Towards the Correctness of Quantum Program
Implementation

Peng Yan

A Thesis presented to the Faculty of Engineering and Information Technology

to satisfy the requirements for the Degree of Doctor of Philosophy

University of Technology Sydney

March 2024

Dissertation Supervisors
Nengkun Yu
Sanjiang Li

Yulei Sui



Certificate of Original Authorship

I, Peng Yan, declare that this thesis is submitted in fulfilment of the requirements for
the award of Doctor of Philosophy, in the Faculty of Engineering and Information

Technology at the University of Technology Sydney.
This thesis is wholly my own work unless otherwise referenced or acknowledged. In
addition, I certify that all information sources and literature used are indicated in the

thesis.

This document has not been submitted for qualifications at any other academic

institution.

This research is supported by the Australian Government Research Training Program.

Production Note:

Slgnature : Signature removed prior to publication.

Date : Sunday 31°* March, 2024



For my family,

for my teachers.

ii



iii

Acknowledgements

I want to express my deep appreciation for my principal supervisor, Nengkun Yu,
whose unwavering support and patient guidance made completing my dissertation
possible. Despite lacking prior experience in quantum computing and program veri-
fication, his belief in my potential allowed me to pursue my Ph.D. at the University of
Technology Sydney. As his first Ph.D. student, he showed immense patience, teach-
ing me research methods and offering encouragement during challenging times, es-
pecially amidst the difficulties caused by the COVID-19 lockdown. I am grateful for
his approachable nature; our casual conversations relieved my pressure significantly.

I am also indebted to my primary collaborator, Hanru Jiang, whose expertise in
program verification and valuable insights on paper writing proved invaluable. His
knowledge and patient guidance enriched our collaboration, and I cherished our work-
ing relationship. My heartfelt gratitude goes to Youming Qiao, Sanjiang Li, and Feng
Yuan for their timely financial assistance, which sustained me during crucial times. I
deeply appreciate their kindness and generosity, including the opportunity to work as
a research assistant after my scholarship ended. Special thanks to my co-supervisor,
Yulei Sui, for recommending me to Nengkun Yu and offering practical suggestions.

Furthermore, I am thankful for the companionship and joy my friends Gang Tang,
Bing Chen, and Xing Hong provided during my time in Sydney. Their presence bright-
ened my daily life and warmed my heart. I also thank my old friend, Hao Zhang, with
whom I shared delightful moments playing online computer games. Lastly, I am pro-
foundly grateful and apologetic to my taciturn parents. They are the most lovable

person in the world.
Sydney, Australia

December 2023



Abstract

With the rapid advancement of quantum computing hardware, numerous quantum
programming languages are continually proposed to facilitate the implementation of
quantum algorithms. This research focuses on enhancing the correctness of quan-
tum programs from the perspective of formal verification, given the counter-intuitive
nature of quantum mechanics and environmental noise challenges. Two formal veri-
fication approaches are explored to validate the correctness of quantum programs.

The first approach extends classical incorrectness logic to the quantum domain,
establishing a logical foundation for statically detecting bugs in quantum program-
ming. The proposed quantum incorrectness logic is based on an intuitive explanation
derived from a reachability standpoint. Based on under-approximation relations, the
formulation of the incorrectness triple is found to be dual to quantum Hoare logic.
The corresponding proof system is sound, complete, and decidable.

The second approach introduces approximate quantum coupling as a key tool for
studying relational reasoning in quantum programs. This novel proof system gener-
alizes the widely used approximate probabilistic coupling in probabilistic programs,
addressing an open question regarding projective predicates in quantum contexts. The
application of approximate relational logic aids in assessing the robustness of quan-
tum programs between ideal specifications and imperfect implementations.

The practical utility of these approaches is demonstrated through case studies in-
volving quantum teleportation, Grover’s search, the repeat-until-success algorithm,
the approximation of unitary gates, and the bit flip code. Notably, the formal verifi-
cation of the low-depth approximation of the quantum Fourier transform is provided
through approximate relational reasoning, showcasing the effectiveness of the pro-

posed methodologies.
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Chapter 1

Introduction

In recent years, quantum computing has earned significant attention from researchers
as classical computers approach their physical hardware limits. Owing to some spe-
cial quantum properties such as superposition, entanglements and no-cloning rule of
quantum states, it has been proven that many quantum algorithms can significantly
speed up the computational missions. Examples include Shor’s factoring algorithm
[Sho94], hidden subgroup problem [EHKO04], Grover’s search [Gro96], and HHL al-
gorithm [HHL09]. The rapid advancement of quantum hardware [Tral7, ZWD™"20,
AAB*19] suggests that the realization of genuine quantum supremacy is just near
the corner. The deployment of a reliable large-scale quantum computer with nu-
merous qubits holds the potential to facilitate the practical implementation of quan-
tum algorithms. Leading by the belief that quantum computers will play a pivotal
role in the future, an increasing number of proposals for quantum programming
languages and quantum computing platforms [AFD*12, GLR*13, SGT*18, WVMN19,
Dev21, HSM*20, Gra05] continue to emerge for more straightforward implementation
of quantum algorithms.

Program logic and verification can provide formal reasoning about the correctness
of programs. The classical Floyd-Hoare logic, also known as Hoare logic, introduced

by Floyd [Flo93] and Hoare [Hoa69] in 1969, constitutes a formula for the verification



CHAPIER 1. INTRODUCTION 2

of program correctness. The Hoare triple, denoted as {P}S{Q}, states that the outputs
of the execution of program S should satisfy postcondition Q if the inputs satisfy the
precondition P. Typically, Hoare triples are employed to establish a set of axioms and
inference rules, forming a proof system for a programming language. In recent years,
considerable attention has been directed towards extending classical program verifica-
tion techniques into the realm of quantum computing. One such extension is the Logic
of Quantum Programs (LQP), a quantum dynamic logic proposed by Baltag and Smets
[BS06]. LQP, as a direct extension of classical propositional logic, provides a formal
syntax and relational semantics for describing various quantum operations, including
unitary transformations, measurements, and entanglements between multi-systems.
Another approach, presented by Brunet and Jorrand [BJ04], establishes a quantum
logic based on the foundational ideas of Garrett Birkhoff and John von Neumann
[BN36]. This logic utilizes closed Hilbert spaces to describe system properties and
treats logical propositions as operations on state spaces. The extension of the usual
propositional languages is achieved by introducing additional unary connectives to
represent corresponding quantum unitary transformations and measurements.

As an extension of probabilistic Hoare logic, the quantitative state logic proposed
by Chadha et al. [CMS06] was defined as an ensemble of logic enriched by attach-
ing probabilities to pure quantum states. This logic established a sound and complete
Hoare proof system under the condition of bounded iterations. In contrast to Chadha’s
approach, which employed distinct syntax and semantics for pure and mixed states,
Selinger [Sel04a] defined the denotational semantics of the QPL language in terms
of complete partial orders of super-operators that treat mixed and pure states uni-
formly. Later, Yoshihiko [Kak09] formulated rules for while programs in his sound but
not complete Hoare-style proof system based on Selinger’s denotational semantics.
D’Hondt and Panangaden [DP06a] introduced the concept of weakest preconditions.
Instead of Chadha’s representations of probabilistic predicate transformations, they
chose the expectation value of a quantum Hermitian operator as a quantum analog

to the classical predicate. Subsequently, Ying [Yin12] utilized quantum weakest pre-
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conditions to construct a comprehensive Hoare-type logic that provided a sound and
complete proof system for both partial and partial correctness for deterministic quan-
tum programs. Zhou et al. [ZYY19] constrained quantum predicates as projections
and simplified certain proof rules to facilitate the verification of correctness formu-
las. [BHY*19, Unr19] proposed the quantum relational Hoare logic based on quantum
couplings to verify non-trivial relational properties of quantum programs. A quantum
counterpart of separation logic was explored in [ZBH*21] based on the model of the
substructural logic of bunched implications, where separable quantum states can be
described as the separating conjunction of bunched implications.

This thesis builds upon prior research efforts on quantum Hoare logic and in-
vestigates two formal verification methodologies to validate the correctness of quan-
tum programs, considering the perspectives of incorrectness logic and relational logic
respectively. The incorrectness logic, introduced by [dVK11, O'H19], represents an
emerging bug-detection technique emphasizing the static analysis of bug existence.
Our approach takes an initial step towards establishing an incorrectness logic tailored
for quantum programs, introducing novel concepts such as underapproximation and
reachability analysis. Another approach addresses an unresolved question posed by
[BHY"19], devising an approximate relational Hoare logic to robustly reason about the
approximate relational properties of two quantum programs. The following sections

provide detailed introductions to both approaches.

Incorrectness logic

Due to the counter-intuitive nature of quantum mechanics, small quantum programs
written and reviewed by professional quantum computing experts are sometimes er-
roneous. For example, bugs arose in the example programs of IBM’s OpenQASM
project [CJAA*21], Qiskit [WVMN19], and Rigetti’s PyQuil project [SCZ16] in their
official GitHub repositories. Huang and Martonosi [HM19a, HM19b] proposed a bug
taxonomy based on their debugging experience with Scaffold [AFD*12, JPK*15]. A
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comprehensive study by [LZM*22] on bug fixing in four popular quantum program-
ming languages (Qiskit, Cirq, Q#, and ProjectQ) revealed that a high proportion (over
80%) of bugs in quantum programs were quantum-specific.! Another study [PP22]
gathered and inspected a set of 223 real-world bugs from 18 open-source quantum
computing platforms and showed that a significant fraction of these bugs (39.9%) are
quantum-specific. Theories and techniques for debugging are in urgent demand.

There are two lines of approaches aiming at debugging quantum programs. One

approach is dynamic assertions [LBZ20, LZY*20], which detect erroneous states via
quantum measurements at the cost of additional qubits and quantum operations at
run-time. The other is statistical assertions [HM19b, HM19a] that detect errors via
statistical tests over sampled simulations. Unfortunately, both approaches suffer from
two main limitations:

« Limited support for bug-finding ahead of run-time. It is desirable to debug a quan-
tum program before submitting it to a quantum device, which might be busy
and make the program have to wait in the queue before being executed. The
dynamic assertions are designed for run-time debugging instead. Statistical as-
sertions achieve static debugging via repeated simulated measurements, which
is inefficient, as argued in [LZY*20].

+ Lack of soundness or completeness arguments. Though these approaches should
alarm only true bugs, none of them makes formal arguments about their sound-
ness. Even without complicated control structures like while-loops, none of
them guarantees completeness (do not miss bug): both dynamic assertions and
statistical assertions capture a bug by chance due to the probabilistic nature of
quantum measurement.

To address these limitations, program logic like quantum Hoare logic [Yin12] and

applied quantum Hoare logic (aQHL) [ZYY19] seem to be a good choice since they

facilitate static reasoning and provide soundness and completeness guarantees. How-

!Generally, fixing quantum-specific bugs requires the domain knowledge of quantum-related con-
cepts, properties, computational formulas, and quantum programming languages.
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ever, these logics are not suitable for debugging purposes. They are not known to
be decidable, and their proof rules do not prove the existence of a bug: propositions
of the form = ({P}S{Q}). Negating the postcondition will not help much, because in
general,
~({P}S{Q}) = {P}S{-Q},
which means true bugs could be missed.
An approach that addressed the aforementioned issues in the classical world is the

incorrectness logic [O’H19] (IL), an under-approximate analogy of Hoare logic used

for reasoning about bugs. Specifications in IL are of the form
[ presumption] code| result].

It says that the post-assertion result is an under-approximation (subset) of the final
states obtained by executing the code from states in presumption. It can be equiva-
lently interpreted as every state in result is reachable from some state in presumption.
When result specifies the erroneous states, such an interpretation matches the prin-
ciple of debugging tools to avoid false positives (bug suggestions that are not true).
Guided by such a principle, static debugging tools [BGOS18, GOS19, DFLO19] were
developed and proved practical, making it easier for programmers to locate and fix the
bugs. This novel idea was also advanced to Incorrectness Separation Logic [RBD*20],
which derived a begin-anywhere, intra-procedural symbolic execution analysis with
no false positives. A similar theory for quantum programming would benefit quan-
tum software development and guide the design and implementation of debugging
tools. However, it is unclear how to generalize IL to the quantum settings, where the
state model and the predicates are fundamentally different. In particular, it is not clear
how to use quantum predicates to characterize errors and how to explain achieving
(reaching everything described by) a quantum predicate.

In Chapter 3, we expand on the idea of IL by using projection-based quantum pred-
icates from the quantum logic [BN36]. This approach has proven successful in rea-

soning about the correctness [ZYY19] of quantum programs and designing dynamic
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assertions [LZY*20]. The main result is a sound and complete logic system for rea-
soning about bugs in quantum programs statically. Technical contributions include:

+ A novel interpretation of projection-based quantum predicates in the context of
bug-catching. The key ingredient is an under-approximation relation, which is
the inverted satisfaction relation for projections. We explain why the satisfac-
tion of projections is not suitable for characterizing erroneous quantum states
and why our under-approximation relation can capture errors without intro-
ducing false positives.

+ An incorrectness triple based on the under-approximation relation to incorpo-
rate the spirit of reachability analysis proposed by O’Hearn [O'H19]. The triple
turns out to be an under-approximate dual of the aQHL triple. To better under-
stand and justify our triple, we compare it with several possible alternatives in
Sec 3.6 and find our triple the best in expressiveness and efficiency.

« A sound and complete quantum incorrectness logic (QIL) based on the incor-
rectness triple. The resulting proof rules in our logic have a similar structure
to their classical counterparts. We further prove that bounded loop-unrolling
is sufficient to guarantee completeness when the quantum system is finite-
dimensional, ensuring that a complete inference is decidable even if the state
space is uncountably infinite. This result also shows that aQHL is decidable.

« Three examples for demonstrating the incorrectness reasoning by QIL, namely
quantum teleportation (5.1), Grover’s algorithm (5.2), and a repeat-until-success
program (5.3). In these examples, we introduce and reason about two types of
bugs mentioned in Huang et al. [HM19b]. We also developed a prototyped static

analyzer built on top of our proof rules to automate the reasoning.

Relational Hoare logic

Compared with many program verifications that traditionally focus on proving prop-

erties of single program execution, relational verification aims to prove the rela-
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tion between two program executions. A specific instance is program equivalence
[CE79, BTT82, Pit97], where two programs can have the same behavior, even though
they may be implemented using different algorithms or programming languages.
Program equivalence holds significant importance in various areas of computer sci-
ence, including software engineering [WFF13, MZW*16, LSH15], translation vali-
dation of compilers [Nec00], program optimization [KTL09], and program analysis
[CPSA19, BALR20, LR15]. In program analysis, program equivalence is used to verify
programs’ correctness or prove that two programs are functionally equivalent. This
verification is typically done by analyzing the program’s control flow, data flow, or
other characteristics to determine whether the program has the same behavior as an-
other program. To verify the program equivalence, one has to consider the general
relationship beyond the equivalence during the program analysis because the imple-
mentation of the two programs could be very different.

Relational verification aims to prove the relational properties between two pro-
grams. A simple approach is to reason each program and compare the relation be-
tween the output. However, this methodology may be resource-consuming. For in-
stance, one must consider the output corresponding to each input to reason about the
equivalence between two programs. Expressing the property using Hoare-style rela-
tional logic is much more convenient. A typical Hoare-style relational judgment is of
the form + ¢; ~ ¢; : ¥ = @ where ¢; and c; represent two compared programs, ¥
and @ are relational assertions in the deterministic scenario [Ben04], where relational
Hoare logic (RHL) predicates are binary relations over memories. The judgment states
that for any initial memories m; and m, that satisfy the precondition V¥, the resulting
memories m) and m,, should satisfy postcondition ®.

For probabilistic programs [BGZB09], probabilistic relational Hoare logic (pRHL)
lifted the predicates into relations over probabilistic distributions on memories. It
was deployed to provide formal computer-aided verification of cryptographic proofs.
Furthermore, [BKOZB13] introduced extra parameters to allow approximate lifting of

relations to distributions. To be specific, the authors defined the judgments in approx-
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imate probabilistic relational Hoare logic (apRHL) of the form
C1 ~a,5022q’$q)

with parameters «, § to reason about differential privacy.

Among techniques in program analysis and verification, the exact relational logic
for quantum programs attracts lots of attention [BHY*19, Unr19, LU21]. Relational
logic provides a more expressive approach to characterize the relation between two
programs. For instance, direct verification of the equivalence between two quantum
programs S; and S; defined on register g requires checking the equivalence between
[Si](p) and [[S;](p) for any p in Hilbert space Hj; that involves enumerations of
an infinite set. A quantum relational judgment concerning the quantum equivalence
predicate can concisely explain the direct enumerations. 2

However, none of the aforementioned works considers approximate reasoning
that is universal in practice.

« It is implausible to physically implement quantum gates with perfect accuracy
on the hardware level, and the need to consider approximations is likely in-
evitable. As noted by John Preskill, the noise in quantum gates will limit the size
of reliable quantum circuits, and technologies for more accurate quantum gates
are of great value in the Noisy Intermediate-Scale Quantum (NISQ) [Pre18] era.
This insight sheds light on the importance of modeling hardware with noise.

+ On the software level, the NISQ nature of hardware signifies the importance
of taking noise into account at the level of quantum algorithm design. More
specifically, approximate computation can be more efficient and less erroneous
than precise one since it can improve the depth of circuits and simplify the
calculation. A good example is the approximate quantum Fourier transform
[CWO00], which achieves a lower circuit depth approximation of the exact quan-

tum Fourier transform used in Shor’s celebrated algorithm [Sho94].

Details refers to Definition 4.9 and Example 4.14.
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As for approximate reasoning in quantum settings, [ZYY19] discussed the robust-
ness of quantum programs by introducing the concept of approximate satisfaction of
predicates, [HHZ"19] proposed a parameterized diamond norm to characterize the
distance between an ideal program and a noisy one. Despite the significant advance-
ments in quantum approximate reasoning and the recognition of the importance of
relational reasoning, there remains a notable gap in the field — an absence of a robust
logical framework for effectively reasoning about the approximate relational proper-
ties between quantum programs.

In quantum approximate relational reasoning, the main obstacles are:

 There is no mathematical theory for a quantum version of approximate cou-
plings, an open question in [BHY"19]. The lack of such a theory significantly
affects the applications of exact quantum coupling and relations quantum Hoare
logic. Usually, two quantum programs have different branching probabilities
in the presence of noise or approximations. Under these circumstances, their
corresponding quantum states have different traces, where exact quantum cou-
plings on these states do not exist. The main difficulties in defining an approx-
imate quantum coupling include defining a distance between quantum states,
which can be highly nonlinear. Previous knowledge about probabilistic cou-
plings may not directly apply: even for the exact quantum coupling, fundamen-
tal properties of probabilistic coupling [Hsu17] are no longer true [LBZ20].

« Designing an approximate relational quantum Hoare logic system is indeed
highly challenging. The system needs to consider several factors, including in-
finite executions of quantum while loops, approximated quantum couplings,
and the applicability of the logic rules. In quantum programming, a while loop
can have infinite executions of the loop body because of the probabilistic fea-
ture of quantum measurements. Furthermore, when dealing with approximate
quantum couplings, the system must handle the inherent uncertainty and ap-

proximation errors that arise when coupling with program branches.
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« Additionally, the applicability of logic rules adds another layer of complexity. To
strike a balance between the accuracy of the logic rules and simplicity, efficiency,
and usability is a crucial consideration when designing a logic system. Ensuring
the logic rules are powerful yet easy to use for reasoning relational properties
of complicated quantum programs requires careful consideration and analysis.

In Chapter 4, we derive an approximate version of the existing quantum relational

Hoare logic, thus making approximate relational reasoning feasible. Our judgment is
of the form
S1~sS2:A=B

where S; and S; represent compared quantum programs, A and B are projective quan-
tum predicates over the whole system. The validity of our judgment is based on the
idea of approximate (quantum) coupling and lifting. A state p is a 5-coupling for the
state pair (p1, po) if trace distances D(py, Tra(p)) and D(p,, Tr1(p)) are both not big-
ger than 8. And the state o is a witness of the §-lifting p, ~g p2 if o is a §-coupling for
the state pair (p1, p2) and satisfies the predicate P (Po = o). Informally, our judgment
holds if for any quantum lifting p; ~?4 p2 of the inputs, there exists a witness of the
S-lifting [S1](p1) ~5 [S2](p2) of the outputs.

The main result is a sound logic system for approximate relational reasoning for

quantum programs. Technical contributions include:

« Approximate quantum liftings. We propose a novel notion of approximate quan-
tum liftings concerning projection-based quantum predicates to make approxi-
mate reasoning simple and powerful. We do not require two quantum states to
have the same trace in approximate quantum lifting. In other words, the exact
quantum coupling may not exist. We employ the existing distances, including
trace distance and diamond norm, and define a “Hausdorff-like" distance be-
tween projections incorporated with quantum coupling to be the metric of the

approximation of the couplings.
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« Sound aqRHL. We propose a formal relational judgment to incorporate the spirit
of classical apRHL with a new quantum explanation based on the proposed ap-
proximate quantum liftings. A sound approximate quantum relational Hoare
logic (aqRHL) is built based on our relational judgments. Our choice of quan-
tum §-lifting allows us to track the relational properties of two programs with
different classical branching probabilities. In particular, our methodology allows
us to compute proper upper bounds for approximate liftings for quantum equiv-
alence relations, which plays a central role in characterizing the equivalence of
quantum programs.

« Application. We demonstrate the first formal verification (5.6) of the low-depth
approximate quantum Fourier transform (QFT) with an error bound that is
asymptotically equivalent to the one in [CW00]. Implementing QFT is a sig-
nificant step in the development of quantum algorithms such as period finding
[Sho94], HHL algorithm [HHL09] and quantum principal component analysis
[LMR14]. In the example of appropriate decomposition of unitary gates (5.5),
we also apply aqRHL, particularly the loop rule, to reason the repeat until suc-
cess which is one of the essential loop programs in quantum computation. We
also use agRHL to verify the correctness of bit flip code against an arbitrary

single-qubit error (5.4).

Organization of the thesis

The thesis has a straightforward organizational structure. In Chapter 2, fundamental
preliminaries are presented, including key concepts and notations related to quan-
tum computing, the syntax and semantics of Ying’s quantum while-program lan-
guage [Yin12], and quantum predicates. Chapter 3 initiates our exploration of quan-
tum incorrectness logic (QIL). It starts with explaining the motivations for characteriz-
ing quantum errors and subsequently introduces modifications to Ying’s language for

characterizing abnormal terminations. The under-approximation relation and incor-
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rectness triple are introduced to establish a sound and complete proof system. Chap-
ter 4 covers the investigation of approximate quantum relational logic (aqRHL). It
introduces the concepts of quantum approximate couplings and lifting, utilizing them
to approximate measurement conditions and relational judgments. Consequently, a
proof system is developed based on the specification of aqRHL judgments. Chapter 5
showcases six concrete examples, illustrating how our logic can be applied to reason
about the correctness of quantum programs. Chapter 6 reviews some related work

and outline prospective directions for future studies.
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Chapter 2

Preliminaries

2.1 Background of Quantum Computing

This section presents an essential background of quantum computation to make this
thesis self-contained. Necessary notations and definitions are also given in this sec-

tion. If necessary, readers can find more details in the textbook [NC11].

Quantum states

For any isolated physical system, its state space is known as a complex vector space
with inner product, that is, a Hilbert space /. This thesis only considers finite-
dimensional Hilbert space H. Given a quantum system on a register g that consists
of n qubits, its corresponding Hilbert space, denoted by Hj, is essentially the complex
vector space C2". We use a subscript G in Hj to denote the register g of concern and
omit it when it is evident from context. The number of qubits in register g is denoted
by [gl, which equals the dimension Dim(;) of the corresponding Hilbert space Hj.

A quantum system can be completely described by its state vector. The Dirac nota-
tion |-) is usually used to denote the unit complex vector in the system’s Hilbert space
‘H. The simplest quantum system is the qubit, a quantum analog to the classical bit.

A qubit has a two-dimensional Hilbert space. The most important orthonormal basis



CHAPTER 2. PRELIMINARIES 14

of one-qubit system is the computational basis {|0),|1)} with

1 0
|0) = 1) =

0 1
, which encode the classical bits 0 and 1, respectively. The vector dual of |{/), denoted
by (¢|, is the Hermitian conjugate of |¢). The inner product of two vector states [i/)
and |¢) is denoted by (¢/|¢), and the outer-product of two vector states |¢/) and |¢p) is
denoted by |¢/){¢p|.

The vector state |i) is also called as a pure state. Moreover, a mixed state can be
represented by a classical distribution over an ensemble of pure states (p;, |1/;)). That
is, the system is in vector state |/;) with probability p;, where p; € (0,1] and }}; p; = 1.
The density operator or density matrix can widely represent the pure or mixed quan-
tum state. A density operator p for the ensemble of pure states (p;, [{/;)) is a positive
semidefinite operator p = }; p; |;)(¥/;|. One may notice that there might be multiple
ensembles that have the same density operator representation. In this case, we do
not distinguish these quantum states because they are not physically distinguishable.
Particularly, a pure state |/) can be represented by the density operator |/){y|. A
positive semidefinite operator p is said to be a density operator if Tr(p) = 1, and par-
tial density operator if Tr(p) < 1, where Tr(p) denotes the trace of the density matrix
p. Formally, the set of partial density matrices over H (denoted by D (H)) is defined
below, as we use p for elements in D (). In particular, 0 is a partial density matrix

representing an invalid or impossible state.

DH) ={2ipi Y)Wl | pi Z0A 2 pi < 1A ) € H}

Let two independent quantum registers g; and g be in quantum state p; € D (Hg,)
and p, € D(Hj,) respectively, then the composite system ¢ = {1, 2} is in the state
p1®p2 € D(Hyz @ Hg,) = D(H;). We usually write the tensor product state |1/) ® |¢)
as @), [Y1) (Y| ® |@1){@2| as |¥1¢1) (V02| for short. On the contrary, the notion of

partial trace is a handy tool when we want to describe the subsystem of a composite
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quantum system. Formally, the partial trace over H; is a mapping Tr;(-) from opera-

tors in H; ® H, to operators in H; defined as

Tri(lpn)(Ynl ® [92)(V2l) = (Yrlor) - [02) (Ve

for any |y1), |@p1) € Hi and |y), |@2) € H,. Similarly, the partial trace Trz(+) over H,
can be defined symmetrically. Suppose the composite system g is in the state p, then
the state of subsystem ¢; and g, can be described by Tr,(p) and Tr;(p) respectively.

If a state of the composite system ¢ = {1, G2} can be represented in the form
[¥)g, ® l@)g,. it is called a separable state, or product state. If the state is inseparable,
it is called an entangled state. If a composite system is in an entangled state, quantum
measurement on one component system will also have effects on the other one and
collapse the entanglement. Let ¢; and g, both be one-qubit systems. The Bell states

are the most famous entangled states of a two-qubit system.

|@oo) = (100) + [11))/V2  [®10) = (]00) — |11))/V2
|@o1) = (J01) +[10))/V2  |®@1) = (J01) — [10))/V2

These four Bell states form an orthonormal basis of the two-qubit system. Take Bell

state |®go) for example,
@00} {Poo| = %(I())(OI ® |0){0[ +[0)(1| ® |0)(1] + [1)¢0] ® |1){0[ + [1)(1| ® [1)(1])

we have Try(|®go)(Pool) = Trz(|Poo){(Pool) = %(|0><0| +[1)<1]) = I/2, i.e. two sub-
systems are both in a maximally mixed state I/2. If we measure the first qubit in the

computational basis, that is, M = {M, = |0)(0|, M; = |1)(1]}, we have
My |®go) = [00) M [@g9) = |11)

It is clear that both subsystems collapse into either state |00) or |11) simultaneously,

and the composite system is not entangled anymore.
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Unitary operation

The evolution of an isolated quantum system can be characterized by unitary opera-
tors. A unitary operation over a quantum system § is encoded as a unitary matrix of
dimension 29, that is, a matrix U that satisfies UTU = UU" = I. U' denotes the Her-
mitian conjugate of matrix U, i.e. the transpose of the complex conjugate of matrix
U. When the unitary operation U is applied to the register g in a quantum system, it
changes the quantum state p of the whole system into Uy pU; , where Uy is the unitary
operation over the entire system which effectively applies U over g, and leaves qubits
other than g untouched. For example, if we apply a single-qubit unitary operator U

to the g-th qubit in an n-qubit system, we have
Ug = Q1<i<g-1I ® U ®gr1<j<n 1.

We often write Uy as U for short, omit the subscript g in U; when it is clear from the
context.
We introduce some commonly used unitary operators (also called gates) that would

arise in further discussion. Their matrix representations are shown as follows,

0 1 0 —i 1 0 11 1
X = Y = Z = -
10 i 0 0 —1 V21 -1
1 0 I 0 I 0
P(6) = | coNor= c-P(0) =
0 e 0 X 0 P(6)

The behavior of these operators can also be described by its transformations on com-
putational basis {|0),|1)}. For Pauli operators we have X [0) = |1), X |1) = |0),
Y|0) =i|1),Y|1) =—i|0), Z|0) =|0), Z|1) = —|1). For the Hadamard operator, we
have H |0) = [+) = 75(|0)+[1)),and H|1) = |-) = £ (|0)—[1)). Apart from {|0),[1)},
{|+),]|-)} is another widely used orthogonal basis for one-qubit system. These two
bases can be transformed to each other by applying the Hadamard operator. The gate
P(6) is a general phase gate with P(8) [0) = |0) and P(6) |1) = ! |1). Another impor-

tant class is muti-qubit controlled gates. A controlled unitary gate takes qubit g; as the
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control qubit and applies unitary operator U to qubit g, if qubit g; is in the state |1). For
example, the CNOT gate performs the transition |b1)g, ® |b2)g, > [b1)g, ® b1 ® b2),,,
where b; @ b, denotes the logical XOR of by and b;. The c-P(0) gate perform the

transition |b1),, ® |b2)q, (10)brb2 b1)q, ® [b2)g,, where b; - by denotes binary mul-

92
tiplication of b; and b,.

Quantum Measurements

Programs read information from a quantum system via quantum measurements, which
is the source of probabilistic non-determinism during the execution of a quantum

program. A measurement is described by a set M of linear operators on H, such that
M = {M,,} with 3 MM, = I,

where Iy is the identity operator on H, and M;, is the conjugate transpose of M,,.
The subscript m stands for the measurement outcome. Given a pure state |i/), after
applying a measurement M = {M,, }, the outcome m may be observed with probability
Pm = <l//|MmM;|lﬁ>, the state after the measurement with outcome m collapses into
My, |Y) /\/Pm When pp, # 0.

An orthogonal projection is a linear operator P on H that satisfies P> = P = PT, we
call it a projection for short. A projective measurement is a special kind of measure-

ment described by a set of projections {P,,}, that is

M= (P} with 3, P =Tand PyPy=4 1™ ifm=n
0 otherwise
The corresponding observable of projective measurement M = {P,} is ., mPp,
where P, is the projector on the eigenspace of }},, mP,, with eigenvalue m. A critical
property of a projective measurement M = {P,,} is, when a quantum state is a mixture
of unit vectors in P,, for some m, measuring the state with M will return the outcome
m for sure, and leave the state unchanged.

There is a known fact that any general quantum measurement M = {M,,} can

always be implemented by a projective measurement M’ = {P,} with the help of
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introducing a unitary U and ancillary system. Specifically, we need to introduce a
unitary U such that U |¢) |0) = 3, M, |¢/) |m), where |0) is in the ancillary system.
Let P, = I® |m){m|, thus we have P,,U |{) |0) = My, |/) |m). Therefore, our examples
in this thesis would only consider projective measurements for briefness.

One-to-one correspondence between a projection and a linear subspace. We do not
distinguish between a projection and its corresponding subspace. Given the eigen-
decomposition of a projection P = }; [p;){pil, its corresponding subspace is the space
spanned by {|p;)}. On the contrary, we can construct a projection P = }; [¢;) (]
for an arbitrary subspace with its complete orthogonal basis {|i;)}. For example,
give a projection P = |+)(+| = %(% 1), it corresponds to one-dimensional subspace
spanned by {|+)}. For the entire subspace of the one-qubit system, we choose the
basis {|0),|1)} and then get its corresponding projection P = [0)(0] + |1){1| =T .

Fig. 2.1 further illustrates how a projection P takes effects on a quantum state p.
Projection P maps the state p into PpP that lies in the subspace P. Projection P+
maps the state p into P+ pP~ that lies in the subspace P+, where P+ is the orthogonal
complement of P, i.e. P+ = [ — P. The mapping works similarly to the decomposition
of Euclidean vectors where we have Tr(PpP) + Tr(P*pP*) = Tr(p). The states in
subspace P and P+ are orthogonal to each other. For example, projection P = |0){0|
maps state |+)(+| into state [0)(0| /2, and its complement P = |1){1| maps |+){+| into

state [1)(1] /2.

pLppt

Subspace Pt

PpP
Subspace P

Figure 2.1: Projection P on state p.

UIf you choose another basis {|+), |—)}, you will still get the same P = |+){(+| + |-){(~| =]



CHAPTER 2. PRELIMINARIES 19

Superoperator

A general quantum operation, described by a superoperator &, can be implemented
by combining unitary transformations with quantum measurements by introducing
ancilla systems and discarding post-measurement states. Readers may refer to the
system-environment model in Sec.8.2 [NC11] for more details. The following Kraus
representation theorem for superoperator & is necessary to denote quantum noise in

our further discussions.

Theorem 2.1. The superoperator & is a completely-positive map over partial density

operators from D (H,) to D(Hy) if and only if for any p € D(H;), we have

&(p) = Xy ExpE]

for a set of Kraus operators {E. : Hy — H} with Y ExE! < I. TheKraus representation

of & is also written as & = )1 Ey. - E;z for short.

Apparently, both quantum unitary operations and measurements alone can be
seen as special cases of superoperators. It is important to note that the superoper-
ator & is trace non-increasing, as Tr(&E(p)) < Tr(p) holds for any p. We say that a
superoperator & is trace-preserving if ) EkEZ = I, also written as & explicitly. Ad-
ditionally, we use &; o &; to denote the composition of superoperators &, and &,
namely, E;081(p) = E2(E1(p)). Besides, we use tensor products &; ® E; to represent
the combination of two superoperators & € H; and &, € H, over the composite
subspace H; ® H,. The concept of the dual of a superoperator &, denoted by &*, will

also be useful in our further reasoning.

Definition 2.2. The Schrédinger-Heisenberg dual of a superoperator & : D(H;) —
D(H,), denoted by &, is the mapping on any operator A from H, to H; such that

Tr(E°(A)p) = Tr(AE(p))

for any p € D(H;), where we have the Kraus representation &* = ) EZ - Ey.
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2.2 Quantum Programming Language

In this section, we will review the quantum while-language that we will use our logic
to reason. We provide a brief review of the syntax and semantics of this language, and
readers who require more information about it can refer to [Yin12]. We define Var as a
set of quantum variables and use Var(S) to represent the set of all quantum variables
present in a quantum program S. Moreover, we use Hs = ®quar(S)7{q to represent
Hilbert spaces of all the quantum variables in program S. The syntax presented in
Def. 2.3 is slightly different from [Yin12]. We add the statement g := &[§] for general
quantum operations, and rewrite the quantum measurement statement in the form of

the conditional statement.

Definition 2.3 (Syntax). The following syntax defines the quantum while-programs
in [Yin12]:

(Stmts) S == skip | q:=10) | :=Ulql | 4 :=&[ql | Si:S2

|if (Om - M[G] = m — Sy) fi | while M[q] = 1do S od

The statement skip denotes doing nothing. The statement g := |0) initializes a
qubit g to the vector state |0) and keeps other qubits untouched. Notice that there is
no analogy for classical initialization expression (i.e., x := e) due to the no-cloning
theorem of quantum states. The statement § := U|[§] applies a unitary transformation
U on the quantum register g. Similarly, statement g := &[q] applies a superopertor &
on the quantum register g. The conditional statement if (Om - M[g] = m — S,,) fi
performs a quantum measurement M on the register g, and executes subprogram
Sm according to the measurement outcome m. Furthermore, the loop statement
while M[g] = 1 do S od performs a yes-no measurement with two possible outcomes
0 and 1, then terminates or executes S and re-enters the loop correspondingly. It is
important to note that measurement has side effects on quantum states; therefore, the

branches/loop bodies will start with a collapsed state after measurement.
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We model the operational semantics by labeled transitions over program configu-
rations of the form (S, p), where S is the remaining code to be executed, and p is the

current program state. The transition relation — is a ternary relation of type
(Stmtx D(H)) x ((StmtU {]l}) X D(H))

, where | denotes the termination of a program by convention. The operational se-

mantics [Yin12] of the quantum while-language are presented in Fig. 2.2a.

(Sxte) (skip, p) — (L, p) (1) (g = 10), ) — (L, o 10)grlpln), (O])
(U1) (q:=Udgp) — (LUPUYY  (Qo) (g = &[ql.p) — (L.ED))
S1.p) = (Lo (Su.p) = (Sinp)
S S
XD 550 p) = (S p) (3202 550 p) = (5L S0 )

(Ir) (if (am - M[g] = m — Syp) fi, p) = (Sm, MmpM,')
(Lp1) (while M[g] = 1 0d S od, p) — (], MopM; )
(Lp2) (while M[g] = 1 do S od, p) — (S; while M[q] = 1 do S od, M;pM] )

(a) Operational semantics

(Sxre) [[skip][(p) = p (IN) [[q = 10)][(p) = X 10)4¢nlpln) (Ol
(Ur) [g:="Ulglll(p) = UpU" (Qo) [ = &lqll(p) = E(p)
(SEQ) [S1:S2]1(p) = [S2] o [S1]]
(IF) [if (Om - M[g] = m — Sp) fi](p) = Zs Mim © S = Zul[Sm ]| (MimpMy)
(Lp) [while M[G] = 1 0d S od](p) = S50, Mo o ([S] o My)F
Mm(p) = MppM: (R1+R)p=Rip+Rop Rp=p R"=R"1oR
ReoRi={p" | p"=Rip Ap" =Rap" Ap,p',p" € D(H)}

(b) Denotational semantics

Figure 2.2: Semantics of quantum while-language

Here we provide some necessary clarifications regarding statements that differ
from classical ones. The IN statement initializes a variable g in state p to |0)(0| while
leaving other variables unchanged. The initialization can be characterized by a su-

peroperator & = ., |0).(n| - (|O)q(n|)T, where |1//>q((p| denote the outer product of
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the vector states [i/) and |¢) in H,. In the UT statement, the unitary operation U
over the register § performs the transition p — UpUT for any state p € Hy. If we
want to set a variable g to an arbitrary pure state |¢), we usually initialize g to |0)
and then apply a proper unitary U such that U |0) = [¢/). Quantum measurements
are necessary to set a variable to a mixed state. In the IF statement, if the measure-
ment outcome is m, the input state p will collapse into MmpMQ,L1 /pm with probability
Pm = Tr(My, pM,Tn) and then executes subprogram S,,. Here we absorb the probability
pm into the collapse state, and MmpMj;, represents the corresponding measurement
output. Similar to the I statement, the Lr1 statement indicates the termination of the
loop when the measurement outcome is 0, and the Lr2 statement explains the case
when the measurement outcome is 1.

The denotational semantics [Yin12] of the quantum while-language are presented
in Fig. 2.2b. By convention, we use [ S] to denote the semantic function of a program
S. In the Lp rule, Mo o ([S]] o M;)* denotes the k-th unrolling of the loop statement
while M[q] = 1 od S od. The following lemma demonstrates the equivalence between
denotational semantics and operational semantics in Fig. 2.2. It is straightforward to
observe that the denotational semantics of program S with input state p equals the

statistical sum of all feasible output states.

Lemma 2.4 ([Yin12]). For any quantum program S defined in Fig.2.2, we have

[ST(p) = Z{lp": (S, p) = (L)}

where is —* the reflexive and transitive closure of —, and {| - |} denotes a multi-set.

Lemma 2.5 ([Yin12]). For any quantum while program S defined in Fig.2.2, its deno-

tational semantics function [S] : D(H) — D(H) is a superoperator.

2.3 Quantum Predicate

There are typically two kinds of quantum predicates in the literature. The one we

currently do not study is by D’Hondt and Panangaden [DP06b], where they proposed
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to use a positive Hermitian operator whose maximum eigenvalue is bounded by 1 to
serve as a quantum predicate. This constraint allows to establish a complete partial
order on the poset (P (H), <), where P (H) denotes the set of all predicates on Hilbert
space H. In contrast to the classical viewpoint, the satisfaction of a quantum predicate
P by the quantum state p is now represented by an expectation value Tr(Pp) that
lies within the range [0, 1]. From a classical point of view, such predicates are less
intuitive since they discuss the expectation instead of a yes/no answer about whether
a quantum state satisfies a predicate.

In this thesis, we follow the other class of quantum predicates proposed by [BN36],
that is, projections. Projections can be viewed as a trade-off between expressiveness
and practicability. As shown in applied quantum Hoare logic [ZYY19], run-time as-
sertions [LZY*20] and quantum relational logic [Unr19], projections are sufficient to
express important properties, and easy to work with because of its compact formalism
of assertions. The key benefits of using projective predicates are:

« Projections are easy to implement using existing quantum devices. Thus, in-
serting projections as assertions is logically meaningful and implementable for
dynamic checking.

« Satisfaction of a projection is a boolean function, which coincides with classical
predicates, making it easier to incorporate the idea of IL.

« Projection-based run-time assertions (projective measurements) do not affect
quantum states satisfying the predicates.

Although projections can not model all types of bugs, they have a relatively high
performance in capturing specific bugs that enlarge/shrink the subspaces of correct
states.

Before discussing projective quantum predicates formally, we introduce the sup-

port of positive semi-definite matrices (including density matrices) in Def. 2.6.
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Definition 2.6 (Support). If A = }; A; |¢;)(¥;|, where |¢;)s are unit vectors in H
and A; > 0, then the support of A is the subspace spanned by {|¢;)}. Le., supp(A) =

span{[i/;)}.

In particular, the support of a projection P is its corresponding subspace, so we
write P as a shorthand of the subspace supp(P) directly. Besides, we also use the
inclusion binary relation C to denote the partial order on the set of subspaces, and €

to represent the membership of subspaces.

Definition 2.7 (Satisfaction). A quantum state p satisfies a projection P, denoted by

p E P, if supp(p) C P. Contrarily, p ¥ P if supp(p) & P.

Formally, when using projections as predicates, a mixed quantum state p = }; p;p;
satisfying the projection P means that every p; satisfies the projection P. On the con-
trary, for any quantum state p; satisfying the projection P, any kind of ensemble of
{qi, pi} also satisfies the projection P. The identity operator, I, is the largest projection,
corresponding to the entire state space H. The smallest projection is the 0-operator,
instead of the empty set. When interpreted as subspaces, any other projection P on
Hhas0 C P CI

Logical operations on projections are different from their classical counterparts.
We list the definitions of -, A, and V in Def. 2.8, where we use projections to denote

both the quantum predicates and their corresponding subspaces.

Definition 2.8. The logical operations for quantum predicates are defined as follows.

For any two quantum predicates P, Q on H,
—-P == pt PAQ:=PNQ, PV Q == span(P U Q) = =(=P A =Q),
where P+ ::= [ — P is the orthogonal complement of P, and P+ is also a subspace.

The main difference from classical predicates lies in the negation: instead of set
complement as in classical logic, the negation of a projection P is its orthogonal com-

plement P+, which is the projection I — P. Here the binary operator — between predi-
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cates subtracts linear operators instead of sets. This difference leads to different mean-
ings of disjunction operation: the disjunction of projections P and Q is the subspace

spanned by all vectors in P and Q, not merely the union of these two subspaces.?

2.4 Quantum Program Example

A demonstrating quantum program example is given in this subsection for a better
understanding of basic concepts about quantum programs. We will revisit and reason
about this example in Chapter 5. We take a simple program implementing a repeat-
until-success [PS14, BRS15] (RUS) algorithm as an example. RUS algorithms offer
exact, fault-tolerant implementations of a large set of single-qubit unitary gates that
can be used to improve upon the approximate decomposition of single-qubit unitaries
significantly. Implementing the algorithm requires wrapping RUS circuits into a while

loop.

o1+ 10) [T} >

G2 : ) & &b Vi)
Figure 2.3: An RUS circuit implementing V = %

Fig. 2.3 is the smallest RUS circuit for the loop body found in [PS14] that imple-
ments non-Clifford single-qubit unitaries. The qubit g; is the auxiliary qubit, and g
is the target qubit. Besides H and CNOT gates, there is another basic unitary gate
T = cos (x/8)I — isin (r/8)Z used in the circuit. The circuit aims to apply a unitary
operator V = (I + iV2X)/V/3 on the target qubit. The desired operation will have
been achieved when the measurement on the auxiliary qubit g; returns 0. When that
happens, we can exit the program and return the result. Otherwise, we would have to

rerun the circuit. To rerun the circuit based on the measurement result, we wrap the

The intersection of two subspaces still forms a subspace, but not for the union operation.
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circuit into a while loop. Note that the auxiliary qubit serves as the control qubit of

the loop body and the auxiliary qubit for the RUS circuit simultaneously.

1 q1:=10);q1 = X[q:];

2 q2:=10);q2 = Wql;

3 while M[q;] =1do

4 q=X[qilsq1 = H[q1}:q1 = T[q1]; (q1, g2) = CNOT[(q1, g2) I;
5  q=H[ql;(q1,q2) = CNOT[(q1,92)];q1 := T[q1]; q1 == H[q1];
6 od;

Figure 2.4: Example Program Sgys for RUS algorithm

We can encode the whole process into the quantum program Sgys defined in
Fig 2.4. To make sure the program enters the while-loop body, The auxiliary qubit
q1 is set to |1) using an X gate at line 1, and it restores to |0) by an X gate again before
executing the RUS circuit in the loop body. The target qubit g, is set to an initial state
|/) at line 2 by the unitary gate W such that W |0) = |{/). Now we verify how the pro-
gram Sgys simulates the unitary V on qubit g;. According to the semantics defined in

Fig. 2.2, we have the following transitions for the loop statement in program Sgys.

(1st iteration) (while, |1)(1| ® [/){¥]) — (. 10){¢l)

(k-th iteration) (while, ﬁ lo)(el) — b 4%1 |0i<0| 2V
(while, 7= ) (¢])
Here the term while denotes the loop statement between lines 3-6 in Fig 2.4 for
short. The unitary U = (X ® I — iV3I ® V)/2 characterizes the sequence of unitary
computations in Fig. 2.3 and |p) = U |0) ® |). It is direct to see that the state |¢) is

invariant for the loop statement. The denotational semantics can be denoted as

(o)

[Srusli(p) = Z % [0)€0l ® V )y VT = |0)¢ol @ V [ )y | V"

k=2
for any input p on qubits g; and g2. Therefore, the program Sgys outputs the desired

state V' |/) on qubit g, as long as the measurement outcome on qubit ¢; is 0.
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2.5 Ancillary Lemmas

We end this chapter with some necessay ancillary lemmas that would be used in our

further proof. This section can be safely skiped if readers are not interested.

Definition 2.9. For any subspace S of finite-dimensional Hilbert space H, its orthog-

onal complement is S* such that

st ={le) (¥l =0,V[y) € S}

Lemma 2.10. For any subspace S of the finite-dimensional Hilbert H, we have S = S**.

Moreover, we have S; C S; & S{ 2 Sy

Proof. Choose an orthonormal basis of H, says {ey, ..., e,} with {ey, ..., e, } being an

orthonormal basis of subspace S where n > m. We have
$* =span({er, - -, em})”

={w | (e)lw) =0,Ve; € S,w € H}

={w| X aj(elej) =0,w = aje;,Ve; € S,ej € H}

= {W | w = Zj>m ajej} = Span({emﬂ: Tt en})
And we can also have span({em41,- " ,e,})" = S in the same way, i.e., S = S+,
If S; C S,, then we assume an orthonormal basis of S; to be {ey,...,en}, and an
orthonormal basis of S, to be {ei,...,em, ..., e} (n > m). Let {e],..., e,’(} be a basis

of the subspace Sy, then we have (e/le;) =0 (1 < i < k,1 < j < n) by definition of
orthogonal complement. Then we also have that any |e/) must be in the subspace S;-
since (e/|e;) = 0 holds for all elements of the basis of S;, which means the basis of S;-

includes the basis of Sy, i.e S{ 2 S;-. n

Lemma 2.11. For a positive semi-definite matrix A in the finite-dimensional Hilbert

space H,

supp(A) = {[y) | (YIAlY) =0, 1) € H}*.
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Proof. Let A = A; |¢;) (W] be the spectral decomposition with A; > 0. Then

supp(A) = span{[y);)}

where {|1/;)} is a basis of supp(A). Assume {|¢;)} is a basis of supp(A)~, then we have
(Yile;j) = 0 by Def 2.9. Then for any |¢/) € H, we have |/) = 3 a; [¢i) + 2 bj |oj).

{l¥) | (YIA[Y) =0.1y) € H}
={l¥) | X ai y1AlY:) = 0}
={lY) | Zaidi (Y1) = 0,4 > 0}
={l¥) | Zlail*Ai = 0,4; > 0}
={l¥) [ l¥) = Zbjlep} (a:i=0)

= supp(A)™.
Then Lemma 2.10 implies
supp(A) = {Iy) | (YIAlY) =0, |¢) € H}~.
n

Lemma 2.12. For positive semi-definite matrices A,B in the finite-dimensional Hilbert

space H, we have
supp(A) 2 supp(B) iff Ir > 0st. A>rB
In particular, for any p > 0 and positive semi-definite matrices A,
supp(A) = supp(pA)
Proof. Necessity: If there exists r > 0 such that A > rB > 0, we have

A>rB>0
= V) e H, (Y|AlY) 2 ryIBly) > 0
= V) e H, YlAlY) =0= (Y[Bly) =0
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= {1) [V1AlY) = 0.1y) € H} < {lY) [(YIBIY) = 0, |y) € H}

= {lY) [YIAlY) =0, |y) € H}* 2 {ly) [ (YIBly) = 0,]¢) € H}" (Lemma 2.10)
= supp(A) 2 supp(B) (Lemma 2.11)

Sufficiency: Assume the spectral decomposition of A is A = }}; A; [4:)(¥i|, Ai > 0.
Let P4 be the projection on the support of A, and then we have P4 = }; |¢/;)(¢;]. Then
there exits r; > 0 and r, > 0 such that r;Py > A > ryP, if we choose r; = max{A;}
and r; = min{A;}.

Now assume there exits r4, > 0 and rg > 0 such that A > r4P4 and rgPg > B,

where Pg denotes the projection on the support of B. Thus we have,

supp(A) 2 supp(B) = P4 > Pp

1 1 ra
= —A>Py>Pg>—B > A>—
raA B s

B

Particularly, we have supp(A) 2 supp(pA) with r = 1/p and supp(pA) 2 supp(A)
with r = p, thus we have supp(A) = supp(pA) for any p > 0. ]

Lemma 2.13. For positive semi-definite matrices A, B, C and D in the finite-dimensional

Hilbert space H, we have

supp(A) 2 supp(B), supp(C) 2 supp(D) = supp(A+C) 2 supp(B+ D)
Particularly, we have

supp(A) = supp(B), supp(C) = supp(D) = supp(A +C) = supp(B+ D)

Proof. By Lemma 2.12, there exits r; > 0 and r, > 0 such that A > riB and C > r,D.
Let r = min(ry,ry) > 0, we have A > riB > rBand C > r,D > rD. Thus we have
A+C > r(B+D),ie. supp(A+C) 2 supp(B + D) by Lemma 2.12. The particular
case is direct since supp(A) = supp(B) & (supp(A) 2 supp(B)) A (supp(A) C
supp(B)). ]
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Lemma 2.14. For any super-operator & and p,o € D(H), we have

supp(p) 2 supp(o) = supp(E(p)) 2 supp(E(0)).

Particularly, we have

supp(p) = supp(a) = supp(E(p)) = supp(E(0))

Proof.

supp(p) 2 supp(o)

Ir>0.p—ro >0 (Lemma 2.12)
dr > 0.Ei(p - ra)ElT >0

dr > 0.2 Ei(p - ro)EQL >0

=
=

=

= 3r > 0.Y EpE] > rY EcE]

= supp(). EipElT) 2 supp(2. El-aEiT) (Lemma 2.12)
=

supp(&E(p)) 2 supp(E(o))

The particular case is direct since supp(A) = supp(B) < (supp(A) 2 supp(B)) A
(supp(A) < supp(B)). .

Lemma 2.15. For a projection P and a matrix K, we have
Vo £ supp(KPK') = JpEeP.o =KpK'

where p,o € D(H).

Proof. Assume an orthonormal basis of the support of projection P is {|e;)}, then
{K |e;)} is also the basis of the support of matrix KPK'. Assume the spectral decompo-
sition of o is ¢ = 3 A; [¥i)(Wil, [¥:)(¥i] & supp(KPKT), then we have |¢/;) = 3. a;jK |ej).
Let 2. a;j lej) = pi |@i) with (¢; [@;) = 1. Then,

o= X A1) Wil = X Al K o) {eil KT
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It is clear that |¢;){¢;| E P. We can set

p = 2 Ailpil? loi) @il £ P.

Lemma 2.16. A composition of super-operators is also a super-operator.
Proof. Given any two super-operators & and ¥, we have
(F 0 8)(p) = F(&(p) = T (L EipE))

=2 F(X EiPE,T)F]T

= S(FE)p(FiE)' = % KijpK]; = K(p)

where K;; = F;E;, K = ¥ o & is a super-operator. Thus the composition of super-

operators is also a super-operator. u

Lemma 2.17. For any two positive semi-definite matrices A and B in the finite-

dimensional Hilbert space H, we have

(supp(A) V supp(B))* = supp(A)™* A supp(B)*

Proof. Let{|e;)} be the orthonormal basis of the Hilbert space H, then we can find two
orthonormal bases {|a;)} and {|b;)} of the support of matrices A and B respectively,
where {|a;)} C {le;)} and {|b;)} C {|e;)}. By the definition of the operation A and V

on the subspace, we have

supp(A) V supp(B) = span({|a;)} U {|b:)})

supp(A) A supp(B) = span({[a;)} N {[b:)})

Then we have

(supp(A) V supp(B))* = span({|a;)} U {|b) })*
= span({|e;) }\({lai)} U {|b:)}))
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= span(({le;)}\{la)}) N ({len) }\{|b:}}))
= span({|e;) }\{|ai)}) A span({|e;)}\{|b:}})
= supp(A)™ A supp(B)*

where we use the fact supp(A)* = span({|e;)}\{|a;)}) from the definition of support

and operation L on the subspace. ]

Lemma 2.18. For any two positive semi-definite matrices A and B in the finite-

dimensional Hilbert space H, we have

supp(A) V supp(B) = supp(A + B)
Particularly, we have supp(A) V supp(B) = supp(r1A + ryB) foranyr; > 0 andr, > 0.

Proof.

(supp(A) V supp(B))™ = supp(A)" A supp(B)~  (Lemma 2.17)
={lY) | Y1AlY) = 0,1¢) € H} A{lY) | (¢IBlY) = 0,¢) € H}
={l¥) | WIAlY) =0 A YIBlY) = 0,]y) € H}

={lY) | (WIA+Bly) =0,|y) € H} = supp(A+B)*

where we use the fact that (Y|Aly) = 0 A (¥|Bl¢) = 0 & (Y|A+ Bly) = 0 since
(Y|Aly) > 0 and (¢|B|¢) > 0 for any |¢/) € H. Thus we have supp(A) V supp(B) =
supp(A + B) by Lemma 2.10. The particular case is direct since supp(A) = supp(pA)
for any p > 0 by Lemma 2.12. |

Lemma 2.19. For any density operator p; and projection P; in the finite-dimensional

Hilbert space H, if p; 4 P; holds for every i € Z*, then we have }, p; 4 VP;.

Proof. By Lemma 2.18, we have VP; = supp(2}; P;). And given it p; 4 P; for every i, it
is direct to have supp(}}; p;) 2 supp(2}; P;) by Lemma 2.13, i.e. 3 p; 4 VP;. ]
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Lemma 2.20. For any program S defined in Fig. 3.2, there are super-operators &; such
that for any p € D(Hs),

[S1e(p) = {(Eilp). X) | i € Z7}.

where each &; corresponds to any path of S described by the transition (S, p) 5 {
,&Ei(p)), and A; is the counting number of such paths.

Proof. We proceed by induction on the structure of S and case study on e.

(1) Case S = error. We have &(p) = IpI' for [S]er = {|(p, p)|}, and E(p) = 0p0°
for [STox = {l(p, 0)1}.

(2) Case S = skip. We have &(p) = IpI' for [S]or = {|(p, p)|}, and E(p) = 0p0°
for [S]ler = {I(p, 0)[}.

(3) Case S = q := ]0). We have &E(p) = ZEipEiT for [S]ox =
{1(p, 103 (nlplny O]} with B = [0),il, and E(p) = 0p0" for [S].r =
{I(p, 0)[}.

(4) Case S = G := Ug. We have E(p) = UpUT for [S]ox = {I(p,UpUT")|}, and
&(p) = 0p0” for [S]er = {|(p, 0)[}.

(5) Case S = S1;S,. By the induction hypothesis on S; and S,, we have

[SilleCp) ={1(Ei(p).n) 1} [Selle(p) = {I(Fj(p). mj)I}

For the [[S; ]Jox case, by Fig. 2.2b we have

([Sillox o [S2le)(p) = {(p",nxm) | ((p, "), n) € [Si]ok and ((p’, p"), m)
€ [S2]e}
= {((Fj 0 &) (p), ni = my) | Vi. ((p, Ei(p)), mi) € [Si]lok and V. ((Ei(p),
(Fj 0 &) (p)).my) € [S2]e}
= {((Fj 0 &)(p), ni = my) | Vi, j. ((p, (Fj 0 E)(p)), ni = my) € [Si]lok © [S2]le}



CHAPTER 2. PRELIMINARIES 34

(6)

(7)

= {Vi, j. (%j(p),ni *m;)} (Lemma 2.16)

where K;; = ¥; o &; is also a super-operator.

By Fig. 2.2b, we have shown [[S],x and [[S1]lok © [Sz]ler- For the er case,

[[S]]er = [[Sl]]ok © [[SZ]]er W [[Sl]]era

we only need to show the [ S ], case, that is
[STer(p) = {(p".n) | ((p, p"), i) € [Siller} = {(Eip1), i)}

Case S = if (Om - M[q] = m — Sp,) fi. By the induction hypothesis on S,,, we

have
[[Sm]]e(p) = {(Smi(p)»/lmi) | i,m; € Z+}
By Fig. 2.2b, we have [[S]c = Wy (M o [Sm]e), then

[STe(p) = {(p"s Am) | (p. pm) € M and Vm, i. ((pm, ), Am;) € [Smlle}
={(p", Am;) | Ym,i. ppy = MmPM;vP/ = Em; (pm) }
= (V1. ((Emy © M) (9). Am)} = {¥m 1. (Kon,(p), Amy)} (Lemma 2.16)

where K, = Ep, © M, is also a super-operator.

Case S = while M[q] = 1 do S’ od. By the induction hypothesis on S’, we have
[STok(p) ={(&Ei(p). 1)} [S']er(p) = {(Fi(p), m))}

To make it compact, we define

while), : = (M o [S']ox)" © Mo
while], : = (M; o [S']lox)" © My o [S ]er-

For the ok case, by Fig. 2.2b we have [S]ox = ey while], it suffices to show

that the lemma holds for while], for any n € N.

whilel, (p) = (My o [5'To0)" © Mo) (p)
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= {(pp [Ty i) | Vin .. in. (po, pg) € Mu. ((pg p1), 1) € [S'Tloks -+
((Pp-1:Pn)s 1i,) €[S Noks (pnr p) € Mo}
= {(ph Ty i) | Vit in. p = MipoMy. p1 = Ei, (pf). -+
pn = Ei, (Pro)s P = MopuMy }
= {Vii...in. (Moo &, o My---&E;; o Mi)(po), [T, i)}
where My o &; o My --- &, o M, is also a super-operator.

For the er case, by Fig. 2.2b we have [[S].; = 4, while},. Similarly, it suffices

to show that the lemma holds for while], for any n € N.
whilel,(p) = (M o [S']or)" © (Mo [S']e)(p)
= {(po,mj * [Tp_ L) | Viz ... in, j. (po, pg) € Mu, ((pg, p1)s 1) € [S"Toks =+ -
((Pne1s ) 1)} € [S Noks (s p7) € Mu, ((0s prt)s ;) € [S'Ter}
= {(pos mj * T10_, li) | Vit i . p) = MipoM;, p1 = & (pf), -+ -
Pl = MipuM, prar = F(ph)}

={Vi1...in j. (Fjo My 0 &, 0 My E;; o My)(po), mj =TT}, li)}

where Fj o My o &;, o M;---&;, o M, is also a super-operator.

Lemma 2.21. For any quantum program S, S; and any p € D(Hs), we have

Z([S1]or o [S2lle) (p) = Xl Selle (X[ S1]ok(p))

Proof. Lemma 2.21 comes from the linearity of super-operator. We proceed to prove
the following fact first. Let py, po € D(Hs) and Ay, A2 > 0. If A1pg + Azp2 € D(Hs),

then for any program S we have,

[S1e(A1p1 + Azp2) = {(M1Ei(p1) + A2Ei(p2), mi) | ((p, Ei(p)), i) € [S]e, p € D(Hs)}

For any super-operator &(p) = X Eka;z, it is direct to see

E(Aip1 + A2p2) = Sp Ex(Mip1 + Aap2)E} = My S ExpiEf + Az X Expo]
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= h&E(p1) + 12E(p2)

Thus this fact is directly derivable from Lemma 2.20, where the whole operation on
the input state through any path of our quantum program can be viewed as a super-

operator. Thus we have

2IS1e(Aipr + Azp2) = 2 ni x (MEi(p1) + 12E:(p2))
=M 2ini *Ei(p1) + A2 Xy ni x Ei(p2) = A Z[[S]e(p1) + A2 Z[S]e(p2)

Thus for [[S; ] ox © [S2]e, we have

([S1llox o [S2lle) (p) = {(pfjs @i = Bij) | ((p, pi)s @) € [Sillows ((pfs pi)s Bij) € [S2le }

by our semantics, then apply X [S]lc(A1p1 + A2p2) = A1 Z[S]e(p1) + A2 Z[S]e(p2) to

have

Z[[Sz]]e(Z[[Sl]]ok(P)) = Z[[SZ]]G(Zi OfiPl{) =2 ai(Z[[Sz]]e(P,{)) =2 ai(Zj ﬁijpl{;')
= 2ij aipijpi; = Z([Sillok o [S2]le) (p)
thus we have Y ([S1]ox © [Sz2]le) () = Z[S2]le (X[ S1]0k(p))- u

Lemma 2.22. Let p, 0 € D(Hs) and supp(p) 2 supp(o), then for any program S, we
have supp(S[S]c(p)) 2 supp(S[S](0). Particularly, we have supp(S[S]c(p)) =
supp(X[[S]e(0)) if supp(p) = supp(c).

Proof. By the Lemma 2.20, we have
[STe(p) = {.(Ei(p), Ai) | i € Z7}.

where &; is a super-operator. Notice that we have supp(&E;(p)) 2 supp(Ei(o)) if
supp(p) 2 supp(o) by Lemma 2.14, then

supp(S[ST(p)) = supp(Z; 1iEi(p)) = Visupp(Ei(p))  (Lemma 2.18)
> Visupp(&i(0)) = supp(3; &i(0))  (Lemma 2.18)
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= supp(X[S]e(o))

The particular case is direct since supp(p) = supp(c) < (supp(p) 2 supp(o)) A
(supp(p) C supp(0)). u

Lemma 2.23. To be specific, for any statement defined in Fig. 3.2 and quantum predicate

P, we have
(1) post([[skip]lo)P = P post([[skip]|)P =0
(2) post([error] )P =0 post([error].)P =P
(3) post([q = Uq]l )P = UPUT post([g = Uq].)P=0
(4) post([q = 10)]ox)P = supp(Z, 0}, (nlPln), (Ol) post([q = 10)] )P =
0

(5) pOSt([[Sl;SZ]]ok)P :pOSt([[SZ]]ok)(pOSt([[Sl]]ok)P)
pOSt([[SUSZ]]er)P = POSt([[SZ]]er)(pOSt([[Sl]]ok)P) VPOSt([[Sl]]er)P

(6) post([if (om - M[q] =m — Sp) fi]e)P = Vimpost(Mp o [Sm]e)P

(7) post([[while M[g] = 1 do S od] )P = Vupost(Mj o [S']ox)™ © Mo)P
post([while M[g] = 1 do § od[[.)P = V,post(My o [S']oe)" o My o ['].)P

Proof. We prove the specific form of post([|S]¢)P by induction on the structure of S.
(1) Itis direct to check that the lemma holds for the error and skip.

(2) Case S = q := 10). For the ok case, let p = P/Tr(P), then we have

supp(Z[S]ok(p)) = supp(X, [0}, (nlpln), (01) = supp(Z, |0), (n|P|n}, (0]) by
Lemma 2.12 and 2.14, where supp(p) = supp(P). For the er case, it is direct to
have post([S] )P = o.

(3) Case S = g := Uq. Similar to the case (2).
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(4)

(5)

(6)

Case S = S1;S;. We have post([Si]e)P = supp(X[Si]e(P/Tr(P))) from the
induction hypothesis for i € {1, 2}. Let p = P/Tr(P), p’ = X [[S1]ok(p), thus we
have R = supp(p’) = post([[S1] ox)P-
For the ok case, we have
supp(X[S]oc(p)) = supp(X[S2llor(p”))  (Lemma 2.21)
= supp(X[S2 ]| ok (R/Tr(R))) (Lemma 2.22)
= post([[S2]lox)R (hypothesis on S5)

= POSt([[Sz]] ok) (pOSt([[Sl]] ok)P)

For the er case, we have

supp(2[S]er(p)) = supp(Z[Sz]ler(p”) + Z[S1]ler(p))  (Lemma 2.21)

= supp(S[S2]e () V supp(S[Si](p)  (Lemma 2.18)

= supp(S[S2 ] (R/Te(R) V supp(S[S: [ (P/Te(P))  (Lemma 2.22)

= pOSt([[SZ]]er) (pOSt([[Sl]]ok)P) v pOSt([[Sl]]er)P (hYPOtheSiS on 5 and 52)
Case S = if (am - M[qg] = m — Sp) fi. We have post([Sn]c)P =

supp(X[Sm]le(P/Tr(P))) from the induction hypothesis for every m. Let p =
P/Tr(P), then we have

supp(X[S]e(p)) = supp(X,, X (Mm o [Smlle) (p))
= Vusupp(Z (M © [Sm]le)(p)) (Lemma 2.18)

= Vmpost(Mp o [Sm]le)P (induction on the sequence)

Case S = while M[q] = 1 do S’ od. To make it compact, we define

while} : = (Mj o [S']ox)" o Mo
Whﬂegr L= (Ml o) [[S,]]ok)n o M1 o [[S,]]er

Let p = P/Tr(P), by our semantics, we have

supp(Z[STok(p)) = supp(X, X[ while]?, (p))
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= Vasupp(Z((My 0 [§']or)" 0 Mo)(p))  (Lemma 2.18)

= Vppost(My o [S']lox)” © Mo)P  (induction on the sequence)

Similarly, we have supp(S[S]er(p) = Vapost((My o [$'Tor)" 0 My o [S']r)P.
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Chapter 3

Quantum Incorrectness Logic

Bug-catching is important for developing reliable programs. Motivated by O’Hearn'’s
incorrectness logic (IL) [O’H19] for classical programs, this chapter proposes the quan-
tum incorrectness logic (QIL) [YJY22] towards a logical foundation for static bug-
catching in quantum programming. We consider only quantum programs with classi-
cal control, and bugs at the software level. We expect software-level bug-catching to
be important for both near-term and error-corrected quantum computing; because we
are not aware of any quantum algorithm that is robust to logical bugs (instead of noise
that arises in hardware). In this chapter, we propose an incorrectness logic towards a
logical foundation for static bug-catching in quantum programming. The validity of
formulas in this logic is dual to that of quantum Hoare logic. We justify the formu-
lation of validity by an intuitive explanation from a reachability point of view and a
comparison against several alternative formulations. Compared with existing works
focusing on dynamic analysis, our logic provides sound and complete arguments. We
further demonstrate the usefulness of the logic by reasoning several examples, in-
cluding quantum teleportation (5.1), Grover’s search (5.2), and a repeat-until-success
program (5.3). We also automate the reasoning procedure with a prototyped static

analyzer built on top of the logic rules.
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Organization of Chapter 3. In Sec. 3.1, we explain the motivations for character-
izing quantum errors using projections and extending the concept of reachability in
classical programs into quantum settings. In Sec. 3.2, we introduce the modified lan-
guage based on Ying’s work [Yin12] to characterize abnormal terminations and match
our incorrectness logic. We formally introduce the under-approximation relation, a
quantum version of incorrectness triple, and the duality between quantum correctness
and incorrectness triples in Sec. 3.3. In Sec. 3.4, a proof system for QIL triples is pre-
sented. In Sec. 3.5, we prove that our proof system is sound and complete. In Sec. 3.6,
we discuss the reasons for our choice by comparing our triple with other alternatives.
Examples are given in Chapter 5 for demonstrating the incorrectness reasoning by
QIL, namely Grover’s algorithm, quantum teleportation, and a repeat-until-success
program. In these examples, we introduce and reason about two types of bugs men-
tioned in Huang et al. [HM19b]. We also developed a prototyped static analyzer built

on top of our proof rules to automate the reasoning.

3.1 Motivations and Ideas

We choose to adopt the convention of using projection-based quantum predicates
from the quantum logic [BN36]. This approach has proven successful in reasoning
about the correctness [ZYY19] of quantum programs and designing dynamic asser-
tions [LZY*20]. Now we hope to extend the ideas of classical incorrectness logic into
the quantum settings while still using projection-based quantum predicates. The triple
[presumption] code [result] of classical incorrectness logic [O'H19] can be interpreted

as
Every state in the result is reachable from some state in the presumption. (3.1)

There are some naturally arising problems if we want to apply this idea to the
quantum settings. The first problem is how to characterize an erroneous quantum

state using a projection. We can not use a projection to characterize erroneous states
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directly since it may lead to false positives, which must be avoided in bug-finding. The
next problem is how to explain the reachability of states in quantum settings. That is,
we need to figure out the meaning of reaching everything in (that is, achieving) the
result predicate in quantum settings. In this subsection, we explain our ideas for these

two problems in detail.

How to characterizing errors?

We first need to answer how to precisely characterize an erroneous state p that does
not satisfy a quantum projective predicate P. Here we use a simple example to demon-
strate that projection and satisfaction (Def. 2.7) cannot capture some erroneous states
without introducing false positives.

Let P, be the projection [0){0| for characterizing correct states, and let p, =
%(|0)(0|c +]1)(1|,) is a probabilistic mixture of the correct state |0)(0|, ¥ P, and the
erroneous state |1)(1|, ¥ P, which means that p, is also an erroneous state. Here
we use subscripts ¢ and e to distinguish between correct and erroneous states or the
corresponding assertions. If we use satisfaction to specify the erroneous state p,, we

need to find a projection Q, such that p, £ Q.. Assume such a Q, exists, it means that

10)€0]. € supp(pe) S Q-

That is, a correct state [0)(0|, also satisfies Q., which is a false positive.

The problem is that the support of an erroneous state p, # P is not necessarily or-
thogonal to P. Characterizing p, using satisfaction and projection may falsely capture
correct states. Notice that classical IL does not have this problem because any state
0. ¢ p can be precisely characterized by {o.} C —p.

Our solution is that we can replace the satisfaction relation with an under-
approximation relation for characterizing errors. We say state p is under-approximated
by projection P, denoted by p 4 P, if supp(p) 2 P. The under-approximation relation
is the inverted satisfaction. Intuitively, it means that p can be a mixture of states that

contains |/;) described by P = )’ |1/;)(¥;], and vector states in P are the “100%” errors.
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With this relation, we can characterize p, = %(|O)<0| +(1)(1]) by pe = |1)(1| without

introducing false positives.

How to interpret reachability?

In classical incorrectness logic, the triple requires the result predicate to be achieved,
which means every state o satisfying result can be obtained after the execution. For
quantum programs, it is unreasonable to directly adopt this idea by replacing F with
4 because it is commonly impossible to reach every p in the set {p | p 4 P}.

Here we also use a simple example to demonstrate the difficulty. Let us consider a

program measuring a single qubit g with M = {|0)(0], |1)(1]}:
if (M[q] = true — skip O false — skip) fi // achieve |0) (0|

The program has at most 2 possible output states |0)(0| and |1)(1| for any input state,
thus is unable to “achieve” a reasonable projection |0)(0|, which under-approximates
an infinite set of states, e.g., {1]0){0| + (1 — A) |1)(1] | A € (0,1]}. How should we
interpret “achieving” a projection in the quantum settings to make the reachability
analysis meaningful?

Actually, we can interpret achieving P as “P under-approximates the probabilistic
mixture of all reachable states” This interpretation is reasonable in the sense that
if the projection P is “achieved”, then any pure state |[/) € P can be obtained by
measuring the final state of some execution path, using the measurement {|¢)(y/|,I—
|Y)(¥|}. With such an interpretation, we avoid reaching infinitely many states to
“achieve” a projection. In the above example, |0)(0| is the only non-trivial projection
that under-approximates the possible output state |0). We “achieve” the projection
|0)(0| whenever it is possible to obtain the state |0) via the false branch.

Now we can informally give the semantics of a QIL triple [P]S[Q] that follows

directly from the new interpretation of “achieving”:

If a state achieves P, the mixture of its reachable states after executing S achieves Q.
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This statement can be equivalently described as post(S)P 2 Q, where post is the largest
achievable postcondition defined formally in Sec. 3.3. We list the key ingredients of

IL and QIL discussed above in Table 3.1 for comparison.

Table 3.1: Comparison of the key ingredients in IL and QIL. Here o and p are classical
state and predicate, p and P are quantum state and projection.

Key Ingredients | IL \ QIL
Assertion p (set of states) P (linear subspace)
o or p is erroneous o€E-p p 4 Q for some Q € P

por P is achieved (UO’ reachable{o}) 2p (Zp reachable p) 4P

3.2 Extended Quantum While Language

In this subsection, we introduce the extended quantum programming language with
classical controls to match our quantum incorrectness logic. We extend the quan-
tum while language [Yin12, Per08b, Per08a] by adding the error statement to capture

errors and encode the assert statement.

Syntax

The modified syntax of the extended program language is defined in Def. 3.1. Com-
pared with the syntax described in Def. 2.3, we add the error statement to capture
errors and ignore general quantum operations for simplicity. The newly introduced
error statement halts the execution and signals an error. One of the main applications
of error is to encode projection-based assertions [LZY*20] for quantum programs, to

test whether a property holds at a particular program point.

Definition 3.1 (Syntax). The extended quantum while-programs in [YJY22] is de-
fined as follows:
(Stmts) S == skip | S;;S2 | q:==10) | g:=Uq|if (om- -M[q] =m — Sp) fi

| while M[g] =1do S od | error
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An assertion in classical programming languages typically tests whether a pred-
icate (a boolean-valued function over program states) holds at a particular program
point. If the test succeeds, the execution continues; otherwise, the program terminates
abnormally and may throw an exception. For quantum programs, such tests on quan-
tum states are not generally feasible because i) the only way to observe a quantum
state is by measuring the state, and ii) measurement has side effects over quantum
states in general.

To achieve a similar quantum counterpart of an assertion, we restrict the predicate
to be a projective measurement, following the approach of [LZY*20]. Concretely, we

encode the assert(g, P) statement as follows,

assert(q, P) == if (Mp[q] = true — skip O false — error) fi

where Mp = {Mirue, Mfatse }» Mirue = P, Mgatse = I — P.

where P is a projection over space Hj, indicating a certain property over g. Projective
measurement is suitable for encoding assertions because for a state p,
« if supp(p) C P, the outcome of Mp[g] over p will be true for sure, and p keeps
unchanged after measurement; thus assertions will not affect future executions,
« otherwise, there is a non-zero probability that the outcome of Mp[q] is false,
and an error would arise.
Compared with classical assertions, it is clear that quantum projective assertion
assert(q, P) can not certainly assert the property of p lying in the subspace P for only
one test. An abnormal termination caused by assert(g, P) can then be viewed as evi-
dence of a bug. Intuitively, it means some part in p lies out of P. Notice that projective
assertions will not bring any false positives, but they may suffer from false negatives
since an erroneous state that does not satisfy P still has a probability of passing the
test. Generally speaking, false positives are not allowed due to the requirement of
soundness, while false negatives still turn up from time to time due to the lack of

completeness.
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Semantics

The semantics of the extended quantum while programs are standard, except for the
treatment of the newly introduced error statement. To distinguish abnormal termi-
nations caused by error from those normal terminations, we adopt the exit condition

€ from the incorrectness logic [O’H19].
(ExitCond) € ::= ok | er

The value of an exit condition € can be either ok or er. Here ok is for normal termi-
nations, and er is for abnormal terminations caused by error statements. We call the

output of normal/abnormal terminations as normal/abnormal states, respectively.

Operational Semantics

Similarly, we model the operational semantics by labeled transitions over program

configurations of the form (S, p). The transition relation — is a ternary relation of
type

(Stmt x D(H)) x ExitCond x ((StmtU {]}) x D(H)),

where | is used to denote the termination of a program by convention, and extra
"ExitCond" is added to match our syntax in Def. 3.1. A transition is denoted by (S, p) 5
(', p’), and the label € ranges from {ok, er} to indicate a normal/abnormal transition.
The operational semantics of the extended quantum while-language is formalized in
Fig. 3.1, where transition relations labeled with er are included.

Transitions labeled by ok in Fig. 3.1 are essentially the same as the standard oper-
ational semantics in Fig. 2.2a of the quantum Hoare logic [Yin12]. We explain the two
transitions with the erlabel. The transition rule for error is intuitive. It terminates the
execution, raises an er label, and returns the quantum state untouched. The transition
rule for S;; S, with the erlabel says that when the execution of S; encounters an error,
then the execution of the entire program immediately terminates abnormally, discard-

ing the remaining code including S,. To describe multiple-step executions where only
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the label of final execution is interesting, we use the notation— , Where € is the exiting
condition, and € = ok if no step is taken.
ok er ok
(skip, p) — (l. p) (error, p) — ([, p) (G:=Ugp) — (L,UpU")
ok
(q:=10), p) = (. X 10)4(nlpln),{0[)

S1py 55 (L p')

ok ,
(81582, p) — (S2,p")

GE (Tm - M[G] = m — S) i, p) 2> (Sps Mpnp ML)

ok ;. er ,
(S1,p) — (S, p") Sup) = p")
(81552 p) > (5150, p") (81552.p) = (L.p")

(while M[g] = 10d S od, p) <> (1, MypM)
(while M[g] = 1do S od, p) ok (S; while M[g] =1do S od, MlpM;r)

Figure 3.1: Operational semantics for QIL

Denotational Semantics

The “mixture of all reachable states” mentioned in Sec. 3.1 is a critical component
of our incorrectness triple. The operational semantics in Fig. 3.1 characterizes one
possible execution path at a time, which is not convenient for formalizing the incor-
rectness triple. We introduce denotational semantics to collect those reachable states
from an input program state. The denotational semantics prove to be equivalent to
the standard operational semantics.

Similarly, we use [[S]¢ to denote the semantic function of a program S with exit
condition €. The semantic function has the type below. Intuitively, [[S] maps a pro-

gram state to the collection of reachable final states with exit condition e.

[S]e : D(H) — Mset(D(H))
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Here Mset(A) is the type of multi-sets (sometimes called bags) over the universe A. A
multi-set is defined as a function of type A — N that maps an element to its multiplic-
ity. We use multi-sets instead of sets because the same final state might be obtained

from different execution paths.

[error]oxp = 0 [error]erp = p

[skiploxp = p [skip]lerp =0

[ =10} ]okp = 2 10)¢(nlpIn) (0l [g:=10)]erp =0

g = Uglokp = UpU* [¢:=Uqllep =0

[S1:S2llok = [Sillok © [S2llox [Si:S2]ler = ([Si]lok © [Seller) W [S1]ler

[if (m - M[q] = m — Sp) fi ok = W (Mim © [Sm]lor)

[if (@m - M[q] = m — Sp) filler = &, (M © [Sm]ler)

[while M[g] = 1 do S od]lox = Wren (M1 o [S]or)" © Mo)

[while M[g] = 1do S od]er = Wyen((Mi © [S]or)™ © (My o [[S]er)

Mump = MypMy, Wy = {(p,v1(p) +v2(p)) | p € D(H)}
(RIWR)p=RipWRyp R°p={(p,1)} R*=R"1oR
(RioR2)p ={(p”,ninz) | ni =Ripp” Anz =Rop’p” Ap,p’,p”" € D(H)}

Figure 3.2: Denotational semantics for QIL.

Formally, we define the semantic function in Fig. 3.2, with auxiliary definitions
listed at the bottom. Most of the formulations explain themselves. We assign the
meaning of impossible executions like [[error]xp with the 0-state, indicating this
is an impossible event. Among these auxiliary definitions, M,, denotes the seman-
tic function of M,, in the measurement M|[g], and we use R for a function of type
D(H) — Mset(D(H)), Rp is the multi-set obtained by applying R to p, and Rpp’ is
the multiplicity of p’ in Rp. The operation v; Wv; is the union operation over multi-sets
v1 and v,, and in R; WR,, W is the pointwise lifted operation between multi-set valued
functions. By our denotational semantics, the probabilistic mixture of all reachable

states can be formulated by the sum of a multi-set v of partial density matrices, de-
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noted by Y [[S]. The sum }[S] converges [Sel04b, Yin12] and thus is well-defined.
Noticed that our denotational semantics for QIL is different from Fig. 2.2b. In Fig. 2.2b,
[S] is a direct mapping from D (H) to D(H), which is the sum of all outputs.

It is straightforward to prove that the denotational semantics is equivalent to the

operational semantics, as formulated in Theorem. 3.2.

Theorem 3.2. For any program S, and p € D(H), the denotational semantics is equiv-

alent to the operational semantics modulo 0-states, that is,

([STep) {0~ 0} = ({(pn) | (5. p) =, (LpH{0~ 0}.

Here {0 ~> 0} means discarding 0-states from the multi-set. We discard 0-states because
the denotational semantics would introduce other multiplicities of 0-states when encoun-
tering impossible executions like skip with er exit condition. The notation (S, p) i:
({, p’) means there are n distinguished execution paths that terminates at p’ with exit

condition €.

Proof. We proceed by induction on the structure of program S and show the equiv-
alence between denotational semantics and operational semantics, i.e., ((p, p’),1) €

[S]e © ¢S, p) i’; {{, p’) where p’ # 0. Obviously, it is direct to have

ok * ;o €T "o € AN
<S:P> _>/11 <S,p>_>/lz <S > P > < <S’p>_>/ll*/12 <S > P >

by combination. In this proof, we view ([S]p){0 ~> 0} as the multi-set without any

member being 0 for convenience.

(1) It is direct to check that these two kinds of semantics are same for the basic

deterministic syntax such as error, skip, q := |0) and g := Uq.

[error].. = {|(p, p)|} & (error,p) = (1, p) for any p € D(Hs)
[skiplox = {I(p. p)I} & (skip. p) > (1, p} for any p € D(H)
[q = 10)]ok = {|(p. EGDI} & (g = [0}, p) <> (L E(p)) for any p € D(Hs)

L3 = Udloc = {|(p. UpUDI} & (g:=Ug,p) > (L, UpU") for any p € D(Hs)
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where &(p) = 3,10)(nlpln), (0.

(2) S = S35 We have ((p,p) ) € [S]e © (S,p) 5, (L.p') for S; and S,
respectively by inductive hypothesis, then we need to show this hypothesis also

holds for S;; So. For the ok case, we have

[S15S2]lox = [S1llok © [S2]l ok

= (((props)s 2+ 22) | (1o p2)s ) € [Tk and ((pz, p3),22) € [2]ok)
= ((props) A+ 22) | S1opr) S, (Ui pa) and (S5 2 5, (L po)}

= (((props)o s # 22) | (51552 p1) s, (o) S50, (Lops))

= ((props)o A % Aa) | (S50 p1) 25 (Lops))

For the er case,

[St;S2ller = [Sillok © [S2ller @ [S1]ler

= {((p1, p3)s A1 % 22) | ((p1, p2), A1) € [S1llok and ((pz, ps), Ao) € [Szler)
@ {((p1, p3), 23) | ((p1,p3). 3) € [S1]ler}

={((p, p"), A1 % A+ A3) | ((p, ), A1 % A2 + A3) € [S1; Sz]ler }

= (P p) A1 5 22) | (51550 p1) oy, (S22 Doy, (L))
@ {((pr p3). As) | (St p1) Do, (L psd)

= {((p.p))s 1 # Ao+ A3) | (81582, ) =iz, (L P}

3) S = if (am - M[g] = m — S,) fi. We have ((pm, p")sAm) € [Su]e ©
(Sm> Pm) i;m {, p’) for S,,, by inductive hypothesis.

[[S]]e = mem o [[Sm]]e
={((p, "), Am) | Ym. (p, pm) € My and ((pm, p')s Am) € [Smlle}
= {((p ') Am) 1Y (S, ) 5 (S p) ., (L))}

= {((p, ), Am) | Y. (S, p) S (L )}
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(4) S = while M[g] = 1do S od = while. We have ((p,p'),4) € [S']e &
(S, p) i: {{, p’) for S’ by inductive hypothesis. To make it clear, we use
(pi-p}) € My and ((p}, pi+1), i) € [S']ox to denote the transition of states

in the loop. we also define

while, : = (M o [S"]lox)" © My
whllezr L= (Ml o ":S,]]ok)n 1) Ml o [[S’]]er.
For the ok case, we have [S]or = Waen((My o [S"]or)" © Mo) = Wpen while], .

Thus it suffices to show ((p, p’),A) € while], < (while,, p) i/l {, p’) for

any n € N. For any n € N, we have

while”, = (M, o [T o Mo = {((p,p).2) | (p, p'), ) € whilel, }

= (o) 2) | (pos p) € My and ((pf p), 1) € [8' Tk © (M o [8'10"™ 0 Mo}

= {((po, ), ) | (po, py) € My and ((pg, p1), 40) € [S'llok and ((p1, p'), 1/ A0) € whilel !

= {((po- ). 1) | ((pos p1), Aa) € My o [8 Tk and ((py, p), A/ o) € whille's")

= (o) M) | (oo ) 2 = T A) € (M o [8']00)" and (o p) € Mo}

= {((po P 2) | ((pos "), A =TT A5) € while”,}

= {((po,p'),2) | (Whilely, po) 255 ([8"Jox 0 whilec%, i) 25, (while!", py) and
((p1rp), 1/ 20) € while 1}

= {((po, p"); A) | (while},, po) &:0 (whilel;", p1) and ((p1, p), A/ A) € whilel '}

= {((po. ) ) | (while®y, po) L5, ppo-r), (whilely. p,) and (py. o) € whilel, = Mo}

= {(((po- ). ) | (whilel po) 25 (L p, A = 125 A1)

For the er case, similarly, we have [S]er = Wner(M1o[[8] )"0 (Myo[S].) =

Wyen whilel,. It suffices to show ((p, p’),A) € while], < (while], p) i’; {

, p") holds for any n € N. For any n € N, we have

while?, = (My o [']o0)" 0 (My 0 [8']) = {((p, 02, ) | ((p. p'), 2) € whilel, }
= {((p0. 21 ) | ((po. pu) A/ = T8 ) € (M 0 [S'Tot)"s (pme ) € M,
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(0l '), ) € [5'Ter)

= {((pos PN | (o), A = TT1g A) € whilel, )

= {((por ). 2) | (whiilel po) 257 /3, = 10 2, M © [ Ton pr) 25
S Ten £ 55, (Lo

= {((pos P 2) | (Whilely, po) 25272, = 10 20 (U8 Te ) o5, (L))

= {((po, p'), 1) | (while”, po) <557 (1, p'), A = [Ty Ai}

where ((p/, pi+1), Ai) € [S]ox holds for i < nand ((p}, p"), An) € [S]|er.

|
A Simple Program Example
// assume span{|00)}
H{qo); CNOT(do. qu): H, CNOT |0\?1>
if ( M[qo] = true — skip ’
0 false — skip ) i (100) +[11))/V2
. . ’ Mlqo] 0.5% 0.5
if ( M[q:1] = true — skip 111) |00)
O false — skip ) fi; Mlqi] 1 N0 0y M1
// ensures span{|00),|11)} |11y - - 00)
(a) the program, M = {]0)(0[, |1){1]}. (b) the transitions of quantum states, labels on

arrows are probabilities of the transition.

Figure 3.3: A simple example that prepares and measures a Bell state.

Here we present a simple program in Fig. 3.3a to explain our semantics. After per-
forming two unitary gates H and CNOT on quantum state |00), we obtain the Bell
state (|00) + |11))/V2. Note that the Bell state is pure, a superposition of unit vectors
|00) and |11), which encodes the two qubits having the same classical bit-value. Then
quantum measurement serves as the guard of a branching statement: after the mea-
surement, the quantum program jumps to the branch corresponding to the outcome
of the measurement. In particular, the measurements in Fig. 3.3 are projective. The
first quantum measurement collapses the Bell state into |11) or |00) with probability

1/2, while the second quantum measurement leaves the state unchanged since the
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input state satisfies the predicates [0)(0| or |1)(1| for sure. Let Sg.j; be the program in

Fig. 3.3a, the denotational semantics can be expressed as

[Speull ok 100) (00| = {| 3 [11)(11],0,0, 3 |00){00] |}

where the two 0-states correspond to the two impossible branches. The multi-set
notation {| - |} wraps the elements and repeats them with their corresponding multi-
plicities. Since we have already absorbed the probability’ of its corresponding execu-
tion into the partial density matrix, the probabilistic mixture of all reachable states is

obtained by summing up the multi-set directly:

D [[SBeu]l ok 100Y¢00] = 1 [11)(11] + £ [00)00] .

3.3 Specification Formula

In this section, we develop the quantum incorrectness triple of the form [P]S[e: Q]
based on the ideas in Sec. 3.1. Intuitively, if P under-approximates the initial state, then
Q under-approximates the probabilistic mixture of reachable final states with exit con-
dition €. Here P and Q are projection-based quantum predicates treated semantically

using their corresponding matrices.

Under-Approximating Quantum States

In the context of bug-catching, the triple [P]|S[e:Q] first needs to characterize erro-
neous states using a predicate. In the classical settings, characterizing an erroneous
state o w.r.t. a predicate p is straightforward by using satisfaction and negation of the
predicate:

CEpP & oFp. (3.2)

However, satisfaction is not suitable for characterizing incorrectness in the quan-

tum settings: given an assertion P, and an erroneous state p, ¥ P, sometimes we

The probability of certain branch is the trace of the corresponding output state (partial density
matrix).
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cannot find an appropriate Q, such that p, £ Q. and Q. excludes correct states,
ie, any p. F P, does not satisfy Q.. More concretely, let 0 ¢ P. C I, and let
pe = I/Tr(I) ¥ P., then any Q. that has p, £ Q. would falsely capture any state
pc E Pe, because supp(p.) € I = supp(pe) € Q..

To capture incorrect quantum states, we need a quantum version of equation (3.2).

We achieve this goal by introducing the under-approximation relation.

Definition 3.3 (Under-approximation). A projection P under-approximates a quan-

tum state p € D(H), denoted by p 4 P, if supp(p) 2 P.

As we can see, under-approximation relation can precisely characterize errors:

pe ¥ Pe = 3Qc #0.(pe 3 Qc) A (Vpg 4 Qe. py ¥ Pe).

That is, for any erroneous state p, violating P, it can be under-approximated by some
non-trivial projection Q,, and this under-approximation will not falsely capture cor-
rect states. Under-approximation relation is also crucial for interpreting “achieving”
a predicate, which we will explain later.

The under-approximation relation is the inverted satisfaction. Logical connec-
tions under the under-approximation relation are sometimes counterintuitive com-

pared with those under the satisfaction, for example:

pPPl /\p|=P2 (= pPPl/\PZ

p:|P1 A p:|P2 (= p:|P1VP2.

Incorrectness Triple for Quantum Programs

Based on the under-approximation relation, we generalize the incorrectness triple by
O’Hearn to the quantum settings and obtain the validity defined below. In this defini-
tion, “achieving” a projection Q is interpreted as Q under-approximating the mixture

of reachable states.
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Definition 3.4 (Strong Validity). A QIL triple is strongly valid (or valid for short),
denoted by £ [P]S[e: Q] if for any p € D(H) we have

paP = Y[S]ep 40

We use the term strong validity to distinguish this formulation from those alterna-
tives discussed in Sec. 3.6. This definition says that if a state is under-approximated by
P, the mixture of its reachable states with exit condition € is under-approximated by
Q. We argue that this interpretation of “achieving” is reasonable from a reachability
point of view: given £ [P]S[e:Q], starting from an initial state under-approximated
by P, it is possible (with non-zero probability) to obtain any pure state |¢/) € Q
by measuring some reachable state (with exit condition €) using the measurement
M = {[) 1. 1= 1)1}

Introducing the mixture of reachable states instead of discussing single execution
paths is crucial for efficient reasoning. It allows us to have the disjunction rule, with-
out which the number of postconditions grows exponentially with respect to the num-
ber of sequenced branches. Alternative formulations based on a single execution path
(classical and strict validities) can be found in Sec 3.6, where we discuss in more detail
why the disjunction rule does not hold for these formulations and the consequences
of not having such a rule.

Although the formulation compares Q with the mixture of the reachable states of
all execution paths, it is safe to find smaller Q corresponding to some executions to

construct a valid triple. This coincides with the remark by O’Hearn [O’H19]:

“For correctness reasoning, you get to forget information as you go along
a path, but you must remember all the paths. For incorrectness reasoning,
you must remember information as you go along a path, but you get to

forget some of the paths.”

The validity of an incorrectness triple sets the theoretical foundation for static

bug-catching with projection-based assertions [LZY*20]. It is straightforward from
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Def. 3.4 that for the assert(g, R) statement and any presumption P, we have F [P]
assert(g, R) [ er:supp(R*PRY)].2 While the correctness triple £ {R}assert(g, R){R}
of the applied quantum Hoare logic [ZYY19] guarantees that we can safely ignore
the assert statement in the reasoning when the assertion is satisfied, an incorrect-
ness triple £ [P]assert(g, R)[er:supp(R*PR*)] with R*PR* # 0 ensures the assertion
would raise an er with non-zero probability for some state p & P. More discussions
about the validity of incorrectness triples are given in Sec 3.6 if readers are interested

in why we choose such a kind of formulation.

Duality between Correctness and Incorrectness Triples

Validity of triples in QIL and the applied quantum Hoare logic [ZYY19] are two sides

of the same coin when interpreted with predicate transformers.

Definition 3.5. For any quantum program S defined in Fig. 3.2 and quantum predicate

P, we define the post image of program S with respect to P as follows

P/Tr(P) ifP+#0
post([S]e)P = supp(X[S]e(p)) where p =

0 otherwise

Note that the choice of p is not unique: any p that has supp(p) = P would result
in an equivalent definition.> Based on the operator post([S]¢), we give an equivalent

formulation for the validity of incorrectness triple in Lemma 3.6.

Lemma 3.6. For a quantum program S and a quantum predicate P, we have

E[PIS[e:Q] iff post([S])P 2 Q

Proof. Give a precondition P and program S, for any valid triple £ [P]S[e:Q], we have

V4P = Y[S]c(p) 40

2We write result assertions in red for abnormal termination.
3The predicate P in this context represents a matrix that may not be 1-dimensional, and it needs
to be divided by Tr(P) for normalization.
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If P =0, let p = 0, then we have >,[S]c(p) =04 Q,ie. Q = 0. And post([S]e)P =
supp(X[S](0)) = 0 = Q. For the “only if” part, let p = P/Tr(P) such that supp(p) =

P, then we have

post([S]e)P = supp(X[S]e(p)) = supp(X[S]e(P/Tr(P))) 2 Q

For the “if” part, by the Lemma 2.22, we have

VpaP = Y[S](p) 2 supp(Z[S](P/Tr(P))) = post([S])P 2 Q
ie. k [P]S[e:Q]. [

The operator post([S]¢) reveals the connection between the applied quantum
Hoare logic [ZYY19] and QIL. It is straightforward that when S does not contain
the error statement, post([S]lox)P € Q is exactly the partial correctness validity
Fpar {P}S{Q} in the applied quantum Hoare logic. The duality is then obvious, as
shown below.

Fpar {PYS{Q} it post([S]or)P < Q
E [P]S[e:Q] iff post([S]lc)P 2 Q
Specifically, we prove that the projection post([S]ox)P is the strongest over-

approximate post for applied Hoare logic and the weakest under-approximate post

for QIL, as shown in Lemma 3.7.

Lemma 3.7. When S does not contain the error statement, for any projection P we have

post([STor)P = A{Q |k5, {P}S{Q}}
post([S]e)P = v{Q | [P]S[e: O]}

Proof. Recall the definition of validity of applied projective Hoare triple {P}S{Q} in

the sense of partial correctness,

0 {PYS{Q} if VpEP = Y[S]alp) EQ  (HL)
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Note that the subscript € is limited to ok since the error transition is not defined in
the semantics in [ZYY19]. It is direct to see such a definition is exactly dual to Def. 3.4

when € = ok,
S [PIS[e:Q] if Vp P = T[S]c(p) 40

and post ([ S] ox) P is the post predicate where these two kinds of triples reach their lim-
its respectively. By Lemma 3.6, we have post([S] )P 2 Q for any valid ¢ [P]S[e:Q].
Let Q = post([[S]¢)P, it is direct to see that post([S]¢)P is also a valid postcondition
for £ [P]S[€:Q] by Lemma 3.6, i.e.

post([Se)P < V{Q | [P]S[e:Ql}

On the other hand, we also have

post([S]e)P = vpost([S]e)P 2 v{Q |k [P]S[e:Q]}

since PV P = P, Lemma 2.13 and 2.18. Thus we have post([S]¢)P = V{Q |k
[P]S[e:Q]}.

Similarly, we just need to show the following equivalence for Hoare triple.

Eoar {PYS{Q} iff  post([S]o)P < Q

For the special case when P = 0, £ {P}S{Q} holds for any Q since Q 2
post([S]e)P = 0 by Eq. (HL). For the “only if” part, let p = P/Tr(P) such that
supp(p) = P, by Eq. (HL), then we have

post([S]ox)P = supp(X[STox(p)) = supp(X[S]ox(P/Tr(P))) € O

For the “if” part, by the Lemma 2.22, we have

VpEP = Y[S]o(p) € supp(Z[STor(P/Tr(P))) = post([S]ox)P < Q

ie. EZ

Sar {P}IS{Q}. Thus we have post([S]ox)P = ANMQ [F5, {P}S{Q}} in a similar

par

way to the incorrectness triple. ]
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Since the weakest under-approximate post is the disjunction of all quantum
post predicates satisfying [P]S[e:Q], Lemma 3.7 gives a starting point for under-
approximating program analysis and guarantees that incorrectness reasoning is sound
when shrinking the postcondition.

Why not directly replace all quantum behavior with non-determinism for pure
reachability analysis? Here we discuss why we do not choose the set of quantum
states as predicates, and apply classical incorrectness logic directly. One is that sets
are less compact compared with projections. For example, given a set of the form
{1¥) | |¥) = cos(x;) |00) + sin(x;) |11)}, where x; is the i-th number in the sequence
of Collatz conjecture for a random integer n. It is hard to specify the elements in
the set neatly (basically a record of the sequence), but it can be easily regulated by a
projection [00){00| + [11)(11].

Another reason is that, when used as loop invariants/variants, sets may converge
much slower than projections. Take Grover’s algorithm as an example. The state
within the loop body keeps rotating in a 2-dimensional subspace, which means the
corresponding projection converges within 3 loop unrolling (constant time!). If we
use sets instead, since the resulting states after each iteration are very likely to be
different from each other (e.g., by choosing N = 5 and M = 1), we will have to keep
unrolling the while-loop until the program terminates (depending on the number of

iterations).

3.4 Proof System

In this section, we develop the proof system for QIL based on the strong validity
in Def. 3.4. The proof rules of quantum incorrectness logic are shown in Fig. 3.4.
Following O’Hearn [O’H19], we use + [P]S[ok:Q;]|[er:Q,] as an abbreviation for
F [P]S[ok:Q1] and + [P]S[er:Q,]. We write result assertions for normal termina-

tion in green and abnormal in red.



CHAPTER 3. QUANTUM INCORRECTNESS LOGIC 60

EmpTY ERROR SKk1P
F [P]S[€:0] + [P]error[ok:0][er: P] + [P]skip[ok:P][er:0]
UNITARY IntT

+ [P]g = U[q][ok:UPU"][er:0] + [Plg == 0) [Okisupp(z [0)4 (n|P[n), (O])][er:0]

SEQ1 SEQ2 ORDER
F [P]Si[ok:R] + [R]S;[€:Q] F [P]Si[er: O] P2 P +[P]S[e:Q'] Q20
F [P]S1; Sz [€: Q] F [P]Sy;S2[er: Q] F [P]S[e: Q]
DisjuNncTION Ir '
F [P1]S[e:01] + [P:]S[e:0:] F [supp(M,PM,,)]Sm[€:0]
F [Py V Py]S[e: Q1 V Q] F [Plif (Om - M[G] =m — Sp) fi[e: Q]
WHILE]

Vn.+ [supp(ManMlT)]S[ok:PnH]
+ [Py]while M[q] = 1 do S od[ok:supp(MyPyM,)]

WHILE2
Vn.r [supp(ManMIr)]S[ok:PnH]

F [supp(MlPNMf)]S[er:Q]
F [Po]while M[G] = 1do S od[er:Q]

Figure 3.4: Proof rules for QIL.

The first three rules have similar forms as their classical counterparts. The EmMpTY
rule is a direct generalization of its classical counterpart, where 0 is a trivial valid
post predicate that contains no meaningful state, a quantum extension to the classical
false assertion (the empty set). The ERROR and Skip rules are straightforward from
their semantics since they do not modify the program state along er and ok paths,
respectively.

The UNITARY and INIT rules characterize how these two statements alter the sup-
port of quantum states. Note that in the IN1T rule, 3, |0}, (n|P|n), (0] is not necessar-
ily a projection, we need to lift it to its support before assigning as a postcondition.

The SEQ rules are of the same form as in classical settings, where SEQ1 is for normal

sequencing, and SEQ2 is for short-circuiting when S; raises an er.
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The ORDER rule is the quantum version of the classical consequence rule. By in-
terpreting the subset relation as implication =, the rule has the same form as the

consequence rule below.
P&P  +[P]S[e:Q] Q<0
F [P]S[e: Q]

Rules for dropping conjunctions/disjunctions can be derived from the ORDER rule by
noticing the fact that P; 2 Py A P, and Q; V Q, 2 Q; for i € {1, 2}, as shown below.

F[P1 A Py]S[e:Q] F [P]S[e: Q1 V Q]
F [Pi]S[e: Q] F [P]S[e:Qi]

Note that the ability to shrink the postcondition soundly is a hallmark of under-
approximation, which allows us to control the reasoning scale.

The DisyuncTION rule is also a quantum version of its classical counterpart. It al-
lows us to merge the reasoning for multiple branches, which is crucial to the efficiency
of reasoning.

The IF rule is the quantum analogy of the CHOICE rule in IL. The difference lies
in the premise of the rule, where we require + [supp(MmPM,Tn)]S[e:Q] instead of
F [P]S[e:Q] because measurement has a side effect on the quantum state.

The WHILE rules can be interpreted as a finite sequential composition of the IF rule
and SEQ rules after unrolling the loop body for finite times, where P, represents the
result predicate for the n-fold sequential composition of measurement and the loop
body. Recall that incorrectness logic is for the reasoning about reachability; these rules
do not require the termination of all executions but only guarantee some execution
paths that reach the result predicate.

We list several other derived rules in Fig. 3.5. The IF rule combined with the Skip
and ERROR rules derive the proof rule for the assert statement. We also use the Dis-
JUNCTION rule to derive new practical rules for if and while statements, which merge
the reasoning results of multiple branches. Note that in the DERIVED WHILE rule, we
made the bound N for n explicitly for finite loop unrolling. It can be derived from

WHiLE] rule by letting P, = 0 for n > N.
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ASSERT
Qo = supp(RPR') Q.. = supp(R*PR*")
[Plassert(q, R) [ok: Qo] [er: Qer]
DERIVED IF
F [supp(MmPM,L)]Sm[e:Qm] for all m
F [Plif (Om-M[G] =m — Sp) file: VO]
DERIVED WHILE
Vn < N.+ [supp(ManMlT)]S[ok:PnH]

+ [Po]while M[g] = 1 do S od[ok: VY supp(M,P;M;)]

i=

Figure 3.5: Useful derived rules.

3.5 Soundness & Completeness Theorem

Our logic is both sound and complete, as formulated by the following theorem.

Theorem 3.8. [SOUNDNESs & COMPLETENESs] For any program S, exit condition e,

projections P and Q, we have,
+ [P]S[e:Q] & E [P]S[e:0Q]

Proof. The soundness is proved by showing the validity of axioms and inference rules
in Figure 3.4 with respect to Def. 3.4 by the induction on the proof structural of
[P]S[e:Q]. To make it compact, the partial density operators mentioned in the proof
are all in D (Hs).

(EmpTY) It is clear that the trivial triple [P]S[e:0] always holds since p 4 0 for any
partial density operators p.

(ErRrOR) Since [[error]ox = {|(p,0)|} and [[error]., = {|(p, p)|} by Fig. 2.2b, then

for any predicate P we have

Vp4P = Y[error](p) =040

Vp 4P = }|error].(p)=p=aP

Thus we have shown the validity of rule ERROR k [P]error|ok:0][er:P].
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(Skrp) Since [[skip]lox = {|(p, p)|} and [[skip]ler = {|(p,0)|} by Fig. 2.2b, then for

any predicate P we have

VpaP = Y[skip]o(p) =p =P

VpaP = Y[skip](p) =040

Thus we have shown the validity of rule Skip k [P]skip[ok:P][er:0].
(UNITARY) First we need to show the validity of £ [P]G := U[g][ok:UPU"]. Let
S = G == U[q], we have [S]ox = {I(p.p)|} = {I(p,UpU")|} by Fig. 2.2b. Now it

suffices to show
VpaP = Y[S]ox(p) =UpUT 2 UPUT

by Def. 3.4. The proof for trivial case P = 0 is direct since ) [ S] ok (p) 9 0 always holds.
It is directly provable from Lemma 2.14 by setting ¢ = P/Tr(P) and &(p) = UpUT,
thus we have £ [P]g := U[g][ok:UPU"]. On the other hand, the validity of £ [P]g :=
U[q][er:0] just derives from the rule EmpTY. Now we have proved the validity of rule
UNITARY E [P]G := U[g][ok:UPU"][er:0].

(InrT) First we need to show the validity of £ [P]q = [0) [ok: X [0),(n|P|n),(0]].
Let S = g == |0), then we have [[S]ox = {I(p, X [0)4(nlp|n),(0])|} by Fig. 2.2b. Now it

suffices to show

Vp 4P = S[STo(p) 4 X 10),(nlPln), (0]

by Def. 3.4. The proof for trivial case P = 0 is direct since Y[ S]ox (p) 4 0 always holds.
The initialization can be written as Y[S]ok(p) = p’ = X, EanZ with E, = [0)(nl,
where ), EnEl: = I. Applying Lemma 2.14 with p = P/Tr(P), we have

paP = p =supp(3 E,PE})

Thus we have £ [P]q = [0) [ok: 2} |0),(n|P|n),(0|]. On the other hand, the validity
of £ [P]q = |0) [er:0] just derives from the rule EMpTY. Now we have proved the

validity of rule IN1T [P]q := [0) [ok: ) [0),(n|P|n),(0]] [er:0].
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(SEQ1) We have £ [P]S;[ok:R] and F [R]S2[€:Q] by the induction hypothesis on

S; and S,, that is

VpaP = Y[Si]la(p) 3R Yo 4R = F[S:]e(0) 40

by Def. 3.4, and we need to show E [P]S;; S2[€:Q]. If P = 0, we can have Y[ S1] ox(0) =
0 4 R, i.e. R = 0. Similarly, we can also have Q = 0 since }[[S2]c(0) = 0 5 Q. Thus
E [P]S1;Sz2[€:Q] is directly provable if P = 0 or R = 0 since it always has Q = 0.

Then we consider the nontrivial case P # 0 and R # 0. Let p = P/Tr(P) and
o = R/Tr(R), we have

supp(X[S1]ok(P/Tr(P))) 2 R supp(Z[[Sz]le(R/Tr(R))) 2 Q

By Lemma 2.22, we have

supp(X[Sa]le (X[ S1]ox(P/Tr(P)))) 2 supp(X[[Sz]e(R/Tr(R))) 2 Q

Case € = ok. Then we have [S](p) = Z[S2]loc(Z[S1]ox(p)) by Lemma 2.21.
Combine the hypothesis and Lemma 2.23 to have

VpaP = X[S]ok(p) # supp(X[[Se]lok(Z[S1]loc(P/Tr(P)))) 2 Q

thus we have £ [P]S;;S2[ 0k: Q] by Def. 3.4.

Case € = er. Then we have [S]..(p) = Z[S2]le-(Z[S1]ox(p)) + X[ S1]e-(p) by
Lemma 2.21. Combine the hypothesis and Lemma 2.23 and 2.18 to have

VpaP = X[[S]e(p) 4 supp(Z[Se]l (X[ S11or(P/Tr(P))) + X[ S1]er(P/Tr(P)))
= Y[S1er(p) 4 supp(Z[S2]ler(Z[S110c(P/Tr(P))))
V supp(X[[S1](P/Tr(P))) 2 Q

thus we have k [P]S1; S2[er: Q] by Def. 3.4.
(SEQ2) Similar to the proof of rule SEQ1, we have k [P]S;[er: Q] by the induction
hypothesis on Sy, that is,

VpaP = X[Si](p) 40
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by Def. 3.4, and we need to show k [P]Sy;Sz[er:Q]. If P = 0, we can have Q = 0 and
thus £ [P]Sy;S2[er: O] always holds. Otherwise, let p = P/Tr(P), we have

SUPP(Z[[Sl]]er(P/TY(P))) 2 Q

Similarly, Combine the hypothesis and Lemma 2.23 to have,

VP 1P = Z[[S]]er(p) 4 Supp(Z[[SZ]]er(Z[[Sl]]ok(P/Tr(P))))
V supp(X[S1](P/Tr(P))) 2 Q

thus we have k£ [P]S;; Sy[er: O] by Def. 3.4.
(OrDER) We have k£ [P']S[e:Q’] by the induction hypothesis on S, and two
premises P 2 P’ and Q' 2 Q, then we need to show k [P]S[e:Q].

P2P = Vpa4P = paP
= VpaP = S[Sl(p) Q" (k [PIS[e:Q'])
= VpaP = Z[Sl(p)4Q (Q"20)
= & [PIS[e:Q]

thus we show the validity of triple £ [P]S[e:Q].
(DisyuncTtiOoN) We have two premise £ [P;|S[e€: Q4] and k [P;]S[€:Q;] given by

the induction hypothesis on S says,

Vp1 4Py = X[S]e(p1) 2O
Vp2 3 P, = X[S]e(p2) 4 Q2

and we need to show £ [P; V P,]S[e:Q; V Qy]. If P; = 0, then we will have Q; = 0
since [S]c(0) = 0 4 Qy, thus [P; V P,|S[€:01 V Q2] = [P2]S[e:0Q;] holds directly
from the premise £ [P;]S[€:Q;]. The same goes for the case P, = 0. Now we discuss

the general case P; # 0 and P, # 0. Let p; = P;/Tr(Py), p, = P»/Tr(P,) to have

supp(X[S]e(P1/Tr(P1))) 2 Q1 supp(X[S]e(P2/Tr(P2))) 2 Q2
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Thus we can apply these two premises to have

Vp 4 Py V P, = supp((P; + P;)/Tr(P; + P;)) (Lemma 2.18)
= supp(X[S]e(p)) 2 supp(Z[S]e((Py + P,)/Tr(Py + Py))) (Lemma 2.22)
= supp(XL[S]e(p)) 2 supp(Z[S]e(P1/Tr(Pr + P2))+

SIS]e(P2/Tr(P; + Py))) (Lemma 2.21)

= supp(X[S]e(p)) 2 supp(Z[S]e(P1/Tr(P1 + P2)))Vv
supp(Z[S]e(P2/Tr(Py + Py)))  (Lemma 2.18)

= supp(X[S]e(p)) 2 supp(Z[S]e(P1/Tr(P1)))V
supp(XL[S]le(P2/Tr(P2))) (Lemma 2.22)

= supp(X[S]e(p)) 2 01V Q:
=k [PV P|S[e: 01V Q2]

(Ir) S = if (Om - M[§] = m — S, fi. By Def. 3.4, the triple £ [M,PM} ]S [e:0]

given by the induction hypothesis on §,, says,

Am.Vpp, 3 supp(MuPM) = S[Smlle(pm) 2 O

and we need to show k [P]|S[e:Q]. By Lemma 2.23, we also have F

[P] M, [ ok: M,,PM!]. Then we have
dm.VpaP = Mmertz A Supp(MmPM;) = Z[[Sm]]e(MmPM;fz) 40

If P = 0, we can also have Q = 0 and thus k [P]S[e: Q] always holds. Otherwise, let p =
P/Tr(P), then we have Q,, = supp(X[Sm e (MmPM,,/Tr(P))) 2 Q. By Lemma 2.23

and Lemma 2.18, we have

VpaP = Z[[S]]E(p) 3 supp(Xm Z[[Sm]]e(MmPM;/Tr(P))) =VmOm 2 0m 20

Thus we show the validity of triple £ [P]if (Om - M[q] = m — S,,) fi[e: Q].
(WHILE1) By Fig. 2.2b, we have [[while] ox = &,,eny (M1 o [S]lor)" © Mo. To make it
compact, we denote py = ¥,(M; o [[S]ox)*(po) and P = supp(MPiM,,). We have the
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premise k [P}]S[ok:P,;1] holds for all integer n (0 < n) by the induction hypothesis

on S, which says

Vp a4 Py = Y[STok(p) 4 Put

Just like the proof of SEQ1, by the induction hypothesis, we have P,,; = 0ifany P = 0
(0 < n < N), thus ¢ [PO]While[ok:supp(MgPNMg )] always holds for any integer N.
For the nontrivial case, let p = P} /Tr(P}), we have supp(X[S]lok(PL/Tr(P}))) 2 Ppy1.
By Lemma 2.23, we have [P]Mo[ok:MoPMg] and £ [P] M4 [ok:MlPMf]. Then for

any N € N, we have

Vpo 4 Py = MlpoMlT 4Py (Lemma 2.23)

= p1 = S[STok(MipoM,) = supp(S[S]oe(PL/Tr(PY))) 2 P (Lemma 2.23)

pN 3 Py (apply last two steps N times)

supp(X (M o [S]or)™ © Mo)(po)) 2 Py

supp (X[ while]lox (po)) = supp (X5 (M o [STor)™ © Mo)(po))
2 VyLosupp(X((My o [S]or)" © Mo) (o)) 2 Py

£ [Po]while[ok: PY]

=
= MOpNMg 3 Pg, (Lemma 2.23)
=
=

U

(WHILE2) By Fig. 2.2b, we have [ while] ., = ,en(Mi o [S]lox)" © (Myo[[S]er))-
The triple F [supp(MlPNMlT )]S[er:Q] given by the induction hypothesis on S says,

¥pa Py = Z[S]u(p)=Q
and the triple k [supp(ManMD]S[ok:PnH] for all integer n (0 < n < N) says,

Vpa Py, = Z[SNok(p) 4 Pana

Similarly, by the induction hypothesis, we have Q = 0ifany P! =0 (0 < n < N), thusk
[Py]while[er: O] always holds. Otherwise, let p = P} /Tr(P}), we have supp (X[ S] ox(
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P,/Tr(P}))) 2 Ppyr and supp(Z[S]e(Py/ Tr(Py))) 2 Q by the premises. Then for

any N € N, we have

Vpod Py = MipoM, 4 P; (Lemma 2.23)
= pn 4 Py (same as the proof of rule WHILE])

= MleM}L 3 P}V (Lemma 2.23)

= S[S1e(MipnM]) = supp(S[STe(Py/Tr(PY))) 2 Q
(Lemma 2.23 and F [Py]S[er:Q])

= supp(X (M o [STo)™ o Mo o [STe) (po)) 2 Q

= supp(X[while]..(p)) = supp(Z;Z (M1 o [S]or)" © Mo o [[S]er) (po))
2 ViLsupp(L((My o [S]or)" © Mo o [S]er) (o)) 2 Q

= E [Py]while[er:Q]

The completeness can be directly derived from the proof of Theorem 3.9 since the
WHILE rules in Fig. 3.4 consist of infinite rules for all n € N and include their bounded
versions. These bounded WHILE rules form a minimal set of rules which are sufficient

for reasoning about loop structure. ]

Automating the inference with finite loop unrolling Although one may use the
DEeRrIVED WHILE rule and a fixed bound N to make the reasoning sound and terminate
within finite steps (loop unrolling), such a bound usually means dropping informa-
tion and making the reasoning incomplete. Stronger reasoning like the WHILE1 rule
is needed in general. However, it is unclear how to automatically infer a backward
variant {P,} even for finite-dimensional quantum systems because the state space
and possible projections are uncountably infinite.

Instead of inferring P,, we find the post predicate in the DErRIVvED WHILE does not
change when N is large enough. We prove a stronger completeness result, which

indicates finite loop unrolling is sufficient for complete reasoning.
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Theorem 3.9 (Completeness with bounded WHILE rules). Replacing the WHILE]
and WHILEZ2 rule with the following bounded WHILE rules results in another sound and
complete proof system. Here dim(H) is the dimension of the state space of the quantum

system.

BounDED WHILE]
Vn < dim(H). + [supp(M; P,M])]S[0k: Py ]
N < dim(H)
+ [Po]while M[g] = 1 do S od[ok:supp(MyPyM,)]

BounDED WHILE2
Vn < dim(H). + [supp(M; P,M])]S[0k: Py ]
N < dim(H) + [supp(M,PxM,)]S[er: Q]
F [Po]while M[q] = 1do S od[er:Q]

Proof. Similarly, the soundness can be directly derived from the proof of Theorem 3.8
since the WHILE rules in Fig. 3.4 consist of infinite rules for all n € N and include their
bounded versions.

The completeness of the proof system means any valid incorrectness triple is deriv-

able from the proof rules. Assume k [P]|S[e:Q], ie.,

Vp.pa4P = X[S]e(p) 4 Q

we prove + [P]S[e:Q] by induction on S. To make it concise, density operators men-

tioned in the proof are all in D (Hs).
(1) S = error. We prove by case studying e.

a) Case € = ok. By Fig. 2.2b, [error],x = {|(p,0)|}. The triple ¢
[Plerror[ok:Q] implies Vp 4 P = 0 4 Q, which implies Q = 0. It

suffices to prove i [P]error|ok:0] exactly by the rule ERROR.

b) Case e = er. By Fig. 2.2b, [ error] ., = {|(p, p)|}. WehaveVp 4 P = p 4 Q,

which implies P 2 Q. The triple is then derivable from rule ERROR and
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ORDER:
+ [Plerror[er:P| P2 Q

+ [P]error|[er:Q]

(2) S = skip.

a) Case € = ok. We have [skip]ox = {|(p, p)|} by Fig. 2.2b. The triple ¢
[P]skip|[ok:Q] implies Vp # P = p 4 Q, which implies P 2 Q. The triple
is derivable from rule Skip and ORDER:

F [P]skip[ok:P] P 2 Q
+ [P]skip[ok: Q]

b) Case € = er. We have [skip]., = {|(p,0)|} by Fig. 2.2b. The triple F
[P]skip[er:Q] implies Vp 4 P = 0 4 Q, which implies Q = 0. It suffices
to prove  [P]skip[er:0] exactly by the rule Skip.

(3) S=q:="Ulql.

a) Case € = ok. Using rule UNITARY and rule ORDER, the triple is derivable

assuming UPU" 2 Q:

+ [P]g := U[q][ok:UPU'] UPU' 2 Q
+ [P]S[ok:Q]

It suffices to prove UPU' 2 Q from & [P]S[e:Q]. Since [ := U[G]]ox =
{|(p,UpU")|} by Fig. 2.2b, we have Vp 4 P = UpU' 4 Q. Let p =
P/Tr(P), we have supp(UpU") = UPUT 2 Q.

b) Case € = er. Since [§ := U[G]]ler = {|(p,0)|} by Fig. 2.2b, we have Vp 4
P = 0 4 Q, which implies Q = 0. Thus the triple is directly derivable
from the rule UNITARY + [P]G := U[q][er:0].

(4) S=q:=10).

a) Case € = ok. By Fig. 2.2b, [ := 10)]loxr = {|(p, 2 |O)q(n|p|n)q(0|)|}. Let
p = P/Tr(P), thenby k [P]S[ok: Q] we have supp (2 |0),(n|P[n),(0]) 2 Q.
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The triple is derivable using rule INIT and rule ODER:

[P] + G := |0) [ok:supp (2 [0)(n[P|n),(0])]

supp(2 [0)4(n|P|n),(0[) 2 Q
F [P]S[ok: Q]

b) Case € = er. By Fig. 2.2b, [ := [0)]er = {I(p,0)|}. By £ [P]S[ok:Q] we
have Vp 4 P = 0 4 Q, which implies Q = 0. Thus the triple is directly
derivable from the rule INIT + [P]G := |0) [er:0].

(5) S = S1;S;. By Lemma 3.4, £ [P]Sy;5:[€:Q] means that Vp 4 P =
2S1:S2]e(p) 2 Q. For the trivial case P = 0, we can derive Q = 0 since
2lS1:S2]¢(0) = 0 5 Q. Thus + [P]Sy;S;[e:Q] is directly derivable by the rule

EmMPTY.

a) Case € = ok, ie. [S]or = [Sillox © [S2]lor- By Lemma 2.23 applied on

program Sj, Sz, we have
E [P]Si[ok:R] E [R]S2[0k:T]

where R = supp(X[S1]ok(P/Tr(P))) and T = supp(X[S2]ox(R/Tr(R))).
By induction hypothesis on program S;, S;, we have + [P]S;[ok:R] and
F [R]S2[0k:T]. Then applying the rule SEQ1 to have

F [P]Sl[OkR] F [R]Sz[OkT]
F [P]Sl,SZ[OkT]

Combined with the rule ORDER, the triple is derivable assuming that T 2
Q.
F [P]S1;S2[0k:T] T2Q
F [P]Sy; S2[0k: Q]

Then it suffices to prove T 2 Q. We have

Vp 1P = Z[[Sz]]ok(z:[[sl]]ok(p)) 4 Q
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from E [P]S1;S2[0k:Q]. Let p = P/Tr(P), by Lemma 2.22, we have

supp(X[S2]loc(Z[S11lox(P/Tr(P)))) =T 2 Q

b) Case e = enie. [S]er = [Silloko [Sz2]er® [[Si]ler- Similarly, by Lemma 2.23

and induction hypothesis on program Si, S,, we have
F [P]S1[ok:R] F [R]S;[er:R] F [P]Si[er:T]

where R = supp(X[[S1]lox(P/Tr(P))), R' = supp(X[Si1 ] e-(P/Tr(P))), and
T = supp(X[[Sz]ler (R/Tr(R))). Then apply the rule SEQ1 and SEQ2 to have

F [P]Si[ok:R] + [R;]Sy|er:T] F [P]Si[er:R’]
F [P]S1;S2[er:T] F [P]Sy;S2[er:R’|

Then apply the rule DisjuncTION to have

+ [P]Sl;52[€l":T] + [P]Sl;Sg[er:R’]
- [P]Sl;SZ[W"ZTVR’J

Combined with the rule ORDER, the triple is derivable assuming that T Vv
R 20.
F [P]S1;S2ler:TVR]| TVR 2Q
F [P]S1;S2[er: O]

Then it suffices to prove T V R’ 2 Q. We have

Vp iP = Z[[SZ]]er(Z[[SI]]Ok(p)) + Z[[Sl]]er(P) 3 Q

from £ [P]Sy;S2[er:Q]. Let p = P/Tr(P), by Lemma 2.18 and Lemma 2.22,

then we have

Supp(Z[[SZ]]er(Z[[Sl]]ok(P/Tr(P))) + Z[[Sl]]er(P/Tr(P))) =TVFK 2 Q

6) S =if (om-M[g] = m — S,) fi. By Lemma 3.4, £ [P]S[e:Q] means

Vp 4P = Y[S]e(p) 4 Q. Here we can reason two cases together and have
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(7)

Vo4 P = Y, [Sml]e(MupM,,) 4 Q. Similarly, for the trivial case P = 0,
F [P]S[e:Q] is directly derivable by the rule EmpTY since we have Q = 0 from
2 [[S]e(0) = 0 2 Q. By Lemma 2.23 and induction hypothesis on S,,, we have
b [MuPM]Sml€:Om], where Qp = supp(Z[Sm]le (MmPM,, /Tr(M,PM))).
Then for each m, apply the rule IF to have

F [MyPM1Sml€: 0]
F [P]if (Om - M[G] =m — S,) file: O]

Then apply the rule DisjuncTION to have,

F [Plif (Om - M[G] =m — S,,) fil€: O]
F [Plif (Om - M[g] =m — Sy) file: Vi Onl

Combined with the rule ORDER, the triple is derivable assuming that v,,Q,, 2 O.

F [Plif (Om-M[q] =m — Sp) fil[e: VO] Vi Om 20
F [Pif (Om - M[q] = m — Sy) fi[e: O]

Then it suffices to prove V,,Q, 2 Q. we have Vp 4 P =

Sn(Z[Smle(MnpM})) 4 Q from k [P]S[e:Q]. Let p = P/Tr(P), by
Lemma 2.18, then we have supp(3,,(Z[Smlle(MnPM,,/ Tr(MnPM;))))) =
VimQm 2 Q

S = while M[g] = 1 do §’ od. Again, for the trivial case P = 0, + [P]S[€e: Q] is

directly derivable by the rule EMPTY since we have Q = 0.

a) Case € = ok. By £ [P]S[ok:Q] and Fig. 2.2b, we have
VpaP = F(E((Myo[S]or)" o Mo)(p)) 4 Q
By Lemma 2.23 and induction hypothesis on S’, we have
F [MyPM] ]S [0k: Poy]

where P, = supp(X,(Mj o [S']ox)"(P/Tr(P))) and Py = P. Now we first

prove that it is sufficient to unroll the loop structure finite times to derive
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F [P]S[€:Q]. To be more specific, the upper bound of N is the dimension of
Hilbert space H described by program S. Notice that in our paper we only
reason about quantum program in finite Hilbert space, i.e the dimension

of any projection Q, is also finite. If we have Py C Vﬁl\]: oPn, then

Pxs+2 = post([S'] ok) (supp(M; P41 M)
c post([S'] o) (VY_gsupp(M P,M,))
c VN post([[S']ox) (supp(M; P, M)

N N+1 N N
= Vn=0Pn+1 - Vn:E) P, = (Vnzopn) V PNy = vn:OPn

Thus we have VnN:OPn = VISP, if Pnyr C Vfl\]: oPn for any N € N. Notice
that the dimension of any P, is not bigger than dim(%#), i.e. dim(V; 3 P,) <
dim(#H), and dim(V’r‘FoPn) < dim(vﬁ:(l)Pn) for any k € N, then it takes at
most dim(H) unrolling to have Pyy; € VY P,. Thus there exists N <
dim(H) such that VnN: oPn = V3P

Now we apply the rule BouNDED WHILEI to have

Vn < dim(H).+ [supp(ManMlT)]S’[ok:PnH]
N < dim(H)
+ [Po]while M[q] = 1 do S’ od[ok:supp(MyPy M, )]

Then apply the rule DisjuncTioN by induction to have

+ [P]while M[g] = 1 do §" od[ok:supp(MoP,M,)]
+ [P]while M[g] = 1 do §" od[ok: VN supp(MyP,M,)]

Finally the triple is derivable by the rule ORDER assuming that
VnNzosupp(MOPnMg) 2 0.

+ [P]while M[g] = 1 do §" od[ok: VN supp(MyP,M,)]
Viosupp(MoPnMg) 20
+ [P]while M[g] = 1do S’ od[ok:Q]
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b)

It suffices to prove \/fzosupp(MoPnMg ) 2 Q by k [P]S[ok:Q]. Let p =
P/Tr(P), by Lemma 2.18, we have

¥p 4P = TS (Z((Miel[STor)"oMo) (P/Tx(P))) = VI supp(MoPM;) 2 Q
Case € = er. Similarly, by £ [P]S[er: Q] and Fig. 2.2b, we have

VpaP = Y (E(Mie[[S]a)" o Mio[S]er)(p) 4 Q

where the support of the trivial state 0 has no effect. Just like the case

€ = ok, by Lemma 2.23 and induction hypothesis on program S’, we have
F [MyP,M] 1S [0k: Pyyy] F [MyP,M]]S [er: P)]

where P, = supp(X (M o [S']|o0)"(P/Tr(P))), Py = P, and P, =
supp(X[ 5] er(ManMf /Tr (ManMlT))). By Lemma 2.21 and Lemma 2.22,

we have

supp(Z((Mi o [S]or)" © Mo o [S']er) (P/Tx(P))) = P,

Again, the proof for the upper bound of N is similar to case € = ok. If we

have Py,; C Vﬁl\]:OPn, then

PZ/V+1 = pOSt([[S/]]er)(supp(MleHMD) - POSt([[S’]]er)(vil\jzosupp(MlpnMD)

c VN post([S']er) (supp(MiPuM])) = VI P,

Thus we also have vfl": oPn = VISP if Py C Vfl‘lzoPn for any N € N.
Notice that dim(V; P;) < dim(H) and dim(VﬁzOP,’l) < dim(V’;;l)P,’l) for
any k € N, then there also exists N < dim() such that V¥ P/ = vi® P’

Now we apply the rule BouNDED WHILE2 to have
Vn < dim(H).+ [supp(ManMf)]S’[ok:Pn+1]

Vm < N.+ [supp(M; P, M))]S' [er: P, ]
F [Po]while M[g] =1do S od[er: P, |
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Then apply the rule DisjuncTtion by induction to have

Vn < N.+ [P]while M[g] =1do S’ od[er:P}]
+ [P]while M[g] = 1do S’ od[er: VY P’]

n=0"n

Finally the triple is derivable by the rule ORDER assuming that VI P/ 2 Q.

n=0"n =

F [P]while M[g] =1do S’ od[er:vﬁlVZOQ;l] \/ln\’:0 P20
F [P]while M[§] = 1do S od[er: O]

It suffices to prove V],:IZOP,’I 2 Q by E [P]S[er:Q]. Let p = P/Tr(P), by

Lemma 2.18, we have
VpaP = Y (X ((Mio[[S']o) o Mio[[S']e) (P/Tr(P))) = VN P/ 2 Q
|

The intuition is that the rank of V;,.nP; is bounded by dim(#H), and once
Vi<N-1Pi = Vi<nP;, the sequence stops increasing, thus must converge before N
reaches dim(#H) + 1. The theorem indicates that our logic is decidable and has an
upper bound for the time complexity of inference. The upper bound is only relevant
to the dimension of the quantum system and the number of nested while-loops. In
practice, the dimension dim() can still be impractically large (e.g., for an n-qubit
system, dim(H) = 2"), in which case we need to balance between efficiency and com-
pleteness by employing WHILE rules with a smaller bound.

Just like the classical incorrectness logic, our logic system avoids false positives by
definition; that is, the postcondition is achievable. Theorem 3.9 further shows that our
proof system does not miss erroneous states regulated by projections. However, due
to the limited expressiveness of projections, our proof system does miss erroneous
states, violating quantitative properties that cannot be captured by projections, i.e.,
when correct and erroneous states share the same support. For example, mixed states
0.210)(0[+0.8 |1)(1| and 0.5]0)(0|+0.5 |1)(1]| are indistinguishable with respect to any

projection.
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3.6 Alternative Validity Formulations

In this section, we discuss other possible characterization of errors and validity for-
mulations that we have come up with during the development of QIL, from which we
found that Def. 3.4 is the best in expressiveness and efficiency. We use different sub-
scripts of k. to distinguish between different definitions of validity. All these triples are
only discussed in this section to avoid confusion, readers not interested in alternative

validities may safely skip this section.

A Naive Generalization of IL Validity Formulation

We start with the following naive formulation.

Definition 3.10 (Classical validity). A triple is classically valid, denoted by k.
[P]S[e:Q], if
Vp' £ Q.dpEP.p" €[S]ep.

This validity formulation is called “classical” because it is a naive generalization
of O’Hearn’s incorrectness triple (3.1) by simply replacing classical states, predicates,
and satisfaction with their quantum counterparts. It says that every state p’ satisfying
the projection P is reachable from some state p in the projection Q.

Requiring every p’ £ Q being reached is rather restrictive and makes the classical
validity too strong to have meaningful triples for initialization statements. For ex-
ample, starting from a Bell state oo = (|00) + |11))/V2, initializing one qubit with
qo = |0) obtains a mixed state |0)(0| ® %I. Let the presumption P = ﬁooﬁgo, the only
classically valid triple we can have is a trivial [P]gy = |0) [€:0] because any non-
trivial postcondition Q can be satisfied by some unreachable pure state.

It should be noted that the unsuitability of the classical predicate for our projective
predicate does not imply that classical predicates are infeasible in quantum reason-
ing. As shown in [CCL*23], they adopt to use a classical predicate that maps a pure

state to either 0 or 1. Tree automata serve as a concise representation of these pred-
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icates, wherein the semantics of disjunction (conjunction) correspond to the union
(intersection) of the tree automata. Implication among tree automata is subsequently

determined through language inclusion tests.

A Weak Validity Based on Observable Relation

The second validity formulation is based on the observable relation, a dual to satis-

faction relation for characterizing erroneous states.

Definition 3.11 (Observable relation). Given a quantum state p € D(H), a unit
vector |i) is observable within p, denoted by p > [¢), if ({|p|¢) > 0. A quantum
predicate P is observable within p, denoted by p > P, if Tr(Pp) > 0.

Equivalently, p > P if there is some |/) € P such that ({/|p|) > 0. It means
it is possible to observe some |{) € P in the following sense: when measuring the
state p with the measurement M = {|{){¢¥'|,I — |{)(¥|}, we are able to obtain [¢/) (/|
with a non-zero probability (/| p|i/). The observable relation is dual to the satisfaction
relation:

pEP S p P (3.3)

The equation (3.3) is a generalization of its classical counterpart (3.2) by observing
ok —p iff Tr((-p)o) > 0,

where the set —p is interpreted as to its corresponding boolean-valued characteri-
zation function, for unit vectors, the observable relation p > |i) degenerates into
equality if we replace p and |i/) with classical states. The relation between observable

relation and under-approximation is stated in Lemma 3.12.

Lemma 3.12 (Relation between observable and under-approximation). For any

projection P and quantum state p € D(H), we have

paP = VI|y)eP.p>|Y) and p>P = TIP.pA P ATr(PP') >0
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Proof. « pAP = VI|Y)eP.p> P
By definition of p 4 P, |/) € P implies |{/) € supp(p).
Let p = 3, pi [¢i) (¥l where p; > 0, it implies 0 < 1 = (| supp(p) |y} =
i [ Wlya) |2 Thus (Jl p [y) = X pil (Ylgi) 17 > 0.
« “p>=P = FP.p4 P ANTr(PP’) > 0™
Let p = 3 pi [Yi)Yil, P = 2 |9;)(¢;| where p; > 0.
By p - P we have 0 < Tr(Pp) = X;; pil (¥il¢;) 17, thus 3i, j, | (#il¢;) I* > 0.
Let P’ = |¢/;)(;| we have Tr(PP’) > 0 and obviously P’ C supp(p).

On top of the observable relation, we give another generalization of the classical

incorrectness triple that is better than Def. 3.10.

Definition 3.13 (Weak validity). A QIL triple is weakly valid, denoted by k,,
[P]S[e:Q], if

VIY') € Q.3W) € P.p’ = 1Y) (S IS (L),

The formula k,, [P]S[e:Q] means every |') € Q is observable from some reach-
able state p’ that comes from some pure state |[/) € P. One nice thing about this
validity is that it may degenerate to classical settings. Recall that the classical states
correspond to the computational basis of a Hilbert space. When |¢/’) and p’ are re-
stricted to classical states, the observable relation p” > /') degenerates into equality
p’ = ¢ )({¥'|, and this validity degenerates to that of IL triples. The connection be-

tween strong and weak validities is characterized by Lemma 3.14.

Lemma 3.14 (Connection between weak and strong validities). For any quantum

program S, projections P, Q and exit condition e,
F [P]S[e:Q] = k4, [P]S[e:0Q].

Conversely, given P and S, we have
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(30 # 0.5, [P]S[e:0]) = (30’ # 0.k [P]S[e:Q'] A Tr(QQ’) > 0).

Proof. The first implication is straightforward by applying Lemma 2.18, 3.12 and The-

orem 3.2. For the second implication, given Q # 0, there is some [{") € Q.

By definition of k,, [P]S[e:Q] and Theorem 3.2, we have |¢)) € P and p’ €
[S1.(19)¢g]) such that ' = [").

By Lemma 3.12, there is Q" # 0 such that p’ 3 Q" and 0 < Tr(Q’ [Y/){¥']) <
TH(QQ).

By Lemma 2.18, for any p 4 P, supp(Z[S]ep) 2 supp(S[ST ()W) 2
supp(p’) 2 Q. u

This lemma implies that when we can observe an er/ok exit condition with the
weak validity, we can find a more proper non-trivial post predicate that satisfies the
strong validity. It means if we only care about whether an er would occur, the weak
validity and strong validity are equivalent, so we call Lemma 3.14 a weak equivalence
between the strong and weak validities.

The main drawback of this validity formulation is that it is too weak to re-
ject useless triples. Recall the program Sgj in Fig. 3.3a, the weak validity accept
[100)¢00|]Spen[ 0k:span{(a |00) + $|11))}] for any a? + % = 1, which is not infor-
mative. This validity formulation is weak because the observable relation is strictly
weaker than the under-approximation relation, and p > P is not accurate enough if P

has elements out of supp(p), i.e., P £ supp(p).

A Strict Validity Based on Under-Approximation

Based on the under-approximation relation, we obtain another validity formulation

that is weaker than the classical validity and stronger than the weak validity.
Definition 3.15 (Strict validity). A triple is strictly valid, denoted by ks [P]S[e:Q],
if

VpaP.3p . p e[Sleprp 40
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The meaning of this validity is straightforward: for any p under-approximated by
P, there exits an execution path of S starting from p and terminating in p” with exit
condition € such that Q under-approximates p’. In other words, it says if a state is
under-approximated by P, then there is a reachable state under-approximated by Q.

With the strict validity, we can give meaningful triples for initialization state-
ments that classical validity can not handle and avoid accepting useless, weakly valid
triples. For example, we have K [ﬁooﬂgo]qo = 10) [0k:]0)(0| I ® I for the initial-
ization on a Bell state fyo. For Spej;, we have only two non-trivial meaningful triples
Es [100)(00|]Sgen[ok:|00)(00|] and kg [|00)(00|]Sgen[ok:|11)(11]|] for the program Sgen
in Fig. 3.3a.

The main drawback of the strict validity is too restrictive to preserve the disjunc-

tion rule below, thus not being efficiently reasoned about.

[P]S[e:01] [P]S[e: Q2]
[P]S[e:Q1 V Q2]

A simple counter example would be letting P = %(|0) +]1))(]0) + 1)) and S being
the program if (M[q]) = true — skip O false — skip) fi. We have two strictly valid
triples [P]S[ok:|0)(0|] and [P]S[ok:|1)(1]|] for this example. The disjunction of post-
conditions |0)(0| and |1)(1| is I, and a state p’ 4 I must be a mixed state, which is
impossible to reach via a single execution path starting with the input state P (also a
density matrix). For the same season, the classical validity does not have the disjunc-
tion either.

The disjunction rule is crucial for efficient incorrectness reasoning. Without the
disjunction rule, one will have to remember the post predicates of all paths when
reasoning about a program or information about some paths. Since the number of
paths grows exponentially with increasing sequenced if statements, the disjunction
rule is highly desirable to make the reasoning efficient and thorough (covering as
many paths as possible). As we have seen in Sec. 3.4, the strong validity in Def. 3.4

supports the disjunction rule and thus is more efficient compared with other triples.
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At the end of this section, we characterize the relationship between these validity
formulations in the lemma 3.17, where £ [P]|S[e:Q] and k,, [P]S[e:Q] are strictly
weaker than the others, thus the most expressive. The ancillary lemma 3.16 is intro-

duced to prove lemma 3.17.

Lemma 3.16. An incorrectness triple k5 [S|P[e:Q] holds if and only if

3(p,p’) € [S]e.-supp(p) =P Ap" 4 Q

Proof. The “only if” part is straightforward from the Def. 3.15. For the “if” part, by
the Lemma 2.20, there exists a super-operator & such that p’ = &(p) for a given pair
(p, ") € [S]ler- Thus we have

3(p. p) € [S]ler-supp(p) =P A p" 4 Q
= 3p,E.supp(p) =P AE(p) 2 Q (Lemma 2.20)
= 3p,&.Vo. supp(o) 2 supp(p) = P.supp(E(0)) 2 supp(E(p)) 4 Q (Lemma 2.14)
= VYo 4P.38.(0,E(0)) € [[S]e.E(0) 40

= ks [P]S[e:Q] (Def. 3.15)

Lemma 3.17. For arbitrary program S, we have

ke [P]S[e:Q] = ks [PIS[e:Q] = E [P]S[e:Q] ~ Ey [P]S[e:Q],

where ~ means the weak equivalence described by Lemma 3.14. In particular, if S does

not contain initialization statements q := |0), we have

ke [P]S[e:Q] & ks [P]S[e:Q],
but these two validities are still strictly stronger than k [P]S[e:Q].

Proof. To see k. [P]S[€:Q] = ks [P]S[€:Q], we have

ke [P]S[e:Q]
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A

Vp' £ Q.3(p,p’) € [S]le-p E P (Def. 3.10)

3(p,p’) € [S]e. p E P.supp(p’) = Q

3p.&.(p.E(p)) € [S]le. p k P.supp(E(p)) =Q  (Lemma 2.20)

dp, 0, E. P = supp(o) 2 supp(p).supp(E(0)) 2 supp(E(p)) = Q (Lemma 2.14)
30, 6. (0,8(0)) € [S]e. supp(a) = P.E(a) 4 Q

Es [P]S[e:Q] (Lemma 3.16)

It is direct to see Fs [P]S[e:Q] = F [P]S[e:Q] by Def. 3.4 and Def. 3.15.

ks [P]S[e: Q]

= VpaP=3p . (p,p) e[[S]eAp" 20 (Def.3.15)

= Vp 4 P = supp(X[S]le(p)) 2 supp(p’) # Q (Lemma 2.18)

= k [P]S[e: Q]

(Def. 3.4)

E [P]S[e:0] = Ey [P]S[e:Q] has been described by Lemma 3.14.

On the other hand, if S does not contain initialization statements, i.e. [S]c(p) =

{(KipK;r ,Ai) | i € Z'}, we can get tighter relations as follows,

Es [P]S[€: Q] =

(A

Vp a4 P.3(p,p') €[S]le-p’ 2 O (Def. 3.15)
3K, p = P/Tr(P).supp(p) = P.p’ = KipK; 4 Q
3K;. supp(K,-PKl.T) 20

3K;. Yo' £ Q.0 k supp(K:PK.)

Jo,K;.c EP.o’ = KiaKl.T (Lemma 2.15)

Vo' £ Q.3(0,0’) € [S]le.o P

k. [P]S[e:0] (Def. 3.10)
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Chapter 4

Approximate Quantum Relational

Hoare logic

Quantum computation is inevitably subject to imperfections in its implementation.
The imperfection of the implementation is inevitable and arises from various sources
in quantum computation. From the hardware aspect, the imperfection can come from
modeling the hardware level of environment noise. From the software level, quantum
algorithm designers may introduce noisy implementation in the flavor of lower-depth
computation and other features. The relational logic provides significant advantages
in program reasoning and the importance of assessing the robustness of quantum pro-
grams between their ideal specifications and imperfect implementations. However,
the exploration of approximate relational properties, vital for assessing the robust-
ness of quantum programs between their ideal specifications and imperfect imple-
mentations, is rarely studied from the perspective of program logic. In this chapter,
we design a proof system to verify the approximate relational properties of quantum
programs. We demonstrate the effectiveness of our approach by providing the first
formal verification of the renowned low-depth approximation of the quantum Fourier
transform (5.6). Furthermore, we validate the correctness of bit flip code (5.4) and the

algorithm for the approximation of unitary (5.5). From the technical point of view, we
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develop approximate quantum coupling as a fundamental tool to study approximate
relational reasoning for quantum programs, a novel generalization of the widely used
approximate probabilistic coupling in probabilistic programs, answering a previously
posed open question for projective predicates.

Organization of Chapter 4. This chapter is organized as follows. Sec. 4.1 outlines
the syntax and semantics of the quantum while language under investigation, and
presents the concepts of quantum approximate couplings and lifting. We formally
define of our aqRHL judgments and introduce the concept of approximate measure-
ment conditions in Sec. 4.2. Sec. 4.3 presents the corresponding proof system based
on the specification of aqRHL judgments. In Sec. 4.4, we prove that our proof system
is sound. We give some discussions on aqRHL judgments and separability problem in
Sec. 4.5. The case studies of low-depth approximation quantum Fourier transform, bit

flip code, and repeat until success can be found in Chapter 5.

4.1 Quantum Approximate Coupling and Lifting

This section begins with a review of trace and diamond norms, followed by our pro-

posal of the approximate quantum couplings and liftings used in our agRHL.

Trace distance & Diamond Norm

In this subsection, we review the quantum generalization of the classical trace dis-
tance, a commonly used metric for quantifying the difference between two quantum
states. The definition is presented below, where we extend it directly to partial density

operators.

Definition 4.1 (trace distance). The trace distance of any two partial density oper-

ators p and o is defined as follows:

1
D(p,0) = 5T lp - ol
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where |A| = VATA for any operator A, i.e. the positive square root of ATA.

Here are some important properties of trace distance that will aid in understanding

the proposed approximate quantum couplings later on.
Lemma 4.2. Properties of trace distance.

(1) Trace distance is a metric on the space of partial density operators. To be specific,

D(p,0) = 0 if and only if p = o; D(p,0) = D(0,p); D(p1,p3) < D(p1,p2) +
D(pz, p3). Also, we have 0 < D(p,0) < 1.

(2) Let & be a superoperator, p and o be two partial density operators, then D(E(p),
&(0)) < D(p,0).

(3) (Convexity) Let {p;} and {q;} be two arbitrary probability distributions, and p;
and o; be partial density operators over the same index set. Then, D(}; pipi,
2i9i0i) < D(pi,qi) + 2; piD(pi, 0i). A special case is D(X; pipi, 2 pici) <
> piD(pi, 0;) when {p;} and {q;} are of the same distribution.

(4) Let &, and &; be two superoperators. If D(p1, p2) < 8 and D(E1(p), E2(p)) < &
hold for any p, then we have D(&E1(p1), E2(p2)) <5+ 6.

The trace distance is a useful measurable metric to distinguish two quantum states
directly, but more is needed for comparing two superoperators &; and &,. An intu-
itive but inadequate way is to find an optimal input state p that maximizes the trace
distance between &;(p) and E,(p) because this does not take entanglement into ac-
count. It is known that quantum entanglement is useful for channel discrimination
[PW09]. To address this issue, Kitaev proposed the diamond norm [AKN98a] to distin-
guish between two superoperators sufficiently with the help of the power of quantum

entanglement by introducing auxiliary qubits.
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Definition 4.3 (Diamond Norm). Let A be a linear operator over Hilbert space H,
the diamond norm of A is defined as

1A L e 1A ® o)pl (1)
= max — 1T ’ .
T peD(HOH) 2 HIP

where H’ denotes any auxiliary subspace that can be assumed to be a copy of H
without loss of generality. The factor 1/2 is added to keep consistent with trace dis-

tance.

Consequently, the distance between superoperators &, and &; over H is given as

€1 - &Ealls = pe@Tﬁéw')D((al ® Iy)(p), (E2 ® Inr) (p)) (4.2)

It is straightforward to verify that D(&E;(0), E2(0)) < ||E1 — E;l|s for any o € D(H)
by choosing p = 0 ® Iy. Therefore, we can use the diamond norm as an upper bound
for the trace distance between quantum states. Compared with directly calculating
D(&E1(0),8E2(0)), the diamond norm allows us to take advantage of quantum entan-
glement in p € D(H ® Iy ) to better distinguish between &; and &;.

The distance between two superoperators can be computed efficiently by convert-
ing it into a semidefinite programming problem [Wat13]. In the case where two super-
operators &; = Uy - UlT and &, = U, - U; are unitaries over H, there is no need to intro-
duce any auxiliary system for optimal discrimination [Wat18]. The numerical range
of an operator A over H is defined as the set N(A) = {(V|A|Y) : |[¢) € H,|¢) # 0}
which is compact and convex. Since UlT U, is normal, N ( UlJr U,) is directly equal to the
convex hull of the eigenvalues of Uf U,. Consequently, we can express the distance
between U; and U, as

+ . sina/2 a<m
U - U] = Uz~ U,lo =

1 a>T

where « is the smallest arc containing the spectrum of U;f U, [NPPZ18]. To be specific,

let {A;}(|Ai| = 1) be the eigenvalues of the unitary UlT U,. We arrange these eigenvalues
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along the unit circle in the complex plane, and « is the smallest arc on the unit circle
that contains all of these eigenvalues.! We present some important properties of the

diamond norm below.
Lemma 4.4. Properties of the diamond norm.
(1) Diamond norm is a metric over superoperators.

(2) For any superoperators & and partial density operator p, we have
1€l < 1€l - Tr(p)

(3) For any superoperators &, &, &, and &, over H, we have

162081 = &30 E1llo < NIE1 = Eills + 1162 = &l

(4) For any superoperators &, and &7 over Hy, E; and &), over Hy, we have

161® &2 = &1 @ Ello < (161 = Efllo + 182 = Ells

Approximate Quantum Couplings

The exact quantum coupling between two quantum states, defined in the paper
[BHY*19], is a natural generalization of the classical coupling between two discrete
distributions. In the classical setting, two discrete distributions y; and p; over sets A;
and A, are coupled by a distribution y over A; X A; if and only if the first and second
marginals of u are exactly y; and p,, respectively. In the quantum world, we have
a natural association between the density matrix and probability distribution, where
the partial trace over a quantum state corresponds to the marginalizing over a prob-
ability distribution. We review the definition of exact quantum coupling in [BHY*19]

as follows.

'Readers may refer to [NPPZ18] for a graphical representation of a.
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Definition 4.5 (Exact Quantum Coupling). Let p; € D(H)) and p, € D(H>),
then p € D(H; ® H,) is a coupling for {p1, p2) if Tri(p) = p2 and Tra(p) = ps.

The partial trace operation is not a one-to-one function, so the exact quantum
coupling for a given pair of density matrices p; and p; may not be unique. Therefore,
the exact quantum coupling can be seen as a weak reverse process of the partial trace
operation. For any pair of density matrices p; and p, with equal trace, we can always
find a trivial coupling where the two subsystems are independent of each other, which
is p1 ® p2/Tr(p1). A key feature of the exact quantum coupling p for a given pair
(p1, p2) is that its trace is equal to the trace of both p; and p, i.e., Tr(p) = Tr(p;1) =
Tr(p,). However, this constraint can be relaxed in the approximate version.

In the paper [BKOZB13], Barthe et al. proposed the approximate classical coupling
for reasoning about differential privacy. They designed a parameterized a-distance
between sub-distributions to serve as an upper bound for the approximation. Inspired
by their work, we use trace distance to measure the approximation without loss of
generality. The approximate quantum coupling degenerates into its counterpart in
[BHY*19] if § = 0. The deviation § is introduced to quantify the distance between the

exact and approximate coupling of p; and p,, rather than a direct comparison between

p1 and p;.

Definition 4.6 (Approximate Quantum Coupling). Let p; € D(H;) and p, €
D(H,), then p € D(H; ® H>) is an d-coupling for (p;, p2) if

D(p1.Trz(p)) <6 D(p2.Tri(p)) <6

Approximate Quantum Liftings

To formulate our judgments, we introduce projections as relations between partial
density operators. Similar to the classical case, a valid approximate quantum lifting
implies the existence of an approximate quantum coupling that satisfies a quantum

predicate.
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Definition 4.7 (Approximate Quantum Lifting). Let p; € D(H;) and p, €
D (H>), let P be a projection onto a closed subspace of H; ® Hs, then p € D(H; ® Hy)

is called an witness of the d-lifting p, ~f) p2 if,
(1) p is a 6-coupling for {p1, p2);

(2) supp(p) € P.

where § is the deviation from the exact quantum lifting.

A valid approximate quantum lifting implies the existence of an approximate
quantum coupling that satisfies a quantum predicate. The approximate lifting p; ~?,
p» degenerates into the exact lifting p; ~p p, when § = 0. We usually select a “closest”
witness with a smallest deviation § for the approximate quantum coupling p; ~ p».
However, if we want to compare them under a specific condition P, that’s where ap-
proximate liftings come into play. For example, give two distinct states p; = |+)(+]
and p, = |-)(—|, an exact witness |[+—)(+—| is suitable to exactly describe the pair
(p1, p2) with § = 0. How about the witness of these two states under the compu-
tational basis measurement {P;; = |ij){ij|}(i,j € {0,1})? For any P;;, the closeset
witness for the lifting p; ~p,; p2 is always the trivial state 0 with § = 1/2. The trivial
wintess with the same non-zero § implies that the computational basis measurement
cannot distinguish the pair (p1, p;) at all.

We list the basic properties of approximate quantum listings below.

Lemma 4.8. In the following, p1, p2, ap1, apz, p1 + ps and pz + py are partial density

matrices.
(1) (Scalability) If p ~f3 p2 and 0 < «, then we have (ap;) ~$5 (aps).

(2) (Linearity) If p ~0' p; and ps ~% py, then we have (py + ps) ~3*% (p, + py).

(3) (Monotonicity) If§ < 8" and P C P’, we have p; ~g p2 = p1 ~f;, D2



CHAPTER 4. APPROXIMATE QUANTUM RELATIONAL HOARE LOGIC 91

Proof. (1) It is direct from the fact D(ap, o) = aD(p, o) for any partial density
matrices p, ap, o, ao. Therefore, if p is a witness of p; ~f7 p2, then ap is the

witness of (ap1) ~g5 (aps).

(2) Let 0y and o, be the witness of the lifting p; ~§ p2 and ps ~fj p4 respectively,
then oy + 0 is also the witness of the lifting (p; + p3) ~f,1+52 (p2 + ps) by the

convexity of trace distance. That is, o1 + 0 £ P, and we also have
D(Trz(O'l + O'z),pl + p3) < D(Trz(al),pl) + D(Trz(O'g),p?,) <6+
and the same goes for D(Try (o1 + 02), p2 + pa) < 51 + 52.

(3) Let p be the witness of the lifting p; ~f3 p2, then it is direct to check supp(p) C
P C P, D(Try(p), p1) < 6 < & and D(Try(p), p2) < § < &, thus p is also the

witness of the lifting p; ~f, P2 = pi ~§, p2-

Quantum Equivalence

One of the most important quantum predicates is the equivalence relation between
two registers. Let p € D(H) be a partial density operator with the spectral decompo-
sition p = }; A; |i)(i|, where {|i)} is an orthonormal basis of H. It is straightforward
to verify that ) ; A; |ii)(ii| € H ® H is a witness of the exact lifting p ~= p, where =
represents the quantum equivalence(or identity relation), as formally defined below

[BHY*19].

Definition 4.9. Let register p and ¢ are two disjoint registers of the same size. The

quantum equivalence predicate over (p, q), denoted by =(; 4, is the projection
(I ® I; + SWAP) /2

over subspace H; ® H;. SWAP is the swap operator defined on (p, g) such that by
SWAPY) |¢) = |@) |y) for any [i)) € Hj and |) € H;.
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The quantum equivalence predicate in Def 4.9 directly comes from a natural ob-
servation. In the probabilistic world, if two probability distributions p; and p; over X
are the same, then there exists a coupling y whose support lives in the identity rela-
tion {(a,a) | a € X}. In quantum settings, this is not true due to superposition. For
example, the exact coupling of the state |[+) = (|0) + |1))/V2 and itself is [+) ® |+),
which is not in the space spanned by |0) ® |0) and |1) ® |1). Instead, we need to use the
projection (I+SWAP)/2 to represent the corresponding symmetric space. By doing so,
we have (I+ SWAP)(|+) ® |[+))/2 = |+) ® |+),that is, supp(|+) ® |[+)) C (I + SWAP)/2.

Here we have an approximate version of the lemma for the identity relation in
[BHY"19], where the approximate lifting for the identity relation has the same expres-
siveness as trace distance. This lemma implies that we can use approximate quantum
liftings for the identity relation to reason about the approximate equivalence of quan-

tum states.
Lemma 4.10. For any p1, p2, we have
p1 ~2 p2 & D(p1,p2) <28
Particularly, if § = 0, we have
p1~= P2 & P1=p2
Proof. From the left to right side, let p be the witness of the lifting p; ~2 p,, we have
supp(p) € = D(p1, Tr2(p)) <6 D(Tri(p),p2) <6

Notice that Tr;(p) = Try(p) from supp(p) C =. Then we have

D(p1, p2) < D(p1,Tr1(p)) + D(Tr1(p), p2)

= D(p1, Tra(p)) + D(Tr1(p), p2) =6+ =26

From the right to left side, let 0 = (p; + p2)/2, the eigen-decomposition of ¢ is
o =2, Ai[¥)(¥|. We need to check p = >; A; [¥) (Y| ® |)(¢| is a witness of the lifting



CHAPTER 4. APPROXIMATE QUANTUM RELATIONAL HOARE LOGIC 93

p1 ~2 py. It is direct to check supp(p) C =. Furthermore, we have

D(Tr1(p), p2) = D(0, p2) = D((p1 + p2)/2, p2) = D(p1,p2)/2 < 6,

where Tr(p) = Trz(p) = o, and the same goes for D(Tr;(p), p1) < 8. Thus p; ~& p,
holds. The particular case is straightforward since p; = p; if and only if D(p1, p2) =

0. [ |

Notice that the trace distance provides a natural explanation for state discrimi-
nation, as presented in the lemma 4.11. Together with lemma 4.10, the approximate
lifting p; ~2 p, also demonstrates the extent to which two states can be effectively

distinguished through POVM measurements.

Lemma 4.11. [NC11] Let {E,,} be a POVM, with p,, = Tr(E,p1) and qm = Tr(Epp2)

as the probabilities of obtaining a measurement outcome labeled by m. Then we have

D(p1, p2) = r{%a>}<D(pm, qm)s

where the maximization is over all POVMs {E,,}. D(pm,qm) denotes the L, distance

between distributions, i.e., D(pm, qm) = % >om |1 Pm — qml.

Upper Bound of Approximation

The approximation usually arises in a scenario when we use a desired postcondition to
approximate an exact postcondition. Formally, let (A, B) be the pair of two projections

A and B over Hilbert space H; ® H., the inference

V1, P2, pr ~a P2 = p1~% p2 (4.3)

demonstrates a general way of introducing approximate reasoning. That is, given a
witness of the exact lifting p; ~4 p2, does there exist a witness o of the approximate
lifting p; ~g p2? The optimal deviation § in Eq. 4.3 is equivalent to the following

quantity,

& =d(A,B) = sup inlg max{D(Tri(p), Tr1(0)), D(Try(p), Tra(0))} (4.4)
pEA OF
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where d(A, B) can be upper bounded by sup ing D(p, o) introduced in [ZYY19].
pIZA oF
Here we discuss a simple but important instance of Eq. 4.3 with A = (U; ®
U;)B(U; ® Uy)" and B being the quantum equivalence predicate =. Then Eq. 4.3 can

be represented as follows,
Vp1, p2, p1 ~= p2 = U1P1U1T ~A UszUZT = UlplUf ~i Uz/?2U2T

where § can be upper bounded by ||U; ~UI—U2 . U2T |lo. The diamond norm ||-||, proposed
by Kitaev [AKN98a] can better distinguish between two superoperators with the help

of the power of quantum entanglement by introducing auxiliary qubits.

4.2 Specification Formula

Judgment and Validity

Our logic, called aqRHL, “approximates” the quantum relational Hoare logic described
in [BHY*19]. The judgments in aqRHL take the following form S; ~5 S, : A = B,
where S; and S; are quantum programs, A and B are projections over subspaces of
Hjz, ® Hjy, such that g; contains all free variables of 5;, § € [0, 1/2] is referred to as the
deviation from the exact quantum lifting, respectively. Registers ¢; and g, are often
omitted since they rarely change along our reasoning and are often clear from the

context.

Definition 4.12 (Validity). The judgement S; ~5 S, : A = B is valid, written as
ES1~sS2:A= B (45)

if and only if
Vo1, p2.p1 ~apz = [Sil(p1) ~§ [S211(p2)

where A and B are projections. If the deviation § equals zero, it will be omitted for

simplicity.
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In Def 4.12, we choose projective predicates [BN36] over the joint system of two
programs because such predicates are the quantum analog of binary relations, the
predicates used in pRHL [BKOZB13]. Moreover, this definition will become a judg-
ment of [BHY*19] if § = 0. One of the most important applications of relational
Hoare logic is to verify the equivalence between programs, as presented in the fol-
lowing lemma. Naturally, the approximate equivalence between programs can also be
reasoned by judgment 4.5, where § characterizes the deviation of approximation. We
choose the set of projective predicates because it is the quantum generalization of the

binary relation in approximate relational Hoare logic.

Lemma 4.13 (Program Equivalence). Program S; is equivalent to program S, if

andonlyif ES; ~ Sy : == =.

Proof. 1t is direct form Def. 4.12 and lemma 4.10. From the left to the right side, let
o = [Si](p) = [S2]](p) for any p. The eigen-decompositions of p and o are p =
Ziai[y){¥l and o = X; fi |p){el. It is direct to see that }; a; [) (| ® [)(¢| and

Y Bilo)(p| ® |p){p| are witnesses for liftings p ~= p and [S1](p) ~= [S2] (p). Thus,
we have £ §; ~ S; : = = = by Def. 4.12. From the right to the left side, given £ §; ~

Sy : == =, we have p; ~= p2 = [S1]l(p1) ~= [S2]|(p2) for any p. Then we have
p1 = pz and D([S1](p1), [Sz](p2)) = 0 by lemma 4.10, that is [ S1 ] (p) = [Sz[[(p). =

The program equivalence can be expressed concisely by judgment 4.5 with pred-
icates being the equivalence relation instead of checking whether two quantum pro-
grams perform uniformly by enumeration of an infinite number of states in Hilbert
space. The following simple example shows that quantum program equivalence is
more complex than its classical counterpart due to the superposition of quantum

states.

Example 4.14. Let S; and S, be two programs defined on a single bit or qubit. For

classical programs, the state space for programs Sy and S, is the set {|0),[1)}. Let ¥ and

2That is, [S1]|(p) = [Sz] (p) holds for any partial density operator p.
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® be the equivalence relation, the relational judgment
S1~8:¥Y = O
holds for classical programs S and S, if

[S:0c0) oD = [S2Qcfoycon  [Suf(11)<aD) = [SD(11)<1l) (4.6)

However, this conclusion no longer holds in quantum programs since the input state could

be a superposition of |0) and |1). For example, let
Sy == skip Sy n=q = Z|[q]

it is clear that Sy and S, are not equivalent® although Eq. 4.6 still holds. To check quantum
program equivalence, we need to verify the validity of [S1]|(p) = [S2]|(p) forall p in the
Hilbert space span{|0),|1)} rather than the set {|0),|1)}, which involves enumerations

of an infinite set.

Measurement Conditions

Additional constraints must be imposed on the programs to establish feasible rela-
tional proof rules for programs with complex structures, such as if and loop state-
ments. In the classical pRHL approach in [BGZB09], the precondition m;¥m; satisfied
by the initial memories m; and m; requires the guards e; and e; in the if or loop state-
ments must be equal. Things get more complex in quantum programs since quantum
mechanics are naturally probabilistic, and it is generally impossible to require two
if statements to give the same measurement or with the same probability distribu-
tions. In [BHY*19], the term “synchronous execution” in quantum programs means
that two quantum measurements M; = {M"} and M, = {M]"} should produce the

same distribution over branches for input p; and p,, that is,

Tr(M}*ps M) = Tr(Mg ppMg™).

SIS A D) # [S2] (1) {¥|) for any superposition |y = a|0) + b |1),0 < |a|®> + |b]* < 1.
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To study more general programs, we propose the approximate measurement con-

ditions, which establish appropriate upper bounds for the deviations in our judgments.

Definition 4.15 (Approximate Measurement Condition). Let M; = {M"} and
My = {M]'} be two measurements in H; and H, that share the same set {m} of

measurement outcomes, respectively. The measurement condition
My R {6m} Mz A= {(pm, Bm)} (4.7)

means that for every measurement outcome m, we have

MM p M ~§’1’,, M po M
Vp1, p2-p1~a p2 =
max{Tr(M"p;M""), Tt (M p; M)} < pim

where p,, € [0,1]. Deviations J,, in the measurement condition can be ignored if they

equal zero. We write predicate {(p,, B,)} as {By,} for short if all p,, = 1.

Our approximate measurement condition extends its counterpart in [BHY*19] to
an approximate version that no longer requires two measurements M; and M; must
produce the same distribution. Instead, it employs information to bound the prob-
ability of entering the branches of index m, making approximate reasoning about
branches possible. It is worth noting that the deviations in Def. 4.15 slightly differ
from those in Def. 4.12. In Def. 4.12, programs S; and S, are trace-preserving if they
can terminate. However, it is generally not the case that Tr(Mi’”piMimT) = Tr(p;) for
i € {1,2}. Only the whole process of quantum measurement is trace-preserving, i.e.,
>om Tr(Mi’”piMi’”T) = Tr(p;). As a result, §,, specified in Definition 4.15 needs to work
with p,, to establish bounds on the approximate reasoning.

Let Q; = while M;[q] = 1 do S; od and Q, = while M,[g] = 1 do S, od be two
loop statements. In [BHY*19], the measurement condition requires that Q; and Q,
should produce the same distribution over measurement outcomes during the itera-

tions, that is,

Tr(([S1] 0 MD*(p1) = Tr(([S2] © M2)< (p2))
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holds for any integer 0 < k. Such a condition limits the applications since it is gener-
ally not true.

Instead, we use the approximate measurement condition in loop statements. As
shown in the rule (LP) in the next subsection, we introduce an “approximate invariant”
A related to the approximate measurement condition. The approximate measurement

condition indicates that loop statements have the following property,

. . dy
Y is a witness of px ~,° oy

VO<k.p~s0 = Fys.t.
Tr(ye) < p}

1-p} pi-pi™ 1)k 1\k ~
where di = 1=-01 + 52,0, pr = ([S1]] o MD (1), o = ([S2]l © M) (p2), i €
{1,2}. Since the measurement condition performs approximate liftings based on the
approximate output of the last iteration, the deviation accumulated in each iteration is
scaled down by p;. Notice that the measurement condition in rule (LP) puts limitations
on the witness yj rather than actual program states py and ok. It usually can not give
valid upper bounds on Tr(py) and Tr(oy). An exceptional case is the exact reasoning,
where we have Tr(py) = Tr(ox) = Tr(yx) < p’lC with §; =5 = 0.

How about the case when finding a proper “approximate invariant” is not easy?
In practice, the approximate reasoning usually stops after unrolling the loops deep
enough, and the minor remaining parts are ignored. The loop statement can be ap-
proximated as a finite-length sequence of quantum measurement and loop body, and
proper approximate measurement conditions can be set to terminate the loop some-
where and provide bounds on the approximation of the truncation. As shown in the

rule (LP*), we usually need a bunch of approximate measurement conditions param-

eterized by the number of iterations,

Ml ~ B} MZ :Ak = {(Qk, C)’ (Pk’ Bk)}

to work with the premises - S; ~s5 Sy : By = Ay, related to the loop bodies. If

compared loop statements could terminate within N-iterations, then the approximate
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measurement condition
Ml X {an,0} Mz IAN = {(1, C), (0, I)}

is unnecessary. Otherwise, an upper bound N on the unrolling of loops is needed, and

the above approximate measurement condition is used to approximate the truncation.

4.3 Proof System

This section will present a set of proof rules for reasoning about the validity of aqRHL
judgments. These rules include construct-specific rules (two-sided and one-sided) and

structural ones, as is typical in classical relational Hoare logic.

Two-side Rules

(Skip) +skip ~skip: A=A
(INIT) kG :=0) ~ g2 :=[0) : A= [0)4, (0] ® |0}4, (O] ® proj(Tr(g,4,) (A))
(UT)  +q=Uila] ~ G = Dlg:] : A= (Ui @ AU, @ U;)
(Qo)  Fq1:=3E1[q1] ~ G2 = E2[q2] : A = proj((&; ® E2)(A))
FSy~s, S2:A=R FS|~5 S,:R=B
FS1;S] ~5,45, 235, : A= B
My =5,y M2 A= {(pm. Bm)}  F Sim ~s;, Som : Bmn = C
Fif (Om - My[q]l =m — Sim) fi ~3, 5,1pm-0;, if (Om-Mz[gl =m — Sy,) i:A=C
My =55, M2 A= {(po, Bo), (p1,B1)} FS1~5S::B=A

(SEQ)

(IF)

LP
(LP) + while M;[q] = 1do S; od ~ s5y+5,+p;5 While M;[§] =1do S; 0d: A = B,
1-p1
Y0 <k < N M =g p) Mz : Ax = {(qx. C), (pr, Br) }
LPY) My % an0y Mo Av = {(1,0),(0,1)}  +S1 ~s5,. S22 By = Agnt

+ while M;[g] =1do S; od ~f (g, g.pr) While Mz[g] =1do Sz 0d: Ay = C

Figure 4.1: Two-sided agRHL rules. The deviation of the LP* rule is given by
£ (@ o i) = @0+ 25" Antnat)+ (N o+ Eplg' (N=n=1)Anfuss) +(Ensy (N=1) Anb)
with A, = [1;_, P
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Fig. 4.1 includes the two-sided proof rules when comparing programs with the
same structure. The basic rules, namely (Skrp), (IN1T), (UT) and (Qo) are similar to
their counterparts in [BHY*19] with § = 0, where they are presented in the forward
variant. Here we use proj(A) to lift non-projection A to its support before assigning
it as a predicate. Notice that the rule (UT) gives the strongest postcondition, which
means the reverse + gy := U7 [G1] ~ @2 = U; ' [q2] : (U ® UZ)A(U;( ® UZT) = Astill
holds. The rule (SEQ) demonstrates that the deviation grows linearly along with the
sequences, which directly comes from the triangle inequality of trace distance.

The rule (IF) requires the measurement condition in the premises to provide a
bound on the whole approximation, where the deviation §;, of the branch body is
scaled down by p,. The rule (LP) does not require the synchronous execution of loop
guards [BKOZB13, BHY*19] or the speed bound at which loops converge [HHZ*19].
Instead, the measurement condition only employs an upper bound p; on the proba-
bilities of entering loop bodies for the first iteration. Rule (LP) requires p; € [0, 1) and
provides better deviation if p; is smaller. If p; equals 1 at the beginning, we can unroll
loop statements several times to make p; less than 1.

We derive rule (LP*) as an alternative of rule (LP) by incorporating more specific
measurement conditions for the iterations of loops when we can not find a good preid-
cate A for rule (LP). When doing approximate reasoning about loops, setting an upper
bound N on the number of iterations is typical. Notice that the factor A, is not an up-
per bound on the probability of entering (n + 1)-th iteration except for n = 0. Overall,
rule (LP*) is a direct application of rule (SEQ) on a finite number of iterations, where

measurement conditions are used to scale the deviations.

One-side Rules

One-sided relational proof rules are listed in Fig. 4.2. These rules are necessary when
two programs do not share the same structure. We have only listed the one-side rules

for the left side, and similar rules apply to the right side symmetrically. Since we
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can always make the skip statement share the same probability distribution with any
if and while statement, thus the measurement conditions in rules (IF-L), (LP-L), and

(LP*-L) are more straightforward.

(INrT-L) g1 :=10) ~ skip : A = |0)4, (0] ® proj(Trgy, (A))
(Ut-L)  F G :=Ui[@] ~ skip: A = (U ® L)A(U; ® L)
My~ I : A= {(pm:Bm)} F Sim ~s,, skip : By = C

(IF-L)
Hif (Om - My[q] =m — Sip) fi~y 5.5, skip: A= C
(LP-L) My =1 : A= {(po,Bo), (p1,B1)} F+Si~sskip:B; = A
+ while M;[g] =1do S; od ~, s5/(1-p,) skip: A= By
YO<k <NM;~IL: A= {(qr0), (pr- B}  An =T}, Pk
(LP*L) My =50y L Av = {(1,0),(0,1)}  + Sy ~6, skip : By = Agqy

Figure 4.2: One-sided aqRHL rules.

Structural Rules

Unlike classical programs, the potential quantum entanglement between subsystems
brings a unique challenge in constructing a general frame rule for quantum programs
[BHY*19, Unr19, ZBH*21]. We derive a simple frame rule (FRAME) to specify a par-
ticular instance that the predicate C on additional independent system (74, 7;) is one-
dimensional. The subscripts related to registers are displayed explicitly to avoid con-
fusion. Rule (OrRDER) adds an order relation < over deviations. In addition, a side
condition is introduced in rule (ArPrOX) to allow switching postconditions at the cost

of bringing approximation.

Rules for Equivalence Relation

We address a scenario regarding the rules (UT), where the precondition and postcon-

dition are equivalence relations. We use diamond norm to bound the deviation in rule
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l-(ql’qz) Sl ~5 52 :A=>B (f],fz) N var(Sl,Sz) =0 Dim(c(fl’fz)) =1

(FRAME)
F(§1,71),(G2.72) S51~55:A® C(fl,fz) = B® C(fl,fz)
(O ) |'Sl~5/SZ!A,:>B’ AQA' B,QB 5,S5
RDER
FSi~sS,:A=B
(ApPROX) FS1~S,:A=B Vp1, p2. p1 ~B P2 = p1 N?; P2

FSi~5S2: A= C

Figure 4.3: Structural agRHL rules.

(UT-1D), where U - U™ denotes the Kraus representation [NC11] of unitary U. The rule
(Comp) permits reasoning equivalence between programs by introducing intermedi-

ate programs.

(Ut-m)  F §q :==Ui[q1] ~||U1-UI—U2-U;||O/2 g =[] ===

(Comp) FSi~s Spi==>= FSy~s, S3:== =

|‘S] ~ 8,46, S3ZE$E

Figure 4.4: Rules for Equivalence Relation

4.4 Soundness Theorem

All these proof rules in Fig. 4.1, 4.2, 4.3 and 4.4 are proved to be sound concerning
the validity of judgments defined in Def. 4.12. Our logic has no relative completeness
due to its foundation in the quantum extension of probabilistic coupling, which is
insufficient for demonstrating the convergence of Markov chains. Ancillary lemmas

4.17, 4.18 and 4.19 are introduced to prove theorem 4.16.

Theorem 4.16. [SOUNDNESS] For any program S, Sy, projections A and B, deviation 9,

we have,

FS1~55,:A=B = ES ~5S5:A=B
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Proof. The soundness is proved by showing the validity of axioms and inference rules
in Fig. 4.1, Fig. 4.2, Fig. 4.3 and Fig. 4.4 concerning Def. 4.12 by the induction on the
proof structural of - S; ~5 S2 : A = B. A and B are projections over subspaces of
Hy, ®Hj, such that g; contains all free variables of S;. O; and O, to represent operators
over Hg, and H,. Try(p) and Try(p) to denote the reduced density matrix over Hy,

and H,,, respectively.
(1) (Skrp). It is straight from Def. 4.12.

(2) (Ut). For any p; and p; such that there exist a witness p of the lifting p; ~4 pa,

then we have

supp(p) €A  Trz(p) =p1 Tri(p) = p2

Leto = (U; ® Ug)p(UlJr ® UZT) and B= (U; ® Ug)A(Uf ® UZT), then it is direct to

check that o is a witness of the lifting U, plUlT ~p Uz UT,

supp(a) = supp((U; ® Up)p(U; ® U))) C (U; ® U2)A(U; ® U)) = B

Trz(0) = U1,01U1T Tri(0) = Uz,DzU;
Thus the lifting Uy p1U; ~p Us ng; holds, we have
Vo1, p2. p1 ~a p2 = UipiU[ ~p UppoU;
ie g = U[Gi] ~ @ = Uz[Ga] : A= (U ® Up)A(U ® U,) by the semantics.
(3) (Qo). Here we first prove the rule for any two superoperators &; and &,
Eq1=E1[q1] ~ @2 = E2[q2] : A = proj((E; ® E2)(A))

For any p; and p, such that there exist a witness p of the lifting p; ~4 p2, then

we have

supp(p) €A Tra(p) =p1 Tri(p) = p2
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Let o = (61 ® E;)(p) and B = proj((E; ® E2)(A)), then it is direct to check that
o is a witness of lifting &E;(p1) ~5 E2(p2),

supp(o) = supp((&E1 ® E2)(p)) C proj((E1 ® E2)(A)) =B
Try(0) = E1(Tra(p)) = E1(p1)  Tri(o) = E(Tri(p)) = Ez(p2)

Thus the lifting &1 (p1) ~5 E2(p2) holds, we have
Vp1, p2. p1 ~a p2 = E1(p1) ~B E2(p2)

ie kg1 :=&E1[q1] ~ G2 = E2[q2] : A = proj((E1 ® E)(A)).

(4) (InrT).  The Init rule is an instance of the above rule with & =

50 10)g, (nlplnyg, (0] and E = X, [0}, (nlpln) (0.
(5) (SEQ) By the first assumption + S; ~5, Sz : A = R, we have
Vo1, p2.p1 ~a p2 = [Sill(pr) ~3 [S2](p2)

then there exits a witness p of the lifting [[S;](p1) ~le [S2]1(p2). Given the

second assumption + S| ~s, S; : R = B, we apply Lemma 4.19 to have

[S:1(o0) ~7 [S:0(p2) = [STIAS Do) ~5™ [S;1CAS2D (p2)
Combine the first assumption and the semantics of sequence, we have
Vp1, p2. p1 ~a p2 = |[51;51]](P1) ~§1+‘SZ [[Sz;séﬂ(Pz)
ie FS1;;8] ~5.48, S2;S, : A= B.

(6) (IF).Let Q; = if (Om-M;[q] = m — S1m) fi, Q; = if (Om-M;,[q] = m — Sop) fi.
By the assumption M; =5, My : A = {(pm, Bm)}, we have

Sm
Vp1, p2.P1 ~A P2 = Oim ~B,, 92m
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for all m, where oy, = M{”le’”T, Oom = Mé"pszT, Tr(o1m) < pm and
Tr(o2m) < pm. Together with the assumption + Sip, ~5. Som @ By = C, we

have

Vp1, p2- p1 ~a P2

= Oim Ng’: O2m

= Oim/Pm ~2’;/pm Oom/Pm (Scalability in 4.8)

= [Sim](o1m/pm) ~§C'"/pm+5;” [ Som ]l (o2m/pm) (Lemma 4.19)
= [Sin]l(G1m) ~2 "% [Sy]l(02m)  (Scalability in 4.8)
=
=

Om+pmOp, . o
ZmlSim] (o1m) ~&™ Pmom S [Som ]| (2m) (Linearity in 4.8)

[Q:l(p1) ~Z 2P [Q,](p2)  (Fig. 2.2)

for all m. Thus we have £ Q1 ~5_ s, +pns;, Q2 : A= C.

(7) (LP). Let Q; = while M;[q] = 1 do S; od, &;(p) = [Si]| (M pM}") for i € {1,2}.
We combine M1 R {80,61} Mz A= {(p(),Bo), (plsBl)} and + Si~sS2:Bi=> A

to have

Vpu pap1 ~a p2 = MOpMY ~§§‘; M oMY
T 19 8
Vp1. p2.pi ~a p2 = MipiM{~% MipaM}' = Ei(pr) ~2° &(p2)
with Tr(&E;(p;)) < Tr(Milp,-MilT) < p; for i € {1,2}. Now we prove our rule by

induction. Let Qg‘ be the loop Q; must terminate at most k iterations, [[Q?]] (p) =
M pM?T, then we have

[Q5'1(p) = MOpMY™ + [QF T (Ei(p))

by the semantics of the loop statement in Fig. 2.2. Assume we have £ QF ~,.
QIZ< : A = By for k € N. For k = 0, it is straightforward to check dy = §, by the

measurement condition. Then we have

S1+p16
Vp1, p2. p1 ~a p2 = E1(p1) ~A+p E2(p2)
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= [Q1(E1(p0) ~a ) [0F] (E2(p2)  (F QF ~4 Ok : A= By)

= [0 (o) ~ 50+51+p1(5+dk) [O5'(p2) (Linearity in 4.8)
k+1 k+1

Therefore, we have dy 1 = 8o +61+p1(5+dk) = 2i p150+21 0p151+21 1 p1

Since limg_, o, Qf converges to Q;, thus we have

Vo1, p2.p1~a p2 = = [Qil(p1) ~5, [Q21(p2)

where limy o dp < 1= p =5 (80 +81) + 1 p1 5 A. Thus we have E Q1 ~p Q2 : A =
Bo.
(8) (LP*). Let Qi = while M;[g] = 1do S; od, &i(p) = [S:] (M} pM!), [OF] (p) =

MOEF (p)MiOJr for i € {1,2}, then we have Q; = };> OF. By the measurement
condition
My 2 poy Mo+ A = {(qk, C), (pr. B) }

we have
MO MOT %k MO MOT Ml MlT ~ﬁk Ml MlT

1PV~ M privl 1PV ~p, My paivly
Vpi, p2.p1 ~a P2 = 0 of . oF
Te(MipiM; ) < g Te(M;p2M; ") < py

for 0 < k < N. Together with the assumption  S; ~s, Sz : By = Agy1, we have
Vpi, p2. p1 ~a, P2 = M11P1M1T fo Mlpzj\/ffr
= MipM/po ~2" MipaMy'/po (Scalability in 4.8)
= &i(p/p1) ~§°/P°+ " Ex(pa/p1) (Lemma 4.19)

= &1(p1) M Ey(py)  (Scalability in 4.5)

where Tr(E;(p;)) < Tr(p;) - po. Similarly, we also have

Vp1, p2. p1 ~a, p2 = Ei1(p1) Nﬂk pkék Ea(p2)

where Tr(&;(pi)) < Tr(p;)-px- By Lemma 4.18, we combine the above equations

to have

AiPis fl/lé
V,Dl,pz pL~a, P2 = an(p) (/30"'2;0 B+, )an( )
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= [071(p1) ~Z” [031(p2)

for2 <n< N, where An = szo Pk dn = /1n_10{n+(ﬂ0+2?2_02 Aiﬂi+l)+(2?:_01 /1,51)
Particularly, we have dy = ¢y and d; = poao + fo + podo. By another measurement
condition M; =40 M2 : Ay = {(1,C), (0,1)}, the loops would terminate at

most N iterations, that is, Q; = Zk]\lzo[[QfC |- Next, we have

Vo1 p2.p1 ~a p2 = [Q11(p1) ~& [Q31(p2)
= Zﬁz\[:o[[Q?]] (p1) N?”NZO & 1,}’:0[[Qg]](p2) (Linearity in 4.8)

= [0:l(p1) Né(ak’ﬁk’pk) [Q:21(p2)

where we f(ax, B, px) = f\io di = (oo + Zfl\]:_ol An@n1) + (N By + ZnNz_OZ(N -n-
DAnfr+1) + (Zi_ol(N — n)An6p). Thus, we have £ Q1 ~ (g prpr) Q2 2 Ao = C.

(9) (In11-L) A instance of rule (IN1T) With )}, 0)4,(nlpln)y, (0] on g2 being I.
(10) (Ut-L) A instance of rule (UT) with U, = I.

(11) (Ir-L) Let Q = if (Om - My[q] = m — S1,») fi. By the assumption M; ~ I :
A = {(pm, Bm)}, we have

Vp1,p2. p1 ~4 P2 = Oim ~B,, O2m

for all m, where oy, = M{”le{”T, Yom Oom = P2, Tr(o1m) < pm and Tr(ogy,) <

pm- Together with the assumption + S, ~5, skip : B,, = C, we have

Vp1, p2. p1 ~a P2

= Oim ~B,, O2m

= Oim/Pm ~B,, Oom/pm  (Scalability in 4.8)

= [Siml(o1m/pm) N(Sc'" Oom/ Pm (Lemma 4.19)
= [Sim](o1m) JC)'"(S'" Oom (Scalability in 4.8)
=

mém . . .
ZmllSim] (o1m) ~§’"p P2 (Linearity in 4.8)
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= [Ql(p1) ~&"""™ [skip](p2) (Fig. 2.2)

for all m. Thus we have F Q ~y , s skip: A= C.

(12) (Lr-L) Let Q = while M;[g] = 1do S; od, E(p) = [[S1] (MlllelT). We combine
Ml ~L: A= {(po,Bo), (pl:Bl)} and S1 ~s Sklp :Bi => Ato have

Vp1, p2.p1~a p2 = 1\/1?[71]\/I?Jr ~By 00

T 8
Vp1, pa.p1 ~a p2 = MipiMj' ~p o1 = E(py) ~A° oy

with oy + o1 = po, Tr(M{lef) < pi, Tr(o;) < p; fori € {0,1}. Now we prove
our rule by induction. Let QF be the loop Q must terminate at most k itera-
tions, and P* be the corresponding statement that shares the same probability

distribution with program Q. That is,

"
[ N(p1) = My pu " + [QF1(E(p1)
[[Pk+1]](/?2) =0+ [[Pk]](Ul)
where [Q°](p) = prMOT, [P°1(p2) = o0, lim_,o, OF converges to Q, Since
limy_,, P* converges to skip.

Assume we have £ Qk ~d, Pk : A= Byfork € N. Fork = 0, itis straightforward

to check dy = 0 by the measurement condition. Then we have

1)
Vp1, p2. p1 ~a p2 = E(p1) Nﬁl o1

= [[Qk]] (8(/)1)) Mgl(5+dk) [[Pk]] (0—1) (|_ Qk ~d; Pk N BO)

0

= [O"*' (o) ~§;(5+dk> [P (p2) (Linearity in 4.8)

Therefore, we have dy.1 = p1(5 +di) = Zi.‘:ll pié. Thus we have

Vo1, p2.p1 ~a p2 = [Ql(p1) ~p, [skip]l(p2)

where limy_, o, d; < 12)15 = A. Thus we have £ Q ~ skip : A = B,.
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(13) (Lp*-L) Let Q = while M;[G] = 1do S; od, E(p) = [[51]](M11pM1”), [051(p) =

M EX( p)M? " then we have Q=2 QF. By the measurement condition

My =1y : A = {(qr, C), (P, Br) }

we have
MM ~c o MipiMY ~p ovg
Vp1, p2.p1~a P2 = o ot . .
Tr(Mllel ) < qk Tr(M1p2M1 ) < Pk

for 0 < k < N, oy + o1x = p2. Together with the assumption + S; ~g,_ skip :

Br = Ay41, we have

1)
Vo1 pa-p1 ~a p2 = E(pr) A oy

where Tr(&E(p1)) < Tr(p1)-pk- By Lemma 4.18, we combine the above equations
to have
n dn n dn
Vp1, p2. p1 ~4, P2 = & (p1) ~a, OLn-1 = [[Ql]](Pl) ~c Oon

for1 < n < N -1, where 01,1 = 00 + O1n, An = [} Pr> dn = Z?:_ol A6
Particularly, we have dy = 0. By another measurement condition M; (4, 0}
M; : Ay = {(1,C), (0,1)}, the loops would terminate at most N iterations, that
is, Qi = X0, [ OF]. Next, we have

Vp1, p2. p1 ~a, p2 = [071(p1) “‘dcn Oo,n
= Zﬁjzo[[QT]] (p1) Né Zln\rzo oon (Linearity in 4.8)

= [Q:](p1) ~¢ skip

where o1 §y-1 = OoN, Zﬁlzo Oon = P2, A = AN—1oN + Zfl\fzo d,. Thus, we have

S Q1 ~A Sklp :Ag = C.

(14) (OrDER). By the assumptions + S; ~5 S, : A” = B, A< A, B < B,§ < 4, we

have

Vp.pe A= pE A ((Monotonicity in 4.8))
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= [Si](Tr2(p)) ~5 [S2](Tri(p)) (- Si~y Sp: A’ = B)
= [S:](Tr2(p)) ~5 [S:](Tr1(p)) ((Monotonicity in 4.8))

ie.TES ~5S,:A= B.
(15) (Approx). It is direct from Def. 4.12. By the assumptions  S; ~ S, : A = B,

Vpu pa.pi ~a p2 = [Si]l(p1) ~5 [S2](p2) = [S:1](p1) ~2 [S2](p2)

Thus we have + S; ~5 S3 : A = C.
(16) (FraME). Let C(7, 7,) = |¥/)(¢|. Next, we have

VP Pa- Pi ~ASC (s, s, P2
=P EA®Crr), P1=Trrgn P Py =Trrgn P’
=p =pY)Yl.pFA
= p} =Trg, p ® Try, [Y)Y| p; = Trg, p ® Trz, [Y) (Y
= Trg, p ~a Trg, p, Tre, [Y)Y| ~pyxy) Trr, [¥) (Y]
= [S1](Trg, p) ~5 [S2](Trg, p)
= [S11(Trg, p ® Try, [¥) (Y1) ~Z®CWZ) [S2]1(Trg, p ® Trz, [¥)<¥)

= [0 ~jec,.,,, [S21(03)

where in the fifth =, we use the assumption (g, 4,) S1 ~5 S2 : A = B, we have

VPP p1 ~aeCiyy P2 = [S1100D) ~hac,, ,, [S21(02)

Thus, we have F(g, 7,),(g,.7) S1 ~6 S2 : A® C(r, 7)) = B® Cz, )

(17) (Ut-D). For any py, p2 such that p; ~= p,, we have py = p, = p by
lemma 4.10. Let 0 = (Ul,oUlT + Usz;)/Z, the eigen-decomposition of o is
o = 2; A |U)(¥]. We need to check y = ;A [Y) (Y| ® |[¢)(¥| is a witness of
Ut-v, Ul
the lifting UlpU;f ~iUl Ui Cellof2 ngUZT. It is direct to check supp(y) C =.

Besides,

Tr(y) = Tr(0) = (Tr(UipU; )+ Tr(UppU,))) /2 = Tr(p) = Tr(UspU;) = Tr(UppUy,)



CHAPTER 4. APPROXIMATE QUANTUM RELATIONAL HOARE LOGIC 111

And we also have
D(WipU;, Tea(y)) = DWUpU;, 0) = >DUpU;, Uppl;)
By Def. 4.3 of diamond norm we have
D(UspUl, UppUJ) < Uy - U = Uy - U]

for any p. Thus, we have D(UlpUlT,Trg(y)) < ||Uy - UlT -U, - U2T||0/2, and
the same goes for D(ngU;,Trl(y)) < ||U; - UlT -U, - U2T||o/2. Thus we have

== Uilqd ~ i), @2 = el @] 1= =

(18) (Comp). This rule is direct from lemma 4.10 and the triangle inequality of trace

distance. Given + §; ~5, So : == =and + S, ~5, S3 : = = =, we have

Vo1, p2.p1 = p2 = [S1](p1) o [S2]1(p2)

Yoz ps.p2 = p3 = [S2ll(p2) ~2 [S3](p3)

By lemma 4.10, we have

Pr=p2=p3=p
D([S1]1(p1) [S21(p2)) < 26
D([Sz11(p2), [S3](p3)) < 25,

Thus we have

D([S1]1(p1), [S3](p3)) < D([S1](p1), [S2]1(p2)) + D([S21(p2). [S3] (p3))
= 2(8; +62)

Then we apply lemma 4.10 again to have

Vo1, ps.p1 = ps = [S1]l(p1) NilJr(SZ [S3](p3)

Thus we have + §; ~s,45, S3: = = =
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Lemma 4.17. Let S be a quantum program defined in Fig. 2.2, p and o are arbitrary

partial density matrices.
(1) Tr([S](p)) < Tr(p). The equality holds when S could terminate.

(2) D([S](p). [S](e)) < D(p,0).

Proof. Notice that S can always be represented by a non-trace-increasing superoper-

ator &, and these proprieties directly hold for &. |
Lemma 4.18. If £ S; ~5 S2 : A = B, then we have

VpEATr(p) < a = [Si](Tra(p)) ~§ [S2](Tri(p))
forany0 < a < 1.
Proof. It is direct from the scalability 4.8 of quantum approximate liftings. |
Lemma 4.19. If £ S; ~5 S2 : A = B, then we have

Vo p2.p1 ~4 p2 = [Sill(p1) ~57 [S2](p2)

forany0 < §'.

Proof. Let p be a witness of p; ~g’ p2 for any p; and p;, o1 = Tra(p) and oy = Try(p),

then we have
supp(p) €A D(o1,p1) <8 D(ozps) <&
By the prerequisite + S; ~5 S; : A = B, we have
or~a0 = [Sill(e1) ~§ [S2](02)
then there exits a witness o of the lifting [S;](o1) ~ [S2](c2) such that

supp(c) € B D(Trz(0),[S1](01)) <6 D(Tri(0), [S2](02)) <6
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Now we just need to check that o is also a witness of the lifting [[S;](p1) ~g+5'

[S2]1(p2). supp(o) C B already holds. Besides, we also have

D(Tr2(0), [S1](p1)) < D(Trz(0), [S1](c1)) + D([S1] (o), [S1](p1))
<8+D(o,p1) <5+¢

by property(3) in 4.17. Similarly, we also have D(Tr;(0), [S2](p2)) < § + &. Thus
[S:11(p1) ~%+5’ [S2](p2) holds. .

4.5 Discussions

In this section, we give another characterization of the validity of relational judg-
ments based on approximate predicate. Besides, we add some comments about sep-
aration conditions and structural rules. All these definitions, notations, and rules in
this section are independent of the main text, and readers can safely skip if they are

uninterested.

Approximate Predicate

We first give some necessary definitions related to “approximate predicates”, which is

a binary relation over the Cartesian product of sets of quantum states.

Definition 4.20. For any projection P € Hs, ® Hs, and a real deviation 0 < §, we

define

(1) The approximate predicate Pj:
Ps = {(p1, p2) | p1~p pa for p1 € Hs,, pz € Hs,)

(2) The distance A(a, b) between elements a = (a[1],a[2]),b = (b[1],b[2]) in ap-

proximate predicates:

A(a,b) = max{D(a[1],b[1]), D(al2],b[2])}
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(3) The post-image of program pair (Sy, S2) with respect to approximate predicate
Py :

post(S1,S2)Ps = {(01,02) | A(p1, p2) € Ps.o1 = [S1](p1), o2 = [S2] (p2) }

The approximate predicates can also form partial orders < concerning projections
and deviations. That is, we have As C Bs if A < Bor As, C As, if 6; < ;. It is

straightforward to see that
VYa € As,db € Ay s.t. A(a,b) <6

from the definition of approximate predicate. In other words, the deviation § char-
acterizes the distance from the approximate predicate As to the exact predicate Ay.
Naturally, we can use the approximate predicate to describe the validity of approxi-

mate judgment in Eq. 4.5 as follows
FSi~5S5,:A=B & pOSt(Sl,Sz)A C Bs

This characterization works like a Hoare-type triple. That is, the post-assertion B
over-approximates the expected assertion post (S, Sz)A.

We do not adopt it in our main text because the approximate predicate is not a
tractable structure. A major problem is the logical operations on approximate predi-
cates are not well-defined. Review the definition of fundamental logical operations —,
A, and V on projections in Def. 2.8. These basic operations over two approximate pred-
icates usually can not generate another approximate predicate. For example, we can

only have the following weak set inclusion relations rather than equivalence relations
AsNBs 2 (AAB)s AsUBs C (AV B)s =(As) 2 (—A)s (4.8)

As discussed later, these weak relations lead to the failure of structural rules in Fig. 4.6.
In addition, it is not direct to check the inclusion relation between two approximate
predicates. It is also difficult to characterize how quantum operations affect approxi-

mate predicates.
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Separability Condition

Unlike classical programs, quantum programs exhibit quantum entanglement be-
tween subsystems, which brings unique challenges in constructing a valid quantum
frame rule. In Sec. 4.3, we only introduce the simple frame rule (FRAME) since the
separability problem is not our major concern. We clarify the separability conditions

from [BHY*19] to address this problem.

Definition 4.21 (Separability Condition). Let S; and S, be two quantum programs,
and T = [§1, Q2. - - -, G:] is a separability condition which is a partition of registers such
that

var(q;) Noar(g;) = 0(i # j) var(Sy) Uoar(S,) C Ulevar(q,-)

where i,j € {1,2,...,t}. Then we say that a state p € D(Hs, ® Hs,) satisfies the

separability condition I', written p k T, if p is separable between subspaces Hj,.

In Def .4.21, a partial density operator p € ®  Hy, is separable between subspaces
Hg, if there exist partial density operators p;; € D(Hy,) such that p = 3 ;(®L, pij)-
The separability condition I' = [§1, §a, - - -, G;] indicates that there is no quantum en-
tanglement between all registers g;, that is, any quantum operation on register g;
would not affect another register g; (i # j). Besides, we use the general logic sym-
bols to denote the relations between separability conditions based on Def. 4.21. For
example, we have [q1, ¢2] A [G2. @3] = [G1.G2. 3], [G1. G2, G3] = T = 0.

Now we incorporate the separability condition into our judgments in Def. 4.12,
formally defined as follows. Statically verifying the non-existence of quantum entan-
glement between subsystems is usually challenging, which makes quantum structural

rules more subtle and restricted.

Definition 4.22 (General Validity). The judgement I' + S; ~5 S, : A = B is valid,
written as

I'eS; ~5S5,:A=B
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if and only if for all p € D(Hs, @ Hs,),

pETApEA = [Si(Tra(p)) ~5 [S20(Tri(p))

where A and B are projections, I' is a separability condition. In particular, if I' = 0,

thenT £ Sy ~5 S; : A = B collapsed into £ S; ~5 S : A = B naturally.

'S ~sS:A=B
L' A[goar(S51,8)] FS1~5 S A®Cy = B®Cy
I'kS ~5 S A =B ACA B CB §<6§ I'sT’
F'rS;i~sS,:A=B
F+S~sS:A=B T'FS  ~5 S5:C=D war(S1) Nvar(Sy) =0

(FRAME?)

(ORDER")

(PAR™)
I AT A [var(S1),var(Sz)] + S15S] ~s+57 S2;8, : A®C = B®D
. ’ ’ . 5
(52 THSi~sS:A=B ArS ~yS:B=C T=0 A

I'r Sl;Si ~ 5+ Sz;Sé A= C
Figure 4.5: Structural aqRHL rules with separation condition.

The additional structural rules are presented in Fig. 4.5, which are the approximate
versions of their counterpart in [BHY*19]. The rule (FRAME®) not only requires that
two programs S; and S; cannot modify the free variables in ¢ but also there is no
entanglement between register g and register var (S, S;). The separability condition
[g,var(51,S;)] can degenerate into var(q) N var(S;,S;) = 0 if subspace C; is one-
dimensional. Rule (ORDER®) is almost the same as its counterpart in [BHY*19], where
order relation over deviations is included. Rule (PAR*) demonstrates how to combine
two independent judgments via separability condition, which is necessary for parallel
computing. Rule (SEQ”) is the extension of rule (SEQ) in Fig. 4.1 which shows how to
combine separability conditions in sequential composition. The entailment between
separability conditions used in Rule (SEQ”) is a direct extension from its counterpart

in [BHY*19], which is formally defined below.

Definition 4.23. Let I" and A be two sets of measurement or separability conditions,

S1 and S, be two quantum programs. A is couple-entailed by ' with respect to (53, S2),
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written as

1)
r :(51,52) A

if for any p £ T, whenever o is an §-coupling for ([ S1]|(Tr2(p)), [S2]|(Tr1(p))), then

o EA.

Invalid structural rules

FSi~sS2:A=B kS ~5S: A =B

(D1s)
¥Si~5S,:AVA' = BVBHB
(Con) FS ~sS,: A= B FSi~58,:A =B
FSi~5S:ANA" = BAB
(Case) FS1~5S2:AANC =B FSi~5S8,:AANCt =B
¥FS1~5S2:A=B
(Comro) S ~5S,: A= B FSy~5 S3:C =D

¥ S ~5:50 S3:AoC=>BoD

Figure 4.6: Invalid structural agRHL rules.

Fig. 4.6 presents some invalid structural rules that hold in classical RHL and pRHL.
These rules also do not hold in the exact quantum relational Hoare logic [BHY"19].
The reason for invalidity lies in the specialty of quantum states and the selection of
subspaces as quantum predicates. In addition, there is no quantum counterpart to
the classical composition rule. Unlike the natural composition of binary relations, the
composition A o B of two projections A and B cannot be well defined in the quantum
context. The invalidity of these structural rules highlights that the relational reasoning
of quantum programs differs significantly from that of classical probabilistic programs
and poses unique challenges due to superposition and entanglement. Readers can find
more discussion in Sec. 4.5 if they are interested in the failure of rules in Fig. 4.6.

We use approximate predicates and some concrete examples to explain these dif-
ficulties straightforwardly. Assume S = Sy = S, = if (Om - M[g] = m — skip) fi with
M = {]0){0], [1){1]}, then we have [S](|+)(+]) = I/2. Let |Bo) = (|00) +[11))/V2,
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B1) = (100) = [11))/V2, A = [++)(++], B = |Bo){fol. B’ = |B1)(B1|, We can observe
that
ES;~S,:A=B PSl"‘SzZA:B,

However, there is no coupling I/2 ~¢ I/2. Hence, we can not infer + S; ~ S, : A =

B A B’ from the invalid rule (Con), where B A B" = 0. We only have

FSi~5S,:A= B |-51~5521A/:>B,

pOSt(Sl, Sz)A N pOSt(Sl, Sz)A = B§ N B:S -+ (B A B,)g

where post(Sy, S2)A N post(Sy, S2)A and Bs N Bs may not even be approximate predi-
cates. The same problem also arises for rule (Compo), that is, As o Bs generally do not
form an approximate predicate C§ such that Cj = As o Bs.

Here is another example for rule (D1s). Assume S; = skip and S, = if (Om- M|[q] =
m — skip) fi with M = {]0)(0[, |1)(1]}, then we have [[S; ]| (p) = pand [S2 ] (|+){+]) =
[S201(I=){=]) = I/2. Let A = |04+){0+|, A” = [0—){0—|, B = |00){00|, we can observe
that

ES1 ~1/4aS2:A=B ESi~12S,:A =B

Once again, the invalidity of rule (Dis) means that we cannot infer + S; ~y/4 Sy :
AV A = Bsince [0)(0] ~avar [1)(1] = [Si](10)¢0]) ~/* [S2](|1)(1]). Similarly, the

direct quantum analog (CAsE) of classical case rule is also invalid.
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Chapter 5

Applications

In this chapter, we demonstrate how to use our logic to reason about the correctness
of quantum programs. To be specific, we use QIL to verify the correctness and exis-
tence of bugs in examples of quantum teleportation 5.1, Grover’s algorithm 5.2 and
RUS algorithm 5.3. In addition, in examples of bit flip code 5.4, approximation of uni-
tary gates 5.5 and approximate Quantum Fourier Transform 5.6, aqRHL is applied to
reason about the approximate equivalence between quantum programs for verifying

correctness indirectly.

5.1 Quantum Teleportation

q 1) H <o
q1 ~X
ﬁoo 11
qz X Z V)

Figure 5.1: Circuit for teleportation.

Quantum teleportation is a technique that transports quantum states through clas-

sical communication. As shown in the Fig. 5.1, when a Bell state S is shared between
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qubits g; and g3, to teleport the state of g, to g, we may apply H gate on gy and measure
qo and g1 with M = {]0)(0], |1)(1|}, then apply X or Z gate to g, if the measurement
outcome of g or g is 1, respectively. The output state of g, will always be the same as
the input state of g for all possible measurement outcomes. Thus, two parties sharing
a Bell state may teleport the state of qo to g via communicating with measurement
outcomes in a classical channel.

Figure. 5.2a shows the corresponding program of quantum teleportation circuit
and its proof sketch, where we add an assertion at the end to check whether the quan-
tum state of gy (described by projection R) is teleported to q,. If we mismatch the
controlled gates on the qubit g, in lines 3 and 4, as shown in the Figure. 5.2b, we
introduce a bug of type “incorrect operations” according to [HM19b]. The correct
and erroneous programs can be easily reasoned about with the proof sketch and our
proof rules, where the non-zero post of the erroneous program provides evidence of a
bug. Note that after lines 3 and 4, we merge the result predicates of if branches using
the DisjuncTION rule, thus avoiding reasoning about exponentially many execution

paths.

5.2 Grover’s Algorithm

Grover’s algorithm [Gro96] searches and finds the unique input to a black box func-
tion that produces a particular output value and provides quadratic speedup over its
classical counterparts. The implementation and corresponding proof sketch are listed
in Fig. 5.3, where we put the aQHL and QIL predicates together to show their connec-
tion.

Suppose we hope to find one of the M solutions {sj, ..., sy} of equation f(x) =1
from the domain of size N = 2¢, where f : {0,1}¢ — {0, 1}. The Grover’s algorithm
prepares a uniform superposition ﬁ Yxe(o.1)¢ |x) on the d qubits g (line 1), performs
the “Grover iteration” for R times (line 2-8) before measuring the qubits G (line 9),

and guarantees the resulting state in g encodes a solution for a high probability. The
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[R® Boofy] [R® BooBy]
(90, q1) == CNOT(qo, q1); (qo, q1) = CNOT(qq, q1);
qo == Hqo; qo = Hqo;
[ok:|@){ol] [ok:|@){pl]

if (M[g1]=1 — ¢, :=Xq) fi;
[ok: Q1 V Q2]

if (M[qo] =1 — q2 = qu) ﬁ;
[ok:I ® R]

assert(qo, R)

[er:0]

(a) Correct program

if M[q1] =1 — q2:=Zqg,) fi;
[ok: Q1 V Q5]

if (M[qo] =1 — q2 = qu) ﬁ;
[ok:P-® R + P+ ® XZRZX]
assert(qs, R)

[er:PL ® supp(R*XZRZXR™)]

(b) Erroneous program

M = {Mo, My} = {|0){0], [1){1[}  P==100){00] + [11){11]

l@) = 100) [/} +101) X ) +[10) Z [y} +[11) XZ |y)

01 = |00)(00| ® R +00)(10| ® RZ + |10){00| ® ZR + |10)(10| ® ZRZ

0, = |01)(01| ® R+ [01)(11| ® RZ + |11){01| ® ZR + |11){11| ® ZRZ

05 = |01)(01| ® XZRZX + |01)(11| ® XZRX + |11)(01| ® XRZX + |11){11] ® XRX

Figure 5.2: Reasoning the quantum teleportation program by QIL.

Grover iteration contains an oracle U,, that acts as U, |x) = (=1)f® |x), and a condi-
tional phase shift operator Ph that acts as Ph |x) = —(—1)*=" |x). The quantum register
7 is a counter for the while-loop, every time at the end of the loop body it is increased
using the operator U, that acts as U, [n) = |[n+1 mod 2/"1). Finally, line 10 tests if
the output state in g is a solution.

To make it easier to understand how to insert assertions in the loop body in Fig. 5.3,
it would be better to give a more intuitive explanation for Grover iteration from a
geometric point of view. We define two special state |@) and |f)

1 1
|a) = — Z D) h == Z ES)

where }, (2,) indicates a sum over all states |x) which are (not) solutions to the

search problems. Let the initial state be |0)®? and we have the equal superposition
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[10)4 <0[ ®[0)z 0[] {|0}4 0] ® |0); (O}
1: g:= H®g;

[ok:Py ®10):€0[]  {Po ®0)-(0]}
2 : while M[F] =1do

[ok: Py ® [n)(nl] {Xnz0 (Pn ® |n)(n])}

3: q:=U,q;
4: q:= H®g;
5: q = Phq;
6: q:= H®%g;
[0k: Pt ® [n)e(nl] { X525 (Prsr ® In)(n])}
7: 7= U,r;
[ok:Ppi1 ® [n+ 1):(n + 1] {Zﬁzo(Pn ® [n):(n|)}
8: od;

[ok: Py ® [R)(RI]  {Px ® R),(RI}
9: if (om-N[g] =m — skip) fi;
[ok: 22 [si)g(sil ® [R)-(RI] {2 Isi)g(sil ® [R):(RI}
10 : assert(q, X; [si)g{sil);
[ok:2; [si)5(si| ® [R):(R|][er:0]

Py = )yl V) = = Zretonye %)
P, = G"PyG"" G = (2ly)yl-DU,
M = {Mo, M1} My = |R);(R|, My = My

N = {Nn|me{0,1}%} Np=|m)m|
Figure 5.3: Reasoning Grover’s algorithm by QIL.

state |/) before entering the while loop:

1= N-M \/ﬁ
"”:TN;"“):‘/ 0+ 1B

The whole of line 3-6 performs the Grover operator G = H®¢PhH®U,, = (2 [)(y/| —
DU, on state |/) = cos (0/2) |a) + sin (6/2) |B)

G|¢)zcos?|a)+sin?|ﬁ) (cos@/2 =+ (N —-M)/N)

which turns out to be a rotation of 6 radians on the vector |i/) in the 2-dimensional
subspace |a) (| +|f)(f| spanned by |a) and |B). Generally, we can make the algorithm

succeed with a high probability, i.e., to make the rotation end up with a position that
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is as close to the solution |f) as possible. The number of the Grover iterations is
upper-bounded by R = O(\/N/—M).

In Fig. 5.3, we choose M, N, R appropriately such that the program succeeds with
probability 1. We insert predicates before or after a line of code and obtain the proof
sketches. Predicates in [—] are for QIL, and predicates in {—} are for aQHL. It is not
surprising to find the proof sketches for QIL and aQHL being mostly identical, since
the proof sketches always use the largest/strongest post-conditions, and the two proof
systems are connected by post([[S]¢). The difference lies in the while-loop: while
QIL concerns about every single execution of the loop body using the loop variant
P, ® |n);(n|, aQHL merges the reasoning of these executions using a loop invariant
which is essentially the disjunction of the loop variants.

For general cases where the choice of M and N does not guarantee success with
the probability being 1, we may instead insert an assertion assert(q, |a){a|+|8){f|) at
the end of the loop body. Using this assertion, we would miss erroneous implements
such as a wrong loop guard R’ that does not affect the subspace |a){a|+ |8){(f|. ! But
we can still capture any kind of errors that makes state G’ |¢/) (0 < i < R) end up not

lying in the subspace |a){a| + | 8){f)|, e.g., an erroneous implementation of Ph.

5.3 Repeat Until Success Algorithm

We take a simple program implementing a repeat-until-success [PS14, BRS15] (RUS)
algorithm as another example. RUS algorithms offer exact, fault-tolerant implemen-
tations of a large set of single-qubit unitary gates that can improve the approximate
decomposition of single-qubit unitaries significantly. Implementing the algorithm re-
quires wrapping RUS circuits into while-loops, which can be easily erroneous. Recall
the smallest circuit for the loop body found in [PS14] in Fig. 2.3.

In this subsection, we demonstrate how to use QIL to reason about the correctness

and existence of bugs in the implementation of the RUS algorithm. Fig. 5.4a and 5.4b

A bad R would reduce the success rate of Grover’s algorithm.
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[10)0] ® K]
0: q1:=Xq;
[ok:|1){1] ® R]
1: while M[q;] =1do
[ok:|1){1| ® R]

2: q1 = Xq1;
[0k:[0)(0| ® R]
3: q1 = qu;
4: q1 == qu;
5:  (q1.q2) == CNOT(q1, q2);
6: q1 = Hqy;
7: (Q1,Q2) = CNOT(ql, CIZ);
8: q1 == qu;
9: q1 == qu

[ok:U(]0)(0] ® R)U]
10 : od;
[0k:]0)(0| ® VRV ]
11: assert(qo, VRVT)
[er:0]

(a) RUS program

10 :

11:

O 0 1 N U1 W
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[10)¢0] ® R]
q1 = Xqi;
[ok:]|1)(1| ® R]
while M[q;] = 1do
[ok:[1)(1] @ O,
Gr==X41;
[ok: 1) (1] @ Qu]
q1 == Hqi;
q1 = Tqy;
(91, q2) == CNOT(q1. q2);
q1 == Hqi;
(91 92) = CNOT(q1, 2);
q1 :==Tqu;
q1 == Hqy
[Ok:Pn+1]
od;
[ok:]0)(0] ® ON]
assert(qy, VRV")
[er:10)(0] ® (I - VRVT)On(I — VRVT)]

(b) Erroneous program

M = {Mo, My} , where My = [0)(0], M; = [1)(1] V= (I+iV2X)/V3

U=(X®I-iV3I®V)/2
Qn=V"RV"  Py=[1)(1|®R

W=(X®I-iV3IeV)/2
Py = W([1)(1] ® Qn) W'

Figure 5.4: Reasoning an RUS program by QIL

are the correct and erroneous implementations of the RUS procedure corresponding to

Fig. 5.4 along with the proof sketch, respectively. Assume g, is of the state R = |i/)(¢/|

at the beginning, we add an assertion at line 11 to check whether the program imple-

ments the unitary gate V on q,. The erroneous implementation contains a mistake at

line 2: forgetting to restore the auxiliary qubit q; before entering the RUS circuit (lines

3-9). The seemingly artificial implementation error corresponds to a bug type “incor-

rect quantum initial values" as reported in [HM19b]: the initial value of the auxiliary

qubit g; should be |0) instead of |1) before executing line 3-9, the RUS circuit.
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We briefly describe how to reason about the erroneous program with our logic. Let
the presumption of this erroneous program be |0)(0| ® R for projection R = |¢/) (¢, we
have [ok:|1)(1]| ® R] by the UNITARY rule after line 0 before the while-loop. To apply

the WHILE1 rule, it suffices to find a series of P, such that
Py=[1){1|®RA F [supp(ManMlT)]S3_9[ok:Pn+1]

where S5_ is the erroneous loop body from line 3 to line 9. Since the Ss_9 is a sequence

of unitary statements, by rule SEQ1 and UNITARY, we have
F [11)(1] ® Q]S3-9[0k: W (|1)(1| ® Q)W ]

for an arbitrary projection Q, where W = %(X ® I —iV3I ® VT). After a little bit
more calculating we have a non-trivial series of P, and Q,, as shown at the bottom
of Fig. 5.4, such that supp(ManMj) = |1){(1] ® Qp and P,y = W(|1){1| ® Q)W'.
It implies that the premise of the WHILE1 rule holds for P,. Finally, by the derived
assert rule, we have the result after line 11. Evidence of bug can be obtained by, e.g.,
choosing N = 2 and R = |0)(0| such that the result predicate is not 0.

In our experiments using the static analyzer, we found the bound N = dim(H) are
merely reached when applying the bounded while-rule. With RUS circuits consisting
of more than four qubits, the post predicate of the while loop converges after at most
two unrolling steps when random Pauli-operations are inserted into the loop body.
One may notice that inserting assertions in the while loop would be more effective
in finding bugs. For example, adding assert(qy, |0)(0|) after line 2 would immediately
capture the bug in Fig. 5.4b with postcondition [er:|1)(1| ® O], indicating an incor-

rect initial value of the RUS circuit.

5.4 Bit Flip Code

Quantum error correction is crucial for reliable information processing in the presence

of noise, as large quantum logical gates and circuits remain challenging to construct
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with high reliability. In this example, we employ our logic to demonstrate how the
bit flip code can resist the noisy bit flip channel. The complete quantum circuit for
single-bit flip error correction is shown in Fig. 5.5.

The entire process can be divided into four parts by dashed lines. Assuming we
have a single-qubit state |¢/) = a |0)+b |1) in qubit g3, we introduce auxiliary qubits q;
and g, to construct the three-qubit bit flip code of |¢) by employing two CNOT gates.
All qubits pass through a noisy channel described by the gate &. The subsequent
part involves error detection and correction achieved via quantum measurement M =

{MO: Ml’ MZ’ M3},

My = [000)¢000| + [111)(¢111]  M; = |100)(100| + [011)(011]

M, =1010)¢010] + |101)(101]  M; = [001)(001| + |110)(110]

and controlled-X gates based on measurement outcomes. The last part is the inverse
of the encoder that decodes the recovered state. The qubit g5 would output the desired

state |i) while auxiliary qubits g¢; and g, would be reset to the default state |0).

E N C D
l B ’_U_‘ H P
g1 :10) — : : [x] yJ—\ : G— 0)
g2 : 10) & & M [X] — 10)
gs : 1Y) ! ! X ¥)

Figure 5.5: Circuit of Bit Flip Code.

The circuit in Fig. 5.5 can be represented as the program Sgrc = E; E; C; D, defined

as follows,

E = (g3,q1) = CNOT (g3, q1); (g3, q2) := CNOT (g3, q2);

C =if M[q1,92,q3] =0 — skipO1 — ¢q; == X[q1] 02 — g2 = X[q2] O3 — ¢35 := X][gs] fi;

D = (g3,92) := CNOT (g3, q2); (g3, q1) :== CNOT (g3, q1);
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Correctness of BFC Let the gate & denote a theoretical noise model such that a

one-bit flip can occur at most once,

E(p) =pp+(1-p)/32; XipX;  (i€{1,2,3})

for any p over register (qi, g2, q3), where p € [0, 1] denotes the probability that no
error occurs, X; denotes X gate on qubit g;. We want to show that program Sgrc can

resist errors caused by noise &, which can be described by the following judgment,

F SRrC ~ Skip : |0><0|(q1’q2) ® =(g3qa) = |0><0|(q1’q2) ® =(g5.q4) (5.1)

where skip statement is defined on qubit g5. Now we show how to use our proof
system to derive Eq. 5.1. Let Py = [0){0](g, 4,) ® =(gs.q,)> then we apply rule (Ut-L) to

have

FE~skip: Py = P,
FD~skip: Py = Py (5.2)

FE~skip: Py = P,

where U(q1,92,q3) = CNOT(q3,92)CNOT(qs,q91), P1 = (U ® Iq4)P0(UT ® I,), P, =

P+ Z?:o XiP1X;. We can verify the validity of the following measurement condition,
M=T1:P = {(q;XiP1Xi)} (i€{0,1,2,3}) (5.3)
such that }’ q; = 1, where X, denotes I particularly. For the bodies of C, we have
Fqi:=X[qi] ~skip: X;P1X; = P, (i €{0,1,2,3}) (5.4)
by rule (Ut-L). We use (IF-L) to combine Eq. 5.3 and 5.4 to obtain
FC~skip: P, = P; (5.5)

Finally, we can apply rule (SEQ) to combine Eq. 5.2 and 5.5 to get Eq. 5.1.
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Multiple bit flip errors What would happen to the circuit in Fig. 5.5 if the bit flip
error in gate & can occur on any qubit independently? Such a noise model can be

characterized as

E'(p) = pp + (1 = PP (X1pX1 + XopXa + X3pX3) + (1 = Np) NP (X1 Xop X Xo+

X1X3pX1X3 +X2X3PX2X3) + (1 — \3/5)3X1X2X3IDX1X2X3

for any p over register (g7, g5, q;), where p € [0, 1] still denotes the probability that no
error occurs. Let S; . = E; &'; C; D be the corresponding program defined on register
(4> 93> q3)- The difference between programs Sprc and Sj. can be characterized by

the judgement

k SBEC ~5 SpEc |0><0|(q1,qz,q§,q;) ® Z(g,q5) = |0><0|(q1,qz,%q;) ® =(gs5.5) (5.6)

withd = (1-p-3(1 —\3/1_))\3/1_)2)/2. It is direct to see that § = 0 whenp = 1,and § = 1/2
when p = 0, which indicates that bit flip code can not deal with multiple errors.
The proof of the above judgment is similar to Eq. 5.1. Let Qy =
|0)(0|(q1,q2,q;’q;) ® =(45.q,)> then we apply rule (Ut-L) to have
FE~E: QO = Ql

(5.7)
I—D’VDIQI = QO

where R(q1, 92, 43, 4} 45, 45) = CNOT (g3, ¢2)CNOT (g3, 1)CNOT (g3, 4,)CNOT (. ¢},
Q= RQORT. Besides, we also have

FE ~s & 0 = 0O (58)

where § = [|E-&'|./2 < (1-p—-3(1- \3/1_))\3/1_)2)/2, Q2 = Q1+ 2; XiX/01X;X/. Here
X; and X! denote X gates on qubits ¢; and g respectively. We can verify the validity

of the following measurement condition,

M=M:Q; = {(quXiX]Q:1XiX])} (i€{0,1,23}) (5.9)
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such that 3'>_ g; = 1, where X, and X denotes I particularly. For the bodies of C, we

have
Fqi=X[q] ~ g =X[q]] : XiX]01XiX] = Oy (i € {0,1,2,3}) (5.10)

by rule (Ut-L), where i € {0,1,2,3}. We use (IF-L) to combine Eq. 5.9 and 5.10 to
obtain

FC~C:Q, = O (5.11)

Finally, we can apply rule (SEQ) to combine Eq. 5.7, Eq. 5.8 and 5.11 to get Eq. 5.6.

5.5 Approximation of Unitary Gates

It is well-known that we can decompose arbitrary unitary operators into gates from
a universal gate set [NC11]. One of the most important universal gate sets is the
Clifford+T gates. For instance, we want to use the set of Clifford+T gates to approxi-

mate the following unitary V = (I + iV2X)/V3 defined on qubit gy,
51 =qo =Vl[qol;
We will reason about the approximate equivalence between the following two
approaches of approximating V. In subsection 5.5, unitary V is decomposed as
V = HR,(0)H, where the single-qubit R,(0) gate can be directly approximated by

ancilla-free Clifford+T gates using the algorithm in [RS16]. In subsection 5.5, we dis-

cuss the repeat until success [PS14] circuit to stimulate V exactly or approximately.

Approximation of z-rotation by direct decomposition

The approximation of an arbitrary single-qubit z-rotation gate
. e—i9/2 0
RZ(G) — e—l@Z/Z —
0 92

by Clifford+T circuits is an important problem since it lays the foundation for the ap-

proximate decomposition of arbitrary multi-qubit gates. Assume the basic z-rotation
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gate R,(0) is approximated by a single-qubit gate U that can be decomposed as a se-

quence of Clifford+T gates, the corresponding program S, is defined as
S2 = qo == Hlqol: 90 = Ulqols go = Hlqol; (5.12)

We adopt the algorithm from [RS16] to find the appropriate decomposition of U.

Given 0 = — arctan(V2) and € = 1072, we have

U =HTSHTHTSHTSHTSHTSHTHTSHTHTS

HTHTSHTSHTSHTHTSHTHTHSSSWWW

where W denotes the scalar e””/4. The precision € of the approximation is defined
as ||[R;(0) — U|| < e, where ||A|| denotes the operator norm of the matrix A, i.e. the
largest eigenvalue of VATA. The following judgment characterizes the approximate

equivalence between S; and S;.

F 510002 52 Z(q0.q5) = Z(q0.9)) (5.13)

We prove this by employing rule (UT-1p), where the deviation § = ||U - U — R,(0) -
R.(0)T]|o/2 = 0.002.

Approximation of unitary gate by RUS algorithm

As we mentioned before, the repeat until success (RUS) circuit proposed by Paetznick
et al. in [BRS15, PS14] is a powerful decomposition technique to approximate single-
qubit unitaries. The RUS circuit introduces ancilla qubits with a small number of
non-Clifford gates to manipulate the target qubits based on the measurement results
from the ancilla qubits. Recall the aim of Fig. 2.3 is to apply the unitary operator V =
(I+iV2X) /A3 to the target qubit g,. The program terminates when the measurement
of q; returns 0. The entire process can be viewed as a quantum loop, with qubit g;
simultaneously serving as the loop body’s control qubit and the auxiliary qubit for the

RUS circuit. The whole process can be denoted by program Ss,

Ss = q1:=10);q1 := X[q1]; R; while M[q;] =1do R od; (5.14)
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where we add some statements before the while-loop to ensure the circuit in Fig. 2.3

at least runs once. The loop body R,

R= q1 =X[q1]; ¢ = H[q:]; q1 :==T[q:]; (q1,92) == CNOT[(q1,g2)];

q1 = Hlq1]; (q1,92) == CNOT[(q1,q2)]; q1 := T[q1]; q1 :== H[q1];

can be characterized as a composite unitary, that is, (q1,q2) = Ur[(q1,q2)], where

Ur = (I®1-iV3X ® V)/2. To align with the measurement M = {M, = |0)(0|, M; =

|1)(1]} in the loop, we add a X gate in qubit g; at the beginning of the loop body R.
In the following, we first reason the exact correctness of the RUS program and

then use that fact to prove the approximate correctness of the bounded RUS program.

Correctness of RUS. The following judgment describes the correctness of the RUS

algorithm, that is, the equivalence between programs S; and S; on the working qubit.
FSp~ 53¢ ICI1® =(g2.9) = |O><O|q1 ® =(92.90) (5‘15)
We explain using our proof rules to get the judgment 5.15. First, we can infer

Fq = |0> ~ Skip : I(I1® E(QZ,qo) = |0><0|q1 ® E(qz,qo)
Fq1 == X[q1] ~ skip : [0){0]y, ® =(g,40) = A (5.16)

FR~skip:A = B
by rules (In11-L) and (UT-L) , where we define A = |1)(1];, ® =(4,4,) and B = (Ur ®
Ig))A( U; ®1y,). Let |{) be an arbitrary single-qubit vector state; then we can find that
l@){¢p| is exactly the invariant of the loop statement in Ss, i.e.,

3 =
0o 2 1 [90) (@0l (m =0) (517

Lo (o] = Lp) el (m=1)

where |@o) = [0) ® V |{), |¢1) = |1) ® |¢), |¢) = Ur|p1). Thus the measurement
condition

M~T:B={(3/4,0),(1/4,A)} (5.18)
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holds from Eq. 5.17, where C = [0)(0],, ® (I, ® 174D =(g2.90) (Ig; ®V)). Then we apply
rule (LP-L) to have

+ while M[q;] =1doRod ~skip: B = C (5.19)

from the last equation in 5.16 and Eq. 5.18. Next, we apply the right version of rule
(UT-L) to have
- Sklp ~ (o = V[qo] :C = |0> <O|q1 ® =(g2.90) (5.20)

Finally, we apply rule (SEQ) to combine Eq. 5.16, 5.19 and 5.20 to get Eq. 5.15, together

with the soundness of our logic.

Approximate RUS by a bounded loop. In practice, we usually set bounds for
loop statements to avoid infinite unrolling. The approximate RUS can be implemented
directly via a bounded loop. We add register 7 as a counter for the while-loop. The
counter is increased during each iteration by applying operator U, which performs

U, [n) = |n+ 1 mod 2/"1). The yes-no measurement M’ = {Mg, M7}
M= SR My=T-M;

on register 7 checks whether the number of iterations exceeds the upper bound N,
where N < 2/7l — 1. If measurement M’ gives a no answer, an initiation statement
would be applied to qubit g; to ensure the loop’s termination. The corresponding

bounded program S; is defined on register (qi, g, 7) as follows,

S5 = q1:=10);q1 := X[q1]; R; while M[g1] =1do R od; (5.21)
where the loop body R’ becomes

R = R;if M'[F] =0 — q; :=|0) O1 — skip fi; 7 := U,7;

The approximate equivalence between program S; and S; can be characterized by

the following judgment.

E S1 ~1/(24V) S5 :10)€0]; ® Ig, ® =(g,.q0) = M; ® 10){0lg, ® =(g.00) (5.22)
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As expected, the deviation should decrease exponentially with respect to N.
The proof of Eq. 5.22 works as follows. First, we apply rules (SEQ) and (FRAME) to
Eq. 5.16 to have

Fq1:=10);q1 := X[q1]; R; ~ skip : |0)(0]; ® I,® =(4,,4,) = [0)¢0]; ® B (5.23)
where register 7 is not used in the left program, and the dimension of predicate [0){0|;
is 1. Forany 0 < k < N, let P, = |k){k|; ® B, Qx = |k){k|; ® A, PNy = [N){N|; ®
|0){0[4, ® proj(Try, (B)). Then we have the following judgments

l—RNSkip:Qk = P
Fif M'[F] =0 — ¢ :=10) O1 — skip fi ~ skip: P = Py
l‘f:: U+f~SkipZPk = Pk+1

by rule (FRAME) on the last equation in 5.16, rules (IF-L) and (Ut-L), respectively. We

combine above judgments by rule (SEQ) to obtain
FR ~skip: Qr = Pry (5.24)
for the loop body R’. Similarly, we obtain the following measurement conditions
M=~T1:Pe= {(3/4 M ®C),(1/4,Q)}

(5.25)
M=gp01: Py = {(1,M{®C),(0,1)}

by Eq. 5.17. The above last measurement condition is trivial since the deviation for
M;] ® C is set to the maximum value 1/2. Then we apply rule (LP*-L) to combine
Eq. 5.24 and 5.25 to have

+ while M[q;] =1do R  od ~s skip : |0)(0; ® B = M;®C (5.26)

where g =3/4, pr = 1/4, 6 =0,y =1/2and 6 = Oy - Hl,:[:_olpk =1/(2-4N). Next,

we apply rule (Ut-L) to have
kskip ~ qo == V[qo] : M{® C = M; ® [0){0]4, ® =(g,.40) (5.27)

Finally, we apply rule (SEQ) to combine Eq. 5.23, 5.26 and 5.27 to obtain Eq. 5.22, to-

gether with the soundness of our logic.
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Conclusion
We use rule (Comp) to combine judgments 5.13 and 5.22 to have
S2 ~0.002+1/(2:4%) S5 0 10){0]z ® I3, ® =(g,q1) = M; ®0){0]g, ® =(g,.q:) (5.28)

Therefore, we have proved the approximate equivalence between the approximation

of unitary V via the RUS algorithm or the approximate R,(6) gate.

Approximate RUS by case statement We can also unroll the loop statement in
program Ss into a N-depth branching structure composed of case statements. The
corresponding approximate program S defined on qubits (g, g2) can be given as fol-

lows,

Sy = q1:=10);q1 = X[q1]; R; Fn; (5.29)
where Fy is a finite recursion of if statements
Fy = if M[q1] =0 — skip 01 — R; Fy_1;1i;

with Fy = skip. Similarly, the approximate equivalence between program S; and S7

can be characterized by the following judgment
F Sl ~1/(24N) Sé/ : IQ1® E(qz,qo) = |O> <O|q1 ® E(qz,qo) (530)

with the same deviation. We first start with reasoning the difference between Fy with

skip. We apply rule (Sk1pr*) to program F, to have
F Fy ~1/2 Sklp :B=C

where the deviation is trivially set to its maximum value 1/2. Similarly, we apply rule
(SEQ) and (IF-L) to obtain
FFy ~1/8 Sklp :B=C

from the last equation in 5.16 and 5.18. We can repeat the above reasoning N times

to the case statement F; (i € [1 .. N]]) in sequence, thus we have
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Finally, we apply (SEQ) to combine Eq. 5.16, 5.31 and 5.20 to have Eq. 5.30, together

with the soundness of our logic.

5.6 Approximate Quantum Fourier Transform

Objective. As a quantum analog of the classical discrete Fourier transform, quan-
tum Fourier transform (QFT) [Cop02] performs a linear transformation on quantum
states and extracts the periodicity of the amplitudes of quantum states. Due to the im-
perfectness of quantum gates, the approximate quantum Fourier transform (AQFT) is
proposed to improve the circuit depth of QFT for efficiency. [Cop02] proposes a direct
AQFT based on ignoring gates related to high-order terms. Cleve and Watrous [CW00]
parallelized the phase estimation procedure to perform AQFT with lower circuit depth.

This section uses aqRHL to reason about how well AQFT approximates QFT. For-
mally, let Sorr and Sagrr be the corresponding quantum programs for QFT and AQFT,

respectively. We study the following judgment

S SQFI‘ ~5 SAQFI‘ E= (5.32)

that characterize the approximate equivalence between Sorr and Sagrr. We discuss

[Cop02] and [CW00] in turn.

Notations. For an n qubit system, QFT on a computational basis state |x) =

|x1%5 ... xp) is defined as the linear operation U such that

Ulx) = ) = 75 Zymo (7)Y Jy) (533)

where N = 2", |{,) is called a Fourier basis state with respect to computational basis
state |x), x - y denotes the multiplication between the binary representation of x and
y. |x) can be given in the following useful tensor product representation

1 i (0.x, i(0.x,-1X, i(0.x1...X
|l//x>:?(|0>+e2 (03 11)) (J0) + €27 OX%) 1)) . (J0) + €271 O¥-%0) 1)) (5.34)

\/_
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where 0.x; . .. x; denotes the binary fraction x;/2 + xi41/4 + - - - + x;/2/~"*1. For conve-
nience, we define |p5) = (|0) + 2™ |1)) /V2 to denote the terms in Eq. 5.34. State |g)
can be obtained by applying the phase shift gate P(2760) (mentioned in Chapter 2) on
state |+) = (]0) + |1))/V2. The phase shift gate P(270) can be decomposed as the

sequence of gates R,

1
R, =P(2x/2™) =
m = P@2r/27) 0 2mi/2"

since P(01)P(0;) = P(61 + 0;). The controlled R,, gate is denoted by CR,,,[(q1,g2)],
which is the c-P(0) gate with 6 = 27/2™.

AQFT Circuit proposed by CopperSmith

An direct circuit implementation of QFT from [NC11, p. 219] is shown in Fig. 5.6.
Given a computational basis |x) on qubits {q, ..., qn}, the output of QFT circuit in
Fig. 5.6 is the Fourier basis state [¢,) = ®, |10, ;1,..x,)- Let k be the number of
significant phase shift gates remaining in AQFT [Cop02]. As shown in Fig. 5.6, the
AQFT circuit is the remaining circuit where all CR,, (k < m) gates in the shadow

boxes are excluded. Consequently, the output of the AQFT circuit would be

k
hb),c) = (®i:1 |,U0.x,,_l~+1...xn>) ® (®;l:k+1 |/'10‘x,,_i+1...xn_i+k>)

where |1o.x, ,,.x,) is approximated by |yox, ..,.x,_ .0 When k < i.

The programs for the circuits of QFT and AQFT are shown in Fig. 5.7, where [a, b]
denotes the closed interval of integers between a and b. Subprogram S; denotes the
block labeled by i in Fig. 5.6, T; denotes the shadow boxes in the block §;, and S/
denotes the remaining program that excludes T; from S;. We show how to use our
logic to obtain the judgment 5.32.

For the shared program S;, we have

FSi~S === ie[n-k+1,n] (5.35)
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Sl SZ Sn—k Sn—k+l Sn—l Sn
I I I I I
|xl> H : : : : : |/10.x1.‘.xn>
| | | | |
R 4 T T T T
|X2> ! ! ! I |/10.x2...x,,>
|x3) Rs [— Ry ' ' : 0.5 x,)
3 3 : 2 : : : : 0.x3...X;
: l : l l l l
. | . | | | |
|—|—| | | | | |
|%) Ry ; Ry, | cee ; ; ; |H0.xk..‘xn>
|Xk+1) Risr [ Rep—-- : : : [0 30410
+1 +1 : ! : : : 0.Xf41---X,
|k+2) IRk+2 I : IRk+1 l—: s : : : |10 x40
— T : : :
1 ! 1 | I I |
I I I I I
|xn—k> I R,k I T I Rikip--qH T T T |H0.xn_k..‘xn>
I I I I | | |
|xn—k+l> I Rk “ I Ry« l_: ce : : : |/10.x"_k+1...xn>
I I I I | | |
|%n—r+2) | Rygsa | | Ryis1 Rs H | 0. psp.cn?
n—k+ | n! + |: | n! + : ' : . : : Xp—fer 2 X,
: | : | o s |
1 | 1 | | | |
|%n-1) IRn—l I i IRn—Z l—: Ry 4 Reyfr-- : 10510
I I ’\__I__“I I
%) Ro fJ—— Ru i -+ Ryes f—— R H . |Ho.x,)
| |

Figure 5.6: QFT circuit in [NC11]. To save space, we put multiple controlled gates
CR,, that share the same control qubit in one column.

SQFT = 513825+ - -5 Sn—ks Sn—k+15 - - - 5 Sns
SAQFT = 515855+ 38, 13 Sn—k+15-- -3
S = {Qi = H[qi]; (i gi+1) = CR2[(qis qis1) 15 - - -5 (s Givk-1) = CRe[(qi, Givk-1)]; i€ [L,n—k]
qi = Hlqil; (i qiv1) = CR2[(qi, qiv) 5 - - -5 (qis n) = CRy—i1[(qiqn)]; i€ [n—k+1,n]
{sg;T,- ie[ln-k|
S; i€[n-k+1,n]
Ti = (i Gisk) = CRis1[(qis givi) |5 - - -5 (i gn) = CRu—in1[(qinqn)]; 1€ [Ln—K]

Si =

Figure 5.7: Quantum Programs Sorr and Sagrr

according to our rule (UT) and the fact that = equals (U ® U) = (U ® U) for any
unitary U.

For the approximate subprogram T;, we use rule (UT-1D) to have

FTi~s5, skip:=== ie[l,n-k] (5.36)
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where §; = |II = CRit1[(qi gi+k)] - - . CRu—i1 [(gi gn)1llo/2 = 1 sinm(27F —2i7n71),

Then we use rule (SEQ) to combine Eq. 5.36 to have

FSi~s Si:=== (1<i<n-k) (5.37)

1

Finally, we combine Eq. 5.35 and Eq. 5.37 to have Eq. 532, where § = Y"F§; <

—k—
%(n 3 1

ot zin) < nir /2K If there is no approximation (k = n) in program SagrT, then

we have § = 0 and the equivalence relation holds exactly.

We have D([Sgrr] (p), [Sagrr](p)) < 25 <
nr/2k for any p by lemma 4.10. To achieve

107

100 |

the precision §, we need to set parameter k = 10 -
104 | //
log(nr/8) — 1, which is consistent with [CW00]. . / :ﬁgiiiiiﬁfa ]

10 —OFT

Notice that the deviation § is an exponential de-

10! | | I
0 512 1,024 1,536 2,048

cay with respect to k, and the number of CR,, n

gates reduces from (n?—n)/2to (2n—k)(k—1)/2, Figure 5.8: Number of CR,, gates.
as shown in Fig. 5.8. It is well-known that QFT

plays a key role in factoring big numbers [Sho94]. For example, factoring n-bit RSA
integers [GE21] needs at least 3n + 0.002nlgn logical qubits; a reliable AQFT would

significantly improve the cracking of RSA.

AQFT Circuit proposed by Watrous

A more advanced approach to approximate QFT was proposed by Cleve and Wa-
trous [CWO00] that parallelized the phase estimation procedure [Kit96] to achieve
a lower AQFT circuit depth O(logn). The alternative method of implementing QFT
is shown in Fig. 5.9. The unitary V generates the Fourier basis state |{/;) defined in
Eq. 5.34 without erasing the input computational basis |x). The unitary Add intro-
duces additional (k — 1)n qubits to create k — 1 replicas of Fourier basis state |{/,). The
unitary oracle T introduces additional n qubits to compute the corresponding phase
parameter |x) of the Fourier basis state |{/,) without erasing |i/,). Note that these

oracles require additional auxiliary qubits to enable parallel execution. Still, these
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auxiliary qubits are not depicted in Fig. 5.9 since they are reset back to |0) after the

computation. We encode the circuit in Fig. 5.9 as program Sgr.

n

gs :10)°" + [0)°"
(k-1) ,
G0y —— T Hr Tt H |oy®"
Add Add’
n
qi:10)®" +— — — 0y®"
1%
— n
o : |x) # o) |¥x)

Figure 5.9: QFT circuit in [CW00]. Given a computational basis state |x) and corre-
sponding Fourier basis state |1/, ), unitary V performs mapping |x) [0)®" — |x) |¢/x),
unitary Add performs mapping [} [0)®" -+ [0)®" +— [¢)x) |} - - - [Yx), and unitary T
performs mapping [¢x) - - [¢x) [0)%" > [¢hx) - - [} [x).

We can perform approximate computations for oracles V and T to achieve a lower
circuit depth. Oracle V can be approximated by ignoring CR,,, gates of larger m. Oracle
T can be approximated by performing quantum measurements followed by classical
post-processing on measurement outcomes [KSV02]. Let unitary V' and T’ be the
approximation of V and T respectively, the corresponding program Sagrr is almost
the same as Sorr but with oracles V and T replaced by V' and T’ respectively. Next,
we use our logic to reason the approximate equivalence between programs Sopr and

Sagrr- The Eq. 5.32 now becomes

SQFT ~8,+26, SAQFT * =(g0.q) © 10){0]aux = =(g0.q;) ® 10)€0] gux (5.38)

where § = nm27%1 + 2ne7*/% 0)(0|,, denotes the tensor product of constant pro-
jections |0)(0| over all qubits in other registers except gy and g,. The main steps are

shown in Fig. 5.10, and detailed explanations follow.

Create the Fourier basis state

The computation of unitary oracle U in Eq. 5.33 can be parallelized by individually

preparing every |pp) in Eq. 5.34 by the following unitary

Qt,i : |0>®t |xl M xn> = |ﬂ0.xi...x,~+[_1> |0>®t_1 |xl e xn)



CHAPTER 5. APPLICATIONS 140

{ =(an.dy) @ 100€0 g1,..05.4,.03.057 }/ /Po
(G0, q1) = VI[(qo.q)]; ~s5 (@57 = V'[(q5qD];
{(VveV)h(VieVT) }//pP
(G1,G2) = Add[(q1,G2)];  ~ (4} @) = Add[(q}, 3]s
{ (Add ® Add)P,(Add" ® Add") }//P,
(G1:G2:33) = T[(q1,92,33)); ~s, (35,45 @3) = T'[(5, 35 @5)]1;
{(T®T)P,(TT&T") }//P;
(g3, Go) == CNOT(g3,Go); ~ (G3,4o) :== CNOT(q;,qp);
{ (CNOT ® CNOT)P;(CNOT ® CNOT)" }/ /P4
(G1,G2:33) = T' (41,42, @) ; ~s, (@135 @ 7) =TT (G} G5 G5 715
{(TTeTHP(T®T)}//Ps
(q1,G2) = Add"[(q1. @), ~ (§,,@y) = Add"[(q},@)];
{ (Add" ® Add")Ps(Add ® Add) }//Ps
(4o, G1) = SWAP(Go, G1);  ~  (4y ;) = SWAP(qy, 4});
{ (SWAP® SWAP)Ps(SWAP" ® SWAP") }//P; = P,

Figure 5.10: Proof sketch for programs Sorr and Sagrr. To easily refer to predicates,
we label each assertion a name //P; on its right.

in [CW00], where i+t —1 < n, qubits x; ... x;—; and X4 . . . X, in |x) are not used. The

unitary Q;; acting on register (g, p) can be denoted by a sequence of unitaries,

Uonz[ql; CRi[(PLiL, gD ... s CR[(PLi + t = 11, [t]); Ul [q): HIg[1]]

where Uggz denotes the unitary that generates a GHZ state, that is, Ugyz [0)®" =
(10Y®" + |1)®")/V/2. Registers § and p are of size t and n, respectively. G[i] denotes
the i-th qubit in register g. For example, Fig. 5.11 in [CWO00] represents the circuit of
unitary Qq; on |x).

Similar to the approximation in [Cop02], unitary Q;; can be approximated by

ignoring CR,, gates of large m. That is, we could use Q;; to approximate Q; if
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|O> _@ Rl |.u0.x,-...x,-+3>

|0) ot R b 0)

|0) et Rs $— [0)

|0) & R, |0)

|2 ) |x;)
|xi41) |xi41)
|xi42) |xi42)
|xi43) |xi43)

Figure 5.11: Circuit for oracle Q4 ; on state |x ... x,). Qubits x1 ... x;_; and X4 . .. Xy
are not used and ignored.

1 <t < t’ < n. The approximation can be modeled by the following judgment

F(qp) = 0ril (g, p)] ~5(6t) (q/’ 13/) = Qt’,i[(q/’f_’/)] : (5.39)
10){0l(gq) ® =p.6) = =(aln1.a (1) @ 1000l gran1q1201) © =(5p)
with §(¢,t') = % sinz(27t = 27). P; denotes a projection P over the register g. Par-

ticularly, [/) (/| ; denotes the tensor product of [¢/){y/| over all qubits in register g.

g:[1] : 10) — — |Ho.x,)
n Ql,n
C]O |X> —7 — |x>
Ch[t] : |0> — — |ﬂ0.xn,t+1...xn>
n Qt,n—t+1
Foop s l0)er =4 ¢ ct — 10)®"
73! [n] : 10) — — |ﬂ0.x1...xn>
n Qn,l
Fao1:0)®" — L |0)®"

Figure 5.12: Circuit for oracle V. Given a computational basis state |x) = |x1...xy),
unitary C performs the mapping |x) [0)® ---|0)® > |x)®", and unitary Q;; performs
the mapplng |O> |x> = |Il0.xi...xi+;_1> |x>

Fig. 5.12 illustrates the circuit of the oracle V. To prepare each |up) in |¢/y) indi-

vidually, we need to prepare n copies of state |x) beforehand, which is achieved by
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the unitary C. The unitary C can be implemented by CNOT gates in a binary tree ar-
chitecture to achieve a circuit depth of log n. To make it concise, the auxiliary qubits
q[2,n] in oracle Q;;(q, p) that reset back to |0) are ignored in Fig. 5.12 and the input
of Q;; is set as |0) |x). The circuit for oracle V' is almost the same as Fig. 5.12 except
that Q,; is approximated by Qk;, where k (0 < k < t < n) still denotes the number of
significant phase shift gates mentioned in Fig. 5.6. Specifically, oracles V and V' can

be represented as the following sequence of gates,

VI(go. 7. q)] = C[ (o, P)]; Qunl(q1[1]. G0)]; Qa1 [(G1[2], FD)]5 - . -
On1[(q1[n], Fa-1)1; CT[ (G0, )]
V'[(q0. 7, d)] = Cl(q0. 7)1 Qual(@1[1]. G0) 1 Qan-1[(41 [2]. D - - 5 Qkenien [(G1 [K]
Fo )1 Qknkat (@1 [k + 117D T 5 Quneiat (1 [0). P )1 CT (G5, )]
where auxiliary register 7 = {Fy, ..., 7,1} contains n— 1 registers 7; that are initialized
with |0)®",

Based on judgement 5.39, we have the following judgment

F (Go, 1) = V[(qo, 41)] ~s, (35, q1) = V'[(q-@1] : Po = Py (5.40)
where §; = Y1, 8(ki) = 320, sin(27F —27%) < nw27%"!. Notice that every

register 7; in Fig. 5.12 is reset back to |0), thus the predicate [0){0| ) on register
(7,7") can be ignored.
Replicate & Erase the Fourier basis state

We provide a brief overview of the functionality of the oracle Add as described in
[CW00]. We begin with the state [{/) |0>®n e |0)®n and apply Hadamard gates H ®"

to each [0)®", resulting in |y) [o) - - - [o). Then, we apply telescoping subtraction
ler) e2) -+ |xk) = |en) [x2 = x1) - - - |k — Xk—1)
to obtain |¢x) |/x) . .. |¥x). Reversely, we can use prefix addition

|xc1) |x2) -+ |oxk) = |x0) |21 +2x2) - |xp + x4 -+ xp)
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to eliminate the duplicates of the Fourier basis state. A log(k)-depth tree of 3-2 adders
can generate two encoded numbers, followed by a quantum carry-lookahead adder of
log(n)-depth to add the encoded numbers. Since programs Sarr and Soarr share the
same procedure to replicate and erase Fourier basis states, we simplify replicating and
erasing procedures by treating them as quantum oracles Add and Add" respectively.

Then we have the following judgment

F(q1, G2) = Add[(G1, @2)] ~ (§}, @5) = Add[(q,,G,)] : Pr = Py (5.41)

F (g1, G2) = Add"[(q1, @2)] ~ (@, @) = Add"[(§}, §,)] : Ps = P (5.42)

by rule (UT).

Estimate the phase of a Fourier state

The key to this step is based on the idea [AKN98b] that quantum measurement can
be simulated by unitaries with the help of ancillary qubits.

As shown in Fig 5.9, the oracle T generates the phase |x) in register g3 of the
Fourier state |y ), then the Fourier basis state |x) in register ¢, can be erased by the
following CNOT gate (CNOT |x) |x) = |x) |0)). The gate T", the reverse of T, is applied
subsequently to restore the state to the duplicates of |¢/,). Given the input |x) in

register o, the whole process of erasing |x) works as follows,

CNOT

n T n
o) (g - - 1Y) 1) = 1x) [} -+ ) [x) = [0)®" [gh) - - [} )
T n n
— [0)%" [¢hx) -+ [Yx) [0)®
where the auxiliary register gs is initialized with |O)®n and reset back to |0)®".
In order to reduce the circuit depth of oracle T, [CW00] parallelized the phase

estimation procedure proposed by [Kit96]. Given k copies of each |p,,-i), we perform

two single-qubit measurements

My = {M} = lpo){pol . My = [n)Spsly  Ma = (M3 = |ps) el My = s s}
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on k/2 of the copies independently, where {|u), | 1 )} and {|u 1 Y p3 )} are the eigen-
vectors of Pauli operators X and Y respectively. These measurements on copies of
|Yx) would generate a distribution {p(y;} over a nk-bit string |m ;) of measure-
ment outcomes. Then a reversible classical processing f is applied to infer x; based

on measurement outcome |my.;)),

f ,
Imxiy) [0) = [mxiy) |x7)

where the probability p(y; is close to 1if |x]) = |x), and a properly estimated |x]) can
be used to erase the phase |x) on register go. The following lemma is proved using

Chernoff bound.

Lemma 5.1. [CW00] Given any computational basis |x), measuring observables X and
Y randomly generates a distribution {p(y;)} over {|m(x;)}, followed by a classical pro-
cessing that generates phase |x}) from |m( ;). We have Pr(|x]) = |x)) = pi >

1 —4ne */8,

We can convert the above whole process into a unitary operation 7" without actual

measurements that can operate on data in superposition. First, the following unitary

Um([q1, G2, 71),
Un([G1, G- F]) = @, (& 2Ux [ (r[ik+]1, plik+iD])@(&_ 1, Uy [(r[ik+]], pLik-+j])])

is applied to simulate measurements on copies of |/, ), where register p = {g1, G2} and

auxiliary register 7 is initialized with |0). Unitaries Ux and Uy

Ux[(q1,q2)] == (H[q1] ® I[q2])CNOT[(q1,q2)]1(H[q:] ® I[q2]);

Uy[(q1,g2)] = (H[q:1] ® I[q2])CY [(q1, 92) | (H[q1] ® I[g2])

introduce auxiliary qubit ¢; initialized with |0) to simulate single-qubit measurements

M; and M; on |,,-i) in qubit g;.

10) lptea-) = Gpiolpa-i) - 10) i) + (pilpg-) - [1) 1)
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U,
1) lptz-i) = Cpia i) - 10) [pa) + Cpaslp-o) - 11) )

where CY[(q1,q2)] denotes the controlled Pauli Y gate. Next, we set the outputs of

auxiliary register 7 of Uy to be the input of oracle O[(7, ¢3)] such that

o /
U |pxz-1) © 10) = 25 VP @) © |x7)

where oracle O denotes the corresponding quantum circuit of the classical processing
f on measurement outcomes. Thus, the oracle T” can achieved by Up[(q1, 2, 7)] and

O[(7, ¢3)] sequentially. By lemma 5.1, we would have

F(G1, G2, 33) = T[(G1 G2, G3)) ~6, (G55 @ G ) = T'[(35 G G F)] : P2 = P3 (5.43)

F(q1G2.43) = T'[(G1, G2, @3)] ~s, (@5 @ @5 F) = T [(@2 @5, @5 F)] = Ps = Ps

where 8§, = 2ne*/8.

Conclusion
We can use rule (SEQ) to sum up all judgments in Fig. 5.10 to get Eq. 5.38,

SQFF ~61+26, SAQFT : E(qo,qg) ® |0> <O|aux = E(QO,%) ® |0> <0|aux (5-44)

where § = 8; + 8, = nm27%"1 + 2nek/8,
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Chapter 6

Summary

Numerous works have delved into the formal verification of quantum programs since
the emergence of quantum programming languages. This thesis addresses the correct-
ness of quantum programs from two distinct perspectives. The first approach concen-
trates on bug detection as a means to enhance correctness. It involves an extension of
the classical incorrectness logic [O'H19], marking an initial step towards formulating
an incorrectness logic designed for quantum programs. The incorrectness triple for
quantum programs is constructed by introducing novel concepts of underapproxima-
tion and reachability analysis. We establish a sound and complete proof system for
bug detection in quantum programs. In another approach, relational reasoning is em-
ployed to improve the correctness of quantum programs. We introduce approximate
quantum coupling as a fundamental tool for exploring approximate relational prop-
erties between quantum programs, addressing the open question from [BHY*19] for
robust reasoning. The efficacy of both approaches is demonstrated through a series of
case studies in Chapter 5. To conclude this thesis, we review pertinent related work

and outline prospective directions for future studies.
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Related Work

Quantum Incorrectness Logic

Projection-based quantum program logic. Recently, projections were used as
predicates to develop quantum Hoare logic for reasoning about the correctness
of quantum programs in [ZYY19, LZY*20, YP21], and quantum relational Hoare
logics (QRHL) for reasoning about equivalence between two quantum programs
[BHY*19, Unr19]. Compared with other quantum predicates such as observables
[DP06b, Yin12], subspaces can significantly simplify the verification of quantum pro-
grams and are much more convenient when debugging and testing.

Despite the purpose of the logic, one difference between our logic and the previ-
ous results can be explained by quoting from [O’H19] “Incorrectness logic uses Floyd’s
forward-running assignment axiom rather than Hoare’s backward-running one.” The
underlying concepts also differ: while correctness logics use satisfaction to rule out
bugs, we use a quantum version of under-approximation to capture bugs. Another
difference lies in the reasoning of while-loops: inference of loop variants can be auto-
mated in our logic, but it is not apparent how to infer the loop invariants in quantum

correctness logics.

Incorrectness logic and debugging quantum programs. The incorrectness logic
[O’H19] for classical programs mainly inspires our work. We integrate the spirit of
classical incorrectness logic of [O’H19] and generalize to the quantum settings. This
result is partly inspired by the use of projections as assertions for testing and de-
bugging quantum programs [LZY*20]. There are other practical debugging tools for
quantum programs, such as the one employing assertions based on statistical tests on
classical observations [HM19b]. These works are designed for debugging at run-time,
while our logic enables static analysis. In addition, our logic is sound and complete,
but few if any of the earlier works on debugging quantum programs are accompanied

by sound arguments, let alone completeness.
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Approximate Quantum Relational Hoare logic

Quantitative robustness reasoning One work [HHZ*19] develops semantics for
erroneous quantum while programs and logic to prove quantum robustness between
an ideal program and a noisy one. They define that a noisy program S’ is e-robust
with respect to (Q, A) if any input state p satisfies the quantum predicate Q to degree
A, the distance between the ideal program S and the noisy program S’ is bounded by
€. They extend the diamond norm to the so-called (Q, 1)-diamond norm to precisely
describe the distance between program S and S’ when input states satisfy a quantum
predicate Q to degree €. Another work [ZYY19] derives applied quantum Hoare logic
by employing projection as predicates and reasons about the robustness of quantum
programs, i.e., error bounds of outputs. The approximate satisfaction in [ZYY19] is
based on introducing a convex set (P, €) of any state p such that there exits state
o k P satisfying Tr(p) = Tr(o) and D(p, o) < €, which shares similar characteristics
with our approxiamte predicate discussed in Sec. 4.5.

These two works consider single-program executions, while our work studies re-
lational reasoning. In particular, the major differences are as follows. a). Different
formula: In the logic formula of [HHZ*19, ZYY19], the predicate lives in the space of
the principle program. The predicate of our logic lives in the joint space of the two
programs. b). Different scope of applications: The proof systems of [HHZ*19, ZYY19]
focus on studying the robustness of quantum programs, i.e., equivalence or closeness.
In particular, the Hilbert spaces of the compared programs in these two works must
have the same dimension. Our choice of the relational Hoare logic can reason about
general relations beyond equivalence or closeness. We can reason relational prop-
erties between programs with different numbers of qubits. c¢). Different proof rules:
The proof rules of [HHZ*19, ZYY19] discuss programs with the same syntax state-
ment. Our one-side rules can track relational properties for different statements, for

instance, a unitary statement and a while statement, in repeat until success.
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Quantum relational Hoare logics. Our work is most inspired by the quantum
relational Hoare logics recently proposed by [Unr19, BHY"19, LU21]. In particular,
[BHY"19] suggests that casting approximate reasoning into the general framework of
relational quantum Hoare logic remains open. Generally, two quantum programs do
not share the same probabilities for taking different paths or outcomes during exe-
cution. Under those circumstances, one can not even find exact quantum couplings
since quantum coupling exists only for partial density operators with the same trace.
This mathematical condition significantly restricts the flexibility of the exact quantum
relational Hoare logic. Our work provides a promising solution to this open question.
In particular, by introducing approximate quantum coupling, our logic system offers
a more general scope of applications. Our logic, aqRHL, is a quantum counterpart to
apRHL [BKOZB13], even from a technical point of view: aqRHL employs projective
predicates [BN36] over the joint systems of the programs, a natural quantum coun-

terpart of binary relations, the predicates used in apRHL.

Future Work

Quantum Incorrectness Logic

Assertion language for quantum predicates. Currently, we treat the predicates
in our logic semantically, i.e., writing matrices explicitly. It is possible to introduce
an assertion language for predicates to capture the properties of a practical subset of
quantum applications to help simplify the representation of predicates. A syntactical
predicate may also expose more mathematical structures, which may help automate
the inference procedure using logic. Similar to classical incorrectness logic, when pre-
sented with a quantum incorrectness triple [P]S[Q], the problem is whether the set
P of input quantum states is included in the set Q of the output state of program S.
It is interesting to explore the creation of a representation that succinctly character-

izes sets of quantum states and the corresponding transformers for depicting quantum
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operations on this representation. For example, a very recent work [CCL*23] intro-
duced a novel approach using tree automata to craft an assertion checker. Its algebraic
representation of quantum states proves effective in sidestepping the inaccuracies as-

sociated with working with floating-point numbers.

Supporting quantum abstraction or local reasoning. Readers may notice that
the Unitary rule has no advantage over the direct multiplication of density matrix,
which is the strongest postcondition computation and requires matrices of size expo-
nential in the number of qubits. To avoid direct full-blown quantum simulation, it is
possible to apply quantum abstraction or local reasoning to improve the effectiveness
of our logic. On the one hand, we may develop a similar abstract operation [YP21]
that preserved the general Galois connection to shrink the size of matrix multiplica-
tion at the cost of losing some information. On the other hand, a promising idea is
to combine the recently developed quantum separation logic [ZBH*21] and incorrect-
ness separation logic [RBD*20] for classical programs, that is to determine the extent
to which local reasoning is feasible for quantum programs from the incorrect point of
view. Compared with classical local reasoning, the main challenge is how to deal with
the entanglement between subsystems, which is a unique phenomenon in quantum

programs. Under certain conditions, one possibility is a frame rule below.

F [P]S[e: Q]
[P ®R]|S[e:Q ® R]

Supporting quantum noise and quantum control We do not mention the quan-
tum noise in our modified language (Def. 3.1). It would be more practical to incorpo-
rate noise estimation such as Gleipnir [TSY*21] and [HHZ"19] into the incorrectness
logic. Another limitation is that we consider quantum programs with classical con-
trols rather than quantum controls. The semantics for quantum controls would be
more complex and fuzzy, and we need to build a new explanation of semantics and

quantum predicates to establish any practical proof rules.



CHAPTER 6. SUMMARY 151

Approximate Quantum Relational Hoare logic

Quantum predicates as observables. Projections have been initially utilized as
predicates to establish quantum Hoare logic for reasoning about the correctness of
quantum programs in [ZYY19]. They were also adopted in the quantum relational
Hoare logics [BHY*19, Unr19] to justify equivalence between two quantum programs.
In our robust relational reasoning, we also employ projective predicates instead of
observables [DP06b]. Generally speaking, projective predicates are less expressive
than observables, but they are more user-friendly for the analyzer to provide suitable
propositions. Projective predicates simplify the verification of judgments by trans-
forming them into boolean inferences. Our work needs to investigate whether observ-
ables may better characterize approximate reasoning. We may expand the judgment

defined in 4.12 in the following manner.

Definition 6.1 (General Validity). The judgement k S; ~5 S2 : A = B holds if
for any lifting p; ~4 p, with p being the corresponding witness, then there exits an

witness o for lifting [S1] (p1) ~4 [S2]](p2) such that
Tr(Ap) < Tr(Bo) + Tr(p) — Tr(o)

where A and B are observables.

Quantum differential privacy. In our earlier discussions, we mentioned that our
work is an extension of the relational Hoare logic [BHY*19] to an approximate version
inspired by reasoning for differential privacy [DMNS06, BKOZB13]. To capture the
exponential and Laplacian mechanisms of differential privacy, a skew-parameterized

a-distance
Ao (1, pi2) = A ;
a (1, 2) pmax a(pnf p2f)
is introduced to measure the distance between two distributions y; and i, in D (A). In

contrast, our work uses the standard trace distance to measure the difference between

quantum states in a general setting. In [HRF22], Hirche et al. [SW13] introduced the
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quantum hockey-stick divergence E,(p, o)
1
E (p,0) = D(p,ac) + 5(1 - a)

to reason about quantum differential privacy introduced in [ZY17]. It might be possi-
ble to design a specific relational logic for quantum differential privacy by introducing

a symmetric o distance

Aa(p.0) = max {Tr(P(p — a0)), Tr(P(o - ap)), 0}
based on the hockey-stick divergence. Similarly, we can maintain the triangle inequal-
ity
Ao (p1,3) < Do (p2, p3) + ' Na(p1, p2)
Aaar (p1, p3) < Da(p1, p2) + alor (p2, p3)

and contractility
Aa(E(p1), E(p2)) < Ao(p1, p2)

for any trace-preserving quantum operations &, which are essential for designing

useful relational proof rules.

Applications for hybrid system. Our logic could be more useful if we extend
our theory to the hybrid system, i.e., programs with quantum and classical variables.
Quantum-classical hybrid systems allow for the exploitation of quantum advantages
while leveraging the existing classical computing infrastructure. A unified language
of both quantum and classical effects may bring advantages in hybrid program anal-
ysis [VLRH23]. Particularly, we are interested in applying it to the construction and
verification of quantum cryptographic proofs and ensuring the correctness of opti-
mized quantum compilers specifically designed for NISQ (Noisy Intermediate-Scale
Quantum) devices. Last but not least, it is interesting to incorporate recently de-
veloped tools such as quantum abstract interpretation [YP21] and quantum separa-
tion logic [ZBH*21] to design over-approximation techniques [Yan07]. Another in-

teresting technique is the Context-Free-Language Ordered Binary Decision Diagrams
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[SCR23], which may serve as a backend representation and manipulation technique

in studying quantum Hoare logics.
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