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a b s t r a c t 

The time-dependent resilience of an in-service aging structure provides quantitative measure of the structural 

ability to prepare for, adapt to, withstand and recover from disruptive events. Resilience models have been 

proposed in the literature to evaluate the resilience of aging structures subjected to discrete load processes, 

which are, however, not applicable to handle resilience problems considering continuous load processes. In this 

paper, a new method is developed to evaluate the time-dependent resilience of aging structures subjected to 

a continuous load process. The proposed method serves as the complement of the existing resilience models 

addressing discrete load processes, and takes into account the aging effects of the structural resistance/capacity 

and the nonstationarity in loads as a result of climate change. A structure suffers from a damage state upon the 

occurrence of an upcrossing of the load effect with respect to the resistance/capacity, leading to the reduction of 

the performance function, followed by a recovery process that restores the performance. The proposed method 

enables the time-dependent resilience to be evaluated via a closed form solution. It is also revealed that, the 

proposed resilience model takes an extended form of the existing formula for upcrossing-based time-dependent 

reliability, thus establishing a unified framework for the two quantities. The applicability of the proposed method 

is demonstrated through examining the time-dependent resilience of a residential building subjected to wind load. 

The effects of key factors on resilience, including the nonstationarity and correlation structure of the load process, 

as well as the resistance/capacity deterioration scenario, are investigated through an example. In particular, the 

structural resilience would be overestimated if ignoring the potential impacts of climate change, which is a 

relatively non-conservative evaluation. 
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1 More precisely, this paper considers quadratic mean continuous processes 
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. Introduction 

In-service engineering structures (e.g., bridges, and power plants) are

xpected to provide sufficient serviceability during their service lives,

hysically supporting modern societies’ functionalities. However, these

tructures often suffer from the degradation of properties (e.g., strength,

nd stiffness) triggered by aggressive environmental attacks [1–4] . It is

sually difficult or even impossible to predict the structural serviceabil-

ty over a future service period in a deterministic manner, due to the

ncertainties arising from the structural properties and external load ef-

ects. In this context, reliability and resilience have been two powerful

ndicators to measure structural serviceability in a probabilistic sense.

he former evaluates the occurrence probability of a limit state (e.g., the

oad effect does not exceed the resistance) being violated [5,6] , while

he later (resilience) refers to the structural ability to prepare for, adapt

o, withstand and recover from disruptive events [7,8] . In particular,

he two quantities – reliability and resilience – are dependent on the

ime period of interest, and thus are known as time-dependent relia-

ility and time-dependent resilience accordingly to reflect such depen-

ence (In this paper, the term “time-dependent ” refers to the depen-

ence of a quantity on a time interval , which is distinguished from the
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erm “time-variant ” emphasizing the instantaneous variation of a quan-

ity with time). 

There are many types of load processes that can be modeled by a

ontinuous stochastic process 1 , which is the focus of this paper. Due to

he potential impacts of climate change [10] , the load process may dis-

lay nonstationary characteristics (e.g., an increasing trend of intensity),

hich should be incorporated in the assessment of structural serviceabil-

ty. For example, the increased likelihood of extreme waves as a result of

ea level rise in a changing climate has been projected in recent studies

11–13] . In terms of future winds, it was shown in [14] that, structures

t the East Coast of Australia may experience higher gust hazard com-

ared with the design values as a result of climate change. 

The evaluation methods for reliability have been relatively well doc-

mented in the literature. In [15] , a closed form solution was derived

or the time-dependent reliability assessment of aging structures sub-

ected to a Gaussian load process. In the presence of other (general)

ypes of load stochastic processes, Wang et al. [16] extended the Nataf

ransformation method, which was initially developed for discrete cor-
QMCP), defined as follows (see definition in, e.g., [9] ). For a second-order pro- 

ess { 𝑆( 𝑡 )} , if the mean value of [ 𝑆( 𝑡0 + ℎ ) − 𝑆( 𝑡0 )]2 evaluated at any time 𝑡0 
pproaches 0 as ℎ → 0 , then 𝑆( 𝑡 ) is deemed as a QMCP. 
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Fig. 1. Upcrossing-based reliability and resilience for a reference period of 

[0 , 𝑡𝑙 ] . (a) Reliability. (b) Resilience. 
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elated random variables, to convert the non-Gaussian load process to a

aussian one, with which the original reliability solution [15] becomes

pplicable. Other types of transformation methods (e.g., [17] ) have also

een applied to convert non-Gaussian load processes. Compared with

he reliability methods, the resilience assessment of a structure addi-

ionally takes into account the post-hazard recovery process of struc-

ural performance. In [18] , the time-dependent resilience of an aging

tructure was quantified through the accumulative performance losses

o lifetime hazards, employing a renewal-reward process to model the

ime-variation of performance. In [19] , the time-dependent resilience

or aging structures in the presence of a discrete load process was stud-

ed. This work was later generalized in [20] to account for the effect of

ultiple post-hazard damage states on resilience. However, these mod-

ls are not applicable when considering a continuous load process. 

In this paper, a new method is developed to evaluate the time-

ependent resilience of an aging structure subjected to a continuous

oad process, taking into account the impacts of climate change and

he time-variation of structural resistance/capacity. The occurrence of

n upcrossing (i.e., the load effect exceeds the resistance/capacity) re-

ults in structural damage/failure state, followed by a recovery process

f structural performance. This yields a closed form solution for struc-

ural time-dependent resilience, which takes a generalized form of time-

ependent reliability. An illustrative example is presented in this paper

o demonstrate the applicability of the proposed resilience method. The

ffects of key affecting factors on resilience are investigated through sen-

itivity analysis. In particular, it is demonstrated that, if ignoring the po-

ential impacts of climate change, the resilience will be underestimated,

hich is a nonconservative evaluation of structural serviceability. 

. Upcrossing ‐based time ‐dependent reliability 

In this section, the assessment method for time-dependent reliability

s reviewed. This serves as a basis for the further comparison between

eliability and resilience, as will be addressed in the next section. 

Consider the reliability of an aging structure over a reference period

f [0 , 𝑡𝑙 ] subjected to a stochastic load process 𝑆( 𝑡 ) . As shown in Fig. 1 (a),

et 𝑟 ( 𝑡 ) be the time-variant resistance at time 𝑡 , which degrades with time

s a result of external environmental attacks. Here, 𝑟 ( 𝑡 ) is a deterministic

rocess, written in a lower case, whose uncertainty will be addressed

ater. The time-variation of resistance can be modeled by a deterioration

unction 𝑔( 𝑡 ) [21] , i.e., 𝑟 ( 𝑡 ) = 𝑟 (0) ⋅ 𝑔( 𝑡 ) . An “upcrossing ” is deemed to

ccur if 𝑆( 𝑡 ) exceeds 𝑟 ( 𝑡 ) , which results in a failure state. The limit state

f the structure is that, the load process 𝑆( 𝑡 ) does not exceed 𝑟 ( 𝑡 ) at any

ime within the considered interval [0 , 𝑡𝑙 ] . With this, the time-dependent

eliability, Rel ( 𝑡𝑙 ) , is evaluated as follows, 

el ( 𝑡𝑙 ) = Pr ( 𝑟 ( 𝑡 ) ≥ 𝑆( 𝑡 ) , ∀𝑡 ∈ [0 , 𝑡𝑙 ]) (1)

n which Pr( ) denotes the probability of the event in the brackets.

ased on Eq. (1) , the failure probability, 𝑝𝑓 ( 𝑡𝑙 ) , is evaluated by 𝑝𝑓 ( 𝑡𝑙 ) =
 − Rel ( 𝑡𝑙 ) = Pr ( 𝑟 ( 𝑡 ) < 𝑆( 𝑡 ) , ∃𝑡 ∈ [0 , 𝑡𝑙 ]) . Let 𝜈+ ( 𝑡 ) be the occurrence rate

f upcrossings at time 𝑡 , and 𝑁( 𝑡𝑙 ) the number of upcrossings during

0 , 𝑡𝑙 ] . For structures with a low probability of failure 2 , the sequence of

pcrossings can be described by a Poisson point process, with which the

robability mass function (PMF) of 𝑁( 𝑡𝑙 ) is as follows, 

r ( 𝑁( 𝑡𝑙 ) = 𝑛 ) = 1 
𝑛 ! 

{ 

∫
𝑡𝑙 

0 
𝜈+ ( 𝑡 ) 𝑑𝑡

} 𝑛 

exp 
{ 

−∫
𝑡𝑙 

0 
𝜈+ ( 𝑡 ) 𝑑𝑡

} 

, 𝑛 = 0 , 1 , 2 , …

(2) 
2 For example, if a structure is designed according to the ASCE standard 7–22 

22] , the target reliability index has a typical range of 2.5–4.5 for a reference 

eriod of 50 years, yielding a failure probability between 3 . 4 × 10−6 and 6 . 2 ×
0−3 over 50 years. 

s

𝜈

21
ased on Eq. (2) , the reliability over [0 , 𝑡𝑙 ] equals the probability of

( 𝑡𝑙 ) = 0 (i.e., no upcrossing occurs), with which 

el ( 𝑡𝑙 ) =
(
1 − 𝑝0 

)
⋅ exp 

{ 

−∫
𝑡𝑙 

0 
𝜈+ ( 𝑡 ) 𝑑𝑡

} 

(3)

here 𝑝0 denotes the probability of failure at the initial time. Gener-

lly, one can treat the computation of 𝑝0 as a time-invariant reliability

roblem, with which some well-established methods (e.g., first-order

eliability method) are applicable. For specific cases where 𝑝0 takes an

xtremely small value, and the structural failure is dominated by the

esistance deterioration and/or nonstationary load effects, one can ap-

roximate Eq. (3) as follows, 

el ( 𝑡𝑙 ) = exp 
{ 

−∫
𝑡𝑙 

0 
𝜈+ ( 𝑡 ) 𝑑𝑡

} 

(4)

The expression for the upcrossing rate, 𝜈+ ( 𝑡 ) , is evaluated as follows

y referring to Fig. 1 (a), 

lim 

𝑡 →0 
𝜈+ ( 𝑡 ) 𝑑𝑡 = Pr 

{
𝑟 ( 𝑡 ) > 𝑆( 𝑡 )

⋂
𝑟 ( 𝑡 + 𝑑𝑡 ) < 𝑆( 𝑡 + 𝑑𝑡 )

}
= ∫

∞

𝑟̇ ( 𝑡 ) 

[
𝑆̇ ( 𝑡 ) − 𝑟̇ ( 𝑡 )

]
𝑓𝑆𝑆̇ 

[
𝑟 ( 𝑡 ) , 𝑆̇ ( 𝑡 )

]
𝑑𝑆̇ ( 𝑡 ) 𝑑𝑡 

(5) 

here the dot over a variable refers to the derivative with respect to

ime, and 𝑓𝑆𝑆̇ is the joint probability density function (PDF) of 𝑆( 𝑡 ) and
̇
 ( 𝑡 ) . Eq. (5) further yields the following (known as the Rice’s formula

23] ), 

+ ( 𝑡 ) = ∫
∞

𝑟̇ ( 𝑡 ) 

(
𝑆̇ ( 𝑡 ) − 𝑟̇ ( 𝑡 )

)
𝑓𝑆𝑆̇ 

(
𝑟 ( 𝑡 ) , 𝑆̇ ( 𝑡 )

)
𝑑𝑆̇ ( 𝑡 ) (6)

n Eq. (6) , if 𝑆( 𝑡 ) a Gaussian process with a mean value of 𝜇𝑆 ( 𝑡 ) and a

tandard deviation 𝜎𝑆 ( 𝑡 ) at time 𝑡 , it follows that [15] , 

+ ( 𝑡 ) = 

𝜎𝑆̇ |𝑆 ( 𝑡 ) 
𝜎𝑆 ( 𝑡 ) 

𝜙

( 

𝑟 ( 𝑡 ) − 𝜇𝑆 ( 𝑡 ) 
𝜎𝑆 ( 𝑡 ) 

) 

⋅
[ 
𝜙

( 

𝑟̇ ( 𝑡 ) − 𝜇𝑆̇ |𝑆 ( 𝑡 ) 
𝜎𝑆̇ |𝑆 ( 𝑡 ) 

) 

−
𝑟̇ ( 𝑡 ) − 𝜇𝑆̇ |𝑆 ( 𝑡 ) 

𝜎𝑆̇ |𝑆 ( 𝑡 ) Φ
( 

−
𝑟̇ ( 𝑡 ) − 𝜇𝑆̇ |𝑆 ( 𝑡 ) 

𝜎𝑆̇ |𝑆 ( 𝑡 ) 
) ] 

(7) 
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here Φ( ) and 𝜙( ) are the cumulative distribution function (CDF) and

DF of a standard normal distribution respectively, 𝜇𝑆 ( 𝑡 ) and 𝜎𝑆 ( 𝑡 ) are

he mean values and standard deviations of 𝑆( 𝑡 ) , 𝜇𝑆̇ |𝑆 ( 𝑡 ) and 𝜎𝑆̇ |𝑆 ( 𝑡 ) are

he conditional mean values and standard deviations of 𝑆̇ ( 𝑡 ) on 𝑆( 𝑡 ) ,
hich are determined as follows, 

𝑆̇ |𝑆 ( 𝑡 ) = 𝜇𝑆̇ ( 𝑡 ) + 𝜌𝑆𝑆̇ ( 𝑡, 𝑡 )
𝜎𝑆̇ ( 𝑡 ) 
𝜎𝑆 ( 𝑡 ) 

[ 𝑟 ( 𝑡 ) − 𝜇𝑆 ( 𝑡 )] (8)

𝑆̇ |𝑆 ( 𝑡 ) = 𝜎𝑆̇ ( 𝑡 ) ⋅
√ 

1 − 𝜌2 
𝑆𝑆̇ 

( 𝑡, 𝑡 ) (9)

here 𝜌𝑆𝑆̇ ( 𝑡, 𝑡 ) is the correlation coefficient between the stochastic pro-

ess 𝑆( 𝑡 ) and its derivative 𝑆̇ ( 𝑡 ) , and 𝜎𝑆̇ ( 𝑡 ) is the standard deviation of
̇
 ( 𝑡 ) . 

For a specific case where 𝑆( 𝑡 ) has a time-invariant standard devi-

tion of 𝜎𝑆 ( 𝑡 ) ≡ 𝜎𝑆 , we introduce 𝑆0 ( 𝑡 ) = 𝑆( 𝑡 ) − 𝜇𝑆 ( 𝑡 ) , which is a sta-

ionary Gaussian process with zero-mean and a constant standard de-

iation of 𝜎𝑆 . With this regard, let 𝑆̇0 ( 𝑡 ) be the derivative of 𝑆0 ( 𝑡 ) ,
hich is statistically independent of 𝑆0 ( 𝑡 ) , and has a time-invariant

tandard deviation of 𝜎𝑆̇ . Focusing on an equivalent form of Eq. (1) ,

el ( 𝑡𝑙 ) = Pr ([ 𝑟 ( 𝑡 ) − 𝜇𝑆 ( 𝑡 )] ≥ 𝑆0 ( 𝑡 ) , ∀𝑡 ∈ [0 , 𝑡𝑙 ]) , Eq. (7) becomes 

+ ( 𝑡 ) = 

𝜎𝑆̇ 

𝜎𝑆 
𝜙

( 

𝑟 ( 𝑡 ) − 𝜇𝑆 ( 𝑡 ) 
𝜎𝑆 

) 

⋅
[ 
𝜙

( 

𝑟̇ ( 𝑡 ) − 𝜇𝑆̇ ( 𝑡 ) 
𝜎𝑆̇ 

) 

−
𝑟̇ ( 𝑡 ) − 𝜇𝑆̇ ( 𝑡 ) 

𝜎𝑆̇ 
Φ
( 

−
𝑟̇ ( 𝑡 ) − 𝜇𝑆̇ ( 𝑡 ) 

𝜎𝑆̇ 

) ] 
(10) 

Recall that Eq. (7) has been derived based on a Gaussian load process

( 𝑡 ) . For other types of load processes (e.g., a lognormal process), one

an transform 𝑆( 𝑡 ) into a Gaussian one, so that Eq. (7) applies. For ex-

mple, based on the concept of Nataf transformation method [24–26] ,

t follows that, 

r [ 𝑟 ( 𝑡 ) − 𝑆( 𝑡 ) > 0] = Pr 
{
Φ−1 [𝐹𝑆( 𝑡 ) ( 𝑟 ( 𝑡 ))

]
− 𝑉 ( 𝑡 ) > 0

}
(11)

here 𝐹𝑆( 𝑡 ) is the CDF of 𝑆( 𝑡 ) , and 𝑉 ( 𝑡 ) = Φ−1 [𝐹𝑆( 𝑡 ) ( 𝑆( 𝑡 ))
]
. In such a way,

he reliability problem is equivalent to that for a structure with a time-

ariant resistance of Φ−1 [𝐹𝑆( 𝑡 ) ( 𝑟 ( 𝑡 ))
]

subjected to a standard Gaussian

oad process 𝑉 ( 𝑡 ) [16] . In this context, Eq. (7) becomes applicable. 

Recall that in Eq. (4) , a deterministic resistance has been considered

written as 𝑟 ( 𝑡 ) ). If further taking into account the uncertainty associ-

ted with the resistance deterioration process, one can employ the law

f total probability to modify the reliability method in Eq. (4) . For in-

tance, if the initial resistance, 𝑅 (0) is a random variable with a PDF of

𝑅 (0) ( 𝑟 ) (note that 𝑅 (0) is involved in the expression of 𝜈+ ( 𝑡 ) ), the time-

ependent reliability is evaluated as follows, 

el ( 𝑡𝑙 ) = ∫
∞

0 
exp 

{ 

−∫
𝑡𝑙 

0 
𝜈+ ( 𝑡 ) 𝑑𝑡

} 

𝑓𝑅 (0) ( 𝑟 ) 𝑑𝑟 (12)

. Proposed upcrossing ‐based model for time ‐dependent 

esilience 

The aim of this section is to extend the existing method for time-

ependent reliability to evaluate the time-dependent resilience of aging

tructures. As shown in Fig. 1 (b), in the context of resilience, the em-

hasis is on the time-variation of the performance function, denoted by

 ( 𝑡 ) , which takes a value between 0 and 1. For a reference period of

0 , 𝑡𝑙 ] , the time-dependent resilience, Res ( 𝑡𝑙 ) , is evaluated based on 𝑄 ( 𝑡 )
s follows [27] , 

es ( 𝑡𝑙 ) = 𝜇

[ 
exp 

( 

1 
𝑡𝑙 ∫

𝑡𝑙 

0 
ln 𝑄 ( 𝜏) 𝑑𝜏

) ] 
(13)

n which 𝜇( ) denotes the mean value of the variable in the brackets.

n accompanying item is called “nonresilience ”, which equals 1 minus

esilience and may be used in some occasions for convenience. 

Conditional on the occurrence of an upcrossing at time 𝑡 , the struc-

ure suffers from a damage/failure state, resulting in the reduce of per-

ormance function from 1 (full serviceability) to a percentage 𝑞 ( 𝑡 ) ∈
𝑟 

22
0 , 100%] , as shown in Fig. 1 . This is followed by a recovery process of the

erformance function supported by the availability of resources. Note

hat 𝑄 ( 𝑡 ) is a stochastic process, given the uncertainties associated with

he occurrence times of upcrossings, the recovery processes, and other

actors. Thus, the resilience in Eq. (13) was assessed by taking the mean

alue of the right-hand part, yielding a scalar varying within [0,1]. Fur-

hermore, it provides an efficient approach for resilience assessment if a

losed form solution for Eq. (13) is available. This motivates the deriva-

ion of an explicit, upcrossing-based resilience method in the following.

.1. Time ‐dependent resilience considering a survival ‐failure state 

In this section, the resilience of a repairable structure over a ser-

ice period of [0 , 𝑡𝑙 ] considering upcrossing-induced failure states is dis-

ussed. At time 𝑡 ∈ (0 , 𝑡𝑙 ) , due to the occurrence of an upcrossing, the

tructural performance degrades from 1 (full serviceability) to 0 as a

esult of the failure state (i.e., 𝑞𝑟 ( 𝑡 ) = 0 in Fig. 1 ), followed by an im-

ediate recovery process of the performance function with a duration

f Δrec . This accounts for the definition of a repairable structure , i.e., a

tructure that suffers from performance loss as a result of external at-

acks, and can be restored to the pre-hazard state via repair measures.

efine 

( 𝑡 ) = exp 
( 

1 
𝑡𝑙 ∫

𝑡 +Δrec 

𝑡 

ln 𝑄 ( 𝜏) 𝑑𝜏
) 

(14)

hich is a random variable due to the uncertainty associated with 𝑄 ( 𝑡 ) .
he mean value of 𝐻( 𝑡 ) can be further evaluated explicitly based on

he shape of the recovery profile. For example, with a linear recovery

rocess, it follows that, 

( 𝐻( 𝑡 )) = 𝜇

[ 
exp 

( 

1 
𝑡𝑙 ∫

𝑡 +Δrec 

𝑡 

ln 
[ 

1 
Δrec 

( 𝜏 − 𝑡 )
] 
𝑑𝜏

) ] 
= 𝜇

[ 
exp 

( 

−
Δrec 

𝑡𝑙 

) ] 
= ∫

∞

0 
exp (− 𝑥 ∕𝑡𝑙 ) 𝑓Δrec 

( 𝑥 ) 𝑑𝑥 
(15) 

here 𝑓Δrec 
( 𝑥 ) is the PDF of Δrec , and 𝑥 is the variable of integration. One

an further extend Eq. (15) to fit other shapes of the recovery process. 

For a reference period of [0 , 𝑡𝑙 ] , the number of upcrossings is 𝑁( 𝑡𝑙 ) ,
hose PMF was shown in Eq. (2) . If 𝑁( 𝑡𝑙 ) = 0 , then Res ( 𝑡𝑙 ) = 1 . Other-

ise, conditional on 𝑁( 𝑡𝑙 ) = 𝑛 > 0 , let { 𝑇 ∗ 
1 , 𝑇

∗ 
2 , … 𝑇 ∗ 

𝑛 } be the sequence

f occurrence times of upcrossings, as shown in Fig. 2 . Let Δrec ,𝑖 be

he duration of performance recovery associated with the 𝑖 th upcross-

ng ( 𝑖 = 1 , 2 , … 𝑛 ). Employing the Poisson process model for the time se-

uence, each 𝑇 ∗ 
𝑖 

is statistically independent and identically distributed

6,28] , with a common PDF (denoted by 𝑓𝑇 ∗ ( 𝑡 ) ) as follows based on the

pcrossing rate 𝜈+ ( 𝑡 ) in Eq. (7) , 

𝑇 ∗ ( 𝑡 ) =
𝜈+ ( 𝑡 ) 

∫ 𝑡𝑙 
0 𝜈

+ ( 𝜏) 𝑑𝜏
, 0 ≤ 𝑡 ≤ 𝑡𝑙 (16)

Assume that upon the occurrence of an upcrossing, the reduced per-

ormance function will be restored fully before the occurrence of the

ext upcrossing. There are different post-damage repair strategies to re-

tore the structural performance [7] , of which the “as-good-as-old ” strat-

gy will be considered in this paper. That is, the post-upcrossing struc-

ural resistance is repaired to the state as if the upcrossing did not occur.

t is also assumed that the recovery profiles associated with different up-

rossings are statistically independent, which is consistent with the “as-

ood-as-old ” strategy, since the repair measures do not affect the sub-

equent occurrence of upcrossings. With this, the structural resilience

ver [0 , 𝑡𝑙 ] , conditional on 𝑁( 𝑡𝑙 ) = 𝑛 , is evaluated as follows for 𝑛 ≥ 1 , 

es ( 𝑡𝑙 )𝑁( 𝑡𝑙 )= 𝑛 = 𝜇

[ 
exp 

( 

1 
𝑡𝑙 

𝑛 ∑
𝑖 =1 

∫
𝑇 ∗ 
𝑖 
+Δrec ,𝑖 

𝑇 ∗ 
𝑖 

ln 𝑄 ( 𝜏) 𝑑𝜏

) ] 

= 

𝑛 ∏
𝑖 =1 

𝜇

[ 
exp 

( 

1 
𝑡𝑙 ∫

𝑇 ∗ 
𝑖 
+Δrec ,𝑖 

𝑇 ∗ 
𝑖 

ln 𝑄 ( 𝜏) 𝑑𝜏

) ] 

= 

( 

∫
𝑡𝑙 

0 
𝜇( 𝐻( 𝑡 )) ⋅ 𝑓𝑇 ∗ ( 𝑡 ) 𝑑𝑡

) 𝑛 

(17) 
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Fig. 2. Illustration of time-dependent resilience over a reference period of [0 , 𝑡𝑙 ] . 
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The first line of Eq. (17) is explained by the fact that 𝑄 ( 𝜏) = 1 for

∉ [ 𝑇 ∗ 
𝑖 
, 𝑇 ∗ 

𝑖 
+ Δrec ,𝑖 ] (i.e., when the structure is not in a recovering state),

ith which ln 𝑄 ( 𝜏) = 0 . 
Note that Eq. (17) also holds for 𝑛 = 0 , although it has been derived

or 𝑛 ≥ 1 . Next, using the law of total probability, the unconditional re-

ilience over [0 , 𝑡𝑙 ] is evaluated as follows, 

es ( 𝑡𝑙 ) = 

∞∑
𝑛 =0 

Res ( 𝑡𝑙 )𝑁( 𝑡𝑙 )= 𝑛 ⋅ Pr ( 𝑁( 𝑡𝑙 ) = 𝑛 ) 

= exp 
{ 

− ∫
𝑡𝑙 

0 
𝜈+ ( 𝑡 ) 𝑑𝑡

} 

⋅
∞∑
𝑛 =0 

1 
𝑛 ! 

{ 

∫
𝑡𝑙 

0 
𝜇( 𝐻( 𝑡 )) 𝑓𝑇 ∗ ( 𝑡 ) 𝑑 𝑡 ⋅∫

𝑡𝑙 

0 
𝜈+ ( 𝑡 ) 𝑑 𝑡

} 𝑛

= exp 
{ 

−∫
𝑡𝑙 

0 
𝜈+ ( 𝑡 ) 𝑑𝑡

} 

⋅
∞∑
𝑛 =0 

1 
𝑛 ! 

{ 

∫
𝑡𝑙 

0 
𝜇( 𝐻( 𝑡 )) 𝜈+ ( 𝑡 ) 𝑑𝑡

} 𝑛 

= exp 
{ 

−∫
𝑡𝑙 

0 
𝜈+ ( 𝑡 )[1 − 𝜇( 𝐻( 𝑡 )) ] 𝑑𝑡

} 

(18) 

Eq. (18) presents the proposed resilience model for repairable struc-

ures over a reference period of [0 , 𝑡𝑙 ] . In Eq. (18) , based on the

ean value theorem for integrals, there exists a time instant 𝑡0 ∈
0 , 𝑡𝑙 ] such that ∫ 𝑡𝑙 

0 𝜈
+ ( 𝑡 )[1 − 𝜇( 𝐻( 𝑡 )) ] 𝑑𝑡 = [1 − 𝜇

(
𝐻( 𝑡0 )

)
] ∫ 𝑡𝑙 

0 𝜈
+ ( 𝑡 ) 𝑑𝑡 , with

hich Eq. (18) becomes 

es ( 𝑡𝑙 ) = exp 
{ 

−[1 − 𝜇
(
𝐻( 𝑡0 )

)
]∫

𝑡𝑙 

0 
𝜈+ ( 𝑡 ) 𝑑𝑡

} 

= Rel ( 𝑡𝑙 )1− 𝜇( 𝐻( 𝑡0 )) (19)

n which Rel ( 𝑡𝑙 ) is the time-dependent reliability in Eq. (4) . Eq. (19) re-

eals the inherent relationship between time-dependent reliability and

esilience of aging structures. Since 0 ≤ 𝜇
(
𝐻( 𝑡0 )

) ≤ 1 , it follows that,

es ( 𝑡𝑙 ) ≥ Rel ( 𝑡𝑙 ) , i.e., the reliability is a lower bound for resilience from

 mathematical view. In particular, if 𝜇
(
𝐻( 𝑡0 )

)
= 0 (e.g., there is no re-

ource that supports the performance recovery), then the resilience re-

uces to reliability. 

.2. Time ‐dependent resilience considering multiple damage states 

In Sect. 3.1 , the resilience problem of repairable structures consider-

ng upcrossing-induced failure states has been addressed. This resilience

odel is extended herein to incorporate multiple damage states when

n upcrossing occurs. 

Conditional on the occurrence of an upcrossing, a structure may suf-

er from one of totally 𝑚 damage states, denoted by DS1, DS2 through

S 𝑚 respectively in an order of increasing severity, where 𝑚 is a pos-

tive integer (Denote DS0 = no damage). These states are featured by

 generalized capacities (GCs), denoted by 𝑅1 , 𝑅2 , …𝑅𝑚 , whose CDFs

ake the same shapes as the fragility curves that define the multiple

amage states [29–31] . Given a load effect 𝑠 , the structure is in the

S0 state if 𝑠 < 𝑅1 , suffers from DS 𝑖 if 𝑅𝑖 ≤ 𝑠 < 𝑅𝑖 +1 for 𝑖 = 1 , 2 , …𝑚 ,
23
here 𝑅𝑚 +1 = ∞. It was proven in [30] that each GC is statistically

ully correlated. A lognormal distribution shape is often assigned for

he fragility curves [32,33] , with which each GC is a lognormal vari-

ble. Let 𝑅̂𝑖 and 𝛽𝑖 be the median value and dispersion of 𝑅𝑖 , respec-

ively, for 𝑖 = 1 , 2 , …𝑚 . With this, the PDF of 𝑅𝑖 , 𝑓𝑅𝑖 
( 𝑥 ) , takes a form of

he following for any positive real number 𝑥 , 

𝑅𝑖 
( 𝑥 ) = 1 √

2 𝜋𝑥𝛽𝑖 
exp 

⎡ ⎢ ⎢ ⎣ −1 
2 

( 

ln 𝑥 − ln 𝑅̂𝑖 

𝛽𝑖 

) 2 ⎤ ⎥ ⎥ ⎦ (20)

Further, taking into account the deterioration processes of the GCs,

eflecting the time-variation of the fragility curves [34] , a deterioration

unction, 𝐺𝑖 ( 𝑡 ) , is introduced for the 𝑖 th GC [31,35] , i.e., 𝑅𝑖 ( 𝑡 ) = 𝑅𝑖 (0) ⋅
𝑖 ( 𝑡 ) , where 𝑅𝑖 ( 𝑡 ) is the 𝑖 th GC evaluated at time 𝑡 for 𝑖 = 1 , 2 , …𝑚 . The

eterioration function is a stochastic process reflecting the uncertainty

ssociated with the deterioration process of the fragility curves. One

an determine 𝐺𝑖 ( 𝑡 ) through fitting the fragility curves at discrete time

nstants (see, e.g., [31,35] for detailed discussions). 

The resilience over [0 , 𝑡𝑙 ] conditional on 𝑅1 (0) = 𝑟1 (0) is first derived,

hich will be later updated to incorporate the uncertainty associated

ith 𝑅1 (0) . Since each GC is fully correlated, one can uniquely determine

2 (0) through 𝑟𝑚 (0) based on 𝑟1 (0) . Let 𝜈+ 
𝑖 
( 𝑡 ) be the upcrossing rate of the

oad process 𝑆( 𝑡 ) with respect to 𝑟𝑖 ( 𝑡 ) . It follows that, 

+ 
1 ( 𝑡 ) > 𝜈+ 2 ( 𝑡 ) > … > 𝜈+ 𝑚 ( 𝑡 ) > 𝜈+ 

𝑚 +1 ( 𝑡 ) (21)

here 𝜈+ 
𝑚 +1 ( 𝑡 ) ≡ 0 since 𝑅𝑚 +1 = ∞. For simplicity, an indicator for the

amage state,  , is introduced, taking a value of 𝑖 for DS 𝑖 , 𝑖 = 0 , 1 , 2 , …𝑚 .

ithin a time interval of [ 𝑡, 𝑡 + 𝑑𝑡 ] with 𝑑𝑡 → 0 , one has, 

r (  ≥ 𝑖 ) = 𝜈+ 
𝑖 
( 𝑡 ) ⋅ 𝑑𝑡, 𝑖 = 1 , 2 , …𝑚 (22)

ote also that, 

r (  ≥ 𝑖 ) = Pr (  ≥ 𝑖 ∩ = 𝑖 ) + Pr (  ≥ 𝑖 ∩ > 𝑖 ) 

= Pr (  = 𝑖 ) + Pr (  ≥ 𝑖 + 1) 
(23) 

ith which 

r (  = 𝑖 ) = ( 𝜈+ 
𝑖 
( 𝑡 ) − 𝜈+ 

𝑖 +1 ( 𝑡 )) ⋅ 𝑑𝑡 = 𝜃𝑖 ( 𝑡 ) ⋅ 𝑑𝑡, 𝑖 = 1 , 2 , …𝑚 (24)

here 𝜃𝑖 ( 𝑡 ) = 𝜈+ 
𝑖 
( 𝑡 ) − 𝜈+ 

𝑖 +1 ( 𝑡 ) for 𝑖 = 1 , 2 , …𝑚 . 

Let 𝑁𝑖 ( 𝑡𝑙 ) be the number of upcrossings within [0 , 𝑡𝑙 ] that lead to DS 𝑖

or 𝑖 = 1 , 2 , …𝑚 , which is a Poisson number with an occurrence rate of

𝑖 ( 𝑡 ) . Similar to Eq. (14) , define 

𝑖 ( 𝑡 ) = exp 
( 

1 
𝑡𝑙 ∫

𝑡 +𝑖 Δrec 

𝑡 

ln 𝑄𝑖 ( 𝜏) 𝑑𝜏
) 

, 𝑖 = 1 , 2 , …𝑚 (25)

here 𝑖 Δrec is the duration of recovery process associated with DS 𝑖 (this

s not the same as Δrec ,𝑖 shown in Fig. 1 (b)), and 𝑄𝑖 ( 𝜏) is the performance

unction during the recovery process associated with DS 𝑖 . 

Denote 𝐍 ( 𝑡𝑙 ) = { 𝑁1 ( 𝑡𝑙 ) , 𝑁2 ( 𝑡𝑙 ) , …𝑁𝑚 ( 𝑡𝑙 )} , and 𝐧 = { 𝑛1 , 𝑛2 , … 𝑛𝑚 } ,
here each 𝑛 is a nonnegative integer for 𝑖 = 1 , 2 , …𝑚 . Motivated
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Fig. 3. The correlation function 𝜌( 𝜏) of wind stochastic process. 
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y Eq. (17) , the time-dependent resilience over [0 , 𝑡𝑙 ] conditional on

 ( 𝑡𝑙 ) = 𝐧 is evaluated as follows, 

es ( 𝑡𝑙 )𝐍 ( 𝑡𝑙 )= 𝐧 =
𝑚 ∏
𝑖 =1 

( 

∫
𝑡𝑙 

0 
𝜇( 𝐻𝑖 ( 𝑡 )) ⋅

𝜃𝑖 ( 𝑡 ) 

∫ 𝑡𝑙 
0 𝜃𝑖 ( 𝜏) 𝑑𝜏

𝑑𝑡

) 𝑛𝑖 

(26)

urther, based on the law of total probability, the unconditional re-

ilience becomes, 

es ( 𝑡𝑙 ) = 𝜇

⎧ ⎪ ⎨ ⎪ ⎩ 
𝑚 ∏
𝑖 =1 

( 

∫
𝑡𝑙 

0 
𝜇( 𝐻𝑖 ( 𝑡 )) ⋅

𝜃𝑖 ( 𝑡 ) 

∫ 𝑡𝑙 
0 𝜃𝑖 ( 𝜏) 𝑑𝜏

𝑑𝑡

) 𝑁𝑖 ( 𝑡𝑙 ) ⎫ ⎪ ⎬ ⎪ ⎭ 
= 

𝑚 ∏
𝑖 =1 

{ ∞∑
𝑛 =0 

( 

∫
𝑡𝑙 

0 
𝜇( 𝐻𝑖 ( 𝑡 )) ⋅

𝜃𝑖 ( 𝑡 ) 

∫ 𝑡𝑙 
0 𝜃𝑖 ( 𝜏) 𝑑𝜏

𝑑𝑡

) 𝑛𝑖 

⋅Pr ( 𝑁𝑖 ( 𝑡𝑙 ) = 𝑛𝑖 )

} 

= 

𝑚 ∏
𝑖 =1 

exp 
{ 

−∫
𝑡𝑙 

0 
𝜃𝑖 ( 𝑡 )[1 − 𝜇

(
𝐻𝑖 ( 𝑡 )

)
] 𝑑𝑡
} 

= exp 

{ 

−∫
𝑡𝑙 

0 

𝑚 ∑
𝑖 =1 

𝜃𝑖 ( 𝑡 )[1 − 𝜇
(
𝐻𝑖 ( 𝑡 )

)
] 𝑑𝑡

} 

(27) 

If 𝑚 = 1 in Eq. (27) , then only a failure state is included, with which

1 ( 𝑡 ) = 𝜈+ 1 ( 𝑡 ) , and Eq. (27) reduces to Eq. (18) . With this regard, an alter-

ative approach to obtaining Eq. (27) is to directly generalize Eq. (18) ,

s detailed in Appendix A . 

In Eq. (27) , the resilience has been derived conditional on determin-

stic 𝑅1 (0) and deterministic deterioration processes of GCs. Further, one

an incorporate the uncertainty associated with 𝑅1 (0) (or equivalently,

2 (0) through 𝑅𝑚 (0) ) and each 𝐺𝑖 ( 𝑡 ) in resilience assessment by using the

aw of total probability. For example, if each 𝐺𝑖 ( 𝑡 ) takes a common form

f 𝐺𝑖 ( 𝑡 ) = 1 − 𝐾 𝑡 , where 𝐾 is a random variable reflecting the changing

ate of the GCs, Eq. (27) becomes, 

es ( 𝑡𝑙 ) = ∫
∞

0 ∫
∞

0 
exp 

{ 

− ∫
𝑡𝑙 

0 

𝑚 ∑
𝑖 =1 

𝜃𝑖 ( 𝑡 )[1 − 𝜇
(
𝐻𝑖 ( 𝑡 )

)
] 𝑑𝑡

} 

𝑓𝑅1 (0) ( 𝑟 ) 𝑓𝐾 ( 𝑘 ) 𝑑 𝑟𝑑 𝑘

(28) 

n which 𝑓𝑅1 (0) ( 𝑟 ) is the PDF of 𝑅1 (0) , 𝑓𝐾 ( 𝑘 ) is the PDF of 𝐾 and 𝜇
(
𝐻𝑖 ( 𝑡 )

)
s conditioned on 𝑅1 (0) = 𝑟1 (0) and 𝐾 = 𝑘 . 

. Example 

In this section, a numerical example is presented to demonstrate the

pplicability of the proposed resilience model in Eq. (28) . Consider the

esilience of a residential building over a reference period of 50 years

ubjected to wind load. The building has a gable roof archetype, with

 roof slope 26 . 5◦ and a floor-to-area ratio of 0.1. Totally three damage

tates are considered for the building, namely moderate, extensive and

ollapse. These states are featured by three lognormally-distributed GCs,

hose properties are adopted from [36] and are listed in Table 1 . Taking

nto account the aging effects, assume that the median values of these

Cs degrade by 20% linearly over 50 years. The load process (wind

oad), 𝑆( 𝑡 ) , is modeled by a Gaussian stochastic process with a mean

alue of 9(1 + 𝜅𝑡 ) m/s, and a constant standard deviation of 6 m/s. Here,

 is time in year, and 𝜅 is a rate parameter. For example, if 𝜅 = 0 . 004 ,
hen the mean wind speed increases by 20% over 50 years, as will be

sed in the following analyses. While it is out of the scope of this paper

o develop quantitative models for load nonstationarity, the load models

sed herein are representative of potential scenarios of future hazards.
Table 1 

Wind-resisting capacity and post-hazard performance of a resid

Damage state Median of GC (m/s) Dispersion of GC Expec

Moderate 22.87 0.09 90% 

Extensive 31.50 0.05 50% 

Collapse 41.26 0.04 0% 

24
he power spectral density function of the wind process, denoted by

( 𝜔 ) , takes a form of the following [16] , 

 ( 𝜔 ) ∝ 1 
𝜔6 + 𝑏 

, 𝜔 ∈ (−∞, ∞) (29)

here 𝑏 is a constant to be determined based on the correlation structure

f the stochastic process as follows, 

( 𝜏) = 1 
2 
exp 

( 

− 𝑏1∕6 𝜏

2 

) 

⋅

[ 
exp 

( 

− 𝑏1∕6 𝜏

2 

) 

+ 2 cos 

( √
3 
2 

𝑏1∕6 𝜏 − 𝜋

3 

) ] 
(30)

here 𝜌( 𝜏) is the correlation coefficient of the load process evaluated

t two instances with a separation of 𝜏. Fig. 3 illustrates the graph of

( 𝜏) , from which the value of 𝑏 can be found via 𝜌(1) . For example, if

(1) = 0 . 5 , then 𝑏 = 20 . 5 (this value will be used in the following unless

therwise stated). With this, Eq. (10) applies, and it follows that, 

𝑆̇ ( 𝑡 ) =
1 √
2 
𝑏1∕6 𝜎𝑆 ( 𝑡 ) (31)

The mean values of the remaining performances and recovery du-

ations associated with different damage states, as adopted from [37] ,

re shown in Table 1 . For illustration purpose, assume that the remain-

ng performance follows a Beta distribution (as it varies within [0,1])

ith a coefficient of variation (COV) of 0.1. The recovery time follows a

amma distribution (for nonnegative random variables) with a COV of

.2 and a linear shape of recovery. With this, one can readily evaluate

𝑖 ( 𝑡 ) (defined in Eq. (25) ) associated with these damage states, denoted

y 𝐻1 ( 𝑡 ) , 𝐻2 ( 𝑡 ) and 𝐻3 ( 𝑡 ) . In this example, each 𝐻𝑖 ( 𝑡 ) is time-invariant

ut is a function of 𝑡𝑙 . For 𝐻1 ( 𝑡 ) and 𝐻2 ( 𝑡 ) , one has, 

( 𝐻𝑖 ( 𝑡 )) = ∫ ∫ exp 
( 

1 
𝑡𝑙 ∫

𝛿

0 
ln 
[ 
𝑞 + 1 − 𝑞 

𝛿
𝑡

] 
𝑑𝑡

) 

𝑓
𝑖 𝑄𝑟 

( 𝑞 ) 𝑓
𝑖 Δrec 

( 𝛿) 𝑑𝑞 𝑑𝛿

= ∫ ∫ exp 
[ 
𝛿

𝑡𝑙 

( 

𝑞 ln 𝑞 
𝑞 − 1 

− 1
) ] 

𝑓
𝑖 𝑄𝑟 

( 𝑞 ) 𝑓
𝑖 Δrec 

( 𝛿) 𝑑𝑞 𝑑𝛿
(32) 

here 𝑖 = 1 , 2 , 𝑖 𝑄𝑟 and 𝑖 Δrec are the remaining performance and recovery

ime associated with DS 𝑖 , 𝑓
𝑖 𝑄𝑟 

( 𝑞) and 𝑓
𝑖 Δrec 

( 𝛿) are the PDFs of 𝑖 𝑄𝑟 and

 

Δrec , respectively. Note that Eq. (32) is consistent with Eq. (15) since 

lim 

→0 

𝑞 ln 𝑞 
𝑞 − 1 

= 0 (33) 

owever, for the “collapse ” damage state, there is no resource that sup-

orts the recovery process of performance, with which 𝐻3 ( 𝑡 ) = 0 . 
ential building. 

ted remaining performance Expected recovery time (days) 

120 

360 

/ 
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Fig. 4. Time-dependent nonresilience/failure probability for reference periods 

up to 50 years. 
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Fig. 4 shows the time-dependent resiliences of the residential build-

ng for reference periods up to 50 years, as calculated by Eq. (28) .

or comparison purpose, the time-dependent failure probabilities as-

ociated with two limit state functions are also plotted in Fig. 4 : (1)

he occurrence of any damage (either moderate, extensive or collapse),

nd (2) the occurrence of collapse. The nonresilience/failure probabil-

ty increases with time, reflecting the accumulation of risks over time.

he failure probability associated with the occurrence of any damage is

reater than the nonresilience, which is consistent with the observation

rom Eq. (19) . However, the failure probability related to the collapse

tate is a lower bound for nonresilience. This is explained from a math-

matical perspective by the fact that, 

3 ( 𝑡 ) <
3 ∑

𝑖 =1 
𝜃𝑖 ( 𝑡 )[1 − 𝜇

(
𝐻𝑖 ( 𝑡 )

)
] <

3 ∑
𝑖 =1 

𝜃𝑖 ( 𝑡 ) (34)

hich further yields, 

 − exp 
( 

−∫
𝑡𝑙 

0 
𝜃3 ( 𝑡 ) 𝑑𝑡

) 

< 1 − exp 

( 

−∫
𝑡𝑙 

0 

3 ∑
𝑖 =1 

𝜃𝑖 ( 𝑡 )[1 − 𝜇
(
𝐻𝑖 ( 𝑡 )

)
] 𝑑𝑡

) 

< 1 − exp 

( 

−∫
𝑡𝑙 

0 

3 ∑
𝑖 =1 

𝜃𝑖 ( 𝑡 ) 𝑑𝑡

) 

(35) 

In Fig. 5 (a), the role of correlation of the load process in resilience

s investigated, considering different values of 𝜌(1) in Eq. (30) . The case
Fig. 5. Impact of correlation of wind stochastic process on resilience. (a) Time-

25
f stronger correlation in load results in smaller nonresilience. For ex-

mple, for a service life of 50 years, the nonresilience equals 6.3 ×10−3 
ith 𝜌(1) = 0 . 1 , which becomes 1.6 ×10−3 if 𝜌(1) = 0 . 9 . This difference is

ue to the weakened wind risks in the presence of stronger wind corre-

ation. To demonstrate this point, examining the CDF of the maximum

ind speed over 50 years as illustrated in Fig. 5 (b), it is found that, with

 greater value of 𝜌(1) , the CDF shifts towards left, leading to a lower

robability of extreme wind speed at the upper tail. 

The impact of wind nonstationarity on resilience is examined in

ig. 6 (a), based on different increasing scenarios of the mean wind speed

ver 50 years. A more severe increase in wind load results in greater

onresilience. For example, with 𝑡𝑙 = 50 years, the nonresilience equals

.9 ×10−3 in the presence of a stationary load process, which becomes 4.2

imes if the mean value of wind speed increases by 40% over 50 years.

he comparison between the different curves in Fig. 6 (a) demonstrates

he importance of properly projecting the future wind scenarios in a

hanging climate when evaluating structural time-dependent resilience.

n Fig. 6 (b), the effect of GC deterioration on resilience is shown with

arying deterioration scenarios over 50 years (the values in the legends

efer to the variation of GC median). The nonresilience is significantly

mplified with a more severe deterioration of the GCs. For instance, for

 service period of 50 years, the nonresilience associated with a deteri-

ration scenario of 40% over 50 years is 171 times that associated with

ime-invariant GCs. The comparison between Fig. 6 (a) and (b) implies

hat the nonresilience is more sensitive to the variation of GC deterio-

ation. 

. Concluding remarks 

In this paper, a new method for the assessment of time-dependent

esilience of aging structures has been proposed. Modeling the load pro-

ess as a continuous stochastic process, an upcrossing is deemed to oc-

ur when the load effect exceeds the resistance/capacity, which leads to

he reduction of performance function. The proposed method can take

nto account upcrossing-induced multiple damage states, and evaluates

he resilience with a closed form solution. An example has been pre-

ented in this paper to demonstrate the applicability of the proposed

esilience model considering wind hazards. The following conclusions

an be drawn from this paper. 

1. The time-dependent resilience can be treated as a generalized form

of time-dependent reliability from a mathematical view, if not tak-

ing into account the post-damage recovery process of performance.

This provides insights into the inherent relationship between the two

important quantities – reliability and resilience. 
dependent nonresilience. (b) CDF of maximum wind speed over 50 years. 
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Fig. 6. Effects of wind process and GC deterioration on resilience. 

 

 

 

 

 

 

 

 

 

R

 

s  

p  

r

D

 

e  

w

C

 

i  

s  

i

A

 

G  

C  

k  

a  

R

A

 

s

P  

T  

𝜈  

E

𝜇

S

R

F

𝜈  

w

A

d

 

m  

s  

i  

t

 

𝑄

R

2. It is an important ingredient to capture the correlation structure of

the load process in resilience assessment. In the presence of stronger

correlation in load, the nonresilience becomes smaller, due to the

weakened risks to the structure. 

3. Ignoring the potential impacts of climate change will underestimate

the nonresilience, yielding a relatively non-conservative evaluation.

For a reference period of 50 years, the structural nonresilience con-

sidering an increase in mean wind speed of 40% over 50 years is 4.2

times that associated with a stationary wind process. This implies the

importance of reasonable projection of future load effects for use in

resilience analysis. 

elevance to resilience 

A new method is developed to evaluate the time-dependent re-

ilience of aging structures subjected to a continuous load process. The

roposed method takes into account the aging effects of the structural

esistance/capacity and the nonstationarity in loads. 
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ppendix A. An alternative approach to deriving Eq. (27) 

In this section, an alternative approach to deriving Eq. (27) is pre-

ented. Note that, 

r (  = 𝑖 | ≥ 1) = Pr (  = 𝑖 ) 
Pr (  ≥ 1) 

=
𝜃𝑖 ( 𝑡 ) 
𝜈+ 1 ( 𝑡 ) 

(A.1)

he resilience model in Eq. (18) is used herein by replacing 𝜈+ ( 𝑡 ) with
+ 
1 ( 𝑡 ) . In the context of considering 𝑚 damage states, the item 𝜇( 𝐻( 𝑡 )) in
q. (18) is revised as follows by using the law of total probability, 

( 𝐻( 𝑡 )) = 

𝑚 ∑
𝑖 =1 

𝜇( 𝐻𝑖 ( 𝑡 )) ⋅ Pr (  = 𝑖 | ≥ 1) 

= 

𝑚 ∑
𝑖 =1 

𝜇( 𝐻𝑖 ( 𝑡 )) ⋅
𝜃𝑖 ( 𝑡 ) 
𝜈+ 1 ( 𝑡 ) 

(A.2) 

ubstituting Eq. (A.2) into Eq. (18) , it follows that, 

es ( 𝑡𝑙 ) = exp 

{ 

−∫
𝑡𝑙 

0 
𝜈+ 1 ( 𝑡 )

[ 
1 −

𝑚 ∑
𝑖 =1 

𝜇( 𝐻𝑖 ( 𝑡 )) ⋅
𝜃𝑖 ( 𝑡 ) 
𝜈+ 1 ( 𝑡 ) 

] 
𝑑𝑡

} 

= exp 

{ 

−∫
𝑡𝑙 

0 
𝜈+ 1 ( 𝑡 ) 𝑑𝑡 + ∫

𝑡𝑙 

0 

𝑚 ∑
𝑖 =1 

𝜃𝑖 ( 𝑡 ) ⋅ 𝜇( 𝐻𝑖 ( 𝑡 )) 𝑑𝑡

} 

(A.3) 

urther, note that 

+ 
1 ( 𝑡 ) =

𝑚 ∑
𝑖 =1 

𝜃𝑖 ( 𝑡 ) (A.4)

ith which Eq. (A.3) becomes Eq. (27) . 

ppendix B. Modified version of Eq. (27) considering the gradual 

eterioration of performance 

Recall that in Eqs. (18) and (27) , it has been assumed the perfor-

ance function 𝑄 ( 𝑡 ) is independent of the deterioration process of re-

istance 𝑅 ( 𝑡 ) . Herein, the resilience model in Eq. (27) is modified by

ncorporating the impact of gradual deterioration of performance (note

hat Eq. (18) is a specific case of (27) ). 

Denote 𝑞( 𝑡 ) the time-variant performance at time 𝑡 , and define 𝑄̃ ( 𝑡 ) =
 ( 𝑡 )∕ 𝑞( 𝑡 ) . With this, Eq. (13) becomes the following, 

es ( 𝑡𝑙 ) = 𝜇

[ 
exp 

( 

1 
𝑡𝑙 ∫

𝑡𝑙 

0 
ln [ 𝑞( 𝜏) ⋅ 𝑄̃ ( 𝜏)] 𝑑𝜏

) ] 
= exp 

( 

1 
𝑡 ∫

𝑡𝑙 

0 
ln 𝑞( 𝜏) 𝑑𝜏

) 

⋅ 𝜇
[ 
exp 

( 

1 
𝑡 ∫

𝑡𝑙 

0 
ln 𝑄̃ ( 𝜏) 𝑑𝜏

) ] (B.1) 
𝑙 𝑙 
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imilar to Eq. (25) , define 

̃
𝑖 ( 𝑡 ) = exp 

( 

1 
𝑡𝑙 ∫

𝑡 +𝑖 Δrec 

𝑡 

ln 𝑄̃𝑖 ( 𝜏) 𝑑𝜏
) 

, 𝑖 = 1 , 2 , …𝑚 (B.2)

n which 𝑄̃𝑖 ( 𝜏) = 𝑄𝑖 ( 𝜏)∕ 𝑞( 𝜏) . With this, based on Eq. (27) , Eq. (B.1) be-

omes, 

es ( 𝑡𝑙 ) = exp 
( 

1 
𝑡𝑙 ∫

𝑡𝑙 

0 
ln 𝑞( 𝜏) 𝑑𝜏

) 

⋅ exp 

{ 

−∫
𝑡𝑙 

0 

𝑚 ∑
𝑖 =1 

𝜃𝑖 ( 𝑡 )
[
1 − 𝜇

(
𝐻̃𝑖 ( 𝑡 )

)]
𝑑𝑡

}
(B.3) 

q. (B.3) presents a model for the time-dependent resilience considering

he gradual deterioration of performance, reflected through the item

( 𝜏) . In particular, if 𝑞( 𝜏) ≡ 1 , then Eq. (B.3) reduces to Eq. (27) . 
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