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Abstract—This letter presents an enhanced gradient search
algorithm for jointly optimizing signal constellations and bit
mappings. This approach stands in contrast to the recent trend
of utilizing deep learning (DL) to model communication systems
as end-to-end (E2E) systems, which often involve a large number
of learnable parameters and high computational complexity
during training. We enhance the efficiency of the gradient
search algorithm by leveraging the symmetrical properties of
the I/Q plane, particularly in higher modulation orders. The
resulting constellations are evaluated in terms of bit error rate
(BER) performance under additive white Gaussian noise and
Rayleigh flat fading channels. Our findings indicate that the
optimized constellations obtained via the enhanced gradient
search algorithm outperform an attention-empowered DL-based
E2E system in terms of BER across both channels, notably in
higher signal-to-noise ratio regimes, without encountering error
floor issues.

Index Terms—modulation, signal constellations, deep learning,
end-to-end learning, mathematical optimization.

I. INTRODUCTION

he notion of signal constellation, representing a set of

symbols used for encoding messages by the transmitter,
is fundamental in data communications. Various modulation
schemes, such as phase shift keying (PSK), quadrature am-
plitude modulation (QAM), and pulse amplitude modulation
(PAM), have been developed to improve spectral efficiency
while addressing errors arising from imperfections in com-
munication channels. The selection of binary labeling for
constellations significantly influences the probability of bit
errors. Studies indicate that the optimal binary labeling for
PSK, QAM, and PAM can be achieved using binary reflected
Gray codes [1]. Typically for other modulation schemes where
constellation points are determined by maximizing the mini-
mum distance or other metrics, there is no straightforward
way of finding the optimal bit labeling scheme. For such
constellations, searching for optimal labeling of constellation
points usually involves exhaustive methods [2].

Recently, there has been a notable surge in employing
deep learning (DL) in communication systems. In [3]], KNN
clustering has been used to construct an index modulation
scheme for reconfigurable intelligent surfaces. In [4f], [S]],
neural networks (NNs) have been utilized to model transmit-
ters, receivers, and channels in an end-to-end (E2E) manner.
Some works have utilized NN to learn the channel distortions
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such as fading effects and noise distributions [6]—[8]]. The
trained NNs are then used to assist the backpropagation
of gradients to the transmitter network during the training
stage of E2E systems. The authors of [9] have utilized one-
hot representation for both inputs and outputs of the E2E
system and trained them using the softmax loss function. The
concept of using two-dimensional convolution layers for DL-
based E2E systems with higher spectral efficiency has also
been proposed [10]]. Although DL-based systems have shown
comparable performance to conventional PSK/QAM systems
in lower signal-to-noise ratio (SNR) regimes, they face an
error floor problem in higher SNR regimes. To reduce this
effect, utilization of the convolution block attention module
(CBAM) [I1] in the receiver side has been proposed in
[12]. Although these DL-based E2E systems have been built
upon NNs, which are known as universal approximators, how
well they can perform compared to a carefully hand-crafted
optimization problem to obtain constellations with efficient bit
mappings is relatively underexplored. Such a comparison is
essential since DL-based E2E systems typically entail high
computational complexity while lacking an interpretation of
their operation. These characteristics may not be desirable
in many scenarios in communication systems that necessitate
low-latency requirements and generalization abilities [[13].

In this letter, we propose an algorithm to obtain optimized
constellations while enforcing efficient bit mappings. First,
we construct a common cost function for both additive white
Gaussian noise (AWGN) and Rayleigh flat fading channels to
minimize bit error rate (BER). The constructed cost function
consists of scaling factors derived from the Hamming distance
between bit labelings to scale their corresponding squared
Euclidean distance. Natural logarithms of these scaled squared
Euclidean distances are utilized during the optimization pro-
cess. In contrast to [[13], which focuses on analyzing a DL-
based E2E system and a gradient search algorithm to obtain
only the constellation points, our work employs a DL-based
E2E system and a gradient search algorithm to optimize both
constellations and bit mappings simultaneously. In [14], a
gradient search method is proposed to jointly optimize bit
mappings and constellation points for non-coherent commu-
nications. To the best of our knowledge, this is the first
theoretical analysis of utilizing a gradient search method
for the joint optimization of bit mappings and constellation
points in coherent communication. Furthermore, we leverage
the symmetrical properties of the I/Q plane to increase the
efficiency of the optimization procedure in higher modulation
orders. Specifically, we learn the constellation only in one



quadrant of the I/Q plane, which is then mirrored with respect
to real and imaginary axes to obtain the full constellation.
For comparison, we trained an attention-empowered DL-based
E2E system [12] to compare with our proposed approach.
Simulations have been carried out in AWGN and Rayleigh flat
fading channels. The results demonstrate that the constellation
obtained through our proposed approach yields superior BER
performance, avoiding the error floor problem in higher SNR
regimes.

II. SYSTEM MODEL

A typical communication system consists of a transmitter,
a channel, and a receiver, as shown in Fig. [1| Without loss of
generality, we assume bit sequences b € {0, 1}* that consist
of u information bits are fed to the transmitter. The transmitter
groups this information bits into message symbols consisting
of m = log, M bits. Each of these message symbols is then
mapped to a complex signal from a signal constellation S =
{51, -+ ,sm} where s; € C, Vs; € S. This results in an output
signal z € C" consisting n = [.~] complex signals for each
input bit sequence b where [-] denotes the ceiling operator.
The receiver receives a distorted signal y through the channel
which can be modeled as,

y=Hz +w, (D

where H € C™*™ denotes the channel coefficients matrix
and w denotes additive noise introduced by the channel. In
an AWGN channel, H becomes an identity matrix, while
in a Rayleigh flat fading channel, it becomes a diagonal
matrix with the fading coefficients along its diagonal. For both
channels, we assume w to be white gaussian noise, i.e., w; ~
CN (0, Ny), YVw; € w, where Ny denotes the noise power,
and CN (p, 02) denotes the complex normal distribution with
mean 4 and variance o2. After receiving the distorted signal
y, the receiver outputs an estimate b for the transmitted bit
sequence b using some decision rule. In this work, we assume
perfect channel state information is available to the receiver,
which enables us to use the maximum-likelihood decision rule
for both AWGN and Rayleigh flat fading channels.
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Fig. 1. A simple communication system.

The symbol error probability, i.e., the probability that the
distortions in the communication channel shifted the transmit-
ted symbol into the decision region of another symbol, is

M
1
Ps = M ; Pr (8 # s;|s; transmitted) , 2
and the resulting BER is
| MM
P, = Vm Zl kz_:l h(i, k)Pr (8§ = sg|s; transmitted) , (3)

where h(i, k) is the Hamming distance between binary rep-
resentations of the constellation points s; and sg. With the

assumption of having perfect channel estimation available at
the receiver, the asymptotic approximation for becomes
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where
k; = argmin |s; — sk|2 , (5)
VEeE[1,M]
itk

|z| denotes the absolute value of the complex number z, 7
denotes the fading coefficient, and p(7) denotes its probability
density distribution. For an AWGN channel, p(n) = §(n—1),
where §(-) denotes Dirac-delta function, and for a Rayleigh
fading channel, p(n) = 5 exp (—%), where w is the scale
parameter of the corresponding Rayleigh distribution.

III. GRADIENT SEARCH ALGORITHM FOR
CONSTELLATION OPTIMIZATION

In this section, we formulate a joint optimization problem to
find an arrangement of signal points in a constellation and an
effective way to assign bit labeling to those points. We begin
with the following min-max problem to minimize Pj.

/ h(i, k;)p(n) i

Find § = argmin | max
VecCM | Vi€[1,M] 2 2
exp 8No S; — Sicl’
(62)
M
2 —
St o7 Z_; s> = 1. (6b)

By noting that exp(x) is a strictly increasing function, we can
get an equivalent min-max problem as below.

h(i, k; 1
Find S = argmin | max (i, k) 3 /gp(n) dn
vseCcM |Vi€[L,M] 1 5 — 5+ n
8Ny |7° ki
(72)
M
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s.t. MZ;M -1 (7b)

Note that we take out the terms that are independent of 7 out of
the integral. It is straightforward to see that this is equivalent
to the below max-min problem.
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2
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Interestingly, the terms inside the minimization consist of
Euclidean distances between constellation points scaled by the
Hamming distances between their corresponding bit labelings.



We obtain the simplified formulation below by relaxing the
minimization.
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where d (i, k) = min (2,h(z’, k)). The scaling factors d (i, k)
compel the optimized constellation to increase the distances
between points with bit labeling differing by more than 1
bit. Intuitively, the optimization process is forced to arrange
constellation points such that adjacent symbols differ by only
one bit in their labels.

While the Euclidean distance between two points is well
known as a convex function, it’s important to note that the
minimum of a set of convex functions, which constitutes the
objective function in this maximization problem, may not al-
ways be either convex or concave. Moreover, this optimization
problem does not have a unique optimal solution since a
rotation of any optimal solution results in another feasible
optimal solution. On the other hand, the gradient of the squared
Euclidean distance is an increasing function, which is not a
desirable property for a maximization problem, particularly
with gradient-based methods. So, we modify the formulation
of the optimization problem (9) by taking the natural logarithm
of the scaled squared Euclidean distance to yield:

max /(@) (10a)
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where 3 (z) and S (z) denotes the real and imaginary parts
of the complex number z respectively. Specifically, we have
Zoi—1 = R(s;) and x9; = T (s;). The cost function of this
optimization problem is differentiable concerning x;s, and its
partial derivatives can be expressed as

of(x) _ 2d(i k) (s
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The partial derivatives respect to x,; and z,;_, will be same
as ngE) and af ( ) except an additional negative sign. The

partial denvatlve ‘will be zero for all other x;s. The natural log-
arithm function is an increasing concave function that will give
smaller gradients when the scaled squared Euclidean distance

Algorithm 1 Constellation finding algorithm.
Input: £ eR*M >0, 2* =2, t=0,7T>0

QOutput: =*
1: repeat
2. 2t = g(®) 4 4V f (w(t));
% altth) o Yl
4 if f(2®V) > f(z*) then
5; x* +— g+,
6: t—t+1;
7 end if
g until t > T

is high. Intuitively, this is a desirable property for maximizing
the objective function with gradient-based methods.

The Algorithm [I]is used to solve the optimization problem
(I0). We let the binary representation of ¢ — 1 to be the bit
labeling of s;. We perform /2-normalization (Algorithm step
3) after the gradient update (Algorithm |1} step 2) to ensure
that the resulting constellation has the unit average energy
as constrained in (TOb). The basic mathematical optimization
problem (I0) can be efficiently solved for lower modulation
orders, i.e., M < 8. However, the dimensionality of the
problem is increasing rapidly with the modulation order. To
increase the efficiency in higher modulation orders, we utilize
the symmetrical properties of the I/Q plane. Specifically, we
only optimize constellation points in the first quadrant of the
I/Q plane and take the mirror images with respect to real and
imaginary axes to obtain the full constellation for M > 8. We
get the optimization problem

max min {g; (&), g2 ()} (12a)
mE]R%
M

s.t. 4 ix? =1 (12b)
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by introducing an additional cost function for this purpose.
The function g¢; (x) ensures that the minimum distance is
maintained even after we took mirror images to obtain the
final constellation while g2 () ensures the minimum distance
is maintained between the constellation points in the first quad-
rant. To maximize this modified cost function, Algorithm E] is
utilized with f () = min{g; (x), g2 ()} and substituting
% for M. Note that we take the binary representation of ¢ — 1
as the bit labeling of s;. Hence, after taking mirror images,
we only have to change the first two bits when obtaining the
bit labeling for the full constellation.



NUMBER OF LEARNABLE PARAMETERS.

TABLE I

DL-based E2E [[12

m M Tx Rx 112) Total Proposed
2 4 33922 85512 119434 8

3 8 34050 85641 119691 16

4 16 34178 85770 119948 8

5 32 34306 85899 120205 16

6 64 34434 86028 120462 32

7 128 34562 86157 120719 64

8 256 34690 86286 120976 128
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Fig. 2. Resulting constellations for M = 8.
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Fig. 3. Resulting constellation for M = 32. The first two bits of each label
are in red font. We change these bits when obtaining the bit mapping for the
full constellation.

IV. SIMULATION RESULTS
A. Simulation Setup

We obtained constellations via the optimization procedure
described in and trained an E2E system based on [12] for
modulation schemes with different M values. Specifically, we
use (I0) for M < 8 and (I2) for M > 8 as the cost function
when using Algorithm E] In our simulation, we let v = 1074,
T =10°% for M < 8and v =106, T = 10% for M > 8 in
Algorithm [T} Moreover, we utilize scaled and shifted versions
of learned constellations for % as initial points =(®) when
M > 8. A comparison of the number of learnable parameters
of the two approaches is given in Table[I] It can be observed
that the proposed gradient search algorithm has much fewer
learnable parameters than the DL-based E2E approach. This
characteristic of the gradient search algorithm makes it more

computationally efficient than the DL-based E2E approach.
It is worth noting that the E2E system is trained separately
for AWGN and Rayleigh channels, while the maximization
objective for obtaining the constellation is independent of the
channel model.

B. Signal Constellations

Fig. 2] shows the resulting constellations for both approaches
for M = 8. The red color points and bit labelings correspond
to the constellations obtained by solving the optimization
problem (I0). It can be observed that there is only a one-
bit difference in the bit labelings of the symbols that have
minimum distance separation. The blue color points and bit
labeling correspond to the resulting constellations of the output
of the transmitter network in the E2E system for M = 8. The
E2E system is trained for an AWGN channel, to which we give
randomly generated 128 batches of bit sequences as input.
Each of these batches contains bit sequences corresponding
to 128 3-bit symbols. The distortion in this constellation
points is due to the operation of the normalization layer.
This distortion restricts the performance of the E2E system
in higher modulation orders where the separation between
constellation points is low.

Fig. |3| shows the constellation obtained via the proposed
gradient search algorithm for M = 32. In this scenario, we
only learn the constellation in the first quadrant using the
modified cost function in (I2Z). The bit mapping for the full
constellation can easily be obtained by changing the first two
bits, i.e., 01, 11, and 10 for the second, third, and fourth
quadrants. It is observed that two symbols that have the
minimum distance across two quadrants are guaranteed to
have bit labeling that only differs from one bit. The only
difference in the bit labeling is due to the change of the first
two bits, which we changed to get the bit mapping for the
full constellation. All other bits in the bit labeling will be the
same for any two of such constellation points.

C. BER Performance

Fig. Aa] shows the BER comparison in an AWGN channel.
The E2E system and the constellation obtained via the pro-
posed approach outperform the XQAM constellation scheme
for M = 8. For all other M, the constellation obtained via
the gradient search algorithm has a closer performance to the
XQAM constellation than the E2E system. Moreover, the E2E
system starts to show an error floor behavior even in relatively
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Fig. 4. BER comparison in AWGN and Rayleigh flat fading channels. Solid lines correspond to constellations obtained via the proposed optimization approach,
dashed lines corresponds to attention empowered DL-based E2E system [12] and dotted lines corresponds to equivalent XQAM constellation.

lower SNRs when we increase the modulation order. Fig. {b]
shows the BER comparison in a Rayleigh channel. A similar
behavior can be observed again as in the AWGN channel.
However, in the Rayleigh channel, the error floor behavior
of the E2E system can be observed more clearly than in the
AWGN channel.

V. CONCLUSION

We presented an enhanced gradient search algorithm for
obtaining signal constellations with efficient bit mappings.
Furthermore, we leveraged the symmetrical properties of
the 1/Q plane to increase the efficiency of the optimization
procedure for higher modulation orders. The BER perfor-
mance of the signal constellation obtained by the proposed
algorithm is compared with that of an XQAM constellation
and an attention-empowered DL-based E2E communication
system. Comparisons have been carried out under AWGN and
Rayleigh flat fading channels. The constellation obtained via
the proposed algorithm gave better BER performance in both
channels without showing error floor behavior, as observed
with the DL-based E2E system.
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