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Abstract. The spread of content on social media is shaped by inter-
twining factors on three levels: the source, the content itself, and the
pathways of content spread. At the lowest level, the popularity of the
sharing user determines its eventual reach. However, higher-level factors
such as the nature of the online item and the credibility of its source also
play crucial roles in determining how widely and rapidly the online item
spreads. In this work, we propose the Bayesian Mixture Hawkes (BMH)
model to jointly learn the influence of source, content and spread. We
formulate the BMH model as a hierarchical mixture model of separable
Hawkes processes, accommodating different classes of Hawkes dynam-
ics and the influence of feature sets on these classes. We test the BMH
model on two learning tasks, cold-start popularity prediction and tempo-
ral profile generalization performance, applying to two real-world retweet
cascade datasets referencing articles from controversial and traditional
media publishers. The BMHmodel outperforms the state-of-the-art mod-
els and predictive baselines on both datasets and utilizes cascade- and
item-level information better than the alternatives. Lastly, we perform a
counter-factual analysis where we apply the trained publisher-level BMH
models to a set of article headlines and show that effectiveness of headline
writing style (neutral, clickbait, inflammatory) varies across publishers.
The BMH model unveils differences in style effectiveness between con-
troversial and reputable publishers, where we find clickbait to be notably
more effective for reputable publishers as opposed to controversial ones,
which links to the latter’s overuse of clickbait.

Keywords: Hawkes process · hierarchical model · mixture model

1 Introduction

Social media platforms have played an increasingly important role as distribution
hubs for content. In 2023, it was reported that 69% of the U.S. adult population
use social media as a news source [7], implying a significant shift in how infor-
mation is consumed. Understanding how content propagates on these platforms
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Fig. 1: An intuitive plate diagram for the BMH model. Left: The BMH model
is trained using a historical dataset: a collection of M publishers {ρ1, . . . , ρM},
items for each publisher (i.e. articles), and a set of diffusion cascades for each
item. Each diffusion cascade consists of a timeline of events, here represented by
a set of lollipops. Upper Right: The BMH is a publisher-level model that maps
cascade features (shown in blue color) and article features (in red color) to a
mixture of Hawkes processes. Lower Right: The trained BMH model (with the
historical follower count distribution) can be used to infer spread dynamics of
future articles based on their headlines.

– both the size and speed of dissemination – is vital since the impact is intrin-
sically tied to the level of online engagement the content receives. To command
attention in today’s digital age, it is not sufficient to craft high-quality content
alone, but rather high-quality content that resonates with social media.

The spread of content online is influenced by factors at varying levels. At
the lowest level, the breadth of a diffusion cascade, referring to the sequence of
content shares triggered by a user, often hinges on the user’s popularity as re-
flected by their follower count [1]. If a highly followed user shares an online item,
it reaches a broader audience, increasing the likelihood that it will be shared.
However, the cascade’s growth is not solely dependent on user popularity. The
nature and category of the shared content play crucial roles, as various topics
may engage audiences in different ways [27,32]. For news dissemination, the way
an article headline is written, particularly the use of clickbait tactics to create
an information gap to exploit the audience’s curiosity [33], significantly impacts
the total attention (i.e. popularity) the news article receives. Beyond cascade-
and item-level factors, the reputation of the online item’s source also affects how
widely and quickly information spreads [24]. An article from a reputable source
like The New York Times may spread more quickly and be taken more seriously
than an article from a controversial, lesser-known blog due to the former’s es-
tablished credibility. Accurately modeling diffusion cascades of online content
requires an approach that jointly considers these factors at different levels.
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In this work, we address two open questions related to jointly modeling the
influence of the source, item- and cascade-level factors on online content spread.

The first research question examines how these three levels influence the
spread of online content. While prior studies have explored the effects of cas-
cade features [30] and item-level variations [12], a comprehensive framework
that jointly considers the three levels has yet to be developed. Our first question
is: Can we build a model for the spread dynamics of online content
that accounts for the intertwining influence of its source, the content
itself, and cascade-level factors? To tackle this, we propose the Bayesian
Mixture Hawkes (BMH) model, a novel source-level hierarchical mixture model
of separable Hawkes processes that models diffusion cascades’ size and temporal
profile as a function of cascade- and item-level features. The left half of Fig. 1
showcases how the source-level BMH model learns across both the cascade and
item levels from a hierarchically structured dataset (i.e., a set of items, cascade
groups for each item, and feature sets attached to each). The BMHmodel is capa-
ble of learning different classes of Hawkes process dynamics, taking into account
the ability of online content to trigger varied responses, from highly popular to
largely unnoticed cascades, as well as those that fade quickly or diminish over
time. The BMH learns the influence of feature sets on these classes in two ways:
the location of each class in the Hawkes parameter space and the membership
probability of each cascade belonging to each class. The trained BMH model can
then be used to predict future items’ popularity and spread dynamics from the
same source (see the right half of Fig. 1). We test the BMH model on two hier-
archical retweet cascade datasets that reference articles from controversial and
reputable media publishers [12] and on two tasks: cold-start popularity predic-
tion and temporal profile generalization performance. We show that the BMH
outperforms the state-of-the-art in item popularity prediction (Dual Mixture
Model [12]), Empirical Bayes approach [30] and predictive baselines for both
tasks and datasets, and that the BMH model jointly leverages cascade- (i.e.,
the follower count of the seed user) and article-level (i.e., the article headline
embedding vector) information better than the benchmarks. Furthermore, our
model ablation highlights the role of the initiating user in shaping the cascade
dynamics related to controversial media, a factor less critical for cascades linked
to reputable media. This distinction mirrors the diverse pathways of online in-
formation dissemination: controversial media often circulate within topical social
groups [3,11], with the initial endorser serving to validate the content, while for
reputable media the publisher’s reputation is the most important factor.

Our second open question relates to learning differences in the spread dynam-
ics across news publishers: Can we uncover across-publisher differences
in how headline writing style (neutral, clickbait, inflammatory) affects
published content’s popularity and temporal profile? We run a counter-
factual analysis using the trained publisher-level BMH models and a labeled set
of article headlines [13] to show the variation of headline style effectiveness across
publishers. We find that the BMH model is able to capture nuanced publisher
behavior, such as the effectiveness of inflammatory headlines for tabloids. The
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BMH model also unveils differences in the success of clickbait between contro-
versial and reputable outlets, linking to existing research on clickbait fatigue and
the diminishing relationship between clickbait effectiveness and volume [33,17].

The main contributions of the work are as follows:

1. The Bayesian Mixture Hawkes (BMH) model1, a novel hierarchical mixture
model of the joint influence of cascade- and item-level features on online
item spread dynamics. On two news datasets, we show that the BMH out-
performs the state-of-the-art and baselines in cold-start popularity prediction
and temporal profile generalization performance.

2. A counter-factual analysis showing how headline writing style affects pub-
lished content’s spread dynamics. Using the BMH model we learn the dif-
ferences in the effectiveness of headlines across publishers and show general
trends across controversial and reputable media outlets.

Related Work. In recent years, generative models, and specifically the Hawkes
process [10], have been employed to model online information diffusion given
their dual predictive and interpretable capabilities [2,35,9,18]. However, the Hawkes
process cannot incorporate feature sets in its base form since it relies only on ob-
served temporal sequences to fit the model parameters. Numerous modifications
to incorporate feature sets have been proposed to enhance model fit and pre-
dictive capabilities. A hybrid approach introduced in [20] integrates the Hawkes
process with a scaling factor trained on cascade-level features to improve retweet
cascade size prediction. The Empirical Bayes (EB) method [30] utilizes historical
retweet sequences to link cascade features and the prior distribution of Hawkes
process parameters, leading to better forecasting. The parametric Hawkes pro-
cess [14] models the branching factor, i.e. the expected number of offsprings
from a parent event, as a linear combination of event-level features. Lastly, the
Tweedie-Hawkes process [15] improves on this by combining the Hawkes process
with the Tweedie distribution to more realistically model the effect of event-level
features on the branching factor. The proposed BMH model is a hierarchical
model and can incorporate two levels of feature sets: the cascade- and the item
(i.e., cascade-group)-level, which previous work does not cover.

Another relevant area is mixtures of point processes, employed when the data
is suspected to be generated from multiple dynamical classes (i.e., parameter
sets). In [34], the Hawkes process was combined with the Dirichlet distribution
to model clusters of cascades. An online learning framework was introduced in [8]
to fit mixtures of multivariate Hawkes processes to learn the interaction network
across a set of actors. [29] introduces a generative model for mixtures of more
complex point processes by using recurrent neural networks. Closest to our work
is the Dual Mixture Model (DMM) [12], a generative model for cascade groups.
Each cascade is sampled from a mixture of separable Hawkes processes learned
jointly with their mixture probabilities. To the best of our knowledge, including

1The Stan/CmdStanPy implementation of the BMH model is available at https:
//github.com/behavioral-ds/bayesian-mixture-hawkes/.

https://github.com/behavioral-ds/bayesian-mixture-hawkes/.
https://github.com/behavioral-ds/bayesian-mixture-hawkes/.
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feature sets into mixture models of point processes has not been explored: the
BMH model solves this by learning the influence of features on the mixture
components.

2 Preliminaries

We discuss two point process models that form the foundation of the BMH
model. Section 2.1 presents the Hawkes Process (HP) [10], a temporal point pro-
cess model that displays self-exciting behavior. Section 2.2 introduces the Dual
Mixture Model (DMM) [12], an approach to jointly model groups of cascades.
An introduction to Bayesian hierarchical modeling, which we employ to model
hierarchical data, is included in Section 1.3 of the Online Appendix [5].

2.1 Hawkes Process

The Hawkes process (HP) [10] is a temporal point process widely used to model
phenomena that display self-excitation, i.e., the likelihood of an event increases
as more events occur. The HP is specified using the conditional intensity function
λ(t|H), the event rate at any time t conditioned on the history H = {tj |tj < t}
of past events up to that point, i.e. λ(t|H) = µ +

∑N
j=1 α · g(t − tj |Θ). For

brevity, we drop the condition on the event history and write λ(t|H) as λ(t).
Under this parametrization, a Hawkes process HP(µ, α,Θ|g) is identified with
the parameters µ, α and g(·|Θ) : R+ → R+. The parameter µ ≥ 0 is the
arrival rate of events triggered by external sources, the branching factor α ≥ 0
is the expected number of offsprings generated by a single parent event which
controls the level of self-excitation from previous events, and the memory kernel
g(·|Θ)models the temporal decay of influence of previous events on future events
controlled by the parameter set Θ. In this work, we utilize the power law kernel
parametrized by Θ = {θ, d}, given by g(t|θ, d) = θ · dθ · (t + d)−(1+θ). Other
common choices for the memory kernel are the exponential kernel g(t|θ) = θ·e−θt
and the Reyleigh kernel g(t|θ) = e−

1
2 θ·t2 . We focus on the power law as it has

been shown in [20] to outperform these alternatives in popularity prediction. HP
estimation and prediction is discussed in detail in Sec. 1.1 of the Appendix [5].

Given a collection of complete cascades H = {Hi} where each Hi is com-
pletely observed (i.e. terminal time Ti →∞), and assuming no exogenous events
(i.e. µ = 0, which occurs for instance with Twitter retweet cascades, where
all retweets are considered to be spawned by the original tweet), the HP log-
likelihood L(α,Θ|H) splits into two log-likelihoods [12],

L(α,Θ|H) = L(α|H) + L(Θ|H), (1)

L(α|H) =
∑

Hi∈H
log
[
αNi−1e−Niα

]
, L(Θ|H) =

∑

Hi∈H

∑

tj∈Hi,j≥1
log

∑

tz<tj

g(tj − tz|Θ),

where we set Ni = |Hi|. Under this case, Hawkes process estimation splits into
two independent problems, hence the term separable Hawkes process. The first
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problem (popularity estimation) utilizes the cascade sizes {Ni} to estimate the
branching factor α by maximizing L(α|H). It was shown in [12] that maximizing
L(α|H) is equivalent to maximizing

∑
Hi∈H logB(Ni|α), where B(·|α) is the Borel

distribution [4]. The second problem (kernel estimation) uses the interevent-time
distribution T = {tj − tz}tz<tj ,tj∈H,H∈H to estimate Θ by maximizing L(Θ|H).

2.2 Dual Mixture Model

Maximizing Eq. (1) yields the best-fitting Hawkes parameter set {α,Θ}. How-
ever, this approach assumes that all cascades stem from a singular parameter
set, an assumption which may not hold if there are multiple dynamical classes of
cascade behavior. The Dual Mixture Model (DMM) [12] was proposed to model
a cascade group H with a mixture of K separable Hawkes processes of different
parameter sets to account for different dynamical classes. Under separability, the
DMM splits into two submodels: the Borel mixture model (BMM) for popular-
ity estimation and the kernel mixture model (KMM) for kernel estimation. The
BMM assumes that there exist K popularity classes accounting for the cascade
sizes {Ni}, where the ith class is represented by the branching factor α∗i with
probability pBi , i.e.MB = {(α∗i , pBi )}Ki=1. Similarly, the KMM assumes that there
are K kernel classes accounting for the interevent-time distribution T , where the
jth class is represented by the kernel parameter set Θ∗j with probability pgj , i.e.
Mg = {(Θ∗j , pgj )}Ki=1. The DMM is the Cartesian product of MB and Mg, i.e.
M = {(α∗i ,Θ∗j , pBi · pgj )|(α∗i , pBi ) ∈ MB , (Θ∗j , p

g
j ) ∈ Mg}. DMM estimation and

prediction is discussed in detail in Section 1.2 of the Online Appendix [5].

3 Bayesian Mixture Hawkes (BMH) Model

In this section, we develop the Bayesian Mixture Hawkes (BMH) model, a hi-
erarchical mixture model of separable Hawkes processes to learn the effect of
cascade-level and item-level features on cascade spread dynamics. We first de-
scribe the dataset structure that the BMH model is tailored to handle, then
discuss the BMH model’s objectives and the approach we adopt to address each.
We then present the two components of the BMH: the popularity submodel in
Section 3.1 and the kernel submodel in Section 3.2.

Assume that we are given the following dataset. First, we have a collection
of items, denoted as A, from a shared source ρ, where each item a ∈ A is
characterized by the feature vector −→y a ∈ RNy . If ρ is a news publisher, then
A can represent a collection of news articles and −→y a the embedding vector for
article a’s headline. Second, we have a set of complete cascades Ha for each
item a ∈ A, where cascade Hac ∈ Ha has size Nac, interevent distribution
T ac, and is described by the feature vector −→x ac ∈ RNx . In our news example,
Ha can represent discussions on Twitter related to article a, which we obtain by
collecting all retweet cascades initiated with a tweet linking article a’s URL. The
feature vector −→x ac can be taken as the follower count of the cascade’s initiator.
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Table 1: Summary of important quantities and notation.
Parameter Interpretation Real-World Mapping

a/A item/s produced by source ρ news article/s from publisher ρ
Hac/Ha cascade/s related to item a retweet cascade/s for article a
−→y a item-level features of a headline embedding for article a
Na item popularity of a overall tweet count for article a
−→x ac cascade-level features of Hac # followers of Hac seed user
Nac cascade size of Hac
T ac intereevent-time distribution of

Hac
(αac,Θac) HP parameter set generating Hac

τac1/2 diffusion half-life of Hac
Kα/KΘ # of BMH-P/-K classes
zacα,k/z

ac
Θ,k class k membership probability

δα,k/δθ,k baseline logit(α), log(θ) for class k
δzα,k/δzΘ,k baseline class k mem. probability
−→γ α,k/−→γ θ,k effect of −→y a on class k center
−→γ zα,k/−→γ zΘ,k effect of −→y a on class k mem. prob.−→
β α,k/

−→
β θ,k effect of −→x ac on class k center−→

β zα,k/
−→
β zΘ,k effect of −→x ac on class k mem. prob.

We model the generative process of Hac using a separable power-law HP with
parameter set (αac,Θac), i.e. Hac ∼ HP(αac,Θac|g). We construct the BMH as
a model for (αac,Θac) with three goals: (1) jointly learn across the item set A,
(2) learn the relationship between −→y a and (αac,Θac), and (3) learn the link
between −→x ac and the same parameters. We handle goal (1) by using a two-level
Bayesian hierarchical model to jointly fit across each item a ∈ A and to tie
together cascade- and item-level information. For goals (2) and (3), we consider
a mixture of separable HPs with Kα classes for αac and KΘ classes for Θac.
We learn the influence of −→y a and −→x ac on {αac,Θac} through the centers and
membership probabilities of the Kα popularity classes and KΘ kernel classes.

Due to the separability of the underlying HP, the BMH divides into two
independent models: (1) BMH-P, the popularity submodel for αac, and (2) BMH-
K, the kernel submodel forΘac. Table 1 lists the notation for important variables
in the BMH and the mapping to real-world quantities in the datasets in Section 4.

3.1 BMH-P, the Popularity Submodel

The branching factor αac is modeled as the mixture random variable

logit(αac) = δaα,k +
−→γ α,k · −→y a, (2)

with membership probability zacα,k (k = 1, . . . ,Kα),

zacα,k =
exp(δazα,k +

−→
β azα,k ·

−→x ac +−→γ zα,k · −→y a)
∑Kα
k′=1 exp(δazα,k′ +

−→
β azα,k′ ·

−→x ac +−→γ zα,k′ · −→y a)
. (3)
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Fig. 2: Plate diagram of the BMH-P model. Shaded nodes are observables while
empty nodes are latent variables. Paired colored edges indicate source nodes ap-
pearing as a product in the target node. For instance, the green edges indicate
that −→γ α,k and −→y a appear as −→γ α,k ·−→y a in the expression for αac in Eq. (2). The
same concept holds for the blue and red edges. Edges marked with * indicate
dependence of the target node on the source node indexed with k and the entire
set {1, · · · ,Kα}. For instance, in Eq. (3) zacα,k depends on

−→
β azα,k (see the numer-

ator) and
−→
β azα,k′ for k

′ ∈ {1, · · · ,Kα} (see the denominator).

The intercept δaα,k in Eq. (2) sets the centering of logit(αac) for popularity class

k. In Eq. (3), we designate k = 1 as the reference class (i.e. δazα,1 =
−→
β azα,1 =

−→γ zα,1 = 0); parameters for k > 1 control deviation from class k = 1. The
intercept δazα,k controls the baseline proportion of class k’. The influence of item
features on logit(αac) and class k membership are estimated by −→γ α,k and −→γ zα,k ,
respectively, while the influence of cascade features on class k membership is
estimated by

−→
β azα,k . Note that −→γ α,k,−→γ zα,k are shared across A while

−→
β azα,k is

estimated per a.
For brevity, we collect the parameter vector specific to item a as −→p aα =

[δaα,1, . . . , δ
a
α,Kα

, δazα,2 , . . . , δ
a
zα,Kα

,
−→
β azα,2 , . . . ,

−→
β azα,Kα ]

ᵀ. We link item a with A by
assuming that −→p aα is drawn from a source-level multivariate normal (MVN)
distribution with mean −→p α and covariance matrix Σα,

−→p aα ∼ MVN (−→p α, Σα) , Σα = Dα ·Ωα ·Dα, Dα = diag(σ−→p α), (4)

where Ωα is a correlation matrix and σ−→p α is a vector of standard deviations
corresponding to −→p α.

The plate diagram for the BMH-P model is shown in Fig. 2. Variable pairs
that appear as a product term are colored green, red and blue in Eqs. (2) and (3),
visualized in Fig. 2 as source nodes with green, red and blue edges.
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Inference and Prediction. Let Pα be the parameter set for the BMH-P model.
From the set of cascade sizes {Nac}Hac∈Ha,a∈A, we estimate the posterior distri-
bution P(Pα|{Nac}ac) ∝ exp(L(Pα|{Nac}ac)) · P(Pα), where P(Pα) is the prior
for Pα and L(Pα|{Nac}ac) is the log-likelihood of Pα given the cascade sizes
(derived in Section 2.2 of the Online Appendix [5]). Informative priors have to
be set on {δα,k, δzα,k} to identify the Kα classes in the α parameter space. δα,k
and δzα,k identify the center and baseline proportion of the kth class, respec-
tively. Weakly informative priors are set for the other parameters in Pα. We
implement1 the BMH-P model in Stan[6], which uses the No-U-Turn Sampler
(NUTS), a Hamiltonial Monte Carlo technique, to sample the posterior distribu-
tion P(Pα|{Nac}ac). We use CmdStanPy [31] to run Stan code through Python.

Using the average cascade count for items in A, denoted as Ĉρ, and the
empirical distribution of the cascade feature vector −→x ac, denoted as f̂ρ(x), the
fitted BMH-P model can be used to estimate the cold-start popularity N̂a∗ of
an out-of-sample item a∗ with feature vector −→y a∗ :

N̂a∗ ≈ Ĉρ ·
∞∑

x=0

Kα∑

k=1

za
∗,c
α,k ·

(
δa
∗
α,k +

−→γ α,k · −→y a
∗) · f̂ρ(x), (5)

where we assume that −→x ac = x ∈ N (see Section 2.2 of the Appendix [5]).

3.2 BMH-K, the Kernel Submodel

Under the power-law, the kernel parameter set generatingHac isΘac = [θac, dac]ᵀ.
We model Θac as a pair of mixture random variables taking the value

log(θac) = δaθ,k +
−→γ θ,k · −→y a, log(dac) = δad,k (6)

with probability zacΘ,k (k = 1, . . . ,KΘ), where

zacΘ,k =
exp(δazΘ,k +

−→
β azΘ,k ·

−→x ac +−→γ zΘ,k · −→y a)
∑KΘ

k′=1 exp(δazΘ,k′ +
−→
β azΘ,k′ ·

−→x ac +−→γ zΘ,k′ · −→y a)
. (7)

In Eq. (7) we designate k = 1 as the reference class (i.e. δazΘ,1 =
−→
β azΘ,1 =

−→γ zΘ,1 = 0).

Let−→p aΘ,k = [δaθ,k, δ
a
d,k]

ᵀ and−→p azΘ =
[
δazΘ,2,, . . . , δ

a
zΘ,KΘ

,
−→
β azΘ,2 , . . . ,

−→
β azΘ,KΘ

]ᵀ
.

The complexity of estimating two parameters (i.e. θac, dac) makes it challeng-
ing to estimate a joint source-level MVN distribution as we did for BMH-P. To
simplify, we assume independence of (δaθ,k, δ

a
d,k) across classes. For each kernel

class k, we assume −→p Θ,k is drawn from a source-level MVN distribution with
mean −→p Θ,k = [δθ,k, δd,k]

ᵀ and covariance matrix ΣΘ,k. Lastly, we assume −→p azΘ
is drawn from an MVN distribution with mean −→p zΘ and covariance matrix ΣzΘ .

−→p aΘ,k ∼ MVN (−→p Θ,k, ΣΘ,k) , ΣΘ,k = DΘ,k ·ΩΘ,k ·DΘ,k, DΘ,k = diag(σ−→p Θ,k
)

−→p azΘ ∼ MVN (−→p zΘ , ΣzΘ ) , ΣzΘ = DzΘ ·ΩzΘ ·DzΘ , DzΘ = diag(σzΘ ),
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(cascade level)
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Fig. 3: Plate diagram of the BMH-K model. Shaded nodes are observables while
empty nodes are latent variables. Paired colored edges indicate source nodes
appearing as a product in the target node. For instance, the green edges indicate
that −→γ θ,k and −→y a appear as the product −→γ θ,k · −→y a in the expression for θac in
Eq. (6). The same concept holds for the blue and red edges. Edges marked with
* indicate dependence of the target node on the source node indexed with k and
the entire set {1, · · · ,KΘ}. For instance, in Eq. (7) zacΘ,k depends on

−→
β azΘ,k (see

the numerator) and
−→
β azΘ,k′ for k

′ ∈ {1, · · · ,KΘ} (see the denominator).

where σ−→p Θ,k
, σ−→p zΘ are standard deviation vectors and ΩΘ,k, ΩzΘ are correlation

matrices.
The plate diagram for the BMH-K model is shown in Fig. 3. Variable pairs

that appear as a product term are colored green, red and blue in Eqs. (6) and (7),
visualized in Fig. 3 as source nodes with green, red and blue edges.

Inference and Prediction. Let PΘ be the parameter set for the BMH-K
model. From the interevent-time distributions {T ac}ac, we estimate the posterior
distribution P(PΘ|T ac) ∝ exp(L(PΘ|{T ac}ac) · P(PΘ). The log-likelihood of
PΘ given {T ac}ac is derived in Section 2.3 of Online Appendix [5]. Informative
priors have to be set on {δθ,k, δd,k, δzΘ,k} to identify the KΘ classes in the (θ, d)
parameter space. (δθ,k, δd,k) and δzΘ,k identify the center and baseline proportion
of the kth class, respectively. Weakly informative priors are set for the other
parameters in PΘ. Similar to the BMH-P model, we implementt1 the BMH-
K model in Stan and CmdStanPy to sample from the posterior distribution
P(PΘ|T ac).
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Table 2: Statistics of the predictive evaluation datasets.
CNIX − Fit CNIX − Test RNIX − Fit RNIX − Test

#publishers 41 41 28 28
#articles 72,009 40,506 2,682 18,116
#cascades 4,620,509 1,874,729 244,596 460,504
#tweets 42,546,067 18,235,185 1,573,909 5,139,967

The BMH-K model predicts the half-life τ̂a
∗

1/2 of an out-of-sample item a∗ as
(see Section 2.3 of the Online Appendix [5]),

τ̂a
∗

1/2 ≈
∞∑

x=0

KΘ∑

k=1

za
∗,c

Θ,k · eδ
a∗
d,k ·

[
2exp (δa

∗
θ,k+

−→γ θ,k·−→y a
∗
) − 1

]
· f̂ρ(x). (8)

4 Predictive Evaluation

In this section, we introduce two evaluation datasets (Section 4.1) and assess
the BMH model’s performance on two tasks: cold-start popularity prediction
(Section 4.2) and temporal profile generalization performance (Section 4.3), i.e.
evaluating the likelihood of the interevent distribution of future cascades.

4.1 Datasets

We use two datasets from [12] for predictive evaluation, consisting of collections
of Twitter retweet cascades that link articles from online news sources. The Con-
troversial News Index (CNIX ) dataset consists of retweet cascades mentioning
articles from 41 online news publishers known for controversial content, such as
https://www.breitbart.com/. Conversely, the Reputable News Index (RNIX )
follows the same structure as the CNIX dataset but gathers cascades linked
to articles from 28 reputable publishers, such as https://www.news.com.au/.
The tweets for both datasets were collected by the QUT Digital Media Research
Centre by retrospectively querying the Twitter search endpoint for URL men-
tions of the articles between June 30, 2017 and Dec 31, 2019. In Table 1 we link
quantities in these datasets with variables in the BMH model.

Both CNIX and RNIX are temporally split into Fit (i.e. training) and Test
(i.e. evaluation) datasets. The first contains tweets published from Jun 30, 2017
to Jan 1, 2019, while the second contains tweets from Feb 1, 2019 to Dec 31, 2019.
A one-month gap between Fit and Test ensures that cascades in the training
data are finished before the test period. Table 2 shows summary statistics.

We use the standardized 32-D embedding of a’s headline (i.e. PCA-reduced,
all-MiniLM-L6-v2 [26]) as our article feature vector −→y a, and the standardized
log-follower count of the cascade’s seed user as the cascade feature vector −→x ac.

https://www.breitbart.com/
https://www.news.com.au/
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4.2 Cold-Start Popularity Prediction

Our first task is evaluating the ability of the BMH-P model to predict cold-start
popularity of unpublished content. With publisher ρ’s trained BMH-P model, we
predict the future popularity Na∗ of an out-of-sample article a∗ with Eq. (5). To
guide the selection of the number of mixture components Kα, we fit the BMM
to each publisher in RNIX. We observe that the BMM-fitted {αai } distribution
is bimodal, corresponding to clusters of popular and unpopular cascades. See
Section 3.1 of the Appendix [5] for full details. Using this result, we fit a BMH-P
model for each publisher in CNIX and RNIX in Stan with the hyperparameter
Kα = 2. The full set of priors for the BMH-P model is listed in Section 3.2 of
the Appendix [5]. Note that we use a Laplace prior on −→γ α,1,−→γ α,2,−→γ zα,2 to
impose regularization given the high dimensionality of the article feature vector
(|−→y a| = 32) we consider.

To evaluate the predictive power of −→x ac and −→y a, apart from the full model as
developed in Section 3.1 (which we call α(−→y a)+z(−→x ac,−→y a)) we fit three simpler
variants of BMH-P: (1) α(−→y a) + z(−→y a), where we set −→x ac = 0 in Eq. (3); (2)
α(∅) + z(−→y a), where set −→x ac = 0 in Eq. (3) and −→y ac = 0 in Eq. (2); and (3)
α(∅) + z(∅), where we set −→x ac = 0 in Eq. (3) and −→y ac = 0 in Eqs. (2) and (3).

We compare the performance of the BMH-P model to three approaches: (1)
the DMM [12], (2) the empirical Bayes (EB) approach [30], and (3) feature-based
cascade-size (CR) regression models (i.e. a neural network with one hidden layer
of 100 nodes) built using scikit-learn [25]. For EB and CR, we fit two variants:
one using only article features (i.e. EB(y) and CR(y)) and another using both
cascade and article features (i.e. EB(x,y) and CR(x,y)). We report the Average
Relative Error (ARE) over the set of articles in the Test datasets. Let Na and
N̂a be the actual and predicted popularity of article a, then ARE(a) = |N̂a−Na|

Na .

Results. In the top half of Table 3, we summarize cold-start popularity pre-
diction performance of the model variants for CNIX/RNIX. In both datasets
the variants with only article-level features −→y a and without the cascade-level
features −→x ac show minimal performance gain (RNIX) or even worse perfor-
mance (CNIX) over the no-feature α(∅)+z(∅) model. The full model α(−→y a)+
z(−→x ac,−→y a) significantly outperforms each simpler variant, highlighting the im-
portance of the seed user’s popularity as a predictor of final popularity [1].

We compare the performance of the best-performing BMH-P model with
the benchmarks in the top row of Fig. 4(a) and Fig. 4(b). We can see that the
BMH-P model outperforms each benchmark based on median performance. We
note that in each task, the benchmarks that only have article features (CR(y)
and EB(y)) outperform the corresponding benchmarks that also include cascade
features (CR(x, y) and EB(x, y)). However, our ablation results show that the
best-performing BMH-P model includes both the cascade and article features.
This implies that the added structure of the BMH-P model jointly leverages the
article- and cascade-level information better than the benchmarks.
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Table 3: Popularity prediction and generalization results. We show the median
(25th, 75th quantiles) for BMH with different feature components removed. Lower
ARE/NLL mean better performance. The best score across variants is in bold.
Popularity (ARE) CNIX RNIX

α(∅) + z(∅) 0.707 (0.334, 1.513) 0.644 (0.335, 0.921)
α(∅) + z(−→y a) 0.708 (0.336, 1.497) 0.666 (0.339, 1.033)
α(−→y a) + z(−→y a) 0.738 (0.370, 1.316) 0.643 (0.325, 0.953)
α(−→y a) + z(−→x ac,−→y a) 0.646 (0.313, 0.935) 0.635 (0.342, 0.932)

Generalization (NLL) CNIX RNIX

θ(∅) + z(∅) -3.841 (-5.293, -2.717) -2.564 (-3.231, -2.031)
θ(∅) + z(−→y a) -3.782 (-4.873, -2.683) -2.550 (-3.226, -1.988)
θ(−→y a) + z(−→y a) -3.649 (-4.816, -2.617) -2.689 (-3.492, -2.117)
θ(−→y a) + z(−→x ac,−→y a) -4.013 (-5.766, -2.714) -2.645 (-3.450, -2.063)

4.3 Temporal Profile Generalization Performance

Our second task is evaluating the performance of the BMH-K model in captur-
ing the inter-arrival distribution of future cascades of unpublished articles. Given
publisher ρ’s trained BMH-Kmodel, we calculate the log-likelihood L(PΘ|{T a

∗c})
of the inter-arrival distribution {T a∗c} of an unpublished article a∗.

To guide the selection of the number of mixture components KΘ, we fit the
KMM to each publisher in RNIX. We observe that the KMM-fitted {θai , daI} dis-
tribution is trimodal, corresponding to clusters of usual, slow- and fast-diffusing
cascades cascades. See Section 3.1 of the Appendix [5] for full details. Using this
result, we fit a BMH-K model for each publisher in CNIX and RNIX in Stan
with the hyperparameter KΘ = 3. The full set of priors for the BMH-K model
is listed in Section 3.3 of the Appendix [5]. Note that we use a Laplace prior on−→γ Θ,2,

−→γ Θ,3,
−→γ zΘ,2 ,−→γ zΘ,3 to impose regularization given the high dimensional-

ity of the article feature vector (|−→y a| = 32) we consider.
In addition to the full BMH-K model developed in Section 3.2 (which we call

θ(−→y a) + z(−→x ac,−→y a)) we fit three progressively simpler variants analogous to
the ablation for the BMH-P model: θ(−→y a) + z(−→y a), θ(∅) + z(−→y a), and θ(∅) +
z(∅). To evaluate performance, we calculate the loglikelihood L(PΘ|{T ac}) of
inter-arrival times {T ac}a∈A over articles in the Test datasets. Since we are
evaluating on likelihood, we use generative models as benchmarks: the DMM,
EB(y), EB(x,y), and publisher-level joint HP (see Sec. 1.1 of the Appendix [5]).

Results. In the lower half of Table 3, we see that for CNIX each addi-
tional model component improves the log-likelihood, and that the full model
α(−→y a) + z(−→x ac,−→y a) has the best performance. For RNIX we observe that the
variant without the seed user follower count, i.e., θ(−→y a) + z(−→y a), has the best
performance. This finding suggests that in cascades related to reputable media
articles, the seed user is not as influential in determining how long a cascade
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Fig. 4: Predictive performance for (a) CNIX and (b) RNIX. The dots indicate
the median and the error bars give the 25th/75th quantiles. We compare the
BMH with the DMM [12], EB [30], cascade-size (CR) models, and the joint HP.

unfolds. In contrast, for controversial media articles, the seed user plays a sig-
nificant role. We posit this is because the more fringe messaging in controversial
media spreads through topical social groups (like conspiracy theorists, QAnon
sympathizers and far-right supporters) [3,11]. As a result, the first endorser is
particularly important to legitimize content within the group. This is in contrast
with the publicizing of traditional media articles on social media, where the most
important factor is the publisher’s reputation. In the bottom row of Fig. 4(a)
and Fig. 4(b), we see that similar to the popularity prediction task, the BMH-K
model outperforms all benchmarks on median performance for both datasets.

5 What-If? Headline Style Profiling

This section performs a counter-factual analysis to show that BMH successfully
captures the relationship between headline writing style (i.e. neutral, clickbait
or inflammatory) and content popularity and half-life. We run a ‘What-If?’ ex-
periment, taking headlines of different writing styles and using the trained BMH
models to infer how these headlines would perform under different publishers.

We utilize HEADLINES, a dataset of 1, 227 article headlines collected us-
ing the news aggregation platform The Daily Edit [13]. The headlines come from
four topics (Top Stories, Australia, Finance, and Climate Change) and six me-
dia sources (Daily Telegraph, Sky News, Sunday Morning Herald, The Guardian,
news.com.au). Each headline was examined and sorted into one of three cate-
gories based on its informational and emotional content: neutral (N=727), click-
bait (N=438) and inflammatory (N=62). Neutral headlines are detailed and
appropriate, avoiding unnecessary information or emotive language, e.g. ‘Aus-
tralia’s top military officer in the UK speaks ahead of Queen’s funeral.’ Click-
bait lacks informational and/or emotive quality without being misleading or in-
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Fig. 5: (a) Distribution of predicted half-life log τ̂a1/2 vs. cascade size log N̂a for
each article in HEADLINES using the news.com.au BMH model. (b and c)
Probability that an article performs better than the publisher average, for each
headline style across CNIX and RNIX: (b) cascade size N̂a; (c) half life τ̂a1/2.

flammatory, often designed to attract attention, e.g. ‘Bizarre sight spotted amid
Aussie floods.’ Inflammatory headlines contain unnecessary details, often on se-
rious topics, and may include inappropriate emotional language or details that
reinforce negative stereotypes, e.g. ‘Absolutely disgraceful’: AFL fans blasted.’

We use the trained publisher-level BMH models in Section 4 to predict per-
formance of article headlines for each publisher in CNIX and RNIX: expected
cascade size (Eq. (5)) (setting Ĉρ = 1) and half-life (Eq. (8)). We use the
variants that include only item features (i.e. α(−→y a) + z(−→y a) for BMH-P and
θ(−→y a) + z(−→y a) for BMH-K) since cascade features are not available in this
counter-factual setting.

Results. We apply the trained the BMH-P/-K models of each publisher ρ in
{CNIX,RNIX} to each of the 1, 227 article headlines in HEADLINES to in-
fer the article’s peformance if it were published under ρ. We summarize the pre-
dictions with a publisher-level performance heatmap (log N̂a vs. log τ̂a1/2), where
we differentiate the performance of neutral, clickbait and inflammatory headlines
by aggregating the predictions of each headline style as contour plots. Fig. 5a ex-
emplifies the performance heatmap for the RNIX publisher news.com.au. For
this news source, we see that inflammatory headlines appear to have much higher
popularity than neutral or clickbait headlines, while there is not much difference
in half-life across headline styles. This is somewhat expected, as this publisher
is known for its tabloid tendencies, focusing on “celebrity gossip, travel, lifestyle,
sport, business, technology, money, and real estate”, according to Media Bias
Fact Check (MBFC) [19]. MBFC also rates its factual reporting as “MOSTLY
FACTUAL” due to the occasional use of poor sources. We observe differences
in the patterns for the headline styles across publishers (see Section 4.1 of the
Online Appendix [5]), implying that effective headlines for one publisher might
not be effective for another, and that the BMH model learns these differences.

news.com.au
news.com.au
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To summarise the differences across the categories CNIX and RNIX, we
compute the probability that each headline performs better – has a larger pre-
dicted cascade size or longer predicted half-life based on the BMH– than the
publisher average based on the publisher’s historical data. In Figs. 5b and 5c we
show the distribution of these probabilities for each category and headline style.

We have three observations for the popularity probabilities in Fig. 5b. First,
we see that for CNIX, neutral headlines are effective (i.e. median better-than-
average probability > 50%). In contrast, clickbait headlines are ineffective (i.e.
median better-than-average probability < 50%). We link this result to the known
inverse U-shaped relationship between clickbait volume and audience engage-
ment [33], where too little or too much clickbait leads to suboptimal attention,
suggesting the existence of a sweet spot for clickbait use. The over-prevalence of
clickbait in controversial media outlets results in clickbait fatigue among readers
[17], leading to diminished effectiveness of clickbait headlines observed in Fig. 5b.

Second and interestingly, we see that for RNIX clickbait tends to perform
better than neutral headlines. This is explained by Rony et al [28], who show
that traditional news-oriented media consist of only 22% clickbait headlines while
unreliable media consists of 39% clickbait based on a large sample of headlines.
Since reputable media publishers have lower clickbait volume than controver-
sial outlets, they are closer to the sweet spot for clickbait usage, retaining its
effectiveness for drawing audience engagement. We do see a larger variance for
clickbait for RNIX compared to CNIX, suggesting that clickbait effectiveness
is inconsistent and may not resonate universally, linking to the fact that clickbait
strategies are only successful with certain audience segments [21].

Third, we observe large variance of performance for inflammatory headlines
in both categories, indicative of the polarizing nature of this headline style.
Inflammatory headlines tend to perform better in controversial outlets.

For the half-life probabilities (Fig. 5c), we see similar results, except that
neutral headlines in both categories have higher half-life than clickbait, demon-
strating the ephemerality of clickbait [16] irrespective of where it is published.

6 Conclusion and Future Work

This paper proposes the Bayesian Mixture Hawkes (BMH) model, a hierarchical
mixture model of Hawkes processes capable of learning the influence of item-
and cascade-level features on spread dynamics. We demonstrate the applicabil-
ity of the BMH model on two retweet cascade datasets that reference articles
from reputable and controversial online news sources and show that the BMH
model outperforms benchmark models in cold-start popularity prediction and
temporal profile generalization performance. We apply the trained BMH models
to a dataset of article headlines written in different headline styles and show
differences in performance of headline styles across reputable and controversial
outlets.
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Limitations and Future Work. We use the Hawkes process as the building
block of the BMH model since it does not require the branching structure of
diffusion cascades for inference. This choice is driven by data limitations on
Twitter, where the branching structure of content shares is not accessible.

We propose two improvements. First, the BMH model assumes that α and Θ
depend only on cascade- and content-level features. We can allow α andΘ to vary
per event by including event-level features, which can be achieved by using the
parametric Hawkes process [14] or Tweedie-Hawkes [15]. Second, the BMH model
assumes a fixed number of popularity/kernel classes, obtained empirically by pre-
fitting with the DMM. We can learn the manifest number of components directly
from the data by assuming an infinite number of components via nonparametric
Bayesian methods, such as using a Dirichlet Process prior [22].

We aim to develop the BMH model as a cold-start headline optimization tool
by combining it with generative AI (e.g. ChatGPT [23]). The system would work
in a ‘generate-then-evaluate’ loop, where headlines are generated automatically
by ChatGPT and then we apply the BMH model to rank the generations.
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1 Background Material

1.1 Hawkes Process

Inference. Given a cascade H of length N , i.e. an ordered collection of time
stamps {ti}Ni=1 observed until some terminal time T ≥ tN , we can estimate
the parameters of the Hawkes process (µ∗, α∗,Θ∗) that generated the data by
maximizing the log-likelihood function,

L(µ, α,Θ|H = {tj}Nj=1) =

N∑

j=1

log λ(tj ;µ, α,Θ)−
∫ T

0

λ(s;µ, α,Θ)ds. (1)

This approach can be extended to the case of a collection of cascades H =
{Hi}, where the best-fitting Hawkes process is obtained by maximizing the sum
of the log-likelihood functions,

L(µ, α,Θ|H) =
∑

Hi∈H
L(µ, α,Θ|Hi). (2)

Prediction. The fitted Hawkes process can be leveraged to predict the cascade
size N̂ of a new cascade H ∈ H:

N̂ = E[N |α] = logit(α). (3)

1.2 Dual Mixture Model

Inference. Given the pre-defined number of componentsK, we obtain the Borel
mixture model MB by maximizing the following log-likelihood function,

LBMM =
∑

Hi∈H
log

K∑

k=1

pBk B(Ni|α∗k). (4)
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Note that the DMM is not formulated as a Bayesian model in [2] and the
Expectation-Maximization (EM) algorithm [4] is employed to maximize LBMM .
Similarly, the kernel mixture model Mg is obtained by applying the EM algo-
rithm to the kernel log-likelihood

LKMM =
∑

Hi∈H
log

K∑

k=1

pgkf
g(Hi|Θ∗k), (5)

where f(Hi|Θ) =
∏
tj∈Hi

∑
tz<tj

g(tj − tz|Θ).

Cold Start Popularity Prediction. Assume that we are given a collection
of related cascade groups {Ha}a∈A. For instance, suppose A is a set of news
articles from a common online publisher ρ and Ha is the set of retweet cascades
discussing article a. Give a yet-to-be-published article a∗ 6∈ A, we wish to model
its popularity N̂a∗ by learning from historical data {Ha}a∈A.

To do this, we can construct a publisher-level popularity modelMB
ρ by fitting

an independent BMMMB
a (withKa classes) to each Ha and then collecting these

as a mixture MB
ρ over A, i.e.,

MB
ρ =

⋃

a∈A
MB
a =

⋃

a∈A

{(
αa1 ,

pB,a1

|A|

)
, . . . ,

(
αaKa ,

pB,aKa

|A|

)}
, (6)

where (αai , p
B,a
i ) ∈ MB

a . We can estimate the cold-start popularity of a new
article a∗ as

N̂a∗ = Ĉρ · EMB
ρ
[logit(α)] = Ĉρ ·

∑

a∈A

Ka∑

i=1

logit(αai ) ·
pB,ai

|A| , (7)

where Ĉρ is an estimate of the cascade count of article a∗, which we can take as
the average cascade count of articles in A.

1.3 Bayesian Hierarchical Modeling

Let θ be a parameter set of a generative process P and D be a sample from P.
Bayesian inference involves (1) quantifing our prior belief on θ through a prior
distribution P(θ), which could be uninformative or based on expert opinion, and
then (2) updating P(θ) using the data D, with the likelihood function L(D|θ)
serving as our weight on θ. Our result is the posterior distribution P(θ|D), which
combines our beliefs on θ based on our prior and the data:

P(θ|D) ∝ L(D|θ) · P(θ). (8)

One advantage of Bayesian inference is its ability to accommodate the hi-
erarchical structure of our dataset. For example, suppose that we have N data
points {xi} which are sampled from some generative model P(θ). Additionally,
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we are given information that each data point belong to one of m related groups.
We can handle this information in three ways.

First, we ignore it and assume that all groups are drawn from the same
generative model, i.e. xi ∼ P(θ). This approach ignores variability across groups.

Second, we assume that the groups are independent from one another and
fit a separate θj for each group, i.e. xi ∼ P(θj). This approach ignores the fact
that the groups are related.

The third approach, Bayesian hierarchical modeling, offers a compromise
between these two by allowing variation across groups. Here, we assume that
each group j has its own θj parameter, and xj[i] ∼ P(θj), where j[i] is read as
‘the group data point i belongs to’. We assume that {θj} are not independent
but are samples from a group-level distribution Q parametrized by a group-
level parameter θgroup, i.e. θj ∼ Q(θgroup). Under this hierarchical framework,
Q(θgroup) acts a prior for each parameter θj . Specifying a prior distribution
for θgroup completes the Bayesian hierarchical model. Our posterior is a joint
distribution over each group’s parameter θj and the group-level parameter θgroup.

2 Additional Material for Main Text Section 3

2.1 Complete Table of Notation

In Table 1 we show the full set of notation, BMH model parameters, their inter-
pretation and real-world mapping.

2.2 BMH-P Model

Assumptions. In Main Text Eqs. (2) and (3) we assume that the item-level
features ~ya influence the location (i.e. mean) and membership probability of each
popularity class k, while the cascade-level features ~xac influence only the mem-
bership probability. As a concrete example, if we have two popularity classes
(popular and unpopular), A being a set of articles, ~ya being the headline em-
bedding vector of article a, and ~xac the follower count of the initiator of cascade
c, our assumptions imply how large a cascade will turn out to be (Main Text
Eq. (2)) is influenced only by article content ~ya, but whether a cascade will be
popular or not is influenced by both article content ~ya and follower count ~xac.
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Likelihood Function. The log-likelihood of Pα given the set of cascade sizes
{Nac}ac can be derived as:

L(Pα|{Nac}ac) = logP({Nac}ac|Pα)
= log

∏

a∈A

∏

Hac∈Ha
P(Nac|Pα)

= log
∏

a∈A

∏

Hac∈Ha
P(Nac|αac)

(a) = log
∏

a∈A

∏

Hac∈Ha
B(Nac|αac)

(b) = log
∏

a∈A

∏

Hac∈Ha

Kα∑

k=1

zacα,k · B(Nac|inv-logit(δaα,k + ~γα,k · ~ya))

=
∑

Hac∈Ha,a∈A
log

Kα∑

k=1

zacα,k · B(Nac|inv-logit(δaα,k + ~γα,k · ~ya)),

where in (a) we use the fact that the cascade size of a Hawkes process is Borel-
distributed with parameter αac and in (b) we note that the BMH-P model
specifies aac as a mixture over the Kα classes, weighted by the membership
probabilities {zacα,k}.

Cold-Start Popularity. First, from our dataset A, compute Ĉρ as the average
cascade count for an article in A and f̂ρ(~x

ac|~ya) as the empirical probability
density of the cascade feature vector ~xac given item feature vector ~ya.

Second, from Main Text Eq. (4) we draw the parameter set ~pa∗α for the out-
of-sample item a∗. Consider an arbitrary cascade c of item a∗ with feature vec-
tor ~xa

∗c. The expected cascade size of c is given by the expectation of Main
Text Eq. (2) over the Kα popularity classes Eza∗cα,k

[E[Na∗c]|~xa∗c, ~ya∗ ]. Since c

is arbitrary, we need to average ~xa
∗c out. Hence, our expected cascade size is

E~xa∗cEza∗cα,k

[
E[Na∗c]|~xa∗c, ~ya∗

]
. Our estimate N̂a∗ of item a∗’s popularity is then

given by

N̂a∗ = Ĉρ · E~xa∗cEza∗cα,k

[
E[Na∗c]|~xa∗c, ~ya∗

]

= Ĉρ · E~xa∗cEza∗cα,k

[
logit(αa

∗c)|~xa∗c, ~ya∗
]

(a) = Ĉρ · E~xa∗c
Kα∑

k=1

za
∗,c
α,k ·

(
δa

∗
α,k + ~γα,k · ~ya

∗)

(b) = Ĉρ ·
∫ Kα∑

k=1

za
∗,c
α,k ·

(
δa

∗
α,k + ~γα,k · ~ya

∗) · fρ(~xa
∗c|~ya∗) · d~xa∗c

(c) ≈ Ĉρ ·
∫ Kα∑

k=1

za
∗,c
α,k ·

(
δa

∗
α,k + ~γα,k · ~ya

∗) · f̂ρ(~xa
∗c) · d~xa∗c,
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where in (a) we use the fact that the BMH-P model specifies aac as a mixture
over the Kα classes, weighted by the membership probabilities {zacα,k}, in (b) we
marginalize over the unobserved cascade-level features ~xa

∗c in a cold-start setup,
and in (c) we use the simplification fρ(~xac|~ya) ≈ f̂ρ(x) as detailed in the main
text.

To simplify this expression, we impose two additional assumptions on the
feature vectors. First, assume our cascade feature vector is one-dimensional,
discrete and nonnegative (for instance, this may be the follower count of the
seed user). This simplifies our probability density f̂ρ(~xac|~ya) into a probability
mass function over x ∈ N ∪ {0}, converting the integral over ~xac into a sum.
Second, in practice we usually will not have enough variance across ~ya to build
f̂ρ(~x

ac|~ya) reliably, and so we assume that ~xac is independent of ~ya. These two
assumptions allow us to write f̂ρ(~xac|~ya) ≈ f̂ρ(x). Our expression simplifies to

N̂a∗ ≈ Ĉρ ·
∞∑

x=0

Kα∑

k=1

za
∗,c
α,k ·

(
δa

∗
α,k + ~γα,k · ~ya

∗) · f̂ρ(x), (9)

2.3 BMH-K Model

Assumptions. In Main Text Eqs. (6) and (7), we assume that the item-level
features ~ya influence the location of θac and not dac. We found that including
influence of item-level features ~ya on both parameters leads to identifiability
issues in the BMH-K model. We assume ~ya influence the location (i.e. mean)
and membership probability of each popularity class k, while the cascade-level
features ~xac influence only the membership probability. As a concrete example,
if we have two kernel classes (slow and fast), A being a set of articles, ~ya being
the headline embedding vector of article a, and ~xac the follower count of the
initiator of cascade c, our assumptions imply the speed at which a cascade will
diffuse (Main Text Eq. (6)) is influenced only by article content ~ya, but whether
a cascade will be slow or fast is influenced by both article content ~ya and follower
count ~xac.
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Likelihood Function. The log-likelihood of PΘ given the set of interevent-time
distributions {T ac}ac is

L(PΘ|{T ac}ac) = logP({T ac}ac|PΘ)

(a) = log
∏

Hac∈Ha,a∈A


 ∏

tj∈Hac,j≥1

∑

tz<tj

g(tj − tz|θac, dac)




(b) = log
∏

Hac∈Ha,a∈A
f(Hac|θac, dac)

(c) = log
∏

Hac∈Ha,a∈A

[
KΘ∑

k=1

zacΘ,k · f(Hac|eδ
a
θ,k+~γθ,k·~ya , eδ

a
d,k)

]

=
∑

Hac∈Ha,a∈A
log

KΘ∑

k=1

zacΘ,k · f(Hac|eδ
a
θ,k+~γθ,k·~ya , eδ

a
d,k),

where in (a) we make use of the likelihood for the interevent-time distribu-
tion for separable Hawkes processes as derived in [2], in (b) we set f(H|θ, d) =∏
tj∈H

∑
tz<tj

g(tj − tz|θ, d), and in (c) we use the fact that the BMH-K model
specifies Θac as a mixture over the KΘ classes, weighted by the membership
probabilities {zacΘ,k}.

Half-Life Prediction. Under the BMH-K model, the half-life of an out-of-
sample item a∗ can be expressed as

τ̂a
∗

1/2 = E~xa∗cEza∗cΘ,k

[
τa

∗
1/2|~xa

∗c, ~ya
∗]

(a) = E~xa∗cEza∗cΘ,k

[
da

∗c · (2θa
∗c − 1)|~xa∗c, ~ya∗

]

(b) = E~xa∗c
KΘ∑

k=1

za
∗,c

Θ,k · eδ
a∗
d,k ·

[
2exp (δa

∗
θ,k+~γθ,k·~ya

∗
) − 1

]

(c) ≈
∞∑

x=0

KΘ∑

k=1

za
∗,c

Θ,k · eδ
a∗
d,k ·

[
2exp (δa

∗
θ,k+~γθ,k·~ya

∗
) − 1

]
· f̂ρ(x),

where in (a) we use the expression for the half-life of a Hawkes process under the
power law g(t) = θ ·dθ · (t+d)−(1+θ) (i.e. by solving τ1/2 such that

∫ τ1/2
0

g(t)dt =
1
2 ), in (b) we use the fact that the BMH-K model specifies Θac as a mixture
over the KΘ classes, weighted by the membership probabilities {zacΘ,k}, and in
(c) we marginalize over the unobserved cascade-level features ~xa

∗c and use the
simplification fρ(~xac|~ya) ≈ f̂ρ(x) as detailed in the main text.
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Fig. 1: Distribution of DMM-estimated logit(α) across RNIX publishers. We
note the bimodality of the distribution, with the modes corresponding to low
and high cascade sizes. Based on this observation we set Kα = 2 for the BMH-P
model.

3 Additional Material for Main Text Section 4

3.1 Selection of Kα and KΘ

To guide the selection of the number of mixture components for the BMH-P (i.e.
Kα) and BMH-K (i.e. KΘ) models in Main Text Section 4, we fit the DMM [2]
to each publisher in RNIX. Given that the EM algorithm is very sensitive to
initial conditions, we use 10 random EM initializations and select the output
that yields the highest log-likelihood.

We collect the distribution of parameter estimates for logit(α) across pub-
lishers in Fig. 1. We see two modes for α, corresponding to cascade groups with
low and high sizes, prompting us to set Kα = 2 in Main Text Section 4.

We collect the distribution of parameter estimates for (log(c), log(θ)) across
publishers in the upper plot of Fig. 2, where we see three modes for the kernel
parameters. From the lower plot of Fig. 2, we can interpret these modes as
belonging to usual, fast and slow cascade groups, prompting us to set KΘ = 3
in Main Text Section 4.

3.2 Prior Specification for the BMH-P Model

The full set of priors for the BMH-P model implementation is given below. Infor-
mative priors are set for δα,1, δα,2, δzα,2 based on the observations in Section 3.1.
Weakly informative priors are set for the other parameters. We use a Laplace
prior on ~γα,1, ~γα,2, ~γzα,2 to impose regularization given the high dimensionality
of the article feature vector (|~ya| = 32) we consider.
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Fig. 2: (a) Distribution of DMM-estimated (log(c), log(θ)) across RNIX publish-
ers. We observe the trimodality of the distribution, with the modes corresponding
to usual (labeled 1), slow (labeled 2) and fast (labeled 3) cascades. Based on this
observation we set KΘ = 3 for the BMH-K model. (b) In the top plot, we show
samples of the power law kernel g for the three classes. In the bottom plot, we
show the distribution of cascades for each class.

δα,1 ∼ N (−2, 0.5)
δα,2 ∼ N (2, 0.5)

δzα,2 ∼ N (−1.39, 0.5)
~βzα,2 ∼ N (0, 0.1)

~γα,1, ~γα,2, ~γzα,2 ∼ Laplace(0, 0.01)
Ωα ∼ LKJCorr(2)

σδα,1 , σδα,2 , σδzα,2 ∼ N (0, 1)

σ~βzα,2
∼ N (0, 0.1)

3.3 Prior Specification for the BMH-K Model

The full set of priors for the BMH-K model implementation is given below.
Informative priors are set for δθ,1, δd,1, δθ,2, δd,2, δθ,3, δd,3, δzΘ,2 , δzΘ,3 based on
the observations in Section 3.1. Weakly informative priors are set for the other
parameters. We use a Laplace prior on ~γΘ,2, ~γΘ,3, ~γzΘ,2 , ~γzΘ,3 to impose regular-
ization given the high dimensionality of the article feature vector (|~ya| = 32) we
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consider. For ΩΘ,1, ΩΘ,2, ΩΘ,3, we set a LKJCorr(0.5) prior (i.e. higher weights
on the tails of [0,1]) as (θ, d) for any given Hawkes fit are correlated.

δθ,1 ∼ N (−0.41, 0.5)
δd,1 ∼ N (−1.37, 1)
δθ,2 ∼ N (4, 0.5)

δd,2 ∼ N (4.805, 0.5)

δθ,3 ∼ N (4, 0.5)

δd,3 ∼ N (1, 0.5)

δzΘ,2 , δzΘ,3 ∼ N (−2, 1)
~βzΘ,2 ,

~βzΘ,3 ∼ N (0, 0.1)

~γΘ,2, ~γΘ,3, ~γzΘ,2 , ~γzΘ,3 ∼ Laplace(0, 0.01)
ΩΘ,1, ΩΘ,2, ΩΘ,3 ∼ LKJCorr(0.5)

ΩzΘ ∼ LKJCorr(2)
σδθ,1 , σδθ,2 , σδθ,3 , σδd,1 , σδd,2 , σδd,3 , σδzΘ,2 , σδzΘ,3 ∼ N (0, 1)

σ~βzΘ,2
, σ~βzΘ,3

∼ N (0, 0.1)

3.4 Implementation Details.

We use the Python implementation of Stan [1] to run both the BMH-P and BMH-
K models. We run for 4 chains, adapt delta set to 0.9, 500 warmup iterations
and 500 post-warmup iterations. To speed up convergence we implement non-
centered parametrization [3] for each of the normally distributed priors.

4 Additional Material for Main Text Section 5

4.1 Performance Heatmaps for CNIX and RNIX

We show performance heatmaps for a selection of CNIX publishers in Fig. 3
and RNIX publishers in Fig. 4. Note the different patterns of which headline
style works for each publisher, implying that the BMH model picks up subtle
differences of what is effective across publishers.

References

1. Carpenter, B., Gelman, A., Hoffman, M.D., Lee, D., Goodrich, B., Betancourt,
M., Brubaker, M., Guo, J., Li, P., Riddell, A.: Stan: A probabilistic programming
language. Journal of statistical software 76(1) (2017)



10 P. Calderon and M.A. Rizoiu

2. Kong, Q., Rizoiu, M.A., Xie, L.: Describing and predicting online items with reshare
cascades via dual mixture self-exciting processes. In: Proceedings of the 29th ACM
International Conference on Information & Knowledge Management. pp. 645–654
(2020)

3. Papaspiliopoulos, O., Roberts, G.O., Sköld, M.: A general framework for the
parametrization of hierarchical models. Statistical Science pp. 59–73 (2007)

4. Tomasi, C.: Estimating gaussian mixture densities with em–a tutorial. Duke Uni-
versity pp. 1–8 (2004)



Supplementary Material: Bayesian Mixture Hawkes 11

Table 1: Table of Notation.
Parameter Interpretation Real-World Mapping

Source-Level
ρ source of items news publisher
A set of items produced by ρ news articles from publisher ρ
fρ(·) follower count distribution
Ĉρ cascade count estimate

Item-Level
a ∈ A item produced by ρ news article
Ha set of cascades related to item a retweet cascades for article a
~ya item-level features headline embedding for article a
Na item popularity overall tweet count for article a
τa1/2 content half-life

Cascade-Level
Hac ∈ Ha cascade related to item a retweet cascade for article a

~xac cascade-level features follower count of seed user
Nac cascade size
τac1/2 cascade half-life
T ac intereevent-time distribution
αac Hawkes branching factor
Θac Hawkes kernel parameters

BMH-P
Kα # of BMH-P mixture classes
~γα,k effect of ~ya on center of class k
~γzα,k effect of ~ya on membership proba-

bility of class k
δaα,k/δα,k item-/ publisher-level baseline

value of logit(α) for class k
~βaα,k/~βα,k effect of ~xac on center of class k
zacα,k mem. probability for class k

δazα,k/δzα,k item-/ publisher-level mem. prob.
softmax baseline for class k

~βazα,k/
~βzα,k effect of ~xac on membership proba-

bility for class k
~paα/~pα item-/ pub.-level parameter vector
Σα/Ωα cov./ corr. matrix for ~pα
BMH-K
KΘ # of BMH-K mixture classes
~γθ,k effect of ~ya on center of class k
~γzΘ,k effect of ~ya on membership proba-

bility of class k
δaθ,k/δθ,k item-/ publisher-level baseline

value of log(θ) for class k
~βaθ,k/~βθ,k effect of ~xac on center of class k
zacΘ,k mem. probability for class k

δazΘ,k/δzΘ,k item-/ publisher-level mem. prob.
softmax baseline for class k

~βazΘ,k/
~βzΘ,k effect of ~xac on membership proba-

bility for class k
~paΘ,k/~pΘ,k item-/ pub.-level kernel parameter

baseline values for class k
~pazΘ/~pzΘ item-/ pub.-level membership

probability parameters for class k
ΣΘ,k/ΩΘ,k cov./ corr. matrix for ~pΘ,k
ΣzΘ/ΩzΘ cov./ corr. matrix for ~pzΘ
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Fig. 3: Peformance heatmaps for a selection of CNIX publishers.
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Fig. 4: Peformance heatmaps for a selection of RNIX publishers.
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