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Abstract

Underwater gliders are highly appealing for oceanic applications due to their endurance,

allowing them to operate over hundreds of kilometres for several months. However, their

limited thrust poses significant challenges for autonomous navigation, especially under

the influence of ocean currents and the lack of reliable long-term forecasts. This thesis

addresses three critical problems in estimation and path planning to reduce the reliance

on remote supervision of glider operations.

The first problem focuses on flow field estimation with limited computational resources.

We propose a novel algorithmic framework that leverages dedicated environmental estima-

tion systems, such as those from the Australian Bureau of Meteorology (BOM), to extract

recurring flow patterns from their ensemble outputs. These patterns serve as building

blocks to reconstruct an estimate of environmental behaviour. This approach ensures con-

stant computational time complexities for updating estimates from vehicle-measured flow

velocities and providing flow velocity estimates at given positions, contrasting with Gaus-

sian process (GP)-based approaches that can take cubic computational time for updates

or estimates.

The second problem, which is not well-studied in the literature, involves determining

fixed controls for underwater gliders to reach another position under the influence of
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ocean currents, thus solving the broader path planning issue. We develop the founda-

tions of streamline-based control theory, inspired by oceanographic concepts, allowing us

to constrain the search for fixed vehicle velocities without disregarding feasible solutions.

Through simulated environments using synthetic flow patterns, and the Eastern Australian

Current (EAC) flow pattern based on data from the Australian BOM, we demonstrate that

this constrained technique significantly improves path quality by over 35% compared to

unconstrained searches with similar computation budgets.

The third problem examines new methods to improve upon the standard approach of

generating feasible paths for vehicles in strong ocean currents, which typically involves

extending a search tree using random controls. We propose measures of reachability and a

filtered approach to connect to random positions more effectively, accounting for kinematic

feasibility with streamline-based control theory. Simulations in environments with vortices

show that our methods achieve higher connection rates than traditional Euclidean distance-

based quantifications of reachability. Moreover, in scenarios using real forecast data from

the Australian BOM, our methods produce initial solutions earlier than the standard

random controls approach.

The significance of this work lies in providing an automated alternative to traditional un-

derwater glider navigation workflows, transforming them into autonomous vehicles rather

than mere tools. A robust automated navigation system for underwater gliders has the

potential to revolutionise marine biology and oceanography research by simplifying multi-

vehicle operations. Additionally, streamline-based control theory offers promising appli-

cations beyond oceanography, providing innovative solutions for disciplines dealing with

similar flow fields, such as electromagnetic fields and gravitational fields.
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Chapter 1

Introduction

In recent decades, the exploration and utilisation of underwater environments have gained

significant attention due to their vital role in understanding Earth’s ecosystems, harnessing

valuable resources, and facilitating scientific research. However, the hostile nature of

these environments, characterised by high pressures, limited visibility, and constrained

communication channels, presents formidable challenges to human intervention. As a

result, the field of underwater robotics has emerged as a promising solution to address

these challenges and to unlock the potential of underwater operations.

In particular, underwater gliders represent a transformative advancement in oceanographic

research and technology. These uncrewed vehicles, such as the Slocum Glider in Fig. 1.1,

are unique and efficient tools to gather data from the ocean’s depths, surpassing traditional

methods that have relied heavily on vessels that are expensive to run and labour-intensive

deployments with limited coverage areas. By employing principles of buoyancy control

and hydrodynamics for locomotion, underwater gliders are capable of conducting extended

missions that span from weeks to months, covering thousands of kilometres. This aspect

of the vehicle also happens to produce very little noise which lessens the disturbance to

the ecosystem of the ocean, and makes them suitable for defence applications.

However, the method of propulsion leads to unique challenges specific to underwater glid-

ers. The first is caused by the relatively low forward speed achievable. A vehicle with low

propulsion speed implies that it is more affected by advection, the idea that the currents

1
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Figure 1.1: Photo of a Slocum Glider by Matti Blume is licensed under CC BY-SA 4.0

displace the vehicle from its “still-water” path, inhibiting and potentially preventing it

from travelling in certain directions. The second is that underwater gliders have very lim-

ited communication bandwidth. Since electromagnetic waves do not travel through water

effectively [1–3], underwater gliders must stay on the surface of the water to communi-

cate. These attempts at communication can even fail sometimes due to poor sea states,

and since gliders can lose a lot of travel progress by staying on the surface for too long,

they are designed to continue onwards with potentially outdated travel plans. In prac-

tice, human operators are employed to task underwater gliders in order to avoid adverse

currents, however this requires orchestrated coordination across multiple time zones for

proper supervision.

In this thesis, we make developments towards a navigation system onboard underwater

gliders in order to reduce the heavy reliance on remote supervision. Such a system will

require a planner, a module that can account for ocean advection when re-routing the

vehicle’s plans to the goal, and an estimator, a module that can incorporate forecast data

provided by high-performance computing systems and measurements from the vehicle’s

sensors. These modules should be computationally efficient to reduce power consumption,

https://commons.wikimedia.org/wiki/File:WP_Ahoi_2019,_Internationales_Maritimes_Museum,_Hamburg_(P1080670).jpg
https://commons.wikimedia.org/wiki/User:MB-one
https://creativecommons.org/licenses/by-sa/4.0/deed.en
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Figure 1.2: An example of a navigation system onboard an underwater glider

to quickly adapt to new information, and to run on the hardware constrained by the

underwater glider’s payload limit. A diagram of an example system using these modules

is provided in Fig. 1.2. The three contributions of this thesis can be summarised as: 1) a

estimator that leverages forecast data from dedicated algorithms and computation systems

to quickly update the vehicle’s understanding of the environment, 2) a novel approach to

find faster the vehicle control necessary to reach another position under the influence of

ocean currents, and 3) a novel approach to improve the connection rate of useful search

algorithms, particularly in applications where the vehicle cannot travel faster than the

ocean flow.

For the rest of this chapter, we will introduce the fundamental concepts for the work

presented in this thesis at a high-level in order to describe the key issues that arise from

achieving our goal outlined above. Then we describe the contributions of this thesis

summarised above in more detail, and how the described issues are addressed. Finally we

provide an outline of the thesis structure.

1.1 Underwater glider motion

The source of an underwater glider’s propulsion derives from the change in weight within

its hull. Water either floods into or is pumped out of a ballast tank which leads to a

change in net vertical force on the vehicle. This is coordinated with a shift in weight,

pitching the vehicle up or down allowing their wings to translate some of the vertical

motion into forward motion. Whilst the energy consumption to vacate the ballast tank is
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Figure 1.3: Underwater glider propulsion mechanism

relatively high, these manoeuvres occur infrequently enough that it consumes less energy

than vehicle relying on other propulsion mechanisms such as propellers. Examples of the

rising and diving motions that generate forward motion are depicted in Fig. 1.3.

An underwater glider’s journey typically consists of legs, each of which involve alternat-

ing diving and rising motions between two specified depths towards a waypoint, roughly

following a zigzag or sawtooth trajectory. In each leg, an underwater glider may surface

for communications for a human operator to confirm progress. The time between each

surface is usually set to an hour to allow for a reasonable amount of advancement before

subjecting the vehicle to stronger currents at the surface for communication. Some under-

water glider systems can account for some of the advecting effect of ocean currents, which

appears to use a single estimate of the local flow velocity computed from unexpected drift

that is computed at each surfacing event.

In this thesis, we make approximations that reduce the computational demand to be

executed on hardware onboard an underwater glider, both of which are justified by the

long time scales that the underwater glider operate in.

Kinematic approximation with steady-state dynamics The motion of the under-

water glider in water is directly controlled by selections of propulsion velocity, the

result of its steady-state dynamics

Holonomic vehicle approximation The vehicle can instantaneously change its propul-

sion velocity relative to the water
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Figure 1.4: Illustration of ocean surface currents by Dr Michael Pidwirny. The image
is from the public domain under US Code Title 17, Chapter 1, §§105 and 106.

1.2 Flow field estimation

The most significant aspect of the ocean that affects an underwater glider’s motion is the

velocity of its currents. This motivates the need to estimate the corresponding vector field,

or flow field.

In general, estimation involves deriving some information from data using a mathematical

model of some process. The highly non-linear dynamics of the ocean, such as the surface

currents shown in Fig. 1.4, has lead to a long history of research in oceanography to

estimate and predict its behaviour. A famous set of equations lie at the heart of this

work called the Navier-Stokes equations, solvable by numerical computation that demands

high computation resources in most cases. This problem is compounded by the large

discrepancy between a lack of available data from real world measurements, and the sheer

size of the ocean.

To account for various sources of uncertainty, ensembles of estimations are often generated

in a fashion reminiscent of particle filters [4, 5]. This involves repeated estimations using

different slight perturbations of measurements, and sometimes even varying models to

capture different potential outcomes which can be interpreted as “possible realities”. An

https://commons.wikimedia.org/wiki/File:Corrientes-oceanicas.png
https://en.wikisource.org/wiki/en:United_States_Code/Title_17/Chapter_1/Sections_105_and_106
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Figure 1.5: A few different flow fields away from the coast of New South Wales,
Australia, based on ensemble prediction data from the Australian Bureau of Meteorol-

ogy (BOM)

example of different predicted flow fields is shown in Fig. 1.5. This technique is extensively

used in weather and climate forecasting in conjunction with human experts to identify

extreme weather meteorological events [6].

Despite using dedicated computationally powerful hardware, the resolution of the estima-

tion solution is still constrained by the computational demands. Oceanographers often

employ certain approximations to simplify computation as they can afford less detail in

some aspects in order to study other aspects in greater detail. In this thesis, we leverage

these ideas from oceanography to enable estimation and planning capabilities using the

hardware on underwater gliders with limited computational power.

1.3 Path planning in flow fields

The path planning problem is about finding a sequence of intermediate states a system

can transition through to reach a given final state. A sequence of these states is called

a path. In many applications, we are also interested in finding the most optimal path

that either maximises some value function, or minimises some cost function, e.g. finding

a time-optimal path between two point.

Optimal motion planning in flow fields can be viewed as an instance of the long-standing

Zermelo’s navigation problem [7], for which there is no known general analytical solution.

There has been a wide range of research focusing on various aspects of this problem that
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are loosely categorised into four types that are discussed in Sec. 2.2. The type that is most

relevant to this thesis is the sampling-based approach.

The development of sampling-based path planners has gained a lot of traction in research

recently, potentially due to their desirable algorithmic properties, flexibility of application,

and the algorithmic simplicity. In these algorithms, a graph is systematically constructed

using states that are sampled either using a random or deterministic sequence that guides

the construction of a graph of states are considered for the solution. Some of the desir-

able algorithmic properties that appear in sampling-based path planning and their loose

definitions are as follows:

Probabilistic completeness The probability of the algorithm finding a solution if it

exists approaches 100% as the number of samples increases.

Asymptotic optimality A property of an algorithm describing its ability to produce

solutions converging to a “robustly feasible”1 optimal solution if it exists as the

number of samples approaches infinity.

Anytime The algorithm can be terminated early for a feasible solution. Typically the

algorithm does not have a solution until a period of time has elapsed.

An algorithm with this combination of properties is useful for underwater gliders because in

practice it is more important to have an sub-optimal solution earlier that is feasible, rather

than having an outdated optimal solution that is no longer feasible. The combination of

the anytime and asymptotically optimal properties implies that the computation time can

be adaptively committed to potentially find better solutions. This is in contrast to many

other approaches where the required computation time can only be roughly estimated

from previous attempts. If better paths are required, the algorithm needs to completely

restart with new parameters, e.g. approaches that utilise a pre-defined grid resolution. In

this thesis, we are interested in the application of these types of sampling-based planners

for underwater gliders.
1In the context of path planning, a robustly feasible path means that there is always a deformation that

can be applied at any point along the path that still corresponds to a feasible path.
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1.4 Scope of thesis

For automated underwater glider navigation, the vehicle must possess an understanding of

its environment and make informed decisions regarding its movements while considering

the influence of the environment. These tasks essentially boil down to estimation and

planning challenges. This research centres on addressing issues in these two domains,

particularly within strong 2D time-invariant flow fields, all while maintaining a stringent

requirement for low computational overhead. This line of work is suitable to the interface

of some underwater gliders which in practice only enable control in two dimensions. Some

work has also been done on a special case of the 3D environment which we refer to as 2.5D

flow fields, which are 3D flow fields where all flow velocities are purely horizontal. This

investigation further explores a different paradigm of control found in existing work [8]

that generate underwater glider trajectories which do not necessarily follow the typical

sawtooth trajectory.

While this thesis aims to improve navigational capabilities to underwater gliders by ad-

dressing a range of challenges, it is important to acknowledge that certain aspects lie

beyond the scope of this work. We do not directly address the navigation issues associated

with the time-variant flow fields, nor the rigorous probabilistic representation of the flow

field estimate which enables the use of planners that can produce paths with some level

of safety. With these boundaries established, we pose the main issues that this thesis

considered in the following sections.

1.4.1 Ensemble-informed flow field estimation

Whilst it is infeasible to generate an estimate of the flow field in the underwater glider as

accurate as the ones from oceanography that leverage large and computationally powerful

hardware, we can utilise their generated ensemble predictions to assist with flow field

estimation. However, it is not clear how a single estimate of the flow field can be obtained

from a discrete set of ensemble members. Each ensemble member is intended to be a

feasible possibility of reality, but none of them are likely to be exactly correct. Another

concern is that each ensemble member contains a discrete set of position and velocity
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pairs extracted from a model of a flow field; however what is the flow velocity at a position

between the given set of data? We aim to create a continuous flow field representation

that integrates both ensemble forecasts and direct measurements from the vehicle.

1.4.2 Steering with persistent controls

Sampling-based path planning algorithms tend to share functions known as primitive func-

tions that are commonly required for the application to particular problem settings. One

of these is called Steer, a function to determine the control required to traverse between

two states. The availability of such a function enables algorithms to be used such as prob-

abilistic roadmap (PRM) [9] to generate a search graph to can be queried multiple times

with different starting and ending states, or the optimal variant of rapidly exploring ran-

dom tree (RRT) [10] which involves a “rewiring” step that restructures the search graph

to preserve previous computational efforts.

For our application, we are interested in the use of persistent controls, each of which is

a propulsion velocity that is maintained for a specified duration corresponding to the

steady state dynamics of underwater gliders. However, under the advection effects of

the ocean’s currents, there is no analytical solution to determine the persistent control

that is needed on a general flow field. A numerical approach is to apply a technique

reminiscent to the shooting method, which in our case is a search over velocity space.

This is a computationally expensive process involving forward integrations for a fixed

horizon of steps that is then repeated for each of a set of control values to solve the

underlying two-point boundary-value problem (TP-BVP). This high computational cost

limits the effectiveness of the overall algorithm and as a result limits the solution quality

or geographical scale of problem instances that can be feasibly solved. We are interested

in a method to efficiently determine the persistent control to traverse between two states.

1.4.3 Advection reachability problem

A consequence of underwater glider operation in strong flow fields, i.e. flow fields that

contains flow velocities with magnitudes greater than or equal to the vehicle’s maximum
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Figure 1.6: The limited reachable space of a vehicle (black cross) in a strong flow
field (blue arrows) attempting to reach a goal (black circle). Four trajectories (pink lines)
are shown: three with maximum velocity in the direction of the red arrows, and one with

no control applied (no arrows).

propulsion speed, is that the overall system is non-holonomic, despite the holonomic vehicle

approximation. It is more difficult to plan in this type of system, as the constrained travel

direction of the vehicle affects the reachability of the vehicle and leads to undesirable

consequences if standard implementations of primitive functions are used. One example of

this is the primitive function Nearest for algorithms like RRT. In these algorithms, this

function can be interpreted as a way to “find the node from the search graph from which

it is most likely to reach a given state”. However, the standard implementation chooses

the node with the lowest Euclidean distance to the given state which can lead to choices

that cannot connect with the given state. For example in Fig. 1.6, the vehicle at the cross

is subject to advection from the flow field and is actually unable to reach the circle. This

is referred to as the advection reachability problem.

There are kinodynamic sampling-based path planners can be applied for these kinemati-

cally constrained systems, however in these algorithms the samples are used less as nodes

in the constructed graph, and used more as a way to select an existing node. This di-

minishes the effectiveness of sampling techniques, e.g. deterministic sampling for search

graphs with more balanced coverage [11] and biased sampling towards path nodes for faster

convergence [12]. We are interested an alternate implementation of the primitive function

Nearest that leads to the addition of graph nodes more similar to the samples.
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1.5 Contributions

The main contribution of this thesis is the development of new algorithmic techniques that

are designed to reduce remote supervision of underwater glider navigation. Central to the

efficiency of these innovations is the utilisation of the incompressibility approximation from

oceanography, as well as the deliberate omission of explicit modelling of kinetic aspects

of the problem. Below, we enumerate our proposed algorithms and routines, specifically

tailored to tackle the identified challenges:

1. A novel flow field estimation algorithm which is a recursive Bayesian estimator of

a compressed model to efficiently integrate online measurements. The compressed

model is formed as a linear combination of continuous basis flow fields, which are

extracted from the ensemble data through kernel methods and the singular value

decomposition (SVD). Intuitively, this reframes the estimation problem to the es-

timation of basis flow field contributions, or the “presence” of reoccurring spatially

correlated flow fields found in the forecast data. This compact representation avoids

explicit modelling of physical interactions and achieves high computational efficiency.

2. A Steer function that utilises novel streamline-based control theory that enables a

search space reduction without disregarding any feasible velocity to traverse from

one point to another in 2D incompressible flow fields. The underlying constraint is

derived from a natural consequence of treating the vehicle’s propulsion velocity as

a flow field, which can be superimposed with the environment flow field for a flow

field that describes the overall motion of the vehicle. We also show how this idea

can extend to the 2.5D case, and argue that a probabilistically complete sampling-

based path planner that uses this primitive function remains to be probabilistically

complete. This contribution significantly improves the computational efficiency of

algorithms that utilise a Steer function, either reducing the required computation

time or improving the solution quality in the same allotted time.

3. Two novel Nearest functions that better reflect the boundary for the advection

reachability problem following two different principles. The first approach proposes

an alternate distance measure that quantifies the reachability between two points by
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augmenting the usual notion of distance with a term that describes a minimum speed

for feasible connection. The second approach instead explores the idea of the pro-

gressive elimination of candidates before choosing the physically closest option. We

confirm in simulation that these approaches clearly outperform the standard choice

of Euclidean distance. Furthermore we find that more consistent search trees can be

generated compared to the best practice in the kinodynamic RRT framework [13],

which generated a search graph that heavily depends on the location of the root

node and system dynamics.

1.6 Thesis outline

The remainder of the thesis is organised as follows:

Chapter 2 surveys relevant literature, establishing a frame of reference for existing work

and highlighting interesting findings, and aspects related to our study.

Chapter 3 presents our work on computationally efficient flow field estimation from en-

semble forecast data in 2D and 2.5D incompressible flow fields.

Chapter 4 presents the streamline-based control theory and its derivation to efficiently

search for the control necessary to traverse between two points in 2D and 2.5D

incompressible flow fields.

Chapter 5 presents a study of the two proposed approaches to address the advection

reachability problem.

Chapter 6 concludes the thesis including immediate future work that can further devel-

opments towards the vision of an onboard navigation system to reduce reliance on

remote supervision, along with other potential research in other applications.
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Related work

In this chapter, we discuss recent literature to understand the current state of research

in flow field navigation. In Sec. 2.1 we review relevant modelling techniques for flow field

estimation, and identify a promising real-time approach that can take advantage of the

information present in the output of ensemble methods. In Sec. 2.2, we compare various

approaches for path planning in flow fields, and establish that sampling-based planning

algorithms to be the most suitable class of algorithms for our problem, as some of them are

shown to have desirable properties for onboard underwater gliders computation. Finally

in Sec. 2.3, we provide an overview of different types of sampling-based path planning

algorithms and some of the underlying theory.

2.1 Flow field modelling

Flow field estimation is the problem of estimating a high number of variables over a

continuous space. To estimate ocean flow, a key component is the model which serves

as a necessary level of abstraction to keep computation demands of the algorithm low.

Modelling constrains the possible solutions of the estimation process which can also reduce

the amount of measurements required to fully determine the flow. In Sec. 2.1.1, we will

first establish some basic concepts from oceanography. Then in Sec. 2.1.2, we will briefly

study the tools that oceanographers use to predict future states of the ocean. We then

13
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move onto modelling techniques that focus more on patterns found in data: reduced-order

modelling in Sec. 2.1.3 and kernel-based modelling in Sec. 2.1.4. The findings in this

section are summarised in Sec. 2.1.5.

2.1.1 Ocean modelling

The fundamental component of physics-based flow field modelling is the Navier-Stokes

equations. These equations enforce conservation of momentum, and has successfully de-

scribed fluid flow for the past couple of centuries [14]. Effective application of these

equations requires an oceanographer to also consider the boundary conditions of the fluid,

and variables that affect density such as temperature and salinity of the water.

Furthermore, Navier-Stokes equations are a set of partial differential equations (PDEs)

that do not have analytical solutions so they are typically solved through numerical ap-

proaches such as computational fluid dynamics (CFD) which involves discretisation of the

continuous system. However, due to the generality of the Navier-Stokes equations, result-

ing solutions can sometimes describe superfluous dynamics [14] which are typically caused

by numerical issues.

Oceanographers often apply approximations to address these issues, facilitating their anal-

ysis in the phenomena of interest. Below we list some approximations that are used:

Incompressibility approximation Divergence of the fluid is assumed to be zero [15].

Boussinesq approximation Assumes that the density of the fluid is constant except in

the buoyancy term of the Navier-Stokes equations. Flow field velocities should be

small relative to the speed of sound cfluid
1 and the vertical speeds should be small

relative to c2
fluid/gEarth [14, 15, 17].

Hydrostatic approximation Assumes that pressure is only caused by the amount of

fluid above it. This disregards the pressure caused by the forces from fluid movement.

The approximation is poor when vertical accelerations are not small relative to gEarth

1Roughly 1500 m/s in seawater [16]
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or when the ratio of vertical to horizontal lengthscales of the motion of interest is

much less than 1 : 10 [14, 15].

Geostrophic approximation Only considers the major sources of dynamics in the deep

sea away from boundaries like coasts, sea surface, and the seafloor. Considers the

pressure gradient across depth and Coriolis forces with the hydrostatic approxima-

tion. Should only be used for spatiotemporal scales larger than 50 km and 3 days [17].

Thin-shell approximation Ignores the ocean’s depth. This is a reasonable assumption

since the ocean depth is negligible compared to the Earth’s radius [15].

Traditional approximation Takes the thin-shell approximation and assumes that the

Earth is sphere with the same volume of water in the ocean. This affects the compu-

tation of distance between two points and is a reasonable approximation since Earth

is approximately spherical [14].

Rigid lid approximation Assumes the surface height of the ocean relative to the centre

of the Earth does not change. Generally used to remove high frequency fluctuations

of motion on the ocean’s surface. Whilst it is computationally advantageous in

some aspects, it introduces a variety of issues so the approximation is becoming less

popular [14].

Turbulent closure hypothesis Models the fluctuating term in the numerical computa-

tion as a function of the mean flow. This fluctuating term is not trivial to compute

otherwise so choosing the form of this term is known as the closure problem [15, 18].

Deep-water approximation Approximates the value of a hyperbolic tangent function

in the computation of the wave frequency due to the water depth being much larger

than the wave length [17].

Shallow-water approximation Approximates the value of a hyperbolic tangent func-

tion in the computation of the wave frequency due to the water depth being much

smaller than the wave length [17].

Different combinations of these assumptions are used depending on the application (criti-

cal variables, scale, and expected phenomenon) [14, 15] to reduce the impact on solution
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accuracy. Regional ocean modelling system (ROMS) [19], and nucleus for European mod-

elling of the ocean (NEMO) [15] are two examples of numerical computation tools that

are tailored for ocean environments.

To mitigate the computational demands of our flow field estimation algorithm, we opt

not to delve into the intricacies of modelling the kinetic aspects of fluid flow. Instead,

we find kinematic approximations more useful, such as the incompressibility and rigid lid

approximations, which can be less computationally intensive to apply.

2.1.2 Ensemble forecasting

Fluid dynamics are highly non-linear systems and are described as chaotic, suggesting that

small deviations lead to increasingly large effects over time. The growth of this error can be

repressed by incorporating measurements, however some of this error can be left unchecked

due to measurements with high noise, or simply the lack of available measurements. This

motivates the need to understand the uncertainty of a solution. A way to represent an

ocean forecast along with uncertainty is to use ensemble forecasting, which effectively

predicts many possible realities. Each of these are referred to as an ensemble members and

are initialised with different values. This type of forecasting is also common practice in

meteorology for the purposes of weather predictions and disaster prevention. It is common

practice to defer to human experts to interpret the forecast in preparation of responses to

critical phenomena such as extreme weather [6].

Ensemble forecasting is generally achieved through the use of the ensemble Kalman fil-

ter (EnKF) [20–22]. Each ensemble member describes an entire ocean state, which can

include quantities such as flow velocities, temperature, and salinity. These members are

propagated through time independently. The mean of the ensemble can be interpreted as

the best estimate, and the spread of the members around the mean can be interpreted as

the variance in the ensemble. Measurements are incorporated through Bayesian updates

which accounts for the ensemble uncertainty and measurement uncertainty.

Whilst ensemble forecasting is able to capture uncertainty as variations of ocean dynamics,

the forward propagation of each ocean state is typically done through numerically solving
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PDEs for each ensemble member. This is very computationally intensive and impractical

to be performed onboard small robotic systems. Other techniques are especially required

for underwater gliders to produce a flow field estimate in a timely manner, even at the

cost of estimation accuracy.

2.1.3 Reduced-order modelling

Modelling is a process of describing the mathematical relationship between independent

and dependent variables. The idea of reduced-order modelling (ROM) is to reduce the

number of variables to describe this relationship. Instead of representing flow quantities at

multiple positions of interest, one class of ROM techniques involves the modelling the data

as linear combination of a library of elements, or simply elements. Flow field estimation

using ROM then boils down to a problem of estimating weights, the coefficients of these

elements. This draws parallels to related to data compression and sparse coding problems

where libraries are chosen to re-express data more efficiently as sparse sets of elements.

The library elements can either be selected based on domain-specific knowledge or machine

learning, which comes from the analysis of collected data. We outline some commonly used

choices of elements below.

2.1.3.1 Discrete cosine transform

A widely used example of ROM outside flow field estimation is the discrete cosine trans-

form (DCT) [23] for JPEG images [24] which makes use of elements based on cosine

functions of different frequencies. JPEG images achieve data compression by using a pre-

defined set of elements described in its standards so it only the weights need to be stored.

This type of element is shown to be less effective for flow field modelling by Bai et al. [25],

potentially because the elements do not reflect realistic flow fields. We discuss the other

type of element in their study next.
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2.1.3.2 Proper orthogonal decomposition

Proper orthogonal decomposition (POD) is one of most popular techniques for ROM. It

reduces dimensionality whilst minimising the reconstruction error based on the Euclidean

norm (2-norm) [26]. This technique appears in many fields using different names [27, 28],

the most relevant of which is the principal component analysis (PCA) and the singular

value decomposition (SVD).

In data analysis, PCA identifies their elements as orthogonal unit vectors from the data,

each of which describe different correlations of data variation. As a result, the elements

describe the different patterns in the data, commonly referred to as modes. If the data is

rearranged as a matrix B such that the columns contain different samples of data and the

rows correspond to each variable, we can find the modes through the SVD

B = UΣV H , (2.1)

where (·)H is the conjugate transpose operator, the columns of U and V are the left- and

right-singular vectors, and the values in the diagonal of Σ are the singular values. The

columns of U correspond to modes, and the columns of

W = ΣV H , (2.2)

are the weights corresponding to each sample in B.

The SVD is also useful because it is unique [27] and it provides a natural ordering to

its elements using the corresponding singular values. A larger singular value indicates a

greater significance of the corresponding element in the reconstruction of the data. This

also allows us to truncate the ROM by removing the weights and elements corresponding

to low singular values, which are usually associated with high-frequency noise.

In flow field estimation, the POD technique is typically used as a way to reason about the

flow at other locations. We describe how it is used in a few different applications below.

Bright et al. [27] uses POD to help identify the type of flow that is occurring over a cylinder

by analysing the pressure around it. First, the pressure around the cylinder is recorded
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across multiple time steps for a particular Reynolds number. Then modes are extracted

between these time steps, then truncated. This process is repeated for different Reynolds

numbers, and the truncated modes across the different Reynolds numbers are collected all

in a single library. The Reynolds number of flow can then be later identified by matching

pressure measurements only on the surface of the cylinder to the library. The interesting

aspect of this application is that the POD is used across different time instances, and is

able to extract the patterns associated with each Reynolds number.

POD can also be used to help with data interpolation. Particle image velocimetry (PIV)

is a technique that measures the flow velocities across an area. A particularly useful type

of PIV is time-resolved PIV (TR-PIV), which takes measurements fast enough to identify

flow structures. However TR-PIV systems are expensive. In contrast, time-resolved probes

have good temporal resolution, but they have limited spatial coverage. To address this

problem, Tu et al. [29] first extracts the spatial information from each PIV measurement

using POD. Correlations are drawn between the extracted modes and the probe data,

and is used in a stochastic estimation process to form a model that ultimately allows the

reconstruction of data between the PIV measurements that resemble TR-PIV data.

In an application more practical for robotics, Salam and Hsieh [30] uses POD to track the

evolution of a physical process, such as temperature, over a workspace using a team of

robots. The workspace is identified to have s regions, each with multiple spatial points

where data needs to be measured. However only q < s robots are available. First POD is

performed on historical data of the process which can be simulated or from prior exper-

iments, then truncated. The robots are then assigned the q regions that best estimates

the data at the other regions at each time step. The interesting use of POD here is that

the modes are adjusted at every time step, allowing the robots to be reassigned to new

regions for better results.

We described a few examples of POD used in estimation problems. It was used to identify

distinct patterns of data from a set of a representative examples. However noise in the

representative data can lead to overfitting, i.e. unnecessarily modelling patterns that are

caused by noise.
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2.1.3.3 Sparse representation

Here, we discuss sparse representation, a method designed to be more robust to noise.

A sparse library can be created by trying to reduce the number of elements required to

reconstruct each of the example data by tolerating some error. A related idea is com-

pressed sensing, which also aims to reduce the number of elements required to explain

noisy measurements. Both correspond to minimising the 0-“norm” of the weights with a

tolerable amount of reconstruction error. However, their computation is computationally

intractable, so it is typically approximated with the Manhattan norm (1-norm) instead.

An example of compressed sensing is used by Bright et al. [27] in a previously discussed

study of flow around a cylinder. Instead of finding using a least squares fit of the library

on the measurements on the surface of the cylinder, they solve the 1-norm minimisation

problem to determine the weights. This allowed the authors to reconstruct the full flow

field from the corresponding pressure field, and estimate its Reynolds number using a

strategy reminiscent of voting.

Callaham et al. [31] compares the reconstruction error between different ways to construct

the library, and different ways to estimate the full flow field from a few measurements.

Their sparse library is obtained using k-SVD which iteratively applies the SVD perform

1-norm minimisation. The results suggest that using sparse representation leads to less

reconstruction error than using POD. The trade-off for lower reconstruction error is higher

computational demands since k-SVD is an iterative algorithm in contrast to SVD which

has a closed form solution. Their results seem to also suggest that 1-norm minimisation is

also better for reconstruction error if the library is based on the training data itself, and

not if the library are POD modes.

2.1.3.4 Dynamic mode decomposition

An interesting application of POD is dynamic mode decomposition (DMD) [28, 32], which

identifies linear dynamics in the weights to describe the dynamics of non-linear time-

variant processes. The non-linear aspects of the system are described as DMD modes,

whilst the time-variant aspect is only described as the dynamics of the weights. DMD is
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an interesting tool as it approximates the Koopman operator, a linear infinite-dimensional

operator that is equivalent to the finite-dimensional non-linear dynamics of a non-linear

system. Whilst time-variant flow fields are outside the scope of this thesis, we find the

capabilities of this technique fascinating, and believe further research in this direction

would be worthwhile.

Salam and Hsieh [33] uses DMD to tackle a problem very similar to the interpolation

problem that Tu et al. [29] addressed. They consider marine robots that can collect

high-spatial, low-temporal resolution data at specific locations and aerial robots that can

gather low-spatial, high-temporal resolution data over larger areas. The measurements

from these different sensing modalities are fused through iterative updating of the spatial

and temporal aspects of the DMD. In the online process, the aerial vehicles are assigned

sensing locations prioritising coverage, whereas the marine vehicles are assigned locations

that minimize the approximation error.

2.1.4 Kernel-based modelling

In Sec. 2.1.3, we mostly discussed the use of library elements extracted from representative

data. Here we consider a different machine learning technique that revolves around a

function that can actually be used as continuous variants of library elements.

A kernel function k(x,x′) can be loosely described as a function that quantifies the cor-

relation of data between two given points, usually a query point x and the location of a

latent variable x′. A single kernel can act like a library element if it is associated with a

known latent variable at x′. The discrete library element can be obtained by constructing

a column vector of the product between the latent variable and k(x,x′) at different query

points. A model constructed this way allows data to be queried across the entire domain,

as opposed to the models of ROMs which usually require interpolation techniques to query

data at positions other than the ones associated with the training data. We say a kernel

is centred at a point when the position of the latent variable is defined there.

This idea is used in support vector machines (SVMs), a machine learning algorithm that

separates data for classification or regression analysis. SVM uses particular choices of
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kernels to map data into a latent space. In classification problems, the different groups of

data are identified using the linear separability of the data in the latent space.

There are many types of kernels, each with different patterns of correlation around the

centred point and varying levels of effectiveness to express data. Particular aspects of the

shape are controlled by hyperparameters. For 1D data in one-dimensional space, a com-

monly used kernel is the Gaussian radial basis function (GRBF), or Gaussian kernel [34]

k(x, x′) = exp
(
−(x− x′)2

2l2

)
, (2.3)

where x and x′ are the independent variables of the data, and l is a kernel-specific hyperpa-

rameter called a lengthscale representing a characteristic neighbourhood of influence. This

kernel is useful for describing dependent variables that are similar when the independent

variables are similar, i.e. data that is smooth. Note that this is called squared exponen-

tial (SE) sometimes and also has slightly different definitions across literature [35, 36].

For 1D data in D-dimensional space, a kernel can be constructed by multiplying kernels

defined for each independent variable. Automatic relevance determination (ARD) is a

special case of this, where the effect of each independent variable is scaled by a hyperpa-

rameter. For example, one study [36] defines SE-ARD through the use of the exponent

product rule as

k(x,x′) = σ2
ker exp

(
−1

2

D∑
d=1

(xd − x′d)2

l2d

)
, (2.4)

where the variable σker is an additional scaling hyperparameter, and the subscript d refers

to the component of the independent variables in that dimension and its corresponding

lengthscale. This kernel is also useful for describing smooth data, and allows us to spec-

ify when data should be considered similar based on the different lengthscales of each

independent variable.

It is sometimes useful to consider the matrix formed by the pairwise kernel evaluations

between two sets of points XA and XB. In this thesis, this matrix will be referred to as
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the kernel matrix

K(XA,XB) =



k(1,1) k(1,2) · · · k(1,nB)

k(2,1) k(2,2) · · · k(2,nB)
...

... . . . ...

k(nA,1) k(nA,2) · · · k(nA,nB)


∈ RnA×nB , (2.5)

where k(i,j) = k(xi,xj) is the value of the kernel between xi ∈ XA and xj ∈ XB. This

kernel matrix can be interpreted as a library of elements, each of which are kernels centred

at the points in XB. If XA = XB, then the kernel matrix is known as a Gram matrix.

A particularly interesting use of kernels is found in studies to estimate flow fields using

only the experienced drift from vehicles. This problem is particularly interesting because

the observed vehicle drift is a result of unknown flow velocities experienced by the vehicle

that travelled along an unknown trajectory. Flow velocity measurements can only be

determined by resolving the tight coupling between the trajectory and the flow velocities

along it.

In the case for multiple autonomous underwater vehicles (AUVs), Chang et al. [37] proposes

to use an iterative algorithm that slowly adjusts a grid of flow velocities, such that the

trajectory computed from the previous flow field matches with the drift measurements they

measured. The flow field estimate is modelled using five GRBFs centred at pre-determined

locations. However, the discretised cells of uniform flow and the linear combination of fixed

GRBFs are overly simplistic models as they either have too many parameters to estimate,

or they do not have the ability represent the details of the flow field.

2.1.4.1 Gaussian process

Gaussian processes (GPs) describe normally distributed random variables that are func-

tions over a continuous domain. The distribution of the GP is interpreted as the joint

distribution of random variable measurements with a given kernel. As the GP collects

measurements, its distribution converges to the true distribution. This representation can

provide the mean and variances of random variables at arbitrary locations. GPs can be
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used as an interpolation algorithm by providing the mean at any location and potentially

taking into account all collected measurements, their variances, and the kernel.

Queries of flow velocities for a given position requires a matrix inversion of a kernel matrix

between the set of all measurement locations with itself which is a very computationally

expensive operation that becomes increasing expensive at a complexity of O
(
n3

mea
)
where

nmea is the number of measurements. If the query time complexity is critical, the inversion

operation can be displaced to the procedure of measurement integration, i.e. the inversion

can be performed after integrating the measurement information. However, the reduced

query time complexity of O(nmea) which still becomes more computationally expensive as

more measurements are added.

To tackle the flow estimation problem from drift experienced by a underwater glider,

Lee et al. [38] resolves the cyclic dependency using an expectation maximisation (EM)

algorithm, which alternates between refining the flow velocities along the trajectory and

then refining the trajectory caused by the flow velocities. Lee et al. [38] also introduces

a special kernel to enforce an incompressibility constraint on their estimated flow field by

implicitly describing a stream function, a scalar function describing the flow flux between

two points which is only well-defined for 2D incompressible flow fields. In this thesis, we

refer to this special kernel as the incompressible kernel. It is interesting to note that this

kernel can also be obtained by following the strategy suggested by Jidling et al. [39] that

can also be used to derive other kernels to enforce other linear constraints.

2.1.4.2 Kernel observer

The kernel observer is proposed by Kingravi et al. [40] to model systems that evolve

across time and space. This is achieved by identifying linear dynamics in the latent space

representation of data. This is reminiscent of the DMD technique in that both ideas find

linear dynamics for the weights of their elements. In this approach, GRBFs which are

positioned and tuned based on data. Regularisation using the 2-norm is then performed

over the resulting weights to obtain the transition matrix that describes the evolution of

the latent variables over time.
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Whitman and Chowdhary [41] builds upon the idea of kernel observer by seeking a single

transition matrix to describe the linear dynamics for similar time-variant systems. The

transition matrix is obtained by simply performing least squares regression between ob-

served latent variables in one time step against the latent variables in the next time step

across all systems. This is shown to be surprisingly effective at describing the flow around

a cylinder across multiple Reynolds numbers, the same problem as Bright et al. [27] con-

sidered. This is particularly surprising since the flow across multiple Reynolds numbers

correspond to different rates of vortex shedding that occurs after the cylinder.

2.1.5 Summary

Estimating a continuous flow field from measurements, i.e. finite discrete data, is a highly

underconstrained problem. Oceanographers employ laws of conservation to reduce the

space of possible solutions to realistic ones. Assumptions are also used to mitigate certain

types of numerical errors propagating, in addition to further reducing the solution space.

Forecasts are produced from ensemble methods, and also describe forecast uncertainty due

to uncertainty in measurements and the system dynamics. However these methods are too

computationally intensive to be computed using the hardware onboard robotic systems,

let alone underwater gliders.

Another way to approach flow field estimation is to use ROM. The flow field can be

discretised and modelled as a linear combination of elements, which can be extracted from

representative data either from simulation and/or from historical data. This effectively

reduces the complexity of the problem by limiting the degrees of freedom in representation.

An underlying issue of these approaches is that the data is only defined at the positions

defined by the representative data. Interpolation methods can be used to obtain data

between these positions, however this can correspond to physically infeasible flow fields.

Kernel methods however offer a continuous representation of a flow field estimate. Flow

fields can satisfy linear constraints by being composed of kernels that follow linear con-

straints. This can be helpful to enforce laws of physics or assumptions for an approx-

imation. In particular, a flow field estimate constructed from incompressible kernels is

guaranteed to follow the incompressibility approximation. GPs also offer a probabilistic
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interpretation for the estimated flow field, which can be useful in the context of certain

problems. A limiting factor is that it is prohibitively slow to query as the number of mea-

surements increases. This is problematic as path planning algorithms many flow velocity

queries to account for the advection effect on vehicles.

In Ch. 3, we draw upon several ideas presented in this section to estimate a flow field with

little computational resources onboard an underwater glider. A library is constructed

by first transforming the data from an ensemble method into latent space representation

through the incompressible kernel, followed by POD and truncation. This corresponds

to a linear flow field model that is both continuous and incompressible. Flow velocity

measurements can then be integrated using the Kalman filter (KF) update by treating the

weights of this library as the Kalman state, which is a computationally simple process.

2.2 Planning under flow field advection

The problem of planning involves finding a sequence of states or actions that describe

transitions from a given initial state to a desired final state [42]. Sometimes it is sufficient

to reach a state that is within some specified neighbourhood of the final state. In this

section, we review how different algorithms can be applied to the problem of path planning

for a vehicle under advection dynamics from either air or water flow to optimise different

cost functions, e.g. travel time, energy cost, or customised formulations of risk.

The problem we consider in this section is related to the long-standing problem known as

Zermelo’s navigation problem. The problem involves finding the time-optimal sequence of

headings to take a vehicle travelling at a fixed speed in a 2D time-variant flow field from one

spot to another. Zermelo [7] proposes a numerical approach to solve this problem which

also addresses the 3D variant of the problem. It is later shown that it is not necessary to

consider other travelling speeds as long as the control can be continuously varied [43, 44].

We loosely categorise different path planning techniques found in literature into four

groups, and will describe them in rough chronological order. Firstly in Sec. 2.2.1, we

explore approaches that apply general optimisation techniques to solve the path planning
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problem. This is in contrast to the other categories where algorithms are developed pri-

marily for path planning. Secondly in Sec. 2.2.2, we discuss approaches that plan across

discretised space, i.e. the vehicle travels over a finite set of locations. Thirdly in Sec. 2.2.3,

we discuss approaches that plan across continuous space despite potentially using an un-

derlying discrete grid. Lastly in Sec. 2.2.4, we discuss approaches that produce plans

across continuous space by constructing discrete graphs through the guided sampling.

The findings in this section are then summarised in Sec. 2.2.5.

2.2.1 Optimisation-based approaches

Optimisation techniques are useful because they are developed for generic problems, mak-

ing them great general-purpose tools. Some approaches in this section reformulate the

path planning problem so that they can be solved by optimisation solvers. Others identify

sub-problems within their applications which can be solved first with simple optimisation

techniques, reducing the overall complexity of the problem. Techniques such as simulated

annealing [45] and evolutionary algorithms can give globally optimal solutions, whilst

techniques such as damped least squares (i.e. the Levenberg-Marquardt algorithm) [46],

sequential quadratic programming (SQP) [46], and shooting methods [47] tend to give

locally optimal solutions unless the problem is shown to be convex.

Techy [48] addresses the path planning problem for a particular flow pattern. In their

work, they describe a strategy for a vehicle to escape a 2D time-variant flow field that

is rotationally symmetric about a point. Flow fields of this structure can include sinks,

sources, vortices, or combinations thereof. By considering a vehicle in this flow field as a

Hamiltonian system, it is shown that paths that are at least locally time-optimal have the

property where the heading rate of change is exactly half of the local vorticity. An optimal

heading sequence can then be found using numerical optimisation, which is demonstrated

by the use of damped least squares to find the required initial heading angle and traversal

duration. This work is too specific for the problem considered in this thesis, however we

find theoretical discovery interesting.

Smith and Dunbabin [49] considers an interesting path planning problem for an under-

actuated vehicle in an uncertain 2.5D time-variant flow field. The vehicle of interest



28 Chapter 2. Related work

is a Lagrangian float, which is a device that can only actuate in the vertical direction,

leaving its horizontal motion purely controlled by the flow field. In this paper, the flow

field is modelled as the interpolation of the flow at 3 depths and is assumed to have

regular periodicity. A two stage path planning approach is proposed to minimise cost as

a linear combination of the final distance to goal, time, energy, and presence in shallow

regions. In the first stage, a coarse path is found by using simulated annealing and rough

approximations of drift. The controls of this coarse path is then used to determine a more

realistic path by simulating drift more realistically. The second stage involves refining this

path using simulated annealing with lower a initial temperature, and local random search.

Isern-González et al. [50] demonstrate different ways to use optimisation techniques on

two path planning problems with underwater gliders. The first problem seeks to minimise

of the distance between the underwater glider and the goal given a limited time budget.

The second problem seeks to minimise the execution time to reach a given area. The

first problem is simply addressed by assuming that the underwater gliders will use fixed-

duration legs, and then performing direct optimisation on the number of possible waypoints

to reach the goal. For the second problem, an algorithm is proposed that iteratively adds

waypoints followed by the use of SQP to optimise the positions of waypoints until the final

waypoint is within the target area.

One contribution from the work of Kularatne et al. [51] is that smooth trajectories that

are approximately optimal can be found by using a flow-parallel co-ordinate system. They

show that approximate Riemannian metrics for time and energy can be derived on the

proposed co-ordinate system. This allows the path planning problem in 2D time-invariant

flow fields to be posed as the optimisation of the geodesic equation on the corresponding

Riemannian manifold is easier to solve than the original problem. In their work, the

geodesic equations are solved with the shooting method, which involves systematically

integrating the geodesic equations from the start with different conditions until the goal

position is reached.

Lucas et al. [52] proposes the use of evolutionary algorithms to assist underwater glider
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operators to plan in 3D time-variant flow fields. In their work, they address the multi-

objective problem of finding paths that minimise the final distance to the goal and max-

imising the closest distance to any obstacle. Without providing any weighting to these

objectives, the solutions to this problem lie on a Pareto front, which are the set of solutions

that are not definitively better than one another, but are better than all other possible

solutions. The authors propose the use of a generic global optimisation algorithm that is

designed to search for solutions on the Pareto front called non-dominated sorting genetic

algorithm (NSGA-II) [53].

Global optimisation solvers are useful tools as they allow problems with various constraints

to be solved. The advection aspect of the problem is naturally handled by providing

a model to simulate the drifting effect. However as generic problem solvers they are

unable to take advantage of the inherent structure of path planning problems, which

makes them susceptible to getting stuck in local minima. In contrast, dedicated path

planning algorithms in the upcoming sections tend to be comparatively faster.

2.2.2 Discretised-space approaches

In this section, we discuss recent work that discretises the workspace of the flow field

to apply graph searching algorithms like A∗ for optimal paths. Usually the workspace

is divided into rectilinear grids, however we also see other forms of discretisation here.

Whilst authors tend to give specific names to their algorithms, we will sometimes refer

to them as A∗ as their algorithms can be interpreted as the A∗ algorithm with a specific

graph construction strategy.

Pereira et al. [54] propose two different approaches to plan the path of underwater gliders

in a 2D time-variant flow field whilst minimising the risk of ship collision. First, the

environment discretised into rectangular cells. The risk of collision at each cell is then

computed by taking the proportional occupancy of the cells computed from historical

automatic identification system (AIS) data over a selected time period, then applying

Gaussian blur over the cells for a conservative estimate. To account for flow field prediction

uncertainty and advection effects, transition probabilities are computed between cells by

simulating multiple transition attempts using the given flow field with random Gaussian
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permutations. Their first approach to solve this problem is their proposed algorithm

called minimum-expected risk planner which is effectively solving a graph using A∗ with

edge weights defined by the expected risk of collision when attempting that transition.

In their experiments, a rectilinear grid is used with 8-connectivity. We believe that this

approach has unintended consequences as the path produced assumes that the vehicle

is able to make all the transitions successfully. Their other approach is the risk-aware

Markov decision process (MDP) planner which addresses the problem using techniques

such as value iteration or policy iteration. The MDP approach addresses the problem

properly but is computationally burdensome, whilst the A∗ formulation is more optimistic

with lower computational costs.

Lee et al. [55] proposes an algorithm called EEA∗ to find an energy-optimal path for a

non-holonomic forward-travelling surface vehicle in a 2D time-invariant flow field. The

algorithm uses A∗ on a graph constructed after considering environmental effects. The

connectivity of the graph is chosen to account for the kinematic constraints of the problem.

By representing three state values in the graph nodes, the algorithm can constrain vehicle

motion to travel within a certain angle of the vehicle’s heading by controlling the graph’s

connectivity. In their problem, advection does not constrain the vehicle’s movement, and is

only considered as part of their detailed energy cost formulation, which includes the energy

to overcome drag, the energy to overcome advection, the additional energy to travel in

shallow waters, and finally hotel load. The algorithm also includes a post-processing step

which smooths the resulting plan.

Kularatne et al. [51] addresses the problem of planning in a 2D time-variant flow field

by discretising time and space into a 3D rectilinear grid. They propose an algorithm

called multi-timestep search which is similar to A∗, however it focuses on the idea that

nodes can have several different connections to their spatial neighbours by changing the

time it arrives. This effectively corresponds to different vehicle propulsion speeds. Edge

connections that correspond to infeasible propulsion speeds are simply pruned. From

this, the authors propose functions to evaluate the time and energy costs to traverse

these graph edges in time-invariant and -variant flow fields. The authors note that the

spatial connectivity of the graphs should be limited to constrain the branching factor of



Chapter 2. Related work 31

the search, and the time connectivity between nodes should be small enough to preserve

locality assumptions in the cost functions.

Kularatne et al. [56] consider energy-optimal path planning in 2D time-variant flow fields

with uncertainty. Their work parallel the work done by Pereira et al. [54] in that they also

experiment with an A∗ approach as well as an MDP approach. One significant difference

between the two pieces of work is the expected cost to traverse between two cells. For

the A∗ approach, Pereira et al. [54] does not account for transition failures when com-

puting the minimum expected risk path. In contrast, Kularatne et al. [56] accounts for

transition failures in the expected energy cost as increased energy consumption on top of

the energy required to overcome drag plus the hotel load. The authors suggest that the

MDP formulation could be useful if the start, goal, and flow field uncertainties are not

updated during execution. However they appear to be more inclined to recommend the

A∗ approach since it requires much less computation time. Another novelty of their A∗

approach is the use of a triangular grid, which is not common in literature. The authors

also highlight a shortcoming of their work, which does not consider the consequences when

the flow speeds are stronger than the vehicle’s maximum speed.

A problem with all the approaches so far is that the workspace is discretised uniformly.

Kularatne et al. [57] considers adaptive discretisation to plan a path in a 2D time-variant

flow field, allowing them to use coarse grid resolutions in areas of relatively uniform flow,

and fine grid resolutions in areas where the flow changes more quickly. They propose an

algorithm called multi-timestep search which involves iterative construction of a graph

where each node contains spatiotemporal information. Its graph exploration strategy is

reminiscent to the A∗ algorithm. The key novelty in the proposed algorithm is that the

graph is incrementally constructed with new nodes during the search, such that the error

from assuming constant flow field velocity is limited.

The main criticism for approaches that discretise space is that the overall solution in

continuous space is usually not optimal, despite being optimal in the constructed graph.

The maximum discretisation size is also constrained by the scale at which the flow field

changes in space and time, which can lead to high computation time. A subtle problem

with the resulting paths is that the path segments are generally constrained to the angles
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of the graph edges. This can potentially exclude useful or even necessary routes to reach

the goal.

2.2.3 Continuous-space approaches

In this section, we study path planning approaches that construct paths over the contin-

uous space which tend to be smoother than the approaches in Sec. 2.2.2. Some of these

approaches consider multiple paths from the start to the goal by tracking a frontier, which

is the boundary of reachability by some time. This frontier is represented through the

computation of a function which is a description of different things depending on the ap-

proach. After computing this function, a path is usually returned by some variation of a

gradient descent algorithm. The idea of resolution completeness is relevant for these types

of approaches, which is the idea that the algorithm will find the solution if it exists, given

a fine enough resolution of the constructed grid.

An early application of the frontier idea is demonstrated by Soulignac et al. [58], who

address a path planning problem in a 2D time-invariant flow discretised into Voronoi cells

of uniform flow. They propose an algorithm called sliding wavefront expansion which

finds a time-optimal path by joining the boundaries of the Voronoi cells. The idea behind

the algorithm can be loosely described as Dijkstra’s algorithm on the Voronoi cell walls

with an additional step after expansion which optimises the intersection position on the

predecessor’s Voronoi cell wall. The authors also consider the limited reachable angles

of the vehicle from advection in this algorithm in the optimisation as well as the search

expansion. Soulignac [59] later proves that the algorithm is correct and globally optimal.

Rhoads et al. [60] proposes an extremal field method for time-optimal path planning in a

2D time-variant flow field. An optimal feedback control law can be derived by taking the

gradient of a value function. In this case, the value function is chosen to be time-to-go, i.e.

the time left to reach the goal, so that the optimal feedback control law corresponds to

the controls used in the time-optimal path. In their approach, a set of trajectories called

extremals are constructed in reverse by tracing a frontier back from the goal, initialising

with different headings. At each time step, the frontier can be propagated backwards

in time by following the opposite of the optimal control law. The intuition behind this
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extremal field approach is that at each time step, the frontier propagates in the direction

that corresponds to the least travel time. In the algorithm, the gradient of the value func-

tion is estimated numerically using information present at the neighbouring trajectories.

When the frontier reaches the start, the time-optimal trajectory can then be obtained by

following the optimal feedback control law.

Elston and Frew [61] and Girardet et al. [62] demonstrate the use of the ordered upwind

method (OUM) to find 2D time-optimal paths for aircraft in a time-invariant flow field. In

these types of approaches, the value function itself is estimated across the workspace on a

discretised grid, and is computed using an algorithm similar to Dijkstra’s algorithm. Then

the optimal path can be obtained by following a gradient descent algorithm on the value

function. Here, the authors define the value function as time-to-go as well for time-optimal

paths. Elston and Frew [61] shows how to include precipitation avoidance in the planning

process by inflating their value function. Girardet et al. [62] shows how to avoid obstacles

by inflating the value function around obstacles with potential fields, and also plans on

spherical co-ordinates to account for the geometry of the Earth.

The limitation of the OUM is that it assumes that the optimal frontier during construction

never reverses in direction. This happens when the flow field is time-variant, and it becomes

necessary to consider “retreating“ parts of the frontier as feasible. Lolla et al. [43] shows

how level set methods can be used in these cases. In their approach, a viscosity solution

is estimated instead of the value function, referring to the solution of the Hamilton-Jacobi

equation, a PDE that governs the time-optimal path. The viscosity solution in this case

is a function of space and time, and whilst the exact meaning behind its value is not

important, a suitable interpretation is the signed distance to the frontier. This means that

the evolution of the frontier is embedded in the viscosity solution as the zero level set. The

algorithm of the level set method involves solving a narrow band around the frontier across

time. When the frontier passes over the goal, the time-optimal path can be obtained in

reverse by utilising values of the viscosity solution. Time-optimal paths can be found in

2D and 3D time-variant flow fields using this approach. Static obstacles are also trivially

handled by preventing the viscosity solution to be computed at the obstacles. Lolla et al.

[63] shows how this idea can be extended to handle dynamic obstacles through the level
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set PDE. They also propose a control schemes for multiple vehicles to maintain regular

polygon formations.

Subramani and Lermusiaux [64] derive a methodology of computing energy-optimal paths

through repeated applications of the level set method to find time-optimal paths in 3D

time-variant flow fields. The important realisation is that, given a speed profile of the

vehicle over time, the time-optimal path is also the energy-optimal path. I.e. we can

compute the energy-optimal path for a fixed speed profile by finding the time-optimal

path. This means that we can solve the time-optimal problem for various speed profiles

and collect the paths in the Pareto front for time and energy costs. Another key idea is

that if the speed profile is represented as a stochastic variable over time, then it can be

propagated through a stochastic version of the level set PDE [43]. In practice, the speed

profile is represented as a step function with pre-defined intervals to simplify the search.

A dynamically orthogonal (DO) decomposition, which is related to the SVD, is used on

this stochastic representation which increases accuracy and computational efficiency.

Another way of using the stochastic level set PDEs is demonstrated by [65] to find time-

optimal paths in uncertain 3D time-variant flow fields. Instead of representing the vehicle

speed stochastically, the flow field is represented stochastically, and the corresponding

stochastic level set equations are solved to obtain frontiers for different possible flow fields.

However choosing the correct path to use from the stochastic frontiers assumes the vehicle

can know what the full flow field is during execution which is unlikely in practice. [66]

addresses a similar problem, where paths are chosen to minimise the risk of following a

path that is sub-optimal in time due to flow field uncertainties. In their work, risk is

computed as a cost or “tolerance” function of path error. A few varying definitions of the

cost function and the path error are suggested. After choosing a pair of these definitions

and using the approach described by Subramani et al. [65] to generate nr optimal paths

from the nr possible flow fields, the cost is computed for the paths in the other possible

realisations of the flow field. Finally the path with the lowest average cost across the

possible flow fields is chosen as the risk optimal path.

[67] shows how level set methods can be used for vehicles with different propulsion systems.

This is in contrast to vehicles with isotropic speed used previously, i.e. vehicles that can
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move at the same speed in all directions relative to the water. In particular, they study

path planning for the Lagrangian float which can only move in the vertical direction, and

the underwater glider which moves at some given speed vertically. For the underwater

glider, the 3D level set PDE is split into two equations, one describing the horizontal

evolution of the viscosity equation and one that describes its vertical evolution. Since the

vertical direction is fully defined, the control problem only lies in the horizontal direction.

Numerical schemes are used that take advantage of the resulting level set equations.

There has been a lot of impressive work for path planning using continuous spaces. Ap-

proaches that use extremal field methods, OUMs, and some other work not discussed here

(e.g. fast marching methods) systematically compute the value function of the problem,

whilst level set methods compute a viscosity solution, in which the reachability frontier

is embedded. An common issue for these methods is that there is still an underlying

discretisation that occurs across space, and to obtain a valid solution requires the appro-

priate choice of grid resolution. Furthermore, these approaches generally assume that the

vehicle can be continuously controlled which is not always true. These approaches also

tend to use “one-shot” algorithms, and are unable to provide better solutions unless the

entire algorithm is restarted with new parameters. This also means they can’t provide

sub-optimal solutions early, which can be very useful in our problem.

2.2.4 Sampling-based approaches

In this section, we discuss path planning approaches that construct a search graph using

random samples, environmental aspects, or a their combination. Approaches that are not

typically classified as sampling-based approaches are also covered here since they do not

constrain points of their path to some discretisation of the workspace.

Before the seminal paper [10] that established the optimal properties of rapidly exploring

random tree (RRT), [68] used a combination of RRT and A∗ to generate optimal paths

for underwater gliders in 2D time-invariant flow fields. In their work, RRTs are grown

from the start and the goal to a fixed number of nodes with some destination bias and

the parent selection bias from previous work [69]. Dynamics constraints are enforced by

limiting subsequent nodes to only have a maximum of 20° turns. When nodes are added



36 Chapter 2. Related work

that are also within some Euclidean distance of a node from the other tree, the node

makes a connection to the other tree. At the end of this process, nodes are pruned from

the leaves of these RRTs until they reach a node with another successor. If there was a

connection between the trees, then we are left with a graph with connections between the

start and the goal. A∗ is then run on this graph for time- or energy-optimal paths using

their formulated cost and heuristic functions. The algorithm provides optimal paths with

respect to the constructed graph, however the algorithm does not generate optimal paths

with respect to the workspace due to the way the graph is connected.

Chakrabarty and Langelaan [70] proposes a tree-based approach to find a feasible path

that accounts for the dynamics of an aerial glider in a 3D time-variant flow field. The

aerial glider can only change its yaw and heading without any actuated thrust so it is

desirable to utilise upward moving air to extend the flight duration to reach the goal.

To account for these dynamics, motion primitives are used to describe the motion of the

glider without wind effects. The motion primitives are pre-computed forward integrations

of the glider dynamics using a pre-defined set of inputs for a set amount of time. A tree

is then constructed using the combination of motion primitives and the advection effect

of the flow field. The flow velocity is assumed to be constant during the period of time,

so the displacement is taken to be the displacement from the motion primitive and the

displacement of the flow velocity over the same amount of time. To guide the search,

expansion is biased to nodes that have a higher ratio between energy and distance to goal,

where energy is the sum of the glider’s gravitational potential energy and kinetic energy.

Ko et al. [71] proposes vector field RRT (VF-RRT) which is a RRT-variant that uses

a special steering function that extends nodes in the direction of the flow field. They

introduce a concept called the upstream criterion to help to guide RRT growth. In multi-

dimensional time-invariant irrotational flow fields, this produces energy-optimal paths.

In the algorithm, the amount of RRT growth bias to the flow is probabilistic, but also

depends on the overall “spreading” effectiveness of the tree. This spread is quantified by

tracking how often new nodes are created nearby existing tree nodes. The algorithm is

shown to generate paths in ~0.5 s that are comparable to energy-optimal paths from RRT∗

which took ~100min, and also readily extends to VF-RRT∗. However their work does not

consider the case when the vehicle’s maximum speed is less than the flow field’s speed.
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Furthermore, the authors suggest the use of the non-asymptotically optimal variant of their

algorithm since it is much faster and performs relatively well. This technique appears to

perform only relatively well in cases where the goal is downstream from the start. This

can be useful in other applications where the vector field is something that is controllable,

e.g. using potential fields to guide robot arm planning to a desired pose.

Lee et al. [8] uses the fast marching tree (FMT) algorithm to find energy-optimal paths

for an underwater glider in a 3D time-invariant flow field. In contrast to the work by

Chakrabarty and Langelaan [70], this approach accounts for vehicle dynamics within a

graph edge to minimise the energy usage. A concept of trim states from the aeronautical

community [72] is used to describe the steady state dynamics of the vehicle given a set of

controls between two positions. This is not to be confused with the process of trimming

AUVs (described in [73–76]), which “calibrates” the vehicle’s buoyancy given particular

control inputs. This paper also shows that underwater gliders, which are designed to be

energy efficient, could be more energy efficient if the motion of the underwater glider is

allowed to be composed of a more complex set of motions, instead of following the industry

standard of sawtooth patterns [77–82]. By accounting for the flow field advection effects

in the planning process, an underwater glider is shown to avoid opposing flow and be able

to traverse further in assistive flow.

Yoo et al. [83] addresses a problem of environmental uncertainty when path planning for a

vehicle subject to advection in a 2D time-invariant flow field. In their approach, a sequence

of controls is found to minimise the destination error. Using an ensemble of flow fields from

ensemble forecasting techniques, a set of “realities“ are tracked in the Monte Carlo tree

search (MCTS) framework, each of which follow the same vehicle control that is randomly

generated but are each advected by the flow field defined by their corresponding ensemble

member. The result of this implementation provides a sequence of controls that can be

executed by the vehicle that takes it nearby the goal on any of the ensemble member flow

fields. This can be interpreted as path planning robust to flow field uncertainties assuming

that the ensemble is reflective of real flow.



38 Chapter 2. Related work

2.2.5 Summary

In this section, we reviewed various approaches for path planning in flow fields. Path

planning that solely uses optimisation techniques are able to easily incorporate system

dynamics and constraints for solutions that are usually only locally optimal. By discretis-

ing the workspace, discrete space approaches are able to leverage graph search algorithms

like A∗ which provide optimality guarantees, however the resulting paths are only optimal

with respect to the constructed graph which usually limits the possible angles the paths

can take. By considering a variable that describes the reachability frontier, continuous

space methods are able to produce smoother paths that are also shown to be optimal, but

this is also subject to discretisation of the variable. Level set approaches are a useful set of

approaches for particular formulations with a lower computational complexity, however it

is unclear how it could be extended to consider vehicles with dynamic constraints such as

limited turning rates. Furthermore, the algorithm is tailored to particular cost functions

so further research would be needed to consider others.

Sampling-based path planning shows a lot of promise for our particular problem. It con-

structs paths using segments from a process of random sampling, giving it a chance to

consider many different directions. Some algorithms like RRT∗ are also anytime and have

the property of asymptotic optimality. RRT has also been shown to be able to handle

dynamic constraints [70] which is useful in some applications. In Sec. 2.3, we give an

overview of sampling-based path planning algorithms and some of its theory.

2.3 Sampling-based path planning

In this section we provide an overview for popular sampling-based planners in literature.

The list of planners we discuss are by no means complete, but should provide a sense of

their capabilities. We also provide some definitions and establish some theory, which is

useful for discussion in this thesis.

Sampling-based path planners generally use samples from the state space to construct

a search graph from the start towards the destination. The samples from a sampling
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sequence usually do not have regular structure and should cover the state space more and

more densely, allowing the planner to construct paths with them.

We will start with a light introduction of primitive functions, which are functions that

are commonly used across different algorithms here. We will then describe probabilistic

roadmap (PRM) in Sec. 2.3.2, rapidly exploring random graph (RRG) in Sec. 2.3.3, RRT

in Sec. 2.3.4 FMT∗ in Sec. 2.3.5, informed tree methods in Sec. 2.3.6, and stable sparse

RRT methods in Sec. 2.3.7. This section is summarised in Sec. 2.3.8.

2.3.1 Primitive functions

There are commonly used functions called primitive functions that appear across different

sampling-based algorithms. These functions are, in some sense, customisable so that the

sampling-based path planner can be used in different applications. In this section, we

briefly describe these primitive functions and provide an interpretation of their purpose.

2.3.1.1 Cost functions

The primitive function Cost returns the cost to traverse between two states. Sampling-

based planning algorithms are able to minimise different types of path properties by chang-

ing this function. Some planners require the function to satisfy the triangle inequality to

confer optimality properties.

Some planners take advantage of Bellman’s principle of optimality, and consider the

CostToCome function or g(node) which returns the current minimum cost from the start to

node node. This means that the path cost is computed as the sum of the cost of sequential

pairs. For path costs that are multiplicative, Cost can return the log of the path segment

cost. This leads to multiplicative path costs that can be recovered by taking the exponent.

The corresponding function between node and the destination will be denoted CostToGo

and h(node).

Some planners leverage a heuristic function that compute estimates the path cost between

a node and either the start or the destination. In this thesis, which we will denote heuristic
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functions with a tilde. E.g. in A∗, the heuristic function would be denoted as h̃(node). The

heuristic path cost refers to g̃(node) + h̃(node), and the semi-heuristic path cost refers to

g(node) + h̃(node). Nodes with low heuristic path costs will be referred to as encouraging,

whilst nodes with low semi-heuristic path cost will be referred to as promising.

In most algorithms, it is desirable for heuristics to underestimate the true path cost, as it

leads the search to optimal paths. In these kinds of algorithms, heuristic functions that

underestimate are called admissible. It is common for heuristics to be some function of

the Euclidean distance between the states due to simple evaluation.

2.3.1.2 SampleFree

Given an index (e.g. iteration number) this function returns a feasible state. The feasibility

of a state usually refers to a state that is in what’s known as free space, i.e. they are within

the workspace and are not inside obstacles or forbidden regions. If the state also describes

properties like speed, this could also imply that the state is feasible under the constraints

of system dynamics.

States are usually stochastically sampled from a uniformly random distribution over the

state space. The probabilistic nature of sampling is important as it allows algorithms to

consider states that increasingly cover the state space to find the optimal path. A measure

of this coverage is known as dispersion which describes the largest distance between a

point in space and its closest sample, so a smaller value corresponds to a higher spatial

coverage. Deterministic sampling sequences such as the Halton sequence [84] are shown

to have dispersion decay rates higher than probabilistically sampling from a uniformly

random distribution [11]. Palmieri et al. [85] describe an algorithm that generates a

deterministic sampling sequence. It works by iteratively choosing samples inside the largest

area of uncovered space which reduces dispersion by definition. The choice of sampling

sequence impacts on the convergence rates and properties of the sampling-based planner.

Semi-deterministic sampling, which is the process of randomly choosing points from a

deterministic set of points, are shown to give some planners desirable properties [86].
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In planning algorithms that use samples as reference points, goal biasing [69] is sometimes

applied to the sampling process which interweaves the destination as a sample after a

number of the original sampling sequence, which encourages growth of the search towards

the destination. Local biasing has been proposed [87] which attempts to re-sample inter-

mediate nodes of a given path giving extra opportunities for the algorithm to refine the

quality of the path. Akgun and Stilman [87] also suggest a sample rejection scheme, which

skips samples which are not encouraging. This idea is further studied by Ferguson and

Stentz [88], Otte and Correll [89], and Gammell et al. [90], by considering samples that

are only generated in areas of the state space that are encouraging. This prevents the

computational burden of rejection sampling at later stages of the search, when samples

are less often encouraging in comparison to the refined cost of the path.

2.3.1.3 Near and Nearest

The function Nearest returns the code from a set of nodes that is the “closest” to a

given node. The function Near returns a subset of nodes from a set of nodes that are

considered “close” to a given node. The exact meaning of close for these two functions

is not clear from literature, however some [91–94] suggest that it should reflect the cost

function of interest. If that is the case, it can be difficult to implement effective ones for

certain cost functions. Some algorithms only require the notion of distance in state space,

regardless of cost function. The Near can sometimes be implemented as returning the

closest k neighbours, and sometimes be implemented as returning the neighbours within

some specified distance.

A brute force implementation of these functions take O(nnode) time, where nnode is the

number of nodes in the original set. Fortunately, there are algorithms that can provide

approximations of these functions e.g. Karaman and Frazzoli [10] claim that balanced box

decompositions (BBDs) [95] are sufficient with implementations taking O(log nnode) time

to query.
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2.3.1.4 Steer

To deal with systems that involve kinematics or dynamics, some planners require a Steer

function, which determines the control and trajectory that joins two states which some-

times require two-point boundary-value problem (TP-BVP) solvers. Certain systems, e.g.

those that use Dubins or Reeds-Shepp models, have fast solvers for their TP-BVP.

2.3.1.5 Extend

This primitive function is typically used to grow a search tree (e.g. RRT) at the specified

node after being stimulated with a given state, usually one from a sampling sequence.

Implementations of Extend that drive the system towards another state tend to work

better in practice. Karaman and Frazzoli [10] suggests a geometric implementation which

returns a state in the direction of the given state, limiting the new node to be within

a steering distance of the tree node which is shown to be probabilistic completeness by

Kleinbort et al. [13], however this variant may not be possible for some systems.

For systems subject to kinematic constraints, Kunz and Stilman [96] shows that using

RRT with an Extend implementation that attempts multiple random inputs for a fixed

amount of time and returns the closest resulting state leads to probabilistic incompleteness.

However, Kleinbort et al. [13] shows that simply generating a random state by taking

a random input for a random amount from the tree node makes the overall algorithm

probabilistic completeness.

2.3.1.6 CollisionFree

This function is generally used to determine whether the transition from one state to

another is possible as it may intersect with obstacles, or leave the workspace.

Whilst some algorithms uses CollisionFree as new edges are added to the graph, lazy

algorithms choose to do so later avoiding computation for edges that are not useful to the

optimal path.
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2.3.2 Probabilistic roadmap

There are slightly different definitions of PRM (e.g. [9, 97]) so in this thesis, any im-

plementation that is equivalent to Alg. 4 in [10] for a given implementation of the Near

primitive function will be referred to as PRM.

In the PRM algorithm, a graph is constructed by first creating a set of nodes which

consists of the initial state and a number of randomly sampled states. For each node, an

edge is created to nearby nodes if it corresponds to a feasible transition. To query the

roadmap, a query node is added to the graph and edges are created with nearby nodes if

they correspond to feasible transitions. A graph search algorithm such as A∗ is then used

on the resulting graph to return a path. Typical usage of A∗ can actually be viewed as

PRM with grid-based sampling and a particular neighbourhood definition.

The asymptotic optimality of PRM was first established in [10] given Near implementations

based on radius and k nearest. If PRM uses a Near function with radius

r(nnode) = γPRM

( log nnode

nnode

) 1
nd
, (2.6)

where

γPRM > 2
(

1 + 1
nd

) 1
nd

(
λ(Xfree)
νd

) 1
nd
, (2.7)

nnode is the number of nodes in the graph, nd is the dimension, λ(Xfree) is the Lebesgue

measure of the obstacle free space, and νd is the volume of a unit nd-dimensional hyper-

sphere, then

Pr
({

lim
nnode→∞

cX = c∗
})

= 1, (2.8)

where cX is the cost of the path returned for nnode samples, and c∗ is the optimal cost.

Similarly, if PRM uses a Near function with the number of nearest neighbours

k(nnode) = kPRM log nnode, (2.9)

where

kPRM > exp (1)
(

1 + 1
nd

) 1
nd
, (2.10)
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then (2.8) also holds. A benefit of using this Near function is that it is not necessary to

compute λ(Xfree) the volume of the free space.

In [98], a smaller radius can be used by PRM for a slightly different definition of asymptotic

optimality. If a smaller radius used as in (2.6) except

γPRM > 2
( 1
nd

) 1
nd

(
λ(Xfree)
νd

) 1
nd
, (2.11)

then

lim
nnode→∞

Pr (cX ≤ (1 + ε)c∗) = 1, (2.12)

for all ε > 0.

PRM is shown to have asymptotic near optimality in [99] when an even smaller radius is

used. If we use the radius in (2.6) with

γPRM > 2
( 1

2dνd

) 1
nd
, (2.13)

then

lim
nnode→∞

Pr (cX ≤ ζ(1 + ε)c∗ + o(1)) = 1, (2.14)

for all ε > 0 and ζ ≥ 1.

A critical radius is found in [86] to have asymptotic near optimality for PRM in Euclidean

space. A special primitive function Near_query is used to connect the start and the

destination to the set of nodes. There exists β0 > 0 such that if Near_query uses the

radius

r(nnode) = β(log nnode)
1

nd−1

n
1

nd
node

, (2.15)

and Near uses a radius

r(nnode) > γ∗
( 1
nnode

) 1
nd
, (2.16)

where β ≥ β0, and for all nd ≥ 2, 0.4 ≤ γ∗ ≤ 0.6, some values of which are provided in

[86], then

lim
nnode→∞

Pr (cX ≤ ζ(1 + ε)c∗) = 1. (2.17)
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An interesting outcome of this, is that nodes will only have Θ(1) number of neighbours,

instead of O(log nnode).

Many different variants of PRM have been proposed such as fuzzy PRM [100], customisable-

PRM [101], differential PRM [102, 103], lazy-PRM [104, 105], dancing PRM [106], soft-

PRM, Bluetooth-PRM, and embedded-PRM [99].

2.3.3 Rapidly exploring random graphs

The RRG algorithm [10] incrementally generates a graph so it be interpreted as an incre-

mental version of PRM. A graph is first created with only the starting node. Then for

each iteration, a new node is created by first a randomly sampling a state, picking the

closest node in the graph, then Steer from the closest node to the random state for the

new node. If the transition from the closest node to the new node is a feasible transition,

then it is added to the graph. In addition to that, an edge is created from the new node

to nearby nodes if it also corresponds to a feasible transition. To query this roadmap, a

query node is added as if it’s the new node. Then a path is returned by using a graph

search algorithm. RRG is anytime, so it means that if the iterations are interrupted, the

roadmap can still be queried for a path.

RRG is shown to be asymptotically optimal if Near implementations are based on radius

or k nearest as well. If RRG uses a Near function with radius

r(nnode) = min
(
γRRG

( log nnode

nnode

) 1
nd
, η

)
(2.18)

where

γRRG > 2
(

1 + 1
nd

) 1
nd

(
λ(Xfree)
νd

) 1
nd
, (2.19)

then (2.8) holds.

Similarly, if RRG uses a Near function with the number of nearest neighbours

k(nnode) = kRRG log nnode (2.20)
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where

kRRG > exp (1)
(

1 + 1
nd

) 1
nd
, (2.21)

then (2.8) also holds. Other than not needing to compute the volume of free space, this

Near function also doesn’t require a steering distance to be defined. This could be useful

if Steer does not have a well-defined steering distance.

In [86], the analysis of the critical radius for PRM is shown to extend to RRG as well

by showing that a RRG contains a PRM. This means that RRGs are asymptotic near

optimality by the definition of (2.17), if the radius is defined by (2.15) and (2.16) in

Euclidean spaces.

Two variants of RRG are RRT# [107], and lazy-RRG [105].

2.3.4 Rapidly exploring random trees

The RRT algorithm [91] is an algorithm designed for planning with non-holonomic systems.

It is similar to RRG since RRT influenced it; the difference is a tree is constructed instead

which requires less edge connections. The tree is first created with only the starting node.

Then for each iteration, a new node is created by first a randomly sampling a state, picking

the closest node in the tree, then Steer from the closest node to the random state for the

new node. If the transition from the closest node to the new node is a feasible transition,

then it is added to the tree. To query this tree, a query node is added as if it’s the new

node. Then a path can be obtained by recursively following the parent node of the query

node to the root node (the starting node). RRT is also anytime, so it can be queried after

interrupting its iterations.

The algorithmic properties of RRT has been hard to establish since its behaviour is highly

dependent on the definition of the function Steer. It has been established early that it

is not asymptotically optimal [10], but whether it is probabilistically complete has been

the focus of recent studies. If Steer is implemented as to give the resulting state from

using the control from a set that moves the state closest to the random node for a fixed

duration, then RRT is not probabilistic completeness [96]. If Steer is implemented as to

give the resulting state from using a random control for a random duration, then RRT is
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probabilistic completeness [13]. It is also shown in [13] that if Steer returns a node that is

directly in line towards the random node, then RRT would be probabilistic completeness.

The probabilistically complete property is particularly significant, as many algorithms

derive algorithmic properties from this property including asymptotic optimality.

Many different variants of RRT have been proposed such as RRT-Connect [108], resolution

complete RRT [109], heuristically guided RRT, iterative k-nearest RRT, best of k-nearest

RRT [69], dynamic-domain RRT [110], dynamic RRT [111], multi-partite RRT [112],

transition-based RRT [113, 114], multi-RRT [115], stable sparse RRT, its asymptotically

optimal variant [116], discrete-RRT [117], its asymptotically optimal variant [118], de-

formable RRT [119], and generalised bi-directional RRT [120].

2.3.4.1 The asymptotically optimal upgrade

RRT∗ [10] is a version of RRT with the asymptotically optimal property. It is motivated by

trying to construct an RRG as a tree without redundant edges for query. This is achieved

by considering the path costs of the tree’s local neighbourhood of the new node. After

producing a new node, instead of connecting to the closest node on the tree, the node

is connected to a neighbouring node that minimises the path cost from the neighbour.

For all neighbouring nodes, the new node is set as the parent if the path cost through

the new node is better. This “rewiring” step ensures that the edges that are part of the

minimum-cost path from RRG are still in the tree.

RRT∗ is shown to be asymptotically optimal if Near implementations are based on radius

or k number of nearest neighbours. If RRT uses a Near function with the number of

nearest neighbours in (2.20) then (2.8) holds. The radius for asymptotic optimality initially

described in [10] is corrected in [121]. If Near uses radius

r(nnode) = γRRT

( log nnode

nnode

) 1
nd+1

(2.22)

where

γRRT ≥ (2 + θ)
( (

1 + ε
4
)
c∗

θ(nd + 1)(1− µ)

) 1
nd+1 (λ(Xfree)

νd

) 1
nd+1

, (2.23)



48 Chapter 2. Related work

µ ∈ (0, 1), and θ ∈ (0, 1
4), then (2.12) holds. It is unclear how to choose the variables

µ and θ in general. It is probabilistically better to pick smaller θ and larger µ, however

this corresponds to larger radius which corresponds to higher computational demands. In

practice, (1 + ε/4) c∗ can be chosen to be the cost of the best path so far.

Variants of RRT∗ have been proposed such as RRT∗-Smart [12], bi-directional RRT [122],

kinodynamic RRT∗ [123], RRT∗_S [124], informed RRT∗ [90, 125], intelligent bi-directional

RRT [126], RRTX [127], transition-based RRT∗ [128], and sorted RRT∗ [129].

2.3.5 Fast marching tree

The FMT algorithm (FMT∗) [98] is algorithmically similar to the fast marching method

and Dijkstra’s algorithm, but it finds a path by constructing a tree using sampled nodes.

Three mutually exclusive sets of nodes are maintained. Nodes can only move in one

direction between these sets from the unvisited set, to the open set, then finally to the

closed set. At the start, the start node is placed in the open set which represents the

frontier of the search. A number of sampled nodes and destination node(s) are added

to the unvisited set. Then for the lowest cost node nodelow in the open set, a set of

unvisited neighbours are found. For each unvisited neighbour node nodenb, an edge is

created with a nearby open node that gives nodenb the lowest path cost from the start

if the edge corresponds to a feasible state transition. This elaborate expansion process

can be interpreted as finding the neighbourhood that needs to be added next to the tree

(unvisited neighbours), then connecting them in the best way to the tree. The unvisited

nodes that are connected to the tree are then moved to the open set. After all unvisited

neighbour nodes are considered, then nodelow is moved to the closed set. The expansion

process is repeated until a destination node is the lowest code node in the open set, or

when the open set is exhausted, which means no path is found. The path is then returned

by recursively following the parent of the destination node.

FMT∗ is shown to be asymptotically optimal. If Near uses a radius defined by (2.6) with

(2.11), then (2.12) holds. Furthermore, if Near uses the number of nearest neighbours

k(nnode) = kFMT log nnode, (2.24)
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where

kFMT > 3de
(

1 + 1
nd

)
, (2.25)

then (2.8) holds.

The critical radius for PRM in [86] also extends to FMT∗. This means that FMT∗ is

asymptotic near optimality by the definition of (2.17), if radii are defined by (2.15) and

(2.16) in Euclidean spaces.

Three variants of FMT∗ are motion planning using lower bounds (MPLB) [130], bi-

directional FMT∗ [131], and differential FMT∗ [102, 103].

2.3.6 Informed trees

The sampling-based algorithms described so far have been indiscriminately searching

through the entire workspace for the entire duration of the search process. Informed

approaches focuses search effort to areas which contain promising states. A state can be

described as promising if the sum of cost estimates from the start to the state with the

state to the destination is low. This idea is related to A∗’s use of admissible heuristics,

which promotes expansion only at nodes which are promising. Two informed tree searches

that are not covered in this thesis are regionally accelerated batch informed trees [132],

and dominance-informed region trees [133].

2.3.6.1 Informed RRT∗

One of the earlier informed search approaches builds on RRT∗. Informed RRT∗ [90, 125]

makes three main adjustments to RRT∗. Firstly, after the first solution is found, samples

are only drawn from the informed set, an implicitly defined ellipsoidal region containing

encouraging states. This means that the ellipsoid would have the start and the destination

at its focal points. Secondly, nodes outside of the informed set are carefully pruned,

retaining those with descendents in the informed set. Finally, the Near should be updated

to utilise the volume of the informed set. The paper refers to the radius in [10] for
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asymptotic optimality, however it would be prudent to use (2.22) and (2.23) from [121].

The number of nearest neighbours (2.20) following [10] can be used.

2.3.6.2 Batch informed tree

Batch informed tree (BIT∗) [129, 134] can be contrasted with RRT∗ and FMT∗. RRT∗

can be interpreted as an algorithm that searches every time a batches of one sample is

added. FMT∗ can be interpreted as an algorithm that searches once for a single batch of

samples. In contrast BIT∗, searches each time after adding batches of multiple samples.

Algorithmically, BIT∗ performs an A∗-like search across the nodes within the informed

set. This method of adding batches allows the algorithm to prioritise nodes that appear

promising first. Searching through more promising nodes first means that better solutions

could be found earlier. This help identify nodes that have less semi-heuristic path cost

than the current best path cost, which can be discarded without processing. Note that

these discarded nodes would have been considered in the informed RRT∗ algorithm. Fast-

BIT∗ [135] is a variation that only considers h̃(node) before an initial solution is found.

This speeds up the initial solution, after which the algorithm proceeds as BIT∗ does.

2.3.6.3 Advanced BIT∗

A portion of the BIT∗ algorithm that was omitted has to do with the upkeep of node costs

after sampling new batches of nodes. Advanced BIT∗ (ABIT∗) [136] reduces the overhead

by decreasing the amount of search effort spent in each batch iteration of the algorithm by

choosing nodes to expand “optimistically”, and ending batch iteration “pessimistically”.

The optimistic node expansion is based on a factor that inflates h̃(node). In A∗, this

leads to sub-optimal solutions, however it tends to find solutions faster. The pessimistic

iteration termination inflates the heuristic cost through an edge when compared to the

minimum path cost so far. This makes the algorithm neglect edges that only appear a

little better than the minimum cost. Both of the effects of these factors are designed to

decay every time a new batch of samples are taken which ensures that the algorithm is

still asymptotically optimal.
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2.3.6.4 Adaptive informed tree

A different extension of BIT∗ is the adaptive informed tree (AIT∗) [137]. AIT∗ is an

asymmetrical bi-directional search which uses BIT∗ in the forward direction and a variant

of A∗ in the reverse direction. The forward search is responsible for constructing the

minimal cost path, whilst the reverse search is responsible for constructing a heuristic

h̃(node) that better represents the problem compared to the typical choice to use Euclidean

distance. This is particularly useful when it is difficult to formulate an effective heuristic,

especially in cases where there are many obstacles. The reverse search can still utilise

heuristic g̃(node) so that it guides the computation of h̃(node). It is important to note

that the reverse search does not perform collision checks, which makes it faster than the

forward search.

2.3.7 Stable sparse RRT

Another way of finding an optimal path is to first sparsely cover the workspace with nodes

first, then slowly allow the space to be filled with more nodes. A sparse data structure is

beneficial as the time complexity of planning algorithms tend to grow super-linearly with

respect to the number of nodes in the data structure.

Stable sparse RRT (SST) [116] is proposed for achieving asymptotic near optimality with-

out a boundary-value problem (BVP) solver. Two mutually exclusive node sets are main-

tained with nodes only moving from the active set to the inactive set after which they

can be removed entirely. An additional witness node set is used as a representation of

workspace coverage. Witness nodes “supervise” a δS neighbourhood, and also points to

the tree node in its neighbourhood with the lowest path cost.

The algorithm begins by setting the starting state as the root node of the tree, and making

it the first witness node. For each iteration, a random state is sampled to select the tree

node in the δBN neighbourhood with the lowest path cost (nearest is selected if nothing

is nearby). A new node is then obtained by using a Steer function that uses a random

control for a random duration at the selected node. If this new node better represents the

local witness, then it is added to the active set and the witness node will now point to this
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node (new node becomes a witness if there is witness within δS). The node that is now

replaced by the new node is then moved to the inactive set. This inactive set is necessary

to maintain the descendent nodes that are part of the active set. A branch of inactive

nodes are recursively deleted if a leaf node moves to the inactive set.

By maintaining the active and the inactive sets of nodes, the algorithm always ensures that

witnesses always represents feasible paths that end in their neighbourhood. In practice,

some thought needs to go into the selection of δBN because choosing a large number

means that node expansion tends to occur with lower cost nodes which will discourage

the consideration of alternate paths. It is also important not to make δS too large too.

Whilst a large radius corresponds to a sparser representation, it can prevent the addition

of nodes which are necessary to traverse through small gaps in state space. The authors

suggest using δS to represent neighbourhoods small enough to fit between obstacles and

smaller than the radius of the goal region. The authors assert that δBN should be larger

than δS to ensure proper growth of the tree.

By choosing parameters such that

δBN + 2δS < δ, (2.26)

where δ represents the distance from the path to obstacles, then the algorithm is shown

to be asymptotically near-optimal, i.e. for all C∆ > 0, there exists a Kx > 0 such that

Pr
({

lim sup
nnode→∞

cX ≤
(

1 + Kxδ

C∆

)
c∗
})

= 1. (2.27)

A variant called SST∗ is also proposed which achieves asymptotic optimality by calling the

main SST algorithm multiple times with decaying δ values. This is done by multiplying

the δS and δBN parameters by a number between 0 and 1, and an increasing number of SST

iterations is used to give the algorithm more time to adjust the entire tree. This gradually

relaxes the mechanisms in the algorithm that enforces the sparse structure allowing more

optimal paths to be formed.

An informed variant of SST is proposed in [138] to focus its search. A major difference in

how informed SST (iSST) works is that the node selection process of expansion relies on
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a constructed heuristic function similar to AIT∗ [137]. In this paper, a shortest-path tree

is constructed without collision checks using a PRM graph. Node selection for expansion

is probabilistically biased to nodes that appear promising which guides the search.

2.3.8 Summary

Single batch approaches like PRM, RRG and FMT∗ are not desirable for the problem we

consider in this thesis as they are not anytime. Tree-based approaches that are shown to be

asymptotically optimal are ideal. We do not expect stable sparse tree methods to converge

faster than RRT methods since they are designed to avoid the use of a TP-BVP solver.

On the other hand, informed tree methods are shown to be faster than RRT methods as

they leverage heuristics to the destination. In Ch. 4, we find an efficient way to solve the

TP-BVP between two positions in 2D incompressible flow fields. In Ch. 5, we propose a

distance heuristic that better describes the local reachability of any point in strong 2D

incompressible flow. The techniques proposed in these chapters can be used to improve

applications of tree-based path planners for ocean navigation.





Chapter 3

Flow field estimation using spatial

correlations

In this chapter, a new algorithmic framework is proposed to maintain an estimate of the

flow field specifically designed to have a small computational footprint for the purposes

of runtime execution onboard underwater gliders with limited computational capacities.

The proposed algorithms avoid heavy computation by leveraging the result of rigorous

considerations and computations involved in the generation of ensemble forecasts from

organisations such as the Australian Bureau of Meteorology (BOM). This estimator is

responsible for providing an estimate of the environment behaviour so that the system can

account for the advecting effect of ocean currents in the path planning module.

Parts of this chapter have been published as two separate conference paper publica-

tions [139, 140].

3.1 Introduction

Estimates of ocean currents are critical for many applications of marine robots, particularly

in supporting the mobility of slow autonomous vehicles such as underwater gliders. A

vehicle that is comparatively slower than ocean currents means that the effects of the

environment on the vehicle must be considered in the path planning process to ensure

55
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Figure 3.1: Subsampled ensemble flow field data off the coast of New South Wales
from the Australian BOM. This ensemble forecast consists of nE = 96 flow fields, each
predicting ocean surface conditions for 16th November 2018. One of the 96 flow fields is

shown in black, whilst others are shown in grey.

compensating controls are used. While flow field estimation has long been a topic of study

in oceanography, obtaining and digesting meteorological flow field estimates in a form that

is useful for practical robotics applications is less well-understood. We are interested in

a representation of the flow field that can be informed by forecast data and also exploits

a robot’s ability to take measurements of the environment during traversal to produce

realistic flow field estimates.

Forecast data from organisations such as the Australian BOM are often produced using

ensemble forecasting, where a set (or, ensemble) of predicted flow fields is generated from a

range of initial conditions. While none of the ensemble members themselves are likely to be
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exactly correct, the ensemble as a whole tends to contain instances of largely similar flow

patterns, an example of which is in Fig. 3.1. However, the ensemble format is awkward for

robotics applications because planning algorithms, even those that address probabilistic

representations of the environment, typically assume a single probabilistic environment

model as opposed to a set of predictions [56, 141]. The challenge in producing a single

model is how to distil the information contained in the ensemble in a way that captures

uncertainty and that preserves spatial correlations seen in the ensemble data.

In this chapter, novel 2D and 2.5D flow field estimation methods are proposed which pro-

duce a single probabilistic model. These methods are built upon the idea that reoccurring

spatially correlated flow patterns can be found across ensemble members. These patterns

with different levels of detail can be used as useful building blocks to produce different

flow fields. In the algorithms, the patterns are first extracted using kernel methods and

the singular value decomposition (SVD), then at runtime the contribution of each flow

pattern is determined for the flow field estimate by considering measurements taken by

the vehicle using a recursive Bayesian estimator. This effectively utilises a compressed

model represented as a linear combination of the flow fields that inherit spatially corre-

lated flow fields found in the ensemble data, and only produces estimates reminiscent of the

flow fields present in the ensemble data. This compact representation is key to achieving

computational efficiency.

For the algorithm considering the three dimensional case, an additional insight is consid-

ered that assumes that ocean flow sufficiently far from the coastline has negligible vertical

velocity [142–144]. This allows the environment to be treated as a 2.5D flow field, or a

collection of 2D horizontal flow fields. Instead of considering flow patterns that across

each of the ensemble members, this also finds patterns between different depths as well,

allowing a larger basis to be formed increasing the expressivity of the compressed model.

Both proposed methods have an interesting property allowing them to make global ad-

justments of the estimate from local measurements. They also have more desirable com-

putational times than existing work, with the routines to update and to query the velocity

of flow having constant computational complexity and taking less than 1 ms each in our

implementation. The low computational demand of this estimation technique allows the
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navigation system of the underwater glider to quickly adapt to changing environments,

the predictions of which are known to diverge from reality in short time spans compared

to operational periods of underwater gliders.

More specifically, the 2D approach is compared against the incompressible Gaussian pro-

cess (GP) [38] and a variant of our approach which is algorithmically similar to the kernel

observer [40]. Theoretical and empirical comparisons are made between these methods

showing the differences in computational complexity of measurement integration and flow

velocity queries. The proposed method is then tested using real forecast ensemble data

from the Australian BOM. The results suggest that the proposed method could also be

used in an active perception context where measurement locations are intentionally chosen

to reduce model uncertainty.

The 2.5D approach is compared against a direct extension of the 2D approach using BOM

data in an area of the Tasman Sea between Australia and New Zealand. Results are re-

ported with and without measurement noise highlighting the accuracy of the method. In

several cases, the root-mean-square (RMS) error of the achieved error of the proposed algo-

rithm fell below the RMS of the lower bound of the direct 2.5D extension. The algorithms

and results in this chapter is a promising step forward in understanding how forecasts of

underwater current can be used to produce useful flow field estimates for planning. Al-

though this work focuses on the case of time-invariant flows, it lays a foundation to begin

to address the challenges of the time-variant case.

In the next section, the flow field estimation problem is formally defined. Section 3.3

presents an overview of our approaches in 2D and 2.5D to the underdetermined problem.

The 2D algorithm and its results are described in Sec. 3.4. Similarly, Sec. 3.5 describes

the 2.5D algorithm and its results. Finally, Sec. 3.6 summarises the chapter.

3.2 Problem formulation

We consider the problem of estimating an unknown time-invariant incompressible flow

field given an ensemble forecast and a sequence of flow velocity measurements at different

locations. First, let X be a bounded subset of R2 in the context of the 2D flow field
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estimation problem and a bounded subset of R3 for the 2.5D variant. Flow velocities in

the 2.5D problem will not have a vertical component as they are assumed to be negligible.

Recall that, a flow field is incompressible if its velocity field is non-divergent. The aim is

then to estimate a flow field f̃(x) : X→ R2 with the constraint

∇ · f̃(x) = 0. (3.1)

An ensemble forecast E is defined as a set of nE ensemble members. The ensemble members

correspond to a common set of nX positions Xens ⊂ X, each describing a set of flow velocities

or flow vectors

e =
{

f̂(x) : x ∈ Xens
}
∈ E, (3.2)

such that the ensemble member consists of the discretisation of a single ocean current

prediction f̂ : X→ R2. The ensemble members of the forecast are deterministically gener-

ated using slightly different initial conditions so that the entire ensemble forecast describes

multiple predictions of the ocean state. Note that the ensemble members e do not consist

of measurements of the true flow field, but are predictions of flow velocities based on the

simulation of ocean models.

The sequence of flow vector measurements are taken at the sequence of positions Xmea =

(xk)1≤k≤nmea and are denoted as

Z = (fmea(xk) : xk ∈ Xmea) , (3.3)

where fmea : X → R2 is the measurement function. While the positions are fully known,

the measurement function fmea is subject to sensor noise, such that

fmea(x) = ftru(x) + ν, (3.4)

where ftru : X→ R2 is the true continuous unknown flow field and ν ∈ R2 is the sensor

noise model.

Problem 1 (Flow field estimation with ensemble data and measurements). Given the

ensemble forecast E and a sequence of measurements Z, find the incompressible estimate f̃
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for the true continuous flow field ftru : X→ R2:

f̃∗(x) = arg min
f̃(x)∈C∞(x)

nmea∑
k=1

∥∥∥fmea(xk)− f̃(xk)
∥∥∥2

2
, (3.5)

subject to ∇ · f̃(x) = 0, ∀x ∈ X,

where ‖·‖2 is the Euclidean norm (2-norm) of a vector, and C∞(x) is the set of smooth

2-vector valued functions on x.

3.3 Approach overview

As established in Sec. 2.1, the flow field estimation in Prob. 1 is severely underdeter-

mined, as there are infinitely many smooth, non-divergent vector fields that can fit a finite

number of measurements Z. We propose to constrain the representation of the flow field

estimate f̃ to only use the spatially correlated flow fields or spatial correlations present in

the ensemble forecast. To do this, we propose to construct f̃ as the product between a

basis H : R2 → R2×nW , and a weight vector w ∈ RnW :

f̃(x) = H(x)w, (3.6)

for nW degrees of freedom in representation. In this representation, the estimate f̃(x) can

be interpreted as a linear combination of basis flow fields, each of which correspond to

spatial correlations.

We propose a two-stage estimation framework consisting of offline and online components.

In the offline component, the flow field estimate is modelled using a basis H(x) that is

chosen based on the ensemble forecast E and an additional incompressibility prior. This is

achieved by describing the ensemble members as continuous incompressible flow fields using

a set of latent variables. The spatial correlations from E can then be extracted by taking

the SVD of the sets of latent variables to construct H(x), preserving the flow patterns

observed in the ensemble forecast. The offline component is described as having regression

and compression steps. The online component uses a Bayesian filter to iteratively update

w using measurements of the true flow field which are often sequential.
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3.4 Estimation of time-invariant 2D flow fields

This section describes the proposed estimation algorithm for time-invariant flow fields for

2D flow in 2D space. First, the regression and compression steps of the offline component

will be described in Sec. 3.4.1 and 3.4.2. Section 3.4.3 will then describe how the offline

components are used in the online component. The algorithm is then analytically com-

pared with other algorithms in Sec. 3.4.4. This is followed by empirical comparisons in

Sec. 3.4.5. Finally, some findings for the application of the method in active perception

contexts are shared in Sec. 3.4.6.

3.4.1 Flow field regression through kernel embedding

To obtain continuous flow field representations from the discrete data of the ensemble

members, a process of regression using kernels is used. Existing work [38, 40, 41] have suc-

cessfully used kernels to represent flow fields in the past. In particular, the incompressible

kernel [38] has recently been shown to be an apt description of smoothness and incompress-

ibility of physical 2D flow fields. The incompressible kernel Kincomp : R2 ×R2 → R2×2 can

be expressed as

Kincomp(x,x′) = D(x)k(x,x′)D
(
x′
)ᵀ
, (3.7)

where a 2D position is denoted as x = [x1, x2]ᵀ, the kernel describing the similarity of

stream function values between two positions is denoted as k : R2 ×R2 → R, and D(x) is

the differential operator

D(x) =
[
∂
∂x2

− ∂
∂x1

]ᵀ
. (3.8)

An appropriate kernel function can be chosen as the inner kernel to better model the flow

field, which can lead to better convergence properties. In this scenario, a reasonable choice

in kernel would be the squared exponential-automatic relevance determination (SE-ARD)

described in (2.4) as we expect the values of the stream function of two positions to be

similar when the positions themselves are near one another.

We will then define the notation for the application of the incompressible kernel between

two sets of positions in a similar fashion to (2.5). Let XA and XB be sets of nA and nB
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positions. The incompressible kernel matrix is then:

Kincomp(XA,XB) =


K(1,1) · · · K(1,nB)

... . . . ...

K(nA,1) · · · K(nA,nB)

 ∈ R2nA×2nB , (3.9)

where K(i,j) = Kincomp(xi,xj) for xi ∈ XA and xj ∈ XB.

The incompressible flow field can now be expressed with a latent state vector β ∈ R2nX and

the incompressible kernel between any spatial location and the ensemble positions with

f̃(x) = Kincomp({x},Xens)β. (3.10)

The flow field data is said to be “embedded” in the kernel as β. In our approach, the

estimated flow field is refined by adjusting values in the latent state representation. Our

choice of the kernel function Kincomp ensures that the resulting flow field is always incom-

pressible. Note that representation through the kernel embedding allows us to represent

a flow field estimate that is continuous across space, acting like a “smart” interpolator for

flow velocity estimates between the positions in Xens.

The ensemble is also expressed in this latent state representation. We can now perform

regression to find a set of latent state vectors B for the ensemble, or more specifically

B =
{

arg min
β

‖vec (ei)−Kincomp(Xens,Xens)β‖22 : ei ∈ E
}
, (3.11)

where vec (·) arranges the elements of the given set into a column vector in the same order

as the positions in (3.9), i.e. vec (ei) ∈ R2nX .

3.4.2 Model compression by the SVD

In (3.10), the kernel matrix Kincomp({x},Xens) could be considered a candidate H(x),

which is how the authors of [40] model their flow field. However, it does not preserve the

spatial correlations that appear in the ensemble, and the number of variables to estimate

is 2nX which can be fairly large. Here, a H(x) is constructed that both preserves the
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spatial correlations through the SVD, and reduces the number of variables to estimate,

hence the name “compression”.

To preserve the spatial correlations, we need to ensure that the vector of flow velocities at

the ensemble positions lies in the span of the discretised flow fields, i.e.

vec
({

f̃(xi) : xi ∈ Xens
})
∈ span ({vec (ej) : ej ∈ E}) ⊆ R2nX . (3.12)

By tuning the hyperparameters of the inner kernel k, the kernel matrix Kincomp is full

rank, so we can preserve the spatial correlations by finding a latent state vector β in (3.10)

such that

β ∈ span (B). (3.13)

One way to satisfy this constraint is to represent β as a linear combination of modes (i.e.

left singular vectors) obtained from the SVD. First, let B ∈ R2nX×nE be the horizontally

concatenated matrix of the column vectors in B. The thin SVD of B is

B = UΣV H , (3.14)

with nΣ = min (2nX, nE) singular values, where U ∈ R2nX×nΣ , Σ ∈ RnΣ×nΣ , and V ∈

RnE×nΣ . Since the number of ensembles is typically much less than that of the variables in

the latent state vector (i.e. nE � 2nX), the matrix of left singular vectors U is rectangular

whilst the other two matrices are square.

The columns of U are the modes that describe the different spatial correlations found in

B as normalised vectors. The basis H can now be defined as

H(x) = Kincomp({x},Xens)U , (3.15)

along with the weight vector w having nW = nΣ elements.

From the other two matrices, we form the weight matrix

W = ΣV H ∈ RnΣ×nE . (3.16)



64 Chapter 3. Flow field estimation using spatial correlations

The columns of the product are weight vectors which describes the amount of each mode

that is required to reconstruct the corresponding ensemble member.

A benefit of using the SVD is that the singular values in Σ impose an implicit ordering

on the modes, and describe the relative importance of them, i.e. the basis flow field

corresponding to the largest singular value is the most important in the reconstruction of

the ensemble. The significance of the basis flow fields with higher singular values can be

confirmed by visualising them. They can be visualised by querying arbitrary positions on

the columns of H(x), or

Kincomp({x},Xens)ui, (3.17)

where ui is the ith column of U . Without loss of generality, the singular values are assumed

to be in descending order.

Figure 3.2 shows an example of this that uses an ensemble consisting of flow fields similar

to the one in Fig. 3.2a. From Fig. 3.2b, it can be seen that the three basis flow fields

corresponding to the three largest singular values in Fig. 3.2c-e are significantly more

important than the rest. They also largely describe the spatially correlated flow field

structures seen in Fig. 3.2a.

We are primarily addressing the case where ensembles describe much more velocities than

it has members, or more specifically nE < 2nX, for which this approach offers both the

preservation of spatial correlations and a reduced number of variables to estimate. However

this approach still offers preservation of spatial correlations in the case of 2nX ≤ nE.

In both cases, this approach also offers the option to truncate representation in a principled

way, which further reduces the number of estimated variables in the first case, and provides

some level of reduction in the second. To truncate the representation to nr variables, only

the columns and rows in each of the SVD matrices corresponding to the highest nW

singular values are kept. Intuitively, this means that the effect of basis flow fields in the

ensemble that are not likely to occur or vary less are discarded. In cases where the number

of modes is relatively high, significant truncation can be performed with surprisingly small

loss in expressive power of H(x). Choosing a nW = nr < nΣ results in a reduction of the
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(a) ensemble member e1 (b) Basis flow singular values

(c) Kincomp({x},Xens)u1 (d) Kincomp({x},Xens)u2 (e) Kincomp({x},Xens)u3

Figure 3.2: Model compression for ensemble flow fields. (b) shows the singular values
in descending order. (c-e) shows the three most significant basis flow fields which can be

used to reconstruct the flow field in (a).

span of the column vectors in U , which directly impacts the expressivity, so it needs to be

balanced with the compactness of representation.

Models that are produced by the combined steps of regression from Sec. 3.4.1 and com-

pression from above describe flow fields as linear combinations of continuous spatially

correlated flow patterns instead of trying to construct a flow field from local flow veloc-

ities. This representation allows us to make flow field adjustments in other parts of the

flow field based on spatial correlations.

3.4.3 Online flow field estimation

We described the offline stage of our approach, representing a flow field as a weight vector w

with each value corresponding to the basis flow fields from the ensemble data. Next, we
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propose a process to incorporate information from noisy online measurements to improve

estimation accuracy by recursively updating w given an initial estimate of the flow field.

Despite being time-invariant in this chapter, we model the true flow field as a degenerate

discrete-time linear dynamical system, making the time-variant variant a straightforward

extension. The process and measurement models of the true flow field are

wk = Fwk−1 (3.18)

fmea(xk) = H(xk)wk + ν̃, (3.19)

where F = InW is the state transition model for the static flow field is the identity matrix,

xk is the kth measurement location, and ν̃ ∼N(02, c̃ov(fmea)) is the estimated sensor noise

model with covariance c̃ov(fmea) ∈ R2×2. The Kalman filter [145] is employed as it is the

optimal estimator for measurements with Gaussian noise [146]. Since the Kalman filter

equations are well-known (e.g. [147]), they are omitted for brevity.

As a recursive estimator, the Kalman filter needs to be initialised with some estimate.

Recall that the columns of the weight matrix W are the weight vectors that correspond

to each ensemble flow field. If we consider the ensemble members as samples from a

distribution of likely flow fields, we can form an initial estimate by taking the sample

mean and sample covariance of the columns in W . Initialising the Kalman filter in this

way expediently assumes that the estimated flow field is a random variable described by

the same probability distribution from which the ensemble members are sampled.

Figure 3.3 shows an example of the estimated flow fields after k measurements. The rapid

convergence to the true flow field can be attributed to a good initial estimate from the

ensemble data, and well-placed measurements.

3.4.4 Analysis

We consider the computational time complexity of the initialise, update, and query pro-

cedures. Our proposed algorithm will be compared with three related algorithms: the

kernel observer (KO) [40], the incompressible GP [38], and a variant of our algorithm that

uses least squares (LS) regression instead of a Kalman filter. The analysis will include
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(a) k = 0 (b) k = 1

Magnitude error (m/s)

(c) k = 2

Figure 3.3: Estimated flow fields after k measurements. The estimated flow field (pur-
ple) quickly converges to the true flow field (black) after a few measurements. The red
heatmap shows the magnitude flow field error across space. Measurements are shown as

circled brown arrows.

the two cases that arise from the SVD, i.e. 2nX < nE and nE < 2nX. Note that all the

compared approaches produce incompressible flow field estimates through the use of the

incompressible kernel [38].

The initialise procedure refers to any offline processing that the estimation algorithm needs

prior to any measurements, including the processing of the ensemble. This procedure is

considered to be the least time-critical out of the three procedures. The update procedure

refers to the assimilation of a single measurement at any position into the flow field esti-

mate. The query procedure refers to the evaluation of f̃(x) for a single position x. This

procedure is the most critical as the flow field estimate serves as part of a robot’s model

of the world, and can be queried many times for other processes such as path planning.

Our implementation of the KO algorithm is based on the framework used in [40]. In their

work, a time-variant flow field is given over discrete steps in time at a discrete set of

locations. The data is then represented as a kernel embedding and a least-squares based

regression is used to find a transition matrix for the evolution of the embedding from one

time to the next. For comparison, we use their model to estimate a flow field state instead

of the transition matrix given an ensemble and measurements. Our implementation of

the KO estimates the embedding β and is initialised using B in contrast to our method

which estimates w initialised with W . This can be interpreted as being equivalent to our

approach without the compression step as we considered at the start of Sec. 3.4.2.
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Table 3.1: Computational complexity of flow estimation algorithms

Initialise Update Query
KO O

(
n3

X + n2
XnE

)
O
(
n3

X
)

O(nX)
GP O(nXnE) O(1) O

(
(nX + nmea)3)

LS O
(
n3

X + n2
XnE

)
O
(
n3

Σ + n2
Σnmea + nXnΣnmea

)
O(nXnΣ)

Ours O
(
n3

X + n2
XnE

)
O
(
n3

Σ + nXnΣ
)

O(nXnΣ)

We compare with an implementation of the GP algorithm using the incompressible kernel

from [38]. Recall from Sec. 2.1.4 that GPs produces estimates from all the gathered mea-

surements, which improves modelling accuracy but leads to computational time increasing

as more measurements are collected. Here we consider the initialise and update proce-

dures to simply accumulate measurements, whilst the query procedure includes a matrix

inversion and subsequent multiplication with the measurements. The ensemble data is

incorporated as measurements at the nX positions, each averaged over the nE members.

The last related algorithm is a variant of our proposed algorithm that uses weighted

LS (WLS) instead of the Kalman filter framework. This corresponds to simultaneously

solving equations for the accumulated measurements that are inversely weighted by the

variances. This means that this algorithm does not need to use an initial state estimate.

Note that a WLS formulation including the initial state would give the same estimates as

a Kalman filter for linear systems disregarding numerical differences.

Recall that nX is the number of positions the ensemble uses, nE is the number of ensemble

members, nmea, and nΣ = min (2nX, nE) is the number of singular values from the SVD.

The computational complexities for these algorithms for the three procedures are arranged

in Tab. 3.1. Note that the number of estimated variables nW for our method and its LS

variant is upper bounded by nΣ.

The time complexity to initialise for KO, LS, and our method is O
(
n3

X + n2
XnE

)
due to

the dominating shared operation performing regression for the latent state vectors in B.

The time complexity for GP is O
(
n3

X + nXnE
)
. The first term arises from the matrix

inversion done ahead of time to make queries faster. The second term comes from taking

the statistical summary of the ensemble over each of the nX positions. Note that for the

case where nE ≤ 2nX, the computational complexity of this procedure for all approaches

becomes O
(
n3

X
)
.
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The time complexity to update is dominated by some cubic operation that is present across

all methods. If 2nX ≤ nE, then KO and our method is O
(
n3

X
)
to update the covariance

of a state sharing the same size. However in the other case, our method has a lower

complexity of O
(
n3

E + nXnE
)
. This is due to the compression of β to the low-dimensional

representation w, unlike the KO approach where compression is not used. The LS method

has a similar time complexity as our method, however the time is also dependent on the

accumulated number of measurements since it solves the least squares problem with all

measurements each time. The GP method has a computational complexity that increases

cubically with the number of measurements due to an inversion of a Grammatrix from (3.9)

between the positions of the collected measurements and itself. Any procedure that has

a complexity dependent on the number of measurements becomes eventually intractable

over time without additional intervention. The intractability of the GP update procedure

is even more pronounced due to the cubic relation.

Due to the implementation choice to minimise the time complexity of the query procedure,

the overall complexities across methods are comparatively low. The KO method has the

smallest time complexity of O(nX). The query procedure for our method and the LS variant

is algorithmically identical and has a complexity of O(nXnE). The GP method has a time

complexity of O(nXnmea). Despite the prioritisation of procedures, the computational

time for the query operation still increases over the number of measurements which is

problematic in robotic applications.

The GP and LS flow field estimation methods are unsuitable for robotic applications since

their time complexity of online procedures increases for every new measurement. The

KO and our flow field estimation methods are constant in time complexity at runtime

since nX and nΣ do not change at runtime. This is an important property, especially in

long-term missions and closed-loop path planning where a robot continuously measures

the flow field to update its estimate. For the update procedure, the time complexity of

our method is at least as good as KO due to compression. For the query procedure, KO

is computationally more efficient, however the magnitude of nX and nE are constrained by

practical computational limits imposed by the initialise procedure, so KO and our method

have similar query times in practice. Finally if truncation is permitted, the variable nΣ is
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effectively replaced by nW = nr which will reduce the computational complexity for online

procedures for our method.

3.4.5 Empirical results

In this section, we compare the performance of our method against existing approaches

in numerical simulations. Our method is shown to reduce estimation error in a spatially

correlated way across the environment while the existing approaches only make corrections

in neighbourhood of the measurements. The simulations also provide validation to the

computational time complexities established in Sec. 3.4.4 for the online procedures. Then,

we test our method in realistic environments based on a real ensemble forecast provided

by the BOM.

The errors of different measurement policies are shown to converge differently, showing

the importance of measurement location selection. This is related to the field of active

perception [148–150], where decisions are made to make future observations more effective.

In both sets of simulations, we use the SE-ARD kernel

k(x,x′) = σ2
ker exp

(
−1

2

D∑
d=1

(xd − x′d)2

l2d

)
, (2.4 revisited)

and choose l1 = l2 since the flow field is expected to be rotationally similar about the

vertical axis.

3.4.5.1 Estimation performance comparison with existing approaches

We compare the estimation quality of the compared approaches using a synthetic ensemble

of nE = 20 flow fields over nX = 169 positions from ensemble members similar to the one

in Fig. 3.2. The true flow field ftru is depicted as black arrows in Fig. 3.4. Each of the esti-

mates for the compared approaches are visualised in the same figure as uniquely coloured

arrows and the magnitude of the error between the estimates and the true flow field is

visualised with a red heatmap. In this simulated scenario, the vehicle makes 10 measure-

ments in a straight line 2 m apart starting from x = [6.98,−6.42]ᵀ. The measurements
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(a) Kernel observer (b) Incompressible GP

Magnitude error (m/s)

(c) Our approach

Figure 3.4: Comparison of flow field estimation using equally spaced measurements (cir-
cled brown arrows) from the bottom right to the left. The magnitude error between the

estimated and the true flow field (black) is shown as a red heatmap.

Figure 3.5: Root-mean-square (RMS) error from flow field estimation using different
flow estimation techniques

have normally distributed noise with cov (fmea) = 10−3I2 and are depicted as brown circles

and arrows. The RMS error across these measurements are shown in Fig. 3.5.

It can be seen that the proposed approach leads to the least amount of error, followed by

the GP with the incompressible kernel [38], then finally the KO framework. Interestingly,

the error for all approaches rises for the initial measurements. In particular, KO rises for

the entire scenario, GP rises a little then starts to drop, and finally the proposed approach

rises significantly, but quickly decreases rapidly and converges. The increase in error at

the beginning suggests that the initial estimate of the flow field is not similar to the true

flow field.

In this scenario, the KO framework needs to estimate the state β corresponding to 2nX =

338 latent values. We suspect that the increasingly large amount of error is the estimator

slowly trying to escape a region of local minimum as a result of low observability, i.e.
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insufficient measurements taken in areas that inform about the values of the state variables,

and the problem being underdetermined, i.e. there are only 20 values to try to estimate

338 values.

The GP approach performs better, as it synthesises a flow field estimate from all the

data it has gathered as opposed to estimating a latent set of variables. This results in

an estimate that is more consistent with the measurements in the local area compared to

KO. However the updates from measurements only change the estimate in the local area

determined by the choice of the kernel (2.4) and the hyperparameters used.

In contrast to KO and GP, the proposed algorithm leverages the spatially correlated in-

formation present in the ensemble to make global updates. For this scenario, the approach

identifies three critical basis flow fields shown in Figs. 3.2c - 3.2e from the decomposition

process in Sec. 3.4.2 that describe the ensemble well. As a consequence, we can choose

nW = nr = 3, i.e. the number of basis flows is reduced from nE = 20 to 3 after truncation

with virtually no degradation in estimation performance. Thanks to the smaller number

of variables in its state estimate, it does not suffer from the underdetermined problem,

and the representation of the estimate from spatially correlated flow fields improve the

observability of the problem despite only measuring in a limited region of the area. A

consequence of large corrections is that they can also increase the overall error quickly,

however this scenario shows that this happens for a short period of time.

It is important to note that the GP has higher expressivity for flow field estimation since

it constructs an estimate from past data. This means that it can theoretically produce

more accurate flow field estimations compared to the proposed approach which confines

the internal representation of kernels around a fixed set of points. However in practice, this

depends on proper hyperparameter tuning, otherwise the estimate becomes numerically

unstable over time. The proposed approach is more practical in application, as it is not

as sensitive to sub-optimal hyperparameters.
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(a) Iteration time per measurement (b) Query time per position

Figure 3.6: Comparison of mean computational times between the kernel ob-
server (KO) [40], incompressible Gaussian process (GP) [38], a least squares (LS) im-
plementation of our approach, and our approach on the flow field shown in Fig. 3.4.
Values are averaged over 1000 trials, the 99.73% confidence intervals of which are virtu-

ally imperceptible, and are omitted.

3.4.5.2 Computational time comparison with existing approaches

The computation times of the compared methods for the procedures we discussed in

Sec. 3.4.4 are plotted in Fig. 3.6. This figure emphasises and verifies the computational

time properties of the methods during online execution.

Figure 3.6a shows that the time it takes to perform an update is constant for KO and our

method whilst GP and LS increases over time. The GP approach can be seen to increase

faster over time compared to LS because nmea is cubic in GP’s procedure compared to

linear in LS’s procedure. It is also shown here that the time to update is shorter for our

method than KO which can be a result of a smaller cubic term (n3
W = 33 < n3

X = 1693).

Figure 3.6b shows that the time it takes to perform a query is constant for KO, LS, and our

method while GP increases over time. The KO has a faster computational time compared

to our method and the LS variant, however the difference appears to be negligible, and is

not worthwhile compared to the difference in estimation quality observed earlier.

3.4.6 Measurement policies in real ensemble flow fields

We show how different measurement policies affect the estimation performance using our

method. Three policies are compared: uniform where measurement positions are taken
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Figure 3.7: Root-mean-square (RMS) error from flow field estimation using different
measurement policies using our approach. The flow field is based on the real ensemble
data shown in Fig. 3.1. The 3σ (99.73%) confidence intervals for these errors are shown

for each measurement policy.

in a uniformly random manner, subspace where measurements are only taken in a region

with high uncertainty of the full workspace, and active where subsequent measurements

are taken at positions with flow vector high uncertainty.

We use the top layer of forecasted currents in the Tasman Sea between Australia and New

Zealand on 16th of November 2018 provided by the BOM. Notably, the forecast itself does

not include data for the vertical velocity of the currents. A downsampled vector field of

the ensemble is shown in Fig. 3.1. An azimuthal projection about the centre of the region

was used to produce a Cartesian co-ordinate grid from the geographic co-ordinates of the

data, i.e. latitude and longitude.

In Fig. 3.7, we show the RMS error with increasing number of past measurements. For

reference, we have the ideal condition where measurements are taken exactly at ensemble

positions Xens such that the final error after all measurements is shown with dashed orange

line. Since the true flow field is not known for this forecast data, the error for each policy is

evaluated using leave-one-out cross-validation (LOOCV) [34], where we form performance

statistics from trials: one for each ensemble member. In each trial, an ensemble member

is set aside which is treated as the true flow field and the rest of the members are used to

initialise the estimate. The performance metric used is the RMS of the residuals at Xens,

i.e. the RMS of

vec
({

f̃(x)− ftru(x) : x ∈ Xens
})
∈ R2nX . (3.20)
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Any randomness in each measurement policy is controlled with a fixed random seed. The

RMS error for each policy is shown in different coloured lines and their 3σ confidence

interval is shown as a shaded band.

The results show that the active policy outperforms the other policies. The uniform

policy initially underperforms compared to the subspace because the subspace policy is

constrained to take measurements in a region with high uncertainty so it is able to reduce

error quicker. However, as the number of measurements increases, the uniform policy

starts to outperform the subspace policy because it can take measurements everywhere.

These results suggest that using our algorithm with a carefully chosen measurement policy

can improve the performance of active perception algorithms. For example, suppose we

need to find a set of unknown features in an ocean with unknown currents. An approach

can find the location of the features as well as the velocities of the ocean flow which will

enable faster traversal across the workspace since practical ocean vehicles are typically

advected by ocean currents [76, 141, 151]. Our method is both theoretically and empirically

validated for use in such applications.

3.5 Estimation of time-invariant 2.5D flow fields

In Sec. 3.4, we estimate an unknown 2D flow field as a linear combination of 2D basis flow

fields derived from the ensemble forecast. If we were to apply this methodology directly to

a 3D scenario, the derived basis flow field are “blocks” that describes the flow across 3D

space. Here, we propose to use “layers” of basis flow fields. Multiple layers of flow fields

across depth are estimated, each of which are linear combinations of the basis flow field

layers derived from the 2D flow fields of all the depths of all the ensemble members. This

representation is used to better capture the stratified nature of the ocean and to address

some issues with the 2D approach. The full framework is illustrated in Fig 3.8.

The large portions of the ocean is stratified into horizontal layers based on the density

of the fluid [14, 17]. The difference in densities hinders the vertical mixing of waters so

most of the kinematic energy of the flow is directed into horizontal components. Indeed,

measurements and best estimates place the vertical velocity of the ocean’s current on the
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Figure 3.8: A sketch of the different components of f̃(x), showing the case of the thin
SVD and where nΣ = nVnE. A key algorithmic contribution is the reshape, which allows
many more modes (i.e. left singular vectors) in U , resulting in a large span of the basis
H(x) = K(x,Xgrid)U . Shaded grey boxes indicate mathematical objects that are fixed

at each stage.



Chapter 3. Flow field estimation using spatial correlations 77

order of 10−5 m/s or less [142–144]. In contrast, the horizontal current in our dataset is

on the order 10−1 to 100 m/s. Since the flow is primarily horizontal, we can observe that

the flow from one layer vertically influences nearby layers in depth due to shear forces.

A limitation of the direct extension is that it adopts an inherent shortcoming of the 2D

approach. Both the 2D and direct 2.5D representation is subject to our assertion:

vec
({

f̃(xi) : xi ∈ Xens
})
∈ span ({vec (ej) : ej ∈ E}) ⊆ R2nX . (3.12 revisited)

This ensures that the flow field estimates are constructed from spatially correlated flow

fields found in the ensemble. However the true flow field is unlikely to be an exact linear

combination of the basis flow fields. The discrepancy emerges as a type of estimation error

referred to as the out-of-span error.

The decoupling of the representation into layers allows us to construct a basis with the

2D flow fields from each depth and from each ensemble member. The resulting basis is

enriched by increasing its expressivity in a way to include spatially correlated flow that

are more likely to occur, as opposed to adding random basis vectors. This increased

expressivity reduces the effects of the out-of-span error that occurs.

For this approach, we choose a slightly different formulation of the basis compared to

(3.15). The basis for the 2.5D flow field is

H(x) = Kincomp({x},Xens)U. (3.21)

We also assume that the positions Xens have a particular spatial structure such that all the

positions can be described as all combinations of a set of horizontal 2D positions XH ⊂ R2

and a set of vertical displacements from the origin XV ⊂ R. I.e. the total number of

positions in the ensemble is

nX = nHnV, (3.22)

where nH and nV are the number of elements in XH and XV. This is not an overly restrictive

assumption since the ensemble positions are usually provided as grid points.
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We will next describe how to construct Kincomp({x},Xens) and U. In Sec. 3.5.1, we focus

on capturing the vertical influence one layer has on others. In Sec. 3.5.2, we focus on the

representation of 2.5D information from 2D patterns.

3.5.1 Incompressible kernel embedding with vertical influence

Recall from Sec. 3.4.1, the incompressible kernel [38]

Kincomp(x,x′) = D(x)k(x,x′)D
(
x′
)ᵀ
, (3.7 revisited)

which we used to describe 2D flow in 2D space. This kernel uses an inner kernel k(x,x′)

to describe the similarity between the stream function values between two points. The

differential operator D projects this to describe the similarity between the 2D flow velocity

components of the two points.

We can use the inner kernel to describe the similarity of the 2D stream functions across

different depths as well. This reflects the vertical influence each layer has on others through

the dragging effect caused by shear forces. To achieve this, we can use the SE-ARD

kernel (2.4) extended to 3D, carrying out the differential operator only on the horizontal

components of space. This allows us to describe different lengthscales for the horizontal

and vertical components. The resultant kernel Kincomp : R3 ×R3 → R2×2 would also allow

us to express the flow velocity between the depths, giving interpolation-like functionality

as before.

Using the corresponding incompressible kernel matrix Kincomp, any flow field represented

in the form of

f̃(x) = Kincomp({x},Xens)β, (3.10 revisited)

is still incompressible as the sum of flow field velocities are zero: horizontal components

sum to zero (property of stream functions), and vertical components sum to zero (by

construction). Furthermore, the embedding of the flow field as β captures the vertical

influence that occurs between layers. We then find the set of latent state vectors B through

regression with the ensemble as in (3.11).
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3.5.2 Vertically decoupled model compression

The major contribution of this section is to exploit the fact that 2.5D flow fields can be

seen as a collection of 2D horizontal flow fields that vary across depth, and that more

modes can be found by comparing the flow fields between depths.

Recall from Sec. 3.4.2 that the SVD was used to decompose the latent state representation

of each of the ensemble members into two parts: the modes U and the weight matrix W

to reconstruct the latent state variables for each of the ensembles from the modes.

To decouple the patterns that are found through the SVD, we first re-interpret the values

of βi into smaller vectors of latent variables for each depth. We then form a matrix that

concatenates the smaller vectors from all depths and all ensemble members and we put it

through the SVD for 2D patterns derived from each depth of each ensemble member. This

results in up to a multiple of nV times the number of basis flow fields compared to using

the direct extension of Sec. 3.4 on the 2.5D flow fields in the ensemble directly, increasing

the expressiveness of H(x).

More concisely, we form a matrix

Ai =


βi,1,1 · · · β1,1,nV
... . . . ...

βi,nH,1 · · · β1,nH,nV

 ∈ R2nH×nV , (3.23)

where βi,j,k is a 2 × 1 vector containing the elements of βi that correspond to the jth

horizontal position from XH, and the kth horizontal position from XV. Then, let the

matrix A∈ R2nH×nVnE be:

A=
[
A1 A2 · · · AnE

]
. (3.24)

The thin SVD of A is

A= UΣV H , (3.25)

with nΣ = min(2nH, nVnE) singular values. Note that U has min(2nH, nVnE) columns

instead of min(2nHnV, nE). Since the computation of ensemble forecasts is computationally
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expensive and computed over large grids, resulting in small nE and large nX, a typical

outcome of the vertical-decoupling of B for the SVD is that it increases the number of

columns in U which increases the expressivity of the basis.

As in our previous use of the SVD, we can truncate the columns of U associated with lower

singular values. We will use overhead tildes (˜) to denote the rank nr ≤ nΣ truncations

of U , Σ, and V , i.e. Ũ ∈ R2nH×nr .

A linear combination of the left singular vectors in Ũ only describe a flow patterns in 2D

for a particular depth. To describe a 2.5D flow field, the matrix needs to be repeated

for each depth. To achieve this, we can use a particular ordering of vec (·) such that

the resulting vector consists of nV sections corresponding to different depths, and that

the positions in different sections are represented in the same order. Then we can form

the block matrix U∈ R2nX×nrnV in (3.21), created with nV copies of matrix Ũ down the

diagonal, or more compactly

U= InV ⊗ Ũ , (3.26)

where ⊗ is the Kronecker product. This formulation of U allows the 2D flow fields at

each depth to have its own set of weights, which may be distinct from other depths. This

results in an increased expressivity by a factor of nV compared to the naïve 2.5D extension

of our approach in Sec. 3.4 which would only have nr basis flow fields.

The weight vector w now uses nW = nrnV variables to describe the magnitude of each of

the 2.5D basis flow fields in the columns of H(x). Each column can be seen as a 2.5D

basis flow field induced by some horizontal 2D flow field at the depth corresponding to

the vec (·) section of the column. Figure 3.9e shows a visualisation of the first column of

H(x), i.e. f̃(x) when w = [1, 0, . . . , 0]ᵀ, showing the influence of a single basis flow field.

Note that the flow field is strongest at −100 m and decays in strength at depths further

from this horizontal plane. The rest of Fig. 3.9 shows visualisations of several examples of

the basis flow fields described by H(x), and Fig. 3.9a shows the relative contribution of

each of these modes to the ensemble.

For this formulation, the weight matrix is obtained through an intermediate term W̃ ′ ∈ Rnr×nVnE

W̃ ′ = Σ̃Ṽ H . (3.27)
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(a) Singular values of A (b) Top view of basis 1 from H(x)

(c) Top view of basis 30 from H(x) (d) Top view of basis 401 from H(x)

(e) 3D view of basis 1 from H(x)

Figure 3.9: Example SVD of A. (a) shows the singular values corresponding to the basis
flow fields of H(x). Notice there are nΣ = 760 modes, which is many more than nE = 95
(the number that would have been produced by a direct extension of the approach in
Sec. 3.4. (b-e) shows some examples of basis flow fields, corresponding to singular values

of 1.0× 107, 1.16× 105, and 2.09× 101.
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This intermediate matrix is actually the weight matrix for an ensemble created from the

aggregated 2D flow fields from all the original ensemble members. Since we reshaped

from 2.5D to 2D for the SVD, we can reshape the 2D weight matrix into the 2.5D weight

matrix W̃ ∈ RnrnV×nE . The reshape operation is outlined below:

W̃ ′ ⇒ W̃ (3.28)


w1,1,1 · · · w1,nV,1 · · · · · · w1,nV,nE

... . . . . . . . . . . . . ...

wnr,1,1 · · · wnr,nV,1 · · · · · · wnr,nV,nE

⇒



w1,1,1 · · · w1,1,nE
... . . . ...

wnr,1,1
. . . wnr,1,nE

... . . . ...

... . . . ...

wnr,nV,1 · · · wnr,nV,nE


(3.29)

The order of this operation should not lead to the re-ordering of data in memory for

software that uses a column-major representation of matrices.

3.5.3 Kalman filtering with a 2.5D flow field representation

We now address the remaining part of (3.6), estimating w∗ corresponding to f̃∗, based on

online measurement data. Once again, the Kalman filter is not strictly necessary; however,

it will be an invaluable tool when extending to the time-variant case.

Recall that the well-known Kalman filter recursively estimates the maximum likelihood

state w of a linear dynamical system, given a sequence of measurements fmea(xk) ∈ Z

experiencing Gaussian sensor noise. In the case of time-invariant flow fields, the process

model is simply the identity of size nW = nrnV, so the predict step is:

wk+1 = InWwk, (3.30)

fmea(xk) = H(xk)wk + ν̃. (3.31)

The state and covariance matrix of the Kalman filter is initialised with the mean and

variance of the weight matrix across the ensemble members. We see here that the reshaping
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of the weight matrix into W̃ means that we can simply take the mean and variance

horizontally on the matrix obtained after reshaping.

3.5.4 Simulation results and discussion

In this section, we compare the proposed algorithm with some alternate estimation meth-

ods by estimating an example flow field, and emphasise the significance of flow field esti-

mations in the application to underwater glider path-planning.

We use ensemble data from the BOM, the top horizontal layer of which was shown in

Fig. 3.1 and was used in Sec. 3.4.6. Since the flow field data covers a vast volume of ocean;

we consider only a small region from 39.2◦ to 40.8◦ S, 151◦ to 154◦ E, and from the depths

of 2.5 m to 685 m. To reduce computation time, this grid was then downsampled by a

factor of 5 in the depth direction, resulting in a grid of size 31× 17× 8, with grid points

∼10 km apart horizontally, and ∼85 m apart vertically.

Since we do not have access to ensemble data and high-resolution sensor measurements for

the same time and space, we simulate a measurement sensor that provides data based on

a synthesised true flow field based on one member from the ensemble that is then removed

from the data provided to the algorithms for initialisation. The ensemble member is

chosen based on what we believe to be the most distinct visually compared to the other

members. In our implementation, the true flow field ftru(x) is evaluated using cubic

interpolation of the discrete data in the chosen ensemble member. The remaining 95

ensemble members form E. Note that ftru(x) is not physically realistic as it does not

guarantee an incompressible flow field.

The simulated measurement sensor is based on an ADCPs, which are sensors that measure

flow velocities along acoustic beams. We use a hypothetical ADCP that measures the flow

velocities in a single water column directly underneath a surface vehicle at regular depth

intervals with a vertical resolution of 32 m and a precision standard deviation of 9 cm/s

matching specifications of the ADCP Pinnacle 45 [152] from Teledyne RD Instruments.

It is worth noting that 9 cm/s standard deviation is quite large compared to the average
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(a) 3D view of the environment with one acoustic Doppler current
profiler (ADCP) ping

(b) Top view of the environment with multiple ADCP pings

Figure 3.10: Visualisation of measurements in the true flow field in black, downsampled
by a factor of 2. A single ADCP “ping” results in 22 measurements (in green), only 12 of
450 are shown in (b) for readability. The location of a simulated ADCP-equipped surface

vessel is shown in blue. Note the large noise on measurements.

speed of the current in the dataset, which was 22.8 cm/s (see the spread of the green arrows

in Fig. 3.10).

The kernels used in the different approaches are all tuned the same way. The lengthscale

hyperparameters were tuned by hand, with l1 = l2 = 104 m, l3 = 100 m. The hyperparam-

eter σker is heuristically picked to be σker = µ/l1 = 1718.9 m2/s, where µ is the average

flow vector magnitude at the surface, where the flow is usually fastest.
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The proposed method, denoted as the “layered” approach, is compared with the direct

extension of the approach in Sec. 3.4 and a baseline approach. The direct extension uses

the SE-ARD (2.4) extended to 3D to form the columns of the latent matrix B. The SVD

is then performed on B instead of A for a maximum of nE = 95 modes describing 2.5D

patterns. It is denoted as the “block” approach referring to the spatial coverage of each

derived mode. Finally, the baseline approach involves choosing the ensemble member such

that the least squares error is minimised between cubic interpolation of the vectorised data

at the measurement locations and the vectorised noisy measurements. It is denoted as the

“nearest” approach for choosing the nearest ensemble member using the 2-norm.

3.5.4.1 Flow field estimation error comparison

Two simulation experiments were performed to highlight particular differences between the

methods. The experiments are repeated for our method using different levels of truncation.

The first experiment shows the potential performance of the proposed by using favourable

conditions, i.e. measurements have no measurement noise and are taken exactly at the en-

semble positions Xens ignoring ADCP measurement patterns. As there is no measurement

noise, the Kalman filter noise covariance was set to some low values: c̃ov(fmea) = 0.012I2.

The second experiment involve ADCP measurements with Gaussian noise of standard de-

viation 9 cm/s taken from ∼450 randomly uniformly distributed surface locations for a

total of 104 flow velocity measurements. The Kalman filter noise covariance is estimated

as c̃ov(fmea) = 0.122I2 to account for both the sensor noise model and the additional noise

incurred from modelling error.

Table 3.2 and 3.3 show the results for both experiments. The primary performance metric

is the RMS error between the estimated and true flow fields evaluated at the ensemble

positions Xens regardless of where the measurements were taken. For the block- and

layered-based approaches, a lower bound of the RMS error can be computed by performing

a best fit of the flow velocities at Xens for the best weight vector given their constructed

basis H, i.e.

w∗ = arg min
w∈RnW

∑
x∈Xens

‖ftru(x)−H(x)w‖22 . (3.32)
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Table 3.2: Error performance of different truncations of our method (layered basis)
compared to other methods in ideal conditions

No.
modes

Rel. error
(%)

RMS error
(cm/s)

RMS error of
bound
(cm/s)

Block basis 95 8.30 2.33 2.33

Layered basis

760 1.42 0.39 0.077
400 1.78 0.50 0.34
300 2.46 0.69 0.57
200 4.18 1.17 1.14
95 11.00 3.08 3.07

Nearest ei
(i = 82) — 45.6 12.80 —

Table 3.3: Error performance of different truncations of our method (layered basis)
compared to other methods with measurement noise and measurement location randomi-

sation

No.
modes

Rel. error
(%)

RMS error
(cm/s)

RMS error of
bound
(cm/s)

Block basis 95 11.11 3.11 2.33

Layered basis

760 9.81 2.75 0.077
400 9.91 2.78 0.34
300 10.64 2.98 0.57
200 11.96 3.35 1.14
95 17.15 4.81 3.07

Nearest ei
(i = 82) — 45.6 12.80 —

Note that ftru(x) at Xens is unknown in real applications. The RMS error of the flow veloc-

ities estimated by w∗ serves as a measure of the error due to the inadequate expressivity

of the basis. I.e. the RMS error quantifies the degree at which

vec ({ftru(xi) : xi ∈ Xens}) /∈ span ({vec ({hj(xi) : xi ∈ Xens}) : j ∈ [1, nW]}), (3.33)

where hj is the jth column of H.

It can be seen from Tab. 3.2 that the proposed method have consistently lower error bounds

than the naïve method. This is evidence that the span from the proposed method’s basis

is higher than the span from the direct extension or the span from the ensemble in (3.12),

which reduces the out-of-span modelling error.
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Other than having a lower error bound, the proposed method also has achieved a lower

RMS error when 200 or more modes were used. This illustrates that an improved estima-

tion performance can be achieved in the proposed method by increasing the expressiveness

of H(x).

Figure 3.9a clarifies the reason why so many modes can be discarded during truncation

while still retaining good representational ability of H(x). First, note that the vertical

axis is logarithmically scaled. It can be seen that the last few hundred modes have a much

smaller contribution compared to the first few. For example, the basis flow field pattern

shown in Fig. 3.9d doesn’t appear to be particularly necessary for the reconstruction of

a flow field because it appears to be mostly noise, and this is reinforced numerically as

its contribution in Fig. 3.9a is approximately 10−4 the dominant mode. Hence the 401st

mode can be omitted without much loss in representational power.

However, there does come a point where too many modes are truncated. We see in

both Tab. 3.2 and 3.3 that the estimation performance deteriorates as the number of

modes drops to 200 or below. This could be a result of truncating more modes than

we could afford, reducing expressivity of the estimator. Still, both tables show that a

significant number of modes can be discarded while suffering only a small loss in estimation

performance which is reinforced by the results from using 760 and 400 modes.

3.5.4.2 Significance of flow field estimation for trajectory prediction

Next we highlight the importance of accurate flow field estimation for path planning ap-

plications. Paths generated using poor state estimation is effectively useless since the true

system will not be able to follow the path with the corresponding controls. Here we show

additional simulations of an underwater glider following a fixed velocity generated different

flow field estimation methods.

The proposed technique are compared with three other different flow field estimation

methods: cubic interpolation of the nearest ensemble to the true flow field (minimum 2-

norm), the block-based approach, and the depth-averaged true flow field. The estimation of

the basis-based methods was generated using measurements with noise without truncation.
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(a) Overview (b) Top view

Figure 3.11: Simulated glider trajectories based on controls computed from different
flow field estimates

The simulation environment is located roughly in the right half of the region considered in

the previous simulations. For this demonstration, we consider an underwater glider diving

with a fixed speed of 0.3 m/s released from the surface in aiming to pass through a point at a

depth of 500 m roughly 150 km away. Due to these large distances, we make the holonomic

assumption, i.e. the vehicle is assumed that it can change instantaneously change velocity

as the amount of space it needs to reach the steady-state dynamics with the desired velocity

is comparatively small. The fixed velocity is chosen from different flow estimation methods

by minimising the distance between the intended target and the associated trajectory

generated through forward Euler integration of 100 m steps. Resulting trajectories from

this control selection process is generated by executing the chosen controls on the true

flow field using the same forward integration scheme.

The simulated underwater glider trajectories after applying the fixed velocities from the

different flow field estimates in the true flow field are shown in Fig. 3.11 with their closest

approach shown in Tab. 3.4. It is clear that planning with the estimate of the proposed

method is the most ideal, followed by the block basis method. This simulation shows that
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Table 3.4: The closest approach for simulated glider trajectories based on controls
computed from different flow field estimates

Closest approach (m)
True 16

Nearest ei (i = 82) 29858
Depth-averaged true 6192

Block basis 1808
Layered basis 505

a small difference of about 2% in relative error between the basis-based methods shown in

Tab. 3.3 can result in a significant difference in error of 1303 m.

Figure 3.11 also reinforces the idea that the existing methods depth-averaging the flow field

or choosing the nearest ensemble can underperform. This statement specifically applies to

the practice of depth-averaging the flow field, as this simulation takes the depth-average

of the true flow field, and not an estimated one. We also see that using the nearest

ensemble member in this demonstration performs worst of all despite proving a 2.5D flow

field, suggesting that for the purpose glider path-planning, using the nearest ensemble is

insufficient. Both these approaches perform significantly worse than the estimates using

a layer-based or block-based basis which make them unsuitable for predicting trajectories

required in the path planning process.

3.6 Summary

In this chapter we considered problem of using flow velocity measurements to estimate a

flow field. We proposed anytime flow field estimation algorithms for 2D and 2.5D flow fields

that has fast query computational times. It takes advantage of the heavy computation

done prior to execution that produces multiple flow field estimates as an ensemble. The

data is encoded into a different representation through the incompressible kernel [38],

giving the described flow field the property of always being incompressible. Patterns in

this representation are extracted by the SVD, effectively extracting flow field patterns that

are used to reconstruct a flow field estimate. Finally a Kalman filter is used to determine

the contributions of each flow field pattern based on the measurements obtained online.

The 2.5D variant of our algorithm leverages the stratified nature of the ocean, increasing
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the expressivity of its model by a factor of the number of horizontal layers present in the

ensemble data. The proposed approaches are able to make adjustments in the estimate that

are distant to the measurement locations using the spatial-correlations that are present in

the data.

Our approach is shown to be computationally tractable for navigational purposes as its

computation time remains constant for measurement updates and flow velocity queries

during online execution. It is also shown to strike a good balance between computational

time and estimation quality, being slightly slower than the KO algorithm for queries, but

also having faster estimation error convergence. The increased number of modes in the

2.5D variant is shown to be more suitable to combat the significantly increased variety

of flow field patterns that can occur with an additional spatial dimension than a direct

extension of the 2D variant.



Chapter 4

Streamline-based trajectories for

point-to-point traversal

In this chapter, a novel computationally efficient Steer primitive function is proposed

to determine the system control necessary to drive an underwater glider between two

points whilst accounting for the displacing effect of ocean currents. Streamline-based

control theory is developed to formulate constraints that reduce the search space of the

problem by one dimension. We compare against the unconstrained implementation of the

same function in a simple sampling-based path planner demonstrating higher-quality paths

obtained with similar computation times. We argue that the trade-off between computer

resource allocation and path quality implies that a particular path solution quality can be

obtained using less computation time. We also explore other consequences of streamline-

based control theory that is useful in practice.

Parts of this chapter have been published as two separate conference paper publica-

tions [153, 154].

4.1 Introduction

Path planning is an aspect of navigation to determine a sequence of positions to follow that

allows a destination to be reached. Optimal path planning is a variant in which a path is

91
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computed that can minimise some cost such as time, distance, or energy. This is critical

for large scale industries that use ships like global logistics, and for underwater operations

such as environmental monitoring [80], oil and gas exploration [155], and defence [156].

Many path planning algorithms take advantage of the ability to update controls continu-

ously to achieve more optimal paths, however in this thesis, we are particularly interested in

waypoint-based path planning for underwater gliders, where control adjustments are only

made at the waypoints along the path. Despite being sub-optimal compared to paths that

use continuously adjusting control, waypoint-based paths are logistically, and practically

easier to use. The simple representation is easier for humans to convey, explain, execute,

supervise during execution, and adjust when necessary. Furthermore, underwater gliders

would benefit from major control adjustments to improve mission longevity. For these

applications we define persistent controls to be controls that are held constant over some

time. Graph-based path planning algorithms are particularly suited for waypoint-based

path planning, many of which are already well-established and commonly used.

Some graph-based path planning algorithms require what is known as a steering function,

however a vehicle’s motion is heavily influenced by prevailing ocean currents during the

execution of persistent controls making it difficult to determine the correct persistent

control to another position. Vehicles executing a persistent control can take complex and

curved trajectories over long control durations due to large inter-waypoint distances, or low

vehicle forward propulsion e.g. from underwater gliders. This type of disturbance must

be taken into account during the planning process. To illustrate these effects, a simple 2D

underwater glider example is shown from the side in Fig. 4.1 in which a glider (starting

at the diamond) is tasked with diving in a strong flow field to reach its goal (circle). The

trajectories using persistent controls differing only in control are shown as pink lines. The

trajectory that correctly reaches the target is shown in green with arrows indicating the

direction of control. If a persistent control is chosen without considering the flow field,

then the vehicle will take the red path and ultimately fall short of the target.

A way to account for ocean advection is to simulate the resulting trajectories of multiple

persistent controls to find the one that best steers the vehicle to its target. However,

this is a computationally intensive process because each persistent control considered in
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Figure 4.1: Side view of underwater glider trajectories in a flow field (blue arrows).
Trajectories of persistent controls with different pitch but same duration are shown in
pink. The trajectory using a control that reaches the target (circle) is shown in green.
The trajectory of a control chosen without taking into account the currents is shown in

red.

a numerical search over the different degrees of freedom requires forward integration to

determine reachability.

In this chapter, we can leverage the concept of streamlines from fluid dynamics, which is

a powerful tool for analysis since it describes the path of particles in time-invariant flow

fields. Our contribution comes from the realisation that the environment’s streamlines can

be augmented with the effects from the vehicle’s control allowing us to consider warped

streamlines that connects the vehicle’s position and a target position for feasible controls.

From this, we derive a constraint to the search for feasible controls, reducing the dimen-

sionality of the problem without excluding solutions that are feasible. We also propose

an extension of this idea to underwater gliders with buoyancy-based propulsion in 3D

environments by leveraging the idea that ocean flow far from the coastline has negligible

vertical velocity [142–144].
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We demonstrate how these constraints can be used in the context of time-optimal path

planning in simulated environments, using synthetic flow fields and ocean current predic-

tions from the Australian Bureau of Meteorology (BOM). It is shown through a sampling-

based approach that the constraint allows the search algorithm to focus on a significantly

smaller subset of the search space, effectively reducing the required computational time

and improving the solution quality demonstrated by paths that tend to take advantage of

more favourable currents leading to shorter transit durations.

A brief introduction of relevant concepts is provided in the next section to form a founda-

tion for the ideas presented in this chapter. The core problem of this chapter is brought

into perspective in Sec. 4.3. Our main contribution to the problem for marine surface

vehicles is presented in Sec. 4.4 and the extended idea for underwater gliders is presented

in Sec. 4.5. Finally, a summary for the chapter is provided in Sec. 4.6.

4.2 Background

In this section, we establish the 2D and 3D vehicle models that will be used in this chapter

and provide an introduction to stream functions which is the mathematical representation

of streamlines. We will also highlight properties that are crucial to the development of the

main contributions in this chapter.

4.2.1 Vehicle model

The position of the vehicle x is considered to be its state and lies within a bounded

space X, i.e. x ∈ X ⊂ R2. The vehicle motion is subject to advection by a time-invariant

flow field f : X→ R2 and is modelled by the continuous-time transition model

ẋ = f (x) + v, (4.1)

where v is the vehicle’s controlled velocity relative to the flow which is constrained by

vehicle actuation limits to a control velocity space or simply control space U, i.e. v ∈ U ⊂

R2. We use an analogous model for the 3D variant of the problem.
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A persistent control is represented as a velocity-duration pair a = (v, τ) ∈ A. Let fx (x, a)

be the resultant state of the system after applying a persistent control a on the state x

under dynamics (4.1), and fc(x, a) be the corresponding cost.

Modelling the vehicle as a holonomic system is common in literature [37, 49–52, 56, 57,

64, 75, 141, 157–162]. In this chapter, we justify the modelling of the vehicle as holonomic

systems since vehicles like ships and underwater gliders take relatively little space and time

to perform re-orienting manoeuvres compared to the scope of the problem. The chosen

controls are maintained either by an underlying controller for ships, or by steady-state

dynamics that arise from the passively stable design of underwater gliders.

In 2D settings, we model the dynamics of the vehicle as a system that is only constrained

by a maximum speed Vmax through water, i.e.

v ∈ U =
{

v : ‖v‖2 ≤ Vmax,v ∈ R2
}
. (4.2)

4.2.1.1 Trim-based control of an underwater glider

For underwater gliders, we constrain their controls to the 3D steady-state kinematics re-

sulting from possible actuator setpoints. The steady-state behaviour that arises from the

passively stable design of the vehicle is determined by actuator setpoints after disturbances

or control variations and are referred to as trim state.

Since the vehicle is in equilibrium when in a trim state, it also has a constant velocity. To

determine the possible steady-state velocities, we then adopt the underwater glider model

from [8]. In this model, the vehicle speed can be described as a function of the glide angle,

the upwards-positive angle between the vehicle’s velocity and the horizontal plane. In a

simplified model, the vehicle’s speed

Vg(β) =
√

m(β) · g
D(β) · sin β − L(β) · cosβ , (4.3)

which includes other functions of the glide angle related to the lift and the drag forces of

the underwater glider. It also includes the function m(·) which relates to the mass within

the vehicle hull, and takes two possible values due to ballasting depending on whether the
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Figure 4.2: Feasible forward velocities using the trim state model for underwater
gliders. The velocities are disjoint due to the omission of those that cause system

instability.

desired glide angle is positive. These functions are fully defined in Appendix A. In the

model, the magnitude of the glide angle is bounded for system stability, i.e.

β ∈ [−βU,−βL] ∪ [βL, βU] (4.4)

where βL = 8π
180 and βU = 60π

180 . The forward speed profile with a maximum horizontal

speed of 0.867 m/s is plotted in Fig. 4.2.
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(a) Front view (b) Isometric view

Figure 4.3: The control velocity space based on an underwater glider steady-state model
represented by disjointed, partially transparent grey surfaces in R3.

The full 3D model of the underwater glider’s steady-state velocity can be concisely repre-

sented as a function of glide angle β and yaw γ defined as

v =


Vg(β) cosβ cos γ

Vg(β) cosβ sin γ

Vg(β) sin β

 , (4.5)

which assumes that the underwater glider is upright during transit. The set of all exe-

cutable velocities, or the control space U, for the underwater glider is shown in Fig. 4.3

as two unconnected grey surfaces due to disjoint pitch values in (4.4). The upper sur-

face corresponds to ascending velocities as a result from an empty ballast tank, whilst

the lower surface corresponds to descending velocities from a full ballast tank. Note that

steady-state velocities inside or outside of the surfaces are not attainable based on the

underwater glider’s kinematic model. An interesting consequence of this model is that the

vehicle must switch between ascending and descending manoeuvres to produce effective

horizontal motion and to stay within the vertical span of the workspace X.
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Figure 4.4: Incompressible flow visualised by streamlines with different flow flux relative
to the reference point [−1, 0]ᵀ

4.2.2 Stream functions

An approximation that is used in fluid analysis is the incompressibility of water, effectively

assuming its volume will not change when it is subject to various forces. The flow velocities

of incompressible fluids [163] can be represented as a vector field with no divergence, i.e.

∇ · f = 0, (4.6)

where ∇· is the divergence operator.

In the special case of 2D time-invariant incompressible flow fields, scalar functions called

stream functions ψ : R2 ×R2 → R can be defined, which describes the net flow or flow

flux that crosses any curve connecting the two points [164], and also uniquely defines the

flow field. The amount of flow flux ψPQ between two points P and Q can be computed

with the path-independent path integral

(xP,xQ) =
∫ xQ

xP
f1 (x) dx2 − f2 (x) dx1, (4.7)

for the flow field f (x) = [f1, f2]ᵀ (x) and x = [x1, x2]ᵀ. Stream functions are useful repre-

sentations because their level sets after fixing one of their arguments are streamlines which

are useful to visualise the directions of flow.
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An example of some streamlines are shown in Fig. 4.4. Four streamlines can be seen which

have different flow flux relative to the arbitrary reference point at [−1, 0]ᵀ showing the

flow of fluid around a circular obstacle.

For brevity, when the second argument of flow flux is omitted, it implies that some arbitrary

common reference point xP is used, i.e. ψ (x) = ψ (x,xP). E.g.

ψ (xA,xB) = ψ (xA)− ψ (xB) . (4.8)

4.2.2.1 Streamlines as paths

In this thesis, a distinct streamline is defined to be the contiguous set of points of x′ such

that ψ (x,x′) = 0 for any reference point x. A useful property of the streamline is that any

particle or idle vehicle (i.e. v = 0) on a streamline is carried along the same streamline.

This can be verified by considering the how x changes based on (4.1) in the time derivative

of (4.7), i.e.
d

dt
ψ(x) = −f2f1 + f1f2 = 0. (4.9)

In other words, if a point xQ is downstream of a point xP, then ψ (xP,xQ) = 0. This

allows us to consider the inverse:

Remark 1 (Streamline reachability condition). Given an incompressible flow field f and

its stream function ψ, it is impossible for a drifting element at some point xP to reach

point xQ if

ψ(xP,xQ) 6= 0. (4.10)

It is important to clarify that zero flow flux is a necessary, but not sufficient condition for

reachability, since the point could be upstream or still be on a different streamline.

4.2.2.2 Superposing stream functions

Vector fields can be superposed with others by taking the of sum their contributions across

the domain. It can be easily shown that the result from superposing two incompressible
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flow fields is also incompressible. Furthermore, the stream function of the resultant flow

field is equal to the sum of stream functions of the component flow fields.

Remark 2 (Additive property of stream function). Given two incompressible flow fields fA,

fB, and their stream functions ψA and ψB, the stream function of the resultant flow field

can be obtained as the summation of the ψA and ψB. I.e. for fA and fB satisfying (4.6), if

fA+B = fA + fB, (4.11)

then the stream function for fA+B is

ψA+B = ψA + ψB. (4.12)

This property is vital in the derivation of a virtual stream function which describes the

trajectory resulting from the combined effects of the flow field and vehicle actuation. The

property is also useful in the construction of complex flow fields from simpler flow fields.

4.3 Problem formulation

Path planning for a vehicle that uses persistent controls between a given pair of starting and

goal positions can be represented as a waypoint selection problem, i.e. find a sequence of

waypoints at each of which the vehicle will change its actuation setpoints to reach the next

position. Suppose the vehicle is constrained by to the control space U travelling in a time-

invariant incompressible flow field f . The waypoint selection problem is to find a sequence

of waypoints between the starting position xinit ∈ X and the goal position xgoal ∈ X whilst

minimising the overall cost to traverse. I.e. find

W∗ = arg min
(x1,...,xK)∈XK

K∑
k=0

fc (xk, ak) (4.13)

subject to xk+1 = fx(xk, ak)

x0 = xinit

xK+1 = xgoal.
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Many sampling-based path planning algorithms are suitable to address this problem and

have desirable properties such as probabilistic completeness and asymptotic optimality

such as dominance-informed region trees [133] and stable sparse rapidly exploring ran-

dom trees (SSTs) [116]. A subset of such algorithms leverage the availability of a two-

point boundary-value problem (TP-BVP) solver for their steering function which pro-

vide the control action that the system can take to transition from one state to an-

other. These algorithms employ TP-BVP solvers generally to prolong the relevance of

computational resources previously committed during planning. For example, probabilis-

tic roadmap (PRM) [10] constructs a roadmap that can be queried multiple times for

different start and goal states, rapidly exploring random tree (RRT)∗ [10] adjusts the con-

nectivity of the neighbourhood of newly added nodes in search tree during construction to

extend the usefulness of descendant nodes, and RRTX [127] rewires the constructed search

tree to respond to newly discovered obstacles during the execution of the path it provides.

We are interested in finding an efficient TP-BVP solver for the steering function to make

this class of sampling-based path planning algorithms more practical for use in computa-

tionally limited systems. We consider steering functions that provide a persistent control a

that minimises a given cost function fc that takes a vehicle from xP ∈ X to xQ ∈ X under

the effects of advection from f(x) if it exists. I.e. find

a∗ = arg min
a∈A

fc (xP, a) (4.14)

subject to ∃a ∈ A s.t. xQ = fx(xP, a).

This is in contrast to steering functions that provide controls that vary between the two

endpoints which would lead to overall solutions that are complex to convey between hu-

mans, and impractical to use for underwater gliders.

There are multiple numerical approaches that can solve (4.14), however direct applica-

tions of them to our problem involves a search over three degrees of freedom for 2D path

planning, and four degrees of freedom for 3D path planning. The computation required

is magnified by the necessity to perform forward integrations to check if a candidate per-

sistent control takes the vehicle to its intended target during the numerical search. This
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is a computationally intensive process that also needs to occur for every pair of positions

when solving (4.13), which motivates us to address the core problem in this chapter.

Problem 2 (Search space reduction for optimal persistent controls). We are interested in

reducing the search space in A when solving (4.14) using numerical computation techniques,

or sampling-based approaches to reduce the computational time required.

4.4 Streamline-based steering in 2D

In this section, we present a constraint to the search for a persistent control that steers

a vehicle modelled by (4.2) following the system dynamics (4.1) from one waypoint to

another in a 2D time-invariant incompressible flow field. We consider a virtual flow field

which accounts for the effects of the environmental flow field and the effects of the vehicle’s

actuation. The constraint eliminates one dimension of the search and excludes only control

candidates that are provably infeasible which allows the path planning algorithm to focus

efforts on more promising alternatives improving solution quality and/or reducing the

needed computation time.

4.4.1 Streamline-based search for the persistent control

4.4.1.1 Constraining velocity with the stream function

Recall that the system (4.1) is controlled by the vehicle’s actuation which produces a

velocity v = [v1, v2]ᵀ relative to the flow field. We will first describe the effects of the

actuation as a flow field. Actuation that is constant over an indefinite amount of time can

be expressed as an additional flow field fveh acting on an idle vehicle, i.e.

fveh (x |v) = v, (4.15)

which can be referred to as the flow due to control. This flow field is incompressible since

it satisfies (4.6), and also has the stream function

ψveh (xP,xQ |v) = v1∆x2 − v2∆x1, (4.16)
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where ∆x1

∆x2

 = ∆x = xQ − xP. (4.17)

The system dynamics can then be purely described by superposing the environment’s flow

field and the flow due to control, the result of which will called the virtual flow field

fvir (x |v) = f (x) + fveh (x |v) . (4.18)

We can now interpret the system to be an unactuated drifting particle in the virtual flow

field, but is subject to a flow field that we can warp by changing the control v.

From Remark 2, the virtual flow field’s stream function is

ψvir (xP,xQ |v) = ψ (xP,xQ) + ψveh (xP,xQ |v)

= ψ (xP,xQ) + v1∆x2 − v2∆x1.
(4.19)

We know that the drifting particle at some position P cannot reach some other target

position Q unless ψvir (xP,xQ |v) = 0 from Remark 1, i.e.

ψ (xP,xQ) + v1∆x2 − v2∆x1 = 0. (4.20)

For each pair of positions P and Q, this imposes a constraint on the possible values of the

control velocity v to a line in the control space, which is denoted by `PQ. We will refer to

this as the streamline constraint, and `PQ as the control line. In other words, any persistent

control that steers the vehicle from P to Q must satisfy the streamline constraint.

The trajectory of the particle or vehicle is usually curved, despite the constant control

velocity because they are subject to the environment’s flow velocities that vary across

space. In practice, the term ψ (xP,xQ) is trivial to compute using (4.7), since an integral

can be taken on the line segment between xP and xQ.

A consequence of this theory is that no solution can exist if the control line does not inter-

sect the vehicle’s control space. In application, this allows us to quickly reject reachability
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Figure 4.5: Samples of velocity controls and their corresponding virtual streamlines,
which are based on superposing the environment’s flow field with the flow field that
reflects vehicle actuation. (a) shows the controls the vehicle can execute as a grey disc,
the control line `PQ which is our proposed search constraint, and some control samples. (b-
d) show the virtual streamlines as grey lines for each of the control samples. The vehicle’s
location is marked as a circle and the target is marked as a cross. The resulting trajectory
from executing the control and the environment’s flow field (blue arrows) is captured by
the level set of the virtual stream function. Choosing a control with proposed constraint
ensures that the target is on the level set of the virtual stream function, but the level set

may describe multiple streamlines.

queries between two positions since we can determine whether the intersection is empty

using a flow flux query without forward integration.

An interesting property about the control line is that it is not affected by the direction of

travel, i.e. the same control line applies to traversal from P to Q as it does from Q to P .

4.4.1.2 Generating constrained velocities

A more convenient way to constrain the velocity search with the streamline constraint is

to reformulate the constraint to a the parametric form, then search for the parameter.

The parametric form of the constraint using κ as the parameter is as follows:

v(κ) = vbase + κv̂forward

vbase =

 ∆x2

−∆x1

 · ψ (xP,xQ)
‖∆x‖22

v̂forward = ∆x
‖∆x‖2

,

(4.21)

where vbase is the control velocity with lowest speed that still satisfies the streamline

constraint, and v̂forward is a unit velocity vector towards the target. The vector v̂forward is
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directed to target from the vehicle’s position, so that the parameter κ can be interpreted

as effective driving speed towards the target. On the other hand, the vector vbase is

perpendicular to v̂forward, and can be interpreted as a correction term to cancel out the

flow flux from the environment’s flow field between the two positions. The magnitude of

this vector

VLSB (xP,xQ) = ‖vbase‖2 = |ψ (xP,xQ)|
‖∆x‖2

, (4.22)

turns out to be quite useful as it provides the lower speed bound (LSB) of vehicle propulsion

speed for a solution to exist between the points xP and xQ.

Figure 4.5 shows various control velocities chosen from U, and how they affect the ve-

hicle’s virtual streamlines. In Fig. 4.5a, the control space determined by the maximum

speed constraint ‖v‖2 ≤ Vmax is shown with the control line `PQ along with some example

velocities v0, vbase, and vA. The velocity vA is chosen such that it is a velocity that lies on

the intersection of U and control line `PQ that also causes the vehicle to travel towards the

target the most. Since v = v0 is not on `PQ, the virtual flow flux between the start and

target points is non-zero implying that the vehicle is guaranteed to not reach the target

since no virtual streamline can possibly connect the start to the target. If v = vbase, then

the flow flux between the start and the target is zero so both positions are on the same

level set of the virtual stream function, however no continuous streamline connects the two

positions, so a vehicle at one position cannot reach the other. If v = vA, one streamline

connects the start and the target and the target is downstream of the start in the virtual

flow field so the target is therefore reachable.

After parametrising the streamline constraint, the search boundaries of κ is described by

κ ∈

−
√√√√V 2

max −
ψ (xP,xQ)2

‖∆x‖22
,

√√√√V 2
max −

ψ (xP,xQ)2

‖∆x‖22

 . (4.23)

Feasible controls only exist when the intersection between the control line and the velocity

space is non-empty, i.e. when κ can take one or more values, or when

Vmax ≥ VLSB (xP,xQ) . (4.24)
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Whilst we primarily consider cases where the environmental flow field noticeably affects

the trajectory of the vehicle, the streamline constraint also applies for cases where the

environmental flow field negligibly affects the trajectory, i.e. when the vehicle can travel

quickly, or when the environmental flow is weak.

Remark 3 (Asymptotic behaviour of the control line). Consider the case where κ→∞

whilst ψ (xP,xQ)→ 0. We see that the direction of the vehicle tends towards the target

because v→ κvforward based on the streamline constraint. This matches the intuition that

when such a vehicle is primarily driven by its own actuation, it would practically lead to

a straight trajectory and can therefore drive directly towards the target.

4.4.1.3 Role of forward integration

There are two main reasons that necessitate forward integration. The first reason is that

there is no known way to analytically determine whether a candidate control velocity

would take a vehicle from the starting position to the target as both the resulting virtual

streamline must connect the two positions, and the vehicle must travel in the direction of

the target. The other reason is to determine the duration of the persistent control.

A simple numerical integration scheme that can be used is the Euler method, taking

relatively small time steps with fixed step size. This discretises the continuous system (4.1)

is with a time step ∆T to

xi+1 = xi + fvir (xi |v) ∆T, (4.25)

which can be used to generate a sequence of trajectory positions from the initial conditions

consisting of the starting position and the control velocity. We consider the trajectory to

be the polyline where the vertices are the generated trajectory points.

A target is considered to be reachable from the initial conditions if it is within some reach-

ing threshold distance of the trajectory. When reachable, the duration of the persistent

control to the target is computed as the sum of full integration steps plus a partial inte-

gration step to reach the point on the polyline which is closest to the target. The partial
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integration step is computed as

∆Tpar = fvir (xi |v) · (xQ − xi)
‖fvir (xi |v)‖22

, (4.26)

where line segment described by xi and xi+1 is the closest to xQ.

Numerical integration error can be reduced by using linear multistep methods such as

the Adams-Bashforth method [165] instead of using the Euler method. These types of

methods incur lower numerical error by leveraging previous computed values from previ-

ous iterations. This allows larger integration steps without building as much error, and

therefore leads to lower computational demands.

The process of forward integration also gives us the benefit of considering cost functions

that are dependent on the time and positions throughout the trajectory without much

overhead. One example of such cost function is risk described in [54] where it quantifies

how much the vehicle passes through busy regions.

4.4.1.4 Application of the constraint

Any algorithm that can be used to solve (4.14) can instead be used to search through a

strict subset of A after applying the streamline constraint to find the control that min-

imises the cost to traverse between two waypoints. This includes many iterative numerical

optimisation algorithms. Furthermore, by being able to constrain the search to a single

variable, we can also consider univariate optimisation algorithms. We also find that dis-

cretising the interval by sampling and choosing the best control from a fixed number of

sampled velocities works well in practice. The sampled controls can be fine-tuned after

obtaining the full sequence of persistent controls after solving (4.13).

4.4.2 Discussion

In this section, we focus on the merits of applying the streamline constraint when searching

for the persistent control to solve (4.14) compared to without. We will refer to approaches

leveraging the streamline constraint with the adjective streamline-based and virtual flow
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flux-unaware approaches with naïve. Techniques that generate paths based on continuous

control variation without considering the environmental influence of ocean advection like

path generation based on a pure pursuit controller proposed by Kuwata et al. [166] is not

suitable for reasons explained in Sec. 4.3, as well as inefficient use of vehicle propulsion as

it can travel unnecessarily upstream by trying to follow a particular path.

Firstly, the main difference between streamline-based searches and the naïve searches is

that there is one less degree of freedom in the search for feasible controls. Our approach

reduces the dimension of the search space from (4.2) in a way that does not exclude feasible

solutions, and excludes most of the infeasible solutions. In contrast, naïve approaches

would have to find solutions aligned to the 1D manifold within the 2D search space which

is cumbersome in practice. Consequently, we expect higher-quality edge connections from

the streamline-based approach since it can focus all the computational effort into a smaller

space where all the solutions must exist which increases the chance of finding better ones.

Next, we highlight issues that can arise from sampling-based approaches that would not

be present if constraint is applied. If a sampling-based approach is used, it is desirable to

take samples in such a way that have a lower dispersion, i.e have better coverage of the

search space. The sampling pattern with the lowest Euclidean norm (2-norm) dispersion

in 2D is an equilateral triangle tiling pattern [42]. However this can be problematic for the

naïve approach because lower sampling numbers can lead to the resulting the grid to not

cover the control line. This is illustrated in Fig. 4.6 which shows sampled controls and

their corresponding trajectories for both the naïve and the streamline-based approach.

This issue is avoided by construction if the search is performed using the parametric

formulation in (4.23).

Finally, we discuss the possibility of reducing the search space further in time-optimal

path planning applications. Bang-bang control is sometimes applied to these problems

by switching between control extremes [42]. In the thesis [44], the holonomic vehicle is

controlled with continuous adjustments, and it is shown that the maximum vehicle speed

should be used to construct the time-optimal trajectory. The level set method used in

their work utilises a reachability front, or a set of points that describe the extent of

reachability for a particular time. By propagating this reachability front forward in time,
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(a) Sampled naïve controls (b) Sampled streamline-based controls

(c) Naïve approach trajectories (d) Streamline-based approach trajectories

Figure 4.6: Comparison between the naïve (a,c) and streamline-based (b,d) steering
functions that use a sampling strategy to find a suitable control vector. The control space
view (a,b) shows the control vectors (arrows) bounded by vehicle actuation limits (dashed
circle) that are used to generate trajectories. The state space view (c,d) shows the gen-
erated trajectories (lines) from the initial position (circle) to the target position (cross).

a time-optimal path can be obtained when the set of points first passes the destination.

The reachability front is represented as a continuous curve that is propagated forward by

considering the highest perpendicular speed outwards the vehicle can achieve taking into

account the flow velocity and the vehicle’s own velocity. This allows the vehicle to always

use the maximum speed, therefore the time-optimal trajectory always involves the vehicle

travelling at maximum speed.

However, this does not apply when solving the sub-problem (4.14) since we consider the
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(a) Control space (b) Resulting trajectories

Figure 4.7: Example scenario where the time-optimal persistent control to manoeuvre
from the start (circle) to the target (cross) does not use the vehicle’s maximum speed

case where velocity is not continuously updated. We now present a counterexample, show-

ing that travelling at the maximum speed does not necessarily yield time-optimal trajec-

tories in our problem. Figure 4.7 shows an example how the vehicle with limited speed

can travel to its target in the shorted amount of time without using its maximum speed.

In this scenario, the vehicle is on a curved stream of flow that is much faster than the

vehicle’s maximum speed 5� 0.7 m/s. If the vehicle tries to travel towards the target at

its maximum speed, then it would leave the assistive stream’s influence and would have to

rely on its own actuation to get to the target. However if the vehicle uses no actuation, it

can reach the target in a shorter period of time despite the longer travelled distance. This

means that we cannot guarantee a time-optimal trajectory between subsequent waypoints

by only considering the maximum speed. Despite this, it would be very computationally

advantageous make this maximum speed assumption in practice since the search space

would be reduced by one more dimension to 0D, i.e. a constant number of candidates.

It is interesting to note that whilst we cannot change controls in (4.14), the overall waypoint

selection problem can consider them at each added waypoint. As more waypoints are

considered, the solution of the overall problem converges to the solution from the level set

approaches [43, 44, 167, 168], and therefore would make the maximum speed assumption

more valid.
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4.4.3 Case studies

In this section, we show how the proposed search constraint improves the performance

of path planning enough to enable effective planning over large scales in challenging flow

fields featuring higher flow speeds than the vehicle’s maximum speed of |Vmax| = 0.3 m/s.

This will be demonstrated by showing the outcomes in two scenarios using the streamline-

based constraint and without using the constraint, i.e. searching over U. The first scenario

is a fictional flow field, and the second scenario is a flow field based on a forecast from the

Australian BOM.

We believe that the choices in steering function and the sampling-based path planner

to be interchangeable. Since we are focusing on Prob. 2 in this chapter, we choose to

use a directed variant of PRM [10] to address the waypoint selection problem described

by (4.13) for its well-known properties and algorithmic simplicity. This variant of the

algorithm is outlined as follows. First a graph is constructed only with a set of waypoints

as nodes consisting of the initial position x0, the goal position xgoal, and nnode−2 sampled

positions from X. For each of these nodes, we consider constructing an edge to a nearby

node by solving (4.14). If the nearby node is reachable, i.e. if the steering function finds

an optimal persistent control that takes the vehicle within some distance threshold of the

nearby node, then the cost of traversal between the two waypoints is used as the weight

of an edge constructed between the two nodes. After edge construction from all nodes,

Dijkstra’s algorithm [169] is performed on the resulting graph to determine the sequence

of persistent controls corresponding to the graph-optimal path from x0 to xgoal.

The PRM nodes are kept the same for both methods, and are selected from a rectangular

grid. Despite existing work [10, 86, 98, 99] that recommends using a threshold based

on Euclidean distance to determine which nodes are considered to be near, we consider

all other nodes to be near to demonstrate capabilities to establish long-distance edge

connections. A more practical choice of the distance function is further explored in Ch. 5

which instead encourages long-distance connections to be formed without considering all

other nodes.

The steering function used for these demonstrations is sampling-based. For both compared

approaches, the same number of controls are sampled from their search spaces so that the
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Figure 4.8: Time-optimal trajectories in a synthetic flow field obtained through PRM
for a vehicle (circle) to reach its goal (cross). The intermediate trajectory waypoints (dots)
are chosen by the PRM algorithm to circumnavigate unfavourable currents. Manoeuvres
between waypoints are either found using our proposed streamline-based steering func-
tion (dark green) or a naïve steering function (orange) constrained by the maximum speed

of the vehicle.

computation time for both approaches are similar. For the streamline-based approach,

the sampled controls are equispaced along the interval described by (4.23). For the naïve

approach, the sampled controls from the disc described by (4.2) are based on an equilateral

triangular grid since it has minimum dispersion in two dimensions [42]. The forward

integration scheme uses nh = 2000 steps of size ∆T = 750 s and the reaching threshold to

determine control feasibility is 625 m.

For these simulations, we will focus on producing time-optimal paths using the following

cost function

fc (x, a) = τ = i∆T + ∆Tpar. (4.27)

The steering function will provide the persistent control that takes the vehicle from one

waypoint to another in the shortest time if any of the sampled controls reach their target,

and PRM would return a time-optimal sequence of persistent controls that takes the

vehicle to the destination. We will analyse the trajectories which are generated by forward

integrating the sequences of persistent controls in succession.

4.4.3.1 Simulations in a synthetic flow field

In this scenario, the synthetic flow field is an incompressible flow field with a maximum

flow speed of 1 m/s which is constructed from many simple incompressible flow fields, e.g.

uniform flow used in (4.15), Taylor-Green vortices [170] in Fig. 4.6, and the stream and
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Table 4.1: Duration to traverse the time-optimal paths shown in Fig. 4.8

Case Naïve (days) Streamline-based (days) Improvement (%)
1 8.1 3.9 51.9
2 3.5 2.2 37.1
3 7.9 3.4 57.0
4 10.4 5.4 48.1

gyre flows which are combined for Fig. 4.5. The PRM algorithm uses nnode = 51 nodes

to build a graph and the steering function uses nc = 19 equispaced control samples for

this scenario. We examine the paths generated by the two approaches with three pairs of

start and goal positions at opposite corners of the region, and a final pair to find a path

to circumnavigate the current on the left going in the negative y-direction.

The trajectories for the four different settings are shown in Fig. 4.8. At a glance, the paths

produced from the streamline-based approach are more direct than the naïve approach.

We hypothesise that this is because the control samples for the naïve approach rarely

align with the control line (4.20), and good quality solutions are unlikely to be among

them. This could force the PRM algorithm to take the unintuitive routes like the loops

in Fig. 4.8c and Fig. 4.8d. The large final position error for the naïve approach in the

4-th case could be explained by poorly sampled controls. The low-quality control samples

would lead to higher overall trajectory error due to accumulated error from heavy reliance

on the size of the reaching threshold to form the edges between each waypoint.

The durations for all four trips using each of the approaches are shown in Tab. 4.1. We

see that our method consistently produces significantly better solutions than the naïve

approach. There is less of an improvement in case 2 because the flow field between the

start and goal is already very assistive thus making it very easy for the naïve approach to

produce desirable outcomes.

We also observed that all of the controls chosen by the streamline-based steering function

uses the vehicle’s maximum speed, which suggests that constraining the search to using

the vehicle’s maximum speed is useful in practice for time-optimal path planning despite

the existence of optimal counter-examples as discussed in Sec. 4.4.2. This means that the

same trajectory could be generated in roughly one nineteenth of the computation time.
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Figure 4.9: Large-scale time-optimal path planning on forecasted ocean currents using
our streamline-based approach (dark green) compared to the naïve approach (orange).
The vehicle (circle) uses a single control to manoeuvre between waypoints (dots) selected

by PRM to traverse all the way to the goal (cross).

4.4.3.2 Simulations in the Eastern Australian Current

In this scenario, we use a flow field based on a forecast dataset of the currents along the

east coast of Australia from the BOM. The Eastern Australian Current (EAC) is known to

have a strong southward current and many eddies with flow speeds up to 2.1 m/s, which

is seven times the vehicle’s maximum speed. Being able to effectively plan on such an

environment would provide a significant improvement in performance by taking advantage

of the currents.
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Table 4.2: Duration to traverse time-optimal paths from Sydney (SYD) and Bris-
bane (BNE) shown in Fig. 4.9

Case Naïve (days) Streamline-based (days) Improvement (%)
SYD to BNE 22.8 17.0 25.4
BNE to SYD 29.4 14.6 50.3

The flow field we use, shown in Fig. 4.9, is based on the top layer of the predicted flow

field for 5th September 2018. Since geodetic projection and direct linear interpolation on

the data will introduce divergence to the flow field, we first fit a stream function ψ(x,xref)

to the projected flow field using an arbitrary reference point xref , then re-compute a flow

field f(x) from the stream function which is incompressible by construction.

We demonstrate path planning capabilities across large distances by finding time-optimal

paths shown in Fig. 4.9 between Sydney and Brisbane in either directions. For this sce-

nario, nnode = 212 PRM nodes are used, 2 from the start and goal positions and 210

were chosen from the ocean area in a rectilinear grid pattern. The sampling-based steer-

ing function used nc = 19 equispaced controls to determine reachability and the edge

traversal cost.

For the path from Sydney to Brisbane, both approaches use the assistive currents in the

south-east region that require a relatively large deviation from the direct path. Note that

the choice of routes is a result of the PRM algorithm trying to minimise the overall time

cost of the path. This ability is only enabled by a performant steering function that is able

to establish many edge connections. The difficulty in finding an optimal path is finding

a balance between taking a route with more assistive currents and taking more direct

routes. An example of this idea is shown at the end of the paths from the two compared

approaches in Fig. 4.9a. The path from using our streamline-based constraint takes a

more direct path, whilst the naïve approach takes a more assistive but indirect path. For

the other direction shown in Fig. 4.9b, the path from the naïve method resorts to using

an unintuitive sequence of waypoints again. The significant difference in path quality is

because our method is more likely to find control samples that are valid, which increases

the chance of finding a connection with less cost. This highlights the importance of having

a steering function that provide edge connections when they exist so that path planning

algorithms like PRM does not have to resort to inefficient paths.
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The duration of the paths in both directions are shown in Tab. 4.2. The application

of the streamline-based constraint leads to better paths than the naïve method for both

directions. Despite the EAC’s strong southerly current, the naïve method produced a

slower path from Brisbane to Sydney compared to the other direction. This did not

happen with the streamline-based approach, and required only an additional 2.4 days to

travel from Sydney to Brisbane than the other direction. Note that if the vehicle was

travelling directly between the two positions marked with dashes in Fig. 4.9 in still water,

the journey would take 29.9 days. This highlights that the streamline-based constraint

is allowing the algorithm to produce paths that take advantage of the currents, roughly

halving the travel time.

An important aspect to highlight is the infrequent number of control adjustments for the

path between the cities that are roughly 775 km apart. On average, adjustments are only

made every 2 to 3 days.

Whilst both approaches took around 23 hrs to produce a path, we performed an additional

computation with the streamline-based constraint that uses a similar control sampling

density as the naïve approach (nc = 5) which only took around 6.1 hrs. We also noticed

that the two paths from the streamline-based approach with two different control sampling

numbers were identical. Further investigation revealed that it is because the controls that

were chosen always used the vehicle’s maximum speed in the direction of the target. This

suggests that in practice, it is reasonable to apply the maximum speed assumption for time-

optimal path planning for lower computation times. In this case, applying this assumption

would lead to an estimated computation time of 73 min.

Since the computation for the time-optimal paths are much shorter than the time it takes

to execute them, it implies that replanning can be done in practice when there are changes

in the flow fields. However, it is more useful to be able to obtain a solution on demand, yet

also to be able to obtain better solutions through further computation at execution time.

This would be particularly important in time-critical applications, so that progress can be

made towards the goal, without needing to commit time only for computation. In Ch. 5,

we demonstrate the algorithm in an anytime algorithm called RRT∗, and we also propose

a distance heuristic which can be used to encourage long-distance connections without
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adversely affecting the computational complexity compared to forming a fully connected

graph. An RRT∗ approach also enable the incorporations of additional constraints between

waypoints such as some minimum duration or minimum distance covered between changes

in control.

4.5 Streamline-based steering in 2.5D

In this section, we present an extension to the streamline-based constraint for the 2D

steering function proposed in Sec. 4.4 to plan a sequence of persistent controls for an

underwater glider in a 2.5D time-invariant incompressible flow field. The steering function

in the 3D setting provides a persistent control that correspond to a single rise or fall

component of the typical underwater glider’s sawtooth trajectory. The successive execution

of a sequence of such ascents and descents generate a long-distance motion plan. To

constrain the search for such a control, we leverage the fact that ocean flow sufficiently far

from the coastline has negligible vertical velocity [142–144] and that the flow structures

are generally preserved across depth to make an assumption that enables us to extend the

control line into a plane for 2.5D flow fields, once again constraining the search for feasible

persistent controls. The plane’s intersection with the control velocity space U in Fig. 4.3

leads to a 1D set of candidate velocities from which we can search for the optimal control

to connect two waypoints.

4.5.1 Streamline-based steering in 2.5D

4.5.1.1 Approximation of a control plane for 2.5D incompressible flow fields

In this section, we propose a way to constrain the search for a persistent controls in the

steering function to traverse between two positions, xP,xQ ∈ X ⊂ R3 under the advection

from a flow field f : X → R2. We make two assumptions about the environment: 1) the

vertical component of the flow field’s velocity is zero, and 2) the flow field is incompressible.

For each steering function query between xP and xQ, we approximate the flow field between

their depths to be vertically identical (same in the vertical direction), to the flow field at
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(a) Isometric view (b) Top view

Figure 4.10: An example intersection of control space (4.5) (grey surfaces) derived
from the steady-state underwater glider dynamics and the control plane (pink) based on
the streamline constraint between two positions xP and xQ shown over an underwater
glider’s velocity. Our approach constrains the search space to the set of control candi-
dates (crosses) along the intersection of the surfaces and the plane. Controls that take the
vehicle to the correct horizontal position but not the correct vertical position are marked
as orange crosses. The control that takes the vehicle to the correct horizontal position
and also the correct vertical position are marked as a red cross. Controls that either take
the underwater glider from xP to xQ or from xQ to xP are represented as a green volume

aligned to the control plane.

the depth centred between both depths, i.e. the flow field is represented as:

f̂(x | xP,xQ) = f
([
x1, x2,

xP,3 + xQ,3
2

]ᵀ)
, (4.28)

where xP,3 and xQ,3 are the vertical positions of xP and xQ, and x = [x1, x2, x3]ᵀ.

If a flow field is vertically identical with zero vertical flow velocity, then a persistent control

that connects xP to xQ must satisfy the streamline constraint (4.20) after projecting the

control, waypoints, and flow field to the horizontal plane. The projected control line

corresponds to a control plane in this setting, an example of which is shown in Fig. 4.10.

Remark 4 (Control plane definition). Given two 3D positions xP and xQ, a control plane

is a set of control velocities that ensures that the virtual flow flux of xQ relative to xP is

zero in a vertically identical flow field.
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In a similar fashion to the 2D case, the streamline constraint in vertically identical flow

fields with no vertical flow will only exclude controls that cannot possibly take the vehicle

to the target. There are also still controls that satisfy the constraint that do not take the

vehicle to the target in the horizontal projection, e.g. Fig. 4.5c and Fig. 4.6d, but here

the depth the vehicle could be incorrect as it passes through the horizontal position of

the target. As a consequence, forward integration is still necessary to determine target

reachability of controls.

4.5.1.2 Representation of constrained search space

The intersection between underwater glider controls (4.5) and the control plane can be

divided into ascending controls and descending controls, both of which satisfy glider dy-

namics and the streamline constraint. The intersection can be described as the set

V2.5 =


vbase ± κ(β)v̂forward

Vg(β) sin β

 : β ∈ [−βU,−βL] ∪ [βL, βU]


κ(β) =

√√√√(Vg(β) cosβ)2 − ψ̂ (xP,xQ)2

‖∆x‖22

vbase =

 ∆x2

−∆x1

 · ψ̂ (xP,xQ)
‖∆x‖22

v̂forward = ∆x
‖∆x‖2

, (4.29)

where ψ̂ is the stream function of the vertically identical flow field f̂ , and ∆x is the

horizontal distance between xP and xQ.

However half of the entire set is infeasible for a pair of query waypoints since ascension

and descension is purely determined by control, and it is clear which would be needed

based on the waypoint depths, i.e. β ∈ [βL, βU] if xQ,3 > xP,3; otherwise β ∈ [−βU,−βL].

A number of sampled controls at the intersection are shown as an example in Fig. 4.10.

The controls are coloured differently depending on whether they reach the target, only

reach the target’s horizontal position, or they do not reach at all.
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To verify the algorithm, we sampled controls densely within the 3D space shown in

Fig. 4.10, then performed forward integration from the vehicle’s position to check reacha-

bility with some tolerance. The control samples were repeated from the target position, to

try to reach the initial position since the reverse steering problem shares the same control

plane. We found one distinct set of samples that reached for each steering problem direc-

tion. The sets are visualised as green volumes in Fig. 4.10, We can see that the controls

that reach their target closely align with the control plane and intersect with the control

that is found through our method. The result illustrates that the proposed constraint

based on an approximation leads to solutions that can be very close to the exact numeri-

cal solution. It is interesting to note that a 3D control line potentially exists, which would

align to the two green volumes in this case for 2.5D flow fields in a similar fashion to the

scenario described in Rem. 3.

The intersection between the control space and the control plane is the empty set if κ(β)

in (4.29) is imaginary. Similar to the 2D case, feasible controls can only exist if

max
β

(Vg(β) cosβ) ≥

∣∣∣ψ̂ (xP,xQ)
∣∣∣

‖∆x‖2
, (4.30)

allowing us to avoid unnecessary computation when this is not true for a particular xP

and xQ pair.

4.5.2 Discussion

Similar to the discussion from Sec. 4.4.2, the 2.5D variant of the constraint on the control

space U reduces the search space from 2D into 1D. Vehicles that can be modelled with a

control space that has volume such as autonomous underwater vehicles (AUVs) and even

underwater gliders with thrusters [171] could apply this constraint to reduce the search

space from 3D into 2D instead. In this section, we discuss one other theoretical aspect of

the streamline-based constraint.

As a compromise for the reduced search space, the streamline-based constraint loses com-

pleteness when applied for numerical searches to solve (4.14). The vertically identical

approximation of the flow field can misalign from the underlying solution space for large
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changes of flow patterns across the depths of the two query waypoints, which causes the

algorithm to exclude feasible controls. The algorithm is still be sound since the forward

integration process confirms whether the target is truly reachable. However, the degree

of incompleteness depends on the difference in depths of the waypoint pair, since the ap-

proximation is made for every pair. If the two query positions are more vertically close,

then the approximation would be more accurate since the flow field would vary less. This

shortcoming is alleviated in sampling-based planner approaches for the waypoint selection

problem because since the distance between two query positions decrease as the number of

waypoint samples increases. Therefore a sampling-based planner that uses a steering func-

tion applying the streamline-based constraint is probabilistically complete as the number

of waypoint samples increases.

4.5.3 Empirical results

In this section, we test the streamline-based constraint for the 2.5D steering function

against the naïve approach in the context of a full path planning scenario to reinforce

the merits of using the proposed approach. For the naïve approach, the steering function

will be constrained to search in either the top or the bottom surfaces of U depending on

whether the query corresponds to an ascending or a descending manoeuvre. We employ

the same implementation described in Sec. 4.4.3 where we used PRM to find time-optimal

paths consisting of waypoints, a sampling-based steering function solver to find persistent

controls connecting two subsequent waypoints, and the forward integration scheme using

Euler method. We use 125 steps in the forward integration process using step sizes of

∆t = 5 s, and use a reaching threshold of 5 m.

We first compare how performance varies with different numbers of sampled controls from

the search spaces of each approach. We then demonstrate the difference in generated

paths from the two algorithms in a synthetic flow field. Note that the EAC dataset was

not used for comparison since it has relatively small changes in flow velocity in the vertical

direction. The synthetic flow field is more likely to invalidate the control plane assumption

since it has flow velocities that vary more drastically across the vertical direction.
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(a) Number of edge connections in PRM graph with
respect to the number of control samples

(b) Path quality with respect to the number of con-
trol samples

(c) Path quality with respect to PRM computation
time

Figure 4.11: Performance comparison between the streamline-based (green) and
naïve (orange) PRM in a 2.5D flow field with 1000 equispaced waypoint samples in 3D
using a number of randomly sampled control velocities ranging from 16 to 400. The 99.7%

confidence interval over 32 runs around the mean value is also shown.

Since sampling evenly in the control space U is not straightforward in the naïve approach,

the control velocity samples are derived from sampled values of pitch and yaw. For the

proposed constraint, pitch samples are taken first to determine the vertical speed, and then

these are augmented with the horizontal control velocity calculated from the intersection.

4.5.3.1 Performance in sampling-based steering functions

To compare the performance of our proposed approach and the baseline, we investigate

the impact caused by using varying amounts of randomly sampled controls ranging from

16 to 400 for the steering function to find time-optimal paths. In this experiment, the

same 1000 equispaced waypoints were used in the PRM algorithm for the same the start

and goal positions in the same environment. The trends from this experiment are shown

in Fig. 4.11, which plots the mean performance statistics with 99.7% confidence intervals

for the mean over 32 runs.
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The first graph in Fig. 4.11a shows the average number of edge connections that were

established using the steering functions. The difference in connectivity between the two

approaches is stark. The streamline-based approach leads to a more connected graph even

using only 16 control samples compared to the naïve approach with 400. This most likely

because the proposed approach is able to drastically reduce the search space which focuses

the computational efforts to areas at which feasible controls are likely to be. As for the

2D approach, we believe that this is an important contributing factor to the difference in

path quality as shown in Fig. 4.11b. This is reinforced by the fact that the quality of the

solutions for lower control sampling numbers for the naïve approach has high variance. It

is also important to note that the naïve approach was not able to find any solution using

any of the settings with less than 54 control samples in any of the runs.

Despite having some overhead in the computations of flow flux, Fig. 4.11c shows that the

planning with the streamline-based steering function is still able to converge to a solution

with very little number of control samples and in a very short period of time. As a result,

the proposed method is able to produce a more optimal solution in a fraction of the time

it takes for the naïve approach to produce its best solution. This is a useful property to

exploit in practical applications as the rapid convergence allows our planner to be used in

a plan-as-you-go manner, adapting to changes in the flow field.

4.5.3.2 Simulations in a synthetic 2.5D flow field

To demonstrate the types of paths for underwater gliders that are created from the

streamline-based and naïve approach, we show four paths are generated using nnode = 1026

PRM nodes using either 16 or 54 control samples for either approaches. Different number

of control samples are used to show the difference in resulting path qualities.

The paths are computed from north-east region to the south-west region of a synthetic

flow field is based on the flow pattern from the case study in Sec. 4.4.3. The flow field is

rescaled such that the spatial extent is smaller and that the maximum flow speed is more

than double the maximum horizontal speed of the underwater glider. For large changes in

flow velocities in the vertical direction, the flow field velocities are completely reversed in

direction over the vertical span.
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Table 4.3: Number of edge connections for the paths shown in Fig. 4.12

# of edge connections
# of control samples Naïve Streamline-based

16 849 12423
54 3738 29734

For this demonstration, controls were sampled in a consistent way between both ap-

proaches. Control velocities from equispaced pitch and yaw were considered in the naïve

approach. Control velocities from equispaced pitch were considered in the streamline-

based approach, with yaw components determined by the intersection between the control

space and the control plane.

The resulting trajectories for both approaches and both levels of control samples are pre-

sented in Fig. 4.12. The figure is divided into two columns: the 16 control sample setting

is on the left, the 54 control sample setting is on the right. It is also divided into three

rows. The top row shows an isometric perspective of the trajectories with additional circle

markers which are projections of the waypoints on surface to highlight their depth. The

middle row shows the top-down view of the trajectories. The bottom row shows a depth

profile of the trajectories with arrows that indicate the presence of assistive or adversar-

ial currents. The trajectory waypoints are also indexed to identify trajectory waypoints

between rows.

The path planner with the streamline-based constraint has made some interesting and

intuitive choices in the generated trajectories. For the 16 control sample setting, the

underwater glider initially dives deep to avoid weak opposing currents and then avoids

perpendicular flow by travelling along a depth of 150 m between the 4-th and 9-th way-

points where the magnitude of the flow velocity is lower. We also see that the trajectory

takes advantage of the assistive flow just before the goal at the 10-th waypoint in Fig. 4.12c.

At the higher control sample setting of 54, the generated path uses more assistive currents

which can be seen in Fig. 4.12f as more forward-pointing projected flow velocity arrows.

For the first few waypoints, the trajectory utilises the assistive currents by staying in shal-

low regions. Between the 4-th and 5-th waypoints, the trajectory takes advantage of the

shallow currents early in the transit but also the deep currents late in the transit. Finally

the trajectory takes advantage of the assistive currents as it rises to the goal.
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(a) Isometric view

(b) Top view

(c) Depth profile over execution time

(d) Isometric view

(e) Top view

(f) Depth profile over execution time

Figure 4.12: Time-optimal trajectories from [−450, 450, 0]ᵀ (cross)
to [450,−450, 0]ᵀ (circle) generated by the proposed streamline-based (green) and
the naïve (orange) approaches. Trajectories are computed through a PRM framework
where the compared steering functions return the fastest manoeuvre between two
positions after either sampling 16 (a-c) or 54 (d-f) control velocities. The flow field
velocities are represented with arrows that range from light blue to darker red for
increasing depth. The arrows in (c) and (f) indicate the projection of the flow velocity
tangential to the trajectory. Note that no solution was found for the naïve approach with

16 control samples.
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Table 4.4: Travel durations for the paths shown in Fig. 4.12

Path cost (s)
# of control samples Naïve Streamline-based

16 - 1498
54 1633 1274

For the 16 control sample setting, the naïve method was unable to produce a solution

whereas the proposed streamline-based method was able to. The lack of a solution implies

that the graph is disconnected between the start and the goal positions. From Tab. 4.3,

we can surmise that the disjointed graph is caused by the naïve approach which does not

form edge connections between waypoints as effectively. In contrast, the approach using

the streamline-based constraint is able to establish many more edges, so much so that it

produces more edge connections with 16 control samples than the naïve approach with

54 control samples. This is significant because many more edges established using the

proposed approach compared to the naïve approach which took more than 3 times the

computation time.

We also observe a correlation between the number of edge connections and the path qual-

ity. More edge connections seem to leading to lower cost paths, shown in Tab. 4.4 as

paths with lower time required to execute. In the PRM algorithm, the higher levels of

graph connectivity implies more available alternate routes. We believe that this allows

Dijkstra’s algorithm to select more optimal waypoint sequences to reach the goal position.

As before, we see that the streamline-based method with 16 control samples produced a

better solution than the naïve method with 54 solutions. This means that the proposed

method can produce faster and better solutions than the naïve method.

In practice, these trajectories will not need to be re-computed during execution since due

to changing flow fields since currents do not change much in short time frames such as those

less than 1 hr. Furthermore, recall that we are using PRM with full graph connectivity

which involves more computation. For example, if we used kPRM = 27 nearest neighbours

suggested in [10], we can compute a trajectory corresponding to a transit time of 1530 s

in 399 s. In Ch. 5, we use a more practical path planning algorithm with RRT and the

explore the use of a specialised distance heuristic to find more reachable neighbours instead

of using Euclidean distance to gain higher convergence rates to the optimum solution.
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4.6 Summary

In this chapter we proposed constraints to reduce the search space when choosing a persis-

tent control to connect two positions for the purposes of planning paths for marine surface

vehicles in 2D environments and underwater gliders in 3D environments. The fundamental

idea is based on the idea of streamlines which effectively reduces the search space from 2D

to 1D for both vehicles. The effectiveness of the proposed constraints is demonstrated in

time-optimal path planning scenarios with PRM, a sampling-based path planner that used

sampling-based steering functions. The proposed streamline-based constraints are shown

to produce higher quality paths than the naïve alternative which considered controls over

the full control space given the sample computational time budget. In practice, persistent

controls can be directly executed with an underlying controller for the vehicle actuators.

However, since each segment of the streamline-based trajectory is associated with a virtual

streamline with a flow flux, a controller similar to the one proposed by Lagor et al. [172]

can be used, reducing the tracking error during execution.

An interesting alternate application for the proposed control search constraint in 2.5D flow

fields is path planning in 2D time-variant flow fields. The 2D time-variant problem can be

viewed as a special case of the 2.5D problem if each of the 2D flow fields are represented as

horizontal planes in the vertical axis of time. In this case, the vehicle is forced to travel at

some vertical “speed”, but is capable of choosing a horizontal control velocity subject to

vehicle actuation limitations e.g. using (4.2). Further work to extend the method for 3D

flow fields in a principled manner would improve the quality of the solutions in the above

scenarios and potentially the efficiency of implementing algorithms. It would additionally

allow us to consider applications where the vertical component of the flow field is not

negligible, such as in shallow waters. A challenge is finding a suitable alternative for the

stream function in (4.7) since it is only defined in 2D. A potential tool to use in 3D might

be dual stream functions [173].

We propose that the streamline-based constraint from this chapter to be used in the

steering function for the sampling-based path planner in the system shown in Fig. 1.2,

which makes queries for flow field velocity estimates from the corresponding flow field

estimator described in Ch. 3. At a baseline level, the constraint decreases the time it



128 Chapter 4. Streamline-based trajectories for point-to-point traversal

takes to completely replan a path to the intended goal for the vehicle if the flow field

estimate updates. For lower computational demands, a sampling-based path planner like

RRTX [127] could potentially be used to prolong the relevance of prior computations.

A benefit arising from using an estimator with an incompressible kernel [38] (including

the methods proposed in Ch. 3) along with a planner using streamline-based steering

functions is that a slightly modified kernel can be used in the estimator to enable flow

flux to be directly queried as needed by the streamline-based constraint. This provides a

more efficient means to compute the flow flux between points instead of performing the

numerical computation of (4.7).

In the next chapter, we consider another improvement in a different primitive function for

the planner module of the system that identifies nearby nodes to which we try to establish

edge connections. The primitive function will use a proposed distance heuristic that better

quantifies the reachability of other positions in incompressible flow fields. Contributions

from this chapter and the next allow sampling-based path planners, including the any-

time variants, searching for persistent controls to be more computationally tractable and

improves its convergence rate to the optimal solution.



Chapter 5

Preceding point selection through

flow-based reachability analysis

In Ch. 4, streamline-based control theory was proposed to address the two-point boundary-

value problem (TP-BVP) to choose a persistent control to traverse between two points,

exploiting an idea from fluid dynamics to achieve computational efficiency. In this chapter,

we build upon the idea of streamline-based path planning by studying a different problem

that affects path planning for underwater gliders under the influence of flow fields in order

to improve the convergence rate of the overall algorithm. This problem is related to the

reachability between points under the dynamics of strong incompressible flow fields. We

first consider an alternate way to quantify the reachability of all arbitrary locations in

incompressible flow fields, i.e. the difficulty of reaching other points in free space. The

proposed measure is an analytical function related to the Euclidean distance and the

concept of flow flux explored in Ch. 4. We consider the extension of these findings to

the 2.5D case to be straightforward, and instead focus on a filtered approach to identify

reachable neighbours, which leads to better performance. We evaluate the ideas presented

in this chapter by testing them against best practices for kinodynamic problems in the

framework rapidly exploring random tree (RRT)∗, as well as other related techniques in

an artificial flow field and in real predicted ocean data in the dominant region of the

Eastern Australian Current (EAC) between Sydney and Brisbane. Results demonstrate

faster convergence rates that arise from improving the chances the sampled node is added

129
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to the tree by carefully choosing the parent tree node, outperforming other approaches in

literature, and show promise for practical use with autonomous marine robots.

This chapter includes work that is published as [174], and additional work that could

potentially be published as a journal article.

5.1 Introduction

The motion of vehicles affected by the advection effects of the environment’s flow field can

be described as a non-holonomic system. For these systems, the best practice to extend

RRT-like search trees is to generate new states by propagating the system using a random

control for a random duration. However, we suspect that the Voronoi bias [91] correspond-

ing to this strategy to be weaker since the extension makes no guarantee of reaching the

sampled state in larger Voronoi regions. In this chapter, we pursue a different strategy

in order to effectively explore the search space by increasing the chances to extending the

tree using the sampled point directly by leveraging the streamline-based control theory

proposed in the previous chapter.

This leads to a subtle but critical issue that will be referred to as the advection reachability

problem. Typically, the parent node is typically chosen based on nearest neighbour based

on lowest Euclidean distance [68, 71]. However, under advection dynamics (4.1) with

strong flow, this can lead to a poor choice of parent preventing connections that can

worsen over each iteration of the overall algorithm.

An example of this phenomenon is visualised for a simple example in strong uniform flow

in Fig. 5.1. The search tree contains two points labelled 0© and 1© in Fig. 5.1a where 0©
is the parent of 1©. The same workspace is shown in Fig. 5.1b after point 2© is added

to the parent point 0©. In these diagrams, regions are coloured either green, red, or

white depending on the feasibility of the selected parent using the Euclidean distance if

the next point is added there. The boundaries of these regions are implicitly defined by

a combination of non-holonomic constraints (cones with dotted lines), and the selection

policy based on Euclidean distance (Voronoi boundaries with dashed lines). If the next

point is added in the green region, a feasible parent is chosen leading to the addition of
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(a) When tree has 2 nodes (b) When tree has 3 nodes

Figure 5.1: An illustration of the advection reachability problem, which occurs when
assigning parents using lowest Euclidean distance in strong advection dynamics. The
correct behaviour occurs if a sample is added in green and white areas: a feasible parent
is chosen, and no feasible parent can be chosen, respectively. The incorrect behaviour
occurs if a sample is added in the red areas: an infeasible parent is chosen despite the

existence of a feasible alternative.

the point. If the next point is added in the red region, an infeasible parent is chosen

which prevents that point from being connected to the tree despite the availability of a

different feasible parent. If the next point is added in the white region, no feasible parent

can chosen. Note that the amount of green space has reduced from Fig. 5.1a to Fig. 5.1b,

and it is not hard to believe that this pattern continues even if the flow is not uniform, as

long as the speed is greater than the vehicle’s propulsion speed.

A fundamental issue with using Euclidean distance to identify the parent is that it does not

account for the inherent difficulty of traversing in a flow field. To alleviate this problem,

we can leverage the lower speed bound from the streamline-based control theory since a

larger value implies higher required effort from the vehicle.

In this chapter, we explore two approaches to identify more suitable parents for the sampled

node. The first approach is to formulate an alternative distance measure that better aligns

with the reachability between two points under the spatially varying advection effect.

Examples of alternate distance measures in other applications include the use of weighted

sub-components of the state [91], and the ∞-norm for planning the motion of manipulator

arms [175]. We construct measures that combine the 2-norm (Euclidean distance) with

flow flux between two points and a measure of the offsetting flow between two points.

The second approach involves filtering out candidate parents before selecting based on the

lowest Euclidean distance. We propose a multi-stage filtering procedure that progressively

0
1

Voronoi boundary
Flow direction
Node and reachable area

0
1

2
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removes candidates only when more suitable candidates can be identified. The stages of

filtering are based on the lower speed bound, and the relative positions of sample from the

parents compared to local flow vectors.

We integrate these ideas within the RRT framework and show that it generates earlier

feasible solutions, and has clearly faster convergence rates than the current best practice

for kinematically constrained problems, that can be interpreted to be a result of more

intentional tree expansion to the sampled points. This approach is also applicable to

planners that address time-variant flows [176] and to many RRT variants, such as goal-

biasing RRT [87], bidirectional RRT [177], informed RRT [125], and even techniques that

are designed for problems without steering functions such as GBRRT/GABRRT [120].

We present a detailed experimental evaluation of our methods in comparison to various

implementations of kinodynamic RRT in a simple scenario. The experimental scenario

features Taylor-Green vortices [170] which has been used previously in the literature [8,

51]. Results show that our methods outperform the other approaches including the best

practice when using RRT for kinematically constrained problems. We also analyse how

the more relevant approaches perform in a more realistic flow field using predictions from

the Australian Bureau of Meteorology (BOM) with . Paths are found in both directions

between Sydney and Brisbane along the coast under the influence of the EAC. In this

scenario, we find that our methods are able to produce solutions earlier in adversarial

conditions which can be vital in systems relying on the anytime property of the algorithm.

The main contribution of this chapter is a novel set of procedures to aid streamline-based

planning, and their evaluation in a sampling-based planning framework. The significance

of this contribution is an improved capability of autonomous marine robots by enabling

on-board planning with embedded computation, by allowing for fast replanning to respond

to unexpected situations, and by finding high-quality paths over large distances.

The core problem of this chapter discussed in Sec. 5.2. The proposed tools for effective

streamline-based path planning are described in Sec. 5.3. The ideas presented in this chap-

ter is contrasted and compared extensively with existing techniques in Sec. 5.4. Finally, a

summary for the chapter is provided in Sec. 5.5.
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Figure 5.2: Velocity diagram when the instantaneous flow field speed (blue) is greater
than the maximum vehicle propulsion speed (red). The possible net velocities based on
the continuous model (4.1) is shown as a grey disc. At this instant, the vehicle’s possible
directions of motion are constrained to be between the two purple tangential velocities.

5.2 Problem formulation

5.2.1 A holonomic vehicle in a non-holonomic system

We assume the vehicle in a flow field has dynamics represented by the continuous-time

transition model

ẋ = f (x) + v. (4.1 revisited)

where x = [x, y]ᵀ is vehicle position, f (x) is the time-independent flow field, and v is the

propulsion velocity of relative to the local flow constrained by a maximum speed Vmax.

Despite modelling the vehicle as holonomic, i.e. it can instantaneously change its propul-

sion velocity, the overall system is non-holonomic under the advection of strong environ-

ment flow. In strong flow fields where the flow vector speeds can be higher than the

vehicle’s propulsion speed, i.e.

∃x ∈ X s.t. ‖f (x)‖2 > ‖v‖2 , (5.1)

where the directions of the vehicle motion are limited to certain headings.
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The velocity diagram of the instantaneous modelled vehicle dynamics is shown in Fig. 5.2.

The possible net velocities achievable by the vehicle when it is advected by the flow ve-

locity f (x) in light blue is depicted as a partially transparent grey disc. The radius of the

grey disc is defined by the maximum propulsion speed of the vehicle. The purple tangent

velocities to the disc are net velocities that correspond to the limits of the vehicle’s control-

lability, which are achievable by using the control velocities in red. The angle subtended

by the two tangent velocities describe the vehicle’s limited angles of travel referred to as

the accessibility cone in existing work [58, 59], making the overall system non-holonomic.

5.2.2 Path planning in strong flow fields

We consider the waypoint selection problem (4.13) in a 2D time-invariant incompressible

flow field for the vehicle using persistent controls to reach a given goal position. Sampling-

based motion planners is a class of algorithms that addresses this problem by building a

graph guided by sampling from the free configuration space. In particular, RRT builds a

tree from which a path to a goal can be queried. Such algorithms rely on coverage of the

configuration space to improve the solution availability of multi-query implementations,

or to increase the probability of including configurations that are useful as a component

of the optimal path.

Coverage can be quantified using the dispersion [11, 42, 178] of the graph nodes, which

measures the radius of the largest ball not containing any of the nodes in the configuration

space. In 2D, this can be quantified using the `2-dispersion which is visualised in Fig. 5.3

for a set of vertices Xgraph. The `2-dispersion is the radius δ of the largest empty circle in

bounded search space X ⊂ R2, i.e.

δ(Xgraph) = max
xP∈X

(
min

xQ∈Xgraph
‖xQ − xP‖2

)
. (5.2)

Adding the sampled state directly to the search graph is more valuable for the overall

algorithm because it would lead to a similar dispersion reduction rate of the chosen the

sampling sequence, leading to solutions with lower path cost, and bounds to the cost [11].

To achieve this, two primitive functions are needed: 1) one that identifies the most suitable
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Figure 5.3: Visualisation of the definition of `2-dispersion δ for a set of points

tree node from which to connect to the sample, and 2) one that verifies that the system can

reach the sampled node from the selected tree node in a computationally efficient manner.

5.3 Tree extension to sampled points in strong flow fields

In this section, we present our approaches for the two primitive functions Nearest and

Extend in order to improve the chances of extending tree-based sampling search algorithms

to the sampled points in order to improve search coverage in strong 2D incompressible

flow. Under our philosophy, it is critical for the performance of the Nearest function to

account for the way a new point is generated from Extend, so we will first present a fast

Extend function based on our findings from Ch. 4 to primarily check the feasibility of

tree extension directly to the sampled node in Sec. 5.3.1. Then in Sec. 5.3.2, we propose

a Nearest function that uses a distance measure that integrates information from the

underlying flow field to choose a suitable tree node from which to extend. In Sec. 5.3.3, we

explore an alternate Nearest function to simply disregard unsuitable candidates based on
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a process of multi-stage filtering before choosing the tree node based simply on Euclidean

distance.

5.3.1 Adaptive optimistic steering

In the previous chapter, we considered a steering function to connect two points for the

purpose of evaluating the cost of traversal between them. For this application, it is nec-

essary to search for the optimal selection from a range of controls for the general cost

function per queried pair of positions despite the reduced search space. However, for the

purposes of determining whether it is possible to reach the sampled point from a given

point, it is important to be only forward integrating one control to maintain a similar

computation time as the standard kinodynamic extension technique [13].

Recall that the feasible controls to reach a given target xQ from point xP when constrained

by a maximum speed Vmax is given by

v(κ) = vbase + κv̂forward

vbase =

 ∆x2

−∆x1

 · ψ (xP,xQ)
‖∆x‖22

v̂forward = ∆x
‖∆x‖2

,

(4.21 revisited)

and

κ ∈

−
√√√√V 2

max −
ψ (xP,xQ)2

‖∆x‖22
,

√√√√V 2
max −

ψ (xP,xQ)2

‖∆x‖22

 . (4.23 revisited)

We choose the control that has the highest speed in the direction of the target, i.e. the

upper bound of κ, which has the intuitive interpretation of using the most propulsion

towards the target. This corresponds to vB in Fig. 4.6b.

In our steering-based Extend function called adaptive optimistic steering (AOS), we also

propose to use an adaptive integration horizon as a function of the spatial distance between

the two points, so that the amount of computation adapts to an estimate of the travel

time. Our previous work [174] proposed the use of forward integration based on a fixed

distance. However, this prevents the use of higher-order numerical integration schemes
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such as Adams-Bashforth method [165] instead of using the Euler method. Here, we

achieve a similar effect by choosing a number of fixed duration time steps as a function of

the spatial distance. More specifically,

Test(xP,xQ) =
s ‖xQ − xP‖2

Vmax

nstep =
⌈
Test(xP,xQ)

∆t

⌉
,

(5.3)

where d·e is the ceiling function, and s is a user-specified scaling factor. The given sample

point is considered reachable if it is within some spatial threshold of any of the points from

forward integration.

The approach varies the number of steps based on the query pair in RRT-based algorithms.

This leads to committing more computational time to establish long edge connections in

earlier stages of the algorithm, and will adapt to subsequent shorter query distances as

the workspace is filled with points. When choosing a scaling factor s, it is important

to consider that larger values will lead to more connections, however choosing a smaller

value will lead to faster computation time. We find that choosing s = π
2 is a nice balance

between the two ideas, which can be considered the time it takes for the vehicle to travel

the semi-circle path between the two points at maximum speed without any flow field

influence.

After integrating for the corresponding time horizon, the new point and the persistent

control that is returned corresponds to the trajectory point that is closest to the sample

point. It is not a huge impairment to the overall algorithm that this point is not spatially

close to the sample point as adding this point will still lead to lower dispersion. In the

case that the closest trajectory point is the first point, then the iteration is skipped.

5.3.2 Streamline-based distance measures

In this section, we consider alternate distance measures to identify the tree node that will

most likely connect to the sampled node using the Extend function from Sec. 5.3.1. These

measures are intended to quantify how reachable one point is from another, so the tree

node is chosen based on the smallest measure to the sampled node.
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(a) ψ-augmented 2-norm (b) VLSB-augmented 2-norm (c) Extend time-to-go

Figure 5.4: Contours of distance measures to the point marked with a cross. The
maximum flow strength is 4 times the vehicle’s speed.

Typically Euclidean distance is used to quantify the reachability, however in strong flow

fields it ignores the potentially powerful displacing effect of the environment on vehicle mo-

tion which limits the possible angles of motion. Before we compute the 2-norm, we propose

to augment the spatial representation with a term dependent on the stream function, a

well-defined function between any two points in 2D incompressible flow that describes the

net flow flux between them. A scaling term is also added to the extra term in a fashion

similar to previous work [91].

The first distance measure we propose is the ψ-augmented 2-norm, defined as

dist(xP,xQ) =
√
‖xQ − xP‖22 + [ψ(xP,xQ)/α]2, (5.4)

where α is a scaling term that can be interpreted as some characteristic velocity. This is

equivalent to taking the 2-norm of all points x ∈ X embedded in three dimensions (x1, x2, ψ)

as a surface relative to some reference point. As a result, this distance measure is a met-

ric satisfying the four necessary conditions [42]: non-negativity, reflexivity, symmetry, and

the triangle inequality through the 2-norm. The ψ-augmented 2-norm penalises paths that

cross streamlines; its level sets are therefore elongated along the flow direction. Contours

of the ψ-augmented 2-norm are illustrated in Fig. 5.4a.
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The second distance measure we propose is the VLSB-augmented 2-norm, formulated using

the lower speed bound (LSB) from (4.22) as:

dist(xP,xQ) =
√
‖xQ − xP‖22 + [VLSB(xP,xQ)β]2, (5.5)

where β is a scaling term that can be interpreted as some characteristic time. The VLSB

term quantifies a lower bound on the speed needed for a feasible path between the two

points, which is used as a way to quantify the difficulty of traversal in this context. This

component is dominant in the proximity of sample point, but becomes dominated by the

normal spatial components over larger spatial distances. Note that the VLSB-augmented

2-norm does not satisfy the triangle inequality and is therefore not a metric.

However, it is believed that the ideal distance measure is not a metric [91]. The ideal

measure corresponds to the cost-to-go, which is generally asymmetric for kinematically

constrained problems. In our case, the ideal measure should favour the selection of tree

nodes that is upstream of the sampled point under strong flow. A visualisation of the cost

based on the control selection strategy is provided in Fig. 5.4c for the Extend function

described in Sec. 5.3.1, i.e. the cost to traverse from multiple locations to the same

position using one optimistically-chosen persistent control. Despite its symmetry, the

VLSB-augmented 2-norm align better with the limits of reachability than the ψ-augmented

2-norm when comparing contours of the VLSB-augmented 2-norm in Fig. 5.4b and the

boundary of the region associated with low time cost from a single persistent control.

5.3.3 Flow-based multi-stage filter

In this section, we explore a different strategy to identify the tree node that is more likely

to connect to the sampled node in the RRT framework. The idea is to progressively

reduce the pool of candidates based on three filters based on system dynamics, then

finally choose the candidate corresponding with the lowest Euclidean distance. We will

first introduce the filters, then we will describe how they are used together as a multi-

stage filter. Throughout this section we use the same scenario featured in Fig. 5.4 for the

examples, and have reproduced Fig. 5.4c as Fig. 5.5d to facilitate comparison with the

filtered regions.
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(a) LSB filter (b) Initial flow filter (c) Final flow filter

(d) Extend time-to-go (e) Double filtered (f) Triple filtered

Figure 5.5: Comparison of regions from different stages of the proposed filter to reach
the point marked with a cross. The maximum flow strength is 4 times the vehicle’s speed.

The first filter shown in Fig. 5.5a called the LSB filter, is based on the streamline constraint

Vmax ≥ VLSB (xP,xQ) , (4.24 revisited)

from the previous chapter. When not satisfied, it has been shown that the vehicle would

have insufficient speed to connect the points xP and xQ, i.e. the uncoloured regions

in Fig. 5.5a are guaranteed to not reach the target with one persistent control. Note

that Fig. 5.5d includes some points that are not coloured in Fig. 5.5a, however they

are attributed to numerical inaccuracies arising from integration error, and the spatial

threshold at which a trajectory is considered to have reached the target.

The other filters in Figs. 5.5b and 5.5c are local flow consistency filters, based on the
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Algorithm 5.1 Filter-based Nearest function
xq: The query point
C0: A set of candidate points for consideration

1: function Nearest(xq,C0)
2: C1 = {x ∈ C0 : Vmax ≤ VLSB}
3: if |C1| == 0 then
4: return arg minx∈C0 ‖xq − x‖2 . Fallback
5: end if
6: C2 = {x ∈ C1 : ‖f (x)‖2 < Vmax ∨ f (x) · (xq − x) > 0}
7: if |C2| == 0 then
8: return arg minx∈C1 ‖xq − x‖2 . Single filter only
9: end if

10: if ‖f (xq)‖2 < Vmax then
11: C3 = C2
12: else
13: C3 = {x ∈ C2 : f (xq) · (xq − x) > 0}
14: if |C3| == 0 then
15: return arg minx∈C2 ‖xq − x‖2 . Double filtered
16: end if
17: end if
18: return arg minx∈C3 ‖xq − x‖2 . Triple filtered
19: end function

direction of the target relative from the query point, and the direction of the flow velocity

at either the query point, or the target point. More specifically, a point xP passes the

filter for the target xQ if

Vmax > ‖f (xP)‖2 ∨ f (xP) · (xQ − xP) > 0, (5.6)

for the initial flow filter, and

Vmax > ‖f (xQ)‖2 ∨ f (xQ) · (xQ − xP) > 0, (5.7)

for the final flow filter. These filters disregard query positions that are inconsistent with

the strong flow velocities of the environment which are unlikely to be positions that can

reach the target position, especially for pairs of positions that are spatially near. Note

that the circular regions that pass the initial flow filter in Fig. 5.5b are the result of the

magnitude of the flow velocities being less than the vehicle’s maximum speed.

To increase the likelihood of providing a tree node that the vehicle could be to reach the
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sampled position, the proposed multi-stage filter progressively reduces the set of feasible

candidates until the end of the sequence of filters, or until the application of the next

filter would eliminate all candidates. This means that the order of the applied filters

affect the performance. The LSB filter is applied first since any candidates it rejects are

guaranteed to not be feasible theoretically. The initial and final flow filters are applied

after as they are heuristic in nature, especially for large spatial distances. After filtering,

the best candidate is selected as the one that has the lowest Euclidean distance to the

query point. This is to make the assumptions in the two heuristic filters stronger, and also

to reduce the computation time needed for AOS proposed in Sec. 5.3.1.

Pseudocode for the full multi-stage filter is presented in Alg. 5.1. The candidates after

each filtering stage can be seen in Fig. 5.5a, 5.5e, and 5.5f. Whilst these regions do not

closely confirm to the region in Fig. 5.5d, it removes a lot of areas known to be infeasible

compared to the approaches based on alternate distance measures.

5.3.4 Implementation with fast neighbour query data structures

Experimentally, we find that data structures that have low computation time complexity

(O(log |Xgraph|)) queries for nearest neighbour or k-nearest neighbours are not as fast as the

exhaustive search for the scope of our computational parameters. This is primarily because

the routines on tree-based data structures such as k-d trees [179], R∗ trees [180], and

balanced-box decomposition (BBD) trees [95] are not as parallelisable as the exhaustive

search. For the rest of this chapter, our implementation of the two proposed Nearest

considers all the tree nodes to identify the most suitable parent for the sampled point.

If a lower computational complexity is required, we suggest searching over points in the

neighbourhood of the query point identified by the 2-norm or the ψ-augmented 2-norm

as described in our preliminary work [174]. The number of neighbours k can be based

on kRRG log (|Xgraph|), the number of neighbours considered for asymptotically optimal

sampling-based planners [10].



Chapter 5. Preceding point selection through flow-based reachability analysis 143

Algorithm 5.2 Kinematic rapidly exploring random tree algorithm
1: function BuildRRT(planner)
2: while NotTerminal(planner) do
3: sample = SampleFree()
4: AddSample(planner, sample)
5: end while
6: end function
7:
8: function AddSample(planner, sample)
9: nearest = Nearest(sample, GetNodes(planner))

10: (new, ctrls) = Extend(nearest, sample)
11: if CollisionFree(nearest, new) then
12: ConnectSample(planner, nearest, new, ctrls)
13: end if
14: end function

5.4 Experiments

In this section, we empirically compare our proposed approach against various techniques

from literature, and variants thereof. We first provide the algorithmic implementation de-

tails used for the experiment, including the variations of implementation that were needed

for our particular problem. Then we perform a thorough experiment in an environment

with Taylor-Green vortices [170] to establish relative performance. Finally we study how

the different approaches perform in a simulated environment based on a real oceanic flow

prediction from the Australian BOM to demonstrate the implications of performance dif-

ferences for a marine robotics application.

5.4.1 Algorithmic implementation

5.4.1.1 Implementation of overall algorithm

Our implementation is based on the kinodynamic RRT [91], extended as an RRT∗ al-

gorithm for kinematically constrained systems, the pseudocode of which is provided in

Alg. 5.2 and 5.3. We will briefly describe some implementation details below which were

used for the experiments in this section.
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Algorithm 5.3 ConnectSample for RRT∗

1: function ConnectSample(planner, nearest, new, ctrls)
2: parent = nearest
3: costToNew = CostFromRoot(planner, nearest) + Cost(nearest, new, ctrls)
4: near = Near(new, GetNodes(planner))
5: for all n in near do
6: if CollisionFree(n, new) then
7: ctrls_n = Steer(n, new)
8: if Valid(ctrls_n) then
9: cost = CostFromRoot(planner, n) + Cost(n, new, ctrls_n)

10: if cost < costToNew then
11: parent = n
12: costToNew = cost
13: end if
14: end if
15: end if
16: end for
17: Add(planner, parent, new, ctrls, costToNew)
18: for all n in near do
19: if CollisionFree(new, n) then
20: ctrls_n = Steer(new, n)
21: if Valid(ctrls_n) then
22: cost = costToNew + Cost(new, n, ctrls_n)
23: if cost < CostFromRoot(planner, n) then
24: Reparent(planner, n, new, ctrls_n, cost)
25: end if
26: end if
27: end if
28: end for
29: end function

SampleFree Uses rejection sampling from a deterministic sampling sequence. More specif-

ically, the samples are obtained from a Halton sampling sequence with a random

amount of rotation and offset for a set of samples with lower dispersion compared to

uniform random sampling [11].

CollisionFree Simply checks whether the second argument is within the workspace.

Other collision checking capabilities are handled by SampleFree and Steer.

Near Implemented by providing the k-nearest neighbours to the given node based on

Euclidean distance, where k chosen such that the overall algorithm is asymptotically

optimal [10].
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Table 5.1: Summary of the different classes of approaches in experiments

Approach class Nearest Extend
NGeo min 2-norm ∆t step

VF min 2-norm VF-RRT with ∆t step
RCRD min 2-norm random velocity over random duration
EucN min 2-norm adaptive optimistic steering
LSBN min VLSB-augmented 2-norm adaptive optimistic steering
Filt filtered 2-norm adaptive optimistic steering

Cost Specified to return the time cost to execute the valid transit from one point to

another so that the overall algorithm will return a time-optimal path.

Steer Returns the persistent control that takes the vehicle from one point to another.

Only seven velocities are considered on the interval described by (4.21) and (4.23),

six of which are randomly sampled, and the last corresponding to the optimistic

velocity. When there are multiple solutions, the control that corresponds to the least

time cost is chosen in accordance with Cost. The integration duration is chosen in

a similar way to the Extend function described in Sec. 5.3.

Using Euclidean distance is still suitable for the Near function as its purpose in the algo-

rithm is to consider alternate routes geometrically, rather than identifying the node that

maximises reachability. This is reinforced by the proof presented in [10]. Future work

could explore reducing the number of considered neighbours due to the reduced reachable

areas based on local flow conditions.

The maximum propulsion speed of the vehicle Vmax in this section is 0.3m/s.

5.4.1.2 Implementation of compared approaches

The dependent variable for the experiments is the different implementations of the Nearest

and Extend functions summarised in Tab. 5.1. We primarily compare our proposed meth-

ods against the state-of-the-art in path planning for general kinodynamic systems, but we

also include other approaches for completeness whether or not they are probabilistically

complete. We will use the abbreviations NGeo, VF, RCRD, EucN, LSBN, and Filt to
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refer to the different classes of approaches which are described below in the rough order

of appearance in literature.

The NGeo approach is a naïve geometric approach that tries to emulate the growth of a

geometric RRT [10]. The nearest node is selected using the lowest Euclidean distance to

the sample, and a new node is created towards the sampled node using a feasible velocity

for a duration up to the maximum allowable integration limit ∆t. In the case where

the sample is in a direction that is unreachable, the algorithm skips that iteration. The

approach is known to be not probabilistically complete [96], however it provides as a good

reference point for other approaches.

The VF approach is our adaptation of vector field RRT (VF-RRT) [71] for the non-

holonomic system arising from strong flow fields. In the algorithm, an Extend function

is proposed that aligns the position of the extended node more to the local flow field

when the tree is effectively extending into new regions of the search space. There are a

few parameters needed for this approach, the most significant of which is Es which can

be interpreted as the exploration inefficiency tolerance factor. We emphasise that the

algorithm was not designed for strong flow fields, so when there is an attempt to add node

where it is kinematically infeasible, the iteration is skipped.

The RCRD approach uses an Extend function that generates a new node by propagating

the state of the tree node with a random control for a random duration. In our case,

this corresponds to corresponds to forward integration of the system dynamics from the

tree node after randomly selecting a velocity from the control space for a duration that

is uniformly random sampled from the interval [0, Tmax]. This approach is the state-of-

the-art for general kinodynamic problems, and has been shown to be probabilistically

complete [13, 181]; however it makes no attempt at reaching the sampled point and can

therefore spend more computational resources to explore the same search space.

The EucN approach considers the use of the Extend function proposed in Sec. 5.3, but

chooses the nearest tree node using the minimum Euclidean distance. This approach

highlights the consequences of the advection reachability problem illustrated in Fig. 5.1.
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Finally, our the distance-based approach LSBN described in Sec. 5.3.2 and the filter-based

approach Filt described in Sec. 5.3.3 also uses the Extend function proposed in Sec. 5.3.

In our experiments, we include small variations for some of these classes of approaches.

For VF, we use the same range of values for the exploration inefficiency tolerance factor Es
that were used the original paper. For RCRD, we use a range of values for the maximum

random duration Tmax. For LSBN, we use a range of values for the characteristic time β.

And finally, for Filt, we use different number of filters: single filter (SIFI) refers to just

the use of LSB filter, double filter (DOFI) refers to LSB filter and initial flow filter, and

triple filter (TRFI) refers to the full multi-stage filter. Note that EucN can be considered

the implementation of Filt without any filters.

5.4.2 Taylor-Green vortices

Extensive computations were performed on Taylor-Green vortices [170] which was used in

the illustrative examples in Figs. 5.4 and 5.5. The environment consists of four vortices

that rotate in opposite directions with a maximum speed that is four times the vehicle’s

maximum speed, except for the regions roughly indicated by the repeated pattern of circles

in Fig. 5.5b. For this environment, the maximum tolerable integration time step is 0.01 s

for the workspace size of 2× 2 m2.

For this scenario, the different variations of the compared approaches are listed in Tab. 5.2.

The results over 100 runs each using a maximum of one hour on a single core of a 2.4GHz

AMD EPYC 7532 processor for each implementation are tracked to capture the overall

behaviour as a mean. The repeated runs are necessary due to the randomness introduced

by the sampling process of after randomly rotating and offsetting the low-dispersion deter-

ministic sequence, the sampling process in Steer that is used in Alg. 5.3, and the random

sampling for RCRD approaches.

An example final solution for each implementation is shown in Fig. 5.6 along with its cost.

The final trajectories for many of these implementations align with our expectations due to

their rough symmetry in a flow field with regular currents. The NGeo approach generates

a graph very similar to the VF approach since they both attempt to grow the tree in
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(a) VF05 (N/A) (b) R025 (4.73 s) (c) L025 (4.49 s) (d) NGEO (11.39 s)

(e) VF25 (N/A) (f) R050 (4.50 s) (g) L050 (4.53 s) (h) EUCN (6.33 s)

(i) VF45 (N/A) (j) R100 (4.70 s) (k) L100 (4.45 s) (l) SIFI (4.47 s)

(m) VF65 (N/A) (n) R200 (4.68 s) (o) L200 (4.65 s) (p) DOFI (4.50 s)

(q) VF85 (N/A) (r) R400 (5.05 s) (s) L400 (4.58 s) (t) TRFI (4.45 s)

Figure 5.6: Example of the final path from different approaches and their execution cost
for planning in Taylor-Green vortices. The path (black) is the best shortest-time solution
after one hour of computation from the start (cross) to the goal (circular region). RRT
edges are shown in orange and those that are part of the final path are shown in red.
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Table 5.2: Details of compared approaches in Taylor-Green vortices

Label Approach class Additional comments
NGEO NGeo —
VF05 VF Es = 0.05
VF25 VF Es = 0.25
VF45 VF Es = 0.45
VF65 VF Es = 0.65
VF85 VF Es = 0.85
R025 RCRD Tmax = 0.25 s
R050 RCRD Tmax = 0.50 s
R100 RCRD Tmax = 1.00 s
R200 RCRD Tmax = 2.00 s
R400 RCRD Tmax = 4.00 s
EUCN EucN —
L025 LSBN β = 0.25
L050 LSBN β = 0.50
L100 LSBN β = 1.00
L200 LSBN β = 2.00
L400 LSBN β = 4.00
SIFI Filt LSB filter
DOFI Filt LSB and init flow filters
TRFI Filt LSB, init flow, and goal flow filters

a geometric way. In this scenario, the NGeo appears to outperform the VF approach

because it focuses more on exploring the space, rather than following the flow field which

is not as productive in vortices. The EucN approach is not as affected by this problem

because AOS still extends the tree despite integrated trajectory points not being spatially

close the sample. All methods using AOS benefit from the tree extension by construction in

this way. All other methods produce similar paths with similar costs suggesting that they

have converged to the optimal path. Among these other methods, it can also be observed

that there is more space between the tree edges of RCRD implementations indicating

poorer coverage of space, and is worse for higher choices of Tmax.

A set of graphs is shown in Fig. 5.7 which aggregates the result for each implementation by

taking the mean across available values for the 100 random runs. From Fig. 5.7a, it can be

seen that the ranking for early first available solution is roughly ordered as LSBN, EucN,

Filt, RCRD, NGeo, and VF for this scenario. The ranking is influenced by factors

including effectiveness of extending the tree, the computational simplicity, and effective

coverage of the workspace.
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(a) Percentage success over time (b) Num. conn. over iterations (c) Num. conn. over time

(d) Time over iterations (e) `2-dispersion over iterations (f) `2-dispersion over time

(g) Path cost against `2-disp (h) Path cost over iterations (i) Path cost over time

Figure 5.7: Aggregated measurements tracked over the computation time for the 100
runs of each different approach in the Taylor-Green scenario. Note that each point on a
path cost curve is computed across the number of available solutions for each implemen-

tation resulting in a curve that is not necessarily monotonically decreasing.
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Figure 5.7d shows the computation time over the iterations of the algorithm. Implemen-

tations that use AOS takes longer than RCRD methods, however after about 60 s of

computation, AOS approaches take less time to iterate. This accelerating property can

be attributed to the approach adapting the amount of computation time committed to

tree extension by adjusting the integration horizon, whereas the RCRD approach have a

consistent expected amount of integration steps. The approaches NGeo and VF are faster

than these techniques as expected as they only take a single discrete step per iteration.

Figures 5.7b and 5.7c show how new connections of each implementation are established

over the algorithm’s progress. In Fig. 5.7b, RCRD implementations as well as DOFI and

TRFI are shown to have nearly 100% connection rate. For RCRD approaches, this is due

to the fact that it extends the tree by construction. In contrast, AOS approaches relies

on a suitable tree node chosen by the Nearest function. The AOS extension strategy also

partially extends the tree by construction, however it fails when the closest point after

forward integrations is still the starting point. Since DOFI and TRFI implementations

identify a suitable tree node by considering the local flow direction, it is able to match the

connection rate of RCRD implementations. When AOS acceleration is taken into account,

the implementing methods can be seen in Fig. 5.7c to eventually establish connections

faster than the RCRD methods.

Figures 5.7e and 5.7f show how the `2-dispersion of the tree nodes for each implementa-

tion over the algorithm’s progress. It is interesting to see how different implementations

of the Nearest function with EucN, LSBN, and Filt leads to a spread of dispersion in

Fig. 5.7e. This highlights the importance of finding a feasible tree node that can connect

to the sample node. The almost imperceptible difference in connection rate between TRFI

and RCRD implementations seen in Fig. 5.7b can lead to larger differences in dispersion

reduction seen in Fig. 5.7e. The RCRD implementations initially start with higher dis-

persion than implementations using AOS, however since they are able to extend the tree

more often per iteration than SIFI, EucN, and LSBN approaches, they are able to reduce

dispersion at a higher rate. However, AOS acceleration makes most of these techniques

to reduce dispersion faster than the RCRD approaches in Fig. 5.7f. Another reason for

higher dispersion in RCRD tree nodes is due to the addition of nodes that are unevenly
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spread across the workspace since it is influenced by a limited integration horizon, and the

growth of the tree.

Finally Figs. 5.7h and 5.7i show the path cost of the optimal path that the implementations

provide over the algorithm’s progress. In comparison with the dispersion graphs, we see

that reductions in dispersion correlate to reductions in path cost. An exception to this

pattern is the EucN method, which appears to be to reduce dispersion but it does not

appear to lead to a reduced path cost. This outlier is more distinct in Fig. 5.7g, which

shows how the dispersion of the tree nodes correlate to the best path cost obtainable from

the algorithm. A potential explanation for this outlier could be due to a combination of an

inconsistent coverage of space and the rewiring mechanism in Alg. 5.3 which is designed

to improve the query path cost. The EucN method has difficulty adding nodes near

the samples in certain places than others due to the advection reachability problem, and

since the rewiring process only occurs with neighbouring nodes, the tree is optimised in a

non-uniform manner, leading to sub-optimal tree structure.

From the results of this experiment we see VF approaches performing worse than NGeo,

an approach already known to perform poorly since it is not probabilistically complete [96].

The VF approach biases the growth of the tree to the flow field, but this strategy’s

effectiveness is very dependent on how downstream the goal is from the initial position.

In this scenario, the goal is not downstream nor upstream of the start which makes it

difficult for the tree to grow in the correct way. The EucN approach appears to produce

suitable search trees in Fig. 5.6h, but it appears to perform inconsistently in comparison

to others in Figs. 5.7g to 5.7i making it even less desirable for use in real applications.

This experiment indicates that the RCRD, LSBN, and Filt approaches are the most

promising. It highlights a need to choose a suitable value for Tmax for the RCRD approach.

A lower max duration leads to better path cost convergence, however it corresponds to

slower coverage of the space. On the other hand, a higher max duration leads to faster

coverage of space, but leads to worse path cost convergence. For the LSBN approach, a

higher selection of β leads to better dispersion reduction up until the 20 s mark, but then

worse after that. This suggests that it is important to consider the LSB when the points

are spaced far apart, but less important when points are closer together. A lower selection

of β appears to produce slightly better results though. As a whole, LSBN approaches
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produce earlier solutions in this scenario, most likely due to a combination of effective

tree node selection and simpler computation to select the parenting tree node. The Filt

approaches also produce early solutions and also converges the fastest. It is interesting to

note that DOFI ends with higher dispersion than TRFI, but has similar path cost. This

indicates that the TRFI approach is more effective at covering the workspace with nodes,

however those additional nodes weren’t necessary in the formation of the best path. An

inherent benefit of Filt-based approaches is that it is able to perform well without the

need to specify or tune a parameter such as β for the LSBN approach, or Tmax for the

RCRD approach.

5.4.3 East Australian Current

We now compare the performance of LSBN and the Filt approaches DOFI and TRFI

against the RCRD approach in a more realistic flow field featuring the strong southward

current of the EAC based on predictions from the Australian BOM for the top layer

of forecasted currents on 16th of November 2018. The continuous flow field f (x) and

its stream function ψ (x) is computed by Gaussian regression using the incompressible

kernel [38] using lengthscales l1 = l2 = 32.5× 103 m and σker heuristically picked to be

σker = µ/l1, where µ = 0.43 m/s is the average flow vector magnitude. The simulated

environment features varying flow speeds reaching up to a maximum of 1.49 m/s in contrast

to the vehicle’s speed of 0.3 m/s. For this environment, the maximum tolerable integration

time step is 1 hr.

The experiment will also be more computationally limited than in the previous experi-

ment to a 60 s computational time budget reflecting realistic computational constraints of

onboard processing. In this limited period of computation time, AOS methods are slower

to iterate than RCRD methods. Paths are generated in both directions between Sydney

and Brisbane to show how the approaches handle assistive and adversarial currents. The

same parameters as listed in Tab. 5.2 are used, except for RCRD methods where Tmax is

multiplied by 3600, i.e. scaling the max duration to hours instead of seconds.
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(a) R025 (11.70 days) (b) R050 (11.91 days) (c) R100 (11.96 days) (d) R200 (12.17 days) (e) R400 (12.15 days) (f) DOFI (13.97 days)

(g) L025 (12.27 days) (h) L050 (12.24 days) (i) L100 (12.27 days) (j) L200 (12.50 days) (k) L400 (12.30 days) (l) TRFI (12.87 days)

Figure 5.8: Example of the final path from different implementations and their execution cost for planning one minute from
Brisbane to Sydney. The RRT edges are shown in orange and those that part of the final path are shown in red.
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(a) R025 (N/A) (b) R050 (N/A) (c) R100 (N/A) (d) R200 (30.16 days) (e) R400 (N/A) (f) DOFI (32.34 days)

(g) L025 (35.57 days) (h) L050 (35.57 days) (i) L100 (35.71 days) (j) L200 (35.70 days) (k) L400 (35.70 days) (l) TRFI (30.38 days)

Figure 5.9: Example of the final path from different implementations and their execution cost for planning one minute from
Sydney to Brisbane. The RRT edges are shown in orange and those that part of the final path are shown in red.
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An example final solution for each implementation is shown in Fig. 5.8 for the southward

trip and Fig. 5.9 for the northward trip. Despite only a minute of computation, the

generated paths from the different implementations are similar. It can be seen in Figs. 5.8a

and 5.9a how RCRD methods grow their tree by following the natural system dynamics.

Lower values of the maximum integration horizon Tmax tends to focus newer nodes in areas

already covered. In the southward trip, this allows R025 to produce the best path since

there were many opportunities to make small adjustments for shorter travel time. However

for the northward trip, this prevents R025 from finding a path at all, since its tree has not

grown to the goal yet. In contrast, higher Tmax implementations tends to create newer

nodes further away from the tree giving it better exploration qualities at the expense of

path convergence rate. The fact that a solution is found for R200, but not for R400 in

this set of RCRD implementation paths in Fig. 5.9 is also a good reminder that these

techniques grow their trees more randomly and can be inconsistent at producing paths

at the same time. Since the implementations using AOS are more systematic in terms

of adding nodes, the trees they construct cover the space more consistently, however the

corresponding paths are not as optimal. It can also be seen that for this set of experiments

the LSBN implementations created very similar paths and trees which suggests that a

wider range of values might be needed for larger effects. Out of the implementations that

used AOS, TRFI appears to generate the best paths in terms of its cost.

Figures 5.10 and 5.11 show aggregated results across 100 runs, each of which are performed

on a 2.2GHz Intel Xeon Gold 6238R processor. For these results, the graphs related to

`2-dispersion were note generated due to the complex boundary of Australia’s landmass.

Figures 5.10a and 5.11a confirm that in the limited scope of computation time, AOS

methods are slower to iterate than RCRD methods. Figures 5.10b and 5.11b also follow a

similar pattern to 5.7c. Despite creating more connections, RCRD implementations does

not cover the space well with new nodes as shown in Figs. 5.8 and 5.9, reinforcing the idea

that the RCRD does not reduce dispersion effectively.

As discussed before, low Tmax RCRD implementations constructs a tree that better follows

the natural system dynamics which is advantageous when the goal is downstream of the

start. In Fig. 5.10d, R025 is not only able to find solutions earlier, the time to find first
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(a) Time over iterations (b) Num. conn. over time (c) Time for first solution

(d) Percentage success over time (e) Path cost over time

Figure 5.10: Aggregated measurements tracked over the computation time for the 100
runs of each different approach for the Brisbane to Sydney trip. Note that each point on
a path cost curve is computed across the number of available solutions for each imple-

mentation resulting in a curve that is not necessarily monotonically decreasing.
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(a) Time over iterations (b) Num. conn. over time (c) Time for first solution

(d) Percentage success over time (e) Path cost over time

Figure 5.11: Aggregated measurements tracked over the computation time for the 100
runs of each different approach for the Sydney to Brisbane trip. Note that each point on
a path cost curve is computed across the number of available solutions for each imple-

mentation resulting in a curve that is not necessarily monotonically decreasing.
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solution is also more consistent. But Fig. 5.11d shows that the same implementation has

trouble finding a solution in the allotted time. The implementations using AOS are more

consistent in terms of the time to first solution, with LSBN implementations being slightly

faster on average on the northward trip. In practice, the TRFI implementation is more

consistent in terms of time to first solution. This is emphasised in Figs. 5.10c and 5.11c

which visualises time to first solution using a box plot with a linear scale. These figures

also highlight that the TRFI implementation already has solutions for both sets of results

by the 20 second mark.

Finally in Figs. 5.10e and 5.11e, RCRD methods are shown to produce path costs when

solutions are available that tend to be lower than the proposed methods. However, in

applications where the anytime property is important, a shorter time to first solution is

more important. Furthermore, it should be emphasised that all of the curves in Fig. 5.11e

does not account for the path costs in some runs as some have not found solution yet.

This means that the true average path cost can be higher. These graphs also indicate the

benefits of the third goal flow filter, allowing the TRFI implementation to converge faster

than DOFI.

This experiment demonstrated that the proposed filter-based approach, TRFI, outper-

forms the RCRD method in scenarios with adverse currents. Although TRFI is slower

than RCRD in scenarios with assistive currents, the difference is minimal. One advantage

of using AOS-based implementations is their superior coverage of the search space with

tree nodes, which benefits multi-query applications. For instance, AOS implementations

in the EAC environment can more readily provide solutions to various destinations from

their starting points compared to RCRD implementations. Additionally, if the RRT was

constructed in reverse, with the goal position as the root node, it would allow for querying

time-optimal paths to destinations from multiple locations.

5.5 Summary

In this chapter, we identified the advection reachability problem which hindered the in-

tentional growth of search trees to sampled points. We strived to preserve samples from
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any chosen sampling strategy in order to reap the benefits of certain sampling sequences

described by existing research. To achieve this, we first presented an implementation of the

Extend function using AOS. This Extend function is designed to find a possible persistent

control that can be used to connect two points with a conservative amount of computation.

Its adaptive integration horizon allows it to perform faster at later stages of the overall

algorithm which improves convergence rates to the optimal path. We then explored two

different approaches for the Nearest primitive function, to address the advection reach-

ability problem. In the first approach, we proposed an alternate distance measure which

incorporates a property of the flow field to quantify the reachability between two points.

However this approach can incorrectly quantify downstream tree nodes as more reachable

to the sample node than more suitable upstream ones, a problem that also applies for true

distance metrics. In the second approach, we explore the idea that the implementations of

the two primitive functions Nearest and Extend should be tightly associated. We believe

that implementations of Nearest should focus on identifying the tree node from which is

most likely possible to connect to the sample using the chosen Extend function. A multi-

stage filter is proposed that progressively eliminates tree node candidates to improve the

likelihood of identifying this tree node.

From our experiments, we find that the use of AOS lead to higher dispersion reduction

which generally corresponded to faster path convergence rates and earlier initial solutions.

Another advantage of this kind of approach is that the tree will more likely include the sam-

ple points themselves. E.g. in our experiments, we used a deterministic sampling sequence

which has a low dispersion property. In the scenarios where the proposed approaches are

expected to converged slower or have later initial solutions, the sampling sequence can

be adjusted to inherit different properties like goal bias [69], local bias [87], beacon sam-

pling [12], and informed sampling [90]. In contrast, the RCRD baseline method would not

be able to inherit these benefits as much since the tree extension process is not intended

to grow towards a specified target.

The findings in this chapter are promising and show potential for practical use in marine

robotics, and even suggest further work exploring the connection between the primitive

functions Nearest and Extend in general kinodynamic systems. Additionally, there is

potential for further improvement in performance by considering a Nearest primitive
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function that draw ideas from both proposed approaches. This combined approach largely

follows the algorithmic structure of the flow-based multi-stage filter described in Alg. 5.1,

however instead of using Euclidean distance to choose from the final pool of candidates,

the VLSB-augmented 2-norm is used. Whilst Euclidean distance is appropriate for the

flow-based multi-stage filter to reinforce the locality assumptions of the filters, the VLSB-

augmented 2-norm would add a preference for candidates that are more aligned to the flow

field which should be more numerically stable compared to those at the edge of reachability.

However, choosing the candidate in this way requires additional mathematical operations

to be evaluated, so further research is required to determine whether the computational

overhead is a worthwhile tradeoff for the numerical stability, and to gain insight on how

the β term should be chosen.





Chapter 6

Conclusion

In this thesis, we identified operational constraints and limitations for underwater gliders

that lead to heavy reliance on remote supervision. Underwater gliders have comparatively

low propulsion speeds compared to the speed of ocean currents which means that they

can get stuck in situations where their effective directions of movement are limited. This

makes them heavily reliant on remote supervision to navigate around challenging flow pat-

terns, particularly as the industry standard typically assumes a uniform flow environment.

In Sec. 6.1, we address some fundamental issues that arise from these circumstances as

contributions, in Sec. 6.2 we discuss different avenues of future work that can follow the

work in this thesis, and in Sec. 6.3 we end the thesis with an outlook to the future of

underwater gliders.

6.1 Main contributions

In Ch. 3 we presented a new algorithm that provides a continuous flow field estimation

by iteratively refining the contributions of basis flow fields identified from ensemble fore-

cast data. This leverages the output of systems dedicated to more accurate predictions,

avoiding the need to rigorously account for various physics-based phenomena, and the large

amounts of measured data across space and time. The use of kernel methods to re-describe

the ensemble data as latent variables ensures the representation retains incompressibility

163
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of the flow field, an approximation also used by oceanographers. By vertically decoupling

the latent representation of the ensemble data and extracting the spatially correlated flow

patterns for 2.5D flow fields, we were able to reduce the out-of-span error that comes with

this type of flow field estimation. This approach is shown to be more computationally

efficient than other techniques and also has an interesting by-product of making global

corrections from local measurements.

In Ch. 4 we lay the groundwork for streamline-based control theory, which a identifies a

relation between the reachability of another point and the constant propulsion velocities.

This reduces the search space for the persistent control that minimises the cost function

of interest for the implementation of Steer and consequently Cost, which are necessary

implementations for some sampling-based path planners. An extension of this idea is also

presented for 2.5D flow fields, reducing the 2D search space of an underwater glider to

1D again. Despite relinquishing the guarantees of completeness, we argue that the overall

algorithm remains to be probabilistically complete if used in a probabilistically complete

sampling-based path planning algorithm. This is supported by experiments comparing

against the implementation that considers the full available velocity space.

In Ch. 5 we address the advection reachability problem that arises from travelling in strong

flow fields our proposed implementations of the primitive function Nearest. In this func-

tion, we seek a suitable the existing search graph node from which to extend towards the

sampled state. Two implementations of this primitive function Nearest are proposed. The

first explores the use of a distance measure that is augmented by an additional quantity

called the lower speed bound (LSB), which is another way to characterise the difficulty to

traverse between two points. This quantity comes from streamline-based control theory

describing the speed below which a vehicle provably cannot use to reach the other point.

The second approach is a filter-based implementation that progressively eliminates can-

didates based on conditions that hold stronger the closer the two compared points. We

find that the filter-based approach identifies more suitable nodes to extend from, leading

to faster convergence to the optimal path. Furthermore, by following the philosophy to

retain the generated samples in the search graph, we show that both of these approaches

inherit valuable qualities from the originating sampling sequence. In our experiments,

both proposed methods are compared against the best practice using the kinodynamic
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rapidly exploring random tree (RRT) framework, and produced search graphs that better

cover the search space leading to more consistent computation times to first solution.

6.2 Future work

In this thesis, we explored algorithmic advancements for flow field estimation and path

planning in 2D time-invariant flow fields and demonstrated how these methods can be

extended to 2.5D flow fields. Here, the potential future directions search are discussed.

More specifically, Sec. 6.2.1 outlines the details of an integrated system based on our

findings and discusses its potential impact. Additionally, Sec. 6.2.2 provides insights into

further developments and extensions of the ideas presented in this thesis.

6.2.1 Experimentation of integrated system

In this thesis, we proposed a time-invariant flow field estimation algorithm in Ch. 3,

and addressed path planning issues in strong time-invariant flow fields in Chs. 4 and 5.

Immediate future work to this is testing a system that integrates these ideas in a model

predictive control (MPC)-like fashion. While such a system would not account for the time-

variant nature of real ocean currents, its robustness would be of significant interest. This

section provides details on the implementation of this system, illustrated in Fig. 6.1, along

with alternative variants, and discusses the potential impact of a successful integration.

6.2.1.1 Autonomous 2D navigation with underwater gliders

We first consider a system that treats the ocean as a 2D flow field. The merits of this

approximation is that the estimation and problem is drastically simplified. The operational

workspace for underwater gliders is also very stretched out, with the typical ratio between

horizontal and vertical dimensions being comparable to the ratio of the area and the

thickness of a piece of paper.

We first describe the infrastructure to support the autonomous navigation of underwater

gliders that is always ready to establish communications whenever the underwater glider
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Figure 6.1: System diagram of an integrated navigation system for underwater gliders

surfaces. At the top right of the diagram, the user oversees the full mission and is able

to set multiple waypoints for the underwater glider. At the top left, a high performance

computing (HPC) solution produces ensemble forecasts of ocean behaviour roughly 6 hrs

apart, e.g. from the Australian Bureau of Meteorology (BOM). The offline/training step

described in Ch. 3 is then applied on the ensemble data at a particular depth to obtain

basis flow fields H(x), weight vector initialisation w0, and the corresponding covariance

matrix by taking the column-wise covariance of the weight matrix W . We recommend

that the chosen depth should be below the Ekman layer, the top boundary layer of the

ocean with strong currents which ends at about 45 to 300 m. The operational depths for

the underwater glider should also be below the Ekman layer, where the flow field is mostly

horizontal flow and is more consistent across depth.

Next we describe the system onboard the underwater glider corresponding to the bottom

half of the diagram. We assume that the underwater glider has something like an acoustic

Doppler current profiler (ADCP) to measure its local flow velocity. Additional measure-

ments of flow velocity can also be derived from drift using expectation-maximisation using
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reference positions before and after a dive [38]. The measurements are then used to up-

date the flow field estimate using the online step from Ch. 3, i.e. a Kalman filter (KF)

update step. Inflating the covariance of the weight vectors may allow the algorithm to

accommodate for the different sources of modelling inaccuracies such as the time-invariant

approximation of the flow field. An advantage of using our flow field estimation framework

is that the planner can query the flow flux relative to a fixed reference point by using a

slightly different kernel. Instead of the incompressible kernel Kincomp, the flow flux kernel

Kflux(x,x′) = k(x,x′)D
(
x′
)ᵀ
, (6.1)

should be used instead.

The planner should use an algorithm designed for replanning in dynamic environments

since our flow field estimate updates over time. A potential candidate is RRTX [127] with

some minor adjustments. Its implementation should include the primitive functions de-

scribed in this thesis: the cost can be evaluated between two costs by using the steering

function in Sec. 4.4.1, the search tree can be extended by using adaptive optimistic steer-

ing (AOS) described in Sec. 5.3, and finally the tree node to extend from can be selected by

using the multi-stage filter technique described in Sec. 5.3.3. The search tree maintained

by the planner acts as a policy, in the sense that it is able to provide controls and paths

to the goal regardless of where the vehicle is. This is useful in our system as it is able to

handle various sources of error such as underwater localisation error from dead reckoning,

drifting from strong surface currents, flow field estimation errors.

Whenever the underwater glider is able to communicate with the remote system, informa-

tion is updated on the vehicle, and some data is sent back to the user. If a new destination

is sent, then a new search tree using the new position as the root. For the onboard estima-

tion module, the basis flow fields and weight vectors can be completely replaced with the

new quantities. It may be worthwhile fusing the previous weight vector with the updated

one as the previous weight vector still holds some valuable information.
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6.2.1.2 Additional considerations for 2.5D environments

We also proposed ideas for 3D environments using a 2.5D approximation of the environ-

ment’s flow field. After small adjustments to the ideas presented in Ch. 5, they could be

integrated along with the ideas in Sec. 3.5 and Sec. 4.5 for a system to explore the benefits

of a different underwater glider control scheme in which each diving or rising manoeuvre

is determined by the navigation system. This control scheme enables the generation of

optimal trajectories with patterns different that are different to the standard zigzag or

sawtooth pattern [8]. However, a consequence of this control scheme is that the horizontal

spacing between the planner nodes is effectively limited by the horizontal range of a single

manoeuvre which limits the horizontal size of the workspace in practice.

Planning in larger horizontal workspaces is feasible if we constrain underwater glider tra-

jectories to be sawtooth-like. In this formulation, persistent controls describe the net

horizontal velocity and the duration only. Since the distance between subsequent nodes

are expected to be larger, we do not believe that the steering strategy proposed in Ch. 4

to be sufficient. A sampling-based algorithm that constructs an optimal tree without an

effective two-point boundary-value problem (TP-BVP) solver may be necessary such as

stable sparse RRT (SST) [116].

6.2.1.3 Impact of robust underwater glider navigation

Robust navigation simplifies the logistical challenges of underwater glider operations, al-

lowing them to be treated as autonomous vehicles rather than mere tools. Additionally,

ongoing research [182, 183] aimed at accurately predicting energy consumption patterns

based on planned trajectories could enable these vehicles to autonomously navigate back

to deployment and recovery stations, similar to how Roomba robot vacuums return to

their docking stations. This advancement holds significant potential for improving the ac-

cessibility and utilisation of underwater gliders in extensive ocean monitoring initiatives.

By seamlessly integrating underwater gliders into fleets of robots, this advancement tran-

scends mere autonomy. It enables mutual localisation, a collaborative approach that not
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only improves navigation effectiveness but also enhances the quality and accuracy of col-

lected data. This collective intelligence allows the vehicles to operate in harmony, boosting

their capabilities and expanding the scope of their scientific contributions.

6.2.2 Insight for further algorithmic advancements

In this section, we point to possible links between our work and existing work that can

potentially advance our theoretical and algorithmic contributions even further. We focus

on advancements for ensemble-based flow field estimation in Sec. 6.2.2.1, and advancements

for streamline-based path planning in Sec. 6.2.2.2.

6.2.2.1 Advancements of ensemble-based flow field estimation

Firstly, Ch. 3 provides a clear framework to estimating flow field dynamics. A prominent

class of tools for this task involves approximating the Koopman operator [184], an infinite-

dimensional operator that maps a vector field from one timestep to the next. One of the

most recognised methods for this purpose is dynamic mode decomposition (DMD) [32],

which employs tools like the singular value decomposition (SVD), similar to those used in

Ch. 3. Non-linear extensions of DMD, such as Extended DMD [185] and Kernel DMD [186],

could further enhance accuracy for this highly non-linear dynamic system.

Additionally, given the amount of meteorological data available, deep-learning based meth-

ods for estimating the Koopman operator may offer improved performance. Physics-

informed neural networks [187] and physics-informed DMD [188] may also allow the use

of models such as incompressibility to improve sample efficiency, further improving iden-

tification performance.

Finally, the Perron-Frobenius operator, which is the dual of the Koopman operator, propa-

gates probability distributions under the dynamics of a flow field; this is another promising

tool that may be able to capture the uncertainty in an ensemble forecast while taking into

account the dynamics of the flow fields in the forecast. This may be useful in modelling the

uncertainty of a glider moving in strong flows while it is experiencing poor communications.
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6.2.2.2 Advancements of streamline-based path planning

In Ch. 5, we addressed the advection reachability problem for the primitive function

Nearest, which facilitated the addition of nodes similar to the ones from the sampling

sequences. Similar ideas can also be applied on the primitive function Near, which iden-

tifies a limited number of nearby graph nodes. The standard implementation identifies a

number of nearby nodes by Euclidean distance, however the way these nodes are using

in the RRT∗ framework suggests that two slightly different primitive functions should be

used instead, one that identifies a number of candidate preceding nodes, and one that

identifies a number of candidate succeeding nodes. It can also potentially be shown that

a smaller number of nodes to be used for these primitive functions will still preserve the

asymptotically optimal property of the algorithm and can improve the convergence rate

to the optimal path.

In Ch. 4, we considered stream functions to establish the foundations for streamline-based

control theory. This theory enabled us to efficiently find a persistent control that allows

a vehicle to transition between two points in 2D incompressible flow fields, and a simple

extension of the idea was also demonstrated for a special case of the 3D environment. We

believe further work can lead to the development of a more principled extension for general

3D incompressible flow fields.

Through some preliminary numerical experiments, we observe that the persistent controls

that traverse between two points in 3D incompressible flow fields appear to lie on a 3D line,

whether the flow field is continuous or not. Developments could be made by considering

dual stream functions ψ : R3 → R and χ : R3 → R of a flow field f : R3 → R3

f(x) = ∇ψ ×∇χ, (6.2)

where the ∇(·) is the gradient of the argument. The level set intersection of a pair of these

3D stream functions correspond to streamlines, in contrast to the level sets of stream

functions in 2D. Unfortunately, dual stream functions are not well-defined for general flow

fields. Whilst there is existing work that establishes how some dual stream functions

can be formulated for some basic flow patterns [189], the main challenge is that the dual
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stream function of superposed flow fields is not always equal to the summation of their

dual stream functions. A potential solution is to find a way to define the dual stream

functions of basic flow patterns such that their summation corresponds to superposed

flow. Resolving this issue holds the potential to unlock applications in various disciplines

grappling with incompressible flow fields, including electromagnetic fields in physics and

gravitational fields in astronomy.

6.3 Outlook

The vastness of the ocean has always posed a formidable challenge to researchers and

explorers alike. However, the emergence of underwater gliders presents a beacon of hope

in this endeavour. Their remarkable energy efficiency and capability to cover expansive

distances mark them as invaluable assets in the pursuit of understanding our planet’s

largest and least explored realm. Looking ahead, one can envision a future where fleets of

autonomous underwater gliders tirelessly patrol the oceans, delivering precise and targeted

measurements essential for unravelling the secrets of meteorological phenomena. These

tireless sentinels, equipped with advanced sensing capabilities, promise to revolutionise

our ability to monitor and predict oceanic patterns on a scale previously unimaginable.

Beyond the realm of scientific inquiry, the potential applications of autonomous underwater

gliders extend to the sphere of national security. In the future, we may witness these

technological marvels taking up posts along offshore borders, enhancing efforts to safeguard

our nations. Their stealthy and persistent presence could prove instrumental in bolstering

maritime security and responding swiftly to potential threats. As technology advances and

their capabilities continue to grow, underwater gliders are poised to play a pivotal role in

safeguarding our marine borders, further emphasising their significance in the broader

context of oceanic exploration and security.
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A Underwater glider kinematic model

This appendix provides the remaining components that fully define the kinematic model

of the underwater glider’s trim states mentioned in Sec. 4.2.1.1. Recall that the speed of

the vehicle is

Vg(β) =
√

m(β) · g
D(β) · sin β − L(β) · cosβ . (4.3 revisited)

The other functions of the glide angle are defined in the following way:

m(β) = mg −mb(β), (A.3)

L(β) = KL0 +KL · α(β), (A.4)

D(β) = KD0 +KD · α(β)2, (A.5)

mb(β) =


mbmax , β < 0

0, otherwise
, (A.6)

α(β) = KL

2KD

(√
1− 4KD

K2
L

(cotβ) (KL0 +KD0 cotβ)− 1
)

tan β. (A.7)

The constants that were used in this thesis are defined as:

g = 9.81 m/s2,

mg = 1 kg,

mbmax = 2 kg,

KL0 = 0 N,

KL = 306 N,

KD0 = 5 N,

KD = 20 N.
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