
Biometrics , 2024, 80(3), ujae098 
https://do i.org/10.1093/b iomtc/ujae098 
Biome tric Me thodology 

Se mi -pa ra metric be nchma rk dose a nalysis with monotone 

additive models 

Alex Stringer 1 , * , Tugba Akkaya Hocagil 2 , Richard J. Cook 

1 , L oui se M. Ryan 

3 , Sandra 

W. Jaco bs on 

4 , Jos ep h L. Jaco bs on 

4 

1 Depa rtme n t of Stat ist ics and Actuarial Science, University of Waterloo, Waterloo N2L 3G1, Canada, 2 Depa rtme n t of B ios tatis tics, Anka ra Unive rsity, 
Ankara 06230, Turkey, 3 School of Ma thema tics and Stat ist ics, University of Techno lo gy Sydney, Sydney, NSW 2007, Australia, 4 Depa rtme n t of 

Psychiatry and Behavioural Ne uroscience s, Wayne State University School of Medicine, Detroit, MI 48202, United St ate s 
* Corresponding author: Alex Stringer, Depa rtme n t of Stat ist ics and Actuarial Science, University of Waterloo, Waterloo N2L 3G1, Canada ( alex.stringer@uwaterloo.ca ). 

A B S T R A C T  

Be nchma rk dose a nalysis aims to estimate the level of exposure to a toxin as s oci ated with a clinically si gnifica n t adve rse outcome a nd qua n tifies 
unce rtain ty using the lower limit of a confide nce in te rval for this level. We develop a novel framework for be nchma rk dose analysis based on 

monotone additive dose- re sponse mode ls. We first introduce a flexible approach for fitting monotone additive models via penalized B-splines 
a nd La p l ac e-approxim ate m argin al l ikel ihood . A reflect ive Newton method is then developed that e mplo ys de Boor’s algorithm for computing 
splines and their derivatives for efficient est imat ion of the benchmark dose. Fin ally, w e dev elop a nov el appr oach for calcula ting be nchma rk dose 
low er limits base d on a n a ppr oxima te pivot for the nonlinear equation s o lv e d by the estim ate d benchm ark dose. The fav orable properties of this 
appro ach comp ared to the De lt a method and a parameteric bootstrap are d isc ussed. We apply the new methods to make infe re nces about the level 
of pr ena tal alco ho l exposure as s oci ated with clinically si gnifica n t cognitive defects in children using data from six NIH-funded longitudinal cohort 
s tudies. Softwa r e to r epr oduce the r esults in this pa pe r is av ail ab le online and makes use of the novel semibmd R package, which imple me n ts 
the methods in this pa pe r. 

KEY W OR DS : additive model; be nchma rk dose analysis; Lap l ace appr oxima tion; marginal l ikel ihood; monotone smoothing. 
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1 I N T R O D U C T I O N 

1.1 Ben c h mar k dose analysis 
e nchma rk dose analysi s i s a s tatis tical te chnique use d b y e n-
ironme n tal toxico lo g i s ts to qua n tify the lev el of expos ure to a
 armful s ubstanc e th at is as s oci ate d with an adv ers e respon s e.
he US Environme n tal Protection Age ncy (EPA, 2012 ) a nd the
urope an Food S afet y Authorit y (EFSA et al., 2022 ) use the

ower limit of a 95% confide nce in te rval of the b enchma rk dose —
alled the be nchma rk dose, lowe r (BMDL)—to set limits on ac-
e pt a ble le vels of exposure to a wide v arie ty of toxin s. In this pa-
e r, we prese n t a n innovative ge ne r al fr a mework for be nchma rk
ose a nalysis a nd infe re nc e base d on monotone additiv e models .
e apply the new methodology to the problem of est imat ing lev-

ls of pr ena tal alco ho l expos ure th at are as s oci ated with clinically
i gnifica n t c ognitiv e defe cts in children. 

Crump ( 1984 ; 1995 ) introduc e d the c onc ept of a benchm ark
os e (B MD) and B MDL. Me thods w ere dev elope d firs t for pa ra-
e tric dos e- re spon s e modeling of d ata o bt ained from de signed

xpe rime n ts. Budtz- Jorge n s en e t al. ( 2001 ) propos ed us e of a
ose- re sponse mode l with a con tin uous exposure va riable a ris-

ng in epidemio lo gical studie s. Such a mode l ca n adjus t for con-
ounders thr ough r egr es sion on cov ari a tes or pr open sity s c ores .
hey derive an exact c onfidenc e interval for the BMD e stima -

or based on a linear dose- re sponse mode l with Gaus si a n e rrors.
e c eiv e d: Nov e mbe r 21, 2023; Revise d: June 28, 2024; Ac c epte d: Septe mbe r 2, 2024 
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ommon s A t tribution-NonCommer c ial L icen s e ( https://creativ ec ommons .org/lic enses/by-
e dium, provide d the origin al w ork is properly cite d. For c ommer cial r e-us e, p leas e contact j o
n re c e n t work on pa ra me tric dos e- re spon s e models, Aerts e t al.
 2020 ) defined a family of pa ra me tric dos e- re spon s e function s
nd re c ommende d model-av erage d estim ates base d on a com-
utationally in te nsive boots tra p proc e dure. 
Pa ra metric models are ne e de d for data with few unique expo-

 ure values, s uch as those ofte n a rising from expe rime n tal s tud -
es. Epidemio lo gical studies often inv olv e a broad range of expo-
ure with many unique values. This type of data supports more
exible non- and se mi -pa ra metric modeling to cha racte rize the
ose- re sponse function. In epidemiological setups, such mod-
l s should al s o enab le one to mitigate bi as es due to the effect
f confounding v ari ab les. Accordingly, v arious s emi- and non-
a ra metric a pproaches to be nchma rk dose es t imat ion have been
ev elope d for epidemio lo gical d ata with con tin uous a nd bina ry
utcome s, althou gh they may also be useful for expe rime n tal
ata with su ffic ie n tly rich desi gn. Wheele r a nd Baile r ( 2012 ) fit
odels based on monotone P-splines in a Bayesian framework

sing MCMC. For bin ary outc omes, non-pa ra me tric me thods
or dose- re sponse mode ling w ere dev elope d by Pie gors ch e t al.
 2012 ; 2014 ) using isotonic r egr ession, again r elying on in te n-
ive boots tra p calcul ation s for B MDL est imat ion; methods to
eal with con tin uous respon s es were developed by Lin et al.
 2015 ). Wheeler et al. ( 2015 ) prese n t a non-pa ra metric qua n-
ile r egr e ssion- based method. The se methods are all based on
me tric Socie ty. Thi s i s a n Ope n Ac c ess a rticle dis tributed unde r the te rms of the C re ative 
nc/4.0/ ), which permits non-c ommer cial r e-use, distribution, and r epr oduction in any 
urn als .permis sion s@oup.com 
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non-pa ra metric es t imat ion of the dose- re sponse re lation and as-
s oci ate d c omputation ally-in te nsive infe re nc e proc e dures, which
typically r equir e the dose-r espon s e model to be fit many times. 

1.2 Co nt r i but ion s 
We take a se mi -pa ra metric a pproach to be nchma rk dose a naly-
sis, combining the efficiency of the parameteric approaches with
the flexibility of the non-pa ra mete ric methods. We base our ap-
proach on monotone ge ne r aliz e d additiv e models to estimate
the be nchma rk dose a nd calculate the BMDL; restricting at-
te n tion to monotone dose- re sponse curve s means that in this
fra mework, a n incr eased exposur e cannot be as s oci ated with a
pr eferr ed r espon s e (Wheele r a nd Baile r, 2012 ). We describe a
nov el proc e dure for fitting monotone ge ne r aliz e d additiv e mod-
els based on B-splines with coefficie n ts pa ra mete rize d in s uch
a way that they yield estimates of a monotone curve. Lap l ace-
appr oxima te marginal l ikel ihood (Wood, 2011 ) is applied for
selection of the smoothing pa ra mete r (Wood et al., 2016 ). We
then develop a fast and stable method for solving the non-linear
equation defining the B MD estimate bas ed on de Boor’s algo-
rithm for B-splines and their derivatives (de Boor, 2001 ). This
is made feasible by deriving bounds on the estim ate d BMD and
the n a pplying a refle ctiv e Newton line s earch (Co le ma n a nd Li,
1994 ). Fin ally, w e introduc e a nov el me thod for B MDL calcu-
l ation bas e d on the inv ersion of a hypothe sis te s t based on a n
appr oxima te pivot derived from the nonlinear equation s o lved
by the estim ate d BMD. This BMDL is shown to h av e s uperior
e mpirical a nd c omputation al properties to those of the us ual
De lt a method and bootstrap-based BMDLs in the s e ttings con-
side red. Si gnifica n t computa tional impr ove me n ts for the boot-
s tra p a re achiev e d b y sa mpling from an appr oxima t e post erior
distribution for the parameters, which enables full bootstrap-
bas ed B MDL calcul ation usin g only a sin gle fit of the dose-
re spon s e model. The spe e d of the nov el BMD estim ation algo-
rithm makes this Bayesia n pa ra metric boots tra p a pproach com-
puta tionally a t tractive in typical app lication s. 

1.3 M otiv a ting applica tion 

Pr ena tal alco ho l exposure (PAE) has been linked to a broad
ran ge of lon g -term c ognitiv e and beh avioral deficits ( Jac o bs on
et al., 2024 ). How ev e r, the re is re lative ly little information about
the level of PAE that is as s oci ated with clinically si gnifica n t cogni -
tiv e deficits . Att empts t o define wh at c onstitutes exc essiv e drink-
ing h av e be en both qualitativ e (Stra t ton et al., 1996 ; Hoyme,
2005 ; Chudley et al., 2005 ; Cook et al., 2016 ) and quant itat ive
(As tley a nd Cla rre n, 2000 ; Ho yme et al., 2016 ), although Astley
a nd Cla rre n ( 2000 ) e mph asize th a t ther e is no “clear con s en sus
on the a moun t of alco ho l that can actually be toxic to the fetus.”
Addressing this question has importa n t clinical imp lication s in
terms of diagnosing children who h av e be en adv erse ly a ffe cte d
b y pre n atal alc o ho l exposure. We app ly our me thod for s e mi -
pa ra mete ric be nchma rk dose a nalysi s to thi s pro b lem using d ata
from six United St ate s Nat ional Inst itutes of Health-funded lon-
gitud inal stud ies in which expecta n t wome n we re in te rviewed
r egar din g their drinkin g behavior durin g pre gn a ncy a nd their
chi ldren fol low e d through young adulthood and as s es s ed using
a v arie ty of co gnitive tests. 
2 B E N C H M A R K D O S E  A N A LY  S  I S  A N D  

M O N  OTO N E  S  P L  I N E S  

2.1 Ben c h mar k dose analysis 
Consider a response Y i ∈ R and let x i ∈ R r epr ese n t the ex- 
posure for individual i = 1 , . . . , n . We consider the following 
dose- re sponse mode l: 

Y i = α + f (x i ) + 

m ∑ 

j=1 

g j (z i j ) 

+ σεi , εi 
iid ∼ N (0 , 1) , i = 1 , . . . , n, (1) 

where α is an intercept, f (x ) is a strictly monotone decreasing 
function of the exposure, and g j (z j ) are m functions of other 
cov ari ates, z j , for j = 1 , . . . , m . This spec i fica tion assumes tha t
an increase in x re duc es the mean respon s e, appropri ate for s e t-
tings whe re smalle r values of the respon s e are undesirab le, as is 
the case with c ognition sc ores; se e Se ctions 1.3 and 5 . Adapt a - 
tion s to s e t tings wher e an incr ease in exposur e leads to a gr ea ter
respon s e (and hence f (x ) would be monotone increasing) are 
s trai gh tforwa rd. 

Le t p 0 ∈ (0 , 1) , le t p + 

∈ (0 , 1 − p 0 ) , and let τ0 (x 0 , z ) sat-
isfy P ( Y < τ0 ( x 0 , z ) ; x 0 , z ) = p 0 where P (·; x, z ) is the prob-
abil ity d istribution for Y follow ing the model ( 1 ) w ith cova ri - 
ates (x, z ) ≡ (x, z 1 , . . . , z m 

) . Here x 0 ∈ R is a baseline expo- 
sur e r epr ese n ting a n unexpose d s ubje ct, a nd is almos t alw ays s e t
at x 0 = 0 in practice if the dat a cont ain unexposed subjects. The 
be nchma rk dose (BMD, denoted as x b ) is defined as the value of 
x satisfying 

P ( Y < τ0 ( x 0 , z ) ; x b , z ) = p 0 + p + 

. (2) 

The value p + 

is called the be nchma rk respon s e (B MR); s ee 
Crump ( 1995 ) and Akkaya Hocagil et al. ( 2024 ) for further de- 
tails. 

Under the additive model ( 1 ), x b is defined by the nonlinear 
equation U (x b ) = 0 , where 

U (x ) = ( f (x 0 ) − f (x ) ) /σ − c (p 0 , p + 

) , (3) 

and c (p 0 , p + 

) = �−1 (p 0 + p + 

) − �−1 (p 0 ) where �(·) is 
the s ta nda rd normal cum ulative dis tribut ion funct ion. It is 
clear from ( 3 ) th at define d this way, x b does not depend on 

τ0 (x 0 , z ) or z . An estimate, ̂  x b , of x b s o lves the nonlinear equa- 
tion U n ( ̂  x b ) = 0 , where 

U n (x ) = 

(̂ f (x 0 ) − ̂ f (x ) 
)
/ ̂  σ − c (p 0 , p + 

) , (4) 

and ̂

 f (x ) and ̂  σ are e stimate s of f (x ) and σ . 

2.2 Quant ifying u n c erta inty in the ben c h mar k dose 
To address the unce rtain ty in est imat ion of the benchmark dose, 
it is common to base guide line s on the lowe r e ndpoin t of a n a p-
pr oxima te 95% confidence in te rval for x b ; this is r eferr ed to as 
the be nchma rk dose-lowe r, de noted b y BMDL. Budtz- Jorge nse n 

et al. ( 2001 ) derive the exact sampling distribution of ̂  x b in linear 
dose- re sponse mode l s and use it to g ive a formul a for a B MDL.
More ge ne rally, a n exp licit s amp l ing d i stribution of ̂  x b i s not
av ail ab le, s o a common approach is to use the De lt a method 

for v ari anc e estim a tion, and r ely on asymptotic normality of ̂  x b . 
Computationally-in te nsive boots tra p-bas ed B MDL est imat ion 
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 s al s o pos sib le by r efit ting the dose-r espon s e model many times;
e e Moerbe e k et al. ( 2004 ) for a revie w of exi sting method s. In
e ction 3.4 , w e deriv e a nov el method for unc e rtain ty qua n tifica-
ion of the B MD bas ed on s e mi -pa ra me tric dos e- re spon s e mod-
ls and asymptotic normality of the appr oxima te pivot in Equa-
ion 4 . 

2.3 Mo noto ne B-splines 
he dose- re sponse function is r epr ese n ted as a monotone spline

unction. This proves useful for both fitting the dose- re sponse
odel and rapid computation of the B MD and B MDL, and en-

 ures th at a BMD exists for some choice of the BMR; see Sec-
ion 3 . The function f (x ) can be written as 

f (x ) = 

L ∑ 

l=1 

b l,p (x ) βl , (5) 

here b l,p (x ) is the l th B-spline function of order p on the inter-
al [ a, b] ⊂ R with knots t = (t 1 , . . . , t L + p ) such that a ≤ t 1 ≤
· · ≤ t L + p ≤ b. Using cubic B-splines having p = 4 , we follow
he s ta nda rd pra ctice of choosin g a l arge v alue of L a nd con trol -
in g o ver-fittin g through pen alize d estim ation; se e Wood et al.
 2016 ) and Wood ( 2017 ) for details. 
B-splines are defined rec ur sively with b l, 1 (x ) = I( [ t l , t l+1 ) )

nd b l,p (x ) = ω l,p−1 b l,p−1 (x ) + (1 − ω l+1 ,p−1 ) b l+1 ,p−1 (x )
here ω l,p (x ) = (x − t l ) / (t l+ p − t l ) I(t l+ p � = t l ) . These defi-
ition s are us ed durin g model fittin g (Se ction 3.2 ) to c ompute

he design matrix where the x at which the splines are to be
valua ted ar e spec i fied in advance. 
The n ume rical me thods of Section 3 (s ee als o Algorithm s 2

nd 3 in Supplementary Materials Section A) r equir e comput a -
ion of the spline function ( 5 ) within an iterative root-finding
roc e dure at m any values of x that cannot be known in ad-
 ance. In this s e tt ing, comput ing b 1 ,p ( x ) , . . . , b L,p ( x ) naively
nd computing f (x ) using ( 5 ) is too c omputation ally in te nsive.
or each fixed value of x , the sum defining the value of the spline

unction f (x ) has only p + 1 nonzero terms. de Boor’s algo-
ithm (de Boor, 2001 ) computes the spline function f (x ) effi-
ie n tly b y i gnoring computations known to add zero to the over-
ll sum because the associated basis functions evaluate to zero;
ee Algorithm 1 in Supplementary Materials Section A. This
r ea tly incr eases the spe e d of the computations inv olv e d in es-
 imat ing the BMD and hence makes the pa ra metric boots tra p of
ection 3.4 practically feasible. 
The derivative of a B-spline basis function is given by 

b ′ l,p (x ) = ( p − 1)( b l,p−1 ( x ) / ( t l+ p−1 − t l ) 

− b l+1 ,p−1 ( x ) / ( t l+ p − t l+1 )) , 

nd the derivative of the spline function ( 5 ) is: 

f ′ (x ) = (p − 1) 
L ∑ 

l=2 

b l,p−1 (x ) 
βl − βl−1 

t l+ p−1 − t l 
. (6) 

rom this, it can be seen that β1 < · · · < βL is a su ffic ie n t
ondition for f (x ) to be strictly monotone decreasing, and
hi s i s s trai gh tforwa rd to e nsur e during model fit ting via r e-
a ra mete rization as introduc e d by Pya and Wood ( 2015 ); see
e ction 3.2 . Further, be caus e the deriv atives of a spline func-
ion are also spline functions (linear c ombin ations of spline ba-
is functions), de Boor’s algorithm is als o app lied to obtain the
eriva tives r equir ed to imple me n t Newton’s method, lea din g to

urther c omputation al benefits . 

3 I N F E R E N C E  S  A  B O U T T H E  B E N C H M A R K 

D O S E  

3.1 Existence of the be nchma rk dos e 
he be nchma rk dos e x b , defined as the s o lution to U (x ) = 0
here U (x ) i s g iven by ( 2 ), is not guarante e d to exist for every

hoice of x 0 , p 0 , p + 

. The spec i fication of x 0 , p 0 , p + 

should be
on text-depe nde n t; see Habe r et al. ( 2018 ). If the d ata invo lve a
a rge n umbe r of unexpose d s ubje cts, as is the cas e in our motiv at-
ng example on pr ena tal alco ho l exposure, then s e tting x 0 = 0 is
eas onab le. Otherwis e, this is a n importa n t modeling choic e; se e

hitney and Ryan ( 2013 ) for a detailed d isc ussion. 
Assumption 1 is su ffic ie n t to e nsur e tha t for some p 0 , p + 

, there
xists a value of x b satisfying U (x b ) = 0 : 

ss umption 1 (a) T he u nknown fu nct io n f (x ) is co nt inuousl y d if-
erenti ab le with 

sup x ∈ R | f ′ (x ) | < ∞ and f ′ (x ) < 0 for every x ∈ R ; and (b)
ith pro b ability 1 the es t ima t ed funct io n ̂

 f (x ) is co nt inuousl y d iffer-
nti ab le with s up x ∈ R | ̂  f ′ (x ) | < ∞ and ̂

 f ′ (x ) < 0 f or ev ery x ∈ R .

ssumption 1 (a) st ate s that hi ghe r exposure cannot be as s o-
iated with an equal or better expected respon s e. As sumption
 (b) can be satisfied by applying a monontonic smoother, as
e do in Sections 2.3 and 3.2 . Since U (x 0 ) < 0 from Assump-

ion 1, by the int ermediat e value theorem U (x max ) > 0 is a
u ffic ie n t condition for the exis te nce of x b ∈ (x 0 , x max ) satis-
ying U (x b ) = 0 . Further, a su ffic ie n t condition for the es ti -

ate ̂  x b to exist is U n (x max ) > 0 . In cases where the underlying
ose- re sponse curve is not monotonic or when U n (x max ) < 0 ,
 be nchma rk dose may not exis t. This is importa n t to conside r
n app lication s. 

3.2 Fitt ing th e dos e-respo ns e mode l 
nder the B-spline r epr ese n ta tion ( 5 ), the dose-r espon s e model
 1 ) is: 

Y i = α + 

L ∑ 

l=1 

b l, 4 (x i ) βc 
l + 

m ∑ 

j=1 

L ∑ 

l=1 

b l, 4 (z i j ) γ jl 

+ σεi , εi 
iid ∼ N (0 , 1) , i = 1 , . . . , n. (7)

onotonicity can be enforc e d by r eparameteriza tion; see Pya
nd Wood ( 2015 ) for tran sformation s that yield monotone
ncreasing and decreasing functions as well as other shape
ons train ts. We s e t βc 

1 = β1 and βc 
l = βc 

l−1 − exp ( βl ) , l =
 , . . . , L , which gua ra n te es th at βc 

1 < · · · < βc 
L a nd he nce

hat f (x ) and its estimate, ̂ f (x ) = b 1 , 4 (x ) ̂  βc 
1 + · · · +

 L, 4 (x ) ̂  βc 
L , are monotone decreasing. The unknown pa-

a mete rs to be estim ate d are � = (α, β, γ, σ ) ∈ R 

D where
∈ R , β = (β1 , . . . , βL ) ∈ R 

L , γ = (γ11 , . . . , γmL ) ∈ R 

mL 

nd σ > 0 , so that D = 2 + L (1 + m ) . 

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae098#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae098#supplementary-data
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Define the design matrices B = ( B il ) with B il = b l, 4 (x i ) and
Z = [ Z 1 : · · · : Z m 

] with Z j = 

(
Z jil 

)
and Z jil = b l, 4 (z i j ) . Fur-

ther define φ = (τ, λ) ∈ R 

s where s = m + 2 , τ = −2 log σ ,
a nd λ = (λ1 , . . . , λm +1 ) whe re λ j ∈ R a re (log) smoothing
pe nalty pa ra mete rs to be es tim ate d. Fin ally, let S 1 , S 2 , . . . , S m +1
be m atric es of inte grate d square d B-sp line s e c ond derivativ es,
c ompute d ac c ording to the algorithm of Wood ( 2017 ), and let
S λ = diag 

(
e λ2 S 2 , . . . , e λm +1 S m +1 

)
. A pen alize d joint (ne gativ e)

log-l ikel ihood for the unknown pa ra mete rs, ( �, φ) , is 

� ( �, φ) = 

1 

2 

e τ‖ y − α1 n − B βc − Z γ‖ 

2 
2 + e λ1 βT S 1 β

+ γT S λγ, (8)

and a m argin al l ikel ihood for φ is 

L ( φ) = 

∫ 

exp 

{−� ( �, φ) 
}

d �. (9)

We define the profile maximum l ikel ihood estimator
as ̂ �( φ) = argmin �� ( �, φ) , and the Hes si an matrix
H ( φ) = −∂ 2 �� ( ̂  �( φ) , φ) . Infe re nces about φ are to be based
on the Lap l ac e-approxim ate m aximum m argin al l ikel ihood
es timator, ̂  φ = a rgmax φL LA ( φ) , whe re 

L LA ( φ) = ( 2 π ) D/ 2 | H ( φ) | −1 / 2 exp 

{−� ( ̂  �( φ) , φ) 
}

(10)

is a Lap l ac e approxim ation to L ( φ) . Point e stimate s of � are
the n give n as ̂ �( ̂  φ) , a nd a poin t es timate of the unknown
dose- re sponse function at any x ∈ R is ̂ f (x ) = b(x ) T ̂ βc with
b(x ) = (b 1 , 4 (x ) , . . . , b L, 4 (x )) T . Estimates ̂  g j for each g j , j =
1 , . . . , m a re a nalo gously o btaine d. Unc e rtain ty qua n t ificat ion
i s di s cus s ed in Section 3.4 . 

Spl ine calc ula tions ar e ca rried out using the Rcpp fra me-
work (Edde lbuette l a nd Fra ncois, 2011 ). The Te mp l ate Model
Builde r ( TMB) fra mework (Kris te n s en e t al., 2016 ) is us ed
for automatic diffe re n t iat ion and Lap l ac e approxim ation, yield-
ing efficie n t computation of log L LA ( φ) a nd ∂ φ log L LA ( φ) .
We compute ̂ φ via quasi-Newton opt imizat ion based on
these qua n t it ies . The linear c onstraints 

∑ n 
i =1 ̂

 f (x i ) = 0 and∑ n 
i =1 ̂  g (z i j ) = 0 , j = 1 , . . . , m are imposed directly, without

“cons train t -absorbing” rep a ra mete r izations (Str inger, 2024 ).
Note that because U n (·) is inva ria n t to the addition of cons ta n t
t erms t o 

̂ f , est imat ion of x b is inv ari ant to the choice of linear
cons train ts. Howeve r, such cons train ts a r e r equir ed to ensur e the
ide n tifiability of α as well as more than one f and g to ge ther, s o
they sti l l m us t be used. 

3.3 Co mputatio nal m eth o d for b en c h mar k dose est imat ion 

Giv en a fitte d dose- re sponse mode l, we obt ain the e stimate, ̂  x b ,
defined as the s o lution to a non-linear equation, U n ( ̂  x b ) = 0 , via
a refle ctiv e Newton line s earch . The efficie ncy a nd s tability of the
method are critically important in the par ametric bootstr ap of
Section 3.4 , where we r epea t the pr oc e dure thousands of times to
calculate a be nchma rk dose lowe r limit. Efficie n t computation of
the r equir ed B-spline functions a nd de rivatives to imple me n t the
Newt on it era tion is facilita ted b y de Boor’s al gorithm (de Boor,
2001 ), a nd a s table ite ration is achiev e d by bounding the s o lu-

tion to a known in te rval.  
Bounds on ̂  x b are obtained by noting th at Ass umption 1 (b) 
gua ra n te es th at U n (·) is c on tin uous a nd s trictly monotonic, a nd
further that U n (x 0 ) = −c (p 0 , p + 

) < 0 . We ther efor e check the
c ondition th at U n (x max ) > 0 in app lication s . If this c ons train t
i s sati sfied, the n b y definition of ̂  x b and the int ermediat e value 
theore m, x 0 < ̂  x b < x max . We the n augme n t the typical New- 
t on it era tion with the r efle ctiv e transform ation giv e n b y Cole-
ma n a nd Li ( 1994 ), using (x 0 , x max ) as the r equir ed in te rval
within which the s o lution is known to lie. The full algorithm 

i s g ive n in Al gorithm 2 in Supplemen ta ry Mate rials Section A, 
which depends further on de Boor’s alg orithm (Alg orithm 1 in 

Supplemen ta ry Mate rials Section A). 

3.4 Co mputatio n of be nchma rk dos e lowe r limits 
A method for computing a 95% c onfidenc e in te rval for x b is re- 
quire d sinc e the low e r e ndpoin t of a 95% confide nce in te rval for
x b defines the be nchma rk dose lowe r limit (B MDL); s e e Se c- 
tion 2.2 . We introduce a novel B MDL bas ed on an appr oxima te 
piv ot obtaine d from U n , and giv e a fas t a nd s tab le me thod for
computing it. This computational method draws on and extends 
the efficie n t fra mew ork for c omputation of ̂  x b (Se ction 3.3 ). Ac- 
c ordingly, w e also provide a very efficient Bayesian parametric 
boots tra p that uses this framework to drastically spe e d up boot- 
s tra p B MDL calcul a tion by avoiding the r e-fit ting of the dose- 
re spon s e model. We further compare to the more usual but un- 
de sirable De lt a me thod bas e d on asymptotic norm al ity of ̂  x b d i- 
rectly. Further details for the bootstrap and De lt a method are 
given in Supplementary Materials Section C. 

Inspect ion of Equat ion 4 yields the appr oxima te pivot 
 n (x b ) 2 /V n ( ̂  x b ) 

·∼ χ 2 
1 , where 

V n (x ) = 

̂ Var { U n (x ) } 

= 

1 ̂ σ 2 ( b(x 0 ) − b(x ) ) T �( ̂  βc ) ( b(x 0 ) − b(x ) ) , 

and �( ̂  βc ) = Cov ( ̂  β) . Denote the entire v e ctor of spline 
wei gh ts a nd va ria nce/smoothing pa ra mete rs b y θ = ( �, φ) ,
with estimate ̂ θ = ( ̂  �, ̂  φ) . We follow a similar method to 

Wood et al. ( 2016 ) and draw samples, { θ j } M 

j=1 where M ∈ N , 

fr om the appr oxima t e post erior θ| Y 

·∼ N ( ̂  θ, H 

−1 ( ̂  θ)) using 
the method of Rue ( 2001 ). We use the sa mple cova ria nc e m a- 
trix of β1 

c , . . . , β
M 

c , ̂ �( ̂  βc ) = Cov ( β1 
c , . . . , β

M 

c ) , t o estimat e 
�( ̂  βc ) . W ith thes e qua n t it ies av ail ab le, w e define the piv ot-
bas ed B MDL, ̂  x piv l , as ̂  x piv l ∈ inf ̂ C n (α) , where 

̂ C n (α) = 

{
x ∈ R : U n (x ) 2 < V n (x ) χ 2 

1 , 1 −α/ 2 
}
. 

Computation of ̂  x piv l is more inv olv e d th an th at of ̂  x b . We uti- 
lize a nothe r a pplication of the refle ctiv e Newton line search 

c ouple d with de Boor’s algorithm as follows: Define the func- 
tion κn (x ) = U n ( x ) 2 − V n ( x ) χ 2 

1 , 1 −α/ 2 and note that ̂ x piv l ∈ 

inf 
{

x : κn (x ) = 0 

}
. Ac c ordingly, w e again apply a refle ctiv e 

Newton line search to find a n a ppr opria te zer o of κn . The r e- 
quir ed deriva tive is κ ′ 

n (x ) = 2 U n ( x ) U 

′ 
n ( x ) − V 

′ 
n (x ) χ 2 

1 ,α where
 

′ 
n (x ) = −2 b ′ (x ) T �( ̂  βc ) ( b(x 0 ) − b(x ) ) . Both the B-spline 

basis function v e ctors, b(x ) , and their v e ctors of derivatives, 
b ′ (x ) , are c ompute d dire ctly using the re c ur sion s des cribed in

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae098#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae098#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae098#supplementary-data
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R  
ection 2.3 . Bounds are obtained by o bs erving that κn (x 0 ) =
 (p 0 , p + 

) 2 > 0 and κn ( ̂  x b ) = −V n (x ) χ 2 
1 ,α < 0 , a nd a pplying

he in te rmedi ate v alue theorem to conclude tha t ther e exists
  

piv 
l ∈ (x 0 , ̂  x b ) . Although such a root may or may not not be
nique, w e h av e not o bs erv e d pro b lem s with c onv e rge nce or s t a -
ility in our expe rime n ts (Section 4 ) or data an alysis (Se ction 5 ).
he full algorithm is given in Algorithm 3 in Supplementary M

terials Section A. 
W ith the s amp le { θ j } M 

j=1 already efficie n tly drawn from the ap-
r oxima te pa ra mete r pos te rior θ| Y ∼ N ( ̂  θ, H 

−1 ( ̂  φ)) , a n effi-
ie n t a n pa ra metric boots tra p BMDL , ̂  x boot l , i s obtained imme-
ia tely by r epea ting the proc e dure introduc e d in Section 3.3 for
ach s amp led θ j . Thi s yield s a boots tra p sa mple { ( ̂  x b ) j } M 

j=1 , a nd
  

boot 
l is defined as the lower 2 . 5% qua n tile of this sa mple. A
MDL estim ate d by the D e lt a method i s g ive n b y 

̂ x �l = ̂  x b − 2 

V n ( ̂  x b ) 1 / 2 

| U 

′ 
n ( ̂  x b ) | . 

urther details about ̂  x boot l and ̂  x �l are given in Supplementar
 Materials Section C. 

4 E M P I R I C  A  L  P E R F O R M A  N C E  A  N D  

C  O M P U TAT I O N A L  C  O N  S I D E R AT I O N S  

e compare via simul ation s the empirical perform anc e of our
ropos ed B MDL ̂  x piv l with that of the pa ra metric boots tra p
  

boot 
l and the De lt a me thod ̂  x �l ; s e e Se ction 3.4 . All compu-
a tions ar e performed using the semibmd R package, which
mple me n ts the methods described in Section 3 . We simulate
00 000 r eplica tes fr om the true dos e-respon s e function f (x ) =
xp (−sx ) for varying s > 0 . Thi s g iv es a monotone curv e of
a rying s tee pne ss, where s maller s yie lds a fla t te r curve a nd he nce
 more d iffic ult est imat ion pro b lem . We report here sele cte d re-
ults on empirical coverage and computation times; extended re-
ults are av ail ab le in Supplementary Materials Section B. 

We report empirical c ov erage probabilities and r ela tiv e c om-
utat ion t imes for each simul ation . Empirical c ov erage proba-
ilities are defined as the proportion of simul ated B MDLs that
ere less than the true BMD. The expected such proportion is
7 . 5% , reflect ing the definit ion of the BMDL as the lower limit
f a n equal -tailed 95% confidence in te rval for x b . Mon te Ca rlo
 onfidenc e intervals for the empirical c ov erages are also shown,
nd the number of simul ation s w as chos e n to be hi gh e nough for
hese to be very narrow. 

Relativ e c omputat ion t imes are defined as the number of sec-
nds of total computat ion t ime re quire d to c ompute each of
  

piv 
l and ̂  x boot l divided by the number of se c onds of total com-
utat ion t ime re quire d to c ompute ̂  x �l for each simulated set of
at a. Such time s a re the refore unitless. Mon te Ca rlo confide nce

n te rvals a re based on the ce n tral limit theorem and hence we
imply report means and standard errors. 

Figure 1 shows the empirical c ov er age r ates of ̂  x �l , ̂  x piv l , and
  

boot 
l . The la t ter based on 1000 pa ra metric boots tra p re plica -
ions for each of the 100 000 simulated re plicate s; this m assiv e
 moun t of computation was made feasible by the speed and st a -
ility of the ̂  x b computations described in Sections 3.3 and 3.4 .
he pe rforma nce of ̂  x piv l is satisfa ctory: co verage is at or just
bove the nominal level in most cases. In the more d iffic ult cases
f flat dose- re sponse function (low s , top 2 rows) or hi ghe r resid -
al s ta nda r d devia tion σ (ri gh tmos t column), unde rcove rage is
 bs erv e d at the lower s amp le sizes n = 200 and n = 500 , but

his c orre cts in all cases for n = 1000 . The boots tra p ̂  x boot l is
 ome times more con s erv ativ e th an ̂  x piv l but othe rwise ge ne r-
lly agrees with it, at a cost of roughly 30 × more computation
ime (see Table 1 ). The De lt a method ̂  x �l is highly c onservativ e,
 nd ofte n giv es c ov erage of 100% or v e ry nea r. All methods we re
oo con s erv ative in the case of a flat dose- re sponse curve with
i ghe r σ (top ri gh t corne r). 
Table 1 s umm arizes c omputation al aspe cts of the proc e dure.

hown are the (unitle ss) re lativ e c omputat ion t imes for ̂  x piv l 
nd ̂  x boot l r ela tive to ̂  x �l , which should be the fas tes t. The pro-
ose d piv ot -b ased BMDL ̂  x piv l is esse n tially jus t as fas t as the
e lt a method with r ela tiv e c omputation time only 1% hi ghe r;

he raw computation times for both are on the order of microsec-
nds on the ha rdwa re use d. Be cause the Bayesian parametric
oots tra p give n in Section 3.4 does not r equir e r e-fit ting the
ose- re sponse mode l, it i s al so fas t, a nd with 1000 sa mples, it
 ake s only around 30 times more computing time than ̂  x �l and
  

piv 
l . How ev e r, its pe rforma nce is broadly comparable to that
f ̂  x piv l . The conclusion is that ̂  x piv l achieves better results than
  

�
l in the same c omputation al time, and e qually sa tisfactory r e-
ults to ̂  x boot l in about 30 × less computational time. 

5 B E N C H M A R K D O S E  A N A LY  S  I S  O F  

P R E N ATA  L  A  L CO H O L  E X P O S U R E  

e con sider d a ta fr om six longitudinal cohort studies of alco ho l
 ons umption by pre gn ant w omen c onducte d in D etroit ( Jac ob-
 on e t al., 1993 ), Pitts burgh (Day e t al., 1991 ; Richards on e t al.,
999 ), A tl a n t a (Cole s et al., 2006 ; Brown et al., 1998 ), and Seat-
le (Streis sguth e t al., 1981 ). The res ea rch ques tion of in te res t is
o qua n tify levels of pre n atal alc o ho l exposure (PAE) as s oci ated

ith the developme n t of clinically importa n t c ognitiv e deficits
n children. In these si x cohor t s tudies, childre n we re follow e d
r om infancy thr ough youn g a dulthood a nd inves ti gators admin-
s te red a ra nge of neuropsycho lo gical t ests t o as s es s IQ and four
omains of cognit ive funct ion: lea rning a nd me mory, exe cutiv e

unction, and a ca demic a chievement in rea din g and m athem at-
cs. To obtain an overall cognitive function score for each child,
 structural equation model was fitted for each cohort. We then
se d the estim ate d c ognitiv e function sc ore as the outcome mea-
ure in the below analysis. For details on this approach, see Jacob-
 on e t al . ( 2024 ) and Ak kaya Hocagil et al . ( 2024 ). 

Da ta on ma tern al alc o ho l con sumption we re summa rized in
e rms of ave rage alco ho l in take pe r day (ounces of abs o lute al-
o ho l, (AA)/d ay) during pregna ncy, a nd data on a broad range
f pote n tial confounde rs we re collected in thes e co horts. Since
ach cohort provided a somewha t differ ent s e t of confound-
ng v ari ab le s, for the s e d ata Jaco bs on e t al. ( 2024 ) modeled
he exposure v ari ab le, average alco ho l intake per day, as a func-
ion of the pote n tial confounde rs via a linear r egr e ssion mode l
nd use this to estimate a propensity score (Rosenb a um and
ubin, 1983 ). We us ed thes e propen sity s c ores as c ov ari ates

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae098#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae098#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae098#supplementary-data
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FIGURE 1 Empirical c ov erage proportions, ̂  x l ≤ x b , from 100 000 simul ation s des cribe d in Se ction 4 . 
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TAB LE 1 Av e rage a nd e mpirical s ta nda rd e rr or of computa t ion t ime for ̂  x piv l , ̂  x boot l r ela tive to ̂  x �l . Numbers shown a re ave rage a nd (s ta nda rd 

err or ) of the c omputation al time in se c onds of ̂  x piv l or ̂  x boot l divided by that of ̂  x �l , and are hence unitless r ela tiv e c omputat ion t imes. 

n = 200 n = 500 n = 1000 

s σ ̂ x piv l ̂ x boot l ̂ x piv l ̂ x boot l ̂ x piv l ̂ x boot l 

.1 .1 1.02(0.00) 33.80(0.05) 1.01(0.00) 33.47(0.05) 1.01(0.00) 33.34(0.05) 
.2 1.02(0.00) 34.60(0.06) 1.02(0.00) 33.98(0.06) 1.02(0.00) 33.71(0.05) 
.5 1.02(0.00) 35.50(0.07) 1.02(0.00) 35.58(0.06) 1.02(0.00) 35.78(0.06) 

.5 .1 1.01(0.00) 33.43(0.05) 1.01(0.00) 33.29(0.05) 1.01(0.00) 33.43(0.05) 
.2 1.01(0.00) 33.41(0.05) 1.01(0.00) 33.31(0.05) 1.01(0.00) 33.35(0.05) 
.5 1.02(0.00) 33.90(0.05) 1.01(0.00) 33.55(0.05) 1.01(0.00) 33.44(0.05) 

1 .1 1.01(0.00) 33.54(0.05) 1.01(0.00) 33.38(0.05) 1.01(0.00) 33.39(0.05) 
.2 1.01(0.00) 33.44(0.05) 1.01(0.00) 33.36(0.05) 1.01(0.00) 33.22(0.05) 
.5 1.01(0.00) 33.52(0.04) 1.01(0.00) 33.46(0.05) 1.01(0.00) 33.48(0.05) 

2 .1 1.01(0.00) 33.71(0.05) 1.01(0.00) 33.53(0.05) 1.01(0.00) 33.42(0.05) 
.2 1.01(0.00) 33.76(0.05) 1.01(0.00) 33.46(0.05) 1.01(0.00) 33.70(0.05) 
.5 1.01(0.00) 33.66(0.05) 1.01(0.00) 33.69(0.05) 1.01(0.00) 33.51(0.05) 

5 .1 1.01(0.00) 33.91(0.05) 1.01(0.00) 33.79(0.05) 1.01(0.00) 34.01(0.05) 
.2 1.01(0.00) 34.14(0.05) 1.01(0.00) 33.77(0.05) 1.02(0.01) 33.88(0.05) 
.5 1.01(0.00) 34.07(0.05) 1.01(0.00) 33.97(0.05) 1.01(0.00) 34.03(0.05) 
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Rosenb a um and Rubin, 1983 ; Imbens and Hirano, 2004 ) in the
o llowing dos e- re spon s e model. 

Let Y i r epr ese n t the c ognitiv e function s core, x i = lo g (a i + 1)
here a i is the average alco ho l in take pe r day during pre gn ancy,

j i ∈ 

{ 1 , . . . , 6 

} index the cohort to which s ubje ct i belongs, and
 i = s j i denote the c ompute d propensity scores for subject i =
 , . . . , 2226 in co hort j i . A lo g-tran sformation w as app lied to a i 

o re duc e the influenc e of v e ry hi gh exposur e values on the fit ted
odel. The dos e-respon s e model is then 

Y i = α + f (x i ) + g j i (z i ) + σεi , εi 
iid ∼ N (0 , 1) , (11) 

here f is an unknown, smooth monotone dos e-respon s e func-
ion, and g j , j = 1 , . . . , 6 are unknown smooth functions. We
pply the b asis exp an sion s of Section 2.3 and fit the model using
he methods described in Section 3.2 . We compute the estimated
MD, ̂ x b , using the method of Section 3.3 , and the BMDL,
  

piv 
l , using the methods of Section 3.4 . We also compute ̂  x �l and
  

boot 
l for comparis on . We us ed p + 

= . 01 and p 0 = . 025 ; see
kkaya Hocagil et al. ( 2024 ) for the rationale for these choices. 
Figur e 2 r epr ese n ts the estim ate d dos e-respon s e curve o b-

ained from the fitt ed monot one additive model along with the
stim ate d BMD and corresponding B MDLs; s ee Figure 1 in
upplemen ta ry Mate rials Section D for model diagnostics. The
stim ate d B MD w as ̂  x b = 0 . 764 and the three B MDLs were
  

piv 
l = 0 . 356 , ̂ x boot l = 0 . 310 , and ̂ x �l = 0 . 175 . The De lt a
ethod estimate, ̂  x �l , is m uch close r to ze ro tha n the othe r two,

 nd he nc e c omm unicates a m uch more con s erv a tive clinical r ec-
mmendation; c ombine d with its empirical c ov erage being too
igh in simul ation s, w e rem ark th a t this can be r egar ded as a dis-
dva n tage of the Delta method over the two proposed BMDLs. 
The total a moun t of time that the proc e dure took to fit the
ode l, e stimate the BMD, and compute the three B MDLs bas ed

n 100 000 boots tra p ite ration s w as 396 s e c onds on a 2021 M1
acbook Pro with 64 GB of RAM. Model fitting and estimat-

ng the B MD too k 3.93 s e c onds and 30 microse c onds, respe c-
 ively. Est imat in g the co v ari anc e m atrix via pos te rior sa mpling
nd computing the pivot B MDL too k 1.18 and 0.4 se c onds, re-
pe ctiv ely. The c omputat ion t ime for 100 000 iterat ions of the
a ra metric boots tra p for ̂  x b was the longest at 390 se c onds, and
roduc e d a res ult close to ̂ x piv l which was c ompute d nearly
000 × fas te r. Fitt ing the model , est imat ing the BMD, and com-
uting the pivot -b as ed B MDL ̂  x piv l too k a total of 5.53 s e c onds .

6 D I S  C U S S  I O N 

he me thod des cribe d in Se ct ion 3.2 for fitt ing the dose-
e spon s e model can be used to fit monotone ge ne r aliz e d additiv e

odels in which the respon s e is bin ary, c ount, cate gorical, and
e ne rally has a ny smooth de n sity; s ee Pya and Wood ( 2015 ).
he quadratic term in Equation 8 would simply be rep l ac e d by

he ne gativ e log -l ikel ihood, a nd the n the La p l ac e approxim a-
ion described in Section 3.2 applies unchanged; see Wood et al.
 2016 ), Kris te n s en e t al. ( 2016 ), and Broo ks e t al. ( 2017 ). For
on tin uous data, Wood et al. ( 2016 ) show how this approach can
ls o be us ed to rel ax the as s umption of c ons ta n t va ria nce in ad -
itive models with Gaus si an respon s es. Our propos ed approach

or fit ting dose-r espon s e models is easily adapted to other s e t-
ings. 

Extension of the prese n t methods for BMD(L) determination
or con tin uous out comes t o bin ary, c ount, and cate gorical out-
omes is complicated only by the B MD its elf having diffe re n t
efinitions in each of these types of data. For example, for a bi-
 ary outc ome Y i , Crump ( 1995 , Equation (1)) defines the BMD
s the excess risk; if P (Y i = 1 ; x ) = μ(x ) then the BMD x b
s defined by μ(x b ) − p 0 = p + 

. If our approach is applied to
t the log i stic dose- re sponse mode l log [ μ(x ) / { 1 − μ(x ) } ] =

f (x ) + g 1 (z 1 ) + · · · + g d (z d ) , then the refle ctiv e Newton ap-
roach of Section 3.3 could be applied to s o lve ̂  μ(x b ) − p 0 =

p + 

. A pivot -b as ed B MDL may als o be pos sib le to derive. Thes e
ues tions a re in te res ting for future work; one challenge to over-
ome is that the BMD wi l l depend on the values of any other
ov ari ates in the model, complicating analysis and reporting. 
We re c ommend av oiding the D e lt a method ( ̂  x �l ; Section 3.4 )

or forming c onfidenc e intervals for ̂  x b in general. The estimate

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae098#supplementary-data
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FIGURE 2 (a) Estim ate d dose- re sponse curve (—) and unce rtain ty ba nds c ompute d as pointwise 95% cre dible in te rvals from 100 000 
s amp les from the posterior of the fitted curve (- - -). Vertical lines are the estim ate d BMD, ̂  x b (—) and the BMDLs: ̂  x �l ( · · · ), ̂  x piv l (- - -), and ̂ x boot l ( − · −). (b) 100 000 s amp les fr om the appr oxima t e post er ior distr ibution of ̂  x b ( �) and normal appr oxima tion to this distribution 

(—) upon which ̂  x �l is based. 
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 x b is a highly non-linear function of the MLE, and should not be
expe cte d to h av e a s amp l ing d i stribution that i s close to Gaus-
si an . An examp le of this is shown in Figure 2 (b) for the PAE data
analysis, in which the appr oxima t e post er ior distr ibution of ̂  x b is
extreme ly non- normal, lea din g to a subs ta n tial ove res t imat ion of
unce rtain ty a nd a low value of ̂  x �l . This re c ommendation e choes
that of Moerbeek et al. ( 2004 ). 

A subs ta n t ial mot ivat ion for using se mi -pa ra metric a p-
proaches is to avoid spec i fying the for m of the dose- re sponse
function. In desi gned expe rime n ts, the re may be scie n tific rea-
s on s to favor a spec i fic pa ra metric model, but thi s i s less often the
cas e in epidemio lo gical studies . Re gar ding the motiva ting study
of the effects of PAE on child co gnition, Jaco bs on e t al. ( 2024 )
argue that the dose- re spon s e curve is p l ausib ly non-linea r, a nd
its shape should be fla t a t low levels of exposure a nd the n s teepe r
beyond a certain level . Such situat ions in which the shape of
the dose- re sponse curve is partially spec i fied are particularly
a me nable to a nalysis using the se mi -pa ra metric methods we
develop in this pa pe r. 

The estim ate d dose- re sponse curve shown in Figure 2 (a) for
the PAE data analysis is very flat at low exposure values. This ap-
pears to be due to a large amount of noise r ela tiv e to sign al in
the PAE data themse lve s, su gge sting that a single exposure mea-
s ure m ay not be s u ffic ie n tly inform ativ e ( Jac o bs on e t al., 2024 ).
Akkaya Hocagil et al. ( 2024 ) perform a benchmark dose analy-
sis for PAE using a biv ari a te exposur e tha t incorpora tes both fr e-
que ncy a nd seve r ity of dr inking. In future w ork, w e p l an to de-
velop an efficient c omputation al method for the se mi -pa ra metric
biv ari a te exposur e cas e, making us e of the fast c omputation al
methods dev elope d in the prese n t ma n uscript to improve the
pract ical applicat ion of be nchma rk dose es t imat ion with biva ri -
a te exposur e. 

Although the prese n t pa pe r prese n ts me thodo lo gy that is
spec i fically tied to computa tions r ela t ed t o be nchma rk dose es-
t imat ion and its as s oci ate d low er c onfidenc e limit, the methods
c ould be applie d to more ge ne ral inve rse es t imat ion pro b lem s.
In such pro b lem s, the o bj ect of in te res t is a point on the x -axis
in a se mi -pa ra metric r egr e ssion mode l, a nd is he nc e obtaine d by
s o lving a nonlinear e quation. Inv ers e pro b lem s aris e in a wide
range of applied settings, for exa mple, che mical calibration or 
me dical im aging, and it w ould be in te res ting to a pp ly simil ar
approaches to those used in the prese n t pa pe r in othe r such 

pro b lem s. 
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