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Fault-tolerant, error-corrected quantum computation is commonly acknowledged to be crucial to the realisa-
tion of large-scale quantum algorithms that could lead to extremely impactful scientific or commercial results.
Achieving a universal set of quantum gate operations in a fault-tolerant error-corrected framework suffers from
a ‘conservation of unpleasantness’. In general, no matter what error correction technique is employed, there is
always one element of a universal gate set that carries a significant resource overhead - either in physical qubits,
computational time, or both. Specifically, this is due to the application of non-Clifford gates. A common method
for realising these gates for stabiliser codes such as the surface code is a combination of three protocols: state
injection, distillation and gate teleportation. These protocols contribute to the resource overhead compared to
logical operations such as a CNOT gate and contribute to the qubit resources for any error-corrected quantum
algorithm. In this paper, we introduce a very simple protocol to potentially reduce this overhead for non-Clifford
gates: Transversal Injection. Transversal injection modifies the initial physical states of all data qubits in a sta-
biliser code before standard encoding and results in the direct preparation of a large class of single qubit states,
including resource states for non-Clifford logic gates. Preliminary results hint at high quality fidelities at larger
distances and motivate further research on this technique.

Quantum Error Correction (QEC) forms a crucial com-
ponent of large-scale quantum computing systems [1, 2].
The difficulty in fabricating ultra-low error rate qubits and
quantum gates at scale necessitates active techniques to miti-
gate errors caused by environmental decoherence, fabrication
errors, measurement and control errors, and components that
are always probabilistic [3]. While there is currently a focus
on the so called NISQ regime [4] - where it is hoped that a
scientifically or commercially valuable quantum algorithm
can be found that is small enough to not require QEC on
the current or next generation quantum computing chipsets -
most theoretical work suggests that the true value in quantum
computing will lie with large simulation algorithms that will
unarguably require extensive error correction [5–7], unless
we see a significant revolution in hardware technology.

While work on QEC is extensive [8], the physical con-
straints on quantum hardware architectures has resulted in
the dominance of one type of QEC code, namely the surface
code [9]. Defined over a 2D nearest neighbour array of
physical qubits, it is now the most studied QEC code and
the preferred model for numerous architecture blueprints in
multiple hardware platforms [10–14].

However, the implementation of QEC for any quantum
algorithm, large or small, comes with a significant overhead
in physical qubits and/or computational time [15]. This is
not surprising as the goal of QEC is often to take a physical
error rate of the hardware of between p = 10−3 → 10−4

and reduce it by many orders of magnitude, with large-scale
quantum simulation estimated to require error rates of 10−20

or even lower [6, 16].

Theoretical work in QEC, algorithmic design, compila-
tion and resource optimisation has done a surprising job
of figuring out better and better ways to implement error
corrected algorithms [17–19], with one of the most studied
algorithms, Shor’s algorithm, a useful example. Early
compilation efforts, with the surface code, bench-marked
Shor’s algorithm at the beginning of the 2010’s, showing that
upwards of 30 billion components would be required to im-
plement Shor-2048 [20]. By focusing entirely on better ways
to implement both the algorithm itself and the underlying
QEC protocols, this has been reduced to 20 Million qubits by
the end of the 2010’s without changing any assumptions at
the physical hardware level [15].

How much this can still be reduced depends on several
factors - even when we still do not change the hardware
assumptions of the underlying microarchitecture. The first
is just the raw qubit overhead to encode a logical qubit of
information up to some desired logical error rate. For a
distance d error correction code, the logical error rate scales
as pL ≈ O(pb

d−1
2 c), under a simple symmetric Pauli model.

This assumes that the physical error rate of all parts of the
hardware system (decoherence, control, measurement etc...)
is under the fault-tolerant threshold of the code, approxi-
mately p ≈ 0.67% for the surface code [21]. If we take a
square, un-rotated, planar surface code, the total number of
qubits (data + syndrome qubits) scales as N = (2d − 1)2,
hence pL ≈ O(pb

√
N−1
4 c). This exponential scaling means

that for a heavily error corrected code, a lattice of N > 1000
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is required1. How much this base level logical qubit overhead
can be reduced, while still having a code that is architecturally
feasible is still an open question.

This work introduces a simple new way to produce encoded
non-Pauli Eigenstates. This process we dub ‘Transversal
Injection’ modifies the way in which non-Clifford ancillary
states are encoded. A standard approach for creating logical
qubits is to initialise data qubits into the |0〉 or |+〉 states
and measure the stabilisers of the code [9]. If all stabilisers
commute or anti-commute in the desired fashion, we have
successfully encoded a logical qubit in the |0〉 or |+〉 state
respectively. Transversal injection involves performing a
transversal rotation - a uniform single qubit rotation on all
data qubits individually - initialising them in some non-Pauli
state. This is followed on by the standard stabiliser measure-
ment procedure. During the encoding state, the stabilisers
will either commute or anti-commute and the encoded logical
state will now be some non-Pauli eigenstate. The string of all
stabiliser measurements forms what we will call a stabiliser
trajectory, and can be used to determine the resultant state.

In this paper we perform simulations of this protocol
under the influence of physical errors and investigate how the
encoded error rates are related under a standard Pauli noise
model on the circuit level. A modest post-selection strategy is
also applied to improve the fidelity of this protocol. We show
through these preliminary results that we can generate states
with a higher fidelity than 1− p where p is our physical error
rate. This potentially eases the resource overhead of state
distillation. Further research is needed to investigate fidelities
at higher distances codes, further optimisation of the classical
algorithm and compilation strategies.

We present this new technique in the context of the sur-
face code, but it should be stressed that it is applicable to
all stabiliser based QEC codes. The contents of this paper
includes:

• A description of the formalism.

• A classical algorithm for calculating the logically en-
coded state.

• Numerical simulations of Transversal Injection on the
surface code.

• Discussion of this technique and implications for QEC
circuit compilation.

This new method can be looked at as the qubit extension of
what was found in the continuous variable context [22], where

1 Multiple studies have numerically derived the precise scaling, including
constant factors for a required logical error rate in the planar surface code as
a function of additional hardware constraints, more precise physical error
models and overall physical error rate [21]

all-Gaussian universality was discovered in the context of the
GKP code.

STATE DISTILLATION

Arguably the largest source of overhead in fault-tolerance
is ancillary protocols required to perform error-corrected
logic operations such as lattice surgery [23] and complex
compound protocols to create resource states for universal
computation [17, 24, 25]. Some gates have a transversal
realisation in the code which is inherently fault-tolerant
and require few if any additional resources to implement.
Eastin and Knill [26] proved that there is no QEC code
that can perform a universal set of transversal gates while
correcting an arbitrary error. The no-go of Eastin and
Knill can be worked around when not restricted to using
a single code, such as Gauge-fixed code conversion [27].
A more common approach, is simply to ‘hack’ together a
fault-tolerant implementation of the non-transversal gate via
a sequence of state injection, magic state distillation and gate
teleportation [24, 28]. One example of state distillation is the
quantum Reed-Muller code which takes 15 magic states with
a respective error rate of p and distils them into a single state
with an error rate of 35p3. This process can be performed
recursively to reach a desired level of fidelity.

The encoding of a magic state for use in state distilla-
tion has a p that is dependent on the fidelity of the single
qubit state, and the two-qubit gates that are needed to realise
the encoding. Errors propagate in this protocol and cause
the logically encoded state to have approximately the same
logical error rate as the physical qubit and gates used for the
injection, irrespective of the amount of error-correction used
for the encoding [29]. Even small improvements at this stage
of the protocol will be compounded by multiple state distilla-
tion steps, achieving a significant improvement in fidelity or
a reduction in the amount of distillation needed for a target
fidelity level. Any gain in fidelity seen through transversal
injection could outweigh any complexity introduced by its
probabilistic nature elsewhere in algorithm compilation.

PAULI EIGENSTATE ENCODING

The actual procedure of transversal injection is only a
minor alteration to standard surface code operation and is de-
rived from a simple observation about how Pauli eigenstates
are encoded. This section will briefly cover how a single
high-fidelity logical state can be encoded using multiple
physical qubits. This is a requisite for understanding how
transversal injection works as described in the next section.

Traditionally, we only consider two logically encoded
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states in the surface code that can be initialised, the |0〉L state
and the |+〉L state. These two states are eigenstates of the
logical ZL and XL operators of the planar surface code and
are hence natural to consider when examining encoded state
initialisation. The encoding procedure for each of these two
states proceeds in a similar manner, we will use the |0〉L state
for ease of discussion.

When a logical qubit in the planar surface code is ini-
tialised into |0〉L, we first initialise each of the physical qubits
in the data block in the |0〉 state. Hence our system can be
described in terms of the following stabiliser matrix.

Z1 I2 I3 ... IN
I1 Z2 I3 ... IN
I1 I2 Z3 ... IN
. . . ... .
I1 I2 I3 ... ZN

 (1)

where N is the number of data qubits in the code, and the
eigenvalue of each stabiliser is 0.

Initialisation of the encoded state then requires repeated
measurement of each of the X-type vertex stabilisers of the
surface code [9]. Each of these stabiliser measurements result
in a random parity and the new stabiliser set will contain these
X-type vertex stabilisers and combinations of the stabilisers
in Eq. 1 that commute with all the X-type stabilisers that
were just measured.

By definition, there are only two sets of Z operators
that commute with all the X-type stabilisers, namely all
the Z-type plaquette stabilisers of the code and the Z-chain
operator that defines the Z-eigenstate of the encoded qubit.
The parity of these commuting operators are defined by the
parity of the individual stabilisers of the physical |0〉 states
that are the rows of Eq. 1.

Hence after the X-type vertex stabilisers are measured
(and their resultant syndromes decoded to perform the
required Z-correction to transform the eigenvalues of the X
stabilisers into all zeros), the stabiliser matrix will be

Xvi

.
Zpi
ZL

 (2)

where {Xvi , Zpi} for i ∈ [1, (N − 1)/2] are the stabilisers of
the surface code and ZL is the chain operator that runs across
the lattice, defining the logical state.

The fact that each physical qubit starts in a 0 eigenstate
of the Z operator means that not only is it unnecessary to
measure the Z-type plaquette stabilisers when initialising
an encoded qubit, but that the resulting logical state will
automatically be in a 0 eigenstate of ZL. While in principle

the Z-stabilisers do not need to be measured, in practice they
are as once the qubit is initialised, it needs to be corrected
against possible physical X-errors.

As the parities of the resultant Z-stabilisers in Eq. 2 are
determined by the product of the individual parities of the
Z-stabilisers in Eq. 1, you can derive what you would need
to initialise a |1〉L state directly. In the case of the surface
code, initialising in the |1〉L state requires initialising a subset
of the physical qubits (e.g. along a diagonal of the lattice) in
the |1〉 state, not all the physical qubits (which would actually
initialise the logical qubit back into the |0〉L state).

TRANSVERSAL INJECTION

Transversal injection is based on the realisation that the
traditional standard procedure is only a small subset of
what is actually possible. For example, when starting with
all physical qubits in the |0〉 state, encoding a |0〉L state
can be done reliably as we are already in an eigenstate of
the Z portion of our stabiliser group. If instead our data
qubits are all initialised in some arbitrary state |χ〉, we don’t
simply encode our logical qubit into the same state as our
physical states. The stabiliser group will now commute or
anti-commute in a probabilistic fashion and the measured
eigenvalues will allow us to infer what our encoded logical
state is.

Initialisation

Let’s consider the case where all the data qubits are initially
placed into the states

|χ〉 = α|0〉+ β|1〉 (3)

i.e. we first perform a transversal rotation on all data qubits to
the state |χ〉 before we follow the same procedure to encode
a |0〉L or |+〉L state.

When considering the system of N data qubits that have
been uniformly transformed, the values of each eigenstate are
now naturally related to the Hamming weight of its integer
value and the chosen transversal operation.

|χ〉⊗N =

2N−1∑
n=0

αN−Ĥ(n)βĤ(n) |n〉 (4)

Where n is the integer representation of the system’s
eigenvalues and Ĥ(n) is the Hamming weight, or number of
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bits set to 1 in its binary representation.

Syndrome Extraction

The set of measurements for each stabiliser {Xvi , Zpi}
defines a stabiliser trajectory. This set is denoted by the
string {X1, ..., X(N−1)/2, Z1, ..., Z(N−1)/2} ∈ {0, 1} of
eigenvalues, that are measured for the N − 1 X-type vertex
and Z-type plaquette stabilisers. This definition will be used
throughout this paper to reference a set of measurement
outcomes that together determine a resultant logical state.
In the absence of physical errors, the X projections are
probabilistic and the Z projections are deterministic when
encoding a |0〉L or vice versa for the |+〉L state. In transversal
injection the outcomes of all measurements are probabilistic
and will select out only certain eigenvalues that are consistent
with the previously observed measurements.

The first step in encoding is to measure all the X-type
stabilisers, Xvi . Our initial state is projected into eigenstates
of the X-stabilisers with the eigenvalue for each operator
determined by the qubit measurements of each stabiliser
circuit. The measurement of these stabilisers will result in
an eigenvalue sequence for the X-type stabilisers and cause
perturbations in the superposition of the Z-type stabilisers
until they too are measured. The second step is to project into
eigenstates of the Z-stabilisers in the same manner.

The stabiliser tableau is defined below with the first
N−1
2 rows referring to the X-type and the second N−1

2
rows referring to the Z-type stabiliser sets [30]. The first
N columns are set to 1 to indicate an X Pauli operator on
each respective qubit. A 1 in the second N columns indicate
the presence of a Z operator on each respective qubit. By
definition for the planar surface code, the X-type stabilisers
only containX Pauli elements and vice versa for the Z sector.
The last row is the chain operator, spanning the lattice, that
denotes the logical Z-operator.



x1,1 . . . x1,N z1,1 . . . z1,N Xv1
...

. . .
...

...
. . .

...
...

xN−1
2 ,1 . . . xN−1

2 ,N zN−1
2 ,1 . . . zN−1

2 ,N XvN−1
2

xN+1
2 ,1 . . . xN+1

2 ,N zN+1
2 ,1 . . . zN+1

2 ,N Zp1
...

. . .
...

...
. . .

...
...

xN−1,1 . . . xN−1,N zN−1,1 . . . zN−1,N ZpN−1
2

xL,1 . . . xL,N zL,1 . . . zL,N ZL


(5)

As an example, consider a distance d = 2 unrotated
code (Fig. 1), with stabilisers XXXII , IIXXX , ZIZZI ,
IZZIZ and logical chain ZZIII . The tableau is populated

by a 0 or a 1 where a 1 indicates a Pauli X or Z is applied
on that qubit. Below is an example of a tableau for the trivial
case of initialising in the |0〉L state where each stabiliser has
an eigenvalue of 0 as indicated by the final column.


1 1 1 0 0 0 0 0 0 0 0

0 0 1 1 1 0 0 0 0 0 0

0 0 0 0 0 1 0 1 1 0 0

0 0 0 0 0 0 1 1 0 1 0

0 0 0 0 0 1 1 0 0 0 0

 (6)

When we initialise into the |0〉L state, we would now
already have a logically encoded state (as all the Z-type
stabilisers including ZL should automatically be satisfied),
however these stabilisers are still measured anyway for a
fault-tolerant initialisation. In the case of transversal injection
ZL is now in some superposition of states, determined by
the stabilisers that either commute or anti-commute — our
stabiliser trajectory.

The logical state of the block is zL ∈ {0, 1} where 0
indicated a +1 eigenstate of the logical Z operator (|0〉L)
and 1 as the −1 eigenstate (|1〉L). The chain operator is also
determined as,

zL =

 ∑
i∈left/right

zi

 mod 2. (7)

where left/right is the set of qubits of any chosen chain that
runs from the left boundary of the lattice to the right (defining
the logical Z operator). We perform a parity check over each
qubit in the chain to give us zL. If zL = 0 we have initialised
the logical qubit into the |0〉L state and if zchain = 1, the |1〉L
state.

When all qubits are initialised into |χ〉⊗N before en-
coding, we now are not simply in ±1 eigenstates of Zpi .
Instead we are in a superposition of the 0 and 1 eigenstates.

For a more compact expression of the tableau (5)
we use the concatenated form Hx, Hz, HZchain (e.g.
Hxk

= xk,1 . . . xk,N ). Note that in the surface code,
the X-type vertex stabilisers and Z-type plaquette stabilisers
are only populated with X and Z operators respectively.
Each possible stabiliser trajectory (indexed here by i) will
determine a logical state, |Λ〉i and will have the following
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form after encoding.

|Λ〉i =



Hx1
Xv1

...
...

Hx(N−1)/2
Xv(N−1)/2

Hz1 Zp1
...

...
Hz(N−1)/2

Zp(N−1)/2

HZchain ZL


i

= [〈xi, zi, Li〉] (8)

As the stabilisers of our code are constant, we can omit Hx2,
Hx2 . . . from our shorthand representation. What we are left
with is xi and zi, the eigenvalue bit strings corresponding to
the measurements of the stabilisers, and Li, the eigenvalue bit
string formed from the original |Λ〉i in each term, summed
modulo 2.

Using the syndrome measurements, we know how the
stabiliser sets transform from the original diagonal Z form
to the stabilisers and logical operators for the encoded planar
surface code. To calculate the resultant logical state, we now
treat each term individually and follow them through the
encoding procedure.

Resultant state

As we are no longer in eigenstates of the logical Z operator
of the surface code, we will be left with some non-trivial
logically encoded state. The probabilistic nature of the X
and Z-type stabiliser measurements means that the resultant
encoded state from transversal injection is probabilistic, but
heralded.

Figure 1: Qubit layout of the unrotated surface code at distance 2

The fact that we follow only one of the 2(N−1) possible
stabiliser trajectories when we initialise the code means
we select out only the terms that are consistent with the
eigenvalues we measure. For example, in the d=2 example in
Fig. 1, if Zp1 = 0, for stabiliser Zp1 = ZD1ZD3ZD4, then
we can only keep the terms where Zp1 = (zD1 + zD3 + zD4)

mod 2 = 0. Any term where Zp1 = 1 will be inconsistent
with the measurement projection that actually occurred and
will be simply projected out of the resultant state.

What we are left with is a superposition of only the
eigenstates that are consistent with the X- and Z-stabiliser
trajectories that are observed when initialising the state. By
definition - as we have now stabilised our data qubits with
respect to all stabilisers of the planar surface code - we are
going to be left with some superposition of the eigenstates
of the logic operator, ZL, i.e. some new encoded state,
|Λ〉i = αL|0〉L + βL|1〉L. Note that the resultant logical state
does not, in general, match the transversal state, |χ〉, that was
used to initialise each of the physical qubits in the encoded
block.

To calculate the resultant logical state, we examine the
last entry of the eigenvalue vector which is the logical
observable, Li = zchain, formed from the eigenvalues of
the individual data qubits that form a connected left/right
chain through the planar surface code. The amplitude of
the resulting |0〉L state, αL, will be the sum of all the terms
where Li = 0, while the amplitude of the |1〉L, βL will be
the sum of all the terms where Li = 1. After re-normalising
the wave-function, we can now have an analytical form of the
resultant encoded state as a function of α, β and N .

GENERAL ALGORITHM FOR CALCULATING THE
FUNCTIONAL FORM OF INJECTED STATES

The above sections explain how analytical forms for the re-
sultant logical state are calculated. We now want to present
an explicit algorithmic construction that can be used to derive
the logical state for an arbitrary distance, d, surface code.
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Algorithm 1 Calculating a resultant logical state.
Require: X1 . . . X(N−1)/2, X-stabilisers.
Require: Z1 . . . Z(N−1)/2, Z-stabilisers.
Require: L, a chain operator for the logical Z-state.
Require: {α,β}, coefficients of transversal physical states
Require: Number of data qubits of a distance d planar surface code,

un-rotated code, N = d2 + (d− 1)2

1: function LOOP(〈xi〉 ← x̂) # For each X-stabiliser trajectory
2: function LOOP(n← 1 to 2N − 1) # For each eigenstate n
3: j = Hamming(n).
4: k̂ = |n〉× 〈xi〉 # Project into eigenstates of X-stabilisers
5: λ(k̂) = j # Dictionary of original Hamming weight
6: end function
7: function LOOP(〈zi〉 ← ẑ) # For each Z-stabiliser trajectory
8: αL(xi, zi) = βL(xi, zi) = 0

9: function LOOP(ki← k̂) # For each eigenstate n
10: m = k̂ × ẑ # Parity check with Z-stabilisers
11: if m 6= 0
12: j = λ(k̂)

13: l = k̂ ×B # Parity check with logical operator
14: if l = 0, αL(xi, zi) = αL(xi, zi) + αjβN−j .
15: if l = 1, βL(xi, zi) = βL(xi, zi) + αjβN−j .
16: end function
17: end function
18: return {αL(ẑ), βL(ẑ)}/

√
|αL(ẑ)|2 + |βL(ẑ)|2

19: end function

If we are to only consider the trivial X-stabiliser trajectory
(|0〉 syndromes inX), we find the four sets of analytical equa-
tions (up to re-normalisation) corresponding to the four sets
of trajectories, t̂ = {0000, 0001, 0010, 0011}. A worked ex-
ample of t̂ = {0000} can be found in the appendix.

|Λ〉00 =

(
αL
βL

)
=

(
α5 + 2α2β3 + αβ4

2α3β2 + 2α2β3

)

|Λ〉11 =

(
αL
βL

)
=

(
β5 + 2β2α3 + βα4

2β3α2 + 2β2α3

)

|Λ〉01 = |Λ〉10 =

(
αL
βL

)
=

(
α4β + α3β2 + α2β3 + αβ4

α4β + α3β2 + α2β3 + αβ4

)
(9)

For two (out of four) measured trajectories we get a
non-trivial set of logical states (t̂ = {0000, 0011}). For the
other two stabiliser trajectories (t̂ = {0001, 0010}) we simply
initialise into the logical |+〉L = (|0〉L + |1〉L) /

√
2 state.

It should be noted that any non-trivial syndrome will
introduce bit and/or phase flips to the logical code-words. As
is typical of a stabiliser code, corrections need to be applied
to move back into an even superposition of |0〉L and |1〉L.

This generalised algorithm will allow for the calculation
of any transversely realisable encoded state for an arbitrarily
large distance code, d: it intuitively follows the logic of the
stabiliser execution.

Line 5 requires an explicit calculation of all vectors
generated from the X-stabiliser projections and will scale
exponentially as a function of code distance, d. This proves to
be a difficult task for classical computers as there are an ex-
ponential number of trajectories to track during the execution
of the algorithm. Additionally, the solution space is large and
storing the final results would be infeasible for large distances.

There is an optimised version of this algorithm, which
we introduce in the appendix. The optimised algorithm is
based on a different approach and instead tracks only the
terms relevant to a single target trajectory. We can now
compute the logical state of this trajectory in a more efficient
manner. Algorithm 2 scales exponentially with (N − 1)/2,
the number of Z−stabilisers, rather than with the number
of physical qubits. Hence, calculating a target trajectory is
O(e(N−1)/2) which is an improvement from O(eN ) required
to derive all possible trajectories. This improvement is most
noticeable in the memory requirements which blow out
in the first algorithm but can be dealt with comfortably in
algorithm 2. Using GPU acceleration, we have demonstrated
this algorithm on trajectories with trivial X-measurements
on systems with over 100 data qubits. When non-trivial
X measurements are considered, classical computation of
distance 5 is achievable using algorithm 2. This opens up the
opportunity for a just-in-time strategy where output states
from transversal injection can be calculated classically and
then used as part of a broader compilation strategy. To
realise this strategy, a more efficient algorithm will be needed
for larger distances required for large-scale, error-corrected
computation.

In Fig. 3, we have plotted the distribution of resultant
states across the Bloch sphere for a range of initial param-
eters. There are clear structures that form depending on
the parameters of the initial rotation including great circles,
arcs with different radii, clusters around poles and dense
packing of the entire sphere. Certain distributions may
be advantageous for certain compilation strategies or for
physical systems that have error biases in certain directions.
Alternatively, having a dense covering of the Bloch sphere
might be optimal in a compilation strategy that benefits from
a large set of distinct states.

REALISING NON-CLIFFORD LOGIC OPERATIONS
THROUGH TRANSVERSAL INJECTION

The primary benefit of this new technique is producing log-
ically encoded non-Pauli states with a higher fidelity directly
onto the surface code. This aims to reduce the qubit and time
resources required to distil magic states and in turn the quan-
tity of costly non-Clifford logic gates.

Consider the circuits shown in Fig. 2 In each of these cir-
cuits, we have our data qubit, |ψ〉 and an ancilla qubit that
is prepared in the states,

(
|0〉+ eiθ|1〉

)
/
√

2 or cos(θ)|0〉 +
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Figure 2: Quantum circuits to use non-Clifford states to enact non-
Clifford gates.

i sin(θ)|1〉. The rest of the circuit consists of the Clifford
gates, CNOT, and measurements in either the X- or the
Z-basis. It can be easily verified that after the ancilla is
measured, the resultant state is the rotated gate, Rz(±θ) or
Rx(±θ) applied to the data qubit, |ψ〉. The angle, θ is de-
termined by the form of the ancillary state and the ± is de-
termined by the outcome of the measurement result on the
ancilla. Consequently, the ability to perform arbitrary single
qubit rotations becomes a problem of preparing appropriate
ancillary states.

To match up the functional forms in Eq. 9 to the functional
forms necessary for the circuits in gate teleportation, in the
context of our d=2 example, we need to solve the following.(

1

eiθ

)
=

(
α5 + 2α2β3 + αβ4

2α3β2 + 2α2β3

)

or

(
β5 + 2β2α3 + βα4

2β3α2 + 2β2α3

)

and

(
cos(θ)

i sin(θ)

)
=

(
α5 + 2α2β3 + αβ4

2α3β2 + 2α2β3

)

or

(
β5 + 2β2α3 + βα4

2β3α2 + 2β2α3

)
(10)

for α, β and θ (up to re-normalisation), in the case of the d = 2
solution. Once we find specific forms of α and β that give rise
to these functional forms, we know what transversal injected
states are needed on the physical qubits to generate the correct
form of the encoded states to be used in the circuits in Fig. 2
to realise Rz(θ) and Rx(θ) rotational gates.
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Figure 3: The possible logical states that result from transversal injection on a distance d = 4 code for a range of initial θ and φ values. Each
sphere is a plot for a specific initial rotation. Each dot on the sphere corresponds to a possible stabiliser trajectory and its respective output
state. Generated using QuTiP [31].
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Eastin-Knill Theorem

Transversal injection circumvents the Eastin-Knill no-go
theorem as it is a method for preparing non-Clifford resources,
such as a T-gate, to achieve universal quantum computation on
the planar surface code. This new technique does not violate
the Eastin-Knill theorem and is in fact still limited by the im-
plications of the theorem. Non-Clifford gates must be realised
in the fashion described in the preceding section, a T-gate still
can’t be implemented transversally on this code. Additionally
the encoding step in this technique has a diminished error de-
tecting ability compared to standard surface code operation.
Some errors in the first round of stabiliser measurements can
no longer be detected. Such errors will herald an incorrect sta-
biliser trajectory which implies that the system is in a different
logical state than it actually is. Post-selection has the poten-
tial to mitigate this. However, we are still ultimately bound by
this theorem.

Figure 4: The 64 logical, single qubit, states (only trivialX-stabiliser
measurements), resultant from transversal injection on a distance
d = 3 unrotated code from the table above. Generated using
QuTiP [31].

NUMERICAL SIMULATIONS OF ERROR SCALING

Typically an encoded state produced using the planar sur-
face code will exhibit asymptotic fault-tolerance. Transversal
injection does not introduce any new multi-qubit gate oper-
ations beyond what is required for standard |0〉L and |+〉L
state initialisation so one may expect the same scaling out
of this protocol. We confirm this assumption with numerical
simulation where errors occur only after encoding, however
this scenario is unrealistic and the protocol as a whole must
be considered.

The circuit is simulated by applying a depolarising channel
to the circuit. At a physical rate p, a Pauli X , Z or Y
operator is applied with equal probability for a single qubit
gate. For the two-qubit CNOT gate for syndrome extraction
and measurement, a random combination of I , X , Z and
Y operators (excluding II) is applied. The simulations
shown in this paper are performed with physical errors
during all rounds of stabilisers, including the first stabiliser
measurements. This generally results in an encoded error rate
greater than the physical error rate p. However, experiments
with post-selection strategies indicates that an error rate not
bound by p is in fact achievable, warranting further research
into the behaviour of transversal injection at distance 5 and
higher.

To test transversal injection, surface code circuit simu-
lations were performed using a balanced Pauli noise model.
As we need to verify a non-trivial final state against the output
from the derived logical state above, we used a full state
simulator rather than stabiliser simulators such as Stim[32].
The circuit simulations were performed with d rounds of
stabiliser measurements followed by a final perfect round of
measurements. Where the syndromes have changed, the se-
ries of measurements observed can be mapped to a correction
operator and applied to correct back into the expected resul-
tant state. Discarding states that have detectable errors will
reduce the success probability of the protocol compared to a
strategy that instead correct errors that have been detected.
For large code distances or particularly high physical error
rates, this may not be a feasible strategy although for the error
rates and distances investigated in this paper this is not the
case. Additionally, applying the error correction operator can
introduce further errors so qualitatively the fidelity can only
decrease during this process. Hence, for all numerical data in
this paper any simulations where the syndromes change over
multiple sweeps are discarded.

The unrotated surface code was used for the worked ex-
amples and for initial testing. However, the rotated surface
code was subsequently chosen for numerical simulations as
the lower number of qubits allowed a statistically significant
amount of data to be acquired. Additionally, the numerical
data that is presented in this paper was collected by re-using
ancilla qubits for syndrome extraction. Since we are not
constricted to nearest neighbour architecture in classical
simulations, this allows us to profile transversal injection up
to distance 4 across different uniform physical error levels
and differing single/two-qubit error rates.

First, a transversal rotation of all data qubits is performed.
Ancillary qubits perform CNOT operations on their near-
est neighbours in the X- and Z- basis for the vertex and
plaquette stabilisers respectively. The ancillary qubits are
measured, extracting the syndrome as is standard for the
surface code. The syndrome measurements and parameters
of the transversal rotation are passed into algo. 2 where the
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Figure 5: Scaling of logical fidelity vs. physical error rate. Fidelity
is measured as the overlap between the simulated encoded state and
the expected encoded state heralded by the stabiliser measurements
of each run. θinitial ≈ 1.7728, φinitial ≈ 3.3237

state of our system is returned in an analytical form. The full
state of our simulated system is yielded and compared to the
result from algo. 2 to determine if a logical error has occurred.

Fidelity did appear to vary for different initial states
and a chosen state too close to a pole on the Bloch sphere
would ’snap’ to that pole for a large portion of the trajectories.
Hence, the amount of unique non-Clifford logical states
seems to increase proportionately to how far away an initial
rotation is from the poles.

The relationship between physical error rate and logical
rate are linearly proportional as we approach physical error
rates below p = 0.01 (Fig. 5). It appears that higher distance
codes perform worse than lower distance codes and the
logical error rate always exceeds the physical error rate.
Without a post-selection strategy, numerical simulations can
be done more efficiently at lower physical error rates.

For each distance and physical error rate, a second ex-
periment was run where a post-selection strategy was
employed in an attempt to improve fidelity (Fig. 6). Post-
selection does appear to yield improvements in fidelity by
filtering out trajectories of simulated runs with a naive,
pre-computed lookup table. For distance 2, this lookup table

Figure 6: This figure is the same set of results as Fig. 5, inspecting
a smaller range of physical error rates to focus on the post-selection
results. θi ≈ 1.7728, φi ≈ 3.3237

Figure 7: Qubit layout of the rotated surface code at distance 2.

was only populated with the trivial syndrome as it is the
only one that results in non-Clifford states. Distance 4 with
post-selection appears to yield a significant improvement in
fidelity, dropping below the physical error rate to roughly
0.39p. All of the above experiments were benchmarked with
non-uniform single qubit error rates of p, 0.1p and 0p with no
measurable difference in fidelity.

To construct the lookup table used for an experiment, sta-
tistical analysis was done over a large number of simulations
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Figure 8: Circuit diagram of the rotated surface code at distance 2.

and the trajectories were ranked according to their average fi-
delity. A budget of ≈ 20% was allocated and the top trajecto-
ries were selected until this budget was satisfied. An example
for demonstration (not experimental data) is in Table. I. Given
this data, we would whitelist the top performing trajectories
(000, 011 and 101) until our ≈ 20% quota was satisfied.

Table I: Example for demonstrating a post-selection strategy

Trajectory Fidelity Frequency
011 99.99 0.01
000 99.89 0.10
101 98.58 0.09
001 98.01 0.20
100 97.84 0.31
010 95.43 0.20
110 95.21 0.05
111 94.99 0.04

CONSEQUENCES FOR ERROR-CORRECTED CIRCUIT
COMPILATION

Transversal injection has the potential to reduce ancilla
requirements and the amount of state distillation — however,
it is not without its own drawbacks. Transversal injection
does provide us with non-Clifford, logically encoded states
after the first round of stabilisers are applied. The first
round of stabilisers themselves are not fault tolerant and this
round is susceptible to two-qubit correlated errors without a
detection event. If these errors occur before the first stabiliser
measurements are extracted, the initial state will be altered
without detection events. Single qubit errors on ancillary
qubits are either detected in subsequent syndrome extractions
or change the logical state in a way that is heralded by its
measurement (i.e. once the initial Pauli frame of an encoded

state is known, the encoded state is defined).

Current methods of magic state encoding similarly ex-
hibit a linear scaling between the encoded state’s fidelity and
physical error rate[29]. Generally, the fidelity of output states
from transversal injection is worse until a post-selection strat-
egy is applied. Once post selection is applied on our distance
4 simulations, the logical error rate is comparable with the
lower bound of other results even at much larger distances.
To achieve the same fidelity, transversal injection has a much
smaller qubit footprint and only requires a moderate amount
of post-selection. Further analysis is needed to evaluate this
protocol at distance 5 and higher to determine how fidelity
scales beyond the results in this paper.

Transversal injection is intrinsically a probabilistic method
for encoded state preparation and while it is heralded, it is not
something that is controllable. Consequently when utilising
transversal injection as a method for realising universality,
special care must be taken when examining how to effectively
compile error-corrected circuits.

While a large number of states on the logical Bloch
Sphere are available using this technique, the number of
possible stabiliser trajectories scales exponentially as a
function of the number of qubits and hence code distance. In
our preliminary analysis, the probability of a particular state
being prepared becomes exponentially unlikely as the code
distance is scaled. There are potential redundancies at higher
distances, but so far we have not identified any exploitable
patterns.

This implies that when a specific ancillary state is re-
quired for a teleported gate, it will need to be constructed
through an effective random walk over the Bloch sphere. The
exponential number of states on the Bloch Sphere that are
available implies that rather than compiling to simply the
non-Clifford T -gate in an error corrected system, we should
be able to compile to any Z or X axis rotation we want
by producing random logical states and approximating the
required ancillary state needed for a given Rz(θ) or Rx(θ).
Transversal injection can be used to produce magic states
which we can then distil to an arbitrary accuracy, although
this is only a subset of the possible output states. Hence, there
is motivation to research distillation methods that are effective
on other non-Pauli states. This has clear implications for
circuit level compilation as the Clifford + T alphabet for a
fault-tolerant compatible circuit will no longer be a constraint.

There are various techniques developed in the literature
in approximating single qubit gates via a random walk around
SU(2) that can be exploited to find a systematic solution to
the gate compilation issue [24], but this is relegated to further
work.

While a direct resource comparison to a compiled algo-
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rithm using magic state distillation, such as Shor-2048 [15]
will require a systematic solution to compiling arbitrary
single qubit logical rotations, there is a potential for reduced
qubit requirements for any large-scale algorithm by utilising
this new technique.

CONCLUSIONS

We have presented a new technique for achieving fault-
tolerant universal quantum computation in a stabiliser code
environment without changing any other operating assump-
tion of the underlying code.

While we have presented this new scheme in the con-
text of the surface code, transversal injection will be possible
using any stabiliser based QEC code and the algorithm
detailed in this work can be used to pre-compute resultant
logical states, depending on the code structure and size.

Interesting further work includes understanding if this
technique can be used for codes beyond stabiliser codes and
how transversal injection can be used in fully compiled error
corrected algorithms. Incorporating transversal injection
into fully compiled, large-scale circuits, will allow us to
re-benchmark algorithms such as Shor’s algorithm or error
corrected chemistry simulations to determine the exact
resource savings over state of the art compiled results.

It should be noted that the algorithms presented in this
work scale exponentially with the number of Z−stabilisers.
Currently, we are able to compute explicit analytical forms
for any stabiliser trajectory up to a d = 8, non-rotated, surface
code (consisting of N = 113 data qubits). This will be more
than sufficient for any experimental demonstration in the near
term. With further development and specialised hardware,
higher distances will likely be possible to calculate.

However, we anticipate that a more efficient technique
can be developed that allows for analytical forms to be
calculated fast. This may not allow for all of the exponential
number of trajectories to be pre-calculated, but if a single
trajectory for an arbitrary distance can be calculated fast, then
this will be sufficient for a just in time approach to be taken,
where analytical forms for logical states are calculated at the
time they are physically created in an error corrected machine.

This work is a potential solution to some of the over-
heads blocking the path to large-scale, error-corrected
computation and provides another approach to circumvent the
Eastin-Knill theorem, allowing for universal, error-corrected
computation in an increasingly resource efficient manner.
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Appendix A - Worked example of algorithm 1.

For example, in a distance d = 2 unrotated code (Fig. 1), we have a total of N = 5 physical qubits. The parity check matrix
M , is a 5× 5 matrix with rows representing the two X-stabilisers, two Z-stabilisers and one logical operator of the distance two
surface code,

M =


1 1 1 0 0

0 0 1 1 1

1 0 1 1 0

0 1 1 0 1

1 1 0 0 0

 . (11)

The initialisation step will take us to the following state.

|χ〉⊗N =

2N−1∑
n=0

αN−Ĥ(n)βĤ(n) |n〉 (12)

Lets work out the analytical equations for the trivial syndrome. Below is a partial state table of our initial state. Now we project
the onto X-type stabilisers XXXII and then IIXXX in the middle and right columns respectively.



|00000〉
|00001〉
|00010〉
|00011〉
|00100〉
|00101〉
. . .

|11010〉
|11011〉
|11100〉
|11101〉
|11110〉
|11111〉



=



init XXXII IIXXX

α5 α5 + α2β3 α5 + 2α2β3 + αβ4

α4β α4β + αβ4 α4β + α3β2 + α2β3 + αβ4

α4β α4β + αβ4 α4β + α3β2 + α2β3 + αβ4

α3β2 α3β2 + β5 α4β + 2α3β2 + β5

α4β α4β + α3β2 α4β + 2α3β2 + β5

α3β2 α3β2 + α2β3 α4β + α3β2 + α2β3 + αβ4

. . . . . . . . .

α2β3 α3β2 + α2β3 α4β + α3β2 + α2β3 + αβ4

αβ4 α2β3 + αβ4 α5 + 2α2β3 + αβ4

α2β3 α5 + α2β3 α5 + 2α2β3 + αβ4

αβ4 α4β + αβ4 α4β + α3β2 + α2β3 + αβ4

αβ4 α4β + αβ4 α4β + α3β2 + α2β3 + αβ4

β5 α3β2 + β5 α4β + 2α3β2 + β5



(13)

When the Z-type stabiliser are measured, the terms that do not satisfy the parity check are now excluded from the state table.
This gives us our resultant state.



|00000〉
|00111〉
|01001〉
|01110〉
|10010〉
|10101〉
|11011〉
|11100〉


=



α5 + 2α2β3 + αβ4

α5 + 2α2β3 + αβ4

2α3β2 + 2α2β3

2α3β2 + 2α2β3

2α3β2 + 2α2β3

2α3β2 + 2α2β3

α5 + 2α2β3 + αβ4

α5 + 2α2β3 + αβ4


(14)
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Appendix B - Optimisation of algorithm 1.

We can provide this refinement to Algo. 1 as detailed below.

Algorithm 2 Calculating a specific logical state.
Require: X1 . . . X(N−1)/2, X-stabilisers.
Require: Z1 . . . Z(N−1)/2, Z-stabilisers.
Require: L, a chain operator for the logical Z-state.
Require: {α,β}, coefficients of transversal physical states
Require: Number of data qubits of a distance d planar surface code, un-rotated code, N = d2 + (d− 1)2

Require: 〈xi〉, 〈zi〉 eigenvalue bit strings corresponding to stabiliser measurements

1: m̂ = {} # List of set stabiliser measurements (N − 1)/2
2: v̂ = [{0}N ] #Eigenvalue memory, initially just {0}N
3: function LOOP(i← 1 to (N − 1)/2) #For Each Z-stabiliser
4: v̂t = [] #Loop eigenvalue storage
5: function LOOP(v← v̂) #For each previous result
6: t = zi
7: function LOOP(m← m̂)
8: t⊕ (mi)
9: end function

10: û = ¬m̂ # can ignore Zi not adjacent to ith qubit
11: ĉ =

∑
n=0

(
û

2n+t

)
# combinations that give parity t

12: m̂ = m̂+ Zi

13: function LOOP(c← ĉ)
14: ê = ẑ ∨ c
15: v̂t = v̂t + e
16: end function
17: v̂ = v̂t
18: end function
19: end function
20: αL = βL = 0
21: function LOOP(v← v̂)
22: j = bitwise sum(ẑ)

23: k̂ = v̂ × x̂
24: function LOOP(k← k̂)
25: l = k ×B # Parity check with logical operator
26: if l = 0, αL = αL + αjβN−j .
27: if l = 1, βL = βL + αjβN−j .
28: end function
29: end function
30: return {αL, βL}/

√
|αL|2 + |βL|2

In this more performant algorithm, the goal is to determine which eigenvalues commute with the Z-sector of our trajectory
and project these onto the target X-sector. The original algorithm projects our initial state through the X-stabilisers, which has
an exponential number of terms in d, and only a fraction contribute to our encoded logical state for a specific Z-trajectory. By
working backwards, we only need to reverse engineer the terms that will commute with our Z-stabiliser measurements. The
Z-trajectory search is done in the loop from lines 3-19. For each Z-stabiliser, we can search for the combinations of the bits
= Z that XOR to give the correct value for our target.

For example, consider a distance 2 unrotated surface code (Fig. 1) with 5 data qubits and a target ˆ0001. The two Z-stabilisers
of the distance two surface code form the matrix below.

M =

D1 D2 D3 D4 D5

1 0 1 1 0

0 1 1 0 1

 (15)

If we create a representation of the Z-stabilisers where we store the index of elements equal to one, we have a directory of which
data qubits each Z-stabiliser impacts. In this example we use 0 as the first index.

Maux =

(
0 2 3

1 2 4

)
(16)
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For the first Z-stabiliser we look up the first bit of 0̂1, which is 0. Consider all combinations of {0, 2, 3} that are of length
{0, 2} (or {1, 3} if it were equal to 1). We now iterate through each of {( ), (0, 2), (0, 3), (2, 3)} and set the bits of our initial
trajectory {0}N .

v̂t =


0 0 0 0 0

1 0 1 0 0

1 0 0 1 0

0 0 1 1 0

 (17)

For each subsequent Z-stabiliser, we set t equal to the ith bit of 0̂1. Depending which values of {1, 2, 4} have been set already,
we create two subsets for the seen and unseen indices (i.e. {2} and {1, 4}). For each result from the previous loop, we xor t
with the value of each bit at the seen indices. As in the first case, we iterate through all combinations of unseen bits {1, 4} that
are odd or even lengths depending on t. Again we set the bits of the result at the indices — for each new combination, for each
result from the previous loop. In our example below, t will alternate between 0 and 1 as z2 is our unseen and as t is initialised as
1 for the second bit, results will be flipped.


t z0 z1 z2 z3 z4 combinations
1 0 0 0 0 0 (Zp1), (Zp4)

0 1 0 1 0 0 ( ), (Zp1 , Zp4)

1 1 0 0 1 0 (Zp1), (Zp4)

0 0 0 1 1 0 ( ), (Zp1 , Zp4)

 (18)

Results =



z0 z1 z2 z3 z4 j
0 0 0 0 1 1

0 1 0 0 0 1

1 0 1 0 0 2

1 1 1 0 1 4

1 0 0 1 1 3

1 1 0 1 0 3

0 0 1 1 0 2

0 1 1 1 1 4


(19)

For each row, we determine Hamming weight j from the count of ones in ẑ. Note j will remain the same during the next step
even though the Hamming weight will change.

It should be noted that after any loop in the algorithm, the intermediate results can be processed in parallel with no
penalty in complexity aside from the negligible overhead of distributing the work. Using GPU acceleration, we have demon-
strated sampling from the set of all trajectories with trivial X-syndromes for stabiliser codes with 113 data qubits (d = 8,
un-rotated).

If we are now to examine a non-trivial X-syndrome, an additional step is needed. For example, let’s examine a target
trajectory of ˆ1001 where the first two bits are our X-stabiliser measurement outcomes. We now project the results from our last
step over these values as below.
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ẑ II X1 X2 X1X2 j k
ˆ00001 ˆ00001 − ˆ11101 ˆ00110 − ˆ11010 1 0
ˆ01000 ˆ01000 − ˆ10100 ˆ01111 − ˆ10011 1 1
ˆ10100 ˆ10100 − ˆ01000 ˆ10011 − ˆ01111 2 1
ˆ11101 ˆ11101 − ˆ00001 ˆ11010 − ˆ00110 4 0
ˆ10011 ˆ10011 − ˆ01111 ˆ10100 − ˆ01000 3 1
ˆ11010 ˆ11010 − ˆ00110 ˆ11101 − ˆ00001 3 0
ˆ00110 ˆ00110 − ˆ11010 ˆ00001 − ˆ11101 2 0
ˆ01111 ˆ01111 − ˆ10011 ˆ01000 − ˆ10100 4 1


(20)

We determine k from the parity of the first d bits (our logical observable, row 5 of Eq. 15) and these values can be used to
construct the analytical equations (prior to re-normalisation) for our target. Each term contributes αjβN−j to the corresponding
logical state, and we can collect them as below.



|00001〉
|00110〉
|11101〉
|11010〉
|01000〉
|01111〉
|10100〉
|10011〉


=



2α4β + 2α3β2 − 2α2β3 − 2αβ4

2α4β + 2α3β2 − 2α2β3 − 2αβ4

−2α4β − 2α3β2 + 2α2β3 + 2αβ4

−2α4β − 2α3β2 + 2α2β3 + 2αβ4

2α4β − 2α3β2 − 2α2β3 + 2αβ4

2α4β − 2α3β2 − 2α2β3 + 2αβ4

−2α4β + 2α3β2 + 2α2β3 − 2αβ4

−2α4β + 2α3β2 + 2α2β3 − 2αβ4


(21)

Due to the Pauli frame set by our stabiliser measurements, what we consider our logical state is a mix of the following terms.

|Λ〉 =

(
αL
βL

)
=

(
|00001〉+ |00110〉 − |11101〉 − |11010〉
− |01000〉 − |01111〉+ |10100〉+ |10011〉

)

|Λ〉 =

(
α4β + α3β2 − α2β3 − αβ4

−α4β + α3β2 + α2β3 − αβ4

) (22)

These additional steps for calculating for non-trivial X-stabiliser measurements are costly and this classical algorithm is
only feasible for code distances < 6.

Appendix C - Functional forms for d = 3 code

For N = 13 data qubits, there are a total of 2(13−1)/2 = 64 Z-stabiliser trajectories. Each of these trajectories is
specified by the 6-bit, Z parity vector, and each stabiliser trajectory results in a different logical state as a function of
|χ〉⊗N = (α|0〉+ β|1〉)⊗N . These functional forms are not normalised.
When initialising a d = 3 planar surface code, the specific Pauli frame of the Z-stabilisers that are determined after decoding



18

allows you to calculate the actual logically encoded state.

ˆ000000 =

(
α13 + 4α10β3 + 4α9β4 + 4α8β5 + 14α7β6 + 20α6β7 + 11α5β8 + 4α4β9 + 2α3β10

3α10β3 + 8α9β4 + 10α8β5 + 8α7β6 + 12α6β7 + 16α5β8 + 6α4β9 + α2β11

)

ˆ000001 =

(
α12β + α11β2 + α10β3 + 4α9β4 + 10α8β5 + 14α7β6 + 14α6β7 + 12α5β8 + 5α4β9 + α3β10 + α2β11

α11β2 + 2α10β3 + 6α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 10α5β8 + 6α4β9 + 3α3β10

)

ˆ000010 =

(
α12β + 2α11β2 + 4α9β4 + 10α8β5 + 12α7β6 + 16α6β7 + 12α5β8 + 5α4β9 + 2α3β10

α11β2 + 4α10β3 + 4α9β4 + 8α8β5 + 14α7β6 + 12α6β7 + 12α5β8 + 8α4β9 + α3β10

)

ˆ000011 =

(
α12β + α11β2 + 2α10β3 + 4α9β4 + 8α8β5 + 14α7β6 + 14α6β7 + 12α5β8 + 7α4β9 + α3β10

2α10β3 + 8α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 8α5β8 + 6α4β9 + 4α3β10

)

ˆ000100 =

(
α12β + α11β2 + α10β3 + 4α9β4 + 10α8β5 + 14α7β6 + 14α6β7 + 12α5β8 + 5α4β9 + α3β10 + α2β11

α11β2 + 2α10β3 + 6α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 10α5β8 + 6α4β9 + 3α3β10

)

ˆ000101 =

(
2α11β2 + 2α10β3 + 4α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 12α5β8 + 6α4β9 + 2α3β10

2α10β3 + 6α9β4 + 12α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 4α4β9 + 2α3β10 + 2α2β11

)

ˆ000110 =

(
α12β + α11β2 + 2α10β3 + 4α9β4 + 8α8β5 + 14α7β6 + 14α6β7 + 12α5β8 + 7α4β9 + α3β10

2α10β3 + 8α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 8α5β8 + 6α4β9 + 4α3β10

)

ˆ000111 =

(
2α11β2 + 2α10β3 + 2α9β4 + 10α8β5 + 18α7β6 + 14α6β7 + 6α5β8 + 6α4β9 + 4α3β10

2α10β3 + 6α9β4 + 14α8β5 + 14α7β6 + 6α6β7 + 10α5β8 + 10α4β9 + 2α3β10

)

ˆ001000 =

(
α11β2 + 2α10β3 + 6α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 10α5β8 + 6α4β9 + 3α3β10

α12β + α11β2 + α10β3 + 4α9β4 + 10α8β5 + 14α7β6 + 14α6β7 + 12α5β8 + 5α4β9 + α3β10 + α2β11

)

ˆ001001 =

(
α12β + α10β3 + 6α9β4 + 10α8β5 + 14α7β6 + 14α6β7 + 10α5β8 + 5α4β9 + 2α3β10 + α2β11

α11β2 + 2α10β3 + 5α9β4 + 10α8β5 + 14α7β6 + 14α6β7 + 10α5β8 + 6α4β9 + α3β10 + αβ12

)

ˆ001010 =

(
2α11β2 + 2α10β3 + 4α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 12α5β8 + 6α4β9 + 2α3β10

α11β2 + 3α10β3 + 4α9β4 + 10α8β5 + 14α7β6 + 12α6β7 + 12α5β8 + 6α4β9 + α3β10 + α2β11

)

ˆ001011 =

(
α11β2 + 3α10β3 + 2α9β4 + 10α8β5 + 20α7β6 + 12α6β7 + 6α5β8 + 6α4β9 + 3α3β10 + α2β11

α11β2 + 3α10β3 + 6α9β4 + 6α8β5 + 12α7β6 + 20α6β7 + 10α5β8 + 2α4β9 + 3α3β10 + α2β11

)

ˆ001100 =

(
5α10β3 + 6α9β4 + 4α8β5 + 14α7β6 + 18α6β7 + 10α5β8 + 4α4β9 + 2α3β10 + α2β11

α11β2 + 2α10β3 + 4α9β4 + 10α8β5 + 18α7β6 + 14α6β7 + 4α5β8 + 6α4β9 + 5α3β10

)

ˆ001101 =

(
α11β2 + α10β3 + 5α9β4 + 12α8β5 + 14α7β6 + 14α6β7 + 10α5β8 + 4α4β9 + α3β10 + α2β11 + αβ12

3α10β3 + 6α9β4 + 10α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 6α4β9 + 2α3β10 + α2β11

)

ˆ001110 =

(
3α10β3 + 6α9β4 + 10α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 6α4β9 + 2α3β10 + α2β11

α11β2 + 2α10β3 + 6α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 10α5β8 + 6α4β9 + 3α3β10

)

ˆ001111 =

(
α11β2 + α10β3 + 6α9β4 + 12α8β5 + 12α7β6 + 14α6β7 + 10α5β8 + 4α4β9 + 3α3β10 + α2β11

2α10β3 + 6α9β4 + 12α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 4α4β9 + 2α3β10 + 2α2β11

)

ˆ010000 =

(
α11β2 + 4α10β3 + 4α9β4 + 8α8β5 + 14α7β6 + 12α6β7 + 12α5β8 + 8α4β9 + α3β10

α12β + 2α11β2 + 4α9β4 + 10α8β5 + 12α7β6 + 16α6β7 + 12α5β8 + 5α4β9 + 2α3β10

)

ˆ010001 =

(
2α11β2 + 2α10β3 + 4α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 12α5β8 + 6α4β9 + 2α3β10

α11β2 + 3α10β3 + 4α9β4 + 10α8β5 + 14α7β6 + 12α6β7 + 12α5β8 + 6α4β9 + α3β10 + α2β11

)

ˆ010010 =

(
α12β + 2α10β3 + 8α9β4 + 8α8β5 + 8α7β6 + 14α6β7 + 16α5β8 + 7α4β9

α11β2 + 4α10β3 + 6α9β4 + 4α8β5 + 12α7β6 + 20α6β7 + 10α5β8 + 4α4β9 + 3α3β10

)

ˆ010011 =

(
α11β2 + 2α10β3 + 6α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 10α5β8 + 6α4β9 + 3α3β10

α11β2 + 4α10β3 + 4α9β4 + 8α8β5 + 14α7β6 + 12α6β7 + 12α5β8 + 8α4β9 + α3β10

)

ˆ010100 =

(
2α11β2 + 2α10β3 + 4α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 12α5β8 + 6α4β9 + 2α3β10

α11β2 + 3α10β3 + 4α9β4 + 10α8β5 + 14α7β6 + 12α6β7 + 12α5β8 + 6α4β9 + α3β10 + α2β11

)

ˆ010101 =

(
4α10β3 + 6α9β4 + 6α8β5 + 14α7β6 + 18α6β7 + 10α5β8 + 2α4β9 + 2α3β10 + 2α2β11

2α10β3 + 10α9β4 + 10α8β5 + 6α7β6 + 14α6β7 + 14α5β8 + 6α4β9 + 2α3β10

)

(23)
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ˆ010110 =

(
α11β2 + 2α10β3 + 6α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 10α5β8 + 6α4β9 + 3α3β10

α11β2 + 4α10β3 + 4α9β4 + 8α8β5 + 14α7β6 + 12α6β7 + 12α5β8 + 8α4β9 + α3β10

)

ˆ010111 =

(
4α10β3 + 6α9β4 + 8α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 8α4β9 + 2α3β10

2α10β3 + 8α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 8α5β8 + 6α4β9 + 4α3β10

)

ˆ011000 =

(
α12β + α11β2 + 2α10β3 + 4α9β4 + 8α8β5 + 14α7β6 + 14α6β7 + 12α5β8 + 7α4β9 + α3β10

2α10β3 + 8α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 8α5β8 + 6α4β9 + 4α3β10

)

ˆ011001 =

(
α11β2 + 3α10β3 + 6α9β4 + 6α8β5 + 12α7β6 + 20α6β7 + 10α5β8 + 2α4β9 + 3α3β10 + α2β11

α11β2 + 3α10β3 + 2α9β4 + 10α8β5 + 20α7β6 + 12α6β7 + 6α5β8 + 6α4β9 + 3α3β10 + α2β11

)

ˆ011010 =

(
α11β2 + 4α10β3 + 4α9β4 + 8α8β5 + 14α7β6 + 12α6β7 + 12α5β8 + 8α4β9 + α3β10

α11β2 + 2α10β3 + 6α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 10α5β8 + 6α4β9 + 3α3β10

)

ˆ011011 =

(
2α11β2 + 2α10β3 + 4α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 12α5β8 + 6α4β9 + 2α3β10

2α10β3 + 6α9β4 + 12α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 4α4β9 + 2α3β10 + 2α2β11

)

ˆ011100 =

(
α11β2 + 2α10β3 + 6α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 10α5β8 + 6α4β9 + 3α3β10

3α10β3 + 6α9β4 + 10α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 6α4β9 + 2α3β10 + α2β11

)

ˆ011101 =

(
4α10β3 + 6α9β4 + 8α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 8α4β9 + 2α3β10

α10β3 + 7α9β4 + 12α8β5 + 14α7β6 + 14α6β7 + 8α5β8 + 4α4β9 + 2α3β10 + α2β11 + αβ12

)

ˆ011110 =

(
α11β2 + 2α10β3 + 8α9β4 + 10α8β5 + 6α7β6 + 14α6β7 + 16α5β8 + 6α4β9 + α3β10

α10β3 + 6α9β4 + 16α8β5 + 14α7β6 + 6α6β7 + 10α5β8 + 8α4β9 + 2α3β10 + α2β11

)

ˆ011111 =

(
3α10β3 + 6α9β4 + 10α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 6α4β9 + 2α3β10 + α2β11

α10β3 + 8α9β4 + 12α8β5 + 12α7β6 + 14α6β7 + 8α5β8 + 4α4β9 + 4α3β10 + α2β11

)

ˆ100000 =

(
α11β2 + 2α10β3 + 6α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 10α5β8 + 6α4β9 + 3α3β10

α12β + α11β2 + α10β3 + 4α9β4 + 10α8β5 + 14α7β6 + 14α6β7 + 12α5β8 + 5α4β9 + α3β10 + α2β11

)

ˆ100001 =

(
5α10β3 + 6α9β4 + 4α8β5 + 14α7β6 + 18α6β7 + 10α5β8 + 4α4β9 + 2α3β10 + α2β11

α11β2 + 2α10β3 + 4α9β4 + 10α8β5 + 18α7β6 + 14α6β7 + 4α5β8 + 6α4β9 + 5α3β10

)

ˆ100010 =

(
2α11β2 + 2α10β3 + 4α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 12α5β8 + 6α4β9 + 2α3β10

α11β2 + 3α10β3 + 4α9β4 + 10α8β5 + 14α7β6 + 12α6β7 + 12α5β8 + 6α4β9 + α3β10 + α2β11

)

ˆ100011 =

(
3α10β3 + 6α9β4 + 10α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 6α4β9 + 2α3β10 + α2β11

α11β2 + 2α10β3 + 6α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 10α5β8 + 6α4β9 + 3α3β10

)

ˆ100100 =

(
α12β + α10β3 + 6α9β4 + 10α8β5 + 14α7β6 + 14α6β7 + 10α5β8 + 5α4β9 + 2α3β10 + α2β11

α11β2 + 2α10β3 + 5α9β4 + 10α8β5 + 14α7β6 + 14α6β7 + 10α5β8 + 6α4β9 + α3β10 + αβ12

)

ˆ100101 =

(
α11β2 + α10β3 + 5α9β4 + 12α8β5 + 14α7β6 + 14α6β7 + 10α5β8 + 4α4β9 + α3β10 + α2β11 + αβ12

3α10β3 + 6α9β4 + 10α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 6α4β9 + 2α3β10 + α2β11

)

ˆ100110 =

(
α11β2 + 3α10β3 + 2α9β4 + 10α8β5 + 20α7β6 + 12α6β7 + 6α5β8 + 6α4β9 + 3α3β10 + α2β11

α11β2 + 3α10β3 + 6α9β4 + 6α8β5 + 12α7β6 + 20α6β7 + 10α5β8 + 2α4β9 + 3α3β10 + α2β11

)

ˆ100111 =

(
α11β2 + α10β3 + 6α9β4 + 12α8β5 + 12α7β6 + 14α6β7 + 10α5β8 + 4α4β9 + 3α3β10 + α2β11

2α10β3 + 6α9β4 + 12α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 4α4β9 + 2α3β10 + 2α2β11

)

ˆ101000 =

(
2α11β2 + 2α10β3 + 4α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 12α5β8 + 6α4β9 + 2α3β10

2α10β3 + 6α9β4 + 12α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 4α4β9 + 2α3β10 + 2α2β11

)

ˆ101001 =

(
3α10β3 + 6α9β4 + 10α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 6α4β9 + 2α3β10 + α2β11

α11β2 + α10β3 + 5α9β4 + 12α8β5 + 14α7β6 + 14α6β7 + 10α5β8 + 4α4β9 + α3β10 + α2β11 + αβ12

)

ˆ101010 =

(
2α10β3 + 10α9β4 + 10α8β5 + 6α7β6 + 14α6β7 + 14α5β8 + 6α4β9 + 2α3β10

4α10β3 + 6α9β4 + 6α8β5 + 14α7β6 + 18α6β7 + 10α5β8 + 2α4β9 + 2α3β10 + 2α2β11

)

ˆ101011 =

(
4α10β3 + 6α9β4 + 8α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 8α4β9 + 2α3β10

α10β3 + 7α9β4 + 12α8β5 + 14α7β6 + 14α6β7 + 8α5β8 + 4α4β9 + 2α3β10 + α2β11 + αβ12

)

(24)



20

ˆ101100 =

(
3α10β3 + 6α9β4 + 10α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 6α4β9 + 2α3β10 + α2β11

α11β2 + α10β3 + 5α9β4 + 12α8β5 + 14α7β6 + 14α6β7 + 10α5β8 + 4α4β9 + α3β10 + α2β11 + αβ12

)

ˆ101101 =

(
α11β2 + 6α9β4 + 16α8β5 + 12α7β6 + 8α6β7 + 10α5β8 + 8α4β9 + 3α3β10

2α10β3 + 4α9β4 + 11α8β5 + 20α7β6 + 14α6β7 + 4α5β8 + 4α4β9 + 4α3β10 + β13

)

ˆ101110 =

(
4α10β3 + 6α9β4 + 8α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 8α4β9 + 2α3β10

α10β3 + 7α9β4 + 12α8β5 + 14α7β6 + 14α6β7 + 8α5β8 + 4α4β9 + 2α3β10 + α2β11 + αβ12

)

ˆ101111 =

(
α10β3 + 8α9β4 + 12α8β5 + 12α7β6 + 14α6β7 + 8α5β8 + 4α4β9 + 4α3β10 + α2β11

2α10β3 + 5α9β4 + 12α8β5 + 16α7β6 + 12α6β7 + 10α5β8 + 4α4β9 + 2α2β11 + αβ12

)

ˆ110000 =

(
α12β + α11β2 + 2α10β3 + 4α9β4 + 8α8β5 + 14α7β6 + 14α6β7 + 12α5β8 + 7α4β9 + α3β10

2α10β3 + 8α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 8α5β8 + 6α4β9 + 4α3β10

)

ˆ110001 =

(
α11β2 + 2α10β3 + 6α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 10α5β8 + 6α4β9 + 3α3β10

3α10β3 + 6α9β4 + 10α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 6α4β9 + 2α3β10 + α2β11

)

ˆ110010 =

(
α11β2 + 4α10β3 + 4α9β4 + 8α8β5 + 14α7β6 + 12α6β7 + 12α5β8 + 8α4β9 + α3β10

α11β2 + 2α10β3 + 6α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 10α5β8 + 6α4β9 + 3α3β10

)

ˆ110011 =

(
α11β2 + 2α10β3 + 8α9β4 + 10α8β5 + 6α7β6 + 14α6β7 + 16α5β8 + 6α4β9 + α3β10

α10β3 + 6α9β4 + 16α8β5 + 14α7β6 + 6α6β7 + 10α5β8 + 8α4β9 + 2α3β10 + α2β11

)

ˆ110100 =

(
α11β2 + 3α10β3 + 6α9β4 + 6α8β5 + 12α7β6 + 20α6β7 + 10α5β8 + 2α4β9 + 3α3β10 + α2β11

α11β2 + 3α10β3 + 2α9β4 + 10α8β5 + 20α7β6 + 12α6β7 + 6α5β8 + 6α4β9 + 3α3β10 + α2β11

)

ˆ110101 =

(
4α10β3 + 6α9β4 + 8α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 8α4β9 + 2α3β10

α10β3 + 7α9β4 + 12α8β5 + 14α7β6 + 14α6β7 + 8α5β8 + 4α4β9 + 2α3β10 + α2β11 + αβ12

)

ˆ110110 =

(
2α11β2 + 2α10β3 + 4α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 12α5β8 + 6α4β9 + 2α3β10

2α10β3 + 6α9β4 + 12α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 4α4β9 + 2α3β10 + 2α2β11

)

ˆ110111 =

(
3α10β3 + 6α9β4 + 10α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 6α4β9 + 2α3β10 + α2β11

α10β3 + 8α9β4 + 12α8β5 + 12α7β6 + 14α6β7 + 8α5β8 + 4α4β9 + 4α3β10 + α2β11

)

ˆ111000 =

(
2α10β3 + 6α9β4 + 14α8β5 + 14α7β6 + 6α6β7 + 10α5β8 + 10α4β9 + 2α3β10

2α11β2 + 2α10β3 + 2α9β4 + 10α8β5 + 18α7β6 + 14α6β7 + 6α5β8 + 6α4β9 + 4α3β10

)

ˆ111001 =

(
α11β2 + α10β3 + 6α9β4 + 12α8β5 + 12α7β6 + 14α6β7 + 10α5β8 + 4α4β9 + 3α3β10 + α2β11

2α10β3 + 6α9β4 + 12α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 4α4β9 + 2α3β10 + 2α2β11

)

ˆ111010 =

(
4α10β3 + 6α9β4 + 8α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 8α4β9 + 2α3β10

2α10β3 + 8α9β4 + 10α8β5 + 12α7β6 + 14α6β7 + 8α5β8 + 6α4β9 + 4α3β10

)

ˆ111011 =

(
α10β3 + 8α9β4 + 12α8β5 + 12α7β6 + 14α6β7 + 8α5β8 + 4α4β9 + 4α3β10 + α2β11

3α10β3 + 6α9β4 + 10α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 6α4β9 + 2α3β10 + α2β11

)

ˆ111100 =

(
α11β2 + α10β3 + 6α9β4 + 12α8β5 + 12α7β6 + 14α6β7 + 10α5β8 + 4α4β9 + 3α3β10 + α2β11

2α10β3 + 6α9β4 + 12α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 4α4β9 + 2α3β10 + 2α2β11

)

ˆ111101 =

(
2α10β3 + 5α9β4 + 12α8β5 + 16α7β6 + 12α6β7 + 10α5β8 + 4α4β9 + 2α2β11 + αβ12

α10β3 + 8α9β4 + 12α8β5 + 12α7β6 + 14α6β7 + 8α5β8 + 4α4β9 + 4α3β10 + α2β11

)

ˆ111110 =

(
α10β3 + 8α9β4 + 12α8β5 + 12α7β6 + 14α6β7 + 8α5β8 + 4α4β9 + 4α3β10 + α2β11

3α10β3 + 6α9β4 + 10α8β5 + 14α7β6 + 12α6β7 + 10α5β8 + 6α4β9 + 2α3β10 + α2β11

)

ˆ111111 =

(
3α10β3 + 4α9β4 + 10α8β5 + 20α7β6 + 12α6β7 + 4α5β8 + 6α4β9 + 4α3β10 + α2β11

7α9β4 + 16α8β5 + 14α7β6 + 8α6β7 + 8α5β8 + 8α4β9 + 2α3β10 + αβ12

)

(25)
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Appendix D - Specific states produced via transversal injection.

In this section we give an example of a specific solution for each of the expressions in Eq. 25, for the d = 3
codes where an |A〉 state, suitable to implement the T -gate exists, for an initial state, written in polar form,
(|χ〉)⊗13 =

(
cos
(
θ
2

)
|0〉+ eiφ sin

(
θ
2

)
|1〉
)⊗13

, where (θ = 2.44580563149781, φ = 1.3616970885685595). It should be
noted that this solution is not unique.

The trivial X-trajectories and Z-trajectories corresponding to the binary vectors, ˆ010011 and ˆ010110 produce the state(
|0〉L + e−iπ/4|1〉L

)
/
√

2, while the Z-trajectories corresponding to the binary vectors, ˆ011010 and ˆ110010 produce the state(
|0〉L + eiπ/4|1〉L

)
/
√

2. Both of these states can be used to realise a logical T -gate. All 64 states produced for a d = 3 code
with the input above are illustrated in Fig. 4.

It is the focus of future work to investigate the states produced by transversal injection and how these states can be
utilised even though their preparation is probabilistic, but heralded.

Z-traj θL φL
ˆ000000 1.477251531844677 -2.286354913393752
ˆ000001 2.4598774702571236 -2.020056925558729
ˆ000010 2.014303116800432 -0.37430535389058534
ˆ000011 2.0000126349446785 1.0875192568311256
ˆ000100 2.4598774702571236 -2.020056925558729
ˆ000101 2.2207374531113 2.2914520972008927
ˆ000110 2.0000126349446785 1.0875192568311256
ˆ000111 1.5899082238746929 -0.7176718165630172
ˆ001000 0.6817151833326703 2.020056925558729
ˆ001001 2.6105434793012248 2.3851586668749465
ˆ001010 0.6010286049447089 2.066850378564112
ˆ001011 1.505967601101266 0.5553720557783275
ˆ001100 2.3652945274675323 -1.1917847714989986
ˆ001101 0.4526355842480339 -2.1740432175058464
ˆ001110 2.0155964891204774 -1.1347363564914656
ˆ001111 2.0275033715124824 0.5744495240028695
ˆ010000 1.127289536789362 0.37430535389058534
ˆ010001 0.6010286049447089 2.066850378564112
ˆ010010 1.113903157150333 1.5597871287260436
ˆ010011 1.5707963267679674 -0.7853981633911511
ˆ010100 0.6010286049447089 2.066850378564112
ˆ010101 0.8387195533772056 -2.58989408067244
ˆ010110 1.5707963267679674 -0.7853981633911511
ˆ010111 1.791506609499127 0.6159885397597338
ˆ011000 2.0000126349446785 1.0875192568311256
ˆ011001 1.6356250524885274 -0.5553720557783275
ˆ011010 1.5707963268218257 0.7853981633911511
ˆ011011 2.2207374531113 2.2914520972008927
ˆ011100 1.125996164469316 1.1347363564914656
ˆ011101 2.316857739052819 -2.723267254060598
ˆ011110 1.375057538833144 1.7128079495289403
ˆ011111 2.2924864906921796 0.023764711852680698

Z-traj θL φL
ˆ100000 0.6817151833326703 2.020056925558729
ˆ100001 2.3652945274675323 -1.1917847714989986
ˆ100010 0.6010286049447089 2.066850378564112
ˆ100011 2.0155964891204774 -1.1347363564914656
ˆ100100 2.6105434793012248 2.3851586668749465
ˆ100101 0.4526355842480339 -2.1740432175058464
ˆ100110 1.505967601101266 0.5553720557783275
ˆ100111 2.0275033715124824 0.5744495240028695
ˆ101000 2.2207374531113 2.2914520972008927
ˆ101001 2.68895706934176 2.174043217505847
ˆ101010 2.3028731002125875 2.58989408067244
ˆ101011 2.316857739052819 -2.723267254060598
ˆ101100 2.68895706934176 2.174043217505847
ˆ101101 2.760788786089281 -1.1274336283037671
ˆ101110 2.316857739052819 -2.723267254060598
ˆ101111 2.370102532312507 1.9493577457230364
ˆ110000 2.0000126349446785 1.0875192568311256
ˆ110001 1.125996164469316 1.1347363564914656
ˆ110010 1.5707963268218257 0.7853981633911511
ˆ110011 1.375057538833144 1.7128079495289403
ˆ110100 1.6356250524885274 -0.5553720557783275
ˆ110101 2.316857739052819 -2.723267254060598
ˆ110110 2.2207374531113 2.2914520972008927
ˆ110111 2.2924864906921796 0.023764711852680698
ˆ111000 1.5516844297151002 0.717671816563017
ˆ111001 2.0275033715124824 0.5744495240028695
ˆ111010 1.791506609499127 0.6159885397597338
ˆ111011 0.8491061628976135 -0.023764711852680698
ˆ111100 2.0275033715124824 0.5744495240028695
ˆ111101 0.7714901212772858 -1.9493577457230364
ˆ111110 0.8491061628976135 -0.023764711852680698
ˆ111111 1.7094217253738777 2.868327212586131
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