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Parameterized quantum circuits (PQCs) have been widely used as a machine learning model to
explore the potential of achieving quantum advantages for various tasks. However, training PQCs is
notoriously challenging owing to the phenomenon of plateaus and/or the existence of (exponentially)
many spurious local minima. To enhance trainability, in this work we propose an efficient parameter
initialization strategy with theoretical guarantees. We prove that by reducing the initial domain of
each parameter inversely proportional to the square root of circuit depth, the magnitude of the cost
gradient decays at most polynomially with respect to qubit count and circuit depth. Our theoretical
results are substantiated through numerical simulations of variational quantum eigensolver tasks.
Moreover, we demonstrate that the reduced-domain initialization strategy can protect specific
quantum neural networks from exponentially many spurious local minima. Our results highlight
the significance of an appropriate parameter initialization strategy, offering insights to enhance the
trainability and convergence of variational quantum algorithms.

I. INTRODUCTION

Variational quantum algorithms (VQAs) with param-
eterized quantum circuits (PQCs) [1-5] have emerged
as a leading strategy to explore the power of quan-
tum computing in the current noisy intermediate-scale
quantum era. VQAs are optimization-based quantum-
classical hybrid algorithms. The core idea is exploiting
PQCs to delegate classically difficult computation and
updating the variational parameters in PQCs with a
classical optimizer [6-9]. VQAs have been applied across
various practical fields, including machine learning [10-
14], error correction [15-17], dynamical simulations [18—
22], combinatorial optimization [23-26], among others
[27-29].

Despite the success in many fields, training VQAs
still faces many challenges when scaling up the size
of PQCs. One of the key bottlenecks is the magni-
tude of the cost gradient decaying exponentially with
the number of qubits, also known as barren plateaus
(BPs) [30]. Once BPs occur, training PQCs is prohibited
unless exponentially many copies of quantum states
are provided to identify the update direction through
measurement. BPs have been found arising in many
scenarios, such as randomly initialized PQCs [30, 31],
deep and problem-agnostic PQCs [30, 32], global cost
function [33, 34], large expressibility [30, 35], entangle-

ment [36-38], and noise [39]. In addition to BPs, there
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is another bottleneck for training. For a wide class of
under-parameterized variational quantum models, the
landscapes of the cost function are generally swamped
with spurious local minima and traps [40]. These
quantities may be exponentially many in relation to the
number of parameters [41], making it extremely hard to
find a global minimum [42-44].

To address the trainability issue, various strategies
have been proposed. For instance, certain constructed
PQCs, including tree tensor network [45, 46] and quan-
tum convolutional neural network [47], can help avoid
BPs [32, 48-50]. However, due to their specific architec-
tures, where the circuit depth is logarithmic with respect
to the number of qubits, the gradient usually decays
exponentially with the circuit depth instead. Ansatzes
constructed in a problem-inspired manner [37, 51-53]
have been put forward to mitigate BPs by constraining
the explored space of unitaries. Ansatzes can also
be trained layer-by-layer [54, 55], or designed using
classical reinforcement learning [56]. Since BPs are
cost function-dependent, it was proposed to encode the
problem into local cost function [33]. In addition, over-
parametrization has been investigated to address the
training issue caused by the presence of many spurious
local minima or traps in the cost landscapes far away
from the global minimum [57-59]. However, efficient
over-parametrization, i.e., with polynomially many pa-
rameters, is achievable only under some conditions for
quantum neural networks (QNNs) [60]. Generally, the
number of parameters required for over-parametrization
is comparable to the system dimension [58].  This
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exponential overhead may incur BPs, especially when
considering noises on quantum hardware.

From a practical viewpoint, an effective parameter
initialization strategy is crucial for the trainability of
PQCs and the convergence of VQAs [30, 35, 42, 52,
61]. An identity block initialization strategy has been
introduced with the purpose of limiting the effective
depth of circuits [62]. It was demonstrated that ansatzes
with correlated parameters can effectively restrict the
optimized parameter space and result in large gradients
of cost function [63]. A Bayesian learning initialization
was employed to identify a promising region in the
parameter space before performing local search [64].
Simulations conducted in [31] revealed an initial region
of parameters that can improve the trainability while
maintaining a high level of expressibility. A Gaussian
initialization was proposed with theoretical guarantees
to escape from BPs in general deep circuits [65], where
the lower bound of the norm of cost gradient decays at
most polynomially with the circuit depth. Besides, for
correlated parameterized gates, Gaussian initialization
guarantees the update direction when training global
observables [65]. However, the theoretical or empirical
results of the aforementioned strategies are confined to
single Pauli strings. For complex objectives correspond-
ing to a summation of local Pauli strings, a Floquet
initialization strategy was proposed to mitigate BPs [66].
They demonstrated that by initializing PQCs within
the many-body localization phase, the gradient does
not vanish as the system size grows. Nevertheless, the
phase transitions between the many-body localization
and thermalization (where BPs occur) in Floquet systems
need to be characterized through additional simulations.

In this work, we propose an efficient reduced-domain
initialization strategy to enhance trainability of PQCs.
By focusing on the variational quantum eigensolver
(VQE), we theoretically prove that for an L-depth circuit,
if the initial domain of each parameter is reduced in
proportion to %, the norm of the cost gradient decays

at most polynomially with L as the number of qubits
and the depth increase. Our result is quite different
from the belief that BPs occur when the circuit depth is
polynomial of the number of qubits. This is because the
reduced-domain initialization can help maintain a bal-
ance between the trainability and expressibility of PQCs.
Via simulations, we first validate our theoretical results.
Then we show that our reduced-domain initialization can
protect QNNs from the phenomenon of exponentially
many spurious local minima in cost function landscapes,
and help achieve improved performance.

The paper is organized as follows. In Section II, we
describe the generic setup of VQAs. In Section III,
we present the theoretical results of enhancing train-
ability of PQCs through the reduced-domain parameter
initialization strategy. In Section IV, via simulations we
demonstrate the enhanced trainability in VQE tasks, as
well as the improved convergence in both VQE and QNN
instances. Section V concludes the paper.

II. SETUP of VQAS

VQAs provide a general framework for solving a wide
range of problems. A typical VQA is comprised of basic
elements: cost, ansatz, measurement, optimizer as well
as parameter initialization.

Cost: The first task of VQAs is to identify an
appropriate cost function which effectively encodes the
problem to be solved. Without loss of generality, we
consider the expectation value of an observable O as cost
function in the form of

C(0) =Tr [OU(0)pU'(9)] . (1)

Here, p is the input state, and U(6) denotes a parame-
terized quantum unitary with the parameter vector 6 to
be optimized. In VQAs, an implicit assumption is that
the cost function should be classically computationally
intensive and the value can be obtained by performing
quantum measurements on a quantum circuit with pos-
sible classical postprocessing.

In this work, our aim is finding the least eigenvalue of
a given Hamiltonian H. In the following, given a positive
integer n, denote by [n] the set {1,2,--- ,n}. Let

Oi = O(iyis,in) — Tix ® 0y @ Q 04y (2)

denote an N-qubit Pauli string, where i; € {0,1,2,3} for
je[N],and op =1, 01 = X, 02 =Y, 03 = Z are Pauli
matrices. For instance, we denote

03,0000 =24QIQI®- - @1=2,
0(3,3,0,-+-,0) =7Q701% -1 =721Z.

Moreover, o; is said to be S-local if there are S non-
identity components in the tensor product of Eq. (2).

We choose p = |0)(0| and set O = H in Eq. (1). We
consider H in the form as

H = Z g; = Z 0'(1'1’1'27...7»51\,)7 (3)
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where N is a subset of Ng = {2 = (i1,42, -~ ,in) : 1 <
Zj.vzl 1i;20 < S}, and 1,, is the indicator function of the
event w. That is, H is a sum of N-qubit Pauli strings with
locality of at most S. This model encompasses ground
state determination problems for various quantum many-
body systems and chemical molecules [67-70]. In addi-
tion, the Hamiltonian Eq. (3) can be employed to tackle
many NP-complete problems [71].

Ansatz: Another key element of VQAs is ansatz, i.e.,
PQC whose parameters are optimized to minimize the
corresponding cost function. In this work, we consider
a PQC similar to that in [65], called the hardware-
efficient ansatz (HEA). As illustrated in Fig. 1(a), it is
comprised of L blocks, each of which is composed of an
entanglement layer CZ; including CZ gates on arbitrarily
many qubit pairs and two layers of Rx and Ry gates
on all qubits. There are two widely used structures of
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FIG. 1. Setup of HEA. (a) PQC for VQE. It consists of L
blocks. In the Ith block, we first perform the entanglement
layer composed of CZ gates, and then successively perform
Rx gate and Ry gate on each qubit. (b) CZ; layer with
the fully connected topology. (c¢) CZ,; layer with the nearest-
neighbor pairs topology and open boundary condition.

the entanglement layer: the fully connected topology
as shown in Fig. 1(b), and the nearest-neighbor pairs
topology with open boundary condition as shown in
Fig. 1(c). Notably, our results do not rely on the specific
topology of CZ; and can also be generalized to other
structures of PQC.

Measurement: In our VQE task, the Hamiltonian is
formulated in terms of Pauli strings. The expectation
values of the o3 terms can be directly measured by
reading out the probabilities of the computational basis,
while to obtain the expectation values of the o7 and o9
terms, we should rotate them into the o3 basis first.
To minimize the number of measurements needed, we
should group different Pauli strings that can be measured
simultaneously. There is still an urgent need for more
efficient compilation of measurement circuits.

Optimizer: The core task of the classical processor
is updating the parameters to minimize the cost. In our
VQE task, the cost gradient can be obtained by utilizing
the parameter-shift rule [11], which also suffers from the
measurement efficiency issue. In this work, we aim to
analyze the norm of the gradient which greatly impacts
the trainability of VQAs.

Parameter initialization: Due to the possibility of
occurrence of BPs and/or the existence of exponentially
many spurious local minima when training VQAs, it is
critical to find an appropriate parameter initialization
strategy to enhance trainability.

For the PQC illustrated in Fig. 1(a), there are 2L layers
of parameterized rotation gates with 2/NL variational
parameters in total, denoted by

0 =03 = (01,02,---,01),

where 0, = (041,042, -+ ,04n) denotes the vector of
rotation angles in the gth layer for ¢ € [2L]. To be
specific, for the Ith block, I € [L], and the jth qubit,
j € [N], 09—1,; denotes the rotation angle around X,
while 0 ; denotes that around Y.

IIT. TRAINABILITY ENHANCEMENT
A. Lower bounds of gradient

In previous works, the initial parameters are usually
drawn independently and identically from a uniform
distribution over an entire period [—m, ], and the N-
qubit local observable is always chosen as a simple Pauli
string, for instance, Z1Z>. Under a PQC similar to ours,
Ref. [30] demonstrated that a BP occurs even when the
depth L is a modest linear function, that is, L = 10N,
and the exponential decay cannot be circumvented for
any polynomial sum of these local operators. For the
simple observable Z;Zs, Ref. [31] numerically showed
that the trainability can be improved if each parameter
is randomly chosen from [—an, an]. The satisfying value
of a was identified by searching from 107! to 1 via
simulations.

In this work, we consider a general Hamiltonian in the
form of Eq. (3), where the number of individual terms
in the summation can be arbitrary. For the complex
objective function, we propose a reduced-domain pa-
rameter initialization strategy, in which each parameter
is independently and uniformly chosen from a reduced
interval [—am, aw], where the hyperparameter a is depth-
dependent and will be given in the following theorems.
Importantly, there is no constraint on the parameters’
domain during the optimization process. That is, the
variational parameters are free to leave their initial
reduced-domains as guided by the negative gradient to
minimize the objective function.

In view of the setup in Section II, the decrease of the
cost function value after an update of the parameters can
be quantified in terms of the magnitude of ||[VoC|3 (see
Appendix A). Thus, we adopt its average value IBE VeC||3

as the trainability figure of merit.

Now we provide a theoretical guarantee for the
reduced-domain initialization by establishing a lower
bound on the norm of cost gradient at the first step.

For the ease of notation, denote a = i(2+ %),
ﬁ _ % (2 _ sinai_aﬂ')7 and v = Si;l;:ﬂ'

Theorem 1. Consider the VQE problem, where the cost
function is Eq. (1) with the Hamiltonian being Eq. (3),
the ansatz illustrated as in Fig. 1(a), the initial state
chosen as p = |0)(0], and each parameter in 6 chosen
from [—ar,an] independently and uniformly. Let VoC
denote the gradient of the cost function with respect to 0.
Then the average of the squared norm of the gradient is
lower bounded by

E|IVoCllz = 2N|(L = 1)a** 157, (4)

where |[N| denotes the cardinality of the set N
Furthermore, if the hyperparameter a is selected as the

solution of the following equation
sin2ar  S(2L —1) -2 5)

2ar S(2L+1)




where a € © (ﬁ) , then the gradient norm can be lower

bounded by

S+1\°" L1
) ( ©)

2>9 :
mIvect > 2wl (351) T i

From Theorem 1, for VQE problems with Hamiltonian
being a summation of a series of local Pauli strings,
the trainability can be greatly enhanced in the initial
phase by appropriately reducing the initial domain of
parameters. Specifically, the lower bound of the gradient
norm decays at most polynomially with the circuit depth.
In addition, the lower bound increases linearly with the
number of individual Pauli strings in the Hamiltonian,
which guarantees the efficiency of the reduced-domain
strategy for complex objective functions.

An intuitive interpretation of the effectiveness of the
reduced-domain initialization is as follows. It is well
known that there is a conflict between the trainability
and expressibility of PQCs. Over-expressed PQCs may
suffer from phenomena like BPs and/or the landscape
being swamped with spurious local minima, making the
training extremely difficult. Note that the expressibility
of a PQC depends on the structure of the circuit as
well as the size of the initial domains of the parameters.
It generally grows fast as the circuit depth L increases
and the range of the initial domains expands. There-
fore, to balance the conflict between trainability and
expressibility of PQCs, we should appropriately reduce
the initial domains of the parameters. As we have
stated, to enhance the trainability of a PQC with depth
L, the domain of each parameter should be reduced
in proportion to ﬁ We will provide more detailed
sensitivity analysis on the hyperparameter a in Sec. IV;
see Table I, Fig. 3(a), and Fig. 5(a).

To further illustrate the result and explain the idea of
proof of Theorem 1, let us consider an example where the
N-qubit Hamiltonian reads

N-1
H=)Y Z;Zj. (7)

j=1

Lemma 2. Consider the VQE problem, where the cost
function is Eq. (1) with the Hamiltonian being Eq. (7),
the ansatz illustrated as in Fig. 1(a), the initial state
chosen as p = |0)(0|, and each parameter in 6 chosen
from [—ar,an] independently and uniformly. Let VoC
denote the gradient of the cost function with respect to 6.
Then the average of the squared norm of the gradient is
lower bounded by

E[[VoCl3 > 42N - 3)Ly*- 25, (®)

Furthermore, if the hyperparameter a is selected as

Lo L 40L + 7 — +/1600L2 — 400L + 49 col L
 A4n L VL)’
9)

then the gradient norm can be lower bounded by

E[[VoC|3 2 e} (2N - 3), (10)

where e s the natural constant.

It is clear that for the Hamiltonian of Eq. (7), under
the reduced-domain initialization, the trainability can
be remarkably enhanced in the initial phase. Not only
the lower bound of the gradient norm does not decrease
when the circuit depth increases, but also it increases
as the number of qubits increases. In particular, for
the simple N-qubit observable Z; Z,, the gradient norm
can be lower bounded by a constant under the reduced-
domain initialization. This is quite different from the
result in Ref. [30] with the domain being [—m, 7], where
the gradient vanishes exponentially with respect to both
the qubit number and the circuit depth.

The proofs of Lemma 2 and Theorem 1 are given in
Appendix C and Appendix D, respectively. The basic
idea is inspired by the proof of Theorem 4.1 in [65], where
the observable considered is restricted to a single local
Pauli string. However, in our work, the observables are
in the form of a summation of local Pauli strings, so
that additionally we need to deal with the cross terms
generated from different Pauli strings when analyzing
the norm of gradient. Specifically, we prove that under
the selected initial state p = |0)(0|, these cross terms
are non-negative by analyzing the transformations of the
involved Pauli strings after taking the expectations over
the trainable parameters and applying the entanglement
layers.

B. Addressing BPs

We now prove that the reduced-domain initialization
strategy can help escape from BPs by considering the
variance of the partial derivative of the cost function with
respect to specific variational parameters.

In general, an N-qubit cost function C is said to exhibit
a BP in the 6, direction, if Ig 0p,C = 0, and the variance

decreases exponentially with N, that is,

Vgxrang’ € O (bY), for some b € (0,1).

On the other hand, it is said to be trainable, if the
variance decreases polynomially with N, that is,

1
V000 < (G )

Similarly, we can define the circuit-depth-dependent
BP, as the depth is also a key figure of merit in VQAs.
The number of qubits and the circuit depth are unified
as the size of PQC.

Recall that once a BP occurs, the training of PQCs
is prohibited. The following theorem states that the



reduced-domain initialization strategy with a selected
hyperparameter in the scaling of \% can help PQCs
avoid BPs. Remarkably, it holds for PQCs whose depths
are polynomial functions of the number of qubits, while
Ref. [30] demonstrated that for a wide class of randomly
initialized PQCs of reasonably linear depth, BPs occur
even with simple local observables.

Theorem 3. Under the same assumptions as in The-
orem 1, let Oy, ,C denote the partial derivative of cost
function with respect to 04,. For q € [2L—2] and
n € [N], the average of the squared norm of the partial
derivative is lower bounded by

E (0, C)" > o155+, (11)

In addition, if for each © € N, the number of its
elements belonging to the set {1,2} is not equal to one,
then we have

E 0g
o

C =0, (12)

q,n

and the variance is lower bounded by

C 2 aQSL—l/BS—‘rl- (13)

q,n

Vgxr O

Furthermore, if the hyperparameter a is selected ac-

cording to Eq. (5) in Theorem 1, where a € © (%), we

have

2 S+1 s+l 1
> .
]BE (69"’”0) - < eS > (2L +1)5+1 (14)

Similar to Lemma 2, to further illustrate the result and
explain the idea of proof of Theorem 3, we present the
following lemma on the basis of Hamiltonian Eq. (7).

Lemma 4. Under the same assumptions as in Lemma 2,
let Oy, ,,C denote the partial derivative of cost function
with respect to 04 . For g € [2L] and n € [N], we have

Igagq,nc =0, (15)
and for q € [2L], the variance is lower bounded by
Vear 09,.,C > fu(L,a). (16)
(i) Forn e {1,N},

fu(Lya) = ot s, (17)

Furthermore, if the hyperparameter a is selected as
the solution of the following equation

sinar 2L —1
= 18
o T (18)
where a € © (%), then we have
Var gy, ,C > L (19)
o lun = gor;

(ii) Forne€{2,3,---,N —1},
fa(L;a) = 22" 3 4 294 a1, (20)

Furthermore, if the hyperparameter a is selected
according to Eq. (9) in Lemma 2, where a €
1
© (ﬁ)’ then we have

1
VearagqynC > I (21)

The proofs of Lemma 4 and Theorem 3 are provided
in Appendix E and Appendix F, respectively.

IV. NUMERICAL SIMULATIONS

In this section, we demonstrate the efficacy of the
reduced-domain initialization strategy in enhancing
trainability and convergence via VQE and QNN. Unless
otherwise stated, we conduct classical simulations of
demonstrations using the analytical form of the cost
function and its gradient, simulated through tensor
operations in TensorFlow [72] for VQE tasks and
in PyTorch [73] for QNN tasks. Additionally, we
utilize TensorCircuit [74], which supports just-in-time
compilation to accelerate the simulation processes of

VQE.

A. VQE

For VQE tasks, we focus on the N-qubit Heisenberg
model

1
H= (XiXip1 +YiYio1 + ZiZia), (22)
i=1

where the locality S = 2. It becomes challenging to
obtain the ground energy of H as N increases.

Unless otherwise stated, we adopt the HEA illustrated
in Fig. 1(a) and fix the entanglement layer in each block
arranged in the nearest-neighbor pairs topology with
open boundary as shown in Fig. 1(c). For trainability
and convergence, we compare five different initializa-
tion strategies, including zero-initialization by setting
all parameters to be zero, uniform U [—m, 7], Floquet
U [-W, W] with W = 0.4 for intermediate-depth circuits
and W = 0.2 for deep circuits [66] ', Gaussian N (0, 02)

I In Ref. [66], the Floquet-initialized PQC incorporates X- and Y-
type rotation gates with angle uniformly sampled from [—W, W],
and Z-type rotation gates with angle uniformly sampled from
[=m,mw]. In our work, the Ws employed are consistent with
those utilized in Ref. [66], given the similar settings. Specifically,
in the HEA featuring only X- and Y-type rotation gates (see
Fig. 1(a)), all the parameters are initialized from U [-W, W]. In
the Hamiltonian variational ansatz including all three types of
gates (see Fig. 4), the parameters are initialized accordingly.



TABLE I. Gradient magnitudes of the 12-qubit Heisenberg model at the initial step across different initializations.

reduced-domain-0.07 reduced-domain-0.007 reduced-domain-0.7 zero/w-initialization uniform Floquet Gaussian

HEA 502.8 35.3 0.0/ N/A 3.5 236.1 266.9
HVA 4803.0 277.6 61.9 0.0/0.00037549 61.4 1322.1 1947.4
with the variance 0% = gl> = 14 [65], and our reduced-  of qubits. It is clear that the reduced-domain exhibits

domain U [—am, aw] with the hyperparameter a selected
according to Eq. (5). Recall that after the initialization,
the variational parameters are updated by the classical
optimizer to minimize the cost function, and are not
constrained to the initial domains.

108 E E
an 10%¢ E
Q [ 1
b - N
B> 8 ]
e i |
10t E
F —& uniform ]
r Floquet 1
L —A— Gaussian |
1001 —©-reduced-domain i
E | | | | | | | =
2 4 6 8 10 12 14 16
N qubits
FIG. 2. Gradient magnitudes of the Heisenberg model

at the initial step versus the number of qubits under five
initialization strategies: zero-initialization (not displayed
where the gradient values are consistently zero), uniform
(square), Floquet (cross), Gaussian (triangle), and reduced-
domain (circle). Here, L = 5N, W = 0.2, 0> = ﬁ =
soxs and a is determined according to Eq. (5). There
exists a BP under the uniform initialization, whereas the
other three strategies help PQCs avoid BPs. Under the
three advanced initialization strategies, the gradient norms
increase exponentially with the qubit number, among which
the reduced-domain exhibits the most favorable growth.

In Fig. 2, we compare the trainability of VQE under
the five initialization strategies by evaluating the mean
squared norm of the gradient at the first step. Here,
we set L = 5N so that the HEA in Fig. 1(a) includes
the same number of rotation layers 10NN as that in
Figure 3 of Ref. [30]. We plot the average points over
1000 rounds of demonstrations on a semi-log plot. The
gradient values under zero-initialization are always zero
and we do not display them. From Fig. 2, under the
uniform initialization, the magnitude of the cost gradient
decays exponentially as the number of qubits N increases,
which coincides with both the theoretical and empirical
results concerning BPs in Ref. [30]. In contrast, under
the other three advanced initializations, the magnitudes
of the gradient increase exponentially with the number

the most favorable growth among the five initialization
strategies.

Next, we demonstrate the effect of initialization strate-
gies on the convergence behavior of finding the ground
state of the 12-qubit Heisenberg model Eq. (22). In
our demonstrations, VQEs are optimized by Adam [75]
with a learning rate multiplier schedule, which has been
shown to substantially improve Adam’s performance [76].
Specifically, we utilize a linearly decreasing learning rate
n ranging from 0.1 to 0.05 during the 500 training
iterations. For each initialization strategy, we sample
1000 sets of initial parameters to evaluate the initial
gradient, and sample 10 sets to track the optimization
process, presenting the average performance. The filled
area in the figures of the rest of this subsection represents
the smallest area that encompasses the behaviors of these
10 samples. To ensure the expressibility of the HEA
in Fig. 1(a), we set L = 3.5N = 42. Accordingly,
the hyperparameter a* selected according to Eq. (5) is
0.0736328.

We first conduct a sensitivity analysis on the hyper-
parameter a by comparing the performance under three
different values of a. They are in different orders of
magnitudes from a* = 0.0736328, namely, a = 0.007,
a =0.07, and a = 0.7. We list the mean squared norm of
the gradient at the first step for these different values of a
in Table I. We find that a = 0.07, having the same order
with a*, provides the most favorable trainability. We
illustrate the convergence behavior of cost values under
different values of @ in Fig. 3(a). We find that the soft
reduced-domain with a = 0.7 does not outperform the
uniform initialization (see Fig. 3(b)), while the hard one
with a = 0.007 is less effective than the appropriate
one with ¢ = 0.07. Among the four reduced-domain
initializations, the one with a* has the best convergence
behavior, which supports the validity of our theoretical
results.

We then compare the reduced-domain strategy with
a* against the other four strategies. We list the mean
squared norm of the gradient at the first step of the
other four initializations in Table I. We find that the
magnitude of the initial gradient under the reduced-
domain with a = 0.07 is significantly larger than those
under the other initializations. We depict their con-
vergence behaviors of cost values in Fig. 3(b). It is
clear that the zero-initialization fails to optimize due
to zero gradients. Under the uniform initialization,
the optimization quickly gets stuck far away from the
global minimum. In contrast, under the reduced-domain,



Cost
|
O
Cost
I
O

+ uniform
Floquet
Gaussian
reduced-domain

0 100 200 300

Iteration

100 200

300 400 500

Iteration

©
y &
IS
Q2
S

Average von Neumann entrop,

e
o
n

e
N
S

o

a

0.692

0.690

uniform
Floquet

=== Gaussian
reduced-domain

460

100 200

300

Iteration

500

FIG. 3. Convergence behavior of the 12-qubit Heisenberg model under different initializations in the HEA context. The dash-
dotted grey line corresponds to that of the global minimum. Here, L = 3.5]N = 42. (a) Convergence of the cost values under
different hyperparameters of the reduced-domain initialization: a* ~ 0.0736328 (solid blue), a = 0.7 (dotted red), a = 0.07
(thin dashed green), and a = 0.007 (dashed orange). (b) Convergence of the cost values under different initializations. (c)
Convergence of the average von Neumann entropy under different initializations. Here, zero-initialization: dotted dark red,
uniform: dotted red, Floquet: thin dashed orange, Gaussian: dashed green, and reduced-domain: solid blue. The corresponding
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hyperparameters are W = 0.4, 0~ = o2

Floquet, and Gaussian, large gradients at the initial stage
can swiftly steer the cost to the vicinity of the global
minimum. At the end (see the inset of Fig. 3(b)), the
reduced-domain strategy is most robust across random
parametrizations and achieves the most favorable con-
vergence value, followed by the Gaussian, and then the
Floquet.

We also track the dynamics of quantum correlations
throughout the optimization process by calculating the
average von Neumann entropy, defined as

1 N . .
S (p) & = DT [ log ()]

where p' = Tr;[p] denotes the reduced state of p on
the ¢th qubit, obtained by tracing out all the other
qubits 7. It helps to evaluate the efficiency of the
PQC in capturing the entanglement of the target ground
state. As depicted in Fig. 3(c), due to the imbalance
between the expressibility and trainability, the primitive
uniform initialization has only limited capability to
adjust quantum correlations, and does not allow the
optimizer to explore the cost landscape far away from
the starting point. Under zero-initialization, the von
Neumann entropy remains zero (not plotted), which is
consistent with the cost values remaining unchanged
in Fig. 3(b). In contrast, the other three advanced
initialization strategies exhibit capability for adjusting
entanglement, even in the hardware-efficient circuits.
Although these advanced strategies restrict the initial
domain, they effectively allow the optimizer to explore
a broad range of the cost landscape and approach the
global optimum. Notably, the reduced-domain and
Gaussian initializations are more effective in achieving
quantum correlations in the target ground state, as
indicated by the metric of average von Neumann entropy.
The efficiency of the Floquet one can be improved
through a careful selection of initial trial states, whose
entanglement structures closely align with that of the

~ 0.001488, and a* = 0.0736328, respectively.
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FIG. 4. Setup of L-block HVA for the 12-qubit Heisenberg
model. Here, L = 2N = 24. The purple shaded consists of
Pauli-X gates, Hadamard gates and CX gates. It denotes
the preparation of the initial reference state ®°|¥~) with
[T~) = (1/4/2)(01) — [10)). The two-qubit parameterized
rotation gates are Rrr (z) = exp{—i%F@F} with I'T" €
(XX, YY, ZZ}, and z € {01, é1, B, 1}

target ground state [66].

We further investigate the effectiveness of the ad-
vanced initialization strategies on a problem-specific
ansatz known as the Hamiltonian variational ansatz
(HVA) [52]. In contrast to the HEA, the PQC of HVA is
designed on the basis of the Hamiltonian of interest. For
the 12-qubit Heisenberg model, we illustrate the PQC
in Fig. 4. Note that the initial reference state plays
a crucial role in HVA. In Fig. 4, the initial reference
state is ®%|U~) with |[U~) = (1/v/2)(01) — [10)). It
is suggested in Ref. [52] that a suitable initialization
strategy is crucial for circumventing BPs and successfully
finding the ground state. In particular, they employed a
simpler version of identity-block initialization than that
in Ref. [62] by setting all variational parameters to be
7, which we refer to as m-initialization in our paper. It
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enables accurate approximations to the ground state with
rapid convergence.

In the context of HVA, we set L = 2N = 24, resulting
in 6N(N — 1) two-qubit parameterized rotation gates,
approximately equal to the total number of 7N? single-
qubit parameterized rotation gates in the previous HEA;
see Fig. 1(a). In view of the comparable number of
parameterized gates, we set the hyperparameter a of
the reduced-domain initialization for HVA to be 0.07.
This choice is numerically supported by the sensitivity
analysis on a concerning the initial trainability and the
final convergence behavior of cost values illustrated in
Table T and Fig. 5(a), respectively. In addition, we
assess the five initialization strategies as well as the -
initialization employed in Ref. [52], by examining their
initial gradient and cost convergence, as shown in Table I
and Fig. 5(b), respectively. Similar to the numerical
findings in the HEA context, the zero-initialization,
uniform and soft reduced-domain (a = 0.7) strategies
suffer from trainability issues, whereas the other initial-
ization strategies can help approximate the ground state,
among which the appropriate reduced-domain strategy
(a = 0.07) demonstrates superior performance. Note
that the m-initialization strategy employed in Ref. [52]
is a deterministic parameter initialization that exhibits
a fixed minor gradient yet achieves better convergence
performance than the average performance of the other
random initializations. However, the performance of
deterministic initializations is highly dependent on the
Hamiltonian model and the choice of the reference
state. Specifically, although the HVA reduces to the
identity when all parameters are set to either 0 or m,
their performances are significantly different due to the
gradient differences in their landscapes. In practical VQE
tasks, deterministic initializations may not be as effective
as random ones. Random samples can potentially achieve
lower cost values, as illustrated by the blue shaded area
in the inset of Fig. 5(b).

Although the reduced-domain initialization is effective
in addressing trainability issues, there is still a gap

between the cost values and the global minimum, which
is around 0.005 at best in our demonstrations. The
role of reduced-domain is to balance the conflict between
trainability and expressibility of PQCs. Recall that for
VQAs, a key factor is designing an appropriate ansatz
that is either hardware-efficient, problem-inspired, or in
a learning way.Thus, to further improve the performance
of VQE, we may integrate the reduced-domain strategy
with an effective ansatz for PQC, e.g., the entanglement-
variational hardware-efficient ansatz [77].

To take into account of the impact of statistical noise
owing to limited measurement shots, for the 10-qubit
Heisenberg model, we consider four cases where the
numbers of measurement counts per evaluation are 50,
500, 5000, and infinitely many. Here, the circuit depth
is set to be L = 3.5N = 35 and the VQEs are optimized
using Adam with a fixed learning rate of 0.05 during the
200 training iterations. These numerical simulations are
conducted using the PennyLane’s built-in ” default.qubit”
device [78] with a finite number of shots to measure
observables.

As illustrated in Fig. 6, regardless of the number of
measurement shots, compared to the uniform initializa-
tion, the performances under our reduced-domain and
Gaussian can be greatly enhanced. Moreover, from
the insets of Fig. 6, the performance of our reduced-
domain is always more robust with respect to different
realizations as compared with Gaussian. From Fig. 6(c)
and Fig. 6(d), we can see that for Gaussian initialization,
the variance of the cost in the ideal case is larger than
that with 5000-shots. This is because the statistical noise
may play a positive role. As verified in Section 9.5 in [79],
gradient descent with small random noise can implicitly
compute the second-order information and exploit the
direction of the negative curvature to achieve adequate
local descent.



@ o
s .
= e emem encl
o
© 10
180 200
-15
0 50 100 150 200
Iteration
®) o 16,50
e AT
-16.75
-5
=17.004 |
‘g ............... 160 180 200
Sl {0 TTmRBRARLLe
-15
0 50 100 150 200
Iteration
©
—16.50
-16.75
—5 | -
=17.004
17}
o
@]

Iteration
(d

5 -16.5

0
7] 160 180 200
o -5 -
L e uniform

—---- Gaussian

reduced-domain

0 50 100 150 200
Iteration

FIG. 6. Convergence behavior of the 10-qubit Heisenberg
model under uniform (dotted red), Gaussian (dashed green),
and reduced-domain (solid blue) initialization, with different
numbers of measurement shots per evaluation: (a) 50 shots;
(b) 500 shots; (c) 5000 shots; (d) infinitely many. Here, S =
2, L = 35, the variance of Gaussian initialization is chosen
as ﬁ = % ~ 0.0017857, while the hyperparameter a of
the reduced-domain is selected to be 0.0806522 according to

Eq. (5).

B. QNN

We now extend the reduced-domain initialization
strategy to QNN. In Proposition 5 of Ref. [41], it
was demonstrated that in the under-parameterized
region, there exists such a dataset that can induce a

loss function with exponentially many spurious local
minima. Subsequently, several simple yet extremely
hard QNN instances for training were presented,
where the initial parameters are uniformly drawn from
the entire period. Here we focus on Example 2 in
Ref. [41] and demonstrate that the reduced-domain
parameter initialization strategy can help achieve global
convergence efficiently.

Let us first briefly introduce the hard instance for
training in Ref. [41]. In the under-parameterized region
with depth L = 1, constructing a p-parameter hard
instance involves N = p qubits with the loss function

1 z”: {(sin% — sin 1)2 + 1((:032(9 — cos W)?
2p = ! 50 4 ! 50/ |-
(23)

Here, the p-dimensional parameter vector is denoted
by 8 = (01,02,---,6,). It was proved that within
each period, for instance, [~7F, 7], there are 27 minima.
Among them, the global minimum is attained at 8* =
(1L007 ceey ﬁ), while the other 2P — 1 local minima are
spurious with non-negligible suboptimality gaps.

We follow the same routine as outlined in Ref. [41],
where QNNs are trained using back-propagating gra-
dients with RMSProp. The constant learning rate is
set to be 0.01, and the smoothing constant for mean-
squared estimation is 0.99. We perform 5000 rounds of
demonstrations with 200 iterations for each round. We
consider the convergence of the global minimum within
a margin of error of 1074,

We compare the relative frequencies of achieving global
convergence under five initialization strategies: zero-
initialization by setting all parameters to be zero, uni-
form U [—%, 2] as in Ref. [41], Floquet U [-W, W] with
W = 0.2, reduced-domain U [—a%,a%] with a = 0.1,
and Gaussian N (0,0.008225), whose variance is set to
be the same as the reduced-domain strategy. From
the semi-log plot in Fig. 7(a), it is clear that under
uniform initialization, the probability of success decays
exponentially with the number of qubits (or parameters).
In particular, in the 18-qubit case, there is no round
achieving the global minimum within 5000 rounds of
demonstrations. In contrast, all the other advanced
strategies consistently achieve global convergence.

To further compare the efficiency of these advanced ini-
tialization strategies, we shift the parameter initialization
domain away from the global minimum. Specifically, we
adjust the center of the above five initialization strategies
to 7, instead of 0. From the semi-log plot in Fig. 7(b),
both the Gaussian and Floquet initializations exhibit
exponential growth of failure in achieving global conver-
gence as the system size increases, although the rates of
their exponential growth are significantly lower than that
of uniform initialization. Notably, the reduced-domain
and 7-initialization strategies consistently succeed in
achieving global convergence in this context of shallow
circuits. Especially, for the 16-qubit instance, the cu-
mulative frequency of global convergence is only 2 under
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succeed. (c) Detailed distribution of the loss function value at convergence for the 16-qubit instance. The cumulative frequency
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of global convergence is 5000 for both Z-initialization and reduced-domain (U [F — a3, % + a3 ] with a = 0.1), 3602 for Gaussian

4

(N (3,0.008225)), 2887 for Floquet (U [T — 0.2, % 4 0.2]), and only 2 for uniform (U [F — 3, % + 3]).

uniform initialization, while it is 2887, 3602, 5000, and
5000 under the Floquet, Gaussian, 7-initialization, and
reduced-domain strategies, respectively. Furthermore,
we illustrate a detailed distribution of the loss function’s
convergence for the 16-qubit case in Fig. 7(c).

From the above demonstrations, we conclude that
when the landscape of the cost function has abundance
of local minima, it is a smart choice to properly reduce
the initial domain to improve the trainability by limiting
the expressibility of initial PQCs.

V. CONCLUSION and DISCUSSION

In this paper, we have presented an efficient reduced-
domain parameter initialization, enhancing trainability
of VQAs both theoretically and empirically. For Hamil-
tonian represented as a sum of local Pauli strings, we
have proved that with the reduced-domain strategy, the
average of the squared norm of the cost gradient decays
at most polynomially with the depth of circuit and

increases linearly with the number of individual terms
in the summation of Hamiltonian. Thus, it clearly
implies that reduced-domain initialization helps PQC
avoid the phenomenon of BPs. Our empirical results have
validated the theoretical results in VQE tasks. Moreover,
via simulations, we have demonstrated that the reduced-
domain strategy can also help address the poor conver-
gence in presence of BPs in the VQE context of both
HEA and HVA, and exponentially many spurious local
minima in under-parameterized QNNs. The reduced-
domain initialization strategy has the potential to sig-
nificantly enhance trainability and convergence of PQCs
and generate wide impact on developing algorithms with
quantum advantages for various practical applications.
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Appendix A: The norm of gradient
In this section, we explain the meaning of the figure of merit ||VoC/|3.
In gradient-based optimizers, the parameter vector 8 updates as
011 =0, —nVeC(6;),
where 77 denotes the learning rate, which is usually small. With the update, the value of cost function decreases as
C (8i11) = C (8; —nVaC(6:)) = C (8:) = nl|VaC(6:)]I5 + o ().

It is clear to see that the decrease with parameters updating is quantified in terms of the magnitude of |VoC/|3.
Thus, we adopt the average E ||[VoC||3 as the trainability figure of merit.
6

Appendix B: Technical Lemmas

In this section, we present several technical lemmas, which are all based on the following assumption.

Assumption 5. A random variable 6 is drawn from uniform distribution over [—am,an], where a € (0,1) is a
hyperparameter to be further determined.

Under the assumption, let E denote the expectation over 6 with respect to the uniform distribution U [—aw, ar].
0

Recall that
azl 2+Sin2a7r ,,8:1 2_sinZaﬂ' ,,stinaﬂ'.
4 am 4 arm arm

Lemma 6. Let A be an arbitrary linear operator, G be a Hermitian unitary and V = e5C. Let O be an arbitrary
Hermitian operator that anti-commutes with G, and O be an arbitrary Hermitian operator that commutes with G.
Then,

ETr [OVAVT] =y Tr[04], (B1)
E %Tr [OVAVT] =y Tr[iGOA], (B2)
. R
ETr [OVAV ] _ [OA] , (B3)
E2T [OVAVT} =0 (B4)
0 00 ’

Proof. From V = e~%2 50 = Jcos 2 —iG sm 2, for any operator B, we have

2
i 6 .,. 0
Tr [BVAVT] =Tr B(Icos§ — 4G sin i)A(ICOb —+ ’LGblIl

:%MTHBA]f_gﬂ r[BGAG) + == (1 [iBAG) - Tx [1BGA)). (B5)

If O anti-commutes with G, then iGO is Hermitian. In addition, with G being unitary and {O,G} = 0, from
Eq. (B5) we have

Tr [OVAVT] = cos §Tr [OA] + sin 0Tr [iGOA] (B6)
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and accordingly,
%Tr [OVAVT] = —sin0Tr [OA] + cos 0Tr [iGOA] . (B7)

Thus, Egs. (B1) and (B2) can be obtained by taking the expectations of Egs. (B6) and (B7) over 6, respectively.

Moreover, when O commutes with the unitary G, following similar calculations, it is straightforward to have
Egs. (B3) and (B4). O

From Lemma 6, we have the following conclusion.

Corollary 7. Let A be an arbitrary linear operator, G be a Hermitian unitary and V = e135G. Let O denote
an arbitrary Hermitian operator that anti-commutes with G, and O1 and Oz be arbitrary Hermitian operators that
commute with G. Then,

ETr [OVAVT] Tr (0w avT| =y Te[04)Tr [014], (BS)
19@%% [ovAVT]. % r[Ovavi] =o, (B9)
BTy [Olmvf} Tr [OQVAVT] —Tr {OlA} Tr [OQA] : (B10)
%%T& [AZ\AE %Tr [AZAGIE (B11)

Lemma 8. Let A be an arbitrary linear operator, G be a Hermitian unitary and V = e 59 Let Oy and O, be
arbitrary Hermitian operators that anti-commute with G. Then,

ETr [01VAVT] Tt [0.VAVT] = a Tr[01A] Tr [O2A] + B Tr [iGO1 A] Tr [iGO2 4], (B12)

E%Tr [0,V AVT] -%ﬁ [0, VAVT] = BTr[01A] Tr [024] + a Tr [iGO; A] Tr [iGO- A]. (B13)
0

Proof. According to Eqgs. (B6) and (B7), we have

Tr [01VAVT] - Tr [0,V AVT] = cos? 0Tr [O1 A] Tr [0z A] + sin® 0T [iGO;1 A] Tr [iGO2 A

B14
+ sin € cos O {Tr [O1 A] Tr [iGO2 A] + Tr [O2A] Tr iGO, A]} (B14)

%Tr [0, VAVT]. %Tr [02V AVT] =sin? 0Tr [O1 A] Tr [O2A] + cos® 0Tr [iGO1 A] Tr [iGO, A] (B15)
—sinfcos 6 {Tr [O1 A] Tr [iGO2 A] + Tr [O2A] Tr [iGO1 A} .
Then, Egs. (B12) and (B13) can be derived by taking the expectations of Egs. (B14) and (B15) and employing

Ecos’0 = o, Esin?6 = 3, Esinfcosd = 0.
0 0 0

It follows that the following conclusion holds.

Corollary 9. Let A be an arbitrary linear operator, G be a Hermitian unitary and V = e~5C. Let O be an arbitrary
Hermitian operator that anti-commutes with G. Then,

]gﬂﬁ [OVAVT] = aTv? [OA] + BTr* [iGOA], (B16)

2
E (;)HTr [OVAVT]) = BTr? [OA] + a Tr? [iGOA], (B17)

where Tr?[-] = (Tr[-])2.

The following lemma concerns the transformations of two-qubit Pauli tensor products after a controlled-Z gate.
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Lemma 10. Let CZ denote a controlled-Z gate, and o; @ o be a two-qubit Pauli tensor product, where o; and o;
are Pauli matrices. If oy @ 05 = CZ1(0; ® 0;)CZ, we denote the transformation by o; @ 0 — oy @ ojr. All of the
specific transformations can be summarized as follows:

201201, 2072+ Z® Z,
YeI-Y®Z Yo & XX,
XRIsX®Z XV & -YX.

Appendix C: Proof of Lemma 2

Proof. For the Hamiltonian of Eq. (7), the average of the squared norm of the gradient can be described as

oC \?
VoCl|? =
E V603 gﬁ(@@)
2
g=1n=1 6 i=1 89(1’”
7N71iiE 8C1 2Jr N—-1 2L N E aCZ 80] (Cl)
- [} (%’q . 2] aanaeqn ’

where C; = Tr [Z;Z;11U(0)pU"(0)]. Thus, we turn to analyze the lower bound of Eq. (C1).

For clarity, we first introduce notation. As illustrated in Fig. 1(a), the L-layer parameterized unitary U(@) can be
expressed as the product of L sequential unitaries

U(O) = UL(02L702L71) e U1(02701)’
with
Ul(02la 02[—1) = R21(921)R21—1(021_1)CZ17
Rgl(QQl) = @7%021,1}/ R ® e*%QQLNY’

Roi_1(0g_1) = e7202-11X g ... @ 720218 X

Here, for | € [L], CZ; denotes the Ith entanglement layer composed of arbitrarily many CZ gates, and Rg;(62;) and
Ro;—1(02;—1) denote the Ith Ry and Rx rotation layer, respectively. Denote pg = |0) (0|, and for I € [L], let

pa1 = Roy(021)por—1 R}, (021),
p21—1 = RZl—l(021—1)CZ1P21—QCZ;[RJ£I,1(92l—1)-
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Now we evaluate the lower bound of the first summation in Eq. (C1). Note that

oC; \? B 2
v = 2 7. +
Ig <59q,n) IE (89,1,71 Tr [Z:Zi41U (0)poU (9)]>

P 2
Igl <39q,n Tr [ZiZi+1P2L]>

9 f ’
= 9[2151] 0]12*3L (39q,n Tr |:ZiZi+1R2L(02L)p2L—1R2L(02L)}) (C2)
0par,—
= E E T¢? |:ZiZi+1R2L(02L) paL 1R;L(02L)] (C3)
02 —1] 021 0q,n
Opar—1
> o? ™ | Z,Z; C4
= 9[2ILE—1] ' { i 00y, ] ()
Opor —
= E E T [ZiZ¢+1R2L1(92L1)CZLWCZTLR;Ll(@le)
O12r _2) 02,1 80!17"
9 i ’
> ol T YASYAYA, Z _
=« o[zILE—m <aeq,n r[C L +1C2Lpar 2}> (G5)
P 2
e} 9[2152] (89(1,” T +1P20—2) (C6)

Here, Eq. (C3) is due to the linearity of the trace operation, which is frequently utilized in the proof. Eq. (C4) is
obtained by first employing Eq. (B16) to take the expectations over 6y, ; and 6>, ;41 producing the coefficient a?,
and then leveraging Eq. (B10) to take the expectations over the other N — 2 components in 0y,. Following a similar
analysis, Eq. (C5) can be derived. Eq. (C6) is due to Lemma 10, that is, the tensor product Z;Z; 1 remains unchanged
after applying arbitrarily many CZ gates.

We repeat the techniques for deriving Egs. (C2)-(C6) to calculate the expectations over O2r,_1, ..., 0441 and obtain

aci \° _ o 2
) > q2@L-9 Tr[Z; Z; . C7
IGE <89q,n> = HIE] (aeq,n r| +174 (D

Next, we proceed upon the index n, the ordinal number of the qubit where the trainable parameter 6, ,, lies. In the
case where n € {4, + 1}, we have

ac; \* _
L) > a2l Tv? [Z; Z; 41 pq— C8
Ham,.) 200 0 2 0
> o?CLm0+g (2D 2 (7,7, pol, (C9)

where § in Eq. (C8) is obtained by employing Eq. (B17) to take the expectation over 6, ,. It is worth pointing out
that to persist the observable Z;Z;,1 in the following analysis, we keep the item with coefficient 8 rather than « in the
inequality. As for the other N — 1 components in 8,, the analysis is the same as that in Eq. (C4) or (C5). Following
a similar derivation to Eq. (C7), Eq. (C9) can be obtained.

In the case where n ¢ {i,7 + 1}, when taking the expectation over 6, ,, by Eq. (B11) we have

P 2
T (Z,Z; =0. 1
QIE] <89q,n v [Z; H—lpqo 0 (C10)

Therefore, combining Eq. (C9) and Eq. (C10), it can be seen that

2 4rL-1 Iy
; 1
E(@CI) > o ,B,ne{z,.z—l— 1, (1)
6 \ 00y n 0, otherwise.
and the first summation in Eq. (C1) is lower bounded by
N-12L N 90 \ 2
> E L) > (N —1)x2L x 224715, (C12)
6 \ 00,

i=1 g=1n=1



17

Then, we analyze the second summation in Eq. (C1). Note that

]g (80,17” 89%”) = ]g <39q,n Tr [Z; Ziv1p2L] D60 Tr [ZJZJ+1P2L}> )

We first consider the case where {i,i + 1} N{j, 7+ 1} = 0.

801 8CJ _ . A(2L—q) 0 . 9 .
]g (89q7n 39q,n> =7 GIE] G Tr[Z; Zit1p4] 8G(MTK (Z;Zj41pq] (C13)
-0 (C14)

In regard to the expectation over 6oy, in Eq. (C13), the coefficient v appears each time when we take the expectation
over 0o, ;, 02141, 02, or far j11 by employing Eq. (B8). In addition, Eq. (B10) is utilized to calculate the
expectations over the other components in 85y,. Similarly, we can take the expectations over 821,_1, ..., 60441, during
which the calculation of each CZ; layer is the same as that in Eq. (C6). When taking the expectation over 0 .,
Eq. (C14) can be obtained by employing either Eq. (B9) for n € {i,i+ 1,4,j + 1} or Eq. (B11), otherwise.

Next, we consider the case where ¢ = j+ 1 or i + 1 = j. Let us consider the case i + 1 = j in detail, and the other
case can be followed in a similar way. Note that

0C; 0Ci41 o 9
%(39(1% 004 ) O[IQEL] (agqm [ +1p2L] 90y (Zit1 +2p2L]> (C15)

:7204 E (
02 1)

0
Tr [Z,Z; 1| =Tr[Z;117; _
90y r [ +1p20—1] 90y v [Ziv1Ziv2paL 1])

(C16)

Tr [Z; Xit1p20-1]

++%8 R (

0211

—4a? E (

01219

Tr [X7;+1Z¢+2p2L—1]>

0
004 n 004n

0
Tr [CZTLZiZH,lCZLpQL,Q] —Tr |:CZ-il—/Zi+1Zi+QCZLp2L2i|>

00y.m 0ym

+7%aB E (

0
T 7t 2V CZ pr ol = e (O Y 2 0O 0
ool \ 96, {C 12iYi1CZrpar, 2} 00m {C 1Yit1Zi42CZ1por, 2D (C17)

+4*8 E ( Tr [CZTLZiXi+ICZLp2L—2:|

O 2

—Tr [CZEXH-I Zi+QCZLp2L_2:| ) .

q,n

90,0

Here, Eq. (C16) is obtained by taking the expectations over 0ar, ;11 by Eq. (B12), 021 ; and 621, ;42 by Eq. (BS8), and
the other N — 3 components by Eq. (B10). Similarly, Eq. (C17) can be derived.

It is worth pointing out that after employing Lemmas 6 and 8 to calculate the expectations over the trainable
parameters in rotation layers, except for the terms related to the original observables Z;7; 1 and Z;y1Z;42, other
terms related to new observables may be generated. For example, after taking the expectation over 85y, the original
observable Z;Z;y; in Eq. (C15) generates two terms related to the observable Z;Z;,1 and Z;X;11, respectively, in
Eq. (C16). It is clear that the generated new observables are always N-qubit Pauli strings as defined in Eq. (2), and the
corresponding coefficients are monomials of 7y, o and 3, which are always positive. Moreover, according to Lemma 10,
after applying an entanglement layer composed of CZ gates, the generated observables are still V-qubit Pauli strings,
where, for example, the observable Z;Z; 1, remains unchanged. Thus, whenever we finish the calculations with respect
to a block, there are always terms related to the original observables Z;7;,1 and Z;1Z; 2, and some other generated
terms related to observables in the form of N-qubit Pauli strings. We point out that all the generated terms are
non-negative, and we come back to its proof later. In the following, the terms with the original observables Z;Z; 1
and Z;11Z;492 are kept only for further analysis. Thus, we have

0C: 9Cii1\ _ 4 o B B
> T (ZiZi1par o) ———T¥ [ Zis1 Zivapor. C18
I(’E<89q,n aeqm) =7 ‘9[2152] 00y, 'l +1p21—2] 004,1, HZia Ziapar-] (C18)
0
> PRLmag?tme g ( Tr[ZiZiy1pq) 77—Tr [Zz'+1Zi+2Pq]) ) (C19)
61 \9q.n g,n

where Eq. (C19) is obtained by repeating the same analysis as that in Eq. (C18) for the expectations over
Os1,_2,...,0441.
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Then, we proceed upon the index n. When n =i + 1, we have

0 0
£ (39%” (2:2101) 5T i +2pq1)

>v*B B (Tv[ZiZiz1pq—1] Tr [Zis1Ziv2pg—-1]) (C20)
[q—1]

>~2 32D Ty (2, 7,01 po] Tr [Ziga Zivapo) (C21)

where in Eq. (C20), the coefficient 3 comes from Eq. (B13) for the expectation over ., and the coefficient ¥? comes
from Eq. (B8) for 6, ,—1 and 84 ,+1. Eq. (C21) is obtained in the same way as Eq. (C19).

When n # i + 1, by employing either Eq. (B9) for n € {i,i + 2} or Eq. (B11), otherwise, to take the expectation
over 0, ., we have

0 0
Tr[Z; Z: — T [Z 1% —0. 29
OE] <89q’n I'[ +1pq] agq’n I'[ +1 +2pq]) 0 (C )

Now we prove the non-negativity of the generated terms. Without loss of generality, we take the inequality in
Eq. (C21) as an example. The gap between the interested term (C15) and the final term (C21) can be expressed
exactly as a linear combination of all generated terms

chTr |:0'gl_cp0i| Tr |:a-glp+1p0:| 5 (C23)
k
where ¢, is the positive coefficient, oy and Tk, denote the N-qubit Pauli strings generated from Z;Z;;; and

Z; 417542, but not themselves, respectively. With the choice of the initial state pg = |0) (0], other terms like Eq. (C23)
are always non-negative.
Therefore, from Egs. (C19), (C21), and (C22), we have
eI n=i=j+1,
) > 9yt Tg n=i+1=4,

0, otherwise,

ac; aC;
o\ 90, 90,.,

and the second summation in Eq. (C1) is lower bounded by

N—-1 2L N
Z ZZ]E< 801 aOJ ) Z2(N—2)><2L’74L042L71B (024)
i#j=1g=1n=1 6 \00q,n 9y,n

Combining Eq. (C12) and Eq. (C24), we have

E||VeC||2 > 4(N — 1)La* 713 + 4(N — 2)[4*Fa?l713 > 4(2N — 3)L43F 723, (C25)
]

where the second inequality is derived by using the inequality

. . 2
a_1(2+81n2a7r)272_<sma7r> Lac(0.1).
4 am am

Finally, we determine the hyperparameter a. Let = denote (am)?. It can be verified that for a € (0,1),

1 1
y>1—=a’m?=1- -z,

6
1 1
In order to ensure the positivity of the right sides of the two inequalities above, we further set a € (07 —>7 ie.,

x € (0,5). Then, the lower bound in Eq. (8), that is, Eq. (C25) can be further bounded by

1 1 1 \8L-2
42N -3)L <3x — 15m2> (1 . 6x> 2 g(N,L,z).
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It can be verified that g(NV, L, z) attains its maximum when

_ 40L +7 — v/1600L? — 400L + 49
- 16L '

Thus, we choose the hyperparameter as

40L + 7 — v/1600L2 — 400L + 49
47r L ’

(C26)

which has the same scaling as \F7 that is, a € © (T) Moreover, with the selected a in Eq. (C26), g(N, L,a) can
be lower bounded by

g(NaLva’) > 671(2]\773)7

which is obtained by the fact that the function ﬁg(]\f ,L,a) decreases monotonically with L and converges to
-1
e . O

Appendix D: Proof of Theorem 1

We continue to utilize the notation in Appendix C. In addltlon for each term o; in Eq. (3), denote S* as the
number of nonzero components in the vector i = (iy,i2, -+ ,in). Accordlng to the definition of S-local cost function
in the form of Eq. (3), we have S* < S. The number of elements being j in vector % is denoted by S}, for j € {1,2,3}.
Thus, we have

St =8t 4 St St<s. (D1)

We introduce Ig:i = {n|i, # 0,n € [N]} to denote the set of qubits upon which the term o; acts non-trivially.
Similarly, we define Ig: = {n|i, = j,n € [N]} for j € {1,2,3}.
J

Moreover, for ¢ = (i1,12,--- ,in), i; € {0,1,2,3}, j € [N], let 3 : © denote the N-dimensional vector after replacing
all nonzero components in ¢ with 3, and 3 : ¢; 1 denote the N-dimensional vector after replacing all 1s in ¢z with 3.

Proof. For the general Hamiltonian of Eq. (3), the expectation of the squared norm of the gradient of the cost function
can be described as

2L N

2
BIVoC1; =3 > & (55 )
q=1n=1
2L N 2
> yr(x o)
q=1n=1 ieEN
<l 2N a0 ac
= E( ) ( ) (D2)
%;; 0041, #;N;; 0045 00y 1,

where C; = Tr [o3;U(0)pU(8)]. Thus, we turn to analyze the lower bound of Eq. (D2).
For the first summation in Eq. (D2), we have
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Note that, for ¢ € [2L — 2],

o (G 2—1@ O o ]2
o\00,,) ~6\90,, T

P 2
= Tr |o; Ror (6 _1R! (0
0[2151] eIQEL <59qn [0' or(621)p2r—1 2L( 2L)D

; ) ?
> aSSﬁS E ( Tr [Us:i;IPZLl]) (D3)
2L 1] 39(1 n
S P 2
> a51+253551+s2 E (Tr [CZEO’3:7;CZLP2L2:|) (D4)
621 2 89%"
S P 2
= oS12% 5115 g < Tr[o3:ip2r— 2]> ; (D5)
0121 2 aeqn

where Eq. (D3) is obtained by using Eq. (B16) up to S% + S? times with respect to 6ar, ,,n € Igs Ulgi, and using
Eq. (Bl()) up to N — S% — S% times with respect to the other components in 651,. The appearance of the coefficient

3651 is due to the fact that each time when Eq. (B16) is employed we only keep the item with more Pauli Z tensors
in the corresponding N-qubit Pauli string observable. Eq. (D4) is derived by using Eq. (B16) up to S* times with
respect to far,_1 n,n € Ig: with the appearance of the coefficient %1155 3% and using Eq. (B10) up to N — 5% times
with respect to the remain components in 627, 1. Eq. (D5) follows the same reasoning behind Eq. (C6).

After taking the expectations over 857, and 057, 1, the observable remained in Eq. (D5) is o3.;, which is an N-qubit
tensor product composed of identity and at most S Pauli Z operators. Thus, to bound the expectation term in
Eq. (D5), we can employ the same technique used for the interested term (C11) related to the original observable
ZZi+1, specifically,

0] 2 ozzsi(L_l)_lﬁ n € lqi
E Tr |03:5p21,—2 > > ’ ’
0122 <89q n [ } 0,

Thus, the first summation in Eq. (D2) is lower bounded by

2L N 80 . . . . .
Z Z ZE ( ) > (20— 2) Z §iq2St (L-1)+5i+25]-1gStsi+1

otherwise.

ieEN g=1n=1 ieEN
Z (2L _ 2) Z Sia25L71I85+1 (D6)

ieEN
> |N|(2L — 2)a?SE-15+L (D7)

Here, Eq. (D6) is due to Eq. (D1), and Eq. (D7) is due to the non-triviality of each term in the general Hamiltonian
of Eq. (3), that is, S* > 1, for all 2 € NV.
Next, we calculate the second summation in Eq. (D2). Note that

0C; 0C; 0 0
Tt [o; p31]| ——T D
IGE (aaq’n aeq,n) E <80q n r [U p2L] 89(1’ r [UJPQL]> ( 8)
We first consider the case where Igi N Ig; = (). Similar to obtaining Eqs. (C13) and (C14), we have
0C; 0C;
= U. D
(e ams) = @)

Then we consider the case where Iq: N Ig; # (). Following the technique used for the case i +1 = j and the form
of Eq. (C23) in Appendix C, Eq. (D8) can be rewritten as a sum of non-negative terms

aC; 0C;
]g <59q,n 89;”) = ngTr [Uggpo] Tr {ag;cpo} >0, (D10)

where ¢ denotes the positive coefficient, o

gk and o k denote the N-qubit Pauli strings generated from o; and o,

respectively. The non-negativity is owing to the chosen initial state po = |0)(0].
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Therefore, the second summation in Eq. (D2) is non-negative, i.e.,

L N aC; aC;
£ s

i#jEN q=1n=1

Combining Eq. (D7) and Eq. (D11), we have Eq. (4).
Finally, we determine the hyperparameter ¢ by maximizing the lower bound in Eq. (4) denoted by

G(S,L,a) £ 2IN|(L — 1)a*5E=1 g5+,
It can be verified that G(S, L, a) attains its maximum when « is chosen as the solution of the following equation

sin2ar S(2L—1) -2

2ar  S(2L+1)

and the solution a has the same scaling as %, that is, a € O(

1

ﬁ) Moreover, with the selected a, we have

s+1)5+1 L—1
(

G(Svaa) Z 2‘N| ( 68 2L_|_ I)S—i-l’

j|2$L71

which is obtained by the fact that the function [ 52(223) decreases monotonically with L and converges to es%,

when S > 1. O

Appendix E: Proof of Lemma 4

Proof. Let us first prove Eq. (15) concerning the average of the partial derivative of the cost function with respect to
Og.n-
For the Hamiltonian of Eq. (7),

N-1
]Ea C= Ea Ci7

where C; = Tr [ZZ-ZiH U(G)pUT(G)]. To proceed, assume that 6, , lies in the {th block. Then, we have

Igaeq,nCiZ E 0p,,Tr[ZiZit1p2L]

021
=7 E 0, T[ZZis1p20-1] (E1)
02 1)
=" E 9,,Tr CZTLZiZi+ICZLP2L—2] (E2)
O2r 2
=y E 0,,Tx(ZiZit1p20—2] (E3)
01212
= 44D JE 0o, Tr[ZiZiv1p2]- (E4)
[21]

Here, the appearance of v2 in Eq. (E1) is due to taking the expectations over 027, ; and 6y, ;1 by employing Eq. (B1)
and taking the expectations over the other N — 2 parameters in 037, by utilizing Eq. (B3). Following the same
reasoning, Eq. (E2) is derived. In addition, Eq. (E3) is due to Lemma 10. Egs. (E1)-(E3) comprise a complete
calculation for the Lth block in Fig. 1(a). For the following L — I — 1 blocks, we repeat the same procedures and
obtain Eq. (E4).

Now we proceed upon the index n. For n ¢ {i,i + 1}, from Eq. (B4), we have

Q]E 89qynTI‘ [ZiZi+1pq] = 0,

q.n

which results in E dy, ,,C = 0.
o 9,
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For n € {i,i+ 1}, we first consider the case where ¢ = 2/. Note that by employing Eq. (B2) for 6, ,, we have

2 .
— 7 Tr [ XsZig1p2-1], n =1
E Oy, ,, Tr [ZiZit1p2] = ) . (E5)
021 — v Tr[Zi Xiv1p2-1), n =i+ 1.
Moreover, by employing Eq. (B1), we have
E Tr[X;Ziy1p2a-1] =7Tr [CZ;XZ‘Z'L'HCZZPM—J , =1
021 (EG)
B]E Tr [ZiXi+1le,1] :’YTI‘ [CZjZiX¢+1CleQl,2} , = t 4+ 1.
201—-1
Combining Eq. (E5) and Eq. (E6), we obtain
- ")/3TI‘ [CZ;XiZiJrlCleQl,Q] , = )
E E 0, Tt [Zi Zit1pa] = (E7)
0211 02 — 43Ty [Czjzixmczlpgl_g} m=i+1
Similarly, for n € {i,7 + 1} and ¢ = 2l — 1, we have
E E 8021_1'77,?[‘1‘ [Z’LZ’L+1p2l] = ’72 E 8021_1'77,?[‘1‘ [Z’LZ71+1p2l71]
62,1 62 0211
YT [CZzTYiZiHCZszl—z} , =1 (E8)

VT [CZ] 241 Clupar 2|, =i+ 1.

According to Lemma 10, after applying the Ith entanglement layer, the generated observables in Egs. (E7) and (ES8)
are all N-qubit Pauli strings with the nth tensor component unchanged and being either Pauli X or Pauli Y.

Subsequently, from Eqgs. (B1) and (B3), taking the expectations over 8,_1,...,0; does not change the observables
any longer. Moreover, applying the entanglement layers does not change the nth tensor component of the observables
in Egs. (E7) and (E8), which is either Pauli X or Pauli Y. Thus, for n € {i,7 + 1}, we have

oE 0, Tr [Zi Ziy1p2] = cTr [og, po] , (E9)
[21]

where c is a positive coefficient, o4, denotes the final Pauli string generated from Z;Z; 1, whose nth tensor component
is Pauli X for ¢ = 2] and Pauli Y for ¢ = 2] — 1. Moreover, with the choice of py = |0) (0], Eq. (E9) is equal to zero,
which results in E dp, ,C = 0.

g (0a

Therefore, we have proved Eq. (15). The proof of Egs. (16)-(21) can be straightforwardly derived from the proof
in Appendix C. O

Appendix F: Proof of Theorem 3

Proof. The proof of Egs. (11) and (14) can be straightforwardly derived from the proof in Appendix D. We now focus
on proving Eq. (12) when the number of the elements in vector % belonging to {1,2} is not equal to 1 for all 2 € N.

Following the notation in Appendix D, we restate Eq. (12). Specifically, if St 4 S& # 1 for all ¢ € A, for an arbitrary
trainable parameter 0, .,

0p, . C = Oy, . C; =0, F1
1% 04.n ,%\:/Ig (. (F1)

where C; = Tr [o3;U(0)pU(8)]. To prove it, we assume that 6, lies in the /th block.
First, if S% + 5% = 0, we can directly generalize the proof in Appendix E to obtain

E0y, ,C; = 0. (F2)
9%,
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Next, if S% + S% > 2, note that

IeEaeq,nCi: E aoqynTI‘[O'ing]

0121
— ~ST+S53 0y, , Tr [0 "
,y E 9q=n r[o'szL*]-] ( )
0211
— S+ g 9o, Tr {CZTLO'iCZLPZL*Q} (F4)
01212 ,
= (5" 55) (L) Q]E 3, Tr [0, 2, p21]- (F5)
21]

Here, Egs. (F3) and (F4) are derived from the same reasoning as Eqs. (E1) and (E2), respectively. According to
Lemma 10, after applying the entanglement layer in Eq. (F4), the position set of the tensor components being X or
Y does not change, being equal to si U I si- Then we repeat the above procedures for the following L — [ — 1 blocks
and obtain Eq. (F5), where o4, ,, denotes the generated observable after calculating the last L — I blocks with the
invariant set Isi?i,Zl u Isgi,zl = Igi U Ig;. By now, S92t 4 et — §i 4 GE > 2,

For the [th block where 6, , lies, from Lemma 6, when taking the expectations over €2, and 63;_1, the number of
the tensor components being X or Y changes, which either increases or decreases by at most 1. In fact, the possible
change only happens when employing Eq. (B2). Moreover, according to Lemma 10, after calculating the Ith block,
we have

S.;h',z(z—l) + 5291‘,2(1—1) Z Si + S; -1 Z 1.

During the calculations of the expectations over @3;_1)], from Lemmas 6 and 10, the number of the tensor
components being X or Y does not change any longer. Since

IBEagqynCi o Tr [o'gi,UPO] R

and at least one of the tensor components in ag, , is X or Y, with the selected py = |0)(0|, we have

EOy C; =0. (FG)
]

q,n

Thus, Eq. (12) is proved and so is Eq. (13). O
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