent upon the correct design of negative mining strategies

and the right choice of data augmentations that should not affect the semantics of the raw

point clouds. Transformer-based networks have a range of unsupervised methods available to

them. Point-BERT [118] is an example that partitions a point cloud into several local point
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patches, uses a discrete Variational AutoEncoder Point Cloud Tokenizer to generate discrete

point tokens that capture important local details, and then randomly masks and processes a

few input point cloud patches through the backbone Transformers. The primary objective of

pre-training is to recover the original point tokens at the masked positions, with guidance from

the point tokens obtained from the Tokenizer.

Some works also concentrate on the unsupervised registration of point clouds. There are some

noteworthy works. PPF-FoldNet [119] utilizes a UNet-like encoding scheme and a FoldingNet-

like decoder on 4D-PPFs to learn transformation-invariant features. This framework is built

on the point-pair feature (PPF) descriptor and uses a folding-based neural network to perform

recognition and pose estimation. The PPF descriptor captures the geometric properties of a

pair of points in a point cloud, such as their relative positions and surface normals. 3DFeat-Net

[120] proposes a weakly supervised that leverages alignment and attention mechanisms to ac-

quire feature correspondences from 3D point clouds tagged with GPS/INS information without

requiring explicit specification. The network inputs a set of triplets consisting of anchor, pos-

itive, and negative point sets. The self-training of the model utilizes the triplet loss function,

which seeks to decrease the dissimilarity between the anchor and positive counterparts while

increasing the dissimilarity between the anchor and negative point clouds. In a similar fashion,

SiamesePointNet [121] employs a hierarchical encoder-decoder architecture to generate descrip-

tors for points of interest. This architecture is trained to map points that are both geometrically

and semantically similar to each other, resulting in their proximity in descriptor space. PRNet

[2] designs a detector for keypoints and uses the correspondences between keypoints to register

point clouds that only partially overlap, doing so in a self-supervised manner based on data

augmentation. PRNet fails to converge to good results when trained on 3DMatch. In [105],

cycle consistency is employed as a pretext task to self-train the feature extractor. However, the

cycle-consistency loss may perform poorly in cases of partial overlap as outliers may need to

form a closed loop effectively. RIENet [21] provided a method to identify the inlier according

to the graph-structure difference between the neighborhoods in an unsupervised manner.

Although encouraging results have been achieved, some challenges remain to be addressed.

Firstly, they depend on the point-level loss, such as Chamfer distance in auto-encoder [26],

finding it challenging to handle large-scale scenarios due to computational complexity. Secondly,

many pipelines [2] apply fixed/handcrafted data augmentation to generate transformations or

correspondences, leading to sub-optimal learning. This is because they can only fully use the

cross information of partially overlapping point clouds with geometric labels and the lack of

consideration of the shape complexity of the samples in the fixed augmentation [29].

The upcoming discussion will explore the application of deep learning to address point cloud

registration, which can be divided into correspondence-free and correspondence-based methods.
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2.2.2 Correspondences-free approaches

Figure 2.2: The framework of the PointNetLK. It utilizes the efficient inverse compositional

Lucas-Kanade algorithm (IC-LK) to estimate the skew-symmetric matrix representation itera-

tively by minimizing the misalignment between two point clouds features produced by PointNet.

Image is from [1], Fig. 2.

The core idea of correspondences-free registration approaches [1], [11], [17], [36] is to determine

the transformation by minimizing the dissimilarity between the global features extracted from

two input point clouds that can be registered [3]. This method requires the extracted global

representation to be sensitive to rotation and translation. PointNetLK [1] is a representative

method of correspondences-free approaches, which utilizes the efficient inverse compositional

Lucas-Kanade algorithm (IC-LK) to estimate the skew-symmetric matrix representation itera-

tively by minimizing the misalignment between two point clouds features produced by Point-

Net. Note that a finite difference gradient algorithm is applied to approximate Jacobian for

IC-LK. PointNetLK is a milestone work that translates the registration problem from the pre-

vious point-to-point matching to minimize the global feature difference of two point clouds.

Figure 2.2 shows the framework of the PointNetLK. Feature-metric registration (FMR) [11]

inherits the advantages of PointNetLK and further improves PointNetLK with an autoencoder

and a chamfer distance loss. FMR utilizes an autoencoder to extract the global features more

impressionable to the pose since the decoder module enforces the encoder to keep pose infor-

mation. Meantime, a semi-supervised or unsupervised approach can be adopted to train this

model, thus reducing the dependency on label data. Similarly to PointNetLK, PCRNet [122]

first leverages PointNet to extract global features, which are then applied to regress trans-

formation. Different from PointNetLK, for the pose estimation module, the extracted global

features are concatenated and provided as input of an MLP network to regress the transforma-

tion parameters. Like IC-LK, PCRNet introduced the iteration strategy to improve accuracy

and obtain robust performance. PCRNet displays improved generalizability compared to Point-
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NetLK. However, it is not as resilient to noise. OMNet [123] provides an iterative end-to-end

method for learning masks that can reject regions without any overlap. The technique is de-

veloped using a convolutional neural network (CNN) that can extract and learn the feature

maps from the partial point clouds. EquivReg [124] employs a neural network with SO(3)-

equivariance to convert rotation search to global feature matching. The network architecture

is designed to be invariant to rotations in three dimensions, ensuring that the output remains

consistent regardless of the input’s orientation. This allows EquivReg to effectively search for

correspondences between features in different views without explicitly computing rotations. In-

stead, EquivReg relies on global feature matching, which involves comparing sets of features

across different views to identify similar patterns. UPCR [125] to make correspondence-free

methods fit for point cloud registration with partial overlaps and outliers based on a representa-

tion separation perspective. The key idea behind the representation separation perspective is to

extract multiple features from the point clouds that capture different aspects of the underlying

structure. These features are then combined in a non-linear way to compute the registration

transformation without needing correspondence. FINet [126] adopts a dual branches structure

by separating the features into rotation and translation components, recognizing their distinct

solution spaces. Additionally, the feature extractor is augmented with interactive modules to

facilitate data association. Furthermore, FINet incorporates a transformation sensitivity loss

to enhance the features’ attentiveness to rotation and translation.

These correspondence-free techniques are immune to density variations and noise and do not

necessitate the exploration of correspondences at the point or distribution level. Furthermore,

these methods depend on the derivation of all-encompassing representations to decrease the

point cloud’s dimensions, ensuring that the algorithm’s time complexity remains constant as

the number of points increases. Nevertheless, they heavily rely on sufficient overlaps between

two point clouds and suffer from performance degradation for only partially overlapped point

clouds. To summarize, this kind of methods that do not require correspondence offer the

benefits of speed, high precision, and resilience to noise and density fluctuations when the

point clouds overlap entirely. Still, they need help to handle partial-to-partial or large rotation

point cloud alignment effectively. Their performance strongly relies on the features, and their

generalization capability needs improvement and applicability to the real scene.

2.2.3 Correspondences-based approaches

The fundamental concept behind correspondences-based methods involves obtaining deep fea-

tures on a per-point or per-patch basis in order to accurately determine correspondences. Then,

the correspondences are utilized to estimate the transformation using optimization algorithms,

such as SVD and IC-LK. These algorithms are a significant part of deep point cloud registration
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Figure 2.3: Correspondence-based point cloud registration. (a) Process of correspondence-

based registration; (b) Extracted point correspondences based on feature similarity.

methods [3], typically consisting of four key components: feature extraction, correspondence

search, outlier elimination, and pose estimation.

Feature extraction. Correspondence-based registration commonly incorporates 3D extrac-

tors to capture localized geometric descriptors for the purpose of feature matching. These

extractors can be categorized into two main groups: patch-based and fully convolution-based.

The input of the patch-based extractors is the local patch in the point cloud. Patch-based

extractors function by taking local patches within the point cloud as input. Noteworthy among

these approaches is 3DMatch [31], which stands as a pioneering method. It leverages a Siamese

3D Convolutional Neural Network (CNN) to produce feature representations tailored to local

regions. Specifically, it trains the model by consuming inputs of volumetric 3D patches and

outputs a 512-dimensional feature vector for each patch, which is served as the feature represen-

tation of the local regions. To address the efficiency and rotation sensitivity issues of 3DMatch,

Gojcic et al. [127] propose a pre-processing method to transform the 3D local patches canonical

representations based on a local reference frame (LRF), followed by extracting the per point

local feature descriptors from local canonical representations using a network. To be more

precise, a Local Reference Frame (LRF) is constructed by performing an eigendecomposition

on the covariance matrix of all the points. Once each patch of point clouds is aligned to its as-

sociated LRF, a Gaussian smoothing technique is employed to obtain a Smooth Density Value

(SDV) voxelization of the input grids. Subsequently, this SDV is passed through 3DSmoothNet

for feature extraction. PPFNet [119] extracts local descriptors based solely on geometry while

also possessing a strong awareness of the global context. This method first extracts rotation-

invariant patch descriptions based on PPF [128] from each point cloud patch. Then, these

descriptions are fed into a PointNet [79] to extract a local feature, followed by a max-pooling
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operation to extract a global feature. The MLP block takes both the global and local features

as input and produces the ultimate descriptor for correspondence search. PPF-FolderNet [26]

further adopts an autoencoder module to alleviate the dependence on manual annotation of

matching point clusters. The optimization of the network involves the utilization of Cham-

fer loss, which calculates the disparity between the input and output. Deng et al. utilized

PPF-FoldNet and PC-FoldNet auto-encoders in their work [129] to extract both pose-invariant

and pose-variant local features. The invariant features were utilized to recognize matching key

points, while the pose-variant local descriptors associated with the matched key points were

combined and input into the RelativeNet, which produced predictions for the relative pose.

To learn rotation invariant features, SpinNet [30] is focused on developing a low-dimensional em-

bedding for point clouds within a feature space that possesses both rotational and translational

invariance. It utilizes a novel cylindrical representation to transform the input 3D local patch

and then applies advanced neural layers to learn informative and comprehensive local patterns

effectively. The point cloud is first presented as a series of planes that are oriented in order to

give an approximation of the object’s surface. The orientation of these planes is established

through the local geometry of the surface, while the distances between the planes and points

provide information regarding the shape of the point cloud. Despite the fact that SpinNet

produces accurate registration with excellent generalization, the construction of local features

in a patch-wise manner is quite time-consuming, which limits its practicality. YOHO [130]

strives to extract rotation-equivariant local features built on the icosahedral group features. It

employ both rotation-invariance and rotation-equivariance to identify correspondences between

point clouds and estimate plausible rotations. Rather than relying on an external LRF, YOHO

achieves rotation invariance through neural network-based feature extraction on the SO(3)

group, which leverages the robustness of neural networks to variations in point cloud density

and noise. Furthermore, by utilizing rotation-equivariance, YOHO is able to estimate rotations

with just one matched point pair.

Although these approaches demonstrated impressive results, they have a few limitations. One

of which is that patch data requires a large amount of GPU memory, which can be a bottleneck

in terms of computational resources.

On the other hand, fully convolutional techniques generate dense features for the entire point

cloud in a single forward pass and implement a contrastive loss function on individual points,

rather than patches. These methods not only achieve the leading performance levels but also

maintain low inference times. FCGF [18] introduces a new type of feature descriptor, called

geometric features, which encodes both the geometric and spatial information of the points in

the input cloud. These features are extracted using a network that is trained to predict the

local geometry of each point in the voxel grid. However, the learned point local features are
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still sensitive to large rotations. KPConv [93] adopts kernel-based point convolution or sub-

manifold sparse convolution to extract 3D geometric features from point clouds for geometric

correspondence. Yang et al. [131] proposed introduced a novel approach to merging high-level

and low-level local geometric features by leveraging a neural network model optimized within

the triplet framework. This model combines local geometric features in a non-linear fashion

in Euclidean spaces. To train the model, the researchers utilized an enhanced triplet loss that

utilizes all pairwise relationships within the triplet. The resulting fused descriptors are equiva-

lent in performance to deeply learned descriptors derived from raw point clouds, yet are more

lightweight and rotation-invariant. RPSRNet [132] adopts a unique approach to represent point

clouds using a 2D-tree and hierarchical deep feature embedding in the neural network. And

the network employs an iterative transformation refinement module to enhance the feature-

matching accuracy in intermediate stages. The main contribution is that it adopts a unique

approach to represent input point clouds using a 2D-tree and hierarchical deep feature em-

bedding in the neural network. Additionally, the network employs an iterative transformation

refinement module to enhance the feature-matching accuracy in intermediate stages.

In general, the full convolution-based approaches exhibit significantly greater speed compared

to their patch-based counterparts. On the other hand, patch-based descriptor methods excel at

capturing intricate local features and demonstrating strong generalization capabilities. Regret-

tably, both these techniques are susceptible to noise and lack effective strategies for handling

scenes with substantial noise interference.

Correspondence Estimation. Predicting reliable correspondences is the key to registra-

tion success in the correspondence-based method. Most methods estimate correspondences by

calculating the similarity of learned or hand-crafted geometric features. The pioneering ap-

proach proposed by DCP [10] utilizes a dynamic graph convolutional neural network to extract

features and an attention module to produce soft matching pairs. It borrows ideas from the

classic ICP pipeline while striving to avoid the associated sub-optimal issue. RPMNet [133],

and REGTR [134] perform feature matching by integrating the Sinkhorn algorithm or Trans-

former [97] into a network to generate soft correspondences from local features. One of the key

advantages of RPM-Net is its robustness to noise and occlusion. This is achieved through the

use of a “soft assignment” approach, which allows the algorithm to match points even if they

are not exact matches. Su et al. [135] employed the Wasserstein distance [136] to deal with the

3D shape matching and surface registration problem. FIRE-Net [137] analyzes the interaction

between source and target point clouds from different levels. It uses a Combined Feature En-

coder to extract interactive features within each point cloud and enhance the network’s ability

to describe local geometry. It also employs a Local Interaction Unit and Global Interaction

Unit to facilitate interaction between point pairs across two point clouds, allowing for increased
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awareness between similar point features and the global perception of each other’s features.

VRNet [138] initially creates corresponding virtual points (VCPs) by employing a soft match-

ing matrix estimation to calculate a weighted average of the target points. A correction-walk

module is then implemented to learn an offset that rectifies VCPs into RCPs, allowing greater

distribution flexibility. Lastly, a hybrid loss function is designed to ensure that the learned

RCPs conform to the shape and geometric structure of the source while providing ample super-

vision. DIT [139] employs a combination of techniques to effectively model global relationships

and extract structural information from point clouds. These techniques include a Point Cloud

Structure Extractor with Transformer encoders, a deep-narrow Point Feature Transformer for

deep information interaction across two point clouds, and a Geometric Matching-based Cor-

respondence Confidence Evaluation (GMCCE) method for measuring spatial consistency and

estimating inlier confidence. Transformers are used to establish comprehensive associations and

directly learn the relative position between points through positional encoding. The triangu-

lated descriptor enables the GMCCE method to evaluate correspondence confidence. S2H [140]

adopts a two-step approach for learning a partial permutation matching matrix that avoids

assigning corresponding points to outliers and ensures unambiguous assignments. The first

step involves solving the soft matching matrix, and the second step projects this soft matrix

to the partial permutation matrix through a hard assignment. To accomplish this, the profit

matrix is augmented before the hard assignment to obtain an augmented permutation matrix,

which is then cropped to achieve the final partial permutation matrix. To ensure end-to-end

learning, the learned partial permutation matrix is supervised, but the gradient is propagated

to the soft matrix.

Different from soft-matching based methods, DeepICP [141] utilizes different types of deep neu-

ral network architectures to create a fully trainable network. The system trains the keypoint

detector through this end-to-end architecture, allowing it to ignore dynamic objects and focus

on highly distinguishable features of stationary objects, which leads to exceptional robustness.

Instead of searching for corresponding points among pre-existing points, the system generates

matching points based on learned probabilities among a selection of potential candidates, re-

sulting in improved accuracy during registration. IDAM [142] utilizes a hybrid approach that

combines geometric and distance features during its iterative matching process. The method-

ology involves generating a similarity score for point matching by concatenating the features

of the two points of interest. By using this method, the limitations of using inner products

to determine pointwise similarity can be overcome. DeepGMR [16] is a probabilistic method

that employs a neural network for learning GMM distributions, which are served to search

correspondences between points and distribution components. These correspondences are then

utilized in the GMM optimization module to calculate the transformation matrix. StickyPil-

lars [143] employs graph neural networks and conducts context aggregation on 3D keypoints

27



2.2. DEEP LEARNING-BASED POINT CLOUD REGISTRATION

that are sparsely distributed, leveraging a transformer-based multi-head self and cross-attention

mechanism. The resulting network output serves as the cost factor for resolving an optimal

transport problem, whose solution provides the ultimate matching probabilities. HRegNet [144],

specifically designed for large-scale outdoor LiDAR point cloud data, employs a hierarchical

approach to extract keypoints and descriptors, resulting in accurate and robust registration.

This approach combines features from deeper layers to enhance reliability and shallower layers

to provide precise position information. In addition, HRegNet uses bilateral and neighborhood

consensus to match keypoints and introduces new similarity features to enhance the corre-

spondence network. Dang et al. [145] applied Wasserstein distances to handle 3D point cloud

registration. RobOT [146] applied the advanced optimal transport (OT) [136] tools to solve

feature matching for large-scale point clouds with more than 10k points. DeepUME [147] uti-

lizes a coordinate system that is invariant under SO(3) to learn a joint resampling strategy

and SO(3)-invariant features for point clouds. These features are then used by the geometric

UME method for estimating transformations. To overcome the ambiguity that arises in the

registration of symmetric shapes in noisy scenarios, the parameters of DeepUME are optimized

using a specifically designed metric. UTOPIC [148] concentrates on solving the challenging

issue of ambiguous overlap prediction by utilizing a feature extractor to extract shape knowl-

edge through a completion decoder. Furthermore, it generates a geometric relation embedding,

allowing Transformer to obtain feature representations that are both transformation-invariant

and geometry-aware. PCAM [149] incorporates the multiplication of cross-attention matrices at

each point, allowing for the fusion of low-level geometric characteristics and high-level contex-

tual information to accurately identify corresponding points. Additionally, the cross-attention

matrices enable the transfer of contextual knowledge between the point clouds at every level,

resulting in the generation of high-quality matching features in areas of overlap between the

two clouds.

Keypoint-free methods [9], [150] first downsample each point cloud into super-points and then

register them by checking whether their neighborhoods (patches) overlap. OCFNet [23] intro-

duced overlap scores to reject non-overlapping regions, consequently guiding the model to match

overlapping points with high probabilities. However, most existing methods only consider the

point-point similarity while omitting the structural similarity. The structural similarity is also

significant in finding accurate correspondences.

Outlier rejection. Even with the quick advancements in 3D local features, the correspon-

dences obtained from feature matching are still vulnerable to outliers, especially when there is

a limited overlap of scene fragments [13], [151]. As a result, outlier rejection is essential for en-

hancing registration precision. The most widely used outlier removal methods are the RANdom

SAmple Consensus(RANSAC) [41] and its variants. Branch and bound-based optimization [59]
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Figure 2.4: The diagram of cross-attention. It takes Fp and Fq as inputs. It allows information

from different sources to be selectively attended to and integrated into a single representation.

is also applied to remove the outliers.

Recently, deep learning has emerged as a promising approach for detecting outliers. Pioneer

works in this domain include regression-based methods. For instance, DGR [12] employs a six-

dimensional convolutional network to predict the likelihood of points being inliers and applies a

weighted Procrustes module for transformation calculation. Similarly, 3DRegNet [152] utilizes

an inlier prediction model to estimate the probability of points being inliers. RPM [15] focuses

on the information exchange between two point clouds to extract distinctive features for each

point, enhancing point matching.

Another widely applied strategy is based on spatial compatibility. PointDSC [13] effectively

rejects outlier correspondences by incorporating spatial consistency. It includes two key com-

ponents: a nonlocal feature aggregation module that employs feature and spatial coherence

weighting to effectively embed input correspondences, and a differentiable spectral matching

module that estimates the confidence of each correspondence with respect to inliers based on the

embedded features. SC2-PCR [153] introduces a second-order spatial compatibility measure to

determine the similarity of correspondences, which takes into account global compatibility. In

the initial stages, SC2-PCR yields clustering between inliers and outliers, which is more distin-

guishable instead of solely focusing on local consistency. The registration pipeline uses a global

spectral technique based on this measure to identify reliable seeds. Then, a two-stage strategy

is implemented to expand each seed to a consensus set, utilizing the SC2 measure matrix.

TriVoC [154] breaks down the task of identifying the smallest 3-point sets into three sequential
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layers. Each layer includes an efficient mechanism for voting and categorizing correspondences,

which is based on the constraint that they must be of equal length when compared pairwise.

This enables the selection of 3-point sets from reduced correspondence sets independently, fol-

lowing a sorted sequence. As a result, computational expenses are considerably decreased, while

the likelihood of obtaining the largest consensus set (as the ultimate inlier set) is substantially

increased, provided that a probabilistic stopping criterion is satisfied. DHVR [155] generates a

collection of triplets of matched point pairs that are used to perform votes on the 6D Hough

space. These point pairs are represented in sparse tensors, followed by employing a fully con-

volutional refinement network to improve the accuracy of the votes. After picking matched

point pairs in the Hough space, a consensus is reached and utilized to make predictions about

the final transformation parameters. PointCLM [156] leverages contrastive technique to evenly

acquire distributed feature representations of possible correspondences. According to these

representations, PointCLM employs an outlier removal approach and a clustering method to

effectively eliminate outliers and allocate the reserving correspondences to their corresponding

categories. MultiReg [157] clusters the related points into distinct groups based on a distance

invariance matrix. This matrix is then generated by verifying the distance coherence between

every set of correspondences following the point associations.

Additionally, the use of Transformer architecture has proven useful in detecting overlap regions

and, in turn, removing outliers. For instance, Predator [14] integrates a cross-attention module

into FCGF/KPConv feature extractor to extract more distinctive features and identify overlap

regions. This enhances the extraction of distinctive features and improves correspondence accu-

racy. The cross-attention mechanism selectively attends to important points in the point cloud,

thereby enhancing the feature representation and discriminative power of the feature extractor.

Figure 2.4 shows the diagram of cross-attention, which enhances the feature representation of

the point cloud by selectively attending to important points, which improves the discriminative

power of the feature extractor. PRNet [2] focuses on detecting points in the overlap region and

utilizing their features to generate matches. DetarNet [151] utilizes a consensus encoding net-

work to produce a descriptor for each correspondence and an attention block to identify inlier

correspondences. To begin, the method introduces a Progressive and Coherent Feature Drift

technique to align source and target points in high-dimensional feature space and accurately

estimate the resulting translation. Next, a Consensus Encoding Unit generates more unique

features for a given set of putative correspondences. Finally, a Spatial and Channel Attention

block is employed to construct a classification network that can detect optimal correspondences.

In conclusion, the application of deep learning and innovative techniques like spatial compati-

bility and Transformer architecture has led to notable advancements in outlier rejection for 3D

point cloud registration. These methods play a crucial role in enhancing registration precision
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by effectively removing outliers and improving correspondence accuracy.

Transformation estimation. A commonly used method to convert or approximate poses is

through solving a least-squares problem utilizing either singular value decomposition (SVD) or

the Kabsch algorithm [34], with the option of applying weights. Since both the SVD and Kabsch

algorithms can be differentiated, they are appropriate for integrating into a neural network for

complete training. Another method involves initially parameterizing the rotation matrix using

Lie algebra, then using iterative techniques like Gauss-Newton minimization to calculate the

transformation. This section presents a brief summary of the weighted Kabsch algorithm, which

is extensively utilized in this thesis. The algorithm begins by computing the centroid, or the

geometric center, of both coordinate sets and subsequently aligns the sets by translating them

to the centroid. Following this, the algorithm computes the covariance matrix between the sets

and employs singular value decomposition (SVD) to identify the optimal rotation matrix that

minimizes the root-mean-square deviation. To be more detailed, when given matching score

Γ, point cloud P = {pi} and Q = {qi}, it first selects correspondences with confidence higher

than a threshold of τ > 0, and further enforces the mutual nearest neighbor (MNN) criteria,

which filters possible outliers. The correspondences are defined as:

M = {(pi, qj)
∣∣∀(i, j) ∈ MNN(S),µpi ≥ τ,µqj ≥ τ}. (2.1)

The next step is to employ the weighted SVD on the correspondences with weights Γ to estimate

the rotationR and translation t. Specifically, a matrix Γ̂ is first constructed by selecting the i-th

row and j-th column from Γ for each (pi, qj) ∈ M. The weight vector w = [w1, w2, · · · , w|M|]

is denoted for convenience, where wi =
∑

j Γ̂ij. Furthermore, the normalized weight vector is

defined as w̄ = [w̄1, w̄2, · · · , w̄|M|] = w
|w|1 . The transformation T (rotation R and translation

t) can be calculated by minimizing ∑
(pi,qj)∈M

w̄i∥pi −Rqj − t∥22. (2.2)

It can be solved by SVD, more details can be found in DGR [12].

Summary. To sum up, correspondence-based registration of point clouds provides precise

alignment and remains a popular, flexible, and time-efficient technique. It offers higher pre-

cision compared to correspondence-free methods, making it advantageous for applications re-

quiring accuracy. Correspondence-based registration is versatile, capable of handling various

point cloud types, including 3D models, laser scan data, and images. However, it does have

some limitations. It is sensitive to noise, large rotations, and partial overlap, often requiring

feature matching, which can introduce ambiguities in the registration process. Moreover, the

correspondence-based approach may consume considerable time during computation. Despite
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Figure 2.5: The diagram of Wasserstein distance between two discrete measures µA and µB on

a space Ω. Ω is armed with distance metric d. On the left, there are two discrete measures

defined on the space Ω, while on the right, there is one admissible coupling π between the two

measures. This image is taken from Fig. 5 of [160].

these challenges, correspondence-based registration remains a valuable and widely-used method

in the field of point cloud alignment.

2.3 Optimal transport

This section reviews optimal transport (OT) [136] as it has been extensively used in this thesis.

It is a method to exploit the best assignment between two general objects, which is widely

applied in many machine learning applications [158]. The Wasserstein distance (WD) [159] is a

type of distance metric associated with OT, used to measure the difference between probability

measures. WD aligns the points by comparing their difference in distributions based on their

masses and transportation costs. As shown in Fig. 2.5, WD provides a way to predict the corre-

spondences and measure the similarity between two distributions. However, WD is unsuitable

for probability measures lying in different spaces. To bridge this gap, the Gromov-Wasserstein

distance (GWD) [136] extends WD to handle the probability distribution distributions whose

supports lie on different metric spaces by comparing the similarity between pairwise distances,

as shown in Fig. 2.6. The GWD has also been used for shape analysis [161], graph match-

ing [162], etc. The GWD is hard to solve since it is a quadratic programming problem. More-

over, GWD solely concentrates on illustrating the connections between their own components,

depicting the structure of the object, yet overlooking feature information. To overcome this lim-

itation, the Fused-Gromov Wasserstein (FGW) distance was proposed in [163] as a combination

of Gromov Wasserstein and Wasserstein distances, thus simultaneously taking into account fea-

ture and structural information. As fused Gromov-Wasserstein distance compares both GWD

and WD, its distance is also a quadratic programming problem. These OT-based distances have
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Figure 2.6: The Gromov-Wasserstein coupling is a method for comparing two metric spaces

X = (X, dX , µx) and Y = (Y , dY , µY ) that have Borel sets belonging to σ−algebra X and

Y , with corresponding measures µx and νY , and distances dX and dY , respectively. In the left

figure, the two metric spaces have nothing in common. In the right figure, a possible coupling

is shown. The image is taken from [160], Figure 6.

been widely recognized for their exceptional performance in the fields of machine learning and

computer vision, including graph matching [162], shape matching [146], wgan [164], domain

adaptation [165], and reconstruction [166]. Nevertheless, OT-based approaches usually suffer

the following limitations:

• computational complexity is expensive, limiting the application of optimal transportation

to large-scale data analysis.

• finding the GWD distance remains challenging, as it is involved in solving an NP-hard

nonconvex quadratic program.

• the GWD is not suitable for partially overlapped shape matching as it can only be applied

to metric measure spaces with a probability distribution for comparison.

As a result, recent advances in optimal transport have been monopolized by designing algo-

rithms to reduce the computational complexity of optimal transport ranging from entropic

regularization [167], Sliced Wasserstein [168] to Sampled Gromov Wasserstein [169]. Entropic

regularization optimal transport is based on the idea of “regularizing” the transport problem by

adding a small amount of randomness or uncertainty to the cost function. This randomness is

measured using the concept of entropy, which captures the degree of disorder or unpredictabil-

ity in a system. By introducing entropy into the cost function, entropic regularization optimal

transport is able to smooth out the optimization problem and make it more tractable. The
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Sliced Wasserstein distance specifically uses a technique called slicing, which involves projecting

the distributions onto a lower-dimensional subspace and calculating the Wasserstein distance

between the projected distributions. This can make the calculation more efficient and compu-

tationally tractable in high-dimensional settings. The Sampled Gromov-Wasserstein algorithm

works by randomly sampling subsets of the two datasets and then computing the Gromov-

Wasserstein distance between the sampled subsets. This approach makes the computation

much faster than the traditional Gromov-Wasserstein algorithm, which requires a brute-force

comparison of all data points. To deal with arbitrary positive measures, i.e., the measures are

not constrained in the distribution space, Thibault et al. [170] applied quadratic divergences

and bi-convex relaxation to solve unbalanced or partial Fused Gromov-Wasserstein distance.

Optimal transport is also being applied to point cloud registration. However, most of the OT-

based approaches utilized dustbins to reject outliers, which can not deal with point clouds with

partial overlaps, effectively.

2.4 Data augmentation

The learning-based registration benefits greatly from the use of data augmentations. The

stochastic data augmentation module is responsible for randomly transforming any given point

cloud, generating two correlated views, considered positive pairs. Various techniques can be

used to augment point cloud data, such as jittering, scaling, rotating, flipping, adding noise,

and so forth. The following section will list some commonly used data augmentation methods.

• Random Crop selects a half-space at random with a direction from S2 for a given point

cloud and moves it in such a way that a proportional amount of points are preserved.

• Random Rotation rotates the entire point cloud along a random axis and angle to simulate

different viewpoints.

• Random Jittering: Random Jittering adds random noise to the point cloud data to

simulate real-world variations and make the dataset more robust to noise and other sources

of error.

• Random Translation randomly translates the entire point cloud in 3D space to simulate

different camera positions. This can be used to generate more training data for object

detection or segmentation tasks.

• Random Scaling scales the entire point cloud in all three dimensions by a random factor

to change the size of the point cloud. This can simulate different distances from the object

or test algorithms’ performance on different scales.
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• Random Sampling involves reducing the number of points in a point cloud by sampling the

data at a lower resolution. This can help improve model efficiency, reduce computational

requirements, or generate more training data with varying densities.

• CutMix [171] cuts and pastes random patches of two or more point cloud inputs together to

create a new, combined point cloud. By utilizing this technique, the quality and diversity

of training data can be enhanced, ultimately leading to better performance of machine

learning models that utilize point cloud data. Figure 2.7 demonstrates the visualization

of mixed samples between a chair and a plane with varying replacement ratios (λ).

𝜆 = 0.0 𝜆 = 0.2

𝜆 = 0.6 𝜆 = 0.8

𝜆 = 0.4

𝜆 = 1.0

Figure 2.7: The mixed point cloud is visualized by incorporating a plane and a chair using

varying replacement ratios λ.

2.5 Summary

Point cloud registration is an essential issue in geomatics, robotics, and computer vision. The

goal is to align two or more point clouds representing the same scene from different viewpoints

and estimate the transformation that relates them. The applications of point cloud registra-

tion are numerous, including 3D reconstruction, object recognition, mapping, navigation, and

augmented reality. Despite its importance and potential, point cloud registration is still a

challenging task that involves several difficulties. Some of the main challenges are:
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• Noise: Point clouds are often affected by noise, which sensor errors, occlusions, or envi-

ronmental factors can cause. Noise can affect the accuracy of registration and introduce

false correspondences.

• Partial overlap: Point clouds may have only a partial overlap, which means that not all

points are visible from all viewpoints. This can make it difficult to find matching points

and estimate the transformation.

• Large rotation: Point clouds may have a large rotation between them, which can make it

difficult to find initial correspondences and converge to a solution.

• Unlabeled data: Point clouds may not have any labels related to correspondences or

transformation, which makes it difficult to extract distinguished features to build corre-

spondences.

• Density variations: Point clouds may have variations in density, which can affect the

sampling and matching of points.

• Scalability: Point clouds can be very large and complex, which can make it difficult to

process and store them efficiently.

• Computational efficiency: Point cloud registration can be computationally expensive,

especially for large point clouds or real-time applications.

In conclusion, point cloud registration is a challenging and important task that has many

applications in various fields. To enhance the precision and efficacy of point cloud registration,

there is a pressing need for extensive research to tackle the issues arising from factors such as

noise, partial overlap, extensive rotation, unmarked data, fluctuations in density, scalability,

and computational efficiency.
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Chapter 3

Data Augmentation-free Unsupervised

Learning for 3D Point Cloud

Understanding

3.1 Introduction

Section 2.2.1 has discussed that deep learning has successfully solved various 3D point cloud

problems. One goal of deep learning is to learn discriminative and transferable point cloud fea-

tures, which is a crucial problem in the area of 3D shape understanding [172], [173], as it allows

efficient training of downstream tasks, ranging from object detection [174] and tracking [175],

segmentation [176], reconstruction [177], classification [79] to registration [11], [23], [36]. On

the contrary, for neural networks to undergo efficient training, a significant amount of effort is

required to manually label data sets. This process involves providing supervisory signals such as

point-wise annotations for 3D semantic segmentation and 3D correspondences or poses for 3D

point cloud registration. However, annotating point clouds is challenging for several reasons:

(1) Sparse, low resolution, and irregular spatial distribution of point cloud poses great chal-

lenges to annotation [104]; (2) The large numbers of points that are contained in point clouds

significantly increase the labeling costs and reduce efficiency [104]. Therefore, learning from

unlabeled or partially labeled data to alleviate human labeling efforts is an emerging research

topic in point cloud understanding as discussed in Section 2.2.1. Along this line, unsupervised

representation learning is an attractive yet potent alternative approach to learning features

without human intervention [109].

Unsupervised learning approaches can be broadly categorized as generative or discriminative

[178]. The former includes self-reconstruction, or auto-encoding [110], generative adversarial
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network [179], and auto-regressive [180] methods. These methods can map an input point cloud

into a global latent representation [81], [181], or a latent distribution in the variational case [87],

[182] through an encoder and then attempt to reconstruct the input by a decoder. Generative

methods can effectively model high-level and structural properties of the input point clouds.

However, because they are sensitive to Euclidean transformations, they typically assume that

all 3D objects have the same pose in a given category [115].

Unlike generative methods, discriminative methods learn to predict or discriminate augmented

input versions. These methods can yield rich latent representations for downstream tasks [104].

Examples of these include contrastive methods [81], [115], [183], which have shown remarkable

results for unsupervised representation learning. Contrastive methods also promote learning

of rotation-invariant representations via data augmentation [184]. It involves training a model

to recognize the differences between two or more objects or data points. Typically, these al-

gorithms require several negative samples and heavily depend on the selection criteria to mine

negatives [117], [178]. Often, they require large batch sizes, memory banks, or customized

strategies to retrieve informative pairs [178]. Moreover, it is unclear what constitutes an ef-

fective semantics-preserving data augmentation strategy, which are commonly characterized

as a collection of 3D coordinates. It is possible that modifications to the original geometry,

such as cropping or occlusion based on viewpoint, could have a negative impact on the over-

all semantics of the data [109]; for example, random crops of a point cloud may correspond

to different objects and introduce inconsistent learning signals. For this reason, contrastive

approaches need humans to carefully design combinations of data augmentations for learning

informative representations. On the other hand, training on whole object instances can lead to

learning global representations, which in turn can produce fewer discriminant representations

as local geometric differences may be disregarded [27], [81], [87]. Therefore, the first motivation

of this chapter is to design a data augmentation-free, unsupervised learning approach to avoid

the inconvenience of building chains of ad-hoc combination data augmentations. The second

motivation is to develop an unsupervised method that is not based on global features but can

optimize local features, which facilitates the network to learn 3D spatial geometric information

of point clouds.

This chapter thus proposes an unsupervised method to learn informative point-level represen-

tations of 3D point clouds without data augmentation, named SoftClu. The approach is based

on the insightful observation that clustering in both feature and geometric spaces exhibits con-

sistent patterns. Consequently, points within the same cluster in the feature space also tend to

have a small distance from each other in the geometric space. This observation enables the for-

mulation of a loss function to train the networks effectively. As shown in Fig. 3.1, the framework

learns cluster affiliation scores to softly group the 3D points of each point cloud into a given
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Figure 3.1: The flow diagram of the proposed SoftClu.

number of geometric partitions in coordinate and feature spaces, i.e., through soft clustering.

The point-level feature representations are learned by minimizing the standard cross-entropy

of a single equation, which is the result of an EM-like algorithm [5]. The Expectation step

employs an optimal transport [136] based clustering algorithm to generate point-level pseudo-

labels, i.e. focusing on local geometric information. In particular, the method softly labels points

based on their distance from the centroids in both feature and geometric spaces, with the con-

straint that labels partition data in equally-sized subsets. Optimal transport is a potent means

for comparing probability distributions with each other and for producing optimal mappings

to minimize distances [136]. The Maximization step adapts the E-step for a point-to-cluster

loss to optimize the metric learning network. The proposed approach learns the partitioning

network itself. SoftClu softly assigns points into geometrically coherent overlapping clusters,

overcoming the weakness of conventional GMM and K-means that involve expensive iterative

procedures. In doing so, SoftClu avoids data augmentation that might potentially compromise

the geometric consistency of the raw point clouds and, consequently, their semantic informa-

tion. SoftClu is inspired by DeepCluster [185], SeLa [186] and SwAV [187], but it differs from

them, as they implement clustering in the feature space at the instance level. They depend

on data augmentation and may degrade the geometric information when used with 3D data.

Based on the numerical outcomes, it can be observed that utilizing the proposed approach for

pre-training on datasets can enhance the performance of various downstream tasks. Further-

more, the results indicate that this method can surpass the current state-of-the-art techniques

without any form of data augmentation, even in diverse domains.

To summarize, the contributions of this chapter are:

• This chapter proposes a data augmentation-free unsupervised method, which does not rely

on data augmentations, negative pair sampling, and large batches, to learn transferable

point-level features on a 3D point cloud;

• This chapter expands the application of pseudo-label prediction to an optimal transport
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problem, which can be effectively addressed using a modified version of the Sinkhorn-

Knopp algorithm [167];

• This chapter conducts comprehensive experiments, and the approach achieves the best

performance without the utilization of data augmentation.

3.2 Methodology

Contrastive methods for unsupervised point cloud representation learning aim to group positive

pairs while promoting separation of negative pairs [108], [188]. Differently, representation learn-

ing of the proposed unsupervised method implicitly alternates between clustering the point-level

features to get point-wise soft-labels (pseudo-labels) and utilizing these soft-labels to train the

representations.

The proposed SoftClu formulates the problem of unsupervised representation learning as a soft-

clustering problem. Figure 3.2 illustrates its framework, which consists of three steps: prototype

computation, soft-label assignment, and optimization. Given a 3D point cloud as an unordered

set P = {pi}Ni=1 of N points where each point pi ∈ R3 is represented by a 3D coordinate

pi = {x, y, z}, the goal is to train, in an unsupervised way, a feature encoder fφ with parameters

φ (e.g., PointNet) that extracts informative point-wise features F = {fφ(pi)}Ni=1 from P . To

this end, SoftClu applies a segmentation head ϕα that takes as input F and outputs joint log

probabilities and a softmax operator that acts on log probabilities to generate a classification

score matrix S. The prototype computation block estimates the J cluster centroids (prototypes)

CE and CF to represent each partition. Next, soft-labels γij ∈ γ of each input point pi are

based on these prototypes and the Sinkhorn-Knopp [167] algorithm is employed to perform

the soft-label assignment, i.e., γ softly groups P into partitions. γij ∈ [0, 1] is a soft-label

score that point pi belongs to cluster j. The final optimization step is to minimize the average

cross-entropy loss Ltot between the soft-label γ and the predicted category probability S. This

section is structured in the following manner. Section 3.2.1 outlines the computation of the

prototype. Section 3.2.2 presents the derivation of soft-label assignment. Finally, Section 3.2.3

details the optimization procedure.

3.2.1 Prototype computation

SoftClu begins by computing a prototype for each cluster (partition) as the most representative

feature for a set of points. Specifically, the point-wise features F = {fi}Ni=1, where fi = fφ(pi),

are utilized to compute a set of classification scores S as

S = {σ(ϕα(fi)}Ni=1, (3.1)
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Figure 3.2: The architecture of SoftClu. It consists of three steps: prototype computation (blue

line), soft-label γ assignment (green line), and optimization (red line).

where σ is the softmax operation, and φα is the segmentation layer with parameters α. For

each feature fi, φα produces a probability score sij indicating the likelihood that pi belongs to

partition j. Two types of prototypes are utilized as the representatives for each category, one

in the feature space and another in the geometric space. Specifically, according to the type,

SoftClu computes J prototypes as the weighted average of the features F or 3D coordinates

P based on their classification scores S. Let CE = {cEj }Jj=1 be the set of prototypes in the

geometric space and let CF = {cFj }Jj=1 be set of prototypes in the features space that are

defined as

cEj =
1∑N

i=1 sij

N∑
i=1

sijpi, (3.2)

cFj =
1∑N

i=1 sij

N∑
i=1

sijfpi . (3.3)

3.2.2 Soft-label assignment

The soft-label assignment step labels points based on their distance to the prototypes estimated

by Eq. (3.2) and Eq. (3.3). If only features are used for soft-label assignment, this would likely

produce disconnected and scattered clusters. Hence, SoftClu concatenates point coordinates

with the features so that the label is more localized. Specifically, it encodes the pseudo-labels

γ = {γij ∈ [0, 1]}N,J
i,j as posterior distributions, i.e. soft-labels, satisfying

∑J
j=1 γij = 1. γij is the

posterior probability that pi belongs to partition j. The proposed method bases the assignment

of soft-labels to the respective points on the prototypes CE and CF , and by following two

assumptions:

(i) Cluster cohesion: If a point pi belongs to partition j, point pi and prototype cEj should
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have the shortest distance among the distances of pi with other prototypes in CE. The

same holds true in the feature space.

(ii) Uniform distribution: Each point cloud is assumed to be segmented into equally-sized

partitions of
⌊
N
J

⌋
elements, where ⌊·⌋ indicates the greatest integer less than or equal to

its argument.

Assumption (i) inspires SoftClu to label points based on their distance from the centroids.

It can be formalized as an expression, i.e., if pi belongs to cluster j, then ∥pi − cEj ∥2 ≤
∥pi − cEk ∥2, ∥fi − cFj ∥2 ≤ ∥fi − cFk ∥2 and γij ≥ γik, k ̸= j, k = 1, · · · , J . ∥ · ∥2 is the L2 norm.

This can be ensured by minimizing the following objective,

min
γ

1

N

N∑
i=1

J∑
j=1

(
λ∥pi − cEj ∥22 + (1− λ)∥fi − cFj ∥22

)
γij, (3.4)

where λ ∈ [0, 1] is a learned parameter. For convenience, here defines the following matrix form

D = λDE +(1− λ)DF , where DF = {∥fi−cFj ∥22}
N,J
i,j and DE = {∥pi−cEj ∥22}

N,J
i,j are matrices

of size equal to N × J . Then, Eq. (3.4) can be rewritten as:

min
γ

〈 γ

N
,D
〉
, (3.5)

where ⟨·, ·⟩ is the Frobenius matrix dot product.

Assumption (ii) is formulated in a constraint condition as
∑N

i=1 γij = N
J
, which can mitigate

the problem that all data points are assigned to a single (arbitrary) label. Therefore, based

on
∑N

i=1 γij = N
J

and the property of the posterior probability
∑J

j=1 γij = 1, γ satisfies the

following constraints
1

N
γ⊤1N =

1

J
1J ,

1

N
γ1J =

1

N
1N ,

(3.6)

where 1k(k = N, J) denotes the vector of ones in dimension k.

Let Γ = γ
N

with elements defined as Γij =
γij
N
. Γ satisfies

∑NJ
ij Γij = 1. The optimal transport

(OT) problem [136] can be used to formulate the joint objective of assumptions i) and ii) by

replacing the variable γ with Γ in Eq. (3.5) and Eq. (3.6), i.e.,

min
Γ
⟨Γ,D⟩ ,

s.t. Γ⊤1N =
1

J
1J ,Γ1J =

1

N
1N .

(3.7)

The minimization of Eq. (3.7) can be solved in polynomial time as a linear program. However,

the linear program involves millions of data points and thousands of classes and traditional

algorithms hardly scale to large problems [167]. This issue can be addressed by adopting an
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efficient version of the Sinkhorn-Knopp algorithm [167]. The implementation of the Sinkhorn-

Knopp algorithm is described in Alg. 2. This requires the following regularization term

min
Γ
⟨Γ,D⟩ − ϵH (Γ) ,

s.t. Γ⊤1N =
1

J
1J , Γ1J =

1

N
1N ,

(3.8)

where H (Γ) = ⟨Γ, logΓ− 1⟩ denotes the entropy of Γ and ϵ > 0 is a regularization parameter.

For very small ϵ, optimizing Eq. (3.8) is equivalent to optimizing Eq. (3.7), but even for moder-

ate values of ϵ, the objective tends to have approximately the same optimizer [167]. The larger

the ϵ, the faster the convergence, please refer to [167] for details. In this chapter, using a fixed

ϵ = 1e− 3 is appropriate as SoftClu is only interested in the final clustering and representation

learning results, rather than in solving the transport problem exactly. The solution to Eq. (3.8)

takes the form of the following normalized exponential matrix [167],

Γ = diag (µ) exp
(
D
/
ϵ
)
diag (ν) , (3.9)

where µ = (µ1, µ2, · · · , µN) and ν = (ν1, ν2, · · · , νJ) are renormalization vectors in RN and

RJ . The vectors µ and ν can be obtained by iterating the updates via µi =
[
exp

(
D
/
ϵ
)
ν
]−1

i

and νj =
[
exp

(
D
/
ϵ
)⊤

µ
]−1

j
with initial values µ = 1

N
1N and ν = 1

J
1J , respectively. The

initialization of µ and ν can be any distribution, and choosing the constraints as initial values

allow a faster convergence [167]. [·]−1
j defines as the inverse value of the jth element of its

argument. In all experiments, 20 iterations are used as it works well in practice. After solving

Eq. (3.9), the soft-label matrix can be inferred as

γ = N · Γ. (3.10)

3.2.3 Optimization

The optimization step follows an EM-like scheme where the Expectation step E optimizes

prototypes and soft labels, while the Maximization step M optimizes the trained parameters

for representation learning. Each step can be detailed as follows:

• E: Given the current encoder and segmentation layer, SoftClu computes prototypes CE

and CF following Eq. (3.2) and Eq. (3.3), and obtain soft-labels γ through γ = N · Γ.

• M: Given the current soft-labels γ from step E, SoftClu optimizes the encoder fφ and

segmentation layer ϕα parameters.

During E, SoftClu solves the OT problem with the Sinkhorn-Knopp algorithm. During M,

SoftClu minimizes the segmentation loss based on the resulting soft labels, such as

Lsoft(γ,S) = −
1

N
⟨γ, logS⟩ = − 1

N

N∑
i=1

J∑
j=1

γij log sij, (3.11)
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which corresponds to the minimization of the standard cross-entropy loss between soft-labels

γ and predictions S. However, the optimization of Eq. (3.11) does not ensure encoder fφ from

predicting the same features for all the points, i.e. all centroids collapse into the same vector.

SoftClu further promotes centroids separation by minimizing the orthogonal regularization loss

Lorth(C) = ∥CE⊤
∗ C

E
∗ − I∥Fr + ∥CF⊤

∗ C
F
∗ − I∥Fr, (3.12)

where Ck
∗ = [

ck1
∥ck1∥2

,
ck2

∥ck2∥2
, · · · , ckJ

∥ckJ∥2
] with k = E,F , and ∥ · ∥Fr is Frobenius norm. The final

objective loss for the M step is defined as

Ltot = Lsoft + ηLorth, (3.13)

where η = 0.01 is a weighting parameter. This chapter sets the value of η empirically and finds

that η ≤ 0.01 can slightly improve the performance. The minimization of this loss leads to

the maximization of the expected number of points correctly classified, associating the correct

neighbor prototypes. This facilitates the encoder to learn more local geometric information.

The implementation of SoftClu is described in Alg. 1.

Algorithm. This section provides a pseudo-code for SoftClu training loop in Algorithm 1.

For the Sinkhorn-Knopp algorithm, a detailed pseudo-code is provided in Algorithm 2.

3.3 Experiments

The following section outlines the pre-training and downstream fine-tuning procedures dis-

cussed in Sec.3.3.1 and Sec.3.3.2, respectively. To evaluate the effectiveness of the proposed

method, three scenario setups, namely object classification, 3D part, and semantic segmenta-

tion, are utilized and discussed in Sec.3.3.3. Finally, Sec.3.3.4 includes an ablation study and

experimental analysis.

3.3.1 Pre-training setup

SoftClu was implemented in PyTorch and executed experiments on two Tesla V100-PCI-E-32G

GPUs. The cluster settings for pre-training were set to J = 64 and ϵ = 1e − 3 as they have

been found to work effectively in practice. The segmentation head ϕα is composed of three fully

connected layers, each consisting of a linear layer followed by batch normalization. The hidden

layer and final linear layer output dimensions are half the dimensions of the encoder output

and the number of clusters, respectively. All layers, except for the final layer, have a rectified

linear unit. To evaluate the efficacy of the proposed method on various downstream tasks,

Point-based PointNet [79], graph-based DGCNN [189], full convolution-based SR-UNet pro-

vided in PointContrast [27], and Transformer-based encoder [97] provided by MaskPoint [190]
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Algorithm 1 Soft clustering (pseudocode).

Input: {P} a set of 3D point clouds and each point cloud has N points; K number of

optimization steps.

Output: the backbone fφ pretrained by using the proposed algorithm.

1: for i in range(0, K) do

2: Ltot = 0

3: for P ∈ {P} do
4: # compute class scores

5: S = softmax (ϕα (fφ (P)))
6: # compute prototypes

7: CE =
{

1∑N
i=1 sij

∑N
i=1 sijpi

}N

j=1

8: CF =
{

1∑N
i=1 sij

∑N
i=1 sijfi

}N

j=1

9: # compute D

10: D =
{
λ∥pi − cEj ∥22 + (1− λ)∥fi − cFj ∥22

}N,J

i,j

11: # compute γ

12: Γ = SINKHORN(stopgrad (D) , 1e− 3, 20)

13: γ = N · Γ
14: # compute loss

15: Ltot += Lsoft + ηLorth

16: end for

17: # update backbone and segmentation head

18: fφ, ϕα ← optimize
(Ltot

N

)
19: end for

20: return fφ

was chosen as backbones. PointNet extracts features after the point-wise max-pool operation,

and DGCNN collects features after pooling the fifth EdgeConv layer. For Transformer, feature

PointNet++ [82] propagation is first performed as SoftClu relies on pointwise features, inde-

pendently upsampling the downsampled point clouds into the number of points of the input

point cloud. This section assesses pre-training strategies on complex scenes with single objects

(ShapeNet [191]) and multiple objects (ScanNet [192]) to examine the effectiveness of SoftClu.

ShapeNet [191] is a dataset consisting of CAD models of individual objects, with over

50,000 synthetic objects from 55 categories. Following [108], each point cloud is randomly

sampled to 2048 points. The official training split of ShapeNet is used for pre-training. Object

classification, part segmentation, semantic segmentation, and few-shot classification use the

pre-training models on ShapeNet to evaluate the performance of SoftClu. SoftClu pre-trained
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Algorithm 2 Sinkhorn-Knopp algorithm (pseudocode).

Input: D distance matrix, ϵ = 1e− 3 and niters iterations.

1: function sinkhorn(D, ϵ, niters)

2: Γ = exp(D/ϵ)

3: Γ/ = sum(Γ)

4: N, J = Γ.shape

5: u,µ,ν = zeros(N), ones(N)/N, ones(J)/J

6: for in range(0, niters) do

7: u = sum(Γ, dim=1)

8: Γ∗ = (µ/u).unsqueeze(1)

9: Γ∗ = (ν/sum(Γ, dim=0)).unsqueeze(0)

10: end for

11: return Γ

12: end function

PointNet and DGCNN on the ShapeNet dataset, with both encoders using a latent dimension

of 1024. Pre-training involved 250 epochs using the AdamW [193] optimizer with a batch size

of 32 and an initial learning rate of 0.001, which decayed by 0.7 every 20 epochs.

ScanNet [192] is a dataset of indoor scenes with multiple objects and consists of 1513

reconstructed meshes for 707 unique scenes. Each point cloud is sampled to 4096 points using

a fast point sampling algorithm. SR-UNet was pre-trained on ScanNet using an SGD optimizer

with a learning rate of 0.1 and a batch size of 32. The learning rate decreases by a factor of

0.99 for every 1K iteration. The model is trained for 30K iterations.

3.3.2 Downstream tasks setups

SoftClu is evaluated using four downstream tasks, namely classification, part segmentation,

semantic segmentation, and few-shot learning, to assess its performance. The comparison is

made against other discriminative approaches that are currently considered state-of-the-art

(Jigsaw3D [116], STRL [108], CrossPoint [194], SimCLR [188], STRL [108], PointContrast [27],

and ContrastiveScene [195]) and two generative approaches (OcCo [104] and ParAE [109]).

Linear SVM classification. Linear SVM classification on ModelNet40 [196] and Model-

Net10 [196] datasets are used to evaluate the quality of their pre-trained versions on ShapeNet.

ModelNet40 consists of 12331 meshed models from 40 object categories, divided into 9843

training meshes and 2468 testing meshes, with points sampled from CAD models. ModelNet10

dataset comprises 4899 pre-aligned shapes from 10 categories, with 3991 (80%) shapes for train-
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ing and 908 (20%) shapes for testing. For SVM training, each point cloud is randomly sampled

to 1024 points from each shape, following [116]. This classifying task uses the frozen encoders

to extract point-level features, followed by max-pooling to generate global feature vectors, and

trains a linear SVM for classification.

Part segmentation. Part segmentation involves predicting labels for each point based on its

corresponding part and requires a thorough understanding of local patterns. Following [104],

ShapeNetPart [197] is chosen as a benchmark to evaluate the part segmentation performance.

ShapeNetPart contains 16881 objects of 2048 points from 16 categories with 50 parts in total.

This setup fine-tunes the encoders with a linear fully connected layer for 100 epochs using the

AdamW [193] optimizer, with a batch size of 24, an initial learning rate of 0.001, and a decay

rate of 0.5 every 20 epochs. The overall accuracy (OA) and the mean class intersection over

union (mIoU) are adopted to evaluate segmentation quality as in [104].

Semantic segmentation. Semantic segmentation on large-scale 3D scenes presents a chal-

lenge, as it requires an understanding of contextual semantics and local geometric relationships.

To assess the suitability of pre-trained features for the task at hand, the S3DIS benchmark

dataset [198] was utilized. This dataset comprises 3D scans of six indoor areas with a total

of 271 rooms and 13 semantic classes. The data was collected using the Matterport scanner.

Prior to analysis, each room was divided into 1m × 1m blocks, and 4,096 points were used as

model input, in accordance with the approach taken in [104]. Fine-tuning of each encoder was

conducted on areas 1-4 and 6, with testing, carried out on area 5. The SGD optimizer was

employed, with a momentum of 0.9 and a weight decay of 1e-4 for PointNet and DGCNN. The

learning rate decayed using cosine annealing with a minimum value of 1e-3, and the models

were trained over 250 epochs with a batch size of 48. The segmentation quality was assessed

using OA and mIoU metrics. The SR-UNet backbone was also used, with training conducted

using a batch size of 48 over 10K iterations. The initial learning rate was set at 0.1, and poly-

nomial decay with a power of 0.9 was used. A voxel size of 0.05 (5cm) was employed, with a

weight decay of 0.0001. Segmentation quality was evaluated using mAcc and mIoU metrics, as

conducted in [27].

Few-shot learning. This experiment focuses on Few-shot learning (FSL) and its ability

to train a model with limited data for the classification task. Specifically, the experiment

applies FSL (N -way K-shot learning) on the benchmark datasets ModelNet40 [196] and Mod-

elNet10 [196], where the model is evaluated on N classes, with each category containing N

samples. The train/test splits of datasets are consistent with OcCo [104] and CrossPoint [194],

and the results are reported as the mean and standard deviation across 10 runs.
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Table 3.1: Linear SVM classification comparisons on ModelNet40 and ModelNet10. ⋆ indicates

that models are pre-trained on ModelNet40, otherwise, models are pre-trained on ShapeNet.

using Bold font indicates the best performance

Method Year
PointNet DGCNN

ModelNet40 ModelNet10 ModelNet40 ModelNet10

DeepCluster [185] 2018 86.3 91.6 90.4 94.1

Jigsaw3D⋆ [116] 2019 87.5 91.3 87.8 92.6

Jigsaw3D [116] 2019 87.3 91.6 90.6 94.5

Rotation3D [184] 2020 88.6 - 90.8 -

SwAV [187] 2020 85.4 92.1 90.3 93.5

OcCo [104] 2021 88.7 91.4 89.2 92.7

SimCLR [188] 2021 88.4 91.4 90.1 92.1

STRL [108] 2021 88.3 - 90.9 -

SimSiam [199] 2021 88.7 92.4 91.2 93.8

ParAE [109] 2021 90.3 - 91.6 -

CrossPoint [194] 2022 89.1 - 91.2 -

SoftClu⋆ - 88.4 93.0 91.4 94.5

SoftClu - 90.3 93.5 91.9 94.8

3.3.3 Downstream fine-tuning results

Linear SVM classification. Table 3.1 reports the classification accuracy of the proposed

SoftClu, compared to the current outstanding baselines. Results show that SoftClu is more

effective than the alternative pre-training methods on both datasets. Specifically, on Model-

Net40, the proposed SoftClu with PointNet backbone achieves the same classification accuracy

(90.3%) as ParAE [109] while outperforming the contrastive approach STRL [108] (88.3%). The

linear SVM classification performance of SoftClu even surpasses the fully supervised PointNet,

achieving an 89.2% test accuracy. With the DGCNN encoder, SoftClu achieves a 91.9% test

accuracy, outperforming ParAE (91.6%) by 0.3%, and generating model OcCo [104] by 2.7%.

On ModelNet10, SoftClu outperforms OcCo [104] and Jigsaw3D [116] with both encoding net-

works. Compared to jigsaw tasks that coarsely segment a point cloud into disjoint partitions,

SoftClu learns the partitioning function to assign point clouds into coherent clusters softly.

Moreover, this experiment also reports results (SoftClu⋆) of SoftClu pre-trained on Model-

Net40 since some methods are pre-trained on that dataset. One can note that SoftClu also

performs well and achieves competitive results. Specifically, when used with PointNet, SoftClu

achieves an accuracy of 88.4% and 93.0% on ModelNet40 and ModelNet10, respectively. On

the other hand, when using the DGCNN backbone, SoftClu achieves an accuracy of 91.4% and

48



CHAPTER 3. DATA AUGMENTATION-FREE UNSUPERVISED LEARNING FOR 3D
POINT CLOUD UNDERSTANDING

94.5% on ModelNet40 and ModelNet10, respectively. This experiment further uses visualiza-

tion to explore pre-trained features before fine-tuning with the DGCNN encoder. The feature

representation of OcCo and SoftClu on ModelNet10 using PointNet and DGCNN backbones

are visualized with T-SNE in Figs. 3.3 and 3.4, respectively. SoftClu displays a superior feature

separation compared to OcCo, indicating its greater ability to cluster objects in the feature

space. In Fig. 3.5, the points are color-coded based on the PCA projections of the network fea-

tures, highlighting the pre-trained encoder’s effectiveness in embedding geometric information.
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table

toilet

(b) SoftClu

Figure 3.3: T-SNE visualizations of the unsupervisedly learned representations using Point-

Net backbone on the ModelNet10 test set. Different color represents different categories. (a)

OcCo [104] and (b) SoftClu. The proposed SoftClu produces better separated and grouped

clusters for different categories.

Part segmentation. Table 3.2 reports the part segmentation results of SoftClu in compari-

son with the alternative approaches on ShapeNetPart [197]. SoftClu outperforms all the other

approaches with both PointNet and DGCNN encoders in terms of both OA and mIoU. With the

PointNet encoder, SoftClu achieves 93.9% OA and 83.8% mIoU, improving over state-of-the-art

CrossPoint (93.2% OA, 82.7% mIoU) by 0.7% OA and 1.1% mIoU. With the DGCNN encoder,

it also achieves 94.6% OA and 85.7% mIoU, outperforming CrossPoint (94.4 OA, 85.3% mIoU)

of about 0.2% OA and 0.4% mIoU. Figure 3.6 shows examples of qualitative part segmenta-

tion results obtained with SoftClu after the fine-tuning on the downstream task compared to

ground-truth annotations (GT). It can be observed that SoftClu provides consistent predictions

throughout shapes, also in the case of complex shapes (chairs and motorcycles).
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Figure 3.4: T-SNE visualizations of the unsupervisedly learned representations using DGCNN

backbone on the ModelNet10 test set. Different color represents different categories. (a)

OcCo [104] and (b) SoftClu. The proposed SoftClu produces better separated and grouped

clusters for different categories.

Table 3.2: Part segmentation results on the ShapeNetPart dataset using the pre-trained Point-

Net and DGCNN backbones. The bold font indicates the best performance.

Method
PointNet DGCNN

OA (%) mIoU (%) OA (%) mIoU (%)

Random 92.8 82.2 92.2 84.4

Jigsaw3D [116] 93.1 82.2 92.7 84.3

OcCo [104] 93.4 83.4 94.4 85.0

CrossPoint [194] 93.2 82.7 93.2 82.7

SoftClu (Ours) 93.9 83.8 94.6 85.7

Semantic segmentation. Table 3.3 reports the segmentation results of SoftClu and that of

the other baselines on S3DIS [198]. SoftClu outperforms all the other approaches with both

PointNet and DGCNN encoders. With the PointNet encoder, SoftClu achieves 82.9% OA

and 55.3% mIoU, outperforming both the state-of-the-art OcCo (82.0% OA, 55.3% mIoU) and

Jigsaw3D (80.1% OA, 52.6% mIoU). With the DGCNN encoder, SoftClu achieves 85.4% OA

and 59.2% mIoU, outperforming CrossPoint [194] (84.7% OA and 58.4% mIoU), OcCo (84.6%

OA, 58.0% mIoU) and Jigsaw3D (84.1% OA, 55.6% mIoU). This experiment also compares

SoftClu with point-level methods such as PointContrast [27] and ContrastiveScene [195] when

features are pre-trained on ScanNet with SR-UNet backbone. Table 3.4 shows that the pro-

posed SoftClu achieves 73.4% mIoU and 79.1% mAcc, outperforming the pre-training results
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Figure 3.5: SoftClu allows for unsupervised learning of point-level representations without using

data augmentation. These representations embed rich geometric information for point cloud

classification and segmentation tasks.

Table 3.3: 3D semantic segmentation mIoU results on the S3DIS dataset using different pre-

trained backbones.

Method
PointNet DGCNN

OA (%) mIoU (%) OA (%) mIoU (%)

Random 78.9 47.0 83.7 54.9

Jigsaw3D [116] 80.1 52.6 84.1 55.6

OcCo [104] 82.0 54.9 84.6 58.0

CrossPoint [194] 81.8 54.5 84.7 58.4

SoftClu (Ours) 82.9 55.3 85.4 59.2

of PointContrast [27] and ContrastiveScene [195]. It further shows the effectiveness of the

proposed method, even on point clouds with multiple objects.

Table 3.4: Results of semantic segmentation with SR-UNet backbone [198].

Method Scratch PointContrast [27] ContrastiveScene [195] SoftClu

mIoU 68.2 70.3 72.2 73.4

mAcc 75.5 76.9 - 79.1

Few-shot learning. The FSL results on ModelNet40 are presented in Table 3.5. It is ob-

served that SoftClu outperforms prior works in all the FSL settings with the DGCNN backbone,
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Figure 3.6: Part segmentation results on ShapeNetPart [197] of SoftClu using the DGCNN

encoder (top row) compared to the ground-truth labels (bottom row).

and it significantly outperforms the second-best method, CrossPoint. However, the proposed

SoftClu with PointNet backbone exhibits slightly poorer performance in the 5-way 10-short and

10-way 20-short settings compared to CrossPoint with PointNet. These results demonstrate

that the proposed approach can offer a valuable initialization for downstream tasks, as it can

incorporate rich geometric information into the extracted point cloud features.

Transformer backbone. Following [190] setups, this section also provides the results with

the recent Transformer backbone provided by [190] to further explore the effectiveness of Soft-

Clu. Finally, clustering is applied to train the Transformer. The Transformer encoder will

be used with their pre-trained weights as initialization for the classification task. Tab. 3.6 re-

ports the classification results with a Transformer backbone on ModelNet40, and the proposed

method achieves a competitive result.

3.3.4 Ablation study and analysis

Cluster numbers. In this experiment, the effect of selecting different numbers of cluster

partitions J is first explored using ModelNet40. SoftClu is pre-trained with different values

of J , ranging from 16 to 128, and the results are reported in Table 3.7. The best results are

achieved with J = 64 for both PointNet and DGCNN. It can be observed that the results

vary slightly across different values of J . This suggests that the number of clusters has little

influence as long as there are sufficient clusters.

Feature and geometric prototypes. This experiment aims to investigate the impact of

feature and geometric prototypes on the performance of SoftClu (Eq. 3.2). Three different

pre-training methods are employed: (i) using only feature prototypes, (ii) using only geometric

prototypes, and (iii) using both prototypes on ModelNet40 and ModelNet10 datasets. Ac-

cording to the results in Table 3.8, SoftClu with only feature prototypes achieves the lowest

performance. This can be attributed to the misclassification of points that have similar features
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Table 3.5: The results of few-shot object classification on ModelNet40 are presented, showing

the mean and standard error over 10 runs. The top-performing results for each backbone are

indicated in bold.

Encoder Method
5-way 10-way

10-shot 20-shot 10-shot 20-shot

PointNet

Rand 52.0 ± 3.8 57.8 ± 4.9 46.6 ± 4.3 35.2 ± 4.8

Jigsaw [116] 66.5 ± 2.5 69.2 ± 2.4 56.9 ± 2.5 66.5 ± 1.4

cTree [200] 63.2 ± 3.4 68.9 ± 3.0 49.2 ± 1.9 50.1 ± 1.6

OcCo [104] 89.7 ± 1.9 92.4 ± 1.6 83.9 ± 1.8 89.7 ± 1.5

CrossPoint [194] 90.9 ± 4.8 93.5 ± 4.4 84.6 ± 4.7 90.2 ± 2.2

SoftClu 90.6 ± 4.0 93.8 ± 3.2 84.7 ± 3.6 90.1 ± 4.5

DGCNN

Rand 31.6 ± 2.8 40.8 ± 4.6 19.9 ± 2.1 16.9 ± 1.5

Jigsaw [116] 34.3 ± 1.3 42.2 ± 3.5 26.0 ± 2.4 29.9 ± 2.6

cTree [200] 68.4 ± 3.4 71.6 ± 2.9 42.4 ± 2.7 43.0 ± 3.0

OcCo [104] 90.6 ± 2.8 92.5 ± 1.9 82.9 ± 1.3 86.5 ± 2.2

CrossPoint [194] 92.5 ± 3.0 94.9 ± 2.1 83.6 ± 5.3 87.9 ± 4.2

SoftClu 93.6 ± 3.3 97.3 ± 2.0 89.1 ± 1.4 93.2 ± 3.4

Table 3.6: Classification results with a Transformer backbone on ModelNet40.

Encoder SoftClu PointViT-OcCo [104] Point-BERT [118] MaskPoint [190]

SoftClu 93.8 92.1 93.2 93.8

Table 3.7: Ablation study results of SoftClu with different number of clusters J .

Method 16 32 48 64 72 96 112 128

PointNet 92.4 93.0 93.1 93.5 93.4 93.3 93.2 93.1

DGCNN 94.2 94.8 94.6 94.8 94.7 94.6 94.6 94.5

but belong to different geometric regions, such as the wings of an airplane. In contrast, SoftClu

with both feature and geometric prototypes achieves the best performance on both ModelNet40

and ModelNet10, when combined with both PointNet and DGCNN.

Batch size. Contrastive methods that utilize negative examples from mini-batches can face

a decline in performance when the batch size is small, as reported in [178]. In contrast, SoftClu

is more robust to smaller batch sizes as it does not rely on negative examples. To demonstrate

this, an experiment was conducted to compare the performance of SoftClu with SimCLR [188]
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Table 3.8: Ablation study of SoftClu by using different prototypes.

Encoder Geometry Feature
Accuracy

ModelNet40 ModelNet10

PointNet

✓ 88.7 92.9

✓ 86.5 92.7

✓ ✓ 90.3 93.5

DGCNN

✓ 91.4 94.5

✓ 90.5 93.3

✓ ✓ 91.9 94.8

Table 3.9: Ablation study results of SoftClu by using DGCNN on ModelNet10 with different

batch sizes during pre-training.

Encoder Method 8 16 24 32 40 48

PointNet
SimCLR 87.5 88.0 88.2 88.1 88.5 88.4

SoftClu 89.9 89.8 90.2 90.3 90.1 89.9

DGCNN
SimCLR 88.6 89.3 89.4 89.7 89.7 90.1

SoftClu 91.6 91.8 91.7 91.9 91.9 91.8

under different batch sizes ranging from 8 to 48 during pre-training. The results are shown in

Table 3.9, which clearly demonstrate that SimCLR experiences performance degradation when

the batch size is set to 8, most likely due to the inadequate number of negative samples. On the

other hand, SoftClu maintains a stable performance across different batch size configurations.

Computation of soft-labels. In this experiment, the performance of the optimal transport

(OT) based soft-label assignment strategy is compared with a typical L2 distance-based ap-

proach on ModelNet40 and ModelNet10. SoftClu is evaluated using Γ computed with Eq.(3.9)

and the L2 approach in [185]. Results in Table 3.10 show that OT outperforms the L2 ap-

proach on all datasets with both PointNet and DGCNN encoders. This is attributed to the

equal partition constraint in Alg. 2, which ensures that solutions are not assigned to the same

cluster, thereby improving performance.

Running times. The SoftClu pre-training approach is utilized exclusively, with each iteration

involving two components: a backbone forward pass and SoftClu optimization. The iteration

time was gauged over numerous iterations, with SoftClu executed on one Tesla V100 GPU

(32G) and two Intel(R) 6226 CPUs. For ShapeNet, SoftClu results in an average overhead of
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Table 3.10: Ablation study of SoftClu on ModelNet40 and ModelNet10 with soft-labels com-

puted with the proposed approach (OT) and with a typical distance-based assignment (L2).

Dataset Encoder
Accuracy

L2 OT

ModelNet10
PointNet 91.5 93.4

DGCNN 94.1 94.8

ModelNet40
PointNet 86.5 90.3

DGCNN 90.4 91.9

0.014ms for each iteration using a DGCNN backbone. It is noteworthy that the inference time

for each backbone remains unchanged, as SoftClu is not involved again.

3.4 Summary and Conclusions

This chapter has introduced SoftClu, a novel unsupervised representation learning approach for

understanding 3D point clouds, which does not require data augmentation. SoftClu works by

iteratively clustering point-level features to generate pseudo-labels, which are then used to train

the representations. The results of this method have been promising, demonstrating its ability

to transfer pre-trained representations to various 3D understanding tasks, such as semantic

segmentation, classification, and part segmentation. Moreover, SoftClu is highly flexible, as it

is not dependent on any specific deep network architecture, and can be used as a pre-training

method to improve the performance of other 3D models by extracting distinguishable features

from raw point cloud data. While the current chapter does not present any results related

to point cloud registration, SoftClu can also be applied to registration tasks. The following

chapter will delve into the use of the SoftClu to enhance registration tasks.
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Chapter 4

Unsupervised Point Cloud Registration

with Beam Search and Soft

Segmentation

4.1 Introduction

Chapter 3 provided a way to learn point cloud features without label information, unsupervised

learning. This chapter will further discuss applying the unsupervised method to point cloud

registration. There has been a growing interest in developing robust and efficient registration

algorithms. Mainly, deep learning techniques have been applied to facilitate rigid alignment

algorithms greatly. Compared to non-learning-based registration, deep learning-based meth-

ods have the advantages of being fast, high accuracy, and robust to noise. Learning-based

approaches can be classified into two categories, correspondence-based and correspondences-

free [3]. The main idea of the former is to use the extracted per-point or per-patch deep features

to estimate correct correspondences. Then, optimization algorithms utilize the correspondences

to calculate the rigid transformation. Examples range from DCP [10], RPMNet [133] and Deep-

GMR [16] to DGR [12]. However, these approaches require correspondence searching, which is

time-consuming and sensitive to large rotation, density variation, and outliers. Besides, most

correspondence-based approaches rely on point-point correspondence information to obtain reli-

able point-wise features for point cloud registration in the training stage. The label information

is either inaccessible sometimes or expensive in the human annotation. Correspondence-free

methods, such as PointNetLK [1], regress the rigid motion parameters by minimizing the differ-

ence between the global features of two input point clouds. The key point is that the extracted

global features must be sensitive to the pose [3]. Such methods do not require point-point cor-

respondences and are robust to density variation. Besides, these methods use extracted global

56



CHAPTER 4. UNSUPERVISED POINT CLOUD REGISTRATION WITH BEAM
SEARCH AND SOFT SEGMENTATION

features to reduce the point cloud’s dimension so that the algorithm’s time complexity does

not increase as the number of points grows.

However, despite their utility, these methods still exhibit several limitations. Firstly, their

performance in handling large rotations needs improvement. Secondly, akin to deep learning,

they rely on labeled data for training feature extractors. Lastly, their effectiveness is contingent

upon significant overlaps between the two point clouds, leading to a decline in performance when

dealing with partially overlapped point clouds.

To overcome these limitations, this chapter introduces a novel point cloud registration tech-

nique that employs unsupervised learning to reduce the dependence on labeled data. This

approach enables the learning of rotation-sensitive features through rotation prediction. Draw-

ing inspiration from the success of beam search in Natural Language Processing (NLP) [201],

a hierarchical search method is proposed to search good initial rotation for cases with large

rotations. This method combines a correspondence-free registration algorithm with a beam

search scheme based on the octree data structure. By focusing on the most promising paths in

the search space, this technique achieves efficient and memory-friendly point alignment. This

chapter further provides a soft segmentation algorithm to solve the 3D partial point cloud reg-

istration built on the SoftClu introduced in the former Chapter (Chapter 3). It softly segments

the point clouds into partitions in an unsupervised manner and then utilizes the IC-LK algo-

rithm [202] to align the corresponding partitions. The differences between the proposed method

and existing segmentation-based methods [203], [204] can be summed up in two points. First,

the proposed algorithm segments the point cloud into geometrical partitions in an unsupervised

way. Second, the proposed method is correspondence-free, but the existing segmentation-based

point cloud registration methods belong to the correspondence-based approaches. To show-

case the effectiveness of the suggested approach in both accuracy and time efficiency, thorough

experiments were carried out on both synthetic and real datasets.

4.2 Methodology

This proposed approach builds upon PointNetLK [1], a technique for point cloud registration,

and expands its capabilities to handle situations with large rotation and partial overlap. The

approach utilizes PointNet to learn a point cloud embedding and a modified LK algorithm to

estimate transformations accurately.

4.2.1 PointNet

This section begins with a brief overview of PointNet, a neural network used for processing 3D

point clouds. A point cloud, denoted as P = {x1, x2, ..., xN} ⊂ R3×N , consists of N points,
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each represented by a 3D coordinate xi ∈ R3. PointNet is composed of two MLP layers and

a max-pooling layer, represented by the function ϕ : R3×N → RK . When applied to the point

cloud P , ϕ(P ) produces a K-dimensional vector descriptor, which captures important features

of the point cloud. To prepare the point cloud for registration, the T-Net [79] component of

the original PointNet has been removed.

4.2.2 Registration

Given two point clouds, template P t = {pt
i}Ni=1 ∈ R3×N and source P s = {pt

i}Ni=1 ∈ R3×N , the

primary objective of rigid registration is to determine the rigid-body transformation G ∈ SE(3)
that best aligns the source point cloud P s with the template point cloud P t. The transformation

G can be expressed using an exponential map as follows:

G = exp ([ξ]×) , (4.1)

where ξi ∈ R, i = 1, 2, ..., 6, ξ = (ξ1, ξ2, ..., ξ6)
⊤ ∈ R6 that the first three parameters for

the rotation (angle-axis representation) and last three jitter parameters for the translation,

and [ξ]× denotes the skew-symmetric matrix representation that translates the vector ξ to

a matrix. For convenience, translation is denoted as t = (ξ4, ξ5, ξ6) and angle-axis rotation

representation is r = (ξ1, ξ2, ξ3), with axis r/∥r∥ and angle ∥r∥. To make use of G, it augments

the coordinates of each point in P t and P s with a 1, i.e., (x, y, z)⊤ → (x, y, z, 1)⊤. The problem

of aligning 3D point clouds can be described as finding a transformation matrix G that satisfies

the equation ϕ(P t) = ϕ(G · P s). The goal is to minimize the feature-metric projection error

ErrG∈SE(3)(G|P t,P s) = |ϕ(G ·P s)−ϕ(P t)|2 between the target point cloud P t and the source

point cloud transformed by G. The registration problem with initial transformation G0 is then

translated into the following optimization form:

F
(
P t,P s, G0

)
≜ min

G∈SE(3)
Err(G|P t, G0 · P s). (4.2)

Then, Levenberg-Marquardt (LM) [7] and inverse compositional (IC) [205] are applied to solve

the optimization problem (4.2). Given an initial rotation vector r0 and translation t0 = (0, 0, 0),

the initial transformation matrix G0 is calculated by Eq. (4.1), and the parameters of G is

updated via the following rules:

P s ← G0 · P s, Ji =
ϕ (exp([−∆ξ]×) · P t)− ϕ(P t)

∆ξi
,

ξ = (J⊤J + λI)−1J⊤Err(G|P t,P s),P s ← ∆G · P s,∆G = exp ([ξ]×) ,

(4.3)

where ∆ξ = (∆ξ1,∆ξ2, ...,∆ξ6)
⊤ ∈ R6, ∆ξi ∈ R, i = 1, 2, ..., 6, and λ is the LM parameter

that is utilized to ensure the numerical stability. According to [11], [205], the value ∆ξi is fixed

to 2 × 10−2 on all iterations. Then, the final predicted Ge = ∆Gn · ... ·∆G1 ·∆G0 · G0 is the
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Figure 4.1: An overview of the proposed unsupervised feature learning framework.

composition of G0 and all incremental estimations computed over n iterations (n is determined

by a minimum threshold of ∆G. Through experience, the threshold is ∥∆G∥ < 1e−7). The

rotation matrix Re and translation vector te can then be obtained from Ge, according to the

following identity (4.4). (
Re t⊤e

0 1

)
= Ge, (4.4)

where 0 = (0, 0, 0). The objective of the registration loss function is to minimize the discrepancy

between the estimated transformation, denoted as Ge, and the ground truth transformation,

denoted as Ggt.

4.2.3 Rotation Based Unsupervised Feature Learning

The proposed unsupervised approach involves using an MLP model, denoted as Fr(·), to es-

timate the geometric transformation applied to a point cloud. As shown in Fig. 4.1, a set

of L ∈ N discrete geometric transformations are defined as H = {h(·|y)}Ly=1, where h(·|y) is

an operator that can be applied to a point cloud P to produce a transformed point cloud set

P y = h(P |y), given the transformation label y. To estimate the unknown transformation label

y⋆, Fr(·) takes as input the concatenation of feature embeddings ϕ(P ) and ϕ(P y⋆). The model

then outputs a probability distribution over all possible geometric transformations, allowing for

selecting the most likely transformation.

Fr(P
y⋆ |θ) = {F y

r (ϕ(P ), ϕ(P
y⋆)|θ)}Ly=1, (4.5)
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where F y
r (P

y⋆) is the probability that the point cloud is transformed by transformation y. θ is

the learnable parameter set of model Fr and ϕ. The training data is a set of M point cloud

set, denoted as D = {Xi}Mi=1. The unsupervised learning objective is:

min
θ

1

M

M∑
i=1

loss(Xi, θ), (4.6)

with the loss function loss(·) satisfying:

loss(Xi, θ) = −
1

L

L∑
y=1

log(F y
r (ϕ(Xi), ϕ(h(Xi|y))|θ)).

This algorithm focuses on defining a classification task through geometric transformations H,

aimed at learning meaningful semantic features for tasks related to visual perception, such as

point cloud registration or classification. The rotations included in the transformations are

based on angle-axis vectors, specifically [±π
2
,±π

2
,±π

2
] and [0, 0, 0], resulting in a total of L = 9

point cloud rotations. The registration model ϕ(·) can be improved by using a registration loss

function for fine-tuning.

4.2.4 Beam Search for Large Rotation Registration

Beam search owns a hyper-parameter k as beam size, an extension of greedy search in NLP

tasks, such as machine translation and sentence generation, to effectively boost the sequen-

tial prediction performance. In the application scenario of point cloud registration, it applies

the beam search scheme deals with the large rotation in 3D registration. However, two core

problems will be solved: i) how to construct a rotation vector candidate set, and ii) how to

effectively select k candidates in each step. Here introduce the solutions to the above two

problems for registration.

Candidate Set Construction. The 3x3 rotation matrix Rr in SO(3) can be obtained

through the matrix exponential map from the angle-axis representation vector r as

Rr = exp ([r]×) = I+
[r]× sin ∥r∥

r
+

[r]2× (1− cos ∥r∥)
r

. (4.7)

By employing the angle-axis representation, it is possible to concisely depict the complete space

of 3D rotations as a solid sphere of π radius in R3. Any rotation with an angle less than π can

be uniquely represented by an angle-axis pair located inside the sphere, while rotations with

angles equal to π have two possible representations on the surface of the ball. For simplicity,

the minimal cube with dimensions [−π, π]3 is utilized as the rotation domain, which encloses

the π-ball. The beam search process involves dividing the initial cubes into smaller sub-cubes

using an octree data structure. This process is repeated multiple times until convergence is

achieved.
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Figure 4.2: An overview of the proposed beam search process.

Candidates Selection. At each level, it applies the center point of each sub-cube in the

candidate set as the initial vector r0 and t0 = (0, 0, 0) to obtain G0. G0 is then taken into

Eq.(4.4) to get Re and te. Next, k sub-cubes are selected with the minimal modified Chamfer

distance loss between P t and transformed P s (by Re and te) from the candidate set. The loss

function is defined as

L(Re, te,P
s,P t) =

1

|P s|
∑
p∈P s

ρ

(
min
q∈P t
∥Rep+ te − q∥2

)
+

1

|P t|
∑
q∈P t

ρ

(
min
p∈P s
∥Rep+ te − q∥2

)
,

(4.8)

where ρ(x) = min (σ, x) is with the threshold σ for clipping the distance. The flowchart of the

beam search algorithm for alignment is illustrated in Figure 4.2.

The computation is summarized in Algorithm 3. In lines 8 and 25, a list (cube list) is used

to store all sub-cubes divided from the current optimal k cubes. The function of subdivide(·)
subdivides each cube stored in cube list into eight sub-cubes (octants) and stores all octants

into a new list. As for the stop criterion, once the Chamfer distance loss for the current cube

is less than a threshold ϵ or the number of loops achieves the maximal iteration S, the beam

search stops. By doing this, the joint framework seamlessly incorporates both the global beam

search and the local learning-based search.
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Algorithm 3 Beam Search for Registration(Python syntax).

Input: P s,P t, beam size k, iterations S and threshold ϵ.

Output: Ge

1: ξ ← (0, 0, ..., 0)⊤

2: Ge ← F (P s,P t, exp ([ξ]×))

3: R, t← Ge[0 : 3, 0 : 3], Ge[0 : 3, 3]

4: mindis ← L(R, t,P s,P t)

5: if mindis < ϵ then

6: return Ge

7: end if

8: cubes ← subdivide([π-ball]) # [π-ball] represents a list with only one element π-ball, and

cubes is also a list.

9: dis list ← list()

10: for i in range(0, S) do

11: for sub cube in cubes do

12: ξ1, ξ2, ξ3 ← center(sub cube) # center(·) gets the center coordinate of a sub cube.

13: ξ ← (ξ1, ξ2, ξ3, 0, 0, 0)
⊤

14: Ge ← F (P s,P t, exp ([ξ]×))

15: R, t← Ge[0 : 3, 0 : 3], Ge[0 : 3, 3]

16: dis← L(R, t,P s,P t)

17: dis list ← dis list.append(dis)

18: if dis < ϵ then

19: return Ge

20: end if

21: if mindis < dis then

22: mindis ← dis,Ge ← G

23: end if

24: top cubes ← topK(dis list, cubes, k)

25: cubes ← subdivide(top cubes)

26: end for

27: end for

28: return Ge

4.2.5 Partial Point Cloud Registration

An overview of partially overlapping registration approach is shown in Fig. 4.3, point clouds

Ps and P t are passed through a shared PointNet [79], ϕ, to compute point-wise descriptors

F s = ϕ(Ps) ∈ Rd×N and F t = ϕ(P t) ∈ Rd×N . Then, a shared soft segmentation module g acts
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One-time computation

Looping computation

shared weight

Figure 4.3: Overview of the proposed registration framework for partial overlaps.

on F s and F t to produce K partition centers for each point cloud. It first denotes partition

centers as [hs
1, · · · ,hs

K ] = g(F s) ∈ Rd×K and [ht
1, · · · ,ht

K ] = g(F t) ∈ Rd×K for Ps and P t,

respectively. The Jacobian Jk of the partition k is computed once using g
(
φ
(
P t

))
k
with

k = 1, 2, · · · , K. The optimal twist parameters ξk ∈ R6 for each partition k are then computed

and the final twist parameter ξ is obtained by taking the weighted sum of all partitions, ξ =∑K
k=1 wkξk. The final twist parameter is utilized to gradually modify the transformation of

Ps, and the center vector hs
k is recalculated. The wk is the weight coefficient. The final

predicted transformation Gj
e = ∆Gn · · ·∆G1 · ∆G0 · G0 is the composition of all incremental

estimates ∆Gi, i = 0, 1, · · · , n, computed with n iterations and with initial transformation G0.

Finally, the partially overlapping registration can be summarized into two critical steps: soft

segmentation and soft segmentation-based registration. Next will introduce them in detail.

4.2.6 Soft segmentation

The soft segmentation, built upon SoftClu discussed in Chapter 3, but does not consider the

prototypes in the feature space. It assigns each point pl
i ∈ P l to one of K potential categories

or geometric partitions, denoted by the superscripts l = s, t. Specifically, feature map F l

are processed by a classification head g that outputs a class probability matrix Sl = {slij ∈
[0, 1]}N,K

i,j . Three fully connected layers form g. Each layer is composed of a linear layer followed

by batch normalization. With the exception of the last layer, each layer has a LeakyReLU
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activation function. The final layer outputs N vectors with K dimensions, which is equivalent

to the number of segmentation categories. The soft centers or prototypes of the partition j in

both geometric space are computed as

clj =
1∑N

i=1 s
l
ij

N∑
i=1

slijp
l
i (4.9)

where j = 1, 2, · · · , K. Sl denotes the allocation of each point in P l to K distinct spatial

partitions, expressed as a probabilistic distribution. Thus, if pl
i belongs to partition j⋆, point

pl
i and prototype clj⋆ should have the shortest distance among the distances of pl

i with other

prototypes, i.e., ∥pl
i − clj⋆∥2 ≤ ∥pl

i − clj∥2, j ̸= j⋆. This constraint can be translated into

minimizing the average cross-entropy loss between γ l and Sl, i.e.,

γ l = {γlij = softmax
(
α− ∥pl

i − clj∥
)
}N,J
i,j

E(γ l,Sl) = − 1

N

N∑
i=1

J∑
j=1

γ l
ij log s

l
ij.

(4.10)

Here α > 0 is a learning parameter. To avoid the trivial solution that most points are assigned

to the same cluster, it further introduces the entropy of cluster assignment probabilities

H
(
Sl
)
= −

J∑
j=1

P
(
slj
)
logP

(
slj
)
, (4.11)

where P
(
sli
)
=

∑N
i=1 s

l
ij

∥Sl∥1 , l ∈ {s, t} is the assignment probability of partition i. The final soft

segmentation loss is

Lseg =
∑
l

E(γ l,Sl) +H
(
Sl
)
. (4.12)

4.2.7 Soft segmentation-based registration

The soft segmentation-based registration uses the above segmentation results to estimate the

transformation without searching correspondences. Specifically, for ideal consistent point clouds,

the registration problem can then be described as searching G satisfying g(ϕ(P t))k = g(ϕ(G ·
Ps))k. The registration problem can be translated into minimizing the feature-metric projec-

tion error between P t and transformed Ps related to the soft partition k(k = 1, 2, · · · , K).

min
G∈SE(3)

∥g(ϕ(P t))k − g(ϕ(G ·Ps))k∥2. (4.13)

However, input point clouds are usually not consistent in practical applications due to partial

overlapping. Considering that if pi → qj and pk → ql are correct correspondences, then the

distance between pi and pk should be similar to the distance between qj and ql. Based on this

intuition, a quadratic constraint is thus introduced to control the contribution (weight) of each
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partition. Specifically, here first defines two matrices Al = {∥cli−clj∥2}
K,K
i,j , l = s, t and a vector

v = −|As − At| · 1K . IC-LK algorithm [205] is then used to solve the optimization problem in

Eq. (4.13). Incorporating with the quadratic constraint, the parameters of G are updated by

the following rules.

Jk
i =

g
(
ϕ
(
exp([−∆ξ]×) ·P t

))
k
− g

(
ϕ(P t)

)
k

∆ξi
,

ξk = (Jk⊤Jk + λI)−1Jk⊤∥g(ϕ(P t))k − g(ϕ(G ·Ps))k∥2,

v = −|As − At| · 1K , wk = softmax(v)k, ξ =
K∑
k=1

wkξk,

Ps ← ∆G ·Ps,∆G = exp ([ξ]×) ,

where ∆ξ = (∆ξ1,∆ξ2, ...,∆ξ6)
⊤ ∈ R6, ∆ξi ∈ R, i = 1, 2, ..., 6, and λ = 0.001 is a Levenberg-

Marquardt [7] parameter utilized to ensure the numerical stability. The final predicted Ge =

∆Gn · ... ·∆G1 ·∆G0 is the composition of all incremental estimates computed with n iterations

(n is decided by a minimum threshold for ∆G.

4.3 Experiments

4.3.1 Implementation details and evaluation metrics

All implementations are built on the Pytorch [206] library. All of the proposed models were

trained on two Tesla V100-PCI-E-32G GPUs. The proposed registration algorithm is evaluated

using three metrics: Clip Chamfer Distance (CD), Rotation Error (RE), and Translation Error

(TE). The success rate (RR) of the alignment is measured by the percentage of cases where the

rotation and translation errors are below set thresholds. The Rotation Error (RE) is defined

as RE = arccos
Tr(R⊤R⋆)−1

2
and the Translation Error (TE) is defined as TE = |t− t⋆|2, where

R⋆ and t⋆ represent the ground-truth rotation matrix and translation vector, respectively. The

Clip Chamfer Distance measures the proximity of the two point clouds to each other and is

calculated as follows:

CD(P̂ s,P t) =
∑
p∈P̂ s

ρ

(
min
q∈P t
∥Rep+ te − q∥2, σ

)
+
∑
q∈P t

ρ

(
min
p∈P̂s
∥Rep+ te − q∥2, σ

)
, (4.14)

where ρ(x, σ) = min (σ, x) is with the threshold σ > 0 for clipping the distance. After reg-

istration, P̂ s is utilized to represent the source point cloud that has been transformed. The

parameters of the MLP in ϕ are set as [3, 64, 64, 64, 128, K = 1024] and the MLP for Fr are

set as [2048, 1024, 512, 256, 9]. All models were trained using AdamW optimizer [193] with a

base learning rate of 0.001. PointNetLK with unsupervised learning is denoted as ROT, Point-

NetLK with Beam Search as PNLKBS, and the full model combining beam search with ROT

as ROTBS. The model for partial overlaps is signed as PROTBS.

65



4.3. EXPERIMENTS

4.3.2 Datasets

ModelNet40 [207] is a dataset consisting of 12,311 CAD models from 40 categories. To

assess the generality of various models, the dataset has been divided into two parts, with

20 categories for training and 20 categories for cross-category testing. In the same-category

experiments, the dataset is split into an 80/20 ratio for training and testing, respectively. Each

source point cloud is sampled from ModelNet40 with 1024 points, normalized into a unit box

at the origin [0, 1]3. Rigid transformations along each axis are generated to create the target

points, with rotations sampled in [0, 45◦] and translations in [−0.5, 0.5]. To test the ability

of large rotation registration, misalignment translations and rotations for testing are in the

range of [0, 0.5] and [0, 180◦), respectively. Gaussian noise is added to the point clouds to

test the robustness of the proposed registration methods, with Gaussian noise sampled from

N (0.0, 0.012) and clipped to [−0.05, 0.05]. Partial-to-partial registration, the most challenging

case for point cloud registration, is also tested, following the protocol in [133] to generate

partial-to-partial point cloud pairs closer to real-world applications, by creating a half-space

with a random direction for each point cloud and shifting it to retain approximately 70% of

the points.

7Scene [208] consists of RGB-D camera frames that have been tracked across seven different

scenes: Chess, Fires, Heads, Office, Pumpkin, Redkitchen, and Stairs. The dataset is split

into two parts, with 296 scans for training and 57 scans for testing. The point clouds in the

dataset have been uniformly sampled twice, with one of the samples being subjected to a

rigid transformation to simulate differences in pose. To generate the target points, a random

rigid transformation is applied along each axis, with rotation being sampled within the interval

[0, 45◦] and translation being sampled within the interval [−0.5, 0.5]. Each point cloud in the

dataset consists of 2048 randomly sampled points.

3DMatch [19] is a collection of 3D point cloud pairs from various real-world scenes that includes

ground truth transformations [12]. This dataset contains realistic registration challenges such

as partial overlap, noise, and outliers. The experiment follows the standard train/test split

procedure and generates pairs with at least 30% overlap for training and testing purposes

[12], [119]. The point clouds are downsampled using 5cm voxels and randomly subsampled to

generate point clouds with uniform density. Each point cloud finally consists of 5000 points

that are randomly selected from the downsampled point clouds.

4.3.3 Baseline

This section showcases the superiority of the proposed method by comparing its performance

with that of traditional optimization-based methods, recent correspondence-learning methods,
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and correspondence-free methods.

• Non-learning-based methods. For comparison with the traditional registration method,

the Fast Global Registration (FGR) [75] and the Optimal Solution to 3D ICP (Go-ICP)

[209] have been selected as the comparison methods. FGR is a commonly used classic

registration approach.

• Correspondence-learning methods. For comparison with correspondence-learning tech-

niques, the state-of-the-art RPMNet [133], Deep Closest Point (DCP) [10], the latest

Robust Graph Matching (RGM) [15], and Deep Global Registration (DGR) [12] are se-

lected as comparison methods.

• Correspondences-free methods: To compare with the correspondences-free methods, Point-

NetLK [1], FMR [11], and the latest PointNetLK revisits (PNetLKR) [210] are selected

as baselines.

PointNetLK and FMR are initialized with an identity transformation matrix. For DCP, RPM-

Net, PointNetLK, FMR, PNetLKR, RGM, and DGR, the code was partially adapted from the

authors’ release. The cython version py-goicp 0.0.4 of the Go-ICP project was used for Go-ICP.

The implementations of FGR were taken from Intel Open3D.

4.3.4 Evaluation on ModelNet40

The following section evaluates the performance of the registration when PointNet is trained

through an unsupervised approach without the use of any category labels on ModelNet40. Then,

the section examines the registration performance when features are trained with unsupervised

learning as additional information in a standard classification task. The hyperparameters of

Algorithm (3) such as λ, k, ϵ and S are set to 0.0, 8, 1e-4 and 5 respectively. Finally, the section

investigates partial overlapping registration, where K is set to 64 unless specified otherwise.

This is because similar performance can be achieved with 32 ≤ K ≤ 128 when the overlap

ratio is 70% on ModelNet40 [207]. The models are trained for 200 epochs for PointNet and 300

epochs for registration with a batch size of 32 and a learning rate that decreases by 0.7 every

20 epochs. The experiments are conducted on 20 object categories for training and testing on

either the same categories (SC) or different categories (DC).

Unsupervised learning for point cloud registration. The objective of the experiment is

to evaluate the performance of the registration task using PointNet with a complete unsuper-

vised approach. The proposed method was compared with four methods: FGR, PointNetLK,

Go-ICP, and DCP. The comparison results on the ModelNet40 dataset with random translations

and different initial rotations are displayed in Figure 4.4. The results showed that the proposed
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Figure 4.4: The comparison of the results obtained from the registration process on ModelNet40

is presented. The vertical axis represents the error in rotation (a) and translation (b) after the

registration process, while the horizontal axis depicts the initial misalignment between the

template and source point clouds.

unsupervised method outperformed the other methods, FGR, Go-ICP, and PointNetLK, due

to two main factors. Firstly, the rotation-sensitive features extracted from the point cloud

improved the performance of the registration, since the registration process requires the global

features to pose awareness. Secondly, the beam search method helped to provide an appropri-

ate initial rotation for alignment, thus handling large rotations. When comparing the results

more closely, it was observed that the absolute mean errors of PointNetLK exceeded 10◦ when

the rotation exceeded 50◦, rendering the results meaningless. On the other hand, the proposed

method, ROTBS, consistently achieved accurate results with absolute errors less than 7◦ due

to the beam search. Furthermore, ROTBS outperformed the supervised method, DCP, overall

and the difference became more pronounced when the initial misalignment was greater than

60◦. Even when the rotation angle ranged from 50◦ to 170◦, ROTBS still maintained perfect

results with absolute errors less than 10◦, as shown in Figure 4.5. The results of ROTBS were

compared with global methods (FGR, Go-ICP, and DCP) in Figure 4.5. To test the general-

izability of the proposed method, Figures 4.4 and 4.5 also presented the comparison of results

when training and testing on different object categories on ModelNet40. ROTBS still obtained

accurate alignment on unseen object categories during the training process. In conclusion, the

experimental results indicate that the proposed registration framework has broad application

prospects, as it does not require any labels to train the encoder and produces a global solution.
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Figure 4.5: Comparison of the large rotation registration results with DCP, GO-ICP and FGR.

The vertical axis shows the rotation (a) and translation (b) error, and the horizontal axis shows

the initial misalignment between the template and source.

Unsupervised learning as enhancement information for registration. The PointNet

is a deep learning architecture that has been trained using unsupervised learning for the pur-

pose of enhancing its performance in a standard classification task. A comparison study was

conducted between the proposed ROTBS (Rotation Beam Search) method and other state-

of-the-art methods, such as DCP (Dense Correspondence Prediction) and RPMNet (Rotation

Prediction and Matching Network), as shown in Figure 4.6. The comparison was performed by

randomly translating the point clouds and by introducing different initial misalignment angles

between the template and source point clouds. The results indicate that ROTBS outperforms

the other methods in terms of accuracy in alignment, regardless of whether the categories in

the testing dataset were visible or not during the training phase. This highlights the impact

of the enhancement information in making the feature extractor more sensitive to rotation and

how beam search can aid local learning-based methods in finding the most appropriate trans-

formations, thereby improving the overall registration quality. When the initial misalignment

between the template and source point clouds ranges from 0° to 180°, as shown in Figure 4.7,

the results of the comparison between the proposed ROTBS method and the other methods

were still favorable for ROTBS. The proposed method was able to achieve mean rotation errors

of less than 7.5 degrees and translation errors of less than 0.001, even for object categories that

were not seen during the training phase. This further supports the effectiveness of ROTBS

in solving large rotation alignment tasks and demonstrates its superiority over other existing

methods in this field.
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Figure 4.6: A comparison of the results of the registration process where the unsupervised

method improves the information is presented. The vertical axis illustrates the errors in rotation

(a) and translation (b) after the registration process, while the horizontal axis displays the initial

misalignment between the template and the source.
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Figure 4.7: Comparison of the large rotation registration results with FGR, Go-ICP and DCP,

where the unsupervised approach enhances the information on Model. The vertical axis shows

the rotation (a) and translation (b) error, and the horizontal axis shows the initial misalignment

between the template and source.

Partially overlapping unseen object. The results of the study are displayed in the left

column of Table 4.1 (Unseen objects). The proposed method, PROTBS, demonstrates the best

performance and significantly surpasses both traditional methods and the strongest learning-

based methods. When comparing with the correspondence-free methods PointNetLK and
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PNetLKR, the proposed approach shows a substantial improvement in all evaluation metrics.

It is noteworthy that the proposed approach performs similarly to RGM, which is a state-of-

the-art method trained in a supervised manner. This highlights the effectiveness of the soft

segmentation-based registration, as it allows the focus to be placed on the overlap regions,

thereby improving the overall performance of the registration process.

Table 4.1: Results of the comparison on a partially overlapping ModelNet40 dataset with

Gaussian noise are presented below. The results are highlighted in bold font, indicating the

best performance achieved among all methods evaluated.

Method
Unseen objects Unseen categories

CD RE TE CD RE TE

ICP [42] 0.115 24.88 0.267 0.119 26.64 0.278

FGR [75] 0.121 42.43 0.302 0.124 41.96 0.291

RPMNet [133] 0.085 1.70 0.018 0.087 1.98 0.023

RGM [15] 0.082 0.93 0.009 0.085 1.55 0.014

PointNetLK [1] 0.124 29.72 0.291 0.161 32.69 0.312

PNetLKR [210] 0.108 24.35 0.194 0.142 25.56 0.250

PROTBS 0.082 0.89 0.010 0.083 1.17 0.014

Partially overlapping unseen category. This experiment assesses the the capacity of vari-

ous models to generalize in the context of learning-based point cloud registration for previously

unseen categories that were not part of the training data. The results, listed in the right col-

umn of Table 4.1 (Unseen categories), demonstrate that PROTBS outperforms other models

in this aspect. It is also evident that the performance of traditional methods remains relatively

unchanged. Although RGM performs well in generalization, the proposed method outperforms

it, as it is an unsupervised method and does not rely on any category labels. However, it is

clear that the other learning-based methods struggle to generalize well to unseen categories.

Figure 4.8 shows the visualizations of registration. These results further demonstrate the effec-

tiveness of incorporating soft segmentation into the registration process.

4.3.5 Evaluation on 7Scene

Further experiments were conducted on the real-world 7Scene dataset [208] to evaluate the

proposed method. The model was trained in an unsupervised manner with a batch size of 32

and the number of clusters, K, was set to 72 for the clustering module. The results, as shown in

Table 4.2, demonstrate the competitiveness of the proposed method with a 1.66 rotation error,

0.007 translation error, and 0.041 clip chamfer distance error. Compared to correspondence-free

71



4.3. EXPERIMENTS

Input               

ICP                                   

CEMNet                              

GT                               

Ours                         
 

(a)                    (b)                       (c)        (d)  (e)         (f)     (g)     (h) 

In
p
u
t

F
M

R
R
G
M

P
R
O
T
B
S

G
T

Figure 4.8: Qualitative registration examples on partially overlapping ModelNet40 dataset

methods such as PointNetLK, PNetLKR, and FMR, as well as correspondence-based methods

like RGM and non-learning-based methods like ICP and FGR, the proposed method outper-

forms all of them in all evaluation criteria. This shows that the PROTBS method can be

applied to more complex scenes with great success.

Table 4.2: Registration results of the comparison on the 7Scene dataset. The results are

highlighted in bold font, indicating the best performance achieved among all methods evaluated.

Method Year CD RE TE

ICP [42] 1992 0.118 7.69 0.121

FGR [75] 2016 0.051 1.92 0.009

RGM [15] 2021 0.044 1.79 0.008

PointNetLK [1] 2019 0.067 3.94 0.043

FMR [11] 2020 0.063 3.66 0.012

PNetLKR [210] 2021 0.058 2.67 0.018

PROTBS - 0.041 1.66 0.007
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4.3.6 Evaluation on 3DMatch

Since no category labels are available in the 3DMatch dataset, the proposed PROTBS is trained

directly in an unsupervised manner. The value of K is still set to 64. The experiment involves

training PointNet for 250 epochs and the registration process for 400 epochs. The evaluation

metric used is the Recall, which is calculated as the percentage of point cloud pairs with a

rotation error (30cm) and translation error below a threshold (15 degrees) compared to the

total number of pairs. The performance of PROTBS is compared to other methods such as

PointNetLK, DCP, DGR, FGR, and Go-ICP. Table 4.3 summarizes the results of the perfor-

mance comparison on the 3DMatch benchmark, and it is shown that PROTBS performs well

and outperforms other methods. Specifically, it achieves an 89.14% Registration Recall, which

surpasses the second-best DGR method with 85.2%.

A visual example of PROTBS is presented in Figure 4.9, demonstrating its ability to achieve

accurate results in challenging indoor scenes with a low overlap ratio.

Table 4.3: Registration results on 3DMatch.

Method Recall TE RE(◦)

Go-ICP 22.9% 14.7 5.38

FGR 42.7% 10.6 4.08

PointNetLK 1.61% 21.3 8.04

FMR 14.3% 13.0 4.33

DCP 3.22% 21.4 8.42

DGR 85.2% 7.73 2.58

PROTBS (ours) 89.14% 6.54 2.45

4.3.7 Ablation study

The ablation studies were performed on the ModelNet40 dataset to evaluate the significance of

each component of our proposed method, referred to as ROTBS. The features were extracted

using an unsupervised method, and the results, shown in Figure 4.10, demonstrate that the

unsupervised approach can enhance the performance of PointNetLK. Although the improve-

ment is marginal compared to PNLKBS, using an unsupervised loss can lead to more excellent

numerical stability. Additionally, the beam search strategy effectively improves the alignment

accuracy, especially for registration tasks that involve large rotations.
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Figure 4.9: Example qualitative registration results for 3DMatch.
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Figure 4.10: Ablation Study: An evaluation of the impact of removing or modifying specific

components or variables in a system. In this study, the vertical axis depicts the errors in rotation

(a) and translation (b) that occur after the registration process. Meanwhile, the horizontal axis

indicates the initial misalignment between the template and the source prior to registration.

4.3.8 Time complexity

This section also conducted an evaluation of the mean computational time of five popular

point cloud alignment algorithms: Go-ICP, FGR, DCP, ROT, and ROTBS. The objective was

to compare their performance in aligning two point clouds from the ModelNet40 dataset. The

results of this evaluation are presented in Table 4.4. It can be seen that the average time

required for aligning 1002 object pairs was calculated and compared among the algorithms.
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It was observed that the proposed algorithms demonstrated faster performance compared to

Go-ICP, with the number of points being approximately 2400 and the initial misalignment

between the template and source point clouds being set at 90◦. This indicates that the proposed

algorithms have a significant advantage in terms of computational efficiency in aligning point

clouds.

Table 4.4: Running time comparison with around 2.4K points.

Method Go-ICP FGR ROT ROTBS

Mean time (s) 89.01 0.15 0.11 12.28

Mean error (◦) 4.79 13.70 59.63 3.19

4.4 Summary and conclusions

The chapter introduced an unsupervised end-to-end 3D rigid point cloud registration pipeline

to tackle the issue of point cloud registration with large rotations and partial overlaps. This

method adopts a rotation-based unsupervised approach to train networks that can effectively

reduce the dependence on labeled data. To further tackle the challenge of large rotation regis-

tration, a beam search scheme was introduced, which can significantly enhance the performance

of the method. Additionally, a clustering-based method was provided to solve the point cloud

registration with partial overlaps. This search approach can be applied independently of the

specific neural network architecture and can cooperate with other registration tasks that face

large rotation challenges, even those that are correspondence-based.

However, despite its benefits, the method proposed in this chapter still faces challenges in

real-world scenarios with low partial overlaps. For instance, on the 3DMatch dataset, the

proposed method only achieved 89.14% registration performance. This is due to the difference

in the feature extraction capabilities of PointNet. To address this issue, a correspondence-based

method will be introduced in the following chapter to solve point cloud registration with low

partial overlaps.
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Chapter 5

FOTReg, Fused Optimal Transport

based Point Cloud Registration

5.1 Introduction

Chapter 4 extends the correspondence-free registration methods to solve point cloud pairs with

large rotations and partial overlaps, achieving outstanding performance on synthetic datasets.

However, it underperforms on point clouds with low partial overlaps and real scenes, as dis-

cussed in Sec. 1.2.4. To register point clouds with partial overlaps, many works [9], [15],

[150] have shown that the correspondence-based methods perform better than correspondence-

free methods. However, the performance of correspondence-based approaches depends on the

quality of the estimated correspondences. This chapter thus proposes a learning framework

FOTReg by simultaneously considering pointwise and structural matchings to estimate more

correct correspondences in the overlap regions.

Correspondence-based algorithms occupy a significant proportion of deep learning-based regis-

tration methods. The state-of-the-art correspondences-based pipelines commonly consist of the

following stages [13]: feature extraction, correspondence prediction, outlier rejection, and trans-

formation estimation. Correspondences-based approaches mainly focus on improving registra-

tion performance by extracting highly discriminative features [14], [15], [120], [127] or removing

the outlier correspondences [12], [13], [152]. The correspondence prediction is also critical since

estimating the transformation parameters depends on the correct correspondences. However,

only a few works have been devoted to improving the correspondence prediction algorithms [12].

Therefore, this chapter focuses on developing a correspondence prediction algorithm to obtain

more accurate correspondences for pairwise point cloud registration.

In learning-based 3D point registration, pointwise matching is often used to establish matches
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𝑝𝑖

𝑝𝑘

𝑞𝑗

𝑞𝑙

Gromov-Wasserstein Distance

Structural  matching

Wasserstein Distance
Pointwise matching

Wasserstein Distance
Pointwise matching

Figure 5.1: A paradigm shows the key concept of the proposed correspondence prediction

algorithm. It consists of pointwise matching based on the feature similarities, such as pi and

qj, and structural matching based on the geometric similarities between two pairs of points,

such as {pi, pk} and {qj, ql}. The size of each point represents its overlap score.

between two point clouds [31]. The core idea of pointwise matching is that a pair of points

between the source and target point clouds having the most similar feature representations

are identified as the corresponding points. However, the putative correspondences produced

by the pointwise matching contain many false matches and outliers [211]. The following two

factors will cause false matches: first of all, some points in the overlap regions are assigned to

that in the non-overlap areas because they are treated equally in the correspondence prediction

stage [14]; second, more than pointwise matching is required to distinguish the ambiguous and

repeated patterns in the point clouds, hence estimating more correct correspondences [15].

To solve the above problems, borrowing ideas from Predator [14] and OCFNet [23], FOTReg

first introduces the overlap scores to detect overlap regions, which then guide the correspondence

prediction. Furthermore, inspired by the success of structural constraint, i.e., edge information,

in graph matching [212], [213] and outlier rejection [13], structural matching as an additional

condition is also applied to produce correspondences for registration. When combining overlap

scores with pointwise and structural matchings, it induces a fused Gromov-Wasserstein distance

(FGW) problem [163], which estimates the correspondences by searching a transport plan. The

structure is defined as the distance between two points within a point cloud in Euclidean and

feature spaces, so the structural matching is formulated by comparing the geometric difference

based on the structural matching [136]. Figure 5.1 illustrates the pointwise and structural

matchings. FOTReg is based on the intuition that incorporating pointwise and structural

matchings into producing correspondences can resolve ambiguity, achieving better performance

than using either match. Expressly, the FGW can incorporate both the pointwise and the

structural matchings with the overlap scores acting as empirical distributions to improve the
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accuracy of the generated correspondences in 3D point cloud registration. To ease the memory

burden, the proposed method adopts the coarse-to-fine mechanism borrowed from CoFiNet [150]

and a geotransformer [9], a hierarchical matching strategy to generate the correspondences.

5.2 Methodology

This section first explains the formulation and notation of the problem before introducing the

proposed method. The problem involves two point sets, P = {pi ∈ R3|i = 1, · · · , N} and

Q = {qi ∈ R3|i = 1, · · · ,M}, which have associated features Fp = {fpi ∈ Rd|i = 1, · · · , N}
and F q = {fqi ∈ Rd|i = 1, · · · ,M}, respectively. The objective of the registration problem

is to find an optimal transformation T consisting of a rotation R ∈ SO(3) and a translation

t ∈ R3, which merges the source set P with the target set Q. T can only be determined from

the data in overlapping areas of P and Q if both sets have sufficient overlaps. An assignment

matrix Γ ∈ RN×M with elements Γij ∈ {0, 1} is defined to represent the matching confidence

between the point pi and qj, where each element satisfies

Γij =

1, if point pi matches qj

0, otherwise
. (5.1)

FOTReg uses the overlap scores to depict the overlapping region. The overlap score of the

point pi is defined as

µpi
=

1, if point pi is an inlier of P

0, otherwise
, (5.2)

where µqj is defined similarly. Let µp = {µpi
|i = 1, · · · , N} and µq = {µqj |j = 1, · · · ,M}.

Usually, it is unlikely to determine whether a point is in overlap regions. Thus it needs to

relax the overlap scores to µx ∈ [0, 1] and apply a neural network to predict overlap scores.

The overlap score prediction module details are illustrated in Sec. 5.2.6. When considering the

overlap scores, the registration task is then cast to solve the following problem:

min
Γ,R,t

N∑
i=1

M∑
j=1

Γij∥Rpi + t− qj∥2,

s.t.
M∑
j=1

Γij = µpi
,

N∑
i=1

Γij = µqj ,Γij ∈ {0, 1}.

(5.3)

The three constraints enforce Γ to be a permutation matrix. If the optimal rigid trans-

formation {R, t} are provided, then the assignment matrix Γ can be recovered from Eq.

(5.3). By contrary, given the assignment matrix Γ, correspondences can be estimated by

M = {(pi, qj)|j = argmaxk Γik}. M can be directly leveraged by RANSAC [41] or SVD

to estimate the transformation.
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The following notation will be used throughout this chapter. pi → qj indicates a correspondence

of pi and qj. {pi,pk} represents a pair. 〈·, ·〉 is an inner product operator. The Kullback-Leibler

(KL) divergence between two non-negative vectors a = (a1, a2, · · · , an) and b = (b1, b2, · · · , bn)
is defined as

KL (a|b) =
n∑

i=1

(
ai log

(
ai
bi

)
− ai + bi

)
, (5.4)

with the convention 0 log 0 = 0.

5.2.1 Optimal transport-based point cloud registration

Structure matrix

Structure matrix

Structural matching

Structural matching

Pointwise matching

Optimal match

Coupled optimal
transport

Figure 5.2: Overview of the correspondence prediction. Point clouds P and Q, with

their features Fp and F q, and the overlap scores µp,µq. C
pq is the cross distance matrix. Cp

and Cq represent the structure matrices. The assignment matrix Γ is predicted by solving a

fused optimal transport problem. P and Q have N and M points, respectively. M represents

a set of estimated correspondences.

This section proposes a method (FOTReg) to generate correspondences by jointly considering

pointwise and structural matchings, as illustrated in Figure 5.2. FOTReg first uses Fp and the

coordinates of P to calculate Cp. Similarly, F q and the coordinates of Q are used to calculate

the Cq. After that, Cp, Cq, the overlap scores µp and µq are used for structural matching based

on the Gromov-Wasserstein distance. Fp and F q are used to calculate Cpq. Then Cpq and

overlap scores µp and µq are used for pointwise matching based on the Wasserstein distance.

Finally, the Wasserstein distance and Gromov-Wasserstein distance are fused in a mutually-

beneficial way by sharing the assignment matrix Γ, which is estimated via the fused optimal
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transport algorithm. P and Q have N andM points, respectively. The correspondencesM are

finally obtained based onM = {(pi, qj)|j = argmaxk Γik}. The following section will explain

the utilization of fused optimal transport in predicting correspondences.

5.2.2 Fused optimal transport-based correspondence prediction

As mentioned above, only considering the pointwise matching is not sufficient to find accu-

rate correspondences due to the ambiguous and repeated patterns in the 3D acquisition point

clouds. Therefore, this section combines both pointwise and structural matchings to establish

the correspondence between the source and target point clouds.

For point-wise matching, the cross-distance matrix Cpq ∈ RN×M is derived based on the feature

space between point cloud P and Q with each element satisfying

Cpq
ij = Df

(
fpi

,fqj

)
, 0 ≤ i ≤ N, 0 ≤ j ≤M, (5.5)

where Df

(
fpi

,fqj

)
= ∥ fpi

∥fpi∥2
− fqj

∥fqj ∥2
∥2 represents the distance between fpi

and fqj .

To construct the structural matching, FOTReg first calculates the discrepancy (structure)

matrix Cp ∈ RN×N of the point pairs within P in both Euclidean and feature spaces with the

elements related to {pi,pk} satisfying

Cp
ik = λDe (pi,pk)︸ ︷︷ ︸

Euclidean

+(1− λ)Df (fpi
,fpk

)︸ ︷︷ ︸
Feature

, (5.6)

where De (·, ·) is a function related to distances between two points in Euclidean space satisfying

De (pi,pk) = 2 tanh(∥pi − pk∥2). λ ∈ [0, 1] is a hyperparameter controlling the contribution of

feature and coordinate information. Similarly, the elements of Cq ∈ RM×M related to {qj, ql}
for Q can be calculated by

Cq
jl = λDe (qj, ql) + (1− λ)Df

(
fqj ,fql

)
. (5.7)

The proposed method jointly exploit the pointwise and structural matchings equipped with

overlap scores to indicate the correspondences between source and target point clouds. This

leads to an optimization problem that can be solved by a fused optimal transport method

(called fused optimal transport since it contains two types of distance, i.e., WD and GWD).

min
Γ

∑
ij

ξ1 ΓijC
pq
ij︸ ︷︷ ︸

WD

+ξ2
∑
ijkl

ΓijΓk,l

(
Cp

ik −Cq
jl

)2︸ ︷︷ ︸
GWD

,

s.t., Γ1M = µp,Γ
⊤1N = µq,Γij ∈ [0, 1],

(5.8)

where 1n denotes an n-dimensional all-one vector. ξ1 and ξ2 are two non-negative hyperparam-

eters controlling the pointwise and structural matchings, respectively. If ξ1 > 0 and ξ2 = 0,

80



CHAPTER 5. FOTREG, FUSED OPTIMAL TRANSPORT BASED POINT CLOUD
REGISTRATION

then it only depends on the pointwise matching, and if ξ1 = 0 and ξ2 > 0, it only considers the

structural matching. When ξ1 > 0 and ξ2 > 0, it allows the framework to effectively consider

both pointwise and structural matchings for better correspondence predictions by sharing the

assignment matrix Γ.

The next section will introduce the Wasserstein distance-based pointwise matching and the

Gromov-Wasserstein distance-based structural matching, respectively.

5.2.3 Wasserstein distance-based pointwise matching

The Wasserstein distance-based pointwise matching method can be regarded as a variant of the

nearest neighbor search with an additional bijectivity constraint that enforces global matching

consistency. But it is appropriate for partial registration since the overlap scores have been

introduced to detect the overlap regions. Given two point clouds P andQ, with their associated

features Fp and F q, overlap scores µp and µq, the assignment matrix Γ can be estimated based

on the following Theorem.

Theorem 1. Given features Fp and F q, overlap scores µp and µq, if Fp,F q are invariant to

rigid transformations, and R⋆, t⋆,Γ⋆ are the optimal solutions of problem in Eq. (5.3). Then

Γ⋆ is an optimal solution to the following optimization problem:

min
Γ
⟨Cpq,Γ⟩ = min

Γ

N∑
i=1

M∑
j=1

ΓijC
pq
ij ,

s.t. Γ1M = µp,Γ
⊤1N = µq,Γij ∈ [0, 1],

(5.9)

where fpi
∈ Fp, fqj ∈ F q represent the features of points pi and qj, respectively. Cpq

ij =

∥ fpi

∥fpi∥2
− fqj

∥fqj ∥2
∥2. The constraint of the assignment matrix Γ is relaxed to a doubly stochastic

state, that is, Γij ∈ [0, 1].

Proof. This proof assumes the correct matches in the correspondence set are free of noise and

denotes h1(Γ) = ⟨Γ,Cpq⟩. As the minimum values of h1(Γ) is non-negative, if h1(Γ
⋆) = 0 can

be proved, then Γ⋆ is a optimal solution of (5.9). R⋆, t⋆,Γ⋆ are the optimal solutions of problem

(5.3), leading to
N∑
i=1

M∑
j=1

Γ⋆
ij∥R⋆pi + t⋆ − qj∥22 = 0

⇒

∥R⋆pi + t⋆ − qj∥22 = 0, Γ⋆
ij = 1

Γ⋆
ijDf

(
fpi

,fqj

)
= 0, Γ⋆

ij = 0
,

i.e., when Γ⋆
ij = 1, pi → qj is an aligned correspondence since ∥R⋆pi + t⋆ − qj∥22 = 0. As the

features are invariant to rigid transformation, then

fpi
= fqj ⇒ Γ⋆

ijDf

(
fpi

,fqj

)
= 0⇒ h1(Γ

⋆) = 0. (5.10)

81



5.2. METHODOLOGY

Remark 1. Theorem 1 signifies that the assignment matrix Γ can be calculated by solving

the optimization problem in Eq. (5.9), which is related to an optimal transport [136] problem

(Wasserstein distance). It can be solved using the Sinkhorn algorithm [167].

5.2.4 Gromov-Wasserstein distance-based structural matching

Structural matching is based on the following observations: for all pi,pk ∈ P and qj, ql ∈ Q
with their associated features fpi,fpk ∈ Fp and fqj,fql ∈ F q, if the correspondences pi → qj

and pk → ql are correct, then the distance between pi and pk should be similar to the distance

between qj and ql. This implies that the structural difference in both the Euclidean and

feature spaces should be small, i.e., |ce (pi,pk)− ce (qj, ql) | and |cf (fpi,fpk)− cf (fqj,fql) |
should be small. The Gromov-Wasserstein distance is frequently utilized to determine the

relationships between two sets of samples using their pairwise similarity (or distance) matrices

within the domains. Thus, it can approximately transform the correspondence prediction into

a structural matching problem based on the Gromov-Wasserstein distance, as stated in the

following theorem.

Theorem 2. Given two point clouds P and Q, with their associated features Fp and F q,

overlap scores µp and µq, if Fp,F q are invariant to rigid transformation, and R⋆, t⋆,Γ⋆ are

the optimal solutions of problem (5.3), then Γ⋆ is an optimal solution of the following Gromov-

Wasserstein distance-based optimization:

min
Γ

N∑
i=1

M∑
j=1

N∑
k=1

M∑
l=1

ΓijΓkl

(
Cp

ik −Cq
jl

)2
s.t., Γ1M = µp,Γ

⊤1N = µq,Γij ∈ [0, 1],

(5.11)

where Cp
ik and Cq

jl are defined as Eq. (5.6) and Eq. (5.7), respectively.

Proof. Denote h2(Γ) =
∑

ijkl ΓijΓkl

(
Cp

ik −Cq
jl

)2
. The minimum values of h2(Γ) are non-

negative, Γ⋆ is an optimal solution of (5.11) can be translated into proving h2(Γ
⋆) = 0. If

Γ⋆
ij = 1 and Γk,l = 1, then ∥R⋆pi + t⋆ − qj∥22 = 0 and ∥R⋆pk + t⋆ − ql∥22 = 0 ⇒ ∥pi − pk∥2 =
∥R⋆pi + t⋆ − R⋆pk + t⋆∥ = ∥qj − ql∥2. Meantime, pi matches qk and pj matches ql imply

fpi
= fpk

and fqj = fql , respectively, resulting in(
Cp

ik −Cq
jl

)2
=[(1− λ)Df (fpi

,fpk
) + λDe (pi,pk)

−(1− λ)Df

(
fqj ,fql

)
− λDe (qj, ql)]

2

=0⇒ ΓijΓkl

(
Cp

ik −Cq
jl

)2
= 0.

If Γ⋆
ij = 0 or Γk,l = 0, thus h2(Γ

⋆) = 0.
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Assignment matrix Γ can be obtained from by problem in Eq. (5.11) by solving an entropy reg-

ularized optimization. Structural matching is formulated by jointly considering the structural

differences in both Euclidean and feature space.

5.2.5 Model optimization

This section introduces how to solve the problem in (5.8). For simplicity, a matrixH (Cp,Cq,Γ) ∈
RN×M is denoted with each element satisfying:

[H (Cp,Cq,Γ)]kl =
N∑
i=1

M∑
j=1

(
Cp

ik −Cq
jl

)2
Γij. (5.12)

Eq. (5.12) leads to ∑
ijkl

ΓijΓkl

(
Cp

ik −Cq
jl

)2
= ⟨H (Cp,Cq,Γ) ,Γ⟩ . (5.13)

The problem in Eq. (5.8) can be rewritten as

min
Γ≥0

ξ1 ⟨Cpq,Γ⟩︸ ︷︷ ︸
WD

+ξ2 ⟨H (Cp,Cq,Γ) ,Γ⟩︸ ︷︷ ︸
GWD

, (5.14a)

s.t., Γ1M = µp,Γ
⊤1N = µq. (5.14b)

Standard optimal transport only allows a meaningful comparison of measures with the same

total mass, i.e.,
∑N

i=1 µpi =
∑M

j=1 µqj , which does not always satisfy the registration requirement

due to multiple correspondences. Following [214], the constraints in Eq. (5.14b) are replaced

with soft-marginals (KL divergence). Optimization in Eq. (5.14) is then translated into an

unconstrained approximate transport problem

min
Γ≥0

ξ1 ⟨Cpq,Γ⟩+ ξ2 ⟨H (Cp,Cq,Γ) ,Γ⟩+ τ
(
KL (Γ1M |µp) +KL

(
Γ⊤1N |µq

))
, (5.15)

where τ > 0 is a regularization parameter to adjust the strength of penalization of the soft

margins. The generalized proximal point method [215] and projected gradient descent are

adopted to solve the problem in Eq. (5.15) based on the KL metric. Following [161], [215],

Γ(k) is fixed at iteration k + 1 for k ≥ 0, KL
(
Γ|Γ(k)

)
acts as a regularization centered on the

previous solution Γ(k). The update rule for Eq. (5.15) at iteration k + 1 can be written as

Γ(k+1) = argmin
Γ≥0

ϵKL
(
Γ|Γ(k)

)
+ ξ1 ⟨Cpq,Γ⟩+ ξ2

〈
H
(
Cp,Cq,Γ(k)

)
,Γ
〉

+ τ
(
KL (Γ1M |µp) +KL

(
Γ⊤1N |µq

))
,

(5.16)

with initialization Γ(0) = µpµq
⊤. ϵ > 0 is a regularization parameter. KL

(
Γ|Γ(k)

)
can be

interpreted as a damping term that encourages Γ(k+1) not to be very far from Γ(k). For ϵ small

enough, Γ(k+1) in Eq. (5.16) converges to the optimal solution of problem in Eq. (5.14) as

τ increases. Choosing ϵ trades off convergence speed with closeness to the original transport

problem [167]. The solution of the problem in Eq. (5.16) is based on the following theorem.

83



5.2. METHODOLOGY

Theorem 3. Denote f(Γ(k)) = ξ1C
pq + ξ2H

(
Cp,Cq,Γ(k)

)
− ϵ log Γ(k) and C ∈ RN×M with

elements that satisfy Cij = [f
(
Γ(k)

)
]ij. The optimal solution for the objective in Eq. (5.16) can

be obtained by solving the following dual entropic regularized objective,

min
u,v

h(u,v) = min
u,v

ϵ
N∑
i=1

M∑
j=1

exp

(
ui + vj −Cij

ϵ

)
+ τ

〈
exp

(
−u

τ

)
,µp

〉
+ τ

〈
exp

(
−v

τ

)
,µq

〉
,

(5.17)

where u ∈ RN ,v ∈ RM are dual variables.

Proof. This proof denotes

f(Γ(k)) = ξ1C
pq + ξ2H

(
Cp,Cq,Γ(k)

)
− ϵ log Γ(k),

H(Γ) =
N∑
i=1

M∑
j=1

Γij(log Γij − 1).
(5.18)

And then

KL
(
Γ|Γ(k)

)
=

N∑
i=1

M∑
j=1

(
Γij log

(
Γij

Γ
(k)
ij

)
− Γij + Γ

(k)
ij

)
= H(Γ)−

〈
log Γ(k),Γ

〉
+ 1⊤

NΓ
(k)1M .

After algebraic simplification, Eq. (5.16) can be rewritten as

Γ(k+1) = argmin
Γ≥0

〈
f
(
Γ(k)

)
,Γ
〉
+ ϵH(Γ)

+ τ
(
KL (Γ1M |µp) +KL

(
Γ⊤1N |µq

))
+ ϵ1⊤

NΓ
(k)1M ,

(5.19)

with initialization Γ(0) = µpµq
⊤. It can be solved iteratively with the help of the Sinkhorn-

Knopp algorithm [167], [216]. For ∀ϵ > 0, the problem (5.19) is strongly convex and lower

semi-continuous. Meanwhile, µp and µq are given non-negative vectors, strong duality and

the existence of a minimizer for (5.19) is thus given by the Fenchel-Legendre dual form, which

states that

max
u∈RN ,v∈RM

−F ⋆ (−u)−G⋆ (−v)− ϵ
∑
ij

exp

(
ui + vj −Cij

ϵ

)
,

where Cij = [f
(
Γ(n)

)
]ij, and the function F ⋆ (·) and G⋆ (·) take the following forms:

F ⋆ (u) = sup
z∈RN

z⊤u− τKL (z|µp)

= τ
〈
exp

(u
τ

)
,µp

〉
− µp

⊤1N ,

G⋆ (v) = sup
z∈RM

z⊤v − τKL (z|µq)

= τ
〈
exp

(v
τ

)
,µq

〉
− µq

⊤1M ,

(5.20)

Thus, it is proved by denoting h(u,v) = F ⋆ (−u) +G⋆ (−v) + ϵ
∑

ij exp
(

ui+vj−Cij

ϵ

)
.
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The problem in Eq. (5.17) can be solved using the Sinkhorn algorithm [167], [214]. Specifically,

∂h

∂u
= 0⇒

N∑
j

exp

(
ui + vj −Cij

ϵ

)
− exp

(
−ui

τ

)
µpi

= 0

⇒ exp
(ui

ϵ

) N∑
j

exp

(
vj −Cij

ϵ

)
= exp

(
−ui

τ

)
µpi

.

Let (uk,vk,ak, bk) be the solution returned at the k-th iteration of the algorithm. Here a =

B(u,v)1M and b = B(u,v)⊤1N with B(u,v) = diag
(
exp

(
u
ϵ

))
· exp

(
−C

ϵ

)
· diag

(
exp

(
v
ϵ

))
.

Suppose iteration k + 1 for k ≥ 0 has a fixed vk, i.e.,

exp

(
uk+1

i

ϵ

) N∑
j

exp

(
vk
j −Cij

ϵ

)
= exp

(
−uk+1

i

τ

)
µpi

. (5.21)

Multiplying both sides by exp
(

uk
i

ϵ

)
, Eq. (5.21) is translated into

exp

(
uk+1

i

ϵ

)
ak
i = exp

(
uk

i

ϵ

)
exp

(
−uk+1

i

τ

)
µpi

⇒ uk+1 =

[
uk

ϵ
+ log (µp)− log

(
ak
)] ϵτ

ϵ+ τ
.

Similarly, with uk fixed, Eq. (5.21) is translated into

vk+1 =

[
vk

ϵ
+ log (µq)− log

(
bk
)] ϵτ

ϵ+ τ
.

The pseudocode in Algorithm 4 illustrates the solution. The inner iterations can be determined

by ϵ,Cij and max{M,N} and the proof is similar to Theorem 2 in [214]. In experiments, it

can be found that when setting ξ1 = 1.0, τ = 5.0, ϵ = 0.001, NI = 100 and NO = 20, it can

obtain satisfactory results.

5.2.6 Combined with learning network

The solution of the optimization problem in Eq. (5.8) is sought over the space of N × M

permutation matrices. Because of memory constraints and speed limitations, it is unsuit-

able for solving large-scale registration problems. To this end, FOTReg adopts a hierarchical

matching strategy that establishes superpoint-level correspondences and then predicts point-

level correspondences according to superpoint-level matches. The proposed FOTReg pipeline

is illustrated in Fig. 5.3, which is a shared weighted two-stream encoder-decoder network.

Given a pair of point cloud P and Q, the encoder aggregates the raw points into superpoints

P̄ = {p̄i ∈ R3|i = 1, 2, ..., N̄} and Q̄ = {q̄j ∈ R3|j = 1, 2, ..., M̄}, while jointly learning the

associated features F p̄ = {fp̄i ∈ Rb|i = 1, 2, ..., N̄} and F q̄ = {fq̄j ∈ Rb|j = 1, 2, ..., M̄}. The
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Algorithm 4 Fused optimal transport algorithm.

Input: Distance matrices Cp, Cq and Cpq, overlap scores µp and µq, and hyparameters

τ, ϵ > 0, ξ1 = 1, and the number of outer/inner iterations NO, NI .

1: Initialize Γ(0) = µpµq
⊤, k = 0.

2: for k = 0 : NO do

3: ξ2 =
k

NO

4: Compute Cij =
[
f
(
Γ(k)

)]
ij

5: while k < NI do

6: ak = B(uk,vk)1M , b
k = B(uk,vk)⊤1N .

7: if k is even then

8: uk+1 =
[
uk

ϵ
+ log (µp)− log

(
ak
)]

ϵτ
ϵ+τ

9: vk+1 = vk

10: else

11: vk+1 =
[
vk

ϵ
+ log (µq)− log

(
bk
)]

ϵτ
ϵ+τ

12: uk+1 = uk

13: end if

14: k = k + 1.

15: end while

16: Γ(k) = B(uk,vk)

17: Output: Γ(NO)

18: end for

overlap attention block updates the features as F̄ p̄ and F̄ q̄, and projects them to coarse level

overlap score vectors µp̄ = {µp̄i ∈ [0, 1]}N̄i=1,µq̄ = {µq̄j ∈ [0, 1]}M̄i=1. The updated features

and overlap scores are then used to calculate the coarse-level correspondences. Finally, the

decoder converts the superpoint level features and overlap scores into pointwise feature de-

scriptors Fp and F q and overlap scores µp and µq. These are utilized to determine fine-level

correspondences.

Encoder. Inspired by Predator [14], a shared KPConv [93], which consists of a series of

ResNet-like blocks and stridden convolutions, simultaneously down-samples the raw point

clouds P and Q into superpoints P̄ and Q̄ and extracts associated features F p̄ = {fp̄j ∈
Rb|j = 1, 2, ..., N̄} and F q̄ = {fq̄j ∈ Rb|j = 1, 2, ..., M̄}, respectively.

Overlap attention module. The overlap attention module estimates the probability (over-

lap score) of whether a point is in the overlapping area and consists of positional encoding,

self-attention, cross-attention, and overlap score prediction. The positional encoding assigns

intrinsic geometric properties to a pointwise feature, thus enhancing distinctions among point
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Figure 5.3: Overview of the proposed FOTReg combined with the network. FOTReg adopts

a hierarchical matching strategy that establishes super point-level correspondences and then

predicts point-level correspondences according to superpoint-level matches.

features in indistinctive regions. The extracted local features have a limited receptive field,

which may not effectively distinguish indistinct regions. To address this issue, humans rely on

the local neighborhood and a larger global context to identify correspondences in these indis-

tinct regions. To model this long-range dependency, self-attention is introduced. The cross

attention module further exploits the intra-relationship within the source and target point

clouds, modeling the potential overlap regions. This section will provide further details on

these individual components.

The positional encoding scheme assigns intrinsic geometric properties to per-point features by

adding unique positional information, which improves the distinction of features in indistinctive

regions. Given two superpoints p̄i and p̄j from the set P̄ , the scheme selects the k = 5 nearest

neighbors Ki of p̄i and calculates the centroid p̄c of P̄ , which is
∑N̄

i=1 p̄i. The angle between

the vectors p̄i − p̄c and p̄x − p̄c is calculated for each p̄x ∈ Ki and is denoted as αix. The

position encoding f pos
p̄i of p̄i is then defined as follows:

f pos
p̄i = φ (∥p̄i − p̄c∥2) + max

x∈Ki

{ϕ (αix)}, (5.22)

where φ and ϕ are two MLPs, each MLP consists of a linear layer and one ReLU nonlinearity

function.

Let F l
p̄ be the intermediate representation for P̄ at layer l and let F0

p̄ = {f pos
p̄i + fp̄i}N̄i=1. A
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Transformer module consisting of four parallel attention heads is applied to update the F l
p̄ via

Sp̄ = W l
1F l

p̄ + bl1,Kx̄ = W l
2F l

x̄ + bl2,

Vx̄ = W l
3F x̄ + bl3,A = softmax

(
S⊤

p̄ Kx̄

/√
b
)
,

F l+1
p̄ = F p̄ + gl

([
F l

p̄

∥∥AVx̄

])
.

(5.23)

Here, if x̄ = p̄ represents self-attention, and if x̄ = q̄ indicates cross-attention. [·∥·] denotes
concatenation, and gl (·) is a three-layer fully connected network consisting of a linear layer,

instance normalization, and a LeakyReLU activation. The same attention module is also si-

multaneously performed for all points in point cloud Q̄. A fixed number of layers L = 2 with

different parameters are chained and alternatively aggregate along the self- and cross-attention.

As such, start from l = 0, x̄ = p̄ if l is even and x̄ = q̄ if l is odd. The final outputs of attention

module are F̄ p̄ = F3
p for P̄ and F̄ q̄ = F3

q̄ for Q̄. By doing this, each point can incorporate

non-local information that intuitively strengthens their long-range correlation dependencies.

The latent features F̄ p̄ have the knowledge of F̄ q̄ and vice versa.

Overlap score prediction. To deal with those points in non-overlapping regions, this mod-

ule separately predicts the overlap scores µp̄ = {µp̄1 ,µp̄2 , · · · ,µp̄N̄
} and µq̄ = {µq̄1 ,µq̄2 , · · · ,µq̄M̄

}
using the conditioned features F̄ p̄ and F̄ q̄. Here µp̄i ∈ [0, 1] and µq̄j ∈ [0, 1] can be computed

using a single fully layer gβ (·) followed by a sigmoid activation function.

µp̄ = sigmoid
(
gβ
(
F̄ p̄

))
,

µq̄ = sigmoid
(
gβ
(
F̄ q̄

))
.

(5.24)

The overlap scores mask the influence of points outside the overlap region.

Coarse-Level Correspondence Prediction. F̄ p̄, F̄ q̄, µp̄ and µq̄ are used to calculate an

assignment matrix Γ̄, at superpoint level, by solving a fused optimal transport problem

min
Γ̄≥0

〈
ξ1C

p̄q̄, Γ̄
〉
+
〈
ξ2H

(
C p̄,C q̄, Γ̄

)
, Γ̄
〉

+ τ
(
KL

(
Γ̄1M̄ |µp̄

)
+KL

(
Γ̄⊤1N̄ |µq̄

))
,

(5.25)

where C p̄q̄,C p̄, and C q̄ are the distance matrices with elements satisfying C p̄q̄
ij = Df

(
f̄p̄i , f̄q̄j

)
,

C p̄
ij = λDe (p̄i, p̄j)+(1−λ)Df

(
f̄p̄i , f̄p̄j

)
, andC q̄

ij = λDe (q̄i, q̄j)+(1−λ)Df

(
f̄q̄i , f̄q̄j

)
, respectively.

λ > 0 is a hyperparameter. Eq. (5.25) is an instance of the optimal transport [167] problem,

which can be solved efficiently using the Sinkhorn-Knopp algorithm [167]. Upon reaching

Γ̄, the correspondences with the highest confidence score in each row and column can be

selected and further refined through the application of the mutual nearest neighbor (MNN)

criterion to eliminate potential outliers in the coarse matches. These correspondences coarse-

level correspondences are defined as follows:

M̄ = {(p̄î, p̄ĵ)
∣∣∀(̂i, ĵ) ∈ MNN(Γ̄), ĵ = argmax

k
Γ̄îk}. (5.26)
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Decoder. The decoder starts with conditioned features F p̄, concatenates them with the

overlap score µp̄, and outputs the pointwise feature descriptor Fp ∈ RN×32 and refined per-

point overlap scores µp. The architecture of the decoder integrates NN-upsampling with linear

layers and incorporates skip connections from the corresponding layers in the encoder. The

same operator is applied to generate F q ∈ RM×32 and µq.

Fine-level prediction. The finer stage refines coarse correspondences to point-level corre-

spondences. Those refined matches are then utilized for point cloud registration. The points are

first grouped into clusters by assigning points to their nearest superpoints in geometry space.

After grouping, points with their corresponding overlap scores and descriptors form patches,

on which point correspondences can be extracted. For each superpoint p̄i ∈ P̄ , its associated

point set Gp̄i , feature set Gfp̄i
, and the overlap score set Gµp̄i

are denoted as
Gp̄i = {p ∈ P

∣∣∥p− p̄i∥2 ≤ ∥p− p̄j∥2, i ̸= j},

Gfp̄i
= {fxj

∈ Fp

∣∣xj ∈ Gp̄i},

Gµp̄i
= {µxj

∈ µp

∣∣xj ∈ Gp̄i}.

(5.27)

The coarse-level correspondence set M̄ is expanded to its associated patch correspondence sets,

both in geometry space MC = {(Gp̄i , Gq̄j)}, feature space MF = {(Gfp̄i
, Gfq̄j

)}, and overlap

scoresMµ = {(Gµp̄i
, Gµq̄j

)}. For computational efficiency, every patch samples K points based

on the overlap scores. Given a pair of overlapped patches (Gp̄i , Gfp̄i
, Gµp̄i

) and (Gq̄j , Gfq̄j
, Gµq̄j

),

it needs to first calculate the cross distance matrix C p̄iq̄j = {C p̄iq̄j
kl }, and structural matrices

C p̄i = {C p̄i
kl} and C q̄j = {C q̄j

kl } with elements satisfying

C
p̄iq̄j
kl = Df

(
Gk

fp̄i
, Gl

fq̄j

)
,

C p̄i
kl = λDe

(
Gk

p̄i
, Gl

p̄i

)
+ (1− λ)Df

(
Gk

fp̄i
, Gl

fp̄i

)
,

C
q̄j
kl = λDe

(
Gk

q̄j
, Gl

q̄j

)
+ (1− λ)Df

(
Gk

fq̄j
, Gl

fq̄j

)
,

where λ ∈ [0, 1] is a hyperparameter. Extracting point correspondences is analogous to match-

ing two smaller-scale point clouds by solving a fused optimal transport problem to calculate a

matrix Γp̄i as

min
Γp̄i≥0

⟨ξ1C p̄iq̄j ,Γp̄i⟩+ ⟨ξ2H (C p̄i ,C q̄j ,Γp̄i) ,Γp̄i⟩

+ τ
(
KL

(
Γp̄i1Mq̄j

|Gµp̄i

)
+KL

(
Γ⊤

p̄i
1Nq̄j
|Gµq̄j

))
,

For correspondences, the maximum confidence score of Γp̄i is selected in each row and column

to ensure higher precision. The final set of point correspondencesM is the combination of all

the obtained correspondence sets. After obtaining the correspondencesM, following [9], [150],

a variant of RANSAC [41] that is specialized to 3D correspondence-based registration [217] is

utilized to estimate the transformation.
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5.2.7 Loss function and training

The proposed model is an end-to-end learning framework that utilizes ground truth correspon-

dences as supervision. The loss function L = LC + LF + LCO + LFO consists of a coarse-level

loss LC for superpoint matching, a point matching loss LF for point matching, a binary clas-

sification loss LCO for coarse-level overlap scores, and a classification loss LFO for fine-level

overlap scores.

Superpoint matching loss. Existing methods [15], [150] usually formulate superpoint match-

ing as a multilabel classification problem and adopt a cross-entropy loss with optimal transport.

Doing this requires unfolding the Sinkhorn layer to compute gradients in the training stage. To

address this issue, a circle loss [218] is adopted to optimize the superpoint-wise feature descrip-

tors. As there is not direct supervision for superpoint matching, the overlap ratio rji of points

in Gp̄i that have correspondences in Gq̄j are used to depict the matching probability between

superpoints p̄i and q̄j. r
j
i is defined as:

rji =
1

|Gp̄i |
|{p ∈ Gp̄i

∣∣ min
q∈Gq̄j

∥T̂ (p)− q∥2 < rp}|.

where T̂ is the ground-truth transformation and rp is a set threshold. For circle loss, a positive

pair of superpoints is defined as those whose corresponding patches have at least 10% overlap,

while a negative pair is defined as those that do not overlap. Pairs that do not fall into either

category are omitted. From the set of superpoints in P̄ , those with at least one positive

superpoint in Q̄ are selected to form the set of anchor superpoints, P̃ . For each anchor p̃i in

P̃ , the set of its positive superpoints in Q̄ is designated as N p̃i
p , and the set of its negative

patches is designated as N p̃i
n . The superpoint matching loss(circle loss) LP̄

C on P̄ is calculated

by

LP̄
C =

1

|P̃ |

∑
p̃i∈P̄

log [1 + ζi] ,

ζi =
∑

q̃k∈N
p̃i
p

er
k
i β

ik
p (dki −∆p) ·

∑
q̃l∈N

p̃i
n

eβ
il
n (∆n−dli),

(5.28)

where dki = Df (fp̃i ,fq̃k) denotes the distance in the feature space. The empirical margins are

used to calculate the weights βik
p and βil

n individually for each positive and negative example

associated with ∆p = 0.1 and ∆n = 1.4, with a learned scale factor, γ, which must be greater

than or equal to 1. The circle loss adjusts the loss values on N p̃i
p according to the overlap ratio,

giving higher importance to patch pairs with a higher overlap. The same is true for the loss

LQ̄
C on Q̄. The overall superpoint matching loss is

LC =
1

2
(LP̄

C + LQ̄
C ). (5.29)
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Coarse-level overlap loss. The ratio of points in Gp̄i that are visible in Q are utilized to

depict the ground-truth overlap scores µ̄p̄i of p̄i. It is calculated by

µ̄p̄i =
1

|Gp̄i |
|{p ∈ Gp̄i

∣∣min
q∈Q
∥T̂ (p)− q∥2 < ro}|, (5.30)

with overlap threshold. If µ̄p̄i is close to 1, p̄i tends to locate in the overlap regions. µ̄q̄j is

calculated in the same way. The predicted overlap scores for P̄ are thus supervised using the

binary cross-entropy loss, i.e.,

LP̄ = − 1

N̄

∑
i

µ̄p̄i logµp̄i + (1− µ̄p̄i) log (1− µp̄i) . (5.31)

The loss LQ̄ for Q̄ is calculated in the same way. The loss for coarse-level overlap scores is

LCO =
1

2
(LP̄ + LQ̄) .

Point matching loss. Circle loss is applied again to supervise the point matching. Consider

a pair of matched superpoints p̄i and q̄j with associated patches Gp̄i and Gq̄j , it needs to first

extract a set of anchor points G̃p̄i ⊆ Gp̄i satisfying that each gk
p̄i
∈ G̃p̄i has at least one (possibly

multiple) correspondence in Gq̄j , i.e.,

G̃p̄i = {gk
p̄i
∈ G̃p̄i | min

gl
q̄j
∈Gq̄j

∥T̂
(
gk
p̄i

)
− gl

q̄j
∥2 < rp}.

For each anchor gk
p̄i

in G̃p̄i , the set of positive points in Gq̄j is denoted as N gk
p̄i

p . The set of

negative patches is formed by all points in Q outside a larger radius rn. The fine-level matching

loss LP
F on P is calculated as:

LP
F =

1

|P̃ |

∑
p̃i∈P̄

1

|G̃p̄i |

∑
gs
p̄i
∈G̃p̄i

log [1 + ξs] ,

ξs =
∑

gk
q̄j
∈N

gsp̄i
p

er
k
sβ

sk
p (dks−∆p) ·

∑
gl
q̄j
∈N

gsp̄i
n

eβ
sl
n (∆n−dls),

(5.32)

where dks = Df (fgs
p̄i
,fgs

q̄j
) is the distance of two features. The weights βsk

p = ωdks and βsl
n =

ω(2.0 − dls) for each positive and negative example are calculated separately with a learned

scaling factor ω ≥ 1. The value of ∆p is set to 0.1 and ∆n is set to 1.4. The same is applied

to the loss LQ
F for Q. The overall superpoint matching loss writes as

LF =
1

2
(LP

F + LQ
F ). (5.33)
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Fine-level overlap loss. The overlap score loss LFO is

LFO = −1

2

 1

|P̄ |
∑
p̄i

Lp̄i +
1

|Q̄|
∑
q̄j

Lq̄j

 ,

Lp̄i =
1

|G̃p̄i |

∑
gk
p̄i

(
µ̄gk

p̄i
logµgk

p̄i
+
(
1− µ̄gk

p̄i

)
log
(
1− µgk

p̄i

))
.

(5.34)

The ground-truth label µ̄gk
p̄i
of the point gk

p̄i
∈ G̃p̄i is defined as

µ̄gk
p̄i
=

1,
(
minqj∈Q ∥T̂ (gk

p̄i
)− qj∥

)
< ro

0, otherwise
, (5.35)

where Lq̄j is calculated in the same way.

5.3 Experiments

This section conducts extensive experiments to evaluate the performance of the proposed

method on indoor 3DMatch [31] and 3DLoMatch [14] benchmarks, outdoor KITTI [219] bench-

mark, and cross-source 3DCSR [22] benchmark.

5.3.1 Implementation details

The proposed method is implemented in PyTorch and can be trained on a single Quadro

GV100 GPU (32G) and two Intel(R) Xeon(R) Gold 6226 CPUs. The hyperparameters are set

as follows: ξ1 = 1.0, τ = 5.0, λ = 0.1, ϵ = 0.001, NI = 100, and NO = 20. In all experiments,

FOTReg is trained for 120 epochs with a batch size of 1 using the ADAM optimizer and

an initial learning rate of 5e − 4 with a decaying factor of 0.99. The encoder and decoder

architectures are the same as those used in [150]. During training, 128 coarse correspondences

are sampled with a truncated patch size of K = 64 for 3DMatch (3DLoMatch) and 128 and 32

for KITTI, respectively.

Baselines. FOTReg was compared with several learning-based state-of-the-art methods, in-

cluding FCGF [18], D3Feat [220], SpinNet [221], Predator [14], YOHO [222], CoFiNet [150],

and GeoTransformer [9].

5.3.2 Evaluation on 3DMatch and 3DLoMatch.

Datasets. The 3DMatch [31] and 3DLoMatch [14] datasets are commonly used for indoor

scenes and contain partial overlapping scene pairs of over 30% and 10% to 30%, respectively.
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There are 62 scenes in the 3DMatch dataset, of which 46 are allocated for training, 8 for

validation, and 8 for testing. The testing subset comprises 1,623 fragments of point clouds that

have partial overlaps, along with their corresponding transformation matrices. The evaluation

is performed on the 3DMatch and 3DLoMatch using training data processed by [14]. The point

clouds are first downsampled using voxels that have a size of 2.5cm and then different feature

descriptors are extracted. Following [14], the values of ro, rp, and rn are set at 3.75cm, 3.75cm,

and 10.0cm, respectively.

Metrics. In accordance with Predator [14] and CoFiNet [150], this section assesses perfor-

mance using three metrics: (1) Inlier Ratio (IR), which represents the proportion of puta-

tive correspondences whose residuals are less than a specified threshold (i.e., 0.1m) below the

ground-truth transformation, (2) Feature Matching Recall (FMR), which indicates the propor-

tion of pairs of point clouds that have an inlier rate exceeding a defined threshold (i.e., 5%),

and (3) Registration Recall (RR), which measures the percentage of point cloud pairs that have

a transformation error below a specified threshold (i.e., RMSE < 0.2m).

Inlier Ratio and Feature Matching Recall. As the main contribution of FOTReg is that

FOTReg jointly adopts the pointwise and structural matchings to estimate the more correct

correspondences, this experiment first checks the Inlier Ratio of FOTReg, which is directly

related to the quality of extracted correspondences. According to [9], [14], [150], the perfor-

mance results with varying numbers of correspondences are presented. As shown in Table 5.1

(Top), in terms of Inlier Ratio, FOTReg outperforms all previous methods on both bench-

marks, demonstrating remarkable accuracy improvement. Specifically, FOTReg surpasses the

second-best baseline, GeoTransformer, by a range of 1.8% to 13.5% on 3DMatch and 1.6% to

10.7% on 3DLoMatch when the sample number varies from 250 to 5000, respectively. Addition-

ally, the decrease in Inlier Ratio with fewer correspondences suggests that the learned scores

are well-calibrated, indicating that higher confidence scores correspond to more reliable corre-

spondences. For Feature Matching Recall, as shown in Table 5.1 (Middle), FOTReg achieves

the best results. Particularly on 3DLoMatch, which poses greater challenges due to low over-

lap scenarios, the proposed method shows improvements of at least 0.9%, demonstrating its

effectiveness in such cases. The main difference between FOTReg and other baselines is the

correspondence prediction strategy, which considers both pointwise and structural matchings

and incorporates overlap scores. On the other hand, these baseline methods only consider

pointwise matching based on feature similarity, which is insufficient to differentiate features in

repetitive regions.

Registration Recall. Registration Recall reflects the final performance on point cloud regis-

tration. To evaluate the registration performance, this experiment compares the RR obtained
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Table 5.1: Results on 3DMatch and 3DLoMatch datasets under varying sample numbers.

3DMatch 3DLoMatch

# Samples 5000 2500 1000 500 250 5000 2500 1000 500 250

Method Inlier Ratio (%) ↑
FCGF[18] 56.8 54.1 48.7 42.5 34.1 21.4 20.0 17.2 14.8 11.6

D3Feat[220] 39.0 38.8 40.4 41.5 41.8 13.2 13.1 14.0 14.6 15.0

SpinNet [221] 47.5 44.7 39.4 33.9 27.6 20.5 19.0 16.3 13.8 11.1

Predator [14] 58.0 58.4 57.1 54.1 49.3 26.7 28.1 28.3 27.5 25.8

CoFiNet[150] 49.8 51.2 51.9 52.2 52.2 24.4 25.9 26.7 26.8 26.9

YOHO [222] 64.4 60.7 55.7 46.4 41.2 25.9 23.3 22.6 18.2 15.0

GeoTransformer[9] 71.9 75.2 76.0 82.2 85.1 43.5 45.3 46.2 52.9 57.7

FOTReg 85.4 85.7 86.1 86.4 86.9 54.2 55.1 56.3 57.7 59.3

Feature Matching Recall (%) ↑
FCGF[18] 97.4 97.3 97.0 96.7 96.6 76.6 75.4 74.2 71.7 67.3

D3Feat [220] 95.6 95.4 94.5 94.1 93.1 67.3 66.7 67.0 66.7 66.5

SpinNet [221] 97.6 97.2 96.8 95.5 94.3 75.3 74.9 72.5 70.0 63.6

Predator[14] 96.6 96.6 96.5 96.3 96.5 78.6 77.4 76.3 75.7 75.3

CoFiNet[150] 98.1 98.3 98.1 98.2 98.3 83.1 83.5 83.3 83.1 82.6

YOHO[222] 98.2 97.6 97.5 97.7 96.0 79.4 78.1 76.3 73.8 69.1

GeoTransformer[9] 97.9 97.9 97.9 97.9 97.6 88.3 88.6 88.8 88.6 88.3

FOTReg 98.5 98.6 98.5 98.6 98.6 89.5 89.7 89.7 89.6 89.4

Registration Recall (%) ↑
FCGF[18] 85.1 84.7 83.3 81.6 71.4 40.1 41.7 38.2 35.4 26.8

D3Feat[220] 81.6 84.5 83.4 82.4 77.9 37.2 42.7 46.9 43.8 39.1

SpinNet[221] 88.6 86.6 85.5 83.5 70.2 59.8 54.9 48.3 39.8 26.8

Predator[14] 89.0 89.9 90.6 88.5 86.6 59.8 61.2 62.4 60.8 58.1

CoFiNet[150] 89.3 88.9 88.4 87.4 87.0 67.5 66.2 64.2 63.1 61.0

YOHO [222] 90.8 90.3 89.1 88.6 84.5 65.2 65.5 63.2 56.5 48.0

GeoTransformer[9] 92.0 91.8 91.8 91.4 91.2 75.0 74.8 74.2 74.1 73.5

FOTReg 93.1 92.8 92.9 92.5 92.4 80.9 80.4 79.7 76.0 74.6

by RANSAC in Table 5.1 (bottom), and the proposed method outperforms all the other models

with a various number of sampling points on both two datasets. Specifically, FOTReg achieved

93.1% and 80.9% Registration Recall, exceeding the previous best, GeoTransformer,(92.0%

RR on 3DMatch) by 1.1% and (80.9% RR on 3DLoMatch) by 5.9%, indicating that FOTReg

is effective in situations with both high and low overlap. It demonstrates that incorporating
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both pointwise and structural matchings with overlap scores into the correspondence prediction

process can alleviate the ambiguity issue. Thus, it obtains better performance than the coun-

terparts that only consider pointwise matching. Figures 5.4 and 5.5 show visual comparison

examples on 3DMatch and 3DLoMatch, respectively. It can be easily seen that the proposed

method can achieve better results in challenging indoor scenes with a low overlap ratio.

The comparison of the registration results using weighted SVD over correspondences is pre-

sented in Table 5.2. Several of the baselines exhibit subpar results or suffer from significant

performance degradation. In contrast, FOTReg incorporating weighted SVD attains a registra-

tion recall of 87.2% and 60.7% for 3DMatch and 3DLoMatch, respectively. Achieving success-

ful registration necessitates a high inlier ratio when outlier filtering is absent using RANSAC.

Nonetheless, as observed in [14], a high inlier ratio does not always guarantee a high registration

recall. But, a high inlier ratio can reduce the computation time to calculate the transformation,

especially for RANSAC-based methods.

Table 5.2 further counts the average inference time of FOTReg and compares it with that

of the baselines. Notably, all methods consist of two stages: extracting dense features or

the correspondences and then recovering the transformation using RANSAC or SVD. Table

5.2 reports inference times of the two stages, respectively. Although the proposed method is

slightly slower than some baselines in the correspondence prediction stage, it performs well by

extracting reliable correspondences.

5.3.3 Evaluation on KITTI

Datasets. In order to perform fair comparisons, the same data splitting as in [12], [18] is

adopted for the 11 sequences of LiDAR-scanned outdoor driving scenarios in KITTI. Sequences

0-5 are used for training, 6-7 for validation, and 8-10 for testing. According to [12], the ground

truth poses undergo refinement through ICP, and for the purpose of evaluation, only point

cloud pairs that have a distance of no more than 10m are employed. The downsampling of the

point clouds is performed with a voxel size of 30cm as suggested in [14]. Thresholds are set at

ro = 45cm, rp = 21cm, and rn = 75cm.

Metrics. The efficacy of the registration algorithm proposed is assessed through three mea-

sures: Registration Recall (RR), Rotation Error (RRE), and Translation Error (RTE). This

evaluation is based on the methods used in Predator [14] and CoFiNet [150]. RR is defined as

the percentage of successful alignments where the rotation error and translation error are below
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Figure 5.4: Example qualitative registration results for 3DMatch. The unsuccessful cases are

enclosed in red boxes.
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Figure 5.5: Example qualitative registration results for 3DLoMatch. The unsuccessful cases

are enclosed in red boxes.
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Table 5.2: Results on both 3DMatch and 3DLoMatch datasets under varying sample numbers.

RR Time (s)

Method Estimator Samples 3DM 3DLM Model Pose Total

FCGF[18] RANSAC-50k 5000 85.1 40.1 0.052 3.326 3.378

D3Feat[220] RANSAC-50k 5000 81.6 37.2 0.024 3.088 3.112

SpinNet [221] RANSAC-50k 5000 88.6 59.8 60.248 0.388 60.636

Predator [14] RANSAC-50k 5000 89.0 59.8 0.032 5.120 5.152

CoFiNet[150] RANSAC-50k 5000 89.3 67.5 0.115 1.807 1.922

GeoTrans[9] RANSAC-50k 5000 92.0 75.0 0.075 1.558 1.633

FOTReg (Ours) RANSAC-50k 5000 93.1 80.9 0.652 1.463 2.115

FCGF[18] weighted SVD 250 42.1 3.9 0.052 0.008 0.056

D3Feat[220] weighted SVD 250 37.4 2.8 0.024 0.008 0.032

SpinNet [221] weighted SVD 250 34.0 2.5 60.248 0.006 60.254

Predator [14] weighted SVD 250 50.0 6.4 0.032 0.009 0.041

CoFiNet [150] weighted SVD 250 64.6 21.6 0.115 0.003 0.118

GeoTrans[9] weighted SVD 250 86.5 59.9 0.075 0.003 0.078

FOTReg (Ours) weighted SVD 250 87.2 60.7 0.652 0.002 0.654

set thresholds (i.e., RRE < 5◦ and RTE < 2m). RRE and RTE are respectively calculated as

RRE = arccos
Tr
(
R⊤R⋆

)
− 1

2
,

RTE = |t− t⋆|2,
(5.36)

whereR⋆ and t⋆ represent the ground-truth rotation matrix and translation vector, respectively.

Registration results. The comparison to state-of-the-art RANSAC-based methods, includ-

ing FCGF [18], D3Feat [220], SpinNet [221], Predator [14], CoFiNet [150], and GeoTransformer

[9], is conducted. As shown in Table 5.3, the model still obtains the best performance in terms

of registration recall and the lowest average RTE and RRE. This verifies the effectiveness of

considering both pointwise and structural matchings to generate correspondences.

5.3.4 Generalization on Cross-source Dataset

The generalization ability of learning-based registration algorithms is highly required when the

point cloud is acquired from different sensors. To validate the generalizability of the proposed

model, this section experiments on the Cross Source Dataset (3DCSR) [22].
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Table 5.3: Results on KITTI dataset. Best performance is highlighted in bold.

Method Estimator RTE (cm) ↓ RRE (◦) ↓ RR(%) ↑

FCGF [18] RANSAC 9.5 0.30 96.6

D3Feat [220] RANSAC 7.2 0.30 99.8

SpinNet [221] RANSAC 9.9 0.47 99.1

Predator [14] RANSAC 6.8 0.27 99.8

CoFiNet [150] RANSAC 8.5 0.41 99.8

GeoTrans [9] RANSAC 7.4 0.27 99.8

FOTReg (Ours) RANSAC 4.9 0.22 99.8

3DCSR. 3DCSR is a challenging dataset for registration due to a mixture of noise, outliers,

density differences, partial overlap, and scale variation. This dataset contains two folders:

Kinect Lidar and Kinect SFM. Kinect lidar includes 19 scenes from both the Kinect and Lidar

sensors, where each scene is cropped into different parts. Kinect SFM consists of 2 scenes from

both Kinect and RGB sensors. The RGB images have already been constructed into a point

cloud by using the VSFM software. This experiment uses the model trained on 3DMatch since

the cross-source dataset is captured in an indoor environment. RR represents the proportion of

aligned data sets that meet predetermined thresholds for both rotation and translation errors

(i.e., RRE < 15◦ and RTE < 6m), indicating a successful alignment.

Table 5.4: The results of the registration on Cross Source Datasets are presented, with the best

performance being emphasized in bold.

Method Estimator RRE (◦) ↓ RTE (cm) ↓ RR(%) ↑

FCGF [18] RANSAC 7.47 0.21 49.6

D3Feat [220] RANSAC 6.41 0.26 52.0

SpinNet [221] RANSAC 6.56 0.24 53.5

Predator [14] RANSAC 6.26 0.27 54.6

CoFiNet [150] RANSAC 5.76 0.26 57.3

GeoTrans [9] RANSAC 5.60 0.24 60.2

FOTReg RANSAC 5.49 0.21 63.4

Registration results. FCGF [18], D3Feat [220], SpinNet [221], Predator [14], CoFiNet [150],

and GeoTransformer [9] are chosen as the baselines. Table 5.4 shows that the proposed method

obtains the highest accuracies in generalizing the registration ability to the real-world cross-

source dataset. Specifically, it outperforms the second-best, GeoTransformer, by more than
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3.2% in registration recall (63.4% vs. 60.2%). However, the recall is not high enough, showing

that registration challenges on 3DCSR remain.
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Figure 5.6: Qualitative registration results on cross source dataset. GeoTrans indicates Geo-

Tranformer.

5.3.5 Ablation study

To fully understand FOTReg, an ablation study is conducted on 3DMatch and 3DLoMatch to

investigate the contribution of each part. First, the overlap scores are replaced with a uniform

distribution, i.e., treating the points in overlap and non-overlap regions equally, to evaluate the

effectiveness of overlap scores. As shown in Table 5.5, on 3DMatch, the learned overlap scores

improve the performance by nearly 2.0% (92.9% vs. 90.9%) RR, 0.7% (98.5% vs. 97.8%) FMR,

and 7.8% (86.1% vs. 68.3%) IR, respectively. Structure matching can boost RR by 1.1% (92.9%

vs. 91.8%), FMR by 0.5% (98.5% vs. 98.0%) and IR by 10.2% (86.1% vs. 75.9%), respectively.

It also indicates that FOTReg benefits from the overlap scores and structure matching. Table

5.5 also shows that the positional encoding can improve the performance in terms of RR, FMR

and IR. On 3DLoMatch, the same results can be concluded.
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Table 5.5: An ablation study of individual modules with 1000 samples was conducted. PM

stands for point matching and SM represents structure matching. OS represents a point with

overlap scores and PE stands for positional embedding.

3DMatch 3DLoMatch

PE OS PM SM RR FMR IR RR FMR IR

✓ ✓ ✓ ✓ 92.9 98.5 86.1 79.7 89.7 55.1

✓ ✓ ✓ 91.8 98.0 75.9 74.6 88.9 46.4

✓ ✓ ✓ 90.9 97.8 68.3 67.2 85.6 35.4

✓ ✓ 90.2 97.6 63.4 66.1 84.7 33.5

✓ ✓ 89.6 97.6 62.9 65.0 84.3 32.1

✓ 88.9 97.5 59.8 64.8 84.0 30.8

5.4 Summary and conclusions

The method proposed in this chapter aims to enhance the accuracy of putative correspondences

in point cloud registration. It combines overlap scores, pointwise matchings, and structural

matchings in a joint model based on fused Gromov-Wasserstein distance, and adopts a coarse-

to-fine approach to estimate correspondences to reduce the burden of GPU memory. Structural

matching takes into account both Euclidean and feature differences. The experimental results

on a variety of indoor and outdoor, synthetic, and cross-source point clouds have demonstrated

the efficacy of the proposed method in improving the accuracy of 3D point cloud registration.

However, the performance of the proposed method is limited in the case of point clouds with

density variations, as seen in the Cross-source Dataset 3DCSR. Thus, developing an advanced

registration algorithm to address density differences remains a challenging issue.
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Chapter 6

Overlap-guided Gaussian Mixture

Models for Point Cloud Registration

6.1 Introduction

Chapter 5 introduced a correspondence-based registration framework by simultaneously consid-

ering point-wise and structural matchings to estimate correspondences in the overlap regions. It

achieved outstanding performance on many benchmarks. However, point-level correspondence-

based registration approaches often do not work well under conditions involving varying point

densities or repetitive patterns [23]. This limitation is particularly prevalent in indoor environ-

ments where low-textured regions or repetitive patterns often occupy a large part of the view.

To address this, a probabilistic registration approach is presented in this chapter to mitigate

the limitation.

Probabilistic registration methods typically use Gaussian Mixture Models (GMMs) to repre-

sent the distribution of point clouds as a density function. Alignment is then achieved through

either a correlation-based pipeline or an EM-based optimization pipeline, as described in stud-

ies such as [16], [71]. Commonly used point cloud registration formulations, such as CPD and

FilterReg, utilize a GMM distribution to represent the geometry of the target point cloud in

3D Euclidean space. The point cloud originating from the source is then fitted to the GMM

distribution using the maximum likelihood estimation (MLE) approach. A different probabilis-

tic approach involves methods such as GMMReg [70], and JRMPC [73], which built Gaussian

mixture model probability distributions on both the source and target point clouds. Tradi-

tional GMM-based registration process that relies on probability often demands considerable

computational resources and may take a long time to complete. This can be particularly prob-

lematic, especially when managing vast or intricate datasets. To address this issue, it is crucial
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to fine-tune algorithms and employ strategies like parallel processing to enhance the speed of

registration. This can be a major challenge, particularly when dealing with large or complex

datasets. To overcome this, DeepGMR [16] proposed an end-to-end method, which applies a

network to learn the parameters of GMM. These probabilistic registration techniques showed

greater robustness to noise and density variations than their point-to-point counterpart [223].

However, they typically require their inputs to share the same distribution parameters (e.g.,

Gaussian Mixture Models). Due to this, they can only handle complete-to-complete [16] or

partial-to-complete [223] point cloud registration setups. Partial-to-partial setups commonly

encountered in practical scenarios often feature distribution parameters that are not connected.

Consequently, relying on cutting-edge methods in such setups may result in subpar performance.

With its built-in permutation invariance and robust capability in learning global features, 3D

Transformers prove to be a great tool for point cloud analysis and processing. They have even

outperformed non-Transformer algorithms currently available in the community. The field of

point cloud learning has seen the emergence of several Transformer-based approaches, with

A-SCN [224] being the pioneering example. Later, PCT [225] is a pure global Transformer net-

work that formulates its positional embedding using 3D coordinates of points. Additionally, it

incorporates a transformer with an offset attention module, designed to enhance the features of

points in their local neighborhood. PointTransformer [98] to construct self-attention networks

for general 3D tasks with nearest neighbor search. However, they suffer from the fact that

as the size of the feature map increases, the computing and memory overheads of the original

Transformer increase quadratically. The primary focus of efforts to decrease the quadratic com-

plexity of attention has been centered on self-attention. For instance, PatchFormer [99] reduces

the size of the attention map by first splitting the original point cloud into small patches, and

then aggregating the local feature local features within each patch to generate an attention

matrix. FastPointTransformer proposes centroid-aware voxelization and devoxelization tech-

niques to reduce space complexity. Nevertheless, these works are not appropriate for feature

matching, which requires performing self-attention and cross-attention on features within and

between point clouds, respectively.

This chapter proposes an overlap-guided GMM-based registration method, named OGMM,

to mitigate the limitations of partial-to-partial setups without using exact point-level corre-

spondences. The registration challenge of aligning point cloud pairs is reformulated as the

adjustment of two Gaussian mixtures, achieved by minimizing a statistical dissimilarity mea-

sure between the paired mixtures. To measure the likelihood of points being located in the

overlapping regions between the source and target point clouds, an overlap score is introduced.

This score is obtained using a Transformer-based deep neural network. The input point cloud is

represented using GMMs, guided by the overlap score, to effectively capture the overlapping ar-
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Figure 6.1: The proposed OGMM consists of three modules: feature extraction, overlap region

detection, and overlap-guided GMM for registration. The shared weighted encoder extracts

point-level features Fp and F q from point clouds P and Q, respectively. The self-attention

module updates the point-wise features Fp and F q. The overlap region detection module

projects the updated features P and Q to overlap scores op,oq, respectively. Fp, F q, op

and oq are used to estimate GMMs of P and Q. The weighted SVD estimates the rigid

transformation T based on the estimated distributions.

eas. However, the computational and memory requirements of self-attention or cross-attention

in Transformer networks scale quadratically with the size of point clouds (N2), limiting their

practicality when dealing with large-scale point cloud datasets. Therefore, this chapter intro-

duces the idea of clustered attention, which is a fast approximation of self-attention. Clustered

attention groups a set of points into J clusters and compute the attention for these clusters

only, making the complexity linear with the number of clusters, i.e., N · J , where J << N .

This proposed method is inspired by DeepGMR [16], but it differs from it in two ways. First,

the probabilistic approach can tackle partially overlapping point cloud registration challenges

through the implementation of an overlap score restriction. Second, this proposed method ap-

plies a network to learn a consistent GMM representation across feature and geometric space

rather than fitting a GMM in a single feature space.

6.2 Methodology

Rigid point cloud registration seeks to determine the optimal transformation matrix T ∈ SE(3),

which consists of a rotation R ∈ SO(3) and a translation t ∈ R3, that aligns the source point

cloud P = {pi ∈ R3
∣∣i = 1, 2, ..., N} with the target point cloud Q = {qj ∈ R3

∣∣j = 1, 2, ...,M}.
Here, N and M represent the number of points in P and Q, respectively. Fig. 6.1 illustrates the

proposed framework that consists of three modules: feature extraction, overlap region detection,

and overlap-guided GMM for registration. The shared weighted encoder first extracts point-
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wise features Fp and F q from point clouds P and Q, respectively. The clustered self-attention

module then updates the point-wise features Fp and F q to capture global context. Next,

the overlap region detection module projects the updated features P and Q to overlap scores

op,oq, respectively. Fp, F q, op and oq are then used to estimate the distributions (GMMs) of

P and Q. Finally, weighted SVD is adopted to estimate the rigid transformation T based on

the estimated distributions.

6.2.1 Feature extraction

The feature extraction network consists of a Dynamic Graph Convolutional Neural Network

(DGCNN), positional encoding, and a clustered self-attention network. Given a point cloud

pair P and Q, DGCNN extracts their associated features Fp = {fpi ∈ Rd
∣∣i = 1, 2, ..., N} and

F q = {fqj ∈ Rd
∣∣j = 1, 2, ...,M}. Here, d = 512.

6.2.2 Attention module

Transformer training and inference in previous works can be computationally expensive owing

to their self-attention mechanism having a quadratic complexity for long sequences of repre-

sentations, particularly in high-resolution correspondence prediction tasks. To mitigate this

limitation, the proposed cluster-based Transformer architecture works after local feature ex-

traction. The features, Fp and F q, are processed through the attention module to extract

context-dependent features for each point. This self-attention module transforms the DGCNN

features into more meaningful representations to improve the matching process.

Spherical positional encoding. Transformers are typically fed with only high-level features,

which lack the explicit encoding of a point cloud [10], [14]. This leads to less discriminative

features, causing numerous outlier matches and severe matching ambiguity, especially in cases

with low overlap [9]. A common solution is to add the positional encoding of 3D point coor-

dinates, which assigns intrinsic geometric properties to the per-point feature by adding unique

positional information that enhances distinctions among point features in indistinctive regions

[98]. However, the coordinate-based attentions generated as a result are not invariant to trans-

formations, as pointed out in the study [9]. This leads to a problem since the input point clouds

could be in any arbitrary pose, and registration requires transformation invariance. To address

this issue, this section designs spherical positional encoding, which leverages the distances and

angles calculated between the points, to embed transformation-invariant geometric information

of the points. Specifically, given a point pi ∈ P , it selects the k > 0 nearest neighbors Ki of

pi and compute the centroid pc =
∑N

i=1 pi of mass of P . For each px ∈ Ki, this module first

denotes the angle between the vectors pi − pc and px − pc as αix. The positional encoding
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f pos
pi
∈ Rd of pi is as

f pos
pi

= φ (∥pi − pc∥2) + max
x∈Ki

{ϕ (αix)}, (6.1)

where φ and ϕ are two MLPs, and each MLP consists of a linear layer and one ReLU nonlinearity

function [226]. The proposed positional encoding is invariant to rigid transformation since the

distance and angles are invariant to transformation. Then, features Fp of P are updated by

Fp = {f pos
pi

+ fpi
}. The same operation is also applied in Q.

Cluster-based self-attention. Although, the extracted local features that provides valu-

able local information, have a limited receptive field that could potentially compromise the

distinctiveness of regions. As a result, these features may not provide a comprehensive under-

standing of the relationships between different regions. On the other hand, humans are able to

find correspondences between these regions not only through the analysis of local neighborhood

structures but also by utilizing context. By incorporating the surrounding context into their

interpretation, humans are able to achieve a more comprehensive understanding of the relation-

ships between regions, leading to a more accurate representation of the scene. Self-attention is

thus introduced to model global structures by establishing long-range dependencies. Standard

attention, which requires significant memory usage, is a computationally intensive process. This

module exploits this idea to improve the computational complexity of self-attention. Specifi-

cally, Wasserstein K-Means [227] is used to cluster point cloud P (or Q) into J non-overlapping

clusters in geometric space by γp ∈ {0, 1}N×J such that, γpij = 1 (or γqij = 1), if the i-th point of

P (or Q) belongs to the j-th cluster (denoted as p̄j or q̄j) and 0 otherwise. The clustered at-

tention can be computed by using this partitioning. First, the cluster centroids F p̄ = {fp̄j}Ji=1

and F q̄ = {fq̄j}Ji=1 of the points in each of these J clusters in feature space are calculated as

follows,

fp̄j =
1∑N
k γ

p
kj

N∑
i=1

γpijfpi ,

fq̄j =
1∑M

k γqkj

M∑
i=1

γqijfqj .

(6.2)

A multi-attention layer with four parallel attention heads [10] is then applied to update Fp in

parallel via

fpi
← fpi

+MLP

(
J∑

j=1

αp
ijW

s
V fp̄j

)
, (6.3)

where αp
ij is the element of matrix αp = Softmax(S) with S = (W s

Qfpi
)⊤W s

Kfp̄j
. Here,

W s
Q ∈ RN×d,W s

K ∈ RJ×d and W s
V ∈ RJ×d are the query, key and value matrices. The self-

attention features for Q are updated in the same way. MLP(·) refers to a fully connected

network with three layers, featuring instance normalization [228] and ReLU activations [226]
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Figure 6.2: The framework of the clustered self-attention.

following the first two layers. The diagram of the proposed clustered self-attention is illustrated

in Figure 6.2.

Cluster-based cross-attention. Cross-attention is a typical module for point cloud reg-

istration tasks and it accomplishes feature exchange between two input point clouds. This

module performs an initial step of updating the cluster centroids fp̄j and fq̄j based on the

self-attention feature matrices Fp and F q extracted from P and Q respectively, according to

the formula specified in Eq. (6.2). The transformed features is denoted as F t
p and F t

p attained

by cross-attention via

f t
pi

← fpi
+MLP

(∑
βp
ijW

c
V fq̄j

)
, (6.4)

where βp
ij is the element of matrix βp = SoftMax(C) with C = (W c

Qfpi
)�W c

Kfq̄j . Here, W
c
Q ∈

RN×d,W c
K ∈ RJ×d and W c

V ∈ RJ×d are the query, key and value matrices. The notation MLP(·)
represents a fully connected network with three layers, which includes instance normalization

[228] and ReLU activations [226] following the first two layers. A cross-attention block is

applied in both directions to ensure information flow in both directions, P → Q and Q → P .

Figure 6.3 shows the diagram of the proposed clustered self-attention.

Overlap score prediction. To deal with non-overlapping points, an overlap score prediction

block is proposed. After obtaining the conditioned features F t
p and F t

q, the per-point overlap

score opi ∈ [0, 1] can be computed by

wij = σ
(
f t
pi

�
f t
qj

/
τ
)
,

opi = gβ
(
cat

[
f t
qi
,w�

i gα
(
F t

q

)])
,

(6.5)

106



CHAPTER 6. OVERLAP-GUIDED GAUSSIAN MIXTURE MODELS FOR POINT
CLOUD REGISTRATION

Figure 6.3: The framework of the clustered cross-attention.

where σ is a Softmax function, and τ > 0 is a learned parameter that controls the soft assign-

ment. When τ → 0, wij converges to a hard nearest-neighbor assignment. gα (·) : Rd → [0, 1]

and gβ (·) : Rd+1 → [0, 1] are linear layers followed by an instance normalization layer and a

sigmoid activation with different parameters α and β, respectively.

6.2.3 Overlap-guided GMM for registration

The OGMM proposes to represent discrete point clouds by using Gaussian Mixture Models

(GMM). The GMM sets up a generative probability distribution in 3D space that is made

up of multiple Gaussian densities, each with its own weight, amounting to L total Gaussian

densities [16], with the form as

p(x) =
L∑

j=1

πjN (x|µj,Σj) ,x ∈ R3. (6.6)

Each Gaussian distribution N (x|µj,Σj) is appertained to as a component in the Gaussian

Mixture Model, and is characterized by its mean µj and covariance Σj. The components are

combined through a set of normalizing mixing coefficients {π1, π2, · · · , πL}, which represent the

prior probability of selecting the j-th component.

Learning posterior. Traditional probabilistic registration often requires significant compu-

tational resources and may have a lengthy processing time. To overcome this challenge, inspired

by DeepGMR, OGMM employs a network to learn a GMM. Specifically, OGMM first applies

a classification head φθ that takes as input Fp and F q and outputs joint log probabilities, and

a softmax operator that acts on log probabilities to generate a probability matrix Sp and Sq,

respectively. The GMM parameters Θp for point cloud P consists of L triples (πp
j ,µ

p
j ,Σ

p
j),
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where πp
j is a scalar mixture weight, µp

j is a 3 × 1 mean vector and Σp
j is a 3 × 3 covariance

matrix of the j-th component. For partial overlapping registration tasks, given the outputs Sp

of ϕθ together with the point coordinates P , and overlap scores op, the GMM parameters can

be written as

np =
N∑
i=1

opi ,

πp
j =

1

ϵ+ np

N∑
i=1

opis
p
ij,

µp
j =

1

ϵ+ npπ
p
j

N∑
i=1

opis
p
ijpi,

Σp
j =

∑N
i=1 opis

p
ij

(
pi − µp

j

) (
pi − µp

j

)⊤
ϵ+ npπ

p
j

,

(6.7)

where ϵ=1e−4 is used to avoid zero in the denominator. To deal with outliers, adding a Gaussian

kernel density is straightforward. OGMM distinguishes itself from the prevailing GMM-based

techniques, as it does not make the conventional assumption of uniform distribution for the

outliers. To achieve this, this module first defines spi,L+1=1.0−opi , then it can compute the

additional components

NL =
N∑
k

spk,L+1,

µq
L+1 =

1

NL

N∑
i=1

spi,L+1pi,

Σp
L+1 =

1

NL

N∑
i=1

spiL+1

(
pi − µp

L+1

) (
pi − µp

L+1

)⊤
.

(6.8)

By the same operation, it can get the πq
j ,µ

q
j andΣq

j for target point cloud, when giving Sq,oq, nq

and Q. The GMMs of point set P and Q are then given as

GP (x) =
np

N

L∑
i=1

πp
jN
(
x|µp

j ,Σ
p
j

)
+
(
1− np

N

)
N
(
x|µp

L+1,Σ
p
L+1

)
,

GQ (x) =
nq

M

L∑
i=1

πq
jN
(
x|µq

j ,Σ
q
j

)
+
(
1− nq

M

)
N
(
x|µq

L+1,Σ
q
L+1

)
.

(6.9)

Similarly, the feature centroids {νp
j }Lj=1 and {ν

q
j }Lj=1 of P and Q can be calculated by replacing

pi and qi with fpi and fqi , respectively.

Estimating the transformation. Given the estimated GMMs parameters estimated through

Eq. (6.9) as well as feature centroids {νp
j }L+1

j=1 and {νq
j }L+1

j=1 , the cluster-level matching matrix
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Figure 6.4: Given (a) input partial point clouds, OGMM detects (b) the overlap regions that

are then used for the estimation of (c) the rotation and translation that register the input point

clouds. The non-overlap regions in (b) are shown in grey. The proposed approach focuses on

the geometric information in the overlap regions to perform the point cloud registration.

Γ is first calculated by solving the following optimal transport (OT) problem [136] as

min
Γ

L+1∑
i=1

L+1∑
j=1

Γij‖νp
i − νq

j ‖22,

s.t., Γ1M = πp,Γ�1N = πq,Γij ∈ [0, 1],

(6.10)

where πt = (nt

N
πt
1,

nt

K
πt
1, · · · , nt

N
πt
L, 1−

np

K
), t ∈ {p, q}, K=M,N . The minimization of Eq. (6.10)

can be solved in polynomial time as a linear program, and this issue can be handled by adopt-

ing an efficient version of the Sinkhorn-Knopp algorithm [167]. After obtaining the Γ, the

transformation is then can be calculated by

min
T

L

L∑
i=1

L∑
j=1

Γij‖T (µp
i )− µq

j‖. (6.11)

Finally, the solution for transformation T can be expressed in a closed form by utilizing a

weighted version of the SVD solution, as stated in the reference [16].

Fig. 6.4 shows an example of registration where the overlap regions that the proposed approach

can automatically determine are colored with the respective point cloud colors (non-overlap

regions are in grey). This example depicts a case where the overlap between the two point

clouds is 50%.

6.2.4 Training

The feature extractor is trained by jointly optimizing three tasks, finding overlap regions,

clustering point clouds, and estimating rigid transformations.
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Overlap score loss. The goal of the overlap score loss is to detect the overlap region between

P and Q. Given ground-truth T̄ , the ground-truth ōpi of pi is defined

ōpi =

1,
(
minqj∈Q ∥T̄ (pi)− qj∥

)
< η

0, otherwise
, (6.12)

ōqj is calculated in the same way. The overlap score loss is defined as LO = 1
2
(LP + LQ), where

LP = − 1

|P |
∑
i

(ōpi
log opi

+ (1− ōpi
) log (1− opi

)) . (6.13)

By the same operation, LQ can be calculated.

Global registration loss. The training of the model is done using a registration error-based

loss function. To effectively handle the partially-overlapping issue, a robust error metric is

utilized which minimizes computational overhead. The registration loss is expressed as follows:

Lg =
∑
p̂∈P̂

ψν

(
D
(
p̂,m

(
T̄ (p),Q

)))
. (6.14)

Here, m(x,Q) maps point x to its nearest point in Q. P̂ denotes the transformed P
using the estimated transformation. D (·, ·) defines as the Euclidean distance of two vec-

tors. ψν is the Welsch’s function [229] as ψν (x) = 1 − exp
(
− x2

2ν2

)
. ν > 0 is a user-

specified parameter. Figure 6.5 shows the graphs of ψν with different parameters. Since

ψν (x) is monotonically increasing on x ∈ [0,+∞), this formulation penalizes deviation be-

tween the point sets. As ψν is upper bounded by 1, it is not sensitive to large deviations

caused by outliers and partial overlaps. Moreover, when ν approaches zero, Lg

(
P̂ ,Q

)
=∑

p̂∈P̄ ψν (minq∈Q ∥p̄− q∥22)+
∑

q∈Q ψν

(
minp̄∈P̂ ∥p̂− q∥22

)
approaches the l0-norm of the vector

[minq∈Q ∥p̂1−q∥22, · · · ,minq∈Q ∥p̂N −q∥22]. Therefore, this formulation encourages a reduction

in the density of the point-to-point distance within the sets.

Clustering-based loss. To ensure that the network learns a consistent GMM representation

across feature and geometric space rather than fit a GMM in a single feature space, this leads

to the following loss.

Lc = −
∑
ij

γpij log
exp

(
−D

(
pi,µ

p
j

))∑
l exp (−D (pi,µ

p
l ))
−
∑
ij

γqij log
exp

(
−D

(
qi,µ

q
j

))∑
l exp (−D (qi,µ

q
l ))

. (6.15)

6.3 Experiments

This section performs extensive experiments and ablation studies on both synthetic and real-

world point cloud datasets, including the ModelNet40 [207], 7Scenes [208], and ICL-NUIM
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Figure 6.5: The graphs of function ψν (x) with different values of ν. As ν decreases, the function

ψν approaches the l0 norm.

[230]. Unless otherwise specified, J = 72, K = 5, η = 0.1. This implementation is built on

the PyTorch library. This implementation used AdamW as an optimizer with a base learning

rate of 0.001. The batch size is 32, and the learning rate was reduced by a factor of 0.7 every

20 epochs. OGMM was trained for 200 epochs. All of the models were trained on two Tesla

V100-PCI-E-32G GPUs. The GMM components are set as L = 48. To alleviate the local

minima clustering solution, this experiment initializes the centroids of Wasserstein K-Means

using the farthest point sampling strategy and the equal partition constraint.

6.3.1 Comparisons

This experiment evaluates the performance of the proposed approach by comparing it to state-

of-the-art methods. The proposed method is a learning-based probabilistic registration ap-

proach, so the comparison is made with other probabilistic methods, including CPD [72],

GMMReg [70], SVR [231], DeepGMR [16], and FilterReg [74]. The performance of each method

is measured by running their code on selected datasets. For these traditional methods, this
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experiment uses the implementations provided by probreg [232]. This experiment improves the

DeepGMR by replacing its encoder of DeepGMR with the encoder used in the OGMM for a

fair comparison. This experiment also includes point-level correspondence methods: traditional

methods (i.e., ICP [42], FGR [75]), using implementations from Open3D [217], and the learning-

based state-of-the-art methods RGM [15], OMNET [123], RIENet [21], and REGTR [134] (using

authors’ implementation).

6.3.2 Evaluation metrics

This section evaluates the registration quality by using the Mean Absolute Error (MAE) be-

tween the estimated rotation angle θest and ground truth θgt, and the estimated translation test

and ground truth tgt [10], [15]. Rotation metrics are in degrees, while translation metrics are

in cm. Clip Chamfer Distance (CCD) [15] metric is also employed to determine the level of

alignment between the two point clouds [15]. To counteract the effects of outliers in partial-

to-partial registration, any pairs of points with a distance greater than 0.1 are discarded by

setting a threshold of d = 0.1.

6.3.3 Datasets

ModelNet40 [207] comprises 12,311 meshed CAD models across 40 categories. In accor-

dance with [233], this experiment divides the dataset into two setups: same-category and

cross-category. The same-category setup involves 20 categories for both training and testing.

The cross-category setup, on the other hand, consists of 20 categories that are disjoint be-

tween the training and testing sets for the evaluation of generalization performance. Following

RGM [15], each category follows the official train/test splits. To select models for evaluation,

80% of the official train split is used as the training set and 20% as the validation set, with

the official test split serving as the testing set. In real-life scenarios, the points in P have

no exact correspondences in Q [123]. Hence, this experiment uniformly samples 1,024 points

from each CAD model twice with different random seeds to generate P and Q, breaking exact

correspondences between the input point clouds, which is distinct from previous works. This

experiment follows previous works[11], [15] by randomly applying a rigid transformation along

each axis to generate the target points. The rotation along each axis is sampled from [0, 45◦]

and translation from [−0.5, 0.5]. The parameter ν is set to 0.1.

7Scenes [208] is a 3D collection of seven indoor scenes captured using a Kinect RGB-D

camera. The dataset comprises 296 scans for training and 57 scans for testing, divided into

two parts. Its application is widespread in the evaluation of registration performance using

real-world data. To emulate pose variations, the point clouds are uniformly sampled twice and
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Table 6.1: Partial-to-Partial Registration results on ModelNet40.

Method
Same-category setup Cross-category setup

MAE(R) MAE(t) CCD MAE(R) MAE(t) CCD

ICP [42] 10.333 0.1034 0.1066 11.499 0.1084 0.1142

FGR [75] 22.103 0.1273 0.1108 21.928 0.1281 0.1175

RGM [15] 0.8211 0.0094 0.0729 1.3249 0.0164 0.0832

OMNET [123] 2.5944 0.0249 0.0936 3.6001 0.0355 0.1063

RIENet [21] 4.9586 0.0152 0.0735 5.5074 0.0425 0.1072

REGTR [134] 0.7836 0.0066 0.0676 0.9105 0.0071 0.0645

CPD [72] 11.033 0.1139 0.1110 12.681 0.1153 0.1154

GMMReg [70] 13.677 0.1344 0.1180 14.899 0.1440 0.1268

SVR [231] 11.857 0.1162 0.1170 13.120 0.1225 0.1237

FilterReg [74] 20.363 0.1558 0.1182 20.531 0.1646 0.1302

DeepGMR [16] 6.8043 0.0683 0.1182 7.3139 0.0718 0.1207

OGMM (ours) 0.5892 0.0079 0.0493 0.6309 0.0055 0.0548

subjected to a rigid transformation on one of the samples. The rigid transformation is randomly

generated by sampling rotation along each axis within the range of [0, 45◦] and translation within

the range of [−0.5, 0.5]. ν = 0.5.

ICL-NUIM [230] is collected from RGB-D scans from the Augmented ICL-NUIM dataset [234].

As proposed in [16], the scenes in ICL-NUIM are divided into 1,278 scans for training and 200

scans for testing. The parameter ν is set to 0.5.

6.3.4 Evaluation on ModelNet40

Same-category setup. This experiment follows the protocol in [134] to generate partial-

to-partial point cloud pairs, which are closer to real-world applications. It first generates a

half-space with a random direction for each point cloud and shifts it to retain approximately

70% of the points, i.e., 717 points. Tab. 6.1 reports the results. the proposed method sig-

nificantly outperforms both traditional and deep learning-based methods. Unlike DeepGMR,

the proposed method can better detect overlapping regions thanks to the newly introduced

overlap scores. Fig. 6.6 shows various successful and unsuccessful registration results. It can be

observed that cases with low overlap (e.g., guitar) and with repetitive structures (e.g., net) can

be handled by OGMM. The most frequent unsuccessful cases involve point clouds of symmetric

objects that can have multiple correct registration solutions along the symmetry axis that do

not match with the ground-truth one. This is an intrinsic problem of symmetric cases [123].
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Table 6.2: Registration results on ModelNet40 with jittering noise or density variation.

Method
Jittering Density variation

MAE(R) MAE(t) CCD MAE(R) MAE(t) CCD

ICP [42] 10.609 0.1058 0.1087 5.6654 0.0638 0.0908

FGR [75] 24.534 0.1413 0.1168 16.867 0.0295 0.0890

RGM [15] 1.3536 0.0261 0.0447 1.5948 0.0103 0.0672

OMNET [123] 2.6996 0.0259 0.0977 3.1372 0.0313 0.1010

RIENet [21] 5.8212 0.0635 0.1003 5.5928 0.0725 0.1059

REGTR [134] 1.0984 0.0080 0.0732 3.6409 0.0237 0.0946

CPD [72] 11.049 0.1141 0.1120 8.5349 0.0793 0.0941

GMMReg [70] 13.763 0.1343 0.1187 8.1247 0.0853 0.1024

SVR [231] 12.174 0.1192 0.1178 5.0848 0.0594 0.0949

FilterReg [74] 19.921 0.1548 0.1184 20.098 0.1016 0.1109

DeepGMR [16] 8.8242 0.0699 0.1210 7.1273 0.0689 0.1206

OGMM (ours) 0.9111 0.0071 0.0645 1.3523 0.0100 0.0534

The second most frequent unsuccessful cases involve point cloud pairs with repetitive local

geometric structures. These make GMM clustering underperform because features of similar

structures in different locations have a small distance in the feature space.

Cross-category setup. This experiment aims to assess the generalization ability of the

proposed method by training it and other deep learning-based methods on 20 categories (i.e.,

airplane, bathtub, bed, bench, bookshelf, bottle, bowl, car, chair, cone, cup, curtain, desk, door,

dresser, flower pot, glass box, guitar, keyboard, and lamp), and test them on other different 20

categories (i.e., laptop, mantel, monitor, nightstand, person, piano, plant, radio, range hood,

sink, sofa, stairs, stool, table, tent, toilet, TV stand, vase, wardrobe, and Xbox). The data pre-

processing remains the same as in the first experiment. Table 6.1 reveals that all learning-based

methods perform worse when tested on categories that were not used for training. Nevertheless,

the proposed method still outperforms the other baselines in this scenario.

Noisy shapes. To assess the robustness of our approach, Gaussian noise with a mean of 0

and a standard deviation of 0.01 is independently added to each point coordinate and clipped

between -0.05 and 0.05. The experiment trains and tests OGMM using the noisy data from

ModelNet40. The results from this experiment, shown in the left part of Table 6.2 (Jittering),

demonstrate that OGMM can effectively handle noise. This occurs thanks to the proposed

cluster-based network that can extract more robust features.
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Figure 6.6: Successful and unsuccessful registration results on ModelNet40 using OGMM. The

non-overlap regions are shown in grey.

Density variation. The objective of this experiment is to test the resilience of various meth-

ods in coping with variations in point cloud densities. In order to do this, points are randomly

removed from one point cloud, and the remaining points are replicated to maintain the same

number of points, thereby creating a pair of point clouds with differing densities. Table 6.2

(Density variation) showcases the results when the point density is reduced to 50%. It can be

seen that the proposed method outperforms the other methods when there are disparities in the

densities of the source and target point clouds. This is largely due to the fact that the source

and target point clouds are modeled as Gaussian Mixture Models (GMMs), thus making the

alignment between the two GMMs less susceptible to density variations than relying on explicit

point correspondences.

Complete-to-complete setup. This section first evaluates the complete-to-complete regis-

tration performance on ModelNet40 with Gaussian noise sampled from N (0, 0.01) and clipped

to [−0.05, 0.05] and follows the sampling and transformation settings. Tab. 6.3 shows that

the proposed method can outperform the GMM-based baselines on this setup. This shows

that even though the proposed method is designed for registration, it can also be used with a

complete-to-complete setup.

Complete-to-partial setup. This section evaluates the complete-to-partial registration per-

formance on ModelNet40 with Gaussian noise. This section crops the generated source point

cloud to create a new source point cloud with approximate overlap ratios of 70%, which includes

717 points. This section randomly draws a rigid transformation along each axis to transform

the target point cloud, which contains 1024 points. Tab. 6.3 demonstrates that the proposed

approach can achieve better results compared to the GMM-based baselines even in this sce-

nario. The performance improvements over the second-best method, DeepGMR, are significant
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Table 6.3: Registration results on ModelNet40 with complete-to-complete and complete-to-

partial setups.

Method
Complete-to-complete setup Complete-to-partial setup

MAE(R) MAE(t) CCD MAE(R) MAE(t) CCD

CPD [72] 0.8171 0.0050 0.0037 10.293 0.0767 0.1118

GMMReg [70] 7.7326 0.0508 0.0837 24.318 0.2578 0.1119

SVR [231] 7.8047 0.0592 0.0744 24.063 0.2480 0.0947

FilterReg [74] 3.4899 0.0247 0.0605 30.653 0.2676 0.1197

DeepGMR [16] 2.2736 0.0150 0.0503 12.612 0.1527 0.1266

OGMM 0.1461 0.0021 0.4237 7.2820 0.0633 0.1142

across all metrics, indicating that integrating overlap scores into the GMM module can enhance

registration performance.

6.3.5 Evaluation on 7Scenes and ICL-NUIM

This section conducts experiments on two indoor scenes: real-world 7Scenes [208] and ICL-

NUIM. To create source and target counterparts, the original point clouds are uniformly sam-

pled to obtain point clouds with consistent distribution. Following [233], this experiment re-

samples 2,048 points from each model two times with different random seeds to generate P
and Q, then create a half-space with a random direction for each point cloud and shift it

to retain approximately 70% of the points (1,433) to generate the partial data. As shown in

Tab. 6.4, the proposed method achieves the lowest errors on all the metrics on both datasets.

OGMM outperforms DeepGMR and GMMReg thanks to the clustered attention network to

detect overlapping regions and produce more distinctive features. Fig. 6.7 shows successful and

unsuccessful registration results, where the overlap between the two point clouds is 70%. For

the unsuccessful case as shown in Fig. 6.8, pairs with repetitive local geometric structures lead

to features of similar structures in different locations having a small distance in the feature

space.

6.3.6 Ablation Studies

Components of the proposed method. This section analyzes the effectiveness of the pro-

posed method components in the case of partial-to-partial registration (same-category setup).

This section assesses the three key novel components of OGMM: Spherical Positional Encod-

ing (SPE), Cluster-based Self-Attention (CSA), and Overlap Score Prediction (OSP). Tab. 6.5

shows that OGMM underperforms when the overlap scores are not used. CSA and SPE mod-
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Table 6.4: The registration results on 7Scenes and ICL-NUIM. The best results are bold.

Method
7Scenes ICL-NUIM

MAE(R) MAE(t) CCD MAE(R) MAE(t) CCD

ICP [42] 18.266 0.2346 0.0793 10.539 0.3301 0.1410

FGR [75] 1.1736 0.0198 0.0270 0.8792 0.0332 0.0835

RGM [15] 3.0334 0.0445 0.0425 1.3279 0.0416 0.0840

OMNET [123] 9.8499 0.1416 0.1879 17.177 0.4587 0.1947

REGTR [134] 4.6143 0.0827 0.1733 3.2503 0.1044 0.0902

CPD [72] 4.9897 0.1056 0.0900 9.8322 0.3828 0.1581

GMMReg [70] 11.081 0.1213 0.1374 6.5411 0.1700 0.1530

SVR [231] 10.729 0.1152 0.1388 6.3229 0.1946 0.1528

FilterReg [74] 18.113 0.2521 0.0636 28.317 0.7930 0.1693

DeepGMR [16] 8.8478 0.1534 0.0541 6.4600 0.1899 0.1269

OGMM (ours) 0.5764 0.0088 0.0214 0.6279 0.0305 0.0732

Table 6.5: Ablation study on ModelNet40.

SPE CSA OSP MAE(R) MAE(t) CCD

✓ ✓ 0.9534 0.0096 0.0589

✓ ✓ 1.9060 0.0169 0.0889

✓ ✓ 6.7087 0.0729 0.1155

✓ ✓ ✓ 0.5892 0.0079 0.0493

ules help achieve a higher registration accuracy, allowing for more distinctive features to be

produced.

Loss functions. This section trains the proposed model with different combinations of the

Global Registration loss (GR), the Clustering-based loss (GS), and the Overlap Score loss

(OS). Experiments are conducted on ModelNet40 (same-category setup). Tab. 6.6 shows that

the combination of GR and OS losses provides the major contribution.

Inference time. This experiment evaluates the efficiency of OGMM and compares it to other

approaches on ModelNet40 (same-category setup). This experiment averages the inference time

of the proposed method using a single Tesla V100 GPU (32G) and two Intel(R) 6226 CPUs. f

and c represent the full and cluster-based attention. Tab. 6.7 reports the results. Compared

to RGM, OGMM utilizes similar network architecture but different matching strategies and
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Figure 6.7: Qualitative successful results on the 7scenes dataset.

Table 6.6: Loss function analysis on ModelNet40.

GR CL OS MAE(R) MAE(t) CCD

� 3.7284 0.0272 0.0958

� 7.0198 0.0553 0.1133

� 4.4373 0.0392 0.1006

� � 3.2335 0.0262 0.0939

� � 2.6470 0.0250 0.0751

� � 0.7828 0.0085 0.0515

� � � 0.5892 0.0079 0.0493

attention modules. OGMM (c) outperforms RGM and reduces about 9× the computation time.

Compared with full attention, cluster-based attention can speed up 8× times, which verifies

the effectiveness of the devised clustered strategy in reducing the computing complexity. The

proposed method is inferior to DeepGRM because the overlap detection module is introduced

to handle partial overlap cases.

Different overlapping ratios. Because the overlap ratio may affect registration perfor-

mance, this section analyzes the performance variation when the overlap ratio decreases gradu-

ally. This experiment evaluates the performance of the proposed method on noisy ModelNet40.

It utilizes the same crop setting as RPMNet to generate point clouds with approximate overlap

ratios of 70%, 60%, 50%, 40%, and 30%, respectively. The model is trained on data with a
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Figure 6.8: Qualitative unsuccessful results on the 7scenes dataset.

Table 6.7: Comparisons of the average inference time.

Method CPD GMMReg RGM DeepGMR SoftClu (f) SoftClu (c)

Time(s) 4.347 2.536 0.057 0.002 0.047 0.006

50% overlap ratio and tested on different overlap ratios. Tab. 6.8 shows the registration re-

sults under different overlap ratios with Gaussian noise sampled from N (0, 0.01) and clipped

to [−0.05, 0.05]. The lower the overlap ratio, the higher the registration error.

Table 6.8: The effects of the overlap ratio on ModelNet40.

Ratio 30% 40% 50% 60% 70%

MAE (R) 5.6462 3.5995 2.1000 1.2067 0.9111

MAE (t) 0.1220 0.0716 0.0178 0.0159 0.0071

CCD 0.1097 0.0957 0.0937 0.0664 0.0645

Different cluster numbers. Table 6.9 illustrates the performance of the proposed method

under various cluster numbers, including 8, 16, 32, 48, and 64, with a 50% overlap ratio. The

results indicate that a lower registration error is achieved with a larger number of clusters,

ranging from 32 to 64. When the number of clusters is small (e.g. 8, 16), a larger registration

error is observed.
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Table 6.9: The effects of the cluster numbers on ModelNet40 with 50% overlapping ratio and

Gaussian noise.

Ratio 8 16 32 48 64

MAE (R) 5.6462 3.5995 2.1625 2.0834 2.1000

MAE (t) 0.1220 0.0716 0.0187 0.0181 0.0178

CCD 0.1097 0.0957 0.0942 0.0885 0.0937

6.4 Summary and conclusions

This chapter introduces a learning-based probabilistic registration method for point clouds with

partial overlaps. It utilizes a clustered attention-based network to identify the overlap regions

between the two point clouds and formulates the registration process as the reduction of the

discrepancy between Gaussian mixtures, guided by the overlap information. The results of

the experiments demonstrate that the proposed method outperforms both traditional and deep

learning-based registration techniques in various data scenarios. Additionally, the OGMM is

robust to noise and can effectively generalize to different objects and real-world data. This

method provides a novel integration of 3D neural networks within a probabilistic registration

framework. Future work will focus on developing an unsupervised probabilistic registration

method for detecting overlap regions to reduce the reliance on labeled data.
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Chapter 7

Conclusions and Future Work

7.1 Summary of Contribution and Outcomes

This thesis focused on developing optimization and learning-based point cloud registration

methods to handle point cloud pairs with large rotations, partial overlaps, and density varia-

tion. This thesis also tried to provide unsupervised learning approaches to reduce networks’

dependence on annotations. The main contribution and outcomes of my Ph.D. work are sum-

marized as follows:

Chapter 3 devised an augmentation-free unsupervised approach for point clouds to learn trans-

ferable point-level features via soft clustering, named SoftClu. SoftClu assumes that the points

belonging to a cluster should be close to each other in both geometric and feature spaces. This

differs from typical contrastive learning, which builds similar representations for a whole point

cloud and its augmented versions. SoftClu exploits the affiliation of points to their clusters as a

proxy to enable self-training through a pseudo-label prediction task. Under the constraint that

these pseudo-labels induce the equipartition of the point cloud, SoftClu is casted as an optimal

transport problem, which can be solved by using an efficient variant of the Sinkhorn-Knopp

algorithm. SoftClu formulates an unsupervised loss to minimize the standard cross-entropy

between pseudo-labels and predicted labels. In addition to its core contributions, SoftClu also

opens up possibilities for extending correspondence-free methods to tackle partial overlapping

registration, as demonstrated in Chapter 4.

Chapter 4 provided an unsupervised correspondence-free method to solve point cloud registra-

tion with large rotations and partial overlaps. The proposed approach combines unsupervised

feature learning with a beam search scheme in the 3D rotation space, which can adjust well to

the case of large rotation. To handle point clouds with partial overlaps, a modified version of

SoftClu is applied to segment both the source and target point clouds into discrete geometric
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partitions. Subsequently, the registration process involves iterative use of the IC-LK algorithm

to minimize the distance between the feature descriptors of corresponding partitions. However,

using only global features might not sufficiently capture intricate local variations and spatial

relationships within the point cloud, especially when dealing with complex structures or low

partial overlaps. As a result, this may lead to suboptimal or inaccurate registration outcomes.

Chapter 5 proposed a learning framework by simultaneously considering point-wise and struc-

tural matchings to estimate correspondences in a coarse-to-fine manner. This approach aims

to address scenarios where correspondence-free methods fail due to point clouds with complex

structures or low partial overlaps. The method transforms these two types of matchings into

optimizations based on Wasserstein distance and Gromov-Wasserstein distance, respectively,

effectively reshaping the task of establishing correspondences into a fused optimal transport

problem. Additionally, an overlap attention module, primarily composed of transformer layers,

is introduced to predict the likelihood (overlap score) of each point belonging to the overlapping

region. This overlap score then guides the correspondence prediction process, enhancing the

accuracy of the registration procedure. Nevertheless, the method encounters challenges when

dealing with point clouds exhibiting variant densities.

Chapter 6 proposed a novel overlap-guided probabilistic registration approach, which addressed

the issue of variant densities in point clouds. This approach reframed the registration problem

as aligning two Gaussian mixtures (GMM) to minimize statistical differences between corre-

sponding mixtures. It utilized an overlap Transformer module based on clustering to embed

cross-point cloud information, facilitating the detection of overlap regions under the guidance

of overlap scores. To reduce computation complexity, a cluster-based loss was introduced, en-

suring the network learned a consistent Gaussian Mixture Model representation across feature

and geometric spaces rather than fitting a GMM in a single feature space.

From Chapter 3 to Chapter 6, each chapter of this thesis is backed by a minimum of one

published paper1 listed in the List of Publications. Therefore, all works proposed in this thesis

are significant in to point cloud registration field.

7.2 Recommendations & Future Work

This section recommends some future research opportunities related to point cloud registration.

• Many registration works show that extracting distinctive local features using pure geo-

metric knowledge is difficult. It would be beneficial to fuse 2D features into learned 3D

geometric features or transfer information from 2D domains into 3D domains.

1The chapters 3, 4, and 6 of the thesis have been published, while one paper from chapter 5 is currently

under revision (TPAMI’s comments are revise and resubmitted as new)
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• Correspondence-based methods are still dominant in current registration advances; thus,

designing more sophisticated algorithms to estimate correspondence is also a practicable

alternative to improve registration accuracy. Besides, predicting correspondences requires

that the learned features are invariant to transformation. Therefore, devising algorithms

to extract robust and rotation-invariant is a promising research direction.

• With the development of 3D devices, more and more applications require the integration

of the point clouds captured from devices, which is involved in registration across different

sources with density variations. Therefore, developing robust matching methods to handle

cross-source registration tasks is significant.

• The registration of point clouds of large-scale outdoor scenes is a challenging research

problem due to the complexity of the environment, the presence of occlusions, and the

limitations of available sensors. Exploring methods for handling these challenges and

creating a more accurate representation of outdoor scenes is beneficial.

• Point clouds can be more useful if they are semantically enriched, i.e., if they contain

information about the objects and scenes they represent. Researchers can investigate

how to incorporate semantic information into registration algorithms to improve their

accuracy and efficiency.
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