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This paper presents a method for selecting pilot points used in secondary voltage control of active distribution 
networks. A unique formulation for pilot point selection is presented as a multi-objective stochastic optimization 
problem solved using differential evolution. The pilot point selection method considers multiple operating cases 
with different combinations of solar photovoltaic generation, loads, and electric vehicle uncertainties. The 
proposed methodology is applied to the IEEE 33 bus test system and a large Australian distribution feeder while 
observability, controllability, and robustness metrics are used to compare the proposed method against existing 
methods. Compared with the existing pilot point selection approaches, it is found that the proposed method 
obtains the most observable, controllable, and robust set of pilot points, making the method effective for the 
optimal selection of pilot points used in secondary voltage control of active distribution networks.
1. Introduction

Renewable energy sources are introduced in the power system grids 
to create cleaner and unlimited generation [1]. Intermittent renewable 
generation may cause voltage fluctuations and a change of direction in 
power flow [2–4]. These variations could result in voltage instability 
which could affect the security of the power system networks [5]. The 
capability of a power system to maintain steady voltages in the event 
of a disturbance or threat to the initial operating condition is known as 
voltage stability [6,7]. Bus voltages are allowed for a deviation of up 
to ±5 percent of the preset values for control purposes [8]. If the bus 
voltage values deviate further from this range, system instability may 
occur [9], requiring necessary control actions. Voltage profile control 
plays a vital role in ensuring the reliability of the power grid, security, 
and economical operation [10].

Voltage control can be achieved in power systems in a three-level 
hierarchy [11]. The first level is the primary voltage control which in-

volves the management of generator buses by providing rapid responses 
to voltage variations using local feedback. A load bus where real-time 
voltage is measured for control actions is the pilot point. The second 
level is the Secondary Voltage Control (SVC), aiming to automatically 

* Corresponding author at: Room 101, Building 20, School of Engineering and Information Technology, University of New South Wales, 2600, Australia.

E-mail addresses: m.sanni@student.unsw.edu.au (M.T. Sanni), h.pota@unsw.edu.au (H.R. Pota), Daoyi.Dong@anu.edu.au (D. Dong), huadong.mo@unsw.edu.au

correct pilot point voltages in the event of a bus voltage deviation in 
a given control area. It achieves this by managing the reactive power 
available in the area. The third level is the tertiary voltage control, which 
involves determining the optimal reference values of each pilot point in 
the grid [12].

An integral factor of a properly functioning SVC scheme is appro-

priate pilot point selection [13]. A properly selected pilot point should 
reflect the voltage variation in the control area [14]. The best location 
of pilot points should demonstrate the criteria of observability, control-

lability, and robustness [15]. Existing results have demonstrated that 
monitoring and controlling voltages at the pilot points maintain the volt-

age profile of the overall system [16–18].

Techniques for pilot point selection include selecting buses with the 
highest short circuit current or buses that have the capability to min-

imize voltage deviation after a random disturbance [19]. A method 
for pilot point selection based on the linearized model of the reactive 
power-voltage load flow equations was proposed in [20,21] using sim-

ulated annealing. Disturbances in the form of load loss and line losses 
were used to test and validate the obtained pilot points. According to 
[22], the method in [20] results in pilot points that are considered non-

controllable because undervoltages and overvoltages were reported at 
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some load buses after the application of SVC. Another method was sug-

gested in [11,23,24] to improve the controllability and obtain more 
controllable pilot points. An electrical distance that represents the con-

trollability of pilot points to load buses was proposed in [11] and a 
much-improved voltage profile after applying the controllers on the pi-

lot points was observed. The system modeling for pilot point selection 
relies on the voltage and reactive power changes caused by distur-

bances. In [25], uncertainties in the form of load and topology were 
introduced in the modeling to improve the robustness of obtained pi-

lot points against disturbances. A probabilistic determination approach, 
solved by the immune algorithm, was proposed in [26] to determine ro-

bust pilot points. The obtained results demonstrated improved voltage 
profiles when controllers were placed at the selected pilot points. To 
ensure the criteria of observability, controllability, and robustness are 
satisfied, a multi-objective probabilistic model was introduced in [27], 
and it was solved using the non-dominated sorting genetic algorithm 
and fuzzy (NSGA-II). However, all these methods were proposed for the 
transmission network and a clear justification for the number of pilot 
points required was not provided.

Transmission and distribution networks have different characteris-

tics, primarily in terms of R/X ratios. Furthermore, high penetration of 
distributed generation [28–30] converts the traditional distribution net-

work that typically has a single source of energy injection to an active 
distribution network with multiple sources of energy injections primar-

ily via roof-top solar photovoltaics (PVs). The control techniques avail-

able for the distribution network include the droop technique which 
has been proven to be insufficient in [31,32]. Another technique in-

volves simply selecting buses with critical loads or buses at the end of 
the feeder as pilot points. These points do not guarantee the observ-

ability of the whole network but a pilot point voltage should serve as a 
representative of other load bus voltages in the control area. The points 
selected via this approach are also not controllable as the pilot point 
should be highly sensitive to generator control actions.

The major contribution of this paper is providing a robust pilot 
point selection methodology using Multi-Objective Differential Evolu-

tion (MODE) with applications to a real Australian distribution feeder. 
To our best knowledge, the control effect of pilot points on active dis-

tribution networks (ADNs) is yet to be explored, which is neglected by 
existing studies. The method proposed is simple, efficient, and effec-

tive, and produces pilot points that are observable, controllable, and 
robust. The robustness of the pilot points is achieved through model-

ing uncertainties related to load, PVs and electric vehicles (EVs) using 
the approach of probabilistic determination. In addition, comprehen-

sive simulation studies are conducted to demonstrate that the proposed 
method gives better observable, controllable, and robust pilot points 
compared to existing approaches.

The remainder of the paper is structured as follows. Section 2

presents the mathematical modeling formulation. Section 3 presents the 
pilot point selection method, while Section 4 discusses the results, and 
the conclusions are presented in Section 5.

2. Mathematical modeling

Consider a distribution network consisting of 𝑛 generator buses and 
𝑚 load buses. For 𝐼 = {1, 2, ..., 𝑛 +𝑚 + 1}, the power flow equations can 
be given as follows [33]:

⎧⎪⎨⎪⎩
𝑃𝑖 = 𝑃𝐺𝑖 − 𝑃𝐿𝑖 = 𝑉𝑖

∑
𝑗𝜖𝐼 𝑉𝑗

(
𝐺𝑖𝑗 cos𝜃𝑖𝑗 +𝐵𝑖𝑗 sin𝜃𝑖𝑗

)
𝑄𝑖 =𝑄𝐺𝑖 −𝑄𝐿𝑖 = 𝑉𝑖

∑
𝑗𝜖𝐼 𝑉𝑗

(
𝐺𝑖𝑗 sin𝜃𝑖𝑗 −𝐵𝑖𝑗 cos𝜃𝑖𝑗

)
𝑖 = 1,2, ..., 𝑛+𝑚+ 1

(1)

where 𝑃𝑖 and 𝑄𝑖 are the active and reactive power injections at buses 
𝑖, respectively, 𝑉𝑖 and 𝑉𝑗 are the voltage magnitudes at buses 𝑖 and 𝑗, 
(𝜃𝑖𝑗 = 𝜃𝑖 − 𝜃𝑗 ) is the difference in phase angle between the 𝑖th and 𝑗th 
2

buses, 𝐺𝑖𝑗 and 𝐵𝑖𝑗 are the real and imaginary parts of the elements in 
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the bus admittance matrix (𝑌𝑖𝑗 = 𝐺𝑖𝑗 + 𝑗𝐵𝑖𝑗 ) corresponding to the 𝑖th 
row and 𝑗th column.

Let 𝑉 0
𝑖
, 𝜃0

𝑖
, 𝑃 0

𝑖
, 𝑄0

𝑖
denote the equilibrium points, and the variations 

in voltage magnitudes and angles at the 𝑖th bus can be defined as Δ𝑉𝑖 =
𝑉𝑖 −𝑉 0

𝑖
and Δ𝜃𝑖 = 𝜃𝑖 − 𝜃0

𝑖
. The changes in active and reactive power in-

jections are defined as Δ𝑃𝑖 = 𝑃𝑖 −𝑃 0
𝑖

and Δ𝑄𝑖 =𝑄𝑖 −𝑄0
𝑖
. Vectors Δ𝑉 =

[Δ𝑉1, Δ𝑉2, . . . , Δ𝑉𝑛+𝑚]𝑇 and Δ𝜃 = [Δ𝜃1, Δ𝜃2, . . . , Δ𝜃𝑛+𝑚]𝑇 represent the 
vectors of the change in bus voltage magnitudes and angles while vec-

tors Δ𝑃 = [Δ𝑃1, Δ𝑃2, . . . , Δ𝑃𝑛+𝑚]𝑇 and Δ𝑄 = [Δ𝑄1, Δ𝑄2, . . . , Δ𝑄𝑛+𝑚]𝑇
are the vectors of the change in bus active and reactive power. The lin-

earized form of (1) around the equilibrium point can be written as:[
Δ𝑃

Δ𝑄

]
=
[
𝐵 𝐻

𝐿 𝑆

][
Δ𝜃

Δ𝑉

]
(2)

where 𝐵 = 𝐵(𝑖, 𝑗) =
[
𝜕𝑃𝑖

𝜕𝜃𝑗

]
, 𝐻 = 𝐻(𝑖, 𝑗) =

[
𝜕𝑃𝑖

𝜕𝑉𝑗

]
, 𝐿 = 𝐿(𝑖, 𝑗) =

[
𝜕𝑄𝑖

𝜕𝜃𝑗

]
, 

and 𝑆 = 𝑆(𝑖, 𝑗) =
[
𝜕𝑄𝑖

𝜕𝑉𝑗

]
. The sensitivity of Δ𝑉 to Δ𝑄 is utilized for 

pilot point selection and it is formulated using the decoupled power flow 
model of the linearized steady-state equations and can be represented 
as:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Δ𝑄𝐺1
.

.

Δ𝑄𝐺𝑛

Δ𝑄𝐿1
.

.

Δ𝑄𝐿𝑚

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
[
𝑆𝐺𝐺 𝑆𝐺𝐿

𝑆𝐿𝐺 𝑆𝐿𝐿

]
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Δ𝑉𝐺1
.

.

Δ𝑉𝐺𝑛

Δ𝑉𝐿1
.

.

Δ𝑉𝐿𝑚

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(3)

where 𝑆𝐺𝐺 is a 𝑛 × 𝑛 matrix with 𝑆𝐺𝐺(𝑖, 𝑗) =
[
𝜕𝑄𝐺𝑖

𝜕𝑉𝐺𝑗

]
,

𝑆𝐺𝐿 is a 𝑛 ×𝑚 matrix with 𝑆𝐺𝐿(𝑖, 𝑗) =
[
𝜕𝑄𝐿𝑖

𝜕𝑉𝐺𝑗

]
,

𝑆𝐿𝐺 is a 𝑚 × 𝑛 matrix with 𝑆𝐿𝐺(𝑖, 𝑗) =
[
𝜕𝑄𝐺𝑖

𝜕𝑉𝐿𝑗

]
,

𝑆𝐿𝐿 is a 𝑚 ×𝑚 matrix with 𝑆𝐿𝐿(𝑖, 𝑗) =
[
𝜕𝑄𝐿𝑖

𝜕𝑉𝐿𝑗

]
;

Δ𝑄𝐺 = [Δ𝑄𝐺1, ..., Δ𝑄𝐺𝑛]𝑇 represents the vector of injected reactive 
power changes;

Δ𝑄𝐿 = [Δ𝑄𝐿1, ..., Δ𝑄𝐿𝑚]𝑇 denotes the vector of the disturbance caused 
by reactive fluctuations of the load buses;

Δ𝑉𝐺 = [Δ𝑉𝐺1, ..., Δ𝑉𝐺𝑛]𝑇 denotes the vector of voltage magnitude 
changes of the generator buses;

Δ𝑉𝐿 = [Δ𝑉𝐿1, ..., Δ𝑉𝐿𝑚]𝑇 denotes the vector of voltage magnitude 
changes of load buses.

Vector Δ𝑉𝐿 represents the vector of the load bus voltage deviations, 
and this can be obtained from (3) as follows:

Δ𝑉𝐿 = 𝑆−1
𝐿𝐿

Δ𝑄𝐿 −𝑆−1
𝐿𝐿

𝑆𝐿𝐺Δ𝑉𝐺. (4)

A pilot point selection matrix 𝐴 is defined as:

Δ𝑉𝐴 =𝐴Δ𝑉𝐿 (5)

where 𝐴 is an 𝑛𝐴×𝑛𝐿 matrix with binary elements. 𝑛𝐴 and 𝑛𝐿 denote the 
numbers of pilot points and load buses, respectively. 𝐴𝑖𝑗 can be defined 
as

𝐴𝑖𝑗 =

{
1, should bus 𝑗 be the 𝑖th pilot point

0, otherwise
(6)

Substituting (4) in (5) results in a vector of pilot point voltage deviation 
as follows:
Δ𝑉𝐴 =𝐴𝑆−1
𝐿𝐿

Δ𝑄𝐿 −𝐴𝑆−1
𝐿𝐿

𝑆𝐿𝐺Δ𝑉𝐺. (7)
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The aim is to maintain zero voltage deviation at the selected pilot points 
using minimum reactive power compensation [34]. This would, in turn, 
keep the voltage levels at other load buses in the network within the 
limit, i.e.,

Δ𝑉𝐴 = 𝐹Δ𝑄𝐿 +𝑀Δ𝑉𝐺 = 0 (8)

where the introduced matrices are defined as follows:

𝐹 =𝐴𝑆−1
𝐿𝐿

, (9)

𝑀 = −𝐴𝑆−1
𝐿𝐿

𝑆𝐿𝐺. (10)

From (8), the change in reactive power of the generators Δ𝑉𝐺 which 
is needed to counteract the effect of the disturbances Δ𝑄𝐿 is given by:

Δ𝑉𝐺 = −𝐵𝑀−1𝐹Δ𝑄𝐿. (11)

𝐵 represents the optimal feedback gain matrix to enforce the change 
in voltage at pilot points Δ𝑉𝐴 to zero through minimizing the norm of 
Δ𝑉𝐺 , ||Δ𝑉𝐺||2. The pilot point selection problem seeks to find a subset 
of pilot points among the set of load buses that minimizes Δ𝑉𝐿 . Replac-

ing the Δ𝑉𝐺 term of (4) with (11) gives:

Δ𝑉𝐿 = (𝐼 −𝑀𝐵𝐴)𝐹Δ𝑄𝐿. (12)

3. Pilot point selection

Choosing pilot points among load buses in a power system network is 
a complex problem that can be solved effectively by heuristic algorithms 
[23]. In this paper, MODE, a stochastic population-based algorithm, 
is used to optimize the pilot points selection. MODE has advantages, 
including obtaining optimal solutions irrespective of the initial param-

eters, being computationally simple, and robust, and having the ability 
to handle integer and discrete optimization with a fast convergence rate 
[35]. MODE can outperform GA, PSO [35], and simulated annealing 
[36] in terms of convergence speed and selecting the lowest fitness func-

tion for the problems considered.

3.1. Objective functions

The objective of the pilot point selection problem is to determine the 
locations of the pilot points which satisfy the criteria of observability, 
controllability, and robustness. To satisfy the three criteria, three objec-

tives are developed. The first objective aims at producing robust pilot 
points capable of minimizing the absolute voltage deviation at all load 
buses. Furthermore, an uncertainty index is added to the first objective 
to model load and generation uncertainties as follows:

𝐺1 = 𝐹1 =
𝑠∑

𝑗=1
𝜌𝑗 (Δ𝑉 𝑇

𝐿,𝑗
𝑍𝑥Δ𝑉𝐿,𝑗 ) (13)

where 𝑠 is the number of scenarios considered, 𝜌𝑗 is the probability of 
the 𝑗th scenario, Δ𝑉𝐿,𝑗 denotes the voltage magnitude changes of load 
buses at scenario 𝑗, and 𝑍𝑥 refers to a diagonal weighting matrix needed 
to place priority on the importance of load buses to meet the additional 
voltage control requirements.

The second objective aims at maximizing the voltage sensitivity 
among load buses to ensure that the load buses with the largest sensitiv-

ities to other load buses are chosen as the pilot points thereby ensuring 
observability is maximized:

𝐺2 = −𝐹2 = −
𝑛𝐴∑
𝑖=1

𝑛𝐿∑
𝑗=1,𝑗≠𝑖

√(
𝑆𝐿𝐿(𝑖, 𝑗)
𝑆𝐿𝐿(𝑗, 𝑗)

)2
+
(

𝑆𝐿𝐿(𝑗, 𝑖)
𝑆𝐿𝐿(𝑗, 𝑗)

)2
. (14)

The third objective aims at maximizing the sensitivity of the load 
bus voltages to the generator bus voltages to ensure the load buses with 
the highest sensitivities to the generators are selected as pilot points 
3

(controllability). This can be expressed as:
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𝐺3 = −𝐹3 = −
𝑛𝐴∑
𝑖=1

𝑛𝐺∑
𝑗=1,𝑗≠𝑖

√(
𝑆𝐿𝐿(𝑖, 𝑗)
𝑆𝐿𝐿(𝑗, 𝑗)

)2
+
(

𝑆𝐿𝐿(𝑗, 𝑖)
𝑆𝐿𝐿(𝑗, 𝑗)

)2
(15)

where 𝑛𝐺 is the set of generator buses. The proposed multi-objective 
formulation is expressed as:

min
𝐴

{𝐺1,𝐺2,𝐺3} (16)

where 𝐴 represents the pilot point selection matrix.

3.2. Multi-objective differential evolution

DE is an evolutionary optimization algorithm whose optimization 
variables may be represented with floating-point numbers in the pop-

ulation [37]. The algorithm begins by randomly choosing the initial 
candidate solutions while exploring the boundary of the search space. 
New offspring are generated by creating noisy replicas of the individu-

als in the population. DE is extended in this paper to solve the proposed 
objective functions. To select the best compromise solution from all the 
solutions that satisfy the different objectives, a technique based on fuzzy 
set theory is introduced to assign a membership function to each objec-

tive function used. The linear membership for each objective function 
𝐺𝑖 in the solution is defined as follows:

𝜇 =
⎧⎪⎨⎪⎩
1, 𝐺𝑖 ≥𝐺𝑚𝑎𝑥

𝑖
𝐺𝑚𝑎𝑥
𝑖

−𝐺𝑖

𝐺𝑚𝑎𝑥
𝑖

−𝐺𝑚𝑖𝑛
𝑖

, 𝐺𝑚𝑖𝑛
𝑖

< 𝐺𝑖 < 𝐺𝑚𝑎𝑥
𝑖

0, 𝐺𝑖 ≤𝐺𝑚𝑖𝑛
𝑖

(17)

where 𝐺𝑚𝑖𝑛
𝑖

and 𝐺𝑚𝑎𝑥
𝑖

are the lower and upper limits of the 𝑖𝑡ℎ solution 
to the objective functions. The membership function for the solutions in 
a fuzzy set can be calculated as follows:

𝜇𝑗 =
∑𝑀𝑜𝑏𝑗

𝑖=1 𝜇
𝑗

𝑖∑𝑊

𝑘=1
∑𝑀𝑜𝑏𝑗

𝑖=1 𝜇
𝑗

𝑖

(18)

where 𝑊 are the number of solutions and 𝑀𝑜𝑏𝑗 is the number of objec-

tives. The solution with the maximum membership function is the best 
compromise solution.

3.3. Scenario modeling

Choosing pilot points is performed only once, and then used to 
implement a secondary voltage control scheme. Since the selection is 
done once, it is essential to consider different representative operat-

ing scenarios relevant to the system. An efficient tool used in dealing 
with unknown parameters and uncertainties is stochastic programming. 
The most common stochastic programming approaches are the chance-

constrained method, scenario-based method, and the expected value 
method [38]. The expected value method replaces the input data with 
respected expected values [38] while the chance-constrained method 
considers the possibility of constraint violations as probabilities result-

ing in a computationally intractable problem since it requires the com-

putation of multi-dimensional probability integrals [39]. Nevertheless, 
both approaches result in a deterministic optimization problem that con-

siders only the worst-case scenario. Obtaining the worst-case scenario 
is not always possible leading to a solution that once implemented may 
not be the best outcome [40].

The pilot point selection problem is modeled as a scenario-based 
stochastic problem due to its efficiency and computational tractability. 
The scenario-based method employs occurrence probabilities to approx-

imate the input data. The selected pilot nodes are expected to be robust 
against changing load demand and PV generation uncertainties. The 
load of a power system network can be categorized based on consumer 
demand. The demand levels can be determined by utilizing a suitable 
clustering algorithm. The k-means centroid clustering is used in this pa-
per based on the study performed in [41] where it demonstrated better 
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Fig. 1. Hourly demand profile.

Table 1

Load levels and their probabili-

ties.

ID Load Level Probability

1 0.1824 0.0881

2 0.2290 0.1015

3 0.2730 0.1379

4 0.3142 0.1564

5 0.3591 0.1376

6 0.4056 0.1194

7 0.4612 0.1155

8 0.5289 0.0800

9 0.6185 0.0529

10 0.7658 0.0107

performance on an application to a reduced model of a European feeder. 
The k-means clustering technique divides the input dataset, and the load 
demand profile into a specified number of clusters and returns a set of 
seeds representing each cluster’s centroids and a vector of probabili-

ties associated with each cluster. The distribution system used follows 
the hourly demand profiles of 114 households [42]. Furthermore, to 
take into account the increasing penetration of electric vehicles [43], 
20 households have been equipped with electric vehicle charging sta-

tions and their charging profiles have been added to the hourly demand 
profiles of the households. The hourly demand profile of the distribu-

tion system for a year as seen at the substation level is shown in Fig. 1

[42]. By performing the nearest centroid clustering, 10 equivalent clus-

ters have been obtained from the hourly demand profile. The ten levels 
of load demand and their associated probabilities are given in Table 1. 
Fig. 2 also shows the sorted load demand profile with different colors 
representing separate clusters.

To take into account the generation diversity of PV systems, the same 
centroid clustering technique is applied to the hourly irradiance pro-

files obtained for Canberra from January 2018 to January 2021 [42]. 
The direct normal irradiance which represents the dominant irradiance 
component when performing solar generation studies along with the 
clustered dataset is shown in Fig. 3 and Fig. 4. The PV generation cor-

responding to each cluster and their associated probabilities associated 
are given in Table 2.

The ten load and PV generation levels obtained would yield 100
test scenarios that would raise the computational intensity of the op-

timization task. It is necessary to reduce the number of scenarios by 
adopting a scenario-reduction technique. Scenario reduction aims to se-

lect a set from the original set of scenarios that serve as a trade-off 
between lower computational burden and information loss [44]. Sce-

nario reduction algorithms in the literature include backward reduction, 
simultaneous backward reduction, and fast-forward selection [45]. An 
optimal algorithm reduces the number of scenarios but retains most of 
the information in the original set of scenarios. Comparisons among 
4

the three algorithms were made in [45] and their results indicate the 
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Fig. 2. Clustered demand profile.

Fig. 3. Hourly direct normal irradiance profile: Canberra, 2018-2021.

Fig. 4. Clustered direct normal irradiance.

fast-forward selection to be faster, optimal, and the most accurate. The 
number of reduced scenarios that will guarantee optimal performance 
is chosen in this paper as that in which the 𝐾𝑎𝑛𝑡𝑜𝑟𝑜𝑣𝑖𝑐ℎ 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 [40]

between the original and reduced sets of scenarios is minimal. Based 
on this distance, 20 scenarios are chosen to guarantee optimal perfor-

mance. Table 3 features the list of reduced scenarios obtained using this 
technique and the associated probabilities.

After scenario generation, the control generators are selected as the 

solar PV locations with abundant effective reactive power reserves. The 
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Table 2

Photo-voltaic generation levels and 
their probabilities.

ID PV generation Probability

1 0.0016 0.6104

2 0.0855 0.0435

3 0.1820 0.0361

4 0.2871 0.0345

5 0.3959 0.0302

6 0.5075 0.0307

7 0.6248 0.0436

8 0.7312 0.0509

9 0.8251 0.0706

10 0.9141 0.0494

Table 3

Reduced states and their probabilities.

ID Load level PV generation Probability

1 0.7658 0.3959 0.0003

2 0.7658 0.5075 0.0003

3 0.7658 0.2871 0.0004

4 0.7658 0.1820 0.0004

5 0.7658 0.6248 0.0005

6 0.7658 0.0855 0.0393

7 0.7658 0.7312 0.0005

8 0.7658 0.9141 0.0128

9 0.7658 0.8251 0.0045

10 0.6185 0.3959 0.0016

11 0.6185 0.5075 0.0016

12 0.6185 0.2871 0.0018

13 0.5289 0.3959 0.0095

14 0.5289 0.5075 0.0301

15 0.6185 0.1820 0.3925

16 0.1824 0.3959 0.0665

17 0.1824 0.5075 0.1110

18 0.6185 0.6248 0.0839

19 0.5289 0.2871 0.1213

20 0.2290 0.3959 0.1211

final step is to implement the optimization algorithm using the objective 
functions to obtain the optimal pilot points.

4. Result and discussion

The method presented in this paper is tested on the IEEE 33 node 
test feeder depicted in Fig. 5. The technical data of the network is given 
in [46]. The disturbance variables Δ𝑄𝐿 are modeled by a Gaussian 
variable vector whose average is zero and its standard deviation is pro-

portional to the load reactive power at an operation condition [11].

4.1. Optimal selection of pilot points

In order to accurately determine the number of pilot points that leads 
to sufficiently accurate voltage control, 15, 000 scenarios have been con-

sidered in the case of the IEEE 33-node test feeder. The number of pilot 
points is varied from 1 to 15 and 1, 000 scenarios of pilot points in each 
simulation are considered. The box plot of the obtained results is shown 
in Fig. 8. The horizontal axis corresponds to the number of pilot points 
and the vertical axis corresponds to the performance index (PI). PI is 
calculated as:

𝑃𝐼 =
𝑠∑

𝑗=1
𝜌𝑗 trace (|𝑉𝐿,𝑖|). (19)

PI depends on the chosen set of pilot points and the optimal pilot point 
set yields the PI. The whiskers extend to the most extreme data points 
(outliers) and are plotted individually using the ‘+’ marker symbol. It 
is observed that at least 5 pilot points are needed to establish a feasible 
5

voltage control. The minimal PI which corresponds with the optimal pi-
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Fig. 5. IEEE 33 bus test system.

Fig. 6. Voltage profile with and without pilot point selection.

lot point selection scenarios does not change drastically after the number 
of pilot points reaches 7. Though increasing the number of pilot points 
leads to a lower mean voltage deviation, further increasing the number 
of pilot points is costly, since the pilot points need to be covered with 
voltage measurement units. Therefore, seven pilot points are chosen as 
optimal in the case of the IEEE 33 bus radial distribution system. Using 
seven pilot points, the voltage deviation at all load buses is obtained and 
depicted in Fig. 7. The voltage profile of the network for all the nodes 
with the proposed technique with respect to the optimal power flow of 
the network is shown in Fig. 6. It can be clearly seen that the voltage 
profile of the network with the proposed technique has a smaller volt-

age deviation for certain buses compared to that without the proposed 
technique.

The numerical results for different numbers of pilot points are out-

lined in Table 4. The table shows the mean bus voltage deviation for 
the twenty analyzed scenarios for the chosen set of pilot points. The 
values are obtained by running the optimization algorithm for different 
numbers of pilot points. As can be seen, the maximum voltage deviation 
resulting from the reactive power disturbance in the analyzed scenarios 
is well below 0.05𝑝.𝑢 which is a negligible error for practical implemen-

tations [8].

Another set of pilot points is selected by fixing the first five points and 
searching for varying numbers of points. The five points selected rep-

resent the most connected nodes in the system. This analysis is done to 
investigate the possibility of obtaining a lower voltage deviation if well-

connected nodes are selected as the starting point. An alternate reason 
for this analysis is to factor in the increasing complexity of the modern 
distribution system. With more nodes added to the base distribution sys-

tem, extra pilot nodes can be added while fixing the original set of pilot 
points. The obtained result depicted in Table 5 shows a similar trend 

as in Table 4 with an increasing number of pilot points. However, the 
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Fig. 7. Box plot of load bus voltage deviation for the optimal pilot points set.

Fig. 8. Performance of different numbers of pilot points.

Table 4

Fitness values for different sets of pilot points.

𝑛𝐴 Pilot points Minimum PI

5 3, 13, 17, 21, 32 0.0102

6 7, 9, 17, 20, 24, 32 0.0063

7 2, 13, 17, 20, 26, 30, 31 0.0047

8 2, 7, 8, 17, 21, 24, 29, 31 0.0039

9 29, 20, 17, 31, 3, 26, 24, 12, 13 0.0032

10 31, 2, 29, 17, 26, 10, 3, 21, 24, 13 0.0027

Table 5

Fitness values for alternate sets of pilot points.

𝑛𝐴 Pilot points Minimum PI

5 5, 9, 16, 20, 30 0.0113

6 5, 9, 16, 20, 30, 32 0.0065

7 5, 9, 16, 20, 30, 32, 26 0.0052

8 5, 9, 16, 20, 30, 32, 26, 29 0.0041

9 5, 9, 16, 20, 30, 32, 26, 29, 21 0.0035

10 5, 9, 16, 20, 30, 32, 26, 29, 21, 24 0.0029

value of the objective function is slightly higher than when the algorithm 
searched for all the points. Furthermore, the 7 pilot points obtained are 
observed to be distributed throughout the entire feeder, and this is ex-
6

pected to achieve optimal control.
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Fig. 9. Block diagram of the implemented procedure.

4.2. Application to an Australian feeder

The proposed approach is applied to a 732-bus distribution feeder 
located in New South Wales, Australia to validate the performance of 
an unbalanced large real-life system. The feeder consists of 966 loads 
and 715 lines with single, double and three-phase split circuits yielding 
a total of 2010 node points. The feeder is WYE configured, which has 
19 transformers and operates at a nominal voltage of 11 kV. It is charac-

terized by unbalanced loading and a single regulator at the substation. 
The feeder has a total load demand of 3282.9 kW and 469.5 kvar.

The overall algorithm is implemented in MATLAB and is based on 
two-way data exchange between the MATLAB code, which evaluates 
the optimization and assesses the control variable variations, and the 
OpenDSS simulation engine which performs the load flow and imple-

ments control variable variations on the network model. This data ex-

change is performed by means of a Component Object Model (COM) 
interface that is available in the OpenDSS package [47] and MATLAB 
uses the built-in ActiveX server to communicate with the COM Server 
of the OpenDSS. Any other distributed load flow software (research or 
industrial grade) can be exploited, provided that it is fast and reliable 
and has an easy data exchange interface. This procedure is depicted in 
Fig. 9.

The first step is to interface the PVs on random buses using real dis-

patch curves. Afterward, the load flow is performed and the voltage 
magnitudes in 𝑝.𝑢. for all nodes of the three phases are obtained. Then 
each load is extracted and the buses are noted where it is connected (it 
can be a single phase, two phases, or three phases). Since this will form 
a repetition for the two and three-phase loads, the unique buses are ob-

tained and denoted as the load buses from which the pilot nodes would 
be selected. Then a single sensitivity matrix is calculated using [48]. To 
determine the optimal number of pilot points, 10, 000 scenarios have 
been considered, where the number of pilot points is varied from 10 to 
100 and 1, 000 scenarios of pilot points in each simulation are consid-

ered, without introducing uncertain load and solar photovoltaic.

The boxplot depicting the performance of different numbers of pilot 
points is shown in Fig. 10. Thirty pilot points are needed to establish 
a feasible voltage control as a lesser number of pilot points does not 
fulfill the observability criteria. As a result, the optimization does not 
converge for less than thirty pilot points. At 80 points, the change in 
PI is considered not significant, and hence 80 pilot points are consid-

ered optimal for the Australian feeder. Finally, the average bus voltage 
deviation for different numbers of pilot points for the twenty analyzed 
scenarios is shown in Table 6. It can be observed that the mean volt-

age deviation for all the load buses is less than 0.05 at 80 pilot points. 
Similar to the IEEE 33 feeder, the optimal pilot points selected by the 
proposed method are observed to be distributed throughout the entire 

feeder, and this is expected to achieve optimal control.
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Fig. 10. Performance of different numbers of pilot points.

Table 6

Voltage deviation for different 
sets of pilot points.

𝑛𝐴 Voltage deviation

Mean Maximum

30 2.1 5.955

40 0.242 0.54

50 0.133 0.4

60 0.064 0.117

70 0.0451 0.081

80 0.0416 0.071

90 0.0096 0.069

100 0.0253 0.057

4.3. Quantification of observability, controllability and robustness

The proposed pilot point selection method is compared in this sec-

tion with other pilot point selection methods using the observability, 
controllability and robustness metrics.

4.3.1. Observability

An observable pilot point is a bus whose voltage is highly sensitive 
to the voltage variations at the rest of the load buses [27]. This implies 
that the voltage changes at other load buses in the network would be 
observed at the pilot point. Hence, the knowledge of the pilot point volt-

ages may be enough to serve as a control input for the voltage regulation 
of the whole network. The observability of a pilot point can be quanti-

tatively characterized as follows: for a given reactive load disturbance 
Δ𝑄𝑙 , pilot points must make the voltage deviation minimal. To quan-

titatively characterize the observability, a small reactive disturbance of 
Δ𝑄𝐿 is applied on the load buses of the system. Then, load flow is per-

formed to obtain a matrix 𝛾 which relates the change in voltage of the 
pilot point with respect to the other load bus in the network. The matrix 
𝛾 spans 𝑛𝑃 × 𝑛𝐿 matrix. For 𝑦 pilot points and 𝑧 load buses:

𝛾 =

⎡⎢⎢⎢⎢⎢⎢⎣

𝛿𝑉𝑃1
𝛿𝑉𝐽1

𝛿𝑉𝑃1
𝛿𝑉𝐽2

. . .
𝛿𝑉𝑃1
𝛿𝑉𝐽𝑧

. . . . . .

. . . . . .

. . . . . .
𝛿𝑉𝑃𝑦

𝛿𝑉𝐽1

𝛿𝑉𝑃𝑦

𝛿𝑉𝐽2
. . .

𝛿𝑉𝑃𝑦

𝛿𝑉𝐽𝑧

⎤⎥⎥⎥⎥⎥⎥⎦
. (20)

A similar matrix 𝛾∗ is generated by obtaining pilot points using tech-

niques proposed in [20,24,26,27] and the application of a slight reactive 
7

disturbance:
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𝛾∗ =

⎡⎢⎢⎢⎢⎢⎢⎣

𝛿𝑉𝐿1
𝛿𝑉𝐽1

𝛿𝑉𝐿1
𝛿𝑉𝐽2

. . .
𝛿𝑉𝐿1
𝛿𝑉𝐽𝑧

. . . . . .

. . . . . .

. . . . . .
𝛿𝑉𝐿𝑦

𝛿𝑉𝐽1

𝛿𝑉𝐿7
𝛿𝑉𝐽2

. . .
𝛿𝑉𝐿7
𝛿𝑉𝐽23

⎤⎥⎥⎥⎥⎥⎥⎦
. (21)

To compare the two matrices, the Frobenius norm, which is defined 
as the square root of the sum of the absolute squares of its elements is 
computed. The Frobenius norm computes the size of a matrix in scalar 
terms to allow for easy comparison. For an 𝑚 ×𝑛 matrix 𝐴, the Frobenius 
norm is defined as:

||𝐴||𝐹 ≡

√√√√ 𝑚∑
𝑖=1

𝑛∑
𝑗=1

|𝐴𝑖𝑗 |2. (22)

It is observed from the first column of Table 7 that ||𝛾||𝐹 of the pro-

posed pilot point selection method is higher than the values of the 
existing methods. This translates to a higher voltage coupling of the 
load buses to the proposed pilot points compared to the pilot points ob-

tained from other techniques. Thus the obtained result shows that the 
proposed method gives the most observable load buses as pilot points.

4.3.2. Controllability

A controllable pilot point is a bus that is highly sensitive to generator 
control actions. This allows pilot points to maintain their voltage profile 
after a disturbance through the reactive power contribution of the PVs. 
To quantify controllability, an index 𝛽, which measures the deviation of 
the pilot points is proposed:

𝛽 =
𝑛𝐴∑
𝑖=1

|𝑉𝑝𝑖 − 𝑉𝑝𝑜𝑖| (23)

where 𝑉𝑝𝑖 and 𝑉𝑝𝑜𝑖 are the voltage magnitudes of the pilot points 𝑖 with 
and without disturbance, respectively. The metric 𝛽 is obtained and the 
values are depicted in the third column of Table 7. From (8), the ideal 
set of pilot points should produce the value of 𝛽 closest to zero. A value 
close to zero means that pilot points are maintained at a value equal 
to or close to the reference value. It can be observed from Table 7 that 
the proposed method obtains the most controllable pilot points in the 
system.

4.3.3. Robustness

The scenarios considered capture the extreme ends and the mid-

points of the load and PV curve graph thus representing different pos-

sible operating conditions of a power system. This allows the obtained 
pilot points to provide voltage control with minimal voltage deviation 
irrespective of the operating condition of the system. Thus, a metric 𝛼
which measures the absolute voltage deviation denoted in (24) is used 
to quantify the robustness of the pilot points:

𝛼 = 1
𝑛𝐿

𝑛𝐿∑
𝑖=1

(|𝑉 ∗|− |𝑉 |), (24)

where |𝑉 ∗| and |𝑉 | are voltage magnitudes of the load buses after 
and before disturbance, respectively. A lower value of absolute volt-

age deviation indicates a better choice of pilot points. To demonstrate 
the robustness of the pilot points obtained, the value of 𝛼 is obtained. 
These values are displayed in Table 8 for all the 20 scenarios considered, 
representing the load and solar photovoltaic disturbances introduced in 
the simulation to evaluate the robustness. The proposed method has the 
best robustness evidenced by the smallest value of 𝛼. A summary of the 
comparison metrics of observability, controllability, and robustness is 
displayed in Table 7, where it is observed that the proposed method 
demonstrates the best results, i.e., the highest value of observability de-

fined by (22) - highest voltage coupling of the load buses to the proposed 
pilot points, the lowest value of controllability defined by (23) – best 

maintaining the pilot points at a value equal to or close to the refer-
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Table 7

Performance comparison.

Solution method Observability Controllability Robustness Computation time (min)

[20] 27.7416 0.0563 0.00364 7

[24] 34.6031 0.0257 0.00228 5

[27] 33.1789 0.0423 0.00200 4

[26] 44.2452 0.0285 0.00196 5

[49] 26.1728 0.0257 0.00187 4

Proposed 51.8656 0.0212 0.00183 3
Table 8

Mean voltage deviation for the 20 scenarios.

Scenario Average voltage deviation [10−3 P.U]

[20] [24] [27] [26] [49] Proposed

1 7.35 1.77 0.96 1.60 1.21 1.61

2 2.75 2.33 2.73 2.10 1.81 3.07

3 1.51 0.85 1.30 0.88 1.24 0.88

4 7.34 1.56 0.21 1.71 0.80 1.01

5 3.25 2.60 3.98 1.45 3.28 1.95

6 2.20 1.24 4.22 1.29 3.9 1.55

7 4.38 3.30 2.21 3.05 2.19 3.67

8 5.05 4.29 0.01 4.27 2.23 2.58

9 6.38 4.36 0.72 3.84 0.24 4.89

10 2.59 7.22 2.85 6.21 1.29 1.95

11 2.35 1.30 3.86 1.30 1.33 1.52

12 13.0 2.16 2.58 1.79 2.44 1.98

13 1.13 0.57 0.30 0.52 0.06 0.56

14 3.77 2.30 1.34 2.04 2.95 2.01

15 2.56 1.42 0.81 1.35 0.71 1.90

16 0.89 0.70 0.00 0.74 0.98 0.62

17 0.51 0.48 4.82 0.57 5.40 0.53

18 2.35 2.69 3.47 1.39 3.63 1.41

19 2.07 2.62 3.40 2.01 1.55 1.66

20 1.10 1.77 0.00 0.99 0.04 1.22

ence value, and the lowest value of robustness defined by (24) – best 
minimizing the absolute voltage deviation after and before disturbance.

5. Conclusion

This paper has presented a method to select pilot points for SVC. 
The proposed method was tested on the IEEE 33 and a real test feeder 
in Australia and metrics to quantify observability, controllability, and 
robustness have been developed. The results were analyzed in compari-

son with existing approaches. It was found that the method proposed in 
this paper improves the previous approaches in three respects: it consid-

ers the effects of different operating conditions regarding uncertainties 
in load including EV loads and PV generation forecast, provides the best 
performance for the observability, controllability, and robustness quan-

tification and it is applicable to real distribution network applications. It 
can be concluded that the proposed method is applicable to large distri-

bution feeders. In addition, the pilot points obtained from the proposed 
method demonstrate better observability, controllability, and robustness 
and are more suitable to be used in SVC. Future work would be focused 
on assigning small home roof PV inverters to these pilot points for SVC 
implementation.
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