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A significant hurdle for quantum information and processing using bosonic systems is stochastic
phase errors which occur as the photons propagate through a channel. These errors will reduce the
purity of states passing through the channel and so reducing the channels capacity. We present a
scheme of passive linear optical unitary averaging for protecting unknown Gaussian states transmit-
ted through an optical channel. The scheme reduces the effect of phase noise on purity, squeezing
and entanglement, thereby enhancing the channel via probabilistic error correcting protocol. The
scheme is robust to loss and typically succeeds with high probability. We provide both numerical
simulations and analytical approximations tailored for relevant parameters with the improvement of
practical and current technology. We also show the asymptotic nature of the protocol, highlighting

both current and future relevance.

I. INTRODUCTION

Optical quantum systems play a major role in a wide
range of quantum technology applications offering dis-
tinct advantages [1]. Currently, some of the most devel-
oped and practical quantum information applications of
optical systems are based on Gaussian source states [2]
(such as squeezed states) and linear networks. Exam-
ples include continuous variable (CV) versions of tele-
portation [3] and quantum key distribution [4] as well
as Gaussian Boson sampling [5-8]. However, in order to
enable scalable quantum applications it is essential to es-
tablish practical approaches for controlling noise in these
quantum optical systems. The non-universal nature of
deterministic linear optics processing means standard ap-
proaches to error correction are not immediately appli-
cable and other approaches need to be explored.

One such alternative approach is unitary averaging
(UA) [9-12], a framework that has been shown to help
reduce errors within discrete variable (DV) linear optical
setups, i.e. set-ups in which non-Gaussian, single photon
source states are injected into linear networks. It is not
immediately obvious that UA can be usefully extended
to systems with Gaussian inputs due to various Gaussian
no-go theorems [13-15]. The role of vacuum projection
with respect to the theorems is non-trivial. None-the-less
we show that such an extension is possible and useful,
leading to a powerful generalization of the UA technique.

To illustrate the effect w ef ocuso na s imple but
practically relevant example: a single mode propagating
through a channel with stochastic phase noise. Such a
situation is generic in continuous variable quantum com-
munication scenarios but might also be relevant in op-
tical circuits due to fabrication variations or the incor-
poration of thermal components. Phase noise typically
arises due to small fluctuations in path length/timing be-

tween the optical modes. This may be between the quan-
tum modes themselves and/or the quantum modes and
a reference mode (the local oscillator). It has long been
known to limit squeezing strength [16] and can particu-
larly be a problem in quantum communication protocols
[17]. We characterise the improvement in the channel by
analysing a two-mode squeezed vacuum state [18] with
half the state sent through the channel. Previous tech-
niques employed multiple copies of the input state to re-
duce phase noise [19-21]. In contrast, here a single copy of
an unknown state is sent through multiple copies of the
channel before being recombined non-deterministically.
We demonstrate that Gaussian encoding with vacuum
projection (as used for recombination) has strong utility
for protecting Gaussian states against phase errors. This
leads to a significant improvement in the purity, entangle-
ment and squeezing through the averaged channel with
a high probability of success. Importantly, the protocol
continues to perform effectively in the presence of loss in
the optical elements.

II. UNITARY AVERAGING ON DV SYSTEMS

In the UA framework, one utilises redundancy in the
applied transformation, rather than redundant encod-
ing to protect against errors. The success probability is
known to depend on the variance in the individual uni-
taries. UA acts to apply an averaged unitary evolution
[9, 10] on discrete variable (DV) systems given by
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using N copies of the unitary. The choice of @ over U
signifies that the resulting transformation in DV systems
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Figure 1: Scheme for passive unitary averaging.
Redundant encoding using beamsplitter network for
general n. One mode (G;) of a two mode squeezed
vacuum state is input into the encoding network beam
splitter network which evenly distributes the state
across n copies of the transmission mode. Each mode
applies an independent phase noise A®;. The decoding
network inverts the encoding circuits action and upon
hearlding the n — 1 error modes in the vacuum state,
produces an output state with reduced noise.

is non-unitary. Additionally, there are a set of (N — 1)
‘error’ modes that are heralded by vacuum projections
to signal the success of this transformation. This average
transformation 4 represents a stochastic operator which
approximates the target unitary with a variance reduced
by a factor N [9]. For DV optics this was found to allow
a trade-off between the transformation fidelity and the
the heralded probability of success.

We will now apply UA to a single mode channel suf-
fering stochastic phase noise.

III. PASSIVE UNITARY AVERAGING ON CV
SYSTEMS

We will model the effect of UA on a CV system by con-
sidering a two-mode squeezed vacuum state [22, 23|, with
one mode fed through the noisy channel which is then
characterised by the output squeezing, purity and entan-

J

glement. The two mode squeezed vacuum was chosen as it
can model various types of input states through pro-
jective measurement. One arm of a two-mode squeezed
state forms a Gaussian thermal state which can be de-
composed into number state, coherent state or squeezed
state bases (amongst others). These decompositions can
be physically realised via photon number, heterodyne and
homodyne projective measurements on the other arm, re-
spectively. It is of no consequence whether the projections
are made before or after the first arm is sent through the
channel. Thus analysis of the properties of a two-mode
squeezed state after one arm has passed through a chan-
nel provides general information about the characteristic
of the channel. Fig.1 shows the circuit we will be consid-
ering. We direct one mode of the two-mode squeezed vac-
uum state into the interferometer, while leaving the other
mode free. The encode and decode transformations con-
sist of 50 : 50 beamsplitters implementing a Hadamard
transform to evenly mix all modes together. Finally, the
(n — 1) output modes are heralded in the vacuum leav-
ing the signal to be output through the final, undetected
mode.
The input state is given by

[Wim) = S(r) [0} 0) @ |0y®* (2)

where the two-mode squeezing operator S(r) acts on only
the first two modes

S(r) = exp [—r(dodl — dgd{) (3)

After passing through the interferometer and heralding
vacuum in the last (n — 1) modes, the output state, Eq.2
is

(72 (01,) U5 [0)10) 10207 = fyhows)  (4)

where U = (HT * R(0) * H)pyn, H is the Hadamard
transforms acting as the encoding and decoding circuits,
and R(#) implements stochastic phase transformations
on each mode, representing the noise. The output state
is,

[$out) = (coshr) ™" Y ~(~1)7
N

We will simplify this by defining

; e 4 ei®2 4 4 eifn
ael®s = + n+ i (6)

tanh 7’ =a tanhr (7)

The phase terms ¢; vary randomly and independently
around some mean value. Hence, the output state after
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vacuum heralding is
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where N is a normalisation constant related to probabil-
ity of success, and Y/ = r’e??s.



The normalisation constant for the output state (5) is,

cosh r’

N = 9)

coshr

giving a probability of success P = |<oshr’ |2,

While each individual use of the channel will produce
two mode squeezed state with squeezing parametrised by
X', the values of «, ¢g and hence x’ are each stochastic
variables. As such, the output is the mixed state

b= / dx'p(x)S () 10)[0) 0] I §' () (10)

where p(x’) gives the probability density for the stochas-
tic parameter y’. Thus, the state is only approximately
Gaussian for small noise, with the approximation becom-
ing exact in the limit of no noise.

The term Gaussian [2, 24] refers to continuous vari-
able states that can be fully defined by the first two sta-
tistical moments of the bosonic or quadrature field op-
erators [25, 26]. First moments can be arbitrarily tuned
through local unitary operations, which do not influence
any quantity related to entanglement or mixedness [27].
In general, and throughout this work, the first moments
can be set to 0 without loss of generality. Displacements
or modulations of the input states can be modeled via
our set-up by considering heterodyne detection of the
arm of the entanglement not sent through the channel.
This projects onto coherent states with their displace-
ments in the amplitude and/or phase direction. Thus we
do not lose generality by our analysis focusing solely on
the covariance matrix of the output state. Thus we fo-
cus our analysis only with the covariance matrix of the
output state.

The output state (5) covariance matrix is,

A C
Eout(4><4) = <<CT B>> (11>
where,
1+4+tanh r/z 0
A=DB= 1—tanhr Lt tanh T’2 (12)
0 1—tanhr' >
C = - 1272:;?1:'2 cos ((bﬁ) ,(f (13)
“ 2’ cos (6

% = 2(coshr’)™> > (N + 1)(tanhr’')*N ' sin (¢3) (14)
N

where C' = CT. We now employ a small-angle approx-
imations for the noise terms ¢; to approximate tanhr’
and €'®# in order to establish an analytical expression
for the unitary averaging model in the low noise limit. If

Squeezing Input Output Output

factor(r) squeezing squeezing squeezing
(n=1) (n=75)

0.5 4.34 4.09 4.27

1 8.69 6.84 8.17

1.2 10.43 6.87 9.39

1.5 12.03 6.16 10.43

2 17.38 2.49 9.03

Table I: The two-mode squeezing here is reported in
decibels. Comparing input to output squeezing. The ‘r’
value determines the input squeezing. The n = 1 case
gives the original channel output squeezing (without
averaging), and the n = 5 case shows the improvement
with modest correction (with UA) while the variance is
0.01.

we assume the individual random phases ¢; are indepen-
dent Gaussian parameters with mean zero and variance
v, the expectation values within the covariance matrix
can be approximated as

(tanh ') z(l - (g - %)) tanhr,

fos (60 eos (12

where we have assumed v < 1 and

2 <tanh r'>

2tanh 7’
<1—tanhr’2 Ccos (¢ﬁ)> ~ W (cos (¢p))

(17)
We compute these analytic approximations and the nu-
merical simulations of the exact covariance matrix (given
by Equations 11-13) and analyse the success probability,
purity, output squeezing, and the entanglement both with
and without applying UA. Note that € (Eq.14) does not
contribute to the average covariance matrix as the in-
dividual stochastic phases ¢; are independent Gaussian
parameters with mean zero. This provides insights into
how our protocol protects the channel against stochastic
phase noise. Numerical simulations are performed using
Mathematica, where multiple samples of covariance ma-
trices are considered, each subject to Gaussian, indepen-
dent, stochastic phase noise with mean zero and variance
v. This analysis assumes Gaussianity. In the appendix
we explore this approximation by explicitly calculating
the 4th moments and comparing them to the Gaussian
predictions.

(15)

(16)

IV. PURITY, SQUEEZING AND
ENTANGLEMENT

In realistic systems, phase fluctuations will act to di-
minish the achieved squeezing and make the state no
longer minimum uncertainty [28]. Our protocol has the
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Figure 2: Entanglement, purity and output squeezing improvements when applying unitary averaging to the
two-mode squeezed vacuum state with success probability. 2a EoF is maximum with zero-noise level. As the level of
noise increases, our protocol progressively transmits more entanglement with the number of modes. 2b Purity is at

its peak in a noise-free scenario. As the level of noise increases, our protocol systematically enhances purity with
higher number of modes. 2c¢ Similarly, output squeezing is same as input squeezing in noise-free region. The
effectiveness of output squeezing improves with higher number of modes with averaging. It is worth noting t hat the
protocol does not lead to squeezing degradation as purity increases. In 2a, 2b & 2c, the results display numerical data
both with (dotted upper blue (v = 0), dotted middle orange (v = 0.01) and dotted lower green (v = 0.02) lines) and
without (solid blue upper lines (v = 0), solid orange middle lines (v = 0.01), solid green lower lines (v = 0.02)) loss for
both practical and asymptotic limit while the input squeezing is 10.4 dB and loss of 10%. 2d gives the probability of
success when averaging over only few modes and in the asymptotic limit with input squeezing 10.4 dB. In the appendix,
we showed numerical and analytical results are in perfect agreement.

ability to address the issues by effectively lowering the
phase noise leading to simultaneously improving purity,
squeezing and entanglement through a noisy channel. We
are modelling this with the stochastic phases which vary
from shot-to-shot.

Measuring the variances of the output state, given its
approximate Gaussian nature, serves as a comprehensive
means to assess both output squeezing and purity [2, 24].
For a Gaussian state the product of uncertainties is di-
rectly related to the purity in the resultant state. Table I
clearly illustrates the significant enhancement in squeez-
ing achieved through the channel when utilising the pas-
sive averaging protocol. Of particular note is that the
maximum possible output two-mode squeezing without
averaging (n = 1) is significantly lower than the maxi-

mum output squeezing that can be achieved with aver-
aging (n = 5).

Quantifying entanglement is a non-trivial task as vari-
ous measures have been defined with distinct operational
meanings [27, 29-32]. Here we use the Gaussian entangle-
ment of formation (EoF), which is valued for its impor-
tant physical significance i n q uantum t echnologies [33]
because it aligns with the entanglement cost [34]. We
utilise the general formula detailed in Reference [31] to
upper bound the level of entanglement present in our
output state. It represents an analytical upper bound for
entanglement of formation of general two-mode Gaussian
states. However, we note that we cannot rule out that
our measure over estimates the EoF by a small amount
as it treats our approximately Gaussian output state as



being exactly Gaussian. The EoF, purity and squeez-
ing are plotted with number of modes n in Fig.2. This
shows the practical advantages of the model with signif-
icant improvements in the output squeezing, purity and
EoF, even for modest n. The output squeezing is seen
to increase by 1.5 to 2 dB even for a single extra chan-
nel (n = 2). Further improvement is seen with larger n.
Given that purity and entanglement are interlinked, the
channel yields a significant improvement in t he resulting
entanglement.

We have also calculated the probability of successfully
heralding on the vacuum state necessary to produce the
lower noise, higher entangled state. The resulting proba-
bility scaling is shown in Figure ?7. These show that the
probability cost to yield the significant improvements in
entanglement, purity and squeezing from the channel are
only modest, with at worst a 96.5% chance of success-
fully heralding on the desired vacuum state, low noise
limit we are primarily concerned with here. Importantly,
the probability remains at a useful level even in the large
n limit and large noise, whilst maintaining non-zero en-
tanglement as shown in the appendix. Note that the level
of phase noise will vary depending on the particular ex-
perimental situation. To maintain consistency, we ensure
phase noise is uniform across all plots in the main text.
We have included results with high phase noise in the
appendix, thus covering a representative range of situa-
tions.

V. LOSS ERRORS

Loss within the channel and vacuum detectors is mod-
elled as beamsplitters before each element. These beam-
splitters mix the channel with the vacuum with trans-
mission /1 —+ and hence a loss probability ~ [35, 36].
This operation, however, can be commuted through the
entire transformation applied to the input mode until it
is the first operation acting on the input state, provided
we consider the loss to act on all modes equally, including
both modes of the conditional output state. Hence, dis-
tributed loss acting within the channel and the heralding
detectors is equivalent to the same loss acting only on
the initial state. Note that as most inputs are in the vac-
uum it only looks like loss acting on the input two mode
squeezed state. In Fig.2 we include plots with 10% loss
and observe that the protocol still mitigates the effects of
phase noise. This tells us that loss in the vacuum projec-
tion detectors and in the initial state do not impact the
ability to correct the phase noise. We note that we have
made the standard assumption that the phase noise and
loss in our channel can be treated separately.

VI. CONCLUSION

Our protocol can be effectively i mplemented within
state-of-the-art quantum communication and computing

platforms, as it relies on readily available Gaussian states,
linear optics setups, and vacuum projection, all com-
monly found in various practical bosonic systems.

In summary, we have presented a passive unitary aver-
aging scheme with vacuum detection acting on one arm of
a two-mode squeezed state. We found it successfully lim-
its the effect of phase noise within the channel. Over an
order of magnitude of noise reduction was achieved sur-
prisingly with an increase in squeezing as well as purity,
and enhancing levels of entanglement available in realis-
tic systems. We expect that the UA techniques described
here will find immediate applications in quantum com-
munications and optical quantum computing schemes.
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Appendix A: Purity and output squeezing formula

Added new section:

The unitary averaged output state is,

1

|l/}out> = N (COSh T’)71 Z(*l)N[ei(ﬁﬂ tanh 7n/]N |N, N>

N

(A1)

where N is a normalisation constant and the normalisa-
tion constant for the output state (A1) is,

/
N — coshr (A2)

coshr

Then we present output-squeezing and purity of
Eq.(A1) by calculating the variance and covariance of
the output state.

The output squeezing is given by,

2tanhr’

1 — tanhr'?

1+tanhr/2) _ (

output-squeezing = (
1 —tanhr'”

(A3)

cos (gbg))



In analytical approximation,

output-squeezing ~ (1 ! ((1 _ (% _ %)) o T)z
= (0= (5 = 55) tannr)
~( *( )
1= (1= (5 = 32)) tanhr)

The output-anti squeezing is defined as,

12 ’
. . 1+ tanhr 2tanhr
output-antisqueezing = ( ) — (17

1+ tanhr'? — tanhr
(A5)
The purity is defined as,
1
Purity = = - =
\/(output-squeezing) (output-antisqueezing)
(AG)

We use the above formulae to present purity and output-
squeezing in the main text in the fig.2 as well as all plots
in the Appendix C.

Appendix B: Passive unitary averaging with loss on
CV systems

In the main text, we operate under the assumption
of zero channel loss within the model. We clarify in the
main text that loss occurring within the channel or de-
tectors is equivalent to loss within the initial state. As

J
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where N is a normalisation constant related to prob-

ability of success, K is the lossy mode and «e'®? =
et +ei¢2+.,.+ei¢"
el —

The normalisation constant for the output state (B3)

is,

_ (sechr)?
N= \/1 + (14 (=1 + |ae?®s]2)n) (tanh r)2

(B4)

We again use the covariance matrix formalism [2, 25] to
characterise the output state after introducing loss into
the input two-mode squeezed vacuum state. We present
the numerical results with loss in the main text in Fig.2.

most inputs are in the vacuum, it looks like loss act-
ing only on the two-mode squeezed vacuum state. This
equivalence is true provided there is the same amount of
end-to-end loss, 1 — 7, on all modes. If this is true then
the output when loss is distributed through the circuit is
equivalent to the output when the same loss is applied to

Y18 circuit. In this section, we calculate the output for

e two mode squeezed vacuum state which undergoes
loss, and then passes through the passive, linear optical
unitary averaging scheme. For the sake of mathematical
simplicity, we consider the case where the mode a; un-
dergoes loss. The calculation of the covariance matrix is
easier when approached through Heisenberg picture. The

(1 _ (% — %) tanh r) he input state, which is then propagated through a loss-
5 COS (
( n

5 COS (@%S)u)ting channel transmissivity is 7.

In our case, the two-mode squeezer acts on the modes
labeled ag and a;. Then, the transmitted mode becomes,

ah = may + /1 —nuy (B1)

where v is vacuum noise of mode ;. After passing
through the loss, interferometer and heralding on the last
(n — 1) modes, the output state is

[out) = (255 (01;) LOS() [0 ]0) @10)° Y (B2)

where L; is loss acting on mode a;, U = (H' x R(6) *
ﬁ)nxn, H is the Hadamard transforms acting as the
encoding and decoding circuits, and R(G) implements
stochastic phase transformations on each mode, repre-
senting the noise.

The output state is,

N-—K

(1—n)* [N,N - K,K) (B3)

Appendix C: Several plots showing numerical and
analytical agreement

In this section, we present various plots demonstrating
the alignment between analytical and numerical results,
specifically fitted to showcase advancements in practical
technologies. Additionally, we demonstrate the asymp-
totic nature of our protocol. In Fig.2, we show numeri-
cal and analytical results are in perfect agreement in the
low noise regime. As the noise level increases, our pro-
tocol dynamically increases the transmission of entangle-
ment, purity, and squeezing compared to a noisy channel,
with at worst 93% success probability for the noise lev-
els considered, as shown in Figures 2 and 4. Fig.5 shows



how entanglement, purity, output squeezing and success
probability change with varying levels of input squeez-
ing with low noise. Entanglement and squeezing initially
increase with input squeezing but diminish at higher in-
put squeezing levels, although it still improves with an
increased number of modes. Purity decreases as squeez-
ing increases but again improved with a larger number of
modes. In Fig.8 we illustrate the robust aspect of our pro-
tocol, which remains benifitial even under high squeez-
ing and demonstrate its behaviour when utilising a large
number of modes.

Appendix D: Success probability with dark counts

The presence of dark counts in the heralding detectors
reduces the probability of success but doe not otherwise
affect the quality of the phase noise reduction. When the
detector registers events due to dark counts during vac-
uum detection, these are false negatives and hence the
success probability decreases. We can thus account for
the presence of dark counts via:

PSuccess = (1 — €)"~* x Probability (D1)
The impact of dark counts on the success probability of
our model are shown in (Fig.7).

Appendix E: Gaussian character of the output state.

Added new section: In order to estimate the non-
Gaussianity of our output states we study the affect on

the 4th order moments, with and without error averaging,
and compare them with the expected results for Gaus-
sian states. This is shown in the following. The conclusion
is that modest levels of non-Gaussianity (< 10%) can
arise after averaging, however we note that Gaussian op-
timality in many situations (e.g. CVQKD key rates and
Gaussian entanglement of formation) mean performance
is lower bounded by assuming a Gaussian state.

The fourth moment of our output state which are

(sechr’)?(1 + tanhrlQ)
(=1 + tanhr'%)3
(sechr)2(1 + 10 tanh ' + tanhr14)

(=1 + tanhr'?)3
e + et
(%)

(X3)=- (E1)

(XAXE) =—

(E2)

When the phase noise is low, the relationship (X%) =
3((X2))2, (X3X3) = 2((X3))? + ((XaXp))? approxi-
mately aligns with the second moment. From Fig.6, it
is evident that the relationship differs by less than 10%,
indicating that the state is approximately Gaussian.
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Figure 8: Entanglement, purity and output squeezing varies alongside the success probability when applying unitary
averaging to the two-mode squeezed vacuum state with varying levels of input squeezing in the asymptotic limit
with noise 0.01. 8a & 8c EoF and output squeezing behave similarly with the higher number of modes with high
input squeezing. 8b Purity increases with the number of modes and getting saturated with the higher number of

modes. 8d Probability of success drops massively for input squeezing r = 4, and getting saturated with higher n.



