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Abstract  25 

Models of vegetation function are widely used to predict the effects of climate change on 26 

carbon, water and nutrient cycles of terrestrial ecosystems, and their feedbacks to climate. 27 

Stomatal conductance, the process that governs plant water use and carbon uptake, is 28 

fundamental to such models. 29 

In this paper, we reconcile two long-standing theories of stomatal conductance. The 30 

empirical approach, which is most commonly used in vegetation models, is 31 

phenomenological, based on experimental observations of stomatal behaviour in response 32 

to environmental conditions. The optimal approach is based on the theoretical argument 33 

that stomata should act to minimise the amount of water used per unit carbon gained.   34 

We reconcile these two approaches by showing that the theory of optimal stomatal 35 

conductance can be used to derive a model of stomatal conductance that is closely 36 

analogous to the empirical models. Consequently we obtain a unified stomatal model 37 

which has the same form as existing empirical models, but which now provides a 38 

theoretical interpretation for model parameter values.  39 

The slope parameter of the model is predicted to increase with growth temperature and 40 

with the marginal water cost of carbon gain. The new model is fitted to a range of 41 

datasets ranging from tropical to boreal trees. The slope parameter is shown to vary with 42 

growth temperature, as predicted, and also with plant functional type. The model is 43 

shown to correctly capture responses of stomatal conductance to changing atmospheric 44 

CO2, and thus can be used to test for stomatal acclimation to elevated CO2. The 45 

reconciliation of the optimal and empirical approaches to modelling stomatal 46 

conductance provides a useful theoretical framework for analyzing and simulating 47 

stomatal behaviour.  48 

 Keywords: stomatal conductance, coupled conductance and photosynthesis models, 49 

stomatal optimisation, marginal water cost of carbon 50 

  51 
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Introduction 53 

Models of vegetation function have a major role to play in advancing our understanding 54 

of terrestrial ecosystem responses to global change. Land surface schemes are integral to 55 

climate models (Sellers et al. 1997, Pitman 2003), while dynamic vegetation models are 56 

used to predict climate impacts on biospheric carbon, nutrient and water cycles (e.g. 57 

Scholze et al. 2006, Piao et al. 2007, Sitch et al. 2008, Ostle et al. 2009). Fundamental to 58 

all these vegetation function models are descriptions of the key processes of plant carbon 59 

uptake (photosynthesis) and water use (transpiration).  60 

Photosynthesis is widely represented using a mechanistic model in which rates of key 61 

processes are related to environmental drivers including the concentration of atmospheric 62 

CO2, light and temperature (Farquhar et al. 1980). This mechanistic model has acted as a 63 

framework for considerable ecophysiological research, with the result that we now have a 64 

good understanding of how photosynthetic rates vary among species and ecosystems (e.g. 65 

Wullschleger 1993, Kattge et al. 2009), and how photosynthesis acclimates to changes in 66 

temperature and atmospheric CO2 (e.g. Medlyn et al. 1999, Medlyn et al. 2002, Ellsworth 67 

at al. 2004, Ainsworth and Rogers 2007, Kattge and Knorr 2007).  68 

In contrast to the mechanistic model of photosynthesis, transpiration is generally modeled 69 

using an empirical representation of stomatal conductance. Experiments have shown that 70 

stomatal conductance (gs) is typically correlated with photosynthesis (A) (Wong et al. 71 

1979), but that the ratio of gs : A varies with atmospheric humidity (Ball et al. 1987). 72 

These observations have been used to develop simple, empirical models of gs (Ball et al. 73 

1987, Leuning 1995). The use of these models is widespread because parameters are 74 

readily estimated from data and the models are simple enough to implement at global 75 

scales.    76 

However, because these stomatal conductance models are empirical, their parameters 77 

have no meaning attached. Consequently, there is little understanding of how the 78 

parameters vary with species or acclimate to changes in climate, and many models simply 79 

assume that the parameters are constant for all C3 species (e.g. Sitch et al. 2003, Krinner 80 



 5 

et al. 2005, Law et al. 2006). A successful theoretical model of stomatal behaviour is a 81 

high priority for vegetation modelers because it would provide a framework for research 82 

into acclimation and adaptation of stomatal control of water and C fluxes.     83 

There is a long-standing theory of optimal stomatal behaviour (Cowan & Farquhar 1977). 84 

This theory is based on the idea that stomata should act to maximize carbon gain 85 

(photosynthesis, A) while minimizing water loss (transpiration, E). That is, the optimal 86 

stomatal behaviour would be to minimize the integrated sum of  87 

              E -  A                                                                                                          (1)  88 

where  (mol H2O mol
-1

 C) is a parameter representing the marginal water cost of plant 89 

carbon gain. This general theory is widely accepted (e.g. Bonan 2008 p244) but it is 90 

rarely used in models. Although model implementations of this theory have been 91 

attempted (e.g. Hari et al. 1986, Lloyd 1991, Arneth et al. 2002, Katul et al. 2009a, 92 

among others), several issues have restricted wider use of these implementations. A key 93 

issue has been parameterisation – values of   have been perceived as difficult to 94 

estimate, and questions have been raised as to the timescale on which  might remain 95 

constant  (Cowan and Farquhar 1977, Thomas et al. 1999).  Also, previous 96 

implementations do not correctly capture stomatal responses to atmospheric CO2 97 

concentration. 98 

In this paper, we reconcile the optimal and empirical models of stomatal conductance. 99 

We demonstrate that, under reasonable and generally applicable simplifying 100 

assumptions, the optimal stomatal conductance model is, in fact, functionally equivalent 101 

to the widely-used empirical stomatal model. We derive a unified model that has the form 102 

of the empirical stomatal models but that is based on the optimal stomatal conductance 103 

theory. The benefit of this unified model is that it gives a biological interpretation for 104 

model parameters that previously were regarded as empirical constants. We demonstrate 105 

that the key model parameter (the slope parameter) varies significantly among species, 106 

and discuss hypotheses for this variation. This analysis provides a useful quantitative 107 



 6 

framework for research into the long-term acclimation and adaptation of stomatal 108 

function to environmental conditions.  109 

 110 

Background  111 

Empirical models  112 

The model of Ball et al. (1987) is based on the observation that stomatal conductance is 113 

strongly correlated with assimilation rate (Wong et al. 1979). Based on a series of leaf 114 

gas exchange experiments, Ball et al. (1987) developed the following empirical 115 

expression for gs:  116 

              gs = g0 + g1 (A hr / Ca)                                                                                       (2)  117 

where g0 and g1 are fitted parameters, A is net assimilation rate (mol m
-2

 s
-1

), hr is 118 

relative humidity at the leaf surface (dimensionless), and Ca is atmospheric CO2 119 

concentration at the leaf surface (mol mol
-1

). This model has been criticized because it 120 

can be shown that stomata sense transpiration and/or peristomatal water fluxes, rather 121 

than relative humidity (Aphalo and Jarvis 1991, Mott and Parkhurst 1991; Eamus et al. 122 

2008). An alternative model incorporating an empirical dependence on leaf-to-air vapour 123 

pressure deficit (D, kPa), a proxy for transpiration, was developed by Leuning (1995). 124 

Leuning (1995) considered two alternative forms for the dependence on D, a linear and 125 

hyperbolic dependence, and found that a hyperbolic dependence provided a better fit to 126 

experimental data. The resulting model has the following form:   127 

 
)/1)(( 0
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A
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a
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       (3) 128 

where  is the CO2 compensation point of assimilation in the presence of dark 129 

respiration. This model has three empirically fitted parameters, g0, g1 and D0.  130 
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These models (eqns 2 and 3) are widely used because they are straightforward to 131 

parameterise from leaf-scale data, are easy to implement at large scales, and nonetheless 132 

appear to capture the fundamentals of stomatal behaviour. However, there are several 133 

important criticisms that can be made of both models. As noted already, equation (2) is 134 

incorrect in its assumption of a dependence on hr. A significant practical problem with 135 

equation (3) is that the parameters g1 and D0 are very strongly correlated. This correlation 136 

means that the parameters are difficult to estimate from data with confidence, and 137 

differences in the parameters among datasets cannot be clearly interpreted (e.g. Medlyn et 138 

al. 2005). A model with formally identifiable parameters (i.e. one in which parameters 139 

are not correlated) is desirable.  140 

The major criticism of both models, however, is that they are empirical in nature. They 141 

have been developed from experimental observations, rather than from any mechanistic 142 

understanding or theory of stomatal behaviour. This empirical basis is unsatisfactory 143 

because it means that we lack confidence in applying the model in novel situations (such 144 

as under increasing atmospheric CO2 concentration). It also means that we have no 145 

theoretical  basis for predicting or interpreting differences in parameter values among 146 

species and vegetation types. Lacking this basis, the parameters are simply assumed 147 

constant for all C3 vegetation in many regional and global models (e.g. Krinner et al. 148 

2005), while in other models, parameter values are tuned to match large-scale 149 

observations (e.g. Cox 2001, Oleson et al. 2004).  150 

Optimal stomatal conductance model  151 

A theory of optimal stomatal behaviour was developed by Cowan & Farquhar (1977). 152 

This theory postulates that stomata should act to maximize carbon gain (photosynthesis, 153 

A) whilst at the same time minimizing water lost (E, transpiration). That is, the optimal 154 

stomatal conductance is obtained when the following expression is minimized:  155 

 dttAtE
t

t 
2

1

))()((          (4) 156 
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where  (mol H2O mol
-1

 C) is a parameter describing the marginal water cost of carbon 157 

gain. Cowan & Farquhar (1977) showed, using calculus of variations, that minimizing 158 

this expression leads to the following optimization constraint:  159 

 




A

E
         (5) 160 

Hari et al. (1986) combined this constraint with a very simple photosynthetic model in 161 

which A was assumed proportional to intercellular CO2 concentration, Ci, and a function 162 

of incident light, f(I), i.e.  163 

              A = Ci f(I)                                                      (6)  164 

They obtained the following expression for optimal stomatal conductance, gs
*
:  165 

 1
6.1

)(* 
D

C
Ifg a

s


        (7) 166 

where D is vapour pressure deficit. We note that Hari et al. (1986) defined their 167 

parameter  as the inverse of that used by Cowan & Farquhar (1977), whereas here we 168 

use Cowan’s definition of the parameter and so have modified Hari et al.’s expression 169 

accordingly. This model was found to give a very good fit to continuous measurements of 170 

transpiration and photosynthesis in a boreal Scots pine forest (Hari et al. 1999, Mäkelä et 171 

al. 2004, Kolari et al. 2007), and has been implemented in a canopy photosynthesis 172 

model (Mäkelä et al. 2006). Katul et al. (2009a) explored the properties of this model and 173 

found that it was consistent with observed responses of gs, E, and the ratio Ci : Ca to D. 174 

However, this model does not correctly capture the response of gs to changes in 175 

atmospheric CO2, because it predicts that gs should increase with increasing Ca. This 176 

problem arises because of the simplifying assumption that A is proportional to Ci (eqn 6).   177 

Arneth et al. (2002) combined the relationship with the more realistic model of 178 

photosynthesis developed by Farquhar et al. (1980). This model assumes that the 179 

photosynthetic rate is limited by either RuBP regeneration, in which case  180 
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where J is the rate of electron transport, 
*
 is the CO2 compensation point in the absence 182 

of dark respiration, and Rd is the dark respiration rate; or it is limited by the rate of 183 

carboxylation, in which case    184 
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max       (9) 185 

where Vcmax is the maximum rate of Rubisco activity and Km is the Michaelis-Menten 186 

coefficient for Rubisco kinetics. Note that mesophyll conductance (Niinemets et al. 2009) 187 

is implicit in this formulation of the model and is not considered explicitly here. Arneth et 188 

al. (2002) showed that, when photosynthesis is represented in this way, the optimal Ci 189 

depends on  according to two quadratic equations corresponding to the two different 190 

limitations (see Appendix). In this paper, we focus only on the first limitation to 191 

photosynthesis (eqn 8); the reasons for this choice are fully explained in the Discussion.  192 

 193 

Theory  194 

We coupled the optimal stomatal control model with equation (8), using the quadratic 195 

equation obtained by Arneth et al. (2002) as a starting point. As described in the 196 

Appendix, we then derived the following approximation for the optimal stomatal 197 

conductance:  198 

DC

A
ggg

a

s 10

*         (10) 199 

 200 

The analytical expression in equation (10) is closely analogous to the empirical models 201 

described by equations (2) and (3). We term equation (10) the unified stomatal model, 202 

because it has the same form as the empirical models but is derived from the optimal 203 

model, thus combining both approaches into the one model.  204 
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 205 

The parameter g1 can be directly obtained by fitting to data in the same way as is usually 206 

done with the empirical models. However, we now have a theoretical interpretation for 207 

the slope parameter g1: as shown in the Appendix, g1 increases linearly with the 208 

combination of terms:  209 

 g1 ~ *          (11) 210 

 211 

That is, the slope parameter should increase with the marginal water cost of carbon , and 212 

with the CO2 compensation point 
*
.  213 

 214 

We compared the exact solution of the coupled stomatal – photosynthesis model with the 215 

simplified model given by equation (10), and found it is an excellent approximation to the 216 

optimal stomatal conductance over a realistic range of values of light, D, Ca, and  217 

(Figure 1a). The mean absolute deviation between the simplified model and the numerical 218 

solution was 0.0044 mol m
-2

 s
-1

. Figure 1b demonstrates the close one-to-one relationship 219 

between the slope parameter g1 and the parameter combination *  (eqn 11).  220 

 221 

The CO2 compensation point, 
*
, is assumed to be the same for all C3 species but 222 

increases with temperature (Bernacchi et al. 2001), suggesting that g1 should increase 223 

with growth temperature.  For a given growth temperature, the slope parameter g1 is 224 

determined by the marginal water cost of carbon, . To date, it has been unclear how  225 

varies among species and growth conditions, partly because of the difficulty of 226 

quantifying  using existing methods. The model proposed here offers a new and simple 227 

means of quantifying , by fitting equation (10) to stomatal conductance measurements 228 

and using the fitted parameter g1 as a proxy for .  229 

Two key assumptions were needed to derive equation (10). First, the atmospheric CO2 230 

concentration, Ca, is assumed to be much larger than the CO2 compensation point. The 231 

expression breaks down for CO2 concentrations below approximately 120 µmol mol
-1

. As 232 
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the Earth’s atmospheric CO2 concentration has never fallen to this level (Ehleringer et al. 233 

2007), this assumption does not limit the applicability of the approximation. Second, we 234 

assume that stomata behave in such a way that they optimise for RuBP regeneration 235 

limited photosynthesis (eqn 8), rather than for Rubisco limited photosynthesis (eqn 9). 236 

This assumption is discussed below. 237 

Model testing  238 

We obtained eight datasets of diurnal courses of stomatal conductance measured on field-239 

grown trees from a range of different forest types and climates. We fitted equations (2), 240 

(3) and (10) to these datasets using SigmaPlot (v. 11.0, Systat Software Inc.). Table 1 241 

gives the details of the datasets used and Table 2 shows the statistics of the model fits. 242 

The three models fit the datasets equally well, with no model being consistently better for 243 

all datasets (Table 2). R
2
 values are similar among models, with the exception of the 244 

Duke pine dataset, where the two models based on D gave much better fits than the 245 

model based on hr. Although the models performed similarly across the data sets, the 246 

parameter values for the Leuning (1995) model (eqn 3) were not identifiable (i.e. not 247 

significantly different from zero) for five of the eight datasets.  248 

Fits of the unified model (eqn 10) to the datasets are shown in Figure 2. For this figure, 249 

relationships were fitted without the intercept to demonstrate differences in the slope. The 250 

key point demonstrated by Figure 2 is that the slope of the relationship clearly differs 251 

among species, and varies in a consistent manner. As predicted from equation (11), the 252 

slope increases with growth temperature, with slopes highest in tropical savanna species 253 

and lowest in Sitka spruce growing in Scotland. Also, although there is some 254 

confounding between growth temperature and plant functional type in the datasets 255 

presented in Figure 2, we can nevertheless identify clear differences among plant 256 

functional types. Slopes were lowest in gymnosperms and highest in angiosperms, and 257 

eucalypts have a considerably higher slope than do pines growing at similar latitudes 258 

(Tables 1 and 2). 259 

  260 
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 261 

Discussion  262 

We have reconciled two long-standing approaches to modelling stomatal conductance, 263 

showing that the theory of optimal stomatal conductance leads to a model with the same 264 

form as widely-used empirical models. The unified model has some practical advantages 265 

over existing empirical models. It incorporates a dependence on vapour pressure deficit, 266 

rather than relative humidity, which agrees better with our mechanistic understanding that 267 

stomata respond to transpiration rate (Mott and Parkhurst 1991). Also, the parameters are 268 

identifiable from data, so differences in parameters across datasets are meaningful, 269 

allowing parameter values to be compared.  270 

The most important advantage gained by reconciling the two models, however, is that the 271 

slope parameter of the model, which was previously treated as an empirical constant, now 272 

has a biological interpretation. This step opens up a way forwards for developing a 273 

general theory for variation in stomatal behaviour across species, plant functional types 274 

and environments.   275 

We show that the slope parameter g1 is proportional to both the CO2 compensation point 276 

and the marginal water cost of carbon gain (eqn 11; Figure 1b). The CO2 compensation 277 

point depends on temperature according to a well-defined relationship that can be 278 

assumed constant for all C3 species (Bernacchi et al. 2001). We predict that, for a given 279 

species, the slope parameter g1 should increase with growth temperature; and that the rate 280 

of increase should follow the square root of the temperature-dependence of the CO2 281 

compensation point (eqn 11). The increase in slope with temperature is borne out by the 282 

contrast among the sample data sets shown in Figure 2 (see also Table 1). It is also 283 

confirmed by a survey of stomatal conductance and stable isotope data across species and 284 

environments by Lloyd and Farquhar (1994). These authors derived values analogous to 285 

our slope parameter, g1, and found that values were lower for cold/cool zone vegetation 286 

than for warm temperate vegetation, as predicted by our model. 287 
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The slope parameter g1 is also related to the marginal water cost of plant carbon gain,  288 

(mol H2O mol
-1

 C). The value of  can be thought of as representing the amount of water 289 

that a plant is prepared to spend to gain carbon: a high value of  indicates “profligate” 290 

behaviour while a low value of  indicates “conservative” behaviour. Cowan and 291 

Farquhar (1977) argued that the parameter  was only likely to remain constant on short 292 

time scales, varying from day to day, and this perception has limited the use of the model 293 

in the past. However, the fact that functionally equivalent empirical models have been 294 

successfully applied using constant parameter values strongly suggests that the value of  295 

is stable on longer time scales, making it an informative parameter. Theoretical studies of 296 

, and experimental studies using the empirical models, indicate two major sources of 297 

variation in : differences among species, related to whole-plant water-use strategy, and 298 

effects of low soil moisture availability.  299 

Theoretical work suggests that  is likely to be related to whole-plant carbon-water 300 

economy (Givnish 1986). Our comparison among ecosystems (Figure 2) provides clear 301 

evidence for differences in stomatal behaviour among plant functional types, indicating a 302 

link with whole-plant traits. The contrast that we found between angiosperms and 303 

gymnosperms, with angiosperms having higher values of , is strongly supported by the 304 

cross-species survey by Lloyd and Farquhar (1994). The slope parameter of the empirical 305 

stomatal models also varies among species in a way that appears linked to plant water use 306 

strategy (e.g. Medlyn et al. 2001). Furthermore, evidence is accumulating that 307 

photosynthetic capacity and maximal stomatal conductance are related to plant hydraulic 308 

architecture (e.g. Nardini and Salleo 2000, Clearwater and Meinzer 2001, Hubbard et al. 309 

2001, Katul et al. 2003, Mencuccini 2003, Bucci et al. 2005, Taylor and Eamus 2008). 310 

Thus, values of  obtained under well-watered conditions are likely to be a useful 311 

quantitative way of characterizing whole-plant-level water-use strategies.   312 

Under drought conditions, theoretical analysis of the optimal stomatal conductance 313 

indicates that the expected value of carbon assimilation is maximised if the value of  314 

declines as drought progresses, at a rate determined by the probability of rain on any 315 

given day (Mäkelä et al. 1996). Some models that use the empirical approach incorporate 316 
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an equivalent assumption, reducing the slope parameter g1 as a function of soil moisture 317 

content (e.g. Sala and Tenhunen 1996, Kirschbaum 1999). Some recent implementations 318 

decrease the slope parameter as a function of leaf water potential rather than soil moisture 319 

content (e.g. Tuzet et al. 2003). Such assumptions have been found to improve 320 

simulations of forest water use during drought (e.g. Sala and Tenhunen 1996), and of 321 

leaf-level photosynthesis and transpiration over a growing season (Berninger et al. 1996, 322 

Op de Beeck et al. 2010). However, very few studies have directly examined how the 323 

relationship between photosynthesis and stomatal conductance is affected by drought. 324 

One study on Pinus ponderosa that directly examined this question found that the model 325 

intercept, rather than the slope, was related to soil moisture potential (Misson et al. 2004). 326 

It can be questioned whether the optimization criterion assumed here (eqn 4) can still be 327 

said to be optimal if drought stress starts to threaten plant survival. It may be that the 328 

relationship given by eqn (10) will break down as soil moisture potential is reduced. 329 

Nonetheless, eqn (10) offers a quantitative framework within which it would be possible 330 

to critically examine how soil moisture stress affects stomatal behaviour.  331 

By linking the optimal and empirical stomatal models, we have identified a new and 332 

simple way of estimating  from measurements of stomatal conductance. We suggest that 333 

comparative studies of such values  across species and soil moisture conditions are 334 

likely to bring new insights into adaptation of stomatal behaviour and plant water-use 335 

strategies.  336 

Response to atmospheric CO2 concentration 337 

One of the major assumptions required by our derivation was that stomatal conductance 338 

acts as if it is optimizing for RuBP-regeneration-limited photosynthesis (eqn 8), rather 339 

than Rubisco-limited photosynthesis (eqn 9).Importantly, this is not the same as assuming 340 

that photosynthesis is always limited by RuBP-regeneration; we only assume that stomata 341 

behave as if it were. We justify this assumption as follows. Firstly, stomatal responses to 342 

CO2 can be observed in epidermal peels, indicating that the CO2 sensing mechanism 343 

resides in the guard cells per se, not in the mesophyll (Travis and Mansfield 1979, 344 

Assmann 1999). However, although guard cells have a significant capacity for electron 345 
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transport, they have a relatively low capacity for Rubisco C fixation (e.g. Outlaw et al. 346 

1979, Shimazaki 1989, Outlaw and DeVlieghere-He 2001). Thus, while it is plausible 347 

that stomatal behaviour could be regulated by rates of electron transport, it seems 348 

implausible that stomatal behaviour would be regulated by rates of C fixation, or the 349 

balance between the two processes. Secondly, RuBP regeneration plays a role in limiting 350 

photosynthesis under most environmental conditions: it is the major limitation in leaves 351 

below light saturation and it tends to co-limit photosynthesis in light-saturated leaves 352 

(Farquhar et al. 1980, Woodrow 1994). In exploratory simulations using the full 353 

numerical solution of Arneth et al. (2002), we calculated annual water use efficiency 354 

(WUE) for needles growing in a pine canopy under the assumptions that stomatal 355 

behaviour was optimized for (i) RuBP regeneration limited photosynthesis, (ii) Rubisco 356 

limited photosynthesis, or (iii) whichever of the two processes was most limiting to 357 

photosynthesis at any one time point. The difference in WUE between simulations (i) and 358 

(iii) was of the order of 1% for a range of parameter values, whereas WUE under 359 

simulation (ii) was 50-75% lower than that of simulation (iii). These results suggest that 360 

stomatal behaviour which optimizes as if RuBP regeneration were limiting to 361 

photosynthesis is very close to the theoretical optimal behaviour, resulting in little 362 

evolutionary pressure to achieve the theoretical optimum. Finally, these conclusions are 363 

further supported by the observation that the correlation between photosynthesis and 364 

stomatal conductance breaks down in transgenic plants with impaired Rubisco activity 365 

(von Caemmerer et al. 2004). Reduced Rubisco activity reduces photosynthetic capacity 366 

in such plants, but does not appear to impact on stomatal conductance or its 367 

responsiveness to Ca.  368 

Importantly, when we make this assumption, the resulting model correctly captures the 369 

observed response to atmospheric CO2 concentration (Ca). The response to Ca predicted 370 

by the optimal stomatal model differs considerably according to which limitation is 371 

considered, as shown in Figure 3. If Rubisco-limited photosynthesis is considered, 372 

stomatal conductance is predicted to increase with increased Ca, contrary to extensive 373 

experimental observations (see Morison 1987 for review). In contrast, if RuBP-374 

regeneration-limited photosynthesis is considered, stomatal conductance is predicted to 375 
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decline non-linearly with Ca, which agrees closely with observations (Morison 1987). 376 

This assumption thus allows the model to be used to investigate responses to rising Ca.  377 

For example, Katul et al. (2009b) recently applied the optimal stomatal conductance 378 

model to datasets from a large-scale CO2 enrichment study, the Duke FACE experiment. 379 

They estimated  from ambient and enriched CO2 treatments, and concluded that this 380 

parameter differs between treatments. However, they assumed Rubisco-limited 381 

photosynthesis throughout their study, and their conclusion is thus driven by the use of a 382 

model with an incorrect short-term Ca response. In contrast, we fitted our eqn (10) to an 383 

expanded dataset with ten years of data from the same FACE experiment, and found that 384 

there was no effect of CO2 treatment on the value of  (Figure 4). Therefore, because 385 

there is no change in the parameter value between treatments, we can conclude that there 386 

was no acclimation of stomatal conductance to CO2 enrichment in this FACE experiment 387 

(cf. Medlyn et al. 2001) 388 

Response to D 389 

The response to vapour pressure deficit (D) predicted by the optimal stomatal model was 390 

investigated by Katul et al. (2009a). They showed that the predicted D response is 391 

consistent with observations and also quite consistent with the D response of the Leuning 392 

(1995) empirical model (eqn 3) over the normal operating range of D. We note that 393 

Leuning (1995) considered alternative forms for the D response, but specifically did not 394 

consider the form D
-1/2

, despite observing that Lloyd (1991) had found this function to 395 

give the best fit to data from Macadamia integrifolia. The major difference between the 396 

hyperbolic D response used in the Leuning model (eqn 3) and  the square root 397 

dependence given by the optimal stomatal model (e.g. eqn 10) lies in the behaviour of gs 398 

as D approaches zero. Stomatal conductance at low D is bounded in equation (3) but 399 

unbounded in equation (10). However, an unbounded gs at low D should not be seen as a 400 

problem. There is evidence from eddy covariance studies to suggest that stomatal 401 

conductance is in fact unbounded as VPD approaches zero (Wang et al. 2009), supporting 402 

the D response emerging from the unified model.  Also, although gs may be unbounded, 403 

transpiration (E) is not; E  gs* D, so that DE  using the unified stomatal model. 404 
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Thus, an unbounded value of gs is acceptable, from viewpoints of both model correctness 405 

and model stability.  406 

 407 

Conclusion 408 

We have reconciled two long-standing theories for stomatal conductance. We combined 409 

Cowan & Farquhar (1977)’s theory of optimal stomatal behaviour with the Farquhar et 410 

al. (1980) model of photosynthesis, and derived a new model expression for stomatal 411 

conductance that has the same form as current empirical models. The unified model thus 412 

combines existing experimental evidence with an accepted theory for stomatal behaviour. 413 

The model has significant potential to act as a framework for interpreting stomatal 414 

behaviour among species across a range of environmental conditions, including rising 415 

atmospheric [CO2], and to improve simulations of vegetation water use at large scales.  416 
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Appendix: Derivation of analytical approximation to the optimal stomatal control 670 

model 671 

 672 

In their Appendix, Arneth et al. (2002) describe how the optimal stomatal control model 673 

can be combined with the Farquhar – von Caemmerer model of leaf photosynthesis to 674 

obtain two quadratic expressions for the optimal Ci. Different expressions are obtained 675 

according to whether Rubisco activity, or RuBP regeneration, is limiting photosynthesis. 676 

In what follows, we focus on the case where RuBP regeneration is the limiting factor. We 677 

make this assumption because RuBP regeneration is limiting at low light levels, and at 678 

high light levels the two factors tend to co-limit photosynthesis. We consider this 679 

assumption further in the discussion.  680 

 681 

Arneth et al. (2002) assumed leaf dark respiration Rd = 0. We also make this assumption 682 

to make the derivation below clearer. Equivalent expressions can be derived for the case 683 

where Rd > 0, but the resulting simple model is identical to equation (10). Under this 684 

assumption, for RuBP-regeneration limited photosynthesis, the optimal Ci is given by a 685 

root of the quadratic aCi
2
 + bCi + c, where: 686 

 687 
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where L represents the combination of terms (= 1.6 D /  ). The discriminant, b
2
 – 4 a 694 

c, can be calculated to be: 695 
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If we assume that Ca >> 
*
, this expression simplifies to  699 

 700 
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The solution to the quadratic is then 703 

 704 
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We are seeking an expression of the form 707 

 708 

 gs = f A/ Ca        (A5) 709 

 710 

Rearranging (A5), we obtain 711 

 712 

 f  = gs Ca / A = Ca / (Ca – Ci)      (A6) 713 

 714 

Substituting in optimal Ci from equation (A4), we obtain 715 
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Assuming that 
*
 L << Ca, this simplifies to 719 
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And, by completing the square in the numerator, thence to 723 

 724 

L
f

*3
1


         (A9) 725 

 726 



 28 

Combining expressions (A5) and (A9), we obtain the following expression for optimal 727 

stomatal conductance: 728 

 729 
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       (A10) 730 

 731 

Inspection of this equation shows that the optimal stomatal conductance is proportional to 732 

assimilation rate, inversely proportional to Ca, and approximately inversely proportional 733 

to the square root of D. Thus, equation (A10) simplifies to:  734 
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A
ggg

a

s 10

*          (A11) 735 

 736 

where the slope parameter, g1, is linearly related to the parameter combination * . 737 

 738 

739 
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Figure Captions  740 

Figure 1. Test of the accuracy of the approximate model. (a) A comparison of the 741 

approximate solution (Eq 10) and the exact numerical solution to the optimal stomatal 742 

model coupled with the Farquhar et al. (1980) model of photosynthesis. To generate this 743 

figure, the following environmental drivers were varied factorially: PAR (50 – 1550 μmol 744 

m
-2

 s
-1

), relative humidity (30 – 80%), Ca (320 – 700 ppm). For several different values of 745 

, equation (10) was fitted to output from the numerical model and the corresponding 746 

slope g1 obtained. This slope was then used to estimate the optimal gs from the 747 

environmental drivers, using equation (10). (b) The relationship between the slope 748 

parameter g1 and the parameter combination * . To generate this figure, optimal 749 

stomatal conductance was solved numerically for a range of λ values, each time varying 750 

the same environmental drivers as in Figure 1(a). For each value of λ, the slope parameter 751 

g1 was found by fitting Eq 11 to the simulation results. 752 

Figure 2. The unified stomatal model (eqn 10) fitted to eight datasets from contrasting 753 

forest ecosystems. Details of the ecosystems are given in Table 1. Blue shades show data 754 

from conifers, green shows data from deciduous angiosperms, and red/purple shades 755 

show data from broadleaf evergreen forests. For this figure, the model was fitted fixing 756 

the intercept to zero. Fitted slopes were as follows:  Sitka A, 4.2; Sitka B, 4.7; Duke Pine, 757 

6.1; Fagus, 6.8; Alpine Ash, 7.1; Macchia, 9.8; Savanna, 12.5; Red Gum, 15.1.    758 

Figure 3. The response of stomatal conductance (gs) to atmospheric CO2 concentration 759 

(Ca) predicted by the full numerical solution to the optimal stomatal model. Solid line: 760 

coupled with RuBP-regeneration limited photosynthesis (eqn 8); Dashed line: coupled 761 

with Rubisco-limited photosynthesis (eqn 9).  762 

Figure 4. The unified stomatal model (eqn 10) fitted to data from the Duke FACE 763 

experiment. Solid symbols and solid line: data from ambient CO2 treatment; open 764 

symbols and dashed line: data from elevated CO2 treatment. Regression lines are not 765 

significantly different (p > 0.05). Data are from spot measurements of pine needle gas 766 

exchange at ambient and elevated CO2 as described in detail in Ellsworth (2000) and 767 
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Katul et al. (2000) for the first 3 years of the Duke FACE experiment, and from spot 768 

measurements extracted from complete photosynthetic CO2 response curves for 769 

unfertilised trees from Crous et al. (2004) and Crous et al. (2008) from the 3rd though 9th 770 

years of CO2 exposure in FACE.  771 

 772 

   773 
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Tables 

Table 1. Details of example data sets used for model testing. Temperature refers to the average leaf temperature at which 

measurements were taken, and does not necessarily reflect growth temperature. At each site, data from different species were pooled 

where stomatal behaviour was not distinguishable between species.  

Dataset Species Location Lat / Long Temperature (°C)  Reference 

Sitka A Picea sitchensis Aberfeldy,  

Scotland 

56° 37' N 

3° 48' W 

13.5  Wingate et al. (2007),                     

Medlyn et al. (2005) 

Sitka B Picea sitchensis Glencorse,  

Scotland 

55° 31' N 

3° 12' W 

24.8  Barton & Jarvis (1999), 

Medlyn et al. (2001) 

Fagus Fagus sylvatica Grib Skov, 

Denmark 
55 59’N 

12 16’E 

27.2  Freeman (1998),  

Medlyn et al. (2001) 

Duke Pine Pinus taeda North Carolina, 

USA 

35° 59’N 

79° 06’W 

28.1  Ellsworth (1999), 

Ellsworth et al. (2004), 

Crous et al. (2008) 

Macchia Phillyrea angustifolia; 

Pistacia lentiscus 

Montalto di Castro, 

Italy 

42° 22’ N  

11° 32’ E 

32.7  Scarascia Mugnozza et 

al. (1996)              

Medlyn et al. (2001) 

Alpine Ash Eucalyptus delegatensis Snowy Mts, NSW, 

Australia 

35° 39' S 

148° 56’ E  

20.6  Medlyn et al. (2007) 
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Savanna 6 tropical savanna 

species 

Darwin, NT, 

Australia 

12°  29' S 

130° 59' E 

33.0  Thomas & Eamus 

(2002) 

Parramatta 

Red Gum 

Eucalyptus 

parramattensis 

Western Sydney, 

NSW, Australia 

33° 39’S 

150° 46’E 

32.1  Zeppel et al. (2008) 
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Table 2. Statistics of fits of the three alternative models to example data sets. Parameter standard errors are shown in brackets. Units 

are: g0, mol m
-2

 s
-1

; g1, dimensionless; D0, kPa.  

* indicates parameters that are not significantly different from zero.  

Dataset Eq. 2 (Ball et al. 1987) Eq. 3 (Leuning 1995) Eq. 11 (this paper) 

 g0 g1 R
2
 g0 g1 D0 R

2
 g0 g1 R

2
 

Sitka A 0.039 (0.004) 4.55 (0.38) 0.651 0.038 (0.003) 7.35 (0.92) 0.35 (0.08) 0.724 0.037 (0.003) 2.10 (0.14) 0.754 

Sitka B 0.027 (0.008) 5.17 (0.67) 0.704 0.024 (0.01) 5.36 (2.24) 1.89 (2.22)* 0.729 0.025 (0.008) 3.53 (0.43) 0.732 

Duke Pine 0.057 (0.019) 7.14 (1.36) 0.170 0.007 (0.02)* 10.96 (2.67) 1.15 (0.58) 0.522 0.0006 (0.013)* 6.03 (0.49) 0.529 

Alpine Ash 0.016 (0.016)* 11.98 (1.0) 0.716 0.001 (0.01)* 14.43 (2.37) 0.95 (0.33) 0.801 0.0001 (0.014)* 6.9 (0.45) 0.798 

Macchia 0.038 (0.008)* 9.09 (0.92) 0.684 0.03 (0.01) 14.7 (10.1)* 1.22 (1.25)* 0.631 0.029 (0.01) 7.55 (0.87) 0.623 

Fagus -0.002 (0.015)* 11.24 (0.88) 0.881 -0.06 (0.04)* 8.17 (1.94) 7.28 (10.0)* 0.782 -0.036 (0.025)* 8.13 (0.94) 0.772 

Savanna 0.048 (0.015) 13.62 (0.89) 0.756 0.023 (0.02)* 141.3 (524)* 0.125 (0.5)* 0.77 0.0013 (0.02)* 12.49 (0.95) 0.698 

Red Gum 0.016 (0.007) 15.27 (1.03) 0.702 0.014 (0.007) 68.7 (103)* 0.43 (0.72)* 0.739 0.01 (0.007)* 14 (0.94) 0.703 
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