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Abstract: Solid-state (i.e., jammed) granular soils can be prepared into different densities characterised
by the mean pressure p and the solid fraction ¢ (i.e., different p-¢ combinations). The limits for
jammed states (i.e., the range of possible p-¢) are studied theoretically in the literature or through
isotropic compression simulations with the discrete element method (DEM). Shearing also causes
unjamming and the critical state is an important reference state for shear deformation. How the
jamming limits from isotropic compression tests are related to the critical state is examined in
this paper by DEM simulations. Two methods are used to generate isotropic samples. One is the
isotropic compression method, which is mainly used for studying jamming in the literature. Possible
jammed states from this method lie between two compression lines. The varying-friction methods
can generate samples with a larger range of p-¢. Isochoric shear tests are conducted on isotropic
specimens prepared with both methods. Some specimens reach liquefaction (p’ ~ 0) and the others
reach the critical state. The obtained critical state p-¢ line is found to be the same as the loosest
jammed state line from the isotropic compression method. Additionally, the critical state stress state
is also well described by a Coulomb-type equation in the octahedral profile.
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1. Introduction

It is well recognised in soil mechanics [1-6] that granular soils can be prepared into
different densities characterised by the mean pressure p and solid fraction ¢ (solid fraction
is equivalent to the void ratio or specific volume, and solid fraction is used in this study).
Two densities are distinguished—dense or loose, depending on the distance between the
state (p and ¢) and a critical p-¢ relationship. Dense and loose soil elements have different
responses when sheared [7-11]. These phenomena are also reproduced in discrete element
simulations [12-17]. Some researchers noticed that there is a possible range of ¢ for a fixed
pressure p [18], and it is impossible to prepare samples outside this range. Researchers use
empirical equations to define such a range of possible p-¢ combinations.

Parallelly in the field of condensed-matter physics, researchers are also interested in
granular materials and they use the name jammed granular matters for solid-state granu-
lar assembly [19-24]. Physicists tried to explain this range of possible p-¢ combinations
theoretically. In 1989, Sir Sam Edwards made the proposition to treat jammed granular
materials using a volume ensemble of equiprobable jammed states in analogy to thermal
equilibrium statistical mechanics. Song et al. [25] followed this pathway and proposed a
phase diagram to explain the jamming limit of granular assemblies of uniform spherical
grains. Their theoretical phase diagram is also validated by simulations with the discrete
element method (DEM), in which the possible range of jammed p-¢ combinations is studied
by isotropic compression simulations. In other studies, researchers found that shearing is
also important and can cause unjamming [24]. The critical state is the ultimate flowing state
under continuous shearing and is an important reference state for shear deformation. How
the range of jammed p-¢ combinations found in isotropic compression and extension is re-
lated to the important reference state (the critical state) for shear deformation is not studied
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in the literature. Rather than give a theoretical examination, this short communication aims
to answer this question by conducting DEM simulations.

The paper is organised as follows: in Section 2, the discrete element model (DEM) and
the used parameters are briefly explained, and then the method used to study the jamming
limit and to prepare specimens is explained in Section 3, i.e., the isotropic compression tests
for a periodic cuboidal domain. In Section 4, another method (varying-friction method) for
generating specimens is explained and it is found that this method can generate specimens
with a larger range of p-¢ combinations. A large number of specimens are prepared with
different p-¢ combinations and conducted continuous isochoric shear tests to find the
critical p-¢ line, and find that this line is also the loosest jammed state line.

2. Discrete Element Modelling

Discrete element simulations are used to study the jamming, shearing, and critical
state of granular materials. The commercial software PFC3D is used, and the studied
granular assembly is made of spherical grains with a uniform diameter D of 0.17 mm. The
motion of grains is calculated with Newton's law for rigid bodies.

A linear Coulomb-type model is used for the contacts between grains. Given a
spherical grain ¢ and one of its neighbouring grain b, they have position vectors (xg, x3),
velocities (vg, v3), angular velocities (wq, wy), and diameters (Dg, Dy). If the penetration
depth 5, = Dg ;Db — |x¢ — x| is positive, they are in contact (the contact point is denoted
as c) and grain ¢ experiences a force foc = focn + foot from grain b, where fo, is the
normal contact force, and fq  is the tangential contact force. The contact forces components
are also divided into an elastic part and a viscous part (fec,« = foc,ve + foc,x0)-

The normal contact force is in the direction of contact normal n¢.. Its elastic part is
represented by a spring and its viscous part is represented by a dashpot. The equation for
the normal contact force is:

fgc,n = (fgc,ne +fgc,nv) (_ngc) = (knfsc +2Bnv m*knéc) (_ngc) 1)

Mgy
mg+my
damping constants. The tangential contact force is first calculated as

where m, =

is the effective mass, and k,, and B, are the elastic stiffness and viscous

fgc,t = fgc,te Jngc,tz; = |:f§c,te + ktAvt,cAt} + Z,Bt V m*ktAvt,c (2)

where Av; . is the relative tangential velocity at the contact ¢, and k; and f; are the tangential
elastic stiffness and viscous damping constants. There is a slider in the tangential contact
force model, which means that the tangential contact force has a Coulomb-type limit, which
is imposed as | fact | <u | feen

The normal stiffness ky, is calculated as k, = 5 ED., where E is the elastic modulus
DgD,

of grains and D, = Dy 1D, is the effective diameter. The ratio between the normal and
tangential stiffness x = };(—” is fixed for all contacts. If not otherwise stated, the DEM

parameters are used as in Table 1.

Table 1. DEM parameters.

Pgrain (kg/ms) E (GPa) K B Bt M
2650 0.5 0.5 0.2 0.2 0.5

3. Jamming
Song et al. [25] set up a protocol by conducting isotropic compression tests in DEM to

investigate the jamming of granular materials and proved their theoretical phase diagram.
The following protocol to prepare specimens is used (it will show later that this method
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can only generate dense specimens): All following simulations in this study are performed
in 3D periodic domains.

(1) Grains are randomly inserted within a cuboidal domain (each side is 4 mm long)
with the possibility of overlap until an initial solid fraction ¢ (simply called density in this
study) is achieved. The solid fraction is the volume of grains over the total volume. i.e.,

= § = Vg‘jfv,, . Depending on the initial density, the number of grains ranges from 13,800
to 15,000.

(2) Set the friction coefficient to zero (i.e., 4 = 0) and grains are left to reach equilibrium.

(3) Set the friction coefficient back to 0.5 (i.e., # = 0.5) until equilibrium is reached
again. The jamming, shearing, and critical state of granular soil with surface friction of
u = 0.5 are studied.

(4) The periodic domain shrinks isotopically, mimicking the isotropic compression
tests. The deformation rate is fixed at a small value of 1571, making sure that the quasi-static
deformation condition is met.

During simulations, the stress is estimated from grains with Love’s equation as in
the literature [13]

U:_%Zzlgc@)fgc (©)]
gevceeg

Here V is the volume of the representative element volume (REV), the contact vector
lgc is the vector pointing from the centre of gravity of grain g to the contact point c. The
summation is performed over all contacts (c € g) of every grain (g € V) in RVE. In the
present study, compressive stress and strain are defined as positive. Moreover, this study
focuses on normalised stress, i.e., 0/ = %

The is the average number of contacts per grain, i.e., Z = %, where N is the total
number of grains, and M is the total number of contacts (two grains in contact have
two contacts belonging to each grain). For granular assembly with uniform spherical
grains, some grains are rattlers (having less than 4 contacts), and they do not contribute
to the contact force chain [26], therefore, a corrected coordination number Z* = AI\’;—: is
used, where N* is the total number of non-rattler grains, and M? is the total number of
non-rattler contacts.

During each isotropic compression test, the normalised pressure p’, corrected the
coordination number Z*, and the density ¢ are recorded. Figure 1 gives two examples.
A first assembly starts with an initial density of ¢y = 0.5233. Initially, the assembly is
unjammed with p’ = 0 and Z* = 4. After it is compressed until larger than a jamming density
of ¢; = 0.5779, it becomes a jammed matter and then the pressure increases continuously
with the increase of density. Figure 1b shows that the corrected coordination number also

increases with density.
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Figure 1. Isotropic compression test to determine the jamming density.
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To determine the jamming density, the normalised pressure p’ and the density ¢ are
assumed to follow an equation [26] as

A ) 4
P ‘pr°°g<4’f>[ WOg("’fﬂ @

where po, 7p, and the jamming density ¢; are fitting parameters. Figure la shows that
the DEM data are well-fitted by this equation. The assembly starting with ¢y = 0.5233
has a jamming density of ¢; = 0.5779. The other assembly starting with ¢y = 0.5762 has a
larger jamming density of ¢; = 0.5924. The jamming coordination number Z;l can also be
determined as in Figure 1b.

The jamming density ¢; is highly related to the initial density ¢ in the above protocol
of isotropic compression tests. Therefore, 330 tests are conducted with initial density
¢o ranging from 0.45 to 0.63 (0.63 is the maximum possible density for assemblies of a
uniform size mentioned by Song et al. [25], and the corresponding jamming density ¢;
is found. The data are shown in Figure 2a. The jamming density increases with the
increase of initial density. It is also suggested that no matter how small the initial density
¢o is, there is a minimal possible jamming density ¢;,, = 0.575. Therefore, the possible
p’- ¢ combinations can be identified (Figure 2b) for specimens prepared by isotropic
compression tests, which must be between a compression line for a jamming density of
¢j = ¢jm = 0.575 and a compression line for a jamming density of ¢; = 0.63. The compression
line for ¢; = ¢j;, = 0.575 also represents the loosest jammed state. A total of 250 specimens
are prepared by first randomly choosing an initial density ¢ between 0.5 and 0.63, and
compressing them to a target normalised pressure p’ between 0.0001 and 0.02. The p’-¢
combinations for these specimens are shown in Figure 2b.

0.03
0.63
0.025 compression line for possible
0.621 @j = Qjm ()~5’5\ jammed states
Bk ; 0.02 -
- / N 3 loosest
e 0.6 2 0.015T sammed stato\ L :
0.59 0.01f LR o
:" °, St
0.58 %1
G iR 0.005 | pig 88 -
<€«—Pim=Y.202 5 compression line
0571 2 * e for ¢; = 0.63
L L L i 0 s °° s L} .
0.45 0.5 0.55 0.6 0.65 0.56 0.58 0.6 0.62 0.64 0.66 0.68

(a) jamming density vs. initial density

o) 0]

(b) possible jammed states

Figure 2. Loosest jammed states and possible jammed states.

4. Loose Specimens

The isotropic compression can only prepare dense specimens; another method (varying-
friction method) can be used to generate both dense and loose specimens. The protocol is:

(1) Similarly, grains are randomly inserted within a cuboidal domain until a density
¢q; is reached.

(2) Set the friction coefficient to an initial value yo and grains are left to reach equilibrium.

(3) Set the friction coefficient back to 0.5 (i.e., the friction coefficient of the studied
gains) until equilibrium is reached again, and the assembly may enter a state with positive
pressure (p’ > 0).
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Some simulations are conducted for ¢y, = 0.59, 0.60, 0.61, and 0.63. When the initial
friction g ranges from 0.001 to 1000, the equilibrium normalised pressure p’ after step (3) is
shown in Figure 3a. When the initial friction is small, the equilibrium pressure is zero. After
a critical value, the pressure starts to increase with greater initial friction. Peak pressure is
achieved at yig = 0.5. When the initial friction p is larger than 0.5, the equilibrium pressure
p’ is the same. The achieved p’-¢ combinations for these specimens are shown in Figure 3b,
from which, this varying-friction method can generate specimens falling within the possible
jammed states. Additionally, loose specimens (greater pressure at the same density) can
also be generated.
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[op=0.63 and y1y=0.25 &

: . .
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e 3 0.025
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0.025 | 8 ¢u=0.59 | ) jammed states
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(a) mean pressure vs. initial friction coefficient (b) generated samples by varying-friction method

Figure 3. Varying-friction method.

From Figure 3a, it is seen that at a fixed ¢y;, the maximum possible pressure is obtained
with pg = 0.5 and is related to ¢;. So the loosest possible specimens that can be generated
with this varying-friction method are around the black dotted line in Figure 3b (with cross
markers). This dotted line is the unloading curve (isotropic expansion) for the specimen
obtained after step (3) with ¢y = 0.63 and yo = 0.5. The red dotted line is the unloading
curve for the specimen with ¢y = 0.63 and py = 0.25. Therefore, to only generate loose
specimens, the following varying-friction unloading method is used in this study:

(1) Grains are randomly inserted within a cuboidal domain until the density of
¢o; = 0.63 is reached.

(2) Set the friction coefficient to an initial value y¢ (0.25 < yp < 0.5) and grains are left
to reach equilibrium.

(3) Set the friction coefficient back to 0.5 and the assembly is left to reach equilibrium.

(4) The periodic domain expands isotopically until a target normalised pressure p’
(0.0001 < p’ <0.02) is achieved.

A total of 100 loose specimens are generated by this method by randomly choosing
1o between 0.25 and 0.5, and randomly choosing p’ between 0.0001 and 0.02. The p’-¢
combinations for these specimens are shown in Figure 4 along with the specimens at
jammed states.
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Figure 4. Specimens in this study.

5. Continuous Isochoric Shear

Next, isochoric (volume preserving) shear tests are conducted on 50 of the 250 dense
specimens and 30 of the 100 loose specimens. The tests are strain-rate controlled. The
principal strain rates are ¢ > €, > ¢3. Firstly, the intermediate principal strain rate ratio

b= ?;% is randomly chosen between 0 and 1, ¢; is fixed at 1 s}, thus ¢, and &3 can be
1

calculated from b = ez 53 and the volume-preserving condition (¢; + & + €3. = 0). The

simulations are conducted until the largest principal strain is at least 30%.

Figure 5 gives the evolution of stress and strain for a loose specimen (¢ = 0.6016 and
p’ = 0.01529) when sheared with b = 0.5. From the plot of stress components (Figure 5a), it
can be seen that the mean stress p’ will decrease first, the specimen reaches the critical state
after about & = 15%, and the stress components keep constant at the critical state even with
continuous shear deformation (Figure 5).

0.3
—e
0.2F 120}
gy
0.1
w 0
-0.1
-0.2
L L 1 _0.3 I 1 1 1 1
0.15 0.2 0.25 03 0 0.05 0.1 0.15 0.2 0.25 0.3
&1 €1
(a) stress (b) strain

Figure 5. An isochoric shear test.

The critical state density and pressure for these 80 specimens are shown in Figure 6.
Some specimens reach liquefaction (p’ ~ 0) before reaching the critical state. The density
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and pressure of other specimens lie on a line called the critical state line in soil mechanics.
From Figure 6, this critical state line collapses with the loosest possible jammed state
line from isotropic compression tests. Therefore, it is concluded that shearing will cause
the rearrangement of grains, contacts and fabric, after sufficient deformation, which will
finally lead to a critical p-¢ relationship, which is also the loosest jammed state from
isotropic compression tests. More theoretical studies are required to explore what affects
the relationship between density and pressure.

0.035 . . : : .
initial state u
0.03 + W critical state -
0.025

possible
jammed states

0.02

k=Y
0.015
0.01

0.005

0.56 0.58 0.6 0.62 0.64 0.66 0.68

Figure 6. Critical state density and pressure.

The stress state of specimens at the critical state is plotted on the octahedral profile in
Figure 7. It is shown that the critical state stress state is well described by a Coulomb-type
equation and the corresponding bulk internal friction angle is about 21° for the studied
granular material (diameter = 0.17 mm and surface friction y = 0.5).

Mohr-Coulomb
friction angle = 21°

Figure 7. Stress state at the critical state.

6. Conclusions

It is well recognised in soil mechanics that granular soils can be prepared into different
densities, and soil elements of different densities show distinctive behaviour. It is also
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noticed that there is a possible range for soil densities, which is often modelled empirically
and included in constitutive models. Recently, physicists tried to explain this range of
jammed p-¢ combinations theoretically, and the results are validated with discrete element
simulations of isotropic compression tests.

Shearing also causes unjamming, and the critical state is an important reference state
for shear deformation. In this study, how the jammed state limit is related to the critical
state is examined by discrete element simulations, and the focus is on granular assemblies
of spherical grains (uniform diameter = 0.17 mm). A linear Coulomb-type contact model is
used for grains, and grain surface friction is y = 0.5.

Jamming is studied by conducting isotropic compression of periodic domains. It is
found that the jamming density is highly related to the initial density ¢y when inserting
grains, but no matter how small the initial density ¢y is, there is a minimal possible jamming
density ¢j,, = 0.575. The maximal possible jamming density is 0.63. The possible jammed
states lie between two compression lines with these jamming densities (i.e., 0.575 and 0.63).

Next, varying-friction methods are used to prepare specimens. This method can
not only generate specimens falling within the possible jammed states from isotropic
compression tests, but also loose specimens (greater pressure at the same density). An-
other method—the varying-friction unloading method, is thus developed to generate only
loose specimens.

Isochoric shear tests are next conducted on both dense and loose specimens. The tests

are strain-rate controlled and the intermediate principal strain rate ratio b = —iz_z ranges
-

from 0 to 1. Some specimens reach liquefaction (p’ = 0) before reaching the critical state.

The density and pressure of other specimens lie on the critical state p-¢ line, which is found

the same as the loosest possible jammed state line. Additionally, the critical state stress

state is also well described by a Coulomb-type equation in the octahedral profile.

Funding: This work received no funding.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: No new data were created or analysed in this study. Data sharing is
not applicable to this article.

Conflicts of Interest: The author declares no conflict of interest.

References

1.  Das, B.M. Advanced Soil Mechanics; Spon Press: London, UK, 2019.

2. Smith, I. Smith’s Elements of Soil Mechanics, 10th ed.; Wiley-Blackwell: New York, NY, USA, 2021.

3. Verruijt, A. An Introduction to Soil Mechanics in Theory and Applications of Transport in Porous Media; Springer: Cham, Switzerland, 2018.

4. Terzaghi, K. Theoretical Soil Mechanics; John Wiley & Sons, Inc.: Hoboken, NJ, USA, 1943. [CrossRef]

5. Bolton, M. A Guide to Soil Mechanics; Macmillan Education: London, UK, 1979. [CrossRef]

6.  Schofield, A.N.; Wroth, P. Critical State Soil Mechanics; Cambridge University: Cambridge, UK, 1988; Volumn 16, pp. 53-66.

7. Been, K Jefferies, M.G. A State Parameter for Sands. Géotechnigue 2009, 35, 99-112. [CrossRef]

8.  Dafalias, Y.F,; Li, X.S. A constitutive framework for anisotropic sand including non-proportional loading. Géotechnique 2004, 54,
41-55. [CrossRef]

9.  Herle, I; Gudehus, G. Determination of parameters of a hypoplastic constitutive model from properties of grain assemblies.
Mech. Cohesive-Frict. Mater. 1999, 4, 461-486. [CrossRef]

10. Jefferies, M.G. Nor-Sand: A simle critical state model for sand. Géotechnique 1993, 43, 91-103. [CrossRef]

11. Pestana, ].M.; Whittle, A.]. Compression model for cohesionless soils. Géotechnique 1995, 45, 611-631. [CrossRef]

12.  He, X,; Wu, W,; Wang, S. A constitutive model for granular materials with evolving contact structure and contact forces—Part I:
Framework. Granul. Matter 2019, 21, 16. [CrossRef]

13.  He, X;; Wu, W,; Cai, G.; Qi, J.; Kim, ].R.; Zhang, D.; Jiang, M. Work-energy analysis of granular assemblies validates and calibrates
a constitutive model. Granul. Matter 2020, 22, 28. [CrossRef]

14.  Yimsiri, S.; Soga, K. DEM analysis of soil fabric effects on behaviour of sand. Géotechnique 2010, 60, 483-495. [CrossRef]

15.  Abbireddy, C.O.R.; Clayton, C.R.I. Varying initial void ratios for DEM simulations. Géotechnique 2010, 60, 497-502. [CrossRef]


http://doi.org/10.1002/9780470172766
http://doi.org/10.1007/978-1-349-16208-6
http://doi.org/10.1680/geot.1985.35.2.99
http://doi.org/10.1680/geot.2004.54.1.41
http://doi.org/10.1002/(SICI)1099-1484(199909)4:5&lt;461::AID-CFM71&gt;3.0.CO;2-P
http://doi.org/10.1680/geot.1993.43.1.91
http://doi.org/10.1680/geot.1995.45.4.611
http://doi.org/10.1007/s10035-019-0868-8
http://doi.org/10.1007/s10035-019-0990-7
http://doi.org/10.1680/geot.2010.60.6.483
http://doi.org/10.1680/geot.2010.60.6.497

Appl. Sci. 2023,13,1361 90f9

16.

17.

18.

19.

20.

21.
22.

23.
24.

25.
26.

Huang, X.; Kwok, C.; Hanley, K.J.; Zhang, Z. DEM analysis of the onset of flow deformation of sands: Linking monotonic and
cyclic undrained behaviours. Acta Geotech. 2018, 13, 1061-1074. [CrossRef]

Kumara, J.J.; Hayano, K. Importance of particle shape on stress-strain behaviour of crushed stone-sand mixtures. Geomech. Eng.
2016, 10, 455-470. [CrossRef]

Von Wolffersdorff, P.A. Hypoplastic relation for granular materials with a predefined limit state surface. Mech. Cohesive-Frict.
Mater. 1996, 1, 251-271. [CrossRef]

Desmond, K.; Franklin, S.V. Jamming of three-dimensional prolate granular materials. Phys. Rev. E 2006, 73, 031306. [CrossRef]
[PubMed]

Zuriguel, I.; Garcimartin, A.; Maza, D.; Pugnaloni, L.A.; Pastor, ]. M. Jamming during the discharge of granular matter from a silo.
Phys. Rev. E 2005, 71, 051303. [CrossRef] [PubMed]

Zhang, H.P; Makse, H.A. Jamming transition in emulsions and granular materials. Phys. Rev. E 2005, 72, 011301. [CrossRef]
Liu, A.J.; Nagel, S.R. The Jamming Transition and the Marginally Jammed Solid. Annu. Rev. Condens. Matter. Phys. 2010, 1,
347-369. [CrossRef]

van Hecke, M. Jamming of soft particles: Geometry, mechanics, scaling and isostaticity. J. Phys. Condens. Matter 2010, 22, 033101.
[CrossRef] [PubMed]

Luding, S. So much for the jamming point. Nat. Phys. 2016, 12, 531-532. [CrossRef]

Song, C.; Wang, P; Makse, H.A. A phase diagram for jammed matter. Nature 2008, 453, 629-632. [CrossRef] [PubMed]

Kumar, N.; Luding, S. Memory of jamming—multiscale models for soft and granular matter. Granul. Matter. 2016, 18, 58. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://doi.org/10.1007/s11440-018-0664-3
http://doi.org/10.12989/gae.2016.10.4.455
http://doi.org/10.1002/(SICI)1099-1484(199607)1:3&lt;251::AID-CFM13&gt;3.0.CO;2-3
http://doi.org/10.1103/PhysRevE.73.031306
http://www.ncbi.nlm.nih.gov/pubmed/16605516
http://doi.org/10.1103/PhysRevE.71.051303
http://www.ncbi.nlm.nih.gov/pubmed/16089524
http://doi.org/10.1103/PhysRevE.72.011301
http://doi.org/10.1146/annurev-conmatphys-070909-104045
http://doi.org/10.1088/0953-8984/22/3/033101
http://www.ncbi.nlm.nih.gov/pubmed/21386274
http://doi.org/10.1038/nphys3680
http://doi.org/10.1038/nature06981
http://www.ncbi.nlm.nih.gov/pubmed/18509438
http://doi.org/10.1007/s10035-016-0624-2

	Introduction 
	Discrete Element Modelling 
	Jamming 
	Loose Specimens 
	Continuous Isochoric Shear 
	Conclusions 
	References

