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A B S T R A C T   

Track substructure layers such as ballast and subgrade involve progressive degradation with time in relation to 
the loading history. Degradation of track components directly influences the dynamic track response including 
the displacements and stresses. Determining the influence of real-world substructure degradation problems such 
as particle breakage, ballast fouling and mud pumping on the critical speed of a given track is essential to design 
ballasted tracks for high-speed passenger and freight trains. In this paper, a coupled rheological-continuum 
model is developed to predict the track dynamic response for different train speeds and axle loads. In this 
novel approach, field dispersion curves obtained from MASW (Multichannel Analysis of Surface Waves) testing 
can be adopted along with the proposed analytical model to predict the critical speed of track as well as the 
corresponding dynamic stress state in the substructure layers. Analytical modelling shows that problems such as 
ballast fouling and mud pumping lead to reduction in the computed critical speed, while also amplifying the 
dynamic stress response at lower train speeds. The influence of substructure degradation is found to be more 
prominent for heavy-haul (freight) trains imparting higher axle loads, when compared to passenger trains. 
Practical insights highlighting the influence of track improvements such as placing a thicker ballast layer and the 
addition of a capping layer on the critical speed are presented in this study with the objective of rejuvenating 
future track design.   

Introduction 

High-speed railway networks are becoming increasingly common in 
many countries, and there is an increasing challenge for track engineers 
to build a safer and efficient railway network. In Australia, while most 
high-speed networks are also used by passenger trains thus demanding 
additional safety assurances, supply chain proponents including mining 
companies have proposed the need for increased operating speeds of 
freight trains to optimise productivity, while carrying heavier loads than 
ever before. The biggest challenge that arises with increasing train 
speeds is the amplification of track dynamic response including the 
transient rail displacements and associated stresses in the substructure 
layers. Such problems with dynamic amplification were first encoun-
tered in Ledsgard, Sweden, when X2000 train was operated at high 
speeds on a weak subgrade consisting of organic and peat characterised 
with low shear wave velocities[24,28]. Through detailed numerical in-
vestigations, it was observed that the proximity of operating train speeds 

to the critical speed of the track was the driving factor that had amplified 
the response due to resonance. The critical speed of the track is generally 
defined as the characteristic speed of Rayleigh waves propagated on the 
track surface, and their interaction with the frequency of waves gener-
ated by the moving wheel loads. 

Earlier classical studies considering moving loads on a beam resting 
on an elastic homogenous half-space analysed the effect of train speed 
on dynamic behaviour of track[14]. Subsequently, several semi- 
analytical models were developed where the track could be modelled 
as a rheological system, while the wave propagation in homogenous 
half-space was modelled using Green’s functions[27,26]. The critical 
speed is estimated by comparing the vertical rail displacements at 
different train speeds as shown in Fig. 1a. However, the ground and 
track substructure conditions in any railway track is layered and rarely 
homogenous, while determining the critical speed is often complex for a 
multi-layered track substructure, because the R-waves travel at different 
frequencies in dissimilar layers. Sheng et al. [34] proposed a semi- 
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analytical model to analyse the dynamic response of layered half-space 
subjected to both single oscillating load and moving loads. The in-
teractions between different material layers of the natural ground 
(subgrade) and track were investigated using dispersion curves. A 
similar approach for interpreting dispersion curves was adopted by 
Suiker et al. [35] to determine critical speeds, while considering the 
ballast layer as an enhanced continuous medium to capture the influ-
ence of particle size of ballast. More recently, Connolly et al. [9] and 
Costa et al. [11] used dispersion curve analysis to calculate the critical 
speed of the track, where the track dispersion curve capturing rails, 
sleepers and ballast as rheological elements, was intersected with the 
natural ground dispersion curve as shown in Fig. 1b. The ground 
dispersion curves from the analytical model could be verified with the 
dispersion curves from field seismic tests such as Multichannel Analysis 
of Surface Waves (MASW)[31]. However, these analytical models were 
used to predict the displacements of rails and could not be extended to 
predict dynamic stresses in the major load-bearing track layers such as 
the ballast and capping layers. 

Various numerical models have been used to address the dynamic 
amplification of track response using 2D and 3D Finite element methods 
(FEM) under moving loads[40,39,25,33,13,38]. To reduce the compu-
tational effort required for 3D modelling, 2.5D FEM or plane strain 
models were also developed by others (e.g., [10,5] to simplify the track 
conditions in the direction of train passage. These models were able to 
predict the stress distribution in the track in three dimensions and their 

variation with train speeds. It was also observed that the elasto-plastic 
and non-linear behaviour of the substructure materials and ground 
affected the critical speed of the track [6–8]. However, these models 
estimate critical speeds using numerous computations with different 
train speeds and extracting the train speed corresponding to the 
maximum response, thus requiring higher computational time for a 
detailed analysis. 

It is important to note that the critical speeds calculated by both 
analytical and numerical methods are often high when compared to the 
common operating speeds in most countries including Australia. Several 
experimental and field investigations have shown that the condition of 
ballasted tracks degrades with time and the type of train loads and 
speeds[36,4,2,17,1,37,20]. For example, problems such as loss of 
ballast, ballast breakage, fouling and mud pumping are very frequent in 
Australian freight networks on the coastal areas[22,19]. From an oper-
ational point of view, it is pertinent to understand the dynamic response 
of the track at different stages during its lifetime through a critical speed 
analysis. In addition, the influence of axle loads on track degradation 
induced by dynamic track response needs to be quantified for accurate 
estimation of track performance, especially when the axle loads of 
freight trains increase beyond 25 T. It is also important to provide a more 
convenient pathway for practicing engineers to monitor the track sub-
structure quality to analyse the real-time track response in relation to 
train speeds and axle loads. Moreover, most of the existing models for 
critical speed estimation have focussed on specific influential factors 
considered independently, such as the train speeds, the axle loads and 
the subgrade properties assumed to be constant with time. Also, these 
factors have not considered the effects of progressive subgrade degra-
dation resulting from dynamic stress amplification. Also, most FE 
models require integration of new constitutive relationships which 
capture subgrade degradation (extent and rate). They are often limited 
to simulate the dynamic response under a single train passage and 
computationally challenging to simulate the changes in track dynamic 
response under large number of train passes (loading cycles). 

In view of the above, the current study employs a combined meth-
odology using analytical modelling and field investigation to provide 
greater insights on the influence of train speeds, axle loads and track 
condition on the dynamic track response. An analytical method is 
developed to estimate the critical speed of track, and to determine the 
effect of variations in track substructure conditions on its dynamic 
response. Rayleigh wave dispersion curves are drawn through a spectral 
analysis of the ground response to determine the critical speed, while 
quantifying the dynamic stress state. A geophysical survey of ballasted 
railway track conducted at a railway site in Chullora (near Sydney) is 
used to validate the analytical model. Using the analytical model, the 
influence of different problems observed in ballasted tracks on the 
stresses and critical speeds are analysed. Further, the analytical model is 
used to predict the critical number of axle load passes to induce unac-
ceptable subgrade degradation that incorporates the combined influence 
of axle load, train speed and initial substructure characteristics on 
subgrade degradation. 

Analytical method 

A typical ballasted rail track is considered consisting of two parallel 
beams resting on concrete sleepers, considered herein as superstructure 
and an n-layered substructure with ballast as the topmost layer as shown 
in Fig. 2. In the model, the longitudinal, lateral, and vertical directions of 
the track are analyzed as x, y, and z, respectively. Positive (+) and 
negative (-) track movement and strains are considered in the downward 
and upward directions, respectively. 

Superstructure dynamics 

The track superstructure system is composed of rail, rail pads and 
sleepers. The steel rail is considered as a Euler-Bernoulli beam tied to 

Fig. 1. (a)Direct and (b)indirect approaches for estimating critical speed of 
ballasted railway track. 
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elastic (concrete) sleepers placed on the track substructure consisting of 
ballast, capping and other subgrade layers. A lumped mass spring- 
dashpot system is used to represent the track superstructure as shown 
in Fig. 2. Ks and Cs are the stiffness and damping coefficients of the rail 
pads, while Ms and Ks are the mass and stiffness of sleeper, and Keq is the 
equivalent stiffness of the overall track substructure. Considering ur and 
us as the vertical displacements of rail and sleeper, the motion equations 
for the superstructure system can be given as: 

ErIr
∂4ur

∂x4 +Mr
∂2ur

∂t2 +Cp
∂ur

∂t
+Kp(ur − us) = P(t, V) (1)  

Kp(us − ur) − Ms
∂2ur

∂t2 +Kequs = 0 (2) 

In the wavenumber-frequency domain, Eqs. (1) and (2) can be 
written as: 
[

EIk4 + Kp − Mrω2 − Kp
− Kp Kp − Msω2 + Keq

]{
ur(k,ω)
us(k,ω)

}

=

{
P(k,ω)

0

}

(3)  

where, Er and Ir are Young’s modulus and the second moment of 
inertia of the rail, Ms is the mass of the sleeper and rail together, K 
and Cd are the stiffness and damping coefficient of the rail pad, 
respectively. The inclusion of a spring foundation (Keq) has been 
incorporated to account for the stiffness contribution originating from 
the underlying substructure. In this study, Keq was ignored since accu-
rate calculations of the critical velocity could be achieved even without 
including it [29]. 

Substructure dynamics 

The dynamic load transmitted by the superstructure generates R- 
waves in the ballast and other substructure layers. In a homogenous 
medium, the determination of propagation frequency of R-waves is 
relatively simple, but it becomes more complex in a layered media such 
as railway track due to the dispersion of R-waves generated at multiple 
frequencies. To determine the amplitude and frequency of R-waves 
generated in the track substructure, the P-wave and SV wave potentials 
in the substructure layers are combined using appropriate boundary 
conditions at the free top surface and subsequent layer interfaces[35]. 

In the current study, the authors have considered a n-layered track 
substructure with n − 1 layers of thickness hj..n− 1 overlain on the nth layer 
that is assumed as an elastic half-space. Considering the conservation of 
translation momentum in the longitudinal direction during R-wave 
propagation, the vertical σj

zz, shear σj
xz and longitudinal stresses σj

xx, in 
the jth layer (for j = 1 to n − 1) at a depth zj can then be represented by: 

σj
zz = ei(ωt− kx)

{
b1jAj

p1eiξj
p1Z

+ b2jAj
s1eiξj

s1Z + b1jAj
p2eiξj

p2Z
− b2jAj

s2ie
iξj

s2Z
}

(4)  

σj
xx = ei(ωt− kx)

{
b3jAj

p1eiξj
p1Z

− b2jAj
s1eiξj

s1Z + b3jAj
p2eiξj

p2Z
+ b2jAj

s2eiξj
s2Z
}

(5)  

σj
zx = ei(ωt− kx)

{
b4jAj

p1eiξj
p1Z

+ b5jAj
s1eiξj

s1Z − b4jAj
p2eiξj

p2Z
+ b5jAj

s2e− iξj
s2Z
}

(6) 

Similarly, transient displacements in the longitudinal (uj
x) and ver-

tical (uj
z) directions in the jth layer can be written as: 

uj
x = − iei(ωt− kx)

{
kAj

p1eiξj
p1Z

+ kAj
p2eiξj

p2Z
+ ξj

s1Aj
s1eiξj

s1Z − ξj
s2Aj

s2eiξj
s2Z
}

(7)  

uj
z = iei(ωt− kx)

{
ξj

p1Aj
p1eiξj

p1Z
− ξj

p2Aj
p2eiξj

p2Z
− kAj

s1eiξj
s1Z − kAj

s2eiξj
s2Z
}

(8) 

For the formulation of dynamic stresses and displacements in the 
half-space, the negative damping with increasing depth can be ignored, 
because the R-waves are generally restricted to the surface. Hence, the 
stress formulations for half-space can be simplified to: 

σn
zz = e− i(ωt− kx)

{
b1nAn

p1eiξn
p1Z

+ b2nAn
s1eiξn

s1Z
}

(9)  

σn
xx = e− i(ωt− kx)

{
b3nAn

p1eiξn
p1Z

− b2nAn
s1eiξn

s1Z
}

(10)  

σn
zx = e− i(ωt− kx)

{
b4nAn

p1eiξn
p1Z

+ b5nAn
s1eiξn

s1Z
}

(11)  

un
x = − ie− i(ωt− kx)

{
kAn

p1eiξn
p1Z

+ ξn
s1An

s1eiξn
s1Z
}

(12)  

un
z = ie− i(ωt− kx)

{
ξn

p1An
p1eiξn

p1Z
− kAn

s1eiξn
s1Z
}

(13) 

Detailed derivation of the stresses and displacements is given in 

Fig. 2. Analytical model for ballasted railway track.  
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Appendix-A. In Eqs. (5)–(9), Aj
p1,A

j
p2 and Aj

s1,A
j
s2 represent the ampli-

tudes of P-wave and S-wave potentials in the ballast layer, respectively. 
In Eqs. (9) – (13), An

p1 and An
s1 represent the amplitudes of P-wave and S- 

wave potentials in the subgrade layer, respectively. The fundamental 
characteristics ω and k are the angular frequency and wavenumber of 
the R-waves generated in the substructure. The parameters b1j, b2j, b3j,

b4j, b5j are functions of elastic modulus and poisons ratio of ballast and 
subgrade layers given in Appendix-A. The other parameters ξj

p1,ξj
p2 and 

ξj
s1, ξj

s2 are the depth attenuation factors for P and SV waves given as: 

ξj
p,s,1,2 == ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ω2

Cj
p,s

2 − k2

√

(14)  

where, Cj
p and Cj

s are the P-wave and S-wave velocities of the jth layer, 
respectively. The equations (Eqs. (4)–(13) to calculate stress and dis-
placements in the track layers contain unknown amplitude parameters, 
and they can be determined based on the boundary conditions appli-
cable for R-wave propagation as explained below with the following 
assumptions:  

a) At the surface of the ballast layer (z = 0), the vertical stress is equal 
to the dynamic stress imparted by the superstructure onto the 
sleeper-ballast interface, while the shear stresses can be neglected. 
The corresponding equations for calculating sleeper-ballast interface 
stresses are given in Appendix-B.  

b) At other substructure layer interfaces, the stress and displacement 
compatibility conditions (σi

zz,xx,zx = σi+1
zz,xx,zx, uj

x,z = uj+1
x,z ) are 

considered. 

For a n-layer substructure, the boundary conditions give 4n-2 gov-
erning equations, which can be written as an eigen value problem: CA =
q. The term C represents a 4n-2 x 4n-2 matrix with the elements of the 
matrix as a function of ω, k, geometry parameters and material param-
eters of the substructure layers. The vector A contains 4n-2 amplitude 
variables and q is the loading matrix. The dispersion curves of the track 
substructure can be derived by: 

detC(k,ω, H, E) = 0 (15) 

Eq. (15) is a complex equation which was solved in this study using 
numerical solution where ω and k are iterated to check singularity of Eq. 
(15). Depending on the material properties of the substructure, Eq.15 
gives multiple modes of R-waves[16], however in this study, only the 
fundamental mode is used for simplicity. This fundamental mode cor-
responds to the ω − k combination with lowest phase velocity as shown 
earlier in Fig. 1a. For predicting the dynamic track response, the dy-
namic stress imparted at the sleeper-ballast interface due to a single axle 
of a moving train has been considered, and the corresponding governing 
equations for dynamic stress calculation are given in Appendix-B. 

Model validation 

Ground dispersion curves 

The proposed analytical model is first used to predict the dispersion 
cures of layered ground in relation to two previous studies[34,29]. Soil 
parameters are extracted from the respective studies as given in Table 1 

and then used as input for the current analytical method; the corre-
sponding dispersion curves are then plotted as shown in Figs. 3a and b. 
The dispersion curves are drawn in wave number-frequency domain for 
Sheng et al. [34] and phase velocity – frequency domain for Mezher 
et al. [29] to maintain consistency with the original studies as much as 
possible. The predicted dispersion curves show a clear agreement with 
that given by the respective studies at different modes of wave propa-
gation in a layered ground. Different modes of wave propagation 
including the fundamental mode is predicted well by the proposed 
analytical model. Some minor discrepancies in model predictions are 
observed in Fig. 1b due to the iterative procedure considered herein to 
obtain different R-wave modes. This might be due to the precision of ω 
and k that is used to incorporate the dispersion curve data from Eq.15, 
which would have caused the model to overlook some of the interme-
diate peak values especially at low frequencies (~0–5 Hz). However, it 
can be observed from Fig. 3b that the model predicts different modes of 

Table 1 
Properties of track superstructure.  

Rails Railpads Sleepers 
Elastic modulus, Er 

(Pa) 
Mass, Mr (kg/ 
m) 

Second moment of 
inertia,I 

Stiffness, Kp (N/ 
m) 

Damping coefficient, Cp (N. 
s/m) 

Mass, Ms per unit length of track 
(kg/m) 

Stiffness, Ks (N/ 
m) 

210e9 60 30e-6 5e8 2.5e5 490 60e6  

Fig. 3. Validation of subgrade dispersion curve with other methods from: (a) 
Sheng et al. [34] (b) Mezher et al. [29]. 
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dispersion curves with an acceptable accuracy. 

Field study for ballasted track dispersion curve 

To further demonstrate the capability of the model in predicting the 
dispersion curves of the ballast stratum as well as other substructure 
layers such as the capping, a field study was conducted in a site located 
in Western Sydney. The methodology involved MASW testing to deter-
mine the near-surface wave dispersion characteristics. In contrast to 
previous investigations[11,9], the survey was conducted on the top of 
ballast layer to benefit from the advantages as follows: 

Repeat the survey on a ballasted track at different stages of track 
operations, in order to obtain a better understanding of the influence 
of track deterioration on the R-wave dispersion curves. 
Estimate the improvement of the critical speed when different 
capping/sub-ballast layers and artificial inclusions are used in the 
track.  

• Site conditions and test setup: 

The substructure of the track was comprised of 300 mm thick ballast 
layer, a compacted capping layer of 150 mm in thickness and an un-
derlying 50 mm thick drainage layer (Fig. 4). The lower sub-ballast layer 
was made of a 800 mm thick fill layer containing highly compacted 
bottom ash underlain by a subgrade composed predominantly of 
weathered shale and interspersed mudstone. MASW system used for this 
study consisted of a 24 channel Geode seismograph with 24 vertical 

geophones of 10 Hz capacity. The geophones were connected to the 
seismograph through split plate connectors and were placed on the top 
of ballast layer in the middle of the track and parallel to the rails as 
shown in Fig. 4. Considering the sleeper spacing at the test location, the 
geophones were placed at the midpoint between the sleepers with an 
equal spacing of 600 mm. Sufficient care was taken to maximise the 
contact between the geophone spike and the ballast assembly. The 
impact for surface wave generation is done using a 7 kg hammer and a 
square plate at a distance of 1.2 m. Based on previous investigations 
using MASW testing on ballast, the sampling frequency was set as 0.125 
ms and recorded for a total duration of 0.25 s for the optimum signal.  

• Site dispersion curve: 

Different commercially available software was used to convert the 
seismic signal into dispersion curves. SeisImager 2D[15] was used for 
extracting the dispersion curve and for the inversion analysis. The phase 
velocity vs frequency distribution obtained at the site is plotted in Fig. 5, 
while the dispersion curve pertaining to the peak amplitude of seismic 
signal is also drawn for clarity. The shear wave velocities of substructure 
layers including ballast, capping and subgrade could be back calculated 
using the dispersion curve and the computed values are shown in 
Table 2. As expected, due to the presence of shale at a shallow depth 
(1–1.3 m) below the sleeper base, the corresponding elastic modulus was 
found to be relatively high (320 MPa) to be considered it as a stiff 
subgrade. The fill material at the site present between the capping layer 
and the moderately weathered shale showed a relatively smaller elastic 

Fig. 4. (a)Schematic of MASW test setup (b)Field images of test setup (c)Placement of geophones on ballast surface.  
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modulus when compared to those of the ballast and capping layers. The 
elastic modulus of ballast back calculated in this study was slightly 
higher than the previously reported values of 100–120 MPa based on a 
model track in the laboratory[3]. The higher modulus observed at site 
can be attributed to the track being in operation for a few months, thus 
causing significant cyclic densification. 

The layer properties in Table-2 were incorporated in the present 
analytical model to validate the field dispersion curve. A three-layer 
model was considered, where ballast and capping materials were 

considered together as a composite with an equivalent layer using the 
following equation: 

Eeq =
H1 + H2 + H3 + ..

H1
E1
+ H2

E2
+ H3

E3
+ ..

(16) 

Fig. 6 shows the dispersion curve predicted by the model compared 
with the dispersion curve extracted from MASW test. From the analytical 
predictions, two distinct modes of wave propagation can be identified 
and highlighted here as the ‘fundamental mode’ and the ‘higher mode’. 
The fundamental mode matches quite well the dispersion curve obtained 
from the field. Further, dispersion curve for track superstructure 
(including the rail and sleeper assembly) plotted using Eq.3 is super-
imposed on to these curves. The intersection point shows a critical speed 
of 198 m/s (712 km/h), owing to the stiff shale subgrade. 

Validation of transient displacements and stresses 

In addition to the dispersion curves, the model was validated to 
predict the dynamic rail displacements at Ledsgard, Sweden when the 
train loading from X2000 train was simulated at different speeds. The 
layer properties considered for predictions are shown in Table 2. Fig. 7a 
shows the vertical displacements of the rail for an axle load of 12.5 
tonnes at different speeds predicted by the analytical model, and the 
amplification of vertical displacements with increasing train speeds 
match very well with the field observations. 

Similarly, the vertical stress distribution in the track substructure as 
predicted by the model was validated using the current field observa-
tions as well as with the data sourced from a past field study in Bulli, 
south of Sydney[21]. Fig. 7b shows the vertical stress distribution in the 
track substructure with depth from the sleeper base. The plotted stresses 
were measured and predicted below the rail seat. The predicted trend of 
vertical stresses matches well with the field observations. However, the 
proposed analytical model overpredicts the stresses at the ballast- 
capping interface in both studies, and this can be attributed to mate-
rial damping of the ballast layer which was not considered. 

Influence of different track problems on critical speeds 

The longevity of ballasted railway tracks is highly dependent on the 
dynamic stresses experienced by the track layers under repeated train 
passages (i.e., cyclic loading). The granular substructure materials and 
underlying subgrade are prone to permanent deformations and degra-
dation, the extent of which would depend on the magnitudes of stresses 
and the accompanying stress paths. Moreover, the freight railway lines 

Fig. 5. Dispersion curve of ballasted track at Chullora, NSW.  

Table 2 
Material properties used for validation studies.  

Validation: analytical and numerical models  

Soft layer on stiff ground [34] Soft ground [29] 

E 
(MPa) 

v ρ (kg/ 
m3) 

H 
(m) 

E 
(MPa) 

v ρ (kg/ 
m3) 

H 
(m) 

Layer-1 60 0.44 1500 2 30 0.35 2000 2 
Layer-2 360 0.49 2000 HS 40 0.35 2000 4 
Layer-3 – – – – 75 0.4 2000 HS 
Field studies 

Ledsgard, Sweden [27]   

E 
(MPa) 

v ρ (kg/ 
m3) 

H 
(m) 

– – – – 

Crust 22.35 0.49 1500 1.1 – – – – 
Organic 

clay 
6 0.49 1260 3 – – – – 

Clay-1 15.8 0.49 1475 4.5 – – – – 
Clay-2 31 0.49 1475 6 – – – – 
Clay-3 44 0.49 1475 HS – – – – 
Field studies (Australia)  

Chullora, NSW (Current field 
investigation) 

Bulli, NSW, Australia [21] 

E 
(MPa) 

v ρ (kg/ 
m3) 

H 
(m) 

E 
(MPa) 

v ρ (kg/ 
m3) 

H 
(m) 

Ballast 150 0.35 1660 0.3 150 0.35 1660 0.3 
Capping 182 0.3 1800 0.2 180 0.3 1800 0.15 
Fill 127.4 0.4 2000 0.5 – – – – 
Subgrade 320 0.24 2000 HS 50 0.4 2000 HS 

*HS = halfspace. 

Fig. 6. Validation of dispersion curves with field measurements from Chullora.  
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across the eastern coast of Australia with recently increased axle loads 
have reported that track problems such as mud pumping, breakage and 
fouling of ballast are common among the freight networks, leading to 
frequent maintenance. In this regard, it is important to understand the 
influence of common track problems on the dynamic response and 
critical speed of the track. In an operational point of view, accurate 
prediction of track degradation is crucial, because minimising the 
maintenance costs is of primary concern to asset owners. 

Dynamic response in track substructure at different train speeds 

The track substructure conditions from Bulli field study were 
considered for this purpose and the material properties are given in 
Table-2. The dispersion curves of both the track superstructure and 
substructure are shown in Fig. 8a, which indicates a critical speed (Vc) of 
341 km/h when capping layer is not included. The variation of vertical, 
shear and octahedral stress at the midpoint of the ballast section 
(beneath the sleeper) with train speeds for a 25 t axle load train is 
plotted in Fig. 8b. The vertical stresses reach a maximum at a speed of 
about 341 km/h that matches perfectly with the critical speed estimated 
by the indirect approach. While the stress amplification is very gradual 
below 0.5 Vc, the stresses rapidly amplify as the train speeds approach 
Vc. It is also important to note that the tractional shear stress (in the 
direction of train passage) and the subsequent octahedral stresses also 
amplify close to critical speed. 

Fig. 9a shows the variation of dynamic stresses with time as the train 
(axle load = 25 t) at different speeds. As the train speed is increased from 
50 km/h to 180 km/h and then to 310 km/h, the vertical stresses as well 
as the shear stresses amplify. The resulting stress paths in the σz − τxz 
space follow a cardioid shape as shown in Fig. 9b, and the size of the 
stress path increases with the increasing train speed. Along with prin-
cipal stress rotation, this amplification of stresses with train speeds af-
fects the degradation of substructure layers and the resulting dynamic 
track response. 

Effect of subgrade degradation on critical speeds 

Indraratna et al. [23] reported that low plasticity clays found in the 
shallow coastal subgrade are prone to fluidization under impeded 
drainage under saturated conditions, especially following heavy rainfall 
or flooding. The shear modulus of fluidized subgrade soils reduces 
rapidly due to the build-up of excess pore water pressure triggered by 
the repeated passes of high axle loads. In the absence of sufficient 
drainage or for tracks which have no capping layer, fluidized subgrade 
can pump into the ballast layer causing significant fouling. Often, rail-
way authorities restrict these adversely affected track sections to 20 % 
lower train speeds than usual operating speeds before the next mainte-
nance cycle is scheduled. It is important to note that there are no existing 
technical guides explaining how the train speeds may affect subgrade 
degradation or how the reciprocal effects of degraded subgrade influ-
ence the track dynamics. The proposed analytical model is used to 

Fig. 7. Validation of dynamic response with field measurements: (a) rail ver-
tical displacements (Ledsgard, Sweden), (b) vertical stress distribution at low 
train speeds for ballasted tracks in Australia. 

Fig. 8. Critical speed of ballasted railway track: (a) indirect vs (b) direct ap-
proaches (P = 25 T). 
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simulate the subgrade degradation underneath the ballast layer and its 
effect on the critical speed. Subgrade degradation is considered using the 
degradation ratio (δ) as a function of the ratio of degraded shear 
modulus (Gd) to the initial shear modulus of the subgrade (Gs), as given 
below in Eq.17. 

δ = 1 −
Gd

Gs
(17) 

Fig. 10 shows the octahedral stress developed at shallow depth of 
subgrade, i.e., 100 mm below the ballast-subgrade interface with 
increasing train speed at different degradation ratios. Since mud 
pumping is a localised shallow phenomenon, the degraded subgrade is 
considered to have a limited thickness that is taken as 200 mm for the 
current analysis, as shown in Fig. 10. It is evident from Fig. 10 that the 
critical speed is affected significantly with the increase in degradation 
ratio, as it reduces from 341 km/h atδd = 0 to 240 km/h atδd = 0.96. 
Further, increased subgrade degradation causes quicker stress amplifi-
cation, thus generating higher stresses at lower train speeds when 
compared to a subgrade with less degradation. However, at relatively 
low train speeds (V < 100 km/h), the stress experienced by the subgrade 
is smaller for a greater subgrade degradation. This means that more 
stress is now taken by the ballast layer that can reduce its longevity. 

It is also observed that the rate of reduction in critical speed is non- 
linearly related to subgrade degradation as shown in Fig. 11a. 
When(1 − δd) > 0.5, the reduction of critical speed is not significant, 
while the critical speed decreases at a higher rate when(1 − δd) < 0.5. 

Further, the change in critical speed is influenced more when the initial 
subgrade modulus is higher, and this effect diminishes with a lower 
initial subgrade modulus. Fig. 11b shows the influence of the degraded 

Fig. 9. (a)Dynamic stresses and (b)Stress paths in the track substructure layers 
at different train speeds. 

Fig. 10. Effect of subgrade degradation on dynamic amplification of stresses.  

Fig. 11. Influence of mudholes on critical speeds for (a) different subgrade 
modulus (b) different mudhole thickness. 

R.S. Malisetty and B. Indraratna                                                                                                                                                                                                            



Transportation Geotechnics 46 (2024) 101246

9

subgrade thickness on the change in critical speed. It can be observed 
that the thickness has little significance when the degradation ratio is 
moderate (δd = 0.5); however, when the degradation ratio is relatively 
high (δd = 0.9), increasing the subgrade thickness affects the critical 
speed more. When thickness of degraded soil is increased more than 0.5 
m, the influence of thickness on critical speed gradually diminishes as 
the R-wave propagation depends completely on the degraded subgrade 
layer. This might be due to the characteristics of R-waves as they pre-
dominantly propagate in shallow depths and the properties of subgrade 
layer beyond certain depth becomes insignificant. 

Ballast problems 

The degradation of the ballast layer also affects the frequency of 
track maintenance. These problems include ballast loss (lateral move-
ment) due to insufficient confining stress, ballast fouling due to particle 
breakage, and fouling caused by mud pumping or from coal falling from 
freight wagons. To understand the influence of ballast thickness on the 
critical speed, the analytical model can be used to predict the deviatoric 
stress at the ballast-subgrade interface as shown in Fig. 12a. The 
reduction in ballast thickness from 600 mm to 300 mm had resulted in 
the reduction of critical speed and premature amplification of stresses. 
Also, the stresses at the subgrade surface increase as the ballast thickness 
decreases, which leads to the subgrade becoming more susceptible to 
increased deformation. Also, the influence of ballast thickness on critical 

speed is found to vary with different subgrade conditions as shown in 
Fig. 12b. The reduction of critical speed with different ballast thickness 
is more pronounced for tracks having softer subgrade (i.e., lower sub-
grade modulus), while this effect diminishes for stiffer subgrades. When 
designing railways for high speeds, a greater importance should be given 
to problems such as ballast loss for track sections with softer subgrade 
rather than for tracks having stiffer subgrades. 

Fig. 13 shows the influence of different extent of ballast fouling on 
the critical speed. Shear wave velocity data from Anbazhagan et al. [3] 
given in Table 3 is used herein to calculate the shear-wave character-
istics of fouled ballast with clay, coal, and pulverised ballast for different 
fouling percentages. For the case of clay fouling, a 200 mm thick 
degraded subgrade modulus (Es = 10 MPa) is considered as an impor-
tant factor, because clay fouling mainly occurs due to pumping of the 
subgrade soil into the ballast layer. In contrast, for coal fouling the intact 
(no degradation) subgrade is considered, because coal fouling is caused 
by external conditions (e.g., vibration of overfilled carriages) which 
have no relation to the subgrade. In Fig. 13, dotted lines represent shear- 
wave velocities (Vs) of fouled ballast while the solid lines represent the 
critical speeds (Vc) of the track. The dotted lines indicate that coal 
fouling affects Vs more when compared to clay fouling. However, Vc 
decreases more with clay fouling, while coal fouling does not seem to 
affect the critical speed to any significant extent. Due to the degraded 
subgrade conditions in the cases of clay fouling, the overall R-wave 
propagation speeds is affected, hence the reason for the reduced critical 
speeds. 

Influence of capping layer on critical speeds 

In ballasted tracks, the capping layer is usually placed underneath 
the ballast layer to protect the deeper soft subgrade from excessive 
loading. The analytical model can be used to quantify the improvement 
in track dynamics including the critical speed when a capping layer is 
used. Fig. 14a shows the variation of octahedral stresses at a depth of 
100 mm below the subgrade surface when a traditional capping layer 
with an elastic modulus of 180 MPa is used with a medium stiff subgrade 
of E = 50 MPa. As expected, the octahedral stress at the subgrade surface 
is reduced by the capping layer as shown in Fig. 14a. Also, an increase in 
critical speed is observed with the addition of capping layer and this 
improvement is higher when the thickness of capping is increased from 
150 mm to 300 mm. 

In recent times, a few studies [32,22,18] reported that blended 
mixtures of recycled mining waste (e.g., steel furnace slag, coal wash) 
and discarded rubber tyre derivatives (e.g., rubber crumbs) can be used 
as an alternative capping layer (Synthetic Energy Absorbing Layer, 

Fig. 12. Influence of ballast thickness on octahedral shear stresses and crit-
ical speeds. Fig. 13. Influence of ballast fouling on critical speeds.  
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SEAL), that also aids in increasing the energy absorbing capacity of track 
while reducing ballast breakage. As shown in Fig. 14a, using the SEAL 
material with an optimum rubber content of 10 % might not be as 
effective as a traditional capping layer (compacted sandy gravel) to in-
crease the critical speeds of the track, and this is because of the lower 
elastic modulus (~90 MPa) of the blended waste mixtures. Since ma-
terial damping (strain energy capacity) is not considered in the current 
analytical model, the advantage of the blended rubber material SEAL in 

reducing ballast breakage cannot be properly captured by this model. 
However, a 200 mm thickness of SEAL is found to perform similar to a 
150 mm thick traditional capping layer. Further, for different subgrade 
conditions, the improvement in critical speeds is plotted in Fig. 14b. The 
capping layer is found to be more effective when it is used on softer 
subgrades, and that advantage diminishes as the subgrade becomes 
stiffer. 

Influence of progressive subgrade degradation under repetitive loads 

Previous sections established that the critical speed of a railway track 
is strongly governed by the substructure layer properties and their 
degradation characteristics. In most cases, dynamic stresses in the track 
substructure and the number of repeated loading cycles are the impor-
tant driving factors for ballast/subgrade degradation. For example, 
trains with higher axle loads may cause greater stresses in the track 
layers leading to faster subgrade degradation. Hence, it is important to 
understand the combined influence of train speeds, axle loads and 
number of loading cycles on the resulting dynamic stresses generated 
and their effects on subgrade degradation during track operation. The 
empirical equation proposed by Nguyen et al. [30] represents the 
degradation of subgrade shear modulus prone to mud pumping (at 
shallow depth @ 1 m below sleeper base) with the number of loading 
cycles (N) and cyclic stress ratio (CSR), as given in Eq.18. 

1 − δ = GsN/Gs1 = 1 − log(a.CSR)b
[logN]

c (18)  

where, N represents number of loading cycles, GsN is degraded subgrade 
modulus at Nth cycle, Gs1 is the subgrade shear modulus during the first 
cycle. a, b and c are the empirical constants that affect the evolution of δ 
with N and are considered as 3.34, 0.69 and 2.5, respectively repre-
senting subgrade soil with a dry density of 1710 kg/m3 [30]. CSR is 
considered as the ratio of octahedral stress to twice of lateral confining 
stress (CSR = qoct

2σ′
y
). Eq.18 can be adopted in the current analytical model, 

and an iterative loop shown in Fig. 15 can be used to determine the 
influence of train speed and axle load under cyclic conditions (CSR) to 
estimate the value of critical N. The initial modulus of subgrade is 
considered as 50 MPa, which is typical of the natural clayey soil in the 

Table 3 
Material properties for ballast fouled with coal, clay and pulverised ballast (data 
from [3].   

shear wave velocity 
(MPa) 

Poisson’s ratio 
(υ) 

density (kg/ 
m3) 

Clean dense ballast 155  0.35 1636 
Ballast + 11 %Coal 148.8  0.35 1807 
Ballast + 20 %Coal 100.5  0.35 1770 
Ballast + 30 %Clayey 

sand 
125.3  0.35 1899 

Ballast + 20 % clayey 
sand 

142  0.35 2096 

Ballast + 10 % clayey 
sand 

137.6  0.35 1753 

Ballast + 5 % coal 141.3  0.35 1675 
Ballast + 20 % 

powdered ballast 
142.75  0.35 2017  

Fig. 14. (a)Improvement in track dynamic response with inclusion of capping 
layer (b)improvement in critical speed with capping for different subgrades. 

Fig. 15. Flow chart for determining critical number of loading cycles required 
for fluidization. 
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south-eastern coast of Australia (Indraratna et. al. 2010). 
Fig. 16 show the number of cycles required for fluidization of the 

subgrade for three different axle loads (20 t, 30 t and 40 t) of freight 
trains running at different train speeds. Please note that the subgrade is 
considered as fully saturated with unfavourable drainage conditions. 
Also, δ>0.6 is considered as the threshold value in this study beyond 
which the degraded subgrade fluidizes[23]. It is observed from Fig. 16 
that without a capping layer the subgrade reaches fluidization at 
approximately 711 cycles for 20 t axle train operating at 50 km/h. But 
for higher axle loads at 50 km/h, degradation occurs more rapidly 
within 100 cycles for 30 t and 42 cycles for 40 t. Also, Ncritical reduces 
with increasing train speeds from 50 to 180 km/h for all axle loads as the 
stresses in the subgrade layers amplify with train speeds. 

For comparison, the number of loading cycles exerted on the sub-
grade under a typical iron ore train operated in Western Australia car-
rying 240 wagons (Ntrain) is plotted. The subgrade loading frequency of 5 
HZ for a train running at 50 m/s speed is used as the benchmark for 
calculating Ntrain (Indraratna et. al. 2020). These trains which are very 
long do not allow the excess pore water pressure generated in the sub-
grade to dissipate until the whole train passes over the vulnerable 
location. It is to be noted that without a capping layer, for 20 t axle 
trains, Ncritical is found to be higher than Ntrain when the range of train 
speeds is below 120 km/h. However, for heavy freight trains with axle 
loads reaching 30 tonnes, the subgrade degrades within the duration of 
train passage even when travelling at low train speeds (50 km/h). This 
indicates that even though the subgrade was in a good condition before 
the train arrival, unfavourable drainage conditions can cause rapid 
degradation of the subgrade layer even during a single train passage. 
This effect becomes more severe under heavier axle loads of 40 t. When a 
200 mm traditional capping layer is used, an improvement of Ncritical is 
observed for 20 t axle loads (e.g., 711 to 5748 cycles for 50 km/h), as 
shown in Fig. 16. However, this improvement gradually decreases as the 
axle loads increase from 20 t to 40 t. For very heavy axle loads (40 t), the 
findings from this study indicate that the subgrade degradation could 
not be controlled well by using a traditional capping layer that was 
sufficient to be used for lighter axle loads of 20 t. 

Limitations 

This analytical model provided a simple yet effective approach to 
capture the effect of track substructure conditions on dynamic track 
response. However, it is to be noted that the current analytical model at 
this point can only include vertical layering of the substructure and does 

not include any ground variations in the lateral or longitudinal di-
rections. Furthermore, the model considers rail and sleepers to be free of 
defects or imperfections (e.g., rail corrugations) and the effect of any 
irregularities in these track elements on the dynamic response is 
ignored. The field investigation conducted in this study is limited to a 
single-track section, however, this will be extended to more sections of 
tracks with different subgrade properties in the future. 

Conclusions 

A rheological-continuum model was presented to analyse the influ-
ence of train speeds, axle loads and substructure conditions on the dy-
namic response of ballasted tracks under Australian track conditions. By 
considering a multi-layer continuum model for substructure layers 
including ballast, the model can be easily cross verified with MASW 
testing which can capture the current track conditions including ballast 
and subgrade degradation. After validation of the model with a field 
study and past numerical models, the observations from the model are as 
follows:  

1. For ballasted tracks on softer subgrades, increasing the train speed 
caused an increase in the dynamic stresses in ballast and subgrade, 
including the vertical and traction shear stresses, resulting in prin-
cipal stress rotation. The amplification in tractional shear stress was 
more than that of the vertical stress, leading to cardioid-shaped stress 
paths in the deviatoric stress space deviating from the conventional 
triaxial stress paths.  

2. Occurrence of mud pumping represented by the proposed subgrade 
degradation ratio reduced the critical speed, while its influence was 
more pronounced when the thickness of degraded soil increased. For 
instance, consideringδ = 0.9 for railway track in Bulli, the critical 
speed reduced from 341 km/h to 296 km/h for subgrade (degraded) 
of 200 mm thickness, while it dropped further to 177 km/h when the 
thickness increased to 1 m.  

3. For softer subgrade conditions (Vsb
Vss 

< 0.5), reduction of ballast 
thickness reduced the critical speed albeit by 20 %, however, this 
effect diminished when the ballast was underlain by a stiff subgrade 
(Vsb
Vss 

~ 1.0).  
4. Although ballast fouling due to coal adversely affected the critical 

speed (~5%), this effect was marginal when compared to the case of 
mud pumping (15 %-20 %).  

5. In view of soil fluidization (following degradation) based on past 
laboratory studies on mud-pumping prone soils, a methodology was 
presented using the analytical model that could be used to calculate 
the critical number of loading cycles before the degrading subgrade 
could initiate mud pumping. When the tracks are used by very heavy 
freight trains (e.g., 40 tonnes axle load), a quicker fluidization was 
observed (i.e. Ncritical 〈240) even while travelling at relatively low 
speeds (~50 km/h). 

6. For mud-pumping tracks, the improvement in Ncritical with the addi-
tion of a capping layer becomes less prominent when axle loads are 
higher than 30 tonnes. Therefore, when these types of tracks are used 
by heavy freight trains, more extensive subgrade soil improvement 
may be necessary. 
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Appendix-A 

For plane body wave motion in x − z plane, the Cauchy stresses on an element can be given as: 

σxx = λ(εxx + εzz)+ 2μεxx (A1)  

σxz = μεxz (A2)  

σzx = 2μεzx (A3)  

σzz = λ(εxx + εzz)+ 2μεzz (A4) 

Where, λ, μ are the Lames constants which can be expressed as 

λ =
Eν

(1 + ν)(1 − 2ν) (A5)  

μ =
E

2(1 + ν) (A6) 

And E, ν are the elastic modulus and Poisson’s ratio of the layer. εij is the first-order displacement gradient given as: 

εij =
1
2

(
∂ui

∂j
+

∂uj

∂i

)

(A7) 

ui and uj are the displacements in the ithandjth direction and can be represented as a function of compression wave potential and shear-wave 
potential as: 

ux =
∂∅
∂x

−
∂φy

∂z
(A8)  

uz =
∂∅
∂z

+
∂φy

∂x
(A9) 

Φj and φj
y are the P-wave and SV wave potentials in the jth layer can be given in ω − k domain as 

Φj = Aj
p1exp

(
− i

(
ωt − kx − ξj

p1z
))

+Aj
p2exp

(
− i

(
ωt − kx − ξj

p2z
))

(A10)  

φj
y = Aj

s1exp
(
− i

(
ωt − kx − ξj

s1z
) )

+Aj
s2exp

(
− i

(
ωt − kx − ξj

s2z
) )

(A11) 

Solving Eqs. A.1-A4 and A8, A.9 gives the stresses and displacements in the track substructure layers (Eq. (4)–(13), where the coefficients b1j, b2j,

b3j, b4j, b5j are defined as a function of wave number k and Lame’s constants as given below: 

b1j = − λj.k2 −
(
λj + 2μj)ξj

p1
2 (A12)  

b2j = 2μjkξj
s1 (A13)  

b3j = −
(
λj + 2μj).k2 − λjξj

p1
2 (A14)  

b4j = 2μjkξj
p1 (A15)  

b5j = − μj
(

k2 − ξj
s1

2
)

(A16)  

Appendix B 

Considering an axle with load q0 moving on the rails at a constant speed V, the rail seat load qr is calculated using the method proposed by ORE 
(1987) given as: 
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qr =
0.4qd

2
(B1) 

The dynamic load qd imparted by the track superstructure to substructure at the sleeper-ballast interface is calculated by multiplying trans-
missibility ratio Td to the incident load (q0) on the rail. Transmissibility ratio is given as: 

Td =
qd

q0
=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

K2
p +

(
Cpωl

)2
√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
Kp − (Mr + Ms)ω2

l

)2
+
(
Cpωl

)2
√ (B2)  

where, ωl is the excitation frequency in the track superstructure caused by the moving axle and can be given as the ratio of train speed (in m/s) to the 

shortest spacing between axles ωl =
V(m

s)
Saxle

. The transmissibility ratio (Td) varies from 1 to ∞, when the loading frequency, ωl approaches the natural 
frequency of the superstructure. The influence of the axle on the rails extends to a distance of − 3πL/4 to 3πL/4 from the point of load application [12]. 
The variation of sleeper-ballast stress with time at x = 0 can be given by considering a cosine shape function with a wavelength λ=3πL/2 

σzd =
qrcos 2πV

λ t
Ae

(B3)  

where, Ae id the effective sleeper base area which is considered as one-third of the total base area. 
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Géotechnique 2022:1–10. 

[33] Sayeed MA, Shahin MA. Three-dimensional numerical modelling of ballasted 
railway track foundations for high-speed trains with special reference to critical 
speed. Transp Geotech 2016;6:55–65. 

[34] Sheng X, Jones C, Thompson D. A theoretical study on the influence of the track on 
train-induced ground vibration. J Sound Vib 2004;272:909–36. 

[35] Suiker AS, Chang CS, De Borst R, Esveld C. Surface waves in a stratified half space 
with enhanced continuum properties. Part 1: Formulation of the boundary value 
problem. Eur J Mech-A/Solids 1999;18:749–68. 

[36] Suiker AS, Selig ET, Frenkel R. Static and cyclic triaxial testing of ballast and 
subballast. J Geotech Geoenviron Eng 2005;131:771–82. 

[37] Sun QD, Indraratna B, Nimbalkar S. Deformation and degradation mechanisms of 
railway ballast under high frequency cyclic loading. J Geotech Geoenviron Eng 
2016;142:04015056. 

[38] Tucho A, Indraratna B, Ngo T. Stress-deformation analysis of rail substructure 
under moving wheel load. Transp Geotech 2022;36:100805. 

[39] Varandas JN, Paixão A, Fortunato E, Hölscher P. A numerical study on the stress 
changes in the ballast due to train passages. Procedia Eng 2016;143:1169–76. 

[40] Yang L, Powrie W, Priest J. Dynamic stress analysis of a ballasted railway track bed 
during train passage. J Geotech Geoenviron Eng 2009;135:680–9. 

R.S. Malisetty and B. Indraratna                                                                                                                                                                                                            

http://refhub.elsevier.com/S2214-3912(24)00067-9/h0005
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0005
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0005
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0010
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0010
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0015
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0015
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0015
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0020
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0020
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0025
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0025
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0030
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0030
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0030
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0035
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0035
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0035
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0040
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0040
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0050
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0050
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0055
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0055
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0055
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0065
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0065
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0065
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0085
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0085
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0090
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0095
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0095
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0100
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0100
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0105
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0105
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0105
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0110
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0110
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0110
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0115
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0115
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0115
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0120
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0120
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0125
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0125
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0130
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0130
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0130
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0135
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0135
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0145
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0145
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0145
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0150
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0150
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0150
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0155
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0155
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0160
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0160
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0160
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0165
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0165
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0165
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0170
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0170
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0175
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0175
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0175
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0180
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0180
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0185
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0185
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0185
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0190
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0190
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0195
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0195
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0200
http://refhub.elsevier.com/S2214-3912(24)00067-9/h0200

	Critical speed of ballasted railway tracks: Influence of ballast and subgrade degradation
	Introduction
	Analytical method
	Superstructure dynamics
	Substructure dynamics

	Model validation
	Ground dispersion curves
	Field study for ballasted track dispersion curve
	Validation of transient displacements and stresses

	Influence of different track problems on critical speeds
	Dynamic response in track substructure at different train speeds
	Effect of subgrade degradation on critical speeds
	Ballast problems
	Influence of capping layer on critical speeds
	Influence of progressive subgrade degradation under repetitive loads

	Limitations
	Conclusions
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	Acknowledgements
	Appendix-A Acknowledgements
	Appendix B Acknowledgements
	References


