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Abstract

Structural systems are consistently encountering the variabilities in material properties, undesirable defects and loading
nvironments, which may potentially shorten their designed service life. To ensure a reliable structural performance, it is
ital to track and quantify the effects of different random/uncertainty factors upon the structural fracture performance. In this
esearch, a critical review of the past, current and future computational modelling of the non-deterministic fracture mechanics is
resented. By considering the variously numerical solutions tackling the fracture problems, they are mainly categorized into the
iscrete and continuous approaches. This study discusses the quantification performance of the extended finite element method,
he crack band method and the phase-field approaches combined with different sources of uncertainties. These well-known
omputational techniques are typical representatives of the common fracture modelling philosophies including the embedded,
meared and regularized ones. The essence of this work is to compare the main differences of the uncertainty quantification
odels (i.e., probabilistic, non-probabilistic) at the fracture formulation levels and investigate the major progress and challenges

xisting in the real-life applications for the past and future decades. Some critical remarks, which are denoting the advantages
nd major issues of various non-deterministic fracture models, are provided and explained in the practical structural failure
onditions. Different fracture simulation cases are implemented with comparative results amongst analytical, numerical and
xperimental methods, and the corresponding fracture quantification ability is evaluated through the standards of the random
racture capacity, load–deflection plots, crack propagation, crack mechanisms, and computational efficiency, etc.
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1. Introduction

Fracture mechanisms have been a long-term physical challenge existing widely in aerospace, civil, mechanical,
arine, and construction fields, for instance the large-scale concrete infrastructures, offshore platforms, and aviation

ngine turbines. These engineering components and systems are often vulnerable to visible and invisible crack
rowth due to the different working conditions and environmental factors, which results in a critical loss on the
verall bearing capacity of the structural system. Consequently, it is very important to analyse the performance of
ngineering structures under fracture loading. Moreover, uncertainties in a structural system are common which
re caused by the variability in external loading, material properties, undesirable defects, degradation in material
roperty, as well as other uncontrolled issues existing within the complicated construction or manufacturing period.
here is no doubt that the uncertainties involved in the fracture performance of engineering structures would be
aried with the different remaining capacities. Thus, a critical review of the random input-sources in the fracture
echanism framework is provided in this research. In the initial structural design stage, the series of randomness

re handled with the safety factors under different scenarios. However, due to the complex conditions involved
2
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in the practical applications, the primary safety factor method is often found to be insufficient to manage the
various types of uncertainties in material and geometric parameters, especially for structures prone to fracture failure
modes. To deal with this issue, subsequent probabilistic and non-probabilistic theories are incorporated into fracture
mechanics to obtain a detailed description of different types of input uncertainty parameters and provide referable
simulated information for experimental observations, as a large number of repetitive experimental tests addressing
the uncertainties are normally unaffordable even for a simple structural member.

In the past several decades, much research has been implemented within the context of the deterministic fracture
echanics. The prevailing numerical frameworks can be categorized as discrete and continuous ones. Meanwhile,

he three crack simulation methods, namely the extended finite element method (XFEM), the crack band method
nd phase-field approaches, have been widely developed. These renown computational techniques represent three
ommon fracture modelling philosophies: embedded, smeared and regularized. Whilst Belytschko et al. [1,2]
roposed a minimal remeshing technique, namely the extended finite element method to simulate elastic crack
rowth, Miehe et al. [3,4] utilized the variational function framework and thermo-mechanical principle to conduct
he phase field analysis for brittle and quasi-brittle fracture. Parts of some popular approaches for simulating crack
rowth include: the multi-scale fracture simulation [5–8], the generalized finite element method [9,10], the meshfree
ethod [11,12] the extended meshless approach [13,14], the scaled boundary finite element method [15,16],

he particle method [17,18], and the extended isogeometric analysis method [19,20]. For some popular discrete
pproaches, the cohesive element method [21,22] and the peridynamics method [23,24] are used. For the quasi-
rittle structural failure, the above mentioned approaches can be combined with a cohesive zone model. Recently,
u et al. [25,26] implemented the cohesive zone model into the phase field as a regularized cohesive zone method

o simulate the nonlinear performance of the brittle or quasi-brittle fracture in various structures. A comprehensive
eview of the XFEM, mixed FEM and phase field methods towards brittle and quasi-brittle cracking can be found
n [27]. Another critical mechanism which has drawn extensive attention is the fatigue induced crack growth
roblem [28,29]. The fatigue crack growth can be important to the fracture tolerance evaluation and the judgement
f detection stage, which will make sure the fatigue cracks in the structural component would not develop to collapse
ithin or prior to the designed working lifetime [30].
Despite the vast research developed on the deterministic fracture analysis of engineering structures, there are

imited studies that can assess the influence of uncertainties within the system [31,32]. Considering the complicated
anufacturing process, the accurate specification and the design of engineering products are not achievable.
oreover, the random effect of the external loading is inevitable which may cause significant fluctuation in the

tructural responses, such as the uncertain analysis for the fatigue crack growth in engineering components [33,34].
ome early research works have combined the conventional discrete and smeared crack models with different
ncertainty quantification methods [33,35–37], however, the issues of large-mesh refinement and shear locking
ffect were noticed [38,39]. Although the XFEM can avoid the problem of mesh refinement, the random crack
rowth paths [40,41], especially for three-dimensional cracked structures, are still numerically infeasible to achieve
ithout the prescribed cracking directions [42].
Probabilistic theory-based methods [37,43–50], and non-probabilistic theory-based methods [51–62], have been

eveloped for physical crack simulation methods. These studies [27,33–52] described the uncertainties into
robabilistic formulation level, and some tried to use fuzzy or interval boxes to represent the possible crack regions
ithin the structure. However, some limitations are still present. The probabilistic methods can be performed
hen the probabilistic feature (e.g., probability density functions) or statistical information (e.g., means and

tandard deviations) of random parameters are available or inferred, sometimes from limited data [63,64]. The
on-probabilistic methods can supplement the insufficient distributions of random parameters, but the deviation level
ust be rigorously selected. Furthermore, the issue of high computational cost of both approaches remains. In recent

ears, an alternative way to solve this problem is to construct a machine learning model based on the representation
f the original FE high-fidelity model [65]. Among the popular machine learning algorithms, the Gaussian process or
riging [66,67], the neural network [68,69], the support vector regression [70,71], the reinforcement learning [72],

nd the response surface [73,74], have been frequently used in various complicated mechanical fields, including the
racture mechanism [75–79]. As such, a comparative review of various uncertainty quantification approaches for
racture mechanisms modelling is desirable in the discipline of engineering failure analysis.

The objectives of this review are:
(1) To identify the major challenges of the numerical modelling of random cracking and how these issues can

e solved effectively.
3
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Fig. 1. Crack representations of (a) sharp and (b) continuous models.

(2) To compare the strength and weakness in the theoretical aspect and numerical approximation of the three
major fracture modelling philosophies: embedded, smeared and regularized.

(3) To reveal the applicability and limitations of the probabilistic and non-probabilistic theories involved in
random crack simulation methods.

(4) To demonstrate the future trends of machine learning aided non-deterministic fracture analysis that improves
the random crack modelling efficiency in brittle and quasi-brittle fracture analysis.

(5) To compare the corresponding performance of some well-known uncertainty quantification methods for
damaged structures.

This review is composed of seven sections. Section 2 summarizes the comparative review of the extended
finite element method (XFEM), the crack band method and phase-field approach, which are known as the typical
representatives of three common fracture modelling philosophies: embedded, smeared and regularized. Section 3
describes the two major categories of uncertainty quantification methods: probabilistic theory-based, and non-
probabilistic theory-based methods. In Section 4, the current existing challenges of random crack modelling
problems are introduced. Section 5 provides the recently developed non-deterministic fracture assessment with
various machine learning algorithms used. The numerical investigation and discussion are presented in Section 6,
including the deterministic, probabilistic, non-probabilistic and machine learning aided fracture analysis cases.
Finally, in Section 7, both the conclusion and remarks are summarized.

2. Review of the embedded, smeared and regularized fracture modelling

Since the development of the finite element method (FEM), the modelling of cracks in different structures
by using FEM have been very popular in several engineering disciplines. Many classical and valuable numerical
techniques have been established. In this section, three typical crack models, i.e., embedded, smeared and regularized
models, are introduced along with the FE implementations.

2.1. Embedded crack model

For a finite element discretized body Ω with discrete boundary P, the crack model can be represented as shown
in Fig. 1. The crack within the body can be modelled as either the sharp or the continuous methods, and the
corresponding deflection and strain fields are shown in Fig. 2, respectively.

Observed from Fig. 1, the embedded crack model represents a sharp crack field for the body. The crack through
the finite elements is described through the embedded model that is generated with the deflection and strain curves
as in Fig. 2(a). The deflection behaviour described is discontinuous along the strain field, from which a singularity
is initiated at the crack line. These plots represent the basic philosophy of the embedded model or known as the
Strong Discontinuity methods based on the classical computational fracture mechanics [80–86]. Among which, the

extended finite element method (XFEM) is a representative of the embedded finite element model.

4
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Fig. 2. Crack representations of (a) embedded, (b) smeared and (c) regularized models in the deflection and strain fields.

.1.1. Extended finite element method (XFEM)
The extended finite element method (XFEM) is one of the classical fracture simulation techniques to simulate

n embedded sharp crack within the solid body. An additional degree of freedom and the interpolation formulation
re defined to describe the crack discontinuity. By using the XFEM, the complicated remeshing procedure can be
mitted, which saves computational efforts.

The XFEM was proposed by Belytschko et al. [1,87] to solve the discontinuity fracture problems in the
E displacement field and it was originated from the generalized finite element method introduced by Babuska
t al. [88,89]. Before the development of XFEM, fracture propagation was simulated mainly relying on the
emeshing techniques and cohesive elements inclusion [90–95]. However, the mesh dependency issues generated
rom these approaches were affecting the crack simulation results. The embedded finite element method (EFEM)
as developed to overcome these issues and an extra discontinuous displacement field was added to approximate

he crack [96–98], which also constructed the basic philosophy of XFEM. For a comprehensive comparison between
he two approaches, interested readers can find more details in [99].

As an example of the implementation of the embedded model, the XFEM requires a crack tracking technique
o certify the crack orientation within the elemental level [100–102]. It should be noticed that an appropriate crack
racking technique is essential, otherwise non-stable results might be generated, which is considered as one of the

ajor limitations for XFEM. Thus, an extended XFEM technique was developed by Wu et al. [103] through the
doption of strong discontinuity formulation tools [104].

.1.2. Finite element equilibrium equations
For the finite elements discretized structural body, both coarse and fine meshed regions are adopted for normal

nd crack fields. Such that the displacement u of the domain point can be represented as

u ∼= ũ = NuU + ÑuŨ (1)

here U and Ũ denotes the displacements of the coarse and fine mesh fields, respectively. Nu and Ñu are the
nterpolation or shape functions for the elemental matrix. Generally, the coarse mesh is throughout the body domain
nd the fine mesh is added into the discontinuous cracks. Ũ and Ñu are enriched displacements and functions to

simulate the crack deflection jump, with the formulations of

Ñ (x) = N (x)θ (x) (2)
u,n u,n n

5
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θn(x) = HS(x) − HS(xn) (3)

here HS(x) denotes the Heaviside function with settings of HS(x) = 1, when (x − xS) · ns > 0 or HS(x) = 0
therwise [105]. The detailed construction process of the enriched functions to represent crack can be found in
ig. 3. For the modified is-XFEM, an extra term was added into the Heaviside function to provide stability as

θn(x) = HS(x) − csϕ(x) − (1 − cs)HS(xn) (4)

here

ϕ(x) =

∑
n∈A∗

Nn(x)HS(xn) (5)

Based on the displacement function, the strain of the crack body is derived as

ε ∼= ε̃ = BuU + B̃uŨ (6)

here Bu and B̃u are the displacement-strain matrix for the normal and enriched fields, respectively. Subsequently,
he weak form for finite element equilibrium functions are summarized for the structural system as∫

Ω\S
BT

u σdΩ =

∫
Ω

NT
u fdΩ +

∫
Γt

NT
u tdΓ (7)∫

Ω\S
B̃T

u σdΩ +

∫
S

NT
u td S =

∫
Ω

ÑT
u fdΩ +

∫
Γt

ÑT
u tdΓ (8)

hich can be further transformed as∫
Ω\S

BT
u DBuUdΩ +

∫
Ω\S

BT
u DB̃uŨdΩ =

∫
Ω

NT
u fdΩ +

∫
Γt

NT
u tdΓ (9)∫

Ω\S
B̃T

u DBuUdΩ +

∫
Ω\S

B̃T
u DB̃T

u ŨdΩ +

∫
S

NT
u ESNuŨd S =

∫
Ω

ÑT
u fdΩ +

∫
Γt

ÑT
u tdΓ (10)

A simplified version of the FE equilibrium can be expressed as[
KUU KUŨ

KŨU KŨŨ

] [
U

Ũ

]
=

[
F

F̃

]
(11)

here⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

KUU =

∫
Ω\S

BT
u DBudΩ

KUŨ =

∫
Ω\S

BT
u DB̃udΩ

KŨU =

∫
Ω\S

B̃T
u DBudΩ

KŨŨ =

∫
Ω\S

B̃T
u DB̃T

u dΩ +

∫
S

NT
u ESNud S

F =

∫
Ω

NT
u fdΩ +

∫
Γt

NT
u tdΓ

F̃ =

∫
Ω

ÑT
u fdΩ +

∫
Γt

ÑT
u tdΓ

(12)

It should be noticed that in the modified XFEM technique, an average of elemental stress distribution is used to
udge the crack propagation instead of the local stress value

σ e =
1
Ve

∫
Ωe

σdΩ (13)

here Ve denotes the elemental volume of a domain Ωe. By using the Rankine standard, XFEM considers a crack
ould continue to propagate if the maximum principal of σ is larger than the material strength, and a nonlocal
e

6
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Fig. 3. Diagram of enriched elements and nodes.

stress state is implemented to further calculate the direction of the crack propagation through

σ̃ e =

∫
Ωe

ϕ0(r )σdΩ ≈

nVe∑
e=1

ϕ0(re)Veσ e, ϕ0(re) = exp(−
r2

e

r2
0

) (14)

here ϕ0 denotes a weighting function; re denotes the elemental distance, normally with re ≤ 2.5r0. Besides,
ther types of criteria can be adopted to analyse the state and the direction of the crack propagation for the XFEM
echnique [106–108]. However, the actual performance of the crack tracking methods needs to be tested for practical
racture simulations.

.1.3. Remarks
The XFEM embedded crack model exhibits strong advantages in fracture simulation ever since its generation,

owever with more complicated physical reality issues required, the method has rarely been extended due to its
ntrinsic limitations. In this section, several remarks about the advantages and disadvantages of the XFEM technique
re discussed.

emark 1. The most important ability of the XFEM technique compared with the classical fracture mechanics is
hat it could explicitly model the sharp crack with no implementation of remeshing process. Due to the generality
f the embedded crack model, different softening laws can be adopted to simulate both brittle and quasi-brittle
ehaviours of structures. Normally, the enriched nodes and elements are added only as the crack field, which will
ot lead to a significant increase of total degree of freedoms for FE approximation. Hence, a relatively small number
f computational efforts are required for the XFEM technique.

emark 2. The development of the XFEM has been restricted to several inherent issues in recent decades. First,
he successful calculation of the XFEM crack growth requires a prior knowledge of the position and direction
f the potential crack, which means a well-chosen criterion is needed for the proper simulation of the crack
ropagation. Since an enriched displacement field is added to construct the discontinuous crack field, an appropriate
lemental interpolation scheme is required to provide accurate approximation of the fracture response within the FE
egion. Moreover, when it comes to the interpolation scheme with a three-dimensional problem, the implementation
ifficulty can be significantly magnified. Also, when considering the subsequent crack-tracking ability in a spatial
eld, the complexity to construct the continuous crack is not simple. In practical fracture terms, multiple and
ranching cracks are common to observe, however, the XFEM cannot always guarantee stable and promising results
gainst such situations.

.2. Smeared crack model

For a finite element discretized body Ω with discrete boundary P, the smeared crack model can be represented
s shown in Fig. 2(b). Different from the embedded element, the fracture behaviour is smeared through the entire

lement with a bandwidth b, which should be determined based on the mesh size. Also, the displacement field is

7
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continuous and strain field is related to the adopted bandwidth. The concept of the smeared method was initially
proposed by Rashid et al. [109] to investigate the strength of prestressed concrete vessels. Soon after, it was widely
used in different FE approximations. Later, a crack band model was developed by Bazant et al. [110] to incorporate
the smeared approach into the classical Griffith’s fracture mechanism, by using the bandwidth parameter along with
the material fracture properties to decide the brittle behaviour of the finite elements. That is, the crack representation
of the structure largely depends on the mesh size selected, and to some extent, the smeared crack model could
converge to the embedded sharp crack [110–112].

To increase the precision and independence for the smeared crack band method, an extended crack band
odel was developed at FE level [113,114], from which the strain field was independent from the elemental

ize and obtained by using the interpolation function from the displacement field. This improvement increased
he convergence rate and the fracture modelling accuracy in both displacement and strain fields, and. the mesh
ependency issue has been greatly resolved. In the modified smeared crack band model, the crack bandwidth was
dapted to two times of the elemental size for better description. A brief introduction of this model will be presented
n the following section.

.2.1. Crack band model
The crack band model follows the basic framework of continuum mechanics, and the criteria of crack initiation

nd propagation depends on the stress field at the crack tip. By using the regular FE formulation, the singularity of
he stress field is not guaranteed due to the mesh dependence problem. Thus, the crack band theory increases the
rder of displacement and stress fields to satisfy the convergence of different responses. By using the additional
nterpolation functions in the FE space, the accuracy of the smeared crack approach can be stabilized, which has
een adopted to solve various engineering problems [115,116].

The smeared crack or crack band model has been well developed in different strain-based and stress-based
echanisms, which considers the energy dissipation along with the mesh conditions during the crack growth process.
y using the continuum damage mechanics, the crack band model smears the sharp crack through a band width of
. For instance, a one-dimensional tensile bar as shown in Fig. 4, the load–displacement relation of the bar is

δ =
F

AE
L (15)

here F, δ are the external force and deflection, A, E, L are the cross section, Young’s modulus, and length of
he bar, respectively. Assume σu is the tensile strength, when the external force reaches the strength limit, the bar
ould crack. For this condition, the total displacement of bar can be represented as

u = uc + ue (16)

where uc denotes the crack opening displacement, ue denotes the elastic displacement. By using the fracture energy
G I C , the formulation can be further expressed as

u = 2G I C/σu[1 − F/(σu A)] + F/(E A)L (17)

The total strain is also composed of crack strain and elastic strain as

ε = εc + εe, εc = 2G I C/(hσ 2
u )(σu − σ ) (18)

Based on the one-dimensional constitutive relation, a continuum two-dimensional strain can be denoted as[
ε1

ε2

]
=

1
E

[
1 −ν

−ν 1

] [
σ1

σ2

]
+

[
εc

0

]
(19)

The above equation can be further written into[
ε1

ε2

]
=

1
E

[
1/µ −ν

−ν 1

] [
σ1

σ2

]
, 1/µ = Eε1/[Et (ε f − ε1)] (20)

here{
1/Et = 1/E − 2G I C/(σ 2

u h)
(21)
ε f = 2G I C/(σuh)
8
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Fig. 4. The one-dimensional crack bar [117].

It should be noted that the above functions are available to mode I crack (stress orthogonal to the local plane
of the crack surface) with small continuum strain. For practical mode I fracture with large strains, basing on the
maximum principal stress failure criteria, the relation of the two-dimensional crack band model is expressed as

⎡⎢⎢⎣
εxx − ε f

εyy

εxy

⎤⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣

1
Exx

−
2G I C

hσ 2
u

−νxy

Exx
0

−νxy

Exx

1
Eyy

0

0 0
1

Gxy

⎤⎥⎥⎥⎥⎥⎥⎦ ·

⎡⎢⎢⎣
σxx

σyy

σxy

⎤⎥⎥⎦ (22)

2.2.2. Remarks
The smeared approach or crack band model extends the classical Griffith’s fracture theory to improve the accuracy

and stability of the crack simulation against the mesh dependency and the singularity problems, and significant
improvements were achieved in different conditions. However, the complexity of the constitutive formulations may
be problematic, and inherent issues may be generated with FE approximation.

Remark 1. The smeared crack approach certainly contains large degree of generality by adopting the frameworks
of both Griffith’s and continuum fracture mechanics. This approach can be further extended to static and dynamic
isotropic and orthotropic brittle or ductile crack propagation problems in two-dimensional and three-dimensional
spaces [118,119]. Since the interpolation functions have been added to the displacement and strain fields, the
convergence rate of the smeared approach is higher than the regular FE approximation, such that significant
computational efforts can be saved during the stiffness formulation and crack calculation processes. Also, multiple
and branching cracks conditions are reliable to achieve, and the judgement of the crack direction is embedded
within the algorithm without any specific crack tracking techniques required. This advantage differs from the XFEM
approach especially in the large-scale complicated engineering applications, such as long span concrete frame and
full-scale aerospace equipment.

Remark 2. Although some advantages of the smeared approach have been reported in the literature, the practical
implementation of this technique is challenging. As mentioned in the algorithm section, the interpolation and
substitution of the displacement, stress and strain fields are frequently required at the elemental level, which largely
increases the difficulty of incorporating the formulations into the standard finite element procedure. Thus, the
effectiveness of the smeared approach is limited to certain scenarios.

2.3. Regularized crack model

The regularized crack model contains many popular sub-models, such as the phase field model, nonlocal damage
model and gradient damage model by using a regular and localized bandwidth to define the sharp crack into a
continuous field function [120,121], as shown in Fig. 2(c). Here, an introduction about the phase field model is
illustrated.
9
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∫

Fig. 5. Regularized crack representation for the phase field model.

2.3.1. Phase field model
Before the establishment of the phase field model, the nonlocal integral models were frequently used in the

continuum fracture mechanics by involving an internal parameter to smooth the spatial domain of the FE strain
field [122,123]. However, according to some Refs. [124,125], it was validated that these methods merely calculated
the fracture initiation in the structural body but not at the crack tip, and a wrong crack path would be predicted with
unstable performance. Also, it was found that the actual bandwidth setting within these models was not effective,
so the purpose of the sharp crack regularization was not achieved [126].

To overcome these challenges, the phase field model (PFM), which is based on a diffused damage scalar field,
has been developed [2,127]. The PFM continuously simulates the crack evolution of the structure from the original
state to the fully cracked configuration by solving an energy-based partial differential equation (PDE). The PFM
can be implemented in a wide range of applications. As the mechanics research demonstrated [128,129], the
PFM is extended from the Griffith’s theory [130] then later revised with the complete format [131]. Also, the
thermodynamic problem has been investigated by Miehe [3,4] and relevant research works were adopted to solve
the dynamic fracture and hydraulic problems [132–134]. For the multi-physics research [134,135], the multi-phase
transformation technique was developed by Landau [136] to calculate the dynamic crack propagation issues as well.
For the mathematics discipline, the Γ -convergence theorem was proposed [134,135] to characterize and converge
the width of localization band by introducing a small length scale coefficient. Recently, a phase field regularized
cohesive zone model (PF-CZM) [25,26] was proposed to simulate the both brittle and quasi-brittle fractures in an
efficient Broyden–Fletcher–Goldfarb–Shanno (BFGS) solver. More explanations about the PFM can be referred for
interested readers in [133].

In this section, the basic philosophy of the traditional Griffith’s theory-based phase field model, which was
proposed by Miehe [3,4], is briefly introduced. The linear static notched structure with discontinuity defect as
Ω ⊂ Rd(d = {2, 3}) is shown in Fig. 5. The PFM is represented through a displacement u, the phase field φ and
the sharp crack is represented by a diffuse bandwidth as ∂ΩC . For a selected time stage, φ(x) at material point x
ranges from 0 to 1 to define the internal damage state changes from perfect material to fully cracked.

For the damaged structure, the overall potential energy function is expressed as

E pot =

∫
Ω

ψε(ε)dΩ +

∫
∂ΩC

Gc(x)d∂ΩC −

∫
∂ΩN

T · ud∂Ω (23)

Ω ψε(ε)dΩ is the strain energy,
∫
∂ΩC

Gc(x)d∂ΩC is the fracture energy, Gc(x) is the energy release rate, T is the
external traction and ψε(ε) is the strain energy density with formulation of

ψε(ε) =
1
λ(x) ⟨tr (ε)⟩2

+ µ(x)tr (ε)2 (24)

2

10
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where λ(x), µ(x) denote the Lamé parameters, ⟨·⟩ is the MaCaulay bracket, ε denotes the second-order strain
tensor

ε = ε(u) =
1
2

(∇u + ∇uT ) (25)

The strain energy density ψε(ε) is composed of the tensile strain energy density ψε(ε)+ and the compressive one
ε(ε)−. Thus, the strain energy is extended as∫

Ω

ψε(ε)dΩ =

∫
Ω

[
(1 − φ(x))2

+ k
]
ψε(ε)+ + ψε(ε)−dΩ (26)

here

ψ±

ε (ε) =
1
2
λ(x) ⟨tr(ε)⟩2

±
+ µ(x)tr(ε2

±
) (27)

ε± =

d∑
i=1

⟨εi ⟩± ni ⊗ ni (28)

where d is the dimension size, εi and ni denote the primary strains and orientation. According to the principle of
Γ -convergence [131], the fracture energy is formulated as∫

∂ΩC

Gc(x)d∂ΩC ≈

∫
Ω

Gc(x) · Γl0 (l0, φ(x))dΩ (29)

Γl0 (l0, φ(x)) =
l0

2
|∇φ(x)|2 +

1
2l0
φ(x)2 (30)

where, l0 is the length scale parameter. Thus, the total potential energy function is reformulated as

E pot = δE int
pot − δEext

pot∫
Ω

{[
(1 − φ(x))2

+ k
]
ψε(ε)+ + ψε(ε)−

}
dΩ +

∫
Ω

Gc(x)
[

l0

2
|∇φ(x)|2 +

1
2l0
φ(x)2

]
dΩ −

∫
∂ΩN

T · ud∂Ω

(31)

here δE int
pot and δEext

pot are the internal and external potential energy. Since the constraint δE int
pot − δEext

pot = 0 holds
or both displacement and phase fields, the governing equation must yield the coupled field as⎧⎨⎩ ∇ · σ = 0 inΩ

−2(1 − φ(x))H (x) +
Gc(x)φ(x)

l0
+ Gc(x)l0∇

2φ = 0 inΩ
(32)

hich must satisfy the following

σ · n − T = 0 on ∂ΩN

∇φ · n = 0 on ∂ΩC

u = u on ∂ΩD

(33)

here H (x) = maxψ+
ε (ε(x)) is a strain-history field which is introduced to prevent the healing of the crack.

Subsequently, the weak form of the governing equations of the coupled field is derived by using the Bubnov–
alerkin method, from which the displacement and phase fields can be further calculated by a staggered approach

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∫
Ω

[σ (u(x)) : ε(δu(x)) − Tδu(x)] dΩ = 0∫
Ω

[(
Gc(x)

l0
+ 2H (x)

)
φ(x)δφ(x) + Gc(x)l0∇φ(x)∇ (δφ(x))− 2H (x) δφ(x)

]
dΩ = 0

(34)
11
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2.3.2. Finite element equilibrium equations
In the FE approximation, the u(x) and φ(x) of the i th nodal point of the PFM model and their gradients are

xpressed by

u(x) = Nu
i (x)ui , ∇u(x) = Bu

i (x)ui (35)

φ(x) = Nφ

i (x)φi , ∇φ(x) = Bφi (x)φi (36)

here Nu,Nφ and Bu,Bφ are the shape functions and derivatives of the u(x) and φ(x).
By incorporating the FE equations into Eq. (34), the discretized weak form equation is transformed as⎧⎪⎪⎪⎨⎪⎪⎪⎩

∫
Ω

[
(Bu)T DBuu(x) − (Nu)T T

]
dΩ = 0∫

Ω

[
(Nφ)T (

Gc(x)
l0

+ 2H (x))Nφ
+ (Bφ)T Gc(x)l0Bφ

]
dΩ · φ(x) −

∫
Ω

2H (x)(Nφ)T dΩ = 0
(37)

here D is linear stiffness matrix. Furthermore, the above function is reformulated as{
Kuu(x) − Fu

ext = 0

Kφφ(x) − Fφext = 0
(38)

ith ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ku
=

∫
Ω

(Bu)T DBudΩ

Kφ
=

∫
Ω

{
(Nφ)T

[
Gc(x)

l0
+ 2H (x)

]
Nφ

+ (Bφ)T Gc(x)l0Bφ
}

dΩ

Fu
ext =

∫
Ω

(Nu)T TdΩ

Fφext =

∫
Ω

2H (x)(Nφ)T dΩ

(39)

here Ku and Kφ denote the global stiffness matrix of the displacement and phase fields; Fu
ext and Fφext are the

xternal loadings.

.3.3. Remarks
The phase field method has shown great adaptivity in various applications and the effectiveness of the method

as been evidently illustrated in many different scenarios. However, the meshing requirement is quite high, which
esults in significant increase of computational costs for many cases.

emark 1. The phase field method is developed from the principle of energy equilibrium and the Griffith’s fracture
heory. It has shown strong adaptations to model brittle and quasi-brittle static and dynamic fracture problems in
oth two and three-dimensional spaces. The implementation of the PFM to FE formulations is straightforward to
ccess and the technique has currently been involved in many commercial FE software. Without the requirement of
rack tracking algorithms, the PFM can simulate dynamic branching and multiple cracks by using the embedded
nergy-based crack initiation and propagation strategy.

emark 2. The generality of the phase field model for different constitutive relations still needs to be
nvestigated [137–139], and most of the current literature focused on the brittle or quasi-brittle behaviour of
amaged bodies. Physical mechanism like irreversible plasticity, fracture closure and reopening have not been
idely considered for the PFM. As mentioned, another typical problem of the PFM should be the running time. As
esh refinement requirement in regularization bandwidth is extremely high for structures to acquire reliable crack

rediction paths, the entire elements for the FE discretization would be exceptionally huge for practical applications.
hus, the corresponding computational efforts would increase dramatically, especially for the three-dimensional

amage models.

12
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3. Review of the multiple uncertainty quantification techniques

In realistic applications, the fluctuations or the uncertainties existing in the structural system can significantly
nfluence the modelling precision and structural reliability [140–146]. The uncertainties are including various factors
uch as the manufacturing deviation, measure or dimensional deviations, material properties, and external outliers.
he uncertainties can be classified into two kinds: aleatory and epistemic [147]. In general, the various uncertainties
an be effectively quantified through two major methods: (1) probabilistic analysis theory, such as the MCS
pproach, the perturbation theory and the spectral stochastic theory; (2) non-probabilistic theory, represented by
he interval theory, the fuzzy theory and convex models. For the next parts, the state of the literature for two
ncertainty approaches has been illustrated.

.1. Probabilistic analysis theory

The probabilistic analysis theory is one of the most popular uncertainty quantification methods, and the theory
an be implemented under the scenarios with full profiles of uncertainty information [148–150]. For the modelling
f uncertainty information, both spatially dependent (value of the field at any point in space depends on the values
t neighbouring points) and independent fields (values of different points do not have correlations) are considered to
escribe the system structural properties and external loadings [42]. For the simulation regimes of the uncertainty,
he solutions of probabilistic theory could be divided into two types: (1) the direct simulative approach and (2)
he non-simulative approach. For the direct simulative approach, the Monte-Carlo simulation method is the most
epresentative one which calculates each possible realization of structural response by using a direct sampling
echnique [151–154]. For the non-simulative approach, the desired uncertain structural outputs need to be acquired
hrough established mathematical or numerical approaches [155–158]. Several typical probabilistic analysis methods
ncluding both direct simulative and non-simulative techniques are listed and introduced as follows.

.1.1. Monte Carlo simulation method
The Monte Carlo Simulation (MCS) method is a traditional technique for implementing what-if analysis, by using

hich the reliability of multiple-criteria decision-making results can be tested [159,160]. Also, some conclusive
emarks can be summarized to analyse the relation between the varied information and the decision outcomes. The

CS method [161–163], is a powerful computational tool of quantifying different uncertainty environments and
rawing in-depth probabilistic profiles against each scenario.

In contemporary engineering applications, the MCS is used to simulate the event involving repetitive generation
f uncertain input variables and calculating the performance of statistical results through population samples.
ubsequently, the acquired information based on the uncertainty variables can be implemented to analyse the
istribution details and computational features under various scenarios. In this research, the MCS is represented as
hown in Fig. 6, with horizontal axis denotes the varied cases of system properties (e.g., the Young’s modulus, the
oisson’s ratio, the density) and vertical axis denotes the probabilistic density of fracture response (e.g., crack energy
elease rate, crack length, peak force). Normally, the simulation number of samples is large (e.g., 1000∼1000000)

to provide a continuous fitting curve of the possible distribution. From the plot, the mean and variance of the
distribution can be estimated to quantify the specific random scenario.

3.1.2. Spectral stochastic finite element method
To simulate and ascertain the reliability of the structure with the presence of random fields, the spectral stochastic

finite element method (SSFEM) has been considered a robust computational tool over several decades [164–166].
In the SSFEM, the system properties are described through the Karhunen–Loève (K–L) expansion with mean and
covariance equation to represent the constitutive relation among various structural locations [167,168]. A Polynomial
Chaos expansion (PCE) function has been subsequently adopted to describe possible structural responses with a
series of basis equations in nodal points. Such that the stochastic problem can be inverted into a set of deterministic
functions in the form of the Galerkin approach. If the unknown responses have been calculated, the PCE can estimate
the statistical and reliability profiles of the response to complete the SSFEM framework.

In detail, the spatial position is denoted as x, the physical body is represented as V. For a random field
with a random variability ω denoted as f (x, ω), the expectation is shown as ⟨ f (x, ω)⟩. When there is a random
13
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Fig. 6. Five possible realization cases of the Monte Carlo simulation-based sensitivity analysis of individual material property.

variability for the material property, the constitutive coefficients matrix is defined as D(x, ω) with a given mean
D(x) = ⟨D(x, ω)⟩. And the autocovariance function is defined as follows

CDD(x, x′) =
⟨
(D(x, ω) − D(x)) ⊗ (D(x′, ω) − D(x′))

⟩
(40)

here ⊗ is the outer (tensor) product. To simplify the description, D(x, ω) is assumed as a form of D(x, ω) =

D(x) + f (x, ω)D̂, for which f (x, ω) is random field and D̂ is the normal matrix. Here the autocovariance equation
an be described as

CDD(x, x′) = D̂ ⊗ D̂RDD(x, x̂) (41)

In which RDD(x, x̂) is considered as the scalar autocovariance function. The random field D(x, ω) can be denoted
s a Karhunen–Loève Expansion (KLE) as

D(x, ω) = D(x) + D̂
∞∑

m=1

ξm(ω)
√
λmΛm(x) (42)

The set of λm and Λm(x) are acquired from the autocovariance equation as

RDD(x, x′) =

∞∑
m=1

λmΛm(x)Λm(x′) (43)

Through the integral eigenproblem solution of∫
V

RDD(x, x′)Λm(x)dV (x) = λmΛm(x′)∫
V
Λm(x)Λn(x)dV (x) = δmn

(44)

The stochastic variability of D(x, ω) is denoted as D̂ which contains the variability degree for each component
of D(x, ω). The infinite series can be truncated after the NKL terms to provide a manageable approximation to the
random field D(x, ω) due to the decreasing magnitude order of the eigenvalues of λm and Λm(x). The following
equations can be obtained with the truncated Karhunen–Loève expansion for the system property:

NK L∑
ξm [Km] {u} = { f } −

NK L∑
ξm [Km] {̃u} =

NK L∑
ξm { fm} (45)
m=0 m=0 m=0

14



Y. Feng, D. Wu, M.G. Stewart et al. Computer Methods in Applied Mechanics and Engineering 412 (2023) 116102

i

n

f

w
c
i
m
d

In which ξ0 = 1 is a parameter for notational convenience. {u} and the boundary conditions of { fm} m =

0, 1, 2, . . . , NK L contains the unknowns, which are made up with the external loading vector { f } and the specific
structural results {̃u}. The corresponding mathematical formulations can be summarized as

[K0] =

∫
V

{
g′(x)

}
· D(x) ·

{
g′(x)

}T dV (x)

[Km] =

∫
V

{
g′(x)

}
· D̂(x) ·

{
g′(x)

}T √
λmΛm(x)dV (x),m = 0, 1, 2, . . . , NK L

(46)

where
{
g′(x)

}
is related to the shape function deriving with strain at x and expressed with nodal locations response.

The matrix [K0] is the global stiffness matrix for material property D(x), and matrix [Km] m = 1, 2, . . . , NK L are
mplemented by replacing

√
λmΛm(x) with D(x).

The Gaussian variable ξm,m = 1, 2, . . . , NK L and the FE system could realize the stochastic response u(x, ω)
computation to accumulate the statistical moments. The random field u(x, ω) can be considered as a Polynomial
Chaos Expansion (PCE) up to polynomial order p

u(x, ω) =

Np∑
j=0

Ψ j (ξ )v j (x) (47)

In Eq. (47), Ψ j (ξ ), j = 0, 1, 2, . . . , Np denotes the chaos expansions of ξ =
{
ξ1, ξ2, . . . ξNK L

}
, v j (x) denotes

the dimensional equations need to be chosen. The selected terms in PCE with p in NK L is

Np + 1 =
(p + NK L )!
(p)!(NK L )!

(48)

The Chaos polynomials can be defined as orthogonal with respect to the expectation as⟨
Ψ j (ξ )Ψk(ξ )

⟩
= 0 if j ̸= k (49)

The first NK L + 1 polynomials are the order 0 term Ψ0(ξ ) = 1 and Ψ j (ξ ) = ξ j ( j = 1, 2, . . . , NK L ). And the
odal response vector in a finite element is:

{u(ω)} =

Np∑
j=0

Ψ j (ξ )
{
υ j

}
(50)

In which v j (x) = {g(x)}T {
υ j

}
has been used by the response

{
υ j

}
and shape functions g(x). Subsequently, the

unction can be expressed as:
Np∑
j=0

NK L∑
m=0

ξmΨ j (ξ ) [Km]
{
υ j

}
=

NK L∑
m=0

ξm { fm} (51)

Np∑
j=0

NK L∑
m=0

cmjk [Km]
{
υ j

}
=

NK L∑
m=0

δkm { fm} , k = 0, 1, 2, . . . , Np (52)

here the coefficients cmjk =
⟨
ξmΨ j (ξ )Ψk(ξ )

⟩
are integers. Due to the orthogonality properties of Eq. (49), the

oefficients cmjk are mostly zero. The set of Eq. (52) can be regarded as a single system where the solution vector
s composed of a concatenation of the nodal vectors

{
υ j

}
, j = 0, 1, 2, . . . , Np, and the corresponding coefficient

atrix is block-sparse. The Eq. (52) is often solved by using the Choleski decomposition of [K0]. After
{
υ j

}
is

etermined, the mean and autocovariance of the response can be obtained as

u(x) =

Np∑
j=0

⟨
Ψ j (ξ )

⟩
v j (x) = v0(x) (53)

Cuu(x, x′) =

Np∑
j=0

⟨
(Ψ j (ξ ))2⟩ v j (x) ⊗ v j (x′) (54)
15
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where v j (x) = {g(x)}T {
υ j

}
is the response at location x from the jth nodal solution vector and

⟨(
Ψ j (ξ )

)2
⟩
. Then

he strain and stress at location x are

ε(x, ω) =

Np∑
j=0

Ψ j (ξ )ε j (x) (55)

σ (x, ω) = D(x, ω) · ε(x, ω) =

NK L∑
m=0

Np∑
j=0

ξmΨ j (ξ )Dm(x) · ε j (x) (56)

here ε j (x) =
{
g′(x)

}T {
υ j

}
are the strain results. The effective material coefficients can be given by D0(x) = D(x)

nd Dm(x) = D̂
√
λmΛm(x) of m = 1, 2, . . . , NK L . To define σmj (x) = Dm(x) · ε j (x), the mean and autocovariance

f the strain and stress can be obtained by

ε(x) =

Np∑
j=0

⟨
Ψ j (ξ )

⟩
ε j (x) = ε0(x) (57)

Cεε(x, x′) =

Np∑
j=0

⟨
(Ψ j (ξ ))2⟩ ε j (x) ⊗ ε j (x′) (58)

σ (x) =

NK L∑
m=0

Np∑
j=0

⟨
ξmΨ j (ξ )

⟩
σmj (x) =

NK L∑
m=0

σmm(x) (59)

Cσσ (x, x′) =

Np∑
k=0

Np∑
j=0

NK L∑
n=0

NK L∑
m=0

(Xmnjkσmj (x)) ⊗ σnk(x′) − σ (x) ⊗ σ (x′) (60)

Therefore, the cumulative distribution function (CDF) and the probability density function (PDF) of the structural
esults, can be obtained from Eqs. (57)–(60), respectively. It needs to be noted that the SSFEM may sacrifice
he accuracy of the unknown distribution types of the random responses due to the limitations in choosing the
orrespondingly proper polynomials.

.1.3. Remarks
The probabilistic analysis theory has been widely adopted among various practical applications during the past

ecades, the pros and cons of the approach are both evident against different uncertainty scenarios. Readers should
elect the appropriate uncertainty quantification method according to their specific requirements.

emark 1. The probabilistic analysis theory has a wide range of variations, e.g., perturbation method, surrogate
odel and eigenfunction expansion method [167,169–174]. The implementation of the probabilistic philosophy is

ather direct to the general finite element procedure and now has been adopted to some commercial FE software
e.g., Comsol Multiphysics). By adopting this technique, the statistical descriptions (e.g., mean and deviation) of
ossible structural responses can be provided, then based on which, the potential safety and reliability assessment
f structure can be estimated under varied environmental conditions.

emark 2. Despite the probabilistic analysis theory has been prevalently adopted among different engineering
isciplines, the applicability of the method has been greatly affected by the completeness of system uncertain profiles
i.e., distribution, mean and error). That is, the probabilistic approach requires statistically based or inferred random
arameters to fulfil the entire quantification, Moreover, techniques exist to elicit probabilistic information from
parse or limited data, supported by Bayesian and other updating methods to more accurately characterize random
arameters [175].

.2. Non-probabilistic analysis theory

For some practical engineering cases, the variability of the system properties is not fully known. As an alternative,
he non-probabilistic analysis theory uses limited uncertainty information as fuzzy, convex and interval variables to
escribe the events, and relevant structural responses could be estimated.
16
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Fig. 7. The membership function.

3.2.1. Fuzzy set method
The fuzzy variable X should be expressed through the normalized membership function µX (x) as

0 ≤ µX (x) ≤ 1, ∀x ∈ R (61)

∃x l , xu withµX (x) = 1 ∀x ∈
[
x l , xu] (62)

Take a fuzzy parameter X into consideration, the membership function has been illustrated in Fig. 7 with an
ncreasing left branch monotonic function L X (x) and decreasing right branch monotonic function RX (x) with X ,
nd the corresponding equation is

µX (x) =

⎧⎪⎪⎨⎪⎪⎩
L X (x) a1 ≤ x ≤ am

1 am ≤ x ≤ an

RX (x) an ≤ x ≤ a2

(63)

Based on the λ level sets of the fuzzy variables, it is easy to denote the convex fuzzy variable X by a group of
level sets X (λ).

X (λ) =
{[

x l(λ), xu(λ)
]
, λ ∈ [0, 1]

}
(64)

For each λ level, the set of X (λ) is at a connected interval
[
x l(λ), xu(λ)

]
, the bounds x l(λ) and xu(λ) for λ ̸= 0

re given as{
x l(λ) = min [x ∈ R |µX (x) ≥ λ ] = (L X )−1(λ)

xu(λ) = min [x ∈ R |µX (x) ≥ λ ] = (RX )−1(λ)
(65)

The SX = {x ∈ R |µX (x) ≥ 0 } is the support set, which is the λ level set X (λ) of λ = 0 against Eq. (65). The
oundaries of X (λ = 0) are⎧⎪⎨⎪⎩

x l(λ = 0) = lim
λ′=+0

{
min

[
x ∈ R

⏐⏐µX (x) ≥ λ′
]}

xu(λ = 0) = lim
λ′=+0

{
min

[
x ∈ R

⏐⏐µX (x) ≥ λ′
]} (66)

Considering xc(λ) and xr (λ) as the centre value and radius of the connected interval X (λ), respectively, the
formulation can be⎧⎪⎪⎨⎪⎪⎩

xc(x) =
x l(λ) + xu(λ)

2

xr (x) =
xu(λ) − x l(λ)

2

(67)

The interval X (λ) can be characterized as follows if transforming it into the normalized interval
c r
X (λ) = x(λ, δ) = x (λ) + x (λ)δ (68)
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Fig. 8. The membership function of the Gaussian fuzzy variable X and its bounds at the membership level λ.

In which λ ∈ [0, 1] and δ ∈ [−1, 1] representing the normal and normalized interval parameters. Subsequently,
X should be expressed as a series format in the dimension x (λ, δ).

For the membership equation with respect to X is denoted a Gaussian kind as shown in Fig. 8 and Eq. (69).

µX (x) = exp
{
−

(x − mx )2

2σ 2
x

}
(69)

In which mx and σx represent the middle result and point of X . In this case, the fuzzy parameter X can be named
as Gaussian fuzzy parameter.

Based on Eq. (68), the fuzzy parameter is:

X = x(λ, δ) = mx +
√

−2 ln λσxδ (70)

The boundaries and membership level λ of fuzzy parameter is found in Fig. 8.

3.2.2. Interval analysis method
As an extension of the traditional interval analysis method, the interval field was proposed by considering the

spatially related uncertainty into the lower and upper bounds of the interval box [176–178]. Based on the available
uncertainty information, the lower bound function (I (ξ )) and upper bound function (I (ξ )) of random coefficients are

enerated to represent the extreme values of the collected samples at structural locations as shown in Fig. 9. Unlike
he traditional interval analysis with constant lower and upper bounds, the interval field considers the spatially varied
ependency at different locations with changing boundary conditions.

Like the Karhunen–Loève (K–L) expansion in SSFEM, the interval field also requires effective discretization
echnique to discretize the datapoints. Assume a discretization technique Î (ξ ) with a series of interval parameters
Ip, p = 1, . . . , n

}
, the interval field is represented through

I (ξ ) ≈ Î (ξ ) = Γ (ξ, I) (71)

Î (ξ ) : =

∫
Ψi

I (ξ )dΨi

|Ψi |
= Îi , ξ ∈ Ψi (72)

here Ψi is the region of i th element. Subsequently, the lower and upper bound functions of the interval field can
e discretized as

I ∈ Ω̃ : =

{
I ∈ ℜ

n
⏐⏐⏐̂Ii ≤ Îi ≤ Î i , i = 1, . . . , n

}
(73)

here Îi and Î i are the lower and upper bounds of Îi . In the meantime, the midpoint of interval field can be
expressed as

Ic
∈ Ω̃ : =

{
Ic

∈ ℜ
n

⏐⏐⏐⏐⏐ Î c
i =

Îi + Î i

2
, i = 1, . . . , n

}
(74)
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Fig. 9. Illustration of one-dimensional interval field [179].

Based on the transformation, the interval field can be discretized into normal interval vectors with known
lower and upper bound functions, which makes the implementation of interval field accessible to standard FE
approximation.

3.2.3. Remarks
The non-probabilistic analysis theory has been an alternative for probabilistic approaches for several decades.

It focuses on uncertainty analysis with limited knowledge of the information of the uncertain system inputs,
which has been combined with various theoretical and mathematical formulations to generate different uncertainty
quantification techniques. However, some limitations also exist for the non-probabilistic theory and should be
selected as needed.

Remark 1. The advantage of the non-probabilistic analysis theory is its adaptivity of different uncertainty
environments with sufficient and insufficient information. Within the framework, various convex, fuzzy and interval
techniques are established then implemented into the FE approximation of static, dynamic, nonlinear and fracture
mechanism for practical applications against varied environment. Unlike the probabilistic approach of generating
completed profiles, the non-probabilistic approach such as the interval method, only requires the extreme bounds of
the system random parameters to construct the inputs. Due to the conceptual simplicity, many computational tools
have been developed.

Remark 2. A disadvantage of the non-probabilistic approaches, for instance, is that the number of involved
fuzzy variables must be relatively small to maintain good performance. Also, for the convex model, explicit
functions that representing the relationship between uncertainties and the complex physical behaviour cannot be
provided, which prevents the practical implementation in structural uncertainty analysis. Another issue for the
interval analysis method is that the dependency between different material properties cannot be fully tracked.
Moreover, the computational efficiency of interval analysis for certain random simulation cases may be low.

4. Challenges of the numerical modelling of random cracking

As illustrated in the established literature, the numerical modelling of random cracking in different media presents
numerous challenges. In this paper, two major issues are summarized: (1) random crack approximation, (2) random
crack propagation and cost-efficiency. The following sections discuss the two points among different random crack

quantification techniques.
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Fig. 10. Crack propagation paths for (a) experimental, (b) meshfree, (c) XFEM, and (d) LEFM crack models [180–184].

.1. Random crack approximation

As the first challenge for the numerical modelling of random cracks, the capability of accurate approximation of
he crack is critical. This includes the reliability of the discrete model and the handling of the randomness involved
n the physical mechanism.

Different crack and stress behaviours may be predicted by adopting different models, like the three-point bending
eam test shown in Fig. 10 through multiple crack models [180–184]. Thus, a proper physical crack model needs
o be selected for the concerned structure towards an appropriate geometrical approximation for the cracking.

Among vast range of research works, most of the random fracture analysis of structures adopted the statistical
heory of probability, based on which the random system properties (i.e., loading, material properties and fracture
arameters) are considered as random fields or variables with certified distributions. As a simple and direct
omputational tool of the random crack problem, the MCS method is widely used for simulating the structural
racture performance with important randomness of input coefficients [185–188]. For instance, in [189], the crack
ize, Young’s modulus, load stress, and fracture toughness are modelled as random variables, and the crack intensity
actors are collected as random outputs to justify the failure conditions of structures under different failure modes.
he input examples can be simulated as Gaussian and non-Gaussian types through:

f (x) =
1

√
2π S2

e−
(x−µ)2

2S2 , f (x) =
1

√
2π S2

e−
(ln x−µ)2

2S2 (75)

here f (x) denotes the probability density function, S and µ are the statistical parameters representing the standard
eviation and mean values. Among the large numbers of MCS simulation cycles N , the failure cases within the
amples are collected and recorded as N f , then the estimation of probability of failure can be defined by

P f =
N f

N
(76)

As noted from the expression of probability of failure, the number of MCS simulations must be large enough to
satisfy the convergence of reliability. Moreover, the integral type of calculation can be analytically used to calculate
the probability of failure as

P f = Φ(−β),

β =
µK I C − µK√

S2
− S2

(77)
K I C K
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where β denotes the reliability index for fracture failure, Φ(x) denotes the cumulative probability distribution
function as

Φ(x) =
1

√
2π

∫ x

−∞

e
−t2

2 dt (78)

It should be noticed that although the required number of simulations to probabilistically characterize the critical
stress intensity factor (KIC) is not large as the crude MCS method, Eq. (77) is restricted to input variables only
with Gaussian distribution and this may be insufficient for most practical engineering applications. However, more
advanced structural reliability techniques exist that can consider non-Gaussian random variables, non-linear limit
states, correlated variables, etc, such as the widely used First Order Reliability Method (FORM) and highly efficient
importance sampling simulation methods [175,190,191].

In fact, for actual fracture analysis, the precise distributions of material properties or external loadings are not
difficult to monitor, but for some geometrical random parameters (i.e., crack size and crack angles), it would be
difficult to acquire the detailed distribution information. Thus, the non-probabilistic theory is used to solve the
random fracture analysis [192–195]. For instance, in [196], the crack length, height and angle parameters are
modelled as interval variables, and the corresponding probability of failure for the cracked body can be defined
by

P f = Pr {g(X,Y) ≤ 0} , g(X,Y) = K I C − K (X,Y) (79)

here K denotes the mode-I stress intensity factor or the effective intensity factor under mix-mode fracture,
Yi , i = 1, 2, . . . ,m are the interval variables defined by

Yi ∈
[
Y L

i , Y R
i

]
, i = 1, 2, . . . ,m

Y c
i =

Y L
i + Y R

i

2
, Y r

i =
Y R

i − Y L
i

2
, γi =

Y r
i

Y c
i

(80)

here Y L
i , Y R

i , Y c
i , Y r

i and γi denotes the lower, upper bounds, central location, radius and degree of uncertain
nterval parameters.

As shown in Fig. 11, the interval limit state function has a bandwidth representing the maximum and minimum
imit state values through the interval parameter Y. Thus, the probability of failure domain for the cracked structure
an be expressed as

P L
f = Pr

{
max

Y
g(X,Y) < 0

}
, P R

f = Pr
{

min
Y

g(X,Y) < 0
}

(81)

here P L
f and P R

f are the lower and upper bound of probabilities of failure.
For the crude MCS method, the uncertainty quantification of random crack initiation and propagation are

traightforward and simple to implement, but the input parameters require probabilistic distribution information, and
he computational samples are typically large. However, importance sampling, response surface methods and other
tandard simulation techniques are significantly more efficient than crude MCS, and representing the state-of-the-art
n structural reliability methods [175].

For the interval-based methods, some ambiguous parameters can be defined with probability box without the
eed of precise distribution. This certainly provides convenience for practical engineering applications. However,
he interval box still needs to be limited to a small range and large variance parameters may not be acceptable.

oreover, not all material or fracture properties can be defined by interval variables due to the dependency of
ormulation derivations. For stochastic crack analysis, the generality of non-probabilistic theory still needs to be
xtended for more practical engineering applications.

.2. Random crack propagation and cost-efficiency

For the subsequent challenge of random crack initiation, the random crack directions of propagation matter
or most practical engineering applications. The appropriate judgement of crack direction remains difficult in both
iscrete and continuous crack models, and the overall complexity of cracked system can be magnified especially

fter the consideration of random system properties.
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Fig. 11. The interval limit-state band of the fracture failure state [196].

Fig. 12. Geometrical information and random field model of L-shape concrete [199].

The random crack propagation problem is significant for practical engineering applications since the fluctuations
of system properties could result in completely different predictions of the structural remaining capacity and critical
load [197,198]. It should be noted that for the deterministic crack propagation, the discrete and continuous crack
models could generate only one but inconsistent crack growth path for the same structure. However, the involvement
of random parameters may provide a failure zone that contains various possible crack paths for the whole structure to
implement vulnerability assessment under different random scenarios. For instance, in [199], the Young’s modulus,
Poisson’s ratio, density, fracture energy and tensile strength of aggregate and mortar can be modelled as random
fields (RFs) for the concrete as shown in Fig. 12, and a regularized crack model of phase-field method is adopted
to analyse the crack behaviour. Different crack growth paths are observed under different random field conditions
as shown in Fig. 13.

To calculate all the possible crack growth paths, crude MCS with 100 simulation runs was used to construct a

crack zone for the concrete as shown in Fig. 14(a). From the plots, the crack paths were tracked 100 times and the
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Fig. 13. Examples of (a) different damage shapes of L-shape concrete and (b) magnified crack growth paths under different random
fields [199].
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Fig. 14. Comparisons of numerical simulated and experimental: (a) crack growth paths and (b) load–displacement curves under 100 random
elds of L-shape concrete [199].

ean path matched well with the experimental crack result. Also, the experimental envelop has been completely
overed by the predicted crack zone, which illustrates the MCS-based random crack propagation analysis could
atch the inadequate fracture information provided by the limited number of costly experimental tests. Moreover,

rom Fig. 14(b), the predicted mean critical load during the crack propagation process simulates well with the
xperimental results. Thus, the reliability analysis of structure due to the fluctuations in system properties could be
btained from the distribution of critical loads under different environmental scenarios.

Moreover, the correlation length parameter within the correlation function of the random field has influences
pon the nondeterministic fracture behaviours [200,201]. For instance, in [201], the authors consider different
ength parameters (i.e., 0 mm, 12.5 mm, 25 mm, 100 mm, 200 mm, and infinite value) to simulate various spatial
uctuations and correlations of the field. By collecting responses from the notched beam, the authors found that the
verage responses for the fracture specimen are almost identical, but the standard deviation of the response depends
n the correlation length parameter. With the increasement of the length parameter, the standard deviation of fracture
esponses rises. And the fracture specimen with 0 mm length parameter is almost identical to the deterministic
odel. Moreover, the size and shape of the Fracture Process Zone (FPZ) is independent of the correlation length

r variance of the random field, but will be sensitive around the material’s characteristic length value.
Although the random crack propagation analysis has been widely investigated among many applications, the cost-

fficiency of the developed FE techniques remains a major challenge. Most of the techniques are mesh-dependent
nd the accuracy of the simulated results relies a large extent on the total degree of freedom of the cracked structure,
specially in the crack growth zone. For instance, the popular smeared crack models of nonlocal damage and
hase-field analysis, the mesh-dependency problem would directly affect the crack trajectory [202,203].

Besides, for one deterministic crack propagation analysis, the normal computational cost for a single FE
imulation could be hours or days. To construct the training dataset to quantify all possible crack paths for structures,
he samples of input parameters could be at least 1000. By using the crude MCS method, the repetitive full-scale FE
imulations should be executed to calculate the dataset of the outputs by using all the realizations of the uncertain
nputs. This may make the overall computations experimentally or numerically infeasible to achieve. Even with
he non-probabilistic theories, the computational effort issues cannot be ignored with the need of constructing a
eliable response surface plane. Thus, the cost-efficiency of random crack propagation analysis through the typical
robabilistic or non-probabilistic theories is a major burden and needs to be further modified.

. Future trend: machine learning aided non-deterministic fracture mechanics

As mentioned earlier, the random crack modelling is computationally expensive by using the traditional
ncertainty quantification techniques and hence, the aim of quantitatively assessing the effects of uncertainties
24
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Fig. 15. The basic structure of neural network.

against the crack growth process remains a critical issue. As a robust alternative to avoid the large number of
repetitive full-scale FE calculations, the machine learning techniques or data-driven algorithms in recent years have
been implemented within the traditional methods to construct a surrogate model which is capable of representing
the correlation between the various system input and output results only through a small group of training dataset.
In this section, several typical methods of machine learning and the implementation with non-deterministic fracture
mechanics are briefly introduced.

5.1. Neural networks

In recent years, the data-driven and artificial intelligent techniques are widely adopted in practical engineering
applications to resolved complicated problems. Among which, the neural networks (NN) method has been used
as “smart” systems for different complex scenarios of control systems, image processing and fracture mechanism
identification. The advantage of the NN is the excellent regression capability of analysing the correlation between the
system inputs and the responses. In this fracture mechanics, the NN can be combined with the damage identification
to detect any crack initiation or propagation status. Normally, the NN framework consists of three parts which
consists of hidden, input and output layers as shown in Fig. 15.

The NN has a series of cells that are related with each other and the major aim of the input layer is to use the
information as sources from both numerical model and experimental tests. Subsequently, each cell calculates the
relation functions and the predict output responses. The summation equation has been considered through the sum
of weighted output responses as follows

N ETi =

n∑
j=1

wi j x j + wbi (82)

here i, j denote processing elements, wbi denotes the bias of each layer, wi j denotes the weight of connections,
x j denotes the output response.

Then, the output response of the NN can be analysed from hidden layers as

f (N ETi ) =
1

1 + e−N ETi
(83)

The MSE of NN is defined by

M SE =
1
N

N∑
1

(yi − ŷi )2 (84)

here N denotes the size of data, y and ŷ are the actual and predicted output responses, respectively.
i i
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5.2. Kriging

As another popular machine learning technique, the Kriging or known as the Gaussian process method has been
requently adopted in different cases. Given x as the input variable, y as the output response, the Kriging technique

is expressed as

y
⏐⏐x; B, σ, θ ∼ G P(µ(x; B), σ 2 R(x1, x1; θ)) (85)

where µ(·; B) denotes the mean equation, R(·, ·; θ) denotes the kernel function, B, σ, θ are the Bayesian optimization
yperparameters involved in the Gaussian process. It should be noticed that the ultimate performance of the Gaussian
rocess depends on a large extent of the selections of the hyperparameters [204,205].

As an extension of the Kriging model, a modified universal Kriging method was developed with higher prediction
ccuracy [206,207]. The major improvement of the universal Kriging is the implementation of the multivariate
olynomial mean function as follows

µ(·; B) =

P∑
i=1

ai bi (x) (86)

here ai denotes the coefficients for the basis function bi (x). Then, a large variance of input data can be handled
within the Kriging model by using a design matrix and a correlation matrix as:

F =

⎛⎜⎜⎝
b1(x1) . . . bp(x1)
...

. . .
...

b1(xn) . . . bp(xn)

⎞⎟⎟⎠ (87)

ψ =

⎛⎜⎜⎝
ψ(x1, x1) . . . ψ(x1, xn)

...
. . .

...

ψ(xn, x1) . . . ψ(xn, xn)

⎞⎟⎟⎠ (88)

where F(·) and ψ(·, ·) are the design and correlation matrix defined within the stochastic process.
For the Gaussian process, the correlation matrix ψ(x, x ′) =

∏
j ψ j (θ, xi − x ′

i ) plays a very important role for
the regression performance of the surrogate model, and some typical types of correlation matrix as introduced as
follows⎧⎪⎪⎨⎪⎪⎩

ψ j (θ; d j ) = exp(−θ j
⏐⏐d j

⏐⏐), Exponential correlation

ψ j (θ; d j ) = exp(−θ j d2
j ), Gaussian correlation

ψ j (θ; d j ) = max
{
0, 1 − θ j

⏐⏐d j
⏐⏐} , Linear correlation

(89)

.3. Extended support vector regression

The Support Vector Machine (SVM) has been developed for determining a certain boundary plane which holds
he largest gap with the nearest random variables located on both sides of the hyperplane [208–211]. For a given
nput set of random variables being trained, which is denoted as xtrain = [xtrain,1, xtrain,2, . . . , xtrain,m]T

∈ ℜ
m×n ,

he corresponding output set of variables ytrain ∈ ℜ
m illustrates the classifications that each group data stands. The

ecisions equation of determining the hyperplanes is:

f̂ (x) = wT x − ζ (90)

here w = [w1, w2, . . . , wi , . . . , wn]T
∈ ℜ

n is the perpendicular plane with respect to the hyperplane; ζ ∈ ℜ is
he bias during the classification. As an extension of the traditional SVM, the extended support vector regression
X-SVR) was developed in [212] to improve the regression performance and the decision function. The X-SVR is
odified as:

ˆ T
f (x) = x(p − q) − ζ (91)
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where p,q ∈ ℜ
n are the two positive hyperplane coefficients. The above equation is suitable for linear regression

with patternable inputs. However, for the irregular ones, the method uses an implicit mapping function Θ(x) to
ransform the variables into the high-dimensional Euclidian space with regularized distributions:

x = [x1, x2, . . . , xm]T
⇒ k̂(x) =

⎡⎢⎢⎢⎢⎢⎣
Θ(x1)TΘ(x1)

Θ(x2)TΘ(x2)
...

Θ(xm)TΘ(xm)

⎤⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎣
k(x1, x1) k(x1, x2) · · · k(x1, xm)

k(x2, x1) k(x2, x2) · · · k(x2, xm)
...

... · · ·
...

k(xm, x1) k(xm, x2) · · · k(xm, xm)

⎤⎥⎥⎥⎥⎥⎦ (92)

here k̂(x) is the empirical kernelized vector, and the kernelized format of X-SVR is shown as

min
pk ,qk ,δ,ϑ,ϑ̂

:
γ1

2

(
∥pk∥

2
2 + ∥qk∥

2
2

)
+ γ2eT

m (pk + qk)+
θ

2

(
ϑTϑ + ϑ̂T ϑ̂

)
(93)

s.t.

⎧⎪⎪⎨⎪⎪⎩
k̂(x)(pk − qk) − δem − y ≤ λe + ϑ

y − k̂(x)(pk − qk) + δem ≤ λem + ϑ̂

pk,qk ≥ 0n
;ϑ, ϑ̂ ≥ 0m

(94)

where ϑ, ϑ̂ are the redundant constrain coefficients; γ1, γ2 are the tuning parameters; θ is the penalty; λ is the
tolerable deviation; k denotes the kernelized process. Based on the optimization theory adopted in the DrSVM
model [212], the regression function can be simplified as a quadratic programming process by introducing a
non-negative Lagrange multiplier βk ∈ ℜ

4m as:

min
βk

:
1
2
βT

k Pkβk − LT
k βk, βk ≥ 04m (95)

here Pk and Lk are optimization vectors and matrix defined in Appendix. Considering β∗

k ∈ ℜ
4m as the obtained

lobal optimum solution for the optimization problem, the overall governing equation of the kernelized X-SVR
odel can be reformulated as{

f̂N (x) = (pk − qk)T k̂(x) − êT
k Ĥkβ

∗

k

pk − qk = vk(1 : m) − vk(m + 1 : 2 m), vk = T̂−1
k ((R̂k + I4m×4m)T β∗

k − γ2uk)
(96)

Like the Gaussian process, the ultimate performance of the regression depends on the selected kernel function.
ence, a new type of feature mapping kernel, namely the Dirichlet feature mapping has been proposed, which is
efined recursively by

ϕαd (x) =

⎧⎪⎪⎨⎪⎪⎩
xd , xd ∈ x, d = 1, 2, . . . , n

Γ (
∑n

k=1 αk)
n
Π
k=1

(Γ (αk))

n
Π
k=1

xαk−1
k × (1 −

n−1∑
k=1

xk)αn−1, d = n + 1. (97)

where d ∈ Z+ is the polynomial order. More details can be read in [75,213].

5.4. Machine learning based non-deterministic fracture analysis

The aim of machine learning based non-deterministic fracture analysis is to accelerate the handling of the
andom responses of the cracked structures through the probabilistic and non-probabilistic frameworks. For the
robabilistic framework, the stochastic descriptions of the uncertainty information are vital and various machine
earning algorithms as mentioned above could be coupled with the FE codes for the fracture analysis. To obtain
ll the possible output responses, the training samples are collected first based on the design of experiment (DoE)
rinciple. Normally, the Latin cube and Sobol’s consequence sampling schemes are adopted [214,215]. Then, the
raining samples will be calculated through the FE solver and the structural responses will be collected.

Subsequently, the machine learning algorithms are used to train the surrogate model which can be validated with
he MCS results. In the end, the potential failure behaviours of the cracked structures can be predicted directly
27
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Table 1
Material properties of the wedge splitting test.

Material property Deterministic value

Young’s modulus (MPa) 28300
Poisson’s ratio 0.18
Tensile strength (MPa) 2.12
Tensile fracture energy (J/m2) 373

from the machine learning models and the relevant probability density and cumulative distribution functions are
estimated in an efficient manner. A flowchart representing the procedures of machine learning based probabilistic
fracture analysis is provided in Fig. 16.

For the non-probabilistic framework, the fuzzy based non-probabilistic fracture analysis is implemented for the
racture analysis of the cracked structures. For this scheme, the deterministic fracture solution is solved at α = 1

level then towards the lower α− cut levels by adopting the interval analysis. Due to the non-monotonic nature of the
practical engineering applications, an additional maximization and minimization method against multiple outputs
is used. Then, the machine learning algorithms are used to train the surrogate model by replacing the repetitive
MCS simulations. And the established surrogate model can directly predict the maximum and minimum results
of structural response at arbitrary α− cut level [216]. In the end, the fuzzy based output membership function is
formulated under real-life random environments. A flowchart representing the procedures of machine learning based
fuzzy fracture analysis is provided in Fig. 17.

6. Examples and discussion

In this section, some numerical investigations using different crack models and uncertainty quantification methods
to solve the non-deterministic fracture problems are presented. Some popular benchmark examples, which have been
frequently validated and extended in the fracture mechanics, are selected herein. The aims of this section are to
(1) assess the actual simulation abilities of the embedded, smeared and regularized techniques against different
applications, (2) compare different uncertainty quantification performance of the probabilistic and non-probabilistic
approaches when varied system uncertainties are considered into the crack models.

6.1. Deterministic fracture analysis

The deterministic numerical analysis of the fracture problem is discussed in this subsection. Based on Refs. [217,
218], a series of geometrically varied wedge splitting specimens are tested and numerically simulated using the
XFEM, crack band, and phase field methods. For this mode I fracture test, the potential crack propagation is a
vertical path along the notch. Thus, different crack models should converge to the same failure pattern, but with
discrepant computational cost.

The geometrical and boundary information of the wedge splitting test is presented in Fig. 18, and the basic
dimension of the specimen is 80 cm×80 cm×40 cm with a central notch. Two opposite directed horizontal forces are
applied at the notch to generate crack. The material properties of the specimen are listed in Table 1 and implemented
into different crack models.

The two-dimensional numerical test is carried out under plane strain condition and the quadrilateral finite element
with minimum size of 1 cm is adopted to mesh the geometry as shown in Fig. 19. It should be noticed that the
different FE size levels may be used by different crack models based on the specific simulation performance, and
the minimum FE size of the phase field method is approximately as 0.1 cm.

In Fig. 20, the load–CMOD curves during the crack growth process were plotted for the three different
methods [217–219]. The three generated curves were almost identical and very little differences were observed. That
is, with the same material properties, the constitutive relations and nonlinear behaviour descriptions among the three
techniques are consistent. However, it should be noticed that although the simulation results are almost same for
the three methods, the corresponding computational costs are varied. Since the phase field method requires a much
finer mesh to achieve functional convergence, the computational time is accordingly much larger than the other two

methods. Similar conclusions can be obtained for the extended three-dimensional wedge splitting test [220].
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Fig. 16. A flowchart of machine learning aided probabilistic fracture analysis framework.
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Fig. 17. A flowchart of fuzzy based non-probabilistic fracture analysis framework.
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Fig. 18. Experimental setup of the classical wedge splitting test [217].

Fig. 19. FEM mesh for the wedge splitting test.

6.2. Non-deterministic fracture analysis

In this section, the non-deterministic fracture analysis by utilizing the probabilistic and non-probabilistic solutions
are presented. In detail, the probabilistic fracture analysis, non-probabilistic fracture analysis and machine learning
aided fracture analysis against different scenarios are carried out in the following subsections.

6.2.1. Probabilistic fracture analysis
In this sub-section, a numerical case corresponding to the probabilistic theory-based fracture analysis is presented.

The descriptions of the probability distribution of various input parameters are adopted herein. In the first numerical
example, the stochastic brittle fracture analysis of a fibre reinforced gear teeth is investigated, and the geometry
is shown in Fig. 21. Plane stress has been used for the structure with an initial edge notch exists at the slot of
the composite gear teeth. The matrix and reinforcement components of the gear teeth are made of aluminium and
ceramic (SiC), respectively. For the boundary conditions of the composite gear teeth, the nodes on the boundary of
the inner diameter circle and the two sides adjacent to the inner diameter circle are fixed at both x and y axes. The
isplacement P in positive x-axis is uniformly applied on the left side of the middle teeth as shown in Fig. 21. To
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Fig. 20. The load–CMOD curves for the wedge splitting test from three methods [217–219].

Fig. 21. Numerical example 1: gear tooth geometry.

precisely capture the crack propagation path, the area where the initial crack may propagate through the stochastic
loading process has been refined as shown in Fig. 22. In addition, the displacement-control loading scheme is
designed with each step of 0.005 mm.

For the information of the uncertainty parameters, various random variables with different distribution types
are considered for the matrix component, the reinforcement component and the location of initial edge notch. The
statistical information of the random variables is listed in Table 2. In this example, the horizontal critical load Pcr

shown in Fig. 23(a) is the maximum tolerable applied load in the horizontal direction during the whole displacement
loading process, and the corresponding applied displacement Ucr were observed and recorded.

In this case, the crude MCS method is adopted to quantify all the probability distributions of input variables.
he random load–displacement curves of composite gear teeth calculated by the 1000 full-scale MCS simulations
re presented in Fig. 23(a) and the deterministic solution is also provided. Additionally, the probabilistic damage
egion of the tooth is drawn in Fig. 23(b) and the random distributed crack paths are captured. The phenomenon
s observed in Fig. 23(b): although the propagation path of the crack varies, the crack always propagates along the
nterface between the fibre circle and the matrix material rather than penetrating into the fibre component, which is

ecessary to further reinforce the interface region.
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Fig. 22. Adopted FEM mesh for the composite gear tooth.

Fig. 23. (a) Schematic of horizontal critical load Pcr and Ucr within the load–displacement curves; (b) Probability-damage-interval of initial
crack.

Table 2
Variational input data of composite gear teeth.

Random variables Distribution
type

Mean Standard
deviation

Matrixmaterial
E (GPa) Lognormal 70 7
ν Beta 0.33 0.0066
KIc (MPa m1/2) Lognormal 20 2

Reinforcement
material

E (GPa) Lognormal 120 12
ν Beta 0.36 0.0072

KIc (MPa m1/2) Lognormal 110 11

Slope of initial crack (β) Uniform [25◦,50◦]

l0 (mm) Normal 0.012 0.0006

In Table 3, the statistical characteristics of the horizontal critical load Pcr and the corresponding displacement
cr calculated through the MCS approach are listed. From this table, the mean values of Pcr and Ucr are 387.7645

N and 0.1368 mm, respectively. The standard deviations of the two parameters are 43.2339 and 0.0166.
Additionally, the PDFs, CDFs of Pcr and Ucr calculated from the MCS approach were presented in Figs. 24 and

25. From these figures, the probability information of the structural fracture strength and deflection capacities are
33



Y. Feng, D. Wu, M.G. Stewart et al. Computer Methods in Applied Mechanics and Engineering 412 (2023) 116102
Table 3
The calculated information of Pcr and Ucr of composite
gear teeth.

Moments Methods Pcr Ucr
N mm

Mean MCS 387.7645 0.1368
Stand deviation MCS 43.2339 0.0166
Skewness MCS 0.0580 0.1732
Kurtosis MCS 2.8417 2.8542

Fig. 24. (a) The estimated PDF; (b) CDF of Pcr in composite gear teeth.

Fig. 25. (a)The estimated PDF; (b) CDF of Ucr in composite gear teeth.

presented. That is, under arbitrary response level, the corresponding confidence level or the safety evaluation of the
structure can be directly approximated. Consequently, the crude MCS approach provides the probabilistic brittle
fracture analysis for the composite gear teeth within a unified computational framework.

For quantifying the performance of the probabilistic model, the predicted reliability of Pcr located at 5 positions
(e.g., µMC S

Pcr
− 3σ MC S

Pcr
, µMC S

Pcr
− 1.5σ MC S

Pcr
, µMC S

Pcr
, µMC S

Pcr
+ 1.5σ MC S

Pcr
, µMC S

Pcr
+ 3σ MC S

Pcr
where µMC S

Pcr
and σ MC S

Pcr
are

the mean and standard deviation of Pcr obtained from the MCS results) were investigated and the details are listed
in Table 4. From this table, the different confidence levels of the structure are estimated at different locations.

Additionally, the propagation paths of the crack at five different loading locations listed in Table 4 are also depicted
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Table 4
Estimated probability of Pcr at different locations in composite gear teeth.

Methods Probability at different locations

µMC S
Pcr

− 3σMC S
Pcr

µMC S
Pcr

− 1.5σMC S
Pcr

µMC S
Pcr

µMC S
Pcr

+ 1.5σMC S
Pcr

µMC S
Pcr

+ 3σMC S
Pcr

MCS 0.001782 0.07121 0.5028 0.9275 0.9980

Fig. 26. Schematics of fracture propagation for the composite gear teeth at different loading locations.

in Fig. 26. These figures clearly present the variations of the crack propagation paths with the uncertain input
parameters during the critical loading stage of the composite gear teeth.

6.2.2. Non-probabilistic interval fracture analysis
In this sub-section, a numerical case corresponding to the non-probabilistic theory-based interval crack band

analysis for fatigue fracture prediction is introduced from Ref. [221]. In Ref. [221], a 3D mechanical gear model was
considered with fatigue fracture growth to determine the tolerance evaluation and inspection period for maintaining
the safety condition of gear in various significant equipment.

The gear model is shown in Fig. 27, with a radius of 72 mm and thickness of 26 mm. One tooth of the gear is
subject to a cyclic line loading p and there is an initial round crack with radius of a0 near the tooth. The FE model is
constructed by 93994 C3D10 elements in Abaqus software and the material type of gear is made of 16MnCr5 steel.
Considering in real-life applications, precise distribution functions of system parameters are difficult to acquire, in
this research, the authors propose an interval analysis technique to estimate the upper and lower bound of fatigue
fracture growth with uncertainties. For the gear model, the line loading p, initial crack length a0, fracture propagation
ate constants C and m with correlation variable of 0.8, fracture toughness K I C are handled as interval parameters for
ifferent modes of crack band theory. The detailed upper and lower bounds information of the uncertain parameters
s listed in Table 5.

For the deterministic fracture analysis, the crack growth path and the stress intensity factor (SIF) under different
rack length is presented in Fig. 28. Based on the crack path, the fracture mode of the gear is mode I. After

onsidering all the randomness into the deterministic model, an interval prediction model can be constructed for
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Fig. 27. Numerical example 2: gear tooth geometry and initial crack [221].

Fig. 28. (a) The SIFs along the crack length and (b) the crack growth path [221].

Table 5
Variational input data of gear structure [221].

Variational inputs Interval Random level

p (kN) [3 − 3α, 3 + 3α] α = 1%, . . . , 20%
a0 (mm) [0.4, 0.6] 20.0%
C [2.65e−9, 8.75e−9] 53.5%
m [2.6, 3.4] 13.3%
K I C (MPa

√
m) [135, 165] 10.0%

estimating the potential fatigue crack growth life. In Fig. 29, the upper and lower bounds of the fatigue crack growth
life with interval level of the line loading p from 1% to 20% are presented and well compared with the MCS results
to illustrate the accuracy. The two results are very close under different interval levels. From the results, the overall
upper bound of fatigue crack growth life is 1.60e6 cycles, lower bound is 1.29e5 cycles under interval level of 20%.
Therefore, to make sure the safety of the gear structure, the corresponding inspection period of gear should be set no
more than lower bound of 1.29e5 cycles in prior to the fracture failure happens to the gear. A potential disadvantage
of this approach, however, is that the bounds of fatigue crack growth life may be too broad for effective decision,

and basing a decision on the lower bound may be overly conservative.

36



Y. Feng, D. Wu, M.G. Stewart et al. Computer Methods in Applied Mechanics and Engineering 412 (2023) 116102

6

f
a
s

6
t
(
H
m

Fig. 29. The interval of fatigue crack growth life of gear under different random levels of load p [221].

.2.3. Machine learning aided non-deterministic fracture analysis
In this sub-section, the numerical framework corresponding to the machine learning aided non-deterministic

racture analysis is introduced. The construction of different surrogate models based on the machine learning
lgorithms are presented then compared with each other with the same numerical case. Subsequently, a fuzzy-based
tochastic fracture analyses by using the Ada-X-SVR method are provided in the subsequent case.

.2.3.1. Design of experiments. Before the construction of the different surrogate models, one significant step is
o determine the appropriate data sample size for training, which is also known as the design of experiments
DoE) process [222]. For generating random samples, normally the Sobol’s sequence sampling method or Latin
ypercube sampling method is adopted [214,215], for instance, determine n system random variables and generate
realizations for each random variable through the sampling method with xtrain : = {xi ∈ ℜ

n, f or i = 1, . . . ,m},
where m is the size of the training dataset, xi is the ith realization, and xtrain ∈ ℜ

m×n is the generated training
dataset including all realizations.

The training sample size of the surrogate model is determined through a convergence study with relevant
mathematical quantification measures (i.e., R-square, root mean square error (RMSE), relative error (RE)), normally
with the increasement of 100 to 500 training samples could improve the mathematical figures significantly.
Furthermore, for constructing a reference database to verify the accuracy of surrogate model, the total sample size
by using the classical MCS method is expected to be large (i.e., 103

∼ 106, depending on individual case), such
that the prediction results can be thoroughly validated.

6.2.3.2. Concrete plate with holes. In this example, the random crack propagation of a typical concrete plate with
holes is predicted and validated with experimental results in [139]. The geometry and boundary conditions of the
concrete plate are shown in Fig. 30(a), and a plane stress condition is considered for the structure. An initial crack
is observed at left hand of plate and the lower hole is fixed, and a continuous displacement is applied at the upper
hole. The FE model is constructed in Abaqus software with 24 701 nodes as shown in Fig. 30(b).

For the deterministic fracture response, in this case, both the phase field method and the XFEM method are
adopted. The corresponding numerical simulation results are compared with the experimental record in Fig. 31. It
can be seen that the crack path differs significantly for the two methods and phase field method simulates well
with the experimental observations. In detail, phase field model predicts a significant secondary developed crack
on the other side of the hole. However, the XFEM method does not possess an intrinsic functionality to nucleate
cracks without predefinition. Once the crack tip has propagated near the hole, the algorithm of the XFEM method
terminates. This drawback may result in the omission of many potential defects by using the traditional models,
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X

Fig. 30. (a) Experimental example 3: Notched plate geometry; (b) Adopted FEM mesh for the notched plate.

Fig. 31. (a) Experimental observation of fractured specimen; (b) Predicted crack path by the phase field method; (c) The crack path by the
FEM method.
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Table 6
Variational input data of notched plate with hole.

Random variables Distribution type Mean Standard deviation

E (GPa) Lognormal 5.98 0.299
υ Uniform [0.21, 0.23]
Gc (kN/mm) Beta 0.00228 0.000114
l0 (mm) Normal 0.35 0.0175
α (◦) Uniform [87.5◦, 92.5◦]

Fig. 32. Estimation results of (a) R2, and (b) RMSE of Pcr from the neural network, Kriging, and X-SVR approaches.

hich might bring failures to the engineering applications. Therefore, this case just uses the phase field method to
imulate crack propagation path.

Subsequently, for constructing the surrogate models with different machine learning algorithms (i.e., neural
etwork, Kriging, X-SVR), a variational input dataset including the Young’s modulus E , Poisson’s ratio υ, fracture
oughness Gc, length scale parameter l0 and loading angle α is listed in Table 6. In the same time, the crude MCS

result with 1000 simulation cycles is implemented as reference results.
Again, by collecting Pcr in the load–displacement curves, the convergence study of the R2 and the RMSE through

the neural network (NN), Kriging and X-SVR models with different training sample sizes are performed in Fig. 32.
From Fig. 32, different convergence behaviours are seen for three techniques with the accumulation of training
sample size. For unified purposes, the final training sample size is determined as 200 for three models.

To illustrate the different performances of three surrogate models, the critical loads Pcr during the crack
propagation process are predicted by three models for the concrete plate. By using a data training size of 200,
the predicted statistical moments (i.e., mean, standard deviation, skewness, kurtosis) of Pcr by three approaches
have been presented in Table 7. Also, predictions of the statistical moments of the concerned structural responses
through MCS method with 1000 simulations are reported in Table 7.

From Table 7, the detailed statistical results of the critical capacity load from all approaches are demonstrated.
The maximum absolute relative errors are 3.7%, 7.4%, and 3.7% for three different surrogate models, respectively.
The corresponding computational costs of each method are also listed, and it should be noticed that compared with
the crude MCS method, the required computational time of the surrogate models are significantly lower. Such that,
a great deal of computational cost can be saved by using machine learning aided techniques.

Moreover, the subsequent PDFs, CDFs and the REs of the PDFs, CDFs of Pcr by using three surrogate models are
shown in Fig. 33(a)–(d). From the figures, the reliability profiles of PDF and CDF by three surrogate models simulate
well with the MCS results and the relative errors are all acceptable at different locations. Consequently, the accuracy,
efficiency and applicability of the machine learning aided non-deterministic fracture analysis are demonstrated for

the concrete plate example presented herein.
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Table 7
Estimated statistical moments of Pcr of the notched plate.

Statistics MCS Neural network Relative error (%) Kriging Relative error (%) X-SVR Relative error (%)

Mean (kN) 580.31 580.38 0.0121 580.42 0.0190 580.35 0.007
Standard deviation 1.673 1.679 0.359 1.683 0.598 1.678 0.299
Skewness 0.136 0.141 3.676 0.146 7.353 0.141 3.676
Kurtosis 1.082 1.097 1.386 1.103 1.941 1.092 0.924
Computational cost (h) 229.5 41.6 53.7 44.5

Fig. 33. Predicted (a) PDF, (b) CDF, (c) REs of PDF, and (d) REs of CDF of Pcr for three different material models.

6.2.3.3. Notched beam under three-point bending. For the last numerical case, the three-dimensional notched beam
under three-point bending is considered with fuzzy random parameters. The concrete beam is made with quasi-brittle
properties and relevant experimental test was implemented in Ref. [38,223]. The geometry and boundary conditions
of the notched beam are shown in Fig. 34(a), and a line displacement loading of u = 1 mm is applied on the middle
top of the beam. The FE model of beam is established by Abaqus software and a total of 24 083 node points are
used to mesh and refine the potential crack region as shown in Fig. 34(b). Once again, the critical capacity load
Pcr is recorded within the load–displacement curve.

For the deterministic fracture analysis of notched beam, the determined material properties of beam is set as
E = 20 GPa, υ = 0.2, Gc = 0.113 N/mm and l0 = 2.5 mm, then the phase field simulation result is compared

ith the experimental records in Ref. [38,223] in Fig. 35(a)–(d). From Fig. 35(c), the load–displacement curve
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Fig. 34. (a) Experimental example 4: 3D notched beam geometry; (b) Adopted FEM mesh for the notched beam.

alculated by phase field method is compared with the experimental result. Both the critical loading and the
eflection at that location corroborate well with two methods, and Fig. 35(d) shows the relative error between
he two results. Therefore, the simulation result obtained from phase field method is reliable for making further
ncertainty quantification analysis and in this case, a modified X-SVR technique, namely the Ada-X-SVR is used
ith higher computational performance. Interested readers can find detailed formulations in Ref. [224].
In this case, a variational input dataset including the Young’s modulus E , Poisson’s ratio υ, fracture toughness

Gc, and length scale parameter l0 are considered with polymorphic uncertainties which consider fuzzy and random
ncertainty simultaneously [224], and the fuzzy membership functions of parameters are listed in Table 8. Also the
rude MCS method is used as a reference to validate the surrogate model. By collecting Pcr in the load–displacement
urves, the design of experiment process with R2 and RMSE through the surrogate model under various training
ample sizes are implemented in Fig. 36. Observed from the evident trend of accuracy improvement with the training
ample size, the sample size is selected as Ntrain = 200 for the structure.

By using the established surrogate model, a further reliability analysis can be presented. In Fig. 37, the predicted
DF and CDF of Pcr by the Ada-X-SVR model are almost overlapped with the MCS results, also similar conclusions
an be drawn in subplots in Fig. 37. The accuracy of the established surrogate model is once again verified.
oreover, in comparison with the MCS results, the CDFs of Pcr at the membership level α of 0 are predicted

y the proposed technique. In here, the target level of critical boundary of loading is
{

P∗
cr

⏐⏐P
(
Pcr ≤ P∗

cr

)
= 0.6

}
.

ubsequently, the PDF and CDF of P∗
cr by both methods are predicted in the subplots of Fig. 38(a). Besides, the

elative error of two results at different prediction locations are presented in Fig. 38(b). In Fig. 38(a), the proposed

urrogate model is competent to predict the CDFs of Pcr at fuzzy level α of 0. The estimation results corroborate
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Fig. 35. (a) Experimental, (b) Predicted final deformation of specimen; (c) Predicted and experimental load–displacement curves; (d) The
relative error of predicted curve.

Table 8
Polymorphic input data of the notched beam.

Property Distribution Parameter Membership function

E (GPa) Logistic

µE Trapezoid Support of [19.7, 20.3]
Core of [19.9, 20.1]

σE Triangular Support of [0.07, 0.08]
Core of 0.075

ν Lognormal

µν Trapezoid Support of [0.197, 0.203]
Core of [0.199, 0.201]

σν Triangular Support of [1.7e−3, 1.9e−3]
Core of 1.8e−3

l0 (mm) Normal

µl0 Gaussian Mean of 2.5
Std of 3e−3

σl0 Triangular Support of [8e−3, 9e-3]
Core of 8.5e−3

Gc (N/mm) Lognormal

µGc Triangular Support of [0.112, 0.114]
Core of 0.113

σGc Triangular Support of [5e−4, 5.5e−4]
Core of 5.25e−4

well with the MCS results but in an efficient manner. Moreover, considering the subplots in Fig. 38(a), the predicted
PDF and CDF of P∗

cr by the surrogate model are simulated well with the reference. Also, for the relative error in
ig. 38(b), the absolute maximum relative error between the two results are acceptable with satisfied accuracy.

The calculated surrogate model has been proven accurate with various tests. Then, the predicted fuzzy-valued
DF over α and CDFs of lower bound and upper bound for Pcr with different assumed membership levels have

been shown in Fig. 39(a) and (b).
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Fig. 36. The estimated (a) R2 and (b) RMSE of Pcr with different training sample size.

Fig. 37. The estimated (a) PDF and (b) CDF of Pcr under the purely stochastic problem [224].

Fig. 38. The estimated (a) CDFs of Pcr at α of 0 and (b) RE of CDF of P∗
cr [224].

By using the established fuzzy-based surrogate model, a great deal of computational efforts can be saved without
running repetitive FE simulations. As shown in Fig. 39(a), the fuzzy-valued CDF of Pcr is efficiently estimated
through the proposed surrogate model. With the increasement of membership function level α, the distance for the
two separate CDF surfaces would gradually narrow just as listed in Fig. 39(b). With no need to running repetitive FE
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Fig. 39. The estimated (a) fuzzy-valued CDF and (b) CDFs of bounds of Pcr at α of 0, 0.5, and 1 [224].

Table 9
New arbitrary inputs of material properties [76].

Material properties Updated values
Case 1

Updated values
Case 2

Updated values
Case 3

E (GPa) 20.24 19.23 25.14
υ 0.21 0.22 0.33
l0 (mm) 2.3 2.9 2.6
Gc (N/mm) 0.125 0.143 0.153

simulations, the CDFs at different membership function levels of α are presented to illustrate the fuzzy variations.
Consequently, the fuzzy analysis based machine learning aided non-deterministic fracture analysis framework is also
demonstrated effective and efficient for this fracture application where variability of inputs and outputs is relatively
low.

After establishing the surrogate model, the potential fracture response can be predicted directly from the new
input samples without the need of re-running the finite element model. Herein, three random new cases of inputs
are generated as listed in Table 9. By implementing the new inputs into the surrogate model, the crack propagation
paths can be predicted by X-SVR approach in Figs. 40–42, also the predicted relative errors between the surrogate
models and deterministic finite element models are provided [76].

From the predicted crack propagation paths and the relative errors of the estimated phase field values at different
nodal locations, the accuracy and stability of the machine learning aided phase field method has been reinforced by
several examples. In the real-life engineering applications, the variations of system properties are difficult to control.
Consequently, the ability of modern engineering system to quickly respond to the forecasted input information
matters significantly, and the machine learning aided non-deterministic fracture analysis framework can be important
in predicting future critical fracture-related mechanisms.

7. Remarks and outlook

In this paper, the influence of the randomness/uncertainty involved within the brittle and quasi-brittle fracture
responses of different damaged structures are reviewed, which have been investigated by using the traditional
probabilistic, non-probabilistic and machine learning algorithms. Various crack simulations methods of embedded,
smeared and regularized approaches are adopted and compared with experimental observations, from which the
strong and weak points of each method have been illustrated. A deterministic fracture analysis is implemented to
consider the performance of different crack propagation techniques, and the corresponding computational efforts
required are recorded for the techniques. Then a probabilistic theory-based approach is carried out to quantify the
probabilistic description of fracture responses. Subsequently, considering the insufficiency of uncertainty information
in some real-life applications, a non-probabilistic theory-based approach is used to provide upper and lower bounds
of fracture responses under different scenarios. However, classical uncertainty quantification approaches may be
computationally expensive. although there is much recent work to minimize computational efforts. Therefore,
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Fig. 40. (a) Predicted crack propagation; (b) Relative error of estimated phase field results at various nodes in Case 1 [76].

Fig. 41. (a) Predicted crack propagation; (b) Relative error of estimated phase field results at various nodes in Case 2 [76].
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Fig. 42. (a) Predicted crack propagation; (b) Relative error of estimated phase field results at various nodes in Case 3 [76].

a recently developed non-deterministic fracture analysis system with the aid of machine learning algorithms is
proposed with potential for a reduction of computational cost. Moreover, the established surrogate model by using
the machine learning algorithms could analyse the correlation function between the system input parameters and
fracture responses. Thus, potential crack behaviour can be predicted directly from the surrogate model without the
need of running repetitive FE models. One probabilistic-based and one fuzzy-based machine learning aided fracture
analysis cases are preformed to demonstrate the advantages of the proposed framework.

The extended finite element method (XFEM), the crack band method and the phase-field approach are the three
ost popular fracture simulation techniques for brittle or quasi-brittle structures. These computational techniques are

he typical representatives of three common fracture modelling philosophies: embedded, smeared and regularized.
ased on the discussion in previous sections, the appropriate evaluation of each method can be made, that is,

he XFEM: crack field simulation and computationally efficient; the crack band model: generality in constitutive
ehaviour and fast convergence in the FE approximation; the phase field model: variational formulation in the
E setting, dynamic branching and multiple cracks. It should be noted that comparing with other two methods,

he XFEM has obvious shortcomings under many conditions. In the future study of fracture mechanics, the phase
eld model has wide potential and popularity, but the computational efficiency issue needs to be solved more
ppropriately, especially for the three-dimensional fracture analysis [225,226].

This research is focused on quantifying the input randomness/uncertainty in the complicated fracture analysis
f practical engineering structures, as well as the machine learning aided framework for fractural mechanism
ith a computationally efficient manner. This research lists and evaluates comprehensive literature of crack

nitiation and propagation models, as well as conventional uncertainty quantification methods with theories of
oth probability and non-probability, which covers the input parameters with sufficient or insufficient probabilistic
escriptions. The corresponding results (probabilistic and non-probabilistic) illustrate that the uncertainties involved

n the entire system indeed have a critical influence on the ultimate fracture response of structure. Therefore,
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to thoroughly evaluate the safety and serviceability of practical structures under varied working environments, a
robust quantification assessment characterizing the uncertainty affecting the crack responses is needed. Considering
the rapid system changes in future engineering applications, the assessment efficiency is also an important point.
The recently developed machine learning based non-deterministic fracture analysis system, with the capability of
acquiring computational efficiency in the high cost and cumbersome process of simulating crack propagation in
complicated damaged structures, would be beneficial for other future computationally demanding disciplines of
engineering analyses and critical mechanics.
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ppendix. Formulations of vectors and matrix defined in the optimization problem

The optimization vectors and matrix of Pk and Lk are defined by:

Pk ∈ ℜ
4 j×4 j

: = (R̂k + I4 j×4 j )T̂−1
k (R̂k + I4 j×4 j )T

+ Ĥk êk êT
k Ĥk (A.1)

Lk ∈ ℜ
4 j

: = γ2(R̂k + I4 j×4 j )T̂−1
k uk − λêk − k̂k (A.2)

here T̂k, Ĥk, R̂k, uT
k , êk, k̂k and vk involved within the X-SVR optimization expression can be presented by:

T̂k =

⎡⎢⎢⎢⎢⎢⎣
γ1I j× j

γ1I j× j

pIi×i

pIi×i

⎤⎥⎥⎥⎥⎥⎦ (A.3)

Ĥk =

⎡⎢⎢⎣
02 j×2 j 02 j×i 02 j×i

0i×2 j Ii×i 0i×i

0i×2 j 0i×i −Ii×i

⎤⎥⎥⎦ (A.4)

R̂k =

⎡⎢⎢⎣
02 j× j 02 j× j 02 j×2i

−xtrain xtrain 0i×2i

xtrain −xtrain 0i×2i

⎤⎥⎥⎦ (A.5)

uk =

⎡⎢⎢⎣
e j

e j

02i

⎤⎥⎥⎦ , êk =

⎡⎢⎢⎣
02 j

ei

ei

⎤⎥⎥⎦ , k̂k =

⎡⎢⎢⎣
02 j

ytrain

−ytrain

⎤⎥⎥⎦ , vk =

⎡⎢⎢⎢⎢⎢⎣
pk

qk

ϑ

ˆ

⎤⎥⎥⎥⎥⎥⎦ (A.6)
ϑ
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