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Abstract

This paper investigates the impact of tyre dynamics on autonomous vehicle dynamic con-
trol. The commonly used 2 degrees of freedom bicycle model and a detailed vehicle model
considering tyre dynamics are built, respectively, to describe the vehicle dynamics. The two
models are firstly compared with the response to front wheel steering input and differential
motor torque input. The transient vehicle body vibrations are clearly demonstrated by the
detailed model but overlooked by the bicycle model. The influence of tyre nonlinearity on
path offset is also revealed. Then, the path following control strategy is designed based on
the linear quadratic regulator control to compare the two models from the path follow-
ing performance perspective. The double lane change simulation is conducted. The results
show that at low vehicle speed, the path following errors of two models are very close,
which proves the rationality of using the bicycle model to represent the vehicle dynamics
in mild and moderate driving conditions. However, when the path following is conducted
with high vehicle speed, the required lateral tyre force is large, so the tyres work with large
slip angles and the tyre nonlinearity generates significant deviation on the path following
errors between the two models.

1 INTRODUCTION

Intelligent transportation is widely accepted as the trend of
future transportation where the autonomous vehicle is one of
the most important elements [1]. In the autonomous vehicle, the
vehicle driving control such as steering, accelerating and brak-
ing are realized by automatic actuators rather than the driver. At
the same time, the in-wheel drive electric vehicle is also attract-
ing more and more attention owing to its advantages of electric
driving and independent motor torque output in each wheel [2].
With rapid torque response of the in-wheel motor, direct yaw
moment (DYM) control is achievable for vehicle dynamic con-
trol, especially for vehicle stability and path following control
[3, 4].

In the autonomous vehicle with in-wheel drive and front
wheel steering (FWS), the FWS and DYM are individually
or jointly used for vehicle dynamic control such as collision
avoidance control [5], rollover prevention control [6] and path
following control [7]. In reference [8], a model predictive con-
trol (MPC) based controller which integrates FWS control
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and DYM control is designed to improve vehicle stability. In
reference [9], the required lateral force and yaw moment to
maintain vehicle stability are calculated by nonlinear MPC and
then transformed to FWS input and differential motor torque
(DMT) input through particle swarm optimization. In refer-
ence [10], a fuzzy proportional-integral-derivative (PID) based
FWS control strategy is designed to improve the steering system
response speed and control accuracy with increased steering
system inertia and resistance caused by in-wheel motor. In ref-
erence [11], slide mode control (SMC) is proposed to track
the vehicle sideslip angle and yaw rate with external distur-
bance and parameter uncertainties. In reference [12], a vehicle
stability index is designed according to the front and rear
tire slip angles. Then a SMC controller is designed to control
motor torque with the sliding surface weight adjusted by the
stability index. In reference [13], network-induced time vary-
ing delay is considered when designing vehicle lateral motion
control strategy in which H

∞
-based linear quadratic regula-

tor (LQR) controller is adopted to deal with the time delay
problem.
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The path following control is a combination of longitudi-
nal speed following and lateral dynamic control. PID control
and preview control are adopted in reference [14] to design an
autonomous vehicle speed following control strategy which is
tested on a MKZ platform. In reference [15], the coordinated
longitudinal and lateral control of an autonomous vehicle is
realized by an output-feedback triple-step controller. The path
following performance is verified by typical manoeuvres such
as double-lane change. Reference [16] designs a composite non-
linear feedback path following control strategy considering the
tyre force saturation. This control strategy helps eliminate the
steady-state error and improve transient performance. In refer-
ence [17], a path following control strategy is proposed based
on immersion and invariance control theory. It is proved to
be effective under variable driving conditions, disturbance and
parameter uncertainties.

As shown in above references, most of the vehicle stabil-
ity and path following control research is based on simplified
vehicle models where the 2 degrees of freedom (DOF) bicy-
cle model is the most popular one. In the bicycle model, the
tyre carcass dynamics are overlooked for the sake of controller
design. The tyre road force generated by FWS and DMT is
treated to act on vehicle body directly to control the vehicle yaw
rate and sideslip [15, 18]. At the same time, research on tyre
dynamics proves that tyre has nonlinearity, hysteresis and vibra-
tion which significantly affect vehicle dynamics and shouldn’t
be overlooked. The rigid ring tyre model [19, 20] proposed and
verified by Hans B. Pacejka comprehensively describes the tyre
vibration characterises. The tire response to braking torque is
researched in reference [21] which indicates the potential impact
of tyre dynamics on vehicle longitudinal dynamics. The tested
tyre dynamic response is great close to the theoretical models,
which verifies the tyre model. To describe the tyre force hystere-
sis, relaxation length [22] is introduced which makes tyre force
equation nonlinear. These nonlinear models can well describe
the tyre carcass dynamics however are hard to be implemented
to design advanced vehicle dynamic control strategies which are
based on the state space method [23, 24].

In addition to vehicle dynamics control, different vehicle
models with different complexity are also adopted for other
specific research targets, such as vehicle pose estimation [25,
26] and vehicle sideslip angle estimation [27]. Although model
simplification is beneficial for controller design, it potentially
makes the vehicle model deviate from the real vehicle dynam-
ics when large and rapid control inputs are required for vehicle
dynamic control during emergency conditions such as collision
avoidance [28]. Furthermore, in the autonomous vehicles with
in-wheel drive, the unsprung mass, steering system inertia and
wheel rotational inertia are significantly increased, which makes
the tyre dynamics such as transient vibration and hysteresis have
more impact on vehicle dynamics [29, 30].

As found from the references, research on vehicle dynamics
and control are quite separate. On one hand, the control-
oriented research normally simplifies the vehicle dynamics or
even totally overlooks the tyre dynamics, such as the bicy-
cle model. On the other hand, the research on tyre dynamics
demonstrates the tyre has significant nonlinearity, hysteresis and

transient vibration. It seems the simplified vehicle models have
been “overused” in vehicle dynamic control research, espe-
cially in research where the nonlinearity and transient vibration
should be considered, such as emergent collision avoidance and
tyre saturated scenarios.

To this end, in this paper, the impact of tyre dynamics
on autonomous vehicle path following control is researched.
Firstly, the bicycle model and a detailed vehicle model with
tyre dynamics are built. The vehicle transient and steady-state
response to FWS and DMT input are researched. Then the
path following control strategy is designed based on LQR con-
trol and the double lane change is conducted to compare the
two models’ path following performance. The results reveal
the remarkable impact of tyre dynamics on both transient and
steady-state vehicle dynamics. From this research, it is demon-
strated that for mild and moderate driving and lateral dynamic
control which use a small or middle amount of tyre-road force,
it is suitable to use the simplified vehicle model to represent
the vehicle dynamics. However, it should be noticed that for
the vehicle dynamic control under a large lateral force such as
during emergency collision avoidance or under tyre saturation
scenarios, special attention should be paid to make sure the
transient vehicle dynamic movements are still within the safety
criteria.

The remainder of this paper is organized as follows: In Sec-
tion 2, the bicycle model is built to analyse the vehicle dynamics.
Section 3 conducts vehicle dynamic analysis considering the tyre
dynamics. In Section 4, vehicle dynamic response to FWS and
DMT inputs is researched and compared between two models.
Section 5 designs the path following control strategy based on
LQR control. In Section 6, double lane change is conducted to
compare the bicycle model and detailed model path following
performance. Conclusion is drawn for this paper in Section 7.

2 VEHICLE DYNAMIC ANALYSIS
WITH BICYCLE MODEL

The 2 DOF bicycle model is shown in Figure 1 [11, 31]. In the
bicycle model, vehicle is treated as symmetrical to its longitudi-
nal axis. The suspension dynamics and tyre carcass dynamics
are overlooked, which means the tyre road contact force is
transferred to vehicle body directly.

Based on the small FWS angle assumption [32], the vehi-
cle longitudinal, lateral and yaw dynamics are described by
Equations (1)–(3):

mgv̇x = Fx f + Fxr + mg�̇�vy, (1)

mgv̇y = Fy f + Fyr − mg�̇�vx , (2)

Izg�̈� = Fy f l f − Fyr lr + M𝛾, (3)

where mg is the total vehicle mass, Izg is the vehicle yaw inertia,
vx and vy are vehicle longitudinal and lateral speeds, 𝛾 is vehicle
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FIGURE 1 2 DOF bicycle model.

FIGURE 2 Detailed vehicle model considering tyre dynamics.

yaw angle, Fx f and Fxr are longitudinal force of front and rear
tyres, Fy f and Fyr are lateral force of front and rear tyres, M𝛾 is
DYM, l f and lr are the front and rear wheelbases.

In the bicycle model, the lateral force is obtained from the
constant tyre cornering stiffness and slip angle, as shown in
Equation (4):

Fy f = −2c f 𝛼 f ,Fyr = −2cr𝛼r , (4)

where c f and cr are the cornering stiffness of front and rear
tyres, 𝛼 f and 𝛼r are slip angles of front and rear tyres, which
are obtained by vehicle movement and FWS angle according to
Equation (5):

𝛼 f = 𝛽 − 𝛿 +
l f �̇�

vx
, 𝛼r = 𝛽 −

lr �̇�

vx
, (5)

where 𝛿 is FWS angle, 𝛽 is vehicle sideslip angle which can be
defined as vy∕vx with small angle assumption [33].

Because the tyre dynamics are overlooked, the motor torque
at each wheel is directly transformed into vehicle longitudinal
driving force [3, 34], as shown in the following equation:

Fx =
Tm − Iw�̇�w

re
, (6)

where Tm is motor torque, Iw is the wheel rotational inertia, 𝜔w

is wheel rotational speed, re is the tyre effective radius.

3 VEHICLE DYNAMIC ANALYSIS
WITH A DETAILED MODEL
CONSIDERING TYRE DYNAMICS

To investigate the effect of tyre dynamics on vehicle path
following control with FWS and DMT, a more detailed vehi-
cle model is built considering the tyre dynamics, as shown in
Figure 2. In this detailed model, the vehicle suspension dynam-
ics are also included to reflect the tyre vertical load variations
caused by vehicle body movements during accelerating, braking
and steering.

3.1 Vehicle body dynamic analysis

In the detailed model, the tyre-road force is transmitted to
vehicle body through the tyre carcass, motor body, strut assem-
bly and suspension. Vehicle body could move vertically with
respect to the motors owing to the suspension elasticity. How-
ever, lateral and longitudinal motions between vehicle body and
motors are restricted by the strut assembly. So, it is considered
that the vertical force acting on vehicle body is from the sus-
pension while the lateral and longitudinal forces are from the
strut assembly. Therefore, vehicle body vertical, roll and pitch
motions are modelled by Equations (7)–(9). In the modelling,
roll and pitch motions are treated as decoupled [3, 35, 36].

mvz̈ = Fz fl + Fz fr + Fzrl + Fzrr (7)

Ix �̈� = lt (Fz fl + Fzrl − Fz fr − Fzrr ) + mvhr (v̇y + �̇�vx ), (8)

Iy�̈� = lr (Fzrl + Fzrr ) − l f (Fz fl + Fz fr ) − mvhp(v̇x − �̇�vy ), (9)

⎧⎪⎪⎨⎪⎪⎩

Fz fl = ks f (zm fl − z fl ) + cs f (żm fl − ż fl )

Fz fr = ks f (zm fr − z fr ) + cs f (żm fr − ż fr )

Fzrl = ksr (zmrl − zrl ) + csr (żmrl − żrl )

Fzrr = ksr (zmrr − zrr ) + csr (żmrr − żrr )

, (10)

where mv is the vehicle body mass, Ix and Iy are the vehicle
body roll and pitch inertias, z , 𝜑 and 𝜃 are vehicle body vertical,
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FIGURE 3 Diagram of vehicle body dynamics in the horizontal plane.

roll and pitch displacements, ks f and ksr are the front and rear
suspension stiffness, cs f and csr are the front and rear suspension
damping, hr and hp are the vertical distances from vehicle centre
of gravity (CG) to roll axis and pitch axis, zmi is vertical dis-
placement of each motor, zi is vertical displacement of vehicle
body at each suspension installation corner which is obtained by
Equation (11), where i represents fl, fr, rl, rr, which are front left,
front right, rear left and rear right, respectively.

⎧⎪⎪⎨⎪⎪⎩

z fl = z − l f 𝜃 + lt𝜑

z fr = z − l f 𝜃 − lt𝜑

zrl = z + lr𝜃 + lt𝜑

zrr = z + lr𝜃 − lt𝜑

, (11)

where lt is the half wheel track.
From the horizontal planar motion perspective, motor is

rigidly connected to vehicle body through the strut assembly.
A diagram is used to describe the vehicle body dynamics in the
horizontal plane as shown in Figure 3.

The motor longitudinal and lateral speeds at each corner
could be described by vehicle body longitudinal and lateral
speeds and yaw rate, as shown in Equation (12):

vx fl = (vx − �̇�lt ) cos 𝛿 fl + (vy + �̇�l f ) sin 𝛿 fl vxrl = vx − �̇�lt

vx fr = (vx + �̇�lt ) cos 𝛿 fr + (vy + �̇�l f ) sin 𝛿 fr vxrr = vx + �̇�lt

vy fl = (vy + �̇�l f ) cos 𝛿 fl − (vx − �̇�lt ) sin 𝛿 fl vyrl = vy − �̇�lr

vy fr = (vy + �̇�l f ) cos 𝛿 fr − (vx + �̇�lt ) sin 𝛿 fr vyrr = vy − �̇�lr

,

(12)

where vxi and vyi are motor longitudinal and lateral speed, 𝛿 fl

and 𝛿 fr are front left and front right wheel steering angles that
satisfy the Ackerman steering principle [37].

The vehicle body dynamics in the horizontal plane are
described by Equations (13)–(15):

mvv̇x = Fx fl cos 𝛿 fl + Fx fr cos 𝛿 fr − Fy fl sin 𝛿 fl − Fy fr sin 𝛿 fr

+Fxrl + Fxrr − Fres + mv �̇�vy − mvhp�̈�, (13)

mvv̇y = Fx fl sin 𝛿 fl + Fx fr sin 𝛿 fr + Fy fl cos 𝛿 fl + Fy fr cos 𝛿 fr

+Fyrl + Fyrr − mv �̇�vx + mvhr �̈�, (14)

Iz �̈� = (Fx fl sin 𝛿 fl + Fx fr sin 𝛿 fr + Fy fl cos 𝛿 fl + Fy fr cos 𝛿 fr )l f

− (Fyrl + Fyrr )lr + (Fx fr cos 𝛿 fr − Fx fl cos 𝛿 fl

+Fy fl sin 𝛿 fl − Fy fr sin 𝛿 fr − Fxrl + Fxrr )lt , (15)

where Iz is the vehicle body yaw inertia, Fxi and Fyi are
longitudinal and lateral forces acting on vehicle body, Fres is
vehicle resistance. The values of vehicle body and suspension
parameters are listed in Table 1 [36].

3.2 Tyre dynamic modelling

In the wheel, motor is rigidly installed on the wheel rim which is
connected to tyre carcass. The rigid ring tyre model is adopted
to describe the tyre force, as shown in Figure 4 [20, 21]. In this
model, the tyre carcass which connects the rim and tyre sur-
face is represented by translational and rotational springs and
dampers. The tyre surface is simplified as a rigid ring which
contacts with road and generates force and torques.

Based on the rigid ring model, the dynamic equations of
the motor and tyre ring are developed. For the motor, in
addition to the force and torque from tyre carcass, it also
bears the force and torque from the strut assembly and sus-
pension. The motor dynamics are described by the following
equations:

mmẍm = kx (xr − xm ) + cx (ẋr − ẋm ) − cx �̇�m (zr − zm ) − Fx ,
(16)

mmÿm = ky (yr − ym ) + cy (ẏr − ẏm ) − Fy, (17)

mmz̈m = kz (zr − zm ) + cz (żr − żm ) + cz �̇�m (xr − xm ) − Fz ,
(18)

Imx �̈�m = k𝜑(𝜑r − 𝜑m ) + c𝜑(�̇�r − �̇�m )

−c𝜑�̇�r (𝛾r − 𝛾m ) − Iry�̇�r �̇�r + Tp, (19)

Imy�̈�m = k𝜃 (𝜃r − 𝜃m ) + c𝜃 (�̇�r − �̇�m ) + Tm, (20)
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TABLE 1 Values of vehicle body and suspension parameters.

Parameter Description Value Parameter Description Value

mv Vehicle body mass 1320 kg ks f Front suspension stiffness 16100 N/m

Ix Vehicle body roll inertia 580 kg⋅m2 ksr Rear suspension stiffness 35200 N/m

Iy Vehicle body pitch inertia 1910 kg⋅m2 cs f Front suspension damping 2150 N⋅s/m

Iz Vehicle body yaw inertia 2030 kg⋅m2 csr Rear suspension damping 2980 N⋅s/m

hr Vertical distances of vehicle CG to roll axis 0.35 m hp Vertical distances of vehicle CG to pitch axis 0.35 m

l f Front wheelbase 1.13 m lr Rear wheelbase 1.69 m

lt Half wheel track 0.767 m

FIGURE 4 Rigid ring tyre model.

Imz �̈�m = k𝛾 (𝛾r − 𝛾m ) + c𝛾 (�̇�r − �̇�m )

+ c𝛾�̇�r (𝜑r − 𝜑m ) + Iry�̇�r �̇�r + Ts . (21)

For the rigid ring which represents the tyre surface, it moves
under the force and torque from the tire carcass and road:

mr ẍr = −kx (xr − xm ) − cx (ẋr − ẋm )

+ cx �̇�m (zr − zm ) + Fcx , (22)

mr ÿr = −ky (yr − ym ) − cy (ẏr − ẏm ) + Fcy, (23)

mr z̈r = −kz (zr − zm ) − cz (żr − żm ) − cz �̇�m (xr − xm ) + Fcz ,

(24)

Irx �̈�r = (yr − ym − rl𝜑r )Fcz − k𝜑(𝜑r − 𝜑m ) − c𝜑(�̇�r − �̇�m )

+ c𝜑�̇�r (𝛾r − 𝛾m ) + Iry�̇�r �̇�r − rl Fcy, (25)

Iry�̈�r = −k𝜃 (𝜃r − 𝜃m ) − c𝜃 (�̇�r − �̇�m ) − Fcxre, (26)

Irz �̈�r = −k𝛾 (𝛾r − 𝛾m ) − c𝛾 (�̇�r − �̇�m )

− c𝛾�̇�r (𝜑r − 𝜑m ) − Iry�̇�r �̇�r + Tcz , (27)

where mm is the motor mass, Imx , Imy, Imz are the motor inertia
about its longitudinal, lateral and vertical axes, mr is the tyre ring
mass, Irx , Iry, Irz are the tyre ring inertia about its longitudinal,
lateral and vertical axes, xm , ym , zm are the motor longitudinal,
lateral and vertical displacements,𝜑m ,𝜃m ,𝛾m are motor rotational
displacements about its longitudinal, lateral and vertical rota-
tional axes, xr , yr , zr are tyre ring longitudinal, lateral and vertical
displacements, 𝜑r , 𝜃r , 𝛾r are tyre ring rotational displacements
about its longitudinal, lateral and vertical rotational axes, kx , ky,
kz are the tyre longitudinal, lateral and vertical stiffness, k𝜑, k𝜃 ,
k𝛾 are the tyre rotational stiffness about its longitudinal, lat-
eral and vertical axes, cx , cy, cz are the tyre longitudinal, lateral
and vertical damping, c𝜑, c𝜃 , c𝛾 are the tyre rotational damp-
ing about its longitudinal, lateral and vertical axes, Fx , Fy, Fz are
the forces applied on motor from vehicle body and suspension.
Tp is the torque applied on motor about its longitudinal axis,
Tm is the motor torque, Ts is the torque from the steering sys-
tem, Fcx , Fcy, Fcz are longitudinal, lateral and vertical tyre road
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1634 ZHOU ET AL.

TABLE 2 Values of motor and tyre parameters

Parameter Description Value Parameter Description Value

mm Motor mass 67 kg mr Ring mass 7.18 kg

Imx , Imz Motor inertia about its longitudinal
and vertical axes

6 kg⋅m2 Irx , Irz Ring inertia about its longitudinal and
vertical axes

0.326 kg⋅m2

Imy Motor inertia about its lateral axis 1.01 kg⋅m2 Iry Ring inertia about its lateral axis 0.636 kg⋅m2

kx , kz Tyre longitudinal and vertical stiffness 1.57e6 N/m k𝜑 ,k𝛾 Tyre rotational stiffness about its
longitudinal and vertical axes

2.2e4 Nm/rad

ky Tyre lateral stiffness 5.11e5 N/m k𝜃 Tyre rotational stiffness about its
lateral axis

7.7e4 Nm/rad

cx , cz Tyre longitudinal and vertical damping 320 N⋅s/m c𝜑 , c𝛾 Tyre rotational damping about its
longitudinal and vertical axes

8 Nm⋅s /rad

cy Tyre lateral damping 120 N⋅s/m c𝜃 Tyre rotational damping about its
lateral axis

50 Nm⋅s /rad

rl Tyre loaded radius 0.29 m kpx Tyre longitudinal tread stiffness 17e6 N/m

re Tyre effective radius 0.3029 m kpy Tyre lateral tread stiffness 13e6 N/m

𝜇 Tyre road friction coefficient 0.9 kcy Tyre lateral residual stiffness 6e5 N/m

A Half tyre road contact length 0.0534 m kcz Tyre vertical residual stiffness 2.25e5 N/m

contact forces, Tcz is the tyre aligning moment, rl is the tyre
loaded radius.

For tyre road contact force, the vertical force is described by
a residual stiffness kcz as shown in Equation (28):

Fcz = −kczzr . (28)

The longitudinal force, lateral force and aligning moment
generated by tyre road contact are described by the brush
model which treats longitudinal and lateral forces separately
here when tyre force is not saturated [20, 38], as shown in
Equations (29)–(31):

Fcx =

⎧⎪⎨⎪⎩
𝜇Fcz

{
3|𝜆x𝜁cx | − 3|𝜆x𝜁cx |2 + |𝜆x𝜁cx |3} sgn(𝜁cx )|𝜁cx | ≤ 1∕𝜆x

𝜇Fcz sgn(𝜁cx )|𝜁cx | > 1∕𝜆x

,

(29)

Fcy =

⎧⎪⎨⎪⎩
𝜇Fcz

{
3|𝜆y𝜁cy| − 3|𝜆y𝜁cy|2 + |𝜆y𝜁cy|3} sgn(𝜁cy )|𝜁cy| ≤ 1∕𝜆y

𝜇Fcz sgn(𝜁cy )|𝜁cy| > 1∕𝜆y

,

(30)

Tcz =

⎧⎪⎨⎪⎩
𝜇Fcza|𝜆y𝜁cy|(1 − |𝜆y𝜁cy|)3

sgn(𝜁cy )|𝜁cy| ≤ 1∕𝜆y

0|𝜁cy| > 1∕𝜆y

, (31)

where 𝜇 is the tyre road friction coefficient, a is the half tyre
road contact length, 𝜁cx and 𝜁cy are tyre longitudinal and lateral
slip ratios. Parameters 𝜆x and 𝜆y are defined as:

𝜆x =
2kpxa2

3𝜇Fcz
, 𝜆y =

2kpya
2

3𝜇Fcz
, (32)

where kpx and kpy are the tyre longitudinal and lateral tread
stiffness.

In tyre-road interaction, when FWS or DMT control inputs
change, it needs time for tyre carcass and tyre-road contact to
reach another steady-state condition, which is represented by
the relaxation length. The dynamic process of tyre slip ratio
and slip angle changes are described by the following first order
equations:

𝜎cx �̇�cx + |re�̇�r |𝜁cx + ẋr − re�̇�r = 0

𝜎cy�̇�cy + |re�̇�r |𝜁cy + ẏr − rl �̇�r = 0
. (33)

The longitudinal relaxation length 𝜎cx and lateral relaxation
length 𝜎cy are defined as:

𝜎cx =
1

2kpxa

𝜕Fcx

𝜕𝜁cx

, 𝜎cy =

[
1

2kpya
+

1
kcy

]
𝜕Fcy

𝜕𝜁cy

, (34)

where kcy is the tyre lateral residual stiffness.
The values of motor and tyre parameters are shown in

Table 2.

4 VEHICLE DYNAMIC RESPONSE TO
DMT AND FWS INPUTS

In the autonomous vehicle with in-wheel motor, the yaw
moment and lateral force generated by DMT and FWS are used
to control the vehicle dynamics. In this section, the dynamic
response of the bicycle model and detailed model are compared
with the same DMT and FWS inputs. The vehicle models are
built with the help of the Matlab/Simulink software platform.
In the simulation models, the PID controller is used to achieve
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ZHOU ET AL. 1635

FIGURE 5 Vehicle dynamic response to DMT input at 40 km/h.
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1636 ZHOU ET AL.

FIGURE 6 Vehicle dynamic response to DMT input at 120 km/h.
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ZHOU ET AL. 1637

the target vehicle speed, in which the vehicle speed error and its
integration and derivative are taken as the input of the PID con-
troller. The PID controller output is the required longitudinal
force:

u = kp(vxdes − vx ) + ∫ ki (vxdes − vx ) + kd (v̇xdes − v̇x ), (35)

where vxdes is the desired vehicle speed, kp, ki and kd are the
proportional, integral and derivative coefficients.

The driving force is allocated to each wheel according to
the wheel vertical load to evenly use each tyre-road friction.
Therefore, the motor torque at each wheel is:

Tm fl = Tm fr =
ulr re

2(l f + lr )
, Tmrl = Tmrr =

ul f re

2(l f + lr )
. (36)

4.1 Vehicle dynamic response to DMT input

In the DMT input response analysis, a DMT between left and
right motors is implemented to generate a yaw moment on vehi-
cle. The DMT is generated by changing the right side motor
torque and the left side motor torque with the same value but
in opposite directions. Thus, only yaw moment is generated
while the longitudinal driving force is unchanged. Regarding
the front and rear side allocation, considering the maximum
tyre-road friction force is proportional to the vertical load, it is
allocated according to the vehicle mass distribution to exploit
the tyre-road contact force equally. In the bicycle model, the
DMT is transformed into yaw moment and works on vehicle
body directly. In the detailed model, motor torque firstly acts
on the tyre carcass, causing tyre deformation and tyre surface
slip. Then longitudinal force is generated between tyre and road.
The longitudinal force is transferred to vehicle body via the tyre
ring, tyre carcass, motor and strut assembly. It could be found
in the detailed model, motor torque is transformed into yaw
moment through a long route introduced by tyre. The simu-
lation results of the two models’ response to DMT input are
illustrated in Figures 5 and 6 with the vehicle speed at 40 km/h
and 120 km/h, respectively.

In Figures 5g and 5h, it could be seen that the vehicle
sideslip angle and yaw rate in detailed model show remark-
able fluctuations with the DMT change, while in the bicycle
model the vehicle sideslip and yaw rate change very smoothly,
which demonstrates that the detailed model presents more
transient process than bicycle model. The lateral force and
yaw moment acting on vehicle body are shown in Figures 5c
and 5d. When motor torque changes, the driving force also
changes to the new steady-state value through a transient pro-
cess due to tyre dynamics. Figure 5b shows the vibrating
vehicle longitudinal driving force from each wheel in detailed
model which is the fundamental reason for different vehi-
cle body movements. Vehicle speed comparison is shown in
Figure 5i in which the detailed model shows speed vibration
caused by driving force fluctuation while the bicycle model

does not show any speed vibration because all DMT just can-
cel each other. Figure 5j shows the vehicle path under the
same DMT inputs. There is a 3.59% lateral offset between two
models.

Figure 6 shows the vehicle dynamic response to DMT input
at 120 km/h. In this high vehicle speed scenario, when the same
DMT is applied, the vehicle lateral force is much larger than
in the low vehicle speed scenario, indicating a more aggressive
vehicle movement. The transient process in detailed model is
not obvious compared with the bicycle model since the sideslip
and yaw rate in the detailed model do not show clear fluctua-
tions. Actually, driving force and yaw moment fluctuations still
exist due to the tyre dynamics, as shown in Figures 6b and 6d.
However, in a high vehicle speed scenario, the vehicle sideslip
angle and yaw rate change to larger steady-state values in a
longer time, so the transient vibrations are immersed in the
changing process.

Although transient vibrations are not evident in the high-
speed scenario, steady-state errors of vehicle sideslip angle and
yaw rate are increased, demonstrated by the 15.1% lateral offset
between detailed model and bicycle model as shown in Figure 6j.
The reason is that in the bicycle model, the tyre cornering stiff-
ness is assumed as a constant value while the real tyre cornering
stiffness changes with its slip angle. In high vehicle speed sce-
nario, large tyre slip angle results in more cornering stiffness and
lateral force errors.

4.2 Vehicle dynamic response to FWS input

The vehicle dynamics response to FWS input is shown in
Figures 7 and 8 with vehicle speed at 40 km/h and 120 km/h,
respectively. A sinusoidal FWS input is implemented on two
models. Because the steering angle is gradually increased and no
impulsive force is applied to vehicle, vehicle transient vibration
in the detailed model is avoided, illustrated by the smooth vehi-
cle sideslip angle and yaw rate. When vehicle speed is 40 km/h,
the vehicle lateral force caused by steering input is relatively
small so there is not a significant difference in tyre corner-
ing stiffness. The very close vehicle path shown in Figure 7h
proves the validity of bicycle model for vehicle lateral dynamic
control research in mild and moderate driving condition. In
contrast, Figure 8 shows a significant path difference between
two models when vehicle speed is higher. The obvious lat-
eral force difference in Figure 8b indicates the different tyre
cornering stiffness, resulting in a 3.43% offset between two
models.

5 PATH FOLLOWING CONTROL
STRATEGY DESIGN

From the vehicle dynamic response analysis, tyre dynam-
ics cause significant transient vibrations on vehicle body
and steady-state error on vehicle path, depending on driv-
ing conditions. Therefore, the bicycle model has limitations
to describe the vehicle transient response to fast torque and
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1638 ZHOU ET AL.

FIGURE 7 Vehicle dynamic response to FWS input at 40 km/h.

force changes. Furthermore, even if the torque and force are
smoothly applied and the transient vibration is avoided, the
assumption of rigid tyre carcass and constant tyre param-
eter value still generates steady-state error under large tyre
forces.

Since the bicycle model is normally used for vehicle dynamic
control research rather than just vehicle dynamic analysis, the
two vehicle models are compared during vehicle path following
control. As shown in Figure 9 [39, 40], the vehicle path follow-
ing modelling and control strategy design is based on the bicycle
model.

To design the path following control strategy, the state
variables X and control variables U are chosen as:

X = [e, ė, Δ𝛾, Δ�̇�]T ,U = [𝛿,M𝛾]T , (37)

where e is the path offset which is the closest distance from the
vehicle CG to the desired path. On the desired path, the point
closest to vehicle CG is defined as point O. Δ𝛾 is the head-
ing angle error which is the error between vehicle longitudinal
axis and the tangent of the desired path at point O. The control
target is to reduce the path offset and heading angle error to 0.
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ZHOU ET AL. 1639

FIGURE 8 Vehicle dynamic response to FWS
input at 120 km/h.

FIGURE 9 Vehicle path following control modelling.

The path offset and heading angle error changing rates are
described as:

ė = vy cos(Δ𝛾) + vx sin(Δ𝛾)

Δ�̇� = �̇� − �̇�des = �̇� − 𝜅vx

, (38)

where 𝜅 is the desired path curvature at point O.
Under small angle assumption and constant vehicle longi-

tudinal speed [41], the path offset changing rate is simplified
as:

ė = vy + vxΔ𝛾. (39)

The second order derivative of path offset and heading angle
error is deduced as Equation (40):
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1640 ZHOU ET AL.

FIGURE 10 Flowchart of vehicle path following control.

FIGURE 11 Vehicle path following control with only FWS at 25 km/h.
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ZHOU ET AL. 1641

FIGURE 12 Vehicle path following error with only FWS at 25 km/h.

FIGURE 13 Vehicle path following control with only FWS at 65 km/h.
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1642 ZHOU ET AL.

FIGURE 14 Vehicle path following error with only FWS at 65 km/h.

ë = v̇y + vxΔ�̇�

Δ�̈� = �̈� − �̇�vx

. (40)

Based on the vehicle bicycle model described by Equa-
tions (2), (4), (5), (38) and (40), Equation (41) could be obtained:

ë = −

2c f

(
𝛽 − 𝛿 +

l f �̇�

vx

)
mg

−

2cr

(
𝛽 −

lr �̇�

vx

)
mg

− �̇�vx + vxΔ�̇�

= −

2c f

(
vy

vx
− 𝛿 +

l f (Δ�̇� + 𝜅vx )

vx

)
mg

−

2cr

(
vy

vx
−

lr (Δ�̇� + 𝜅vx )

vx

)
mg

− (Δ�̇� + 𝜅vx ) vx + vxΔ�̇�

= −

2c f

(
ė − vxΔ𝛾

vx
− 𝛿 +

l f (Δ�̇� + 𝜅vx )

vx

)
mg

−

2cr

(
ė − vxΔ𝛾

vx
−

lr (Δ�̇� + 𝜅vx )

vx

)
mg

− 𝜅v2
x

. (41)

Based on the vehicle bicycle model described by Equa-
tions (3), (4), (5), (38) and (40), Equation (42) could be obtained:

Δ�̈� = −

2c f

(
𝛽 − 𝛿 +

l f �̇�

vx

)
l f

Izg

+

2cr

(
𝛽 −

lr �̇�

vx

)
lr

Izg

+
Mr

Izg

− vx �̇�

= −

2c f

(
vy

vx

− 𝛿 +
l f (Δ�̇� + 𝜅vx )

vx

)
l f

Izg

+

2cr

(
vy

vx

−
lr (Δ�̇� + 𝜅vx )

vx

)
lr

Izg

+
Mr

Izg

− vx �̇�

= −

2c f

(
ė − vxΔ𝛾

vx

− 𝛿 +
l f (Δ�̇� + 𝜅vx )

vx

)
l f

Izg

+

2cr

(
ė − vxΔ𝛾

vx

−
lr (Δ�̇� + 𝜅vx )

vx

)
lr

Izg

.

(42)

Rearrange Equations (41) and (42) according to the state vari-
ables and control variables, the following state space equations
are obtained:

Ẋ = AX + BU +CW , (43)

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0

0 −
2c f + 2cr

mgvx

2c f + 2cr

mg

2cr lr − 2c f l f

mgvx

0 0 0 1

0
2cr lr − 2c f l f

Izgvx

2c f l f − 2cr lr

Izg

−
2c f l 2

f
+ 2cr l

2
r

Izgvx

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

B =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0

2c f

mg

0

0 0

2c f l f

Izg

1
Izg

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, C =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0

2cr lr − 2c f l f

mg

− v2
x 0

0 0

−
2c f l 2

f
+ 2cr l

2
r

Izg

−vx

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
,W =

[
𝜅

�̇�

]
.

(44)

The state space equation describes how the vehicle state
changes with the control input. The LQR control is adopted
to design the feedback control strategy which uses FWS and
DMT to eliminate the path offset and heading angle errors. The
target of LQR control is to minimize the cost function J in the
following equation:

J = ∫
∞

0
(X T QX +U T RU )dt , (45)

where Q and R are weighting matrices representing the inten-
tions of reducing the corresponding variables. Larger matrix
elements mean stronger intentions to reduce the correspond-
ing variables. When the weighting matrix elements are selected
as Equation (46), Equation (45) is rewritten as Equation (47)
which more clearly shows the compromise among reducing
path following errors and restricting the control inputs.

Q = diag[q11, q22, q33, q44],R = diag[r11, r22], (46)

J = ∫
∞

0
(q11e2 + q22 ė2 + q33Δ𝛾

2 + q44Δ�̇�
2 + r11𝛿

2 + r22M 2
r )dt . (47)

In Equation (45), q11e2 represents the intention to reduce the
path offset e, q22 ė2 represents the intention to limit the changing
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ZHOU ET AL. 1643

FIGURE 15 Vehicle path following control with combined FWS and DMT at 25 km/h.
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1644 ZHOU ET AL.

FIGURE 16 Vehicle path following error with combined FWS and DMT at 25 km/h.

rate of path offset e, q33Δ𝛾
2 represents the intention to reduce

the heading angle error, q44Δ�̇�
2 represents the intention to limit

the changing rate of heading angle error, r11𝛿
2 represents the

intention to restrict the FWS control input, r22M 2
r represents the

intention to restrict the DMT control input. When elements in
Q are increased, it represents smaller errors and errors changing
rates are demanded. Accordingly, larger control inputs would be
required. As contrast, when elements in R are increased, it rep-
resents smaller control inputs can be applied, which might result
in larger errors and worse control effects. The LQR parameters
should be selected to achieve a balance between control targets
and control inputs. In this research, Q and R are selected as:

Q =

⎡⎢⎢⎢⎢⎢⎢⎣

60 0 0 0

0 3 0 0

0 0 60 0

0 0 0 3

⎤⎥⎥⎥⎥⎥⎥⎦
, R =

[
7000 0

0 0.00001

]
. (48)

With the given parameter matrices and weighting matrices,
the feedback control input is obtained from the state variables:

U = −R−1BT KX , (49)

where K is calculated from the following Riccati equation:

−KA − AT K + KBR−1BT K − Q = 0. (50)

DMT is implemented on each motor to obtain the required
yaw moment calculated from Equation (49). It is allocated to
front and rear motors according to wheel vertical loads, and
then allocated to left and right motors equally but in opposite
directions. Combining the vehicle speed PID control input and
path following control input, motor torque at each wheel is:

Tm fl =
lr re (u − M𝛾

/
lt )

2(l f + lr )
, Tm fr =

lr re (u + M𝛾

/
lt )

2(l f + lr )
, Tmrl

=
l f re (u − M𝛾

/
lt )

2(l f + lr )
, Tmrr =

l f re (u + M𝛾

/
lt )

2(l f + lr )
. (51)

The control strategy is also depicted in Figure 10.

6 VEHICLE PATH FOLLOWING
CONTROL SIMULATION RESULTS

To investigate the effectiveness of the path following control
strategy and compare two vehicle models under control, a stan-
dard double lane change simulation is conducted following the
standard of ISO 3888-1:2018 [42]. In the simulation, the lane
centreline is set as the reference path. At each turn, an arc with
a 2 m radius is used to smooth the desired path. The double
lane change is conducted with vehicle speed at 25 km/h and
65 km/h, respectively, to compare two models under moderate
and aggressive driving conditions.

6.1 Path following control with only FWS

In this simulation, the DMT is deactivated and only FWS is
used to follow the desired path. The results are shown in
Figures 11–14. It could be found path following is successfully
finished with only FWS control. In Figure 11a, at each turn, the
desired path curvature and direction change, which requires a
rapid FWS control input to reduce errors. When FWS input is
applied to the detailed model, the tyre transient dynamics are
excited which can be seen from the vibrating lateral force in
Figure 11c. The vehicle sideslip angle and yaw rate also fluctu-
ate under the vibrating lateral force. Comparatively, the bicycle
model doesn’t show any transient process where lateral force,
sideslip angle and yaw rate all change smoothly. Figure 11g
clearly shows the difference between two models where detailed
model demonstrates vehicle lateral acceleration fluctuations but
bicycle model does not.

The path offsets in bicycle model and detailed model are
very close as shown in Figure 12. For instance, the path off-
set difference between two models is only 1.94% at the first
turn, which demonstrates that from the perspective of path fol-
lowing performance evaluation, the bicycle model is suitable
for vehicle dynamic control research during mild and moderate
driving conditions even though it is not sufficient to represent
the transient vibrations.
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ZHOU ET AL. 1645

FIGURE 17 Vehicle path following control with combined FWS and MDT at 65 km/h.
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1646 ZHOU ET AL.

FIGURE 18 Vehicle path following error with
combined FWS and MDT at 65 km/h.

FIGURE 19 Comparison of path offset difference between two models at different vehicle speeds, (a) only FWS control, (b) combined FWS and DMT control.

When vehicle speed is increased to 65 km/h as shown in
Figure 13, the path following control is also finished with LQR
controller. However, the required lateral force is significantly
increased to achieve the desired vehicle movement, as shown
in Figure 13c. Moreover, front tyres lateral force is much larger
than rear tyres. This indicates that the tyre road friction couldn’t
be fully used for vehicle dynamic control because when front
tyres force is saturated, there is still considerable rear tyres force
available. When the same FWS input applies to two models, lat-
eral force in the detailed model increases slower than in the
bicycle model due to tyre stiffness and damping. The vehi-
cle sideslip angle and yaw rate in detailed model also show
remarkable fluctuations. As shown in Figure 14, at this speed,
the detailed model path offset is 13.29 % more than bicycle
model, which proves a limit of the bicycle model authenticity
to represent vehicle movements.

6.2 Path following control with combined
FWS and DMT

The results of vehicle path following control with combined
FWS and DMT at 25 km/h are shown in Figures 15 and 16.
It could be found that in addition to FWS input, there is also
DMT input which generates yaw moment. Figure 15c shows
that in the detailed model, tyre dynamics bring fluctuations to
yaw moment while yaw moment is much smoother in the bicy-
cle model. The lateral force also experiences vibrations under
FWS and DMT inputs. The vibrating force and torque cause
transient process to vehicle movement as shown in vehicle lat-
eral acceleration, sideslip angle and yaw rate. It is worth noticing
that although tyre dynamics have significant impact on vehi-

cle transient responses during path following control, which
is overlooked in bicycle model, the bicycle model is still use-
ful to research path following errors. This is demonstrated in
Figure 16a where the difference in path offset at the first turn is
2.55 % between two models.

Figure 17 shows the results of vehicle double lane change
under FWS and DMT control at 65 km/h. It could also be
found with high vehicle speed, the required FWS and DMT
control inputs are increased. The generated yaw moment and
lateral force still fluctuate. As demonstrated in Figure 13c, when
only FWS is used for path following control, the rear tyre road
friction couldn’t be fully used. However, when DMT is applied,
lateral force generated on rear tyres is increased. Compared with
Figure 13c, rear tyres lateral force is increased while front tyres
lateral force is decreased in Figure 17c. Therefore, one of the
advantages of combining FWS and DMT control is that lateral
tyre force of front and rear tyres could be adjusted to bet-
ter exploit the tyre road friction. The difference in path offset
between two models is 10.77% which is decreased compared
with only FWS control, as shown in Figure 18a.

The path offset difference between two models at different
vehicle speeds is researched based on the first turn, as shown
in Figure 19. It could be found that in only FWS control sce-
nario and combined FWS and DMT control scenario, the path
offset both increases with higher vehicle speed. When vehicle
speed is lower than 40 km/h, two models have very close path
offsets. However, when vehicle speed is higher than 40 km/h,
the difference increases rapidly. The fundamental reason is that
when vehicle speed is higher, a larger tyre lateral force is required
for vehicle movement control. Therefore, the tyre slip angle
increases and tyre nonlinearity deviates from the linear tyre
characteristics assumption.
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7 CONCLUSION

In this paper, the effect of tyre dynamics on autonomous vehicle
path following control is researched by comparing the normally
used bicycle model and a detailed vehicle model containing tyre
dynamics. In the detailed vehicle model, tyre model is built
which reveals the origin of tyre vibration, force hysteresis and
nonlinearity. In the open loop test, the same FWS and DMT
inputs are applied to two models. The results show that tyre
dynamics generate remarkable vehicle transient vibrations and
path deviations. Considering the real application of autonomous
vehicle path following control, LQR-based feedback control
strategy is applied to the vehicle for path following control. It
is found that vehicle transient vibrations still exist. The path
offset difference between two models is only about 2% with
low vehicle speed, which demonstrates that the bicycle vehicle
model is suitable for autonomous vehicle path following per-
formance evaluation during moderate driving conditions. When
vehicle runs at high speed and requires high tyre force, tyre
presents more nonlinearity which makes the path offset dif-
ference between two models over 10%. In these scenarios, the
bicycle model authenticity is limited to represent vehicle dynam-
ics. What is more, path following control could be realized by
only FWS control or combined FWS and DMT control. The
results show that combined FWS and DMT control achieves
smaller path following errors than only FWS control. Combined
FWS and DMT control could also adjust the front tyres and
rear tyres’ lateral force to maximally exploit tyre road frictions.
In future research, advanced vehicle dynamic control strategies
should be designed to tackle the complicated tyre dynamics
so that they can achieve the ideal control effects when imple-
mented in real vehicles. What’s more, the real time vehicle
parameters are essential for control strategies, which requires
parameter estimation algorithms to be designed to obtain the
unmeasurable parameters and eliminate measurement noise.
Finally, experiments are necessary to vitrify the effectiveness
and practicality of the control strategies and hardware control
systems.
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