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Abstract Recent developments in fuzzy theory have
been of great use in providing a framework for the
understanding of situations involving decision-making.
However, these tools have limitations, such as the fact that
multi-attribute decision-making problems cannot be
described in a single matrix. Fuzzy and intuitionistic fuzzy
matrices are important tools for these types of problems
since they can help to solve them. We presented a new
super matrix theory in the intuitionistic fuzzy environment
in order to overcome these restrictions. This theory is able
to readily cope with problems that include numerous
attributes while addressing belongingness and non-
belonging criteria. Hence, it introduces a fresh perspective
into our thinking, which in turn enables us to generalize our
findings and arrive at more sound conclusions. For the
purpose of theoretical development, we define a variety of
different kinds of intuitionistic fuzzy super matrices and
present a number of essential algebraic operations in order
to make it more applicable to situations that take place in
the real world. One multi-criteria decision-making problem
based on super matrix theory is discussed here for the sake
of validating and illustrating the applicability of the
established findings. In addition to this, we suggest a
general multi-criteria decision-making algorithm that
makes use of intuitionistic fuzzy super matrix theory. This
algorithm is more dynamic than both intuitionistic fuzzy
matrix and fuzzy super matrix theories, and it can be
applied to the resolution of a wide range of issues. The

validation of the proposed theory is done by taking a real-
world example to show its importance.

Keywords Fuzzy Matrices, Intuitionistic Fuzzy
Matrices, Intuitionistic Fuzzy Super Matrices, Multi-
criteria Decision Making

1. Introduction

Matrix theory is an important tool in mathematics as it is
utilized to express numerous forms of relations between the
objects and their attributes in several fields of research
including science, engineering, medical, and many others.
Generally, this relationship has not existed in the form of a
binary relation that is entries of these matrices are not 0 or
1, but its membership values lie between 0 and 1. In fact,
in almost all real-world problems, we receive imprecise and
vague data and it is very important to study them as it
provides useful information. For the study of such data
efficiently and effectively, we require a certain technique
that handles uncertainties and vagueness. Several theories
have evolved over time to deal with the various types of
uncertainties, imprecision, and vagueness that occur in
real-world problems, including probability theory, Zadeh’s
fuzzy set theory [1], Atanassov Intuitionistic fuzzy set
theory [2], Rough set theory introduced by Pawlak [3],
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neutrosophic set theory as an extension of intuitionistic
fuzzy set given by Smarandache [4] and many others,
which are defined and their applications are discussed (see
for instance [5-14]). These theories were developed in
order to address their inherent limitations. For example,
fuzzy set, which is an extension of the conventional notion
of the set, deals with vagueness and provides the degree of
belongingness or membership value of an object within an
interval [0,1]. We can say, this is a broad interpretation of
real-world problems, based on degrees of truth rather than
the typical Boolean logic which is true/false or 1/0. Initially,
fuzzy matrix algebra [15-16] was proposed to solve fuzzy
relations. But fuzzy set theory provides the information of
the membership value (degree of belongingness of any data
in a matrix) only and it cannot provide a valid answer for
non-membership value (degree of non-belongingness of
any data in a matrix). Because of these limitations in
dealing with uncertainties by fuzzy sets, Atanassov in 1986
introduced the theory of intuitionistic fuzzy sets as a
generalization of fuzzy sets that contain both membership
and non-membership values. New theories using
intuitionistic fuzzy sets have been developed along with
their operations [17-20]. Thomason [21], for the first time,
described fuzzy matrices, whose elements are drawn from
the unit interval [0,1], discussing the convergence of
powers of a fuzzy matrix. Pal et al. [13] investigated and
created the idea of intuitionistic fuzzy matrices (IFMs) as
an extension of fuzzy matrices. At present, many theories
exist that give novel theoretical structures for intuitionistic
fuzzy matrices (IFMs) and their operations under pre-
defined constraints (see [22-27]). These ideas are quite
helpful in dealing with decision-making problems. Some of
the applications of these ideas may be found in [19,26,28-
37], which span from scientific problems to real-life
decision-making scenarios with multiple criteria.
Intuitionistic fuzzy matrices (IFMs) have been proposed to
describe intuitionistic fuzzy relations on finite universes
with more or less imprecise relationships between
components. A membership and non-membership value
that reflects positive and negative characteristics of the
presented data make up an intuitionistic fuzzy matrix. A
more general class of matrix is the super matrix, in which
entries are itself matrices containing elements that can be
scalars or other matrices. Using this idea of super matrix
Kalra and Khan [14] provided fuzzy super matrix theory in
2010.

The concept of fuzzy super matrix theory motivates us
to extend the fuzzy super matrix theory in an intuitionistic
environment. Thus, we have provided some novel
generalized intuitionistic fuzzy super matrix concepts and
their application in the multi-criteria decision-making
problem to justify the usefulness of the theory. The
following is the flow of the paper: preliminaries related to
fuzzy matrices are presented in section 2, and intuitionistic
fuzzy super matrix theory with fundamental algebraic
operations is established in section 3. Finally, the use of
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intuitionistic fuzzy super matrices in a decision-making
problem is demonstrated in section 4. Lastly, we have
concluded our work by discussing its usefulness.

2. Preliminaries

In this section, we present a list of several basic
definitions related to fuzzy set, fuzzy matrix, intuitionistic
fuzzy matrix and super matrix that are well known in the
literature and helpful in establishing our results.

Definition 2.1. Fuzzy Sets [1]

If U is a collection of objects denoted generically by X,
and p,(x) is the membership value in the interval [0,1],
then a fuzzy set A in U is a set of ordered pairs defined as:

A= {(x,,uA(x))Wx € U}.

Definition: 2.2. Support [1]

The support of a fuzzy set A is the set of all points in the
universe of discourse U such that the membership function
of A is non-zero.

Definition: 2.3. Core [1]

The core of a fuzzy set A is the crisp set of all points in
the universe of discourse U such that the membership
function of 4 is 1.

core A={u,(x) =1, vx € U}

Definition 2.4. Convex Fuzzy Set [1]

Let x;,x, € R , afuzzy set A is convex, if VA € [0,1],
we have

ua(Axy + (1= Dxy) = min(”A(xl)' IlA(xz))-

Definition 2.5. Height of a Fuzzy Set [1]
The height of a fuzzy set A is defined as:
h(A) = max(u,(x), x € U).

Definition 2.6. Normal Fuzzy Set [1]

The fuzzy set is said to be normal if
h(A) = 1.

Definition 2.7. Fuzzy Number [1]

A fuzzy number is an extension of a regular number in
the sense that it does not refer to one single value but rather
to a connected set of possible values, where each possible
value has its own weight between 0 and 1. This weight is
called the membership function. A fuzzy number is both
convex and normal.
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Definition 2.8. Intuitionistic Fuzzy Set [2]

An intuitionistic fuzzy set A over universal set U is
represented by

A = {(2, (), () |x € U},

where p,(x) represents the membership value of x in A4,
and v,(x) represents the non-membership value of x in
A. Here, u,,v,:U— [0, 1] with the condition 0 <
Ua(x) + v,4(x) < 1. For each intuitionistic fuzzy subset A
in U, my(x) =1—pu(x) —v,(x) is called hesitancy
degree of x in A.

Definition 2.9. Fuzzy Matrix [12]

A matrix A is called as a fuzzy matrix, when A =
[@ijlmxn, Where, a;; €0, 1] and 1<i<m, 1<j<
n.

Definition 2.10. Intuitionistic Fuzzy Matrix [13]

Let A = [a;j]mxn be a matrix of order m x n. If all its

elements are intuitionistic fuzzy values, then A is called an
intuitionistic fuzzy matrix.

Definition 2.11. Fuzzy Super Matrix [14]
Let us consider a fuzzy matrix

X1 X1z Xin
A= X2:1 Xz:z X2:n ’
X1 Xmz - Xmn

where, X;; (1<i<m and 1<j<n ) are fuzzy
submatrices of A; with entries in the closed interval [0, 1],
such that number of rows in fuzzy submatrices X;;,
Xip, o, Xip for each i=1, 2, ..m are equal and
similarly number of columns in fuzzy submatrices X, ;,
X3jy o Xmj foreach j =1, 2, ..n are equal, then 4 is
a general fuzzy super matrix.

3. Intuitionistic Fuzzy Super Matrix
Theory

This section introduces the new notion of the
Intuitionistic fuzzy super matrix, as well as the
fundamental operations that can be performed on it.

3.1. Novel Intuitionistic Fuzzy Super Matrices

Definition 3.1.1. Intuitionistic Fuzzy Super Matrix
(FSUPM)

A super matrix Ay, [X,xn] defined over a
fuzzy set IFSUPM ., isknown as an Intuitionistic fuzzy

Ao =1 [(0.2, 0.4) (0.9, 0.1)]1x2
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super matrix if all the entries of this matrix are the
Intuitionistic fuzzy submatrices of the form [X;;] €
IFSUPM,,,,, fori=1,2,... , mandj=1,2,...,n. Here
a; € (1i(e), vi(c)) . where py(c) s called
membership of ¢; and v;(c;) is called non-membership of
¢; in the given intuitionistic fuzzy super matrix. Here c;
belongs to the Universal set U.

Here every submatrix is an Intuitionistic Fuzzy Matrix,
and each element of the submatrix is an intuitionistic fuzzy
number of the form (a, B), where a represents the

membership grade and B represents the non-membership
grade in the intuitionistic fuzzy set.

Example 3.1.1.

Consider an Intuitionistic fuzzy super matrix A,ys
having 2 rows and 3 columns of submatrices given as
follows:

A — (A11)2><2 (A12)2><1 (A13)2><3
23 (A21)1><2 (A22)1><1 (A23)1><3

As an example, one can define entries for the IFSUPM
as follows:

Agxz =
(0.2,0.5) (0.6,0.3) :(0.7,0.1) :(0.1,0.4) (0.4,0.5) (0.6,0.1)
(0.1,0.8) (0.4,0.5) :(0.3,0.5) :(0.5,0.3) (0.50.1) (0.7,0.2)

(0.3,06) (0.2,04) :(0.6,03) :(0.8,0.1) (0.9,0.1) (03,0.4)
As A is a super matrix, the submatrices of the same row
have the same row order and submatrices of the same

column have the same column order. Here the dotted line
represents the partitioning of the super matrix.

Definition 3.1.2. Intuitionistic Fuzzy Super Universal
Matrix

An Intuitionistic fuzzy super matrix of order m x n,
denoted by U is called an Intuitionistic fuzzy super
universal matrix if all its elements are (1,0).

Definition 3.1.3. Intuitionistic Fuzzy Super Row
Matrix

Let us consider A, [Xinxn], Where X, n =
[ai}-] € IFSUPMan, and ai]- € (ﬂj(ci), Vj(CJ) to be
an Intuitionistic fuzzy super matrix.

Here, the Intuitionistic fuzzy super row matrix contains
rows of order 1 (p = 1) and the number of columns
can be more than 1 (g = 1). Their submatrix also contains
all the rows of order 1.

An example of an Intuitionistic fuzzy super row matrix
is given as follows:

[(0.1, 05) (04, 03) (08  0.1]xsl
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Definition 3.1.4. Intuitionistic Fuzzy Super Column
Matrix

Let us consider A,xq = [Xmxnl, Where X, = [a;] €
IFSUPMpy , and a;; € (uj(ci), vj(ci)) to be an
Intuitionistic fuzzy super matrix.

Then, an Intuitionistic fuzzy super column matrix has the
columnoforder1(q = 1), and its submatrices also have
column of order 1. The number of rows can be more than 1
(p=1).

An example of Intuitionistic fuzzy super column matrix
is given as follows:

[1(0.3,0.5)]
(0.6,0.2)
(0.8,0.)],
r(0.1,0.6)1
(0.2,0.7)
(0.5,0.5)
(0.6,0.3)
[1(0.4,0.4) ]

A1 =

5X1 -

Definition 3.1.5. Intuitionistic Fuzzy Super
Rectangular Matrix

Letus consider A,yq = [Xmxnl, Where X, = [a;j] €
IFSUPmen, and ai]- € (ﬂj(ci), Vj(Ci)) to be
an Intuitionistic fuzzy super matrix.

If p # q,then Ais said to be an Intuitionistic fuzzy super
rectangular matrix.

The following matrix is an example of Intuitionistic
fuzzy super rectangular matrix:

Agx1 =
(0.1,0.6) . [(0.1,0.7) [(0701)]
(0203)2><1 (0406)2><1 (0306)2X1
(03,0111  [(0.1,00)] s ¢ [(0:4,08)] 1),

Definition 3.1.6. Intuitionistic Fuzzy Super Square

(o, 1) (0 1)
(0,1) (0 1) o

©1 (01
L0, 1) (0,Dl,,,

Aszxz =

[(0.4,0. 5) (o 2,0. 6)]1x2 £ [(0.1,0.9)]151 £ [(0.8,0.1) (0.2,0.7)]1x2
o '('6'5 - 'é')]" '['((')"é"d'i')" e

[0, )]
LoDl
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Matrix

Let us consider A,y = [Xpxnl, Where X, =
[ai}'] € IFSUPmen, and aij S (,U,j(Ci), Vj(Ci)) to be an

Intuitionistic fuzzy super matrix, if p = q, then A is said
to be an Intuitionistic fuzzy super square matrix.
For example:
[(0.4,0.2)]1x : [(0.2,0.6) (0.8,0.1)]1x>
Ayyr = [[(0.3,0.4) . [(0.6,0.1) (0.3,0.6)
[(0.2,0.1) ot [(0.2,0.5) (0.7,0.1)

2X2

Remark 3.1.

The submatrices can be of any order. They can be square
as well as rectangular matrices.
Definition 3.1.7. Intuitionistic Fuzzy Super Null Matrix

An Intuitionistic fuzzy super null matrix has every entry
of every submatrix as (0, 1), denoted by &. As an example,
it can be written as:

(0 Dl .[01) (0,1) (01
(o 1) Jor. (o 1) (o 1) (o 1) 23
Agxz = (0 1) (0 1) (0 1) (0 1)
(0,1) :1(0,1) (0,1) (0,1)
o], [©D ©1 ©D],.]

Definition 3.1.8. Intuitionistic Fuzzy Super Upper
Triangular Matrix

Letus consider A,y = [Xmxnl, Where Xy, = [a;;] €

IFSUPmen ) and al-j € (,uj(Ci), V]'(Ci)) to be an
Intuitionistic fuzzy super matrix with p=gq . An
Intuitionistic fuzzy super upper triangular matrix is an
Intuitionistic fuzzy super square matrix in which all
submatrices below the leading diagonal have all entries as
(0, 1). The remaining submatrices on the diagonal as well
as above the leading diagonal can have any entry.

The example of Intuitionistic fuzzy super upper
triangular matrix is as follows:

(01 02)

2X2

(02,05) (0.7,0.1)

(02 05) (06 03)]
“1(0.1,0.8) (0.4,0.5) 2x2
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Definition 3.1.9. Intuitionistic Fuzzy Super Lower Triangular Matrix

Let us consider A,wg = [Xmxnl . Where X,u, = [a;;] € IFSUPMyyy , and a;; € (uj(ci), vj(ci)) to be an

Intuitionistic fuzzy super matrix, with p = g. An intuitionistic fuzzy super lower triangular matrix is an Intuitionistic
fuzzy super square matrix which has all the submatrices above the leading diagonal with all entries as (0, 1). The remaining
submatrices on the leading diagonal as well as below the leading diagonal can have any entry.

[(0.2,0.7)]1x1 : 100, D]ixa :[(0,1) (0, D]z ]

o [(0.6’ gy '['(6.'3;','6'.4')" e [(01) "(5.'1)]
3x3 \ 08,01)],, Ho1,06)],, o,y ol ‘
[(0.5,0.4)],,,  [(0.4,0.5)] 1 £ [(0.4,0.3) (0.1,0.7)]1x

Remark 3.2

The submatrices on the diagonal as well as above or below the diagonal cannot have all entries as (0, 1), otherwise it
is an intuitionistic fuzzy super null matrix.

Definition 3.1.10. Intuitionistic Fuzzy Super Diagonal Matrix

Let us consider Apxg = [Xmxnl, Where, X, = [ai;] € IFSUPMpy, , and a;; € (uj(ci), vj(ci)) to be an

intuitionistic fuzzy super matrix, with p = g. An Intuitionistic Fuzzy Super Diagonal Matrix is an intuitionistic fuzzy
super square matrix where all the submatrices which are not on diagonal are intuitionistic null matrices, and none of the
diagonal submatrix is an intuitionistic null matrix. The example of intuitionistic fuzzy super diagonal matrix is given
below:

A3><3
[ [0.2,03)] 1 0.1 O] JCEN 1
(0, D154 100, (0, DI, l1,04],,

Definition 3.1.11. Intuitionistic Fuzzy Super scalar Matrix

Let us consider A,wg = [Xmxnl , Where X,u, = [ai;] € IFSUPMyy, , and a;; € (ﬂj(ci), vj(ci)) to be an
Intuitionistic fuzzy super matrix, with p = q.

An Intuitionistic fuzzy super scalar matrix is an Intuitionistic fuzzy super identity matrix which has been multiplied
with a scalar k where 0 < k < 1.

Here is the example in which we have considered k = 0.4:

7(0.4,0.0)  (0,1) L [(0,1) (0,1) (0,1)] :[(0,1) (0,1)
oD (040, (01 01D (O, “lo,1) (o1l

Asxz =

s e B R
(0,1 (0,1 (| 01D (0400 (0D 10,1 (0,1)
01 O], 01 (01D (0400 . [OD O],

(0,1) (0,1)
(0,1) (0,1)

[(01) ..(.(.).‘ .i)

:[(0,1) 0,1) (0,1) . [(04,00) (0,1)
‘o v ©vl,, ‘ 01  (040)],,
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3.2. Algebra of Intuitionistic Fuzzy Super Matrices

3.2.1. Addition of Intuitionistic Fuzzy Super Matrices:

Let us consider two intuitionistic fuzzy super matrices
pxq = [Xmxn] » Where Xp., = [a;;] € IFSUPM,yy, |

5 € (@, (@) and  Byeg = [menl . where

m><n - [bu] € IFSUPMan ' bij € (#j(ci): Vj(Ci)) )
then the addition is only defined if both A and B have the
same order and their corresponding submatrices also have
the same order. The addition of the submatrices is already
defined by Guu et al. [16] as every submatrix is an
intuitionistic fuzzy matrix.

A

Example 3.2.1

Let us consider two Intuitionistic fuzzy super matrices A
and B having 2 rows and 2 columns given as below:

[(0.4,0.3)] : [(0.2,0.6) (0.7,0.1)]
Moo = oL BT i 08)

(0.3,0.5) “1(0.9,0.1) (0.4,0.5)
and

[(0.2,0.6)] : [(0.5,0.4) (0.3,0.6)]
Boa = | 10,5557 i 02)

(0.7,0.2) “1(0.4,0.5) (0.3,0.7)

Here the addition is possible because order of A and B
are the same, and also the order of corresponding
submatrices are the same. That is, for the above two
matrices A and B, their entries A;; and B,,; have order
1x1; Ay, and B;, have 1 X 2; A,; and B,; have 2 X
1; and A4,, and B,, have order 2 x 2 intuitionistic fuzzy
matrices.

To illustrate the addition of two intuitionistic fuzzy super
matrices, the addition of first row-first column- element is
done below:

A1 + By =1[(0.4,0.3)] + [(0.2,0.6)]
= [max(0.4,0.2),min(0.3,0.6)]
= [(0.4,0.3)]

Similarly, we operate for other submatrices. Then the
addition of two Intuitionistic fuzzy submatrices is given as,

[(0.4,0.3) : [(0.5,0.4) (0.7,0.1)]]

A+B= F%EE?W&I&&”&E&ﬁ'

0.7,0.2)] * [(0.9,0.1) (0.4,0.5)

Remark 3.3

For A which is an Intuitionistic fuzzy matrix, A + A =
A due to the max-min rule.

Similarly subtraction of Intuitionistic fuzzy super
matrices is defined as:

Study of Intuitionistic Fuzzy Super Matrices and its Application in Decision Making

3.2.2. Subtraction of Intuitionistic Fuzzy Super Matrix
For two Intuitionistic fuzzy super matrices A,., =
[Xmxnl, where X, = [a;;] € IFSUPMyy,, a;; €

(1i(e), vi(c)) and Byyg = [Vysn] . Where Y, =
[bij] € IFSUPMypn . byj € (1(c), vi(c)) ,  the
subtraction is defined if both A and B have the same order
and their corresponding submatrices also have the same
order.

Example 3.2.2

Considering same Intuitionistic fuzzy super matrices A
and B, i.e.,

A2><2
[(0.4, 03) :[(0.2,0.6) (0.7,0.1)]
I e
[(03 0.5) :[(0.9,0.1) (0.4,0.5)]
[(0.2,0.6)] : [(0.5,0.4) (0.3,0.6)]
Baxa =|r0.6,0.)] ", [(0.1,0.6)  (0.6,0.2)
(0.7,0.2)] “1(0.4,0.5) (0.3,0.7)

Now the subtraction is possible because the order of A
and B are the same, and the order of corresponding
submatrices is also the same. In case of subtraction we
follow the below procedure for each entry:

Ay — By; = [(0.4,0.3)] — [(0.2,0.6)]
= [min(0.4,0.2), max(0.3,0.6)]
= [(0.2,0.6)]

After calculating each entry the subtraction of two
Intuitionistic fuzzy submatrices is given as,

[(0.2,0.6) :[(0.2,0.6) (0.3,0.6)]]

A—B = [(0106)] [(0107) ( 02 05)
(0.3,0.5)] “1(0.4,0.5) (0.3,0.7)

To define multiplication of Intuitionistic fuzzy super
matrices, we need to revisit the concept of multiplication of
Intuitionistic fuzzy matrices as they are the entries in the
form of submatrices in the novel concept of Intuitionistic
fuzzy super matrices. It was discussed by Saw et al. [17]
given as follows:

3.2.3. Multiplication of Intuitionistic Fuzzy Matrices
(IFM) [17]

If  Apxn = [a;j] € IFSUPM,,x,  and Boxp =
[bjx] € IFSUPM,,,, then the multiplication of A and B is
defined as Ax*B = [Cylmxp = (min (MA]., HB]-),

max (vA]., ij)),Vi,j.
An example to illustrate the multiplication of two
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Intuitionistic fuzzy matrices is given below:

Example 3.2.3
Consider
A= [(0.8,0.1) (0.4,0.5)
~1(0.7,0.3) (0.4,0.6) o2
and
B = [(0.6,0.3) (0.8,0.2)]
~1(0.7,0.3) (0.5,0.5) o2

as two Intuitionistic fuzzy matrices, then their product is
given as follows:

(0.6,0.3) (0.8,0.2)

AxB = [(0.6,0.3) (0.7,0.3)

2X2

Remark 3.4

The multiplication of two Intuitionistic fuzzy matrices A
and B is not commutative in general, i.e. A* B # B * A.

Before we begin with multiplication, let us point out
basic features of super matrices. In a super matrix, every
submatrix of a given row has the same row order and every
submatrix of a given column has the same column order.
Because of this, it becomes possible to define
multiplication of two Intuitionistic Fuzzy Super Matrices.
We define multiplication of Intuitionistic Fuzzy Super
Matrices in the following way:

where,
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3.2.4. Multiplication of Intuitionistic Fuzzy Super
Matrices

Let A be an Intuitionistic fuzzy super matrix with order
3 X 4, then A has the following form:

(All)xxa (Alz)xxb (A13)x><c (A14)x><d
Asgxs = (A21)y><a (Azz)yxb (A23)y><c (A24)y><d .
(A31)z><a (A32)z><b (A33)z><c (A34)z><d

Let B be another intuitionistic fuzzy super matrix. Now
for A and B to be conformable for multiplication, order of
column of matrix A should be equal to the order of row of
matrix B. Thus, for above matrix A, row order of the matrix
B should be equal to 4. Thus we define a matrix B of order
4 x 3 given as follows:

(Bll)axp (Blz)axq (313)a><r
B _ (BZI)bXp (Bzz)bxq (323)b><r
a3 (B31)cxp (B32)c><q (B33)cxr
LBi)axp  (Bizdaxa (Bidaxr

Now the matrices A and B are conformable to each other.
Here, the product AxB will have order 3 x 3, where we
notice that addition is possible as every multiplied
submatrix of that element has the same order. Thus, we get
the submatrices of the following form:

(Sll)xxp = (A11)xxa
(Slz)qu = (A11)xxa
($13)xxr = (A11)xxa
(521)y><p = (A21)y><a
(Szz)qu = (A21)y><a
(523)yxr = (A21)y><a
(531)z><p = (A31)zxa
(532)z><q = (A31)zxa
(S33)zxr = (A31)2xa

Remark: 3.5.

(i).

(B11)axp + (A12)xxp
(B12)axq T (A12)xxp
(B13)axr + (A12)xxb
(Bit)axp + (A22)yxp
(B12)axq T (A22)yxp
(B13)axr + (A22)yxp
(B11)axp + (A32)2xp
(B12)axq + (A32) 2xp
(B13)axr + (A32)zxp

(S11)xxp  (S12)xxq  (S13)axr

ABsys = [(Sa)yxp  (S22)yxq  (S23)yxr

(S31)zxp  (S32)2xq  (S33)zxr
(B21)pxp + (A13)xxe  (Bs)exp + (A1a)xxa  (Bat)axp
(B22)pxq T (A13)xxc  (B32)exqg T (A1a)xxa  (Baz)axq
(B32)pxr + (A13)xxc  (B3z)exr + (A1a)xxa  (Baz)axr
(B2D)bxp + (A23)yxec (Bz)exp + (A24)yxa (Ba)axp
(B22)pxq T (A23)yxc  (B3z)exq + (A24)yxa  (Baz)dxq
(B32)pxr + (A23)yxe  (B3z)exr + (A2a)yxa  (Baz)axr
(B21)bxp + (A33)zxe  (Ba)exp + (A34)zxa (Bat)axp
(B22)bxq + (A33)2xc  (B32)exq T (A3a)zxa  (Baz)axq
(B32)bsr + (A33)zxc  (B3z)exr + (A3a)zxa  (Baz)axr

In the above matrices a, b, ¢, d, x, y, z, p, q, r are used to represent the row and column order of the

submatrices.

(ii). The matrix multiplication of two Intuitionistic fuzzy super matrices is not commutative in general, i.e. AB # BA.

Example 3.2.4

Now we illustrate the multiplication of two Intuitionistic fuzzy super matrices.

Let 4,,, and B,., be two Intuitionistic fuzzy super matrices given as below:



760 Study of Intuitionistic Fuzzy Super Matrices and its Application in Decision Making

(0.1, 0.4)]4x; : [(0.6,0.1)  (0.2,0.3)]1x2]

| 10.3,05)],,, " [0.1,06) (0502, ]
and
11(0.2, 0.3)]yx; i [(04,0.2) (0.5,0.5)]1x5]
B =| 0402 0406 " 05,08)]
_[(0.6,0.3) ey 1(0.1,0.4) (0.4,0.1)LX2
then,

[(0.1,0.4)] + [(0.4,0.3)] : [(0.1,0.4) (0.1,0.5)] + [(0.4,0.4) (0.5,0.3)]
4Bz = 11(0.2,0.3)] | [(0.6,0.3)], [(0.2,0.2) (0.2,0.5)] . [(0.2,0.4) (0.4,0.5)
[(02 0.5) [(0.5,0.3) '[(0.3,0.5) (0.3,0.5)] [(0.1,0.4)(0.4,0.2)
which reduces to
[(0.4,0.3)] : [(0.4,0.4) (0.5,0.3)]
MBes = | ey s O
[(0.5,0.3)] ’ [(0.3,0.4) (0.3,0.2)

3.2.5. Equality of Intuitionistic Fuzzy Super Matrices

Two Intuitionistic Fuzzy Super Matrices are equal to each other if their orders as well as order of their submatrices are
the same, and also they both have the same Intuitionistic fuzzy numbers in the same arrangement. Keeping these things
in mind, we propose that for

Apq = Xscn], Where Xpen = [a;;] € IFSUPMypn, and a;; € ((co), vi(c),
Bysg = [Winscn)s Where Yoy = [b;] € IFSUPMyyn, and by € (), v;(c)),
Coxq = [Zmscnl, Where Zy = [cij] € IFSUPMypyy, and c; € ( (c), vj(ci)),

we have following results related to equality:
1) If A= B,then B = A.
2) IfA=Band B=C,then A=C.
Remark 3.6
For A=B, A—B is not 0 due to subtraction rules, instead it turns out that for A=B, A—B =A4 or
A—-B =B.
Proposition 3.2.1
FOI’, Aqu = [men], where men = [aij-] € IFSUPmen, and ai]- € (H]'(Ci), Vj(Ci)),
Byxq = Wonxn], Where Y = [by;] € IFSUPMypyn, and by € (p;(c)), vi(c),
Coxg = [Zmxn], Where Z,y = [cij] € IFSUPMppyy, and c;; € (,uj(ci), vj(ci)), the following laws hold:
1) Commutative law: A+B = B+A
2) Associative law: A+(B+C) = (A+B) + C = A+B+C
3) Additive identity: A+ 0 = A (where 0 is a super matrix with same order as A with corresponding submatrices of
same order with every element as (0,1].
3.2.6. Scalar Multiplication of Intuitionistic Fuzzy Super Matrices

Scalar multiplication is defined for k € (0,1], which when multiplied with an Intuitionistic fuzzy super matrix A gives
kA. Here, k is multiplied with each Intuitionistic fuzzy number (a, 8) of every submatrix.
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Example 3.2.6
Let A,,, be an Intuitionistic fuzzy super matrix given as
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below:

[(0.4,0.3)] : [(0.2,0.6) (0.7,0.1)]

Ao = ['('b'.'i,"().'é)']' [

(0.3,0.5)

When k = 0.5, then scalar multiplication is given as:

(0.1,0.7) (0.2,0.5)

(09,0.1) (0.4, 0.5)]

[(0.2,0.15)] : [(0.1,0.3) (0.35,0.05)]

kA =1r(0.05,03) 1
(0.15,0.25)

Proposition 3.2.2

1(0.05,0.35)  (0.1,0.25)
] ’ [(0.45,0.05) (0.2,0.25)

The following proposition holds true in the case of an Intuitionistic fuzzy super matrix: k(gA) = (kg)A (kg should

be in the interval (0,1].

Remark 3.7

The usual identities of matrix multiplication which are mentioned below do not exist for Intuitionistic fuzzy super

matrices:

(i). k(A+B)=kA+ kB

@i). k+9g)A=kA+gA (0<=k+g<=1)
(iii). k(AB) = (kA)B = A(kB)

3.2.7. Intuitionistic Fuzzy Super Identity Matrix

An Intuitionistic Fuzzy Super Identity Matrix is an Intuitionistic fuzzy super square matrix, where all the submatrices
on the diagonal are Intuitionistic fuzzy identity matrices, which means that all the Intuitionistic fuzzy numbers on the

diagonals are (1, 0) and remaining are (0, 1).

Thus, all the submatrices on the diagonal should be square matrices as well. And the remaining submatrices which are

not on the main diagonal should be intuitionistic fuzzy null

[1(1,0) (O, 1)] . [(0,1)

0,1 (1,0)l,,, "1(0,1)

(0,1 (0,1) (1,0)

I3 =1/(01) (0,1) :1(0,1)

01 O], , [OD

L 1(0,1) (0, 1)],,, " 1(0,1)

Proposition 3.2.3
Let  Apug = [Xmxn] . Where  Xpun = [aj] €

IFSUPMy,y, , and a;; € (uj(ci), vj(ci)) be an
Intuitionistic fuzzy super matrix, then AI = IA, where Al
and IA multiplication is conformable.

Remark 3.8

We observe that several rules of distributive property
which hold true for normal matrices are invalid here, such
as:

Associative Property: A(BC) = (AB)C = ABC
Left Distributive Property: A(B + C) = AB + AC

1.
2.
3. Right Distributive Property: (A + B)C = AC + BC

0,1) (0,1)] [0 (0,1
oD OVl 10D 0Ly,
(01 (0,1) (0,1) (0,1)
(1,0) (01| |01 (01)
0y @ol . [0y o],
i [(1 o '"('6,5]"
01 oL, Loy @ol,,]

matrices, which is illustrated below:

3.2.8. Transpose of Intuitionistic Fuzzy Super Matrix

We define transpose of an Intuitionistic fuzzy super
matrix by switching the row column indices, hence flipping
the matrix over its diagonal. Here, we also take the
transpose of the submatrices.

The transpose of an Intuitionistic fuzzy super matrix is
shown with an example given below.

Example 3.2.8
Let A,,, be an Intuitionistic fuzzy super matrix

[(0.4,0.3)]151 : [(0.2,0.6)  (0.7,0.1)]1x,
T G
(0.9,0.1) (0.4,0.5)

o = |G
(0.3,0.5) [

2x1 2X2



762

then the transpose of the above matrix is given as,
[(0.4,0.3)]1x1 : [(0.1,0.6) (0.3,0.5)]1x2

AT = [(0206) [(0107) (09 01) .
(0.7,0.1) "1(0.2,0.5) (0.4,0.5)

2X1 2X2

Proposition 3.2.4
Let  Apxg = [Xmxn]l . Where X, =[a;] €
IFSUPMypsen, and ayj € (p1;(c)), vi(c)) and Byyq =
[Yixnl, Where Yoy = [bij] € IFSUPMyyy,and b;; €
(Mj (c), v (ci)), then some of the properties of transpose
which holds true are given as:

(i) (A+B) =A"+B’
(i) (kA) = kA’

(iii) Ay =4

Remark 3.9

The following property does not exist for transpose:
(4B) = B" A
3.2.9. Intuitionistic Fuzzy Super Symmetric Matrix

Let  Apxg = [Xmxn]l . Where X, =[a;] €

IFSUPMan , and ai]- (S (ﬂj(Cl‘), Vj(Ci)) ) is an
Intuitionistic fuzzy super matrix. If A = AT, then A is
called an Intuitionistic fuzzy super symmetric matrix.
Example 3.2.9

Consider a matrix A,,, which is an Intuitionistic fuzzy
super matrix, given as below,

[(0.1,0.6)] : [(0.4,0.1) (0.3,0.5)]
Ayy = | (04 01) (0102) (04 03) .
[(0.3,0.5)] ‘ [(0.4,0.3) (0.3,0.6)]
then transpose of the above matrix is,
[(0.1,0.6)] : [(0.4,0.1) (0.3,0.5)]

A= | RO T
[(0.3, 0.5)] ' [(0.4, 0.3) (0.3,0.6)

Here, we can see that A = AT. Thus, the given matrix is
a Symmetric Intuitionistic fuzzy super matrix.

3.2.10. Complement of an Intuitionistic Fuzzy Super
Matrix

Following the definition of the Intuitionistic fuzzy
matrix complement [36], the complement of Intuitionistic
fuzzy super matrix Apyq = [Xmxn] . where X, =

[aij] € IFSUPmen, and al-j (S (‘Llj((:i), V}'(Ci)) can be
defined as an Intuitionistic fuzzy super matrix A§., =
[Xnxn] . Where Xpun = [aij] € IFSUPMy,y, , and

a;; € (Vj(ci): llj(Ci))-

Proposition 3.2.5.
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Let Ayg = [Xixnl » wWhere Xpu, =[a;] €
IFSUPmen, and ai}- Ezﬂj(ci), 'Vj(Ci)) then,

(i). (A9°=4

(ii). &€ =U

(iii). (A +U)¢ = @

(iv). (A+B)¢ = (B + A)¢

Example 3.2.10

Consider a matrix A,,, which is an Intuitionistic fuzzy
super matrix and is given below as:

[(0.1,0.6)] : [(0.4,0.1) (0.3,0.5)]
A |

[(04 01) [(0 1 02) (04 03) "

(0.3,0.5)] " [(0.4,0.3) (0.3,0.6)

Thus, the complement of the above matrix is given as,
[(0.6,0.1)] : [(0.1,0.4) (0.5,0.3)]

AC — e ...(-(-).li.'. (.)...4.-.). --: (6:2"’.6':]:j. ...(-6..:;.’ .(.).-4:.)--- ..
[(0.5, 0.3)] [(0.3, 0.4) (0.6,0.3)

4. Application of Intuitionistic Fuzzy
Super Matrix in Multi-criterion
Decision Making
In this section, we have discussed the application of

Intuitionistic fuzzy super matrix in a decision-making

problem. We have provided some basic definitions such as

value super matrix, score super matrix and total score of

super matrix, using which interpretation and solution of
multi criterion decision making problem is discussed.

Definition 4.1. Value Super Matrix (V(A))

Let the matrix Apxg = [Xmxnl, Where Xp, = [a;;] €
IFSUPMyn . and € (e, vi(c)) . be an
Intuitionistic fuzzy super matrix. The value super matrix is
formed when non-membership value is subtracted from
membership value of each Intuitionistic fuzzy number in
every submatrix of the Intuitionistic fuzzy super matrix.
Definition 4.2. Score Super Matrix (S (A))

Let V(A) and V(B) be the value super matrices of two
IFSUPM A and B of same order, then the score super
matrix Sp, p; is formed by subtracting each value of V(B)
from V(A), defined as:

S[A,B] =V(4)-V(B)
Definition 4.3. Total Score of Super Matrix (T(A))
The total score of super matrix can be defined as the sum

of all values in the submatrix of a score super matrix.
4.1. Algorithm

A multi-criterion decision making problem can be
successfully evaluated using aforementioned method, we
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can generalize the method for n entries using the following

algorithm:

1. Create two or more finite number of Intuitionistic
Fuzzy Super Matrices of same order and with
corresponding sub matrices of same order, for
example Apxgq, Bpxg> Cpxq» €tC.

2. Obtain complement of each Intuitionistic Fuzzy Super
Matrix considered, for example A€, B¢, C€, etc.

3. Using operation of addition for Intuitionistic Fuzzy
Super Matrices, we obtain the addition of matrices
and its complement, i.e., (A+B+C+--) and
(A°+B°+C°+-)

4. Calculate value super matrix for both the resultant
IFSUPM obtained in last step, such as V(A + B +
C+--)and V(AS+ B¢+ C+ ).

5. Compute the Score matrix using value super matrices
calculated above. For example,
5[A+B+c...],[AC+BC+CC...]

6. Add all the values in each submatrix of the score
matrix to obtain Total score matrix T.

7. The values found indicate the total score considered
for each entity for which a sub matrix was assigned.

8.  The singular numeric values found in step number 7
for each entity can be used to rank all entities and
perform comparative analysis.

4.2. A Brief Introduction to Intuitionistic Scoring

Before continuing with application of IFSUPM, a
narrative demonstration is provided below, which
illustrates the scoring system in IFSUPM. The intuitionistic
fuzzy values used are represented as (u,v), where 0 <
u<l1l,0<v<i,and u+v+m=1, where m is the
hesitancy. Here u denotes the membership of our subject
to the set, while v denotes the non-membership. For
example, if candidate A gets a value of (1,0) in the criteria
of “corporate finance” then it denotes that the judge has
deemed their skill to be outstanding with regards to the
criteria and believes that they completely fulfill it.
Similarly, if candidate B gets a value of (0,1) in the criteria
of “peer interaction” then that means that the judge believes
that their peer interaction ability is very poor and they do
not satisfy the requirements laid out for that criteria.
Similarly, if candidate C gets a value of (0.4,0.3) in
“corporate finance”, which would mean they partially
fulfill the criteria, with their skills being ‘average’, and a
0.3 score of non-membership showing that their
performance left something to be desired. However, there
is also the presence of a hesitancy of 0.3 (1 — 0.4 — 0.3),
with the hesitancy value denoting how unsure the judge is
in determining the membership and non-membership of the
candidate. In essence, the values can be seen as 0-1(worst
to best fit) for ‘x> or membership , 0-1(best to worst fit) for
"v' or non-membership, and 0-1( no hesitation to complete
hesitation in judgement) for ‘7’ or hesitancy.
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4.3. Illustration of the Algorithm: A Case Study

Two professors would like to evaluate and rank four
students based on their performance in two subjects.
Suppose Corporate Finance and Accounting are two such
subjects. They are being evaluated on two basis, critical
thinking and peer interaction. In this multi-criterion
decision making problem, the entities are the four students,
the parameters are the two subjects and the criterions are
the two basis.

Let the four students be S ={S;,S,,53,5,} and the
parameters are P = {P;,P,} for the subjects Corporate
Finance and Accounting respectively.Let the criterions be
C ={C,,C,} for critical thinking and peer interaction
respectively, then P X C gives us the ordered pair
(parameter, criteria) to be scored for each entity (student)
by all judges (Professors).

Intuitionistic Fuzzy Set is created over P X C indicating
the belongingness and non-belongingness of each student
in the form of ordered pairs (a,B8). The professors
provides a score to each student with an intuitionistic fuzzy
number in the form of ordered pair.

Let A and B be two IFSUPM, each graded by one
professor. The corresponding submatrices of A and B are
for each student and the intuitionistic fuzzy number in each
submatrix is an ordered pair of P X C.

A=

Py P, Py P,
cl[(0.3,0.5) (0.1,02)| P,[(0.8,0.1) (0.7,0.3)
C, 1(0.4,0.2) (0.6,0.2)] P, [(0.1,03) (0.3,0.2)

$1 S,

Pl PZ Pl PZ
Cll(O.S,O.l) (0.6,02)] P,|(0.4,03) (0.3,0.2)
C, 1(0.3,0.5) (0.7,0.1)] P, 1(0.1,0.8) (0.9,0.1)

Ss Sa
and
B =

P, P, P, P,
Cq [(0.2, 0.6) (0.3,0.4) (0.7,0.2) (0.1,0.3)
C, 1(0.5,0.4) (0.3,0.5) (0.5,0.5) (0.1,0.3)

S; S,

P, P P, P,
Cq 1(0.9, 0.1) (0.4,0.3) (0.5,0.4) (0.9,0.1)
C, 1(0.7,0.2) (0.3,0.6) (0.3,0.4) (0.5,0.4)

Ss Sa

The complement of the Intuitionistic
matrices A and B are calculated as,

77(0.5,0.3)
(0.2,0.4)
(0.4,0.5)
[1(0.5,0.3)

AC =

and

77(0.6,0.2)
(0.4,0.5)
(0.1,0.9)
[10.2,0.7)

B¢ =

(0.2,0.1)]
(0.2,0.6)]
(0.4,0.6)
(0.1,0.7)]

(0.4,0.3)]
(0.5,0.3))
(0.3,0.4)]
(0.6,0.3)]

(0.1,0.8)
(0.3,0.1)
(0.5,0.4)
(0.8,0.1)

(0.2,0.7)
(0.3,0.5)
(0.4,0.5)
(0.4,0.3)

fuzzy super

(0.3,0.7)]
(0.2,0.3)]
(0.2,0.3)]
(0.1,0.9)]

(0.3,0.1)]
(0.3,0.1)]
(0.1,0.9)]
(0.4,0.5)]
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The addition of two IFSUPM is computed as,
A+B=

(0.3,0.5) (0.3,0.2)] [(0.8,0.1) (0.7,0.3)
(0.5,0.2) (0.6, 0.2)] (0.5,0.3) (0.3,0.2)
(0.9,0.1) (0.6,0.2)] [(0.5,0.4) (0.9,0.1)
(0.7,0.2) (0.7, 0.1)] (0.3,0.4) (0.9,0.1)
and the sum of its complement is
AC+ B¢ =
(0.6,0.2) (0.4,0.1)]1 [(0.2,0.7) (0.3,0.1)
(0.4,0.4) (0.5, 0.3)] (0.3,0.1) (0.3,0.1)
(0.4,0.5) (0.3,0.4)] [(0.5,0.4) (0.2,0.3)
(0.5,0.3) (0.6, 0.3)] (0.8,0.1) (0.4,0.5)

The value of the Intuitionistic fuzzy super matrix is
determined as,

-0.2 0. 1] [0 7 04
T I
L [0.5 0.6] O 1 0. 8]
and
04 O. 3] 0 5 0.2]
V(AT +BY) = —0 1 O—S 1] [ —gi]
-0.1

The score value of the Intuitionistic fuzzy super matrix
is obtained as follows:

Py P, TR &
C;|-06 -0.2 [1.2 0.2
0.3 0.2 0.0 -0.1
S Sz
S((A+B),(AC+BC)) = P, P, P, P,
(5 [0,9 0.5] Py [ 0.0 0.9]
G, 103 0.3 —-0.8 0.9
Ss Sy

The individual criterion is based on the sum of the value
score calculated as:

_ [[—0.3 0.0] [1.2 0.1] ]
[1.2 0.8] [-0.8 1.8]
-0.3 1.3
1SS
Total Score = 20 1ol
S, Sa

The total score of all four students S;,S,,S5,S, are
calculated above and their values are -0.3, 1.3, 2.0 and 1.0,
respectively. It was found that order of Rank are S; >
S, >8,>85;.

Here we observe that student S5 is the best amongst all.
The criterions we took, i.e critical thinking and peer
interaction cannot be expressed by a percentage like we do
for marks, score and rating but here our judges assign a
membership grade and a non-membership grade.

In a similar fashion, this algorithm can be applied to a
multi-criterion decision making problem with any number

of entities (in this case, students), any number of
parameters (in this case, subjects), any number of criterions
(in this case, the basis of evaluation) and can be judged by
any number of evaluators (in this case, Professor). The only
condition is that the entity is evaluated for all criterions of
each parameter.

The score obtained at the end is a condensed
representation of a candidate’s value in each ordered pair
of P X C (parameters X criterions). We require scores to
rank, compare and evaluate candidates on factors which are
qualitative. Using a numeric value, we can make inferences
on the used sample set.

4.4. Novelty of the Method: Comparison of IFM and
IFSUPM

To understand the novelty of the aforementioned method,
we attempt to model the same illustration as before using
an Intuitionistic Fuzzy Matrix. We can create the matrices
in a similar manner:

[Corporate Finance Accounting

S (0.4,0.5) (0.6,0.4)

S, (0.6,0.3) (0.5,0.5)

S, (0.7,0.2) (0.8,0.1)

S, (0.5,0.5) (0.9,0.1)]

[Peer Interaction Critical Thinking

S (0.6,0.3) (0.4,0.6)

S, (0.4,0.2) (0.2,0.1)

S3 (0.8,0.1) (0.5,0.4)

S, (0.9,0.1) (0.7,0.2)]

Here we observe that instead of combining data in one
IFSUPM, we have two IFM. Moreover, we cannot evaluate
the intersection of parameters and their criterions. As seen
above, students are scored on ‘Corporate Finance’ and
‘Critical thinking’ separately, whereas with IFSUPM
method we are able to score a student based on their
“critical thinking ability in the subject of corporate finance”.

This explains how super matrices help us to model multi-
criterion decision making problems. Using the IFSUPM
approach over IFM, we add a new dimension to our set as
we are allowed to scrutinize every ordered pair of P X C
where P is a set of parameters and C is a set of criterions.
Combining two matrices into one super matrix also saves
computational cost.

5. Conclusions

In this paper, we have introduced the concept of
Intuitionistic Fuzzy Super Matrices (IFSUPM) and
illustrated an application of the IFSUPM. We have
developed their algebra — addition, subtraction,
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multiplication and their properties like transpose, scalar
multiplication and other general properties. The proposed
method has an advantage over other decision-making
methods like Intuitionistic fuzzy matrices and fuzzy super
matrices as shown in the research paper in the form of an
example as it allows us to make multi-criteria decisions. In
particular, the IFSUPM method performs better than other
decision-making methods based on the fuzzy set as in
IFSUPM, we have used intuitionistic fuzzy set which

includes both belongingness and non-belongingness values.

This opens a new dimension of thinking, hence allowing us
to generalize and to make decisions in a more robust
manner. The illustration is taken for few parameters, but it
can be generalized to finite number of parameters.
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