








GENERALIZATIONS OF SOME IDENTITIES OF LONG

(i) Replace u by P, vby Q, wby R, and x by S.
(i) Replace any occurrence of (—1)™ on the right side by 1.
(iii) Then the difference of the two products is equal to the even case, and the sum of the two
products is equal to the odd case.

For example, using (3.3), we have
San - Sn+de+d = P—dSm+n+d’ (4- 1)
San + Sn+d‘Pm+d = Q—an+n+d - 2Rn—m . (42)

These can be proved in the same manner shown previously, and because of the above rules of
formation we refrain from listing the others.

5. THE THIRD SET OF IDENTITIES

The identities of Long [4, (18)-(24)] are generalizations and variations of Simson's identity

FyFoy = F2 = (1) (5.1)

n

They share the common thread of being differences of products the sum of whose subscripts are
equal. For example,

LF =Ly b = GO F gLy iy (52
We have found similar identities for mixtures of terms from the sequences {U,}, {V,}, {W,}, and

{X,}. Following our notation in Section 2, we write e = pab—qa®* —b* = — AB, which is essen-
tially the notation of Horadam [2]. The first group of identities is:

XnXm - Xn—de+d = —equUdUn—m-—d’ (53)
Xan - Xn—de+d = quUdVVn—m——d P (5 4)
Xan - Xm+an—d = qu%Un—-m—d . (55)

If we replace the minus sign connecting the two products on the left with a plus sign, then identity
(5.3) does not have an interesting counterpart. But in (5.4) and (5.5) we modify the right side by
replacing U with V, W with X, dividing by A, and then adding 2.X .

The second group is:

Wl =WoWora=€q"UU,_ g, (5.6)
Wqu - VVn—dUm+d = _—quden—m—-d > (5 7)
I/Vn(]m - WrrH—dU -d = _qm%Un—m—d' (58)

As before, if we replace the minus sign on the left with a plus sign, then (5.6) does not have an
interesting counterpart. However, we change the right sides of (5.7) and (5.8) by replacing U
with ¥V, Wwith X, adding 2.X,,,, and then dividing by A.

mi+n>

The third group is:
XX = AW, Wora = —€q" VY, s (5.9
Xan - AI/Vn—dl]mhi = quan—m—d > (5 10)
XY =MW U d =" X o pea- (5.11)
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Again, (5.9) yields nothing interesting after replacing the minus sign on the left with a plus sign.
However, we change the right sides of (5.10) and (5.11) by replacing ¥ with U, X with ¥, multi-
plying by A, and adding 2X,,.,. This should be compared with the processes in the previous
groups of identities.

The last group of identities is:

X=Xy iWonia = €q4"U o as (5.12)
XW = XeiWoa = €4 VU, pas (5.13)
XUpn = Xy dUpsa = =4"Ug X s (5.14)
XU = XprdUn-a = —4" XU, pa, (5.15)
Vel =Vo-iWsra = 4'U_a X nias (5.16)
V= VosdWoa = O X_dUppsa> (5.17)
XU =Vo-iWora = ~4" WiV s (5.18)

XnUm - Vm+dW—d = _qu;iVVn (5 19)

—m—d*

In (5.12) and (5.13), replacing the minus sign on the left with a plus sign yields identities which
are not interesting. However, in (5.14)-(5.19), we change the right side by replacing U(V) with
V(U) and W(X) with X(W) and adding 2/,

m+n*

We refrain from giving proofs of identities (5.3)-(5.19) and their counterparts because they
are similar to the proof of (3.1) demonstrated earlier.

REFERENCES

1. G. E. Bergum & V. E. Hoggatt, Jr. "Sums and Products for Recurring Sequences." T7The
Fibonacci Quarterly 13.2 (1975):115-20.

2. A. F. Horadam. "Basic Properties of a Certain Generalized Sequence of Numbers." 7The
Fibonacci Quarterly 3.3 (1965):161-76.

3. A F. Horadam. "Generating Functions for Powers of a Certain Generalized Sequence of
Numbers." Duke Math. J. 32 (1965):437-46.

4. C.T.Long. "Discovering Fibonacci Identities." 7he Fibonacci Quarterly 24.2 (1986):160-
67.

AMS Classification Numbers: 11B37, 11B39

o o
EXE XL

J

o

D>

110 [MAY



3 The Fibonacci Quarterly - Mozilla Firefox
File Edit Miew History Bookmarks Tools Help

F C X N I:_: || http://www.fq.math.ca/37-2 html

2 Maost Visited w Getting Started 5, Latest Headlines

|| The Fibonacci Quarterly [

‘@ie “Fibonacci Quarterly

Official Publication of The Fibonaced Association

Journal Home | Editorial Board | List of Issues
How to Subscribe | General Index | Fibonacci Association

Volume 37 Number 2

CONTENTS

Cover Page

A, Behera and G. K. Panda
On the Square Roots of Triangular Numbers
Full text

Ray Melham
Generalizations of Some Identities of Long
Full text

R. 8. Melham
Lucas Sequences and Functions of a 3-by-3 Matrix
Full text

Reviewed by Marjorie Bicknell-Johnson
Book Review: The Golden Ratio and Fibonacci Numbers, by Richard A. Dunlap
Full text

Henri Cohen
On the 2-Adic Valuations of the Truncated Polylogarithm Series
Full text

Stanley Rabinowitz
Algarithmic Summation of Reciprocals of Products of Fibonacci Numbers
Full text

Herta T. Freitag and Piero Filippom
Division af Fibonacci Numbers by k

May 1999

BF%T0OE N0

3:56 PM
27/07/2002




