3 Mortgage loans, debt default
and the emergence of
banking crises

3.1 Mortgage and banking crises

The current financial crisis in the USA can be characterised by a fast expansion of
mortgage loans to households in order to purchase real estate. A difference to the trad-
itional Minskyan crisis and the previous type of financial crisis is that borrowers are
not firms but households. The Japanese crisis was characterised by firms and banks
borrowing to invest in real estate, and the East Asian crisis was characterised by firms
and banks borrowing foreign-denominated debt. In the current worldwide crisis, finan-
cial fragility that has led borrowers from hedge to speculative and even Ponzi positions
involves the dynamics of household income and interest payments.

There are three main reasons explaining the large increase in mortgage credit: com-
petition between financial institutions; the interaction between real estate prices and
credit constraints; financial innovations. These three elements have induced banks to
relax screening and monitoring of borrowers and to increase the quantity of credit sup-
plied to households. First, in the aftermath of the crash of the dotcom bubble in 2000
and in an environment characterised by low interest rates, banks, under the pressure of
financial intermediaries such as hedge funds, found in mortgage debt a highly profitable
business. Second, increasing real estate prices contributed to the relaxation of credit
rationing. The increasing value of collateral has reduced default risk and has led banks
to increase credit, in line with the financial accelerator model. Third, financial engineer-
ing is central to understanding why banks have reduced the screening and monitoring
of borrowers.

Securitisation has been the major financial innovation. In 2006, securitisation con-
cerned 87 per cent of prime mortgages and 75 per cent of subprime mortgages (Ashcraft
and Schuermann, 2007). Securitisation aims at transforming loans into liquid assets in
order to transfer the credit risk to the market. Mortgages with different qualities are
bundled together and the resulting financial products are usually sold to the market
through special purpose vehicles (SPVs) in the form of collateralised debt obligations
(CDOs) or residential mortgage-backed securities (RMBSs). The belief was that credit
risk was transferred to the market-led banks to expand the supply of credit, leading
to a worsening of the average quality of loans. In addition, securitisation reduced the
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need of banks to increase their own funds following credit expansion. In a traditional
banking sector, banks are exposed to credit risk and must provision reserves to cover
the risk accordingly. As risks were transferred to the market, banks were not forced
to provision for them. Although securitisation was supposed to reduce the exposure of
banks to risk, it in fact induced banks to take on more risk.

As aresult, low income households were able to access credit, the so-called subprime
mortgages. While subprime borrowers accounted for 9 per cent of borrowers in 2000,
this proportion had increased to 20 per cent by 2006 (Dell Ariccia et al. (2008)). This
large increase in mortgage debt produced a deterioration of household incomes and
soaring debt defaults.

However, the mortgage crisis led to a banking crisis because securitisation failed to
protect banks against credit risk. SPVs turned out not to be independent of banks, as
banks were funding these companies and were guaranteeing the emission of mortgage-
backed securities. More importantly, banks bought asset-backed and mortgage-backed
securities, so that banks were still exposed to default risk but had not built reserves
accordingly.

In this chapter, we study the very first elements of the crisis: the macroeconomic
effects of household debt. We leave aside for the moment the role played by real
estate prices, financial innovations and debt default on credit rationing. We are mainly
concerned with understanding the dynamics between household debt, interest pay-
ments, wages and aggregate demand. The starting framework is a Goodwinian cycle,
in which household consumption and debt as well as independent investment behaviour
is introduced in order to assess whether it adds stability or instability to the baseline
dynamics.

We make use of an approach originally formulated in supply side terms only and
introduce Keynesian elements into it. The central features of this approach to Keynesian
macrodynamic theory, and its application to the study of the financial market and boom-
bust cycles, are the mechanisms generating non-cleared markets and the phenomenon
of disequilibrium that is recurrently present in certain markets such as the labour or
goods markets. In contrast to the mainstream which generally stresses the clearing of
all markets at each instant of time,! in our modelling approach, as it will be stressed on
several occasions, disequilibrium situations are the main driving force of wage/price
inflation dynamics. Moreover, disequilibrium effects in financial markets are often
generated by overleveraging in the real sector, in the household sector as well as in
the financial sector of the economy. Some of the markets may act as either stabilising
or destabilising forces through a variety of different macroeconomic channels such as
the real wage feedback channel, the product market, the financial market as well as
debt devaluation channels. Thus we demonstrate that there are indeed different (and
also quite valid) possibilities to specify and analyse the dynamics of the macroeconomy
than just in the currently fashionable Dynamic Stochastic General Equilibrium (DSGE)
framework.

! In our view an heroic assumption in a continuous-time modelling framework.
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Due to the fact that in our modelling approach the stability of the analysed dynam-
ical system is not imposed ab initio by assumptions of rational expectations, which
require that the economy always ‘jumps’ to some stable manifold and therefore always
converges to the steady state after any type of shock, its stability properties (and its ana-
lysis) are based on the relative strength of the interacting macroeconomic and financial
feedback channels. The ongoing occurrence of ‘bubbles’ and ‘herding’ in the finan-
cial markets across the world, as well as the large macroeconomic imbalances present
nowadays in the global economy through overleveraging, show that such divergent
paths do indeed take place in significant and sometimes long-lasting ways.

In this chapter we add to the crisis analysis of the preceding chapter by considering a
sequence of models (a sequence of parameter scenarios for a single three-dimensional
dynamical model in fact) that run from situations of stable excessive overconsumption
of worker households, to their weakly excessive overconsumption and a certain degree
of instability, and from there to the situation of a strict credit rationing of worker
households. In the fourth model type we then consider actions that rescue the economy
from this last instability scenario and imply a path back to economic stability that is
based on investment stimuli and monetary policy regarding the loan and the default
rate on the credit market.

In the latter type of economy, the loan rate will again fall to a low value and workers’
debt will reduce in time through their now positive savings. In the limit, this economy
could even converge to a situation where workers are lending to asset holders, since
they have a positive savings rate in the steady state. Yet, we view this phase as rep-
resenting only a transient phase where the economy recovers to a certain degree from
too high mortgage debt to its normal functioning, maybe subsequently followed again
by the emergence of some behaviour that leads the macroeconomy back to the stable
overconsumption situation from which we started. The sequence of events analysed in
this chapter may play itself out in actual historical events.

In light of the quotation from Minsky at the beginning of Chapter 1 it may well be,
if the transient phase is long enough, that the first type of excessive overconsumption
reappears and that the whole process starts again, although possibly in a different
historical garb. It is our view that certain features of Minsky’s financial instability
hypothesis® have indeed reoccurred in the present financial crisis.

3.2 A Keynes—Goodwin model with mortgage loans and debt default

We consider a Keynesian model where income distribution matters and where work-
ers purchase goods and houses with a marginal propensity to consume significantly
larger than one.? The worker households therefore need credit, supplied by asset hold-
ers (acting as commercial banks), and have to pay interest on their outstanding debt.

2 See Minsky (1992).

3 This chapter is based on the baseline model of a mortgage crises developed in Charpe ef al. (2009). There
the authors investigate overconsumption of worker households, their credit rationing and bailout monetary
policy. Here we generalise this treatment of overconsumption driven mortgage crises towards an inclusion of
commercial banks as lending and depositary institutions.
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In this initial situation, the steady state is attracting, due to the fact that goods mar-
ket equilibrium is profit-led (although aggregate demand is wage-led), since economic
activity here depends, as an exception, positively on workers’ debt. A marginal propen-
sity somewhat closer to one however makes the steady state repelling, since economic
activity then becomes wage-led as well. The stable excessive overconsumption case is
thus a fragile one that can easily turn from a stable boom to explosiveness and from
there through induced processes of credit rationing into a devastating bust. In such
a situation the public authorities may prevent the worst by specifically stimulating
investment, discouraging consumption of indebted workers to a certain degree and by
acting as a creditor of last resort, purchasing loans where otherwise debt default (and
bankruptcy regarding house ownership) would occur. This bailout policy, accompanied
by supporting decreases in the loan rate on debt, re-establishes stability for the economy
and reduces the loss of homes of worker households.

The model of this section consists of two household types: workers and asset holders,
and firms that are owned by the asset holders (through their real investment contribu-
tions). Workers have wage income which they totally spend on goods consumption and
the purchase of houses (part of which is financed through loans from the asset holders).
Their combined marginal propensity to consume, ¢y, = ¢’ + ¢/, is therefore assumed
to be larger than one. Workers’ real wage income, Yy, is however reduced through the
interest they have to pay on their actual real loans, A§ , and the excess of their spending
over this income determines the amount of new loans A, they need for their intended
purchase of new houses. Since the model allows for debt default this rate of change is
however not the rate of change of actual loans. In equations this all reads as

Workers:
Yo =vY —iAj, v= w;:d = g the wage share (3.1)
Cuw=(cy + YW, cw=cy t+cp >1 (3.2)
Ay = (cw — 1) Yy = —Su (3.3)
Koy =c"Yy—opKw, @pKuw=@sAs, (3.4)
I =n = const (3:5)

In these equations we denote the real wage by w (and the given state of labour produc-
tivity by z = Y/L%). Labour supply L is subject to natural growth and employment L4
is determined in the sector of firms (see below). The symbol i denotes the loan rate on
workers’ real debt A% and the demand of workers for new loans is here not subject to
credit rationing (by asset holders), although there is debt default of amount gy A% that
depends on the loan rate and that translates itself into bankruptcy (decay of the stock
of houses) of the amount of houses ¢, K,, (from which the owners are removed and
which becomes useless as has been seen in the mortgage crisis in the US economy).
This loss of housing capital reduces of course the rate of change of the housing stock
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of workers as shown in equation (3.4). Note finally that the consumption function of
workers is the only behavioural assumption that is made in this module of the model.

Asset Holders:

) Y —-6K —vY
Y.=rK +iAf,, r=——7™ 97— (3.6)
K
Ce=0 [S.=Y.] 3.7)
Ati‘l = A'm = (P(!Aii‘ (3.8)
W =R+ K+ Ay (3.9)
R=Y,—Ap—-I=8+Sy—-I=8-1 (3.10)

Asset holders, who play the role of commercial banks in this chapter, do not consume
and spend their real profit income rK (with r the rate of profit of firms) and their
interest income, through their savings, on new debt given to workers Ay, On the new
capital goods given to firms and on new reserve holdings R .* They do not ration worker
households’ purchases with respect to their financing decisions and are also completely
passive with respect to their demand for new reserves. In this formulation they are
therefore fairly passive suppliers of funds. They do however set the loan rate for the
credit market which by and large is a given magnitude in this chapter (see however
Section 3.6 for an exception). Note here finally that the chapter still ignores a resale
market for houses and thus cannot say anything on the occurrence of booms and busts
in such a market (as they preceded the subprime crisis in the US economy).

The sector of firms is also still formulated in a very simple manner. Firms produce
output according to effective demand Y (by means of a fixed proportions technology
with y” the potential output-capital ratio and z = Y /L4 their employment function with
a given labour productivity z) and are choosing their rate of net investment I° by the
excess of their rate of profit over its steady state value. Moreover, the trend term in their
investment behaviour is simply given by the natural rate of growth in order to avoid any
discussion about how natural growth and capital stock growth adjust to each other.®

Firms:
u=Y/Y? the rate of capacity utilisation (3.11)
y? = YP /K = const the potential output capital ratio (3.12)

4 In the subsequent analysis we will assume goods market equilibrium (§ = S¢ + Sw = [ + §K) and can then
show that the change in R is always zero. We therefore ignore the variable R altogether by setting it equal to
zero in the following.

5 Depreciation K is retained by firms as replacement for worn-out capital goods.

6 We will ignore in this chapter all effects that can result from changes in the rate of capacity utilisation of firms.
This would demand the integration of a wage-price spiral as considered in Flaschel and Krolzig (2006) from the
theoretical as well as from an empirical point of view. Such a wage-price spiral is also needed when the steady
state assumption y, = y”, see below, is to be derived as an implied condition.
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z=Y/L% = const labour productivity (3.13)
(1—-v)Y

I/ =if(r—ry) +n, 1 8. (3.14)

K

The present chapter concentrates on the interaction between indebted workers and credit
supplying asset holders (playing the role of commercial banks). The sector of firms is
therefore considered as fairly tranquil and not subject to volatile investment behaviour.
There is in particular no debt financing of investment. Instead it is assumed throughout
the chapter that asset holders directly invest part of their income into real capital stock
formation and this at a rate that is smaller than one as far as the comparison with excess
profitability (or loss) is concerned. Note here however that this gives rise in the real
growth dynamics to a Goodwin (1967) type profit squeeze mechanism that can be either
wage-led or profit-led. The debt feedback chain of the economy is therefore integrated
with such a growth cycle model in this chapter and investigated with respect to the
consequences it has in such a framework.

The final law of motion of this model of fluctuating growth and indebtedness in the
housing sector concerns the real wage dynamic that drives the real part of the economy
in the form of a real wage Phillips curve (PC) (a conventional textbook PC with myopic
perfect foresight regarding price inflation)

Real Wage Adjustment:
@ = Puele —e). (3.15)

The variable e = "Td denotes the rate of employment, with ¥ the demand driven output
level of firms. Real wages are driven by excess demand pressure e — e on the labour
market (with & the normal rate of employment). Such real wage dynamics are obtained
from a conventional wage PC if myopic perfect foresight is assumed for its accelerator
term.

3.3 Excessive overconsumption and an attracting steady state

The 3D dynamics implied by the model of the preceding section to be investigated in
this section in a special case, is based on a PC distributive cycle mechanism interacting
with a Goodwin (1967) type growth dynamics and a law of motion for the debt to

capital ratio of workers. The system, in terms of the state variables, can be written as’
" 5 @
D= Buely/l—e€), v=—, (3.16)
" zL
[ =—if(r— ro), r=({0—-wvyy—348, I[I= 7 (3.17)

a

7 The differential equations for v and ! follow easily from their ratio definitions. The differential equation for Ay,

is obtained by taking the logarithm of the ratio defining it and then time-differentiating it and substituting in the
extensive form equations.
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a

1 G Ry s A
Ay = (cw — vy —id) — Gr(r —ro) +n+oAs, A% = KEU’ (3.18)

with the goods market equilibrium or IS expression for the output capital ratio
C'u:”\i’U S fj'(fs +rp)—n—3
y = e : (3.19)
(cw—ip)v+ir—1

This IS curve is easily obtained from the goods market equilibrium equation

Y =cp(0Y —iAL) + (if(r —1r5) + n+ 8K. (3.20)

by transforming it into intensive form and by solving it for the output-capital ratio y.
Note that the budget equations of the two households of the model imply R = 0 if IS
equilibrium is assumed.?

We assume in this section that

i = 1 (1 G0 )y 1 os 5 B oy 35 1 sdip e 20000

— Vo
holds true. In this case the Goodwin subcycle is characterised by stability and the
marginal propensity of workers to consume is very large, and may be empirically
beyond all reasonable values. We therefore consider this starting case to be an extreme
situation of excessive overconsumption backed up by unrestricted loans. We have in
this case that the denominator of the IS curve in (3.19) is positive and we will show
below that the numerator of equation (3.19) is also positive when evaluated at the steady
state value of A%,. This assumption implies that goods demand is extremely ‘wage-led’,
which is a natural assumption in the case where the marginal propensity to consume is
larger than one. However this extreme case implies that the ratio y depends negatively
on the wage share v (which one would not expect it to be true in a wage-led economy),
since the denominator in the IS curve in equation (3.19) is positive, and it moreover
implies a positive dependence of y on the debt to capital ratio A% (around the steady
state of the model, to be discussed below).

The law of motion (3.17) for the labour-capital ratio [ is easily obtained by means
of the standard rules for growth rate calculations. The law of motion (3.18) for the
wage share v is a simple consequence of our real wage PC when labour productivity is
assumed to be constant.

We also have a further law of motion, for the ratio k,, = K,,/K, which however
does not feed back into the above dynamics and which reads

b = Py — iA8) [k — lip(r — o) + 1] — @aA% [ ks (3.21)

Equation (3.21) shows how bankruptcy of worker households accompanies their debt
default concerning credit they have obtained from the asset holders. Of course these

8 On this basis we have

R=rK+ih, —Aw—T=rK+iA, —(coy — DY —iAl)—T=Y —8K—-C—1=0.
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two laws of motion should feed back into the baseline dynamics (3.16), (3.17) and
(3.18) in future extensions of the model. Note also that there is no resale market for
houses in the present formulation of the model so that houses can be treated as con-
sumption goods and need not be classified as investment goods, as is done in the system
of national accounts. By assumption part of the housing stock has been financed by
mortgages, and may therefore be subject to bankruptcy if debt default occurs on such
loans.

Proposition 3.1 (The reference balanced growth path)

Assume that the risk premium r, is given in an appropriate way (to be determined
below). There is then in general a locally uniquely determined interior steady state of
the dynamics (3.16)—(3.18) which is given by’

Yo = ¥7, (3.22)
=8, L= y/E (3.23)
Yo—8—n
Ywo = ——— (3.24)
Giij
lti . Cyw — 1 G (,_), ’)S)
wo n + qu JWos el
: 1y a n oo
?\Uzmz.‘u-n (]_i_f.(u. 1)' (3.26)
Yo Yo n =+ @4
Yo = (] = “rt))'w — 8. (327)

Proof: The first two steady state values (3.22) and (3.23) have been set from the
outside (and are determined in this way if the law of motion for the inflationary climate
is added to the model). The goods market equilibrium then gives the equation for
workers’ income (3.24), which in turn can be used to determine the steady state debt
ratio (3.25) by setting i,‘j,, = (. The steady wage share (3.26) is then obtained from the
definition of workers’ income. Finally. the target rate of profit r,, in (3.27) is determined
in such a way that the wage share allows for [ = 0. [

If one assumes the special case i = n + ¢y one gets in particular that

oy (3.28)
&y =i, Ly=yie, (3.29)
Yo —8 —n
Ywo = — (3.30)
Co
}Lgi;r, = (cw — DYwo/ i, (3.31)
9 The condition y, = y” is an assumption that can only be proved to be valid if a more complete framework

is used that allows the integration of inflation and anti-inflationary monetary policy. The condition on ry is
therefore used here as a substitute for the introduction of that broader theoretical framework.
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o Juet iy,  Cudws _Po—87E (3.32)
Yo Yo Yo

re=(1— Uo)yo —38=n, (3.33)

Vo

which ensures thatv, € (0, 1) holds true and r,, = n, the so-called Cambridge equation
(for the case s, = 1). Note that this situation implies that the steady state rate of profitr,
is then equal to the rate of return on loans (iAS, — @4A%,) /A5, The analysis that follows
will investigate, with the exception of cases where the loan rate is assumed to be close
to zero (see also Section 3.6 on monetary policy), cases that are close to this special
situation.

Remark 3.1 (1) It is obvious from the above that the steady state values are of mean-
ingful size. They are also meaningful in the border case i = 0 (keeping n + ¢4 fixed).
Note that the value of r, has been adjusted in such a way that the assumptioni(-) =0
is fulfilled at the steady state values.

(2) Assuming as in Goodwin (1967) a parameter value c,, = 1 gives as a special case
A%, =0, to be considered later on. Note however that the investment function (through
its interest rate dependence) still preserves the Keynesian IS curve and thus preserves
the situation of a Goodwin growth cycle model that is demand driven on its market for
goods. Considering the IS curve in this case in more detail gives

s fp(dr)—n—18
T (i —1D(1—v)

which exhibits a negative denominator in the case of iy < 1.

We consider in the following however the case of a strongly wage-led goods demand
characterised by

tw > 14 (L =071 =) /vs> 1> iy, (3.34)

already briefly mentioned above. In this case we have a positive denominator in the
expression for the IS curve of the model given by

B Colhy+if0 A Ty) —n—8
a (cw — if)"'—" + i_]' — 1 '

(3.33)

Under condition (3.34) the numerator and denominator of (3.35) are both positive at
the steady state. For the partial derivatives of the functions y, vy, r with respect to v
we find that!?
ay Coyp — 1y d(vy) if—1 0 or Cy — 1
y

—_— = =Y <O., = ’—=—‘
ov J D v - D = v Y D

< 0. (3.306)

10 Note that in the subsequent analysis it is convenient to introduce a specific symbol for the denominator of

(3.35) at the steady state, namely
D= (cy — if)?fu -E—J'f — 1.
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For the derivative d/—‘t, we in addition always have
“w

Oy OOt o AP S e
94— D e~ D

w

which transforms itself directly into corresponding derivatives forvy, r = (1—v)y—é.
The partial derivatives with respect to the state variable v in equation (3.36) show in
particular that these derivatives do not depend at the steady state on the interest rate i
so that the influence of i on the Jacobian of the dynamics only comes in to play when
the partial derivative % = ¢yi /D is involved. Note that we will use for brevity y, in

place of 3—?‘ etc. in the following discussion.

The sign of the derivative y, < 0 shows the somewhat striking result that the goods
market dynamics appear to be profit-led, although aggregate demand per unit of capital
is clearly wage-led, because of yf{ = (cy —iy)y > 0. This indicates that empirical
findings on the role of income distribution on the market for goods (where we in fact
can only observe empirically the interactions of demand and supply) which state that the
goods market behaviour is profit-led (decreases with increases in the wage share) can
be completely in line with the unobservable fact that planned goods demand depends
positively on the wage share (so that it is wage-led). We note also that in the extreme
case here considered we have a positive effect of increases in the loan rate on the state
of the goods market. This is a further astonishing characteristic of the very excessive
consumption case being considered here.

The Jacobian of the dynamic (3.16)—(3.18) reads in the special case being considered
(note that we use the abbreviation k = ﬂ,,,e/l,;)”

k YuUo —ke Vo k ¥ 2e Vo
J = —r'_,ri‘,,-[,, 0 —fff')ug:‘_i,, . (3.37)
(cw — D(vy)y — i‘f'f'-;:)\(,':,,(, 0 (cw — 2)i — ij"?f{,)éj.,-,

To determine the sign of the determinant of this Jacobian we therefore have to investigate
the sign of the determinant

Yo —e g,
—Fui 0 —."}\:!t"
n PERY) . + r frpag 2 G
(('UJ . l)(“.y)'i’ - [‘f ! !‘)Lfnl‘(,~() 0 (('ll’ - 2)" _ [.f’Aﬂ’,./\'u:{)

,Cw—if - eyl
=3 DI e D ]
) o 0 ~{l— Dy

(cw =Dyt +ipySsad, 0 (ew—2)i —if(1—v) A,

wo wo

I In the special case being considered here we have i = n + ¢4, and hence the (eyy — 2) term in the Jacobian J
due to this assumption.
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yi _(C'rv - I}') —e %L .
= D cw — 1 0 (i — 'Uo)%
(cw = Dif =D +iflew — DAY, 0 (cw —2) —if(1—vo) B Ay,
The sign of this determinant is therefore equal to the sign of its sub-determinant
1 —(]— Uo)%'
ip—1+ifAl, (cw—2)—ip(l—vo)EArs,
The sign of the latter determinant depends upon the expression
. Cw .4 Cw . S & B
cw—2— If(l - UO)B)"-um L~ T')U)B(If =] = "fkwo)
which finally simplifies to
Cw ,,
cw =2+ (1 =) lir = 1). (3.38)

The expression in (3.38) is negative if there holds i ; < 1 and if ¢, is not too large (an
assumption which can be justified from the empirical point of view). In the case iy > 1
we calculate from D = (cy —if)Vo+if —1 > iy —1 > O that

G
cw—24+(1— v,))%(af —D<cw—2+0—v)ew <1.5¢, —2 <0

for all i < ¢y if ¢ <4/3, and v, > 0.5 holds true. Thus we get a negative deter-

minant |J|(= — a3) for all empirically plausible parameter values ¢y, > 1 and v, =
(Yo — 8§ —n)/vo.
The assumption on the size of ¢, implies that the trace of J(= —ay) is negative as

well. For the sum of the principal minors of order two we have

kyoVolcw — 1) Juu Ji3
= ——"—/9¥——ify,+ -
D £ig J31 J33
From the above calculations we have
7 — Ju Ji3
& Ja1 I3
Yu y)a
= k{‘f’ 3 i .‘ 2 A . s) e - a
(cw — Dy — Lfr l')\w“ (cw —2)i — \’_,"-'}J."‘)\u-“
—vy Cw—if Capl
= kv, 4 D D

i1 e , F o
(cw — DYopg— +ifyo=t5-Age (Cw—2)i —if(l— Vo) “B-AL,

kvoyol
DZ

(cw — 1)“_[ = l)-{—i_f'((}”, = l)k(;m D(cy —2) — if(] — Up)Cuwhl,

wo

_ kYoo (cy—1) L
D D

—(cw — f,,f‘)/(('u! =13 Cw
i_f([ ) — 1 D(cy —2) — "'_;"Cu'(l — i A

wao

—(cw —if) Gig \
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A sufficient assumption to obtain az > 0 is to assume that the loan rate i is chosen suffi-
ciently small, such that, should the considered determinant be negative, it is dominated
by the first principal minor w: fYo-

The remaining Routh—Hurwitz condition for local asymptotic stability is

ajar —az >0 where a) = —trace J,a3 = —|J|.

The determinant of J is however dominated by the remaining terms in ajay, if the
adjustment speed of money wages By, is chosen sufficiently large, since it enters
a1, as, az linearly with a positive slope and thus in ajay through a positively sloped
quadratic term.

Therefore to summarise we have

a;>0,ap >0,a3 >0, aq1a0 —az > 0

for the coefficients of the characteristic polynomial of the matrix J (the Routh-Hurwitz
conditions) and have thus shown the local asymptotic stability of the steady state of the
model. This gives us the proposition:'?

Proposition 3.2 (Stability for a ‘normal’ range of parameter values)

Assume that i is sufficiently small and B, sufficiently large. Then the steady state of
the dynamical system (3.16)—(3.18) is locally attracting for all empirically relevant
parameter sizes of the model.

This result is perhaps not as surprising as one may at first think in a significantly debt
driven economy. Default so far only appears as if it were a gift from asset holders to
worker households, since bankruptcy (the loss of a house) does not yet feed back into
the considered dynamics. Moreover, the Goodwin part of the model (the interaction of
the state variables v and I) is here of a convergent type, while the only destabilising
feedback loop is the one between the state variables v and A, through their positive
interaction as shown through the entries Ji3 and J3;. Debt has a positive effect on the
growth rate of the wage share and the latter may have a positive effect on the time
rate of change of the debt to capital ratio. But this accelerating mechanism is not really
dominant in the overall interaction of the three state variables that are considered here.

There is however an element in the considered situation that can lead the investi-
gated dynamics into a situation where the steady state becomes unstable and where
the assumed degree of wage flexibility will lead the economy towards explosive fluc-
tuations. This case comes about when it is assumed that the considered excessive
overconsumption stimulates asset holders to invest in real capital at a rate i ¢ that is
larger than c,,. In this case we get y,, > 0 and thus a wage-led goods market behaviour.
Since the stability proof of this section required for a degree of wage flexibility B,
that is sufficiently high, it is then very likely that the trace of J, given by

ﬁl.ﬂ)’(’,"l’t;() —(cw — )i — f_,f'rlfl‘u)\-ﬁw —(n+ go([)!

12 This proposition also holds true forall ¢,y > 1 > i.
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becomes positive and the steady state becomes repelling. We will investigate such a
situation in more detail in Section 3.5.

3.4 Weakly excessive overconsumption and a repelling steady state
We consider now the only mildly excessive wage-led case
ip < lwey <1+~ i )00 —0s) /0. (3.39)

In this situation the propensity to consume of workers ¢, is still greater than 1 but is
bounded above as shown in equation (3.39). This case we shall dub as weakly excessive
consumption.

On the basis of the assumption (3.39) we now have a significantly changed situation
in the expression (3.35) for the goods market equilibrium expression at the steady state
since the sign of the denominator D changes sign. For the partial derivatives of the
functions y, vy, r with respect to v we therefore now have

Cop —Lf ip=_1 Cyw — 1
— > 0, (Vy)y = y- >0,y =—y
D Qs Sty e

In addition for the derivative (vy) e We continue to have

i) (3.40)

Y = =¥

Ciyl
('U)‘)}J:ﬂ = —H <0

which transforms itself directly into corresponding derivatives for vy, r = (1 — v)
¥y — 4. Note that all partial derivatives now have the opposite sign as compared with the
overconsumption case considered in the previous section. The sign of the derivative
yu > 0now shows the normal result that the goods market dynamics appear to be wage-
led when aggregate goods demand per unit of capital is wage-led, that is y?¢ = (¢, —
i r)y > 0. Moreover interest rate effects, via rising loan rates, are now contractionary
since y; < 0 (instead of increasing activity) as one would intuitively expect in a debt
driven economy.

Under the above assumption we have for the determinant of the Jacobian the result

O *k ;*T Uo 0 0 == 0
|| = —ifrylo 0 —ifral, Al - 0 +
(cw — D) (vy)o 0 (cw — i — (n + @q) - 0 —-n—g

and thus can assume that this determinant is always positive for values of ¢,, — 1 and
i that are of empirical relevance (under a relatively normal working of the economy).
This assumption also no longer implies that the trace of J is negative. For the sum of
the principal minors of order two we have from the above considerations that

kyyo —k92U,
a) = ] g
—ifryl, 0
]\'_\/‘u Vo k'v}‘(:v Vo

(cw — 1)(Wy)y — f_f "'v)\c{i: (cw — )i — f._/‘f'}.‘,*‘,}\i‘ — (n+q)
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Using the expressions and signs for the partial derivatives in (3.40) we see that a, has
the same sign as the expression

- —k 72,
ir _"’nf('-LDu_l)"ln 0
kyoUoCuwi —(cw —if) 1

D2 (cw — DIip(L+2A%,) =11 —ip(1 — vp)As, — 254

We conjecture that the second determinant of this expression is very likely to be
negative. The validity of the conditions

a1 >0,a2 >0,a3 >0,a1a0 —a3 >0

on the coefficients of the characteristic polynomial of the matrix J (the Routh-Hurwitz
conditions) is therefore in general not likely to hold from various perspectives, implying
the proposition:

Proposition 3.3 (Instability of the weakly excessive consumption case)

Assumeip < 1 < ¢y < 1+(1—if)(1=0,)/Vo. The steady state of the dynamical system
(3.16)—(3.18) is locally repelling for empirically plausible choices of the parameter
values of the model.

The case of weakly excessive overconsumption in the sector of worker households
therefore does not represent a viable situation, in particular since the previously stable
dynamics of the Goodwin substructure with its state variables v, [ have now become
totally unstable. This is further exemplified by the following proposition which states
that even very low loan rates i cannot be of help in the considered case.

Proposition 3.4 (Instability for small values of the loan rate)

Assume that i = 0 < n + @q4. Then the steady state of the dynamical system (3.16)-
(3.18) is locally repelling. This result also holds for all loan rates chosen sufficiently
small.

Proof: It is easily shown that the sign structure of the Jacobian in the case i = 0 is of
the qualitative form

kyyvo —kev, k,\‘l%,’“r)
J = —I'fl’-”l(, 0 —I'f.",k::“l,,
(cw — D{(0y)y — ffr»,)}tfé“u 0 (€ — 2)i — ."_f'l‘;u;“k({im
+ - 0
— - 0

0
?7 0

This immediately implies the instability of the (wage-led) Goodwin part of the model
(capturing the interaction of v and /), since the subsystem corresponding to the state
variables v and [ does not depend on the third state variable Af . The real parts of the
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Figure 3.1 A summary of the stability scenarios for a varying parameter ¢y;. The table in the figure
gives the signs of yy, (vy)y and ry in the various scenarios — A, B, C, D

eigenvalues are therefore not all negative, a fact that extends to all sufficiently small 7,
since the eigenvalues depend continuously on the parameters of the model. 0

So far we have investigated the parameter situations denoted by A and B in Figure 3.1.
We have found out that case A (see Section 3.3) represents by and large a stable, although
exceptional performance of the economy (since a wage-led aggregate demand is here
represented by a profit-led IS curve, due to a high debt to capital ratio), while case B
(this section) does not result in a viable situation. A further conclusion here is that if case
B prevails, investment should be stimulated to the extent such that i p > Il_(——b,“ holds
true. For example through a loan rate policy that lowers the loan rate to a sufficient
degree such that this inequality can be assured (assuming that the parameter i  depends
negatively on the loan rate 7). Stimulating investment in this way shifts the D(c,,) line
of Figure 3.1 upwards until the point is reached where the value of ¢,,;, which currently
characterises the economy, has been moved into the stable region A.

However it may not be possible to stimulate investment decisions to such a degree
(such that situation A becomes established) starting from the situation B considered in
this section. Credit rationing, to be considered in the next section, may then need to
be enforced — leading eventually to the situation C as shown in Figure 3.1. In situation
C the entry J31 in the matrix J has become unambiguously negative which increases
the destabilising elements in the Routh—Hurwitz coefficient ap. The overall situation
is clear in this case, it represents an unstable situation, since we still have a positive
entry Jy; that will destabilise the economy if wages are sufficiently flexible with respect
to demand pressure on the market for labour. Since the stability proof of Section 3.3
required a degree of wage flexibility B, that is sufficiently high it is thus very likely
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in this case that the trace of J, given by
BuweYvlo — (cw—1)i — j_f'-"),‘e'l. ki; —(n+¢d),

is then positive and the steady state becomes repelling. We will investigate this situation
in the next section.

If there is no possibility of a return to the (fragile) situation A, because the debt to
capital ratios involved may be considered as too exceptional, policy can therefore only
attempt to establish a situation as represented by case D (to be considered in Section 3.6)
where a profit-led regime is re-established on a non-exceptional basis, meaning that
both aggregate demand as well as the IS curve are depending negatively on the share
of wages in national income, which will be the content of Proposition 3.6.

3.5 Credit rationing, reduced consumption and the emergence of mortgage crises

We start from the case of excessive overconsumption and assume now that asset holders
stop lending to worker households due to the just observed tendency of the economy to
become an unstable one or simply due to a change in their risk perception concerning
worker households™ debt. One may for example assume that the loan rate i (and with
it the default rate ¢ , see the next section for more details on this) has been increasing
in a stepwise fashion until a level has been reached that persuades asset holders to stop
their lending to worker houscholds. The immediate consequence is that the propensity
to consume is forced to the value 1 (or close to 1 if some lending still goes on, the
case we considered in the preceding section). In the following analysis we therefore
consider the stability features for the case ¢, < 1.

When ¢,, < 1 (or sufficiently close to 1) as in the preceding section we have that
D < 0, but now in addition also 1%, < 0. The assumed shock to worker households’
propensity to consume has an immediate effect on the goods market equilibrium, which
we recall from equation (3.19) may be written

. C!.'Jfl{,[[. + f[(ts + l",,) —n—348
- (cw — flf)‘f--’ -+ f_,r‘ —1

but now with (cy, — i f)v + iy — 1 < 0. The change in IS equilibrium resulting from
the change in the parameter c,, is obtained by taking the total differential of the IS
equation, so that

deyvy + [(cw —if)v+ip — 1ldy = deyidy, =0
Rearranging this equation appropriately yields

dy = wy-— kg,
dey (1—ip)(1—v)

Viewed from the situation ¢, = 1 we thus have the result that a positive shock to ¢,
increases economic activity (since the steady state value of A$ is zero at this position),

that is, in reversed terms, the jump to a marginal propensity to consume of unity in the
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above considered crisis situation is contractionary and would lead the economy into the
deflationary region if it were at its steady state position initially. This would induce a

process of debt deflation and thus an increasing debt and interest burden for the worker
households.

The steady state position is now given by

P — v /2 v —
Yo=Y lo =0/, Ywo=yo—38 —n, kfm =0, Y» = Yuo-

and for the employed partial derivatives we have in this case (since the denominator in
the IS curve is now negative)

i i b

Yy = —Yy >0, (Wy=y >0, y,=0.

For the derivative (vy);s we find that (Uy)re, = %ﬂ < 0.

Proposition 3.5 (Full credit rationing implies a repelling steady state)
Assume cyy = 1. Then: The steady state of the dynamical system (3.16)—(3.18) is

surrounded by explosive forces. This then also holds for all marginal propensities ¢y,
chosen sufficiently close to 1.

Proof: The Jacobian of the dynamics at the steady state now reads as

kyyvo —kev, kysa,vo

e _I'fr“[“ 0 —l'-‘,f‘f‘}flf"l’()

(Cm = 1)('0)").” — i_f"(:)\‘?u(J 0 (cw — 2)1 —i f.r}‘(:’f-}tfi[””
kyoVo  —k72vo  kyas,vo

— 0 0 —!"Jr')‘}g?l‘:/()

0 0 —(n + @q)

This gives the qualitative sign structure

+
J= 0 0 +
0 -0 =

This immediately implies the instability of the dynamics, since two of the principal
minors of order 2 are zero while the third one is negative, since we can calculate that
ar < 0. O

Note that the determinant of the Jacobian J is zero in the situation ¢,, = 1, and non-
zero (positive or negative) for ¢, < 1. There will be one eigenvector direction where
the dynamics move very slowly, and there is in addition always one unstable (and one
stable'?) root, where the former drives the system away from the steady state.

13 Since a; > 0 holds.
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In the case of an arbitrary ¢,,, € (i 7, 1) we get for the Jacobian the qualitative structure

.+. S s
J= + 0 + )
= ) =
since there holds
pp—l E—1 ., 1—if . l1—cy
J31 = (Cu:ﬁl)y D _tf(_}’) LLD A-[um — (Czu_!)y |D\ +£fy |D|U A"[L'un <0

due to A%

wao

< 0. We therefore get as sufficient condition for instability:
a, <0 iff — Jipda < —JiJasz + JisJsr.

The last condition states that the stability created by the profit-led Goodwin (1967)
subcycle of the model is overcome by the feedback chain between the wage share v
and the debt to capital ratio A% . Of course further instability scenarios may come about
through the trace of J if wages are sufficiently flexible with respect to the labour market
gap and through the determinant of J if —J23J31 becomes dominant. The case where
workers save in order to reduce their prevailing level of debt therefore does not at all
represent a situation where recovery and convergence towards the steady state of the
economy can be expected.

3.6 Monetary policy in a mortgage crisis

In order to determine what monetary policy should do in the situation we have investi-
gated in the preceding section we now consider the rise in the loan rate i that triggered
the crisis in more detail. We consider for this purpose the situation shown in Figure 3.2.

The basic assumption in Figure 3.2 is that the default rate ¢, is an increasing convex
function of the loan rate i. We add to this function the term r, =n and obtain an
expression (as a function of the loan rate /) that shows the minimum loan rate needed
to obtain as rate of return on loans the profit rate of the sector of firms. We next assume
that the actual loan rate tends, under normal conditions, to the minimum loan rate as
shown in the situation A. Such an adjustment leads in the limit to the loan rate i, and
thus to a fairly tranquil situation where the loan rate as well as the default rate is small,
a situation that is attracting smaller as well as larger loan rates in an asymptotically
stable way. Yet as Figure 3.2 shows, the basin of attraction of the loan rate {,, is limited
to the right by the loan rate i1, since the considered stable adjustment process becomes
an unstable one to the right of .

Consider now the case B in Figure 3.2. We here assume that external events have led
to this increase in the loan rate (maybe in a stepwise fashion) where asset holders now
insist on a loan rate that leads to a higher rate of return on their loans than the one in the
sector of firms. Assume that the increase in the loan rate eventually leads to a loan rate
that is higher than i, then the financial market of the economy will be pushed into the
unstable region where the loan rate gives rise to an upward spiralling process C. We
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Figure 3.2 Loan rate adjustment dynamics

next assume that this process comes to an end at the value determined by the double
line, since asset holders then stop giving credit to worker households as discussed in
the preceding section (due to the high default rate that accompanies the then existing
loan rate). The economy is then trapped into a situation where the loan rate as well as
the default rate is very high and where the propensity to consume houses is zero and
the overall propensity to consume therefore is less than one.

In this still very basic scenario (as far as mortgage crises are concerned) the policy
to be adopted by the central bank (which is now assumed to enter the stage) is still a
simple one. The first step in the solution to the credit crisis is simply to buy an amount
of bad loans g, that allows for a loan rate { smaller than i for the bad loans ¢, (i) — ¢,
that then remain in the sector of asset holders. This increases the reserves of asset
holders and must be conditioned on their acceptance of the minimum loan rate that
is consistent with the debt default situation they are then facing. If this acceptance is
followed in all subsequent steps we may then expect that the process leading back to
the loan rate i, may again become effective, now in the situation where the overall
propensity of worker households to consume is less than 1 (and where debt of worker
households is reduced in each point in time through their now positive savings rate).
The question then becomes how the private sector of the economy (the real part of the
economy and debt decumulation) behaves in such a situation.

The downward correction of the loan rate just considered is however not yet sufficient
in order to stabilise the economy, since the Jacobian we considered at the end of the
preceding section is plagued by a wage-led situation as far as the entry J; is concerned
and exhibits a destabilising feedback mechanism through the entries Jy3 and J3; which
are both negative and thus endanger the positivity of a. In order to obtain a situation
where the stability of the private sector can be assured we consider again the sign of
the determinant of J as given by the expression (3.38). We continue to investigate the
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case ¢y < 1,ip < 1, thatis the situation where D < 0 holds true. We assume now the
situation where 1 > iy > ¢, > 0 has been established, e.g. through forced savings of
worker households, based on their debt that the central bank is now holding.

Simple empirical estimates as they were considered with regard to equation (3.38),
or just the assumption that i 7 is sufficiently close to 1, then ensure that the determinant
of the matrix J is negative. Moreover we have in this case y, < 0, (vy)y > 0,ry <0,
Yaa < 0,12 < 0 and thus get in this case the sign distribution

kyyvo —kev, ky 22 Vo
i *n'_f'rt,i(; 0 _I‘f‘r:‘u‘f,,ir’
(w — DY)y — ifrvdy, 0 (Cw —2)i —ifraa As,

This immediately implies the stability of the Goodwin part of the model.

Proposition 3.6 (Stability for small values of / and flexible wage adjustment)
Assume ¢y, < if, and that the parameter k is sufficiently large and i = n + @q(i) is
sufficiently small. Then the steady state of the dynamical system ( 3.16)~(3.18) is locally
attracting.

Proof: We have already that a; = —trace J > 0 and a3 > 0. Choosing k sufficiently
large also gives a; > 0if the entries in the last column of J are made sufficiently small,
and this can be done by choosing a low value of the loan rate i. The latter situation also
ensures ajas — a3 > 0, since a3 can be made small relative to ajas in this way. O

In view of what we have shown with respect to Figure 3.1, see also Figure 3.3, the
first objective of the central bank thus should be to support the maintenance of the loan
rate at sufficiently low level. In a next step consumption should be discouraged or/and
investment encouraged. One may for example assume that the value of iy depends
negatively on the loan rate i. Improving the investment climate to a sufficient degree
may therefore be one policy option of the central bank. Moving i y upwards increases
not only the domain A and thus makes the excessive case more robust, but it also
increases the domain D and thus allows the economy to settle down in an enlarged
region D (after credit rationing and the reduction of ¢y, to a value smaller than 1 have
occurred) where the steady state is again attracting and where current mortgage debt is
decreasing over time.

The central bank starts by buying a fraction & of the volume of defaults, the bad
loans ¢,A% . This increases the disposable income of asset holders'# and leads to an

14 Note that we here assume that the disposable income of asset holders is given by:
Yo =rK +i A% + apg(i)AY,.

This however does not alter the steady state of the model, since aggregate defaults remain the same (implying
no change in the law of motion for ), although part of them is now held by the central bank.
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increase of either their reserve holding R (which we have ignored so far) or their
investment, leading to an adjustment of the parameter i ; that may become permanent
even if the central bank stops buying bad loans. In the case it continues to do so we
have the situation that bad loans no longer lead to bankruptcy (loss of homes) of the
corresponding worker households. One may assume in addition that the central bank
starts demanding some low interest payment from them, but we do not consider this
here explicitly.

Since asset holders now face less bad loans, in fact (1 — a)pq Ll due to the bailout
exercised by the central bank, we have moreover assumed that the loan rate falls, as
was intended by the central bank. This induces a further reduction in the amount of bad
loans and thus (taken together) improves not only investment in real capital formation,
but also the credit situation worker households are facing. There is less default and
less bankruptcy (which was accompanied by the destruction of workers’ homes) and
cheaper credit for worker households and, as we have argued, increased robustness in
the stability scenario of the private sector that this policy implies.

We summarise the stability analysis of this chapter by Figure 3.3 which provides
another representation of what we have already considered in Figure 3.1. In Figure 3.3
we show this from the perspective of the borderline case that separates a positive denom-
inator in the IS curve from a negative one (where debt increases are contractionary).
We have that all marginal propensities ¢, above this borderline represent the case of
excessive consumption where the debt to capital ratio (in the steady state) is so high
that it implies a profit-led IS curve despite a wage-led aggregate demand function. The
cases B and C are again the unstable ones and case D represents a stable situation, since
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Figure 3.3 A alternative summary of the stability scenarios for a varying parameter ¢y,
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demand as well as goods market equilibrium are profit-led so that flexible wages are
then stabilising the economy.

The domains A and D are therefore the ones where the economy may be able to
reproduce itself in the long run. The central bank should then only take care to keep
the investment climate in an appropriate range and the loan rate on workers’ debt
reasonably low. Nevertheless it is still possible to conceive cases where there is a latent
tendency towards instability (approached through investment weaknesses or investment
booms), since in particular the regime of overconsumption may not be the best of all
accumulation regimes.

3.7 Adding commercial banking

In this section we extend the model by allowing now for commercial banks as lending
and depositary institutions in place of the lending activities of asset holders we have
so far assumed as the basis for the mortgage loans to worker households. We thus no
longer have to consider the reserve holdings R of asset holders which in fact could be,
and indeed was, assumed to be zero due to the IS equilibrium assumption on the market
for goods. Besides serving the investment plans of firms, asset holders now hold their
remaining wealth as saving deposits at the commercial banks which now lend these
saving deposits to a certain extent to the workers and in addition hold reserves in
view of the deposits they have received from the asset holders. In a first step we will
assume that reserves are adjusted towards a level of desired reserves at each moment
in time, and that the remainder is given to worker households as a given mortgage loan
rate. The worker households accept this supply of credit and invest it in residential
space. This channels the savings of asset holders into consumption demand of workers
and thus gives rise to the validity of Say’s Law whereby the Keynesian regime is
removed from the model (since reserves are also goods demand in this real model of
capital and mortgage accumulation). We then investigate the ways in which Keynesian
goods market rationing can again be introduced into this modelling framework and the
business cycle implications to which it gives rise.
As before we have the sector of workers given by

Workers:
Y =vY — icA2, (3.41)
C'm = Yw + AUH (342)
Km . Aw — op Ky, @pKy = W{!A-L;,n (3.43)
[ =n = const. (3.44)

Note however that the consumption of residential space by worker households is now
dependent on the credit supply of banks and thus ‘rationed’ through the commercial
banking sector (at the given loan rate i.). All supplied credit (and only credit) is now
assumed to be invested by worker households in residential space.
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Asset holders no longer supply credit, but put all income that is not invested into their
stock of real capital as saving deposits in the commercial banking sector (at a given
interest rate iy on these saving deposits):

Asset Holders:
Yo=rK+isD, r=y(l—-v)-3, (3.45)
Co=l, [8, =7 (3.46)
[ (3.47)
W, =K+ D, (3.48)
K=1=i;r—r,)K +nk. (3.49)

The new sector is that of commercial banks, which use the new saving deposits D of
asset holders to provide new credit A to worker households at a given level of actual
reserve changes R at each moment of time. There is a given loan rate—deposit rate
spread in this banking sector, implying that there are profits ¥, accruing to commercial
banks, which are used to supply further credit to the sector of worker households. The
net worth of commercial banks is given by W,.. Thus we have:

Commercial Banks (CBs):

Voo gulK2 —lal), (3.50)
Co=Dl [8.=9], (3.51)
A% = D4 Ye—R—gsnl, (3.52)
Aw=D+Y,—R, (3.53)
We= A% +R~—D. (3.54)

Reserves are adjusted with some delay towards desired reserves, which provides a rule
that allows us to determine residually the volume of loans supplied to workers:

R=pB*—y)D=p,W*D—R),  =R/D, (3.5
ie = (L 4+ piy. (3.

n

)
6)

We assume that the loan rate on mortgages i, is given by a markup on the interest rate
paid on the saving deposits of asset holders. For completeness we also introduce a very
simple central bank sector into this extension of the baseline model of this chapter, which
holds the reserves R of commercial banks and which sets the interest rate on saving
deposits (by legislation), but which does not yet supply any high-powered money.

The Central Bank (CB):

L

R=R, (3.57)

L= (3.58)
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The central bank therefore has just one instrument to influence the working of the
economy (the rate of interest on asset holders’ deposits). Otherwise it just controls
the reserves held by the commercial banks, by setting the desired reserve ratio ¥ *,
eventually enforcing higher minimum reserves if it decrees that the commercial banking
sector is not working properly.

The next set of equations check that income matches expenditure in our set-up of a
credit-financed economy:

Yy + Yo+ Ye = @Y —icAL) + (Y (1 —v) — 8K +igD) + (ic Ay —ia D) = Y —4K,
Cow+1Ip+1I=@Y—icA% +Ay)+1+R
= (WY —icAY + Aw)+ (K +i4D — D) + (icAf — iaD + D — Ay)
=Y —§K.

Note that we consider only real goods (in a one-sector framework) which implies that
also reserves of commercial banks represent real commodity inventories. The activities
in the real sector therefore concern consumption proper and housing demand of worker
households, net investment of firms and reserve holdings of commercial banks, describe
a consumption function of worker households, an investment function of firms and the
reserve adjustment of commercial banks. All remaining activities are residual ones.

The above extension of the baseline model of this chapter gives as new laws of
motion:

5=LE L tiia— st —r)+m/a (1-v)—3
= —— =[r4igd—(is(r—r, , r=y(1—-v)-34,
XD r+4iga [y ! n)l/a r=y
A=RE _ piri—nile. Vo —ensp=RIE

=zxg=-F r*d —p)/p, = const, p = )
Aa A[('I K
A'l.f.’: 3

K Af,

=[r+igd — (if(r —ro) +n) +ichy, —igd — Br(¥™d — p) — @ady,1/Ay,
=[r—(if(r —ro) +n) +icky, — Br(Y*d — p) — @akiy1/ Ay,
This in turn gives the intensive form representation of the model as
d= y(1 = v)=8+igd—(r(y(1 —v)—=8 —ro) +n)—(is(y(1 —v) — 8 —ro) + n)d,
p = ﬁr(w*d —p)— (f._/‘(_\‘(l —v) =48 —r,) +n)p,
A=yl —v) =8 — (if(y(1 —v) =8 —rp) +n) +ichy — B (¥*d — p)
— (1 =v) =8 —r1o) + 1+ @a)Ay,,

which is quite a different situation compared to with the original one (where asset
holders supplied the credit to the worker households) and where only a single law of
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motion was needed to describe the dynamics of credit financing, namely (see equation
(3.18))

. AH‘
Ay =(cw— Dy —idl) —({f(r—ro) +n+ PG Aly= Ku‘ ;

The goods market equilibrium is now determined by
Y=Cy+1If+1.+8K
= @Y — i A% + Ay) 4+ rK +igD — D) + (i,A% — igD + D — Ay) + 8K,
which in intensive form gives rise to

y =Wy —icA% + Ay/K) + (r+igd—D/K)+(icA% — igd + D/K — Ay/K) + 8
= vy — i Al +r+igd+id —igd+8=y.

w

We thus get that Say’s Law is valid in such an economy, that is the goods market is in
equilibrium at all levels of output ¥, quite in contrast to the cases we have investigated
earlier in this chapter. This holds since consumption is now endogenously determined
by workers’ disposable income and the credit that is supplied out of the saving deposits
of asset holders by the commercial banks to them. Summing up the full dynamics of
this extended case is given by the five laws of motion

b= Buwe(y’/(zl) —e), (3.59)
[=—if(yP(1 —v) —rp), (3.60)
d=yP(1—v)=8+igd—[if(yP(1 —v) =8 —ry) +nl(l+d),  (3.61)
p=B(Wd—p)—(iyyPA—v)—8—r,)+n)p, (3.62)

AL = yP(1 —v) = 8 +ichl, — B (¥*d — p)
—~ B —8) —8 —#) +RIL4D%) —aky: (3.63)

The first two differential equations (3.59) and (3.60) provide the conventional Goodwin
(1967) closed orbits growth cycle dynamics, but these are now appended with laws of
motion for deposits &, actual debt A%, and reserves p, all measured per unit of capital.

It is easily shown that the appended dynamics are asymptotically stable if the interest
rates ig, i are chosen sufficiently small, since the Jacobian at the steady state of the
dynamical system (3.59)—(3.63) is characterised by

— 0 0
J=1+ — 0
— + —
The interior steady state itself is given by
P P — Fo T *du e 1
lazy__a Vo = - 2, do = . .”, Po = y ) f:m:w_
ze yP n—ig L 4+n/B Wg+n—ic

3.7 Adding commercial banking 1D

This implies that r, must be sufficiently large and iy, i, sufficiently small in order to
provide a meaningful set of steady state conditions.

The end result of the extension of the baseline model of this chapter is that we have
returned to a Goodwin type supply driven model of the distributive cycle, augmented
by stable dynamics of deposits of asset holders, reserves of commercial banks and mort-
gage debt of workers (all per unit of capital). This is a classical growth cycle model
where asset holders not only accumulate real capital and where workers not only con-
sume their real wages, but also buy residential space through the credit that is supplied
to them by the commercial banks. We consider this as an interesting extension of the
original Goodwin (1967) model, but one that has lost the Keynes component through
the specific formulation of credit supply driven housing consumption of workers.

In order to show in a simple way how effective demand problems can be re-introduced
into the extension of the baseline model of this chapter (which in fact is more a modi-
fication, since the consumption function of workers has been changed in this section)
we now add the existence of high-powered money to the model, supplied by the central
bank in line with the demand for this asset by asset holders in order to fix the interest
rate on savings deposits, which we have already assumed above. We assume that asset
holders want to add to their high-powered money holdings (or reduce it) according to a
function M = M(Y, r, ) with partial derivatives M, <0, M> <0, M3 < 0. Hence this
function assumes that new money hoardings by asset holders decrease with economic
activity (are negative in the boom and positive in the bust), decrease with declining
profitability of firms (for a given state of economic activity) and decrease when the
interest rate on the saving deposits of asset holders is increasing.

We assume moreover that the interest rate i is set by the central bank as a decreasing
function of the rate of profit » with the value of i we have so far considered given by
i(rp). We finally assume that there is a unique level of economic activity Y, where
M(Y,, ro,i(r,)) is zero. I5 This level of economic activity therefore now prevails in the
steady state of the economy which is given as before, since M is zero there and the
flow conditions of the model being of the same type as the previous ones. The central
bank activities are now characterised by the expressions:

Central Bank (CB):

R+M=R+M,
ig =i(r),
M= M®,ri).
These equations summarise the balance sheet of the central bank, its interest rate policy
and its new supply of high-powered money. Money supply is here still of a helicopter

type, since there are no other financial assets in the present formulation of the model
that can be subject to open market operations of the central bank. This is a provisional

15 This assumes that the condition Mg - M]i'(r) # 0 is fulfilled.
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assumption for the time being which will be removed in the more advanced model
types considered in this book. It serves to illustrate in the simplest way possible how
hoarding can lead to Keynesian effective demand problems in an otherwise classical
framework.

For the consumption demand of workers we now have the expressions

Co=0Y —icAS +Y,— I -M+Y,—R
= 0F =i AL 4 7K 4 igD —1 — M 4i,AS — izD— R
—vY+rK—I—-M—-R
=Y-6K—-I-M-R.

From the last expression we have for total demand Y¢ = C,, + I 4+ 86K + R the simple
representation
Y=Y - M.

IS equilibrium then implies, as in the case of the baseline model, that such a change
in asset holdings must be zero. It follows that M(Y,r,i(r)) = 0, from which by
means of the implicit function theorem we obtain ¥ = Y (r), the derivative of which is
given by
M + Msi'(r)

M, '
We thus now have that economic activity is a decreasing or increasing function of the
wage share v (since we have assumed that M> + M3i’(r) # 0) and this in a way that is
completely different from the one we have used in the baseline model of this chapter.
The real dynamics of the model of this section therefore now become, due to what we
have here assumed for workers’ consumption and the money demand of asset holders:

Bwe(y(v)/(2l) — &), (3.65)
o =iy —v) —ry) = —if(r(v) —ro). (3.66)

Y'(r)=— (3.64)

v

We consider in the following analysis only situations where the rate of profit remains a
negative function of the wage share, so that the effect of the wage share on Y is not that
positive that it makes the overall effect of the wage share on the rate of profit a positive
one. In this case the Jacobian of the real dynamics of the model is characterised at the

steady state by
. ﬁu:r_\"!(@'u)/(Z-fo)?.’” —_
e ( + 0 ) J (3.67)

In order to get the result that the steady state of the real dynamics is asymptotically stable
we must therefore postulate that the monetary policy of the central bank is conducted
in such a way that the condition

Ma + Msi'(r)
e el S P
M,

Y'(r)=—
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holds true. This is exactly the case when the condition

M
<0, thatis, |i’(r)|>ﬂ
| M3

dY (r(v)) _ Mar'(u) + Msi'(r(0))r' (v)
dv M|

is fulfilled.

We thus get the result that the goods market appears, due to the money demand of
asset holders, as if economic activity were wage-led. The interaction of the result on
the market for goods with the law of motion of the wage share is thus an unstable one if
an active interest rate policy of the central bank is absent, while an interest rate policy
that is exercised with sufficient strength can remove this type of instability from the
considered dynamics. We thus have the end result that credit rationing of a certain type
can make the economy unstable and so there is a need for monetary policy in order
to make it sustainable. This section therefore indicates in conjunction with the earlier
sections how the baseline model of this chapter may be augmented in order to arrive at
a Keynes—Goodwin growth cycle model where a variety of stability scenarios can be
explored. In the next chapter we will by contrast focus on the debt financing behaviour
of firms and the instability problems to which this gives rise.

3.8 Conclusions and outlook

In this chapter we have investigated a second type of crisis scenario, now within a closed
economy and concerning worker households and their indebtedness. Adding to the crisis
scenarios of Charpe et al. (2009), we have considered here a sequence of models (a
sequence of parameter scenarios for a single three-dimensional dynamic model in fact)
which run from situations of stable excessive overconsumption of worker households,
to weakly excessive overconsumption and a certain degree of instability, and from there
to the situation of a strict credit rationing of worker households. In the fourth model
type, we considered actions that can rescue the economy from this last instability
scenario and that imply a solution that leads the economy back to economic stability,
with mortgage debt shrinking in time. The return to stability is based on investment
stimuli (or alternatively, and not so attractive, further reductions in workers’ marginal
propensity to consume), coupled with a monetary policy that aims at a decrease in the
loan rate and the default rate on the credit market.

In this latter type of economy, the loan rate will fall to a low value again and workers’
debt will reduce in time through their now positive savings. In the limit, this economy
would even converge to a situation where workers are lending to asset holders, since
they have a positive savings rate in the steady state. Yet, in our view this would only
be a transient phase in which the economy recovers to a certain degree from too high
mortgage debt back to its normal functioning, perhaps subsequently followed again by
the emergence of some behavioural parameter changes which lead the macroeconomy
back to the stable overconsumption situation from which we started. The sequence of
events analysed in this chapter thus may repeat itself in historical time.
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In the next chapter we go on from workers’ indebtedness to firms’ debt accumulation
and from there to processes of debt deflation as another important feedback channel that
can endanger the viability of the entire economy in a downward direction. Compared
with the considered exchange rate crises in Chapter 2 and the mortgage crises of the

present chapter, the Fisher (1933) process of accelerating debt deflation in the private e e o e e § 2
sector may be one that is very difficult to attenuate or even reverse by economic policy.
3.9 Appendix: some simulation studies of the baseline model Z
We consider in this appendix the system (3.16)—(3.18) in its various configurations = ,
from the numerical point of view. | & “";
18 & g
Excessive overconsumption (cy, > 1+ (1 —if)(1 —v) /vy > 1 > iy) 3 . f 2
The first set of simulations illustrates the case of a profit-led economy. The propensity £ 12 g g
to consume is set at 1.2, which corresponds clearly to an excessive overconsumption e g = o
case. In addition, ¢, < 4/3, implies that the goods market dynamics are profit-led, g :i E,
even though aggregate demand is wage-led. The value of i is fixed at 0.02 and is 7‘:; g E
smaller than ¢, also implying that the impact of the wage share on output is negative. ‘ - E L - B
The dynamics of the economy following a 1 per cent debt shock are displayed in R EEEEEE £ 2 2 8 g 35 o 3 ; %‘O,
Figure 3.4. The steady state is attracting even though convergence takes place at a slow 2 22323 8 223 2 2 2 = f’ s T = @
pace. Convergence takes place as a result of the stable interaction between the wage oney [ende) 01 maqe] 5 S LR T3
share and the output to capital ratio, and despite the cumulative channel between debt - o =
and the wage share. As shown by the maximum real part of eigenvalues in Figure 3.4(d), ' & 3 ?
increasing wage flexibility increases the stability of the system. Similarly, reducing E‘
B to 0.01 increases shock-dependence and economic fluctuations as we see from o
Figure 3.5. s 18 i 18 g
Weakly excessive consumption (i <1 < ¢y < 14+ (1 —ip)(1 —v5)/v0) i
We now consider the case of weakly excessive overconsumption by way of Figure 3.6: = E g E E
= =}
8
Figure 3.6(a) represents the wage-led case, where the value of ¢;, has been lowered =
from 1.2 to 1.05 such that the condition 1 < ¢, < (1 4+ (I —i7)(1 — vg)/vp) holds. " - B
In the wage-led case, the unstable interaction between the wage share and the output 1= E Tog 8
to capital ratio is strongly unstable. The dynamics of the wage share and the output are E ; E
cumulative. Any increase in the wage share fosters output, which feeds back positively E S “E‘
on the wage share as employment increases. In the wage-led case, the Goodwin part of e ., el S ;f =
the model is strongly unstable. As stated in Proposition 3.4, the system loses stability E E g 2 5;; e BB E % E E § E E E f % -
even in the case i = 0 which turns off the impact of debt on the system. Forcing 8, to SEE TR é E g
zero allows the unstable dynamic interaction between the wage share and output to be Areds A = s = E”

turned off. In such a case, the economy is stable as shown in Figure 3.6(b).

The overall impact of the propensity to consume on the stability of the system is
summarised by the maximum real part of eigenvalues represented in Figure 3.6(c)
and 3.6(d). In Figure 3.6(c), the propensity to consume lies between 1 and 1.1. At
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¢y = 1, households can be seen as credit constrained. Households consume all their

income as they do not have access to debt financed consumption. Full credit rationing
implies a repelling steady state as proved in Proposition 3.5. Eigenvalues are positive
and quickly increasing with respect to ¢,,. The economy is wage-led and unstable
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given the output, wage share interaction. Up to ¢,, = 1.1, the economy is wage-led and
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economy is profit-led. Now eigenvalues are negative and decreasing in ¢,,. The system
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Figure 3.8 Stabilising the investment climate in the case i ¢ > 1 and ¢y > 1

Transition from crisis to ‘pre-crisis’level (i = 1 and ¢y, < 1)

Figure 3.7 illustrates the role of monetary policy in stabilising consumer debt dynamics.
The interest rate is kept low at 2 per cent, the investment climate variable i ; is larger
than the propensity to consume ¢,,,, which at ¢,, = 0.95 is lower than 1. A propensity
to consume lower than 1 implies a negative debt ratio at the steady state. The aim of
the simulations is to understand whether monetary policy can stabilise the economy
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after a shock that increases the debt ratio to positive values. In other words, the simula-
tions aim at understanding whether monetary policy can restore a “pre crisis’ situation
in which households are not getting mortgage debt, but are either rationed or have
net savings. As shown by the two eigenvalues diagrams, Figures 3.7(d) and 3.7(e),
a relatively significant interest rate (i > 10 per cent) and a good investment climate
(i y > cy) are associated with stability, as eigenvalues are negative. Households reduce
their mortgages until they reach a situation in which they are net savers. Increasing i r
from 1 to 1.3 improves the investment climate and stabilises the economy (Note that
here iy is here equal to i 4 €).

Weakly excessive overconsumption and monetary policy (ir>1land cyy > 1)

With respect to the previous simulations, they enquire as to whether monetary policy can
stabilise the economy when it is characterised by weakly excessive overconsumption
and strong instability. In Figure 3.8, the economy is still characterised by a small interest
rate, i = 2 per cent, and a rather good investment climate, 15 = 0.8. The main change is
that the propensity to consume is now equal to 1.05, which implies that the economy is
in the unstable case illustrated in Figure 3.6. The main result is that monetary policy can
restore stability if it manages to keep interest rates low and there is a high propensity
to invest profits. However, contrary to the previous case, the investment climate must
belong to a corridor. Negative expectations as well as euphoric expectations are likely
to make the economy unstable. Eigenvalues are negative for interest rates lower than
6 per cent, as shown in Figure 3.8(f). In addition, eigenvalues are still negative for ir
lying between 0.4 and 1. Increasing i ; from 0.8 to 1 increases business cycle fluctuations
and slows down convergence.

4 Debt deflation and the descent
into economic depression

4.1 The debt deflation debate

In the recent public debate on problems of the world economy, ‘deflation’, or more
specifically ‘debt deflation’, has again become an important topic. The possible role
of debt deflation in triggering the Great Depression of the 1930s has come back into
academic studies as well as into the writings of economic and financial journalists. It has
been observed that there are similarities between recent global trends and the 1930s,
namely the joint occurrence of high levels of debt and falling prices, the dangerous
downside of cheaper cars and TVs when debt is high. Debt deflation thus concerns
the interaction of high nominal debt of firms, households and countries and shrinking
economic activity due to falling output prices and increasing real debt.

There is often another mechanism accompanying the one just mentioned. That other
mechanism involves how large debt may exert an impact on macroeconomic activity
and works through the asset market. Asset price inflation during economic expansions
normally givesrise to generous credit expansion and lending booms. Assets with inflated
prices serve as collateral for borrowing by firms, households or countries. In contrast
when asset prices fall the borrowing capacity of economic agents shrinks, financial
failures may set in, macroeconomic activity decreases and consequently large output
losses may occur.

Countries that have gone through such booms and busts are some Asian countries
(in particular Japan), Russia and Brazil in 1998 and 1999. In all of those countries
asset price inflation and lending booms entailed a subsequent debt crisis and asset price
deflation. Thus, the usual mechanism of debt deflation due to falling output prices has
been accompanied by the asset price deflation mechanism.'

Some academic commentators have also criticised the single-minded preoccupation
of certain central banks and the IMF with inflation, and have suggested that provid-
ing some room for inflation should be of help in preventing a global financial crisis.
Moreover, global growth strategies, and the elements they could contain, continue to be

I For a recent detailed study employing a different approach, namely asymmetric information theory, see Mishkin
(1998).
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discussed in academic and policy circles. The need for a fundamental restructuring of
the IME and World Bank and a new financial architecture is continuously stressed based
on the judgement that the world has, in the last decade, faced several severe financial
challe.nges, with the latest being the biggest since the 1930s. Debt dynamics can be,
as Reinhart and Rogoff (2009) have argued, a very destabilising force and therefore
appea}r t.o be an important problem that the world economy may be facing.

This issue vlvas visibly exemplified in the recent financial market meltdown in 2007—
9. It began with the very large indebtedness in the US subprime (mortgage) market
in 2007, evolved as a credit crisis through the US banking system in 2008/9, and
subs.equelntly spread worldwide, causing a worldwide financial panic, and staggering
d‘eclmes in globa] growth rates. This time, the usual boom-bust mechanism with the
.rlsen asset prices and a credit boom was reinforced by new financial innovations; specif-
ically, the development of new financial intermediations through complex securities,
such as mortga.gleAbacked securities (MBS), CDO and credit default swaps (CDS). Thé
compl'ex. securities, which were supposed to outsource and diversify idiosyncratic risk,
have, 'Jomtly with the changes in the macroeconomic environment, actually acceler-
at-ed risk tak_ing and the boom, but also the bust. First through high asset prices and
high leiveragmg and then, second, on the downside through the instability of credit via
a credltlcrunch. These innovations provided the underlying financial intermediation
mechamsm- through which the asset price boom and busts were fuelled. Although the
actual way in which boom-bust cycles in asset prices and borrowing and lending evolve
may change over time the mechanisms at work are very similar; for further details we
refer the reader to Bernard and Semmler (2009).

Modern macroeconomic theory, as it has evolved since the Second World War, has
Pald scant attention to the above described mechanism of debt deflation. No doubt this
is due to' the fE.iC[ that during that time the major economies in the world experienced a
long period of growth followed by a long period of inflation from which we have only
recently emferged. The classic study of debt deflation remains that of Fisher (1933),
alth(?ugh Minsky (1975, 1982) in his writings on the financial instability hypothesis
continued tF) warn of the dangers of another great depression. More recently Keen
(2000) ha.s focused attention on the Fisher debt effect and Minsky’s financial instability
hypothems.‘ Tll?re is therefore an urgent need for economists to model the process of
debt deﬂan(.)n' in its interaction with monetary and fiscal policies that may stop the
process of rising debt, falling output and asset prices, and a collapse into depression.

In this Chapter2 we embed the process of debt accumulation and debt deflation via a
scquence_of partial models of debt accumulation and price deflation into fully integrated
and consistent (with respect to budget constraints) macroeconomic models of closed
and open e?onomies. Atthe core of the mode] will be firms that finance fixed investment
as well as involuntary inventory investment not from retained earnings, but by loans

. .
< This chapter represents a r ation : . "
apter represents a reformulation and extension of the original contribution on debt deflation by Chiarella

et al. (2001a), where the Fisher (1933) aj 3 i i
s 33) approach t o i Structure
macroeconometric framework of the KME variel;.dem R e e
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from the credit market. In the current chapter we neglect equity finance. Our model will
thus focus mainly on the first mechanism of the debt deflation process, the destabilising
role of flexible wages and prices in economies with high nominal debt. The destabilising
role of asset prices will be by and large neglected.’

Our macroeconomic model contains a sufficient number of agents and markets to
capture the essential dynamic features of modern macroeconomies, and stresses the
dynamic interaction between the main feedback loops of capital accumulation, debt
accumulation, price and wage inflation (deflation), exchange rate appreciation (depre-
ciation), inventory accumulation and government monetary and fiscal policies. Our
modelling framework relies on previous work by the authors and contributions by other
co-authors.* The essential difference is that here we focus on debt-financed invest-
ment of firms in place of pure equity financing considered in the earlier papers. We
will thus add a further important feedback loop missing in our earlier approach to
macro modelling, namely, from a partial point of view, the destabilising Fisher debt
effect of deflationary (or inflationary) phases of capital accumulation arising from the
creditor—debtor relationship between asset-owning households, banks and firms.

Keen (2000) has investigated the Fisher debt effect, between firms and financial
intermediaries, in the context of an augmented classical growth cycle model of Good-
win (1967) type. He has found that it may imply local asymptotic stability for the
overshooting mechanism of the growth cycle, but the overshooting can lead to insta-
bility, for high debt outside a corridor around the steady state of the model. In addition
Keen provides an interesting discussion of Fisher’s vision of the interaction of over-
indebtedness and deflation and of Minsky’s financial instability hypothesis. He extends
the proposed model of the interaction of indebted firms and income distribution to also
include a study of the role of government policies in such an environment. He focuses
on nominal adjustment processes in place of the real ones of the classical growth
cycle model.

We will start from Keen’s 3D model of this process, expand it by flexible prices (to
obtain a 4D model), by a Metzlerian quantity adjustment process, inflationary expecta-
tions and an interest rate policy rule and will finally provide a general 10D dynamical
system exhibiting a complete representation of stock-flow interactions, adjusting prices
and quantities, asset market dynamics and fiscal and monetary policy rules. While we
concentrate on debt accumulation and its real implications in the lower dimensional
versions we will nevertheless have a full set of stock-flow interactions,” but not yetalter-
native financing instruments of firms (equity, debt and retained profits) in the general
10D version of the dynamics that we consider.

3 For work on credit market, economic activity and the destabilising role of asset price inflation and deflation, see
Minsky (1975) and Mishkin (1998).

4 See Chiarella and Flaschel (2000).

5 Such interactions were still totally excluded in the basic 6D Keynesian price/quantity dynamics derived from
the models of Keynesian monetary growth in Chiarella and Flaschel (2000); see the following for a brief
representation of this KMG disequilibrium approach to AS-AD growth.
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In the general framework we develop on the basis of the final model of this chapter
in Part II and IIT we will discuss important further issues in the development of debt
deflation, such as credit rationing, bankruptcy, bank and foreign exchange market crisis
and domestic or foreign policy intervention. These issues need to be investigated,
however, in much more detailed ways in future research in order to allow a full treatment
of the dangers of the joint occurrence of debt and deflation in certain areas of the world
economy or on a worldwide scale.

4.2 3D debt accumulation

In this chapter we develop the core Keynes—Metzler—Goodwin (KMG) dynamics
with pure debt financing (and retained earnings) in place of pure equity financing; see
Chiarella and Flaschel (2000) for their original formulation and Chiarella et al. (2005)
for the further development of this type of analysis. We proceed in a stepwise fashion
by starting from a simple 3D supply side dynamics as in Goodwin (1967), but now with
debt in addition to pure profits as a means of financing the investment projects of firms.
At the next step we introduce a law of motion for the price level and can therefore then
start to consider deflationary processes in addition to the debt accumulation dynamics
of the 3D case. This 4D extension also makes use, in a preliminary way, of a demand
side restriction for the output decision of firms and thus departs from full capacity
growth (where deflationary processes concerning the price level are hard to justify)
towards fluctuating capacity utilisation of firms.

Yet, the above approach to aggregate demand and the role it plays in debt accu-
mulation and deflationary processes still represents a simplifying approximation of a
complete and consistently formulated delayed adjustment process of the output decision
of firms towards fluctuating aggregate demand, as it is part of the 6D KMG approach
to economic growth as developed in Chiarella and Flaschel (2000, Ch. 6).

In a third step we therefore add the delayed Metzlerian output-inventory adjustment
mechanism to the considered 4D dynamics and arrive thereby at a 7D dynamical sys-
tem of the KMG variety, with the law of motion for the debt to capital ratio as a new
differential equation and the sole representation of the stock-flow interaction of actual
economies. We furthermore also add a law of motion for the rate of interest which
increases the dimension again by one. In contrast to the KMG growth model consid-
ered by Chiarella and Flaschel (2000, Ch. 6), see here Section 4.4, we now have two
further laws of motion, since this earlier approach determined the rate of interest by an
equilibrium condition and since the evolution of equity quantities and prices did not
vet feed back into the price-quantity-growth dynamics of this basic prototype model of
the dynamics of Keynesian monetary growth.

We started in Chiarella and Flaschel (1999¢) and Chiarella et al. (2001a, 2001b) the
analysis of the macrodynamics of debt deflation with a very general 20D model (of
applied type) and then approached the understanding of the role of debt and deflation
in such a framework from an extended 3D supply side growth cycle dynamics of
Goodwin (1967) type, as formulated and investigated in Keen (2000), which included
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loans to firms and thus debt financing of (part of) their investment expenditures in a
very fundamental way. In the present chapter we will pursue an opposite approach by
starting from the basic 3D framework of the Keen (2000) model and by developing it
into 4D and 8D models which make it more and more complete and also consistent in
its feedback structure between prices, quantities, expectations and rates of interest in
particular.

Taken together, and based on the linear behavioural assumptions still used in our
earlier approaches to debt and deflation, the equations of the Keen (2000) model can
be represented as a 3D dynamical system in the state variables v = wL/pY? the
wage share, e = L?/L the rate of employment, and A = A/pK the debt to capital
ratio of the firms, as shown below. We note that the price level p is kept fixed in this
core version of the Keen model® (and set equal to one for notational simplicity) and
that the rate of interest 7 is also a given magnitude in this model, just as the reference
(minimum) target rate of profit 7 which is compared with the actual pure rate of profit
r = yP(1 — v) — 8 — i by firms in their investment decision.

In contrast to the macrodynamics developed in Chiarella and Flaschel (2000) we
give budget equations a role to play in the price-quantity-growth dynamics of their
KMG prototype model. However, only the budget equation of firms will really be of
importance in the models of debt and deflation in this section, since the dynamics of
the government budget constraint and interest payments of the government are still
suppressed in the 7D model by way of appropriate assumptions and thus left for future
research.

The 3D dynamics which are to be investigated in this section, and which are based
on a Phillips curve (PC) mechanism, debt and profit driven investment behaviour and
the budget restriction of firms, read (note that we still have p = 1):

d=Puple—2) —n, e=LYL, (4.1)
e=g—(n+n), g=I/K=0af(r—7), (4.2)
A=gr(l—X)—r, A=A/K, (4.3)
with the following definitions and supplementary algebraic equations’
e:L"/L, Li=Y/z,2=n = const., L =n = const.,
== wL? (budget equation: workers),
Cp=1IA—-A (budget equation: financial capitalists),

I=rK+A  (budget equation: industrial capitalists),

6 Assuming that price inflation follows wage inflation via instantaneous or delayed markup pricing would introduce
deflationary forces originating in the labour market into this framework which however will be introduced only
later on in the 4D demand side reformulation of the model.

7 We use the term ‘financial capitalist’ for the suppliers of credit, for instance through commercial banks, and the
term ‘industrial capitalist’ to denote the owners of firms that are also partly financed through retained earnings
in their investment behaviour.
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r=yPl—v)—8§—ir (pure rate of profit),
v = de/Y (wage share),

y=y? =yPK, yP = const. (potential output),

with € € (0, 1) a benchmark (yet not the NAIRU) rate of employment, ¥ > 0 the
required rate of profit and i > 0 the given rate of interest.

Given the way the model is constructed we have to assume that C, = 0, ] > —§K
hold true, which suggests (via later steady state considerations and on the intensive
form level)

i> A (always) = A=RKR=n+ n; (in the steady state),

re>r— 5/af (always).

We note that the budget equations imply Cy, +Cp+1 = Y — 46K, which is Say’s Law in
its simplest form in an economy with investment expenditures. There is thus no reason
for deflation from the side of goods market behaviour in this model type (but there may
of course be deflationary forces in labour market dynamics). Implicitly contained in
the above equations also is the fact that the loans demanded by industrial capitalists
are always supplied by financial capitalists, up to the point where Cp = 0 becomes
binding. The credit supply is thus limited by interest income of financial capitalists in
a very narrow way. Financial capitalists cannot supply new money in this 3D approach
(in fact money M is totally neglected in the above formulation of the model) and thus
cannot extend the above financing constraint via the mechanism i A + M = A + Cp.
Could they do so, they would introduce money into the system and would then also
allow aggregate demand for goods to deviate from aggregate supply, which at one and
the same time would invalidate Say’s Law and establish a Keynesian demand driven
system in place of the above classical 3D supply side dynamics.

Equation (4.1) is based on a linear real-wage PC @ = w?p = By, (e —¢e) from which
the growth rate n; of labour productivity z has to be deducted in order to arrive at the
growth law for the wage share v = wL?/pY = w/z. Equation (4.2) says that capital
stock growth has to be diminished by labour force growth n and productivity growth
n; in order to arrive at the growth law for the rate of employment (in our set-up of a
fixed proportions technology z, y” with Harrod neutral technical progress of the given
rate n; = 7). Equation (4.3), finally, is the new and difficult one of this extension of a
Goodwin (1967) type growth model towards the inclusion of debt-financed investment.
It is derived as follows:

8 S s e = Wl I I I
A=A—K=—/A——=|——r|/r——.
x* % (K ) * =%
This implies the differential equation (4.3) for the debt to capital ratio A.
This closes the discussion of our partly debt-financed model of capital accumula-
tion and cyclical growth. It is obvious from equation (4.3) that the dynamics of debt
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accumulation as they derive from the budget constraints of firms introduce a severe
non-linearity into the simple Goodwin (1967) type real growth dynamics.

Proposition 4.1 (The balanced growth path of the model)
Assume oef‘.' > 1. There is a unique interior steady state of the dynamical system
(4.1)—(4.3) given by

eo =€+ n/Py > e,
To

n-+n;

)’P —48— To — ”\rﬂ

yP '

Ag=1— Z 1, r,,:?+(n+n;)/cxf>?,

Ug =

Proof: The value for e, follows immediately from setting equation (4.1) equal to zero
(v # 0). Next, the value of r, can be calculated from equation (4.2) for ¢, # 0 by
setting the right-hand side equal to zero, and solving for r,. Furthermore, inserting
the resulting value for r, into equation (4.3), setting g = n +ny and solving for A,
immediately implies the steady state value for A, which must be smaller than 1, due to
ro > 7 > 0. The steady state value for v, finally follows from the definition of the pure
rate of profitr = y,(1 —v,) — 3 — X, O

Remark 4.1 We assume that the parameters of the model are such that the inequalities
Ao, Up > 0 hold true. Just as in Goodwin’s (1967) growth cycle model there is in
addition a border steady state that is given by v, = ¢, = 0, and A, the solution of

Ay =85 —ir—F)(1 -2 — (' —8—ir) =0.

Remark 4.2 In order to get a positive steady state debt to capital ratio it is necessary
and sufficient that r, < n + n; holds, so that the steady growth rate n 4 n; exceeds
the growth rate that could be generated by investing pure profits solely. The condition
ro < n + ny in turn is equivalent to af > ”’4’_:::’1‘__, that is the propensity to invest must
be chosen sufficiently large for this purpose, and the larger it is the closer the minimum
rate of profit 7 will be to the natural rate of growth n + n;. Note furthermore that the
steady state level of the wage share is determined after the determination of r,, A, and
thus residually after income distribution for industrial and financial capital has been
determined. An increase in the interest rate i only reduces the wage share and is thus
of no concern for the pure rate of profit in the steady state. Note finally that an increase
in 7 reduces both interest income and wage income per unit of capital.

Proposition 4.2 (The positive contribution of debt financing)®
Assume aff > 1. The steady state of the dynamics (4.1)~(4.3) is always locally
asymptotically stable.

8 Note that the Goodwin (1967) growth cycle model can be obtained by assuming cr‘:" = JyR=i);
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Proof: Evaluating the Jacobian J of system (4.1)—(4.3) at the steady state gives for its
third row the expression

(@ (1 = Ao) = D(ru, 0,72) — (0,0, 1 + ;)

and for its second row ozf(r,,, 0,r). Since 1 — A, = l/aff 4+ 7/(n + n;) we know
that aff (1 — A,) — | must be positive. The sign structure of the Jacobian is therefore
. 9

given by

0 + 0

J=| — 0

== ) =
According to the Routh-Hurwitz theorem (see e.g. Gantmacher (1959)), we have to
show that

ap=—trace J >0, ax=J01+~h+/1>0, az=—detJ >0, ajap—az >0,

holds, where Jy, J2. J3 are the three principal minors of order two with the index of J
indicating the row and column that is ignored in the principal minor concerned.

Obviously, trace J = —y — (a’]" —~15F <0 (&g = 0) holds. Furthermore, when
calculating the determinant of J, the third row term

k
(o, (1 = 2o) = D), 0, 72)
can be removed without change in this determinant, giving rise to

0 + 0
detJ=| - 0 — <0 (a3 > 0).
0 0 —(m+n)

Next, we immediately obtain

0 — 0 0 0
J1=’ T ’0, =""° ‘:0, 13:‘ e B
and thus a; >_0 holds true as well. Finally, aja; — az = —(cr’f(] —do) — Dy >0
since r;, = —i < 0 and since J33 = —(a’]"(l — %o) — Di — (n — n;) dominates the
element —(n + n;) that appears in the above calculation of det J (A, < 1!). O

Remark 4.3 1. Adding partial debt financing of the investment of firms therefore
always turns the centre type dynamics of the Goodwin (1967) growth cycle model into
convergent dynamics. Note here again that the two constraints Cp > 0, I > —§K imply
for the pure rate of profit  that it must stay in the interval [F — &, (i1 + a’]‘F)/(a"l" — 1]
which establishes a corridor for this rate that must be ensured by appropriate non-
linearities when its boundary is approached. We suggest here however that the lower
and upper bound on the pure rate of profit will rarely become binding.

9 This sign structure shows that debt evolution interacts in a very specific way with the cross-dual dynamical
structure of the first two laws of motion.
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2. Introducing credit into the Goodwin (1967) growth cycle thus makes their dynam-
ics convergent, and this for all i,7,n+n; > 0, so that interest, profit and growth are
needed here (if Cp, > 0, 1, > 0 is not imposed).

3. We assert, but do not prove this here, that the addition of a term like

af (- 1),

where X is a target debt to capital ratio makes the determination of steady state values
Fus Ao more involved, but does not alter the stability properties of the dynamics. Adding
to the pure budget constraint dynamics (4.3) a direct impact of the debt to capital ratio
on investment behaviour therefore enhances the convergence of the system back to the
steady state (with a debt to capital ratio A, # X in general).

4, Tgnoring the credit constraint i>n+n (Cp=>0) requires the interpretation
that —Cj; commodities have to be supplied by financial capitalists in order to ensure
Say’s Law on the market for goods. In the present simple supply side form of the model
we therefore face the difficulty of justifying the case where the interest rate i is below
the steady growth rate n +n; of output and the capital stock, a case that is often stressed
in its importance if the dynamics of the government budget constraint are introduced
and investigated.

5. In order to avoid credit rationing of the type A = iA — Cp, Cp > 0 one may
introduce a flexible interest rate, for example by way of the law of motion

i=8.(0— 1), (4.4)

according to which financial capitalists attempt to steer the economy to a desired debt
to capital ratio A. Checking the steady state conditions, however, reveals that A cannot
be chosen arbitrarily, but has to be determined (as before) by

= r 1
A:l—( : +k)'
n-—+n oy

Making this choice furthermore implies that the steady state rate of interest cannot be
determined in a unique fashion from the remaining steady state conditions, but can in
effect be arbitrarily given (only subject to certain economic boundary conditions). For
the Jacobian J of the 4D dynamics (4.1)-(4.4) one furthermore gets det / = 0 which
confirms the indeterminacy of interest rate from another angle. The Routh-Hurwitz
conditions in the 4D case read

ai,az, az, ay > 0,b, = ajax —az > 0, by = azb, —a]2a4 > 0,

where ao, a3 consist of the sum of minors of orders 2 and 3 respectively. It is easy
to show that these conditions are all fulfilled in the extension of (4.1)—(4.3) by (4.4),
up to a4 = det J which is zero here. We therefore find that the dynamics are again
convergent, up to the levels of i and v which are here dependent on historical conditions
and exogenous shocks as the system evolves. Let us add here also that the system
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(4.1)—(4.4) is characterised by two cross-dual adjustment mechanisms of Goodwin
(1967) type, one (the conventional one) for the real part of the economy

+o - .

e— v, UVr— e,
and one for its financial part

S N Pla'
which are here coupled with each other by the definition of the pure rate of profit, namely
r = yP(1—v)—38—i)\. However, due to the zero-root hysteresis in the financial part of
the economy these two adjustment mechanisms differ considerably in their working.

6. We stress finally that the system so far investigated is characterised by p = 1,

e =Y/Y? = 1,assumptions that will be successively relaxed in the following sections
of the chapter.

Proposition 4.3 (The negative contribution of debt financing)'®

We consider the situation of Proposition 4.2, but in addition that 8,, = 0, n; = 0 holds,
so that there is no adjustment in the wage share occurring when the other two state
variables of (4.1)~(4.3) are changing. Then for each level of the wage share v satisfying
yP(1 —v) — 8 > F, (which allows for minimum profitability) there exists a threshold
value 4 = 0 of the debt to capital ratio h above which this ratio will increase beyond
any bound according to the then isolated dynamics (4.3).

Proof: If the state variable v is stationary by assumption, we get that the third law of
motion of the dynamics represents an autonomous differential equation in the variable
A and is then given by

h=ofir? - [(&f — 1)i + 5]+ (@ — 1)rf —F,

with r© being defined by y”(1 — v) — 8 — 7, which we can assume to be positive under
normal conditions of the working of the economy. The right-hand side of this equation
represents a polynomial of degree 2, p(L) = c,A% + cyr+cp withe, > 0, ¢y < 0. The
unique minimum of this quadratic function is at A = —cy/(2c,) > 0 and it Aexhibits of
course only positive values after the larger of its two roots has been passed (if this root
is real, otherwise all values of p(A) are positive for all A > 0). Initial values of the debt
to capital ratio A which lie to the right of this root (if real, and to the right of zero if
not) therefore imply a purely explosive behaviour of this ratio, since J is and remains
positive. ]

We have pointed out above that, as a minimum requirement, the side condition
re=F - S/af should always be fulfilled in order to allow for economically mean-
ingful trajectories (along which gross investment should always stay non-negative). Of
course, negative rates of profit 7 may also be excluded from consideration by economic

10 Note that the case that is considered here can and must be approached as a limit case by reducing both n;, By
in size simultaneously.
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reasoning. The threshold for an explosive evolution of the debt to capital ratio found
to exist in Proposition 4.3 may however still be so large that explosiveness can only
occur in a domain where the system is not economically viable in the above sense. In
this case the proposition simply states that the dynamics will not always be globally
asymptotically stable from the purely mathematical point of view, but does not yet
prove that critical developments in the debt to capital ratio may also come about at ini-
tial situations to which there corresponds an economically meaningful environment. To
show that such situations will indeed exist is the aim of the following Proposition 4.4.

Proposition 4.4 (Threshold values for monotonic divergence)

We consider the situation of Proposition 4.2. We assume again that By, = 0,n; =0
is given and in addition that n > [ holds. Then, for the steady state value of the wage
share, v,, the threshold value 2 > 0 of the debt to capital ratio ) of Proposition 4.3
implies a rate of profitr € (0, r). The considered dynamics (4.1)~(4.3) therefore become
divergent (e monotonically decreasing and A monotonically increasing) for values of
A that lie in an economically meaningful part of the state space.

Proof: First, we show that the threshold value x>0 (after which A is positive in the
considered situation) must be larger than one if n > i holds true. To see this it suffices
to show that the polynomial considered in Proposition 4.3 is still negative at A = 1. At
A=1wehave A = —r = yP(1 — v,) — 8 — i. This gives A = —[r, + (iA? — i)].
Inserting the steady state values for r,, ko from Proposition 4.1 into this expression
then implies:

n gy =1

h=—|Ft i =2 1),
o o n

which upon rearrangement becomes

Jeelile be S e,
n al
where the inequality is due to the assumption n > i. From this result there follows
immediately that the second real root of the considered polynomial, A, must be larger
than one (while the first coincides with the steady state due to our assumption v = v,). L1
Let us now calculate the rate of profit 7 at this threshold value A. Since we have
) = 0 at this value, we get for 7 = y?(1 — v,) — 8 — i) the expression:

0=akGF-FHU -3 -7
which in turn gives
k7 (1 —%) F
F= ~ = r T
Al-R -1 1-1/(f(l—=2)

~

11 Note that the smaller root can be negative, meaning that firms are creditors not debtors in the steady state, if
7 > 0 and if the parameter a:‘ is sufficiently close to one.
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Figure 4.1 Debt dynamics around the steady state share of wages

from which we calculate that
7)) > 0,4 £ 1—1/ak.

Due to the above considerations we know however that the denominator of this
expression is larger than one which implies that ¥ must lie in the open interval (0, ) at
the point A. O

Note that the polynomial considered always has two positive real roots in the situation
considered in Proposition 4.4, since its left one must exist and be equal to A, the steady
state value of the debt to capital ratio 4. Note also that the slope of the polynomial is
negative there, in line with the stability result we obtained in Proposition 4.2,

The situation considered in Proposition 4.4 and its proof can be represented graph-
ically as shown in Figure 4.1. The actual pure rate of profit r, for each value of the
debt to capital ratio A, is shown as a straight line in this figure. It cuts the 7 function at
r(,()L,,),"F()\) where we have given either the steady state solution or the threshold after
which A becomes purely explosive. We stress that the figure in this form only applies
to situations where i <n holds true. In the opposite case we have A > 0 at A = 1
and thus for ¥ where 4 = 0 holds a value smaller than 1. Since the 7 function does
not depend in its position on the size of i we thus get that r must be negative at the
second root of the given quadratic equation. The case i > n therefore implies a smaller
basin of attraction for the state variable X, but also a more rapid decline of r for
increasing X.

Should a shock throw the economy out of the steady state to a value of A slightly
above the threshold value A it will be caught in a situation where A is monotonically
increasing accompanied by a falling rate of employment e until trajectories leave the
domain of economically meaningful values for these two state variables. We stress
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that this result is obtained on the basis of a wage share that remains fixed at its steady
state value and which therefore neither improves nor worsens the considered situation
through its movements in time. This result will also hold true for all adjustments in
the wage share that are sufficiently slow. At present it is however not clear whether
a strongly falling wage share (based on a high value of the parameter Buw), which
significantly improves the profitability of indebted firms, can lead us back to the steady
state. This may depend on the size of the implied change in gross investment and its
consequences for the change of the debt of firms.

For sufficiently small parameter values B,, we however know that the dynamics
will produce explosiveness of the debt to capital ratio A and impulsiveness for the rate
of employment e beyond threshold values *, 7. For sufficiently high debt, measured
relative to the level of the capital stock, we thus find that debt accumulation feeds
itself via its impact on the budget of firms and will lead to larger and larger debt to
capital ratios if there is not sufficient support for the pure rate of profit from downward
changes in the wage share. Yet, as there is no price deflation, there cannot be a ‘perverse’
adjustment (a rise) of the wage share in such a situation of depressed profitability
and high debt accumulation. Such a problematic situation comes about when there
is sluggish or no downward adjustment in the level of nominal wages, but — due to
insufficient goods demand, which is not yet a possibility in the considered dynamics —
downward adjustment in the price level causing increases in the real wage and the wage
share. This scenario will be investigated by a suitable 4D extension in the next section.

Summing up we thus have that debt financing of investment, on the one hand, turns the
global centre type dynamics of the Goodwin (1967) growth cycle model into damped
cycles, but this, on the other hand, only in a limited domain, outside of which the
dynamics become explosive.

Figure 4.2 shows simulation runs of the 3D dynamics for small and large shocks of
the debt to capital ratio. The upper figure shows the type of cycle that is implied by
this debt-financed extension of the Goodwin (1967) growth cycle model and confirms
what is asserted in Proposition 4.2 (for a 100 per cent shock of the steady debt to capital
ratio). The lower figure adds the evolution of the ratio A to the (v, e) phase portrait and
does so for multiplicative shocks of order 4 and 5. We can see that the multiplication
of the ratio A, by 4 still leads to convergence and thus does not yet suffice to bring
the dynamics onto an explosive path, which however does come about if the factor 5
is applied in the place of only 4. Note that the wage adjustment speed is low (= 0.1),
but not zero as assumed in Proposition 4.4. Note also that the other assumptions of this
proposition are fulfilled in the chosen numerical example.

The parameter set for Figure 4.2 is given in Table 4.1 12

This basic model of debt accumulation is augmented in later sections by Rose
effects in the wage-price interaction (which reveal that either wage or price flexibility
must be destabilising with respect to the implied real wage adjustments), by Keynes

12 This parameter set implies for the interior steady state of the dynamics: e, = 0.9,r = 0.055; 4, = 0.45,
o = 0.61.
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Table 4.1. The parameters of the simulation of the 3D dynamics
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Figure 4.2 Convergence for small shocks and divergence for large shocks to A

effects (which here are more direct than is usually the case due to the monetary pol-
icy rule assumed), by Mundell effects (which state that the interaction between price
inflation and expected price deflation must be destabilising if the adaptive component of
these expectations is operating with sufficient speed), by Metzler effects (which imply

4.2 3D debt accumulation 99

accelerator type instability of the inventory adjustment mechanism when it operates
with sufficient speed) and by cumulative (destabilising) effects in financial markets
(if adjustments are sufficiently fast) due to positive feedback loops between expected
changes and resulting actual changes of financial variables in our delayed adjustment
processes towards overall interest rate parity (uniform rates of return). All these effects
are of course partial in nature and must be studied in their interaction in a complete
analysis of the full 16D model, which is the most general model of debt deflation that
will be considered in this chapter.

We have seen in this section that the (very narrow) financing constraint C > 0
requires that the interest rate i is larger than the natural rate of growth n + n;, while
the occurrence of explosive debt accumulation for a positive rate of profit happens
only when the opposite holds true. In addition to what is exemplified in Figure 4.2 we
therefore conjecture (also on the basis of further numerical studies) that the considered
dynamics are convergent for most initial conditions that are economically meaningful.
From the economic perspective, the interior steady state of the 3D model (with only
debt accumulation and its sole feedback via the budget equation of firms), is therefore
asymptotically stable from a fairly global point of view. Further mechanisms are thus
needed, for example a direct effect of debt on the investment behaviour of firms or a
credit multiplier, in order to generate stability problems for debt financed economic
growth.

Adding, as in the remark 2 on the Proposition 4.2 a term like af‘ (h— 1), (x = A, the
target debt to capital ratio) to the investment function, which thus directly responds to
the state of indebtedness and (not only indirectly via its consequences for the budget
equation of firms) adds the expression a{.‘ (Ao — A)(1 — A) to the law of motion 3) for
the debt to capital ratio, without modifying its interior steady state solution. Such an
addition would move the & expression in Figure 4.1 into the domain where A is positive
and will also increase A if af" is increased. The probability of an explosive evolution of
the ratio X is thereby considerably increased. However we will show in the next section
that demand side additions may even be more important for the detection of important
sources of cumulative instability, then mainly from a local perspective.

Summing up, we have considered in this section a limited, but useful starting point
for the analysis of debt deflation where deflationary forces may be added via markup
pricing,'® where demand pressure on the market for goods is however still missing
and where there is a very narrow restriction on the amount of new loans available
at each moment in time, given by the interest income of financial capitalists, due to
the neglect of money (creation) and to the corresponding validity of Say’s Law. This

13 The addition of these forces would make the entry J37 in the Jacobian J of the dynamics at the steady state
negative and thus introduce a negative term into the principal minors of order 2 of this Jacobian which is clearly
destabilising. A downward floor to falling wages, in particular the institutional assumption that the general level
of nominal wages may rise, but never falls in a noticeable way, would however remove this instability from
the dynamics. Such a floor is not so obviously present in the case of price deflation to be considered in the next
section.
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starting point does not yet show that there may be severe consequences from high debt
accumulation.

4.3 4D debt deflation

Let us thus now extend and modify the model (4.1)—(4.3) in order to include into it
in a minimal, but empirically relevant, way the possibility for persistent price level
deflation and thus the possibility for the occurrence of accelerating debt deflation. By
the latter term we mean high levels of debt combined with declining profitability due
to falling output prices, caused in turn by insufficient aggregate demand for goods. We
thus have to introduce into the model on the one hand a law of motion for the price level
and on the other hand a discrepancy between normal output of firms and the aggregate
demand for their goods on which the required theory of price inflation is to be based.
This process will turn the supply side dynamics into demand driven dynamics and thus
removes the simple form of Say’s Law used in the preceding section in favour of a
Keynesian theory of effective demand or goods market equilibrium.

However we still assume that inflationary expectations remain fixed at their steady
state level (which is zero here). On this basis we make use of the wage-price dynamics
discussed in Chapter 6 of Chiarella and Flaschel (2000) and thus considerably extend
the simple law of motion for nominal wages used in Section 4.2. Furthermore, we now
make use of the extended investment function'*

/K=o =)+ 5o =D +4(0/y" —B) +y +38, of >0,i=1,2,3

which integrates the remarks of Section 4.2 and also introduces fluctuation of excess
capacity as a further argument into investment behaviour as in the KMG growth dynam-
ics of Section 4.4. Note that we now assume that trend investment y is exogenously
given and in fact determined by natural growth n + n; = L + 2. This gives the reason
why there is no trend term in the law of motion for /¢ which is to be calculated from
[¢ =L+ % — K. We therefore now integrate the PC mechanisms with the growth law
of the full employment labour intensity in efficiency units and the law of motion of the
debt to capital ratio which as usual is given by gx(1 — 1) — r but now with an additional
term — pA due to the inflationary dynamics that are now present and the definition of
the debt to capital ratio by A = A/(pK).

This gives rise to the following type of nominal dynamics for wages w¢, prices
p (adopted from the KMG growth dynamics introduced in Chiarella and Flaschel
(2000) with inflationary expectations still fixed at zero) and debt A coupled with an

14 Tnvestment behaviour is subject to modification in various (more or less significant) ways in this chapter, which
gives rise to subtle differences with respect to steady state determination. It surely represents a behavioural
equation where scope for alternative specifications is given. Note in particular here that this section introduces
a target debt to capital ratio in the investment behaviour of firms that must be set equal to its steady state
value in order to get consistency with respect to steady state solutions. Note also that 7 is given by i now.
Note finally that we do not yet consider credit rationing explicitly, but in fact assume that in this respect a soft
budget constraint of firms is in fact subject to such forces via the debt term in the investment equation which
represents the working credit limitations through the behaviour adopted voluntarily by firms themselves.
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investment driven growth path, now represented by the dynamics of full employment
labour intensity /¢.!> The intensive form of the dynamics can be written as

W = K[Bw(}'/ - E) + Kwﬁp(y/}«'” = l-_t)], (45)
]3 = K[ﬁp(_‘r’/,.\’p — i) + Kpﬁu:(_\’/[c —ée)], (46)
¢ = —[af(r — 1) + 500 — 1) +ak(y/yP — )], (4.7)

=1 —D 4+ — N +ak(y/y? —a) +yI(1— 1) —r— pr,  (4.8)

where the Metzlerian feedback mechanism from actually observed aggregate demand
to expected demand to planned output and income and back to aggregate demand,
namely

l(’ ‘,

yo=cy—y +C¥f(l‘ — ;) +(x§(y/yp —)+y+s =y > y— B

will be simplified and specialised to the static (and again linearised!'®) relationship

bl . we w* :
\“d = \'y =y = ‘,-‘(ET— )\.) = H_\-“” o dl(_ = ( )n) T dl(;\- =1 )‘-( )‘ du:- dl. = 0.
; ) Y= 5

p’ p
4.9

Equation (4.9) will be used in the following as a shortcut for the delayed feedback
chain of the general case (and its richer concept of aggregate demand) in order to
integrate the effects of price inflation and deflation into the Keen (2000) mt_)del as‘
presented and analysed in the preceding section.!” Note that the budget equations of
the credit-giving institution (here the pure asset holders) are no longer subject to th.e
problem we observed for the banks of the 3D Keen model, that is there may be a credit
multiplier at work which always produces the amount of loans demanded by firms (and
there is no need to consider the consumption demand of this sector). Note furthermore,
that Goodwin type dynamics are obtained when i, 2(0), dy,. dy, are all zero, while the
more general pure Rose (1967) type of real wage dynamics requires i, d; = 0 (with
wage flexibility as a stabilising factor and price flexibility destabilising if d, < 0
holds). Finally, the pure Fisher debt mechanism is obtained (due to d; < 0) by setting
B, kw, dyy = 0. The above goods market representation therefore allows for ROSfe real
wage effects of traditional type (where price flexibility is destabilising giving rise t_o
adverse real wage adjustments) and for Fisher debt effects (where price flexibility is
also destabilising, giving rise to unbounded increases of the real debt to capital ratio),

15 Here ¢, ii are the NATRU utilisation rates of the labour force and the capital stock, w*, [“ measured in efficiency
units as in Section 4.4 and Section 4.5 below,

16 Linearised, that is, around the interior steady state solution. ‘

17 Note that this shortcut of the originally delayed quantity adjustment process of Metzlerian type requires that
the steady state value of this function y must be equal to yPi in order to get a steady state solution for this 4D
simplification and modification of the KMG dynamics.
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butit excludes Mundell effects for example (that would require at the least the inclusion
of inflationary expectations into the above model).'®

Thus we here assume (implicitly) that the propensity to invest dominates the propen-
sity to consume with respect to the impact of real wages w®/p on consumption and
investment (the orthodox point of view) and take also from the Metzlerian feedback
chain and its shown shortcut the assumption that output depends negatively on the debt
to capital ratio A. The partial derivatives of the function y( “I—; A) in equation (4.9) are
therefore both assumed to be negative in the following (thatis dy, d» < 0, representing
two channels for destabilising price flexibility, or zero when certain limit cases are con-
sidered). Since employment [%¢ per unit of capital and in efficiency units is identical
to output y, due to the measurement conventions of Section 4.4 and Section 4.5 and
the fixed proportions technology assumed, we have that the employment rate exhibits
the same type of dependence on the real wage and the debt to capital ratio as output y.
Finally we of course again have r = y — § — %y — i) for the rate of pure profits r.

The above represents the simplest way to integrate from the perspective of the KMG
growth dynamics of Section 4.1 the dynamics of the price level into our representation
of the Keen (2000) model by abstracting from Metzlerian delayed output adjustment,
from inflationary expectations, a fiscal and monetary authority, and from endogenous
determination of the interest rate.

The 4D dynamics (4.5)—(4.8) can be reduced to 3D dynamics, as shown in
Section 4.5, giving rise to

O=w[(1 —kp)Buwy/I*—¢)— (1 — kw)Bp(¥/¥yP — )], v= wL?/(pY) = w®/p,

(4.10)
[f=—[af(r =) + oo —2) + & (y/y? —D)], 1°=zL/K, (4.11)
ho=ofr — D+ ok, — ) o2 /y? — @) £ 910 =A) = — A, A=
pK
(4.12)
supplemented by the algebraic equations
Y=y, 1) =uy? +di(v—1v,) +d2(h — A7), dy, d), <0,
r=y@ A1 —v)—8—ix,
with an appended law for the price level dynamics
p= K[-‘(,U(ﬁw(,‘r'//() — &) + ﬂp(..“/yp —u)]. (4.13)

Due to the lack of changing inflationary expectations the Ordinary Differential
Equation (ODE) for p does not feed back into the rest of the dynamics.!? Our stability

18 P s e = or . - . ~ . .
There is also no Keynes effect in the present formulation of the dynamics, since the nominal rate of interest is
kept constant.

19 s i ] ; : A
Nme however that this law has to be inserted into the law of motion for the debt to capital ratio (as shown),
implying that deflationary forces are now present, based on demand pressure in the goods market and demand
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analysis will be concentrated on the above 3D core dynamics (4.10)-(4.12), the stability
features of which will also determine those of the price level dynamics.

Let us first calculate the interior steady state of the dynamics (4.5)—(4.8), which partly
already assume knowledge of this steady state solution. This steady state is uniquely
determined up to the steady level of prices p and is characterised by??

2 =1-ify, (4.14)
Yo = ¥y, (4.15)
12 = y,/8, (4.16)
g = Iy (4.17)
PN i b i (4.18)
Yo
Po = determined by initial conditions, (4.19)
Wy = Pol %f)o = Poo- (4.20)

The steady state value for the debt to capital ratio is a direct consequence of equations
(4.7) and (4.8) once it is shown that r, = i must hold true, see below, since p = 0 in
the steady state. Equations (4.5) and (4.6) set equal to zero together imply furthermore
that the two measures of demand pressure (on the market for goods and for labour)
must be zero in the steady state, which determines the steady state values of y and [*
as shown. Due to the new form of the investment function®' underlying equation (4.7),
namely
I/K =af(r —i) + b (ho — 1) + o5 (y/yP — i) + 7 +3,

we now have a different steady debt to capital ratio which is solely determined by trend
growth y in its deviation from the given rate of interest i on loans. Note here that the
natural growth trend term y = n + n; in the investment function enforces i = r,inthe
steady state (since y = y”i holds in the steady state, r = y (1 — 1) by equation (4.12)
and A, = i /y by assumption). Natural growth is thus responsible for the difference to
the steady state solution we have obtained for the 3D dynamics of Section 4.4 where
no such trend term was present. We assume throughout that y — i > 0 holds in order
to have a positive steady state ratio A.

Again, the wage share v, is determined residually, once profit and interest per unit
of capital have been determined. The two demand pressure benchmarks on the labour
and the goods market, € and @, are the NAIRU rates of capacity utilisation on these
two markets. The steady state ratios for actual and full employment labour intensity
(in efficiency units), [9¢ = y and /¢ are thus purely supply side determined, while the

pressure in the labour market (to the extent k; by which wages influence prices by way of cost pressure
considerations).
20 We use /¢ = 1/z to express employment per unit of output measured in efficiency units (/% a given magnitude).
21 Which (as gross investment function) must be non-negative along the relevant trajectories of the dynamics.
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demand side expression (d,,, d; and the af ’s) only enter the analysis when the stability
of the steady state solution is investigated. The determination of the rate of profit through
the rate of interest on loans implies a well defined level of real wages measured in
efficiency units, v = (‘j—’:),,, which is positive if y” is chosen sufficiently high relative
to y, 8, i and it. This real wage level then determines the nominal wage level on the basis
of a given price level which is determined through historical conditions and thus not
uniquely determined. This is due to the fact that the price dynamics are not needed for
the dynamic analysis of the evolution of the wage share, the full employment labour
intensity and the debt ratio, and itself only dependent on these three state variables
which implies that the determinant of the Jacobian of the 4D dynamics must be zero
under all circumstances. Note in this respect that the price dynamics are needed as
an equation in the determination of the interior steady state of the dynamics, but can
be removed from explicit consideration in the dynamics surrounding this steady state
solution.

Proposition 4.5 (Stabilising normal Rose effects)

Assume 0 < [ < y,dr» = 0 and Bp. kp = 0,22 so that the price level is a given
magnitude. Assume furthermore a wage adjustment speed that is sufficiently high.
Then the steady state (4.14)—(4.20) of the dynamical system (4.10)—(4.12) is locally
asymptotically stable for all other admissible parameter values.

Proof: Note first of all that the dynamics are now truly of dimension three by assump-
tion, since there is no longer an appended law of motion for the price level dynamics.
Concerning the calculation of the determinant of the Jacobian of these reduced dynam-
ics (4.10)—(4.12), at_the steady state, we can first of all state that its third row can be
reduced to (—ry, 0, i — y) by the addition of an appropriate multiple of the second row
without changing its sign. This implies that this determinant can be characterised by
the sign structure

- - 0
detJ=|+ 0 +
+ 0 i—y

and is thus always negative if i < y holds, which provides one of the Routh—Hurwitz
conditions for local asymptotic stability. With respect to the sum a, of the principal
minors of order 2, namely Ji, Ja, J3, one furthermore gets from the full sign structure
of the Jacobian matrix J in the case d> = 0 that

w oz
J=|+ 0 +
= = VT
27 PR, . . I s .
== This implies x = 1. Note also that the assumption i < y is much stronger than what is actually needed to

imply det J = 0.
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We see that the calculation of det J involves two positive and one zero determinant and
thus is unambiguously positive. Note furthermore that the entry

Tz =1—y — (@i +ab)(1 —1,)

in the Jacobian matrix J is negative and larger in absolute value than i —y. The trace of
J is therefore indeed negative, too, since i < y by assumption and since A? < 1 holds.
The coefficients a; = —trace J, a2, a3 = — det J of the Routh-Hurwitz polynomial
are therefore all positive and thus all support the local asymptotic stability claimed in
the above proposition. Finally, we also have aja; —a3 > 0, since one of the expressions
that forms det J is part of the all positive expressions contained in a;az and thus cannot
make the expression ajaz —as less than or equal to zero, and since the other one depends
linearly on the parameter B, while the component J;1 J> of a; a3 is a quadratic function
of this parameter (with all coefficients being positive) that must dominate the value of
the linear function if the parameter 5, is made sufficiently large. 5

We thus have that the interior steady state (with 4, < 1, i < y)ofthereduced dynamics
(4.10) — (4.12), where there is only sluggish adjustment of prices caused by demand
pressure on the market for goods, that is where §,, k), are both sufficiently small, is
locally asymptotically stable if the influence of the debt to capital ratio A on the level of
output and employment, both in intensive form, is also sufficiently weak and if nominal
wages adjust with sufficient speed. This outcome is due to the fact that the eigenvalues
of the Jacobian of the dynamics are continuous functions of the parameters of the model,
and thus cannot change sign of their real parts if the parameters that characterise price
and output adjustment are chosen sufficiently small. Making the stabilising Rose effect
or real wage adjustment sufficiently strong and the Fisher debt effect in the goods market
and price inflation sufficiently weak thus produces stability (as was to be expected) in
a world where only Rose and Fisher debt effects interact and where there is a positive
amount of debt of firms in the steady state. We note that stability can get lost only in a
cyclical fashion, by way of a Hopf bifurcation and the limit cycles they generate, when
the parameter f3,, is decreased, since such a change does not alter the negative sign of
the determinant of the Jacobian at the steady state. This however need not hold true for
the parameter f3 p as we shall see below.

Proposition 4.6 (Two channels for destabilising price flexibility)>?

Assume that dy < 0 holds. Then the steady state (4.14)—(4.20) of the dynamical system
(4.10)—(4.12) loses its local asymptotic stability if the price adjustment speed f is
sufficiently large.

23 Assuming dyy > 0 and thus stabilising price flexibility from the viewpoint of the Rose effect, it can be shown
that the destabilising forces of the Fisher debt effect will dominate the stabilising Rose effect, if price flexibility
becomes sufficiently large.
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Proof: Collecting the terms in the trace of the Jacobian J of the dynamics (4.10)—(4.12)
at the steady state that depend on the parameter 8, one obtains>*

—Uok (1 — key))d J/y!)ﬁf) - -‘Cdk/)’pﬁp

which involves positive expressions solely (up to the possibility that «,, can be equal
to one and either d,, or d; equal to zero). The first expression shows the strength of
the destabilising Rose price flexibility effect and the second is the Fisher debt effect.
Therefore the trace of J can always be made positive by choosing the parameter By
sufficiently large. U

The local stability result for the 3D Keen model is therefore overthrown in the case
where goods demand is negatively dependent on the debt to capital ratio (and the
real wage) and where the price level adjusts with respect to demand pressure on the
market for goods with sufficient speed. Local stability therefore gets lost for flexible
price levels either through Fisher type debt deflation or through adverse Rose effects
or through the joint working of these two adverse consequences of an adjustment of
the price level that is sufficiently fast (and a given wage adjustment speed). In such a
case, we conjecture and will test this assertion numerically, that a process of deflation
will continue without end accompanied in particular by higher and higher debt ratios
of firms which eventually will lead to negative profits and bankruptcy.

Proposition 4.7 (Convergent dynamics: limited basins of attraction)

We again allow d» < 0, B, > 0 and assume in addition, as in Proposition 4.3, that
nominal wages are completely fixed (B, = ky = 0). Then the dynamical system (4.10)—
(4.12) is monotonically explosive, implying higher and higher wage shares and debt
1o capital ratios, for initial debt to capital ratios chosen sufficiently high (in particular
larger than 1), all wage shares above their steady state value and all positive adjustment
speeds of the price level p.

Proof: The system (4.10)—(4.12) in the assumed situation can be reduced to

b= —Bp(y/y? — i), (4.21)
A=l r =D +ako -2 +af(y/y? —)+y]1 = 1) —r — By (y/yP — i),
(4.22)

since [ no longer feeds back onto the state variables of these dynamics. Since both v
and A are assumed to be larger than their steady state values, we get from the first law
of motion that v must be rising further (due to falling price levels caused by y < y”i).

Furthermore, since also r —i < Oand 1 — A < 0 hold, we get that A must be larger
than

y(1—A) —i = Bp(y/yP — A > —yA — Bp(y/yP — D)\

24 In the I_atcr 8D or 16D extensions of these dynamics the destabilising influence of price flexibility is no longer
so obviously situated in the trace of the Jacobian J, but hidden in certain principal minors of J then.
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If therefore —f8,(y/y? — it) > y has come about by choosing A sufficiently high then
3. = 0 must be true, so that both v and A must be rising which further strengthens the
conditions for their monotonic increase. O

We thus get the same result as in Proposition 4.3, but now in an easier and more
pronounced way (through the occurrence of price deflation), that there will indeed
occur situations of debt deflation where profitability falls monotonically and where the
debt of firms is increasing beyond any limit, leading to economic collapse sooner or
later. Note that the above is only a first and crude estimate of such a possibility.

Proposition 4.8 (Conditions for convergence)
Assume that B, = 0, kp = 1 holds, so that the price level is determined by cost-push
considerations solely and hence by a conventional markup equation of the type

wlL?

Y

Assume furthermore that the given markup a is such that the implied wage share v is
equal to its steady state level v,. Assume next a given level of nominal wages (measured
in efficiency units), that is By, = 0,ky = 0.2 Assume finally that the investment
parameters af‘ 5 are chosen such that the inequalities af]" > l.a{j > yP(1 — 'u)l’[-_;'
hold true.*® Then the steady state (4.14)—(4.20) of the dynamics (4.10)~(4.12), which
can then be basically reduced to adjustments of the debt to capital ratio, is locally

asymptotically stable for all values of the parameter d; < 0.

p=(+a)— = (1+aywly = (1 + Dwls.

Proof: In the assumed situation we have p = 0 due to the given level of nominal
wages and thus get for the debt to capital ratio A the single independent law of motion

=k ) =) + b0 — 1)+ b () /y? — i) + y1(1 = 1) — r(b).

We have to show that the derivative of the right-hand side of this equation is negative
at ), for all dy. Note first that 7' (1,) = ¥ (Ao)(1 — vp) — i = dy.(1 — v,) — i holds.
The derivative of the A equation with respect to A evaluated at the steady state reads?’

—y + [ (ko) — 0 + a3y (o) /Y711 = 2o) = 1 (Ro).
This expression can be rearranged to
—y + (@ — D' (o)A = Ap) — @S (1 = Ao) + b di/yP (1 = Xo) — 1/ (Ao)ho.
From this expression we get through further rearrangement

_(V _?kn) + (CVI]\ - I)H()\u)(] —Xo) *ag(l —Ao) _dk[—ag/.""p(l — o)+ (1— Vo) Aol

25 The nominal wage is therefore then growing in line with labour productivity.
26 This inequality is equivalent to the inequality

ok > [y =P +2(y =D+ 8(y/i — D)/ai.

27 cx’f(l — ko) > 11s already sufficient here.
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with A, = 1 —i/y.1 — A, = i/y. This expression must be negative, since i < y,
ro <1,d; <0,aF > 1,7 (x,) < 0 and since

()f§ > Y21 = wo)ho/(1 — Ap) = )J}(I — Up) 4 —_
i

O

In a similar way it can also be shown that the above derivative is negative for all
A € (0,17), so that there is convergence to the steady state for all positive debt to
capital ratios below the steady state ratio. It is however not possible to provide an easy
expression for the upper limit of the basin of attraction of the steady state (which may
be less than 1). The situation that we have investigated here is indeed similar to the one
considered in Figure 4.1, since the right-hand side of the above i equation is again a
quadratic function in A with a positive coefficient in front of the A% term and a global
minimum at a positive value 4,,;, above the steady state value 1, < 1, which of course
is again one of the roots of this polynomial. The other one to the right of A,,;,, is then
the limit for the basin of attraction shown to exist by Proposition 4.8.

We have formulated Proposition 4.8 in view of an intended policy application that,
however, can only be sketched here. Consider the case where the debt to capital ratio
A is so large that there are cumulative forces at work (as in Proposition 4.7) that would
lead to higher and higher debt and lower and lower profitability. In the case considered
in Proposition 4.8 there are three possible ways to break this catastrophic tendency in
the evolution of the economy:

e anincrease in nominal wages w that, under the assumptions of Proposition 4.8, causes
an immediate increase in the price level p and thus an immediate decrease in the ratio
A, which (if strong enough) may lead the economy back to the basin of attraction of
its steady state;

e a decrease in the rate of interest ; on loans, which moves the steady state of the
economy to a higher sustainable debt to capital ratio;

* a decrease in the sensitivity of output y (through appropriate fiscal policies) with
respect to A, that is a parameter d;_that is smaller in amount (which may enlarge the
basin of attraction of the steady state).

There is therefore scope for economic policy to move the economy out of regions of
developing debt deflation into regions where it converges back to the steady state. The
details of such possibilities must however be left for future research.

What we have shown in this section is that there can be asymptotic stability under
certain conditions as in the 3D dynamics considered in the preceding section. Moreover,
this stability is destroyed once Fisher debt effects are present in the goods market
reaction function and price level flexibility becomes sufficiently pronounced. Finally,
even sluggish price levels give rise to instability outside certain corridors. It follows
that certain wage-price regimes and properties of the investment function may generate
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Table 4.2. The parameters of the simulated 4D dynamics

Puw=05; §=005 of =05; of =0; el (15

i=F=005 Bp=1 kp=0kw=0; pO=1 y=0I
=1, dy=-04; dy=—04; u=2e=1; y?=04;

¥

regions of stability even for very high sensitivity of goods market positions with respect
to the level of the debt to capital ratio.

We close this section by eigenvalue calculations which exemplify the stabilising and
destabilising effects we have investigated for the considered 4D dynamics. To this end
we perform some simulations using the parameter set in Table 4.2.

In Figure 4.3 we see first of all that wage flexibility is stabilising while price flexibility
is not. Note that here again one eigenvalue of the 4D dynamics must always be zero so
that stability is represented in this and the other eigenvalue diagrams by the horizontal
line. We then set the parameter 3, = 2 in order to get convergent dynamics for the
further evaluation of the feedback mechanisms of the dynamics by means of eigenvalue
diagrams shown in the bottom six panels of Figure 4.3. In the second row of panels
in Figure 4.3 we show on the left-hand side the 2D projection onto the (I, 1) space
of a convergent trajectory of the dynamics generated by a shock of the debt to capital
ratio of 10 per cent. To the right of this phase plot we then recalculate the eigenvalue
diagram with respect to the parameter 8, for the now convergent dynamics and see
that instability sets in much later than was the case at the parameter value g, = 0.5.

The third row of panels shows eigenvalue diagrams that consider the role played
by the Rose real wage and the Fisher debt effects. Note here the parameters dy,, dy,
are negative which means that stronger Rose and Fisher debt effects are obtained by
moving to the left in the considered eigenvalue diagrams. We see that stronger Rose
effects are stabilising in the considered situation (since wages are more flexible than
prices), while the opposite holds for the Fisher debt effect.

In the lowest two panels of Figure 4.3, we display on the left-hand side the eigenvalue
diagram for the parameter «,, the strength of the wage cost-push term in the price
level PC. Wage flexibility is then transferred into price flexibility and thus becomes
destabilising via the Fisher debt effect, overcoming the stabilising potential of wage
flexibility through the Rose real wage effect. Finally, in the right-hand panel we observe
that a rate of interest that is chosen sufficiently high destabilises the economy, since
this increases the power of the destabilising Fisher debt effect. The opposite holds true
if the parameter «, is increased (which is not shown here), since the stabilising Rose
effect of wage flexibility is then strengthened.

We close this section with the observation that the dynamics considered in this section
have been designed to display Fisher debt deflation as well as Rose real wage effects in
their simplest form. This was done however in a way that is not fully consistent with the
demand underlying the goods market equilibrium structure that has been employed. In
the next section we represent aggregate demand and goods market adjustment processes
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explicitly in order to remove this inconsistency of the 4D approach and also compli-
cated goods market equilibrium considerations. Instead, we have two further laws of
motion for sales expectations and inventory adjustments as in KMG growth models. We
also consider inflationary expectations and an interest rate policy rule of the monetary
authority, which adds four further laws of motion to the dynamics of this section and
thus increases considerably the analysis of interacting feedback chains of Keynesian
disequilibrium growth.?

4.4 KMG real business fluctuations: the point of departure

In this section we introduce what is in our view the basic complete and coherently
formulated Keynesian out-of-equilibrium macrodynamic model of the real sector of
capitalist economies. The model combines on the markets for goods and labour both
gradual quantity adjustment processes together with gradual price and wage adjustment.
While gradual wage adjustment was always present in the old Keynesian AD-AS models
of inflation and growth and while gradual price adjustment is characteristic for the New
Keynesian baseline models of DSGE type, the joint consideration of both gradual wage
and price adjustment processes is rarely done, not even in the old Keynesian literature.
In this section we provide an introduction to the basic building blocks of the KMG model
of business fluctuations and growth. We do this from an informal point of view in order
to show the reader the philosophy behind this disequilibrium approach to conventional
AS as well as AD analysis, which may therefore also be briefly characterised as a DAS-
DAD modelling approach. Since the first publication of this model type in Chiarella
and Flaschel (2000, Ch. 6) the model has been extended in numerous ways towards
the treatment of the relevance of non-Keynesian regimes with supply side bottlenecks,
the extension towards open economies, the calibration of this model type for the us
economy, the issue of monetary policy and the inclusion of endogenous growth, to
mention the most significant.

There exists in the New Keynesian approach to macrodynamics the consideration
of both staggered wage and price setting, however the analysis of the resulting four
dimensional dynamical system is missing in the literature.2? Such a remark is even more
applicable to the quantity side of these Keynesian approaches, both old and new, where
the consideration of goods market equilibrium is the standard procedure to modelling
the demand side of Keynesian AD analysis, in place of the interaction of firms’ sales
expectations with their inventory adjustment rules.

In view of the situation just described we shall build on the modelling philosophy of
Chiarella and Flaschel (2000) and Chiarella et al. (2005) and their detailed investigation
of models of so-called KMG type. We use continuous-time to model the data generating
process of actual economies (which by and large is a daily one). In continuous-time we

28 There are two further laws of motion for stocks, deriving from the budget equations of the model, which are
now all present, but (by assumption) do not all exhibit feedback effects into the dynamics of the private sector.
29 gee however Flaschel et al. (2008) for a determinacy analysis of continuous-time limits of this type of model.
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have on the quantity side sales expectations of firms on which they base their produc-
tion decision (including planned inventory changes). The firms then experience actual
demand for their goods which they service on the basis of their actual inventories, a
process which leads to definite changes in their inventories.*? We use reformulations
of Okun’s Law to relate the production decision of firms to the employment decision
within firms and on the labour market.

On the price side, building on the work of Chiarella and Flaschel (1996) we have
formulated a crossover wage-price spiral mechanism based on various gap measures
for the labour as well as the goods market (in particular the employment rate and
various ufilisation rates). We have also used Blanchard and Katz (1999) type error
correction mechanisms based on a wage share gap; see Chiarella er al. (2005) for a
detailed discussion. These wage-price adjustment processes formally seem very sim-
ilar to the equations used in the New Keynesian staggered-wages staggered-prices
approach, however they differ significantly in their microeconomic details as well in
their implications for the dynamics of the real wage. The significant outcome of this
approach to the adjustment of real wages is that basically all mentioned gaps on the
labour market and the goods market influence not only the law of motion of real wages,
but also the formulation of a reduced form price PC (in theoretical as well as in applied
inflation rate studies). This stands in stark contrast to current practice, particularly in
empirical work.

4.4.1 The basic framework

We consider a closed three sector economy consisting of households (workers and asset
holders), firms and the government. There exist five distinct markets: labour, goods,
money, bonds and equities (which are perfect substitutes of bonds).

Our model is briefly summarised in Table 4.3, where real and nominal magnitudes
are represented. The index 4 on a symbol refers to demand and the same symbol with
no index represents supply, while the superscript index e is used to denote expectations.
Table 4.3 shows the basic structure and the interaction of the sectors and the markets;
the rows represent the sectors and the columns the markets. The links between the
markets and sectors shown, the behavioural relationships and the dynamic adjustment
processes that fill this structure have all been established in Flaschel ef al. (1997) and
in Chiarella and Flaschel (2000). They represent significant extensions of the Chiarella
et al. (2000) baseline models in various ways. We extend this framework further by
a discussion of the role of monetary policy rules and we also investigate the stability
implications of kinked money-wage PCs already asserted to exist in fact by Keynes
(1936).

The structure of the model is complete in the sense that it includes all major markets
and sectors of a closed economy and all financing conditions and budget restrictions

30 This scenario needs to be reformulated somewhat in the case of services, which however does not put into
question the general idea of a gradual adjustment of quantities due to the observation of actual demand on the
market for goods.
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Table 4.3. Sectors and markets of the economy

Labour Goods Money Bond Equity

market market market market market
Households L C= Gy +C; M2 B Ed
Firms L Y, ¥4, 1 + 8K 2 - E
Government - G M B -
Prices w p 1 1 Pe
Expectations - Y. me = pe - - -

of households, firms and the government, as in Sargent (1987). However in contrast
to Sargent (1987) we distinguish between workers and asset holders in the household
sector, in a Kaldorian fashion. The really major difference from Sargent is however the
extent of disequilibrium allowed for and the dynamical processes that follow from these
disequilibria. Concerning the extent of these disequilibrium adjustment processes, firms
have desired capacity utilisation rates and desired ratios of inventory to expected sales.
Temporary deviations from those benchmarks are caused by unexpected changes in
aggregate goods demand. We stress that a distinguishing feature of Keynesian models,
in contrast in particular to equilibrium macromodels of the Sargent (1987) type, is that
under- or over-utilised capital as well as an under- or over-utilised labour force are
important driving factors of the economic dynamics.

The next section provides the building blocks of our KMG macrodynamics from the
perspective of their fundamental adjustment mechanisms and the feedback structures
that are implied. We motivate the structure of the model without presenting the many
details which underlie its extensive form representation — for all of these structural
details we refer the reader to Chiarella and Flaschel (2000, Ch. 6). The stability prop-
erties of the interaction of those feedback structures will be studied analytically and
numerically using estimated parameters.

4.4.2 The 3D Rose type wage-price dynamics

The full dynamics, which are presented in ratio or intensive form directly, are best
introduced and motivated by starting from a very basic, yet unfamiliar, wage-price
module. In our first specification we follow Rose (1967, 1990) and assume two PCs in
place of only one, thus providing wage and price dynamics separately, both based on
measures of demand pressure ¢ — ¢ and u — i, in the market for labour and for goods,
respectively. These demand pressure influences on wage and price dynamics, or on the
formation of wage and price inflation, @ and p, are both augmented by a weighted
average of cost-pressure terms based on forward-looking myopic perfect foresight
and a backward-looking measure of the prevailing inflationary climate, symbolised by
¢. Cost pressure perceived by workers is thus a weighted average of the currently
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evolving price inflation p and some longer-run concept of price inflation, =, based on
past observations. Similarly, cost pressure perceived by firms is given as a weighted
average of the currently evolving (perfectly foreseen) wage inflation rate, w0, and again
the measure of the inflationary climate in which the economy is operating. Taken
together we thus arrive at the following two PCs for wage and price inflation, which in
this core version of the model are formulated in a fairly symmetrical way.>!

The structural form of the wage-price dynamics is:

W= Bule —&) +kwp+ (1 —kw)m®, (4.23)
p=PBpu—u)+xp0+ (1 —kp)me. (4.24)

In the empirical application of the model we also have to take into account labour
productivity growth ny = X, which from the theoretical perspective augments the
cost pressure terms in the wage PC by the addition of n,, while it reduces the wage
cost pressure term 0 in the price PC by the same amount, as shown in calculations
below.

Inflationary expectations over the medium run, € (the inflationary climate in which
current inflation is operating), may be adaptively following the actual rate of inflation
(for instance using an exponential weighting scheme), may be based on a rolling sample
(hump-shaped weighting schemes), or may be based on other possible schemes for
updating such expectations. We shall in fact simply make use of the conventional
adaptive expectations mechanism in the presentation of the full model below. Besides
demand pressure we thus use (as cost pressure expressions) in the two PCs weighted
averages of the inflationary climate and the (foreseen) relevant cost pressure term
for wage setting and price setting. In this way we get two PCs with very analogous
building blocks, which despite their traditional outlook will have interesting and novel
implications. In the later part of this chapter we will introduce in addition a non-linearity
into the money wage PC.

Note that in the current version, the inflationary climate variable does not matter for
the evolution of the real wage @ = w/p. In fact nor does it matter for the wage share
v = w/x (due to the addition of productivity growth), the law of motion of which is
given by

V=@ — ny = «[(1 — K,'?)JB?.[’(E —e)—(1l-— f{u:)ﬁp(” —u)l.

31 The use of two in place of only one PC — an unquestioned procedure during the rise of structural macroe-
conometric model building — see Chiarella er al. (2000) for a discussion of this on various levels of generality
— is gathering force again, as indicated for example by the topics investigated in Cohen and Farhi (2001)
and Mehra (2000). There are indeed numerous such questions that can be addressed from a closer look at
the wage-price spiral in the place of the single reduced form PC of mainstream Keynesian theory, whether
old or new.
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The dynamics of w follow easily from the obviously equivalent representation of the
above two PCs, namely

W—7m —ny = Buwle — &) +kyp(p —x°),

~

p—7n°=pBplu—i)+k,(—n,

by solving for the variables 10 — 7¢ — n, and p — 7. The last two equations imply
that the two cross-markets or reduced form PCs are given by:

P xKIﬁp(“ = g)+-‘(p;8u.=(€*é)]+ﬂfs (4.25)
W = k[Bule — &) + kwBp — )]+ 7° + n,. (4.26)

Equations (4.25)—(4.26) represent a considerable improvement over the conventional
view of a single-market price PC with only one measure of demand pressure, the one
in the labour market. The traditional expectations-augmented PC formally resembles
the above reduced form p-equation given by (4.25) if Okun’s Law holds in the sense
of a strict positive correlation between 1 — i and e — e, our measures of demand
pressures on the market for goods and for labour. Yet, the coefficient in front of the
traditional PC would even in this situation be a mixture of all of the g’s and ks of the
two originally given PCs and thus represent a composition of goods and labour market
characteristics (which moreover now hides the fact that myopic perfect foresight is
indeed underlying these apparently only backward looking reduced form PCs). The
currently prominent New Keynesian PC, see for example Gali (2000), is based on the
reduced form representation for p shown above, but generally with g, = 0,k, =
1,k = 0 and 7¢ a one-period ahead forecast of the rate of price inflation. Under
perfect foresight this basically implies in a continuous-time set-up a price PC of the
type

dp/dt = Pu(e —e),

which provides an interesting alternative to our reduced form price PC. In the last
equation the medium-run climate expression for price inflation plays no role, reducing
in this way inflation dynamics to short-term expressions solely, which in our view
provides one of the reasons why the New Keynesian PC behaves strangely from an
empirical perspective.’?

32 The New Keynesian approach to the business cycle theory and in particular monetary policy is considered
and evaluated in detail in King (2000). We do not go into such a discussion — on the New IS-LM model —
in the present book which in this chapter in our view provides a significant alternative to the New Keynesian
approach for the closed economy. A comparison with the New Keynesian IS-LM theory with its stress on
microfounded, intertemporal and forward-looking behaviour is provided in Asada er al. (2010) where the
potential and limitations of both approaches are discussed and evaluated.
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Taken together our above structural approach to wage and price PCs gives rise to three
independent laws of motion that we can write as

0 =k[(l— kp)Puwle —e) — (1 — ky)Bp(u — )], 4.27)
m=p—K—p (i=-const.), (4.28)
1 = Brc(p — %) = Brek[Bp(u — ) + K pfus(e — &)]. (4.29)

Equations (4.27), (4.28) and (4.29) are the first three differential equations of the full
6D Keynesian dynamics to be summarised in Section 4.5 below. The essential elements
in these three laws of motion are the three adjustment speeds B, B p and B¢ for wages,
prices and the inflationary climate which strongly influence their stability properties.
Note that the law of motion for the capital stock K has not yet been provided, but will
be introduced when the full 6D dynamics are presented.

4.4.3 The 2D Metzlerian quantity dynamics and capital stock growth

Next, we consider the quantity dynamics of the Keynesian macromodel, where we
consider goods market adjustment dynamics and capital stock growth. The resulting
3D dynamics, which provide the quantity side of our Keynesian macrodynamic model,
are given by3?

Y'=C+I1+8K+G,

Y€ = Bye(Y? = Y) + (; +ny)Y°,
N? = aY°,

I = Bu(NY = N) + (n; + ny)N?,

Y=Y‘4+7T,
N=Y Y4
K=1/K.

These equations represent a simple, yet consistently formulated, output and inventory
adjustment process. The first equation defines aggregate demand Y“ as the sum of
consumption, investment and government demand and the second equation states that
expected sales Y follow aggregate demand in an adaptive fashion. In the third equation
desired inventories N are then assumed to be determined as a constant fraction of
expected sales, while in the fourth equation intended inventory adjustment Z is based
on the inventory adjustment process 8, (N9 — N), with N the actual inventory holdings
and B, the speed with which the gap between desired and actual inventory holdings
is closed, augmented by a term that accounts for trend growth (n; the natural rate of
growth of the labour force, n = n; +ny). In the fifth equation actual production ¥ must

These quantity dynamics have been studied in isolation, with a non-linearity in the inventory adjustment
process, in Franke and Lux (1993) and with capital stock growth in Franke (1996).
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then of course be defined by the sum of expected sales and intended inventory changes,
while actual inventory changes N are finally given by definition as the discrepancy
between actual production and actual sales. Again, the crucial parameters in these
adjustment equations are the adjustment speeds, B¢ and f8,, of sales expectations and
of intended inventory changes respectively. It is obvious from the above presentation of
the Metzlerian inventory adjustment process that it will add two further laws of motion
to those of the wage-price dynamics; these are the first two equations in the presentation
of the full dynamics (4.36)—-(4.41) below.

The growth dynamics of the model are based on the net investment demand of firms,
as indicated in the last equation of the above quantity dynamics. We point out in addition
that aggregate demand is based, on the one hand, on differentiated saving habits as far
as the two groups of households of the model, workers and asset holders and their
consumption functions, are concerned. On the other hand, the other part of aggregate
demand, investment, is determined by the excess of the expected profit rate over the real
rate of interest, on excess capacity and natural growth (including productivity growth).
Moreover, there are given fiscal policy parameters for government behaviour in the
intensive form of the model. We thereby in particular obtain the result that aggregate
demand depends on income distribution and the wage share v, positively if consumption
dominates investment and negatively if the opposite holds true. We add finally that the
nominal interest rate is determined either by a conventional LM curve or by the Taylor
interest rate policy rule, to be introduced below.

We already observe here that the short-run quantity dynamics are difficult to estimate;
see the next section for some first results in this regard. This is partly due to the need to
distinguish between output, demand and sales expectations on the one hand and between
desired and actual inventory changes on the other hand. In subsequent developments
of the model it would be desirable to take into account more modern cost-minimising
inventory adjustment procedures on the goods market. Yet, at the present stage of
development of the model a procedure that is a consistent extension of the familiar
dynamic multiplier process is all that we need in order to make the model an internally
coherent one.

4.4.4 Putting things together: the KMG growth dynamics

Let us finally make explicit the sixth law of motion, namely the one for economic
growth, before we collect all laws of motion that are presented below. As already
stated, in a Keynesian context, capital stock growth is given by net investment per unit
of capital and is thus based on the assumption of an investment function of firms. This
function is postulated to read

I/K=i1(° — (i — 7)) +iau—a)+n, wu=y/y’, (4.30)
with the expected rate of profit defined by

e

= _\.'e — 48— vy, _)‘e — Y(’/K. == Y/K, (4.31)
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and the nominal rate of interest given by the reduced form LM equation

hiy —m
_— (4.32)

=1y
ho

Due to the assumed Metzlerian quantity adjustment process, the output to capital ratio
is determined by

¥ = (14 (1 + 1))y + Bul@yay® —v), ¥ =Y°/K, v=N/K. (433)

The investment equation ensures that net investment depends on excess profitability
with respect to the expected real rate of interest, on capacity utilisation in its deviation
from desired capital utilisation and on a trend term which here has been set equal to the
natural rate (including the rate of labour productivity growth) for reasons of simplicity.

The sixth state variable of our model is /, the full employment labour intensity,
which in the context of Harrod-neutral technical change, with x = Y/L%, = n,, and
yP = YP/K = const., is best represented by [ = xL/K, where L denotes labour
supply (which grows at the given natural rate of growth n = L). Due to the assumed
trend growth term in the investment equation shown above we find that the evolution
of this state variable is given by

[ =—i1(r® — (i — %) — iz(u — @0).

We add as the final (algebraic) equation of the model the equation for aggregate
demand per unit of capital that is given by

YW= =—suy+ A —s)r*+y+1/K+8
= (1 —5:)y° + (50 — sw)vy +y + /K + 5.8, (4.34)

and the defining equations for the rate of employment and the rate of capacity utilisation
which we recall are

e=y/l (=L%L=xLYxL), u=y/y". (4.35)

Due to our assumption of Kaldorian saving habits with 0 < s, < s, < I, we have that
aggregate demand depends positively on the wage share v through consumption and
negatively on the wage share through the investment component in aggregate demand.
There is wage taxation and property income taxation which are assumed to be constant
per unit of capital, net of interest as in Sargent (1987) and Rgdseth (2000). These fiscal
policy parameters as well as government expenditures per unit of capital, also assumed
to be constant, are collected in the parameter y of the aggregate demand function shown
above,

We are now in a position to present the full macrodynamic model, here for brevity
immediately in intensive or state variable form. We recall that the dynamic model is
based on five markets: labour, goods, money, bonds and equities; and three sectors:
households (workers and asset holders, with Kaldorian differentiated saving habits),
firms and the government (the fiscal and monetary authority). We stress again that all
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budget equations are fully specified on the extensive form level, so that all stock-flow
interactions are present, although not yet fully interacting in the current version of the
model 3

The resulting integrated six laws of motion of the dynamics to be investigated include
the state variables: sales expectations y¢ = Y¢/K; inventories v = N/K per unit of
capital; real balances per unit of capital m = M /(pK); the inflationary climate 7“; the
wage share v = w/x; labour intensity / = L/K. The laws of motion read:

3 = Bye0? — ¥ + 1", (4.36)
(the law of motion for sales expectations),
b=y -y + - (u+nv, (4.37)
(the law of motion for inventories),
M= = — (4 ny) 1 —«[Bpu — D) + kpPule — &), (4.38)
(the growth law of real balances),
7€ = Brek[Bpu — it) + kpfu(e — el (4.39)
(the evolution of the inflationary climate),
O =w[(1 —kp)Buwle — &) — (1 — ku)Bp(u — )], (4.40)

(the growth law of the wage share),
I =—ij(rf = (i — %)) —ig(u — i), (4.41)
(the growth law for labour intensity).

These equations can be easily understood from what has been stated about wage-price,
quantity and investment dynamics if note is taken of the fact that everything is now
expressed (with the exception of the wage share) in per unit of capital form. Inserting
the algebraic equations (4.30)—-(4.35) into these laws of motion one obtains a non-linear
autonomous 6D system of differential equations that we will investigate with respect to
the stability properties of its unique interior steady state in the remainder of the chapter.

4.5 Feedback-motivated stability analysis

As the model is formulated we can distinguish four important feedback chains which we
now describe in isolation from each other. Of course these interact with each other in the
full 6D dynamics and one or the other can become dominant depending on the model
parameters chosen. These feedback channels are shown in bold in Figure 4.4, where also
other feedback channels have been added: the Dornbusch exchange rate dynamics and
other (primarily destabilising) feedback chains. Integrating these feedback channels

34 See Chiarella and Flaschel (2000) for the details of this Keynesian working model, including the specification
of all budget and behavioural equations on the extensive form level, and Chiarella et al. (2000) for various
extensions of this model type.
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into a coherently formulated Keynesian macrodynamic set-up is one of the main tasks
of this book and of our future research agenda.

1. The Keynes effect: We assume [S-LM equilibrium in order to explain this well-
known effect in simple terms. According to IS-LM equilibrium, the nominal rate of
interest i depends positively on the price level p. Aggregate demand and thus output and
the rate of capacity utilisation therefore depend negatively on the price level, implying
a negative dependence of the inflation rate on the level of prices through this channel.
A high sensitivity of the nominal rate of interest with respect to the price level (a low
parameter /12, the opposite of the liquidity trap) thus should exercise a strong stabilising
influence on the dynamics of the price level and on the economy as a whole, which is
further strengthened if price and wage flexibility increase.??

2. The Mundell effect: We again assume 1S-LM equilibrium in order to explain this
less well-known (indeed often neglected) effect. Since net investment depends (as is
usually assumed) positively on the expected rate of inflation 7, via the expected real
rate of interest, aggregate demand and thus output and the rate of capacity utilisation
depend positively on this expected inflation rate. This implies a positive dependence
of p —m on ¢ and thus a positive feedback from the expected rate of inflation on its
time rate of change. Faster adjustment speeds of inflationary expectations will therefore
destabilise the economy through this channel. The two effects just discussed work with
further delays if Metzlerian quantity adjustment processes are allowed for.

3. The Metzler effect: In the Metzlerian quantity adjustment process, output y
depends positively on expected sales y¢ and this effect is stronger, the higher the speed
of adjustment §, of planned inventories. The time rate of change of expected sales
therefore depends positively on the level of expected sales when the parameter £, is
chosen sufficiently large. Flexible adjustment of inventories coupled with a high speed
of adjustment of sales expectations thus leads to a loss of economic stability. There
will, of course, exist other situations where an increase in the latter speed of adjustment
may increase the stability of the dynamics.

4. The Rose effect: In order to explain this effect we again assume for the time being
IS-LM equilibrium. We know from our formulation of aggregate goods demand that
output and in the same way the rate of employment and the rate of capacity utilisation
may depend positively or negatively on real wages, due to their opposite effects on
consumption and investment shown in equation (4.34). According to the law of motion
forreal wages (4.36) we thus get a positive or negative feedback channel of real wages on
their rate of change, depending on the relative adjustment speed of nominal wages and
prices. Either price or wage flexibility will therefore always be destabilising, depending
on investment and saving propensities, i1, s. and s,, with respect to the expected rate
of profit and the wage share. The destabilising Rose effect (of whatever type) will be
weak if both wage and price adjustment speeds £, and §, are low.

The effects just discussed are shown in their interaction in Figure 4.4. This figure
is centred around the hypothesis that there is a downward hierarchy in the structure

35 The same argument applies to wealth effects which, however, are not yet included here.
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Figure 4.4 The feedback channels of the KMG modelling approach and their stabilising/
destabilising tendencies

of market economies, with financial markets at the top of this hierarchy, with goods
market dependence on the outcome on financial markets arising through investment
behaviour and finally labour market dependence on the goods market outcome coming
through the production function. However, this point of departure for macroeconomic
theorising is modified in significant ways if repercussions from hierarchically lower
markets are taken into account, the most prominent one being the Keynes effect, which
is much favoured due to its stabilising role both with respect to wage-price increases and
wage-price decreases through the change in nominal interest it implies. The Mundell
inflationary expectations effect comes next in popularity, since it is generally present
in Keynesian macrodynamics, whether old (through investment behaviour) or new (via
the household’s Euler equations) or of other contemporary type. Metzlerian inventory
adjustment is generally neglected due to the consideration of IS equilibria in macro-
economics, as are other quantity adjustment processes such as the dynamic multiplier
or the multiplier-accelerator process. Rose effects and the role of income distribution
are rarely considered in Keynesian macrodynamics, although of course their existence
is hardly surprising or difficult to grasp.
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These more or less traditional feedback channels, the nominal-interest rate Keynes
effect, the inflationary expectations Mundell effect, the Metzler inventory accelerator
and the real-wage Rose effect, are here combined and determine in their interaction the
stability of the interior steady state position of the model. If inventories are adjusted too
quickly instability may arise despite the presence of a stable dynamic multiplier process,
due to the fact that production is then too responsive to expected demand changes via
the planned inventories channel. The Mundell effect is potentially destabilising, since
inflation feeds into expected inflation, which in turn lowers the real rate of interest and
further increases economic activity and thus the rate of inflation. The Rose effect can
be destabilising in two ways, if aggregate demand depends positively on the real wage
and the wage share in the case where wage flexibility exceeds price flexibility or in the
opposite case of depressing effects of real wage increases if price flexibility exceeds
wage flexibility.?®

The only unambiguously stabilising effect is the Keynes effect whereby increasing
prices and wages decrease real liquidity and thus raise nominal rates of interest which
not only stops further wage-price increases, but in fact brings wages and prices back
to their ‘full” employment levels.

Based on the insights gained from these partial feedback chains we are now in a
position to formulate Proposition 4.10 on local stability, instability and limit cycle
behaviour. Our approach is based on what we term feedback-guided S-stability analy-
sis. This methodology for the stability analysis of the high-dimensional dynamic models
to which our approach leads is explained in detail in Asada ez al. (2003).37 This stability
analysis methodology has also been applied to a variety of other situations, see in partic-
ular Asada et al. (2010). Here the 8-stability analysis nicely confirms, for our integrated
Keynesian dynamics, what has long been known (in principle) for its constituent parts.

Proposition 4.9 (KMG dynamics: basic stability results)

Assume that 0 < sy, < s, < 1 holds, so that the savings rate of workers is lower
than that of asset holders. The following statements then hold with respect to the 6D
dynamical system (4.36)—(4.41), under some further secondary assumptions on the
parameters of the model:

1. There exists a unique interior steady state of the model basically of supply side type.

2. The determinant of the 6D Jacobian of the dynamics at this steady state is always
positive.

3. Assume that the parameters By, Bp, Brc, Bn are chosen sufficiently small and the
parameter Bye sufficiently large and assume that the Keynes effect works with
sufficient strength (so that hs is small).

Then, the steady state of the 6D dynamical system is locally asymptotically stable.

36 A more detailed explanation of such adverse Rose effects has to pay attention to the «-weights in the cost-
pressure terms as well.

37 See also C}_li_arella and Flaschel (2000, Ch. 6) and see also Kaper (2000) for the first detailed presentations of
such a stability investigation by means of varying adjustment speeds 8; where j = n, 7€, w.
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4. On the other hand, if any one of By, (or Bp), Bre. Bn become sufficiently large (the
latter for Bye sufficiently large), then the equilibrium is locally repelling and the
system undergoes a Hopf bifurcation at an intermediate value of the relevant B
parameter. In general stable or unstable limit cycles are generated close to the

bifurcation value.

Sketch of proof (the 8-stability methodology). Based on our partial knowledge of the
working of the four feedback channels of the considered 6D dynamics, we choose an
independent 3D subsystem of the 6D Keynesian dynamics, by setting the parameters
Bu» Bre, P all equal to zero:
¥ =l (_\."f — ¥ + (g +nyx — I/K)Y°,
(the stable dynamic multiplier),
= — KB (e — a)— g =
(the stabilising Keynes effect),
U= —k(ky — 1)Bp(u —u),
(sluggish price adjustment).
In this 3D system, the Keynes effect (h2 small) and the dynamic multiplier (Bye large)
dominate the outcome and imply the Routh-Hurwitz conditions for local asymptotic
stability are satisfied if they operate with sufficient strength and if 8, is sufficiently
small (which avoids stability problems arising from any type of Rose effect).
We then add step-by-step the further laws of motion by assuming that the adjustment
speeds initially assumed to be zero are made slightly positive:
4D : By > 0: [ = —i1(r® = (i — 7)) — ia(u — i),

(labour intensity feeds back into the 3D dynamics viae = y/[),

5D % By =10% f):yﬁ'\_,djL””
(inventory accumulation feeds back into the 4D dynamics via y),
G i ﬁj’((‘ >0: ¢ = ﬁ‘T('[C,"JBP(“ —0)+ ':'hﬁw((’ B (;)1

(inflationary climate starts moving and influencing the 5D dynamics).

Since the determinants of the Jacobian at the steady state of the sequentially enlarged
dynamics always have the correct sign, as required by the Routh-Hurwitz stability
conditions, we know that the eigenvalue that is departing from zero (as a result of a
certain adjustment speed becoming slightly positive) must always do so through neg-
ative values. In this way, a system with at most one pair of complex eigenvalues (with
negative real parts) and at least four real and negative ones is established, which proves
the local asymptotic stability asserted in the proposition.?® Since the determinant of the

38 I numerical simulations we have frequently observed monotone convergence for very small positive values
of the relevant adjustment speed, indicating that the complex eigenvalues occur at higher (positive) values.
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full Jacobian is always non-zero, loss of stability can only occur by way of (in general

nonjc_iegenerate) Hopf bifurcations, at which eigenvalues cross the imaginary axis with
positive speed.

Although intrinsically non-linear, the above 6D Keynesian growth dynamics are
.generz_llly, however, too weakly non-linear in order to guarantee 11:3 boundedness of tra-
JCCIOI'.H?,S when the adjustment speeds referred to in Proposition 4.9 are chosen such that
local instability comes about. Extrinsic or behavioural non-linearities thus have to be
addeq subsequently in order to ensure boundedness for the trajectories of the dynamics

This closes the introduction into the KMG baseline model which however IS

extended in the next section through the introduction of debt deflation into this baseline
framework.

4.6 Debt deflation in the KMG framework

The KMG growth model of the preceding sections represents the workhorse model
for the remainder of the book to which we want to add now briefly the pl'oéeqses of
debt accumulation and debt deflation already discussed, in order to indicate how its
featt_lres change through the addition of such forces. We thus modify the KMG modt:‘l
an-d include debt financing of investment in place of equity financing. Furthermore we
will replace the original set-up with a money supply rule (with tha:resultino interest
ra_te determination) by an interest rate Taylor policy rule for the bankil-]“ ‘;egtor This
will allow control of what here remains of the Keynes effect in a more Tlihrecl v;a in
thnaI attempt to stabilise the economy in the case of debt deflation. ’
nvestment decisions are now solely based on a term —a A in pl: P (g =
¥ + & of the 4D dynamics and therefore no longer refer 15 steaﬁ?i{:a{ii (‘ijlflit:% 01)”L 1}:;
debt to capital ratio. This modifies the interior steady state solution to some ext;::m but
does not influence the dynamics of the model significantly.?? ’
]f?ue to the Taylor rule and the implied endogeneity of the money supply we have
agalr} that price inflation, but not inflationary expectations, can be removed from explicit
consnc}eration in the stability analysis that follows. Furthermore, since public d:bt is
now financed through the banking system (and not through the household sector) i‘l
also has no feedback on the private sector of the economy; so that govemmént bond
acc?unmlation is still irrelevant for the dynamics of this sector. Finally‘;we can of course
dern‘fe a law of motion for the evolution of real balances per unit of capital, to be
o]?tamed from the budget equation of the banking system, but there is now no fef;dback
effect from this state variable on to the other ones. |
This establishes a 7D system of interdependent laws of motion to be given below. b

adding the dynamics of sales expectations, inventories, inflationary e;pectations dng

39 We e e a1 a ; 3
Pr;ﬁn::iﬁlt;olgs‘;l!mdnornuil mtefnfhpruﬁt in place of the actual one in the investment function which makes the
rm independent of the state of the business cycle and t} .
d I : S hus removes so relations /
the terms employed in the investment function. iy
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the rate of interest to the core 3D dynamics considered in the preceding sections. The
resulting dynamical system is thus still fairly close to the one of the preceding section
and can also be investigated from the same perspective, although it is now complete
and coherent in its description of goods market dynamics and the budget equations of
workers, the government and the banking system, in addition to the one of firms already
studied in the preceding sections from a supply side and a demand side perspective.

The complexity that the KMG approach seems to imply for the investigation of
debt deflation can thus be reduced considerably by appropriate assumptions. The intro-
duction of interdependence between money balances, government bond accumulation,
and real and nominal magnitudes will be treated in Part III. The focus of interest here
remains income distribution and capital accumulation, supplemented now by a Metz-
lerian quantity adjustment process plus the new element, the dynamics of the debt to
capital ratio and the dynamics of the rate of interest on loans. In this way we obtain
a 7D dynamical system that is coherent in its modelling of goods market adjustment
process and is minimally complete in its treatment of the issue of debt deflation in a
Keynesian set-up with sluggishly adjusting wages, prices, quantities and expectations.
At the centre of the system’s dynamics are the Rose effects and the Fisher debt effect
of the preceding sections, now coupled with multiplier stability or instability and weak
forms of stabilising Keynes and destabilising Mundell effects which here both work
solely through the law of motion for the debt to capital ratio.

4.6.1 Integrating debt financing of firms
Let us first discuss the budget equations of the four sectors that interact in this extension
of the KMG approach. First we consider wage earners who spend what they get (after
wage taxation at rate 7,,) and who therefore do not lend, thereby contributing to the
debt deflation mechanism, but exhibit the simplest type of behaviour that is possible in
such a framework:

pCy = (1— wt?,  Fh= TwL? (4.42)
Next there is the sector of industrial capital which always invests its pure profits (after
taxation) and takes loans (corporate debt) in addition to realising its intended investment
plans. We do not discuss processes of credit rationing in this section and thus assume
that loans demanded are always supplied by the banking system. Up to taxation and the
fact that pure profits are now based on actual sales we have no change in this description
of partially debt financed investment of firms:

pl=(1—trpK + A, rpK =pY? —opK —wL’ —iA, T =twrpkK.
(4.43)

Third there is the financial sector which gives loans to firms and the government (as
demanded by these two sectors) and which creates or absorbs money to the extent that
its interest income is different from the loans demanded by firms and the government,
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which therefore exhibits the soft budget constraint
A+B=i(A+B)+ M. (4.44)

Finally, there is the government sector which finances its expenditures (goods purchases
and interest payments) by means of the taxes it receives and by making loans (public
debt) if necessary:

pG+iB= Tl+ T'+B. (4.45)

These budget equations show that there is no credit rationing by the banking system,
apart from interest rate changes, so that financial capitalists accept the new issue of
government bonds and also supply just the amount of new loans that is demanded
by firms, through the creation or destruction of money if necessary. Money is fully
endogenous in the present model and has of course inflationary consequences to the
extent it feeds aggregate goods demand and thus creates demand pressure on the market
for goods and for labour. Of course, due to this fact Say’s Law no longer holds as in
the 3D supply dynamics considered earlier.

To complete this description of budgets and spending we assume, as already dis-
cussed, that net investment of firms is determined as in the 4D case considered in this
section, so that the investment function

I/K = [} (" = 7) + ab(Z — )] —akd +y (4.46)
> _

is now augmented by a third term and no longer makes use of a target debt to capital
ratio of firms. For the final component in the aggregate demand function, government
expenditure, we assume for reasons of simplicity in what follows that it is kept constant
per unit of capital, in order to focus on investment and its debt financing. Government
policy is thus basically characterised by a simple expenditure rule and two given tax
rates and is thus kept fairly simple.

Yet, in an important respect we will depart from the representation of economic
policy by given magnitudes throughout, namely with respect to monetary policy. We
now assume that the monetary authority directly controls the (change in the) nominal
rate of interest according to the rule

i=—pi(i — i)+ Bi,(p—0). (4.47)

It therefore attempts to steer the economy to the steady state rate of interest, but deviates
from this target when inflation deviates from zero inflation in an attempt to stop inflation
by raising the interest rate, or stop deflation by lowering it (unless the floor of a zero
rate of interest is reached). This provides a simple, but coherent description of the
behaviour of the financial sector of the economy and posits implicitly that the interests
of the owners of firms are more complex than just looking for the highest rate of return
for the capital that they own.
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rprise debt dynamics in the KMG framework _
iliéngﬁzgefher all theyforegoing changes and adding them into the bas;lme KMG
model of this chapter, gives rise to the following 10D (6D+4D) dynamical sys,tem
in the state variables w¢ = w/z, p, n%, 1¢ = zL/K, » = A/(pK), y* =Y /f’(,
v=N/K,i,b=B/(pK),and m = M/(pK) as in Ehe‘KMG model, but now with
loans in place of equity financing and an interest rate policy rule in place of a money

supply rule:

0 = k[Bulz =)+ xu,‘ﬁp(y% — @]+ 7° (4.48)
p= x[ﬁpf;‘% — )+ KpBu( — D)+ (4.49)
7€ = Bre(p —7°) (4.50)
F=—(g—8-7) (4.51)
=g — 8 —A) — (1 —7)r — pir (4.52)
¥ = Bye (0 = ¥) — (@ =8 —¥)y* (4.53)
b=y —y!— (g — S (4.54)

i =—Bi(i —io) + Bi, P (4.55)
b=g+ib— (zu/p)y+tcr) — (P + 8k — &b (4.56)
m=gp—06— (_\,"‘i — 85— (1 — )W/ p)y) — (P + gk — &)m (4.57)

with the following algebraic equations supplementing tj]oese ten laws of motion (y =
n + n; the natural rate of growth always as trend term):

y = Bu(Buayt —v) + (1 4+ yBua)y’s
¥y =1 —t)@/p)y + 8 + 8
r=y—8—(w/p)y—ik,
= yd =8 — W/ p)yo — ik,

; _ Y z «
= a‘:‘(r" —7r) +aé(;f—) — i) —oazh+y +4.

The laws of motion for wages in efficiency units w* and the price level p are as before,
but now augmented by inflationary expectations 7° in the form of the across market

40 Note that we now make use of a normal rate of profit in place of the actual one (which Llls n:]eti::;i glmlél':filgfg
i i 7 -C red with thi chos
ati amics) i inve function g;. This has the advantage — compare
accumulation dynamics) in the investment 1 his has A e s e
51 leise ate expression and thus appears
for the 4D dynamics — that the state of the business cycle is eliminated from the &} exp pp

] 3 ark ~aTyite ]
only once, in the &5 expression. Note also that the oz§ expression no longer refers to a benchmark debt to capita

ratio (which was set equal to the steady state debt to capital ratio in the 4D dy‘namics). Th.e st_e‘zfdy state debt to
capital ratio is therefore now calculated in a different way than in the case of the 4D dynamics.
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PCs derived in Section 4.5. Inflationary expectations are of the adaptive variety here
for reasons of simplicity, and will not matter in the following analysis. Capital accu-
mulation is represented by the full employment capital ratio (in efficiency units) driven
as usual by investment demand in this Keynesian approach to economic growth. The
evolution of the debt to capital ratio A is as before and is represented by the budget
equation of firms in intensive form. The Metzlerian quantity adjustment process on the
market for goods, represented by sales expectations y¢ and inventories v per unit of
capital, remains as in the baseline KMG growth dynamics. The Taylor rule for inter-
est on loans 7 has already been explained. Finally, the laws of motion for government
bonds » and money m per unit of capital have been obtained from the budget restric-
tions of the government and the monetary authority (here still viewed as a financial
capital centre) by appropriate reformulation on the intensive form level. Output y per
unit of capital in the algebraic equations is based on Metzlerian quantity adjustment
as in the KMG growth dynamics of Section 4.4 and Section 4.5. Aggregate demand
y? is simply the summation of wages after taxes, gross investment and government
expenditures per unit of capital. The actual pure rate of profit r is defined as before, as
IS investment.

4.6.3 Analysis of the model
The dynamical system (4.48)—~(4.57) can be reduced to the following core dynamics
which represent their interdependent part

. v = )

v =k[(l _Kil)ﬁu‘(}_f‘_e)_(] *th')ﬁh(# —u)], ‘“:u‘,c'/p! (4.58)
F=—(gx — 8 —y), (4.59)
)-L = (é.’l. - 8)(] = A‘J = (I - T[-)J' - I_K_[ﬁp(% = f_l) +Kp,8uw(;—; — é}l - J'T(”]A.,

' (4.60)

. y y oo
T :ﬁn"’(lﬂp(ﬁ_”)WLK,Uﬁn'(F_C’)]- (4.61)
¥ = Bye (3 — ¥°) — (g — 8 — ¥)y", (4.62)
b=y—y'— (g — v, (4.63)

: : : y o )

P=—0;0 — i)+ ﬁi,,lf([ﬁp(ﬁ — ) + Kpﬁlz'(% —e)]+x°], (4.64)

with the defining expressions

Y = Bu(Buay® —v) + (1 + yB,a)y°,
yd = (I =5 T'{n)’”_\' GE 8k + g,

ri= _\,-"’ —§—vy —IA,
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rr=8 — 0 = Uy, — Ik,

|

gk aff(r” —r)+ aé‘(% — i) — ozé'k +y +4.

Note we have inserted the equation for the price level dynamics in whatever equations
they appear. Due to the relation 0 = W — p this implies that the system could be reduced
to a 7D system with the wage share v in place of w®. The price level dynamics can
therefore be removed from explicit consideration. This also implies that the 8D system
with price level dynamics included must exhibit zero root hysteresis (one eigenvalue
must always be zero), since the price level does not feed back into the 7D dynamics
where w* has been replaced by v. We thus obtain the result that nominal values, w®, p,
are determined by historical conditions and thus do not return to initial steady state
levels as in the case of a money supply rule, M = y, which was considered in the
original formulation of the KMG growth dynamics. This is due to the fact that money
does not restrict the economy in the present extension of the KMG dynamics.

Proposition 4.10 (Existence of balanced growth)
Assume i < y. There exists a uniquely determined interior steady state of the dynamics
(4.48)~(4.57) (where we, I¢, po # 0 holds) which is given by

Yo = I =,

2 l‘ e
-\‘((J = .\‘(() = }‘(1/(] + yﬁ”d). Vy = ’8”“, -\::}‘
[:; = /f,f‘)/c_' = Yo/e,

Vo =8 —"§ —2

i

v, = +———=¢€ (0, 1) byassumption,
(l S Tu‘)_\"u
ozfy +a§(l —T)
1 —ip _
Fs= ¥ i i

o = (_\'({, — 8- 'f’r)_\'n)/}\-u«

2t =0 (= By = Wy —n =U5),
A e

Po = arbitrary, W, = PoUo,

_ g . (Ttl.‘(!u,\‘r) + I(-f.”)

Yo ':n

b,

(A\‘({f —i0 — (l il Iu‘)vu_‘-’n
My = 1

v

Note that the steady state value of i has to be inserted into the Taylor interest rate
policy rule in order to guarantee that this policy rule is consistent with what happens
in the private sector. Note also that the steady state wage share is determined via




130 Debt deflation and the descent into economic depression

goods market equilibrium (and thus is demand determined), while the rate of profit
and the capital to debt ratio have to be calculated from the two equations i = 0
and gr — 8 = y, the budget equation and the gross investment function of firms.
The determination of the steady state wage share and of the steady rate of profit is
thus independent of each other, while the rate of interest is determined residually on
the basis of these two elements of income distribution. Output and employment by
contrast are purely supply side determined and thus reflect monetarist propositions to
some extent.

Setting to zero the right-hand sides of equations (4.58) and (4.61) implies that demand
pressure in the market for labour and for goods must be zero, which provides the supply
side expressions for y,, [$ and from there, via the inventory adjustment mechanism,
also the values for yS, v,. Goods market equilibrium then gives v,, and from there
Ao, T as already described above. The remaining steady state values then follow easily
from what has already been determined.

Proposition 4.11 (Cyclical loss of stability)

1. The determinant of the Jacobian J of the dynamical system (4.58) — (4.64) at the
steady state is always negative.

2. Local asymptotic stability can only be lost by way of a Hopf bifurcation (if the speed
condition on the crossing eigenvalues of the Hopf bifurcation theorem is fulfilled).

3. Local asymptotic stability becomes lost if the parameter Bp becomes sufficiently

large, (even) if the speeds of adjustment B, Bre, By are sufficiently low, the rate of

interest is fixed af i, a stable dynamic multiplier process is given ( \ﬁ"[ < 1) and a

. NN — : . god . y , sopuruies
normal price level Rose effect prevails (y§ > 0) according to which price flexibility
should be stabilising.

Proof: 1. Similar to the proof of Proposition 4.9, since only the assumption g;, = 0
has to be made in order to perform the steps that helped to reduce the determinants to
manageable expressions in that proof.

2. A direct consequence of det J # 0, since eigenvalues can then only cross the imag-
inary axis with real parts not equal to zero.

3. The dynamics that remain to be investigated are again of dimension 3 (represent-
ing one principal minor of order three in the very complicated set of Routh—-Hurwitz
conditions of the full 7D dynamics) and read

,_,

=k (l— Kw)Bp(u — it),
e " o "
-\J{ = '6_\"'()?( (Ua ,\"‘ s A-) = J"(), _\'.i{ = 0. yi{v = ln ,\’f < 07

A=I/KE(1=2) =1 —1)r —«B,(u — i)A.

We know in addition that (u)yc > 0 where u = y/y” holds true since output is strictly
proportional to expected sales and only depends on this variable in the present situation.
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The Jacobian of these dynamics at the steady state is characterised by

0 —pBp (Stable Rose Effect) 0
J=1 + —Bye (Stable Multiplier) =
~ —pp (Unstable Fisher Debt Effect) -

We here only show the signs of the entries of the Jacobian and the parameter speeds that
are present in it in order to indicate which adjustment processes are favourable for local
asymptotic stability and which are not. This form of J implies for the Routh—Hurwitz
conditions:

a; = —trace J > 0, (Basically due to the Stable Dynamic Multiplier Process)
0 —pBp (Stable Rose Effect) 0

a3 = —detJ — | + 0 — | =0,
_— O —

(Due to the Stabilising Rose or Real Wage Effect)
a=Ji+J+J3=0: (Stabilising Rose vs. Destabilising Fisher Debt Effects)

and
ajay — a3 = b(—PBp), b’ = const < 0.

The latter relationship holds, since the Rose effect appears (with the same expressions)
in both @as and a3 and thus cancels when the term b = aja; — a3 is formed, implying
that only the Fisher debt effect remains present in b = ajay — a3 as far as terms that
depend on the parameter f, are concerned. This effect however produces a negative
and linear dependence of b = aja — a3 on the parameter ff, implying that b must
become negative when the parameter f, is chosen sufficiently large. We thus see that the
destabilising Fisher debt effect must eventually overcome the stabilising Rose effect,
if not in the Routh—Hurwitz condition as, then in the condition b where the stabilising
role of price flexibility due to the real wage or Rose effect is not present. U

The isolated Fisher Debt Deflation Feedback Chain that we characterise as

Debt Ratio A 1+ — Aggregate Demand Y4 | — Output Y | —
Capacity Utilisation u | — Deflationary Impulse p | — A11.

must eventually become the dominant one if instability due to large parameters
Buw, Bxe, By is excluded, if interest rates do not react to the state of the economy,
even if multiplier and Rose effects are favourable for stability. It is however not easy to
show that this result also holds for the full 7D dynamics, since the instability result of
debt deflation is now not reflected in the trace of the Jacobian J, but is in fact present
in one of the numerous products of principal minors that the 7D Jacobian implies for
the calculation of the Routh—Hurwitz conditions on local asymptotic stability.
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We have that local stability obtains if the system is in particular sufficiently sluggish
in its adjustment behaviour (up to the speed of adjustment of sales expectations). Loss
of stability will occur if either B, or B, is made sufficiently large, B8, sufficiently
large and also when Sy« is sufficiently large. We note however that the full 7D system
is basically shaped by destabilising Fisher debt deflation effects (8, 1), destabilising
Rose real wage effects (8, or B, 1), destabilising Metzlerian accelerator effects (£, 1),
but not by destabilising real rate of interest or Mundell effects (8,c 1). This latter
mechanism represents in the present model only an accelerator effect in the Fisher debt
deflation mechanism. Furthermore, the Keynes nominal rate of interest rate effect (here
present in the form of an interest rate policy rule) may be only a weak stabiliser in the
considered 7D dynamics, since the dynamics of real balances do not feed back into the
7D dynamics under consideration and thus do not cause stabilising shifts of LM curve
type. Instead, interest rate effects only work here through the term i in the definition
of the pure rate of profits r. We would therefore expect that the 7D dynamics are more
often characterised by local instability than by local stability.

4.7 Conclusions and outlook

In this chapter we have introduced two basic models of debt dynamics and debt deflation
and have investigated not only the issue of debt accumulation in the context of a growing
economy, but also the dangers of price deflation in such a framework where there is high
debt inherited from the past, in particular in the sector of firms. We have then integrated
these processes into the more general KMG model of Chiarella and Flaschel (2000)
and Chiarella et al. (2005) and shown how the tendencies discussed in the basic 3D and
4D models reappear in this more general and more coherently formulated approach to
Keynesian monetary growth. Issues such as debt default, firm bankruptcies and credit
rationing have been touched upon, but will be studied in much more detail in Part III.
Before undertaking such an analysis we extend in Part II the KMG approach towards
a small open economy with a more detailed sectoral structure, including a housing
sector. Such a structure is suggested by the empirical model presented in detail in
Powell and Murphy (1997) and there applied to the Australian economy. We use their
approach to derive a theoretical continuous-time model comparable in extent to their
applied approach in order to study again the interaction of feedback channels we have
introduced in this chapter and the additional ones suggested by the Powell and Murphy
(1997) modelling approach. The higher dimensional models in Part III are in fact then
based on the theoretical framework we will establish in Part I, concerning the further
analysis of debt deflation in the sector of firms as well as in the housing sector.

Part 11

Theoretical foundations for
structural macroeconometric
model building
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