
Quantum Machine Intelligence (2024) 6:34 
https://doi.org/10.1007/s42484-024-00161-4

RESEARCH ART ICLE

Solving the vehicle routing problem via quantum support vector
machines

Nishikanta Mohanty1 · Bikash K. Behera2 · Christopher Ferrie1

Received: 18 August 2023 / Accepted: 4 April 2024 / Published online: 6 June 2024
© The Author(s) 2024

Abstract
The vehicle routing problem (VRP) is an example of a combinatorial optimization problem that has attracted academic
attention due to its potential use in various contexts. VRP aims to arrange vehicle deliveries to several sites in the most
efficient and economical manner possible. Quantum machine learning offers a new way to obtain solutions by harnessing
the natural speedups of quantum effects, although many solutions and methodologies are modified using classical tools to
provide excellent approximations of the VRP. In this paper, we employ 6 and 12 qubit circuits, respectively, to build and
evaluate a hybrid quantum machine learning approach for solving VRP of 3- and 4-city scenarios. The approach employs
quantum support vector machines (QSVMs) trained using a variational quantum eigensolver on a static or dynamic ansatz.
Different encoding strategies are used in the experiment to transform the VRP formulation into a QSVM and solve it. Multiple
optimizers from the IBM Qiskit framework are also evaluated and compared

Keywords Vehicle routing problem · Ising model · Variational quantum eigensolver · Quantum encoding · Quantum support
vector machine · Parameterized circuit

1 Introduction

1.1 Quantum computing

Quantum computing has provided novel approaches for
solving computationally complex problems over the last
decade by leveraging the inherent speedup(s) of quantum
calculations compared to classical computing. Quantum
superposition and entanglement are two key factors that
give a massive speed up to calculations in the quantum
domain compared to classical counterparts (Montanaro2016;
Jordan 2024; Horodecki et al. 2009). Because of this,
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addressing optimization problems by quantum computing is
an appealing prospect.Multiple approaches, such asGrover’s
algorithm (Grover 1996), adiabatic computation (AC) (Farhi
et al. 2000), and quantum approximate optimization algo-
rithm (QAOA) (Farhi et al. 2014), have been proposed to
use quantum effects and, as such, have served as the basis
for solving mathematically complex problems using quan-
tum computing. The performance of classical algorithms has
generally been found to be subpar when applied to larger
dimensional problem spaces (National Academies of Sci-
ences (2019)). On a multidimensional problem, classical
machine learning optimization techniques frequently require
a significant amount of CPU and GPU resources and long
computation time. The reason for this is that ML techniques
are needed to resolveNP-hard optimization problems (Dasari
et al. 2020).

1.2 Vehicle routing problem

The vehicle routing problem is an intriguing optimization
problem because of its many uses in routing and fleet
management (Harwood et al. 2021), but its computational
complexity is NP-hard (Kumar and Panneerselvam 2012;
Mohanty et al. 2023). Moving automobiles as quickly and
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cheaply as feasible is always the objective. VRP has inspired
a plethora of precise and heuristic approaches (Harwood et al.
2021; Srinivasan et al. 2018), all of which struggle to pro-
vide fast and trustworthy solutions. The VRP’s bare bones
implementation comprises sending a single vehicle to deliver
items to many client locations before returning to the depot
to restock (Feld et al. 2019). By optimizing a collection of
routes that are available and all initiate and conclude at a
single node called the depot, the maximum reward sought
by VRP is often expressed as the inverse of total distance
traveled or mean service time. Even with just a few hundred
delivery locations, finding the best solution to this problem
is computationally challenging.

To be precise, in every VRP with parameters (n, k), there
are (n− 1) locations, k motor vehicles, and a depot D (Azad
et al. 2023; Harwood et al. 2021). The solution is a col-
lection of paths whereby each vehicle takes exactly one
journey, and all k vehicles start and conclude at the same
location, D. The best route is one that requires k vehicles to
drive the fewest total miles. This problem may be thought
of as a generalization of the well-known “traveling sales-
man” problem, whereby a set of k salesmen must service
an aggregate of (n − 1) sites with a single visit to each
of those places being guaranteed (Harwood et al. 2021). In
most practical settings, theVRP issue is complicated by other
constraints, such as limited vehicle capacity or limited time
for coverage. As a consequence, several other approaches,
both classical and quantum, have been proposed as potential
ways forwards. Currently, available quantum approaches for
optimizing a system include the quantum approximate opti-
mization algorithm (QAOA) (Azad et al. 2023), the quadratic
unconstrained binary optimization (QUBO) (Glover et al.
2020), and quantum annealing (Irie et al. 2019; Crispin and
Syrichas 2013; Office 2019).

1.3 Quantum support vector machine (QSVM)

The goal of the support vector machine (SVM) technique
is to find the best line (or decision boundary) between two
classes in n-dimensional space so that new data may be clas-
sified quickly. This optimum decision boundary is referred
to as a hyperplane. The most extreme vectors and points that
help construct the hyperplane are selected using SVM. The
SVM method is based on support vectors, which are used
to represent these extreme instances. Typically, a hyperplane
cannot divide a data point in its original space. In order to
find this hyperplane, a nonlinear transformation is applied to
the data as a function. A feature map is a function that trans-
forms the features of provided data into the inner product of
data points, also known as the kernel (Havlicek et al. 2019;
Rebentrost et al. 2014; Kariya and Behera 2024).

Quantum computing produces implicit calculations in
high-dimensional Hilbert spaces using kernel techniques by

physically manipulating quantum systems. Feature vectors
for SVM in the quantum realm are represented by den-
sity operators, which are themselves encodings of quantum
states. The kernel of a quantum support vector machine
(QSVM) ismade up of the fidelities between different feature
vectors, as opposed to a classical SVM; the kernel conducts
an encoding of classical input into quantum states (Havlicek
et al. 2019; Leporini and Pastorello 2021).

1.4 Novelty and contribution

• In this work, we propose a new method to solve the VRP
using a machine learning approach through the use of
QSVM.

• In this context, we came across recent and older works in
QSVM (Kariya and Behera 2024; Gentinetta et al. 2024;
Rebentrost et al. 2014) and VQE algorithms (Cerezo
et al. 2021), which are used to solve optimization prob-
lems such as VRP. However, none of them use a hybrid
approach to arrive at a solution.

• Our work implements this new approach of solving VRP
using gate-model simulation of a 3-city or 4-city problem
on a 6-qubit or 12-qubit system, respectively, using a
parameterized circuit that is proposed as a solution to
VRP.

• We apply quantum encoding techniques such as ampli-
tude encoding, angle encoding, higher-order encoding,
IQP Encoding, and quantum algorithms such as QSVM,
VQE, andQAOA to construct circuits forVRP and assess
the results and summarize our findings.

• We evaluate our solution using a variety of classical opti-
mizers, aswell as fixed andvariableHamiltonians to draw
statistical conclusions.

1.5 Organization

The paper is organized as follows. Section2 discusses the
fundamentalmathematical concepts such asQAOA, the Ising
model, quantum support vector machine, amplitude encod-
ing, angle encoding, higher-order encoding, IQP encoding,
andVQE. Section3 discusses the formulation and solution of
VRP utilizing the concepts covered in the preceding section.
Section3.2 includes the fundamental components of circuits
required to solve VRP using QSVM. Section4 covers the
outcomes of the QSVM simulation consisting of two sub-
sections. Section4.1 covers the outcome of simulation results
of all the encoding schemes used, Finally, in Sect. 4.2, we
conclude by comparing the results of QSVM solutions using
various optimizers in the Qiskit platform on the VRP circuit
and discuss the feasibility of higher qubit solutions as the
future directions of research.
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2 Background

Dealing with methods and processes for resolving combi-
natorial optimization problems is the foundation of solving
routing challenges. The objective function is then derived
by converting the mathematical models into their quantum
counterparts. We arrive at the objective function’s solution
by iteratively maximizing or minimizing the mathematical
model. In this section, we provide an outline of our solution
strategy’s key concepts.

2.1 QAOA

The quantum approximate optimization algorithm (QAOA)
was proposed by Farhi et al. (2000, 2014) using an adia-
batic quantum computation framework as the algorithm’s
foundation. It is a hybrid algorithm because both classical
and quantum approaches are utilized. Quantum adiabatic
computation entails transitioning between the eigenstates of
the driver Hamiltonian and the problem Hamiltonian. The
Hamiltonian problem can be expressed as

C |z〉 =
m∑

α=1

Cα|z〉. (1)

It is well known that the combinatorial optimization problem
may be effectively addressed by determining the eigenstate
of C with the maximum energy. Likewise, we use driver
Hamiltonian as

B =
n∑

j=1

σ x
j , (2)

Here, σ x
j denotes the σ x Pauli operator on bit z j , and B is

the mixing operator. Let us additionally define two operators

UC (γ )=e−iγC ,UB (β) =e−iβB . (3)

This enables the system to develop under C for γ time and
B for β time. Essentially, QAOA creates the following state,

|β, γ 〉 = UB
(
βp

)
UC

(
γp

) · · ·UB (β2)UC (γ2)UB (β1)UC (γ1) |s〉
(4)

Here, |s〉 represents the superposition state of all inputs.
The expectation value of the cost function

∑m
α=1 〈β,γ |Cα

|β,γ 〉 provides the solution, or an approximate solution to
the problem (Zhou et al. 2020).

2.2 Isingmodel

The Ising model is a well-known mathematical representa-
tion of ferromagnetism in statistical mechanics (Singh 2020;
Brush 1967). In the model, discrete variables (+1 or −1)
represent magnetic dipole moments of “spins” in one of
two possible states. Each spin can interact with its neigh-
bors because they are organized in a network, commonly
a lattice (when there is periodic repetition in all directions
of the local structure). The spins interact in pairs, with one
value of energy when the two spins are identical and another
value when they are dissimilar. However, heat reverses this
tendency, permitting the formation of alternative structural
phases. The model is a condensed representation of reality
that allows phase transitions to be identified. The subsequent
Hamiltonian describes the entire spin energy:

Hc = −
∑

〈i, j〉
Ji jσiσ j − h

∑
σi , (5)

where Ji j is the interaction between adjacent spins i and j ,
and h is an external magnetic field. At h = 0, the ground
state is ferromagnetic if J is positive. At h = 0, the ground
state is antiferromagnetic if J is negative in a bipartite lattice.
Thus, for the purpose of clarity and within the scope of this
paper, the Hamiltonian can be expressed as

Hc = −
∑

〈i, j〉
Ji jσ

z
i σ z

j −
∑

hiσ
x
i . (6)

Here, σz and σx represent the z and x Pauli operators,
respectively. For the sake of simplification, we can presume
the following conditions to be ferromagnetic (Ji j > 0) if
there is no external impact on the spin: h = 0. The Hamilto-
nian may therefore be reformulated as follows:

Hc = −
∑

〈i, j〉
Ji jσ

z
i σ z

j = −
∑

〈i, j〉
σ z
i σ z

j . (7)

2.3 Quantum support vector machine

SVM (Rebentrost et al. 2014; Kariya and Behera 2024)
is a supervised algorithm that constructs hyperplane with
�w · �x + b = 0 such that �w · �x + b ≥ 1 for a training point
�xi in the positive class, and �w · �x + b ≤ −1 for a training
point �xi in the negative class. During the training process, the
algorithm aims to maximize the gap between the two classes,
which is intuitive as we want to separate two classes as far
as possible, in order to get a sharper estimate for the classi-
fication result of new data samples like �x0. Mathematically,
we can see the objective of SVM is to find a hyperplane that
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maximizes the distance 2/| �w| constraint to �yi ( �w · �xi +b) ≥ 1.
The normal vector �w can be written as �w = ∑M

i=1 αi �xi
where αi is the weight of the i th training vector �xi . Thus,
obtaining optimal parameters b and αi is the same as finding
the optimal hyperplane. To classify the new vector is anal-
ogous to knowing which side of the hyperplane it lies, i.e.,
yi (�x0) = sign( �w.�x + b). After having the optimal parame-
ters, classification now becomes a linear operation. From the
least-squares approximation of SVM, the optimal parameters
can be obtained by solving a linear equation

�F(b, α1, α2, α3, ..., αM )T = (0, y1, y2, y3, ...yM )T . (8)

In a general form of F , we adopt the linear kernels Ki, j =
κ(�xi , �x j ) = �xi .�x j . Thus, to find the hyperplane parameters,
we use matrix inversion of F : (b, �αT

i )T = F̃−1(0, �yTi )T .

2.3.1 Quantum kernels

The main inspiration of a quantum support vector machine is
to consider quantum featuremaps that lead to quantumkernel
functions, which are hard to simulate in classical computers.
In this case, the quantum computer is only used to estimate a
quantum kernel function, which can be later used in kernel-
based algorithms. For simplicity, assuming the data points
x, z ∈ X , the nonlinear feature map of any data point is

�(x) = U (x)
∣∣0n

〉 〈
0n

∣∣U †(x). (9)

The kernel function κ(x, z) can be computed as

κ(x, y) = |〈φ(x) | φ(z)〉|2. (10)

The state |φ(x)〉 can be prepared by using a unitary gate
U (x), and thus |φ(x)〉 = U (x)|0〉. Thus, the kernel fuction
becomes

κ(x, z) =
∣∣∣
〈
0

∣∣∣U †(x)U (z)
∣∣∣ 0

〉∣∣∣
2
. (11)

From the above, we can say that the kernel κ(x, z) is sim-
ply the probability of getting an all-zero string when the
circuit U †(x)U (z)|0〉 is measured or this kernel is an |0n〉
to |0n〉 transition probability of a particular unitary quantum
circuit on n qubits (Havlicek et al. 2019; Glick et al. 2024).
This can be implemented using the following kernel estima-
tion circuit (Fig. 1).

2.4 Amplitude encoding (AE)

In the process of amplitude embedding (Araujo et al. 2021),
data is encoded into the amplitudes of a quantum state. A

Fig. 1 Schematic diagram depicting quantum circuit for kernel estima-
tion

N -dimensional classical data point x is represented by the
amplitudes of an n-qubit quantum state |ψx 〉 as

|ψx 〉 =
N∑

i=1

xi |i〉 (12)

where N = 2n , xi is the i-th element of x , and |i〉 is the i-th
computational basis state.

In order to encode any data point x into an amplitude-
encoded state, we must normalize the same by following

|ψxnorm 〉 = 1

xnorm

N∑

i=1

xi |i〉, (13)

where xnorm=
√∑N

i=1 |xi |2.

2.5 Angle encoding (AgE)

While the above-described amplitude encoding expands into
a complicated quantum circuit with huge depths, the angle
encoding employs N qubits and a quantum circuit with fixed
depth, making it favorable to NISQ computers (LaRose and
Coyle 2020; Qiskit 2024). We define angle encoding as a
method of classical information encoding that employs rota-
tion gates (the rotation could be chosen along x , y, or z axis).
In our scenario, the classical information consists of the node
and edge weights assigned to the vehicle’s nodes and path-
ways which are further assigned as parameters to ansatz.

|x〉 =
n⊗

i

R (xi )
∣∣0n

〉
, (14)

where xi represents the classical information stored on the
angle parameter of rotation operator R.
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2.6 Higher-order encoding (HO)

Higher-order encoding is a variation of angle encodingwhere
we have an entangled layer and an additional sequential oper-
ation of rotation angles of two entangled qubits (Qiskit 2024).
This can be loosely defined as follows:

|x〉 =
n⊗

i=2

R(xi−1.xi )
n−1⊗

i=2

CXi,i+1

n⊗

i=1

R (xi )
∣∣0n

〉
. (15)

Similar to angle encoding, we are free to choose the rota-
tion.

2.7 IQP encoding (IqpE)

IQP-style encoding is a relatively complicated encoding
strategy. We encode classical information (Paddle Quantum
2024)

|x〉 = (
UZ(x)H⊗n)r ∣∣0n

〉
, (16)

where r is the depth of the circuit, indicating the repeating
times of UZ(x)H⊗n . H⊗n is a layer of Hadamard gates acting
on all qubits. UZ(x) is the key step in IQP encoding scheme:

UZ(x) =
∏

[i, j]∈S
RZt Z j

(
xi x j

) n⊗

k=1

Rz (xk) , (17)

where S is the set containing all pairs of qubits to be entangled
using RZZ gates. First, we consider a simple two-qubit gate:

RZ1Z2(θ). Its mathematical form e−i i2 Z1⊗Z2 can be seen as a
two-qubit rotation gate around Z Z , which makes these two
qubits entangled.

2.8 VQE

Variational quantum eigensolver (VQE) is another hybrid
quantum-classical algorithm used for the estimation of the
eigenvalue of amatrix orHamiltonian H (Peruzzo et al. 2014)
of significant size. The primary objective of this approach is
to ascertain a trial qubit state from a wave function |ψ(�θ)〉
that relies on a collection of parameters �θ = θ1, θ2, · · · ,
which are often referred to as the variational parameters. The
expectation of an observable or Hamiltonian H in a state
|ψ(�θ)〉 can be expressed as follows:

E(�θ) = 〈ψ(�θ)|H |ψ(�θ)〉. (18)

By spectral decomposition

H = λ1|ψ〉1〈ψ |1 + λ2|ψ〉2〈ψ |2 + . . . + λn|ψ〉n〈ψ |n,
(19)

where λi and |ψ〉i are the matrix H ’s eigenvalues and eigen-
states, respectively.Additionally, because H ’s eigenstates are
orthogonal,

〈
ψi | ψ j

〉 = 0 If i 	= j . Thewave function |ψ(�θ)〉
can be expressed as a superposition of eigenstates.

|ψ(�θ)〉 = α1(�θ)|ψ〉1 + α2(�θ)|ψ〉2 + . . . + αn(�θ)|ψ〉n . (20)

Hence, the expectation is given by

E(�θ) = |α1(�θ)|2λ1 + |α2(�θ)|2λ2 + . . . + |αn(�θ)|2λn .
(21)

Hence, E(�θ) ≥ λmin. The VQE method involves the iter-
ative adjustment of the parameters �θ = θ1, θ2, . . . in order to
minimize the value of E(�θ). This property of VQE is advan-
tageouswhen attempting to solve combinatorial optimization
problems; specifically, the approach involves using a param-
eterized circuit to establish the trial state of the algorithm,
with the cost function denoted as E(�θ), which is also the
expected value of the Hamiltonian in this state. It is possible
to derive the ground state of the desired Hamiltonian by iter-
atively minimizing the cost function. A classical optimizer
uses a quantum computer to calculate its gradient and assess
the cost function at each step of the optimization process.

3 Methodology

3.1 Modelling VRP in QSVM

By mapping the cost function to an Ising Hamiltonian Hc,
the vehicle routing problem can be solved (Lucas 2014). The
solution to the problem is determined byminimizing the Ising
Hamiltonian Hc. Consider a graph with n vertices and n − 1
edges and an arbitrary connectivity. Assuming wemust route
a vehicle between two non-adjacent vertices in the graph,
consider a binary decision variable xi j whose value is 1 if
there is an edge between i and j with an edge weightwi j > 0
and 0 otherwise. Now, theVRP problemnecessitates n×(n−
1) selection variables. We define two sets of nodes for each
edge from i → j : source s [i] and target t[ j]. s [i] contains
the nodes j to which i sends an edge j ε s[i]. The collection
t [ j] comprises the nodes i to which the node i delivers the
edge i ε t[ j]. The VRP is defined as follows (Azad et al.
2023, Qiskit: Vehicle Routing 2024):

V RP(n, k) = min{xi j}i→ j∈{0,1}
∑

i→ j

wi j xi j , (22)

where k and n represent the number of vehicles and locations
respectively; there are n−1 locations for vehicles to traverse
if the starting point is considered to be the 0th location or
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Depot D. Notably, the following restrictions apply to this
(Mohanty et al. 2023):

∑

j∈ s [i]
xi j = 1,∀i ∈ {1, · · · , n − 1},

∑

j∈ t [i]
x ji = 1,∀i ∈ {1, · · · , n − 1},

∑

j∈ s [0]
x0 j = k,

∑

j∈ t [0]
x j0 = k

ui − u j + Qxi j ≤ Q − q j ,∀i ∼ j, i, j 	= 0,

qi ≤ ui ≤ Q,∀i, i 	= 0. (23)

The first two restrictions establish that each nodemay only
be visited once by the delivering vehicle. Themiddle two lim-
itations enforce the requirement that after product delivery,
the vehicle must return to the depot. The last two restrictions
enforce the requirements for eliminating sub-tours and are
constrained on ui , with Q > q j > 0, and ui , Q, qi ∈ R. For
the VRP equation and constraints, the VRP Hamiltonian can
be expressed as follows (Azad et al. 2023).

HV RP = Ha + Hb + Hc + Hd + He,

Ha =
∑

i → j

wi j xi j ,

Hb = A
∑

i∈1,··· ,n−1

⎛

⎝1 −
∑

j∈ s [i]
xi j

⎞

⎠
2

,

Hc = A
∑

i∈1,··· ,n−1

⎛

⎝1 −
∑

j∈ t[i]
x ji

⎞

⎠
2

,

Hd = A

⎛

⎝k −
∑

j∈ s[0]
x0 j

⎞

⎠
2

,

He = A

⎛

⎝k −
∑

j∈ t[0]
x j0

⎞

⎠
2

. (24)

A > 0 is indicative of a constant. The vector representation
of the collection of all binary decision variables xi j is

−→x = [
x(0,1), x(0,2), · · · x(1,0), x(1,2), · · · x(n−1,n−2)

]T
. (25)

Using the antecedent vector, we can construct two new
vectors for each node: −→z S[i] and −→z T [i] (at the start of the
section, we defined two sets for source and target nodes, so
two vectors will represent them).

−→z S[i] = �x 
 xi j = 1, xk j =0 k 	= i ∀ j, k∈{0, · · · , n − 1},

−→z T [i] = �x 
 x ji = 1, x jk =0 k 	= i ∀ j, k∈{0, · · · , n − 1}.
(26)

∑

j∈s[i]
xi j = �zTS[i] �x,

∑

j∈t[i]
x ji = �zTT [i] �x . (27)

These vectors will contribute to the development of the
QUBO model of VRP (Date et al. 2019; Glover et al. 2020;
Kochenberger et al. 2014; Guerreschi 2021). The QUBO
model of a connected graph G = (N , V ) is specified as
follows:

f (x)QUBO = min
x∈{0,1}(N×V )

xT Qx + gT x + c, (28)

where Q is a quadratic edge weight coefficient, g is a linear
node weight coefficient, and c is a constant. To determine the
coefficients in the QUBO formulations of HV RP as shown in
Eq.24, the equations in Eq.27 are first substituted in terms
of Hb and Hc, respectively. Subsequently, the expression of
HV RP is expanded and rearranged in accordancewith Eq.28.

H = A
n−1∑

i=0

[
zS[i]zTS[i] + zT [i]zTT [i]

]
�x2

+wT �x − 2A
n−1∑

i=1

[
zTS[i] + zTT [i]

]
�x

−2Ak
[
zTS[0] + zTT [0]

]
�x+ 2A(n− 1)+ 2Ak2. (29)

Hence, in the QUBO formulation of the Eq.24, the coef-
ficients Q(n(n − 1) × n(n − 1)), g(n(n − 1) × 1), and c are
derived. The coefficients associated with the QUBO formu-
lation of Eq.24 are shown below.

Q = A
[[
zT [0], . . . , zT [n−1]

]T [
zT [0], . . . , zT [n−1]

]

+ (In ⊗ J(n − 1, n − 1))] ,

g = W − 2Ak
(
(e0 ⊗ Jn−1) + [

zT [0]
]T )

,

+2A (Jn ⊗ Jn−1) ,

c = 2A(n − 1) + 2Ak2. (30)

J is the matrix containing all ones, I and
e0 = [1, 0, · · · .., 0]T are the identity matrices. The binary
decision variable xi j is converted to the spin variable si j ∈
{−1, 1} using the formula xi j = (si j + 1)/2.

From the aforementioned equations, we may expand
Eq.28 to form the Ising Hamiltonian of VRP (Glover et al.
2020).

HIs = −
∑

i

∑

i< j

Ji j si s j −
∑

i

hi si + d. (31)
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The following are definitions for the terms Ji j , hi , and d:

Ji j = −Qi j

2
, ∀ i < j,

hi = gi
2

+
∑ Qi j

4
+

∑ Q ji

4
,

d = c +
∑

i

gi
2

+
∑

i

∑

j

Qi j

4
. (32)

3.2 Analysis and circuit building

3.2.1 VRP

In the current section, we proceed to create a circuit based
on gates using the IBM gate model. The implementation of
this model is carried out using the Qiskit framework (et al.
2024), enabling us to effectively execute the aforementioned
formulation. In the context of a given vehicle routing problem
(VRP) that incorporates qubits, the initial state is established
as |+〉⊗n(n−1). This state represents the ground state of Hmxr ,
which is achieved by applying the Hadamard gate to each
qubit that has been initialized to the zero state. Subsequently,
we proceed to build the subsequent state.

|β, γ 〉 = e−i Hmxrβp e−i Hcγp ...

...e−i Hmxrβ0e−i Hcγ0 |+〉n⊗(n−1). (33)

The energy E of the state |β, γ 〉 is computed using the
expectation of Hc from Eq.18. Again, based on the Ising
model, the term Hc can be expressed in terms of Pauli oper-
ators as follows:

Hc = −
∑

i

∑

i< j

Ji jσ
z
i σ z

j −
∑

i

hiσ
z
i − d. (34)

Thus, the expression for a single term of state in |β, γ 〉 as
β0, γ0 reads as follows:

e−i Hmxrβ0e−i Hcγ0 . The first term Hc can be expanded as
follows:

ei Ji jγ0σiσ j = cos Ji jγ0 I + i sin Ji jγ0σiσ j ,

= ei Ji jγ0 |00〉〈00| + e−i Ji jγ0 |01〉〈01|
+e−i Ji jγ0 |10〉〈10| + ei Ji jγ0 |11〉〈11|,

= M (35)

It can be noted that, by the application of CNOT (CX) gate
before and after “M ,” the diagonal elements of the above
matrix can be swapped.

CX(M)CX = ei Ji jγ0 |00〉〈00| − e−i Ji jγ0 |01〉〈01|
+e−i Ji jγ0 |10〉〈10| − ei Ji jγ0 |11〉〈11|, (36)

Expanding the matrix and observing the upper and lower
blocks, we can rewrite

[
1 0
0 1

]
⊗

[
ei Ji jγ0 0
0 e−i Ji jγ0

]
= I ⊗ ei Ji jγ0

[
1 0
0 e−2i Ji jγ0

]
.

(37)

[
1 0
0 e−2i Ji jγ0

]
is a phase gate. Looking at the 2nd term of

Hc, we get

Hc =
∑

i

hiσ
z
i ,

eihiσi = cos hiγo I + i sin γ0σi ,

= cos hiγo

[
1 0
0 1

]
+ i sin hiγ0

[
1 0
0 −1

]
,

=
[
eihiγ0 0
0 e−ihiγ0

]
. (38)

Figure 2a picturizes the fundamental circuit with two
qubits and gate selections for Hc. Similarly, Hmxr is merely a
rotation along the X axis, as depicted by theU gate in Fig. 2b.

Fig. 2 a Circuit example
illustrating gate operations for
Hc. b Circuit example
displaying gate selections with
an additional u gate for Hmxr

123

Page 7 of 17 34



Quantum Machine Intelligence (2024) 6:34 

Fig. 3 Plot illustrating different encoding methods for two qubits. a Amplitude encoding, b angle encoding, c higher-order encoding, and d IQP
encoding

The above sample circuits can be used for the solution of
VRP combined with the VQE and QAOA approach. How-
ever, in this paper, we are focusing on a machine learning
solution of VRP by use of QSVM; thus, we need to construct
a QSVM circuit using various encoding schemes. Simple
interpretation and implementation of encoding schemes are
described in upcoming sub-sections.

3.2.2 Amplitude encoding

As we look into AE, a single qubit state is represented by

|ψ〉(θ) = cos(θ/2)|0〉 + sin(θ/2)|1〉, (39)

for two qubits

|ψ(θ)〉 = α|00〉 + β|01〉 + γ |10〉 + δ|11〉,
= |0〉(α|0〉 + β|1〉) + |1〉(γ |0〉 + δ|1〉),

= |0〉
√(

α2 + β2
)
(

α|0〉 + β|1〉√
α2 + β2

)

+|1〉
√

γ 2 + δ2
γ |0〉 + δ|1〉√

γ 2 + δ2
. (40)

Now, applying Ctrl U and Anti-CTRL U on the above
state, we achieve

|0〉
√

α2 + β2|0〉 + |1〉
√

γ 2 + δ2|0〉

=
(√

α2 + β2|0〉 +
√

γ 2 + δ2|1〉
)

|0〉. (41)

Here, θ1 = tan−1
√

γ 2+δ2√
α2+β2

, θ2 = tan−1 δ
γ
, θ3 = tan−1 β

α

Combining VRP and amplitude encoding circuit eliminates

the need of Hadamard gates and Hmxr components, and we
end up with the following skeleton circuits (Fig. 3a).

3.2.3 Angle encoding

For a two-qubit scenario, angle encoding translates to the
following example. We define the Ry gate as follows:

Ry(θ) = e−iY θ/2 = cos
θ

2
− i sin θ/2Y ,

=
[
cos θ/2 − sin θ/2
sin θ/2 cos θ/2

]
. (42)

|00〉
Ry(θ1)−−−→
Ry(θ2)

(
cos

θ1

2
|0〉 + sin

θ1

2
|1〉

)(
cos

θ2

2
|0〉 + sin

θ2

2
|1〉

)
,

= cos
θ1

2
· cos θ2

2
|00〉 + cos

θ1

2
· sin θ2

2
|01〉

+ sin
θ1

2
· cos θ2

2
|10〉 + sin

θ1

2
sin

θ2

2
|11〉

CNOT−−−−→ cos
θ1

2
· cos θ2

2
|00〉 + cos

θ1

2
· sin θ2

2
|01〉

+ sin
θ1

2
· cos θ2

2
|11〉 + sin

θ1

2
sin

θ2

2
|10〉. (43)

3.2.4 Higher-order encoding

For a two-qubit scenario, HO encoding translates to the fol-
lowing: We define the Ry gate as follows:

Ry(θ) = e−iY θ/2 = cos
θ

2
− i sin θ/2Y ,

=
[
cos θ/2 − sin θ/2
sin θ/2 cos θ/2

]
. (44)
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|00〉
Ry(θ1)−−−→
Ry (θ2)

(
cos

θ1

2
|0〉 + sin

θ1

2
|1〉

)(
cos

θ2

2
|0〉 + sin

θ2

2
|1〉

)
,

= cos
θ1

2
· cos θ2

2
|00〉 + cos

θ1

2
· sin θ2

2
|01〉

+ sin
θ1

2
· cos θ2

2
|10〉 + sin

θ1

2
sin

θ2

2
|11〉

CNOT−−−−−→
Ry (θ1.θ2)

cos
θ1

2
· cos θ2

2
|0〉

(
cos

θ1 · θ2

2
|0〉 + sin

θ1 · θ2

2
|1〉

)

+ cos
θ1

2
· sin θ2

2
|0〉

(
− sin

θ1 · θ2

2
|0〉 + cos

θ1 · θ2

2
|1〉

)

+ sin
θ1

2
cos

θ2

2
|1〉

(
cos

θ1 · θ2

2
|0〉 + sin

θ1 · θ2

2
|1〉

)

+ sin
θ1

2
· sin θ2

2
|1〉

(
− sin

θ1 · θ2

2
|0〉 + cos

θ1 · θ2
2

|1〉
)

.

(45)

3.2.5 IQP encoding

For a two-qubit scenario, IqpE translates to the following:

|00〉 H1H2−−−→ | + +〉,
= 1

2
(|00〉 + |01〉 + |10〉 + |11〉),

RZ (θ1)−−−−→
RZ (θ2)

1

2

(
|00〉 + eiθ2 |01〉 + eiθ1 |10〉 + ei(θ1+θ2)|11〉

)

CNOT−→ 1

2
(|00〉 + eiθ2 |01〉 + eiθ1 |11〉 + ei(θ1+θ2)|10〉

)

RZ (θ1.θ2)−−−−−→ 1

2
(|00〉 + eiθ2(1+θ1)|01〉 + eiθ1(1+θ2)|11〉

+eiθ1(1+θ2)|10〉 + ei(θ1+θ2)|11〉). (46)

4 Results

4.1 VQE simulation of QSVM andVRP

We build the Hamiltonian with a uniform distribution of
weights between 0 and 1, and then run it along with the
ansatz via IBM’s three availableVQEoptimizers (COBYLA,
L_BFGS_B, and SLSQP). We run the circuit up to two lay-
ers and gather data using all of the available optimizers. We
run the experiment again with a fixed Hamiltonian and, sub-
sequently, a set of variable Hamiltonians to see whether the
QSVMand encoding approach can effectively reach the clas-
sical minimum. Our results indicate that COBYLA is the
most efficient optimizer, followed by SLSQP and L BFGS
B. In the sections that follow,wewill have a look at the results
obtained using various QSVM encoding schemes. We define
two terms—accuracy and error—in the context of outcomes’
interpretability. An error occurs when the solution deviates

from the classical minimum more often than it reaches it,
whereas accuracy is defined as the number of times the solu-
tion reaches the classicalminimum. Percentages based on the
distribution of the outcomes are used to evaluate both terms.

Acc = N

T
,

Err = T − N

T
. (47)

T = Total number of Simulation runs
N =Total number of times solution reaches classicalmin-

imum

4.1.1 Amplitude encoding

With a large number of gates, the AE circuit has proven to be
the most complex of all encoding circuits. We can simulate
no more than six qubit computations due to this complexity.
Despite its complexity,AEhas a high, nearly perfect accuracy
rate (100%) and a very low error rate (0%) for 50-iteration
fixed Hamiltonian simulations. The trend is present in both
the first and second layers. The first layer accuracy for a vari-
able Hamiltonian simulation is 96%, and the second layer
accuracy is 94% across all optimizers. Figure 4 depicts the
results of 50 iterations of simulating SVM with amplitude
encoding on a VRP circuit with fixed and variable Hamil-
tonian. The decline in accuracy, however, can be attributed
to simulation or computational errors, as all the errors are
greater than 100% and are therefore considered aberrations.
Most likely, the simulation hardware cannot accommodate
the VQE procedure.

4.1.2 Angle encoding

Angle encoding is the second encoding (Fig. 5), follow-
ing amplitude encoding; we have experimented with SVM
VRP simulation, which yields high accuracy and low error
rates. Observing Tables 1 and 2, angle encoding is the sec-
ond most precise encoding employed in our investigations.
For fixed Hamiltonian simulations over 50 iterations with 6
qubits angle encoding, the first layer, including all optimiz-
ers, achieves 100% accuracy and 0% error. In the second
layer simulation (over 50 iterations), the accuracy decreases
to 98% for COBYLA, 96% for SLSQP, and 86% for
L_BGFS_B, which is a greater decrease than the other two.
These declines are attributable to optimizer-dependent statis-
tical errors. Similarly, for 12-qubit simulations of SVMVRP,
the accuracy rates are higher in the first layer, which consists
of COBYLA at 100%, SLSQP at 92%, and L_BGFS_B at
88%, reiterating that the accuracy is highly dependent on
the optimizer. As we move to the second layer of 12-qubit
simulations on fixed Hamiltonian, we observe a decline in
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Fig. 4 Plot illustrating
Amplitude encoding results for
QSVM solution of VRP. a
Amplitude encoding 6 qubits fix
Hamiltonian and b amplitude
encoding 6 qubits variable
hamiltonian

precision as the level of optimization rises. In this case,
COBYLA winds up with 80%, L_BGFS_B with 70%, and
SLSQP with 84%. Here, SLSQP’s accuracy loss is less than
that of the other two optimizers. The variable Hamiltonian
with 12 qubits demonstrates a comparable trend. On the ini-
tial layer, we observe high accuracy with COBYLA at 96%,
L_BGFS_B at 86%, and SLSQP at 90%. Moving to the sec-
ond stratum, the accuracy figures drop significantly, with
COBYLA at 76% and L_BGFS_B at 62%, while SLSQP
maintains excellent accuracy at 86%. In every scenario of
our investigation, it is evident that over optimization reduces
accuracy rates.

4.1.3 Higher-order encoding

After amplitude and angle encoding, higher-order encoding
is the thirdmost prevalent encoding in our SVMVRP simula-
tion experiment. This is also the thirdmost accurate encoding
in our experiment. For both 6 qubit and 12 qubit simulations,
HO encoding yields moderately accurate results; however, as

the number of circuit layers is increased, the accuracy of the
HOencoding schemedeteriorates, rendering it inappropriate.
Figure6 depicts the statistics of the HO encoding scheme for
fixed and variable Hamiltonian simulations of SVM VRP
circuits over 50 iterations for both 6 qubit and 12 qubit sim-
ulations. COBYLA achieves 78% accuracy for a 6-qubit HO
encoding circuit on a fixed Hamiltonian, while L_BGFS_B
achieves 66% accuracy and SLSQP achieves 70% accuracy.
As we proceed to the second layer, the accuracy considerably
decreases, withCOBYLAat 34%and SLSQP, L_BGFS_B at
16%, respectively. Similar trends can be observed in variable
Hamiltonian simulations of HO encoding with 6 qubits, with
COBYLA at 76%, SLSQP at 62%, and L_BGFS_B at 58%
for the first layer; for the second layer, the accuracy drops to
36%, 34%, and 36% for COBYLA, L_BGFS_B, and SLSQP,
respectively. The 12-qubit simulation yields superior results
than the 6-qubit simulation and improves COBYLA’s accu-
racy. For fixed Hamiltonian simulations, COBYLA achieves
an accuracy of 92%, compared to 78% for 6 qubit. For vari-
able Hamiltonian simulations, COBYLA stores 76% for 6
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Fig. 5 Plot illustrating angle encoding results for QSVM solution of
VRP. a Angle encoding 6 qubits fix Hamiltonian, b angle encoding 12
qubits fix Hamiltonian, c angle encoding 6 qubits variable Hamiltonian,
and d angle encoding 12 qubits variable Hamiltonian

Fig. 6 Plot illustrating Higherorder encoding results for QSVM solu-
tion of VRP. a Higher-order encoding 6 qubits fix Hamiltonian, b
higher-order encoding 12 qubits fix Hamiltonian, c higher-order encod-
ing 6 qubits variable Hamiltonian, d higher-order encoding 12 qubits
variable Hamiltonian
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Fig. 7 Plot illustrating IQP encoding results for QSVM solution of
VRP. a IQP encoding 6 qubits fix Hamiltonian, b IQP encoding 12
qubits fix Hamiltonian, c IQP encoding 6 qubits variable Hamiltonian,
d IQP encoding 12 qubits variable Hamiltonian

qubit in the first layer, and 92% for 12 qubit in the first layer.
The tendencies for L_BGFS_B and SLSQP are ambiguous

for both cases (fixed and variable Hamiltonian simulations);
it is reassuring to conclude that an increase in layer decreases
accuracy and that COBYLA outperforms the other two opti-
mizers and ensures stable performance.

4.1.4 IQP encoding

IQPencoding (Fig. 7) is the last and least accurate encoding in
our experiment to simulate an SVMVRP circuit. The results
are plotted in Fig. 7 and in Tables 1 and 2. As we can see
from the figures and tables, accuracy is consistently poor
for fixed and variable Hamiltonian simulations in both 6-
qubit and 12-qubit circuits. The accuracy further declines
as layers increase. Hence, this encoding is unsuitable in our
experiment of SVM VRP circuits.

4.2 Inferences from simulation

As we scan through the results of SVM VRP simulations
across the encoding schemes, we observe some clear and
distinct trends regarding the experiment. Tables 1 and 2 sum-
marize the results obtained from the plots of all the encoding
schemes used in this experiment. We list these trends as our
outcomes of this experiment in the below points:

• The approach to solving VRP using machine learning is
successful and is capable of accomplishing the same or
a superior result than the conventional approach using
VQE and QAOA.

• The use of encoding/decoding schemes can serve the
purpose of creating superposition and entanglement and
eliminate the additional effort required to construct the
mixer Hamiltonian when solving the VRP using the stan-
dard approach of QAOA and VQE.

• While the standard approach to solving VRP or any com-
binatorial optimization problem requires a few layers of
circuit depth (2 in most cases), we are able to achieve the
same on the first layer itself with this approach, proving
that it is more efficient than the standard approach.

• We also observe a distinct trend that as the number of
layers increases, the accuracy decreases, which can be
used to determine where to limit the optimization depth.

• Encoding/decoding schemes reduce the number of opti-
mization layers but increase the circuit’s complexity
by introducing more gates. Therefore, when selecting
an encoding scheme, we must take into account the
complexity of the generated circuit and the number
of required gates, as well as the number of classical
resources (memory, CPU) it will require. There must be
a trade-off between circuit complexity and the desired
problem accuracy.

• Despite the fact that amplitude encoding provided the
greatest accuracy, it could not be used to simulate a 12-
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Table 1 For 6- and 12-qubit VRP circuits using SVMwith 2 layers, this
shows the accuracy and error with reference to classical minimum (over
50 iterations) for VQE simulations over a fixed Hamiltonian; utilizing

amplitude, angle, higher-order, and IQP encoding schemes, over the use
of COBYLA, SLSQP and L_BGFS_B optimizers

qubit VRP scenario due to the large number of gates
required. Angel encoding, on the other hand, was found
to be much simpler due to a significantly smaller number
of gates, as well as providing excellent accuracy (96%
for COBYLA, and 92% for SLSQP and L_BGFS_B in
variable hamiltonian simulation) across all the available
optimizers. This again demonstrates that the complex-
ity of circuits and the number of gates used are the
most important considerations when choosing an encod-
ing/decoding scheme.

• It can be noticed that AgE performs the best in terms of
circuit complexity and accuracy rates due to the forma-
tion of a single layer of superposition. In other encodings
(HO, IqpE), we observe multi-layered complex super-
position structures, which is the reason for fluctuations
or error rates. Also in the fact that increasing layers

also increases the superposition structures and therefore
decreases the accuracy.

• Using COBYLA as an optimizer, HO encoding yielded
intriguing results with reduced accuracy in circuits with
fewer qubits (6 qubits) and higher accuracy in circuits
with more qubits (12 qubits) for both fixed and vari-
able Hamiltonian simulations. The trend is disregarded
by SLSQP and L_BGFS_B. This demonstrates that the
algorithm’s performance is extremely dependent on the
optimizer; therefore, when evaluating the algorithm’s
performance, the most efficient optimizer should be
selected by comparing the available optimizers.

• The IQP encoding scheme performed the worst in this
experiment, with the lowest accuracy and highest error
rates among all other encodings used for one-layer,
two-layer, fixed, and variable Hamiltonians simulations.
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Table 2 For 6- and 12-qubit VRP circuits using SVM on with two
layers, this shows the accuracy and errorwith reference to classicalmini-
mum (over 50 iterations) for VQE simulations on variableHamiltonians

utilizing amplitude, angle, higher-order, and IQP encoding schemes,
over the use of COBYLA, SLSQP and L_BGFS_B optimizers

Therefore, the IqpE method cannot be used to solve VRP
using QSVM.

• All of the optimizers used in the experiments performed
well across AE, AgE, and HO encodings; however,
COBYLA outperformed the other two due to its con-
sistently high level of accuracy, but SLSQP is more
resistant to accuracy fluctuations caused by an increase
in optimization depth or in the presence of multi-layered
circuits.

4.3 Complexity and cost considerations

Along with the inferences and observation, we want to touch
upon the complexity of the quantum circuits particularly the
number of qubits, quantum cost, and circuit depth in this
section. Here, we compare the SVM VRP solution with the

standard VQE solution that is described in our previous work
(Mohanty et al. 2023).

In order to compare, we have listed the quantum cost and
circuit depth of standard VQE implementation with that of
SVMVRP implementation each consisting of 6 and 12 qubits
with one and two layers (Table 3). We can broadly derive the
following observations from Table 3.

• Transitioning from the conventional VQE method for
VRP to using a quantum support vector machine results
in a rise in the number of gates, elevating quantum depth
and cost.

• The rise in quantum cost and depth is not linear and varies
depending upon the encoding scheme employed when
comparing different encoding schemes with the conven-
tional VQE implementation of VRP.
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Table 3 Table consisting of quantum depth and quantum cost of various encoding schemes compared with standard VQE implementation of VRP

• Increasing the number of layers and qubits in various
techniques consistently leads to a rise in quantum depth
and quantumcost. The extent of this increase varies based
on the encoding method used.

• For the VQE standard, amplitude encoding, and angle
encoding, there is a proportionate rise in depth and cost,
roughly doubling as we go through layers and qubits.

• Higher-order encoding (HO) and IQP encoding exhibit a
much smaller rise in cost and depth over layers and qubits
compared to amplitude and angle encoding.

• As the number of qubits increases from 6 to 12, the depth
and cost rise by almost four times compared to the 6-
qubit scenario; however, the increase is somewhat less
than four times for HO and IQP encodings.

• Based on the depth and cost analysis, it is evident that
HO and IQP provide lower costs and circuit depths com-
pared to amplitude and angle encoding, but their findings
are less precise. Amplitude and angle encoding provide
the highest level of precision. This helps in determining
the balance between cost and accuracy when choosing
encoding techniques for QSVM.

4.4 Experimental setup, data gathering,
and statistics

This experiment is conductedwithin the ambit of theQISKIT
framework. While performing the experiment, we used a

quantum instance object, and the ansatz runs inside the
quantum instance object. A random seed is added to quan-
tum instance to stabilize VQE results. All the experiments
have been run 50 + 50 times, one with a fixed Hamiltonian
matrix and the other by varying the Hamiltonian matrix. The
objective of the experiments is to ensure that the results of
experiments are just not dependent on a single Hamiltonian.
This is also to ensure that the used circuits achieve classi-
cal minimum or near classical minimum regardless of the
Hamiltonian used. Thus, apart from the plots, Tables 1 and 2
become the figure of merit. In addition to the many hours
of testing and debugging, it is to be noted that the results
reported here amounted to 150 h of CPU time on a 24-core
AMD workstation using Qiskit’s built-in simulators (et al.
2024).

5 Conclusion

In this paper, we presented a novel technique for solvingVRP
through the use of a 6- and 12-qubit circuit-based quantum
support vector machine (QSVM) with a variational quan-
tum eigensolver for both fixed and variable Hamiltonians.
In the experiment, multiple encoding strategies were used
to convert the VRP formulation into a QSVM and solve it.
In addition, we utilized multiple classical optimizers avail-
able within the QISKIT framework to measure the output
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variation and accuracy rates. Consequently, our machine
learning-based approach to resolvingVRPhas proven fruitful
thus far. Using a QSVM to implement a gate-based simula-
tion of a 3-city or 4-city VRP on a 6-qubit or 12-qubit system
accomplishes the goal. The method not only resolves VRP,
but also outperforms the conventional method of resolv-
ing VRP via multiple optimization phases involving only
VQE and QAOA. In addition, selecting appropriate encod-
ing methods establishes the optimal balance between circuit
complexity and optimization depth, thereby enabling multi-
ple approaches to solve COproblems usingmachine learning
techniques.
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