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Abstract

Tensor Isomorphism over Some Matrix Groups and Its Applications
by
Zhili Chen
Master of Science (Research)

University of Technology Sydney

We study the complexity of isomorphism problems for d-way arrays under natural
actions by different matrix groups such as the general linear group, unitary group,
orthogonal group and symplectic group. Such problems naturally relate to statistical
data analysis and quantum information. We study two types of complexity-theoretic
questions. First, for a fixed action type (congruence, conjugacy, etc.), we relate the
complexity of the isomorphism problem over classical groups to that over symmetric
group or general linear group. Second, for a fixed group type (orthogonal or unitary),
we compare the complexity of deciding isomorphism under different actions.

Our main results are as follows. First, for orthogonal (symplectic) group acting
on 3-way arrays, the isomorphism problem reduces to the corresponding problem
over the general linear group. Second, for orthogonal (unitary) group, the isomor-
phism problems of five natural actions on 3-way arrays are polynomial-time equiv-
alent, and the d-tensor isomorphism problem reduces to the 3-tensor isomorphism
problem for any fixed d > 3. The preceding result for unitary groups implies that de-
termining tripartite quantum states equivalence under local operations and classical
communication (LOCC) is at least as difficult as determining d-partite quantum states
equivalence under LOCC for any constant d. Lastly, we also show that the graph iso-
morphism problem reduces to the tensor isomorphism problem over orthogonal and

unitary groups.
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Chapter 1

Introduction

This introduction chapter is organized as follows. We will first review the history
of GraPH IsoMoORPHISM in Section 1.1.1 and then focus on the background of TEN-
SOR IsoMORPHISM in Section 1.1.2. We introduce TENSOR ISOMORPHISM over classical
groups and describe motivations to study these actions over classical groups in Sec-
tion 1.2. We then present our main results in Section 1.3 and provide an application
of our results on Local Operation and Classical Communication (LOCC) in Section 1.4.

Finally, we give an overview of the proofs and list technical obstacles in Section 1.5.

1.1 Background

1.1.1 Graph Isomorphism

GrAPH IsoMORPHISM is one of the most well-known problems in computational com-
plexity, which asks to decide if there is an edge-preserving bijection between vertex
sets of two given graphs.

GrAPH IsoMORPHISM is known to be an NP problem. It was shown to be in
coAM [Sch88], which implies that GrRapH IsoMORPHISM is not a NP-complete prob-
lem unless polynomial hierarchy collapses to the second level. Besides, Babai’s quasi-

polynomial algorithm also implies that exponential time hierarchy collapses if GRaPH



CHAPIER 1. INTRODUCTION 2

IsomorPHISM is NP-complete [Bab16]. Some NP-intermediate candidatures such as
LINEAR PROGRAMMING and PrRIMES, which were proved to be actually problems in
P [Hac80,AKS19]. Given that the best algorithm for GRAPH ISOMORPHISM is not yet in
the polynomial time, GRAPH IsOMORPHISM is believed to be in the NP-intermediate.

In addition, GRAPH IsoMORPHISM also appeared in zero-knowledge proofs. The zero-
knowledge proof scheme designed by Goldreich, Micali and Wigderson is based on
GraPH IsomorpHISM [GMW91]. This prototype was generalized to other proof sys-
tems based on isomorphism problems such as ALTERNATING TRILINEAR Form EQuiv-
ALENCE and MATRIX CopE EQuIvALENCE [TDJ*22, CNP*23].

Besides the theoretical result [Bab16], GRAPH IsomoRrRPHISM has been known to be
easily solvable in practice for a long time [McK81,MP14]. Therefore, it’s natural to ask
if there are any isomorphism type problems harder than GRAPH IsomorpHISM. There
are some proposed problems listed by Babai [Bab16], including GRoup ISOMORPHISM,
PERMUTATIONAL CODE EQUIVALENCE and PERMUTATION GROUP CONJUGACY.

In fact, most isomorphism problems can be formulated as algorithmic problems
for group actions. Given a group G acting on a set S, the isomorphism problem for this
action asks to decide, given s, t € S, whether there is a group element g € G such that
g sends s to t. Given an element s, the subset containing all elements sent from s by
an arbitrary group element g is said to be the orbit of s,i.e, {s' € S| s'=s0g,9 € G}.
GrarH [soMmoRPHISM was represented as the isomorphism problem for the action of
the symmetric group S, on 2(2) [Luk82], the power set of the set of size-2 subsets of

[n], which represents all pairs of vertices in the graph.

1.1.2 Tensor Isomorphism

Isomorphism problems of tensors, groups, and polynomials over direct products of gen-
eral linear groups, which can also be formulated as isomorphism problems by gen-
eral linear group actions, are considered to be a natural linear algebraic analogue for

GraPH IsomorpHISM. Previously in [FGS19, GQ23a, GQ21, GQT22, RST22], isomor-
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phism problems of tensors, groups, and polynomials over direct products of general
linear groups were studied from the complexity-theoretic viewpoint. In particular,
it turns out that TENSOR IsoMORPHISM occupies the central position among above
problems, and hence a complexity class Tl was defined in [GQ23a], which contains
problems polynomial-time reducible to TENSOR ISOMORPHISM.

More specifically, several isomorphism problems, including those for tensors,
groups, and polynomials, were shown to be reducible to 3-TENSOR ISOMORPHISM
[FGS19]. Another work first showed the reversed direction: 3-TENSOR [SOMORPHISM
is reducible to all those problems [GQ23a]. Another result from this work indicates
that d-TENSOR IsoMORPHISM is reducible to 3-TENSOR IsoMOrPHISM. The above re-
sults imply that those isomorphism problems for tensors, groups, and polynomials
are Tl-complete, including 3-TENSOR IsomoRrPHISM. It was also proved in [GQ23a]
that GrRaPH ISOMORPHISM is polynomial-time reducible to 3-TENSOR IsoMORPHISM. It
gives theoretical evidence such that Tl is a harder class than GI.

There is another group of results by Agrawal, Kayal and Saxena [KS06,AS05,AS06],
who demonstrated some reductions between RING IsomorpHIsSM, CUBIC FOrM EQuiv-
ALENCE and isomorphism problems for commutative, unital, associative algebras. The
equivalence between polynomials and 3-tensors was shown subsequently but inde-
pendently in [RST22]; some problems over products of general linear groups with
monomial groups were also shown to be Tl-complete [D’A23]. Therefore, a wide class
of problems were shown to be equivalent and Tl-complete. Recently, a breakthrough
on group isomorphism by Sun [Sun23] can be transferred to an asymptotically faster
algorithm for Tl over finite fields [GQ23b].

Tl-complete problems arise in many areas, including cryptography, quantum in-
formation, machine learning and computational algebra. Thus, studying complexity
of these problems helps us better understand many potential applications. Specifi-
cally, in cryptography, several isomorphism problems were suggested strong enough
to be assumptions for digital signature scheme [Pat96,JQSY19, TDJ*22]. In quantum

information, it was showed that determining SLOCC equivalences of d-partite pure
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states, d > 3, can be reduced to determining such equivalences for tripartite pure

states [GQ23a].

1.2 Tensor Isomorphism over Matrix Groups

In this thesis, we study isomorphism problems of tensors, groups, and polynomials
over some classical groups, such as orthogonal, unitary, and symplectic groups, from
the computational complexity viewpoint. We denote those problems by TENSOR G-
IsoMORPHISM, where G is some matrix group. For convenience, we denote TENSOR

IsoMoRrPHISM as TENSOR G-IsoMoRrpPHISM for G being the general linear group.

1.2.1 Classical Groups

Let V be a vector space over a field F. Let GL(V) be the general linear group over V,
which consists of all invertible linear maps on V. Classical groups are subgroups of
general linear groups, which preserves some forms. Let ¢ : VXV — F be a bilinear or
sesquilinear form on V. In the case when ¢ is sesquilinear, F is a quadratic extension
of a subfield K; sesquilinear means that it is linear in one argument and anti-linear
in the other, ie., Yu,0 € V,Va, f € F, (ua,vp) = a*¢(u,v)p. Then GL(V) acts on ¢
naturally, by M € GL(V) sending ¢ to ¢poM, defined as (¢poM)(v,0") = ¢p(M(v), M(0)).
The subgroup of GL(V) that preserves ¢ is denoted as G(V,¢) = {M € GL(V) |
§oM=g).

It is well-known that some classical groups arise as G(V, ¢).

1) Let F = C. Let ¢ be the sesquilinear form on V = C" defined as ¢(u,v) =
q
Yie[n] U;vi, where u] is the complex conjugate of u;. Then G(V, ¢) is the unitary

group U(n, C).

(2) Let F =R. Let ¢ be the symmetric bilinear form on V' = R" defined as ¢(u, v) =
Yie[n] 4ivi- Then G(V, ¢) is the orthogonal group O(n, R).
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(3) Let ¢ be the skew-symmetric bilinear form on V = F?", defined as ¢(u,v) =

Zie[n] (4jvan—i+1 — Un+iVn-i+1)- Then G(V, ¢) is the symplectic group Sp(2n, F).

Depending on the underlying fields, orthogonal groups may indicate some fam-
ilies of groups preserving different (non-congruent) symmetric forms. In this thesis
we always use orthogonal groups and unitary groups w.r.t. the standard bilinear or

sesquilinear form as defined above.

1.2.2 Motivation

There are several motivations to study tensor isomorphism over classical groups from
statistical data analysis and quantum information.

The term “classical groups” appeared in Weyl’s classic [Wey97], though there are
multiple competing possibilities for what this term should mean formally [Hum]. In
this thesis, we will be mostly concerned with groups consisting of elements that preserve
a bilinear or sesquilinear form, which include orthogonal groups O, symplectic groups
Sp, and unitary groups U, among others. As subgroups of GL, they act naturally on
d-way arrays.

Actions by classical groups on d-way arrays have arisen in several areas of com-
putational and applied mathematics [Lim21]. In this subsection we examine some of

these applications mainly from statistical data analysis and quantum information.

Warm up: singular value decomposition. We introduce motivations by consider-
ing the action on 2-way arrays (matrices), i.e., the action of (A, B) € U(n,C) xU(m,C)
on C € M(n x m,C) sending C to A*CB, where A* denotes the conjugate transpose
of A. The equivalences of matrices under this action are determined by the Singular
Value Theorem, which states that every C € M(n X m,C) can be written as A*DB
where A € U(n,C), B € U(m,C), and D € M(n X m,C) is a rectangular diagonal
matrix. Furthermore, the diagonal entries of D are non-negative real numbers, called

the singular values of C. Similar result holds for O(n, R) X O(m, R) acting on R" @ R™.
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This example indicates that the equivalent classes of unitary matrix groups on
matrices is different from the action of general linear matrix groups on matrices. In-
deed, the former is determined by singular values (of which there are continuum many
choices) and the latter is determined by rank (of which there are only finitely many
choices). Motivated by this point, we can question if this will hold for d-way arrays

where d < 3?

Orthogonal isomorphism of tensors from data analysis. The singular value de-
composition is the basis for the Eckart—Young Theorem [EY36], which states that the
best rank-r approximation of a real matrix C is the one obtained by summing up the
rank-1 components corresponding to the largest r singular values. To obtain a gen-
eralization of such a result to d-way arrays, d > 2, is a central problem in statistical
analysis of multiway data [DSL08].

Due to the close relation between singular value decomposition and orthogonal
groups acting on matrices, it may not be surprising that the orthogonal equivalence
of real d-way arrays is studied in this context [DLDMV00, DSL08, HU17, Sei18]. For
example, one question is to study the relation between “higher-order singular values”
and orbits under orthogonal group actions. From the perspective of the orthogonal
equivalence of d-way arrays, such higher-order singular values are natural isomor-
phism invariants, though they do not characterize orbits as in the matrix case. In the
literature, d-way arrays under orthogonal group actions are sometimes called Carte-

sian tensors [Tem04].

Unitary isomorphism of tensors from quantum information. We now turn to
F = C and consider the action of a product of unitary groups; such actions arise
in at least two distinct ways in quantum information, which we highlight here: as
LU or LOCC equivalence of quantum states, and as unitary equivalence of quantum
channels.

In quantum information, unit vectors in T(n; X --- X ng,C) = C" ® - - - ® C" are

called pure states, and two pure states are called local unitary (LU) equivalent, if they
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are in the same orbit under the natural action of U := U(n,C) X - - - X U(ngy, C) (where
the i-th factor of the group acts on the i-th tensor factor). By Bennett et al. [BPR*00],
the LU equivalence of pure states also captures their equivalence under local oper-
ations and classical communication (LOCC), which means that LU-equivalent states
are interconvertible by reasonable physical operations.

A completely positive map is a function f : M(n, C) — M(n, C) of the form f(A) =
Yic[m] BiAB;] for some complex matrices B; € M(n, C); quantum channels are given
precisely by the completely positive maps that are also “trace-preserving”, in the sense
that Zie[m] BiB; = I,. Two tuples of matrices (B, ..., By) and (B, ..., B;,) define the
same completely positive map if and only if there exists S = (s; ;) € U(m, C) such that
Vi € [m], Bi = X je[m $i,;B} [NC00, Theorem 8.2]. And two quantum channels f, g :
M(n,C) — M(n,C) are called unitarily equivalent if there exists T € U(n,C) such
that for any A € M(n,C), T*f(A)T = g(T*AT). Thus, two matrix tuples (B, ..., Bp)
and (B, ..., B;,) define the unitarily equivalent quantum channels if and only if their
corresponding 3-way arrays in T(n X n X m, C) are in the same orbit under a natural

action of U(n,C) X U(m, C).

Classical groups arising from Cope EQUIVALENCE. Classical groups may appear
even when we start with general linear or symmetric groups. Here is an example
from code equivalence. Recall that the (permutation linear) code equivalence problem
asks the following: given two matrices A, B € M(d X n, q), decide if there exist C €
GL(d,q) and P € S,, such that A = CBP. One algorithm for this problem, under
some conditions on A and B, from [BOST19] goes as follows. Suppose it is the case
that A = CBP. Then AA' = CBPP'B'C' = CBB'C'. This means that AA’ and BB' are
congruent. Assuming that AA" and BB' are full-rank, then up to a change of basis, we
can set that AA' = BB' =: F, so any such C must lie in a classical group preserving the
form F. We are then reduced to the problem of asking whether A and B are equivalent
up to some C from a classical group and some P from a permutation group. This

problem, as shown in [BOST19], reduces to GRAPH I[SOMORPHISM.
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Some preliminary remarks on the algorithms for TENSOR ISOMORPHISM over
classical groups. Although we show that OrRTHOGONAL TI and UN1TARY TI are still
Gl-hard (Theorem 3.4), from the current literature it seems that orthogonal and uni-
tary isomorphism of tensors are easier than general-linear isomorphism. There are
currently two reasons for this: the first is mathematical, and the second is based on
practical algorithmic experience, which we now discuss.

One mathematical reason why these problems may be easier is that there are easily
computable isomorphism invariants for such actions, while such invariants are not
known for general-linear group actions. Here is one construction of a quite effective
invariant in the unitary case. From A = (a; jx) € T(n X n X n, C), construct its matrix
flattening B = (b;;) € M(n x n? C), where b; j.nsk = a; k. Then it can be verified
easily that | det(BB™)| is a polynomial-time computable isomorphism invariant for the
unitary group action U(n, C) X U(n, C) X U(n, C). However, it is not known whether
such isomorphism invariants for the general linear group action exist—if they did, they
would break the pseudo-random assumption for this action proposed in [JQSY19].

Practically speaking, current techniques seem much more effective at solving ten-
sor isomorphism-style problems over the orthogonal group than over the general lin-
ear group. It is not hard to formulate TENSOR IsomORPHISM and related problems over
general linear and some classical groups as solving systems of polynomial equations.
Motivated by cryptographic applications [TDJ*22], we chose a Tl-complete problem
ALTERNATING TRILINEAR FOrRM IsomorPHISM [GQT22], and carried out experiments
using the Grobner basis method for this problem, implemented in Magma [BJP97].
For some details of these experiments see Appendix A. We fixed the underlying field
order as 32771 (a large prime that is close to a power of 2). Over the general linear
group for n = 7, the solver ran for about 3 weeks on a server, eating 219.7 GB memory,
yet still did not complete with a solution. Over the orthogonal group for odd n, the
data are shown in Table 1.1. In particular, the solver returns a solution for n = 21 in
about 3.6 hours, a sharp contrast to the difficulty met when solving the problem under

the general linear group action.
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n 7 9 11 13 15 17 19 21

Time (in s) | 0.396 | 5.039 | 37.120 | 140.479 | 524.520 | 1764.179 | 4720.129 | 12959.799

Table 1.1: The experiment results of the Grobner basis method to solve the problem of
isomorphism of alternating trilinear forms under the action of the orthogonal group.

1.3 Results

In this thesis, we study relations between TENSOR IsoMORPHISM under classical groups
and that of other groups from complexity-theoretic aspects. We focus on the following

three types of questions:

(1) Consider two classical groups G and ‘H, and fix the way they act on d-way
arrays. What are the relations between the isomorphism problems defined by

these groups?

(2) Fix a classical group G, and consider its different actions on 3-way arrays. What

are the relations between the isomorphism problems defined by these actions?

(3) Fix aclassical group G. What are the relations between d-TENSOR ISOMORPHISM

and 3-TENSOR ISOMORPHISM?

Questions of the first type were implicitly studied in [HQ21, GQ23a, GQ21] for
some classes of d-way arrays, with the groups being either general linear or symmetric
groups. For example, starting from a graph G, one can construct a 3-way array Ag
encoding this graph following Edmonds, Tutte and Lovasz [Tut47,Edmé65,Lov79], and
it is shown in [HQ21] that G and H are isomorphic (a notion based on the symmetric
groups S,) if and only if Ag and Ay are isomorphic (under a product of general linear
groups).

Questions of the second type were studied in [FGS19,GQ23a] for GL. For example,
one main result in [FGS19,GQ23a] is to show the polynomial-time equivalence of the
five isomorphism problems for 3-way arrays under (direct products of) general linear

groups (cf. Chapter 2).
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Questions of the third type were studied in [GQ23a] for GL. It was showed in
[GQ23a] that d-TEnsor IsomoRrpHISM reduces to 3-TENSOR ISOMORPHISM in polyno-
mial time.

Still, to the best of our knowledge, these types of questions have not been studied

for orthogonal, unitary, and symplectic groups, which are the focus in this thesis.

1.3.1 Relations between Different Groups

Our first result shows that isomorphism problems of tensors under classical groups
are sandwiched between the celebrated GrRaPH IsoMORPHISM problem and the more
familiar TENSOR IsoMORPHISM problem under GL. We use S, to denote the symmetric
group of degree n, and view S,, as a subgroup of GL(n, F) naturally via permutation ma-
trices. We use < to denote the subgroup relation. When we say “reduces”, briefly, we
mean: polynomial-time computable kernel reductions [FG11] (there is a polynomial-
time function r sending (A, B) to (r(A), r(B)), such that the map (A, B) — (r(A),r(B))
is a many-one reduction of isomorphism problems), that are typically polynomial-size
projections (“p-projections”) in the sense of Valiant [Val79], functorial (on isomor-
phisms), and containments in the sense of the literature on wildness. Some reductions
that use a non-degeneracy condition may not be p-projections. See [GQ23a, Sec. 2.3]

for details on these notions.

Theorem 1.1. Suppose a group family G = {G,} satisfies that S, < G, < GL(n,F),
where here S, denotes the group of nXn permutation matrices. Then GRAPH ISOMORPHISM
reduces to BILINEAR FORM G -PSEUDO-ISOMETRY, that is, the isomorphism problem for the

action of G(U) X G(V) onU®U ® V.

Let G, < GL(n,F). We say that G, preserves a bilinear form, if there exists some
A € M(n,F), such that G, = {T € GL(n,F) | T'AT = A}. For example, orthogonal and
symplectic groups are defined as preserving full-rank symmetric and skew-symmetric

forms.
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Theorem 1.2. Let G = {G, | Gn» < GL(n,F)} be a group family preserving a
polynomial-time-constructible family of bilinear forms," and consider one of the five ac-
tions of GL on 3-way arrays in Definition 1.4. The restricted G-isomorphism problem for

this action reduces to the GL-isomorphism problem for this action.

Remark 1.3. Recall from Section 1.2.2 that the orthogonal equivalence of matrices
(determined by singular values) is more involved than the general-linear equivalence
of matrices (determined by ranks) over R. By a counting argument, there is uncondi-
tionally no polynomial-size kernel reduction [FG11] (mapping matrices to matrices)
from ORTHOGONAL EQUIVALENCE OF MATRICES to GENERAL LINEAR EQUIVALENCE OF
MATRICES. In contrast, Theorem 1.2 shows that for 3-way arrays, orthogonal isomor-

phism does reduce to general-linear isomorphism.

1.3.2 Relations between Different Actions.

Our second result is concerned with different actions of the same group on d-way ar-
rays. Our main results are for the real orthogonal groups and complex unitary groups;
we discuss some difficulties encountered with symplectic groups in Chapter 7, and
leave opening the questions for more general bilinear-form-preserving groups.

We begin with the five actions in Definition 1.4.

Group actions on arrays. Let T(£ X m X n,F) be the linear space of £ X m X n 3-
way arrays over F. Given A € T(¢ X m X n,F), the (i, j, k)th entry of A is denoted
as A(i,j,k) € F. We can slice A along one direction and obtain several matrices,
which are called slices. For example, slicing along the third coordinate, we obtain the
frontal slices, namely n matrices Ay, ..., A, € M(I X m,F), where Ay (i, j) = A(i, j, k).
Similarly, we also obtain the horizontal slices by slicing along the first coordinate, and

the lateral slices by slicing along the second coordinate.

1That is, the function ®: N — M(n, F) giving a matrix for the form preserved by G, is computable
in polynomial time. We note that no such restriction was needed in Theorem 1.1.
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A 3-way array allows for group actions in three directions. Given P € M(#, F) and
Q € M(m,F), let PAQ be the ¢ X m X n 3-way array whose kth frontal slice is PA;Q.
For R = (r;;) € M(n,F), let AR be the £ X m X n 3-way array whose kth frontal slice is
2kreln] Tk kAk -

There are several group actions of direct products of matrix groups on d-way
arrays, based on interpretations of d-way arrays as different multilinear algebraic
objects. For example, there are three well-known natural actions on matrices: for
A € M(n,F), (1) (P,Q) € GL(n,F) X GL(n,F) sends A to P'AQ, (2) P € GL(n,F) sends
Ato P7'AP, and (3) P € GL(n,F) sends A to P'!AP. These three actions endow A with
different algebraic or geometric interpretations: (1) a linear map from a vector space
V to another vector space W, (2) a linear map from V to itself, and (3) a bilinear map
from V x V to F.

Analogously, there are five natural actions on 3-way arrays, which we collect in
the following definition (see [GQ23a, Sec. 2.2] for more discussion of why these five

capture all possibilities within a certain natural class).

Definition 1.4. We define five actions of (direct products of) some matrix groups on

3-way arrays.

(1) Given A € T(I x m x n,F), (P,Q,R) € G(I,F) x G(m,F) x G(n,F) sends A to
PIARQ;

(2) Given A € T(IxIx m,F), (P,Q) € G(I,F) x G(m,F) sends A to P'A9P;
(3) Given A € T(Ix I xm,F), (P,Q) € G(I,F) x G(m,F) sends A to P'ACP~;
(4) Given A € T(I x I X I,F), P € G(I,F) sends A to P'AT™'P;
(5) Given A € T(I x I x ,F), P € G(I,F) sends A to P'A’P,

where P~ denotes the transpose inverse of P.

Considering the matrix group as the general linear group, these five actions natu-

rally arise in, by viewing 3-way arrays as encoding, respectively: (1) tensors or matrix
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spaces (up to equivalence), (2) p-groups of class 2 and exponent p, quadratic polyno-
mial maps, or bilinear maps, (3) matrix spaces up to conjugacy, (4) algebras, and (5)
trilinear forms or (non-commutative) cubic forms. For details on these interpretations,
we refer the reader to [GQ23a, Sec. 2.2]. Note that for the orthogonal group O(n,R),
there are essentially three actions instead of five (because P~* = P for P € O(n, R)).
To help specify which of the five actions we are talking about, we use the following
shorthand notation from multilinear algebraz. LetU = F,V = F"and W = F".
The dual space of a vector space U is denoted as U*. Then action (1) is referred to
asUQVRW,2isUUV,3)isUQU*®V,(4)isU ® U ® U, and (5) is
U ® U ® U. Note that from this shorthand notation, one can directly read off the
action as in Definition 1.4 and vice versa. Then we have the following result that

different actions of unitary groups (or orthogonal groups) on arrays are equivalent.

Theorem 1.5. Let G be either the unitary over C or orthogonal over R group family.
Then the five isomorphism problems corresponding to the five actions of G on 3-way

arrays in Definition 1.4 are polynomial-time equivalent to one another.

1.3.3 d-TENSOR G-IsoMORPHISM to 3-TENSOR G-ISOMORPHISM

Our third result is a reduction from the isomorphism problem over some classical
group G for d-way arrays to that for 3-way arrays. Here, we also constrict the clas-
sical group G to be either the orthogonal groups or unitary groups. To prove the

correctness of this reduction, we utilized different techniques from those in [GQ23a].

Theorem 1.6. Let G be the unitary over C or orthogonal over R group family. For any

fixed d > 1, d-TENSOR G-ISOMORPHISM reduces to 3-TENSOR G -ISOMORPHISM.

%See [Lim21] for a nice survey of various viewpoints of tensors. For us, we have to start with
the d-way array viewpoint, because we wish to study the relations between different actions, and the
constructions are more intuitively described by examining the arrays.
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1.4 Application

An application in quantum information. As introduced in Section 1.2.2, LU
equivalence, characterizes the equivalence of quantum states under local operations
and classical communication (LOCC). We refer the interested reader to the nice pa-
per [CLM*14] for the LOCC notion, as well as the classification of three-qubit states
based on LOCC [ABLSO01].

By the work of Bennett et al. [BPR*00], LOCC equivalence of pure quantum states
is the same as the equivalence of unit vectors in V; ® V, ® --- ® V; where V; are
vector spaces over C. Our Theorem 1.6 can then be interpreted as saying that classi-
fying tripartite quantum states under LOCC equivalence is as difficult as classifying
d-partite quantum states under LOCC equivalence. This may be compared with the
result in [ZLQ18], which states that classifying d-partite states reduces to classifying
tensor networks of tripartite or bipartite tensors. (We note that the analogous result
for SLOCC, via the general linear group action, was shown in [GQ23a]; in the next

section we discuss how our proof here differs from the one there.)

1.5 Techniques

1.5.1 Overview of the Proofs

In the following, we present proof outlines for Theorems 1.1, 1.2, 1.5, and 1.6. While
these proofs are inspired the strategies of previous results [FGS19, GQ23a, LQW*23],
new technical ingredients are indeed needed, such as the Singular Value Theorem, and
a certain Krull-Schmidt type result for matrix tuples under unitary group actions. We
also wish to highlight that, Theorem 1.6 requires not only using a quiver different
from that in the proof of [GQ23a, Theorem 1.2], but also a completely new and much

simpler argument.
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About Theorem 1.1. For Theorem 1.1, we start with DIRECTED GRAPH ISOMORPHISM
(DGI), which is Gl-complete. We then use a natural construction of 3-way arrays
from directed graphs as recently studied in [LQW™*23], which takes an arc (i, j) and
constructs an elementary matrix E; ;. By [LQW™*23, Observation 6.1, Proposition 6.2],
DGI reduces to the isomorphism problem of U ® U ® W under GL(U) x GL(W).
Theorem 1.1 is shown by observing that the proofs of [LQW™23, Observation 6.1,
Proposition 6.2] carry over to all subgroups of GL(U) and GL(W) that contain the

corresponding symmetric groups.

About Theorem 1.2. For Theorem 1.2, let us consider the isomorphism problem of
U®V@W under O(U)xO(V)xO(W). Let a = dim(U), b = dim(V), and ¢ = dim(W).
That is, given A,B € T(a X b X ¢,F), we want to decide if there exists (R,S,T) €
O(a, F)xO(b,F)xO(c, F), such that (R, S, T)oA = B. Our goal is to reduce this problem
to an isomorphism problem of U'® V'@ W’ under GL(U’) X GL(V”) X GL(W’). The idea
is to encode the requirements of R, S, T being orthogonal by adding identity matrices.
We then construct tensor systems (A, I, I, I5) and (B, I, I, I5) where I; € M(a,F),
I, € M(b,F), and Is € M(c,F) are the identity matrices, and the goal is to decide
if there exists (R, S,T) € GL(a,F) x GL(b,F) x GL(c,F) such that (R,S,T) o A = B,
R'R=1,,5'S = L,,and T'T = I3. Such a problem falls into the tensor system framework
in [FGS19]; a main result of [FGS19, Theorem 1.1] can be rephrased as a reduction from

TENSOR SYSTEM IsoMORPHISM for 3-tensors or 2-tensors to 3-TENSOR ISOMORPHISM.

About Theorem 1.5. For Theorem 1.5, polynomial-time reductions for the five ac-
tions under GL were devised in [FGS19, GQ23a]. The main proof technique is a gad-
get construction, first proposed in [FGS19], which we call the Furtony-Grochow-
Sergeichuk gadget, or FGS gadget for short. Roughly speaking, this gadget has the ef-
fect of reducing isomorphism over block-upper-triangular invertible matrices to that
over general invertible matrices. We will explain why this is useful for our purpose,

and the structure of this gadget, in the following.
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First, let us examine a setting when we wish to restrict to consider only block-
upper-triangular matrices. Suppose we wish to reduce isomorphism of U ® V ® W to
that of U’ ® U’ ® W’. One naive idea is to set U’ = U & V and W’ = W, and perform
the following construction. Let A € T(# X m X n,F), and take the frontal slices of A
as (A1,...,Ay) € M(£ X m,F). Then construct (A}, ..., A;) € M(£ +m,F), where A} =

0 A
ol and let the corresponding 3-way array be A” € T((£+m) X (£ +m) X n,F).
Simillarly, starting from B € T(£ X m X n,F), we can construct B’ in the same way.

The wish here is that A and B are unitarily isomorphic in U ® V ® W if and only if
A’ and B’ are unitarily isomorphic in U’ @ U’ ® W’. It can be verified that the only
if direction holds easily, but the if direction is tricky. This is because, if we start with
some isomorphism (R,S) € U(U’) x U(W’) from A’ to B’, R may mix the U and V
parts of U’.

This problem—more generally, the problem of two parts of the vector space poten-
tially mixing in undesired ways—is solved by the FGS gadget, which attaches identity
matrices of appropriate ranks to prevent such mixing. Figure 1.1 is an illustration
from [GQ23a]. It can be verified that, because of the identity matrices I,;,+1 and Isp2,
an isomorphism R in the U’ part has to be block-upper-triangular, and the blocks
would yield the desired isomorphism for the U and W parts.

This was done for the general linear group case in [GQ23a]. For the unitary group
case, this almost goes through, because if a unitary matrix is block-upper-triangular,
then it is actually block-diagonal, and the blocks are unitary too. Now the gadgets
cause some problem for the only if direction (which was easy in the GL case), so we
must verify carefully that the added gadgets allow for extending the original orthogo-
nal or unitary transformations to bigger ones. Still, some technical difficulties remain.

We discuss how we get around these difficulties in the next section.

About Theorem 1.6. For Theorem 1.6, at a high level we follow the strategy of
reduction from d-TENSOR IsoMORPHISM to 3-TENSOR IsomorPHISM from [GQ23a], but

we find that the construction there does not quite work in the setting of orthogonal
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Figure 1.1: Pictorial representation of the reduction for Theorem 1.5; credit for the
figure goes to the authors of [GQ23a], reproduced here with their permission.

or unitary group actions. As in [GQ23a], we shall reduce d-TENSOR ISOMORPHISM to
ALGEBRA IsoMorpPHIsM, which reduces to 3-TENSOR IsoMORPHISM by Theorem 1.5. As
in [GQ23a], we also use path algebras, but we use a different path algebra construction.
We discuss the difference of our construction in the next section. Together with the
result in Theorem 1.5, this then gives us the reduction from d-TENSOR ORTHOGONAL
IsoMORPHISM to ORTHOGONAL ALGEBRA IsoMORPHIsSM, and similarly in the unitary

case.

1.5.2 Issues and Solutions

Issue with Tensor System Isomorphism The proof in [FGS19] relies on the Krull-
Schmidt Theorem for quiver representations (under general linear group actions),
which states that if two matrix tuples are isomorphic then the decomposed matrix

tuples are also isometric. However, we found it’s not feasible to directly apply Krull-
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Schmidt Theorem on the isomorphism over classical group. Fortunately, in our con-
text we can replace that with a result of Sergeichuk [Ser98, Theorem 3.1] so that the

proof can go through.

Issue with Degenerating Tensors The proofs in [GQ23a] degenerate tensors to
demonstrate that isomorphism problems under some special actions are Tl-hard. Since
it’s proved in the general linear group context, degenerating tensors is completed by
naturally utilizing general linear matrices. As for the unitary group or orthogonal
group, we require the use of the Singular Value Theorem to handle certain degenerate

cases. However, we still haven’t found any solutions for the symplectic group case.

Issues with the Path Algebra Constriction The proofs in [GQ23a] use Mal’cev’s
result on the conjugacy of the Wedderburn complements of the Jacobson radical, and
this result seems not to hold if we require the conjugating matrix to be orthogonal or
unitary. To get around this, our main technical contribution is to develop a related
but in fact simpler path algebra construction, that avoids the use of the aforemen-
tioned deep algebraic results, and works not only in the GL setting, but extends to the

orthogonal and unitary settings as well.
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Chapter 2

Preliminaries

Fields. All our reductions are constant-free p-projections (that is, the only constants
they use other than copying the ones already present in the input are {0, 1, —1}). When
the fields are representable on a Turing machine, our reductions are log space com-
putable. For arbitrary fields, the reductions are in log space in the Blum-Shub—-Smale

model over the corresponding field.

Linear algebra. All vector spaces in this article are finite dimensional. Let V be a
vector space over a field F. The dual of V, V*, consists of all linear or anti-linear
forms over F. In this case when anti-linear is considered, F is a quadratic extension
of a subfield K, there is thus an automorphism a € Autg(F) of order two, and anti-
linear means f(Av) = a(A)f(v). An example is F = C and K = R, and a=complex
conjugation. Whether V* denotes linear or antilinear maps should be evident from

context.

Matrices. Let M(I X m, F) be the linear space of [ X m matrices over F, and M(n, F) :=
M(n x n,F). Given A € M(l x m,F), denote by A’ the transpose of A. Given A €
GL(n,F), denote by A™! the inverse of A and by A™* the inverse transpose of A.

We use I, to denote the n X n identity matrix, and if it is clear from the context, we

may drop the subscript n. For (i, j) € [n] X [n], let E;; € M(n,F) be the elementary
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matrix where the (i, j)th entry is 1, and the remaining entries are 0. For i # j, the

matrix E; ; — E;; is called an elementary alternating matrix.

Arrays Let F be a field, and let ny,...,ng € N. Forn € N, [n] :={1,2,...,n}. We use
T(ny x---Xxng,F) to denote the linear space of d-way arrays with [n;] being the range
of the jth index. That is, an element in T(ny X - - - X ng, F) is of the form A = (a;,,_;,)
where Vj € [d], ij € [n;], and a;,_;, € F. Note that 2-way arrays are just matrices.

Let M(n X m,F) := T(n x m,F), and M(n, F) := M(n X n, F).

Definition 2.1. Let G(n, F) be some matrix group of degree n over F. We define an

action of G(ny,F) X --- X G(ng,F) on T(ny X - - - X ng, F), denoted as o, as follows. Let

.....

togoA= (bil,...,id), where b;, ig = Zjl,,__,jd aj,,....ja (gl)il,jl (92)i2,j2 s (gd)id,jd~

Tensors. Let Vy,..., V. be vector spaces over F. Let a;,b;,i € [c] be non-negative
integers, such that for each i, a; + b; > 0. A tensor T of type (ay, by; az, by;. . .;ac, be)
supported by (V3, ..., V.) is an element in Vl®al ® V1*®b1 ® Vzm2 ® V2*®b2 ® -V *®
Vb We say that V;’s are the supporting vector spaces of T, and a; (resp. b;) is the
multiplicity of T at V; (resp. V;*). (By convention V¥ := FF; note that U ® F = U, since
our tensor products are over F.)

The order of T is X ;cq(a;i + b;). We say that T is plain, if a; = --- = a. = 1
and by = --- = b, = 0. The group GL(V;) X - -- X GL(V,) acts naturally on the space
Vl®a1 ® ka@b1 ® \/'2®a2 ® V;®b2 ® -V ® Vc*®b”. Two tensors in this space are

isomorphic if they are in the same orbit under this group action.

From tensors to multiway arrays. For i € [c], let V; be a dimension-d; vector space
over F. Let T be a tensor in Vl®a1 ® Vl*@’b1 ® V2®a2 ® V;®b2 @’V Vc*®bc. After
fixing the basis of each V;, T can be represented as a multiway array Ry € T(di< (@rtbi) o
coexdy (a0+b“)) and the elements in GL(V;) = GL(d;, F) can be represented as invertible

d; X d; matrices. The action of (Aj, ..., A;) on Ry can be explicitly written following

Definition 2.1, using A; for a; directions and Al._t for b; directions.
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Chapter 3

Relations between Tensor
Isomorphisms over Different Matrix

Groups

We first give notions regarding tensor system in Section 3.1. We then show that Graru
IsomorpPHISM reduces to 3-TENSOR G-ISOMORPHISM in Section 3.2.1 by adapting re-
sults from [LQW*23], where G is any group family containing the family of sym-
metric groups. We prove that there is a reduction from 3-TENSOR G-ISOMORPHISM to
3-TENSOR IsOMORPHISM in Section 3.2.2, where G preserves a family of polynomial-

time-constructible bilinear forms.

3.1 Preparations

The key to the reduction from 3-TENSOR G-ISOMORPHISM to 3-TENSOR ISOMORPHISM
is [FGS19, Theorem 1.1]. For this, we need the tensor system notion in [FGS19]. This
notion is also related to tensor networks, and we refer the reader to [FGS19] for further

references.
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Tensor systems and [FGS19, Theorem 1.1]. Let V = {V;,...,V,} be a set of vector
spaces over a field F. Let T = {T3, ..., T} be a set of tensors, such that T; is supported
by a subset of V;’sin V.

The types of T;’s can be recorded by a bipartite graph (with directed, possibly
parallel arcs) as follows. Let By = (T UV, E) be a bipartite graph, where E is a multiset
whose elements are from V X T and T X V. The arcs in E are as follows. Suppose the
multiplicity of T; at V; (resp. V) is a;; (resp. b;;). Then the multiplicity of (V;, T;)

(resp. (T;,V})) in E is a; j (resp. b; ;). For an example, see Figure 3.1.

Vi

Vv

Figure 3.1: The bipartite graph encoding a system of three tensors over two F-vector
spaces V,Vor T e V'@V, , e Vi@V, ®@ V) ,and Tz e Vi ® V1 ® V.

Let S = {S1,...,Sc}and T = {Ty, ..., T.} be two tensor systems of the same type.
That is, their underlying bipartite graphs are the same up to renaming S; with T;.
We say that S and T are isomorphic if and only if there exists A = (Ay,...,A:) €
GL(V1) X --- X GL(V,) such that (the relevant components of) A sends S; to T; for

every i € [c].

Theorem 3.1 (Rephrase of [FGS19, Theorem 1.1]). Let S = {S1,...,S;} and T =
{T, ..., T.} be two tensor systems supported by {Vi,...,V,,}, where each S; and T; is
of order < 3. Then there exists an algorithm A that takes S and T and outputs two plain
3-tensors A(S) and A(T) supported by vector spaces {U,V,W}, such that S and T are
isomorphic as tensor systems if and only if A(S) and A(T) are isomorphic. The algorithm
runs in time polynomial in the dimension of U, V, W, and this maximum dimension is at

most pOIY(Zie[m] dim(V;), zpoly(c))_
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Here we give an outline for the proof of Theorem 3.1. The goal here is to give a
guided exposition of some main technical steps in the proof of [FGS19, Theorem 1.1],
so the reader may verify the parameters in conjunction with [FGS19] more easily.
This requires us to examine the constructions in [FGS19] to compute the parameters
explicitly. Combining Proposition 3.2 in Section 3.1 and Proposition 3.3 in Section 3.1,

we show the correctness of Theorem 3.1

Step 1: Block isomorphism and plain isomorphism

The first notion is the block isomorphism of 3-tensors. Let A and B be two plain 3-
tensorsinU®V@W. LetU =U;&---®U,V=V&---®Vr,and W = W, ®- - -®W, be
direct sum decompositions. Let & < GL(U) be the subgroup of GL(U) that preserves
this direct sum decomposition, that is, E consists of those invertible linear maps that
sends U; to U; for every i € [e]. Similarly let F (resp. G) be the subgroup of GL(V)
(resp. GL(W)) preserving the direct sum decomposition. We say that A and B are
block-isomorphic with respect to these direct sum decompositions if A and B are in

the same orbit under &E X ¥ X G.

Proposition 3.2 (Rephrase of [FGS19, Theorem 2.1]). LetU = U; @ ---® U, V =
Vie---eVy, andW = Wy @ - -® W be direct sum decompositions of vector spacesU, V,
and W. Then there exists an algorithm B that takes A,B € UQ®V ® W and outputs vector
spacesU’, V', W' and B(A), B(B) € U'® V' ® W’ such that A and B are block-isomorphic
if and only if B(A) and B(B) are isomorphic. The algorithm runs in time polynomial in
the maximum dimension over U, V, W, and this maximum dimension is upper bounded

by poly(dim(U), dim(V), dim(W), 2¢, 2/, 29).

Step 2: Linked-block isomorphism and block isomorphism

The second notion is the linked-block isomorphism of 3-tensors. Again, let A and B

be two plain 3-tensorsinU ® V@ W. LetU:U1®~--®UE,V=V1®--~€BVf,and
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W =W & ---®W, be direct sum decompositions. Let & < GL(U), ¥ < GL(V) and
G < GL(W) be defined as in Section 3.1.

Let Iy = [e], Iy = [f], and Iyy = [g]. Suppose two binary relations ~ and X on
Iy U Iy U Iy satisty the following: (1) ~ is an equivalence relation; (2) if a X b then
a+ b;and 3)ifaX b,thenbX¢ < a~c.

For convenience, we shall use X, to denote U,, V,, or W, depending on whether
a € Iy, a € Iy, or a € Iyy. Briefly speaking, a ~ b denotes that the corresponding two
blocks are acted covariantly, and a X b denotes that the corresponding two blocks are
acted contravariantly. So if a ~ b or a X b, then dim(X,) = dim(X}).

Given such binary relations ~ and X, we define a block-isomorphism X between
A and B to be a linked-block-isomorphism if for any a,b € Iy U Iy U Iy, the following

conditions for decompositions of U, V and W holds:

X,=Xpifa~b, Xo=X, ifaXb.

Proposition 3.3 (Rephrase of [FGS19, Theorem 4.1]). LetU =U;®---® U, V=V, ®
< ®Vy, andW = W1@- - -@W, be direct sum decompositions of vector spacesU, V, and W
and these decompositions satisfy conditions with respect to some binary relations ~ and ¥
forIy ULy ULy. Then there exists an algorithm B that takes A,B € UQV ®W and outputs
vector spacesU’, V', W’ and B(A),B(B) e U' ® V' ® W, whereU’ =U/&---® U’

poly(e)’
V=Vie-- -EBVF: andW' =W/®-- -@WI: such that A and B are linked-block-

oly(f)’ oly(g)
isomorphic if and only if B(A) and B(B) are block-isomorphic. The algorithm runs in
time polynomial in the maximum dimension over U, V, W, and this maximum dimension

is upper bounded by poly (e, f, g) - max(dim(U), dim(V), dim(W)).

Following that tensor system isomorphism is naturally represented by linked-
block isomorphism for 3-tensors, tensor system isomorphism reduces to block isomor-
phism for 3-tensors by Proposition 3.3. Then the tensor system isomorphism problem

reduces to 3-TENSOR ISOMORPHISM.
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3.2 Detailed Proofs

3.2.1 Graph Isomorphism to Tensor Isomorphism over

Classical Group

Our goal is to reduce the directed graph isomorphism problem DGI, which is Gl-
complete [KST93], to the isomorphism problem of U @ U ® V under G(U) x G(V)
where G = {G(n,F)} is a family of subgroups of the general linear groups that con-
tains the symmetric groups. Note that S, is naturally embedded in GL(n, F) by taking
the matrix representation of permutations. In this section, we also view G(n,F) as a
matrix group.

Recall that two directed graphs G = ([n],E) and H = ([n], F) are isomorphic,
if there exists a bijective map f : [n] — [n], such that (i,j) € E if and only if
(F().f())) € F.

We rephrase [LQW™23, Proposition 6.1, Proposition 6.2] to adapt them to our con-

text in the following proposition, which would conclude our proof of Theorem 1.1.

Proposition 3.4. Given two directed graphs G = ([n],E) and H = ([n],F), and a
group family G = {G (n,F)} satisfying thatS, < G(n,F) < GL(n,F). We can efficiently
construct two 3-tensors Sg and Sy associated with G and H, respectively, such that Sg
is isomorphic to Sy in U @ U ® W under the action of G(U) X G(W) if and only if G is

isomorphic to H.

Proof. The construction. For directed graph G = ([n], E), we construct the associ-
ated 3-way array Sg € T(n X n x |E|, F) by setting its frontal slices as (E;; | (i, j) € E),
where edges in E are ordered lexicographically. We also construct Sy € T(nxnX|F|, F)
associated with H = ([n], F) in the same way. Let m = |E| = |F|. We will show that
G = H as graphs iff Sg and Sy are in the same orbit of G(U) X G(V) acting on
UU®V,where U = F",V =F™.
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The if direction. Let ¢ € S, be an isomorphism from G to H, and let 7 € S, be the
induced permutation of edges. Then the permutation matrices corresponding to o and
7 yield an isomorphism from S; to Sy. Note that here we need to use the condition

that G contains symmetric groups.

The only if direction. Let T € G(n,F) < GL(n,F) and R € G(m,F) < GL(m,F)
such that T'SgT = Sg. Denote by A, the rth frontal slice of Sﬁ. Let t;; € F be the
(i, j)th entry of T. Then for each (i, j) € E, let r € [m] be the index corresponding to
the edge (i, j) € E. Then we have:

Ly,
T'E;;T=|: [tl,j tn’j:I = [tkitejlieern = Ar

tn,i

Note that for each r € [m], A, is a linear combination of the frontal slices of Sy. Since
the slices of Sy are of the form E;;, and these are linearly independent, it follows
that if the (k, £)th entry #;t,; of A, is non-zero for some r € [m], then E;, must be
present with nonzero coefficient in this linear combination, and therefore we must
have (k, ) € F.

Next, as T is invertible, there exists a permutation o € S, such that t,(;; # 0 for all
i € [n] (for otherwise, considering the expression of det T as a sum over permutations,
we would get det T = 0). In particular, t5(;);ts(j),; # 0 for any i, j € [n]. Combining
with the previous paragraph, we get that for (i, j) € E, (0(i),o(j)) € F. In other
words, o is an injective map from vertices of G to vertices of H which preserves arcs.
Finally, the invertibility of T and R ensures that the frontal slices of S and Sy have
the same number, which means G and H have the same edge size, and hence that ¢ in

fact induces a bijection on arcs. This shows that G is isomorphic to H, as claimed. =
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3.2.2 Isomorphism over Classical Group to Isomorphism over

General Linear Group

Let {¢, : F* X F* — F} be a family of bilinear forms. Suppose G(n,F) < GL(n,F)
preserves ¢,. For convenience, we only consider one action in Definition 1.4, and the
reader will see that the other four actions follow essentially the same line of argu-
ments. Our goal is to decide whether A, B € T(I X m X n, F) are in the same orbit under
the action of G(I, F) X G(m,F) X G(n,F). We would like to reduce to the isomorphism
problem of U ® V ® W under GL(U) X GL(V) ® GL(W) where the dimensions of
U,V,W are polynomial in I, m, n.

Given Theorem 3.1, we now proceed to the proof of Theorem 1.2.

Proof of Theorem 1.2. Let ®; € M(,F), ®,, € M(m,F) and ®, € M(n,F) be the matrix
representations of bilinear forms ¢;, ¢, and ¢@,, respectively. Then we construct S =
{A,®;,D,,P,} and T = {B, &;, D,,,, @, }, which is viewed as tensor systems as follows.
LetU' =F, V' =F" and W = F". ThenA e U'QV'QW’, &, e U QU’, d,, € V' Q V",
and ®, € W’ ® W'. It is clear that A and B are G-isomorphic if and only if the two
tensor systems S and T are GL-isomorphic.

Every tensor in the above tensor systems is of order < 3, and each has only ¢ = 4 =
O(1) components, so we can apply Theorem 1.2 to obtain two plain tensors r(S) and
r(T)inUQ®V ®W, where dim(U), dim(V) and dim(W) are at most by poly(/+n+m).
Furthermore, S and T are isomorphic as tensor systems if and only if 7(S) and r(T)

are isomorphic as plain tensors. This concludes the proof. ]
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Chapter 4

The Equivalences of Five Actions

We first introduce the notion of non-degenerate arrays in Section 4.1. Then we show
the polynomial-time equivalence between the isomorphism problems of U @ V ® W,
UU®V,UU*®V,UU®U, and U®U U™ under orthogonal and unitary groups
in Section 4.2. We only present the proofs for unitary groups as proofs for orthogonal
groups are similar. To prove this, we first present reductions from U®U®V,UU*®V,
UU®U,andU®U ®U"toU ® V® W, and then we present reductions for the

opposite direction.

4.1 Preparations

A 3-way array A € T(I X m X n,F) is non-degenerate if along all directions including
the frontal direction, the horizontal direction and the lateral direction, slices are lin-
early independent. Then we show a reduction from UNITARY TENSOR [SOMORPHISM

for degenerate arrays to UNITARY TENSOR IsoMORPHISM for non-degenerate arrays.

Lemma 4.1. For any 3-way array A € T(I X m X n,C), there are unitary matrices

T, € U(,C), T, € U(m,C) and T3 € U(n, C) such that

(LAT,)" =

S P

0
0 3
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where A is a non-degenerate array of sizel’ X m’ x n’.

Proof. First, we consider the horizontal slices of A. Let (A, ..., A,) be the correspond-

ing matrix tuple of frontal slices of A. Then we construct the I X mn matrix
A= [A1 An].

We denote the maximum number of linearly independent horizontal slices of A by I’;
it follows that the rank of A" is I’. Applying a singular value decomposition on A’, we

have

A" =U3V",

where U and V are unitary matrices of size I X! and mnXmn, respectively, and X =
0

for a full-rank rectangular diagonal matrix 3 of size I’xmn. Multiplying A’ by T; = U™,

we have
1A =3V",

where the first I’ rows of V™ are linearly independent and the last [ — I’ rows are zero.

It follows that acting T; on the horizontal slices of A sends A to

A

TlA = 5
0

where the horizontal slices of A € T(I’ X m x n, C) are linearly independent.

We can similarly find unitary matrices T, T3 for the other two directions. ]

Lemma 4.2. Given two 3-tensors AB € UQ®V ® W wherel = dim(U), m = dim(V)
andn = dim(W), there is a reduction r such that A and B are unitarily isomorphic if and

only ifr(A) andr(B) are unitarily isomorphic, wherer(A) andr(B) are non-degenerate.

We note that this reduction is one of the few in the thesis that is explicitly not a
p-projection (similar to how the reduction of a matrix to row echelon form is not a

p-projection).
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Proof. By Lemma 4.1, we can find unitary matrices S; € U(,C),S; € U(m,C) and
S3 € U(n, C) to extract the I’ x m’ X n’ non-degenerate tensor A of A. There are similar
unitary matrices T; € U([,C),T; € U(m,C) and T3 € U(n,C) for B as well. Then
we claim A and B are unitarily isomorphic if and only if 7(A) = A and r(B) = B are
unitarily isomorphic.
For the if direction, assume 15;‘;Q~ — BR where P € u(l’,C), Q € U(m/,C) and
0 B O

. ) A
R € U(n/,C). It yields that P’A’Q’ = B® where A’ = and B’ = , and
0 0 0 0

P = diag(ﬁ, L), Q = diag(@, Ip—py) and R' = diag(ﬁ, I,—n). Then we set P to be
Tl_lP’ S1, Q to be S,Q’ Tz_1 and R to be iR'S; ! where P, Q and R are unitary matrices.
It’s easy to check that PAQ = BE.

For the only if direction, suppose PAQ = BX for P € U(I,C),Q € U(m,C) and

, A O B O
R € U(n, C), which follows that P’A’Q’ = B’X for A’ = and B’ = , and
0 0 0 0
, -1 [y -1 ’ -1 Y Py Py . .
P’ =TPS", Q" =S,"QT,and R" = T; "RS;. Write P’ as where P ; is of size
Pyy Pop

I’ x I'. Observe that the last I — I’ horizontal slices of A’Q” and B'X are 0 and the first
I" slices of A’Q’ are linearly independent, so we derive that P,; = 0. We can conclude
that Q" and R’ are block-lower-trianglular matrices in the same way. Therefore, P, Q
and R are unitary, where P is the first I’ x I submatrix of P’, Q is the first m’ x m’
submatrix of Q" and R is the first n’ X n’ submatrix of R’. Thus, P, Q and R form a

unitary isomorphism between A and B by PAQ = BR, ]

Corollary 4.3. Given two 3-tensors A,B € V.® V. ® W, there is a reduction r such that
A, B are unitarily isomorphic if and only ifr(A),r(B) € V®V ® W’ are unitarily pseudo-
isometric bilinear forms, and such that the frontal slices of r(A) and r(B) are linearly

independent.

Note that the above results also work for orthogonal groups.
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4.2 Detailed Proofs

Recall that we need to show the polynomial-time equivalence between the isomor-
phism problems of UQ VW, U®U @V, UU* @V, U@U®U,andU®U ® U*
under orthogonal and unitary groups. We present the proofs for unitary groups, and
the proofs for orthogonal groups follow the same line.

The equivalences for GL were proved in [FGS19, GQ23a]. We follow their proof
strategies, but as mentioned in Section 1.5, certain technical difficulties need to be
dealt with.

In Section 4.2.1, wereduce UQU QV, UQU* @V, UQU QU,and U @ U ® U* to
U ® V ® W. This is done through the tensor system framework with the adaptation
to unitary isomorphism.

In Section 4.2.2, we reduce U ® V® W to U ® U ® W. This requires a careful check
due to the introduction of the gadget.

In Section 4.2.3 we reduce U ® V® W to U ® U* ® W. This requires the Singular
Value Theorem as a new ingredient.

In Section 4.2.4, wereduce UQU @ WtoUQU @ U andU @ U ® U.

4.2.1 OtherstoUQV W

In this section, we will reduce unitary isomorphism problems of UQU®V,UQU*®V,
UeU®U,andU®U ®U" to U ® V® W with a polynomial dimension blow-up. This

requires the following unitary version of Theorem 3.1, so we begin with its proof.

Theorem 4.4 (Unitary version of [FGS19, Theorem 1.1]). Let S = {Si,...,S;} and
T ={1,...,T.} be two tensor systems supported by {Vi,...,V,,}, where every S; and
T; is of order < 3. Then there exists an algorithm r that takes S and T and outputs two
3-tensors r(S) and r(T) supported by vector spaces {U,V,W}, such that S and T are
isomorphic as tensor systems under U(Vy) X - - - X U(Vy,) if and only if r(S) and r(T) are
isomorphic under U(U) X U(V) X U(W). The algorithm r runs in time polynomial in the
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maximum dimension over U, V, W, and this maximum dimension is upper bounded by

poly (T e ) dim(V;), 20°W(9)),

This follows the same proof as [FGS19, Theorem 1.1], outlined in Section 3.1, with
one change, based on the following result.

We say that two matrix tuples (Cy,...,Cp) € M(I X n,F)™ and (Dy,...,Dy) €
M(I X n,F)™ are unitarily equivalent, if there exist unitary matrices L € U([,F) and

R € U(n,F), such that for any i € [m], LC;R = D;.

Theorem 4.5 (Sergeichuk [Ser98, Theorem 3.1]). Let C = (Cy,...,Cp) € M(I X n, F).
Suppose C is unitarily equivalent to D = (Dy,...,Dy,), such that each D; is block-
diagonal with k blocks, with the jth block of size d; x d;. Furthermore, let D; =
(D1j,...,Dmj) be the m-tuple of dj X d; matrices consisting of the jth block from each
D;, and suppose D; is not unitarily equivalent to a block-diagonal tuple. Then the iso-
morphism types of D;’s and the multiplicities of each isomorphism type are uniquely

determined by C, that is, they are the same regardless of the choice of decomposition.

From the above theorem, the following corollary is immediate:

A O A, 0 A 0 A, O
Corollary 4.6. If S, and e, are uni-
0 B 0 Bp 0 C; 0 Cun

tarily equivalent, then (By, ..., By,) and (Cy,...,Cy,) are unitarily equivalent.

Proof of Theorem 4.4. With Corollary 4.6, the proof of [FGS19, Theorem 1.1] goes
through for this unitary setting, by replacing the use of the Krull-Schmidt theorem
for quiver representations ( [FGS19, pp. 20]) with Theorem 4.5.

The case of orthogonal groups follows similarly by using [Ser98, Theorem 4.1]

instead. u

We utilize the tensor system to construct reductions to plain 3-tensor unitary iso-

morphism, and then prove their correctness by Theorem 4.4.
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Proposition 4.7. The unitary isomorphism problems on VV@W,V@V*@W,VeVeV
and V. ® V ® V* are polynomial-time reducible to UNITARY 3-TENSOR ISOMORPHISM on
U ®V' ® W wheredim(U’), dim(V’) and dim(W’) are at most polynomial in dim(V)
and dim(W).

Proof. The reduction is based on the observation that tensor systems can encode these
isomorphism problems. For example, for A € V ® V @ W, we can construct a tensor
system consisting of one tensor A and two vector spaces {V, W}, with two arcs from
V to A, and one arc from W to A. Starting from two tensors Aj,A, € V@V W,
we consider the corresponding tensor systems, and ask for unitary isomorphism of
these tensor systems. Then by Theorem 4.4, they can be reduced to the plain 3-tensor
unitary isomorphism in time poly(dim(V'), dim(W)), as these are tensor systems with
only 1 tensor each. It can be seen that this works for V@ V@ W, V® V ® V, and

V ® V. ® V*. This concludes the proof. ]

422 UQVaWtoVeVeWw

We mainly follow the construction in [GQ23a] to show that there is a reduction from
UNITARY 3-TENSOR IsoMoORrPHISM (UQV ®W) to UNITARY BILINEAR FORM PSEUDOISOM-
ETRY (V' ® V' @ W’). In addition, we prove that the reduction from [GQ23a] preserves

the unitary property in both directions.

Proposition 4.8. Given two 3-tensors A,B € UQVQW, wheredim(U) =1 < dim(V) =
m and dim(W) = n. There is a reductionr : UQV W — V' @ V' @ W with
dim(V’) =l +5m+3 anddim(W’) = n+1(m + 1) + m(3m + 2) such that A and B are
unitarily isomorphic if and only if r(A) and r(B) are unitarily isomorphic, where frontal

slices of r(A) and r(B) are skew-symmetric matrices.

Proof. The reduction. We use the gadget in [FGS19] and [GQ23a] to present this
reduction. Here we use matrix format to illustrate our construction, and the picture

of this construction is shown in Figure 1.1. Denote the ith frontal slice of A by A; €
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M(I x m,C), where i € [n]. Let the ith frontal slice of r(A) be A; € M(I + 5m + 3,C),
where i € [n+1(m+1) + m(3m + 2)]. Then A; is constructed as follows:
0 A O
. Fori € [n], 4; is of the form —-Al 0 0
0 0 0

« Fori € [n+1,n+1(m+1)],1et A be the elementary alternating matrix Eg ;4 p¢—
Elimts, Wheres = [(i—n)/(m+1)]andt =i—n—(s—1)(m+1).

« Forie [n+I(m+1),n+1(m+1)+m(3m+2)], let A, be the elementary alter-
nating matrix Ejis rymem+14t —Elemem+1+t.1+s Where s = [(i—n—I(m+1))/(3m+2)]
andt=i-n—-I(m+1)—-(s—1)(3m+2).

Denote lateral slices of r(A) by L;, where i € [[+5m+3]. Then we check the ranks

of these lateral slices:

« For the first [ slices, the lateral slice L; is a block matrix with two non-zero
blocks. One block is —I,,,+1, and another block of size m X n is the transpose of
the ith horizontal slice of —A. Thus, m + 1 < rank(L;) < 2m + 1.

« For the following m slices, L; is a block matrix with two non-zero blocks. One
block is —I3,,42 and the other one is the (i — n)th lateral slice of A with size [ X n.
Therefore, 3m + 2 < rank(L;) <3m+2+1<4m+2.

+ For the next m + 1 slices, L; has a block I; after rearranging the columns, so
rank(L;) =1 < m.

« For the last 3m + 2 slices, similarly, L; has a block I, after rearranging the
columns, so rank(L;) = m.

Now we consider the ranks of linear combinations of the above slices. There are

four observations that help prove the correctness of the reduction:

« If the combination contains L; for 1 < i < [, since the resulting matrix has at
least one identity matrix I,4; in the (I + m + 1)th row to (I + 2m + 1)th row, it

has the rank at least m + 1.
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« Ifthe combination doesn’t contain L; for [+1 < i < [+m+1, the resulting matrix
has rank at most 3m + 1, because there are at most [+ 5m+3—-3m -2 < 3m+1
Non-zero rows.

« If the combination involves L; for [ + 1 < i < [+ m + 1, the resulting matrix has
rank at least 3m + 2, because there is at least one identity matrix 5,4, in the last
3m+ 2 rows.

« If the combination involves L; for 1 < i <land L;forl+1 <i <l+m+1, the
resulting matrix has rank at least 4m + 3, because there are at least one identity
matrix I3,,4 in the last 3m+2 rows and one identity matrix I,,11 in the (I+m+1)th

row to (I + 2m + 1)th row.

The if direction. Assume there are P € U(l+5m +3,C)and Q € Un+I(m+1) +
P11y Pip Pis
m(3m + 2), C) such that P'r(A)P = r(B)?. Then we write P as P = Py1 Py Pysl,

P31 Psp Pis
where P;; € M([,C), P,, € M(m,C) and P33 € M(4m+3,C). By ranks of lateral slices

of r(B) and the above observations, it’s easy to have that P,; = 0, P;, = 0,P;3 = 0 and
Py 0 0
P, 3 = 0. Therefore, P is of the form | ¢ P, 0 |.AsPisa block-lower-trianglular

P31 Py Ps3
unitary matrix, P; 1, P, ; and P53 are unitary matrices. Since the aim is to check if A and

B are isomorphic, we only consider the first n frontal slices of r(A) and r(B), which
contains A and B respectively. After applying P on lateral slices and horizontal slices

of r(A), we have the first n frontal slices as follows:

P, 0 Py|| 0O A OfP,n 0 0 0 P{,AiP22 0
0 Py, Pi,[|-A] 0 O[| 0 Py 0 |=|=P;,AP1, 0 0.
0 0 P[0 0 0||Ps; Ps; P33 0 0 0

Then we apply the unitary matrix Q on the frontal slices of r(B), and have P'r(A)P =
r(B). Note that only the block (1,2) and (2,1) are non-zero blocks in the first n

slices of r(B) and P'r(A)P, so we have that only the first n X n submatrix Q;; of Q is
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non-zero in the first n columns, which implies that Q;; is unitary from the fact that
Q is unitary. Therefore, it is enough to give the isomorphism P} AP, = B. where

P; |, P53 and Qy; are unitary.

The only if direction. Assume PAQ = BR for some P € U(I,C),Q € U(m,C) and
R € U(n,C). We claim that there are two unitary matrices P = diag(P, Q, S1,S2) €
U(l +5m+3,C)and O = diag(R, T1,T;) € U(n+I(m+ 1) + m(3m + 2),C) such that
Ptr(A)P = r(B)Q, where $; € Uim+1,C), S, € UB3m +2,C),T; € U(l(m+1),C) and
T, e Um(3m+2),C).

Due to the fact that PAQ = BR it’s straightforward to check the first n frontal slices
of P'r(A)P and r(B)Q are equal. Then we consider the remaining gadget slices. Let
r(A) and r(B) be tensors constructed by the (m+ 1)th frontal slice to (m+1I(m+1))th
frontal slice of 7(A) and r(B), respectively. Consider r(A) and r(B) from the frontal

view:

o o o o
o © o

O_
0
ol
0

where E € T(I X (m+1) XI(m+1),C). Then we apply P on the lateral and horizontal
slices of r(A),

P 0 0 E of|P 0 0 P'ES; 0
of 0 0 0 O 0 0 0o 0 0
St -E; 0 0 0 S1 -S'EEP 0 0 0
Si1lo o0 o0 o S 0 o0 o0 0

where E; € M(I x (m + 1),C). Observe that P! acts on the horizontal direction of E,
so it requires designing proper S; and T; to remove the effect of P. Let the lateral slice
of E to be L; € M(l X I(m + 1),C) where i € [m + 1]. Apply a proper permutation

7 on the columns of L; and have the matrix L] = LT, = [0 I 0] where T, €
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M(I(m +1),C) is the permutation matrix and the ith block of L; is the identity matrix
I € M(,C). After left multiplying L] by P*, we have P'L! = [0 Y 0]. Now
we define a diagonal matrix T as diag(P’, ..., P"), which gives us P'L] = L!T|
P'L; = LT, T/T}. Then we set S; to be the identity matrix and T; to be T, T/ T}, and it
yields P'ES; = ET, where S; and T; are unitary.

It remains to check the last m(3m+2) frontal slices, which uses the similar method

as above, and this produces unitary matrix S, and T,. Now we have the unitary matrix

S and T as desired. ]

423 UQVeaWtoVeV'eW

Based on Lemma 4.2, we will show that the UNITARY 3-TENSOR IsoMORPHISM (U ®V ®

W) can be reduced to UNITARY MATRIX SPACE CoNjuGAcY (V' ® V* @ W’).!

Proposition 4.9. There is a reductionr : UQV W — V'@ V" @ W wheredim(U) =
I,dim(V) = m,dim(W) = n and dim(V") = [+m such that two tensors AA B €e UQV QW
are unitarily isomorphic if and only if r(A), r(B) € V' ®@ V'* @ W are unitarily conjugate

matrix spaces.

Proof. The reduction. Denote the ith frontal slice of A by A;. We construct the

reduction in the following way:

A = :
0 o0

where A; € M(I + m, C) is the ith frontal slice of r(A).

1We note that there is some ambiguity in the name here, which where the notation helps. Namely,
“unitary conjugacy of matrix spaces” could mean either the action of U(V') xU(W’) on V' @ V"*®@ W’ or
the action of U(V’) X GL(W’) on the same space. In this thesis we do not consider such “mixed” actions,
though they are certainly interesting for future research. As a mnemonic, if we think of the matrix space
itself as “unitary”, in the sense of having a unitary structure, this lends itself to the interpretation of
U(V’) x U(W’) acting.
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Without loss of generality, we can always assume A and B are non-degenerate.
Then we will show that A and B are isomorphic if and only if 7(A) and r(B) are

isomorphic.

For the if direction. We assume that 7(A) and r(B) are unitarily isomorphic, so there
are P € U(l + m,C) and Q € U(n,C) such that P"'r(A)P = r(B)9. Let P be a block

matrix:

Pl,l Pl,2
3

P2,1 P2,2

where P, ; is of size [ X I. Let r(B)? be r(B)’ and the ith frontal slice of r(B)’ be B.
Since r(A)P = Pr(B)’, we have that

AiPy1 APy, 0 Pi1B

0 0 0 Py,B;

where A;P,; = 0 and A;P,» = P131B; for all i € [n]. It follows that every row of Py
is in the intersection of right kernels of A;. Since A is non-degenerate, P, ; must be a
zero matrix. Thus, P is a block-upper-trianglular matrix, which results in P;; and P,
are unitary. Therefore, we have that Py }APZ,Z = BY for P11 € U(l,C),P,5 € U(m,C)
and Q € U(n,C).

For the only if direction. Suppose PAQ = BX where P € U([,C),Q € U(m,C) and
R € U(n,C). Then we define P’ and Q’ as follows

0
P = and Q' =R,
0 0

where P’ and R’ are unitary. We can straightforwardly check that P’~'r(A)P’ = r(B)<'.

We can similarly apply the strategy in this section to construct the reduction from
UNITARY 3-TENSOR IsomorpHISM (U ® V ® W) to BILINEAR FORM UNITARY PSEUDO-

ISOMETRY (V ® V' ® W). We record this as the following result.
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Proposition 4.10. There is a reductionr : UQVQOW — V' ® V' ® W wheredim(U) =
I,dim(V) = m,dim(W) = n and dim(V") = [+m such that two tensors A, B €e UQV QW
are unitarily isomorphic if and only if r(A),r(B) € V' ® V' ® W are unitarily pseudo-

isometric bilinear forms.

424 UQVWtoVeVeV andV VeV

In this section, we demonstrate that there are reductions from UQV@W to VRV QV*
and V®V V. Since it was proved that U® V®W reduces to V®V ®W in Section 4.2.2,
we only need to show reductions from V@ Ve@Wto Ve VeV andVeVeV.

Proposition 4.11. There is a reduction from BILINEAR MAP UNITARY PSEUDO-ISOMETRY
to UNITARY ALGEBRA IsoMORPHISM and to UNITARY EQUIVALENCE OF NONCOMMUTATIVE
CuBic FOrMS.

In symbols, there are reductions
rVeVew -V eV eV”™ and r:VaVeW -V eV eV

where dim(V’) = dim(V) + dim(W) such that two bilinear forms AL B € VQV @ W are
unitarily pseudo-isometric if and only ifr (A) and r(B) are unitarily isomorphic algebras,

if and only if ' (A) and r’(B) are unitarly equivalent noncommutative cubic forms.

Proof. The construction. Given a tensor A € V. ® V ® W whose frontal slices are A;,
construct an array A’ € T((I +m) X (I+m) X (I +m), C) of which the frontal slices are

’r_ . ’ Ajl
Ai=0forie[l]] and Aj=
0 0

forie[l+1,l+m].

Let A represent the tensor in V/ ® V/ ® V’* corresponding to entries defined by A, and
denote A by the tensor in V/ ® V’ ® V' corresponding to entries defined by A’. Note
that by Corollary 4.3, we can always assume that the frontal slices of A are linearly

independent, so the last m slices of A” are linearly independent as well. We will show
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that A,B € V®QV ®W are isomorphic if and only if ABeV'®V'®V™are isomorphic,

and A, B are isomorphic if and only if A,B € V' ® V/ ® V' are isomorphic.

The only if direction. Given P € U(l,C) and Q € U(m, C) such that P'AP = BY, set
P and P to be diag(P, Q") and diag(P, Q') respectively, where P and P are unitary.
Then we can straightforwardly derive that P'AP = B and (P'AP)F = B.

The if direction. We first consider the V' ® V' ® V’* case. Assume there is a matrix

R . p p
P € U(l + m,C) such that P'AP = B”'. Then we write P as bt , where Py €

Py1 Pop
M(I, C). Consider the first [ slices B} of B,

B/ = P'A;P = 0.

Since the last m slices of A are linearly independent, we will have that P,; = 0. It
follows that P;; and P, are unitary. The equivalence of the last m slices of P!AP
and B yields that P{ APy, = B2, which completes the proof of the if direction for
Vev eV

The proof for the if direction of V' ® V' ® V' case is similar to the above. ]
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Chapter 5

d-TENSOR G-ISOMORPHISM to

3-TENSOR G-ISOMORPHISM

In this chapter, we present some background for algebras in Section 5.1. Then we
show a reduction from UNITARY d-TENSOR IsoMORPHISM to UNIATRY 3-TENSOR Iso-
MORPHISM in Section 5.2. Since proofs for orthogonal groups are similar, we only

present the proofs for unitary groups.

5.1 Preparations

In this section, we introduce notions of quivers and path algebras as those notions
are required for converting UNITARY d-TENSOR IsOMORPHISM to the isomorphism for
algebras.

A quiver is a directed multigraph G = (V, E, s, t), where V is the vertex set, E is the
arrow set, and s, t : E — V are two maps indicating the source and target of an arrow.

A path in G is the concatenation of edges p = ey, ey, ..., e, Where e; € E for
i € [n], such that s(e;y;) = t(e;) fori € [n— 1]. s(p) = s(ey) is the source of p,
t(p) = t(ey) is the target of p and I(p) = n is the length of p. For a consistent notation

including the vertex, we define the source s(v) and target ¢(v) for each vertex v € V
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by s(v) = t(v) = v, and we regard the length [(v) of every vertex v as 0. Note that V
consists of paths of length 0, and E consists of paths of length 1.
Let F be a field. The path algebra of G, denoted as Pathg(G), is the free algebra

whose bases are generated by V U E modulo the relations:
(1) Foro,v" € V,vv’ =vif v = v’, and 0 otherwise.

(2) Forv e Vande € E,ve = e if v = s(e), and 0 otherwise. And ev = e if v = t(e),

and 0 otherwise.
(3) Fore,e’ € E,ee’ =0if t(e) # s(e).

In this thesis we make use of the following quiver. Note that this is different from
the quiver used in [GQ23a]; this difference leads to some significant simplifications
in the argument, and allows the argument to go through for unitary and orthogonal

groups (it is unclear to us whether the original argument in [GQ23a] does so). Note

X1,1 X2,1 X3,1 Xd-1,1
— \_,703\_,7 : \_,,Ud\quﬂ
X1,nq X2,ny X3,n3 Xd-1,ng_q Xdng_q

Figure 5.1: The quiver G we use in this thesis.

that G = (V,E,s,t) where V = {vy,...,0g1}, E={x;; | i € [d],j € [m]}, s(xij) = v;

and t(x;j) = vi41.

5.2 Detailed Proofs

Let A, B be two d-way arrays in T(n; X -+ X ng,F). We will exhibit an algorithm
T such that T(A) is an algebra on F™ where m = poly(ny,...,ng), and such that A
and B are unitarily isomorphic as d-tensors if and only if T(A) and T(B) are unitarily

isomorphic as algebras. We can then apply Theorem 1.5 to reduce to UNITARY 3-
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TENsOR IsomorpHISM. Therefore, in the following we focus on the step of reducing
UNITARY d-TENSOR ISOMORPHISM to UNITARY ALGEBRA ISOMORPHISM.
We present the proof for unitary groups, and the argument is essentially the same

for orthogonal groups.

Proof of Theorem 1.6. Let f,g € Uy ® U, ® - -- ® Uy be two tensors, where U; = F™

for i € [d]. We can encode f in Pathg(G) as follows. Recall that e; denotes the ith

.....

Let Ry := PathF(G)/(f) and R, := Pathr(G)/(§). We will show that f and g are
unitarily isomorphic as tensors if and only if Ry and R, are unitarily isomorphic as

algebras.

Tensor isomorphism implies algebra isomorphism. Let (Py,...,P;) € U(ny,C) X
-+-XU(ng, C) be a tensor isomorphism from f to g. Then P; naturally acts on the linear
space (xj1, ..., Xin,). Together with the identity matrix I;,; acting on (vy, ..., 0441), We
claim that they form an algebra isomorphism from Ry to R,,.

We will show that this is a homomorphism, and then verify that it is indeed an
isomorphism. This part is essentially the same as [GQ23a].

To show that it is a homomorphism, we first examine the quiver relations. This

homomorphism Rf — R, is induced by a linear map, this map P is defined by P(v;) = v;

and
n;
P(xl-,j) :Z(Pi)jkyi,k forizl,...,d—l,
k=1
where y11,...,Ydn, 01, - - ., 04 denote generators of Ry. Let x11,...,Xgn, 01,...,0q be

generators of Ry, and then the following quiver relations need to be checked:

00y = Oy 0;

0iXyj = 5i,i'xi',j
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Xi,jOir = 5i+1,i'xi,j

Xi jXir jr = 0 ifi+1+#7i.
It’s not hard to examine the first three which involve the v;, as

P(vjvy) = P(v;)P(vir) = vjvy = 6;y P(v;),
n

P(vixy j) = P(v;)P(xy j) = v; Z(Pi,)jkyi’,k = 6 P(xyj),
=1

nj
P(x;jor) = P(x;j)P(vy) = Z(Pi)jkyi,kvi' = i1, P(xi).
k=1

For the last relation,

P(xijxi,jr) = P(xij)P(xv )

n;i n;

= Z(Pi)jkyi,k Z(Pi’)j'kyi’,k
k=1 k=1
n; ny

= Z Z(Pi)jk(Pi’)j’kyi,kyi’,k

k=1 k=1

=0 ifi+1+#7.

Therefore, the map Ry — R, induced by P is an algebra homomorphism.

44

Let n = max;{n;}. To prove the map Ry — R, is an algebra isomorphism, it requires

to check the dimension of Ry first:

QU

—i

dim(Ry) = #{v;} + #{paths from v; to v;,;}

M=~
T
o

~

j:
—i i+

d+Zd: n;
i=1

1 =i

QU
~.

~.
(=}
==~

5%

d —
d+ Z d
i=1 j=

< 0(d*n%).

IA
S

(=)

If d is fixed, the dimension of Ry is polynomial with n. Next, as P is an isomorphism

of (Zl  ni + d)-vector spaces, it follows that Ry — R, induced by P is surjective
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on all the generators of R; and hence it’s surjective on the whole R,. Finally, since
dim(Ry) = dim(R,) < oo, the map Ry — R, is a bijection and it’s naturally an algebra

isomorphism from Ry to Ry.

Algebra isomorphism implies tensor isomorphism. This part of the proofis new,
compared to the corresponding part in [GQ23a].

Let ¢ : Pathg(G)/( f ) — Pathp(G)/(g) be an algebra isomorphism, which is de-
termined by the images of v;, x;; under ¢.

Note that Pathg(G) is linearly spanned by paths in G, so it is naturally graded, and
we use Pathgr(G), denotes the linear space of Pathr(G) spanned by paths of length
exactly ¢.

First, note that ¢ ( f ) = a-g+a linear combination of quiver relations, where a € F.

Second, we claim that the coefficient of v; in ¢(x;x) must be zero for any i, j, k. If
not, suppose ¢(x;x) = y-v;+M where y # 0, and M denotes other terms not containing
v;. On the one hand, ¢)(x12k) = 0 because x}z.’k = 0 by the quiver relations. On the other
hand, ¢(xjk)* = (y - v; + M)* = y* -0} + M’ = y* - v; + M’ where M’ denotes other
terms, which cannot contain v;. So ¢(x;x)? is nonzero, contradicting ng(x]Z.’k) = 0 and
¢ being an algebra isomorphism.

By the above, it follows for any path P (a product of x; ;’s) of length £ > 1, ¢(P) isa
linear combination of paths of length > ¢. This implies that, if we express ¢ in the lin-
ear basis of Path]p(G)/(f), (v1,...,0441, i j, paths of length 2, .. ., paths of length d),
then ¢ is a block-lower-triangular matrix, where the each block is determined by the
path lengths. That is, the first block is indexed by (vy, ..., v4+1), the second block is
indexed by (x; ;), the third block is indexed by paths of length 2, and so on.

Third, we claim that for 1 < i < j < d + 1, the coefficient of x;; in ¢ (x;;) must
be zero. If not, then let P be a path of length d — i starting from v;,,. Because of the
block-lower-triangular matrix structure and that ¢ is an isomorphism, we know that

there exists a path P’ of length d — i, such that the coefficient of P in ¢ (P’) is nonzero.
Then ¢(xjp - P') = ¢(xjp) - ¢(P)) = (f-xip+ M) - (y - P+N) = -y -xy - P+1L,
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where M, N and L denote appropriate other terms, and f,y € F are non-zero. Note
that x;; - P cannot be cancelled from other terms. This implies that ¢(x;i - P’) is
non-zero. However, x; - P’ has to be zero because P’ is of length d — i, so it starts
from some variable x;,; x~. This leads to the desired contradiction.

By the above, if we restrict ¢ to the linear subspace (x; ;) in the linear basis

(xl,la L] xl,n1: ] xd,l’ e ,xnd):

then ¢ is again in the block-lower-triangular form, where the blocks are determined
by the first index of x; ;. That is, the first block is indexed by x; ; for all j, the second
block is indexed by x; ; for all j, and so on.

We now can take the diagonal block of ¢ on (x;1,...,Xis,), and let the resulting
(invertible) matrix be P;. These matrices P, ..., P; together determine a linear map
on (x; ;). By comparing degrees, we see that l//(f) = « - §. Now suppose F contains
dth roots. We can then obtain (1/a'/¢ - P;,1/a'/? . P, ... 1/a? . Py) - f = g.

Getting back to our original goal, we see that if i/ is unitary, then the block-lower-
triangular form of ¢/ implies that it is actually block-diagonal, and the diagonal blocks
are all unitary as well. This shows that P;’s are unitary, and f and g are unitarily

isomorphic. u
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Chapter 6

Application to LOCC Equivalence

In this chapter, we first introduce some equivalences for quantum entanglement and
their relations in Section 6.1. Then we discuss motivations of studying quantum en-
tanglement in Section 6.2. Some relative works related to determining equivalences
of quantum entanglement are presented in Section 6.3. Our result is presented in Sec-

tion 6.4.

6.1 Background on Equivalences for Quantum
Entanglement

Local Operation and Classical Communication is a natural protocol from the physical
operation viewpoint, where local operation is performed on each part and classical
information is sent to other parts. For example, an LOCC protocol for two parties is

showed in Figure 6.1.



CHAPTER 6. APPLICATION TO LOCC EQUIVALENCE 48

Alice
L LO | " end
cC e V) AB
end
Bob

Figure 6.1: LOCC protocol with two parties

In the beginning, Alice and Bob share an entanglement |¢). After multiple rounds
of local operations and classical communications, they obtained a new entanglement
|/). For those pairs of entanglement, we have the following type of equivalence-LOCC

equivalence.

Definition 6.1. Given |@),|¢) e C"* @ C™2 ... ® C":

(1) |¢) is said to be LOCC convertible to |{/) (denoted as |¢) roce, |i/)) if there is a
LOCC protocol converting |¢) to |¢/).

(2) |¢), ) are said to be LOCC equivalent (denoted as |¢) & [V)) if |p) 1o,

LocC
[¥) and |¢) —— ).
Stochastic local operations and classical communications (SLOCC) relaxes LOCC
by only requiring that the initial state can be transformed to the terminal start by
local operations and classical communication with non-zero probability. An example

of SLOCC is presented in Figure 6.2.
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Alice
L LO | " end
CC e PAB
end
Bob

Figure 6.2: SLOCC protocol with two parties

If the resulting quantum state pp can be represented as the linear combination as
a pure state |/) and other pure states, i.e., pap = po|V) (Y| + X; pil¥i)(¥il, then we say
|¢) is SLOCC convertible to |¢/). Then we similarly present the following definition
of SLOCC equivalence.

Definition 6.2. Given |@),|¢) e C* @ C™2 ... ® C":

(1) |¢) is said to be SLOCC convertible to |¢) (denoted as |¢$) SLoce, |{)) if there is

a SLOCC protocol converting |§) to |¢/).

(2) |¢),|¥) are said to be SLOCC equivalent (denoted as |¢) &) ly)) if

SLOCC SLOCC

|¢) —— |¥) and |§) —— [¥).

There are other two types of equivalences, which are related to LOCC equiva-
lence and SLOCC equivalence. The first equivalence is called LU equivalence, which

is similar to our definition for UNITARY TENSOR ISOMORPHISM.

Definition 6.3. Given two d-partite pure states |¢), |/) € C" @ C"? ... @ C"d:
LU
|#), |) are said to be LU equivalent (|¢) < |¢)) if 3 d unitary matrices U; €
U(C™), U € U(C™), ..., Uy € U(C™) sit.

|$) =U1 @ Uy - - - @ Uylyh).
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The local unitary (LU) equivalence is the finest relation between quantum states,
and it’s related to LOCC equivalence. For pure states, the LU equivalence is the same

as the LOCC equivalence [BPR*00].

Theorem 6.4 ( [BPR*00]). |¢) ez |¢/) if and only if |§) e= |¢).

Another equivalence is similar to TENSOR ISOMORPHISM.

Definition 6.5. Given two d-partite pure states |¢), |/) € C"' @ C" ... @ C":
LI
|¢), |¢/) are said to be LI equivalent (|¢p) < |¢)) if 3 d invertible matrices A; €
GL(C™), A, € GL(C™),...,A; € GL(C™) s.t.

§) = A1 ® Az ® AglY).

Similarly, by [DVCO00], two d-partite states |¢), [y) € C" ® --- @ C" are SLOCC
equivalent if they are LI equivalent.

Theorem 6.6 ( [DVC00]). |¢) e |¢) if and only if |$) <> |§).

6.2 Multipartite Entanglement

Multipartite quantum entanglement plays a crucial role in quantum algorithms
[JL03, BM11], quantum computation [BBD*09], and many-body quantum systems
[AFOV08].

Interestingly, it is generally regarded that d-partite entanglement, d > 3, is
more difficult to understand than bipartite entanglement. That is, there are nice
and clean criteria to decide if two bipartite states are equivalent under local unitary
(LU, by Schmidt coefficients), local operations and classical communication (LOCC,
by Nielsen’s theorem [Nie99]), or stochastic local operations and classical communi-
cation (SLOCC, by Schmidt ranks). However, to decide whether two d-partite pure
states, d > 3, are equivalent under LU, LOCC, or SLOCC, no such clean and complete

criteria are known.
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This prompted Walter, Gross and Eisert to suggest that we may have to “come
to terms with the fact that a canonical theory of multipartite entanglement may not
exist” in [WGE16]. The distinction between bipartite and multipartite entanglement
naturally leads one to wonder about the role of the part number in the complexity
of quantum entanglement. For example, now that classifying tripartite states seems
more difficult than classifying bipartite states, would classifying 4-partite states be

more difficult than classifying tripartite states?

6.3 Previous Works

There has been an intensive study of LU and LI equivalences of multipartite states. We
refer the readers to the great survey on multipartite entanglement by Walter, Gross,
and Eisert [WGE16]. In particular, the above characterizations by group actions natu-
rally lead to algebraic and geometric techniques such as in [VDDMV02,Kra10a,Kra10b,
Lan11, GW13].

From classifications up to 4 qubits [DVC00, VDDMV02, DdGMO22, BDD*10] and
results on algebraic invariants up to 5 qubits [LT05, BLT03, HLT14], it is commonly
understood that SLOCC classification becomes more difficult with more qubits. The
result in [GQ23a], in contrast, shows that if we stick with 3 particles, but allow the
dimension of their individual state spaces to grow—i.e., use 3 qudits rather than many
qubits—SLOCC classification is already as hard as the 3 qud case.

In [ZLQ18], Zangi, Li, and Qiao presented a procedure that transforms a d-partite
state to a set of bipartite and tripartite states, such that two d-partite states are LU and
LI equivalent if and only if the resulting sets of states are. They achieved their result
by a technique called quantum state concentration, which takes the form of a tree
tensor network structure [SDV06], and concluded that “multipartite entanglement is

no more complex than the tripartite entangled states of high enough dimensions.”
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6.4 Our Result

Our result in Theorem 1.6 implies that classifying LU equivalence of d-partite pure
states, d > 3, can be reduced to classifying LU equivalence for tripartite pure states.

Formally, we have the following,.

Theorem 6.7. Letd > 3, ny,...,ng € N,n = (ny,...,ng), and N = Hie[d] n;. Then
there exists a map Fyy 45 sending d-partite pure states inV = C" ® - - -® C" to tripartite

pure states in C™ ® C™ ® C™, such that
(1) Fori € [3], m; is upper bounded by a polynomial in N, and

(2) Two pure states |§),|y) € V are LU equivalent if and only if Fyy45(|¢)) and
Fruai(ly)) are LU equivalent.

Compared to [ZLQ18], our result transforms a d-partite state to a single tripartite
state. Perhaps more interestingly, we utilize some new techniques, including path
algebras from representation theory of associative algebras, and gadget constructions
from computational complexity theory. We hope that these techniques will find other

uses in quantum information and computation.
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Chapter 7

Conclusion

Our works are concluded in Section 7.1. Then some open problems are proposed in

Section 7.2. We discuss our further plans in Section 7.3.

7.1 Summary

7.1.1 Recent Developments on Tl

Following [GQ23a, GQ21], this thesis contributes to building up the complexity the-
ory around TENSOR IsomorPHISM and closely related problems. That is, [GQ23a] in-
troduced Tl-completeness and showed that many isomorphism problems, under the
action of a product of general linear groups, were Tl-complete. Then [GQ21] focused
on applications of tensor techniques for reductions around p-Group ISOMORPHISM.
Several recent works further enrich this theory, such as [GQT22, D’A23] showing
more problems to be Tl-complete, and [GQ23b] providing more efficient reductions

between the five actions by general linear groups.

7.1.2 Our Results and Techniques for More Matrix Groups

In this thesis, we examine isomorphism problems of d-way arrays under various ac-

tions of different subgroups of the general linear group from a complexity-theoretic



CHAPTER 7. CONCLUSION 54

viewpoint. We show that for 3-way arrays, the isomorphism problems over orthog-
onal and symplectic groups reduce to that over the general linear group. We also
show that for orthogonal and unitary groups, the five isomorphism problems corre-
sponding to the five natural actions are polynomial-time equivalent, and d-TENSOR
IsomorPHISM reduces to 3-TENSOR ISOMORPHISM.

As seen in Section 1.5, the proof strategies of our results are adapted from previous
works [FGS19, GQ23a, LQW™*23], although certain non-trivial adaptations were nec-
essary, especially for the proofs of Theorem 1.5 and 1.6, beyond careful examinations
of previous proofs. Interestingly, in extending the proof strategies from these previ-
ous works to our main results, we also encountered some obstacles that would seem
are more generally obstacles to reaching a uniform result for all classical groups. For
example, the reduction from orthogonal and symplectic to general linear seems not
work for unitary—the standard linear-algebraic gadgets have no way to force complex
conjugation—and the reductions between the five actions on 3-way arrays seem not
work for symplectic. One stumbling block (pun intended) in the symplectic case is
that even a symplectic block-diagonal matrix (let alone a symplectic block-triangular
matrix) need not have its individual blocks be symplectic. For example, the matrix

A @ B, with A, B both n X n, is symplectic iff AB' = 1.

7.1.3 Complexity Classes Tlg

To put some of these remaining questions in a larger framework, we introduce a no-
tation that highlights the role of the group doing the acting. Previously in computa-
tional complexity, the most studied isomorphism problems are over symmetric groups
(such as GrarH IsomoRrPHISM) and over general linear groups (such as tensor, group,
and polynomial isomorphism problems). The former leads to the complexity class
Gl [KST93], and the latter leads to the complexity class Tl [GQ23a]. Based on The-
orems 1.5 and 1.6, it may be interesting to define Tlg, where G is a family of matrix

groups, consisting of all problems polynomial-time reducible to the 3-tensor isomor-
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phism problem over G. Let S, GL, O, U, Sp be the symmetric, general linear, orthog-
onal (over R), unitary (over C), and symplectic group families. Then Tlg, = TI by
definition, and Tls = GI, as asking if two 3-tensors are the same up to permuting the
coordinates is just the colored 3-partite 3-uniform hypergraph isomorphism problem,
a Gl-complete problem (by the methods of [ZKT85]). Then a special case of Theo-
rem 1.1 can be reformulated as Tlg € Tlp N Tly, and special cases of Theorem 1.2 can

be reformulated as Tlo, Tls, € Tlgr.

7.2 Open Problems

It may be interesting to investigate Tlg with G being other subgroups of GL, such as
special linear, affine, and Borel or parabolic subgroups. With this notation in hand,

we highlight the following questions left open by our work:
Open Question 7.1. Which, if any, of Tlo, Tly, Tlsp, are equal to TI?

As a warm-up in this direction, one may ask which of these classes is not only
Gl-hard, but contains CoDE EQUIVALENCE (permutational or monomial).

We suspect that Gl C Tls, N Tlsy, as well, for the following reason. Although the
symplectic groups Sp, and the special linear groups SL, do not contain the symmetric
group S, given by n X n permutation matrices, they do contain isomorphic copies of
Sy for ’ > Q(n). In particular, Sp,, contains S, as the subgroup {A @ AT : A € S,.},

and SL, NS, = A, (and contains an isomorphic copy of S,_,, where even 7 € S,_, get

0 1
embedded as P, @ I, and odd 7 get embedded as P, & 7, where 7 = ).

10

Open Question 7.2. Is Tlgy, contained in TI? Are they equal?

Open Question 7.3. Is Tly € TI? And the same question for unitary versus general

linear group actions over finite fields.
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Open Question 7.4. What is the complexity of various problems in Tl when restricted
from GL to other form-preserving groups? A notable family of such groups is the
mixed orthogonal groups O(p, q), defined over R by preserving a real symmetric form
of signature (p, q). But more generally, what about form-preserving groups for forms

that are neither symmetric nor skew-symmetric?

7.3 Future Plans

We have studied the equivalence between different tensor isomorphism under action
of matrix groups over field. However, if we replace the field with the ring, we might
find other interesting applications. For example, Calabi-Yau threefold is a well-studied
class of geometric spaces. One open problem in the superstring theory asks if the num-
ber of topologically distinct Calabi-Yau threefolds is finite. This problem is naturally
related to the problem of classifying Calabi-Yau threefolds. It appears that determin-
ing the equivalence of two Calabi-Yau threefolds can be formulated as a type of tensor
equivalence (V ® V ® V) under actions of groups over ring [JTT22].

By adapting the construction in [FGS19] and [GQ23a], we can show that tensor
isomorphism problems under five different actions of groups over ring are equivalent.
We only need to overcome an issue in the ring case. We substitute Knull-Schmidt
Theorem used in [FGS19] to Knull-Schmidt Theorem over modules to demonstrate
subcomponents of two isomorphic matrix tuples over ring are isomorphic. This result
indicates that determining the equivalence of two Calabi-Yau threefolds is as hard as
other equivalence problems.

Besides this, some problems are also based on the isomorphism of algebraic struc-
tures under actions of matrix groups over ring. Studying the relation between those
isomorphism problems and tensor isomorphism under groups over ring is also an in-
teresting aspect. For example, the goal of LATTICE IsoMORPHISM is to decide if two
lattices are isomorphic by the action of matrices in the general linear over integer. It

was first studied by Plesken and Souvigbier [PS97]. Then the asymptotic complexity
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of this problem was studied in [DSSV09], and it’s also shown in this paper that GrRaPH
IsomoRrpPHISM reduces to LATTICE IsomoRrPHISM. This problem is known to be in SZK
by [HR14].

Now we might wonder if there are any algorithms solving other 3-tensor equiva-
lence problems under actions of groups over ring. It turns out there is an algorithm
designed to compute stabilizers of 3-tensor under some action (V ® V ® V*) of groups
over ring [GS80a,GS80b]. If we can adapt this algorithm to solve the 3-tensor isomor-
phism problem under this action, then we can utilize an algebraic algorithm to decide

other related problems such as the equivalence of Calabi-Yau threefolds.
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Appendix A

Polynomial systems for TENSOR

IsomorPHISM and related problems

We provide more details for the Grobner basis experiments described in Section 1.2.2.

Let us first examine how to formulate TENSOR ISOMORPHISM as solving a system
of polynomial equations. Let A, B € T(nxnXxn,F) be two 3-way arrays. Let X, Y, Z be
three n X n variable matrices. Then XA?Y = B can be seen as encoding n® many cubic
polynomials in 3n? many variables, whose coefficients are determined by the entries
of A and B. To ensure that X, Y, Z are invertible, we introduce new variables x, y, z,
and include polynomials det(X) - x = 1, det(Y) -y = 1, and det(Z) - z = 1. (This is
similar to [GGPS23], although there instead of using the determinant they introduce
twice as many new variables, and equations XX’ = X’X = I and similarly for Y and
Z. This reduces degree compared to our equations here, but at the expense of many
more variables). This gives a system of polynomial equations, which has a solution
over F if and only if A and B are isomorphic as tensors over F. Then this problem can
be solved by e.g. the Grobner basis algorithm.

Of course the above is just one approach. Indeed, from the Grobner basis view-
point, it is more desirable to consider XAY = BZ, so we get quadratic equations rather

than cubic ones. Interested readers may refer [TDJ*22] for more optimizations as such.
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The instances we do experiments on are drawn as follows. Note that if A and B
are both random instances, then with high probability they are not isomorphic. To get
isomorphic pairs instead, we can sample a random A and random invertible matrices
R, S, T, and set B = (R,S,T) o A. (This is the setting used in cryptographic schemes
based on Tl-hardness, e.g., [JOSY19].) The pair (A, B) is then set as the input.

If orthogonal isomorphism is needed, we can set XX = I which is a system of
quadratic equations. We can also sample a random orthogonal matrix over F; by
existing functionality of Magma.

We now introduce the exact problem to be tackled by our actual experiments. Let
¢,y « Fg x Fg x Fy — Fy be two alternating trilinear forms. We say that ¢, are
isomorphic, if there exists A € GL(n,q), such that ¢(Au, Av, Aw) = (u,0,w) for
any u,0,w € Fg. To decide whether two alternating trilinear forms are isomorphic
is known to be Tl-complete [GQT22]. This problem can be similarly formulated as
solving systems of polynomial equations, and some technical issues also follow the

ideas as described above.
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