Informatics in Medicine Unlocked 38 (2023) 101235

Contents lists available at ScienceDirect

im

INFORMATICS

INMEDICINE-

Informatics in Medicine Unlocked

journal homepage: www.elsevier.com/locate/imu

t.)

Check for

Mathematical modelling and analysis of COVID-19 and tuberculosis et
transmission dynamics

Ram Singh **, Attiq ul Rehman ?, Tanveer Ahmed ", Khalil Ahmad ®, Shubham Mahajan ¢,
Amit Kant Pandit ¢, Laith Abualigah 5&"4:%| Amir H. Gandomi >™*

a Department of Mathematical Sciences, BGSB University, Rajouri, 185234, India

b Department of Mathematics, Al-Falah University, Faridabad, India

¢ Ajeenkya D Y Patil University, Pune, Maharashtra, 412105, India

d University Center for Research & Development (UCRD), Chandigarh University, Mohali, India

¢ School of Electronic and Communication, Shri Mata Vaishno Devi University, Katra, 182320, India

f Computer Science Department, Prince Hussein Bin Abdullah Faculty for Information Technology, Al al-Bayt University, Mafraq 25113, Jordan
8 College of Engineering, Yuan Ze University, Taiwan

" Hourani Center for Applied Scientific Research, Al-Ahliyya Amman University, Amman 19328, Jordan

i Faculty of Information Technology, Middle East University, Amman 11831, Jordan

J Applied science research center, Applied science private university, Amman 11931, Jordan

k School of Computer Sciences, Universiti Sains Malaysia, Pulau Pinang 11800, Malaysia

! Faculty of Engineering and Information Technology, University of Technology Sydney, Ultimo, NSW, 2007, Australia
™ University Research and Innovation Center (EKIK), Obuda University, 1034 Budapest, Hungary

ARTICLE INFO ABSTRACT

Keywords: In this paper, a mathematical model for assessing the impact of COVID-19 on tuberculosis disease is proposed
Modelling and analysed. There are pieces of evidence that patients with Tuberculosis (TB) have more chances of
CCf)VID-lQ developing the SARS-CoV-2 infection. The mathematical model is qualitatively and quantitatively analysed
Bifurcation

by using the theory of stability analysis. The dynamic system shows endemic equilibrium point which is
stable when R, < 1 and unstable when R, > 1. The global stability of the endemic point is analysed by
constructing the Lyapunov function. The dynamic stability also exhibits bifurcation behaviour. The optimal
control theory is used to find an optimal solution to the problem in the mathematical model. The sensitivity
analysis is performed to clarify the effective parameters which affect the reproduction number the most.
Numerical simulation is carried out to assess the effect of various biological parameters in the dynamic of
both tuberculosis and COVID-19 classes. Our simulation results show that the COVID-19 and TB infections can
be mitigated by controlling the transmission rate y.

Optimal solution
Sensitivity analysis

1. Introduction disease [1-3]. Most cases of SARS-CoV-2 infection are self-limiting and
have minimum symptoms. But it is well confirmed that the patients
with elder age underlying endemic diseases such as hypertension,
diabetes, tuberculosis (TB), and coronary heart disease are continuously
raised risk of difficulties and mortality due to severe COVID-19 [4,5].

Like COVID-19, Tuberculosis (TB) is a life-threatening bacterial

disease predominantly affecting the lungs. Tuberculosis is caused by

Recently, COVID-19 is posing a big threat to mankind around the
world. Almost the entire world has been reeling under the repeated
waves of COVID-19. The very first case of COVID-19 was reported
in Wuhan city of China, in late 2019. This deadly virus was silently
spreading to many countries till March 2020. Since 5 April 2020,
every country has been suffering because of this virus. The COVID-

19 patient asymptotically carried this virus and spread it to other
susceptible individuals. Asymptotically and exposed persons are the
main carriers of this virus. Till date there have been approximately
23,97,216 established cases and 1,62,956 deaths due to this epidemic

* Corresponding authors.

mycobacterium bacteria that transmit through the air after coughing
and sneezing. After launching many vaccination programes, this disease
remains a problem worldwide. TB is a type of disease that increases
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due to environmental factors such as open drainage of sewage in
residential areas, discharge of household wastes in a residential area,
open water storage tanks, etc. In 2017, almost ten million new tubercu-
losis populations were estimated and appeared globally [6]. However,
approximately three million cases have been registered in India, and
it is the top in the universe [7]. But, tuberculosis-related deaths went
down from 0.00056 year~! in 2000 to 0.00032 year~!, although they
still caused approximately one and a half million death cases in India in
2016. Moreover, the prevalence of latent mycobacterium tuberculosis
infection is also at a very high stage in India [8].

Both COVID-19 and tuberculosis spread in human body through
a common path via upper respiratory tract [9-13]. There are shreds
of evidence that patients with tuberculosis and latent mycobacterium
tuberculosis infection have a high risk of SARS-CoV-2 infection, and af-
terwards, their immune system gets weakened and they receive COVID-
19 infection very early [14-19]. The relationship between COVID-19
and tuberculosis is particularly common in the public health system in
India. Therefore, India is one of the top contributors due to endemic
tuberculosis, with the highest cases in the world [6,20]. Also, isolation
of contacts and cases for the control of COVID-19 gives problems in low
socioeconomic tuberculosis households [21].

Considering these circumstances, the large burden of active TB cases
in India along with community transmission, localized estimation of
the infection, a hot-spot of COVID-19 and birth due to the COVID-19
epidemic among tuberculosis patients in India is warranted. This would
enable the allocation of resources towards implementing and develop-
ing effective public health interventions in such defected populations.
With this area of study, we try to estimate the number of tubercu-
losis people infected due to SARS-CoV-2 and vital illnesses during
the COVID-19 epidemic in Delhi, India. Markov’s chance system was
applied to assume the amount of severe and mild/moderate illness [22].

Two frameworks are used to approximate the amount of infectious
COVID-19 cases, (a) Taking public health strategies/interventions (b)
Taking public health strategies like social distancing and isolation of
contacts and cases. The total contributed to the case pool was ap-
proximately 31% for workplace contact, 50% for household contact,
21% for social contact. The estimated mitigation gains by the social
distancing, intervention lockdown, case and contact isolation 96% for
workplace contacts, was 25% for household contacts and 70% for social
contacts [23,24].

We also considered that the impact of social distancing and lock-
down interventions might be shown after seven days which is half of
the maximum incubation period. The basic reproduction number R,
under person health interventions was measured by multiplying the
fractions of COVID-19 infected patients. The total number of confirmed
cases of TB infection in 2018 for the world was obtained from the WHO
report 2019, which are approximately 2.64 million cases [6,13]. The
total number of COVID-19 and TB co-infected patients with acute illness
was considered as 54% as per a study conducted in China [21]. The
various mathematical models on endemic disease are analysed by the
authors [25,26].

Both infectious diseases Tuberculosis and COVID-19 mostly effect
on lungs of a human. On this aforementioned consequence, we make
a mathematical co-infection epidemic model which is useful to our
society.

Our study aims to formulate SE; E-IR compartmental model to
evaluate the total number of COVID-19 infected patients with the help
of the progression rate from exposed COVID-19 class to infectious class
to control this epidemic. This proposed compartmental model assumes
a closed population that might not be considered in earlier models [12].
But, due to the lockdown, people’s movements are effectively controlled
in the world. This study needs to control with precautions to assess
the risk of vital illness COVID-19 in tuberculosis patients. This data
is captured from China, a highly affected country in the world. The
prevalence of tuberculosis in general individuals might not be the same
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as the prevalence of tuberculosis in COVID-19 between TB cases; the
study is already applied the above assumption.

This paper develops a deterministic compartmental mathematical
model to incorporate the COVID-19 and tuberculosis co-infection. We
extend the work of author [27] in which the authors presented the
mathematical model for tuberculosis transmission in the zoonotic ar-
eas with the existence of positive equilibrium. But in our work, we
incorporate the effects of COVID-19 on TB cases. This co-infection
is reported in India in which TB and COVID-19 affected the people
simultaneously [11].

The paper is arranged as follows. Section 2 is devoted to the math-
ematical model formulation. The basic preliminaries of the proposed
model are given in Section 3. The mathematical analysis of the model
is done in Section 4. In Section 5, the optimal model is analysed. In
Section 6, the bifurcation analysis is derived. Sensitivity analysis is
carried out in Section 7. The numerical simulation is performed in
Section 8. The conclusion is drawn in Section 9.

2. Formulation of mathematical model

In order to formulate the S Ey E-I R mathematical model for trans-
mission dynamics of TB and COVID-19 virus in a homogeneous popula-
tion. We divide the entire population into five classes, namely suscep-
tible class S(r), exposed Tuberculosis class E(r), exposed COVID-19
class E. (1), infected class I(¢) and recovered class R(r), respectively.
Therefore, the total host population is constant and we have

N=S+Ey+E-+I+R

Thus, the mathematical model in the form of a set of differential
equations is given below.

as al

Z2-0-(= S Ey,

T <N+ﬂ> +fPEy

dE al

— = a0 DS — u+ DEy — Ey,

dEc al

—L L g-gUu-pS- Ec,

T N( Q1 =p)S —(u+7)Ec

dl al
E=rEH+yEC+WpS—(u+d+r)I+(1—f)¢EH,

dR

= =rl-uR. 1
a7 T m (@)

The new population entering in susceptible class is at the constant
rate Q. Let u be the rate at which the population is dying naturally. The
susceptible population are getting exposed to TB infection at the rate
q. A fraction (1 — g) of population is exposed COVID-19 infection. Also,
p is fraction of people who are in contact with infected population and
become infected and got active TB disease. It is also assumed that the
TB population is vaccinated against COVID-19 at the constant rate f. ¢
is assumed to be the death rate due to COVID-19 and « is the infection
contact rate, respectively. After vaccination some people are recovered
at the rate r and d is the TB-induced death rate. The exposed population
is being migrated to TB exposed class at the rate g(1 — p)S(7).

Further, the TB patients are being caught COVID-19 infection at
rate (1 — g)(1 — p)S(r). = and y are the progression rates of TB exposed
to infectious class I and COVID-19 compartmental, respectively. The
relationship between these biological parameters is explicated stated
in the model (see Table 1).

Assumption

(i) The total population size S + E;; + Ec + I + R = N is supposed
to be constant throughout the study.

(ii) All the rates are supposed to be constant.

(iii)y The migration factor has negligible effects on tuberculosis
diseases.
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Table 1
State variables description.

State Variables

Description

N Susceptible Individuals.

Ey Exposed TB Individuals.

E. Exposed COVID-19 Individuals.
I Infected Individuals.

R Recovered Individuals.

3. Properties of the model

In this section, we discuss some preliminary properties of the pro-
posed model, which are useful in finding the existence and uniqueness
of the solution.

Uniqueness of Solution for the Model

The general first order ODE in the form
X' =g0x,n, x(0)=x (2)

One will be interested in asking the following equations:

(a) Under what conditions, the solution of Eq. (2) exists?

(b) Under what conditions, there is a unique solution to the equation
@) ?

To answer these, let
al

g =2 - (F +M>5+f¢EH,

al
) =Wq(l -pS—(u+1)Ey — pEy,

al
83 =W(1 -1 -pS—(u+rEc,
g =tEg +yEc+ ';V—IpS —(u+d+nrl+(1-fHoEy,
g5 =rl — uR.

We use the following theorem to establish the existence and uniqueness
of the solution for our model.

Uniqueness of Solution

Theorem 3.1. Let D be the domain,

lt=tol <c.lly=yoll <4, 3)
where y = (1,2, ++>Yu)s Yo = (V105 Y205 -+ » Yuo)» and g(t, x) satisfies the
Lipschitz condition:

gt y) — g, y)ll < Mlly; — y,ll. 4

Then, the ordered pairs (t, y,) and (t, y,) are in the domain D, where M > 0,

there exist a positive constant 6 and a unique continuous vector solution y(t)

of system (1) in the interval |t — ty| < 6. It is important to note that condition

(2) is satisfied by { % . ii=1,2,3,... ,n}
]

in the domain D.

is continuous and bounded

If g(#,y) is a continuous partial derivative dy, on a bounded closed
convex domain U, where U is the real number, then it satisfies Lipschitz
condition in U.

Our interest in the domain that is X € [1,U]. Thus, we look for a

bounded solution U > 0. Then, we prove the below existence theorem.

Existence of Solution

Theorem 3.2. Let D be the domain defined in equation such that (2) and
(3) hold. Then, there exist a solution of the system (1) which is bounded in
the domain D.

Proof. Let

al
& =02 - <ﬁ +M>5+f¢EH,
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al
) =Wq(l -pS—(u+1)Ey —PpEy,

& =51 = @)1 = p)S = (u+ DEe,

8 =tEq +7Ec+ 50 pS = (u+d+ I +(1 - )PEy,

g5 =rl — uR.

i,j = 1,2,3,4,5 ; are continuous as well as

We show that i d’;’
il fmd the following partial derivatives for all equations

bounded. We w
of the system (1).

0 I () 0,
| % = '—(”‘—w) < oo B = 1/l < oo.|FE| = o)
|0g1 _ 081 = 0] < 0,
0, 0,
|| = p>)<oo Tl = = (u+7+)| < oo [F2] = 0] <
|"ﬁ = (1- )S‘<oo |"g2 0] < oo,
o83 | _ ﬂ _ _ 083 983 | _|_
| %] = |41 - @)1 = p)| < .| 75| = [0] < o0, [ FE| = | = (u+ )] <
9
oo,|§ - D1 =98] < oo [ 5] =101 <o
084 _ 984 | _
| 1—|Np| v NPl < oo |28 = || <
0, | %
‘—%pS (/4+d+r)‘<oo 984 = 10| < oo,
|()g5‘ = |0] < oo, ;I;"’S = 0] < oo, :‘25 = 10| < oo,“;i; = <
%l =] ul < oo,

We have established that these twenty-five partial derivatives are
continuous as well as bounded hence, theorem (2), yields that there
exists a unique solution of the system (1) in the domain D.

3.1. Invariant region and attractively

The dynamical transmission of the system (1) will be analyzed
in the below biological feasible region, = C Ri in which & =

{(S,EH,EC,I,R) € R;S > 0,Ey > 0,Ec 20,1 >0,R>0:

S+EH+EC+1+RS§}.

Theorem 3.3. The biological feasible region = C Ri is positively invariant
for the system (1) with respect to ICs in Ri.

Proof. We have

N=S+Ey+Ec+1+R, 5)
AN o uN—dI,
dt

lim N(7) Sg.
=00 /,l
Now, let us discuss the solution of Eq. (5) and we get
N() < NOe' + 2 (1=e7#).
U

Therefore, for positive value of 7, N(r) converges to infinity. So, the
solutions of the system (1) with ICs = remain in =. Thus, the biological
feasible region = is positively invariant and attracts all the solutions in
R.

+

3.2. Positively and boundedness
Theorem 3.4. The solution of the system (1) is positively bounded for all
(S(0), E(0), Ec(0), 1(0), R(0)) € Ri and also define for the positive value

of time 1.

Proof. In order to demonstrate the positive solution, it is required
to verify that on every hyperplane bounding the positive orhant, the
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vector field point Rfr. From the system (1), we have,
%(at S=0)=Q+ f$Ey >0,

dEH al
t Eg =0)=—q(1-p)S >0,
7 (at Ey =0) NfI( p)S >

dE al
—C(at Ec =0)= (1= 9)(1 = p)S 20,

dr I
Slat I=0)=cEy +yEc+ %pS +(1 = f)pEy >0,

4Rt R=0)=rl >0.
dr

Thus, the solution obtained from the above set problem will remains in
Rfr, and thus we have the following bounded feasible region.

E ={ (500, E4(0). Ec(0).1(0),R0) € R3:(S©). Ey(0). Ec(0).
1(0), R(0)) >0 }.

4. The analysis

In this section, the model analysis is achieved by measuring the
points of equilibrium.

4.1. Existence of steady state of the system

The critical points are obtained by taking all the five equations of
the system (1) equal to zero, this means, % = % = % = % =
‘Z—’: = 0. The disease-free critical point is the position where there is no
infection in the class. Next, solving the disease-free critical points the
first equation of the system (1) yields S = 2 and from second equation
of the system (1) we have E; = 0 and from third equation of the system
(1) we get E- = 0 and from fourth equation of the system (1) we have

I =0 and from last equation of the system (1) we obtained R = 0. Thus,

the disease free critical point y =0 is y, = (%O 0,0, 0).

4.2. Endemic equilibrium point

This is the position where the disease persists in the system. There-
fore, the system (1) has an endemic critical point E; = (S*, E;, Eé I*,
R*). Thus, we solve the system (1) for S*,EZ,E;,I*,R*. Hence from
the first equation of system (1), we obtained

. ittt Pe ©
G DF - F e —p)
, p*Q2q(1 — p)

E: = s 7
T v O+ 0 — Frdall —p) @
. Pt -l -p)

Ef = , . ®)

G DI+ 2+ 9 + 10— F T ball D]

Hence,

It aQ[Ci +Cy+C3 = Nu(p+7+ ¢)Cyl ©
Cau+y)u+d+ 0+ +d) - fha(l -l

where C; = 7q(u+7)(1-p), C; = y(1 = q)(1 = p)(u+7),C3 = —=P(u+y)(u+

T+ ¢),Cy=(u+y)u+d+r)and

aQ[(u+r)rq(1—p+y(1-g)(1 —p)(u+7)
¢ —(u+y)p(utr+g)] (10)

T ot d )

al*

~+» We have

Since, p* = F]‘VL substituting Eq. (9) into f* =
a[a(C) + C, + C3) — Np(u + 7+ ¢)Cy4]
N*aCyl(p+7+¢)— fdg(1 - p)]

For the case when f* = 0 in equations (6) to (10), the endemic
equilibrium point is

*

E, = (8% E E5 ', RY) = (9,o,o,o,o>.
1"
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Now, the endemic critical point is in terms of the force of infection §*.
On substituting N*p* = al*, we have

. aN*(B; + By + bc) — abc
" a(B; + B, + By + By + Bs + Bg + bc + ba)

since N* = S* + E; +EZ + I* + R*. Thus,

a(S* + EL + E(’; + I* 4+ R*)(B3 + B, + bc) — abc
T T w(B, + B, + By + By + By + By + b + ba)
where B, = gac(l — p),B, = bd(l — ¢)(1 — p),B; = c7q(1 — p),B,
dy(1 = q)(1 — p), Bs = ctq(l — p),Bg = dy(1 — ¢)(1 — p), and a = 7,b
y,¢ = pu+y,d = u+7. On substituting the equilibrium point in equation
(8%, E3;, EL, I, R*), we obtain

s

H{f? + Hyp* — Hy = 0, an

where, H; = ZAp(u +0)(u+7y),Hy = (Ly — L, — Ly — L, — Ls), H;
ampuCy(p + ) + 7), and Ly = ZAp?(u + o) + ), Ly = uCyq(l —
P +1), Ly = pCy(1 = @)1 = p)(u +y), Ly = ZpCyq(1 — p)(p + 1), Ls
r(C1+Cy+Cy)(u+1)(p+7). Also, Z = [(u+y)rg(1 —p)+y(L—g)(1 —p)(u+
)= (u+y)p(u+7+¢p)] and A = a(B| + B, + B3 + By + Bs + B¢ + bc + ba).
From the quadratic Eq. (11), we get

—H, +\/H}+4H H,

2H,

pr =

Thus, the above equation has one positive root when ,/sz +4H H; >
H,. So, it demonstrates that there exists at least one positive critical

point.

4.3. Computation of basic reproduction number (R)

By, the next generation matrix method [28], we evaluate the R:

~al=psS u+t+¢
F* = %(l—q)(l—p)S ,and V* = u+y . The
~P —t—y=U=fléu+d+r
Jacobian matrices after faking the partial derivatives of F* and V* at E,
0 0 %q(l -p)S
are F = 0 0 %(1 -1 -p)S and
a
0 0 ﬁp
u+rt+¢ 0 0
V= 0 u+y 0
—t=U=-f¢ v p+d+r
WVIi=@+rp+z+d)pu+d+r).
Now,
af2q(1-p)
0 0 N u(p+d+r)
Fry-l==|o o o20=00-p
Nu ’
a
0 0 ~P

R = afq(1 - p)
0 Nu(u+d+r)

Thus, the R yields the average quantity of infected populations gener-
ated by the infected in a fully susceptible population and for our system
(1). This yields by the above expression of R [28].

4.4. Local stability of disease free equilibrium point

Local stability of a critical point means that if we put the system
somewhere nearby the point then it will move itself to the same point
after some time. Now, we will discuss the local stability by computing
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the Jacobian matrix as follow.

—u ¢ 0 -5 0
0 (u+t+9) 0 ~al=p)S 0
J=|0 0 -ty FUA-9Ud-pS 0f.
0 t+d-5 Y PSS —(u+d+r) 0
0 0 0 r u
At Ey = <§,o,o,0,o>. Then,
a2
—u @ 0 T 0
0 (u+7+¢) 0 i,—”q(l—p) 0
Jg,=| 0 0 —(u+7) ;—ﬁ<1—q)(1—p> 0].
0 t+(0-f) Y —(u+d+r) 0
0 0 0 r U

We now use the transformation

S=V+S8S,Ey=W+Ey,Ec=X+Ec,I=Y+I,R=Z+R

14 14
14 w
and then linearize the system | X | = J £, | X | We get the linearized
Y Y
z z
system
V:—ﬂV+f¢W—£Y

—(u+t+PW + N—q(l -pY,
u
— DX+ ;"V—Qa — g - p)Y,

af
Y = (r+(1—f))W+yX+<N—Mp (/4+d+r)> ,

Z=rY +uZz.

Theorem 4.1. The disease free equilibrium point E <% 0,0,0, 0) is locally
asymptotically stable if

(af$)* <dayayu(u+1+ ),

2
Q Q
<al<—7\,—”>> < 4“102(—#)<Ja\[—”p—(ﬂ+d+r>>,
2
Q Q
(e(Fgoa-0)) < a5 an)

(-u+t+9),

2
Q 0
<a3<;’—ﬂ(l el —p)>> <4aza3<;]—ﬂp—(y+d+r)>

(=(u+7),
: Q
< (T+(l—f))> <4a§<;xv—ﬂp—(/4+d+r)>

(—(/4 +d+ r)),
(

a4y)2 < 4a2a3<:—9p —(u+d+ r)) (= +7),

2 af2
asr)” <dayas| —p—(u+d+r))u,
(asr) 25<Nﬂp (u ))u
where, a,,a,,a3,a,,as are arbitrary constants.

4.5. Global stability of disease free equilibrium points

The global stability of disease free equilibrium points id given in the
form of theorem as below:
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Theorem 4.2. The disease free equilibrium point E(%,O, 0,0, 0) is

globally asymptotically stable if the Lyapunov function V; = %al V2 +
%a2W2 + %a3X2 + %a“Y2 + %aSZ2 is negative definite.

Proof. See Appendix A.
4.6. Local stability of endemic equilibrium points
In this subsection, we evaluated the local asymptotically Stability

of endemic equilibrium points. At E* = (.S*, Ej EL T, R*). Then, the
variational matrix Jg. is given as follows:

—H ¢ 0 -5 0
0 w+rt+9) 0 %q(l - p)S* 0
=0 0 “(u+y) FA-g-ps* 0
0 z+(1-/) ¥ S —(ut+d+r 0
0 0 0 r u
We now use the transformation
S=P+S"Ey;=0+E;} ,EC:R+Eé,I:S+I*,
P P
0 0
R=T + R* and then linearize the system | R|= Jg. | R
S S
T T

We get the linearized system
. «
P——MP+f¢Q—ﬁS S,
O=-(u+7+H0+ 4l -p)S°S,
R=—(u+ R+ (1= )1 = p)S*S
S:(r+(1—f))Q+yR+<%pS*—(ﬂ+d+r)>S

T =rS +uT.

Theorem 4.3. The endemic equilibrium point E*(S*, Ej L EL T ,R) is
locally asymptotically stable if

(b f)* < 4bibyp(u + 7 + ),

2
(h(—%S*)) <4b1b2(—ﬂ)<%l’5*—(ll+d+")>7
2
( <—q(1—p)s*>> <4b2(—p5*—(,4+d+r))

(—u+t+9),

2
<b3<—(1 —q)(1-p)S* >> < 4b2b3<%ps* —(u+d +r)>

(- +1).

by(r+1=-1))

N—
S}

<4b§<%pS* —(u+d+r)>(—(/¢+d+r)),

(bsr)? <4b2b3< pS*—(M+d+r)>(—<u+y)),

Z|=

(bS’)2 <4b2b5< S —(M+d+r)>/4,

z|=
=

where, by, b,, b3, by, bs are arbitrary constants.
4.7. Global stability of endemic equilibrium points
In this subsection, we present the global asymptotically stability of

endemic equilibrium points E* (S*, EL, Eé, 1, R) which is given in the
form of theorem as follows:
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Theorem 4.4. The endemic equilibrium point E*(S*E;,Eé[ ,R) is
globally asymptotically stable if the Lyapunov function V, = %ble +
%szz + %b3R2 + %b4S2 + %bST2 is negative definite.

Proof. See Appendix B.
5. Optimal control

We have used the optimal control theory as a powerful tool to
understand the ways to reduce the COVID-19 spread the worked by
devising disease intervention strategies. We consider many important
issues pertaining to TB and COVID-19 infection that have not yet been
adequately addressed in the literature earlier. The proposed mathemat-
ical model enables the application of optimal control theory to assess
containment scenarios while maintaining the response capability of
health scenarios. Since the pandemic has shown that public health is
more than a treatment issue as it also affects the entire society.

5.1. Existence of optimal control model

COVID-19 is spread by a host contact with the infected population,
we find the best optimal control strategies while keeping the following
essential constraints in mind.

(1) u; is the number of exposed individuals with COVID-19 infection
get vaccinated, so that no more infection can spread.

(2) u, the number of COVID-19 infected people be quarantined.

(3) uy is the number of both COVID-19 and TB infection individuals
be quarantined.

T
F(,5) =/ (W, S? + WoE2, + W3E2 + W, I + WsR?
0

+uyl} +uyl3 + uyl3)dt, 12)

where, = is the set of all compartmental variables, W, W,, W3, W,, W;
are the non-negative weight constants for the state variable S, E;, E,
1, R, respectively.

Now, we will find every value of control variable /,/,,/; from the
initial value of base 0 to final value T and we have
v =

=
ir=

F
F(li(l))=min{ eM},i=1,2,3

i
where, M is the smooth function for the interval [0, 1].

Thus, the Lagrangian function is related to objective function and is
given by
[(E.W,) =W, S* + WoE}, + W3 EZ + W17 + WsR> +u) I3

+uzl§+u3l§
+/{1<Q— <% +;4>S+f¢EH>
al
+/l2<ﬁq(l -pS—(u+1)Ey —¢EH>
al
+/13<F(1 (1 =p)S—(u +7)Ec>
al
+44 (TEH +yvEc + ﬁpS—(y+d+r)I

+(1 - N)PEy > +s <rI - ;4R>.

The adjoint equation variables, A, = (4;,4,, 43, 44, 4s5) for the system
(1) is calculated by taking the partial derivative of I' with respect to
each state variable S, Ey, Ec, I, R, we have

; 1 1
A =—2w,8(4 - /14,;)% — (Apq + 4501 = q))% + A s

by == 2WHEp — A fd+ (u+1+d) — (v + (1= /)
Ay = Ay) + 1y (A = Ay,
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Ay ==2W5Ec + (A3 — Ay + 437,

. o 04 o

A==2W, I+ —S—1—q(1 =p)S — A —(0 —-q)(1 —-p)S
4 A+ 4 2Nq( D) 3N( 91 -p)
+A(u+d+r) = Asr+ (A4 — A3)us,

As =—2WsR+ Asp.

Hence, the above work gives us,

. < ) < Ey (A3 — Auy ))
| = max| ¢y, min| dj, ———— ] |,
2u,

" ) Ec(Ay — Ay
l2 = max| cp, min| d,, o s
L5

o (g T = g
3 = max\ ¢z, min 3’2—143 .

6. Bifurcation analysis

/

Bifurcation analysis in dynamical systems means a small change
in bifurcation parameters leads to a sudden qualitative change in the
system behaviour. Generally, at a bifurcation junction, properties of
equilibrium points and periodic orbits changes. The region of stable
solutions can be determined by computing stability boundaries directly
as functions of the relevant system parameters. For the sake of conve-
nience, we will take S = z;, Ey = z,,Ec = z3,1 = z,, R = z5. Since,
by the vector notation Z = (z,, 2, 23, 24, 25)" , the dynamical system (1)
can be expressed in the form as below:
dz

dt
where,

T
=(zy, 23, 23, 24, Z5)

z; =0 - (% +;4>S+f¢EH,
1

2y =541 = P)S ~ (u+ DEpy ~ $Ey.
1

2, =1 (0= = p)S ~ (u+7)Ec.

2 =tEy +yEq + %pS—(/A+d+r)I+(l vy

z’5 =rl — uR. 13)
The Jacobian matrix of z;(i = 1,2,3,4,5) at DFE is evaluated as:
a2

—u ¢ 0 ~Nu 0

0 (u+tr+d) 0 Seal=p) 0
Je=|0 0 —(u+7) ;—ﬁ(] —g(l—p) O]

0 +(1-/) v Lp—(utd+r 0

0 0 0 r U

Now, consider the case when the R is equal to unity, then we will
take @ = a* as the bifurcation parameter. Solving for this parameter
from the R, which is equal to unity yields ¢ = o* = ,/%.
Therefore, by using the [29], we will be able to find whether or
not the system (12) demonstrate the backward bifurcation at basic
reproduction number at unity.

Theorem 6.1. Suppose the following general system of ODE with param-
eter ¢, ‘L—f =h(z,p) h : R"X R - R, h € CX(R"x R), h(z,p) = 0, for all
@and z=0,

(a) B = D,h(0,0) = Z—:"(O, 0) | is a linear matrix of system (13)

j
around the critical point zero with h evaluated at zero,

(b) z = 0 is the simple characteristic value of B and other characteristic
values of B have negative real parts. ,

Suppose, h, be the pth part of h and ¢ = quzl upuq%(o, 0), then the
local dynamical system around the critical point zero is ﬁ.’;lly determined by
the signs of c. Particularly, if ¢ > 0, then a backward Hopf-type bifurcation
occurs at ¢ equal to zero.
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Table 2
Biological parametric description along with their values.

Informatics in Medicine Unlocked 38 (2023) 101235

Parameter Description Parametric values Sources
" Natural death rate 0.00987 [7]
a Infection contact rate 0.5 Assumed
P Fraction of fast progresses 0.35 [30]
to the active disease
1-p Fraction of susceptible 0.65 [30]
class to latent tuberculosis
q Fraction of susceptible 0.83 [30]
class to latent tuberculosis
1—¢q Fraction of susceptible 0.917 [30]
class to latent COVID-19
q(1-p) Fraction of susceptible population 0.053 [30]
of susceptible class to host TB
after mix up with susceptible
class to infected population (1 — p)
(1=¢)(1-p) Fraction of susceptible class 0.596 [30]
to exposed COVID-19 after
adjustment with susceptible
to infected population
T Indicate the progression rate from 0.0016 Assumed
exposed TB to infectious population
v Indicates the progression rate 0.0001 Assumed
from exposed COVID-19
to infectious population
r Recovery rate 0.85 [22]
d TB induced death rate 0.00013 [71
Vaccination rate 0.7 [11]
1-f Fraction of remaining TB 0.3 [11]
vaccinated population
] COVID-19 induced mortality rate 0.1 [11]
6.1. Computation of characteristic values of J* E_,= 1-p x Ry _1-p w1 5 g )
Ry dd=-p) Ry 24R, Nrlu+d+n

It is easily observed that the Jacobian with a = a* of the linearized
system has a simple zero characteristic value and all other characteristic
values have negative real parts. Thus, center manifold theory may be
applied to analyse the dynamical system (12) near ¢ = a*. At the
point when basic reproduction number is equal to unity, this can be
demonstrated that the matrix J has a right characteristic vector that

are given by u = [uy,u,,u3,uy,us]” where u; = %,Mz = q(1 -
@ = (- _ a0 = (=) _r
P) Ngurary 43 = 1= U =P giss e = =0 and us = 2.

7. Sensitivity analysis

In epidemiology, sensitivity analysis may be used to determine the
impact of an unmeasured dose on the casual finding of a sample.
The use of sensitivity analysis in mathematical modelling of infectious
disease is suggested in the coronavirus disease 2019 outbreak [31-—
37]. In model (1), we use three key biological parameters, namely
as a,q and (1 — p), which significantly affect the basic reproduction
number R, [38]. The sensitivity of R, to the change of these biological
parameters is represented by the partial derivative listed below:

Ry 1 a(l — pQ2
da 2\ /R, Ny(u+d+r)’

R _ 1 q(1 — p)Q
o 2R, Nru+d+r)
oR, 1 agQ2

14)

0= 2y, NrG+d+n)

Since all the calculated partial derivatives are non-negative, we con-
clude that R, increases with the increase of any parameter given above.
To know the effect of corresponding changes to these parameters on
Ry, we will calculate elasticities since elasticity is nothing but the
corresponding responses to a corresponding perturbation.

p o2 R _ o 1 a(l - p)R2
“ Ry da Ry 2R, Nr(u+d+r)
g IRy _ g 1 q(1 = p)Q2

E — X X s
T Ry 9g Ry 2R, Nr(utd+r)

From the Eq. (14), we observe that minor changes in ¢ and (1 — p)
have same result on R,. We also observe that £, > E, = Eq_, if
V(Ry) < 27”’ and in this case minor change in « have a great effect
on R, compared to same corresponding changes in other biological
parameters. Biologically it means that infection rate has larger effects
on disease dynamics. The impact of these biological parameters on R,

is shown in Fig. 17.
8. Numerical simulation

In this section, we simulate the proposed mathematical model (1)
by simulating various biological parameters given in Table 2. We use
the default set of parameters cited in the literature and compute those
values which are not found in the literature. In order to assess the
impacts of various rates of TB cases and COVID-19 on the different
populations, we simulate «, f, ¢, g, T and R parameters to see how these
parameters affect the transmission dynamics of both diseases. In order
to demonstrate this co-infection numerically via Runge-Kutta Method
of fourth order. This numerical method is given as below:

1
Yoyl = Vo + = (ky +2ky + 2k + ky). (15)

6
where,
ki =hg(x,,y,),

1 1
ky :hg(xZ + Edk,yz + §k1>,

1 1
k3 =hg<xz + Edk,yz + 5/62),

ky=hg(x, +di.y, +k3).

Further,

a8 _ g1 (t. S, Ey, Ec.I.R) = Q- <“—I +;4>S+f¢EH,

dt N

dE al

d_tH =g (1,8, Ey, Ec,I,R) = WCI(1 -pS—-(u+0Eg —¢Ey,
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dE al
— =&(08 By Ee. I.R) = So(1=9)(1 = p)S = (4 + 1)Ec,
’2—: =g,(t,8S,Ey,Ec,1,R) =tEy +vE¢
+ %pS—(y+d+r)I+(1 - PEy,
dR

ke g5(t. S, Ey, Ec,I,R) =rl — uR. (16)

The Eq. (16) is solved by applying Runge-Kutta Method of fourth order
based on algorithm given in Eq. (15). Hence, the system is given as
follow:

A, =a,. + + 2k + 2k3 + ky)dy,
Azy3 =gy + = (1) +20 + 205+ 1) d,,

ny +2n, + 2n3 + n4)dk,

(ky

(

(my +2my +2my + my)d,,
azps =04+ —
(

P+ 2py +2p3 + py)dy, 17)

L

6

1

6

1

A4 =Az43t+ g
1

6

1

Az46 =Az45 + 6
(S

with step size d,, we have

k=2 <"—N’+M>S+f¢EH,

=540 = p)S - (u+ DEy - $Ey,
m = L= g1 =S = e+ DEe,

n =TEH+}’Ec+a—]\fps—(ll+d+r)l+(l—f)¢EH,

pr=rl—puR,

a nd, kyd, 1,d,
kz=9—<ﬁ< A1+ - >+ﬂ><z+l+T tfpla z+l+T’

a kyd
12=ﬁ< z+l+ )U P)< a4+ 2k>

1,d,
—(M+T+¢)< z+1+7>1

kqd
a nydy 14
m2=ﬁ< a1+ —— >(1—4)(1—P)< A1+ —5— )
md
—(/4+7)( ager + 12">
lydy
ny =1 az+1+T +y
+ 2 (a,, + Ml LS
N azy1 B p\ az4 2

1dy Id
- (;4+d+r)< z+1+nT>+(1_f)¢< Azt 2k>’

d pd
19 P14y
Pz—’<az+1+T)—ﬂ< azp1+ —— 2 >’
a nydy kady
k3=9_<ﬁ< Azt —— 2 >+”><z+l+ 2
d
+f<i>< z+1+%>,
a nyd, kyd,
l3zﬁ< a; g+ — )q(l—p)( z+1+T
l,d
—(u+r+¢)< s+ = ">,

2
kyd
m3=%<z+.+ )(1 q)(l—p)(mﬁ%)
—(/4+7)< Az +—5—

mydy
)

L,d, mod,
"3—T<az+1+7>+7< a4t 5 >
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Fig. 1. Effect of a on S.

a nyd, kady
+N<z+l+ D) >[7< Azy + —— D)

- (M+d+r)< e +%) +(1—f)¢< app + lzjk>,

2d Py
P3—"<az+1+T>—ﬂ<z+1+ 5 )

ky =80 — <%(‘1z+1 +n3d, ) + M) (az41 + kady) + fb(azy +13dy),

Iy = —(az +nmdy)qg( = p)(azyy + kady) — (u+ 7+ ) (a,q +13d,),

!
my = %(“zﬂ +m3dy ) (1= @)(1 = p)(azyy + ksdy) = (u+7)(azyy +msdy),
ny = t(azy +13d) +y(az +mydy) + %(az+l +n3di ) p(azy + kady)
= (u+d+r)(agy +nydy) + 1= p(ayy +13dy),

Py = r(azy +nydy) — u(az + pydy).

Hence, the Eq. (17) is a numerical solution of the proposed mathemat-
ical model.

Figs. 1-16 demonstrate the simulations of different biological pa-
rameters on the different populations. Further, we will discuss the
effect of these state variables on different biological parameters in the
preceding figures.

In Figs. 1-3 we observe the effects of «, f and ¢ on S. Now, Fig. 1
explicit that as we increase the value of infection contact rate, the graph
of susceptible class decreases. Fig. 2 demonstrates that vaccination has
a significant effect on the susceptible population as the susceptible
population increases as we increase the vaccination programme among
the masses. Fig. 3 shows the variation of the susceptible population
with respect to the death rate induced by COVID-19. It is clear that the
COVID-19 cause mortality rate has demonstrated effects in susceptible
cases.

Figs. 4-7 depict the effect of various populations on Ej classes.
Fig. 4 indicates that the exposed population exponentially decrease up
to t = 10 and it remains constant afterwards, as we increase the value
of ¢. In Fig. 5 it is seen that E, decays exponentially up to r = 30
and remains constant afterwards. Similarly, in Figs. 6 and 7, similar
trends can be seen. In Figs. 6 and 7, we see the effects of « and ¢ on
transmission dynamics of the COVID-19 class. Fig. 8 exhibits that the
COVID-19 class curve decreases as we decrease the infection rate value
from 0.1 to 0.001. Also, similar effects can be seen in Fig. 10

Figs. 10-14 show the effects of various parameters «, f, 7,y and ¢
on /. In Fig. 10, we observe that as we rise the utility of progression
rate from exposed tuberculosis class to infectious class rate, the graph
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of infectious human class increases. In Fig. 11, we observe that as we
rise the utility of progression rate from exposed COVID-19 population
to infectious population, the graph of infectious human class increases.
In Fig. 12, we observe that as we increase the value of infection contact
rate, the graph of infectious human class decreases. In Fig. 13, we
observe that as we increase the value of fast progress to the active
disease rate, the graph of infectious human class decreases. From
Fig. 14 we observe that as we rise the value of recovery rate from
infectious class rate, the graph of infectious human class decreases.

In Fig. 15, we observe that as we rise the value of recovery rate
from infectious class rate, the graph of recovered human class increases.
Fig. 16 depicts that as we increase the value of COVID-19 causing
mortality rate, the graph of recovered human class decreases.

In order to show the stability of disease-free critical point, we take
a=0.5,4=0.083,(1-p) = 0.65, u = 0.00987, N =2.739 and 2 = 0.273 by
keeping other parameters fixed. We obtained the values of R, = 0.521
and E; = (27.659,0,0,0,0). From this, we can infer that E|, is unstable.
The stability of the positive critical point is E; and is computed as
(1.121,49.684, 6808.8203, 30.653, 555.5).

9. Conclusion

In this paper, a novel SEgE-IR non-linear mathematical epi-
demic model for transmission dynamics of COVID-19 and tuberculosis
is analysed. The essential basic control measures need to be high-
lighted particularly in tuberculosis cases. The tuberculosis hospitals
and medication centres are required to be in early management and
identification of COVID-19 in tuberculosis patients. It is also found
that if we quarantine the TB-infected individual, they could be avoided
the COVID-19 infection. In sensitivity analysis, we have seen that the
rate of infection has significant effects on the propagation of COVID-19
transmission. We see that a small change in infective rate has a larger
effect on COVID-19 transmission. It means that COVID-19 infection is
spreading at a faster rate as compared to TB infection. Further, from
our simulation, we computed the value of R, = 0.521 which indicates
that COVID-19 can be controlled through proper immunization and
vaccination programmes. Our study further suggests that the need of
the hour is to control SAR-CoV-2 viruses as it weakens the immunity
which acts as a launching pad for other diseases. The use of optimal
control helps us to find a better solution to deal with such a COVID-19
pandemic.
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Appendix A

Consider the Lyapunov function

1 1 1 1 1
Vi=-aV?+ Easz + 5(13)(2 + E(14)’2 + 5asz2,

2

where, a,,a,,4a3,a4,a5, are arbitrary constants and V is the trans-
formed susceptible individuals, W is the transformed exposed TB in-
dividuals, X is the transformed exposed Covid-19 individuals, Y is
the transformed infected individuals, Z is the transformed recovered
individuals. Therefore,

Vi=a\VV +a;WW +a; XX +a,YY +asZZ
. %A”Vz FARVW + ALVY — %Azsz + A WY
- %1433)(2 + Ay XY + ApWY + A XY — %AMYZ

+ Ay ZY — %ASSZZ,

Q
where, A\, =2a,pu, A, = a,f, Ay = —a Z_”sAzz =2a,(u+7+¢), Ayy

ayq(1 = p) s Asy = 2a3(u+7), Agy = a3 52 (1= q)(1=p). Ay = ay (T +(1
f)), Ay =agy, Ay = 2q2(y +d+r),Asy = asr, Ass = 2as .

The condition for V] to be negative definite is that

AL < Ay Ay, A2 < A Ay, AL < ApAy, A§4 < Ay Ay, A2
AyAy, Ay < AyAss, A3, < Ass Ay,

5 <

This gives the conditions for the trivial critical point E <% 0,0,0, O>
to be globally asymptotically stable.

12
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Appendix B

Consider the Lyapunov function

= %ble + %szz + %b3R2 + %msz + %bSTZ,

where, by, by, by, by, b5 are arbitrary constants and V is the transformed
susceptible individuals, W is the transformed exposed TB individ-
uals, X is the transformed exposed Covid-19 individuals, Y is the
transformed infected individuals, Z is the transformed recovered in-

dividuals. Therefore,

N

Vy =b PP + b,00 + by RR + b,SS + bsTT
1

5322Q2 + B, 0S8

- %B33R2 + By, RS + B, OS + B3RS — %BMS2

=- %BUPz + B, PQ + B, PS —

+ Bs,TS — %BS5T2,

Q
where, By| = 2bu, Biy = by f ¢, Biy = —by e, Byy = 2b)(u+7+$). Byy =

Q Q
byq(1 —P)ZJ—”, B33 =2b3(u+7y), B3y = b3 7\/—”(1 —g)(1-p),By = b4(T+(1 -
£)).,Byz =byy, By = 2by(p +d + 1), Bsy = bsr, Bss = 2bsp.

The condition for V, to be negative definite is that

B}, < 2311 By, B}, <2 BBy, B}, < ByBu, Bl < By3By, B, <
By By, By < ByyBss, By, < BssBy.

Hence the conditions for the positive equilibrium E* to be globally

asymptotically stable.
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